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ABSTRACT 

Supervisor Dr. F D.K, Roberts 

A common problem in numerical analysis is to obtain a conv enien t 

3ppr o,imJ t1on to a prescribed f unction Rational approxima ting fu nctionc 

are f requently selected for t h is purpose This chesis is a survey o~ 

several methods that have been proposed f or obtaining best rationa l 

Chebyshev approximations to functions defined on finite point sets. 

vo.:; t of the methods formulate the problem as a ma thematica l progr 2.mm , , 

Numerical examples are g iven t o compare the efficiency of 

e-, e rnethods. 

[xarniners 
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CHAPTI:R I 

INTl{ODUCTION 

The problem of determining a rational approxunation to a co,ti~uo~s 

function has received much attention in the literature. The motivation 

£or studying rational approxima tions is the problem of repres enting f unc-

tions efficiently by easily computed ehpressions. The rational func tion~ 

R(x) = 

n + p X 
n 

m 
+ ~x 

~ave been found to be very useful for this purpose. The curve fitt1P~ 

aJ ~l i t y of R(x) is roughly the same as that of a polynomial of degr ee 

n-r.r However , R(x) can be evaluated with at most max(m,n) long 

oJcr ations (multiplications and divisions) wnereas a polynomial of de ~rec 

r ~.. usually requires m+n multiplicat10ns (Cheney, 1966 , p. 151). A 

rational function R(x) can be converted to a continued fraction by 

performing a series of divisions. For example, 

R(x) = 
2x4 - 4x3 - 2x2 + 12x - 4 

x
3 

- 2x
2 

- x + 5 

2x - 4 
= 2x + ---------

x3 - 2x2 - x + 5 



2 
""2x + 3 2 

(x - 2x - x + 5)/(x-2) 

2 
= 2x + 2 1 + 3/(x-2) 

X -

r~is expression can be evaluated with two multiplications and two divisions 

Thus , i f division and multiplicat i on are equally time-consuming, a rational 

f unction is preferable to a polynomial approximation 

The early attempts to obtain rational approximations were concerned 

, ; 

with Pade approximations and continued fractions. The Pade approxima t i on 

prob ~em is , for given m and n, to choose p 
n 

and ~ so that f (}..) 

and Pn(x)/~(x) are equal at x = 0 and have as many derivatives as 

possible equal at x = 0. Here we assume that the interval of inter est 

conta ins zero. If it does not, a simple change of variable will traP~f orr~ 

t he interval to contain zero. The problem is then sol ved by expand ing 

f (x) in its MacLaurin series and comparing the coefficients with t hose 

of R(x) 
; X 

Some Pade approximations to the function e are listed below 

P4(x) 1 2 l 3 1 4 
QQ(X) m 1 + X + 2 X + 6 X + 24 X 

p (x) 
3 -Q (x) 
1 

P2(x ) 

Q2 (x) • 

2 3 
24 + 18x + 6x + x 

24 - 6x 

2 12 + 6x + x 
2 

12 - 6x + X 



P
0

(x ) 

Q4(x) 
1 =--------------

+ _! x2 1 3 1 4 
1 - X 2 - 6 X + 24 X 

,, 

3 

Tne disadvantage of Pade approxi~ations is that although they are good 

approximations close to thecrigin, the approx1.IUations are generally poor 

at points distant from the origin. 

Another approach is the use of a continued fraction. Given a 

{x1,x2•·· · •xN} 

by the recurrence relations. 

function f(x) and a set 

X - X 
v (x) = v (x) + r 
r r r vr+l(x) 

Thus we obtain 

X - X 
0 

X - X 

, we define functions 

0 
X - X 

1 
, etc. 

v (x) 
r 



If we terminate this process after N terms, we obtain the 

continued fraction approximation 

X - X 
0 

For convenience, we rewrite this in the more compact form 

X - X 
1 

X - JC N-1 

4 

This continued fraction interpolates f(x) at the points x1 ,x2 ,. ,x ~ 

It can be rearranged as a rational function. However, for computationa l 

purposes, it is more efficient to retain it in a continued fraction form 

The constants v (x) are calculated by the recurrence relation 
r r 

X - X 
r 

vr+l (x) = v (x) - v (x) 
r r r 

If we let all the 10ints X 
i 

tend to zero, we obtain the continued 

fraction approximation (Handscomb, 1966, p. 114) 

X 

C 
n 
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\i (x ) -+ C as X -+ 0 As an example, let f(x) 
X 

= e Tn e 
r r r r 

~onstants C are calculated to be 
r 

r 
C = (-1) 2 

2r 

r c
2
r+1 (-1) (2r + 1) , r = 1,2, ••.• 

We thus have the continued fraction approximation for 

1 + ~ _2{_ _2{_ ~ ~ 
l+ -2+ -3+ 2+ 5+ 

X 
e 

The Chebyshev rational approx1.Ination problem is to determine a 

rational approximation which best approximates a given continuous function 

in the Chebys'f-iev sense, that is in the sense of minimizing the maxurun 

absolute difference between the function and the rational approximation 

The Chebyshev rational approximation problem can be stated as 

follows 

Given m,n and f(x) £ C(a,b] , determine polynomials 

and ~(x) which minimize 

max J f (x) - P (x) /~ (x) J 

x £ [a,b] n 

p (x) 
n 

The problem was first discussed by Chebyshev (1859). Existence 

of a best rational approximation was proved by Walsh (1931). The 

characterization theorem was proved by Achieser (1930). This states 



(~ito several r es trictions on Lhe fu,ction f('C)) t hat P ("< ) / Q (x ) 
n m 

is a bes t aopro,imAt ion to f (x ) i f and only if t he error curve 

f( x) - P (x )/Q (, ) alterna tes at least m+n+2 times 
n m 

Uniquenes s of 

best approx1P1a tion wa c; also shown by Achieser (1947). 

The early algorithms for det ermining t he best rational Chebyshev 

approxima tion uer e the Rerr>es first and second a l gorithms. 

The fir st algorithm i s as follows 

At the kth stage, we are given a finite subset XkC[a,b]. He 

then determine R(x ) to minimize 

A point 

max {lf(x) - R(x ) I} 
x c xk 

k x e: [a,b ] is chosen such that 

for all x e: [a ,b ] • The method continues with Xk+l = Xk U {xk} 

The algorithm t erminates when two success1.vc approximations are in 

close agr eement . 

The second algorithm, which is based on the characterization theorem, 

is d~scribed fully in Chap ter III. 

More recently, the discrete rational Chebychev problem has been 

investigated . In practical computation, it is often convenient to replace 

the interval [a,b] by a finite set of poinls and then determine the 

best approxi ma tion on tha t finite point set . The discrete problem is 

usually more tractable computationally than the continuous one . 

The discrete rationa l C'hebyshev problem can be staled as follows 

Given m,n and f (x) defined on X a {x
1

,x
2

, . .. ,xN} , determine 

Pn(x) and ~(x) which minimize 
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if(x.) - P (x . )/o (x.) I i n i 111 i 

Existence of a best approximation is not guaranteed in general 

for the discrete problem (see example in Chapter III). 

Thus far, we have replaced the interval [a, b] by the finite 

subset X and have considered the best approximation on X . However, 

we would like that solution wnich not only best approximates f(x) or 

X, but also remains pole-free throughout the interval [a,b] . That is, 

we require Q(x) to be of one sign on [a,b]. With this restriction, 

t he uniqueness of best approximations can be proved. The discrete 

problem has the same characterization theorem as the continuous problem. 

The purpose of this thesis is to cornpare seven algorithms which 

have been proposed for solving tne discrete Chebyshev rational problem 

Snee several of these techniques involve linear programming, in Chapter 

II we discuss the general linear programming problem and the revised 

simplex method for solving linear programming problems. Chapter III 

describes the algorithms for determining best rational Chebyshev 

app ro/4imations. Chapter IV includes the numerical results and compares 

the effectiveness of each of these algorithms. 



II - l. Introduction. 

CHAPTER II 

LINEAR PROGRA.."'fMING 

8 . 

Since the development of the s implex method for linear progr amming 

in 1948, many problems in approximation theory have been solved by t his 

t echnique (see for example Barrodale and Young (1966), Rabinowitz (1968), 

(1970), Stiefel (1960)). 

As an example we consider the linear Chebyshev approximation 

prob lem . Let {(x . ,f.) J i a 1,2, •.• ,N} be a discrete data set wh i ch 
i i 

we wish to approximate. For a set of n real,valued con-

tinuous functions, we form a linear approximating function 

n 
F(A,x) ... L aJ cpj (x) 

J•l 

where A is the set {a1 ,a2, ... ,an} • The linear Chebyshev approximation 

* problem is to determine A such that 

for all A • 



This can be transformed into a linear programming problem as 

follows 

Let w • max !F(A,x
1

) - fil • The problem then becomes that 
xi 

of minimizing w subject to the linear constraints 

i=l,2, ••• ,N 

Note that the a 's 
j 

are not restricted in sign. Computationally, it 

is more convenient to solve the dual problem, since this involves fewer 

constraints than the primal. The dual problem can be stated as follows· 

N 

Minimize L (s1 - ti)f i 
i=l 

subJect to 

j = 1,2, •.• ,n 

N 

I <si + t1> - 1 
i•l 



The solution to the primal problem can be obtained from the final 

simplex tableau of the dual 

Similarly the Chebyshev rational approximation problem can be 

converted to a nonlinear prograrnning problem. Now the approximating 

function is 

If we let , the problem then becomes 

minimize w 

subject to 

P (x) 
n i 

--.-..- - w < fi 
~ (xi) 

Several of the methods we discuss in this thesis attempt to 

convert this nonlinear programming problem into a sequence of linear 

programming problems. 

In the remainder of this chapter we discuss the theory of linear 

programming and also the simplex and revised simplex algorithms for 

solving linear programming problems. 



II - 2. Linear Pr ogr amming . 

