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ABSTRACT

Magnetic neural stimulation of straight neurons with bends (1) in a semi-infinite volume
conductor with a planar interface and (2) in the model of the human head is analyzed. Two
stimulating coils, namely the double-square and the double circular, producing the magnet-
ic field for the neuron stimulation are considered. The results indicate that the stimulating
coil characteristics (size, shape and location) and the neuron shape affect the magnitude and
location of the stimulation. The activating function, defined as the electric field derivative
along the neuron, has two components. One component depends on the derivative of the
electric field along the straight section of the neuron, and the other on the field magnitude.
For bent neurons in a semi-infinite volume conductor, an analytical expression of the acti-
vating function (the stimulus) of the neuron was derived. The maximal stimulation point is
at the bend of the nerve and its position depends on the nerve shape and coil parameters.
The analysis also shows a better performance (a stronger stimulus) for a double-circular

(figure eight) coil than for a double-square coil of comparable size.

Stimulating bent neurons in the human head is also analyzed. The head model con-
sists of an outer sphere representing the skull and scalp and two inner spheres such that
each represents one half of the brain. The 3D-impedance method was used to obtain the
induced electric fields by the double-square and double-circular coils. Quasi-static condi-
tions are assumed. The geometry of the neuron in this model approximates the normal
configuration of motor neurons in the human head. The analysis shows that the stimula-

tion occurs almost at the highest point on the nerve (the closest point to the coil) with the
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coil positioned in such a way that its center is directly over the highest point on the nerve.
It is also shown that the double-square coil produces a stronger stimulus than the double-
circular coil. This result is in contradiction with that for a bent neuron in a semi-infinite

volume conductor, however, it agrees with the results obtained for a straight neuron [1].

The analysis of bent neurons represents a more realistic approximation of the
actual anatomy. The results of this analyses confirms the conclusions and, therefore, use-
fulness of simplified analyses of straight neurons. The results are expected to be of some
use in clinical applications where non-invasive neural stimulation is desired and location

of stimulation needs to be known.

Examiners

i Dr. M. A. Stuchlﬁ, Supervisor i’

Dr. J./Bornemann, Defpartmental Member

Dr. P. Fisher, Outside Member

Dr. D. Olesky, External Examiner




Table of Contents

Table of Contents
List of Tables

List of Figures
Acknowledgments

Dedication

1 Introduction

1.1 Background and motivation .
1.2 Research objectives .
1.3 Thesis organization .

2 Neural stimulation

2.1 Introduction . e
2.2 Physiology of the nerve fiber
2.2.1 The nervous system .
2.2.2 Structure of the nerve cell
2.2.3 The cellular membrane .
2.2.4 The neuron at rest.
2.2.5 The excitable membrane.

2.3 Neuron stimulation by external electrodes .

2.4 Magnetic stimulation
2.5 Magnetic stimulator .

3 The state of knowledge

3.1 Activating function for magnetic field .
3.1.1 Problem formulation

iv

iv
vi

vii

xi

S

27

2T
sl




3.1.2  The quasi-static approximation .
3.1.3 Calculation of the induced fields .

3.2 Semi-infinite plane model.
3.3 Cylinder model .

3.4 Sphere Model

3.5 Unresolved issues .

4 Magnetic stimulation of bent neurons in a semi-infinite plane

4.1 Problem formulation.

4.1.1 Induced electric field by a double-circular coil .
4.1.2 Induced electric field by a double-square coil .

4.2 Results .
4.3 Discussion and conclusions . .

5 Magnetic stimulation of bent neurons in the human head

5.1 Introduction . .
5.2 Model of the human head .

5.3 Method of solution

5.3.1 Impedance method . . .
5.3.2 Procedures of the numerical solutlon .

5.4 Results .

5.4.1 Verification of the method
5.4.2 Spherical model of the brain

5.5 Discussion and conclusions . .

6 Conclusions and recommendations

6.1 Conclusions .
6.2 Recommendations.

Bibliography

.29
v 32

» 3
.38
.40
.43

-+

.44

.48
1|

D3
« 9

61

.61
.61
. 68

. 68
.71

.74

.74
.18

. 88

91

i)
.93

95




vi

List of Tables

Table 4.1. The value and location of the maximum stimulus produced by a double-
square and a double circular coils for different bend shapes. .......... 59

Table 5.1.  Activating function and individual contributions. Stimulation to it pro-
duced by a double-circular coil of diameter 5 cm, 20 turns (10 turns each
side) and carrying current varying at a rate of 100 A/ms.............. 84

Table 5.2.  Activating function and individual contributions. Stimulation to it pro-
duced by a double-square coil of 5 cm side length, 20 turns (10 turns each

side) and carrying current varying at a rate of 100 A/ms.............. 87




vii

List of Figures

Figure 2.1
Figure 2.2

Figure 2.3
Figure 2.4
Figure 2.5
Figure 2.6
Figure 2.7
Figure 2.8
Figure 2.9
Figure 2.10

Figure 2.11

Figure 3.1

Figure 3.2

Figure 3.3

Figure 4.1

Structure of a typical motorneuron . .......... .. .. ... ... ..., 10
Myelinated nerve fiber. (a) A cross section normal to the neuron axis.

(b) A longitudinal cross section showing nodes of Ranvier. ....... 11
Chemical composition of a typical cell membrane. .............. 13
Nerve exCHANON SEHND. « -« oo m vooncmamnosbsisnsnssdssmesssns 14
Nerve excitation measurement results . ....................... 13
Passive cable model of cellular membrane. . ................... 16
Excited membrane (Hodgkin Huxley) model. .................. 18
Nerve stimulation by external electrodes . ..................... 20
Typical magnetic stimulator . .............. ... .. ... ... ...... 23

The time course of (a) the current stimulus I(t) and (b) its time deriva-
tive. This waveform was generated using (2.14), withR =3 W, L =
0.165mH,andC=200mF. ......... ... ... ... ... ... ....... 25

Different coil configurations (a) a circular coil (b) a square coil (c) a
double-circular coil (d) a double-square coil (e) a quadruple-square

B0l s s BarspEs 2 0 PEGEEE s v = m ey s wnmmen 5w 4 S0T S S B 26
Schematic of induced E-field inside a semi-infinite conducting medium
with an arbitrary coil configuration. .. .............. ... .. .. .. 32

The electric field produced by a coil near tissue. This figure shows the
qualitative behavior of the electric field lines, but is not intended to be
quantitatively correct. (a) The electric field produced by the coil due to
electromagnetic induction, EA, and (b) the electric field produced by
charge on the tissue surface, Ef. . . ..... ... ... ... ... ... ... ... 34

Location of the depolarization and hyperpolarization regions for: (a)
square coil, (b) circular coil, and (c) a double-square coil. Due to sym-
metry, half of the coilisonly shown. ......................... 37

Geometry analyzed: the topfigure shows a double-circular coil
(selected for illustration), and the bottom figure shows a straight nerve




