ALGORITHMS FOR RALIONAL CHi BYSHiEV APPROXIMATION

A)y

CHEE-MOU LEL

A THESIS SUBMITTED IN PARITAL TULFILLMENT
OF THE REQUIREMLNTS FOR THE DEGREE OF

MASTER OF SCILCNCE

in the Department 3(,:\

of s.ﬁ\ &Qﬂ“‘

{fathematics \
NS \ {\\\
We accept tnis thesis as conforming oy
to the requirea standard \-

@ CHIF-MGU 11, 1971

UNIVERSI:Y OF VICTORIA

UNIVERSITY OF VICTORIA |

LIBRARY

Victoria, B C.

R ————




ABSTRACT

Supervisor Dr. F D.K, Roberts

A common problem in numerical analysis is to obtain a convenient

approximation to a prescribed function Rational approximating functions

are frequently selected for this purpose This thesis is a survey or

several methods that have been proposed for obtaining best rational

Chebyshev approximations to functions defined on finite point sets,

\

Yost of the methods formulate the problem as a mathematical programm:

.rob.en Numerical examples are given to compare the efficiency of

tie methods.

Examiners _
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CHAPTER I
INTRODUCTION

The problem of determining a rational approximation to a continucus
function has received much attention in the literature. The motivation
for studying rational approximations 1s the problem of representing func-

tions efficiently by easily computed enpressions. The rational fuactions

P (x) pytpxt.. +p X"

n = n
Qm(X)

R(x) = =
qO + qlx + awe qu

~ave been found to be very useful for this purpose. The curve fittirg
ao.lity of R(x) 1is roughly the same as that of a polynomial of degree
T However, R(x) can be evaluated with at most max(m,n) long
odcrations (multiplications and divisions) wnereas a polynomial of degrec
r=u wusually requires m+n multiplications (Cheney, 1966, p. 151). A
raticnal function R(X) can be converted to a continued fraction by

performing a series of divisions. For example,

4 3 2
Ri%) = 2x - 4x° - 2xT + 12x - 4

X - 2x2 -xXx+35

2x - 4

= 2x + 5
X =-2Xx -x+5




2

= 2X + 5
(x7 - 2x" - x + 5)/(x-2)

2
#° = 1 o 8] a0

= 2x +

falis expression can be evaluated with two multiplications and two divisiors
Thus, 1f division and multiplication are equally time-consuming, a rational
function 1s preferable to a polynomial approximation

The early attempts to obtain rational approximations were concerned
with Pade approximations and continued fractions. The Padé approximation
probiem 1s, for given m and n , to choose Pn and Qm so that f(x)
and Pn(x)/Qm(x) are equal at x = 0 and have as many derivatives as
possible equal at x = 0 . Here we assume that the interval of interest
contains zero. If i1t does not, a simple change of variable will trarsform
the interval to contain zero. The problem i1s then solved by expanding
£(x) in its MacLaurin series and comparing the coefficients with those

. ’, X
of R(x) . Some Pade approximations to the function e~ are listed below

P, (%) _
4 1.2 1 1 4
= -— -+ — e
65z§7 1+x+ > % 5 X~ + A X
PR 54 4 B b B

Ql(x) 24 - 6%

P, (x) _ 12 + 6x + 22
Q) 15 - x4 x2




Po(x) ) 1
8,57 5 . 1 2 1 3_1 4

x+'§X —‘6}{ +—2-Zx

Tne disadvantage of Padé approximations 1s that although they are good
approximations close to the aigin, the approximations are generally poor
at points distant from the origin.

Another approach is the use of a continued fraction. Given a

function f(x) and a set ({x

1,xz,...,xN} , we define functions vr(x)

by the recurrence relations.

X = X

v_(x) = v_(x) + ——~ ,
T b A o vr+l(x
vo(x) = f(x) .
Thus we obtain
f(x) = vo(x)
=\)(x)+.}_{_:._x_o_
070 v, (x)
5
e
= vo(xo) + x - %, , etc.
v, (x) +



If we terminate this process after N terms, we obtain the

continued fraction approximation

171 v2(x2)+

s X =R
‘r N-1

vN(xN) '

For convenience, we rewrite this in the more compact form

X"XO X"Xl X"XN_l

vl(xl) + vz(xz) + °°° vN(xN)

vo(xo) e

This continued fraction interpolates £f(x) at the points x 53

X, 5 -
1*72? N
It can be rearranged as a rational function. However, for computational

purposes, 1t is more efficient to retain i1t in a continued fraction form

The constants vr(xr) are calculated by the recurrence relation

X=X

(x) = = :

vr(x) - vr(xr)

vr+1

If we let all the pints X, tend to zero, we obtain the continued

fraction approximation (Handscomb, 1966, p. 114)

X X X
c. +-% £, X
07 CTH ¢, c_



x
waere vr(xr) - Cr as x> 0 As an example, let f(x) = e Tne

constants Cr are calculated to be

C2r (-1)"2

—3 — r =
C2r+l -1)"@2r +1) , r=1,2,... .

N X
We thus have the continued fraction approximation for e ,

£, X X 2 L,
1+ =24+ =3+ 2+ 5+ *°° °

1+

The Chebyshev rational approximation problem 1s to determine a
rational approximation which best approximates a given continuous function
in the Chebyshev sense, that is in the sense of minimizing the maximum
absolute difference between the function and the rational approximation

The Chebyshev rational approximation problem can be stated as
follows

Given m,n and f(x) € C[a,b] , determine polynomials Pn(x)
and Qm(x) which minimize

max  |f(x) - Pn(x)/Qm(X)l .
x € [a,b]

The problem was first discussed by Chebyshev (1859). Existence

of a best rational approximation was proved by Walsh (1931). The

characterization theorem was proved by Achieser (1930). This states




(w1tn several restrictions on the function f(x)) that Pn(x)/Qm(x)
is a best approximation to f(x) 1if and only 1f the error curve
f(x) - Pn(x)/Qm(\) alternates at least m+n+2 times  Uniqueness of
best approximation was also shown by Achieser (1947).

The early algorithms for determining the best rational Chebyshev
approximation were the Remes first and second algorithms.

The first algorithm is as follows

At the kth stage, we are given a finite subset XkC[a,b]. Ve
then determine R(x) to minimize

max {|f(x) - R(x)|}
x ¢ XK

A point xk ¢ la,b] 1is chosen such that lf(kk) - R(xk)l > |f(x) - R(Y)l

LU &3 .

for all x e [a,b] . The method continues with Xk+
The algorithm terminates when two successive approximations are in
close agreement.

The second algorithm, which 1s based on the characterizat{on theorem,
is described fully in Chapter III.

More recently, the discrete rational Chebyshev problem has been
investigated., In practical computation, it is often convenient to replace
the interval [a,b] by a finite set of points and then determine the
best approximation on that finite point set. The discrete problem is
usually more tractable computationally than the continuous one.

The discrete rational Chebyshev problem can te stated as follows

Given m,n and f(x) defined on X = {xl,yz,...,xN} , determine

Pn(x) and Qm(x) which minimize



max If(xi) - Pn(Xi)/Qm(Xi)[

xi e X

Existence of a best approximation is not guaranteed i1n general
for the discrete problem (see example in Chapter III).

Thus far, we have replaced the interval [a,b] by the finite
supset X and have considered the best approximation on X . However,
we would like that solution wnich not only best approximates £f(x) or
X , but also remains pole-free throughout the interval [a,b]. That 1is,
we require Q(x) to be of one sign on [a,b]. With this restriction,
the uniqueness of best approximations can be proved. The discrete
problem has the same characterization theorem as the continuous problem.

The purpose of this thesis 1s to compare seven algorithms which
have been proposed for solving tne discrete Chebyshev rational problem
Since several of these techniques involve linear programming, in Chapter
IT we discuss the general linear programming problem and the revised
simplex method for solving linear programming problems. Chapter III
describes the algorithms for determining best rational Chebyshev

approximations. Chapter IV includes the numerical results and compares

the effectiveness of ecach of these algorithms.




CHAPTER II

LINEAR PROGRAMMING

ITI - 1, Introduction.

Since the development of the simplex method for linear programming
in 1948, many problems in approximation theory have been solved by this
technique (see for example Barrodale and Young (1966), Rabinowitz (1968),
(1970), Stiefel (1960)).

As an example we consider the linear Chebyshev approximation
problem, Let {(xi,fi)] i=1,2,...,N} be a discrete data set which

we wish to approximate., For a set {¢,(x)} of n real-valued con-

3

tinuous functions, we form a linear approximating function

n
F(A,x) = ) a 65 ()
31
where A 1s the set {al,az,...,an} . The linear Chebyshev approximation

*
problem 1s to determine A  such that

max lF(A*,xi) - fil < max IF(A,xi) - f

x X,
i i

i

for all A .



This can be transformed into a linear programming problem as

follows

Let w = max IF(A,xl) = fi] . The problem then becomes that
X
i

of minimizing w subject to the linear constraints

a, ¢l(xi) oot al ¢n(xi) -w<f

-a; ¢l(xi) = ee. —oag ¢n(xi) - w :_-fi

i=1,2,...,N

Note that the a,'s are not restricted in sign. Computationally, it

b

is more convenient to solve the dual problem, since this involves fewer

constraints than the primal. The dual problem can be stated as follows-

N
Minimize iz;l (s, - t,)f,

subject to

N

121 6y (x)(sg - £;) =0
j=1,2,...,n

N

£gi (si + ti) =1

5,20, ¢t >0 for 1=1,2,...,N.




