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Introduction.

The present paper has one foot within the theory of topological dynamical
systems and the other within C*-algebra theory. The link between the two
is provided by K-theory — via the crossed product construction. The key
concept is that of a dimension group (Definition 1.9), which first appeared
in connection with the classification of approximately finite dimensional
(AF) C*-algebras [11]. The original definition of a dimension group was
closely linked with the embedding scheme for an ascending sequence of
finite dimensional algebras called a Bratteli diagram [3]. Subsequently its
K -theoretic underpinning was realized, namely as Ko of the associated AF-
algebra — endowed with a natural ordering. (Simple) dimension groups
may also be defined in terms of dynamical concepts (Definition 1.11 and
Theorem 1.12) — being order isomorphic to Ky of the associated C*-crossed
products (Cor. 1 to Theorem 1.17). We may summarize this paper by

J

saying that we show that K-theory — in conjunction with a dynamical
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interpretation of the Bratteli diagram — will yield complete information
about the orbit structure of the dynamical systems we are exploring. On
the C*-algebra side K-theory yields complete isomorphism invariants of the
associated C*-crossed products [12]. Combining the two we get a " Krieger-

type” theorem.

Our original motivation was to obtain results in the topological/C*-algebra
setting similar to those of W. Krieger in the measure-theoretic/von Neu-
mann algebra setting. Krieger’s theorem [20], [21] says that if ©, = (X1, Bi,
p1,T1) and O = (X3, By, 2, T3) are two ergodic non-singular systems, then
the associated von Neumann crossed product factors (also called Krieger
factors) are isomorphic if and only if the systems ©, and ©, are orbit
equivalent, i.e. there exists a bimeasurable bijection F' : X; — X, pre-
serving the measure class, so that for almost all z € Xy, F(orbity, (z)) =
orbitt, (F'(z)). A precursor of the development léading up to Krieger’s re-
sult is a celebrated theorem of H. Dye from 1963 [8]. Henry Dye, whose
name is inextricably linked to the basic result in the theory of orbit equiv-
alence of ergodic (finite) measure preserving transformations, proved that
any two such transformations are orbit equivalent. An immediate offspring
of his theorem is that the associated von Neumann factors are isomorphic
" and equal to the unique approximately finite dimensional ("hyperfinite”)
II; factor of Murray-von Neumann. Thanks to A. Connes’ deep analysis {7]
(the III; case being finally settled by U. Haagerup [16]) we know that the
family of approximately finite dimensional von Neumann factors coincides
with the family of Krieger factors. (Recall that M is approximately finite
dimensional if M is the weak operator closure of the union of an ascending

sequence of finite dimensional algebras.)

In the topological setting a minimal dynamical system is the natural ana-
logue of an ergodic system. (Recall that a dynamical system (X, ), where
X is compact metric and ¢ : X — X is a homeomorphism, is minimal if ¢
has no non-trivial closed invariant subspace — equivalently, each ¢-orbit is
dense. Also, the associated C*-crossed product C(X) x Z is simple, i.e. it
has no proper two-sided ideals.) For various reasons it \L;ill be fruitful to re-

strict the study to Cantor systems, i.e. minimal dynamical systems (X, ),

where X is a compact (perfect) zero-dimensional space, or, equivalently,



X is a totally disconnected compact metric space with no isolated points.
Cantor showed that all such spaces are homeomorphic and we name them
Cantor sets. The family consisting of all Cantor systems is vast — in fact,
every minimal dynamical system is a factor of a Cantor system (cf. Section
1). For Cantor systems we do indeed have an analogue of Krieger’s theo-
rem (Theorem 2.1) — the relevant notion being (topological) strong orbit
equivalence (Definition 1.3). Furthermore, analogous to the case for Krieger
factors in the measure-theoretic setting, the simple C*-algebras associated
to Cantor systems form a distinguished class of C*-algebras, characterized
by being inductive limits of a certain kind and by having K;-groups equal
to Z (Theorem 1.15).

It is interesting to compare the proofs of Dye’s and Krieger’s theorems
with the proof we give in the topological setting. The proof of Dye’s theo-
rem is achieved by application of an approximation result (Rohlin’s lemma)
which is successively refined so as to mimic the given transformation as an
odometer action. As for Krieger’s theorem it is shown that the ratio set
— a notion introduceed in ergodic theory by Krieger, motivated by work
that had been done on the classification of von Neumann algebras — is a
complete invariant for orbit equivalence in the type I11, (0 < A <1) case.
This may be proved by a similar procedure as in the proof of Dye’s theo-
rem by introducing special measures equivalent to the given ones, cf. [19].
(The I1], case must be handled differently, namely by introducing the so
called Krieger flovi and siiowing that two systems are orbit equivalent if and
only if the associated Krieger flows are isomorphic [19].) In the topological
setting the crucial tool in proving Theorem 2.1 is the model theorem (The-
orem 3.6): every Cantor system is conjugate to a Bratteli-Vershik system,
i.e. for (X, ) a Cantor system there exists a (simple) ordered Bratteli dia-
gram B = (V, E, >) so that the associated path space Xp with the induced
”1exicographic"’ order engenders a (Vershik) map Ag : Xp — Xp conju-
gate to ¢ : X — X. Furthermore, the Ko-group of the system, K°(X, )
(Definition 1.11) — endowed with the natural ordering — is order isomor-
phic to the dimension group Ko(V, E) associated to B (Theorem 3.7), and
every simple dimension group arises in this way (Theorem 1.12). The or-
dered Bratteli diagram is obtained by constructing a succession of Kakutani-

Rohlin towers, where at each level the number of vertices of the diagram



equals the number of towers, while the edges between successive levels are
determined and ordered according to how the towers are traversed. (In the
measure-theoretic case, specifically for type II and type IILy (A # 0), the
approximation is achieved by one single tower at each level.) It turns out
that K°(X,) (with order unit) is a complete invariant for (topological)
strong orbit equivalence and also a complete isomorphism invariant for the
associated C*-crossed product (Theorem 2.1). The notion of strong orbit
equivalence — involving, as it does, orbit equivalence plus continuity prop-
erties of the orbit cocycles — is put into perspective by Theorem 2.4 and

Theorem 2.5.

How is the basic notion of (topological) orbit equivalence (Definition 1.2)
related to K-theory? The answer to that question is given in Theorem 2.2,
and the proof occupies the main part of this paper — involving techniques
and results from a wide variety of sources, including some homological alge-
bra. The complete invariant for orbit equivalence of Cantor systems turns
out to be the Ky-group modulo the infinitesimal subgroup (Definition 1.10,
of. also Theorem 1.13). Put in dynamical terms: two Cantor systems
(X1,p1) and (X3,¢p3) are orbit equivalent if and only if they have the same
invariant probability measures — more precisely, there is a homeomorphism
F : X; — X, carrying the p;-invariant probability measures onto the po-
invariant probability measures. Since this formulation only involves dynam-
ical concepts, it is natural to ask whether this equivalence could be proved
directly, i.e. without recourse to the machinery we use to prove Theorem
9.2. This seems problematic even at first glance — given F, how could one
recover orbit information? In fact, there exists an example of two Cantor
systems and an F' as above with the following property: if z and y are any
two distinct points in the same (;-orbit, then the points F (z) and F'(y) are
in different ¢,-orbits [5]! We mention a remarkable consequence of Theo-
rem 2.2 which has the flavour of a "Dye-type” theorem in the topological
setting: a uniquely ergodic Cantor system is either orbit equivalent to an
odometer system or to a Denjoy system (Cor. 2 to Theorem 2.2). (A few
comments about the proof of Theorem 2.2: By application of a theorem
of Cartan-Eilenberg in homological algebra the problem is reduced to the
case where the infinitesimal subgroups in question are isomorphic to the

free abelian group Z* of countable rank. The crucial ingredient of the



proof is the dynamical "realization” of extensions of Z* by a given simple
dimension group (Cor. 3 to Theorem 1.17 and Theorem 10.1). Finally, we
proceed along the same lines as in the proof of Theorem 2.1 — an extended

version of the Bratteli-Vershik model for Cantor systems being used.)

There is a curious consequence of Theorems 2.1, 2.2 and 2.3 which we men-
tion briefly. Let X be a Cantor set and suppose E C X x X is an equiva-
lence relation on X with countable equivalence classes, i.e. E is a principal
groupoid in the sense of [31]. If one wants to construct the groupoid C*-
algebra of E, then E must be equipped with a topology in which it is locally
compact and Hausdorff. This must also satisfy some other conditions — the
two canonical projection maps to X must be continuous and open, and the
counting measure on the equivalence classes must be a Haar system. If the
equivalence classes of E are given as the orbits of a minimal homeomorphism
then there is a natural choice for such a topology, cf. [31]. The same is true
if they are given as the orbits of a minimal AF-action (cf. the discussion
preceding Theorem 2.3). A consequence of Theorem 2.1 and Theorem 2.2 1s
the following: There is an equivalen.ce. relation £ on the Cantor set X with
two distinct topologies oy and o3, both compatible with the topology of X
~ as described above, such that the associated (simple) groupoid C*-algebras
C*(E,o,) and C*(E,03) are non-isomorphic. (Recall that the C*-algebra
C*(E, o), where (E, o) is associated to the Cantor system (X ), is isomor-
phic to the crossed product C(X) ?; Z, and so by Corollary 1 to Theorem

1.17 we have Ko(C*(E,0)) = K°(X,¢).) In view of Theorem 2.3, we may
choose ¢y and o3 so that C*(E,01) is an AF-algebra while C*(E,o09) is not
AF. (On the other hand, contrasting the above example, by Theorem 2.1
it is easy to find examples (E, 1) and (E, a7), with the topologies oy and
o, distinct, so that C*(E, ;) is isomorphic to C*(E, 03).)

Theorem 2.1 begs the question of what happens if the Ko-groups of two
Cantor systems are order-isomorphic — dropping the requirement that the
distinguished order units are mapped to each other by the isomorphism.
This is answered in Theorem 2.6. (The corresponding question for Theorem
2.2 is dealt with in Proposition 2.7.) The answer is that the two systems are
Kakutani strong orbit equivalent (Definition 1.8) and that the associated C*-

crossed products are strong Morita equivalent (Definition 1.19). The proof



of Theorem 2.6 (and of Proposition 2.7) relies on a result of independent in-
terest, namely that two Cantor systems are Kakutan: equivalent (Definition
1.7) if and only if the Bratteli-Vershik model of one is obtained from the

other by making a finite change of the associated ordered Bratteli diagram
(Theorem 3.8).

In summary we may say that K-theory yields complete information about
the orbit structure of Cantor systems. Thus we have a convenient way to
subdivide Cantor systems into equivalence classes of (strong) orbit equiva-
lent systems — in fact, the Ko-group is fairly simple to compute for concrete
systems. It is interesting to-investigate how this subdivision compares with
the subdivision resulting from entropy considerations. The answer is that
orbit equivalence has nothing to do with entropy! In fact, the results of
[6] show that, basically, entropy and orbit equivalence are independent (al-
though the most general conjecture is not settled, namely: within each
strong orbit equivalence class all entropies in [0, c0] occur — and, within
a fixed entropy all strong orbit equivalence classes occur). We should also
mention that M. Boyle and D. Handelman have recently investigated the
ordered group K° and many other related ideas for more general (i.e. non-

minimal) systems on the Cantor set [39].

Part of this work was done during a visit by the second author to the
University of Trondheim in the fall of 1991; he would like to thank the De-
partment of Mathematics and Statistics, University of Trondheim, for their

kind hospitality during his stay.

1. Basic concepts and definitions.

As general references for the notions of topological dynamical nature we re-
fer to [26] and [38]. A (topological) dynamical system consists of a compact
Hausdorff space X and a homeomorphism ¢ : X — X. We use the notation
(X,p). We say that o is minimal if all orbits are dense in X, i.e. ifz € X
then orbit,(z)™ = {¢™(z)|n € Z}~ = X, where ~ denotes closure and ™
denotes the n’th iterate of @ if n > 1, ¢® = 1d, and ™ is.the (—n)’th iterate

of the inverse homeomorphism ! if n < 0. Minimality is equivalent to ¢



having no non-trivial closed invariant subset Y, i.e. ¢(Y) C Y implies Y is
X or 0. A minimal dynamical system (X, ) is uniquely ergodic if there is
a unique @-invariant probability measure y — the support of u being then
necessarily all of X.

In this paper we shall be studying minimal dynamical systems (X, ¢), where
X is a Cantor set, 1.e. X has a countable basis of closed and open (”clopen™)
sets (i.e. X is 0-dimensional) and X has no isolated points. (Equivalently, a
Cantor set may be described as a totally disconnected metrizable compact
space with no isolated points.) A theorem of Cantor says that all Cantor
sets are homeomorphic.

The Cantor set X possesses the following "universal” property (proved by
Aleksandrov and Urysohn): Let ¥ be a compact metrizable space. Then
there exists a continuous surjection F': X — Y.

Using this fact one can show that if (¥,¢) is a minimal system, ¥ compact
metrizable, then there exists a minimal system (Z, ), Z Cantor, and a con-
tinuous surjection G : Z — Y so that Gop = ¢ oG, in other words , (Y, ) is
a factor of (Z, ). In fact, if ' : X — Y is a continuous surjection, X Can-
tor, we define the subset K = {(z,)|zn € X, F(2ns1) = ¥(F(z,)),n € Z}
of the countable Cartesian product of X endowed with the product topol-
ogy. K is a closed and o-invariant subset of the Cartesian product, where
o denotes the two-sided shift. Let (Z, ) be a minimal subsystem of (X, o),
where ¢ denotes the restriction of ¢ to Z. Then Z is a Cantor set and if
G : Z — Y is the evaluation map at the zero’eth coordinate followed by F,
we easily see that (Z, ) has the desired property.

So minimal dynamical systems on the Cantor set have a "universal” prop-
erty.

Terminology. We will use the generic term Cantor system about a minimal
dynamical system (X, ¢), where X is the Cantor set.

Definition 1.1. (Conjugacy and flip conjugacy.) The dynamical systems
(X1,p1) and (Xa,p2) are conjugate if there exists a homeomorphism F' :
X3 — X so that Flogp, = @20 F. (X1,p1) and (X2, ,) are flip conjugate
if (X1,1) is conjugate either to (X, 2) or to (X2,051).

Obviously both conjugacy and flip conjugacy are equivalence relations.



Definition 1.2. (Orbit equivalence.) The dynamical systems (X1,¢1) and
(Xa, ¢2) are (topologically) orbit equivalent if there exists a homeomorphism
F : X, — X, so that F (orbity, (z)) = orbity, (F(z)) for all z € X;. We

will use the generic term orbit map about a map like F'.

Obviously orbit equivalence is an equivalence relation. Observe that min-
imality is a property preserved by orbit equivalence. It is also easily seen

that flip conjugacy (and hence conjugacy) implies orbit equivalence.

Let (X1,%1), (X2,¢2) and F be as in Definition 1.2. For each point z in
X, there exists an integer n(z) so that F'o ¢1(z) = ¢r®) o F(z). Likewise,
there exists an integer m(z) so that F' o ¢ (z) = gy 0 F(z). I (X1,41)
(and hence (X3, 7)) is minimal it is easily seen that m and n are uniquely
defined integer-valued functions on X;. We call m and n the orbit cocycles

associated to the orbit map F'.

Definition 1.3 (Strong orbit equivalence.) Let (X1,1) and (X3,¢p2) be
minimal systems that are (topologically) orbit equivalent. We say that
(X1,¢1) and (X2, p2) are strong (topologically) orbit equivalent if there exists
an orbit map F : X; — X so that the associated orbit cocycles m,n : X; —

7 each have at most one point of discontinuity.

Remarks. That strong orbit equivalence really is an equivalence relation
is a consequence of Theorem 2.1. Obviously flip conjugacy implies strong
orbit equivalence.

One can show that if one of the orbit cocycles, say m, has a single discon-
tinuity in orbit,, (z), = € X, then n must have (at least) one discontinuity
in the same orbit. (Cf. the proof of (i) = (ii) of Theorem 2.5.)

It is worthwhile pointing out that between strong orbit equivalent systems
(in fact, even between conjugate systems) one may find orbit maps so that

the associated orbit cocycles each have more than one point of discontinuity.

To put Definition 1.3 in perspective we cite the following theorem (unpub-
lished) of M. Boyle [4], a special case of which will be part of our Theorem

2.4. By kind permission we will present a proof there.

Theorem 1.4. (M. Boyle). Let (X,¢1) and (X, ) be two dynamical

systems on the compact metric space X having the same orbits, one orbit

8



being dense (i.e. the systems are transitive). Assume that one of the orbit
cocycles m and n is continuous everywhere. Then the two systems are flip

conjugate.

Remark. Boyle’s theorem is the topological analogue of Belinskaya’s the-
orem in the ergodic measure-preserving setting where the integrability of

either m or n implies (flip) metrical isomorphism.

We shall need the concept of induced transformation and Kakutani equiv-
alence. These notions were originally introduced by Kakutani in ergodic

theory but they can be carried over to topological dynamics (cf. [27]).

Definition 1.5. Let (X, ¢) be a Cantor system. Let A be a clopen subset
of X (hence A is again a Cantor set). Let p4 : A — A be the "first return
map”, i.e. if z € A then

wa(z) = ¢4 (z), where ra(z) = inf{m € Z¥|¢™(z) € A}.

We call 4 the induced transformation on A, and say (A, wa4) is the induced
(or derivative) system of (X, ) with respect to A.

Remark. By [27] 4 is continuous and thus takes only a finite set of values.

it is easily seen that (A4, p4) is again a minimal dynamical system.
To recover ¢ from 4 we introduce the tower (or skyscraper) construction.

Definition 1.6. Let (X, ) be a Cantor system. Let N be a positive integer
and let h: X — {1,2,..., N} be a continuous function ({1,2,..., N} has
the discrete topology). Let X* = {(z,?)|l < ¢ < h(z)} and make X" in a
natural fashion a Cantor set. Define ¢ : X* — X" by

hig ) = (z,i+1) if 41 < h(z)
(@) {((,0(:1:),1) if 41> h(z)

The transformation ¢" on X" is called a tower (or skyscraper) built over ¢
by h, and (X", ") is called the primitive of (X, ) with respect to h.

Remark. It is easy to see that (" is a minimal homeomorphism and that

the following relations hold:



If we set X! = {(z,7)]i = 1} (clearly X* may be identified with X), then

(‘Ph)Xl =@, Tx1 = h) (S‘OA)TA = ¥,

where A is a clopen subset of X. So inducing and tower building are dual (or
converse) constructions. In Section 3 we shall give a concrete interpretation

of these constructions in terms of ordered Bratteli diagrams (Theorem 3.8).

Definition 1.7. (Kakutani equivalence.) Let (Xi,¢1) and (Xz,2) be
Cantor systems. We say that the systems are Kakutani equivalent if (up
to conjugacy) they have a common derivative — or, what is the same, a

common primitive.

Remark. That this really is an equivalence relation is proved as in [23;
Ch. 1]. (In [23] ergodic measure-preserving systems are considered, but the
proof readily translates to our topological setting.)

Definition 1.8. (Kakutani orbit (resp. Kakutani strong orbit) equiva-
lence.) The Cantor systems (X1, 1) and (X3, ¢2), are Kakutant orbit (resp.
Kakutani strong orbit) equivalent if they are orbit (resp. strong orbit) equiv-
alent to the systems (Y1,%;) and (Y3,%,), respectively, where (Y,%1) and
(Yz,%s) are Kakutani equivalent.