Figure 4.2
Figure 4.3
Figure 4.4

Figure 4.5
Figure 4.6-a

Figure 4.6-b

Figure 4.6-c

Figure 5.1

Figure 5.2

Figure 5.3
Figure 5.4
Figure 5.5

Figure 5.6

with a bend in a tissue half-space and the nerve position with respect to

the coil. The coil has N turns, each carrying currentI............ 45
Geometry for calculating the magnetic vector potential for a circular
ML, e 3155 s o B B B B s e 1 5 o 49
Magnetic vector potential for a double-circular coil in the plane of the
O v o reneasn é4 o REERaRER ¢ FPREARAR LY YREDRE b & p SENES B2 50
A linear coil segment of length L, parallel to the x-y plane and carrying
BEBIERI L s convns i i e anub 5oms 55858 BaE kv 98T RAT b Y Y ey 52
Nerve bends analyzed. .. ccovveisvsnssnss evsnnunsssnsnsnsss 53

3-D and contour plots of along a straight nerve with a bend. The stimu-
lus () is produced by a 5x5 ¢m double-square coil parallel to the air-tis-
sue interface. The 10-turn coil carries a current raising at 100 A/ms.
The straight part of the nerve is 1 cm below the air-tissue interface. A
ORI DB s s seeanniisrerzEans i s FRPEES G 6} E BERal 5§ BEuwms § 8 55

3-D and contour plots of along a straight nerve with a bend. The stimu-
lus () is produced by a 5x5 cm double-square coil parallel to the air-tis-
sue interface. The 10-turn coil carries a current raising at 100 A/ms.
The straight part of the nerve is 1 cm below the air-tissue interface. A
PAtaBOHS DO, xss4i s sonpecanispepsennssgarornd s s immsy e 56

3-D and contour plots of along a straight nerve with a bend. The stimu-
lus () is produced by a 5x5 cm double-square coil parallel to the air-tis-
sue interface. The 10-turn coil carries a current raising at 100 A/ms.
The straight part of the nerve is 1 cm below the air-tissue interface. A
circular bend of 2 COn XIS » 55 s s 55 s0mmmcs anwsmnsenmnnn e 57

Geometry of the model for the human head. A sphere of radius R1 rep-
resents the scalp and skull, and two spheres of radius R2 represent the
o Halves of thE DI, + «ovvonssn ponscnssossssams mmssmm s 62

The geometry of the problem and the neuron position. (a) A cross sec-
tion parallel to the x-z plane. (b) A top view (outer shell partly transpar-
CIl)] Wit 5 5 S IETR R 5 SISl T 5 TvelTs e s e 5 T s e i 0 s 1 63

Relative coll pOSIION. . «co v csasnimsassussnmssssnasisssosns 64
Bent neuron and field components contributing to its stimulation . . . 66

The designation of the variables in the impedance network method: (a)
a cubical volume representing a part of the biological cell, which con-
stitutes a computational cell; (b) three equivalent resistances connected
to node (i, j, k) representing the volume in (a), and (c) line and loop
currents associated with node (i, j, k). ........... ... ... ... ... 70

Steps of numerical solution. (a) The geometry included in a cubical. (b)
Front view of the discretized volume. (¢) The spherical volume after
QISCIEOZAON: » s ssvuvenneas noms mssss &5ReRas i o5 amsdad o5 73

viii



Figure 5.7

Figure 5.8

Figure 5.9

Figure 5.10

Figure 5.11

Figure 5.12

Results obtained by Eaton [14]: the magnitude of the electric field pro-
duced by butterfly coils having various "wing" angles excited with a
current ramp of 1 A/s. (a) The field strength along path a in a plane 1.3
cm below the sphere surface. (b) The field strength along path b in a
plane 1.3 em below the sphere SUtface. .....cvvscusssvssnensns 75

The impedance method calculations of the magnitude of the electric
field produced by a butterfly coil with "wing" angle of 180 degrees
(open) excited with a current ramp of 1A/s. (a) the field strength along
path "a" in a plane 1.25 cm below the sphere surface. (b) The field
strength along path "b" in a plane 1.25 cm below the sphere surface. 77

Different coil positions. Position 1, the coil center is aligned with the
center of the outer sphere. Position 2, the coil is shifted 2 cm in x-direc-
tion from position 1. Positions 3-5 are spacedby lem............ 79

3D plots of the electric field components in a square region surrounding
the nerve BC (16x16 cells). (a) The x-component. (b) The z-compo-

The activating function (V/cm2) and the contribution of each field
component and its derivative to it for a double-circular coil of 5 cm
diameter (a side), vs. the distance lx, along the bent neuron for different
coil positions: (a) Position 1. (b) Position 2. (c) Position 3. (d) Position
4. () Position 5. .. ... e 82

The activating function (V/cm2) and the contribution of each field
component and its derivative to it for a double-square coil of 5 cm (a
side), vs. the distance 1x, along the bent neuron for different coil posi-
tions: (a) Position 1. (b) Position 2. (c) Position 3. (d) Position 4. (e)
POSIIBRLD. o o008 2 WA HHRTEEE £ ¢ EARSEET 44 & SEDEE =2 E@eysmss ne 86

ix



Acknowledgments

I would like to express my deepest gratitude to my supervisor, Dr. M. A. Stuchly, for
her continuous support and encouragement and for giving lots of her precious time to
supervise this research work and the process of writing this manuscript.

I would like also to thank my colleague, Krzysztok Caputa, for helping me in
checking the coil data used in this work as well as my colleague Ayman El-Sayed for

stimulating useful discussions.

Finally, I express my full gratitude to all members of my family, especially my

parents, for being with me with their hearts all the time.




Dedication

To My Parents

xi



Chapter 1

Introduction

1.1 Background and motivation

Research in biomedical engineering is stimulated by an increasing interest in human
health and by the tremendous progress in the technology of electronics, signal and image

processing, computer control and applied electromagnetics.

Applications of the time-varying magnetic fields in medical research and clinical
practice is one of the most active and promising areas in biomedical engineering. Time-
varying magnetic fields are used as both diagnostic and therapeutic tools in medical appli-
cations. Diagnostic applications include magnetic stimulation [2], magnetic resonance
imaging (MRI) and spectroscopy (MRS), and impedance (conductivity) measurements
[3]. Therapeutic applications are in bone and other tissue repair and growth, energy trans-
fer to implanted devices (electrical cardiac assist devices, biotelemetry, muscle and neu-
ral stimulators), hyperthermia and selective tissue destruction such as cardiac angioplasty
and ablation, aneurysm treatment, and brain tumor resection [3]. Because the variety of
applications have different requirements, a wide range of frequencies and magnetic field

intensities are used.

In magnetic stimulation, short (micro- and millisecond range) but very intense cur-

rent pulses are supplied to the stimulating coil to produce a fast rising strong magnetic
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field to stimulate nerve fibers in the cerebral cortex or peripheral nerves. The pulses are
repeated at low rates in the order of tens per second. This technique is clinically used to
diagnose disorders in the nervous system. It is important to physicians when they stimu-
late a neuron using a magnetic field to know where to place the coil with respect to the

nerve, and where, on the nerve, the stimulation takes place.