The solution to the primal problem can be obtained from the final
simplex tableau of the dual

Similarly the Chebyshev rational approximation problem can be
converted to a nonlinear programming problem. Now the approximating

function is

3 ]
P L Py
R(x) = =3 z
Q_(x) m
m ]
q, X
3=0
Pn(xi)
If we let w = max |[——— - f , the problem then becomes
(x,) ol
%y Qm i
minimize w
subject to
Pn(xl) -w< f
Q) =1
P (x,)
n 1 _
Qm(xi)-wi-fi ’ 1—12,00 ,N'

Several of the methods we discuss in this thesis attempt to
convert this nonlinear programming problem into a sequence of linear
programming problems.

In the remainder of this chapter we discuss the theory of linear
programming and also the simplex and revised simplex algorithms for

solving linear programming problems.



II - 2, Linear Programming.

Let
%Y 8y By
c b
X = x2 3 ’ c = .2 s b = '2
. / . e
x / S5 bm
o n
and
all L ) aln
A= . 5 g N FPM,

a L] a
ml """ “mn

The general linear programming problem is to find a vector X

that

minimizes the objective function

c'X N (IT - 1)
subject to the linear constraints

AX = b (I1 - 2)
and

X>*0 . (11 - 3)
If we let P

f (j=1,2,...,n) be the jth column of matrix A and




BO = b , then the problem can be rewritten as

minimize c¢'X
subject to

x.P. +x P . +... +x P =P
nn

171 ¥ X5 (IL - 4,

0

X>0 .

Definition. A vector X which satisfies (II-2) and (II-3) is called

a feasible solution to the linear programming problem.

Definition. A basic solution for (II-3) 1is a solution obtained by
setting (n-m) variables equal to zero and solving for the remaining

m variables, provided the corresponding matrix is non-singular.

Definition, A basic feasible solution 1s a basic solution which is

also feasible, i.e. nonnegative.

Let K be the set of all feasible solutions to a linear
programming problem. The following theorems are stated without proof.

The proofs can be found in Gass (1969).
‘heorem, K 1is a convex set.

Tneorem, If there exists a feasible solution to (II-2) and (II-3),

then there exists a basic feasible solution.
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Theorem. The objective function (II-1) assumes its minimum value at

an extreme point of the convex set K .

Theorem, X' = (xl,xz,...,xn) is an extreme point of K if and only
1f the vectors Pi associated with nonzero x; are linearly independent.

Therefore there are at most m values of xi which are nonzero.

From the above theorems, we see that each basic feasible solution
X' = (xl,xz,...,xn) is an extreme point of K and vice versa. There-
fore in searching for a minimum solution, we need only investigate the
extreme points of the set K ,

The simplex procedure finds an initial extreme point and determines
whether it is a minimum. If it is not, the procedure moves to a neigh-
bouring extreme point whose objective function value is not greater
than that of the previous one.

The computational procedure is as follows:

Suppose we are given an extreme point X = (xl,xz,...,xm, Ol 4 001 50)

i.e.
lel + x2P2 *F ows F mem = Po (IL - 5)
xl,xz,...,xm >0
and P_,P P are linearly independent. The value of the objective

1’2" m
function is given by




149,

2. = X +CX. Pt aes T X .
Since P.P.,ees,P form a basis for E , each vector P, which is
1°2 m m 3

not in the basis can be written as a linear combination of the basis

vectors. Thus we have

P, = ) x, P (I - 6)

Define the marginal cost of Pj to be

If there is an index j such that zj - ¢, > 0, then we can introduce

h|
the vector Pj into the basis and eliminate a vector Pk where k
*y
is chosen such that —— =min— for x_, > 0 . The objective
i i *ij 1]

function is reduced if the problem is not degenerate. If all X3 <@,

the solution is unbounded.

The elimination is done as follows.

%
Multiply (II-6) by R and subtract from (II-5) to obtain
J




% K X
(x, - —x_ )P, + (x, - —x_,)P_ + oo + (x, = —x )P+ ..
17 % 1501 27 %, 22 kT Ry kK
X X
& - —xk x )P +—xk By = By
kg 9 ki

The vector Pk is then eliminated and all the other coefficients are

greater than zero. Hence this forms a new basis. The objective function

is
X X X
k k k
(x v, — )c +...+0.C +-oo+(x = ve— R )c + —
1 xkj 1371 k m k3 mn’ m kj
x
k
=z =-—(z, -c,) .
X 35
"
Since — (zj - cj) > 0 , the solution is improved.
J

Theorem. If for any feasible solution X = (xl,xz,...,xm) , the
marginal costs zj - cj <0 forall j=1,2,...,n, then X 1is an
optimal solution.

The simplex method enables us to start with a basic feasible

solution and to generate a set of new basic feasible solutions that

converge to the optimal solution.



16.

I1 - 3. The Revised Simplex Method.

Consider the linear programming problem
minimize ¢'X
subject to AX = Db

and X>0.

Let B = (Pl’Pz""’Pm) be a basis of m-dimensional vectors. Then
every other vector Pj not in the basis can be expressed as linear

combination of vectors in B as

Pj = xlel + szPz + o0 + xijm 5

-1 ;
where (xlj’x2j""’xm3) B "P, . The basic feasible solution

3

corresponding to B is

X =8 .,

0

The marginal cost z, - cJ is given by

This determines which vector is to be introduced into the basis.
Hence, 1f at each stage, the corresponding B“l is known, we may

progress to an optimal solution.




17.

The B of each stage is calculated as follows
Suppose we have B = (Pl’PZ""’Pﬂ""’Pm) . At the next iteration,
a vector Pk is introduced to replace Pl . Let B = (Pl’PZ"°"Pk""’Pm) )

Plw (5.} and B w (b

i = (bij) . biJ is given by the elimination
formulae
5 et
bij = bij “r X or i# 2 ,
Lk
T eon
23 xzk

This can be verified by direct multiplication of B i B .

In the revised simplex method only B-1 and the solution XO
are transformed at each iteration.

The computational details which were developed by Dantzig (1953)
and Orchard-Hays (1954) are as follows:

We first introduce a new variable X tmtl which is defined by

X tmtl - TC1¥p T Cp¥p T eee T O XK.
i.e. the negative of the objective function. The linear programming
problem can be restated as:

maximize xnﬁm+l

subject to
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+ ee e + + = II - 7

¢3%) T S5%; %% Yoy, ™ Y ( )
X>0 .

Note that X+l is not restricted in sign.

As 1n the simplex method, the procedure begins with a basis with
1dentity matrix which corresponds to either real or artificial vectors.
If it starts with an artificial basis, we must determine the feasibility
of the problem. The method consists of two phases. Phase I determines
the feasibility of the problem and Phase II develops the optimal
solution,

We introduce one more constraint in Phase I, namely

am+2,1xl M am+2,2x2 ¥ wee ¥ am+2,nxn * Xnn+2 bm+2 i

where

m
am+2,j = - £§£ aij y 3 ® 1,2..04500

Adding artificial variables X 410 %ne20 00X to (II-7), we obtain

the following:



19.

Maximize xn+m+l
subject to
a11*1 ¥ owen ¥ 21n *a = St = bl
321x1 + see T a2n xn + xn+2 = b2
. . . . (11-8)
+ L N ] + -
amlxl amn xn * xn+m bm
cl x1 + cee P cn xn + xn+m+l = (0
+. L ] -
T o B Ll WOLN N k- B

Note that by summing the first m equations and the last one, we obtain

x .+ H one + .
atl T *n+2 Xim T X = O

Thus x is the negative sum of the artificial variables. Since

n+m+2

X >0 (1=1,2,...,m) , X

g o cannot be positive.

n+m+2

In Phase I, we consider the problem:

xi X
maximize o2

s h -8).
ubject to the constraints in (II-8) X imtl and xnﬁn+2 are not

restricted in sign and they are always kept in the basis.

If the maximum value of x is zero, this implies that

a+m+2




xn+1 =0 forall i=1,2,...,m . Therefore we have obtained a

feasible solution for (II-8). If the maximum value of xn+m+2 is

negative, then at least one of the artificial variables is still in
the basis and hence there is no feasible solution for (II-8),
When we have obtained a feasible solution, we proceed with Phase

II, where the problem 1is to maximize x subject to (II-8). The

n+m+1

variable xn+m+l is always kept in the basis.

At each iteration, we record only the variables in the basis,
the values of these variables and the inverse matrix of the basis.

The computational detail is briefly described in the following

11 e By

Let A = ‘ a. é
ml >*** “mn

LA ] c
3 | 2 ’ "n

n+2,1°°°°? %nt+2,n

The starting basis B = ( P ) 1is an

Pn+1 ’Pn+2 prses n-Hn’Pn+m+1’Pn+m+2

identity matrix, hence B-l is also an identity matrix.

