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Abstract: This article presents the study of Struve functions and certain integral operators associated
with the Struve functions. It contains the investigation of certain geometric properties like the
strong starlikeness and strong convexity of the Struve functions. It also includes the criteria of
univalence for a family of certain integral operators associated with the generalized Struve functions.
The starlikeness and uniform convexity of the said integral operators are also part of this research.
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1. Introduction

We denote by A the class of functions f that are analytic in the open unit disc D = {z : |z| < 1}
and of the form:

flz)=z+ i anz". 1)
n=2

Let S denote the class of all functions in .4, which are univalent in D. Let $* («), S («) and C ()
denote the classes of starlike, strongly starlike and strongly convex functions of order &, respectively,
and defined as:

S*(a) = {f:feAandﬂ%(Z;/(S)>>a, zeu,txe[o,l)},
SN*(oc) = {f:feAand arg(zf(g)>’<w2ﬂ, zeU,zxe[O,l)},
" E(,x)z{f:feAand arg<1+zjf:,”((z‘§)>’<”f, zeu,oce[o,l)}.
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It is clear that:

S*(1) =8 (0) = 8, C(1) =C(0) = C.
The class U/CV of uniformly convex functions is defined as:
zf" (Z)) zf" (2) }
Z/ICV:{ 6A:§R<1+ > ,2€Dy.
d 7@ ) 717
For more detail, see [1]. If f and g are analytic functions, then the function f is said to be

subordinate to g, written as f(z) < g(z), if there exists a Schwarz function w with w(0) = 0 and
|w| < 1such that f(z) = g(w(z)). Furthermore, if the function g is univalent in I/, then we have the

following equivalent relation:

f(z) <8(z) < f(0) =g(0) and f(U) Cg(U).

Now, we consider the second order inhomogeneous differential equation:
2\ L+1
4(3)

Var (L+4) @

220" (z) + zw' (z) + (22 — L2) w(z) =

The solution of the homogeneous part is Bessel functions of order L, where L is a real or complex
number. For more details about Bessel functions, we refer to [2-8]. The particular solution of the
inhomogeneous equation defined in Equation (2) is called the Struve function of order L; see [9]. It is
defined as:

00 n 2n+L+1
= n+3/2) (L+n+3/2)
Now, we consider the differential equation:
4 (2Lt
220" (z) + zw' (z) — (22 + LZ) w(z) = AT ) 4)
var (L+1)

The Equation (4) differs from the Equation (2) in the coefficients of w. Its particular solution is
called the modified Struve functions of order L and is given as:

I~ (2)2n+L+1

Yi(2) = —ieT XL ( 2 T(n+3/2)T (L+n+3)

Again, consider the second order inhomogeneous differential equation:

4 (Z) L+1
2 (2) + bz’ (2) + [e22 — L2+ (1= D) L] w () = — 22—, )
VAT (L+3)
where b, ¢, L € C. The Equation (5) generalizes the Equations (2) and (4). In particular, for b = 1,

¢ =1, we obtain Equation (2), and for b = 1, c = —1, we obtain Equation (4). Its particular solution

has the series form:
o0 (_1)1’1 (Z/2)2n+L+1

Wi (2 nzor (n+3/2)T(L+n+(b+2)/2)

(6)
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and is called the generalized Struve function of order L. This series is convergent everywhere. We take
the transformation:

c/4

b (2) = 2T (L (b+2) /2) 20 2y (V) = Y D2 (3/2), )

n:O

@)

Whereq:L+(b—|—2) /27&0,—1,—2,,_.31’1(:1(7)” = l"(r’y(—q&/-)n) :fy(fy+1)...(fy—i-n—l).Thisfunction

is analytic in the whole complex plane and satisfies the differential equation:
4220" (2) +2(2p + b +3) zw' (z) + [cz+2p + b]w (z) =2p + b,

where T’ (.) denotes the Gamma function. The function uy, j, . unifies the Struve functions and modified
Struve functions. The function uy j, . is not in the class A of analytic functions; therefore, we consider
the following normalized form of the Struve function as:

00 4 n+l
OLb,c (Z) =ZULpe = Z 3(://2 ) ( ) . (8)

Special cases:

(i) Forb =1, c =1, wehave the normalized Struve function A} : A — A of order L. Itis given as:

X (z) = 2b/mr (L + i) S A
1/4) n+l
= z+4 : 9
Z 3/2), @), ©)
(i) Forb =1, c = —1, we have the normalized Struve function Y} : A — A of order L. It is given

as:

(=L+1)

Vi(z) = 2byar (L + 3) z Y1 (Vz)

00 1/4) n+1
; 3/2), (1),

(10)

The functions uy ;. and vy ;. were introduced and studied by Orhan and Yugmur [10] and
further investigated by other authors [11-13]. In the last few years, many mathematicians have set the
univalence criteria of several of those integral operators that preserve the class S. By using a variety
of different analytic techniques, operators and special functions, several authors have studied the
univalence criterion. Recently Din et al. [14] studied the univalence of integral operators involving
generalized Struve functions. These operators are defined as follows:

z n ai %
Foposnf(2) = {ﬁ [T (M) dt] , )
0 =

1
ny+1

My (z) = m+1/ {vLi,b/C(t)}”Ydt] , (12)
o =1
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and:
. /A
A
2, (z) = [)\ / A1 (evw(”) dt] : (13)
0

Now, we introduce the following integral operators Hy; , .
the generalized Struve functions as:

Hy, ey (z) = {ﬁ/tﬁ—ln (U[;?,(ctgf)) dt} , (14)
0 i=1 1

Tty (v O™ v
pIETT =5 ) @) arp (15)
0 =

where 7;, J;, B are nonzero complex numbers, L; € Rforalli =1,2,--- ,nand g; € A.
In this paper, our aim is to study certain geometric properties like the strong starlikeness and

., Y ILi,b,c,wl,.“,yn,&,ﬁ : A — Ainvolving

ILi,b,c,'y,v,J,v,ﬂ (Z)

strong convexity of the Struve functions and univalence for the integral operators Hy, j, g and
It bey:,5,p associated with the generalized Struve functions. The starlikeness and uniform convexity
of the said integral operators are also part of this research.

2. Preliminary Results

We need the following lemmas to prove our main results.

Lemma 1 ([15]). Let G(z) be convex and univalent in the open unit disc with condition G(0) = 1. Let F(z) be
analytic in the open unit disc with condition F(0) = 1 and F < G in the open unit disc. Then, ¥V n € NU {0},
we obtain:

(n+1)z—1—”/t”F(t)dt < (n+1)z_1_”/t”G(t)dt.
0 0

Lemma 2 ([16]). If g € A satisfies:

z8" (2) .
1+ <2, thenge S*.
‘ 6 g
Lemma 3 ([17]). If g € A satisfies:
28" (z)| _1
) <5 then g € UCV .
Lemma 4 ([10]). Ifb, L€ Randc € C,q =L+ bzﬂ are so constrained that q > max {0, %}, then the

function vy p . : D — C satisfies the following inequalities.

N ELTRCN lel (69—]c])

W e 1’ < 3Cag-Iel)Be-T)”
.. sz,b,c(z) 6|c|
@ e | S e

Lemma 5 ([18]). If g € A satisfies the following inequality:

1— |Z|2§R(0t)
R (a)

z8" (2)
g (z)

<1,R(a) >0,
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then for every complex number B, R > R (), the function:

z }
Gp (z) = (5/tﬁ1g' (£) dt) €S.
0

Lemma 6 ([19]). Let g (z) = z + apz® + - - - be the analytic function in D. If:

g/// (2) <K, zeD,
§'(2)
where K ~ 3.05, then g is univalent in D.
%
Remark 1. The constant K is the solution of the equation 8 [x (x—Z)?’] —3(4-x)? = 12

An approximation by using the computer programs suggest the value 3.03902118847875. Kudriasov used the
approximated value equal to 3.05.