An ongoing challenge facing biomedical engineers is to develop the representative
model of a bioengineering problem. A model is a limited representation of reality. It is
something simple made by a scientist to help him understand a complicated problem. A
model can consist of mathematical equations, an imaginary molecular structure obeying
the laws of physics, or a machine which is physically different from the original phenom-
enon but which simulates its behavior. Modeling is usually a compromise between com-
plexity and accuracy. A good model simulates the behavior of the modeled system within
a small percentage error (e.g. 5%). The more accurate results it gives, the more involved
the solution is. Developing a good model requires understanding of the nature of the
problem so that the correct formulation is obtained and the suitable simplifying assump-

tions are made.
The role of engineers in the problem of magnetic neural stimulation are:

1- To model the neuron and its surrounding environment (the arm, the leg, or the

head).

2- To solve for the important parameters, namely, the magnitude of the activating
function (stimulus) and the location of the stimulation. The challenge in this step is to

choose a suitable method of solution whether analytical or numerical.

3- To determine the best coil configuration and dimension (circular, square, double-
square, etc). This step usually requires optimization, especially if the number of opti-

mized variables is quite large.




1.2 Research objectives

In this thesis, we discuss one of the applications of the time-varying magnetic field in
medical practice, namely the magnetic neural stimulation.

The objective of the research described is to model and analyze certain aspects of
neural stimulation with magnetic fields, in order to better understand which parameters
of stimulating coils and neuron geometry affect the efficiency of stimulation. Two

aspects are analyzed:
- Bent neurons.
- The anatomical heterognaity of the human head.

Both aspects are of a special importance in the process of magnetic neuron stimula-

tion in the human cortex.

The study of the first aspect will envolve examining the behaviour of the bent neu-
ron in a simplified model, namely a semi-infinite volume conductor with a planar inter-
face. Two parameters are examined, the magnitude of the activating function and the
location of the stimulation. Determining the magnitude of the stimulation helps designers
specify the suitable current values for the stimulating coil (to minimize the power con-
sumption*), while determining the location of the stimulation allows physicians to deter-
mine the propagation time delay from the point of stimulation to the destination (e.g. a

muscle) and thereby helps to diagnose any neuron disorder.

In the second aspect, the effect of the heterogeneous structure of the head on stimu-
lation of bent neurons is analyzed. Considering the heterogeneous structure of the head
gives more accurate stimulation parameters as well as a better understanding of the pro-

cess of the neuron stimulation of the human cortex.

* Supplying high currents to the coils requires high capcaitor values. High capacitors are quite bulky and unpractical
to use.




1.3 Thesis organization

To understand the technique of magnetic neural stimulation, how it is used as a diagnostic
tool, and to study the different parameters affecting, it is necessary to acquire some basic
knowledge of the anatomy of the nervous system as well as the anatomy of a single neuron.
It is also important to have some background in neurophysiology to understand the
mechanism that causes the neuron stimulation (action potential) and the mechanism of
propagation of the signal in the nerve fiber. As we are only concerned with the engineering
aspects of medical application, only a brief review of the anatomy of the nervous system
and the neurobiology is presented in chapter 2. The chapter also contains discussion of the
main engineering aspects of magnetic neural stimulation; its definition, the circuit model
of the neuron, the technique of stimulating neurons and the coils and circuitry used.
Determining the location as well as the value of the maximum activating function
(the stimulus) are the goals of solving a problem of magnetic neural stimulation. Most of
the problems discussed in previous work considered the value and location of the stimu-
lus for long straight axons [1]. In chapter 3, the computation of the induced electric
fields, as well as the activating function of the neuron during the process of magnetic
stimulation are described. Also, a review of previous work in the area of magnetic neu-
ron stimulation is presented. In this review, different models of neuron stimulation, as
well as the different methods of solution and results are highlighted. The models dis-
cussed are: (1) a long straight neuron in a semi-infinite volume conductor with a planar
interface, (2) a long straight nerves in a cylindrical volume conductor (this model is suit-
able when stimulating peripheral neurons in the arm or the leg), and (3) neurons in a
spherical volume conductor. The latter is a good model when studying the neuron stimu-

lation of the human cortex.

Except for an experimental work done by Maccabee et al. [4], no theoretical study
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has been done to calculate the value of the activating function and location of the stimula-
tion for straight neurons with bends. Such analysis may be relevant to nerves entering fis-
sures of the cerebral cortex. The goal of the discussion in chapter 4 is to develop a
theoretical model for straight neurons with bends in a semi-infinite volume conductor. In
this analysis, three different bends are considered; circular, parabolic and hyperbolic
cosine. For long straight axons it is well established that the activating function is the spa-
tial derivative of the electric field [5],[6]. On the other hand, for straight neurons with
bends, the activating function depends on both the spatial derivative of the electric field
as well as the electric field itself. The analysis is done for two different coil shapes that
are commonly used in magnetic neural stimulation, namely, the double-square and the

double-circular coils.

The technique of magnetic stimulation is not restricted to stimulating peripheral
nerves that are modeled as long straight nerves in a semi-infinite or cylindrical volume
conductors, but it is also used to activate neurons in the cortex [7], map the motor cortex
[8], and in central motor conduction studies [9]. Several investigations have modeled the
induced electric field in the brain during magnetic stimulation. Some models have
neglected the conductor boundary [10], while others have treated it as an infinite conduct-
ing half space [11]. More advanced models include a quasi-spherical volume analyzed
with finite-element techniques [12] and a layered sphere model, corresponding to the
human head layers skull, scalp, and cortex, using a finite-difference technique [13]. An
analytical model for magnetic stimulation of the human head has also been developed by
Eaton [14]. In all of the previous models, it has been shown that the radial component of
the electric field is either zero or highly attenuated [13],[14] and accordingly, radial neu-
rons can not be stimulated. These models are not really exact models of the human head,
specially the inner most sphere which models the cortex. The cortex is actually consists

of two parts and a better model consists of two eccentric spheres as considered in this
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work. In chapter 5, the eccentric spheres model of the human head is studied. The model
takes into account the heterogeneous structure of the head by assigning two different con-
ductivities for the two spheres representing the brain and the outer sphere representing the
skull and scalp. The activating function as well as the location of the stimulation are
obtained for the two coil configurations commonly used, namely the double-square and
the double circular coils. The analysis shows that the magnitude of the activating func-
tion depends on both the coil configuration and the bend shape in agreement with the case

of semi-infinite volume conductor.

Finally, the general conclusions and future work are presented in chapter 6.




Chapter 2

Neural stimulation

2.1 Introduction

Ever since the work of Galvani and Volta in the 1790’s, it has been known that nerves and
muscles can be electrically stimulated. Stimulation of a nerve produces an electrical
pulse (action potential) which propagates along it. Electrical stimulation can be achieved
by an electric field having a non-zero spatial derivative in the direction of the nerve. The
technique of electrical nerve stimulation using either needle or surface electrodes is wide-
spread today for diagnostic and therapeutic purposes. More specifically, nerve stimula-
tion has been recognized as a diagnostic tool for brain/spinal cord disorders e.g. multiple
scelerosis, visual perception problems, cerebral palsy, and facial paralysis [3]. Magnetic
stimulation is another way of achieving the same effect, of inducing electrical current in
the tissue to cause nerve stimulation. Magnetic stimulation offers the advantage that it is a
non-contact and non-invasive method which produces minimal discomfort to the patient

as only low density current flows through skin pain receptors during the procedure.