Since we are maximizing x , the cost coefficient in Phase

min+2

1ds '= (0,0,...,0,1) . Hence for j =1,2,...,n

€o




B—l

where 2

column vector of A .

ootained, we then transfer to Phase II.

ror 3 = 1,2,

1 .asible soluticn exists for

tuat Z’ <0

<

A .S ©6 be in.roduced into the basis.

~

is the (m+2)th row vector of B-l

B

then we choose k such that z.K

bl

then x

1% Xm+n+2 =

m+nT+2
(11-8).

If there exists scme ]

If <0

Xm+n+2

= . Z

- <

The variabie <

and 'X.
J

2

is the Jth

0, 1.e. a feasible solution is

> 0

and all =z,
J

is at 1ts maximur and therefcre no

such

. The variable

to be elimi-
=] —

1aceu trom the basis is determined by calculating X = Bi Ak s EOF

a.d L9
-~

“ 40 Xy
—— = min —
Lk i 1k
xiO = x10
. 220
xkO xzk

for xik >0
_ o
)
xlk ik

in the basis and then choosing

2 such that

The new solution 1s given by.

for i#k ,

2 aatrix B_l = (biJ) is transformed by

b

i]

'

:‘(
=b - e R
ij X 1 i
b
= &1
x 5

for i # 2



Phase I 1s repeated until either we determine there is no

as:o_¢ solution for (II-6) or a feasible solution of (II-6) 1is obtained

w« .tk .0 artirficial variables in the basis.

In Phase II, we maximize x +1 subject to (II-8). The murginal

cost of each variable is given by:

Z.-—¢c, =2
J h| b
=3 7 j=1,2,...,m
m+l j 9& 900yl
1€
If all zJ >0, themn x +1 is at 1ts maximum value, 1.e
we h b d timal solut d th f 5
ave obtained an optimal solution and the negative o X oent+l 1
ane value of the original objective function.
If there exists a zJ < 0 , then we choose z, = min z,
J

.e variable X is introduced into the basis. Similarly the vari .le

to be eliminated from the basis 1s determined by calculacing
-1 — *90 g
i ” Bi Ak and then choosing & such that —— = min

xlk x1k>0 xzx

-I ail xik-i 0 , then the problem has an unbounded solution.

The new solution is given by:

' %50
X0 %0 "% Xk for i # k ,
Lk
_ *20
kO xlk

€ . <rix B is transformed oy



i = %15 T x.. Tik for 144 ,

®hase II is repeated until either a finite optimal solution is

. >tained or an unbounded solution is determined.

We make the following dservations

x If the problem
minimize ¢'X ,

subject to

.» solved by the revised simplex method, the dua. solution is cc. ta.

ii the (m+1)th row of the final tableau of B_l with the siy. ch

~ -

. Since the revised simplex method always deals with the original
Latrix, ror problems whose matrix has a large number of zeros, the
_.oui: of computational work is greatly reduced. In the simplex me. vc

t-< computation progresses, the zeros will be replaced by nonzerc

. lues.

in the revised simplex method, tne arount of new informatio~ nec

be recoruec at each stage is 1n general reauced, since we oniy I



g . Lution vector and the 1nverse matrix. The simplex method has to

re.9r1. 0ae whole tableau.

Av the computation progresses, rounding errors will tend to increase.
. t'ese errors become too large, it is a simple matter to re-invert
. e current basis if the revised simplex method 1s used. This cannot
be accomplished conveniently if the simplex method is used.
A FORTRAN subroutine RESIM for solving a linear programming

problem by the revised simplex method is included in Appendix I.
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CHAPTER III

ALGORITHMS FOR RATIONAL APPROXIMATION

11i = 1. Introduction.

In this chapter we discuss seven methods which have been prc ;oscd

tor solving the rational Chebyshev approximation problem  Let

n
Pn(x) ) Py + PyX + ... + P X
Qm(x) qO + qlx T yew T qum

R(x) =

Given n, m and a function f(x) defined on [a,b], the continuor.
C.ebyshev approximation problem is to determine po,pl,...,pn 5

qo,ql,...,qm such that

P (x)
W = max f(x) - A

xe[a,b] Qm(x)

> minimized. For the discrete approximation problem, the interval

[
o

1. re-laced by a finite point set X = {xl,xz,...,xN} , Wwhere
< x, < ,. < xN and X ¢ [a,bj. The problem of obtaining = o._st
2 b>ro imation on a discrete point set 1s usually easier to solve tha .h

coatinuous problem, We shall only consider algorithms for obta.ning

:st «pproximations i1in the discrete case.
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Some basic properties about the problem are given below.

(i) Existence. Existence of a best approximation is not guaranteed
:r general, Consider for example the problem of determining a best
P
0

rational approximation of the form -——— to the function (0,1,,
9 + 9%

(~,0). Set Pp = g =1 and q; arbitrarily large. Then w = mas s.x, ‘x} |
xeX

can be made arbitrarily small. However, no best approximation exists
Each rational function R(x) gives rise to an error functior
=(x) = R(x) - £(x) . We denote the error function of the best approximatio-

* *
by e (x) =R (x) - £(x)

(ii) Characterization, Both the continuous and the discrete

approximation problems have the following characterization theorem,

“aeocrem, Let

n‘:.'\) j
P ¥ (x) Py X
n j =0

(x)
%G T oy

*
R (x) =

* *
were 0 <p<m,0<v<n,q,p #0 and P )/ ) 1
*
irreaucible, Then R (x) 1is a best approximation to f(x) 1f and or.
* *
2: the number of points in [a,b] (or X) at which ¢ (x) = R (x) -
.ukes on its maximum value with «lternating signs is not less :tian

+m+2-d) , where d = min(u,v) . (Ralston (1965, p. 297)).
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In most of the practical applications, we have 4 = v = 0 , that

s, -(x) has exactly n+m+2 extreme points.

(iii) Uniqueness. For the discrete approximation problem, we
sequire that a solution be polefree in [a,b] , that is we assume Q(x)
does not change sign throughout the interval [a,b].

The uniqueness is ensured by the following.

*
" P (x)
‘heorem, If R (x) = —— is a best approximation to f(x) on X

Q, (x)

then

max IR*(x) - f(x)|< max |R(x) - f(x)l
xeX xeX

P (x)
Qm( X)

In the following sections of this chapter, we consider various

for all R(x) = # R (x) , (Rivlin (1969, p. 125)).

zethods for determinating best rational approximations. These meth-ooo
can in general be divided into two types. The first type formulates the
problem as a mathematical programming problem. The best approximations
are then computed without reference to the characterization theorem
dethods of the second type determine the best approximation based on the

~haracterization theoren,

III - 2, Loeb's Algorithm, (Weighted Minimax Algorithm).

The approximation problem is to minimize
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max IR(xi) - f(xi)i (III - 1)

xieX

Rewriting (III-1), we obtain

B
max m IP(Xi) = f(xi)Q(xi)l

xiex

Loeb (1959) proposes the following iterative method:

At the kth stage, determine P<k)(x) and Q(k)(x) which minimi.e

1 i ;
max |£(x,)Q(x,) - P(x,)| .
(k-1) 1 i i
x, eX 1Q (xl)l
.he term (k-l% acts as a weight factor. The algorithn terminatec
x|

wnen two successive approximations are in close agreement.

We formulate this as a linear programming problem as follows

x.eX |

Let w = max (k—l% lP(xi) - f(xi)Q(xi)l ‘
i Q (=)

.ae linear programming problem is

minimize w

_ubject to the constraints
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1

1

(Blx) - £ )Q(x)) - w <0

=1
D ] (B(xy) = £(x)Q(x;)) = w <0
i

1=1,2,...,N

In order to avoid the trivial solution P(k)(x) = Q(k)(x) =0, we
normalize R(x) by setting 9 = 1 . Thus we obtain

minimize w

subject to

£(x.) m £f(x,)
1 i i i i
— pP.X,” - - QX" =W < -
lQ(k 1)(x1)| 50 L | IQ(k 1)(xi)| =1 4y IQ(k 1)(xl>
f(x,) m -f (x.
-1 i} 3 i 3 i
= p.X + = q.X -w :_ —
Q¥ V) 70 T Q¥ ey g I Q% )

1=1,2,...,N

Trere are m+tn+2 variables and 2N constraints. In practice, N is
auch larger than n+m , hence it 1s more efficient to solve the aual

probiem, which is
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N f(xi)
minimize - (s. - t.)
i=1 ]Q(k 1)(xi)| * 1
subject to
N
1 3 -
Z X, (si = .} =0

3 =0,1,2,...,n

J
x,” (s, -t,) =0
{=1 lQ(k-l) (xi) l b | 1 i

j=1,2,...,m

N
Lo(s,+t) =1
i=1

s,, t, >0

i’ i

The revised simplex method is applied at each iteration of tae
uvrocedure.

Conditions under which the algorithm is convergent are .~\now:

. aigorithm may fail to converge, and may also converge to & nun-bost
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a sroximation. This is reported in Barrodale and Mason (1970), and is

|
a.so demonstrated in the‘'test examples which we ran (see Chapter 1V).

1.1 - 3, The Linear Inequality Method.