3. Geometric Properties of Generalized Struve Functions

Theorem 1. If g > %, then vy . € S* (), where:

a:iarcsin<lp\/l—l/f+lg 1—1[J2> (16)

el is such that arcsin % +arcsiny € [—g, %]

3(49—1cl)

and P =
Proof. By using Equation (8) with the triangle inequality, we have:

, > " (n+1)
e (2) =1 < ¥ g Ty

By the help of the inequalities:

(8/2), = 7 (n+1), (9), 24", Vn=1,

B~ W

we obtain:

ol & C n—1
ot 1|2 B ()
n=1

4lcl ]

DS o7

For g > %, itis clear that 0 < ¢ < 1. Furthermore, from expression (17), we concluded that:

Oppe (2) <1+9z = ’arg (v’L,h,C (z))‘ < arcsin . (18)
With the help of Lemma 1, take n = 0 with F(z) = v} , .(z) and G(z) =1 + ¢z, and we get:

PLbe 2 gy 4% (19)
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As a result:

arg <ULbZC(Z)> ’ < arcsin % (20)

By using relations (18) and (19) , we obtain:

s (G| = () o )

z
< —_— / ’
< [os ()| s oo 0)
< arcsin % + arcsin .

As 0 < ¢ < 1, thus one can write the above last expression as:
zv) , (2) [ w2
Lb,c .
arg | ———= || < arcsin 1-L-4+ L. /1—9¢?2 ],
& ( OLb,c (Z) ) (lp 4 2 IP

which shows that vy . € s («) for a = 2 arcsin (l/] 1- %2 + %\/1 - 1/12> . O

I

Theorem 2. Ifq > %ﬁ‘, then vy ;. € C (), where:

_ 2 [P 92
zx—narcsm<q) 1_Z+§ 1—¢%], (21)

219 s such that arcsin ¥ + arcsing € [—%, %].

37—-2]c|

and ¢ =
Proof. By using the well-known triangle inequality:
|21 +Zz| < |Z1| + |Zz| ,

with the inequalities:

(n+1)2<4", (q), >¢q" VneN,

n

we obtain:

(zvlL,b,c(Z)y - 1‘ < E (l”c/|2)(4"(
|

) n—1
<20 § (21
q n=1 q
2]c|
= = 22
Itis clear that 0 < ¢ < 1forgq > %, and from the expression (22), we conclude that:
/ ! / !
(zvbb,c(z)> <149z = |arg (va,b,C(z)) < arcsin ¢. (23)

/
With the help of Lemma 1, take n = 0 with F(z) = (zv’L/b, C(z)) and G(z) = 1+ ¢z, and we get:

zv, . (z
7L’b’c( ) <1+ fz.

. 5 (24)
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This implies that:
U1 pe(2) <1+ %z.
As a result:
‘arg vlL,b,c(Z)‘ < arcsin % (25)

By using relations (23) and (25), we obtain:

(zv’leIC (z)) /

Rl BN -

!/
arg (20],4,0(2) ) — argop ;0 (2)

IN

arg (20],5,0(2)) | + [arg (o ,0(2) )
4

< arcsin 5 + arcsin ¢.

As 0 < ¢ < 1, thus one can write the above last expression as:
(ZU/L,b,c (Z)>/ < arcsi l1_ L9 \/7
arg | ~——"F—— arcsin | ¢
Z)/L,b,c (Z)
which shows that vy . € C () fora = %arcsin ((p 1-— %2 + %\/1 — (p2> .

Theorem 3. Let g > 1?‘2|, then vy ;. € UCV.

Proof. Since: B
20y ), (2) 6c|

U/L/b/c (z) | — (129 =7]c])’

By using Lemma 3, we have the required result. [

4. Univalence Criteria for Integral Operators
In this section, we find the univalence of these integral operators defined by generalized Struve

functions, by using the above lemmas.