2.2 Physiology of the nerve fiber

2.2.1 The nervous system

The survival of any multicellular organism depends on some means of regulating and

coordinating the activities of its cells. The human organism has two systems that serve as
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the means of internal communication among the organs: the nervous system and the
endocrine system.

Structurally, the nervous system may be divided into two parts: the central nervous
system and the peripheral nervous system. The central nervous system (CNS) consists of
the brain and the spinal cord [15]. It is completely encased in bony structures - the brain
within the cranial cavity of the skull and the spinal cord within the vertebral canal of the
spinal column. The central nervous system is the integrative and control center of the ner-
vous system. It receives sensory input from the peripheral nervous system and formu-

lates responses to this input.

The peripheral nervous system (PNS) is composed of all nerve structures located

outside of the central nervous system. Specifically:

1. Nerves that connect the outlying parts of the body and their receptors with the

central nervous system.
2. Ganglia (groups of nerve cell bodies) associated with the nerves.

In our study we will consider only the first category of the PNS, namely the nerves.




2.2.2 Structure of the nerve cell

The nerve cell (neuron) is the basic structure and functional component of the nervous
system. It responds to stimulation by initiating and conducting electrical signals. Some
other cells, such as muscle fibers, are also capable of conducting electrical signals, but the
unique shape of the nerve cell makes it especially well suited to serve as a communicator.

Each neuron is composed of a cell body (soma) and one or more processes that
extend from the cell body (each cell contains cytoplasm, Fig. 2.1) [15]. The processes
associated with a neuron are very thin extensions of the cell. There are two types of pro-
cesses: dendrites and axons. The dendrites conduct signals toward the cell body (recep-
tive portion of the neuron); axons conduct electrical signals away from the cell body

(transmittive portion of the neuron).

There is a considerable variation in the size of nerve cells. The diameters of verte-
brate neurons range downward in size from approximately 30 microns to just a few
microns. It is difficult to estimate the length of the dendrites; however, they probably
reach a maximum of 2 mm in the outer layers of the cerebral cortex. Axon lengths vary
from a minimum in the order of 50 microns to a maximum of several meters in large

mammals [15].
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Dendrite

Myelin sheath

Neurilemma

Nucleus of
Schwann cell

Collateral |

branch Axon
covered
with
myelin
sheath

and
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Figure 2.1 Structure of a typical motor neuron




11
Large nerve fibers are surrounded by a myelin sheath of mainly lipoid material, as
shown in Fig. 2.2-a . The sheath is regularly interrupted at axial intervals of about 1mm to

give pronounced indentations known as nodes of Ranvier as shown in Fig. 2.2-b [16].

node of Ranvier

(b)

Figure 2.2 Myelinated nerve fiber. (a) A cross section normal to the neuron axis. (b) A
longitudinal cross section showing nodes of Ranvier.




12

Neurons can be classified according to their function into three types [15]:

1. Motor neurons, which transmit impulses away from the CNS to an effector (a

muscle).
2. Sensory neurons, which carry impulses from receptors to the CNS.

3. Interneurons, which, when present, transmit impulses from one neuron to

another.

The modeling presented in this thesis concerns motor neurons.

2.2.3 The cellular membrane

The functional boundary of the cell is a thin (about 8-nm) lipid bilayer with embedded
proteins layer [17]. The membrane regulates ion concentration gradient between the area
inside the cell (the plasm) and the area outside the cell (the interstitial fluid). The cyto-
plasmic and interstitial fluids are composed largely of water containing different ions.
The difference in concentration of ions causes electrochemical forces across the cell
membrane. The membrane, which is semipermeable, is basically a dielectric insulator
that allows some ionic interchange. Fig. 2.3 represents the membrane as a barrier with
pores that permit the passage of ions. The individual pores may be very selective of the
ions they allow to pass. Although other types of ions are also present, only the Na, K,

and Cl ions will be considered as they are sufficient for our purpose [17].

2.2.4 The neuron at rest

Fig. 2.3 also shows the membrane and the outer and inner ionic concentrations of various
ions mentioned above [17]. The differences in these concentrations result in two forces
that tend to drive ions across the membrane: a concentration gradient and a voltage gradi-

ent. Due to both, concentration gradient and semi-permeability of the neuron cell, a volt-
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age difference is built up across the cell membrane until equilibrium is reached. The
membrane voltage at equilibrium conditions is known as the membrane resting potential

and is given by [18]:

" —RTI [K]e+OL[Na]e 5.1
m‘?o [K],+ o [Na], e
where
PNa

and Py, and Py (cm/s) are the membrane permeability to sodium and potassium, respec-
tively, R is the universal gas constant (8.31 J/mol K), T is the absolute temperature (310
K), F is the Faraday constant (96,500 C/mol), [K], ; and [Na], ; are the concentrations of
the potassium and sodium outside and inside the membrane, respectively. At resting con-

ditions the membrane potential is around -70 mV.

Equation (2.1) is known as Nernst equation for potassium and sodium.

membrane

Inside of cell outside of cell

[Na*], = 12 [Na*], = 145
[K*]; =155 [K*], =4
3
[CI=4 Lk [CI], = 120
V = -90 mV V = 0 V
K+
* cr
Nat

Figure 2.3 Chemical composition of a typical cell membrane




14

2.2.5 The excitable membrane

To illustrate the properties of the excitability and propagation, consider the experiment
illustrated in Fig. 2.4 in which a small stimulating electrode (SE) is near a nerve fiber and
two small recording electrodes (RE) pierce the membrane. The voltage disturbance
caused by the SE will tend to decrease the negativity of the membrane potential (depolar-
ization) near the cathode and increase its negativity (hyperpolarization) everywhere else
along the axon [17]. Fig. 2.5 illustrates the response of the membrane to rectangular cur-
rent pulses shown in the upper part of the figure [17]. Six possible current magnitudes,
labeled a through f, are shown. Pulses a through ¢ correspond to an anode as the SE;
pulses d through f correspond to a cathode as the SE. The membrane response is shown as
measured by RE1 and RE2, where 0 mV represents the resting potential. Responses a
through ¢ are in the direction of hyperpolarization, and responses d through f are in the
direction of depolarization. From the circuit theory point of view responses a though f can

be described by two different models.

nerve fiber

Figure 2.4 Nerve excitation setup
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1- Passive cable model [19]

Responses a through d (correspond to subthreshold stimulus) exhibit the characteristic of
a linear network consisting of a parallel combination of a resistor and a capacitor. Fig.
2.6 shows the circuit model of the nerve corresponding to its linear behavior (responses a
through d). The model is called the Passive Model. In this model, r; is the intracellular
resistance per unit length, r,, is the membrane resistance times length, c,, is the mem-
brane capacitance per unit length and Ax is the nodal distance for myelinated fiber
(Ax — dx for unmyelinated fibers). The membrane potential is obtained by applying
Kirchhoff’s current law at the n'” segment of the nerve (marked by a black circle in Fig.