Remark. That these really are equivalence relations will be a consequence
of Theorem 2.6 and Proposition 2.7. Observe that Kakutani orbit (resp.
Kakutani strong orbit) equivalence is generated by Kakutani equivalence

and orbit (resp. strong orbit) equivalence.

We now turn to an entirely different realm of concepts — those associated
with ordered groups. (As general references we refer to [9] and [15].) In Sec-
tion 3 the correspondence between the dynamical concepts and the concepts

related to ordered groups will be illuminated via Bratteli diagrams.

By an ordered group we shall mean a countable abelian group G together
with a subset G*, called the positive cone, so that

() G* + G C G*, (i) G* — G* = G, (iii) G* N (=G*) = {0}.

We shall write a < b (resp. a < b)if b—a € G* (resp. b—a € G*\{0}). We
say that the ordered group (G,G") is unperforated if a € G and na € G*

10



for some n € Z% implies a € G*. We observe that an unperforated ordered
group is torsion free — in fact, na = 0 implies that ¢ > 0 and ¢ < 0, and so
a = 0. By an order unit for (G,G*) we mean an element u in G so that,
for every a € G, a < nu for some n € Z7,

Definition 1.9. (Dimension group.) An unperforated ordered group (G, G")
is a dimension group if GG satisfies the Riesz interpolation property, i.e.
given ay,as, by, by € G with a; < b;(,j = 1,2), there exists a ¢ € G with
a; < ¢ < b;. (If we may get strict inequality provided a; < b; we say G
satisfies the sirict Riesz interpolation property:.)

Remark. Dimension groups were introduced by Elliott [11] and defined by
him as the inductive limit of a system of groups of the form Z” (with the
usual ordering) and positive homomorphisms. This definition was motivated
by Bratteli’s [3] introduction of the diagrams subsequently named after him
(cf. Section 3). The equivalence of Elliott’s definition and the abstract
definition given above is due to Effros, Handelman and Shen [10].

In this paper we shall exclusively encounter simple dimension groups (G, GT),
i.e. G contains no non-trivial order ideal. An order ideal is a subgroup J so
that J =J* — J* (where JF =JNGT) and 0 < a< b€ J impliesa € J.
Simple dimension groups have a nice interpretation in terms of Bratteli di-
agrams, cf. Section 3. If G is a simple dimension group it is easily seen
that any a € Gt \ {0} is an order unit. Letting G be a simple dimension
group with fixed order unit u € G* \ {0}, we say that a homomorphism
p: G — Risa state if p is positive (i.e. p(GT) > 0), and p(u) = 1. Denote
the collection of all states by S,(G). Then it is a fact that S,(G) determines
the order on G. In fact, by [9; Cor. 4.2],

Gt = {a € Glp(a) > 0 for all p € S,(G)} U {0}
This motivates the following definition.

Definition 1.10. (Infinitesimal subgroup.) Let G be a simple dimension
group and let u € G\ {0}. We say that a € G is infinitesimal if —eu <
a<euforall0 <ee Q. (If e =p/q,p,q € Z*, then a < eu means that
ga < pu.) An equivalent definition is: a € G is infinitesimal if p(a) = 0 for
all p € S,(G). (It is evident that the infinitesimal elements do not depend

11



on the particular order unit u.) The collection of infinitesimal elements of

G form a subgroup, the infinitesimal subgroup of G, which we denote by

Inf(G).

Remark. The quotient group G/Inf(G) has a natural induced ordering,
ie. @ >0if a > 0, where ~ denotes the quotient map. It is then easy to
see that G/Inf(G) becomes a simple dimension group with no infinitesimal
elements except 0. If G has distinguished order unit u then G/Inf(G)
inherits the distinguished order unit %. Note that an order isomorphism
a: Gy — Ga,ie. aGF) = Gf, where (G, G7) and (G,, G ) are dimension
groups, maps Inf(G1) onto Inf(Ga).

The link between dimension groups and dynamical systems is established

by the next theorem. First we need a definition.

Definition 1.11. Let (X,¢) be a Cantor system. Let C(X, 7Z) denote the
continuous functions on X with values in Z — so C(X,Z) is a countable
abelian group under addition. Let B, denote the (coboundary) subgroup
Im{id - p.) = {f — foe |f € C(X,Z)}. Let K°(X, ) be the quotient
group C(X,Z)/B, and define '

K°(X, o)t = {fIf 2 0,f € C(X,2)},

where ~ denotes the quotient map.

Let 1 = 14 denote the element of K"{X,«}" that the constant function

1 maps to. By abuse of notation we will also let 1 denote the element of

K°(X,0)/Inf(K°(X,p)) that 1 maps to.

Theorem 1.12. ([28 ; Thm 4.1], [17 ; Cor. 6.3].) Let (X, ) be a Cantor
system. Then K°(X, ) with positive cone K°(X, ¢)* is a simple dimension
group with (canonical) distinguished order unit 1. Furthermore, if (G, G%)
is a simple dimension group with distinguished order unit u, there exists a
Cantor system (X, @) so that (G, G*,u) = (K°(X,¢), K°(X,¢)*,1), mean-
ing that there exists an order isomorphism a : G — K°(X,p) so that
a(u) = 1.

Remark. The group C(X,Z)/B,, as an abstract group without order,
has appeared before in the theory of dynamical systems — it is the first

12



Cech cohomology group H 1(X,Z) of the suspension X of (X, ), where X
is obtained from X x [0,1] by identifying (z,1) and (¢(z),0), cf. [24 ; Ch.
IV, Sect. 3]. The reason for our notation K°(X, ) is the connection with
K-theory (see below).

We next give a characterization of the infinitesimal subgroup In f(K°(X,¢)),
which we state as a theorem.

Theorem 1.13. ([17; Thm. 5.5], [9; Cor. 4.2].) Let (X, ) be a Cantor
system. Then

(i) every y-invariant probability measure p on X induces a state T(p) on
(K°(X, ), K°(X, )", 1) by f — [y fdp, f € C(X,Z).

ii) The map T is a bijective correspondence between the set of ¢-invariant
12
probability measures on X and the set of states on (K°(X,¢), K°(X,»)*,1).

Hence, Inf(K°%(X,y)) = Z,/B,, where Z, = {f € C(X,Z)| [x fdu =0
for all p-invariant prob. measures p}. Thus K°(X,¢)/Inf(K°(X,)) is
naturally isomorphic to the quotient group C(X,Z)/Z,, and this isomor-
phism is an order isomorphism preserving the distinguished order unit 1 if
C(X,Z)/Z, is given the induced order, i.e. f>0if f>0in C(X,2).

We now make the connection between dynamical systems and C*-algebras.
We briefly summarize some basic general facts about C*-crossed products

associated to the dynamical system (X, ) and refer the reader to [25] and
[36] for a complete treatment.

The homeomorphism ¢ gives rise to a *-automorphism of C(X), also de-
noted by ¢, by setting ¢(f) = fop™!, f € C(X). The associated C*-crossed
product, which we denote by C(X) x Z, is the universal C*-algebra gen-
erated by C(X) and a unitary elernZnt u satisfying ufu* = @(f), for all
fin C(X). (The full and reduced crossed products coincide in this case.)
Assume that (X,¢) is minimal. Then we may realize the crossed prod-
uct as follows: Let u be any ¢-invariant probability measure on X (which
always exists). Then C(X) x Z is isomorphic to the C*-algebra acting
on the Hilbert space H = L;p(X VB and generated by the multiplication

operators my : ¢ — fg and the unitary operator u = u, : g — go 0,
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where f € C(X),g € H. Also, C(X) is naturally embedded in C(X) x Z
as a maximal abelian C*-subalgebra. The minimality of ¢ implies ;hat

C(X) >< 7, is a simple C*-algebra, i.e. it has no proper two- sided ideals.
There 1 1s a 1 — 1 correspondence between the set of normalized traces on

C(X) x Z and the set of p-invariant probability measures on X.
)

Let us now assume that (X,¢) is a Cantor system. We will make use of
K-theory for C*-algebras and we refer to [1) and [9] for the appropriate
definitions and basic properties. In [28] it is shown that Ko(C(X) X Z)
is order isomorphic to K°(X, ), and so is a simple dimension group. (Cf.
Corollary 1 to Theorem 1.17 below.) Also Ki(C(X) X Z) = Z, and so, in
particular, C(X) X 7 is not an AF-algebra (cf. Sectic:pn 3).

We list some further properties of C(X) x Z which follow by combining
@
results from [2], [11] and [29):

(i) C(X) x Z has stable rank one, in other words , the invertibles are
7

dense.

(i) C(X) X 7 has real rank zero, in other words, the invertible self-

adjomts are dense in all the self-adjoints.

(iii) C(X) x Z is an inductive limit of a sequence {A,}, where A, is a
finite d(frect sum of C*-algebras, each summand being a k x k matrix
over either C or C(T), T denoting the unit circle. We will call C*-
algebras of this form circle algebras. -

Combining Elliott’s [12] remarkable classification theorem for circle algebras
of real rank zero with the above properties we state the following theorem

which will be part of our Theorem 2.1.

Theorem 1.14. A complete isomorphism invariant for the family of C*-

crossed products C(X) x Z, where (X, ) is a Cantor system, is the sn’nple
7
dimension group K°(X, ) with distinguished order unit 1.

Combining the above results with Theorem 1.12 we get the following theo-

rem.
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Theorem 1.15. ([17 ; Th. 8.6, Cor. 8.7].) The family C = {C(X) x
7

Z)|(X, ) Cantor system} coincides with the family F of simple circle alge-
bras of real rank zero with K; equal to Z (excluding the case when Ko = Z).

Of crucial importance for proving our results will be an exact sequence
of Ko—groups of C*-algebras that are associated with the Cantor system
(X,p) — a penetrating analysis of which was done in [28]. We summarize

the main results of [28] by stating three theorems adapted to our situation -
and use.

Let Y be a non-empty closed subset of X. Define the C*-subalgebra Ay of
C(X) x Z which is generated by C(X) and u,Co(X \Y), where Co(X \Y)
@

denotes the continuous functions vanishing on Y.

Theorem 1.16. ([28; Th. 3.3 and Cor. 5.6.].) A} is an AF-algebra which
is simple if and only if Y meets each y-orbit at most once.

Theorem 1.17. ([28; Th. 4.1].) Let ¢ : Ay — C(X) x 7 denote the
@

inclusion map. Then there is an exact sequence
0—Z % C(Y,Z) — Ko(AL) 2 Ko(C(X) x Z) = 0
©

where o is the map taking n € Z to the constant function n. Moreover, for
every a € Ko(C(X) x Z)F, there is b € Ko(Af)T so that i.(b) = a.
]

Corollary 1. Let Y = {y}. Then i. : Ko(A7,) — Ko(C(X) X Z) is
an isomorphism of ordered groups preserving the distinguished order units,
i.e. the elements of K, corresponding to the identity operators. Hence
Ko(C(X) X Z) is a simple dimension group. Also Ko(C(X) X Z) is order
isomorphic to K°(X,¢) = C(X,Z)/Im(id — ¢.) by a map preserving the
distinguished order units.

Combining Theorem 1.17 with Corollary 5.7 of [28] we may state the fol-

lowing two corollaries which will be pivotal results in proving Theorems 2.2,
2.3 and 2.5.

Corollary 2. Let Y = {y1,...,Yk+1} consist of k41 points lying in distinct

15



orbits. Then A7 yisa simple AF-algebra and

~a¥k41

0— ZF — Ko(AL, 1) I Ko(C(X) x 2Z) — 0

©

tivity preserving, i.e. i, (Ko(C(X) >é Z)*t\ {0}) = Ko “{”yh_."yk“})Jr \ {0}.

Corollary 3. Let Y = {y1,...,Yn,.--:¥o0} De a countable set of points

.....

AF-algebra and

0—Z> — I{O(Afyl,...,yn,...,yoo}) 2 Ko(C(X) X Z)—0
where Z® denotes the direct sum of countable copies of Z, and Z* embeds

into Inf(Ko(AY,,, 4m..ve)))- Furthermore, i, is strict positivity preserving.

Let T denote the quotient group M(C(X),C(X) x Z)/U(C(X)), where
@
NM(C(X),C0(X) x Z) denotes the normalizer group of C(X)in C(X) x Z
@ 7
and U(C(X)) denotes the unitaries of C(X). Then I'* acts on X as homeo-

morphisms preserving the p-orbits. Likewise, let T% denote N(C(X), AY)/
U(C(X)). So I'{ is a subgroup of I'?.

Theorem 1.18. ([28; Th. 5.4 and Cor. 5.5].) Let Y = {y1,...,ym}
consist of m points lying in disjoint orbits. Let v € I'*. Then v € Iy iff

~y({pt ()|l > 1}) = {¢' ()|l 2 1} for i = 1,...,m — in other words, v
preserves the half orbits of y1,...,ym.

Finally we shall need the concept of strong Moritaequivalence of C*-algebras.
Rieffel [32] defined strong Morita equivalence of two C*-algebras in the sense
of having an imprimitivity bimodule. For separable C*-algebras B and C
this was subsequently shown to be equivalent to stable isomorphism, i.e.
B®K = C®K, where K is the algebra of compact operators on a separable
infinite-dimensional Hilbert space. We will adopt an equivalent definition
of strong Morita equivalence which is analogous to Definition 1.7 of Kaku-
tani equivalence for dynamical systems. We state the definition for simple,
unital and separable C*-algebras. (We refer to [32] for a survey article on

Morita equivalence for operator algebras.)
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Definition 1.19 (Strong Morita equivalence.) The simple, unital and sep-
arable C*-algebras B and C are strongly Morita equivalent if B and C are
corners of a simple, unital and separable C*-algebra A, i.e. there exist

projections p and ¢ in A so that B = pAp, C = ¢Aq.

Remark. Two simple, unital AF-algebras B and C are strongly Morita
equivalent if and only if the simple dimension groups (Ko(B), Ko(B)*t) and
(Ko(C), Ko(C)*) are order isomorphic, cf. [32]. Theorem 2.6 states an anal-
ogous result in the setting of dynamical systems and associated C*-crossed

products.

2. Main results.

Recall that a Cantor system is a minimal dynamical system (X, ), where

X is a Cantor set..
Theorem 2.1. Let (X;,¢;) be Cantor systems (i = 1,2). The following
are equivalent:

(i) (X1,¢1) and (Xz, ) are strong orbit equivalent.

(ii) K°(X1,¢1) is order isomorphic to K°(Xz,p2) by a map preserving
the distinguished order units.

(iii) C(X1) x Z is isomorphic to C(X3) X Z.

1 2
Theorem 2.2. Let (Xi, ;) be Cantor systems (¢ = 1,2). The following
are equivalent:

(1) (X1,1) and (X3,¢2) are orbit equivalent.

(ii) The dimension groups K°(Xi,:)/Inf(K°(X:,:)),i = 1,2, are order
isomorphic by a map preserving the distinguished order units.

(iii) There exists a homeomorphism F' : X; — X carrying the y;-invariant

probability measures onto the (,-invariant probability measures.
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Corollary 1. Let (X;, ;) be uniquely ergodic Cantor systems (1 =1,2).
Then (Xy, 1) is orbit equivalent to (X, p2) if and only if {1 (E)|E clopen
subset of X1} = {pa(F)|F clopen subset of X,}, where p; is the unique

;-invariant probability measure on X:(1=1,2).

Proof. By Theorem 1.13, (K°(X;,¢:), K°(Xi, i), 1) has a unique state
induced. by pi,7 = 1,2. By [9; Cor. 4.2.] condition (ii) of the theorem is
equivalent to the stated equality. a

Recall that the dynamical system (X,), X compact and metrizable, is
distal if for every T, # z5 in X there exists € > 0 so that d(¢™(z1), 9" (z2)) >
¢ for all n € Z. Here d is a metric that yields the topology of X. (Observe
that the concept of distality does not depend on the metric.) It is a fact that
the family of distal Cantor systems-coincides with the odometer systems,
i.e. the family of minimal rotations on compact 0-dimensional groups ("a-
adic groups”), cf. [13], [18; Chapters II, IV]. In particular, these systems
are uniquely ergodic, the (normalized) Haar measures being the unique
invariant probability measures.

Recall that a Denjoy homeomorphism is an aperiodic homeomorphism of the
circle, p : T — T, which is not conjugate to a pure rotation. Denjoy proved
that such ¢ can not be of class C?, i.e. ¢ and ™' are twice diffentiable
with continuous derivatives. By a Denjoy system we shall mean a Denjoy
homeomorphism restricted to its unique invariant Cantor set. A Denjoy
system is uniquely ergodic. We refer to [30] for a survey and K-theoretic

properties of such systems.
We have the following remarkable corollary of Theorem 2.2.

Corollary 2. Let (X, ) be a uniquely ergodic Cantor system. Then (X, )
is either orbit equivalent to an odometer system or to a Denjoy system.
Specifically, (X, p) is orbit equivalent to an odometer system if and only if
{u(E)|E clopen subset of X} is a subset of the rational numbers Q, where

1 is the unique ¢-invariant probability measure.

Proof. The simple ordered Bratteli diagrams yielding the Bratteli-Vershik
models (Theorem 3.6) for odometer systems are easily seen to be the so-

called UHF-diagrams, characterized by the property that the vertex sets
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Vo, Vi, Vs, ... are all one-point sets. The associated dimension groups are
characterized by being order isomorphic to subgroups of Q (with natural
order) containing Z — the distinguished order units being mapped to 1.
Moreover, all subgroups of Q containing Z (except Z itself) occur in this
manner [9; Chapters 4, 7]. So by Corollary 1 we get the second statement.
Assume now that {u(E)|E clopen subset of X'} contains an irrational num-
ber a. By [30; Theorem 5.3] and Corollary 1 there exists a Denjoy system
with rotation number o which is orbit equivalent to (X, ¢). o

Remark. The equivalence of (i) and (iii) in Theorem 2.2 is not true if we
drop the condition that the X;’s be Cantor sets. In fact, if X7 = X, =T
(the unit circle) and ¢, and ¢, are irrational rotations by a and f that are
linearly independent over Q, then F = id : T — T satisfies the condition
of the corollary, but the two minimal systems are not orbit equivalent. (It
is easy to show that orbit equivalence coincides with flip conjugacy in this
case. More generally, by a theorem of Sierpinski [40; Theorem 6, Ch. V,
847, I1I] one may conclude that the same holds true for minimal systems

on connected compact metric spaces.)

Remark. To get an analogy to the equivalence of (i) and (iii) of Theorem
2.2 we may formulate the Dye theorem in the ergodic measure-preserving
case as follows:

The ergodic measure-preserving systems (X;, B;, i, ¢;), where (X, Bi, pi)
are Lebesgue spaces with (non-atomic) probability measures p;(i = 1,2),
are orbit equivalent (in the measure-theoretic sense) if and only if there
exists a bimeasurable bijection F': X; — X, mapping p; to ys.

(In fact, it is a classical result dating back to Carathéodory and Souslin

that for all systems (X1, B, p1,1) and (X, Ba, go, ¢2) such an F exists {33;
Ch. 15].)