Let 

xl\ n~) (j~) X = x2 C = b = 

: / C 
X n m 

n 

and 

n > m • 

The general linear programming problem is to find a vector X that 

minimizes the obJective function 

c'X 

subject to the linear constraints 

AX =- b 

and 

(II - 1) 

(II - 2) 

(II - 3) 

If we let (j • 1, 2, ... , n) be the j
th 

column of matrix A and 
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?
0 

= b , then the problem can be rewritten as 

minimize c'X 

sub j ect to 

X > 0 

Defin i t i on. A vector X which satisfies (II-2) and (II-3) is cal led 

a feasible solution to the linear programming problem. 

Def inition. A basic solution for (II-3) is a solution obtained by 

s etting (n-m) variables equal to zero and solving for the remaining 

m variables, provided the corresponding matrix is non-singular. 

Definition. A basic feasible solution is a basic solution which is 

also feasible, i.e. nonnegative. 

Let K be the set of all feasible solutions to a linear 

programming problem. The following theorems are stated without proof . 

The proofs can be found in Gass (1969). 

1~eorem . K is a convex set. 

~neor em . If there exists a feasible solution to (II-2) and ( I I-3) , 

then there exists a basic feasible solution. 
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Tneorem. The objective function (II-1) assumes its minimum value at 

an extreme point of the convex set K. 

Theorem. X' a (x1 ,x2, •.• ,xn) is an extreme point of K if and only 

if the vectors Pi associated with nonzero xi are linearly independent. 

Therefore there are at most m values of which are nonzero. 

From the above theorems, we see that each basic feasible solution 

X' ~ (x
1

,x
2
,,,,,xn) is an extreme point of K and vice versa, There­

fore in searching for a minimum solution, we need only investigate the 

extreme points of the set K, 

The simplex procedure finds an initial extreme point and determines 

whether it is a minimum, If it is not, the procedure moves to a neigh­

bouring extreme point whose objective function value is not greater 

than that of the previous one, 

The computational procedure is as follows: 

Suppose we are given an extreme point X a (x
1

,x
2

, •• ,,xm, 0, •• • ,0), 

(II - 5) 

and P1 ,P2,, •• ,Pm are linearly independent. The value of the objective 

function is given by 



form a basis for E , each vector 
m 

P. 
J 

.l4. 

which is 

not in the basis can be written as a linear combination of the basis 

vectors. Thus we have 

p -j 
(II - 6) 

Define the marginal cost of Pj to be 

m 

Z c .. ~x cc 
j - j i~l ij i - j 

If there is an index j such that zj - cj > 0, then we can introduce 

the vector into the basis and eliminate a vector 

is chosen such that 
"I< 
--a for 

function is reduced if the problem is not degenerate. 

the solution is unbounded. 

The elimination is done as follows. 

Pk where k 

The objective 

If all x < 0 
l.J 

Multiply (II-6) by and subtract from (II-5) to obtain 



+ .•. + 

xk 
+ (x - - x )P 

m xkJ mJ m 

xk 
(xk - - xk. ) pk + .•. 

xkj J 

- p 0 

The vector Pk is then eliminated and all the other coefficients are 

greater than zero. Hence this forms a new basis. The objective function 

is 

Since 

xk xk xk 
(x

1 
- --x

1
.)c

1 
+ ... + 0 •ck+ ••• + (x - -- x )c +- c 

xkj J m xkj mn m xkj J 

xk 
(zj - cj) > 0, the solution is improved. 

xkJ 

Theorem. If for any feasible solution X = (x1 ,x2 , ••• ,xm) , the 

marginal costs z. - c < 0 for all j • 1,2, ••• ,n, then X is an 
J j -

optimal solution. 

The simplex method enables us to start with a basic feasible 

solution and to generate a set of new basic feasible solutions that 

converge to the optimal solution. 



I - 3. The Revised Simplex Method . 

Consider the linear programming problem 

minimize c'X 

subject to AX• b 

and X > 0. 

16. 

Let B • (P1 ,P2, ••• ,Pm) be a basis of m-dimensional vectors. Then 

every other vector P. 
J 

not in the basis can be expressed as linear 

combination of vectors in B as 

where 
-1 

(x1j,x2j, ••• ,xmJ) • B Pj • The basic feasible solution 

corresponding to B is 

The marginal cost z. - C 
J J 

is given by 

• c'B-lP 
j - cj 

This determines which vector is to be introduced into the basis. 

Hence, if at each stage, the corresponding 

progress to an optimal solution. 

-1 
B is known, we may 



The 

a vector Pk 

-1 
B "" (bij) 

formulae 

-1 
B of each stage is calcula ted as follows 

is introduced to replace 

is given by the elimination 

bi. 
bij • bij - _!J_ X for i 'f R. 

kik ik 

b i 
bij 

.. -2:.J.. 
XR.k 

This can be verified by direct multiplication of 
- -1 -
B • B • 

17. 

In the revised simplex method only 

are transformed at each iteration. 

-1 
B and the solution x0 

The computational details which were developed by Dantzig (1953) 

and Orchard-Hays (1954) are as follows: 

We first introduce a new variable xn+m+l which is defined by 

i.e. the negative of the obJective function. The linear programming 

problem can be restated as: 

maximize xn+m+l 

subJect to 



18. 

(II - 7) 

Note that is not restricted in sign. 

As in the simplex method, the procedure begins with a basis with 

identity matrix which corresponds to either real or artificial vectors. 

If it starts with an artificial basis, we must determine the feasibility 

of the problem. The method consists of two phases. Phase I determines 

the feasibility of the problem and Phase II develops the optimal 

solution. 

We introduce one more constraint in Phase I, namely 

am+Z , 1x1 + am+2 , 2x2 + • • • + a x + x • b m+2,n n m+n+2 m+2 

where 

j • 1,2, .•. ,n 

b • -m+2 

Adding artificial variables xn+l'xn+2, ••• ,xn+m to (II-7), we obtain 

the following: 



19. 

Ma>.imize 

subJect to 

allxl + ... + aln X + xn+l • b n 1 

a2lxl + .•. + a2n X + xn+2 • b n 2 

(II-8) 

amlxl + ••• + a X + xn+m • b 
mn n m 

cl xl + ••• + C X + xn+m+l - 0 n n 

am+2'lxl +. • .+ a +2, X m n n + xn+m+2 • bm+2 

Note that by summing the first m equations and the last one, we obtain 

Thus is the negative sum of the artificial variables. Since 

xn+i ..::_ 0 (i = 1,2, ••• ,m) , xn+m+2 cannot be positive. 

In Phase I, we consider the problem: 

maximize 

subJ ect to the constraints in (II-8). X n+m+l and 

restricted in sign and they are always kept in the basis. 

are not 

If the maximum value of is zero, this implies that 



xn+1. "' 0 for all i "' 1,2,, •• ,m . Therefore we have obtained a 

feasible solution for (II-8). If the maxi.mum value of X 
n+m+2 l.S 

negative, then at least one of the artificial variables is still in 

the baois and hence there is no feasible solution for (II-8). 

When we have obtained a feasible solution, we proceed with Phase 

II, where the problem is to maximize xn+m+l subject to (II-8). The 

variable xn+m+l is always kept in the basis. 

At each iteration, we record only the variables in the basis, 

the values of these variables and the inverse matrix of the basis. 

The computational detail is briefly described in the following 

all , ... , aln 

Let A :a 

aml , ... , a mn 

cl ' ... , C 
n 

am+2,1•·••• a 
m+2,n 

The starting basis B • (Pn+l'pn+z•···,Pn+m'pn+m+l'pn+m+Z) is an 

identity matrix, hence B-l is also an identity matrix. 

Since we are maximizing xm+n+Z, the cost coefficient in Phase 

I is c0 ' • (0,0, ••• ,0,1) • Hence for J a 1,2, ••• ,n 



LL 

-1 
the (m+2) th vector of 

-1 
and A. is the 

th 
where Bm+2 is row B J 

J 

column vector of A If xm+n+2 - 0 l.. e. a feasible solution is , 

ovtained, we then transfer to Phase II. If X < 0 and all Z , ::> 0 
m+n+2 j 

r or J a 1,2, .,n, then xm+n+2 is at its maximurr a~d therefcre no 

l-ds1ble solut i o~ exists for (II-8). If there exists some J such 

t •,at z < 0 , then we choose k such that zk = ::n_r. z 
J J ., 

..... .s ~o be in~roduced into the basis. The variable 

ia~eu trom the basis is determined by calculating xik 

x2. to be elimi­

-1 -
= Bi '\_ , for 

a . J. 

.! 

... 1n the basis and then choosing 

xiO 
min -­

x 
i ik 

for xik > 0 • 

xiO 
xl.. 0 • xiO - -- x . i 

xik l.K 

2. such that 

The new solution is given by. 

for i ,f, k 

~i~trix 
-1 

B "" (biJ) is transformed by 

b 

bij • b - _2:.J.. X for i ,f, R, 
i J X i' 

~k 

b 

bij 
:;r; ~ 

xtk 



Phase I is repeated until ei ther we determine there is no 

1 a f ~o_e solution for (II-6) or a feasible solution of (II-6) i s obtained 

~ . tr ,o artificial variables in the basis. 

In Phase II, we maximize xm+n+l subject to (II-8). The m~rginal 

~ost of each variable is given by: 

j•l,2, ••• ,n 

I f all zJ ~ 0 , then xm+n+l is at its maximum value, i.e 

,,.._ have obtained an optimal solution and the negative of xm+n+l l.­

ne value of the original obJective function. 

If there exists a z < 0, then we choose zk = m~n zk 
J J 

: e variable xk is introduced into the basis. Similarly t he vari .~le 

to be eliminated from the basis 
X. 

-1 -
xi k - Bi ~ and then choosing i 

is determined by calcula ti~g 

XR,Q Xl. v 
such that -- = min 

xik xik>O xi,_ 

_£ all xik ~ 0, then the problem has an unbounded solution. 