The Chebyshev rational approximation problem can be statea in
the following way
Find the smallest value of w such that the following system of

inequalities is consistent

IR

o |2,
3
jgo %

18 1,200l o

m
If we restrict the denominator to be nonnegative, i.e. E: qjle >0,
3=0

i=1,2,...,8, the system of inequalities can be written in the form

3 3 i 3 3 J
- Z pjxi +f(xi) Z qui -w z qjxi <0

j=0 j=0 3=0
i f 3 i j
Lopux.d = £(x)) q.X," = w q.x.° <0
=0 i i i =0 ji 320 g4
m
Z qjxij <0



1 = 1,2,000N

We normalize the rational function by setting 9y = 1 . The inequalities

become

n m
- JZO pjxiJ + (f(x)) - w) '21 qjxiJ < -(f(xy) - W)

n m
Yopx - (Ea) +w T oaxd < () + W) (IIL = 3
j 1 ji i
3=0 1=
S J
- X <1
gt =

i l,Z’OOI’N .

*
Let w be the value corresponding to the best approximation.

*
Ii we substitute w in (III-2) and solve for PoreeesPy » Qpoeerdy o

we obtain the best approximation.

*

Now w lies between 0 and max lf(xi)l , since R=0 1is a-

x_ eX
i
approximation with error max If(xi)] . In the linear 1inequality methoc
x.eX
i
we search in the interval [ 0, max If(xl)[.] to obtain the value of 4
X, eX
i
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Initially we choose w to be the mid-point of the interval and
.ot for consistency of the system of linear inequalities (III-2). This
_on be accomplished by using the revised simplex method. If the system
.5 consistent, we restrict our search to the lower half of the interval.
If it is inconsistent, we retrict our search to the upper half of the
interval, The process is repeated until the relative width of the inter-
val containing w* is less than some prescribed accuracy.

At each iteration, if the system is consistent, a solution
P(x)/Q(x) 1s obtained which satisfies (III-2). As the value of w
converges to w* , P(x)/Q(x) converges to the best approximation. This
method 1s due to Loeb (1960).

In determining the consistency of the system (III-2), we have
(otm+l) variables and 3N inequalities. In practice, we formulate this
as a linear programming problem and solve the dual.

Consider the linear programming problem

Maximize the zero function subject to the linear system (III-2)
For a given value of w , if the linear programming problem has a fezsic..
solution then the system (III-2) is consistent and P(x)/Q(x) can be
ootained, If the linear programming problem has no feasible solution, then
the system is inconsistent,

The dual problem of the linear programming problem can be statea
az follows

minimize

N

N N
o =(f(x,) - w)s_ + (f(x.) +wt, + u
121 1 2 12-:1 i 1 121 %



subject to

% ] }r‘i h|
- x,.“t, + X,°s, = 0
=1 i 4 =1 i 71

LS
]

051560630

j N
(-f(xi)-w)xi si - z: xijui =0

}’f 3
(f(x,) - wx,’t, +
: i 1 1

i=1

[
i
,__,["Jz

j=1,2,.0.,m

ti’ si, ui >0 .

By the duality theorem of linear programming (see for example Gass
(1969, p. 90)), if the dual has a finite solution, then (III-2) is con-
sistent. If the dual has an unbounded solution then (III-2) is incon—
sistent, We note that the dual is always feasible since the zero vector
satisfies the dual constraints. The number of iterations required to

obtain the best approximation depends on the value max If(xi)l and
x,€X

b |
*
w , Let I be the number of iterations, ¢ be the convergence criterion
*
and h be the width of the final interval containing w . The algorithm

is terminated when

h
®SF

E )




Then we have

I * =1
which implies 2~ > (ew ) = max lf(xi)l .

xieX

This method is guaranteed to generate the best approximation,

but the convergence is only linear,

III - 4. Differential Correction Method.

k% %
Let w(R) = max ]R(xi) - f(xi)[ . Let R =P /Q be the pest

xiex

* *
approximation with deviation w and Q (xi) > 0 for each X, € X .

(k) (k) ®
This algorithm generates a sequence R such that R + R

The Algorithm is as follows:

Define 6k(R) = max {If(xl)Q(xi) - P(xi)l - w(R(k))Q(xi)} .

xieX
+
At the (k+l)St stage, determine R(k D to minimize ék with che
rormalization that the coefficients of R(k+l) lie in the standard cube,

:pil 1 5 40150090 3 qu] <1,3j=0,1,2,...,m . There is

ac loss of generality with this normalization, since
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P(x) = AP (x)
Q(x)  AQ(x)

(0)

for A # 0, The coefficients of the initial R are also chosen to

(0)

lie in the standard cube, with the denominator Q chosen to be positive.

(k)

Lemma, For each k , either R is the best approximation or

dk(R(k+l)) <0 .

(k)

Proof, Suppose R (k+1)

is not a solution. Then since R

minimizes Gk(R) "

5 Ry < 5™

= max Q" (e [[£Gx) - R* (x| - «@¥H])

xiex

* *
This expression is negative since Q (xi) > 0 and |f(xi) - R (x‘)l <
9

w (

(k+1)

Corollary. If P(k)/Q(k) is not the best approximation then Q (xl) > 0

for each xi € X .

rroof, Suppose on the contrary that there exists an Xq € X such that

Q(k+l)(x ) <0 . Then

0

0> Gk(R(k+l))



37,

= max (@™ ) - P )| - w@E ™ x))

xisX

| v

taxg) Q% - 2 x| - w @)W )

This is a contradiction which proves the corollary.

On the other hand, if there is an 'x, € X such that Q(k+l)

0 (%50 20
p () 1 ()

then 1s the best approximation,

Corollary, Gk(R(k+l)) = 0 implies R(k) is the best approximation
with Q(k)(xi) > 0 for each X, € X,

Proof,

(k+1)
0= dk(R )

< Gk(R*)

= max {Q*(xi){lf(xi) - R*(xi)] - w(R(k))]}

xieX

w®)]

<max Q7 (x)}w®R)

xieX

* r N (k) . <
Now we note that Q (xi) >0 and _w(R) - w(R )] <0 which implies

\

that iw(R*) - w(R(k))] =0, i,e, w(R*) w(R(k)) . Therefore R(k’



is the solution.

Hence in the following proof, we can assume Q(k+l)(xi) >0
and ck(R(k+l)) <0.
(k)

%
Theorem, W(R' °) converges to w(R ) for k=1,2,..,., .

Proof.

* *
We assume R  exists and Q (xi) >0 . Let

%
a=mn Q (x,) and B = Sup max Q(x
x_eX 1 lq.]|<1 x eX
1 j'= "1

i) ‘

By assumption, a 1is greater than zero. We note that B is bounded

since the standard cube 1s a compact set.

(k+1)
0> dk(R )

= max (@ P lEe) - R )] - w@®))
xleX

> 8 max {|£0x) - R D) | - w@®))
xleX

> 8 W@y _u@®)] |

However,




(k+1) *
5 R < 8 (R)

= max {Q (x )[lf(x ) - R*(xi)l - w(R(k))J}

xiex

<max {Q W@ - w®)])

x_ eX
1
< afw@®") - w(R(k))]

(k+1)

Hence, B[w(R ) - w(R(k))] £ aI&(R*) - w(R(k))]

= w@EL) -y w®) 5_-‘;—‘ [w®") - w@®@¥)]

=5 v@E) L e@ <1 - 8 we™) - v@h]

(k)

Since 0 <a <B , we have 0 < (1 - % ) <1. Hence w(R"") con-
*
verges to w(R ) in at least a linear rate.
The computation can be accomplished by linear programming At

the (k+1)St stage, we wish to solve the following problem
minimize §

subject to

n
f(x)qui ijxlj-wquij-Gio
1=0 =0

n
-f(x) Z:Oqul +j§0p3xi -w Z qx -6_<_0

1= 1,2,.00sN



1

0
.

| A

—

21, 3=0,1,...m
- <l

Pj,_

P, <1 ,3=0,1l,...,n

There are (m+n+3) variables in 2N+2(m+n+2) inequalities. In practice,
it is more efficient to solve the dual problem.

The dual problem 1s

m m n m
minimize Zsj-i-z t +Zuj+2v
3=0 j=0 3 3=0 3=0
subject to
X 3 &
15;1 (E(x) - wx g, - I (£(x,) +wh, - 8y ¥ 11, = 0

A 0 % Ry S |

N j N i
= Z xigl+z xihi-uj+vj=0

i=1 i=1
3=0,1,2,...,n
N N
E: gi + E: h =1
i=1 i=1

gi,hi,sJ,t ,u ,vJ >0

i
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[ne revised simplex method is applied at each stage.

This algorithm was first discussed by Cheney and Loeb (1962).

III - 5. Modified Differential Correction Method.

In this method, the function Gk(R) of the differential

correction method is modified to be

Gk(R) = max

{lf(xim(xi) - 2G| - w@)acx,)
x;eX

Q(k) )

—

(xi

The computational procedure is similar to that in the differential

(k+1)

correction method, At the (k+l)sc stage, we choose R in the

standard cube to minimize Gk(R) . The algorithm then generates a
sequence of approximations R(k) , k=1,2,... , which converges to
* * %k *

R =P /Q with Q > 0.

The following theorems about the convergence of the methoa are

proved in Barrodale, Powell and Roberts (1971).