We will extend Theorem 2.2 to actions of groups I' that were considered by
Krieger [22] and by Stratila and Voiculescu [35]. Specifically, we suppose I’
is a locally finite, countable group acting on the Cantor set X so that the
action of I' is ample (in the sense of [22]), and so that each element of I" has
a fix-point set in X which is clopen. Such groups arise as a countable union

of finite groups {I',} each of which permutes the initial segments of paths
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associated to a Bratteli diagram (V, E). (Cf. Section 3 for definitions.) This
will be explained and utilized later. For this reason such systems (X,T) will
be referred to as AF-systems. We will restrict our attention to minimal AF-
systems, i.e. systems (X,T), where X is a Cantor set and each I-orbit is
dense. As described in [22] there is associated with such a system a simple
dimension group which we denote by K°(X,T).

We may now state the following theorem which will extend Theorem 2.2 to
also include AF-systems. For convenience in stating the theorem we will
alter our notation so that K°(X, ) becomes K°(X,Z). (We must take care

that it is clear which integer action we consider.)

Theorem 2.3. Let (X3,T1),(X2,T2), where X; and X3 are Cantor sets,
be two minimal dynamical systems, each of which is either an AF-system
or is singly generated, i.e. I'; = Z.

The following are equivalent:

i) (X1,T1) and (X;,T;) are orbit equivalent.

ii) The dimension groups K°(X;,T:)/InfK°(X;,I;), ¢ = 1,2, are order

isomorphic by a map preserving the distinguished order units.

iii) There exists a homeomorphism F' : X; — X, carrying the I';-invariant

probability measures onto the I';-invariant probability measures.

The next theorem states what extra condition we must impose on an iso-
morphism between crossed products to get flip conjugacy of the dynamical
systems. Also, the equivalence of (i) and (ii) of the theorem is a special case
of Boyle's theorem (Theorem 1.4) and we present a proof of this equivalence

here by kind permission.
Theorem 2.4. Let (X;, ;) be Cantor systems (¢ = 1,2). The following
are equivalent:

(1) (X1,¢1) and (X2, p2) are flip conjugate.

(i) There exists an orbit map F': X; — X so that one (hence the other)

of the associated orbit cocycles is continuous everywhere.
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(iii) There exists an isomorphism a : C(X1) x Z — C(X3) x Z so that «
1 P2
maps C(X;) onto C(Xz). ‘

Remark. Tomiyama [37] has recently obtained a generalization of Theorem
2.4, whereby the Cantor condition may be dropped.

Remark. There is an abundance of Cantor systems that are strong orbit
equivalent but not flip conjugate. In fact, Boyle and Handelman [6] have
recently constructed examples of dynamical systems of all possible (topo-
logical) entropies which are strongly orbit equivalent to the dyadic adding
machine, and they conjecture that an analogous result is true in general. In
fact, they conjecture something much stronger: if (X, ¢) is a Cantor sys-
tem and (Y, D, p, ) is an ergodic measure-preserving system (4 non-atomic
probability measure), then there should exist a Cantor system (5( , ) that
is strongly orbit equivalent to (X, ¢) and a @-invariant probability measure
v on X so that (X,B,u, $), B the Borel sets, is metrically isomorphic to
(Y, D, u,¥). The conjecture would generalize both Dye’s theorem as well
as the Jewett-Krieger theorem [25; Ch. 4, Sect. 4] (i.e. every (Y, D, u,%) is
metrically isomorphic to some minimal uniquely ergodic homeomorphism of
the Cantor set). (Recall that orbit equivalent systems (and so strong orbit
equivalent systems) have the same space of invariant probability measures,
cf. Theorem 2.2.) However, the authors of this paper have found an ob-
struction for the above conjecture to be true, and this concerns the rational
part of the discrete spectrum. (Details of this will be published elsewhere.)
In fact, the conjecture should be modified by adding the condition that the
rational discrete spectrum of (Y, D, p, ) should contain the rational eigen-
values of (X, ¢).

Returning to Theorem 2.4: As entropy is an invariant under flip conjugacy
the above theorem in conjunction with Theorem 2.1 implies that the Cartan

subalgebras (or "diagonals”) (cf. [31]) of the crossed product C(X) x Z
7
that are isomorphic to C(X) are not conjugate. (Here (X,¢) is a Cantor

system.) In fact, if they were conjugate any isomorphism of Theorem 2.1
will satisfy condition (iii) of Theorem 2.4 by composing with an automor-
phism. This contrasts with the situation for AF-algebras, cf. [31; Ch. III,
Cor. 1.16].



The next theorem considers the continuity properties of the orbit cocycles

m and n and throws new light on the notion of strong orbit equivalence

(Definition 1.3).

Theorem 2.5. Let (X;, ;) be Cantor systems (i = 1,2). The following

are equivalent:

(i) (X1,1) is orbit equivalent to (X2, p;), and there exists an orbit map

F : X, — X, so that the associated orbit cocycles m,n : X3 — Z
each have finitely many points of discontinuity in (necessarily the
same) disjoint ¢q-orbits. Assume k + 1 is the least possible number
of discontinuity points by considering all such maps F'. (If there are

no discontinuity points we set k = 0.)

(ii) There exist subgroups, both isomorphic to ZF, of Inf(K°(X1,¥1))
and Inf(K°(Xz,ps)), respectively, so that the quotient groups

KX, 0:)] 25 (i=1,2)

(with the induced order) are order isomorphic by a map preserving the
distinguished order units (more precisely, the quotient image of the distin-

guished order units), where k is the least natural number with this property.

Remark. The groups K°(X;,¢:)/Z* (¢ = 1,2) may have torsion and so are
not necessarily dimension groups. However, the positive cones correspond-
ing to the induced order do satisfy conditions (i), (i), (iii) that are listed
in Section 1 for ordered groups. And so it makes sense to talk about order

isomorphism in this case.

Corollary. Let (X;,¢;) be Cantor systems (i = 1,2). Assume K°(X1, 1) is
order isomorphic to K°(Xy, ;) by a map carrying the distinguished order
unit of K°(X1,1) to the distinguished order unit of K°(Xa,2) modulo
Inf(K°(X3,@2)). There exists an orbit map F': Xi — Xj so that each of
the associated orbit cocycles has at most 2 points of discontinuity in disjoint

orbits.

Proof. Let a : K°X1,p1) — K°(Xa,¢2) be the order preserving map
so that a(1) = 1 + e, where e € Inf(K%X3,2)). So by Theorem 2.2
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(X1,p1) is orbit equivalent to (X2,2). Also, e generates a subgroup of
Inf(K%(X,,p2)) isomorphic to Z. Likewise f = a7'(e) is an element of
Inf(K°(X1, 1)) that generates a subgroup of Inf(K°(X1, 1)) isomorphic
to Z. Dividing out by Z in both K°(Xj, 1) and K°(X3,¢2) and considering

the induced map
&: K°(X1,¢1)/Z — K°(X2,02)/Z,

we see that condition (ii) of the theorem is satisfied for k¥ < 1. O

Remark. There do exist systems where the scenario of the corollary arises
and gives rise to exactly 2 points of discontinuity. The converse is not
true however: one may have systems with 2 points of discontinuity not
arising from the above scenario. Examples can be obtained by using the
fact that Ext(Q, Z) # 0. In fact, let G be a (acyclic) simple dimension group
with order unit u, and let G; = G @ Inf(G:), G2 = G @ Inf(Gz), with
order units (u,0), so that Inf(G1)/Z = Inf(G:)/Z = Q (for subgroups of
Inf(G;),i = 1,2, isomorphic to Z), but Inf(G1) % Inf(Gz). Then Gy is
not order isomorphic to Gy, but condition (ii) of Theorem 2.5 is satisfied
for k=1 (cf. Theorem 1.12).

The next theorem relates Kakutani strong orbit equivalence of dynamical
systems to Morita equivalence of the crossed products — the link being the

associated dimension groups without distinguished order units.

Theorem 2.6. Let (Xi, ;) be Cantor systems (2 = 1,2). The following
are equivalent:
(i) (X1,1) and (X3, ¢3) are Kakutani strong orbit equivalent.

(i) K°(X1,¢1) is order isomorphic to K°(Xs,2) (by a map not neces-
sarily preserving the distinguished order units).

(iii) C(X1) x Z is strongly Morita equivalent to C(Xz) X Z.
@1 ¥2
Proposition 2.7. Let (X;,¢;) be as in Theorem 2.6 ( = 1,2). Then

(X1, 1) is Kakutani orbit equivalent to (Xq,2) if and only if the simple

dimension groups

KD(XHLPJ/ITL]C(I{O(XHLP:)) ) 1= 1327
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are order isomorphic (by a map not necessarily preserving the distinguished

order units).
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3. Ordered Bratteli diagrams and associated dynam-
ical systems. The dynamical significance of the order
unit — Kakutani equivalence.

We first recall some basic concepts and results which also will give us the

opportunity of introducing some relevant notation. For details we refer to

[9], [L7]. (Cf. also [34].)

Definition 3.1. A Braiteli diagram (V, E) consists of a vertex set V' and
an edge set E, where V and E can be written as a countable disjoint union

of non-empty finite sets:
V=V, UWVKuUWU--- and E=EUFEU---

with the following properties:

i) Vo = {vo} is a one-point set.

ii) There exist a range map r and a source map s from E to V so that
r(E,) C V, and s(E,) C V1. Also, we assume that s71(v) # 0 for
allveVand r t(v)# 0 forallv e V\W.

There is an obvious notion of isomorphism between Bratteli diagrams (V, E)
and (V', E') ; namely, there exist a pair of bijections between V and V' and

between E and fi preserving the gradings and intertwining the respective

source and range maps.

A Bratteli diagram can be given a diagrammatic presentation with V5 the
vertices at level n and E, the edges between V,_y and V,, and with the

obvious range and source maps. Also, if |V _1| = ta—1 and |V,| = t, then
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the edge set E, is described by a tn X th_y incidence matrix. (See Fig. 1).

.Devel, Incidence matrix s (e)
el Vn—l .
<1 1 1>
020 /
n Fe I \ ’n
,J.. l\
(2 O) n+l / \\
n+l ‘ © ’ !

Figure 1.

Now let k,l € Zt with k < [ and let Ex1y 0 Egq20---0 E; denote all paths
from Vi to V. Specifically,

Eppr0---0E = {(expr,  re)lei € Ei=k+1,--,0
r(e;) = s(eip1),t = k+1,---, 1= 1}

We define r((exy1, -, e)) = r(e) and s((exs1,- ver)) = s(er) -

Definition 3.2. Given a Bratteli diagram (V, E) and a sequence mo = 0 -~
my < my < -+ in Z*+, we define the telescoping (calied coniraction in ¥¢))
of (V,E) to {my,} as (V', E'), where V| = Vi, and B! = Epy, 4100 En,

and the range and source maps are as above.

For example, if we remove level n of Figure 1 we get a telescoping to levels
n—1 and n+1 as indicated in Figure 2. Note that the new incidence matrix

is the product of the two incidence matrices of Figure 1.
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20 / \\//

Figure 2.

n+l

The converse operation of telescoping a Bratteli diagram is microscoping,
i.e. filling in new levels — thus making the diagram more ”detailed” — so
that by telescoping to the old levels we get the original diagram back.

The Bratteli diagram (V, E) gives rise to an approximately finite-dimensional
(AF) C*-algebra AF(V, E) as follows: at the vertex v € V we put My ,)(C),
the k(v) x k(v) matrix algebra over C, where k(v) is the number of paths
from the top vertex vo € Vg to v. (We put C at vo.) At level n we get a
(finite-dimensional) multi-matrix algebra A, of the form

An = My ) @ - @ My m)

where V, = {v§"), . vtn)} A, has a unique norm in which it is a C*-
algebra. The Bratteli diagram encodes the various (unital) inclusion maps
ing1 : An — Any1. By definition AF(V, E) is the C*-algebraic limit of the
system

C=Ao—i-L+A1—£2—"A2‘_*'“

We let ~ denote the equivalence relation on Bratteli diagrams generated
by isomorphism and telescoping. It is not hard to show that (V*,E') ~
(V2, E?) if and only if there exists a Bratteli diagram (V, E) so that tele-
scoping (V, E) to odd levels 0 < 1 < 3 < --- yields a telescoping of either
(V',EY) or (V2,E?), and telescoping (V, E) to even levels 0 <2 <4 < ---
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yields a telescoping of the other. The AF-algebra AF(V, E) associated to
(V, E) only depends on the equivalence class of (V, E). In fact, by Bratteli’s
fundamental paper [3; Thm. 2.7] we have that AF(V,E) = AF(V', E')
if and only if (V, E) ~ (V',E'). We remark that to the Bratteli diagram .
(V, E) is also associated a dimension group which we denote by Ko(V, E)
— the notation is motivated by the connection to K-theory, see below. In

fact, to the Bratteli diagram (V, E) is associated a system of ordered groups

ZIVol 24 givil £3 giVal #3 gVl _, ..

where the positive homomorphism ¢, is given by matrix multiplication with
the incidence matrix between levels n — 1 and n. By definition Kq(V, E)
is the inductive limit of the system above endowed with the induced order.
Ko(V, E) has a distinguished order unit, namely the element of Ko(V, E)*
corresponding to the element 1 € Zl = Z. Elliott [11] showed that
(V,E) ~ (V', E') if and only if Ko(V, E) is order isomorphic to Ko(V", E" by
a map sending the distinguished order unit of Ko(V, E) to the distinguished
order unit of Ko(V’, E').

Definition 3.3. An ordered Bratteli diagram (V, E, >) is a Bratteli diagram
(V, E) together with a partial order > on E so that edges e, e in E are

comparable if and only if r(e) = r(e’) ; in other words, we have a linear
order on each set r~1(v),v € V \ V.

Note that if (V, E,>) is an ordered Bratteli diagram and k < lin Z*, then

the set B30 Eg4p0---0E; of paths from Vi to Vi may be given an induced
(lexicographic) order as follows:

(€k+1,6k+2,' t 781) > (fk+17fk+27' ot ?fl)

if and only if for some ¢ with k+1 <1<, e; = f;for: < j <lande; > f;.
It is a simple observation that if (V, E,>) is an ordered Bratteli diagram
and (V', E') is a telescoping of (V, E) as defined in Definition 3.2, then with
the induced order (V', E’,>) is again an ordered Bratteli diagram. We say
that (V/, E',>) is a telescoping of (V, E,>).

Again there is an obvious notion of isomorphism between ordered Brattell

diagrams. We let & denote the equivalence relation on ordered Bratteli
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diagrams generated by isomorphism and by telescoping. One can show
that B! ~ B?, where B! = (V!,E',>Y), B* = (V? E?,>?), if and only if
there exists an ordered Bratteli diagram B = (V, E,>) so that telescoping
B to odd levels 0 < 1 < 3 < --- yields a telescoping of B! (or B?), and
telescoping B to even levels 0 < 2 < 4 < --- yields a telescoping of the
other. This is analogous to the situation for the equivalence relation ~ on

Bratteli diagrams as we discussed above.

In contrast to the situation for Bratteli diagrams not every microscoping
procedure will render ~ equivalent ordered Bratteli diagrams. However, the
special microscoping procedure that we will call symbol splitting does give
~ equivalent diagrams. Symbol splitting between two consecutive levels,
say level n —1 and level n, of the ordered Bratteli diagram B = (V, E, >) is
done by filling in one new level between the two so that the number of new
vertices equals the number of edges in E,, , and so that there is exactly one
path from level n — 1 to level n going through each of the new vertices. It
is easy to see how to introduce an order on the edge set of the new diagram
so that by telescoping one gets the original ordered diagram back. Figure
3 illustrates symbol splitting (the ordering of the edges are indicated).

n-1 | /°
LN

L4

Figure 3

Let B = (V,E,>) be an ordered Bratteli diagram. Let Xp denote the

associated infinite path space, i.e.
Xg = {(e1,e2, ") &i € Ei,r(e;) = s(eiy1) fori =1,2,---} .

We will exclude trivial cases and assume henceforth that Xp is an infinite

set. Two paths in X g are said to be cofinal if they have the same tails, i.e.
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the edges agree from a certain stage. We topologize Xp by postulating a

basis of open sets, namely the family of cylinder sets

Uler,ez, -+ ex) ={(f1,fo,--) € Xplfi=e€;,1 <0 < k}

Each U(ey, - -, ex) is also closed, as is easily seen, and so we observe that Xp
becomes a compact Hausdorff space with a countable basis of clopen sets,
i.e. a zero-dimensional space. We call Xp with this topology the Brattels
compactum associated to B = (V, E,>). (Note that we do not need the
order of B to define the space Xg — in fact, Xp is determined solely by
(V,E).)

Recall that (V, E) is a simple Bratteli diagram if there exists a telescoping
(V', E") of (V, E) so that the incidence matrices of (V’, E’) have only non-
zero entries at each level. This is equivalent to AF(V, E) being a simple
C*-algebra, and also equivalent to the dimension group Ko(V, E) associated
to (V, E) being simple. Let B = (V, E,>) be an ordered Bratteli diagram
and let Fpa, and Eni, denote the maximal and minimal elements of the

partially ordered set E, respectively.
Definition 3.4. A simple ordered Bratteli diagfam is an ordered Bratteli
diagram B = (V, E, >) so that

(a) (V, E) is a simple Bratteli diagram.

(b) There is a unique path Ymax = (d1,ds,--+) in Xp so that each d; €
Emax,t = 1,2, --. Likewise, there is a unique path ymin = (h1, b2, )
in Xpg so that each h; € Epin,t = 1,2, .

Remarks. ’

(i) In [17] the term essentially simple ordered Bratteli diagram was used
about ordered Bratteli diagrams satisfying condition (b). A slightly

more general family of dynamical systems was studied there.

(ii) Observe that condition (a) implies that the topological space Xp has

no isolated points, and so Xp is a Cantor set.
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(iii) We stress that it is the uniqueness part of (b) that is important. In
fact, one can show that for any ordered Bratteli diagram B there exist
paths in Xp so that each edge lies in Enax (respectively, Emin)-

(iv) If (V,E) is a simple Bratteli diagram with only non-zero entries in
the incidence matrices associated to (V, E), one may introduce an
order > on (V, E) to make it into a simple ordered Bratteli diagram
B = (V,E,>), cf. [34; Section 1]. Actually, it is not hard to see
that one can do the following: if z.and z are two paths of the infinite
path space associated to the simple Bratteli diagram (V, E) such that
the set of edges making up z, respectively z, are disjoint, one may
introduce an order > so that z, respectively z, is the unique max

path Ymax, respectively unique min path Ymin, of (V,E,2>).

We now define a homeomorphism Mg : Xg — Xp , where B = (V, E,>)
is a simple ordered Bratteli diagram. We let AB(Ymax) = Ymin. For z =
(e1,€2," **) # Ymax, We define Ap(z) as follows: since £ # Ymax ab least one
of the edges {e;} is not in Frnay ; let k be the smallest natural number so that
ex ¢ Emax. Let fi denote the successor of e; in E (and so r(fx) = r(ex))-
Let (fi1, far' -+, fe-1) denote the unique least element in E,oEy0---0FEk
from the top vertex vg € Vo to s( fx) € Vk—1. Then we define

’\B((elae%"')) = (flaf2a"'afkaek+175k+2,"')
noting that r(fi) = r(ex) = s(er41)-

It is a simple observation that the map Ag : Xp — Xp is a minimal
homeomorphism. We will refer to Ap as the Vershik map and to (XB,AB)
as the Bratteli- Vershik dynamical system associated to B. It will be a
crucial fact that every Cantor system is conjugate to a Bratteli-Vershik

system (Theorem 3.6).