The new solution is given by: 

xiO 
xiO • xiO - --x 

XR.k ik 
for i,;. k 

XR,Q 
xkO ---

xik 

-1 
is transformed by 1e .. : rix B 



b . 
b •b --2:.lx 
ij ij xik ik 

biJ .. bij / xik 

for i ,;. t 

?hase II is repeated until either a finite optimal solut i on is 

, Jcained or an unbounded solution is determined. 

We make the following d>servations 

If the problem 

minimize c'X, 

.iubject to 

AX • b , 

X > 0 , 

_-., s clved by the revised simplex method, the dual. solution is cu.ta _ 

tr. a th 
(m+l) row of the final tableau of 

-1 
B with the sib. ch _ 

Since the revised simplex method always deals with the original 

xutr:x, r or problems whose matriA has a large number of zeros, the 

__ ou 1~ of computational work is greatly reduced. In the simplex me ~· v~ 

t ~c computation progresses, the zeros will be replaced by nonzerv 

, lut s. 

ln the revised simplex method, t ne ~~ount of new informatio~ ne~ 

b~ recoraec at each stage is in general reauced, since we on1y r 



t • : J l ion vector and the inverse matrix. The simplex method has to 

r c~~t- ne whole tableau. 

A~ the computation progresses, rounding errors wil l tend to increase. 

t ' ese errors become too large, it is a simple matter to re-invert 

~ e ~urrent basis if the revised simplex method is used. This cannot 

be accomplished conveniently if the simplex method is used. 

A FORTRAN subroutine RESIM for solving a linear programming 

problem by the revised simplex method is included in Appendix I. 

\ 



CHAPTER III 

ALGORITHMS FOR RATIONAL APPROXIMATION 

- lL - l. I ntroduction. 

In this chapter we discuss seven methods which have been prc,os ~d 

t or solving the rational Chebyshev approximation problem Let 

Gi ven n, m and a function f(x) defined on [.a,b], the continuoL. 

C~ebyshev approximation problem is to determine p
0

,p
1

, ... ,pn, 

minimized. 

< '\ < •• 
L 

such that 

w • max 
xe: [a,bJ 

p (x ) 
n 

f (x) - ~ (x) 

For the discrete approximation problem, the interva l 

and X C [a,bJ . The problem of obtaining ~ G~st 

a,b 

2 )ro i mation on a discrete point set is usually easier to so l ve tha• ~h ~ 

~" ntir uous problem, We shall only cons ider algorithms for obta.ning 

~st ~ppr oximations in the discrete ca s e . 



.lO • 

Some basic properties about the problem are given below. 

(i) EAistence. Existence of a best approximation is not guaranteed 

.:.r general, Consider for example the problem of determining a best 

~ational approximation of the form 

C .. ,O). Set p - q ... 1 
0 0 

and 

Po 
to the function 

arbitrarily large, Then w = maA ~,XJ 

xe:X 

can be made arbitrarily small. However, no best approximation exists 

Each rational function R(x) gives rise to an error functio~ 

r .< ) 

s 'x) = R(x) - f(x) , We denote the error function of the best approximatio -

* * by e: (x) c R (x) - f(x) , 

(ii) Characterization, Both the continuous and the discrete 

aoproximation problems have the following characterization theorem, 

':..neorem, Let 

n-v 
xj * [ PJ+V 

* 
p (x) 

.. j=O R (x) • n 
* 

~ (x) 
w-µ 

xj L qj+µ 
j=O 

* * .... ere 0 < µ ~ m , 0 < v < n , ~•Pn -; 0 and p (x) I Qm (x) J..::O - - - n 
* 

1 r re.::l.c ib le • Then R (x) is a best approximation to f(x) if a"ld 

* * - - the number of points in [a ,b J (or X) at which C (x) = R x) ---
_,,«L~ on its maximum value with c1ltern.::. ting signs is not less -::r3.11 

+mT2-d) , where d • min(µ,v) . (Ralston (1965, p. 297)), 

or _ y 
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In most of the practical applications, we have µav• 0, that 

: ~ , 2(x) has exactly n+m+2 extreme points. 

(iii) Uniqueness. For the discrete approximation problem, we 

~~quire that a solution be polefree in [a,b], that is we assume Q(x) 

does not change sign throughout the interval [a,b]. 

The uniqueness is ensured by the following. 

* 
L'heorem, If 

* p (x) 
R (x) • _n_* __ is a best approximation to f(x) on 

~ (x) 

then 

* max IR (x) - f(x) I< max jR(x) - f(x) I 
xeX xeX 

for all 
p (x) * 

R(x) • ~(x) ~ R (x) , (Rivlin (1969, p. 125)), 

In the following sections of this chapter, we conside r var i ous 

X 

~e thods for determinating best rational approximations. These ~r tP ~~ ~ 

can in general be divided into two types. The first type f ormula t~~ the 

nroblem as a mathematical programming problem, The best approhimations 

a re then computed without reference to the characterization theorem 

~ethods of the second type determine the best approximation based on Lhe 

:haracterization theorem. 

III - 2, Loeb's Algorithm, (Weighted Minimax Algorithm), 

The approximation problem is to minimize 



max jR(xi) - f(xi) I 
Xi£X 

Rewriting (III-1), we obtain 

max 
Xi£X 

1 
jQ(xi) I jP(xi) - f(xi)Q(xi) I 

Loeb (1959) proposes the following iterative method: 

L O. 

(III - 1) 

At the kth stage, determine P(k)(x) and Q(k)(x) which minimi-~ 

. 1..e term l 

max 
Xi£X 

IQ(k-l)(xi)I 

1 . 
jQ(k-1) (x ) I If (xi)Q(xi) - P(xi) I . 

i 

acts as a weight factor. The algorithn, ternnna t c 

wnen two successive approximations are in close agreement. 

We formulate this as a linear programming problem as fol ~ows 

Let w = max 
Xi£X 

l 
jQ(k-1) (xi) I jP(xi) - f(xi)Q(xi) I • 

- ~e linear programming problem is 

minimize w 

~~bject to the constraints 



1 
( ) (P(xi) - f(x;)Q(xi)) - w < 0 

IQ k-l (x ) I • 
l. 

-1 (P(xi) - f(x.)Q(x.)) - w < 0 
l. l. 

1.•1,2, ••• ,N 
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In order to avoid the trivial solution P(k)(x) c Q(k)(x) m O , we 

nocmalize R(x) by setting q0 • 1. Thus we obtain 

minimize w 

subject to 

1 
f (x ) 

l. 

IQ(k-l)(x.) I 
1 

m j f (x. :, L qjxi - w < -...,..(k_ l .,...)_1 __ 
j•l IQ - (x,) 

m -f(x. ) 
I: q.xiJ - w < -...,..<1_1.,,_)1. __ 
j=l J jQ <- (xi ) 

1. = 1,2, ••• ,N 

Trer e are m+n+2 variables and 2N constraints. In practice, N is 

n~ch larger than n+m, hence it is more efficient to solve the ct~al 

prob~em, which is 



minimize 

subject to 

f 
i•l 

f (xi) 

IQ (k-1\xi) I (si - ti) 

N 
[ 

i--1 

1 

jQ(k-l)(xi) I 
X j (s - t) a 0 

i i 1 

J = 0,1,2, ••• ,n 

N -f(x) 

i~l IQ(k-l)(x.)I xij (s1 - ti) a 0 
i 

j•l,2, • • • ,m 

N 

[ <s1 + ti> - 1 
i•l 

Si' t > 0 i-

30 . 

The revised s1.tnplex method is applied at each iteration of t ne 

.cocedure. 

Conditions under which the a lgorithm is convergent are - ~1~nowt 

a~gorithm may fail to converge, and may also converge to G nun- b~st 
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3 ,r ox 1macion. This is reported in Barrodale and Mason (1970), and is 
I 

a _so demonstrated in the·test examples which we ran (see Chapter I V). 

lLI - 3. The Linear Inequality Method. 

The Chebyshev rational approximation problem can be stated in 

the following way 

Find the smallest value of w such that the following system of 

inequalities is consistent 

n 
p X j I: 

J=O J i 

w > - f (xi) 
m 

I: q X J 
j•O J i 

i = 1,2,,,.,N. 

If we restrict the denominator to be nonnegative, i.e. q .x J > 0 
J i 

i = 1,2, ••• ,N, the system of inequalities can be written in the form 



i • 1,2, •• ,N 

\, e normalize the rational function by setting q0 a 1. The inequalities 

become 

n m 
- L p x J + (f (x.) - w) [ q x J < -(f (x ) - w) 

0 j i i , l j i - i 

* 

JD J= 

n m 
L pjx/ - (f(xi) + w) L qjxij ~ (f(x1 ) + w) 

J•O J•l 

m 

- L 
j=l 

q X J < 1 
J i 

i"" 1,2, ••• ,N • 

(III -

Let w be the value corresponding to the best approximation. 

* 11 we substitute w in (III-2) and solve for p0 , ••• ,pn, q1 , . . . ,'si, 
) 

w~ obtain the best approximation. 

* Now w lies between O and max lf(xi) I , since R = 0 i s ~ -
xi e:X 

approximation with error max 
x. e:X 

i 

It <x. > I . 
i 

In the linear inequal i t y me t ~oc , 

we sear ch in the interval [ 0, max If (x ) I J to obtain the value of ,1 
i 

x . e:X 
l 
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Ini tially we choose w to be the mid-point of the interval and 

t ~~t i or consistency of the system of linear inequalities (III-2). This 

~2 n be accomplished by using the revised simplex method. If the syst em 

- ~ consistent, we restrict our search to the lower half of the interval. 

I f it is inconsistent, we retrict our search to the upper half of the 

interval. The process is repeated until the relative width of the inter­

* val containing w is less than some prescribed accuracy. 

At each iteration, if the system is consistent, a solution 

P(x)/Q(x) is obtained which satisfies (III-2). As the value of w 

* converges to w P(x)/Q(x) converges to the best approximation. This 

method is due to Loeb (1960). 

In determining the consis t ency of the system (III-2), we have 

(n+m+l) variables and 3N inequalities. In practice, we formulate t his 

a$ a linear programming problem and solve the dual. 