Theorem4. LetLq,...,L,, b e R, c € Candg; > ‘ L with gi =L+ bi2 1. .. Letvp p.:D—C
be defined in the Equation (8). Suppose g = min (ql,qz, ..., qn), i are non-zero complex numbers and if
Qi € Awith:

8 (2)

gi (z)

where K ~ 3.05, these numbers satisfying the relations:

<K, zeD,

%zzx) (1 + (4,1|C_|(|6|q)( ) > i|%| + Z lvi| < 1, (26)

when 0 < N () < 1and for R (a) > 1

1 e (69 —
R (a) <1+ 3 (49 —|c|) (3 |c| ) Z il +4Z lri] <1, 27)

then for every complex number B, $t (B) > R (a) > 0, the function Hy, p ¢ -, g defined in (14) is univalent.
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Proof. Consider the function:

Ti

1 z)L ,b,c
Hy o (2 / (gz o ) dt. (28)

0 1=
By taking the derivative of Equation (28), we get:

, no(v ib,c (Z) i
Hi e (2) =11 (Lg,b(z)> ' >

i=1

Itis clear that Hy ¢, (0) = H}_, .. (0) — 1 = 0.1t follows easily that:

ZH e, (B) ¢ 20,0 (2)\ (281 (2)
e i S {(UL,.,b,c<z>> (gmz))}

and:
1— [z 2B ey, ()] 1|2 D IE N D |28 @)
Ra) | Hppe,. (2|7 R) i ( T e (2)
Now, using the Lemma 6, we have g; € S,i =1, ..., 1, and:
/
- 1
()| 1+ 40
8i (2) =1 2|
By virtue of the above inequality (30), we get:
1_|Z|2§R(0t Hilbc,h( ) < |Z‘ 2| | (Z +Z| |1+|Z|
R | H,. @] - @ | TET
1- L b, (2) 1-— ‘Z|2§R 2 L
< i
: 2' o | R oEs
First, we consider the part:
1- [z & 201 b (2) bc( il
This implies that:
1— |z Vb (2) o 1 i|7‘| 201 pe (2)
OL;ib,c (Z) R (IX) i—1 ! OL;b,c (Z)
Using Lemma 5, we have:
1— [z v, bc( ) 1 ¢ { |c| (6qi —|c]) }
< Yil 1+ :
e @ | = T & 30— [el) Gos - 16D
We define the function 7 : (%, oo) — R, 7(x) = %. It is a decreasing function;

therefore:
|c| (69i — |c]) < lc] (69 — |c])
3 (4q; — |c]) (3qi —[c]) — 3 (49 —c|) (3q —[c])
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hence:
be (2)
oL, bc( )

“' ZIA

Now, we consider the part:

n ] (69 |e])
wgm{“%Mwwmwwm}' @D

1= [z[2R@

2 n
%(IX) 1_|Z‘l;|r)’i"

For this, we have the following cases:

(1)  For0 < R («) < 1, then the function v : (0,1) — R, v (x) =1 —a*,x = R (a) and |z| = a is
increasing and:

therefore: ()
1—|z7" 2 &
il < (32)
R 1-FE
From the inequalities (31) and (32), for 0 < R («) < 1, we have:
2R@) | zH] ) 0 (2) 1 6
z c c
L P ) 1 (G Y
W |7, @ "%\ 3G

(2) For R (a) > 1, consider the function w : [1,00) — R, w (x) = 1_}?2;(’ x =R (a)and |z| =ais
a decreasing function and:

_12R(a)
& <1-— |z\2;
R (a)
therefore:
Ll 2 ) <oy
Yil <4) il (34)
R(w) 1—|z="" =

By combining the inequalities (31) and (34) for R (a) > 1, we get:

1Z|2§R(“)) ZHZbC’yl( z) 1 | |(6q
( R (@) Hi ey (2) = Ra) (1+ 3(4g—|c|) (3 )Z|%|+4Z|% (35)

From the inequalities (26), (27), (33) and (35), we obtain:

1_ ‘Z|2§R(D¢) zH’L’ by (2) -
§}E(D() Hi bc'yl( )

Therefore, using Lemma 5, we get the required result. [

Theorem 5. Let L1,...L,, b € R,c € Cand g; > 2‘4| withq; = L+ (HZ) i =1,...,n.Letvy p.: D —
C be defined in the Equation (8). Suppose q = min (41,42, -.-Gn) , Vi, i are non-zero complex numbers and if

gi € Awith
8! (z)

g (z)

where K ~ 3.05, and these numbers satisfy the relation:

<K, zeD,

(@) 300 - e ¢ czm”umw+ﬁ%>§'K 0
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Then, for every complex number B, % (B) > R («) > 0, the function Iy, .. 5,5 defined in Equation (15)
is univalent.

Proof. Consider the function:

It beys; / <0L e ( ) (g} (£))" at. (37)

0 i=1

By taking the derivative of Equation (37), we get:

n Yi
I obers (2) =11 (v”(z)> (g ()™ (38)

i=1 z
Itis clear that Iy p ¢ .. 5; € A. It follows easily that:

Ii/bc% 1(z>_ ! ) ZU/Li,b,c(Z) ! ) Zg;/(Z)
e ‘E’”( e (2 _1>+Z‘51{ '<z>}'

I
Lib,c,vi,0

Therefore, we obtain:

1— 2P |20 e (2)
éR(lX) Ii ,b,0,7i, 151 (Z)
1 PR  (2) y
e A A
R (a) VLe (2) 8i (2)
This implies that:
1— [z |2l 060 (2) < )= \z| Z‘ | L b (2) _1
§R(DC) I/Lbcfylé( ) o i UL bc(z)
1 zZSR 7(z)
SR |\Zlé|g Z)} (39)
Using Lemmas 4 and 6, we get:
l—|z|2%(“) ZIZZ?C% l( z) < 1- Z| | || (64i — |c])
R(@) |1 ey @ | Y13 (g — [el) (3ai = Ie])
1 _ |Z‘2%(1X)

+

n
As was mentioned before:

[ (64i — |e]) o lel6q—le)
3 (44 — Icl) (3qi — Iel) ~ 3 (49 —|c[) (3g — c[)’

therefore:

I/L/hcm ,( )
I

1— |z
R ()

2% (a)
. {1 d ] (69 -

e i Teres D Z'%

1_ |Z‘2§sz

IKZ I5}
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_22a
Consider the function h: [0,1] — R, h (x) = M, x =|z|,a =R (a). Then:

a

maXh(x) = %,x S [0,1]
(2a+1) 20
This implies that:
L= 2 |2l s B | f1 2P el (69 — ZW
R@) | L., | — | R 36— <3q !
2K
+ EDYOED Zl5|}
(2 () +1) T

Using the inequalities (36) and (39), we get:

1 _ ’Z|2§R ! Igublcr')’i/&i (Z) < 1
R («) Ii,,b .y 5 (2)

Therefore, by using Lemma 5, we get the required result. [J

Corollary 1. Consider the function X1, (z) : D — C defined in the Equation (9). Let Ly, ..., Ly, > —1.75
(n e N)and L = min{Ly,...,L,}. Furthermore, let the parameter y; be non-zero complex numbers with
{i=1,2,3,...,n}and if g € A with:

g/ (z)
g (z)

<K, ze€D,

where K ~ 3.05, and these numbers satisfy the relations:

1 4(3L+4)
R (a) <1+ 3(24L2 +58L + 35) ) Z vl

when 0 < N (v) < 1Land for ® (a) > 1

1 4(3L+4)
[5}%(04) (H 3 (2412 + 58L + 35) ) Z il +4Z|%| <1

then for every complex number B, % (B) > R (a) > 0, the function Hy;p,c ., g is univalent.

| <1,

Corollary 2. Consider the function X, defined in the Equation (9). Let Ly,...,L, > —1.75 (n € N) and
L =min{Ly,...,Ly} . Furthermore, let the parameter vy;, 6; be non-zero complex numbers and if g; € A with:

g/ (z)
g (z)