In the proof of Theorem 2.2, Theorem 2.3 and Theorem 2.5 we shall need
to consider ordered Bratteli diagrams B = (V, E,>) where only condition
(a) of Definition 3.4 is satisfied. With XF* = {(e1, -+, en, - ) € Xglen €
Emax}, XE2 = {(f1,-+*,fny"") € XB|fa € Emin}, we first observe that
condition (a) implies that X%™® N Xg> = (). We define the map Ap on
XB \Xg‘ax as above and we retain the name Vershik map for Ap. A simple
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argument shows that Ag maps Xp\ X5 homeomorphically onto Xp \ Xmin
(cf. [17; Sect. 3]). The problem of when Ap may be extended continuously
to Xpg is rather subtle and will be commented on later. If Ag can be
extended to yield a homeomorphism (which we still will denote by A B) of
X5 we say that B is compatible. If B is compatible then Ag: X — Xpis
uniquely determined and (Xp,)p) is a minimal dynamical system (which
we again will call a Bratteli-Vershik system). In fact, the simplicity of the
Bratteli diagram (V; E) implies that Xp \ X5 is dense in Xp and also
that the \g-orbits are dense — facts that are easily established. Clearly
Ag maps X5 onto X¥™. Also, if B’ = (V', E',>) is a telescoping of a
compatible B = (V, E,>) then B’ is compatible and (X5, Ap) is conjugate
to (Xpr, Apr) via the natural map Xp — Xp/. Consequently,if B = (V,E, >
) is compatible and B ~ B’ = (V', E',>') then B’ is compatible and the

associated Bratteli-Vershik systems are conjugate.

Definition 3.5. Let (X1, ¢1,21) and (X2, ¢2,22) be two (pointed) dynam-
ical systems, where z; € X1,z2 € X5, A pointed topological conjugacy be-
tween the two systems is a homeomorphism & : X; — Xj so that h(z1) = 22

and hop; = @y o h. (In particular, the dynamical systems (X1,1) and
(X, ,) are conjugate.)

To a simple ordered Bratteli diagram B = (V, E,>) with unique maximal
path Ymax we associate the (pointed) minimal dynamical system (XB, AB) Ymax)

Xg being a Cantor set. We can now state the model theorem of [17].

Theorem 3.6. ([17; Th. 4.7].) Let (X,¢,z) be a (pointed) minimal
dynamical system, where X is a Cantor set. Then there exists a simple
ordered Bratteli diagram B = (V, E, >), with unique maximal path ymax ,
so that (X, ,z) is pointedly topologically conjugate to (X, AB, Ymax)-

Moreover, this correspondence establishes a bijection of equivalence classes.
Specifically, if (X;, i, ;) corresponds to B = (Vi,E',>"),i = 1,2, then

(X1,¢1,21) is pointedly conjugate to (X,, 92, z2) if and only if B! ~ B2

Remarks.

(i) Change of base points will in general yield ~-inequivalent simple or-

dered Bratteli diagrams. It is noteworthy, however, that the Bratteli
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diagrams themselves (i.e. strip the order structure) are ~-equivalent.

This will be an immediate consequence of Th. 3.7 below.

(ii) We observe that the orbits of the dynamical system (Xp, Ap) are de-
termined by the cofinal relation, i.e. paths having the same tails, with
the proviso that the paths that are cofinal with the unique maximal

path ymax are "glued” to the paths that are cofinal with the unique
minimal path Ymin.

Theorem 3.7. ([17; Th. 5.4].) Let (X,¢) be a Cantor system. Let
B = (V, E,>) be the associated simple ordered Bratteli diagram according
to Theorem 3.6 (having chosen a base point of X). Let Ko(V,E) be the

simple dimension group associated to B with distinguished order unit. Then
KX, ) = Ko(V,E)
as ordered groups with distinguished order units.

Observe that if (V, E) is a Bratteli diagram with associated dimension group
G = Ko(V, E), then any finite change of (V, E), i.e. adding and/or removing
a finite number of edges, thus turning (V, E) into a new Bratteli diagram
(V', E"), does not change the isomorphism class of G but does change the
order unit. In fact, G’ = Ko(V’, E') is order isomorphic to G but the dis-
tinguished order units are not necessarily preserved by the isbmorphism.
Clearly any change of order unit of G may be obtained by such a proce-
dure.

Likewise, if B = (V, E,>) is a simple ordered Bratteli diagram we may
change B into a new simple ordered Bratteli diagram B' = (V',E’ >’)
by making a finite change, i.e. adding and/or removing any finite num-
ber of edges and then making arbitrary choices of linear orderings of the
edges meeting at the same vertex for a finite number of vertices. So B
and B’ are cofinally identical, i.e. they only differ on finite initial portions.
(Observe that this defines an equivalence relation on the family of simple or-
dered Bratteli diagrams.) We shall show that the Bratteli-Vershik systems
(Xp, p) and (Xp/, Ap) associated to B and B', respectively, are Kaku-
tani equivalent. Convérsely, any dynamical system Kakutani equivalent to

(Xp,Ap) is obtained in this way. This is the content of the next theorem.
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Theorem 3.8. Let (Xp,As) be the Bratteli-Vershik system associated
to the simple ordered Bratteli diagram B = (V, E,>). Then the Cantor
system (Z,1) is Kakutani equivalent to (Xp,Ap) if and only if (Z,¢) is
conjugate to (Xp/, Ap:), where B’ = (V’, E' >') is obtained from B by a

finite change as described above.

Proof. Assume first that B = (V', E' >') is obtained from B = (V, E, >)
by a finite change. Let B’ and B be identical from level n’ and level n,
respectively. Telescope B’ to level n’ and B to level n from the top vertices.
We may as well work with the telescoped diagrams. Hence we may assume
that B and B’ are identical from level 1.

Now the simple ordered Bratteli diagram B that is obtained from B and
B’ by being identical with the two from level 1 and having exactly one edge
for each vertex at level 1 connected to the top vertex, has the following
property: The associated Bratteli-Vershik system (X, Ag) is an induced
system (or derivative, cf. Definition 1.5) of both (XB,Ag) and (Xpr, Ap1),
which is an immediate consequence of the way the Vershik map is defined.
Hence (X5, \g) and (Xp:, Ap:) are Kakutani equivalent according to Defi-
nition 1.7.

Conversely, assume (Z,) is Kakutani equivalent to (Xz, A g) and let (Y, 8)
be a common derivative. So (Y, 8) is the induced system of (Xp, Ag) with
respect to a clopen set F in Xp. Now F is a finite union of cylinder sets.
We may telescope B = (V,E,>) from level 0 to a new level 1 so that F°
in the telescoped diagram is a finite union of cylinders, each of which is
defined by a single edge from level 0 to level 1. We may also assume by '
the simplicity of (V, E) (telescoping further if necessary) that the defining
edges will connect the top vertex to each of the vertices at level 1. In the
telescoped diagram let (V”, E") be the Bratteli diagram corresponding to
in an obvious way and let B” = (V”, E”,>") be the simple ordered diagram
‘that is induced from (the telescoped) B by restricting the ordering of the
edge set. We may henceforth assume that B and B" agree from level 1.

The situation between level 0 and level 1 is illustrated in Figure 4, where
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1<a; <k, t=1,2,...,m, denote the number of edges.

We observe as we did above that the Bratteli-Vershik system (Xgn, Agn)
associated to B” is the derivative of (Xp, Ag) with respect to F', and hence
(Xpn,Ap») is conjugate to (Y,0). So (Z,%) is a primitive of (Xgw, Agn), cf.
Definition 1.6.

We will now construct a simple ordered Bratteli diagram B' = (V', F’, >'),
which will be obtained by a finite change of B”, hence by a finite change of
B, so that (Z,) is conjugate to (Xpg:, Aps), thus completing the proof.

In fact, let h: Xg» — {1,2,..., N} be the continuous function that deter-
mines the tower (X2,, A%,) built over Agn as described in Definition 1.6 so
that (Z,%) is conjugate to (X3, AL.). Let Fi = h~'(i),i = 1,...,N. Then
Xgn = F{U---U Fy is a partition of Xp» into clopen sets. Each F; is a
finite union of cylinder sets. Telescope B” from level 0 to a new level 1 so
that every one of the cylinder sets in question is defined by a single edge
between level 0 and level 1 of the telescoped diagram. Now do a symbol
splitting between these two levels, thereby introducing a new level 1, so
that there are no multiple edges between the top vertex and the vertices at
level 1 of the ensuing diagram B"'. B is ~-equivalent to B” and hence the
respective Bratteli-Vershik systems are conjugate (cf. Theorem 3.6). Now
define B’ from B" by adding ¢ — 1 edges to each of the edges between level
0 and level 1 of B" representing Fi(# 0), in each case letting the original
edge be the smallest among the 1 edges meeting at the same vertex, for

Figure 4.

1=1,2,...,N. The procedure is illustrated in Figure 5 where the ordering
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of the edges is indicated.

e  F; = U(e)uU(f)

Figure 5.

It is easily verified that the Bratteli-Vershik system associated to B’ is
conjugate to (XB., A%,), hence conjugate to (Z,%). Since obviously B’ is
obtained from B” by a finite change we are done. a

We now want to establish the effect Kakutani equivalence has with respect

to crossed products. The following proposition will address that question.

Proposition 3.9. Let (X, ¢) be a Cantor system. Let Z be a clopen subset
of X and let (Z,%) denote the induced (derivative) system of (X,¢) with
respect to Z. Then C(Z) >< Z = p(C(X) X Z)p, where p is the projection

Xz in C(X) X Z, Xz denotmg the cha,ractemstlc function of Z. Conversely,

ifgisa prOJectlon in C(X) x Z, then ¢(C(X) x Z)q = C(Z) 3/,( Z for some
@ ®

induced system (Z,%) of (X, ), where Z is a clopen subset of X.

Proof. Let Z be a clopen subset of X and let ¢ = ¢z : Z — Z be the first
return map as described in Definition 1.5. C(X) x Z is generated by C(X)
and by u = u, acting on L*(X,p), where p is (Pa, p-invariant probability
measure, as described in Section 1. Likewise, C(Z) >1Z Z is generated by
C(Z) and up = uy acting on L*(Z,v), where v is the ¢-invariant proba-
bility measure ﬁ,u (restricted to Z). L?*(Z,v) is naturally isomorphic to
L3(Z,u) = p(L*(X, 1)), where p is the projection Xz in C(X) x Z. Now
0(Z) = Xz - C(X) = C(X) - Xz and so C(Z) C p(C(X) x Z)p. Let
A =rz:Z — Z% be the map described in Definition 1.5 and leqjc Jiy-- o, JK
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be the values ) attains. Since|y-1(s,) = ¢”*|s-1(s,), we get that uo|y-1(s,) =
wk|y-1(g,) = pulk|y-1(g,) for £ =1,..., K. Hence uo € p(C(X) X Z)p and
so C(Z) X Z C p(C(X) X Z)p. To show equality it is sufficient to show
that Xzu'Xz € C(2) 1>p< 7 for all i € Z*. So fix i € Z+. Now ¢'|4 = ¥!|a,
where A C Z is the clopen set

A=Ay 0= AHIG) N (A (J)) N
NVt ) (3=1( )

with ¢ = J;, + - 4+ Ji,. So uh|a = u'|a = Xzu'|s. Hence Xzu'X4 = ubX4.
So if B is the (finite) union of the sets {Ay, ..z ¢ = Jiy + -+ Ji,}, then
Xzu'Xpg € C(Z) 3; 7. As Xzu'Xz = Xzu'Xg this establishes that XzuiXz €
C(Z) >1Z Z and we are done.

Conversely, let ¢ be a projection in C(X) x Z. By [29; Thm. 2.1] ¢ is
7]
unitarily equivalent (in C(X) x Z) to a projection p = Xz in C(X), where
7
Z is a clopen subset of X. So q(C(X) x Z)g = p(C(X) x Z)p, and by the
¢ @

first part we get the desired conclusion. O

Corollary. Let (X, ) and (Z,¢) be as in the proposition. Let Y be a closed
subset of Z. Then A$ = pA¥p, where p = Xz and the isomorphism is giver
by the same map as in the proposition. In particular, f € C(Z) C AY
is mapped to f € pC(X)p C pA$p, where f(z) = f(z) for z € Z and 0
otherwise.

Proof. Recall that A is the C*-subalgebra of C(Z) >1Z Z generated by
C(Z) and uCo(Z \ Y) — similarly for Ay. Now w*Co(X \ F)u = Co(X \
¢ Y(F)), where F' is a closed subset of X. Using this we proceed as in
the proof of the proposition to show first that uoCo(Z \ Y') C pAYp, hence
A’{i C pAYp. To get the opposite inclusion it is sufficient to show that for
i € Zt and fi,...,fi € Co(X \Y) we have pufiufs---ufip € AY. Now
ufiufa---ufi = uif for some f € Co(X \ (Y U™ (¥)U - U (Y))).
Proceding as in the proof of the proposition one establishes put fp € A§l’,. D

4. Proof of Theorem 2.1.
(i1) < (iii). This is Theorem 1.14.
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(ii) = (i). By Theorem 3.6 and Theorem 3.7 we may assume that (X:, i)
is the Bratteli-Vershik system (Xp,, Ag;) associated to the simple ordered
Bratteli diagram B! = (V%, E',>"),i = 1,2, and with Ko(V, EY) = Ko(V?,
E?) as ordered groups with distinguished order units. Hence (VL EY) ~
(V?, E?) and so there exists a simple (not ordered!) Bratteli diagram (V,E)
with the property that by telescoping (V, E) to even levels 0 <2 <4 <---
we get a telescoping of (V?, E?), and by telescoping (V, E) to odd levels
0<1<3<-- we get a telescoping of (V', E'), cf. Section 3. We may
assume that all entries of the various incidence matrices of (V, E) are > 2
In fact, this is achieved by telescoping (V, E) appropriately to alternate
odd and even levels. Thus we may assume at start that (V,E), which
we will call the aggregate Bratteli diagram of (V?, E') and (V?, E?), has
the property of having multiple edges between every pair of vertices from
consecutive levels, and that telescoping (V, E) to even levels yields (vV2, E2)-
and telescoping to odd levels yields (V!, E'). (Recall that by telescoping a
simple ordered Bratteli diagram the associated Bratteli-Vershik systems are
conjugate, cf. Theorem 3.6.) We want to construct two-homeomorphisms
F: Xg — X, Fy : Xgz — X, where X is the path space associated
o (V,E), topologized as described in Section 3, with the properties of
preserving the cofinal relation and so that Fy(yh..) = Fa(¥hax)s F1(Ymn) =
Fy(y2s.). (Cf. Remark (ii) to Theorem 3.6.) This is done in the following
manner:

Using the notation introduced in Section 3 we will establish for each even

n bijections
(*) ETL 0 ETL;{r—l A E};}__*,l, ETL-—-I o} ETL — ET2‘L/2

respecting the range and source maps, recalling that V,, = = Vi m1 for m odd
and V,, = Vm for m even. In addition we have By = E} a,nd Vo=V =
V2. The leeCthDS will be chosen successively. Let yi_ = (el e, ---) €
Xpi,yio = (fi, fi, +) € X§, i = 1,2. Assume we have defined the various
bijections up to level n of (V, E), starting with E; identified with E}. For

the sake of argument let us assume n is even.
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Let v =s(el);) € Vg_l = V-2,
'l)ll = 7‘(6,11/2) _ (62121__}_1) E V Vn.—17
" = r(ei/z) = (62;2 1) € V/z = Vo,
,vllll _ r(elg__*_l) & Vé_,_l = Vn41-
Level
n-2 oV (V,E)
//e
n...'] V” o
\ell
n .V”'
/elll
n+l vun‘
Figure 6.

Let (¢/,€") € Eq_y 0 E, correspond to €2/, € EZ/, by the (already defined)
bijection En—1 0 E, + EZ,,. (See Figure 6.) We postulate that (e",e") €
E, o E,4; shall correspond to elg a1 € EI% +1» Where € is any edge in Eniq
with s(e”’) = v, r(e”) = v"”. Similarly we handle the min edge f},+1 €
E} PN with the proviso that f” € E,,, is chosen different from e, which
is posmble by our assumption on (V,E). Let E, 0 Epyy < En+1 be any
bijection extending the above correspondences and respecting the range and
source maps. (If n is odd we proceed similarly.)

The various bijections () give rise in an obvious way to homeomorphisms
F:Xp — X, Fy: Xg2 — X,

with the asserted properties. In fact, if z' € Xpgi is cofinal with 7 € Xagi,
then Fi(z') is cofinal with Fi(z'), 7 = 1,2, and the bijections (*) are rigged
so that

Fl(yxlnax) = FQ(yxznax)? Pvl(yrlmn) = Fz(yznin)'

Let F = F;'oF, : Xg1 — Xpg2. Then F is an orbit map between (Xp1,Ap1)
and (Xpg2, Ag2) according to Remark (i1) to Theorem 3.6. Let m,n : Xp1 —
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7 be the orbit cocycles associated to F' and defined by
Folpi(z) = /\%(f) o F(z), Fo )\EI(I)(J:) = Ag2 0 F(z), z € Xp1.

We will show that n(z) is continuous for all z except possibly for z =yl ...
(A similar argument works for m(z).) This will complete the proof of (ii)
= (i).

Let © = (g1,02,-.-) € XBi» T # Ymax = (€ls€5--), and let k be the
smallest natural number so that gy # ei. Consider the (clopen) cylinder set

U=U(g1,92,- -9k Ght1) = {(h1,ha,...) E Xprlhi=9gi 1 1<k + 1}

containing z. Let z € U. By one of the characteristic properties of the
Vershik map z and A (z) will be cofinal from level k, i.e. the edges making
up z and Api(z) coincide from level k starting with the edge gk4+1. Conse-
quently, bearing in mind how F is defined, F'(z) and F/(A p1(2)) are cofinal
from level k. In particular, F(z) and F(Ap:(z)) pass through the same
vertex v at level k. Since z,z € U we get that Ap:(z) and Api(z) have the
same initial segment from the top vertex (i.e. level 0) to level k+1. Conse-
quently, F(Ap:(z)) and F(Ap1(z)) have the same initial segment from level
0 to level k. The same is true for F(z) and F(z). Putting all this together, '
bearing in mind that iterates of Ap2 applied to F (z) "sweeps out” the initial
segments from the top vertex to vertex v, we conclude that there exists an
integer N so that

' Folgi(z) = A2 0 F(2)

for all z € U.
This proves that n : Xg — Z is continuous at z, thus finishing the proof
of (i1) = (i).
(We remark that in general n(z) and m(z) will not be continuous at z =

max

systems with the indicated ordering are orbit equivalent by the identity

map. Yet it is easily seen that the orbit cocycles are discontinuous at the
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max path y! _ . In this case the two systems are actually conjugate!)

° ’

' = _ 02 »An2)
(Xg1 5 2g1) F=id RN (Xg2 » "2
“112f 314 |3 2f4
@ -]
etc. etc

Figure 7.