2.6), thatis £I = 0. We get [20]

ivn i.(Vn—l_zvn+Vn+l+Ve,n—l_2Ve,n+Ve,n+l)_J' Ze (23)
dt 4p, Ax-L Ax-L ion,n| * “m

Vea(X) Ve n+1(X+AX)

Figure 2.6 Passive cable model of cellular membrane
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where d is the fiber diameter (m), r; is the resistivity of the axoplasm, L is the active
length of the membrane, J;,, , is the total ionic current density (A/m?), c,, 1s the mem-
brane capacitance per meter square (F/m?), L is the nodal gap width and Ax is the intern-

odal length for myelinated fiber V), is then defined as:

Vn = Vi, n_ Ve, n + Vrest (24)
where V, , and V; , are the external and internal potentials of the n'™ segment.
If we define f,,(t) as:

% -2V, +V
_ en-—1 e,n e,n+1
f (1) = o (2.5)
then, as Ax tends to zero (unmyelinated fiber), f, () reduces to f(x,t), where
a 2
fan) = =5V, (60 (2.6)

X
f(x,t) is called the activating function because it is responsible for activating a fiber by
extracellular stimulation. Equation 2.6 shows that the activating function is the second

spatial derivative of the extracellular potential [20].
2- Action potential and active cable model

As a critical level of depolarization is approached, approximately 20 mV (in Fig. 2.5),
nonlinear behavior is observed. Response e is slightly below the excitation threshold, and
response f illustrates a fully developed voltage rise called the Action Potential (AP).
Action potential is the nerve response to an external stimulus and is caused by the release

of energy accumulated by metabolic process of the cell.

The signal at RE2 is a delayed version of AP demonstrating propagation of AP
along the axon. The membrane response is often referred to as "all-or-none" because the

peak of the AP is not affected by the magnitude of the current pulse once it exceeds
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threshold [17]. This nonlinear behavior of the neuron is represented in the circuit model
by nonlinear conductances, instead of linear resistance in the passive cable model. The
circuit model of the excitable membrane (shown in Fig. 2.7) was developed by Hodgkin

and Huxley and is named after them.

For an excited membrane, the total ionic membrane current density J;,, ,, in equa-

tion (2.3) has to be modified so that the ionic currents of sodium and potassium are taken

into account. The membrane current is given by:

Jion = Inat I+t = 8na(V-Ep,) +8x(V-Ey) +g, (V-E)) (2.7)

where gy, 8k and g; are the ionic sodium, potassium and leakage conductances,

respectively, and Ey,, Eg and E; are the respective equilibrium potentials.

Outside the membrane

I, * INa+ IK+ I *
8Na &

K gL

= |

Inside the membrane

Figure 2.7 Excited membrane (Hodgkin Huxley) model
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The g; conductance is linear; the other two conductances are more complex nonlinear

functions of the form [17]:

Ena = Engm B (2.8)

and

- 4
8x = 8kN (2.9)
where gy, and gg represent the maximum conductance values; and n, m and A are so-

called activation and deactivation variables that modulate the maximum conduc-

tances[17].

The transmembrane potential for the excited membrane is obtained by simple sub-

stitution of equation (2.7) into equation (2.3).

n n e,n

Ax-L + AL

iv 1 . d(v—]_2Vn+Vn+] 14 —1_2Ve,n+ve,n+])
dt ¢, 4p;

1
— (ot I+ J,)
m (2.10)

2.3 Neuron stimulation by external electrodes

Before the 1980’s, nerve stimulation was obtained by applying external or implanted
electrodes near the nerve to be stimulated as indicated in Fig. 2.8 [21],[22]. A very high
voltage pulse lasting for a brief duration is applied to those electrodes (e.g., a 2 kV pulse
with a decay time constant of 10 us) causing a current pulse to flow through the neuron.
The regions where the current leaves the membrane are depolarized (point 1 in Fig. 2.8),
while other regions in which current enters the membrane( point 2 in Fig. 2.8) are hyper-

polarized. For external electrodes very high voltage pulses are used to force current
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through a high resistance tissue (e.g. fat and bones in brain cortex neuron stimulation).
The resulting high current pulse that stimulate pain receptors. Neuron stimulation by con-

tact electrodes is an invasive process (for implanted or inserted electrodes).

1L

surface
High voltage B electrodes
+
source
skin surface
Vi
2 I

the nerve

Figure 2.8 Nerve stimulation by external electrodes
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2.4 Magnetic stimulation

Magnetic stimulation of a central nervous system is a painless alternative to electrical
stimulation and is finding increasing use. The basic principle in magnetic stimulation is
to make use of currents induced in a tissue when exposed to a time-varying magnetic field

produced by a coil carrying a time-varying current (according to Faraday’s law).

Magnetic (eddy-current) stimulation is increasingly used as a diagnostic and
research tool following the clinical demonstration of peripheral nerve stimulation [23]
and stimulation of the human brain [24]. The considerable advantage of magnetic-pulse
stimulation is the remarkable lack of sensation when compared to stimulation with skin-
surface electrodes. With such electrodes, there is a high current density under the elec-
trode perimeter, thereby favoring stimulation of skin receptors. With magnetic pulse stim-
ulation, there is no localized high current density at the skin surface under the excitation
coil; therefore, the skin sensation is only slight. However, the equipment needed with
magnetic stimulation is much larger than that required for skin surface stimulating elec-

trodes.

It is interesting to observe that magnetic stimulation was first applied to the ner-
vous system by d’Arsonal (1851-1941) [25], a physicist and physician. In his 1896 paper
entitled "Apparatus for Measuring Alternating Currents of All Frequencies" he stated
that an alternating magnetic field with an intensity of 110 volts, 30 amperes with a fre-
quency of 42 cycles per second, give rise to, when one places the head into the coil, phos-

phenes and vertigo, and in some persons, syncope.

Kolin et al. (1959)[26] demonstrated, for the first time, that an alternating magnetic
field could stimulate a nerve. They looped a frog sciatic-nerve-gastrocnemius-muscle
preparation around the insulated pole face of an electromagnet. An intense contraction of

the gastrocnemius muscle was obtained with 60 and 1,000 Hz current applied to the coil.
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The muscle contraction was recorded and the rectified voltage picked up by a loop of
wire around the pole face. To complete the investigation, the nerve-muscle preparation
was placed in a Petri dish filled with saline. The dish was placed on the pole face, and
alternating current was applied to the coil, resulting in a tetanic muscle contraction.This
experiment offered conclusive experimental proof that a magnetic field could induce

enough current in a volume conductor to stimulate a motor nerve.

The modern use of magnetic stimulation was introduced by Bickford et al. in 1965
[27], who caused skeletal muscle to twitch in intact rabbits, frogs, and human subjects by
using a pulsed magnetic field. The pulse duration was about 300 ms, and the peak field
strength was 2-3 T. They concluded by stating "The findings in both man and animals are
consistent with the hypothesis that stimulation results from eddy currents induced in the

vicinity of motor nerves."