Consider the linear programming problem 

Maximize the zero function subJect to the linear system (III- 2) 

For a given value of w, if the l inear programming problem has a fe33 i ~:~ 

sol ution then the system (III-2) i s consistent and P(x)/Q(x) can be 

ootained, If the linear programming problem has no feasible solution, t hen 

the system is inconsistent. 

The dual problem of the linear programming problem can be sta ea 

a.; follows 

minimize 



s ubj ect to 

N N 

- L x/ti + L xijsi = 0 
i=l i=l 

j = 0,1, ••. ,n 

N N N 
'[ (f (xi) - w)x/ ti + L (-f (xi)-w)x/ si - [ x/ui = 0 
i=l i=l i=l 

j = 1,2, ••• ,m 

ti, Si, Ui .::_ Q 

By the duality theorem of linear programming (see for example Gass 

(1969, p. 90)), if the dual has a finite solution, then (III-2) is con-
. 

sistent. If the dual has an unbounded solution then (III-2) is incon-

sistent. We note that the dual is always feasible since the zero vector 

satisfies the dual constraints. The number of iterations required to 

obtain the best approximation depends on the value max lf(xi) I and 
xicx 

* w • Let I be the number of iterations, c be the convergence criterion 

* and h be the width of the final interval containing w. The algorithm 

is terminated when 

E.__ < C 
*-w 



Then ,;e have 

* < C W 

which implies 2I > (cw*)-l max !f(xi)I • 
xie:X 

This method is guaranteed to generate the best approximation, 

but the convergence is only linear. 

III - 4. Differential Correction Method. 

Let w(R) ~ max !R(xi) - f(xi) I • 
xie:X 

* * 

* * * Let R • P /Q be the oest 

approximation with deviation w and Q (xi) > 0 for each xi e: X. 

This algorithm generates a sequence R(k) such that R(k) ~ R*. 

The Algorithm is as follows: 

At the stage, determine to minimize 

r0rmalization that the coefficients of R(k+l) lie in the standard c~be , 

i <!. !Pi ! ~ l, i • 0,1, ••• ,n; lqJ I ~ 1, j • 0,1,2, •.. ,m. There is 

no loss of generality with this normalization, since 



P(x) >-P(x) 
Q(x) • >-Q(x) 

jb. 

(0) 
for >. ~ 0. The coefficients of the initial R are also chosen to 

lie in the standard cube, with the denominator Q(O) chosen to be positive. 

Lemma. For each k, either R(k) is the best approximation or 

6 (R(k+l) k ) < 0 • 

Proof, Suppose R (k) is not a solution. Then since R(k+l) 

minimizes ok(R) 

o (R(k+l)) < o(R*) 
k ~ 

• max {Q*(xi)[jf(xi) - R*(xi) I - w(R(k))]} 
XiEX 

* This expression is negative since Q (xi)> 0 and * lf(xi) - R (x~) I < 

w (R (k)) • 

Corollary. If p(k) /Q(k) is not the best approximation then (k.+l)(x) > 0 Q 1 

f or ~ach x. £ X. 
1 

rroof , Suppose on the contrary that there exists an x0 £ X such that 

Q(k+l)(xO) < o. Then 

0 > 0 (R(k+l) 
k ) 



= max {jf(xi)Q(k+l)(xi) - p(k+l)(xi) I - w(R(k))Q(k+l)(xi)} 
x1cX 

> lf(xo) Q(k+l)<xo) - p(k+l)<xo>I - w(R(k))Q(k+l)<xo) 

> 0 

This is a contradiction which proves the corollary. 
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On the other hand. if there is an ' xo EX such that Q(k+l)(x
O

) < 0 

then P(k) /Q(k) is the best approximation, 

£9!.'::>ll~.E.Y.• <\ (R (k+l)) = 0 implies R (k) is the best approximation 

with Q(k)(xi) > 0 for each xi c X, 

Proof, 

0 = 0 (R (k+l) 
k ) 

* 
~ <\(R ) 

a max {Q*(x
1
)[1f(x

1
) - R*(x

1
) I - w(R(k))]} 

X. EX 
i 

* 

< max {Q*(x
1

) }[w(R*) - w(R(k))J 
x

1
cX 

Now we note that Q (x
1

) > 0 and j w(R*) - w(R(k))] ~ O which impi1.es 

·- * (k) ] that ~ w(R ) - w(R ) = 0 , * (k) (k' i,e, w(R) = w(R ) , Therefore R 1 



is the so lut i on. 

' l f 11 i f Q(k+l)(x
1

) > 0 Hence 1.n t 1e o ow ng proo , we can assume 

and 6k (R(k+l)) < O. 

* converges to w(R) for k a 1,2, •••• 

Proof . 

* * We assume R exists and Q (x
1

) > 0. Let 

and B = Sup max Q(xi) 
I qj J21 xi e:X 

By assumption, a is greater than zero. We note that B is bounded 

since the standard cube is a compact set. 

However, 



6 (R(k+l) < 6 (R*) 
k - k 

• max {Q*(xi)[jf(xi) - R*(xi) I - w(R(k))j} 
Xi EX 

* * (k) 
< max {Q (xi) [ w(R ) - w(R )] } 

X EX l. 

-2 a [w(R*) - w(R (k)) J 

Hence, s[w(R(k+l)) - w(R(k))] -2 a[w(R*) - w(R(k))] 

:::;> w(R(k+l)) - w(R(k)) < ~ [w(R*) - w(R(k))] 
- B 

⇒ w(R(k+l)) - w(R*) ~ (1 - ;) [w(R(k)) - w(R*)] 

Since O < a ~ 8 , we have 
(l 

0 ~ (1 - 8) < 1 • Hence w(R(k)) 

* verges to w(R) in at least a linear rate. 

con-

the 

The computation can be accomplished by linear programming ~t 

(k+l) st stage, we wish to solve the following problem 

minimize 6 

subJect to 

m n rn 
f(xl.) L, q x

1
j - }: p.x

1
j - w L q xij - 6 < 0 

J=O J JcO J J=O J 

m n 
-f (xi) [ q x j + L p x/ 

j=O J i j"'O J 

m 

- w [ q x.j - 6 < 0 
J=O J l. 

isl,2, ... ,N 



-q < 1 
j 

qj < 1 • j - 0,1, ••. ,m 

-p. < 1 
J 

PJ < 1 • j =-0,1, •.. ,n 

There are (m+n+3) variables in 2N+2 (m+n+2) inequalities. In practice, 

it is more efficient to solve the dual problem. 

The dual problem l.S 

m m n m 
minimize r. s + I t + [ u. + L V 

j•O j j=O J j=O J J=O J 

subJect to 

J ""0,1,2, ••. ,m 

N 
X jg 

N j 
- L + L x. hi - u. + v . = 0 

i=l 
i ]. ial J. J J 

J : 0,1,2, ••. ,n 

N N 

L gi + I: h ... 1 
i-=l i•l 

]. 

g . , h . , s , tj , uj , v 
]. ]. J J 

> 0 
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fn e revised simplex method is applied at each stage. 

This algorithm was first discussed by Cheney and Loeb (1962). 

III - 5. Modified Differential Correction Method. 

In this method, the function ok(R) of the differential 

correction method is modified to be 

The computational procedure is similar to that in the differential 

correction method, At the (k+l) 6t stage, we choose R(k+l) 1n the 

standard cube to minimize ok(R) • The algorithm then generates a 

sequence of approximations R(k) k = 1,2, ..• , which converges to 

* * * * R • P /Q with Q > 0. 

The following theorems about the convergence of the methoa are 

proved in Barrodale, Powell and Roberts (1971). 

Theorem, If P(k)(x)/Q(k)(x) is not the best approximation, then 

and Q(k+l)(xi) > 0 f 11 X or a xi E • 

Theorem. The sequence of approximations R(k)(x) * converges to R (x) • 

Theorem, If N ~ n+m+l , if a best approximation exists, and if the best 

approximation is not defective, then the rate of convergence is at least 

quadratic. 



The quadratic convergence property does not hold for the 

different ial correction method, Thus the modified method is superior 

to the differential correction method. The rapid convergence is also 

illustrated in the numerical results in Chapter IV. This method was first 

proposed by Cheney and Loeb (1961). 

III - 6. The Remes Algorithm 

* Consider the error function of the best approximation R (x) 

defined by 

* * E (x) = R (x) f(x) • (III-3) 

The characterization theorem states that * E (x) achieves its extreme 

value at least (m+n+2) times with alternating sign and equal magnitude. 

* In this section we assume that e (x) has exactly (m+n+2) extreme 

points. The algorithm consists of two stages: 

(1) Given a set of (m+n+2) initial estimates of extreme points 

Y = {y0 ,y1 , ... ,ym+n+l}c X, we calculate an approximation R(x) sucn 

that its error function alternates (m+n+2) times on Y and has the 

values that is f(y) - R(y) a (-l)a A, 
a a 

a 2 0,1, .•• ,m+n+l . By setting q
0 

= 1, this 1s a system of (m+n+2) 

non-linear equations with (m+n+2) unknowns. We will discuss 1ts so1uti0 .. 

later 1n this section. 

(2) The extreme points of the error function e(x) corresponding 

to the R(x) computed in stage 1 then yield new estimates of the 

~x treme points of the best approximation. With this new set of poir t s _ 

we repeat stage 1 until the required accuracy is attained. Since we 
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c .. n s:-i.Ger only the discrete approximation, the new extreme points are 

easily obtained by checking through all the data points. 

In solving the system of non-linear equations in stage 1, we 

apply an iterative method (Fraser and Hart (1962)), as follows: 

We rewrite the equations in the form 

a .. 0,1, ••• ,m+n+l 

For a given value of >.k-1 , this is a system of linear equations which 

can be solved for pj j ""0,1, ..• ,n , qj , j .. 1,2, ..• ,m and ).k . 
The procedure is repeated until two successive values of >.k are in 

close agreement. Convergence to a solution without a pole is not ensurea 

in this method. 