(i) = (ii). Assume (Xi,¢1) and (X3,¢2) are strong orbit equivalent and
let F: X; — X, be an orbit map so that the associated orbit cocycles
m,n : X1 — Z defined by

Fopi(z) =} o F(z), Foel(z)=py0F(z), z€X,

have at most one point of discontinuity each. By considering ¢, = Flo

@30 F : X; — X;, which is conjugate to (2 and has the same orbits as 1,
we get that

e1(z) = 32"@(2), a(z) = ¢ V(e), T € Xi.

So we may assume to start with that ¢: and o2 act on the same space X
and has the same orbits, and that the orbit cocycles m,n: X — Z defined
by '

or(z) = ot D(z), pa(z) = o7 O (e), 7 € X,

have at most one point of discontinuity each. By Definition 1.11 it is enough
to show that Im(id — ¢1.) = Im(id — @z.). Assume first that n(z) is
continuous for all £ € X except possibly for z = zo. We shall deduce
from this that Im(id — ¢1.) C Im(id — ¢s.). Since a similar argument for
m(z) will yield the other inclusion, this will complete the proof. Clearly
it is enough to show that (id — p1.)(XE) = XE — Xgy(B) € Im(id — pa.)
for a clopen set E C X, since any f € C(X,Z) can be written as a finite

linear combination of characteristic functions of clopen sets. In the sequel
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we will use the notation [f]i;, where f € C(X,Z), to denote the element
of KO(X,p:i) & Ko(C(X) x Z), © = 1,2, that f maps into. Recall from
Section 1 that forz = 1,2, (LZP'K(X) x Z 2 CH(C(X),ui = Uy, ), 1e. C(X) X Z
is isomorphic to the C*-algebra g:r;erated by C(X) (acting as multiplicailion
operators) and the unitary operator u;:g — g0© @;* acting on the Hilbert
space H = L*(X, ), where pis a ;-invariant probability measure. (Since
(1 and ¢, have the same orbits the (1 -invariant and (y-invariant probability
measures coincide, a fact that is easily established, cf. the proof of (i) =
(iii) of Theorem 2.2.) Now wiXpui = X¢y(:) and so [Xgli = [Xem)i for
i = 1,2, where E is a clopen set in X. If ¢1(z) = ©5(z), z € E, for some
k € Z, we get that u1Xg = u’rjXE by the definition of u; and u,. Now let £

be any clopen set not containing Zo. Then
wXE =), Us X Ern—1(k)
k

where the sum is finite. Hence u1Xg € C(X) x Z, and consequently Ay C
w2
C(X) x Z, where AY; , is the simple AF-algebra C*(C(X), u1Co(X\{z0})),
of. Section 1. Now [Xg]1 = [Xoi (gl is in Ko ‘f;o}) (which by Corollary 1 to
Theorem 1.17 is isomorphic to Ko(C(X) x Z) by the injection map) and so
1
there exists a unitary v € A‘{";o} so that vXgv* = Xy (g)- By the preceeding
v € C(XD X 7 and so [Xgla = [Xey(m)l2- Thus [Xgla — Xe(g)lz = 0 in
K°(X,¢2) = C(X,Z)/Im(id — ¢2.) and so Xg — Xpy(g) € Im(id — p2.).
This completes the proof. a

5. Proof of Theorem 2.2.

The proof of the implication (ii) = (i) is lengthy and will require the ap-
plication of techniques and results from a wide variety of sources, including
some homological algebra. On the other hand; the proofs of the implica-
tions (i) = (iil) and (iii) = (ii) are straightforward and will be dealt with
first.

(i) = (iii). Let F': Xy — X, be an orbit map between (Xi,¢1) and
(X3, p2) with associated orbit cocycles n,m : X; — Z defined by

Fop(z) = o o F(z), Fo ¢ (z) = py 0 F(z); = € X1,
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Define ¢, = F"'opy o0 F : X; — X3. Then ¢i(z) = @;(z)(:c), Pa(z) =
©™)(z) and orbit,, (z) = orbits,(z) for all z € X,. Hence we may assume

at start that ¢ and ¢, act on the same space X with the same orbits and

p1(2) = 37(@), ale) = o[ V(a); 2 € X.
We first observe that n and m are Borel functions — for example, the family
of sets { Ay }xez form a partition of X into closed sets, where Ay = {z|n(z) =

k}. Let pu be a @q-invariant probability measure and let E be a Borel subset
of X. Then

t(p1(E)) = p(Urpr(E N Ax))
= Trp(ei(EN Ar)) = 5 p(s(EN Ay))
= Liu(ENAx) = p(E),

and so u is pi-invariant. Likewise we show that a ;-invariant probability

measure is o-invariant. So we have proved (i) = (iii).

(iii) = (ii). This implication is an immediate consequence of Theorem
1.13.

Before embarking on proving the many and varied lemmas needed to prove
the implication (ii) => (i) we will sketch the strategy of our proof. (All
the groups we consider in the sequel will be torsion free, countable, abelian
groups and the maps will be group homomorphisms.) Let G; = K °(X1,01),
Gy = K°%(X3,p2) and let Go = G1/Inf(G1) = G2/Inf(G,). Then Go is
a simple dimension group with distinguished order unit (cf. Remark to
Definition 1.10). Let p; : Gi — Go, p2 : G2 — Go be the quotient maps and
let Hy be the associated pullback defined by the pullback diagram

01 G /M
Ho/ Go
o

2 P2

Specifically, Ho = {(g1,92) € Gi x Ga|pi(g1) = pa(g2)} and 01 and o are
the projection maps. Endowed with the induced ordering Hy becomes a

simple dimension group. Let pg : Ho — Go be the map p; 0 01(= p2 0 02).
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Then ker(po) = Inf(G1)® Inf(G2) = Inf(Ho) and so we have a short

exact sequence

0 — Inf(Ho) > Ho 2 Gy — 0

Now choose a surjective map § : Z%°(= @ Z) — Inf(Ho). (Replacing Z*
by Z®° @ Z> and B by @ 0, we may assume that ker(f) has infinite rank.)
By a theorem of Cartan-Eilenberg in homological algebra [14; Thm. 51.3]
there exist a group H and maps1:2®° — H, n: H — Ho, p: H— G so
that )

0— Z® S5 H 5 Gy —0

Bl nl |

0— Inf(Ho) > Ho 2 Gy —0
is a commutative diagram with exact rows. Since f is surjective so is 7,
and since ker(8) has infinite rank so does ker(n). H becomes a simple

dimension group with positive cone

H™\ {0} = p7 (G5 \ {0}) = 77" (H3 \ {0}).

By considering the maps 7 = oyon: H — Gi,mp = 0307 : H — G, we
get ker(my) = Z*, k = 1,2. We thus obtain the following two short exact
sequences

£: 022 L HBG -0

£: 0-Z° B HBG —0
Tetting v be any element of H so that n(v) = (1x,,1x,) € Ho, where 1x,
and 1y, are the distinguished order units of Gi = K°(X1,¢1) and Gp =
K9(X3, 1), respectively, we get mi(v) = 1x,, k = 1,2. Moreover, Ht\
{0} = 7z }(GF \{0}) and so ix(Z%°) C Inf(H) for k =1,2. Now we invoke
the Fundamental Extension Theorem (Theorem 10.1) which says-that any
element of Ext(Gy, Z*) is realized as described in Corollary 3 of Theorem
1.17, where Gy = K°( X, k) = Ko(C(Xy) x Z), k = 1,2. In particular,
to & in Ezt(Gy,Z%) and &; in Ext(Gg,Z;f’k) there exist Cantor systems
(Z1,%1), (Z2,12) and countable subsets Y1 C Z1,Y; C Z,, where Y; =
{y%k), ey g‘),...,ygﬁ)},yg‘) — y{F) Y} meets each iy-orbit at most once,

and isomorphisms 7 : KO(A%’:) — H rendering a commutative diagram

0— Z® — KO(A%’:) —  K°%Zy,%e) — 0

[ e | =]
0— 7> —I—IE* H —7[5 I{D(Xk,(pk) — 0
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for k = 1,2. (Here = denotes isomorphism of ordered groups with distin-
guished order units.)

It is easy to show that actually 7; and 7, are order isomorphisms. By keep-
ing track of how the order unit v of H is mapped by n:" we adjust the
dynamical systems (Zk, ¥x), k = 1,2, and (retaining the same notation for
the adjusted systems) we establish an order isomorphism between KO(A%])
and KO(AQ) preserving the distinguished order units. From this data we
are able to show orbit equivalence between (Zy, 1) and (Z3,%2). This will
be achieved in an analogous manner as we showed (strong) orbit equivalence
from the assumption K°(Zy,:) = K°(Z,,1,) in the proof of Theorem 2.1.
(In fact, if Yi is a one-point set in Z, k = 1,2, then Ko(AY) = KO(Zx, )
as ordered groups with distinguished order units by Corollary 1 of Theorem
1.17.) Finally, K°(Zg, k) = K°(Xk, px) implies (strong) orbit equivalence
of (Zk,¥x) and (X, @k) for k = 1,2 by Theorem 2.1, thus completing the
proof.

We begin the detailed proof of the implication (ii) = (i) of Theorem 2.2 by
first establishing the result just alluded to. The following two lemmas will
do that.

Lemma 5.1. Let (X,¢) be a Cantor system. Let Y be a closed sub-
set of X. There exists an ordered Bratteli diagram B = (V,E,>) and
a homeomorphism F : X — Xg, so that F(Y) is the set of max paths
Xmax = {(e,...,€n,..-) € XB| en € Ema} and F(p(Y)) is the set of
min paths X53® = {(fi,---sfas--+) € XB|fn € Emin}. The Vershik map
Ag, which is defined on X5 \ X5 (as described in Section 3), yields a
homeomorphism Ag : Xp \ X5* — Xp \. XF™ that can be (uniquely)
extended to a homeomorphism (still denoted by Ag) Ap : Xg — Xp so
that (X, ) is conjugate to (Xp, Ap) via the conjugating map F. Moreover,
Ko(V, E) = Ko(A%) as ordered groups with distinguished order units.

Proof. In the proof of the model theorem (Theorem 3.6) the idea is to have
a sequence of clopen sets {Z,} in X shrink to a one-point set {y} — the
associated sequence of Kakutani-Rohlin towers will determine a (simple)
ordered Bratteli diagram so that y, resp. ©(y), correspond to the (unique)
max path, resp. min path, of the associated path space (cf. [17; Section
4]). Now if instead of a one-point set we start with the closed subset Y
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and let {Z,} be a sequence of clopen sets in" X that shrink to Y, we get
by the same construction as in [17; Section 4] an ordered Bratteli diagram
B = (V,E,>) and a homeomorphism F : X — Xp so that F(Y) = X5
and F(p(Y)) = XF™ The associated Vershik map Ap gives rise to -a
homeomorphism between Xp \ X5** and Xp \ X% (cf. Section 3) which
may be extended to Xp with the properties asserted.

Finally, by construction we get Ko(V, E) & Ko(AY), cf. [28; Section 3]. D

Remark. If Y meets each orbit at most once the Bratteli diagram (V, E)
is simple by Theorem 1.16, and so B = (V, E, >) is compatible according

to the terminology we introduced in Section 3.

Lemma 5.2. Let (X1, 1) and (X3, 2) be Cantor systems. For k=1,2,let
YE = {ygk), o ylR Ly WY C Xy, where y#F) — y®) and Y* meets each
y-orbit at. most once. Assume Ko(A%Y) = Ko(AY3) as ordered groups with
distinguished order units. Then (Xi,¢1) and (X2, p2) are orbit equivalent.

Proof. Let £ = 1 or 2. By Lemma 5.1 and the ensuing Remark we
may assume that (X, k) is the Bratteli-Vershik system (Xpx, Agx ), where
BF = (V* E*,>*) is the ordered Bratteli diagram associated to Y* and
(Xk,ex), (VF, EF) being a simple Bratteli diagram. Furthermore, Ko(V*, E')
=~ Ko(V?, E?) as ordered groups with distinguished order units.

Let us for the time being denote X = Xps, A = Age, ¥ = {y1,. .1 ¥n,- - s Yoo }
for Y* = {¥,...,y®, ...y}, B = (V,E,>) for B* = (V¥ EF,>F).
Observe that no two distinct points of ¥ U A(Y) are cofinal. In fact, if two
paths in X are cofinal they lie in the same orbit by one of the characteristic
properties of the Vershik map. Also, for n € {1,2,...,00}, yn and A(yn)
are not cofinal since yn € X™*, My,) € X™". (Recall that X™**, resp.
Xmin denote the set of paths in X made up of edges in Emax, resp. Emin.)
We note that the orbits of A are determined by the cofinal relation, with the
proviso that paths that are cofinal with y, are "glued” to the paths cofinal
with Myy,) for n € {1,2,...,00}.

Since no two distinct paths of Y U A(Y') are cofinal and yn — Yoo, Myn) —
A(Yoo), We may telescope B = (V,E,>) to get a new ordered Bratteli dia-
gram (which we again will denote by B = (V, E,>)) in which the paths in
Y U A(Y) may be described in the following manner:

(In the sequel we use the notation z(i) = g; € E;, where ¢ = (g1,02,--.) €
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X. Also we denote by |Z| the number of elements of the set Z.) There are

two strictly increasing sequences of finite subsets of Y, resp. MY,

Yo EViCYoC---CY, Y =UY
£ T F

1

Ayoo) VI QY2 G- CAY), MY) = uy{

so that theset {y(z),y'(i)|y € Yi,y’ € Y/} consists of |¥;|+|Y;| distinct edges
in E;. Furthermore, the initial part of each y € Y'\ Y, resp. 3’ € A(Y)\Y/,
coincides with the initial part of Yoo, resp. A(¥eo), between level 0 and level
i. In other words, the paths in Y; \ ¥;_j, resp. Y{ \ Y;_,, splits off from the
remaining paths in Y, resp. A(Y), at level i — 1. We illustrate this in Figure
8.

€

\Yi2 ¥i\

)‘(.yoo) | Yoo

U'm>1Y1:1. = U(fla ey ft'-—la f|) Um>iYm = U(el., ey €inly 6,‘)

Figure 8.

Now we perform symbol splittings (cf. Section 3) between consecutive lev-
els of the diagram, hence getting a microscoping of the ordered Bratteli
diagram. By telescoping to the new levels thus introduced we wind up
with an ordered Bratteli diagram (again denoted by B = (V, E, >)) equiv-
alent to the original one — hence the associated Bratteli-Vershik system

is conjugate to the original one — which has the property that at level
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i the set {r(y(z)), r(¥'(}))ly € Yi,y' € Y/} consists of || + |¥/| dis-
tinct vertices in Vi, Furthermore, {r(y(j))ly € Y \ ¥i} = {r(y(s))} and
WO € MY)\ ¥ = {r(Myee)(i))) for 1 < j < i. Tn other words,
from level ¢ on the paths in Y; \ Y;—; and Y/ \ Y;; pass through distinct
vertices splitting off from the remaining paths in Y, resp. A(Y). (Observe
that this property is preserved under telescoping — the new Yi’s and (¥;')’s
being subsequences of the original sequences.) -

Henceforth we assume that the ordered Bratteli diagrams BF = (V¥, E*,
>F),k = 1,2, have the property described above. Now we proceed in
an analogous fashion to what we did in the proof of Theorem 2.1. Since
Ko(V', E') = Ko(V?, E?) as ordered groups with distinguished order units
there exists an ("aggregate”) Bratteli diagram (V, E) (unordered!) so that
telescoping (V, E) to odd levels 0 < 1 < 3 < --- yields a telescoping of
(V1,EY), and telescoping (V, E) to even levels 0 < 2 < 4 < - yields a
telescoping of (V2,E?). Let X denote the path space associated to (V, E)
topologized as before. The proof will be completed if we can find two home-
omorphisms Fy : Xz — X, Fy: Xgz — X, preserving the cofinal relation
and so that

REW) = KBeY), FROsEY) = ROsed))

forn = 1,2,...,00. In fact, F = F; ' o F; : Xg1 — Xp» will then be the
desired orbit map. To achieve our goal we first telescope (V, E) appropri-
ately to alternate odd and even levels so that the resulting diagram has only
non-zero entries in the associated incidence matrices. Furthermore, we may
adjust this telescoping of (V, E) so that the following holds: Say level m,
resp. m+ 1, of (V, E) corresponds to level i of (V?, E'), resp. j of (V2, E?).
Then ‘
(Ul € v} < {1y e Y}

s () € ¥} € (e (v”) € 17%)
(For £ = 1,2, the sets Y¥ and Y/* refer to the finite subsets of Y* resp.

Ag+(Y'*), that we introduced in our analysis above. Also, if instead level m
of (V, E) corresponds to a level of (V2, E?) we get a similar description.)
Now we do as in the proof of Theorem 2.1, establishing bijections for each
even n

E,oFE 1 E1%+1, E.q10Fk, & E%
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respecting the range and source maps, recalling that V,, = Vay for m
odd and V,, = Vé for m even. We let E; = E] and choose the l;ijections
successively to make sure that the engendered maps Fy : Xp1 — X, Fy:
Xpg2 — X satisfy the above stated conditions. By our setup this is easily

achieved and we leave the details to the reader. 0O

We next need some results about exact sequences involving simple dimen-
sion groups. The following lemma may be considered a folklore result. (All

the maps in the sequel will be group homomorphisms.)

Lemma 5.3. Let :
0—-JS5HISG-0

be a short exact sequence of torsion free and countable abelian groups.
Assume first that (G,G7*) is a simple dimension group, G ¥ Z. Then
H becomes a simple dimension group with the induced order, i.e. H* =
=G+ \ {0}) U {0}. Furthermore, Inf(H) = 7~'(Inf(G)) and so, in
particular, i(J) C Inf(H).

Conversely, assume (H, H*) is a simple dimension group with ¢(J) C Inf
(H). Then G becomes a simple dimension group with the induced order,
i.e. Gt = w(H*). Furthermore, Inf(G) = n(Inf(H)).

In both cases 7 is order preserving.

Proof. The verifications are straightforward and are left to the reader. We
~nlv remark that the condition G % Z is necessary for the first part since
the strict Riesz interpolation property is needed for the proof. (Cf. [10;
Lemma 3.2].) O

Lemma 5.4 Let G5 and G, be simple dimension groups with order units

uy and ‘ug, respectively. Suppose that

as ordered groups with order units (cf. Remark to Definition 1.10) and sup-
pose that both are acyclic, i.e. % Z. Then there exists a simple dimension

group H with order unit v and two short exact sequences
E: 0—=7Z% BNy & BN Gy —0
52:0—+Z°°3H3G2—>0
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so that (a) ix(Z%) C Inf(H), (b) ms(v) = uk and (c) HT\ {0} = m ' (G¥ \
{0}) for k = 1,2. (Z° denotes &7 Z.)

Proof. Let Go denote Gi/Inf(G1) with quotient map py : G, — Gg
(hence G \ {0} = p~*(G§ \ {0})) and let uo = p1(w). Let p2 : G2 — Go
be the composition of the quotient map from G; to G2/Inf(Gz) with the
isomorphism G, /Inf(Gs) = G1/Inf(G1) = Go. Hence GI\{0} = p3 " (G¥\
{0}) and pa(u2) = uo.