Theorem, If P(k)(x)/Q(k)(x) is not the best approximation, then

max IR(k+l)(xi) - f(xi)| < max IR(k)(xi) - f(xi)l

xieX xieX

Q(k-+-1)(x

and i) >0 for all x, € X .

p

(k)

*
Theorem. The sequence of approximations R “(x) converges to R (x) .

Theorem, If N > n+m+l , if a best approximation exists, and if the best
approximation is not defective, then the rate of convergence is at least

quadratic,



The quadratic convergence property does not hold for the
differential correction method. Thus the modified method is superior
to the differential correction method. The rapid convergence 1s also
1llustrated in the numerical results in Chapter IV. This method was first

proposed by Cheney and Loeb (1961).

III - 6. The Remes Algorithm

*
Consider the error function of the best approximation R (x)

defined by

e*(x) = R*(x) - f(x) - (I11-3)

The characterization theorem states that e*(x) achieves its extreme
value at least (m+nt+2) times with alternating sign and equal magnitude.
In this section we assume that s*(x) has exactly (m+n+2) extreme
points. The algorithm consists of two stages:

(1) Given a set of (m+nt+2) initial estimates of extreme points

Y = {yo’yl""’ym+n+l}C: X , we calculate an approximation R(x) sucn
that 1its error function alternates (mtn+2) times on Y and has the
values (-l)a A at the points Yy that is f(ya) - R(ya) = (_1)a X,
a =0,1,...,mm+l . By setting qO =1, this 1s a system of (m+n+2)
non-linear equations with (m+n+2) unknowns. We will discuss 1ts soiutic.
later 1in this section.

(2) The extreme points of the error function e(x) corresponding
to the R(x) computed in stage 1 then yield new estimates of the

cxtreme points of the best approximation. With this new set of poirts,

we repeat stage 1 until the required accuracy is attained. Since we
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cousiaer only the discrete approximation, the new extreme points are
easily obtained by checking through all the data points.

In solving the system of non-linear equations in stage 1, we
apply an iterative method (Fraser and Hart (1962)), as follows:

We rewrite the equations in the form

n j o m
Loy, - (B + DA ) T

I . iane -
& jycL (-1) Al f(ya)

a =0,1,.,.,mn+1

For a given value of Ak—l , this 1s a system of linear equations which

can be solved for p, , j=0,1,...,n,q, , j=1,2,,..,m and A .

3 3 k

The procedure is repeated until two successive values of Ak are 1n
close agreement, Convergence to a solution without a pole is not ensurea
in this method.

In practical computation, if there are no better estimates for

the initial extreme points, the extreme points of the (m+n+l)St

Chebyshev polynomial can be used.

III - 7. Maehly's Method.

In this method, the error function is characterized by its zeros

B
rather than by its extrema, Since € (x) alternates at least m+n+2

* = *
times, 1t has mi+ntl zeros =z <z L wue €32 in the interval
0 1 m+n

*
la,b]. We shall assume that € (x) has exactly m+n+l zeros. Therefore

1t may be written in the form
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* min *
e (x) =G6(x) T (x-zk )
k=0

*
where G(x) 1is a positive function and z, ~ are the zeros.

The algorithm is composed of two stages,

(1) For an initial estimate of the zeros 2Z = {zo,zl,...,zn+m}

*
of the error function € , we calculate an approximation R(x) whose

error function has zeros at zk , that is
R(Zk) - f(zk) - 0 9 k = O,l,o-o,m .

This 1s a system of linear equations, therefore there is not much

difficulty in solving for R(x) . However, if z, ~ are not close to

*
Z, , 1t may fail to have a solution.

(2) With the approximation R(x) from stage 1, we compute the
extreme points of its error function and use these points to make a
correction on the estimates of the zeros. We then return to stage 1.

The algorithm terminates when two successive approximations are
in close agreement.

We now describe the method for correcting the zeros. First let
us denote by €(x,Z) the error function with zeros Z = {zo,zl,...,z }.

m+n

Let Y = } be its extreme points. We wish to determine

{yo.yl,---.ym+n+l

82 = {620,621,...,62m+n} , the corrections of the zeros, such that at

the point .

ely,,2+62) = (-1 3 A, @ =0,1,...,mntl



Taking logarithms of the absolute values of both sides and expanding

in the first term of Taylor's series, we obtain

Rnle(y ,2) | + [ Ul ] 6z, = n|A| ,
E: k ya - zk k

o = 031, e0eitntl

We make another assumption that the function G(x) does not depend

04nG

Szk

(very much) on the zeros 2z, 5 1.e. =0, k=20,1,...,mn ,

We then obtain the following linear system of equations

o

.- % = lnle(ya,z)f - 2n|A|
k=0 “a

a=0,1,...,mn+l .

Eliminating ikl by subtracting the equations with o = 0 , we have

Z [ L - - jo'zk=9.n

k=0

Using the approximation

L eyB| le(y 2) |- lelyg,2) |
zn‘ E(VO.Z) = ]E(Y 2 [+ [e(yg,2) ]




we obtain the following system

m+n (¥q~7,) . lety»2)| - lety,»2) ]
P R X 7 s S I O ) B PY W AY

a=1,..,.,mn+l

This system of linear equations is well conditioned for the largest
elements are close to the diagonal.

In practical applications, when the data to be approximated
1s smooth, the assumption made on the function G(x) is quite satis-
factory. This method is due to Maehly (1963).

If there are no better estimates for the initial zeros, the

zeros of the (m+n+l)St Chebyshev polynomial can be used.

IITI - 8, A Linearization Method

In this method, we calculate the best rational approximation as
follows. i

Suppose we are given an approximation P(x)/Q(x) , we then
calculate a better approximation by determining the corrections 6P (x)
and 6Q(x) such that the function
P(xi) + GP(xi)
Qlx;) + 6Q(xy)

max f(xi) -
xleX

(I11-4)

is minimized.



However, (III-4) 1is nonlinear in 8Q(x) . We shall replace it
by a linear expression which approximates (III-4). This is done by

expanding the denominator of (III-4) and keeping only the linear terms,

_ P+ P

‘f T+ 6Q

|, _p+ 6P 8Q (-1
If 5 (1+Q)|

v |f o BE0E o 8 l
2 |f T -7
~ f_g+P5g -205P} )

The algorithm can be stated as follows
At the kth iteration, determine polynomials 6P(x) and $8Q(x)

which minimize

s POV ) e ysa0x) - 0P i poree)
max Xx,) - + ,
e | LT QD [ D |

The T approximation P(k)(x)/Q(k)(x) is given by

P(k)(x) - P(k-l)(x) + ASP (%)
™ ¥ ) + asq)

wnere A e {-1(0.02)1} is chosen such that
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(k—l)
max f(x ) -*ac l)

x,eX
i

(x 1) + AéP(xi)

(xi) + AéQ(xi)

is minimized.
The determination of P(x) and Q(x) at each iteration can

be formulated as a linear programming problem. Let

o P D) P9 sa0) - @ (xperex) |
W = max X.) - +
xex | 5 P [* ]2 |
Then the linear programming problem is
minimize W
subject to
P ) B & s P )
— 8q.x _—_TT"__" Sp.x.” - f(x ) + ——
¥V 1% 51 31 Py gm0 I Q%D )
P(k—l)(xi) Sl 3 L ii 4 ) (k—l)( )
i 3. 6g K" W mer— 0p 2.7 = w % Elx, ) = ~pem—
\Q(k l)(xi)]2 = 3t Q(k l)(xi) j=0 o . (i l)(x

1= 1,2555::N &

Note that we have normalized the rational approximation by setting
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In practice, it is more efficient to solve the dual problem,

which is
P )
minimize (-f(x ) + - (s, - t.)
2_:1 Q(k 1)( 1) i 4
subject to
y ey .
(s, - t,) =0
L T (k-1) 2% %1 7Yy
1=1 [9 (xl)]
j=1,2,...,m
N =X 3
—— (s, - t,) =0
=1 Q(k-l)(xi) i i
J = 0,1,2;¢0450
5: (s +t )
i=1
si,ti >0

Unfortunately, the method does not always converge. Usually it
converges if the starting approximation is sufficientl} good. The con-

vergence rate is usually very fast when the method does converge
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CHAPTER IV

NUMERICAL RESULTS AND COMMENTS
IV - 1. Introduction,

To compare the algorithms numerically, we selected ten sets of
data and approximated each set of data by five rational functions. The
data sets are given 1n Table I. Each data set consists of 21 points
with abscissae equally spaced over the interval [a,b]., The approximating
functions used are Pl/Ql , P2/Q2 , Pl/QB " PA/QZ , and PO/Q2 , Where
the subscripts denote the degrees of the polynomials. The rational
functions which give the best approximations to each data sets are
listed 1n Tables II-VI, The number of iterations required for the
algorithms to converge 1in each case 1s given in Tables VII-XIII. The
convergence criterion being that the relative change in the error of
two successive approximations is less than 10—7 . The entire study was

performed in double precision arithmetic on an IBM 360/44,

IV - 2, Comments on the Results.

(1) Loeb's Algorithm.