In practical computation, if there are no better estimates for 

the initial extreme points, the extreme points of the (m+n+l)
st 

Chebyshev polynomial can be used. 

III - 7. Maehly's Method. 

In this method, the error function is characterized by its zeros 

* r ather than by its extrema. Since £ (x) alternates at least m+n+2 

times, it has m+n+l zeros 

* 

< z 
1 

in the interval 

[a ,bJ . We shall assume that £ (x) has exactly m+n+l zeros. Therefore 

1.t may be written in the form 



where G(x) 

* m+n * 
£ (x) a G(x) 7T (x-zk) 

k;Q 

is a positive function and * zk are the zeros. 

The algorithm is composed of two stages, 
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(1) For an initial estimate of the zeros Z = {z0,z
1

, ••• ,zn+m} 

* of the error function e we calculate an approximation R(x) whose 

error function has zeros at zk, that is 

R(zk) - f(zk) = 0 k = O, 1, ••• ,m+n • 

This is a system of linear equations , therefore there is not much 

difficulty in solving for R(x) • However, if zk 

* zk , it may fail to have a solution. 

are not close to 

(2) With the approximation R(x) from stage 1, we compute the 

extreme points of its error function and use these points to make a 

correction on the estimates of the zeros. We then return to stage 1. 

The algorithm terminates when two successive approximations are 

in close agreement. 

We now describe the method for correcting the zeros. First let 

us denote by e(x,Z) the error function with zeros Z = {z0,z1 , •.. ,zm+n}. 

} Le t Ya {y0,Y1••••,Ym+n+l be its extreme points. We wish to determine 

6Z a {6z
0

,oz
1

, ••• ,6zm+n} , the corrections of the zeros, such that at 

the point y 
Cl 

Cl 
e(y ,Z+oZ) a (-1) A, a= 0,1, ••• ,m+n+l 

Cl 



Taking logarithms of the absolute values of both sides and expanding 

in the first term of Taylor's series, we obtain 

m+n 
R.nje::(y ,Z) I + L [ a~nG - 1 J ozk = R.nl).I 

a k=O ozk Ya - zk 

a= 0,1, ... ,m+n+l 

\~e make another assumption that the function G(x) does not depend 

(very much) on the zeros zk, i.e. aR. nG = 0, k = 0,1, ••• ,m+n • 
azk 

We then obtain the following linear system of equations 

rn+n 
f 

k=O 

ozk 

y - z a k 
= inje(y ,z) ! - tnlAI a 

a= 0,1, ••• ,m+n+l 

Eliminating IAI by subtracting the equations with a• 0, we have 

m+n 

I 
k=O 

[ 1 
y - z 

a k 

1 
y =---;-J 6zk = in 

0 k 

a = 1 , ... , m+n+ 1 

Using the approximation 

I 

I 
in l 

E:(y , Z) 
a 

dy
0

,z) 

le(y ,z) I- l e (y
0
,z)j 

::: 2 a 
- !£(y

0
,Z) I+ je(y0 ,z)j 

e(y ,Z) 
a 

dy
0

,z) 



.. -~ 46 • 

we obtain the following system 

m+n (y0-y
0

) lc (y
0

,Z)I - lc(y0 ,z) I 
k~O _(_y_a --z-k-) ~(y_o_-z_k...,....) ozk :a: 2 ~,-c(_y_a_'z-)~,-+~,-c-(y_;;.O_'Z_)_I 

a = 1, .•. ,m+n+l 

This system of linear equations is well conditioned for the largest 

elements are close to the diagonal, 

In practical applications, when the data to be approximated 

is smooth, the assumption made on the function G(x) is quite satis­

factory. This method is due to Maehly (1963). 

If there are no better estimates for the initial zeros, the 

st zeros of the (m+n+l) Chebyshev polynomial can be used, 

III - 8, A Linearization Method 

In this method, we calculate the best rational approximation as 
/ 

follows. 

Suppose we are given an approximation P(x)/Q(x) , we then 

calculate a better approximation by determining the corrections 6P(x) 

and oQ(x) such that the function 

i.::. minimized, 

max 
x cX 

i 

P(x.) + oP(xi) 
i 

f(xi) - Q(xi) + oQ(xi) (III-4) 



However, (III-4) is nonlinear in 6Q{x) . We shall replace it 

by a linear expression which approximates (III-4). This is done by 

expanding the denominator of (III-4) and keeping only the linear terms. 

If - P + 6P 
Q + 6Q 

. If - P ~ oP (1 + ~ )-11 

~ If - p ~ 6P (1 - ~) I 

~ If _ ! + P6Q - Q6P 
Q Q2 

The algorithm can be stated as follows 

At the k
th 

iteration, determine polynomials oP(x) and 5Q(x) 

which minimize 

(k-l)(x) 
p l. 

f (xi) - Q (k-1) (xi) 

p(k-l)(x.)6Q(x.) - Q(k-l)(x )6P(x
1

) , 
+ l. l. l. max 

x.e:X 
l. 

[ Q(k.-1) (x.)l 2 
l. .,) 

th . (k) (k) The k approximation P (x)/Q (x) is given by 

P(k)(x) 

Q(k)(x) 

p(k-l)(x) + AoP(x) 

~ Q(k-l)(x) + AoQ(x) 

wnere A e: {-1(0.02)1} is chosen such that 



is minimized. 

max 
XiE:X 
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(k-l)(x) + ). oP(x
1

) p i 

f(xi) - (k-l)(x) + ).oQ(x
1

) 
Q i 

The determination of P(x) and Q(x) at each iteration can 

be formulated as a linear programming problem. Let 

w ""max 
XiE:X 

P(k-l)(x . ) P(k-l)(x1.) 6Q(xi) - Q(k-l)(xi)oP(x1. ) I 
i +---~.:---:~-~-----1 

f(xi) - -Q-,-(k---:-cl)-(x_i_) [Q(k-l)(xi)]2 J 

Then the linear programming problem is 

minimize w 

subJect to 

(k-l)(x) 
p i 

[ Q (k-1) (xi)] 2 

p (k-1) (xi) 

[ Q(k-1) (xi)] 2 

m • 1 
'[ oq .x/ - (k-1) (x ) 
j=l J Q i 

rn j 1 
L oq .xi + -,;-(k--l")· cx . ). 

j=l J Q i 

n . 
\' op,x J - w < -f(x.) 
l, J i - i 

J=O 

n 
L op. xij - w < f ex.> -

jmO J - i 

i • 1,2, ••• , N . 

(k-... ) (x ) 
p 1. 

+ 
Q 1. 

p(k-1) (,..1.) 

(k-l) (x) 
Q 1. 

Note that we have normalized the rational approximation by set ting 

qG • 1 ; i. e, oqo a O. 
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In practice, it is more efficient to solve the dual problem, 

\..lu.ch is 

minimize 

subJect to 

N 
[ (-f(xi) 
i•l 

(k-1) (x ) 
p i 

+ Q (k-1) (xi) 

N p(k-l)(x) 

)(si - ti) 

I: l. J 
i=l [ Q (k-1) (xl.)] 2 xi (si - ti) "" 0 

N 

L 
i=l 

N 

L 
ial 

-x j 
l. 

(k-1) (x ) 
Q i 

j • 1, 2, ••• ,m 

(si - ti) .. O 

j • 0,1,2, ••• ,n 

(s. + t.) -= l 
l. l. 

s.,t. > 0 l. l. -

Unfortunately, the method does not always converge. Usually it 

converges if the starting approx1mation is sufficiently good. The con­

vergence rate is usually very fast when the method does converge 
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CHAPTER IV 

NUMERICAL RESULTS AND COMMENTS 

IV - l, Introduct i on, 

To compare the algorithms numerically, we selected ten sets of 

da ta and approximated each set of data by five rational functions. The 

da ta sets are given in Table I. Each data set consists of 21 points 

wi th abscissae equally spaced over the interval [a,b], The approxunating 

f unctions used are P1/Q1 , P2/Q2 , P
1

/Q
3 

, P
4

/Q
2 

, and P
0

/Q2 , where 

t he subscripts denote the degrees of the polynomials, The rational 

f ~nctions which give the best approximations to each data sets are 

listed in Tables II-VI, The number of iterations required for the 

a lgorithms to converge in each case is given in Tables VII-XIII. The 

convergence criterion being that the relative change in the error of 

t wo successive approxl.Inations is less than 10-7 , The entire study was 

performed in double precision arithmetic on an IBM 360/44, 

IV - 2. Comments on the Results. 

(1) Loeb's Algorithm. 

The results in Table VII show that Loeb's algorithm is quite a 

satisfactory technique when applied to smooth data sets. It usua l ly 



conv er res 1.n about 10 iterations Howevet, the convergence is not 

gu3ran teed 1.n general. For exa mp le, when the algorithm is applied to 

determine bes t P / Q
2 

and P /Q
3 

approximations to the function 

s in Y in the interval [ -3, 31 , there is no sign of convergence in the 

fir st fifty iterations . Also for the case where 

f(x) = {ex 
- x -1 

e - e + e 

X £ 

X £ 

[O, 1 J 

(1, 2] 

is approxima ted by P
1

/Q
1 

, the algorithm oscil lates between t wo non-best 

approximations. 

Another serious disadvantage of the method 1.s that even when the 

algori thm does converge, i t may not converge to the best approximation. 

This 1& illustrated by the following examp le using the approximation P
1

/ Q
3 

, 

the algorithm converges to 

1,16520 - 1 15480x 

X £ [0,11 

X £ (1,2] 

2 3 ' 1 - l,7778x + 1,04815x - 0,26627x 

which is not the best approximation , for its error function does not 

alterna te a sufficient number of t imes . Othe r examples for which the 

algorithm converges to a non-best approximat1on are given in Table VII. 



Conditions which are sufficient for this algorithm to converge 

to t he best approximation are not known. From Table VII, it seems that 

t nis depends on the data set as well as the approximating function used, 

For smooth data sets, this algorithm appears to be quite satisfactory. 