Let Hy be the pullback of the diagram

Cre
\GO
G, %

~

in the category of abelian groups, i.e. Ho = {(g1,92) € G1® Galpr(g1) =
p2(g2)}. Let o1, 02 denote the canonical (projection) maps from Ho to (ac-
tually, onto) G; and Gz, respectively.

We get the commutative diagram

op] G1 p1

__— \Go
—_—

Hy

Let po : Hy — Go denote py 0 o1(= p2o03). Let H = pg"(GE\ {0})u{0}.
Then (Ho, Hi) is a simple dimension group by Lemma 5.3. Clearly Hi \
{0} = o7H(GT \ {0}) = 071 (G5 \ {0}). Since Inf(Go) = {0} it follows by
Lemma 5.3 that Inf(Ho) = ker po(= Inf(G1)® Inf(G2))- So we have a

short exact sequence
0 — Inf(Ho) A, Ho 2 Gy — 0

Now choose a surjective map 8 : Z° — Inf(Ho). (Replacing Z* by
7 @Z>® and B by fDH0, we may assume ker B has infinite rank.) By
Theorem 51.3 of [14] the map Ext(Go, Z*°) Py Ezt(Go, Inf(Ho)) is onto.
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(Specifically, since Ext} = 0it follows that Exzty isright exact.) This means
that we may find H and mapsi:Z® — H, n: H — Ho, p: H — Go s0
that ‘
0— Z° 5 H 5 G —0
LB In I
0 — Inf(Ho) 5 Hy B Gy —0

is a commutative diagram with exact rows. (Note: H is torsion free since
7> and G, are so, 7 is surjective since J is so, and kern has infinite rank
since ker 8 has so.) By Lemma 5.3 H becomes a simple dimension group
with H+ = p~1(G \ {0}) U {0} = 1 (H{ \ {0}) U {0}. Consider the map
7 =007 : H— Gq. First, kerm; D keryn, and so ker 7 is of infinite rank.
Next,

kerm;, C ker(p; o m1) = ker(p; 0 01 0n) = ker(poon) = kerp = 7%.

Thus ker7, is an infinite rank subgroup of a free abelian group and is
therefore isomorphic to Z*®. We obtain a short exact sequence

02 L H™ G —0

where i, is the composition of the isomorphism from Z* to ker m; with the

natural inclusion of ker w; in H. The short exact sequence
0——»Z°°i?+H3r-3>G2->0-

is obtained in the same way.

Let v be any element of H so that (v) = (u1,uz) € Ho. (This uses the
fact that p1(u1) = uo = pa(ue) and that 7 is surjective.) Then Te(v) =
o 0 n(v) = ok(ur, ug) = ug for k = 1,2, hence (b). It is clear that

H*\ {0} = p~H(GF \ {0}) = (po o) (GF \ {0}) = n7"(HJ \ {0})

= (ox o) N (GE\{0}) = ¢ (G \ {0}), k= 1,2,
i.e. {c)is valid. (a) follows by Lemma 3.3. 0
The next three lemmas deal with how to construct an induced (derivative)
system of a given dynamical system in order to effect a change of order unit

— making sure that a given closed subset is contained in the new (clopen)

set.
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We will use the following notation throughout: (X,¢) is a Cantor system.
For E a clopen subset of X we denote by [Xg] the element in Ko(A¥) that
Xg maps into. Here Y is a closed subset of X that meets each g-orbit at
most once, and so A% is a simple AF-algebra by Theorem 1.16. We let 1x
and 1xy denote the (canonical) distinguished order units of K°(X,p)(=
(C(X) x 7)) and Ko(AY), respectively. Hence 1xy = [Xx]. Ty was defined
in the s:ction preceding Theorem 1.18 as the normalizer group of C(X) in

¢ modulo the unitaries in C(X). The salient property of T'Y that we shall
need is: T% acts minimally on X [28; Corollary 5.5]. Also, [XE] = Xym)
for v € Y, E a clopen subset of X.

Lemma 5.5. For any z € X and v € Ko(Ay)*™ \ {0} there is a clopen set
E C X so that (i) z € E and (ii) [Xg] i v in Ko(Ay).

Proof. Without loss of generality we may assumev < lxy,andsov = [XF]
for some clopen set F' C X. Since I'Y acts minimally on X we can find
~ € T% so that y(z) € F. Choose a clopen set E so z € E g v YF). O

Lemma 5.6. Let Y = {y1,.-,¥Yny---1¥oo}s¥n — Yoo For v € Ko(AD)T\
{0} with u < 1x,y thereisa clopen set X C X so that (1) Y C Xo and (i)
[XXO] = u.

Proof. Apply Lemma 5.5 with ¢ = yeo to obtain a clopen set Feo, Yoo €
Ew, [XB.] ; u. For each yj not in Ee, (finitely many!), inductively select

a clopen set Fj making sure that

(i) Yk € E
(ii) Ex disjoint from FE., and previous E;’s.

(iii) [XEk] ; u - [XEmuElu---uEk_l]-

Now E = EU( U __ Ej) satisfies all conditions except we have XE] § U

{klys¢E oo}
rather than equal. Now [Xx\£] = [Xx] — [X&] ? 1xy —u. So we can find
E'Cc X\E, [Xg]=1xy —u. Let Xo = X \ E' and weare done. 0

Lemma 5.7 Let (X, ) be a Cantor system. Let X C X be a clopen set
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and let (X, ) be the induced system of (X, @) with respect to X. Let Y be
a closed subset of X meeting each p-orbit at most once. (Consequently Y’
meets each @-orbit at most once.) Then there is an isomorphic map from
C(X) X 7 to p(C(X) >q§ 7)p, respectively from AY to pALp, where p = Xx,

mapping f € C(X) to f, where f(z) = f(z) for z € X and 0 otherwise.
This induces maps in K-theory so that the following diagram commutes.

KO(A3) = K°(X,p)
=) |
K°(4y) — K°(X,®)
where = denotes order isomorphism and the horizontal maps stem from the
inclusions AL «— C(X) x Z, respectively AJ — C(X) x Z.
@ $

Proof. The first part follows from Proposition 3.9 and its corollary. Now
p(C(X) x Z)p C C(X) x Z and pAYp C Ay induce isomorphisms on
K -theoryls C(X)xZ a,nz A% are simple C*-algebras. Also, Ko(C(X) x
7) = K°(X, %), K::(C’(X) X Z) = K% X, ), cf. Corollary 1 to Theorel;Pl
1.17. Combining all this we get the second part. O

We now come to the key lemma. Here the Fundamental Extension Theorem
(Theorem 10.1) is the crucial tool to obtain the proof.

Lemma 5.8. Given a short exact sequence
0—=+2° > H5S5G—0

where H and G are simple dimension groups so that H+ \ {0} = 7~1(G* \
{0}). Also, H has distinguished order unit v that maps by = to the dis-
tinguished order unit v of G, i.e. vo = 7(v). Then there exists a Can-
tor system (X,¢) and a closed subset Y = {y1,...,Yn,---,Yoo}, Where
Yn — Yoo and the y,’s are in distinct ¢-orbits, and order isomorphic maps
n: Ko(AL) — H, ~: K%X,9) — G, with n(1xy) = v,7(1x) = vo, so
that the following diagram commutes:

Ko(A$) — K°(X,¢)

nl 7l
H 5 G
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Proof. Consider 0 — Z® — H 5 G — 0 with G given the new order unit
2vo. Apply the Fundamental Extension Theorem (Theorem 10.1) to obtain
a minimal system (X, ®), X Cantor, and Y = {y1,.--,¥n, - -+ Yoo}, Where
Yn — Yoo and the y,’s are in distinct - orbits, and order 1somorph1c maps
i Ko(AY) — H, 7: K°(X,p) — G, with 4(1%) = 2vo and so that the

diagram

0— Z%* — I{Q(A({;) - K°%X,p) —0
| il 7l
0— Z® — H 5 G —0

commutes. Consider v and 7j(1gy) in H. We claim that (lgy) i v i 0.
In fact, 7 0 (1 y) = 7(1%) = 2vp. Since 7(v) = vo and 2vg i Vo i 0
the claim follows by H* \ {0} = #~}(G* \ {0}). Now apply Lemma 5.6 to
(X,$,Y) and u = 77 (v) to get clopen X C X so that (i) Y C X and (ii)
Xx]=wuin Ko(A%). As the final step we combine the above commutative
diagram with the commutative diagram of Lemma 5.7 to get the following

commutative diagram.

Ko(AY) — K%X¢)

| |
0— Z® — Ko4d) — K° (X,3) —0
| 7l 7l

0— Z® — H 5 G —0
We get the desired maps 7 : K°(Ay) — H, 7: K°(X,¢) — G by composing
the vertical maps. By construction we see that n(1xy) = v, since first 1x v
maps to [Xx] = u € Ko(A%) and then by 7 to v € H. We then get
v(1x) = vo = w(v) by the commutativity of the above diagram, recalling
that 1xy is mapped to 1x by the upper horizontal map. a

(ii) = (i) (in the proof of Theorem 2. 2). By Lemma 5.4, letting Gi =
K°(X1,¢1), G2 = K°(X3,p2), there exists a simple dimension group H
with order unit v, and & in Ext (K°(X1,¢1),2%), & in Ext (K°(X3,2), Z°°)
of the form

£: 00Z° - HS K%X:,0) — 0

E: 0—=Z° - HB K (Xa,p2) =0

so that m1(v) = 1x,, m2(v) = lx,. The two exact sequences & and &
satisfy the hypothesis of Lemma 5.8 with vg = 1x,, respectively vo = 1x,.
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Hence there exist for k& = 1,2, Cantor systems (Z, %), and Yy C Z; so
that Y, = {y§k), o yB Ly, where y®) — ) and the y#)s are in

distinct 1px-orbits, and a commutative diagram

Ko(AY) —  K°(Zk,x)

Nk | Lk
H — I{O(Xk,(pk)

where 7; and 7 are order isomorphisms, so that m(lz.v) =v, w(lz)=
1x,. Composing n : KO(A%!) — H and 93" : H — KO(A%) we get
(since m(lz,1) = v = Mm(lzy,)) that KO(A%) = I(O(Al"[};") as ordered
groups with distinguished order units. By Lemma 5.2 we conclude that
(Zy,%1) is orbit equivalent to (Za,%2). As K%Z1,91) = K°(X1,¢1) and
K°(Zy,12) = K°(Xa,p2) as ordered groups with distinguished order units
by the maps v, and 72, respectively, we get by Theorem 2.1 that (Z1,11) and
(X1,1), Tespectively (Zy, ;) and (X3,2), are (strong) orbit equivalent.
Hence (X1, 1) and (Xa, ;) are orbit equivalent and we are done. O

6. Proof of Theorem 2.3.

We will reduce the proof of Theorem 2.3 to that of the proof of Theorem
2.9. This will be achieved by the ensuing lemma.

Recall that by [22] and [35] an AF-system (X,T) arises in precisely tie
following manner: Begin with a Bratteli diagram (V, E) and let X be the
associated infinite path space endowed with the usual topology. For each
n=12,...,let T, denote the set of permutations of P, = E;0E;0-- -oF,,
the paths of length n, which preserve the range; i.e. permutations v : P, —
P, such that r(p) = r(7(p)) for all p in P,. Each element v of [', may be
viewed as a homeomorphism of X, also denoted by «, by setting

7(617 €2;-- ) = (fl: st v 7le<? €nt1s Ent2y - - )

where (f1,..., fa) = v(e1,--,eq). In this way it is also clear that ', C

| RS
We let T = U, T,.. It is easy to see that the T-orbit of a point z In X is
simply all paths cofinal with z in the model above.
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Lemma 6.1 Let (X,T) be a minimal AF-system. Then there is a Cantor
system (Xo, o) so that (X,T) and (Xo, o) are orbit equivalent. Moreover,

we have
K°(X,T)/Inf(K°(X,T)) 2 K°(Xo,p0)/Inf(K°(Xo, po))
as ordered groups with distinguished order units.

Proof. We may assume that (X,T') arises (as described above) from a
Bratteli diagram (V, E). Since (X,T) is assumed to be minimal, Ko(V, E)
is a simple dimension group. As described in [22] (cf. also [35]) we have
K°(X,T) = Ko(V,E) as ordered groups with distinguished order units.
By Remark (iv) to Definition 3.4 (V, E) (or a telescope of it) admits an
order > making B = (V,E,>) a simple ordered Bratteli diagram. Let
T1 = Ymax, Tespectively zi = yYmin, denote the unique max, respectively
min, path of X = Xp, and let ¢ = Ap be the associated Vershik map.
Then K°(X,p) = Ko(V,E) as ordered groups with distinguished order

units according to Theorem 3.7. Now. (z;) = 23, and

(*) { terlouln < 0 = To, {¢"(z21)ln 2 0} =Tz and

{p™(z)|n € Z} =Tz forz ¢ Tz U T2

Select any point z, ¢ I'zy UT2; and let z; = (z2). Let (V', E') be the
Bratteli diagram for the AF-algebra Afxlm}. Since z; and z, are in distinct

-orbits this AF-algebra is simple, and we have a short exact sequence
0= Z = Ko(A%,, .,y) = KX, ) =0

where the image of Z is contained in Inf(KO(A‘{p%IZ})). (Corollary 1 and 2
to Theorem 1.17.)
We conclude that

Ko(V', BN/ Inf(Ko(V', B)) = Ko(V, E)/ Inf(Ko(V, E))
~ KO(X,T)/Inf(K°(X,T))

as ordered groups with distinguished order units. (Cf. also Lemma 5.3.)
Now (X, ) is conjugate to the Bratteli-Vershik system (Xpi, Apr) that we
get by a sequence of tower constructions based on Y = {z,,z,} which

are described in Lemma 5.1. Also, by Lemma 5.1 we may assume B’ =
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(V',E',>"), where (V', E') is the Bratteli diagram above for A‘lem}. Let
X, denote Xpg, i.e. X is the infinite path space associated to (V', E').
We transfer ¢ and I' via the conjugating map to act on Xo. To simplify
our notation we denote the transferred actions again by ¢ and I'. We also
let 1,21, T2, 22 denote the image of these points in Xo by the conjugating
map. We have the following scenario: The orbits of ¢ are determined by the
cofinal relation with the proviso that the paths cofinal with z, respectively
z,, are "glued” to the paths cofinal with 21, respectively z,. Furthermore,
z; and 2z, respectively zz and z;, are not cofinal.

Hence, since Ko(V', E') = I{O(A"{"mhxz}) is a simple dimension group, the
diagram (V', E') (or a telescope of it) admits an order >° so that B® =
(V', E',>") is a simple ordered Bratteli diagram with z; the unique max
path and z; the unique min path (cf. Remark (iv) to Definition 3.4). Let
o denote the associated Vershik map Ago acting on Xpo = Xp = Xo.
The @g-orbits are determined by the cofinal relation with the proviso that
the paths cofinal with z, are "glued” to the paths cofinal with z;. Now
K°(Xo,0) = Ko(V', E') as ordered groups with distinguished order units
(Theorem 3.7), and so

Ko(Xo, po)/Inf(K°(Xo, o)) = K°(X,T)/Inf(K*(X,T))

as ordered groups with distinguished.order units. As for the ¢g-orbits we
have by (*):

{en(z2)n € Z} = {¢™(z3)|n € Z} =T'za,
{p3(z1)|n € Z} = {p™(z1)In < 0} =T'zy, -
{¢n(z1)In € Z} = {¢™(21)|n 2 0} = 'z and

{e5(z)n € Z} = {¢"(z)In € Z} =Tz for

z not cofinal with x4, 21, 29, 25.

So o has the same orbits as T'. O

Proof of Theorem 2.3. By the previous lemma Theorem 2.3 follows from
Theorem 2.2. (By a slight modification of the proof of (i) = (iii) of Theorem
2.2 it is easy to see that the I-invariant probability. measures map to the

(o-invariant probability measures by the orbit map that exists by Lemma
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6.1.) 0

7. Proof of Theorem 2.4.
(i) = (iii). Obvious.

(iii) = (ii). Let u1 = Uy be the unitary operator in C(X1) X Z as-
sociated to ¢1, cf. Section 1. Hence uful = fo o', f € C(Xll). As
uy € N(C(X1),C(Xy) X 7) we get v = o(u1) € N(C(Xa),C(X2) x Z),
since a maps C(X;) onto C(Xz). Now v implements, via the map g —
vgv*,g € C(Xz), a minimal homeomorphism 6 of X, that is conjugate to
7 — a fact that is easily verified. By [28; Lemma 5.1 and Corollary 5.3]
we conclude that 8 and ¢, have the same orbits and that the orbit cocycle
k: X, — Z is continuous, where 6(z) = ¢5e)(z), ¢ € X,. From this we de- -
duce quite simply that there is an orbit map F' : X3 — X so that the associ-

ated orbit cocycle n : X; — Z is continuous, where Fopq(z) = (,o;‘(f) o F(z).

(ii) = (i). By considering ¢z = F~' 0,0 F and ¢, we may assume that
X = X; = X, and that (X, 1) and (X, p2) have the same orbits so that

() = 2D (2), eale) = 1 (),

where . and m are the orbit cocycles. Assumen : X — 7 is continuous. (It
is easy to show, ana, in fact, it is implicity shown in our proof of Theorem
2.5, that then m 1s continuous.) Let 1 denote @y and ¢ denote ;. From
Y(z) = ©™3)(z), we deduce that |

PF(z) = *@)(z), where

fu(z)  =nle) + @)+ @ @) k2]

(%) folz) =0
| flz) = (e (@) + () 4o E @) B <O
felpi(z)) = frailz) = fi(®)

The map k — fi(z) is clearly a bijection of the integers for each z since @
and 1) are aperiodic.

Now, given a positive Integer M, there is a positive integer ‘M so that for
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all z,{m| - M < m < M} is contained in {fi(=)| -M<k<M} In
fact, for each z some M exists. Since the fx’s are continuous M applies in
a neighbourhood of z. By compactness we find an M that applies for all z.

For m a positive integer let
Am = {z|Vn > m, fo(z) > O0and f_.(z) < 0}

B, = {z|¥n > m, fa(z) < 0and f_,(z) > 0}.

Clearly Ay N By = 0. We claim there exists a positive integer K so that
either X = Ax og X = Bk; in other words, the ”orientations” of ¢ and
1 are the same or opposite after some initial fluctuations. To see this, let
no =sup |n(z)| and choose K so that {j| — no < j < no} is contained in
{f(z)= K <i < K} for all 2. Now X = AxUBg. In fact, {j| -N <j <
N} is a "roadblock” insuring that f.(z) and fnt1(z) have the same sign if
[n| > K by (+). Also, fu(z) and f_n(z) must have opposite signs if In| > K
as i — fi(z) is a bijection of Z. As n(z) is continuous both Ax and By are
closed. By (#) they are ¢-invariant, and so by minimality either X = Ag
or X = Byg.

Define

Pu(z) = HA@IAE) > 0,lil < m}]
N (@) = (A2l fi(s) < 0,1i] < m}|.
By the above the integer-valued function a(z) defined by -
ale) = 5 [Nu(z) ~ Pu(@)l; M > K

is independent of M if M > K. Notice that a(z) is continuous and so g(z) =
1/)‘1(“’)(3:) is continuous. If X = Ax we claim that ¢ is a homeomorphism
that implements a conjugacy between ¢ and p—specifically, gop =1 og.
[If X = By, then X = Ay, where ~ refers to (z) = ~'(z). This is easily
seen by observing that fi(z) = f_i(z). So to prove the theorem we may
assume that X = Ag.]