The results 1in Table VII show that Loeb's algorithm is quite a

satisfactory technique when applied to smooth data sets. It usually



converges in about 10 1terations However, the convergence is not
guaranteed in general, For example, when the algorithm is applied to
determine best P2/Q2 and Pl/Q3 approximations to the function

sin ¥ 1in the interval [-3,37 , there is no sign of convergence in the

first fifty iterations. Alsc for the case where
~a , x e [0,11]

g - e--l +e, xe (1,2]

f(x) =

is approximated by Pl/Ql , the algorithm oscillates between two non-best
approximations.

Another serious disadvantage of the method 1s that even when the
algorithm does converge, it may not converge to the best approximation,
This 1s illustrated by the following example using the approximation Pl/Q3 5

eX , x e [0,11

£(x) =7 _ "
g = e 1 +e,xe (1,2]

The algorithm converges to

1.16520 - 1 15480x
1 - 1,7778x + 1.04815%x% - 0.26627x

3 ’

which is not the best approximation, for its error function does not
alternate a sufficient number of times. Other examples for which the

algorithm converges to a non-best approximation are given in Table VII.



Conditions which are sufficient for this algorithm to converge
to the best approximation are not known. From Table VII, it seems that
tals depends on the data set as well as the approximating function used.

For smooth data sets, this algorithm appears to be quite satisfactory.
(2) The Linear Inequality Method.

For the linear 1inequality method, a solution without a pole can

always be obtained, The number of i1terations required depends on

max |f(x1)| and the degree of the rational approximating function,
x_eX
2 8

They are listed in Table VIII. Let

% Pn(xl)
W = min max 'Q——(-x—’)- - f(xi) .
P ,Q x.,eX m 1

n"m i

%
We know that w lies in the interval [0, max |f(xl)| ]. The algorithm

x,eX
i
%
applies the method of bisection to search for w in this interval. The
%*
algorithm terminates when the interval containing w 1s less than
~6 *
10 xw , We encountered no numerical difficulties with this algorathm.

however, a disadvantage of the method is the large number of iterations

required to obtain a solution,

(3) The Differential Correction Method and the Modified Differential

Correction Method,

The differential correction algorithm is guaranteed to converge to

t1e best approximation from any starting approximation., However, tne



convergence rate is sometimes very slow For example, when the function
P,)/Q7 is used to approximate VX 1in the interval 10,17, the algorithm
takes 138 iterations to converge. From Table IX we note that when the
degree of the approximating function is high, the convergence rate is
slow. In particular, the convergence is poor for the approximating
function P(’/Q2 . For all the unsmooth data sets, the solutions generated
before 100 iterations are not close to the best approximations, while

the results for PO/Q2 and Pl/Ql are quite satisfactory.

The modified differential correction algorithm converges with a
much faster rate, All solutions are obtained within ten to fifteen
iterations. It 1s proved in Barrodale, Powell and Roberts (1971) that
the convergence rate is at least quadratic.

An advantage of these algorithms 1s that they do not require
special handling for the nonstandard case, that 1s, for the case wnen
tne error function of the best approximation does not alternate exactly
(n+m+2) times.

To start the algorithms, we set Pn/Qm = 1/1 , However, these
algoraithms do not seem to depend very much on the starting value.

The fast convergence rate and easy handling make the modified
differential correction method the most satisfactory algorithm among

those we 1nvestigated in this thesis.
(4) Remes Algorithm,

In the Remes Algorithm, we take the extreme points of the

(m+n+l)St Chebyshev polynomial as the initial estimates of the extreme
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points of the error function, The algorithm 1s very efficient except
1N some cases where 1t converges to a solution which possesses a pole
in the interval [a,b] .
The main computational difficulty of this method is in solving the

following system of nonlinear equations

P (x)
D1
GQ0,)

b I

f(xl) = (=1)" X ’

i=1,2,,..,(nm+2) .

In general, there are several values of A which will satisfy these
equations, Since the best approximation 1s unique, only one of tne
values of A will give rise to the best approximation. Other values
correspond to approximations which also have the error alternation
property, but possess a pole in the interval [a,b].

The 1terative method we used to solve this system of equations
does not always converge. For examples when P2/Q2 is used to approxi-
mate erf(x) in (0,2] , convergence does not occur before 1,000
iterations. More disturbing, there are no signs of convergence when

Pl/Q3 and PO/QZ are used to approximate

X y X E [0,11
f(x) = .
0.5x + 0.4 , x e (1,2]

More frequently, the algorithm converges to a value of A for

whlci the corresponding approximation possesses a pole in the interval
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o]
o’
[

In some cases, with different starting values for AO and the
estimated extreme points, the algorithm converges to different approxi-
mations. This 1s 1llustrated by the following example

Yx 1is approximated by P2/Q2 in the interval [0,17 .

Starting with the i1nitial extreme points

{0.,; 0,1; 0.35, 0.865, 0.9, 1.0}

and AO = 0 , the rational function obtained after six iterations 1s

P2®)  0,041916 + 3,18742x + 4.19565x>

Qy () 1+ 1,36117% = 3.16976x"

Tne corresponding error function alternates at
{o, 0.05, 0.4, 0.75, 0.8, 1.0}

with amplitude A = 0.047917. This approximating function has a pole
at x = 0,77395.
If we start with initial extreme points {0, 0.2, 0.4, 0.6, 0.8, 1 0;

and AO = 0 , the resulting approximating function 1s

0,042205 + 3,15433x - 5 30056x°

1 + 0.77978x - 3.97652x°

The error function has extreme points at {0, 0.05, 0.4, 0.6, 0.65, 1,0}
and the amplitude 1s 0,042205. This approximating function also possesscs

a pole 1n the interval [0,17.
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The solution without a pole 1s given by

0.0019293 + 8 88576x + 33 79501x2

1+ 27,15010x + 14.61511x2

where its error function alternates on the set {0., 0.05, 0.1, 0.3,
0 7, 1 0} and the amplitude 1s 0.00192938, However, when we use these
extreme points as starting points and choose AO = 0 , the algorithm

does not generate the above approximation. It converges to

0.041083 + 3.086694x — 13 69958x2
1 - 1.83026x - 10.19448x>

wnere the error function has extreme points at {0., 0.05, 0.2, 0 25,
0 45, 1,0 } and the amplitude 1s 0,041083 Again this solution has a

pole in [0,1]. Only if we set the initial value of X, very close

0
to the value 0.001929, will the algorithm converge to the solution which
1s pole free in [0,1].

In general, the algorithm will converge to the best approximation
if the 1initial approximation 1is close to the best approximation. In

this case, four or five 1terations usually suffice to obtain the solution

However, a good starting approximation is not always available.

(5) Maehly's Method,

In Maehly's method, we take the zeros of the (m+n+l)St Chebyshev

solynomial as the initial estimates of the zeros of the error funct.on




e(x) . Usually the algorithm converges to the best approximation in
about 10 1terations provided that starting values are good enough.

In some cases, due to poor starting values, we encountered some
ditficulties in the computation., Although the first approximation is

determined by solving the system of linear equations,

P (z )

.Q—:Ti‘]')”’ £, 3= 12,..., (detl)
J

where zJ are the 1nitial estimates of the zeros, it may have an error
function which has more than (nim+l) zeros in the interval [a,b].
That 1s, e(x) alternates more than (n+m+2) times. This causes
difficulty 1in choosing the extreme points for calculating the dzj
(tnhe corrections of the zeros).

Also, since we consider only the discrete approximation problems,
e(x) may have less than ntm+l sign changes over the discrete data
points xl ¢ X , 1.,e, there may be two zeros 1in [xl,xl+l] . In this
case, we do not have sufficient extreme points for calculating the

values of dzJ , In these cases, the algorithm usually fails to con-

verge, For example, approximating the data

(& s X e 18,17

f(x)::j _ - ’
Ke X e 1 +e,xe (1,2]

the method fails to converge for all five approximating functions when

the zeros of the Chebysnev polynomials are chosen to be the initial zeros
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Since the first approximation generated already has an error
tunction which alternates (m+n+2) times, 1t is close to the best
approximation, The algorithm then performs an adjustment on the zeros
to reduce the maximum error, In some cases, the improvement is not
significant, For example, when we approximate £f(x) = sin(x) by
P2/Q2 in the interval [ -3,3], the initial zeros chosen are
{-2.5, -1,0, 0.5, 1.0, 2.5} . The maximum error in each iteration 1s

given below

Iteration Maximal Error
1 0.39230
2 0.40799
3 0.32815
4 0.36084
5 0.31528
6 0.34001
7 0.31085
8 0.32739
9 0.30867

10 0.31959

We see that the maximum error 1s reduced i1n every alternate iteration
The convergence rate 1s slow. The best approximation 1s obtained after
35 iterations where the maximum error is 0,306077,
The choice of zeros of the Chebyshev polynomials as initial zeros
1s quite satisfactory when the data to be approximated i1s smooth, for
2

example e* , log(l+x) , erf(x) , e ™ and I'(x) . Best approximations

are obtained without much difficulty in these cases. If the data 1s not
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smooth, the algorithm seldom converges. For example, for the function

X e [0,11

f(x) ='\
0.5x + 0.4 , x ¢ (1,2]
of the five approximating functions used, only PO/Q2 converges to

the best approximation, Convergence occurs after 20 iterations. For

the function

1 , xe [0,.5)
f(x) =10 , x=.5 "
-1 , xe (.51]

the five approximating functions obtained are P2/Q2 = =] 5 PA/Q2 = -1 ,
= = = '1

Pl/Ql 5 B Pl/Q3 1; PO/Q2 0 . We see that only PO/Q2 gives

the best approximation. The method therefore appears to be quite

successful for approximating smooth data, but 1t is usually unsuccessful

otherwise,
{6) A Linearization Method,

In this method, convergence to a solution 1s not guaranteed
in general, It depends on the starting values used and the approximating
function, The results 1n Table XIII are obtained with the starting
values p; = qg = 1 and P, = qJ =0 (1=1,2,,0.n, j =1,2,...,m).