( 2 ) The Linear Inequality Xethod, 

For the linear inequality method, a solution without a pole can 

always be obtained, The number of iterations required depends on 

max lf(x) I and the degree of the rational approximating function, 
X EX i 

i 

They are listed in Table VIII. Let 

* w z min max 
P ,Q XiEX n m 

* We know that w lies in the interval [ O, max lf(x) I]. The algorithm 
i 

XiEX 

* applies the method of bisection to search for w in this interval. The 

* algorithm terminates when the interval containing w is less than 

-6 * 10 x w , We encountered no numerical difficulties with this algorithm. 

however, a disadvantage of the method is the large number of iterations 

required to obtain a solution, 

(3) The Differential Correction Method and the Modified Differential 

Correction Method, 

The differential correction algorithm is guaranteed to converge to 

t~e best approximation from any starting approximation, However, tne 



convergence rate is sometimes very slow For example, when the function 

P/Q2 is used to approximate rx in the interval l 0,1 J , the algorithm 

takes 138 iter a tions to converge . From Table IX we note tha t when the 

degr ee of th e approximating function is high, the convergence rate is 

::.low. In particular, the convergence is poor for the approx1I!lating 

f unction P
4

/Q
2 

, For all the unsmooth data sets, the solutions generated 

before 100 iterations are not close to the best approximations, while 

the results for P0/Q2 and P
1

/Q1 are quite satisfactory. 

The modified differential correction algorithm converges with a 

much faster rate, All solutions are obtained within ten to fifteen 

iterations. It is proved in Barrodale, Powell and Roberts (1971) that 

the convergence rate is at least quadratic, 

An advantage of these algorithms is that they do not require 

special handling for the nonstandard case, that is, for the case wnen 

tne error function of the best approximation does not alternate exactly 

(n+m+2) times, 

To start the algorithms, we set P /Q = 1/1 , 
n m 

However, these 

algorithms do not seem to depend very much on the starting value . 

The fast convergence rate and easy handling make the modified 

differential correction method the most satisfactory algorithm among 

those we investigated in this thesis. 

(4) Remes Algorithm, 

In the Remes Algorithm, we take the extreme points of the 

(m+n+l)
st 

Chebyshev polynomial as the initial estl.lllates of the extreme 
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puint s of the error function, The algorithm is very eff icient except 

i P some cases where it converges to a solution which possesses a pole 

in t he interval [a , b] . 

The main computational difficulty of this method is in solving the 

following system of nonlinear equations 

i = l,2, ••• ,(n+m+2) 

In general, there are several values of ;\ which will satisfy these 

equations, Since the best approximation is unique, only one of tne 

values of A will give rise to the best approximation. Other value~ 

correspond to approximations which also have the error alternation 

property, but possess a pole in the interval ta, b J • 

The iterative method we used to solve this system of equations 

does not always converge. For examples when P
2

/Q
2 

is used to approxi­

mate erf(x) in [0,2 ], convergence does not occur before 1,000 

iterations. More disturbing , there are no signs of convergence when 

{

X ' 
f(x) = 

0.5x + 0.4 

X e: 

X e: 

[0,1 ] 

(1,2 ] 

Xore frequently, the algorithm converges to a value of A for 

w' ic , the corresponding approximation possesses a pole in the in ~rval 
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In some cases, with different starting values for AO and the 

es timated extreme points, the algorithm converges to different approxi­

mations. This is illustrated by the following example 

Ix is approximated by P
2

/Q
2 

in the interval L0,11. 

Starting with the initial extreme points 

{O., 0,1, 0.35, 0.65, 0.9, 1.0} 

and AO= 0 , the rational function obtained after six iterations is 

P2(x) 0,041916 + 3,18742x + 4,19565x2 

Q2(x) = 1 + l,16117x - 3.16976x2 

Tne corresponding error function alternates at 

{O, 0,05, 0.4, 0,75, 0.8, 1.0} 

with amplitude A= 0.047917. This approximating function has a pole 

at X = 0, 77395, 

If we start with initial extreme points {O, 0.2, 0.4, 0.6, 0 . 8, 1 0 1 

and AO= 0, the resulting approximating function is 

0.042205 + 3,15433x - 5 30056x2 
- --- --- - - - - ---- 2 

1 + 0.77978x - 3.97 652x 

The error function has extreme points at {O, 0.05, 0.4, 0.6, 0,65, 1, 0} 

and the amplitude is 0,042205. This approximating function also possess~s 

a pole in the interval [0,1]. 



Tne solution without a pole is given by 

0 . 0019293 + 8 88576x + 33 7950lx
2 

1 + 27.15010x + 14.615llx
2 

56. 

where its error function alternates on the set {O., 0.05, 0.1, 0.3, 

0 7 , 1 0} and the amplitude is 0.00192938. However, when we use these 

ex treme points as starting points and choose AO - 0 , the algorithm 

does not generate the above approximation. It converges to 

0.041083 + 3.086694x - 13 69958x
2 

2 l - l.83024x - 10.19448x 

wnere the error function has extreme points at {O . , 0.05, 0.2, 0 25, 

0 45, 1.0 } and the amplitude is 0.041083 Again this solution has a 

pole 1.n [ 0, l J. Only if we set the initial value of AO very close 

to the value 0.001929, will the algorithm converge to the solution which 

is pole free in [ 0, 1 j . 

In general, the algorithm will converge to the best approximation 

if the initial approximation is close to the best approximation. In 

:his case, four or five iterations usually suffice to obtain the solution 

However , a good starting approximation is not always available. 

(5) Haehly's Method, 

In Maehly's method, we take the zeros of the st (m+n+l) Chebyshev 

J olynomial as the initial estimates of the zeros of the error funct - ~~ 



c(h) • Usually the algorithm converges to the best approximation in 

about 10 iterations provided that starting values are good enough. 

In some cases, due to poor starting values, we encountered some 

di1ficulties in the computation. Although the first approximation is 

determined by solving the system of linear equations, 

J = 1,2, .•• ,(n+m+l) 

where z are the initial estimates of the zeros, it may have an error 
J 

function which has more than (n+m+l) zeros in the interval [a,b], 

That is, £(x) alternates more than (n+m+2) times. This causes 

difficulty in choosing the extreme points for calculating the 

(c ~e corrections of the zeros), 

dz. 
J 

Also , since we consider only the discrete approximation problems, 

£(A) may have less than n+m+l sign changes over the discrete data 

points x £ X , i.e, there may be two zeros in (x ,x 
1

J • 
i i i+ 

In this 

case, we do not have sufficient extreme points for calculating the 

values of dz 
J 

In these cases, the algorithm usually fails to con-

verge, For example, approximating the data 

f(x) = 
-1 

- e + e 

X £ 

X £ 

[0,1 J 

(1, 2] 

t})e method fails to converge for all five approximating functions when 

t he zeros of the Chebysnev polynomials are chosen to be the initial zeros 



~ince the first appro~imation generated already has an error 

iunction which alternates (m+n+2) times, it is close to the be~t 

appro,ima tion. The algorithm then performs an adjustment on the zeros 

to reduce t he maximum error, In some cases, the improvement is not 

s i gnificant, For example, when we approximate f(x) = sin(x) by 

P 
2

JQ
2 

in the interval C -3, 3 J , the initial zeros chosen are 

{-2.5, -1,0 , 0.5, 1.0 , 2.5} • The maximum error in each iteration is 

given below 

Iteration Ma x1.I11al Error 

1 0,39230 

2 0.40799 

3 0.32815 

4 0,36084 

5 0.31528 

6 0,34001 

7 0.31085 

8 0.32739 

9 0.30867 

10 0.31959 

We see that the maximum error is reduced in every alternate iteration 

The convergence rate is slow. The best approximation is obtained after 

35 iterations where the maximum error is 0,306077. 

The choice of zeros of the Chebyshev polynomials as initial zeros 

is quite satisfactory when the data to be approximated is smooth, for 
2 

X -X 
example e , log(l+x) , erf(x) , e and r(x) • Best approximations 

are obtained without much difficulty in these cases. If the data is not 
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s mooth, the algorithm seldom converges . For example, for the function 

f (x) = { X , X E: 

l O • 5x + 0 • 4 , x e: 

[0,11 

(1, 2] 

o f the five approximating functions used, only P
0

/Q
2 

converges to 

the best approximation, Convergence occurs after 20 iterations . For 

the function 

f (x) = { ~ 
-1 

XE: L0,.5) 

X = ,5 

X £ (.5,1] 

the five approximating functions obtained are P
2

/Q
2 

= -1 

tne best approximation. The method therefore appears to be quite 

successful for approximating smooth data, but it is usually unsuccessful 

otherwise, 

(6) A Linearization Method, 

In this method, convergence to a solution is not guaranteed 

in genera l, It depends on the starting values used and the approximating 

function, The results in Table XIII are obtained with the starting 

val ues p = q = l and 
0 0 (1 = 1,2, ••• ,n, j = 1,2, •• ,,m) . 

From cne results, we note that the convergence rate of this method is 

very iast when it does converge, and all solutions are obtained within 



~ ~ '1 iterations, However, it may converge to a solution with a pole 

The numerical difficulties we encountered for this case are approxi-

{
ex x e: [0,11 

ma ting /x in [ O,l ] by P1 /Q3 and -x -l 
e - e + e x e: (1,2 ] 

by 

P4/Q2 , The results in Table XIII also indicate that if the degree of 

the approhimating rational function is high, without good initial values, 

this ~e thod is not a satisfactory one. As an example, consider the 

approximating function P4/Q2 • Of the ten data sets used, only three 

best approximations were obtained, Using different starting values, 

where the initial values of and are obtained by a random 

number generator, the number of best P
4

/Q
2 

approximations obtained 

increases to six, These solutions are also obtained within ten iterations. 