The claim will be established if we can prove that

(++) a(p(z)) = a(z) —j +1,
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where 7 is determined by ¢(z) = ¥(z),i.e.fi(z) =1.
In fact,
“gop(z) = $ D (p(a) = 2O (P ()
= M () = p(*(2)) = P o 9(2).

Hence goy = hog. We observe that g is surjective since goy = thog implies
goy™ =Y og, and so g maps a -orbit onto a full 1-orbit, which is dense in
X. Also, g is injective. In fact, if g(z) = g(y), i.e. 2@ () = ¢°W(y), then
z and y lie in the same t-orbit, hence in the same -orbit. So y = ¢'(z)
for some :. Hence

g(z) = 9(y) = 9(¢'(2)) = ¥'(g(=))-
This impliesi = 0 and so y = z. So g is a homeomorphism implementing a
conjugacy between ¢ and 9.

It remains to prove (). First we observe that |j| < K since {m}—mno <

m < no} is contained in {fs(z)| - K <s < K}. Now pick M > 2K. By
(%) we get that for all &,

five(2) = filp(z)) + 1.

Using this we get (#*) by a simple counting argument using that
1
o(a) = F{Nu(z) ~ Pu(o)]

a(e(z)) = =[Nmyi(z) = Puyi(z)]

B}

This completes the proof of (ii) = (i). m]

Remark. The proof of (i) = (i) works with virtual no change in the case

of one dense orbit and no periodic points.

roof of Theorem

2.5.

Q
Oe.

(i) = (ii). Without loss of generality we may assume that ¢; and ¢, act
on the same space X and have the same orbits. Set w1 =, w2 = , and
let the orbit cocycles m,n : X — Z be defined by

P(z) = "I (z), @(z) =P ().
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Let zq,...,Tx4 let the discontinuities of m and let y1,...,yr41 be the
discontinuities of n, where z; and y; are in the same orbit,z =1,...,k+ 1.
Let u be a p-invariant (hence t-invariant) probability measure on X. We
may realize both C(X) X Z and C(X) >1; Z as operators acting on the
Hilbert space H = L*(X,u), cf. Section 1. We will show that AY =
(o1rmng} (C C(X) X Z) is equal to AY = A{yl (Cc C(X) X Z) —

both being simple AF algebras by Theorem 1.16.

Assume this has been done. Then by Corollary 2 of Theorem 1.17 we have

wYk41}

0— ZF %% Ky(A¥) % K%X,p) —0

|

P Ko(AY) 2 KO(X,9) — 0

0>—+ Z*
Define
Ly = fhy O By : ZF — K°(X,9), iy =py0fy: Z* — K°(X,9).

By Theorem 1.17 and Lemma 5.3 we may conclude that Im(s,) C Inf(K°(X,v)),
Im(iy) C Inf(K°(X,®)). Observe that Ker(iy) = Ker(i,) = Im(B,) N
Im(By). Hence

Im(iy) = Z*[Ker(iy) = 7

and likewise Im(i,) = Z' for some | < k. (Recall that K°(X,¢) and

K°(X,%) are torsion free and so Im(i,), resp. Im(iy), are torsion free.)
Define a map

n: K°(X,¢)/Im(i,) = K°(X,%)/Im(iy)

by n(a+ Im(i,)) = ig(b) + Imiy), where b € Ko(4¥)(= Ka(A#)), y(8) =
a. It is routine to check that n is well defined and that it defines an order
isomorphism preserving the distinguished order units. This proves that (ii)
holds except that [ may be strictly less than k. However, when we prove
(ii) = (i) below we show that K°(X1,¢1)/Z* = K°(X3,@2)/ZF implies that
the

number of discontinuity points is less or equal to k£ + 1. Hence we may

So to complete the proof of (i) = (ii) it is sufficient to show that A® = AY,
where A? = A7 AY = A{y1 . We will show that A¥ C AY.
(A similar argument yields A¥ C A®.) Slnce A? is generated by C(X) and
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Uy - Co(X \ {Z1,- -, Tkp1}) it is enough to show that u, - Xg € A”, where
E is a clopen set disjoint from {z1,...,2s41}. By subdividing E we may
assume that £ N @(E) = 0. Then

v = U, Xg + U, - Xem) + Xx\(Bug(E))

is a self-adjoint unitary operator in A® . (In fact, (u, - Xg)* = ugt - Xo(E)-)
Since v - Xg = u, - Xg we are done if we can show v € A¥. To achieve that

we first observe

v € N(C(X), A?) — i.e. vC(X )" = C(X).

By Theorem 1.18 this means that v preserves the half-orbits of z1, ..., Zg+1,
ie.
(%) v({pl(z)ll 2 1}) = {¢! (@)l 21}, i=1,...,k+ 1,

where by abuse of notation we let v also denote the element of I'” it maps to.
To.prove that v € A we will show that v € N(C(X), A¥}, or, equivalently
by Theorem 1.18, that v € C(X) ib( Z and

(+) v({# )l 2 1)) = {P'wll 21}, =1, k+ 1,
where we again by abuse of notation let v denote the element of I it
maps to. We show first that v € C(X) >£ Z. Tt is sufficient to show that
u, - Xg € C(X) >1; Z. Now if ¢(z) = ¢'(z) for z € F, where F is a clopen
subset of X, then u,-Xr = uﬁp - Xp — a fact that is easily established. From
this and the fact that m is continuous on E we get

Uy * XE = Zuib . XEnm—l([)
l

where the sum is finite. Hence we conclude that u, - Xg € C(X) x Z.
W

To show that (+*) holds it is sufficient by (*) to show that

(e8) [ either {o'(z)|l > 1} = {$'(wi)ll = 1},
or  {pz)l <0} = (W)l >1}, i=1,...,k+1

To establish (* * ) let us look at the orbit of z; for some i€ {1,...,k+1}.

L. ) e @) oz | () v () ¢ () .
p~-orbit ofz; = O~ @T-orbit of z; = Ot.
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Let y be any point of X. From ¢(y) = p™¥)(y), we deduce that

©*(y) = p*®(y), where

0 { fely) = m(y) + m(p(y)) + - + m(eF1(y)); k> 0.
Fely) = —[m(e 1)) + m(p™2(y)) + - - + m(e* ()]s k <O.

(Cf. formula (*) in the proof of Theorem 2.4.) Setting k = n(y) in (1) we
get

(H){ >

Now let y lie in the orbit of z; From ({t) we deduce that if n(y) > 0
and n is continuous at y then {y,»(y),..., 9 ¥ 1(y)} does not include ;.

(Observe: If m is discontinuous at a point zo, then limsup |m(z)] = oo.
r—Ig

m(y) + m(p(y)) + - + m(e"®(y)) ifnfy) >0.
m(e~(y)) + m(p™2(y)) + - + m(e"¥(y)) ifn(y) <O.

il

Tn fact, otherwise there are ki # ko and sequences {v;},{w;}, so that
v; — zo, m(v;) = ki, and w; — zo,m(w;) = kp. Hence o(v;) =
»F1 (v;), p(w;) = ¢*2(w;), which by continuity implies ¥ (zo) = ¥¥2(z0)
— contradicting minimality of ¥.) Likewise, if n(y) < 0 and n is contin-
uous at y then {p"®(y),...,» 1 (y)} does not include z;. Or equivalently
(recalling 9 (y) = ¢™¥)(y)): If n is continuous at y,

ye O~ = P(y)e 0~
(TH){ ye Ot = P(y)euT

Since O~ U Ot is an orbit of ¥ there must be at least one point y so that
either y € O~ and ¥(y) € OF, ory € OF and 9(y) € O~. By (1 { 1) this
y must necessarily be a discontinuity point for n, hence by our hypothesis
y = y;. (Incidentally, this same argument also shows that if one of the
orbit cocycles have exactly one point of discontinuity in an orbit then the
other cocycle must necessarily have (at least) one discontinuity in the same

orbit.) We conclude from this that there are two possibilities:
Either OF = {i!(z:)[1 > 1} = {'(y:)l1 = 1},

or 07 = {p'(z:)1 <0} = {'(yo)ll 2 1}

In either case (**%) holds and the proof of (i) = (ii) is complete.
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(ii) = (i). Clearly the hypothesis implies that
KO(Xh‘Pl)/Inf(KO(Xl,‘101) = KO(XZ,Soz)/Inf(KO(Xz, v2))

as ordered groups with. distinguished order units. So by Theorem 2.2
(X1,1) is orbit equivalent to (Xz,¢2). However, by the subsequent anal-
ysis we will get orbit equivalence without direct recourse to Theorem 2.2.
At the same time we establish the desired continuity properties of the orbit
cocycles. As will be apparent the proof does bear a close resemblance to
the proof of the implication (ii) = (i) of Theorem 2.2, and for that reason
we will be somewhat sketchy.

Let H be the pullback of the diagram

Gl _[( Xl,gol \
G2 I{ XQ,LPQ /

where Go = K°(X1, ¢1)/Z*F & K°(X2,02)/Z*. So H = {(g1,92) € G1® Ga|pr(91) =
p2(g2)}, and we notice that H is torsion free. We get the commutative di-

agram

Go

H}'Gl\
—

Gs

where oy : H — Gy, o0 : H — Gy, are the projection maps. We get
o7 (G \{0}) = 077(GF \{0}) and we define H* = o7 (GF \{0})U{0},i =
1,2. By Lemma 5.3 (H, H*) is a simple dimension group and we obtain the

short exact sequences

0 — ZF - H & K°Xi,p1) — O
0 — ZF - H B K°Xj,p) — 0

where o, and o, preserve order units and are strict positivity preserving.

(Clearly H contains an order unit ho so that o1(ho) = 1x,,02(ho) = 1x,.)
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Let 7+ = 1 or 2. Using the corollary to Theorem 10.1 (The Fundamen-
tal Extension Theorem) and arguing as in the proof of Lemma 5.8 we
get that there exists a minimal system (Z: ), Z; Cantor, and a subset
Y, = {ygi), . .,y,(fll}, where the y§i)’s are in distinct 1;-orbits, so that the
following diagram commutes

Ko(AY) — K%Zi )
I 7l
H 5 KXi)
where 7; and +; are order isomorphic maps preserving distinguished order
units. So

nitom: Ko(AY) — K9AP)
Yt I<0(21,¢1) - KO(Xl,%)
o i Ko(Za,h2) — K°(Xa,2)

are order isomorphisms preserving the distinguished order units. We now
proceed as in the proof of Lemma 5.2 — avoiding some of the technical
difficulties there due to the fact that ¥; and Y are finite sets — and apply
the "aggregate Bratteli diagram” - technique (as I{O(A$:) = KO(A%)) to
get an orbit map H : Z; — Z; mapping Y1 onto Y. Now Y3, respectively
Y,, corresponds to the max paths of the Bratteli-Vershik model we employ
for (Zy1,1,), respectively (Z,,12). Arguing exactly as we did in the proof
of Theorem 2.1 ((ii) = (i)) we show that the associated orbit cocycles are
continuous except possibly at the k41 points ygl), ceey y,(glg1 (corresponding
to the max paths of the Bratteli-Vershik model for (Z3,%1)).

Now we must link this with the fact that K°(X;, ;) & K°(Z;, %), ¢ = 1,2,
Let i+ = 1 or 2. By the model theorem (Theorem 3.6) we may assume
that (Z;,1;) is the Bratteli-Vershik system associated to the simple ordered
Bratteli diagram B = (V' E',>"), where y,(;)_1 is the unique max path.
How do we get the preceding Bratteli-Vershik model for (Z;, ;) — the one
associated to Y; — from B' = (V*, E',>")7 We will not describe this in
detail here. Suffice to say that the edges (and associated vertices) making
up the paths ygi), R y,(:) are split and reordered in a prescribed way. What
is important in our context is that a cylinder set defined by, say, m edges
in one model is mapped by the conjugating map to a cylinder set defined

by m edges in the other model. Now we again use the "aggregate Bratteli
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diagram” - technique as in the proof of Theorem 2.1 ((ii) = (i)) to get an
orbit map G; : Xi — Z; with the properties described there. (We may
at start assume that (X;, ;) is the Bratteli-Vershik system associated to a

simple ordered Bratteli diagram.) The resulting orbit map
F:G‘Z-IOHOGl:Xl_)X‘Z

between (X1,1) and (Xa2,@2) has the property that the associated orbit
cocycles m,n : X1 — Z each have at most k + 1 (coinciding, in fact,)
discontinuities. In conjunction with what we remarked in proving (i) = (ii)
above we may conclude that there are exactly k + 1 discontinuities. This

completes the proof of (ii) = (i). O

9. Proof of Theorem 2.6 and Proposition 2.7.

Proof of Theorem 2.6.

(i) « (ii). The equivalence of (i) and (ii) is an immediate consequence
of Theorem 2.1 and Theorem 3.8 by observing the following: If (V,E)
is a Bratteli diagram with associated dimension group Ko(V,E) and u €
Ko(V, E)* \ {0}, then there is a Bratteli diagram (V', E") obtained from
(V,E) by a finite change (as explained in the section preceding Theorem
3.8) so that Ko(V", E') is order isomorphic to Ko(V, E) by a map sending the
distinguished order unit of Ko(V', E’) to u. Conversely, any finite change
of (V, E) gives rise to a dimension group order isomorphic to Ko(V, E) (but
not necessarily preserving distinguished order units).

(iii) = (ii). By Definition 1.19 there is a simple (unital) C*-algebra A and

projections p,q € A so that C(X:1) x Z = pAp, C(X,) x Z = qAq. Since
(%51 ¥2

pAp C A and gAq C A induce isomorphisms on K -theory, (ii) follows.

(i) = (iii). The implication is an immediate consequence of Theorem 2.1

and Proposition 3.9. O
Proof of Proposition 2.7.

The proof is an immediate consequence of Theorem 2.2 and Theorem 3.8 by
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the same observation that we stated in the proof of (i) < (ii) of Theorem

2.6 above. O

10. The Fundamental Extension Theorem.

Let us review some relevant results of [28]. (Cf. also Section 1, Theorem
1.16 and Theorem 1.17.) Let (X,y) be a Cantor system, and let ¥ be
a closed non-empty subset of X. Later, we will only be considering such
triples (X, p,Y’) satisfying:

(P1) Y meets each @-orbit at most once; i.e. @*(Y)NY = for k # 0.

(P2) Y = {y1,¥2,.--, Yoo}, Where {ym }$° is a sequence of distinct points in
X with limit point ye.

As before we let AY denote the C*-subalgebra of C(X) x Z generated by
. ®
C(X) and u, - Co(X \Y), cf. Section 1. We have a short exact sequence

£2: 0 C(Y,Z))T 5 Ko(AL) 25 KO(X, ) — 0.

The map i, is induced by the natural inclusion of Ay in C(X) x Z. In
the expression C(Y,Z)/Z, the subgroup Z is understood to reprei:ent the
constant functions in C(Y,Z). The map B is described as follows. For f
in C(Y,Z), let g : X — Z be any continuous extension of f. We regard
g—gop~! as an element of C(X,Z) = Ko(C(X)) and apply the map induced
by the natural inclusion C(X) C Ay to obtain B(f) in Ko(Ay). This is
independent of the choice of g and maps the constant functions to zero, as
shown in [28]. Also in [28], it is shown that if ¥ satisfies (P1) the map ¢, is
strict positivity preserving, i.e. 17 (K°(X, )t \{0}) = Ko(Ay)"\{0}. Also
note that if Y satisfies (P2), we may identify C(Y,Z)/Z with é Z=17
— in fact, C(Y,Z)/Z is naturally isomorphic to {f : Y — Z|f t:ontinuous
and f(ye) = 0} & Z*. Our aim in this section is the following "dynamic

realization” or "dynamic resolution” theorem.

Theorem 10.1. Suppose H and G are acyclic simple dimension groups
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with distinguished order units. Also suppose we have a short exact sequence
052 —=H5G—0

where 7 preserves order units and is strict positivity preserving. (Le. if hg
is the order unit for H then 7 (ko) is the order unit for G and H* \ {0} =
7=1(G* \ {0}).) Then there is a Cantor system (X, ¢) and a closed set
Y C X satisfying (P1) and (P2) so that we have a commutative diagram

0— Z* — Ko(A%) 5 K°X,p) —0
| nl v 1=
0— Z* — H 5 G — 0

where « is an order isomorphism preserving distinguished order units and
n is an order isomorphism mapping the distinguished order unit of Ko(AY)
to the distinguished order unit of H modulo Inf(H).

Remark. We may formulate the theorem in the following way: The given
short exact sequence determines an element £ in Ezt(G,Z%). There exist
(X,¢), Y and v as described in the theorem so that the associated short
exact sequence & in Ext(K°(X,¢),Z*) equals £ after applying .

(In fact, this means that there exists a (group) isomorphism 7 : Ko(AY) —
H making the diagram of the theorem commute. It is easy to show that 7
actually is an order isomorphism preserving the distinguished order units

modulo infinitesimals.)

Corollary. Let H and G be as in the theorem. Suppose we have a short
exact sequence

0-+Zk—>H—7r—>G—>O; k e N,

where 7 preserves order units and is strict positivity preserving. Then there
is a Cantor system (X, ¢) and a finite subset Y = {y1,... ,Yk41} consisting
of k +1 distinct points of X satisfying (P1) so that we have a commutative
diagram
0 ZF — Ko(AY) & K°X,p) —0
| nl v 1=
0— ZF — H 5 G — 0

where v and 7 are as in the theorem.

68



Proof. The proof of the corollary proceeds exactly as the proof of the
theorem except that we avoid some of the technical difficulties because k
is finite. Also, we identify C(Y,Z/Z) with {f : Y — Z|f continuous and
Flyen) =0} = ZF. =

The proof of the theorem will occupy the rest of the section and is divided
into a series of lemmas. The first step is to begin with (X, ¢,Y’) and com-
pute (in a sense to be made precise shortly) the element denoted &Y of the
group Ezt(K°(X,),C(Y,Z)/Z) determined by the short exact sequence
introduced above. We refer the reader to [14; Ch. IX] for standard facts on
homological algebra.

Suppose we realize (X, ) as the Vershik transformation on the simple or-
dered Bratteli diagram B = (V, E,>), denoting X, resp. ¢, for Xp, resp.
Ag. (Cf. Theorem 3.6.) The Bratteli diagram provides us with a projective
(free) resolution of G = Ko(V, E) = K°(X, ) as follows.

Lemma 10.2. Let (V, E) be a Bratteli diagram with associated dimension
group G. Let F(V) denote the free abelian group on V and define 6 :
F(V) — F(V) by

S(v)y= ) r(e)—v

eER
s(e)=v

for v in V. Let v denote the natural map of F(V) to G (i.e. each vertex v
in V., determines an element of F(V;) and thus in the inductive limit G).

Then the following sequence is exact:
0> F(V)3FV)%G—o.