From tne results, we note that the convergence rate of this method 1s

very rast when it does converge, and all solutions are obtained within



.&n 1iterations, However, 1t may converge to a solution with a pole
The numerical difficulties we encountered for this case are approxi-

e x ¢ [0,1]
mating vx in [0,1] by Pl/Q3 and -x 1 , ,
e -e +e,xce (1,2]

by

P‘,‘/Q2 . The results in Table XIII also indicate that if the degree of

the approximating rational function 1is high, without good initial values,

this method 1s not a satisfactory one. As an example, consider the

approximating function P4/Q2 . Of the ten data sets used, only three

best approximations were obtained, Using different starting values,

where the initial values of Py and qJ are obtained by a random

number generator, the number of best PA/QZ approximations obtained

increases to six, These solutions are also obtained within ten iteratioms.
We did not include 1n the constraints the restrictions

Q{xl)-i 0 . These restrictions may overcome the possibility of conver-

gence to an approximation with a pole. Also, in searching for the minimum

of the expression

P(x) +A6P(x ) !
Q(xi) + AGQ(xl)

max |[f(x ) -
1
1

we only used a grid of values for A , -1,0(.02)1,0 . If the minimum
value occurred when X = 0 then the algorithm was terminated, However,
in these cases it appears that a finer grid of values for A will pro-
duce a decrease in the error of approximation. This 1s suggested by

Watson (1970).
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We conclude that this method has a very fast convergcnce rate
vicn 1t converges, and it usually will converge if the starting values
are sufficiently good, The main disadvantage of the method 1s the

necessity for a linear search at each stage

Iv - 3  Conclusions,

In this thesis, we have presented several algorithms for the
computation of best discrete rational approximations in tne Chebyshev
sense, The criterion we use to compare the methods is the number of
1terations required for each method to converge to a prescribed accuracy.
Alternative criteria that could be used are the amount of computation
or the C,P,U, time required to obtain a best approximation lHowever,
for the following five algorithms, the amount of work involved in each
1teration 1s roughly comparable. For Loeb's algorithm and the linear-
1zation method, we solve a (n+m+2) x (2N) 1linear programming problem
at each stage, For the linear 1nequality method, the size of the matrix
1s (n+m+2) x (3N) ., For the differential correction methods 1t 1s of size
(n+m+3) x 2(N+n+m+2) , The number of constraints 1s approximately the
same, and 1t 1s quite reasonable to compare these five algorithms
based on the number of 1terations recuired to obtain the solution
These methods are easy to implement on a computer, For Loeb's algo-
r.chm, convergence often occurs in just a few iterations. However,
there 1s no guarantee that convergence 1s to the best approximation
For the linearization method, the convergence rate 1s usually very fast

Unfortunately, the need for the linear search reduces its efficiency.
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For the linear inequality method and the differential correction method,
convergence to the best approximation is ensured, but the convergence
1ate is not as good as with other methods. The numerical results indi-
cate that the modified differential correction method 1s the most satis-
factory one for 1ts fast convergence rate and sure convergence from any
starting values,

For Maehly's method, we solve two (n+m+l) x (n+m+l) systems of
linear equations at each stage. For the Remes algorithm, due to the
i1terative method applied at each iteration, we have to solve about five
(ntm+2) x (n+m+2) systems of linear equations. Therefore, less opera-
tions are involved in Maehly's method at each stage. These two methods
are noc as easy to implement as the linear programming methods since they
were originally proposed for solving the continuous approximation problenm
The numerical results show that the convergence rates are fast for these
i cthods, but there is no guarantee of convergence from arbitrary

starting values,



TABLLE I

DATA SETS FOR THI' NUMERICAL EXAMPLES

e b P et S e S

Function Abscissae Number of Points
£(x) {xl,xz,...,xN} N
X
1, e -1,0(0.1)1,0 21
2. sin(x) -3.0(0.3)3.0 21
3, /x 0,0(0,05)1.0 21
y 1 0.0(0.05)0.45
4,4 0 0.5 21
L =i 0.55(0.05)1.0
[ x 0.0(0.1)1.0
5. 3 21
L 0.5x% + 0.4 1.1(0.1)2.0
et 0.0(0.1)1.0
6. < " 21
) X e de 1.1(0.1)2.0
7. log(1+x) 0.0(0.05)1.0 21
8, erf(x) 0.0(0.1)2.0 21
2
9, &= 0.0(0.1)2.0 21
10 r'(x) 2.0(0,05)3.0 21




TABLE II

BEST PO/Q2 APPROXIMATION

— e

DATA Py 9, q2 Max Error
fl 0.96544 -1,01932 0.37907 0.03405
f2 0.00000 0.00000 0 00000 0.99749
f3 0.18117 -2,07440 1.29567 0.18117
f4 0,00000 0.00000 0,00000 1.00000
f5 0.22539 -1.01462 0.30528 0.22539
f6 1.20697 -0.30360 0.28421 0.20697
f7 0.09280 -2,01010 1.17068 0.09280
f8 0.19844 -1,08579 0.35515 0.19844
f9 0.93024 ~-1,06464 2.94511 0.69757
flO 0.48334 -0.26423 0.00373 0.00641

Note =1,

qo_



TABLE III

BEST Pl/Ql APPROXIMATION

DATA P Py 9 Max Error
£ 1,01704 0.51755 ~0.43976 0.20954x10"
£, 0,00000 0.25551 0.00000 0.62542
£, 0.04297 3,18115 2.36889 0.42972x10" %
£, 1,81818 3,63636 0.00000 0.81818
£ ~0,05873 1,57291 0.60867 0.58739x10 %
£, 0.69127 5.89193 1.73212 0.30872
£, 0.00085 0,97619 0.41422 0.85788x10 >
fy ~0.04408 1.86315 1.27130 0.44084x10™*
£ 1,07282 ~0.57479 0.20401 0.72827x10 "+
£y 0.48287 0.00765 ~0.24929 0.64253x10™
Note =1,

9




TABLL IV

BEST P2/Q2 APPROXIMATION

DATA Py pl p2 9 q2 Max Error
fl 1,00007 0.50839 0.08571 -0.49132 0.07781 0.84776*10—4
fz 0.00000 2,28165 0,00000 0.00000 1.58959 0,30607
f3 0,00192 8,88576 3379501 27,15010 14,16511 0.1929BXI0_2
f4 0.73076 -1.46153 0,00000 -3.63636 3.63636 0.26923
f5 0.05423 =3:55914 46.10706 22.69320 21,35198 O.SAZBSXlO-l
f6 1.08650 -1.48277 1,78873 ~-1,54130 1,07040 O.86503><10--1
f7 0.00600 0.99987 0.38616 0.88478 0.11484 0.151+12><10—5
f8 0.00137 1,08589 0.30382 0.10162 0.55146 O.l3753><10-2
f9 1.,00267 -0.77483 0.14643 -0.68823 0.71304 0.267ZSXlO-2
flO 1,24144 -0,63659 0.19163 -0.08320 -0.02468 0.35930><10“4

Note =1,

99



TABLE V

BEST Pl/Q3 APPROXIMATION

DATA Py pl 93 q2 q3 Max Error
fl 0.99987 0.25358 -0.74660 0.24520 -0.03749 0.12237><10—3
f2 0,00000 2,28165 0.00000 1.58959 0 00000 0.30607
f3 0.00763 6.54812 11,55292 -10.79577 4.,84901 0.76302><10-2
f4 0.73076 -1,46153 -3.63636 3.63636 0.00000 0.26923
f5 -0,02139 0.71350 -1.35342 1.48737 -0.40878 O.45572><10-.l
f6 0.90464 -0,26791 -1.53208 0.99792 -0.22307 0.95354XIO_;
f7 0.00000 099951 0.49498 -0.06632 0.01336 O.72177><10-5
f8 0.00092 1,10080 -0.10817 0.47577 -0.05913 0.9293O><].O-3
f9 1.00422 -0.46451 -0.33467 0.40535 0.41167 0.4?.278><10-'2
flO -0.04175 -0.23428 -1,77036 0.64754 -0.06996 0.54115x10-4

Note =1,

99



DATA

Py

1,00000

0.00000

0.00006

1.07046

0.00620

0.96908

0.00000

0,00004

1,00000

2,36335

Note

0.67030

1,01770

12.93265

=5,19153

1,04233

-0.42079

099999

1,13071

-0,34335

-2,16812

95 = 1 .