We did not include in the constraints the restrictions 

Q(x) > 0 • These restrictions may overcome the possibility of conver-
1. 

gence to an approxJ.IDation with a pole. Also, in searching for the minimu~ 

of the expression 

max 
i 

we only used a grid of values for A -1.0(.02)1.0. If the minimum 

value occurred when A= 0 then the algorithm was terminated. However, 

in these cases it appears that a finer grid of values for A will pro­

duce a decrease in the error of approximation. This is suggested by 

Wa tson (1970). 
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lfo conclude tl11.t this method has .'.l very fast convergence ra LP 

" lLn it converges , and it usually will converge if the starting values 

are su ffi ciently good, The main disadvantage of the method is the 

necessity for a linear search at each stage 

IV - 3 Conclusions, 

In this thesis. we have presented several algorithms for the 

co~pu t ation of best discrete rational approximations in tne Chebyshev 

s ense . The criterion we use to compare the methods is the number of 

iterations required for each method to converge to a prescribed accuracy. 

Alternative criteria that could be used are the amount of computation 

or the C,P.U, time required to obtain a best approximation However, 

fo r t he following five algorithms , the amount of work involved in each 

iteration is roughly comparable, For Loeb's algorithm and the linear­

iza tion method, we solve a (n+m+2) x (2N) linear programnnng problem 

at each stage. For the linear inequality method, the size of the matrix 

is (n+m+2) x (3N) • For the differential correction methods it is of size 

(n-rm+3) x 2(N+n+m+2) , The number of constraints is approximately the 

saMe, and it is quite reasonable to compare these five algorithms 

based on the number of iterations reouired to obtain the solution 

These methods are easy to implement on a computer. For Loeb's algo-

r~ hn, convergence often occurs in Just a few iterations. However, 

there is no guarantee that convergence 1.s to the best approximation 

For the linearization method, the conver gence rate is usually very fas t 

Unfortunately, the need f or the linear search reduces its efficiency. 
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fo : t he linear inequality method and the differential correction method, 

convergence to the best approximation is ensured, but the convergence 

~c e is not as good as with other methods. The numerical results indi­

cate that the modified differential correction method is the most satis­

fa ctory one for its fast convergence rate and sure convergence from any 

s tarting values. 

For Mae hly's method, we solve two (n+m+l) x (n+m+l) systems of 

linear equations at each stage. For the Remes algorithm, due to the 

iterative method applied at each iteration, we have to solve about five 

(n+m+2) x (n+m+2) systems of linear equations. Therefore, less opera­

tions are involved in Maehly's method at each stage. These two methods 

are not as easy to implement as the linear programming methods since they 

were originally proposed for solving t he continuous approximation problem 

The nu~crical results show that the convergence rates are fast f or thes e 

1 L thods . but t here is no guarantee of convergence from arbitrary 

starting values. 



runc tion 
f(x ) 

TABL[ I 

DATA S[TS FOR THf NUXERICAL EXAMPLES 

Abscissae 
{xl ,x2' • •. ,xN} 

Number of Points 
N 

--- -----~--- --------------

1 , 

2. 

3. 

X 
e 

sin(x) 

Ix 

f 1 
4 . \ 0 

l -1 

5, { 0 X 

5x + 0.4 

7. 

8, 

9 . 

10 

log (l+x) 

erf(x) 

2 
-x 

e 

r (x) 

-1.0(0,1)1.0 

-3.0(0,3)3.0 

0,0(0,05)1.0 

0,0(0.05)0.45 

0,5 

0.55(0.05)1.0 

0.0(0.1)1.0 

1.1(0.1)2.0 

0.0(0.1)1.0 

1.1(0.1)2.0 

0.0(0.05)1.0 

0,0(0.1)2.0 

0,0(0.1)2,0 

2.0(0,05)3,0 

21 

21 

21 

21 

21 

21 

21 

21 

21 

21 



TABLE II 

BEST P
0

/Q
2 

APPROXL'1ATION 

JATA Po ql q2 Max Error 

fl 0.96544 -1.01932 0.37907 0.03405 

£2 0.00000 0.00000 0 00000 0.99749 

f .... 0,18117 -2.07440 1.29567 0.18117 
.J 

£4 0,00000 0,00000 0,00000 1.00000 

fs 0,22539 -1.01462 0.30528 0.22539 

£6 1. 20697 -0.80360 0,28421 0.20697 

£7 0.09280 -2,01010 1.17068 0.09280 

£8 0,19844 -1,08579 0 .35515 0.19844 

£9 0,93024 -1.06464 2. 94511 0.69757 

£10 0,48334 -0.26423 0.00373 0.00641 

Note q0 = 1 • 



TABLI: III 

BEST P
1

/Q
1 

APPROXIMATION 

DATA Po pl ql Max Error 

fl 1,01704 0.51755 -0.43976 0.20954xlO-l 

£2 0,00000 0.25551 0.00000 0.62542 

£3 0.04297 3,18115 2,36889 0,42972xl0-l 

£4 1,81818 3,63636 0,00000 0.81818 

L 
) 

-0,05873 1.57291 0.60867 0,58739xl0-l 

f, 0,69127 5,89193 1. 73212 0.30872 
0 

£7 0,00085 0,97819 0.41422 0,85788xl0- 3 

£8 -0.04408 1.86315 1.27130 0.44084xl0-l 

£9 1, 07282 -0.57479 0.20401 0, 72827xlO-l 

flO 0.48287 0.00765 -0. 24929 0.64253xl0-2 

Note qO = 1 , 



TABLL IV 

BEST P
2

/ Q
2 

APPROXIXATION 

DATA Po pl P2 ql q2 Max Error 

- ·- - ·- . - - - - ·- .. - - --- -

fl 1, 0000 7 0,50839 0.08571 -0 . 49132 o. 07781 0. 84776xl0-4 

f2 0 . 00000 2,28165 0,00000 0.00000 1 . 58959 0 , 30607 

£3 0 . 00192 8,88576 33,79501 27 . 15010 14 . 16511 0.19293xl0- 2 

£4 0.73076 -1.46153 0,00000 -3.63636 3,63636 o. 26923 

fs 0. 054 23 -3 , 55914 46 . 10706 22 . 69320 21.35198 0,54235xl0 - 1 

f, 1 , 08650 -1.48277 1, 78873 -1.54130 1 , 07040 0 . 86503xl0-l 
0 

f 7 0. 00G00 0.99987 0,38616 0.88478 0 . 11484 0.15412xl0- S 

f8 0 . 00137 1 . 08589 0 . 30382 0 . 10162 0.55146 0 . 13753xl0-2 

- ? 
f9 1. 00 267 -0.77483 0.14643 -0.68823 0. 71304 0 . 26728xl0 -

flO 1. 24144 -0,63659 0.19163 -0.08320 -0.02468 0 , 35930xl0-4 



TABLE V 

BEST P1/Q
3 

APPROXIMATION 

DATA Po Pl ql q2 q3 Max Error 

fl 0 . 99987 0,25358 -0.74660 0.24520 -0.03749 0.12237xl0-3 

f,, 0 , 00000 2,28165 0,00000 1. 58959 0 00000 0,30607 ... 

f3 0.00763 6,54812 11. 55292 -10. 79577 4.84901 0.76302xl0- 2 

f4 0,73076 -1.46153 -3,63 636 3.63636 0.00000 0.26923 

£5 -0 , 02139 o. 71350 -1.35342 1. 48737 -0.40878 0.45572xlO-l 

£6 0.90464 -0,26791 -1,53208 0.99792 -0,22307 0,95354xl0-l 

f7 0 . 00000 0,99951 0.49498 -0.06632 0.01336 o. 72177><10-5 

I8 0.00092 1,10080 -0.10817 0.4 7577 -0.05913 0, 929JOxl0- 3 

£9 1.00422 -0.46451 -0.334 67 0,40535 0.41167 0.42278xl0-2 

flO -0.04175 -0,23428 -1. 77036 0.64754 -0,06996 0.54115xl0-4 

-------

Note qo == 1 • 



TAfiU VI 

BEST P 
4

/o
2 

APPR OXPfATlON 

DATA MaY [rror 

__ .. --~-·- ... .. -·--- - -- -- - - • · -•------ -- - - · -- - - ---------- - ---- --- .., _ - - ----· - -- ---------- --- - ' ---- - -- - - --- -

1,00000 0.67030 0,20261 

0,00000 1. 01770 0,00000 

0,00006 12.93265 160.70134 

1,07046 -5.19153 9,15180 

0.00620 1,04233 - 2.21734 

0.96908 - 0.42079 -2.10332 

0,00000 0.99999 o. 70773 

0,00004 1. 13071 - 0,23743 

1,00000 -0.34335 - 0.62654 

2,36335 -2,16812 1,3288 3 

Note q 0 = 1 . 

0.03412 0,00286 

-0.10444 0.00000 

108.25243 -14 58386 

-6.10120 0.00000 

1. 34816 -0.16477 

2.09490 -0.35223 

0.03988 -0.00208 

0.09543 -0.00051 

0.43082 -0.07622 

-0.35734 0.05244 

-0. 32969 0.93231 

0.00000 0.08155 

64 93582 201 39383 

-3.90329 3. 90329 

-1.96388 0 97863 

-1.92414 0.99396 

1.20772 0.31056 

-0.19297 0.36561 

-0.34392 0.38934 

0.34480 -0.09172 

0.20465 xl0- 6 

0.66482 xl0- 2 

0 6364 2xl0- 4 

0,70465 xlO-l 

0.1117 6xlO-l 

0 30919 xl0-l 

0.55984 10- 8 

0,44515 xl0-4 

0.471 68xl0-4 

0,174 23xl0-] 

- ·- - - - ----- -·- - - -

0-, 
co 



TABLE VII 

NUMBER OF ITERATIONS FOR LOEB'S ALGORITH}1 

Number of Iterations 
.... 