2.5 Magnetic stimulator

A typical magnetic stimulator consists of a capacitor C which is charged to a voltage V,
and then discharged through the stimulating coil of inductance L, and a resistance R as
shown in Fig. 2.9. This stimulator produces a peak current of several thousand amperes
during a pulse of a brief duration (typically 100 A/us) [19]. Depending on the values of

the stimulating circuit components (i.e. R, L, and C) the current either rises to a maximum
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Figure 2.9 Typical magnetic stimulator

and then falls to zero (overdamped), or else it oscillates with decreasing amplitude
(underdamped), depending whether LR2/4L2J — (1/LC) 1s greater than or less than
zero, respectively. The critically damped case LR2/4L2J — (1/LC) = 0 is difficult to
achieve experimentally and will not be considered here. On the other hand, underdamped
circuit is undesirable because, first, the waveform of the current will be oscillatory and
its time derivative d//dr will have positive as well as negative values. The problem with
the negative values of dI/dt is that they will cause a depolarization of the nerve and
thereby blocking the propagating action potential. Another problem associated with the

secondary positive cycles of dI/9d¢ is that they might cause neural stimulation, and thus
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we will not be able to know which cycle is responsible for the neuron stimulation. Also,
the use of such circuit exposes the patient to the magnetic field for longer time. For an

underdamped current, the waveform is given by:

—o,f [ O, 2 .
I1(t) = V,Co,e - + 1 |- sinh (@,7) (2.11)
2
where
R
o, = T (2.12)
and
1 R \?
0, = L—C_(Z_L) (2.13)

For an overdamped circuit, there is still a bi-phasic response of dl/dt. However,
the magnitude of the negative phase part is small and controllable. The current in the coil

for an overdamped response is given by:

& 2
I(1) = V,Co,e "[[z—j —lj-sinh(mzt) (2.14)

where ®; is the same as given above and
_ R )2 1
®2 = (ZL "L 215
For example, a circular coil of radius 2.5 cm with 30 turns wound from 1.0 mm
radius wire has an inductance of 0.165 mH [19]. Assuming that C = 200 uF and R = 3.0
Q) it can be found that the circuit is overdamped. The resulting current waveform and its

time derivative are shown in Fig. 2.10 ,with V) = 200 Volts.
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Figure 2.10 The time course of (a) the current stimulus I(t) and (b) its time derivative.
This waveform was generated using (2.14), with R =3 € L = 0.165 mH, and C = 200 pF.
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Different coil configurations are used in magnetic neural stimulation. Circular coils
are simple and have been used widely. Other configurations include square, double-
square, double-circular (figure eight) and quadruple-square coils. Stimulating coils can
be oriented parallel, at an angle, or perpendicular to the interface, however, the parallel
orientation is the most commonly used as coils with this orientation show better perfor-

mance than other orientations. Fig. 2.11 shows some of the coil configurations used.

(a) (b)

(c) @

(e)

Figure 2.11 Different coil configurations (a) a circular coil (b) a square coil (c) a double-
circular coil (d) a double-square coil (e) a quadruple-square coil.



Chapter 3

The state of knowledge

3.1 Activating function for magnetic field

3.1.1 Problem formulation

Maxwell’s equations in the differential form are given by:

Vxl_% = —ilz
Jot
Vsl = 7+ 9D
dt
VOB = p
Vog =0
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(3.1)

(3.2)

(3.3)

(3.4)

where E is the electric field intensity (V/m), H is the magnetic field intensity (A/m), J is

the total conduction current density (A/m?), p is the volume charge density (C/m?), B is

the magnetic flux density (T), and D is the electric flux density (C/m?). B and D are

related to the H and E through the relations:

_)
:uH

oy &

_)
= eF

where L is the permeability (H/m), and € is the permittivity (F/m) of the medium.

(3.5)

(3.6)

In any electromagnetic problem, electromagnetic fields can be obtained by solving
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the four Maxwell’s equations (3.1) to (3.4). However, a simpler method is to formulate
the Maxwell’s equations in terms of scalar and vector potentials. As a consequence of

(3.4) we can express the magnetic field as a curl of another vector A as:

B = VA 3.7)

9
where A is defined as the magnetic vector potential. Substituting (3.7) into (3.1) we obtain:

Vx(§+i2) = (3.8)
dt
comparing (3.8) with the vector identity

Vx(VV) =0 (3.9)

where V is a scalar function, and as a corollary, any vector function with no curl is the

gradient of some scalar function. Therefore, we can write:

VY = §+%Z (3.10)

Obtaining the electric field from (3.10), then we have:

> J°>
E = —mA—VV (3.11)

where V is the scalar potential. In terms of the scalar and vector potentials, (3.2) and (3.3)

become [28]:

2
V?Z—lzaazfa = —uJ (3.12)
c dt
a2
V2 _iza_;/ N _g (3.13)
c dt

where ¢ is the speed of light in free space (m/s). Relations (3.12) and (3.13) are valid

provided that A and V satisfy the Lorenz condition:
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VoA +—= =0 (3.14)

3.1.2 The quasi-static approximation

The calculation of the electric field induced in a tissue by a time-varying magnetic field
is not new [29]. Such calculations have been performed in studies of hyperthermia treat-
ment for cancer, where a radio-frequency magnetic field induces current in tissue, and
the currents in turn heat the tumor [30]-[32]. While these studies have not specifically
addressed magnetic stimulation, the theory and methods underlying these studies are gen-

erally applicable.

When calculating the electric field induced in biological tissues during magnetic
stimulation, three assumptions are made leading to the "quasi-static", or low frequency,
approximation [33]. First, the wavelength of electromagnetic waves is much less than the
largest dimension of the geometry under consideration, /. At the frequencies of interest in

magnetic stimulation, up to 10 kHz, the wavelength of the electromagnetic radiation is

A = 100 m. This value can be obtained from a typical value of relative permittivity €, of

biological tissues of 10° [34]. The wavelength is much longer than any distance associ-
ated with the human body. This assumption (I/A « 1) leads to the conclusion that effects

associated with the finite velocity of propagation of electromagnetic waves may be

neglected. Mathematically, this is equivalent to dropping the displacement current term,

813/ ot, from Maxwell’s equation (3.2). This is called the quasi-static approximation
[28]. Only at frequencies of 30 MHz and higher it is necessary to include the finite wave
length into account in bioelectric calculations [35]-[37], although recently a complex cal-
culation was performed that considered the finite wavelength in a study of currents

induced during magnetic stimulation [38].
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A second approximation is to neglect the skin depth, the distance which electromag-
netic fields can penetrate into tissue. An external time-varying magnetic field causes cur-
rent to flow in tissue by electromagnetic induction. These currents induced in the tissue
produce their own magnetic field that tends to cancel out the applied field, and this can-
cellation becomes more complete with depth into the tissue. The depth at which the mag-
netic field in the tissue is 1/e of the external field is called the skin depth, &. It depends
on the frequency, f, the conductivity, ¢, and magnetic permeability, L, of the tissue. The

skin depth is given by:

5 = /ﬁ%} (3.15)

Almost all biological tissues have a permeability equal to that of air, p, (47 X 107

H/m), the conductivity of tissue is typically on the order of 1 S/m [39], and the highest
frequency of interest is approximately 10 kHz (corresponding to a 100 s rise time of the
current pulse), yielding a skin depth of 5 meters. This depth is large compared to the
dimensions of the human body. Thus, skin depth can be neglected in these calculations,
which is equivalent to saying that the magnetic field produced by the current in the tissue

is small compared to that produced by the current in the coil.