0.20261

0.00000

160.70134

9.15180

-2,21734

-2,10332

0.70773

-0,23743

-0.62654

1,32883

TABLF

0.03412

-0.10444

108.,25243

-6.10120

1.34816

2.09490

0.03988

0.09543

0.43082

-0.35734

Vi

BEST P4/02 APPROXTMATION

0.00286

0.00000

-14 58386

0.00000

-0.16477

-0.35223

-0.00208

-0,00051

-0.,07622

0.05244

-0.32969

0.00000

64 93582

-3.90329

-1.96388

-1.92414

1.20772

-0.19297

-0.34392

0.34480

0.93231

0.08155

201 39383

3.90329

0 97863

0.99396

0.31056

0.36561

0.38934

~0,09172

0.20465%10

0 63642x10
0.70465x10"
0.11176x10
0 30919x10
0.55984 10~
0.44515x10
0.47168x10

0.17423x10

6

0.66482x10 2

4

1

1

1

8

4

4

7

‘89



NUMBER OF ITERATIONS FOR LOEB'S ALGORITHM

TABLE VII

Number of Iterations
DATA PO/Q2 Pl/Q P2/Q2 Pl/Q3 PA/QZ
fl 8 7 6 6 5
f2 2 2 ¥* * 6
f3 23 1l 9 8 8
f4 3 k% wk 14 11
kkk
f5 31 * 26 13 12
f6 10 * 24 *% 15
f7 22 5 5 4 5
f8 24 11 8 6 6
f9 15 15 8 10 6
IlO 5 7 6 6 5
%
No convergence
sk
Convergence to a non-best approximation
Kok

Convergence to a solution with a pole,




TABLE VIII

NUMBER OF ITERATIONS FOR THE LINEAR INEQUALITY METHOD

Number of Iterations

DATA PO/'Q2 é:}Ql P,/Q, Pl/Q3 P,/Q,
£ 25 26 35 32 42
f2 20 22 22 22 30
£y 24 25 30 28 34
£, 21 22 22 22 24
£ 23 25 26 26 25
£ 24 24 25 24 27
£, 23 30 38 37 46
£y 22 25 30 30 34
£, 26 25 29 28 35
f 29 30 36 33 41

/0,



TABLE IX

NUMBER OF ITERATIONS FOR THE DIFFERENTIAL CORRECTION METHOD

e ~Number of Iterations
DATA WPQO—/.QZ PT/QI P,/Q, R0 Pl
£ 41 20 28 42 55
f2 11 2 24 25 28
f3 19 32 * b4 X
£, 11 6 * * *
s 26 11 32 16 *
£, 20 20 45 46 *
£, 25 14 28 18 24
£, 21 21 37 26 37
£ 37 13 46 46 33
£0 17 17 16 18 17

%
Number of iterations exceeds 100,




TAELL X

NUMBER OF ITERATIONS FOR THE MODIFIED DIFFERENTIAL CORRECTION MFTHOD

T Number of Iterations
DATA PO/Q2 Pl/Ql P2/Q2 Pl/Q3 P4/Q2
fl 7 6 9 9 11
f2 8 2 7 8 11
f3 7 8 12 14 15
f4 2 5 10 10 15
fs 6 6 8 9 16
f() 6 7 9 10 13
f7 9 6 6 6 9
f8 8 7 9 8 10
f9 7 7 9 9 11
flo 7 8 12 10 13




NUMBER OF ITERATIONS FOR THE REMES ALGORITHM

TABLE XI

{ Number of Iterations
DATA PO/Q2 Pl/Ql P2/Q2 Pl/Q3 P4/Q2
fl 4 4 4 4 3
-

f2 *% 3 2 4% 2
f3 4 6 6% 5% 6%
£, 2 3 5 5 20
o4

f5 5 *% 44 6 7
£, 4 4 5 4 6
o]

f7 5 3 5 3 4
£ 4 8% &% 4 3
o]

f9 w% 3 4 %% 4

£
flo 3 3 3 5 3

Convergence to a solution with a pole

£

No convergence,

/3.



NUMBER OF ITERATIONS FOR THE MAEHLY'S METHOD

TABLE XII

——— T B e et e =
Number of Iterations
DATA PO/Q2 Pl/Ql PZ/QZ P1/Q3 P4/Q
f. 8 6 7 7 6
f2 * 6 36 * 8
f3 10 22 25 23 20
£, 9 * % *> *
&4
£ 20 % * * *
o)
£ % * * * %
O
f7 15 6 6 6 )
f8 19 12 9 9 8
f9 20 9 10 9 20
flO 6 6 5 6 5

*
No convergence,

74.



TABLE XIII

NUMBERS OF ITERATION FOR THE LINEARIZATION METHOD

Convergence to a solution with a pole.

Number of Iterations
DATA PO/Q2 Pl/Ql PZ/Q2 Pl/Q3 P4/Q2
Il 6 5 7 8 8
*x
f2 2 2 13 9
f3 7 7 12%% 8 *
P %
f4 6 2 10
f5 6 6 13 8 %
f6 6 6 * 7 13%7
f7 A 6 10 6 11
: 7 7 11 7 9
9
*k * %
f9 7 7 10
* X *
f10 8 10 *
“No convergence
%k

75.
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SUBROUT L/ I RFESTI(M2,N1,P,1SP,BASIS, U PC,T14)

REST SOTYFS THF LINEAR PLOGRAMMINC PROLIT 4
MINIMIZE C¥X
SUBTECT TO A¥X=B
UHEPY A TS MAN DT fHLSTOMAT MATRIX
B IS M DI S100Al VECIOR
C IS N DI {1 NS10VAT VICTOR

PARAMETERS
M2=M+2
N1=N+1
P - (M+2)* (N+1) MATRIY
ESP - A POSTIIVE TOLFRANCF LESS TIAN WHICH OUANIIES ARF

CONSIDER TO BF NONPOSITIVF
BASIS - (M+2) INTFGFR VICTOR

U - (M+2) ( #2) MATRIX
PC ~ (M+2) VICTOR -
IX ~ KI'Y VORD =
1 - SOIUTION OBTIANID 8.
2 -UNBOUNDI'D SOLUTTNN = S
3 -NO FFASIDLI SOLUTTON o
INTTTAILY €TORE AQI,N) IN P(,N) =Y
B(C1) IN P(7,N+1) 5 »
c(N) N PO, ) =
FINAL SOLUIION IS IN A(*,N+1) INDICATED BY =
THE INTEGER VFCTOR BASIS (M)
IMPLICIT RFAL *8 (A-1,0-2)
DIMENSION P(}f2,N1),U(12,M2),PC(M2)
INTFGER BASIS(12)
LOGICAL SY
SW=,FALS!
M=M2-2
M1=1141
N=N1-1
La=1
DO 1 I=1,M2 _
1(T,3N=0 b0 : N
L (7,T)=1 »o g
fI)=N+L
P(M1 N1)=0.90
DO 3 1=1,NL

P(M2.1)=0.D0
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62

10
12

17
16

DO 3 T=1 %
P(M2,1)=P(C12,1)=P(T,T)
TPHAS-]

MP Y2

DMIN=1 D50

I1F (LPHAS 10 1 AND,P(M2,N1) GE,.-ESP)GO 10 200
DO G J-1,N

D=0,D0

DO 5 I=1,M2

D=D+UCIP,I) "P(1,J)

IF(D GL.,DMIN)GO TO 6
DMIN=D

K=J

CONTINUE

IF (DMI,GT,.-FSP)GO TO 13
DO 7 J=1,MM2

PC(J)=0 DO

DO 7 I=1,M2
PC(J)=PC(I)+U(J,T)*P(I,K)
IF (SW)GO TO 12

DO 8 I=1,M
IF(PC(T).LE.FSP)GO 10 8
L=1

GO TO 9

CONTINUE

IX=2

WRITF (6,62)

FORMAT ('O  ~UNBOUNDID SOLUTION%*%'")
RETURN

PMIN=P(L,N1)/PC(L)

DO 10 I=1,

IF(PC(T) 1t ESP)GO TO 10
IF(P(I N1)/PC(T).GT.PMIN) GO TO 10
PMIN=P(I,N1)/PC(I)

L=1I

CONT1INUE
PIIN=P(L,>1)/PC(1)

SU= FATST

DO 1A T-L W

1T (1 10 1)c0 70 16

DU 17 J=1,M

U1 J)=u(1 1)-U(L,J, /pc(L)*pc(I)
CONIINUL

DO 20 I=1.M

‘0L



20

15

13
18

61

19
200

23

24

22
21

U(L.T)=U(L,T)/PC(1)

DO 15 T-1,%2
P(I,N1)=P(1,N1)-PITI=PC(I)
P(L 1) -PMIN

BAS1S (L) =K

CO TO 100

GO 10 (18,19), IPHAS

IX=3

WRITE(6,61)

FORMAT (' 0% “*NO FLASIBLE SOLUTION »=')
RETURN

CONTINUE

DO 21 IJK=1,M

IF (BASIS(1JK).LE N)GO TO 21
L=1JK

DO 22 I=1,N

PC(L)=0.DO

K=I

DO 23 KK=1,M

1F (K, FQ,BASTS (KK))GO TO 22 FEQ.
CONTINUF

DO 24 J=1,M2
PC(L)=PC(L)+U(L,J) *P(J,K)
SW=.,TRUE,

IF (DABS(PC (L)) .GT.ESP)GO TO 4
CONTINUE

CONTINUE

IPHAS=2

MP=M1

GO TO 100

FND

‘08
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