DATA PO/Q2 P/Q1 P/Q2 P/Q3 P/Q2 
~ -- --

f l 8 7 6 6 5 

f2 2 2 ,~ * 6 

f 3 23 11 9 8 8 

£4 3 ** ;,.* 14 11 

1,** 
L 31 

) 
26 13 12 

f6 10 * 24 ** 15 

£7 22 5 5 4 5 

£8 24 11 8 6 6 

f9 15 15 8 10 6 

£10 5 7 6 6 5 

- · - --· 
* No convergence 

-1,* 
Convergence to a non-best approximation 

*** Convergence to a solution with a pole , 



/ U , 

TABLE VI II 

N~BER OF ITERATIONS FOR THE L INEAR I 1'l'EQUALITY METHOD 

----- · 
Nunber of It erations 

------··- - · 
DATA P/Q2 P/Q1 P/Q2 P/ Q3 P/ Q2 

-

fl 25 26 35 32 42 

f2 20 22 22 22 30 

f 3 24 25 30 28 34 

f4 21 22 22 22 24 

L 23 25 26 26 25 
) 

f6 24 24 25 24 27 

f 7 23 30 38 37 46 

f8 22 25 3 0 30 34 

f9 26 25 29 28 35 

£10 29 30 36 33 41 
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TABLE IX 

NUMBER OF ITERATIONS FOR THE DIFFERE~TIAL CORRECTION METHOD 

Number of Iterations 

DATA PO/Q2 P/Q1 P/Q2 P/Q3 P4/Q2 

-----•---
f l 41 20 28 42 55 

f 2 11 2 24 25 28 

f3 19 32 * 44 * 

f4 11 6 ~ * * 

f 5 26 11 32 16 ~ 

f6 20 20 45 46 * 

f 7 25 14 28 18 24 

f8 21 21 37 26 37 

f9 37 13 46 46 33 

f lO 17 17 16 18 17 

-- --

'i, 
Number of iterations exceeds 100, 



TABLL X 

NU:-1BER OF IT ERATIONS FOR THE MODIFIED DIFFERENTIAL CORRI:CTION MFTHOD 

----- - ----·-Number of Iterations 
- -

DATA PO/Q2 P/Q1 P2/Q2 P/Q3 P4/Q2 

e---

fl 7 6 9 9 11 

f2 8 2 7 8 11 

f3 7 8 12 11 15 

f4 2 5 10 10 15 

f5 6 6 8 9 16 

f 6 6 7 9 10 13 

f 7 9 6 6 6 9 

f 8 8 7 9 8 10 

f 9 7 7 9 9 11 

flO 7 8 12 10 13 



/ _, . 

TABLE XI 

NUMBER OF ITERATIONS FOR THE REMES ALGORITID1 

--
Number of Iterations 

DATA PO/Q2 P/Q1 P/Q2 P/Q3 P/Q2 

-------

fl 4 4 4 4 3 
... 

f2 ** 3 2 4* 2 

f3 4 6 6* 5* 6* 

f' 2 3 5 5 20 
4 

f5 5 *-'. 4-J.. 6 7 

f, 4 4 5 4 6 
0 

f7 5 3 5 3 4 

f8 4 8* "* 4 3 

f9 ><* 3 4 ** 4 

flO 3 3 3 5* 3 

* Convergence to a solution with a pole 

** No convergence, 
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TABLE XII 

NUMBCR OF ITERATIONS roR T!IE ~!AEHLY I c; METHOD 

~ - -~~-- ------ -
Number of Iterations 

DATA PO/Q2 P/Q1 P/Q2 P/Q3 P/Q2 

fl 8 6 7 7 6 

f2 * 6 36 -~ 8 

f3 10 22 25 23 20 

f4 2 * * 

f 20 * * * * ) 

f * * * * 0 

f7 15 6 6 6 7 

f8 19 12 9 9 8 

f9 20 9 10 9 20 

flO 6 6 5 6 5 

~--

k 
No convergence, 



75. 

TABLI:: XIII 

hU'1BI::RS 01' ITERATION FOR THE LINEARIZATION METHOD 

Number of Iterations -
DATA PO/Q2 P/Q1 P/Q2 P/Q3 P/Q2 

-·· --· ----~-

fl 6 5 7 8 8 

f2 2 2 13 9 * 

f3 7 7 12*>'' 8 * 

f4 6 2 I< 10 )t 

fs 6 6 13 8 ;'c 

f6 6 6 * 7 13*1 

'· 

f7 * 6 10 6 11 

fs 7 7 11 7 9 

f9 7 7 10"·* * * 

flO 8 10 * -;.. * 

No convergence 

** Convergence to a solution with a pole. 
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C., UJIROUl L, I. ]U' Sl'l( '-12,Nl,P ,I Sl',B;\ Sl', ,ll re ,I , ) 

Rf',1 c.,nT•r <., 11ir LJ :,LAR 

t11N !M I ZE' UX 
SUBJ~CT TO AiX~B 
Ull}Pl A TS H<N 

B 
C 

) ( 

I S 
PARA'IET[RS 

M2='1+2 
Nl=N+l 

'! 
N 

DJ IJ , .S TO"J\ l 'IATRJ \ 
DI ' • '-, J 11, AJ Vl(lOl~ 
DJ. ll 'iS JO ,:Al VICTOR 

P - (H+2) ... ( N+l) nATRI\ 

C ESP - A POSI'l IVr: rou RAN(T L ESS 11 !AN HllICII Ol!AN1 res ARr 
C CONSID[R TO RF ~O~ POSifIVF 

C BASIS - (N+2) INrFr.rn VlCTOR 
C U - (M+2) ( 1+2 ) '1J\1RI X 
C PC - (' 1+2) vrCTOR 
C IX -- l\TY I 'ORD 
C 1 -SOTUTI0N nBTIAN I D 
C' 2 -U NROUi,TffD SOLUTJ n]', 

C 3 -NO F ! AS l RLJ S0LUTJn~ 
C' l )!J TT A11 Y 'TORI A (H,N ) TN P ( [ , :,J ) 

C B ( ' I) I\: P ( • N+ J ) 
C C(N) I H P (1 !+)' ) 

C FTNAL SOLU110il IS I N A(,!-,~+l ) INDICAfEJJ B\ 
C THE. H,T[GER VfCTOD,. BASIS (~I) 
C 

I HPLICI1 REAL ,.__8 ( A-II , 0 -Z ) 

DIM[NSION P(J!2 , Nl ) ,U('12 , 12) ,PC ( 12 ) 
INTr G[R Bi\ SIS ( '12 ) 
LOGICi\L S' / 
SH= , fALS! 
11='12 -2 
M] =,!+l 
N= 01 l - 1 
l" -- J. 
DO 1 I =-1 , M 2 < 

" l (T , :J) :::.0 DO 
l c- )r)=-i ~o 

f I)=N+I. 
P (M1 N1)=0.IJO 
1)() ·3 I =1 , Ni 
l'(M? J ) = O ll (, 

00 :;; J - j 

J) 

c:::: 
t;:::I 
:;:a 
0 ► c:::: ~ >--l 
H 
:7 8 M 

H 
;,j :,. 
M 
C/) 

H 
:,:: 



DO 3 T= l ,'l 
3 P(r\7 ,I) =P( P, 1) --P(T,T) 

IPHfS-l 
~fl' ', J 

U (l PHAS 1 t l 1 i\ l\ JJ , I' ( M2 .Ni ) Gg , - E SP) (,0 J 11 LO() 
DO (> J - 1,N 
D=O.DO 
DO 5 I=l, ' 12 

5 D=D+U (; IP, I) "P ( I.J ) 
IF (D GL. D'f PJ) GO TO 6 
DlIIN=D 
K=J 

6 CO NTINUI: 
IF(nin J! , GT , -rSP ) GO TO 13 

4 DO 7 J =l.n2 
PC(J)=O DO 
DO 7 I=l ,'12 

7 PC(J) =PC(J) +U (J, I)~P(I, K) 
IF(SH) GO TO 12 
DO 8 I=l ,"'-! 
IF(PC (I).LE. rSP ) GO 10 8 
L=I 
GO TO 9 

8 CONT INIJI: 
IX=2 
WRITr(6,62) 

62 FORHAT ('O ~UNllOm1DrD C:,OLUTIOW<H ') 
RI:TURN 

9 PHIN=P (L, Nl) / PC (L) 
DO 10 I=l. H 
IF(PC (I) II I:SP ) GO TO 10 
IF(P(I Nl )/PC(I),GT ,PMI~ ) GO TO 10 
PtlIN=P(I, Nl)/PC(I) 
L=I 

JO CONTl NUE 
1 2 J>iH!-=P ( L , ~ 1) / l'C (l) 

Sil= FAT Sr 
DO J r, T - 1 , -.,\ ) 
n (J IQ 1 )GO 'TO 16 
Du 17 .J:::1, M 

17 U(l J) --=U (l J) - lJ(LJJ ,jPc(L)it Pc(r ) 
16 CON fINU L 

DO 20 I=l. ~f 

--..J 
\:) 



2 0 U (L , I)=U( L , I)/PC(l) 
]) () J 'i J - J , ' [2 

1 5 l' (I , \1) =P ( J , 1{] ) - J' rr ; PC ( I) 
P ( L ~ l ) - PM!IN 
li Sl'> (L) "' K 
( 0 Tl1 100 

13 GO fO ( 18,19) , ll 'lli\ '> 
18 D=3 

WRITE ( n,61 ) 
61 F0~ ·1AT('O >< *NO FLJ\SIBLE SOLUTION , ,. ') 
19 RETUR N 

200 CONT mu I: 
DO 21 IJK=l,M 
IF(Bi\SIS (IJ h),LF N)GO TO 21 
L=IJ K 
DO 22 l=l,N 
PC(L)=O.DO 
K=I 
DO 23 KK=l,M 
IF ( h . FQ , Ri\SJ<; ( Kk ))C,O TO 22 ,, EQ , 

23 CONTINlJr 
DO 24 J =l,q2 

24 PC(L)=PC(L)+U(L ,J) 'P (J, K) 
SW= ,TRU E . 
IF(DABS(PC(L)).GT. ESP )GO TO 4 

22 c m~Tll~UE 
21 CONTINUE 

IPHAS =2 
HP='11 
GO TO 100 
FND 

00 
0 
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