The third approximation is to neglect capacitive effects. The impedance of a multi-
cellular tissue can be modeled by combinations of resistors and capacitors, where the
resistors represent the intracellular and interstitial spaces and the capacitors represent the
cell membranes [39]. These circuit elements can be combined to yield an overall tissue
impedance containing resistive and capacitive terms. The ratio of the capacitive and resis-

tive terms is the ratio of the displacement to the conduction currents density,

- >
(ED)/ oE . Considering harmonic fields (% = jo), the ratio of capacitive to resistive

ot
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currents is given by:

2Tfe €,
o]

(3.16)
where g is the dielectric constant of free space, 8.85x107 12 C¥/N mz, and €, is the tissue
relative dielectric constant. At a frequency of 10 kHz, the relative dielectric constant of
many typical tissues is of the order of 10° and the conductivity is about 1 S/m, implying
that the ratio of resistive to capacitive part of the tissue impedance is 0.0005. Thus, the
small capacitive contribution to the tissue impedance can be neglected and the tissue
treated as being purely resistive. This is equivalent to saying that any delays between the
application of an electric field and the appearance of a charge distribution on the tissue

surface are ignored. This approximation is weaker than the previous two, and may break

down for higher frequencies and tissues with unusually small conductivities.
Applying the approximations mentioned above on equation (3.12) and (3.13), we
are able to neglect the second derivative with time ( 3’/ )compared to that with space

(V*). Thus (3.12) and (3.13) become:

V2A =7 (3.17)
V2ng (3.18)

Equation (3.18) is the Poisson equation. When there is no volume charge, i.e. p =0,

(3.18) reduces to Laplace’s equation:

Viv=0 (3.19)
This means that under quasi-static conditions, the potential V is found simply by

solving the Laplace’s equation (3.19).

Finally the tissue may be assumed to be a homogeneous, isotropic volume with a
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simple geometry. This is clearly the least valid assumption, since all biological tissues
are heterogeneous and some are anisotropic. The only justification for this assumption is
that these calculations are only a relatively simple first step towards more accurate model-
ing. They also have an advantage in observing the behavior of various change of parame-

ters.

3.1.3 Calculation of the induced fields

It is important to perform theoretical analysis to the induced electric fields in the biologi-
cal tissue to understand the factors and parameters that affect magnetic neural stimula-
tion. In this section, induced electric fields by a coil, carrying a time-varying current, are
calculated, and the effect of coil shape and orientation with respect to the biological tissue

is studied. The geometry of the problem is shown in Fig. 3.1 [34]

NI

Air Stimulating coil

(X0 Yo 20)

Tissue-Air Planar interface

4

Homogeneous Tissue Half-Space

(x, 5 2)

Figure 3.1 Schematic of induced E-field inside a semi-infinite conducting medium with
an arbitrary coil configuration

The induced electric field is calculated from Faraday’s law;

2  d2
VXE = EB (3.20)
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where E is the electric field induced by the time-varying magnetic field B(z) produced by
the stimulating coil. As mentioned before, calculations are facilitated by expressing the

magnetic flux density, B, as:

B = Vx4 (3.21)
where A is the magnetic vector potential and is related to the coil current by the relation
[10]:

9
A=

—dl (3.22)

HONI (t) -
§ 4nr

coil
where N is the number of coil turns, I(?) is the coil current, dl is the infinitesimal coil
length and r is the distance between the coil-element and the point where the field is cal-

culated (as shown in Fig. 3.1).

As given by (3.11), the total electric field inside the tissue is due to two compo-

_)
nents: first, the component due to electromagnetic induction —dA/d¢ and second, the

component due to the gradient of the scalar potential inside the tissue —VV. Physically,
this scalar potential is the potential resulting from the charge accumulation at the tissue
boundary. To understand intuitively how a charge distribution arises, consider a circular
coil in air oriented perpendicularly to a flat tissue surface [40]. The electric field lines
produced by the changing magnetic field are circles pointing in the opposite direction to
the current in the coil when the current is increasing (Fig. 3.2-a). These field lines cross
the air-tissue interface. If this field is imposed on the tissue, then charge flows along the
electric field lines until it reaches the tissue surface. Since the charge cannot flow into the
air, which is an insulator, it accumulates on the tissue-air boundary; positive charge to the
right of the coil, negative charge to the left. This surface charge distribution creates its

own electric field (Fig. 3.2-b).
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Figure 3.2 The electric field produced by a coil near tissue. This figure shows the
qualitative behavior of the electric field lines, but is not intended to be quantitatively
correct. (a) The electric field produced by the coil due to electromagnetic induction, E,,

and (b) the electric field produced by charge on the tissue surface, E,,.

Charge accumulates until the component of the electric field perpendicular to the interface
produced by this charge is equal and opposite to the normal component of the electric field

produced by the time-varying magnetic field.

9
The first component is obtained by finding the magnetic vector potential A for a
specific coil configuration in the region around the coil by using (3.22), while the second
is obtained by solving the Laplace’s equation (3.18) for a specific geometry and the asso-

ciated boundary conditions.
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3.2 Semi-infinite plane model

As indicated by (3.11), the air-tissue interface contributes to the induced electric field
inside the tissue via the surface charge that builds up on it. Consequently, the shape of the
interface is of importance in calculating the induced electric field. In this section, we
consider a semi-infinite volume conductor with a planar interface while, subsequently, we
consider cylindrical and spherical interfaces.

Despite the fact mentioned above, some investigations published earlier neglected
the air-tissue interface, and the induced electric field was evaluated using analytical or
semi-analytical techniques [41]. Although this is acceptable as a first approximation, an
accurate analysis should take into account the surface charge on the interface unless the
coil is parallel to the interface (as previously shown in section 3.1.3). Various numerical
techniques have been developed to accommodate for the interface but they all require
considerable amount of computations. For example, numerical techniques have been
used to calculate the induced fields from a circular coil above a semi-infinite tissue space
[28],[31]. The main limitation of these methods is the long computational time. Also,
numerical solutions present inherent difficulties in gaining a physical insight into the
dependance of the electric field and its spatial derivative on the coil geometry and neuron

location.