Proof. The proof is standard in algebra and straightforward in any event

so we omit it. O
As explained in [14; Ch. IX, Sect. 51], there is a natural isomorphism
Ezt(K°(X, ), L) = Hom(F(V),L)/6"Hom(F(V), L)

for any abelian group- L. We wish to apply this for L-= C(Y,Z)/Z. Before

doing this we will make some notational simplifications. We will always
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consider the situation when the unique max path of X, here denoted yo,
is in Y. (In fact, when we later restrict our attention to ¥ which satisfies

(P2), yo will be yo. For the moment we proceed more generally). Then

there is a natural isomorphism
C(Y,Z)]Z = {f : Y — Z|f continuous and f(yo) = 0}

Furthermore, for any abelian group L, we may identify the group Hom(F(V), L)
with the set LV = {f : V — L}, simply by restricting the group homo-
morphisms to the generating set. Combining these two together, we may
identify the group Hom (¥ (V), C(Y,Z)/Z) with the set

{f:V xY — Z|f continuous and flvxfy,} = 0}

Of course the group operation on the latter set is simply pointwise addition

of functions.

Lemma 10.3. Let (X,¢) be the Bratteli-Vershik system associated with
the simple ordered Bratteli diagram (V,FE,>). Let Y be any closed set

containing yo, the unique max path of X. Under the isomorphism
Ezt(K°(X,p), L) = Hom(¥(V),L)/§"Hom(F(V), L),

where L = C(Y,2)/Z, & isrepresented by &F : VXY — Zin Hom(F(V), L)
defined by

BF(0,9) = e € Els(e) =vand ¢ 3 y(k+ )|
for all v in Vi, vy in Y, where y = (y(1),%(2),...).

Proof. We will drop the ¢ and Y (for the proof) in €¥. Note that E(v,y0) =
0 for all v since yo(k) is maximal for all k.

Recall from [14; Ch. IX, Sect. 51} that the isomorphism we are considering
is computed as follows. We begin with our free resolution of K°(X, ) and

our exact sequence representing &y

0— F(V) & F(V) — K(V,E) —0
1=
3

0— L 5 KAL) — K°X,p) —0
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We must construct a homomorphism y : F(V) — Ko(AY) making the right
square commute. Then the homomorphism representing £y is given by
B lopod.

We define p as follows. For v in V, let (ey,...ex) be the unique path of
minimal edges with r(ex) = v. Let

E,=Uler,...,e) = {z € X|o(i) = e;,1 <i < k)

and set u(v) = [Xg,Jo in Ko(Ay). Note that there is a slight ambiguity in
that we may regard Xg, as an element of C(X) C Ay or as an element of
C(X,Z) = Ko(C(X)) and then apply the natural induced map to get to
Ko(AY). These agree, of course, and p is well-defined. It is easy to check
that with this g the right square of our diagram commutes.

To complete the proof it suffices to show fo & = po§. These are, of
course, group homomorphisms from F(V) to Ko(A¥). However, in the
definitions of both (essentially of 4 and f) one actually obtains elements
of C(X,Z) =2 Ko(C(X)). These are subject to choices made and only
when we apply the induced map from C(X) C AY do we get well-defined
homorphisms. However, we will make careful choices so that the elements
produced in C(X,Z) will actually agree there and we will be done.

First consider v in V; and compute

RS = T ) =
¥ = Z XEr(e) - XE, -

s{e)=v

As for fo E(v), define f: X — Z by
(@) = e € Bls(e) = v,e 3 =(k+ 1)}

Clearly f is continuous — in fact constant on cylinder sets U(ey,. .., ex41)
—andfory €Y, f(y) = E(v,y). Solet g=f— foyp™ € C(X,Z). The
image of g in Ko(AY) is B0 E(v), but we will show g equals the function of
(x) and we will be done. For any (e1,...,ex41) € Pors1 = Er o+ 0 Expa,
where not all the e; are in Emin, let (€], ..., e},,) be its predecessor in Py k41.

So we have

glU(el ..... ex+1) — fIU(el ..... ex+1) flU(e’ ..... )



Now, €, = ex41 (and so g = 0) unless ey, ..., ey are all in Fryn, in which
case e}, is the predecessor of exys. Still we will have g = 0 unless, in
addition, s(exy1) = v and then 9lU(er,mergs) = —L- Now we consider the
case e1,...ex1 are all in Egin. In this case, if zisin Ules,...,ers1) then

¢ 1(z)(k + 1) is a maximal edge and so f(e~(z)) = 0. So we have

glU(el,...,ek_H) = f!U(el,...,ek_H) - f o ‘-P-I‘U(el,...,ek.*.l)
= flU(el,...,ek+1) - 0

_{ He € Bls(e) = v,r(e) = rlexs)}| i slew #v
i |{e € E|s(e) = v,r(e) = r(ers1)} — 1 if s(ext1) = v.
by direct computation and the fact ejx+1 1s minimal. Combining these cases,

we have

g = Z (—XU(ely---,ek-J-l))

+ S Hee Els(e) =v, r(e) = r(ees1)} - Xu(es,mersa)
€1,.-8k+1 EEmin
In the first summation, the condition s(ex+1) = v is equivalent to r(ex) = v.
Then the path (e, .- ., ex) is the unique path in Emi to v and the first sum

becomes —Xg, .

As for the second sum, there is a unique (eq,...,€k+1) in Empn for each
vertex in Viq1, and Uler, ..., exq1) = Er(epyr): So this sum can be replaced
by

> He€Els(e) =v, r(e) = v'}| - X,

v'EVn41

= Z Z XEU’ = Z XEr(c)

v'eVni s(ef)zzv s(e?:v
r(e)=v'
and so we see g agrees with the function of (*) and we are done. O

Now that we have identified £/ in terms of the Bratteli diagram, we can
try to construct (X,¢,Y) which give a specified extension.

From now on, we will restrict to Y satisfying (P2) and where yo, is the
unique max path of the Bratteli-Vershik model for (X,¢). In this case, we

can identify
{f:V xY — Z|f continuous , f(v,Yeo) = 0 forall v}
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with the group

{f:VxN — Z| for eachvin V, f(v,7) = 0 for all but finitely many i}

by setting f(v,?) = f(v,y:)-

Furthermore, it will be most convenient from now on to restrict our vertex
sets V to ones with |V,| > 3 for all n > 1. Moreover, we will assume the
elements of each V,, are labelled so

Vo ={vF o7, 0k, ... 0}

n)»"'nY'nr""*

for some ! > 1. Finally, we will often require our Bratteli diagrams to satisfy
condition

(A0) for every v in V, and v' in Vaya, n 20, there are at least four edges
from v to v'.

Note that if (V, E) is a simple Bratteli diagram, with Ko(V,E) 2 Z, we
may by a succession of telescoping, microscoping (symbol splittings) and
telescoping (in that order) of (V, E) obtain a Bratteli diagram (V, E) that
satisfies both |V,| > 3, for all n > 1, and condition (A0). We may also
speak of condition (AQ) at level n.

The next result gives conditions on a Bratteli diagram and a map p: V X
N — Z in Hom(F(V),Z>) (representing some extension) so that we may
find a simple order on (V, E) and a set Y satisfying (P1) and (P2) so that
€% = p and, in particular, the given extension can be realized by (X, ¢,Y),
where  is the associated Vershik map.

Lemma 10.4. Let (V, E) be a Bratteli diagram with associated dimension
group G. Let p: V x N — Z be an element of Hom(F(V),Z>). Suppose
that we have an increasing sequence of integers {r, }22, with ro = 0 so that
the following hold.

(A0) as above,

(A1) for all n, |Vu| 2 ray + 2,

(A2) for all n, vin V, and i > 7y, p(v,2) =0
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(A3) foralln, vin Vyand 1 <i<ry,, 8(v,v}) < p(v,1) < N(v,vi,,)—1,
where §(-,-) represents the Kronecker delta and N(v,v’) represents

the number of edges from v to v'.

Then there is a simple order on (V| E) and a set Y satisfying (P1) and (P2)

so that, if we let ¢ denote the asscciated Vershik transformation, we have
p=E&f.

Proof. In the course of the proof we will make repeated use of condition
(A0) without always mentioning it explicitly. Let (ef, ef,...) be any ele-
ment of X so that r(e}) = v} for all n. Similarly choose (e7,e3,...) so
that r(e2) = vy for all n. These will ultimately be our unique max and
min paths, respectively. We next define y; = (el,e},...) as follows. Let n
be the largest integer so that r, < i. Set e} = ef,eb=el,...,ei_; =€l ;.
Choose any edge, e, from v}_; to v. Then for k > n let e be any edge
from v}, to v}, (using the fact that r, is increasing). Immediately one sees
that the sequence {y;}$° converges to Yo, = (ef,ef,...). Also since y; and
y; pass through different vertices at all levels V,, with r, > ¢,7 (and ¢ # 7) v
and y; are not cofinal. They are also not cofinal with either (ef,ef,:--) or
(eT,e5,- ) and so Y satisfies (P1) and (P2).

We now turn to the problem of choosing an order on r~!{v} for some v in
Vip1. If v is v, we must choose the order so that ef,, is maximal and
so that the minimal edge has source v;. Otherwise it is arbitrary. Similar
restrictions apply to v = vy ;. For any v = vfwl with z > r, (if any), the
order is arbitrary so long as the maximal and minimal edges have source v}’
and v, respectively. (Since no y; passes through such a vertex the order
is irrelevant to the computation of E) As for v = fo_l, 1 <1< ry, we
proceed as follows. Begin by choosing some edge other than €, +1 from vf
to v for the maximal edge (condition (A0) is needed if s(ef, ;) = v;}) and
some edge from v, to v for the minimal edge. For each w in V;, the value
p(w, 1) determines the number of the N(w,v) edges which should be greater
than e . If w = v} this must be at least one to allow for the maximal
edge, if w = v it must be strictly less to allow for the minimal edge and
if w = s(el,,) — either v} or v, — it must be strictly less to allow for
el ., itself. Condition (A3) asserts that these conditions can be fulfilled.

This completes the construction and in view of Lemma 10.3 and the last
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paragraph the desired properties follow at once. _ O

Now it remains to show that for any simple dimension group G' and € in
Ezxt(G,Z*) we can find a Bratteli diagram for G and a representative for
£ satisfying (A0) - (A3). Let us adopt the notation (A3’) for the condition
in (A3) only involving the first inequality and (A3”) for the second only.
We can certainly choose a diagram satisfying (A0) as noted earlier and this
will provide us with a representative for £. We then have two things to ma-
nipulate. We can use "Bratteli moves” (i.e. telescoping and microscoping)
to change the diagram and we can adjust the representative by elements
of 6*Hom(F(V),Z>) without changing £. The next result is that by the
latter only we can obtain the sequence {r,}2, and (A2) and (A3’).
Before stating the next result, let us make the following simple observations.
For p:V x N — Z we have

R0k = T plo(e)ik) = plo, )

r(e)=v

In particular, if p is supported on V,, xN for some n — we will simply say p is
supported on V, — then 6*p is supported on V,_; UV, and 6%plv, = —p|v,-

Lemma 10.5. Let (V, E) be a Bratteli diagram satisfying (A0). Let p :
V x N — Z be an element of Hom(F(V'),Z*). Then there is an increasing
sequence {r,}, ro = 0, and ¢ : V x N — Z in Hom(F(V),Z*) so that
p + 6*c satisfies (A2) and (A3’).

Proof. First set og = plv,xn: Vo X N — Z. Set ro = 0 and 0y = 0 and
having ro,...7n-1 and o1,...,0,, where o : Vi X N — Z, we inductively
define rn, 0ng1 1 Vagr X N — Z as follows. Consider p, = PlVaxN — On-
Choose 7, sufficiently large so 7, > r,_; and so that pn(v,i) = 0 for all
i > r, and v in V,. Next choose a so that 1 + |pa(v,2)| < afor all v in V;
and all 7. Define

e+ .
[ 4 Hv=v7,, 1=1,...,7

0n+1(v,i)=i . o

0 otherwise

(There is nothing special about v, 1, any vertexin V,y; will do.) We define
oon V x N by oly, xn = 0n. It is routine to verify the conclusion (using
property (A0)) and we omit the details. O
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The final step (getting (A1) and (A3")) requires making alterations to the
Bratteli diagram as well. The next result deals with how these moves affect
the representative of the extension. For v in V., and v’ in V,, with m > n,
we let p(v, ') denote the number of paths from v to v'. It will be convenient

to extend the definition to n = m by setting p(v,v") = §(v,v’).

Lemma 10.6. Let (V, E) be a Bratteli diagram for the dimension group G
and let (f/, E) denote its telescoping to the sequence {n, }_q, no = 0. Let
p:V xN — Z be an element of Hom(F(V'), Z%) and define 4 : VxN - Z
as follows. For v in V,, = Vo, and z in N,

plv,i) = ZP(U7 v/)p(vl7 1)
where the sum is over v’ in UZ;T’;‘“—I V. Then under the natural isomorphisms

Hom(F(V),Z*)/6*Hom(F(V),Z%°) = Ezt(G,Z%)
~  Hom(F(V),2*)/6*Hom(F(V), Z®)

the class of pis mapped to the class of p.

Proof. The desired isomorphism is constructed by finding homomorphisms
« and f§ as shown.

0= FV) & FV) = G —0

la 1B |
0— F(V) & F(V) - G —0
making the diagram commute. The map [ is induced by the inclusion
V c V. For vin V,,_, ais given by a(v) = ¥, p(v,v")v’, where the sum
is over Ur™+171V;. The map o : Hom(F(V),Z2%) — Hom(F(V),Z*)
induces the desired isomorphism and we are done after observing o*p = 4.
O

Lemma 10.7. Given a simple dimension group G and an element £ in
Ezt(G,Z>), there is a Bratteli diagram (W, F) for G,aoc: W xN — Z
representing £ and a sequence {sn, }2_, satisfying (A0) - (A3).

Proof. Begin by choosing any Bratteli diagram (V,E) for G, which we
may assume satisfies (A0). Also choose a representative p : VX N — Z
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representing £. In view of Lemma 10.5, we may assume we also have a
sequence {r,}5° satisfying (A2) and (A3’).
For m =0,1,2,..., we will inductively define the following items

(a) npme1 €N

(b) a finite vertex set W,
(c) positive group homomorphisms
am : F(Va,.) = F(Wy,,)
P : E(Win) = F(Varys)
(d) pm: Vo X N = Z%
(e) sm € N.
We begin with ng =0, ny =1, Wo =W, ag =1d, Ho : F(Wo) =F(\) —
F(V;) as defined by FE; (i.e. by the incidence matrix corresponding to

E:), po=0and so =0. Assuming these have all been defined up to value

m — 1, we proceed as follows for step m. Let s = s, and let
R = max{pm_1(v,i)|v € Va,._,, 1 € N} + 1.

Since the group G is simple, we may find n > n,, so that there are 2* lcsat
Rs + 1 paths from v} to v.. Let nmy = n+ 1. Recall that, for some
LV = {vF ,v7 vk ... 0} We define W, = {wh wo,wh, ... wie}

and note immediately that

(Wil =1+s+225+2=5n41+2

so we will have (A1) eventually. It is easiest to describe the homomorphisms
a, and B, combinatorily (i.e. via edges). The map o, is as shown in Figure
9 (dropping subscripts)
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ce e @ e L4 e ° !
w+ w™ wl w2 w® ws+1 ws+2 w:+3 ws-{-

Figure 9.

where the number of edges from v! to each v, 1 <4 < s, is R. To describe
Bm, we proceed as follows. We describe a map from F(W,,) to F(V},) so that-
its composition with a,, gives the usual map of F(V,,,) in F(V;) provided by

the diagram (V, E). Unfortunalety, this map we are about to give may not

have enough edges so we compose it with the usual map F(V,) — F(V,.,.)
(recall npmys = n + 1) to get Bn,. As for the map to F(V,), if we identify
F(Wn \ {wl}) with F(V,, \ {v}_}) via o}, the map is just the canonical
map F(V,,) to F(V,). We connect one edge from each w}l,...,ws, to
vy and p(vy_,vi) — Rs edges from wit! to vl. There are no other edges
emanating from any of the wl ..., w:, and from w?}! to any v’ in V,, there
are p(v;_,v') edges.

Next we determine j,, by the formulz
pm(v,1) = Zp(v,v')p(v',i)

where the sum is over v’ in u;;g;;n"lvk. Finally we set s, = 1., 1.
Now, what do we do with this garbé.ge? Telescope the diagram (V, E) to
the sequence {n, }3° to obtain (V, E). As defined, B, o a,, agrees with the
map given by (V, E) so by Lemma 10.6, p represents £ in Ext (G, Z*). We
claim that (V, E) and j satisfy (A2) and (A3’) for the sequence {s,}%.
This is clear except when considering v = v} in V.. in this case, note

Nm

that there is at least one path from v to v/ = v,TmH_l and p(v',1) > 1 for
i=1,..., nn1-1 = Sm and the claim follows easily.

Now we define ¢ : WxN — Z as follows. On W,, = {w}, w,wl,..., v}
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set

o(w:,1)=0 forl <j<s,
owh,) = (v i)
() = (V)
and o(wit*, 1) = pm(vi ,1); 1 <j<landforalli e N.

Consider the diagram of the combined sequence
F(Vo) = F(Wo) — F(V) — F(W1) — F(V3) —

with & to be zero on V and equal to o on W. If we telescope to the odd
levels we get (V, E). Moreover, applying the formula of Lemma 10.6 and
the definition of c,, & becomes jp. On the other hand, telescoping to the
even levels yields (W, F') and o. (The edges for F' are described by the
homomorphisms @41 0 Bm.) Thus (W, F') is a Bratteli diagram for G and
o represents the desired element £.

Recall that §,, began by mapping F(W,,) into some F(V;,) and followed this
by the map F(V,.) to F(Vo41) given by E,.;. This second map has the "2-
edge between all pairs of vertices property” and so f, does also. It follows
that (W, F') satisfies (A0). Property (Al) was noted earlier. Properties
(A2) and (A3’) follows easily from the definitions. Finally, for (A43"), we
consider w in Wy,, 1 <1 < s,. Recall the map F(W,,) to F(W,,41) factors
through F(Vp41) = F(V,,.,,). As noted above, there is at least 2 edges
between each vertex in W,,, and each vertex in Vm+1. Also recall that from

1

LI wi, ., there were exactly R edges (definition of aypy1), where

R = max{pn(v,i v €V, ' e N} +1

— note we have shifted from m to m + 1 from the original definition. This
means that a1 0 B, has at least 2R edges from w to win +1- - Also recall

that p., was used to define o on W, and so
R = max{co(w",7)|w" € W,,i’ € N} > o(m,2) +1

and then finally
N(w,wi, ;) > 2R ; a(m,i)+1

and (A3) is satisfied. 0
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Proof of Theorem 10.1. The short exact sequence determines an element,
£ in Ezt(G,Z*). By Lemma 10.7, Lemma 10.4 and Lemma 10.3 there is
(X,p) and Y C X, satisfying the properties listed in the theorem, so that
the associated element & in Ezt(K°(X,p),Z>) equals & after applying
the isomorphism 7 : K°(X,¢) — G. (By construction - is an order iso-
morphism preserving distinguished order units.) By the standard results on
Ext [14; Ch. IX], this means we can find the isomorphism 7 : Ko(AY) — H
as claimed. To see that 7 is an order isomorphism preserving the distin-
guished order units modulo infinitesimals, it suffices to note that 7 is strict
positivity preserving by hypothesis, that i, is strict positivity preserving by
Theorem 1.17 (Corollary 3) and that v is an order isomorphism — each of

them preserving distinguished order units. (C{f. also Lemma 5.3.) O
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