<K, ze€D,

where K ~ 3.05, and these numbers satisfy the relation:

1 4(3L+4) " 2K
%(ﬁ&MLH&AG5Z|J+

n
R+ Z 6il <15
R @) R () +1) 0 =1

then for every complex number B, % (B) > R (a) > O, the function Iy, 5, p 1 univalent.
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Corollary 3. Consider the function Yy, (z) : D — C defined in the Equation (10). Let Ly, ..., L, > —1.75
(n € N)and L = min{Lq, Ly, ...,L,} . Furthermore, let the parameters -y; be non-zero complex numbers with

{i=1,...,n}and if g; € Awith:
8 (2)

gi (z)

where K ~ 3.05, and these numbers satisfy the relations:

<K, zeD,

n

1 4(3L+4) L 4 ‘
R (a) (H 3(24L2+58L+35)) 1; il + %(a)zw’l <1

i=1

when 0 < RN (v) < 1and for R (a) > 1

1 (3L +4
l?R(zx) <1+3(24L2+58L+35 )ZW’ +4Z|%| <1

then for every complex number B, % (B) > R (a) > 0, the function Hy, . . s is univalent.

Corollary 4. Consider the function Y, (z) : D — C defined in the Equation (10). Let Ly, ..., L, > —1.75
(n € N)and L = min {Ly, Ly, ..., Ly, } . Furthermore, let the parameter -y;, 6; be non-zero complex numbers and

if g; € Awith:
8! (z)

g (z)

where K ~ 3.05, and these numbers satisfy the relation:

<K, zeD,

1 4(3L+4) U 2K n

3 Z| vil + 2R@ D) Yl <1
R () R (7) 3 (2412 + 58L 1 35) % () + 1)

then for every complex number B, % (B) > R (a) > 0, the function Iy .. 5, 5 is univalent.

5. Starlikeness and Uniform Convexity Criteria for the Integral Operator

In this section, we find the starlikeness and uniform convexity of these integral operators defined
by generalized Struve functions.

Theorem 6. Let L1,...,L,, b € R, c € Cand q; > 2‘ L with g = L + (bH) ,i=1,...,n Let op, p.:

D — C be defined in the Equation (8). Let the function g; satisfy the condztzon ‘ ;’_ﬁ((zz)) ‘ < M, where M is
a positive integer. Suppose q = min (qq,...,qy) and vy; are non-zero complex numbers and these numbers

satisfy the relation:
- [ (6q — |el) )
i ( +1)+|pMp <1,
Ll (sl ey )+

1 defined in the Equation (14) is in class S*.

then the function Hy p ¢ ...

Proof. Consider the function:
Zn v Vi
Libe (F)
e ()= [TT (22250 ) . (40)
0

Hence:

zH .. 1 (2) n zv] . (2) 20! (2
e (52) - (58)

Libcyil (z) S
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This implies that:
zH/ z
1+ ,L"b”“ < 2\% +2| 7il gl( )|+ (41)
L;b,cyi 1 ( ) L;bc ( )
Using Lemma 4(i),
e ()| Il (6g— el
UL b (2) = 3(49 —[c]) (39 — |c])
and: ,
zg; (z) <M
gi(z) | =
we have: -
z Lib,cyil & { ( ‘ ‘(6’7i_|c|) ) }
1+ K +1)+1Mp +1.
HMW,U < L\ 37— [¢) Ba — o] l
Since:
|c| (69; — |c]) < lc] (69 — |c])
3 (4qi — c]) (3qi — [c]) — 3 (49 —|c|) (3q — [c])
therefore:
ZH beyin " H%q\D
1+7"’ {7 ( 1>+7-M}+1
pn @ |~ 5\ 50— () g — oD g
Furthermore,
< |c| (69 — |c]) )
0% ( +1)+|7IMp <1
E{l ~1el) (g — 1) g
implies that:

1"
1+ ZH/Li,b,Cﬂi,l (Z)

< 2.
Lib,cyil (Z)

By using Lemma 2, the function H .1 € S*. [

Theorem 7. LetLy,...,Ly, b€ R, c € Candg; > 5 7|C‘ withq; =L+ %2,i=1,... n.LetvL.bC:DH

C be defined in the Equation (8). Let the function g; satzsfy the condition Zgg’(( ))

integer. Suppose q = min (41,49, ...,qn) and 7y; are non-zero complex numbers and these numbers satisfy

the relation: el ( el
& cl(6g —|c ) } 1
f +1)+|7|Mp < =,
A (5 S e 2y 1)+ M) <

then the function Hy p .1 € UCV.

Proof. Consider the function:

n v Vi
Hi e ( =/ (“C ) dt. (2)
Ol

This implies that:

e benn &) [ (e B (281(2)
HL,-,b,c,A/,-,l( ) B 1:21 |")’1 ( ULi,b,c (Z) ) i (g: (Z) )1 ’
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Therefore: ,
Using Lemma 4(i):
e (@) | el (69— le]
UL (2) ~ 3(49—|cl) (39 —c])
and: ,
AP
8i (2)
we have: i .
zH} c|(6g; — |c
H{ff:,f" <z> < Z{'% (s o0 Ty 1) + il
Since:
lc[(6gi —le)) e[ (6 —]c])
3 (&g — [c]) (3qi — Ic]) ~ 3(4q—[c]) Bg — [e])’
therefore: Hy e ) el 63— I
0, 2@ | =& {1 (57 e g 2y +1) + il -
Using:
w c| (6g — |c 1
LA (5 e ) HMp < 3
then:
zHY i1 (2) <1
HLi,b,c,%,l (z) 2
Hence, by using Lemma 3, Hy ;1,1 € UCV. O

Corollary 5. (1) Consider the function X, defined in the Equation (9). Let Ly,...,Ly, > —1.75 (n € N),
L = min{Ly, Ly, ..., Ly} and the function g; satisfy the condition ‘ zgg,((;))

Suppose q = min (41, q2, ......qn ) and y; are non-zero complex numbers and these numbers satisfy the inequality:

4(3L+4)
1 A M 1
Z%{| 1'( (24L2+58L+35)+ )+I%I }< ,

’ < M, where M is a positive integer.

then the function Hy p .1 € S*.

(2) Consider the function Xy, defined as the Equation (9). Let Ly,...,L, > =175 (n€N),
L = min{Lq,Ly,..., Ly} and the function g; satisfy the condition ’Z;l{((zz))
integer. Suppose q = min (q1,qz,...,qn) and 7y; are non-zero complex numbers and these numbers satisfy

the inequality: ( )
8(BL+4
;%ZN(MU+%LH@ >+WM4

then the function Hy p .1 € UCV.

I\)M—\
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Corollary 6. (1) Consider the function Yy, defined as the Equation (10). Let Ly, ...,L, > —1.75 (n € N),
/
L = min{Lq, Ly, ..., Ly} and the function g; satisfy the condition Zé,‘gi((zz))

Suppose q = min (41, 42, ......qn ) and y; are non-zero complex numbers and these numbers satisfy the inequality:

; 4(3L+4)
: 1 My <1,
z; {I%I (3(24L2+58L+35) + ) + il }

< M, where M is a positive integer.

then the function Hy j .1 € S*.

(2) Consider the function Yy, defined as the Equation (10). Let Ly,...,Ly > =175 (n € N), L =
min{Lq,Ly,...,Ly,} and the function g; satisfy the condition ‘Zgg_;((zz)) ’ < M, where M is a positive integer.
Suppose q = min (q41,q2,...,qx) and 7y; are non-zero complex numbers and these numbers satisfy the

inequality: ) ( |
8(3L+4 1
. , M 1
Ig{m(3(24L2+58L+35)+ )H%I }<2

1 EUCY.

then the function Hy p ¢ ...
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