Esselle and Stuchly have derived analytical expressions of the electric field and its
spatial derivative in a semi-infinite tissue half-space due to an infinitesimal element of
the current carrying coil [1]. The electric field and its spatial derivatives induced by an
arbitrary shaped coil are then obtained by numerically combining the contributions from
all elements forming the coil. The advantage of this technique is that the computation
time is much less than the previous technique as the only numerical step is a one-dimen-

sional integration. They have analyzed circular, square, and quadruple square coils. For
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a single coil there are four equal (in magnitude) "hot-spots", two correspond to a hyper-
polarization (positive peaks) and two for depolarization (negative peaks). Square coil has
a stronger stimulus than the circular coil of comparable dimensions. Care has to be taken
when stimulating nerves with such coils (single square or circular) in order to avoid slow-
ing down (or even blocking) the propagation of the action potential due to the positive
peaks. This effect is very much reduced when double square coils are used since the pos-
itive peak is 50% weaker than the negative peak. Those coils also have a stronger activat-
ing function than the single square or circular ones for the same pulse at the coil input.
The quadruple square coil produces only one negative peak, just under the coil plane
(which is useful when stimulating a shallow neurons) and therefore the volume of stimu-
lation is more controllable. When stimulating deep neurons, quadruple square coils with
an optimum spacing between individual squares are used to have only one peak at a given

depth. They also show a stronger stimulus (a factor of 2) over the double-square coils.

All the calculations mentioned above showed that, regardless of the coil configura-
tion considered, the electric field normal to the interface is always zero[1],[11],[42]. This
means that the electric field inside the tissue is always parallel to the interface. It showed
also that for long straight neurons the location of the stimulation depends only on coil
configuration. For example, a neuron lying under a square coil is stimulated at a point
corresponding to a corner of the coil. Fig. 3.3 shows the location of the stimulation of

some coil configurations (half of the coil is only shown due to symmetry).

The advantage of the semi-infinite plane model is its simplicity, especially for coils
oriented parallel to the interface. It also gives a good understanding of the factors affect-
ing magnetic neuron stimulation without involved calculations. However, when stimulat-
ing peripheral neurons in the arm (e.g. ulnar nerve) or in the cortex, the semi-infinite

plane model is no longer valid and a suitable geometry should be considered. For exam-
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ple, for stimulating peripheral nerves in the arm or the leg a more suitable model is a cyl-
inder, while for stimulating neurons in the cortex, it is a sphere. Those models will be
discussed in some details in the following sections.
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Figure 3.3 Location of the depolarization and hyperpolarization regions for: (a) square
coil, (b) circular coil, and (c) a double-square coil. Due to symmetry, half of the coil is
only shown.
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3.3 Cylinder model

When stimulating peripheral neurons with coils that are of comparable size to the periph-
eral itself, the peripheral is better modeled as a cylindrical volume conductor. This model
is of a great benefit in the sense that it gives an idea about the best coil configuration and

orientation with respect to the peripheral nerve.

In an experimental report, Maccabee et al. [43] analyzed the problem of neuron
stimulation in a human forearm. They positioned a circular coil of outer diameter of 9.2
cm on the volar part of the forearm to stimulate a distal median nerve. They measured
the induced action potential in the nerve for the plane of the coil positioned parallel to
the axis of the arm (i.e. parallel to the nerve) and changed this position in steps untill the
angle between the final and initial positions became 90 degrees. They reported that the
largest amplitude of the action potential (i.e. the maximum response of the neuron) is
when the edge of the coil is directly over the nerve (i.e. tangential) and the coil is tilted to
45 degrees. When the angle is 90 degrees the action potential is reduced by 25%. How-
ever, when the coil was positioned in such a way that its axis is parallel to the nerve, the

action potential was a minimum.

Roth et. al. [40] calculated the electric field in a cylindrical volume conductor pro-
duced by a circular coil of radius 2.5 cm and 10 turns, carrying a current changing at a
rate of 100 A/us. They calculated the electric field component due to the surface charge
distribution by a finite difference approximation of Laplace’s equation. They positioned
the coil in two different ways: one, in which the coil axis is perpendicular to the axis of
the cylinder while the plane of the coil contains the axis of the cylinder, and the other in
which the coil axis is perpendicular to the axis of the cylinder while the plane of the coil
is parallel to the axis of the cylinder (the coil is centered aboveA the cylinder). They

reported that, for the first coil orientation, the z-component of the electric field (z-axis is
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taken as the axis of the cylinder), which is responsible for stimulating the peripheral neu-
ron (median nerve), is largest (in absolute value) and negative at the arm surface and
falls rapidly with distance away from the coil showing that the closer the neuron to the
surface of the cylinder (toward the coil), the easier it is stimulated. For the second coil
orientation, the z-component of the electric field was higher (in absolute value), an
increase by a factor of 2 increase. This shows that the second coil orientation (coil plane

is parallel to the tissue) is better to use for stimulating peripheral neurons.

D’Inzeo et al. [44] considered a homogeneous, nondispersive as well as a heteroge-
neous, dispersive model of the forearm. They digitized an anatomical picture of the fore-
arm at the level of the third proximal by using a scanner. The stimulating coil, circular of
radius 2.4 cm and 30 turns, was placed parallel to the surface of the arm in such a way
that its edge was above the center of the arm (i.e. the coil not symmetrically placed).
They used the finite difference technique to obtain the induced currents in the forearm.
For the homogeneous, nondispersive case the points with highest current density are
those at the skin and the current density decreases going deep into the tissue. They stated
that in the homogeneous case the surface charge had a negligible effect. This is correct
for the inside of the cylinder where there are no inhomogenuities. However, at the air-tis-
sue interface, the effect of the surface charge is quite significant and should be taken into
account. On the other hand, for the inhomogeneous, dispersive case the current density
was lower than the homogeneous case and, therefore, the minimum coil current neces-

sary to produce a neuron stimulation had to be increased.

In order to have better understanding of the parameters (for example coil dimen-
sions, location and shape) affecting peripheral nerve stimulation in human arm, Esselle
and Stuchly [45] derived an analytical solution of the induced electric fields in an infi-

nitely long homogeneous cylindrical volume conductor during magnetic nerve stimula-
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tion. They analyzed a perpendicular (vertical) circular coil and a tangential (horizontal)
double-square coil. Their results were in a very good agreement with those reported by
Roth et al. [40]. They showed that the axial field at the center of the cylinder is zero in
agreement with what had been stated previously by Cohen and Cuffen [46]. Also, the
double-circular coils showed a significant improvement (stronger and localized stimulus)

over the vertically placed circular coil.

3.4 Sphere Model

When stimulating neurons in the human cortex a suitable model has to be used so that the
induced electric fields are calculated with an acceptable accuracy. Since the anatomy of the
human head is quite heterogeneous, an exact model will be too difficult to deal with.
Grandori and Ravazzanni [41] considered a homogeneous sphere model for mag-
netic stimulation of the motor cortex. They used circular, double-circular, and multicoil
assembly for neuron excitation. Despite the fact that the surface charge on the air-tissue
interface contributes to the induced field, as a first approximation, they neglected its
effect and considered only the induced electric field by induction (coil contribution).
Their results show that the induced electric field decays quickly going deep into the
sphere. The volume of stimulation (the extend by which the induced electric field spreads
into the sphere) increases also with depth. Better focality of the field is realized by the

multicoil assembly than the double-circular and circular coils.

Roth et al. [13] analyzed a three concentric sphere model for magnetic stimulation
of the cortex. The three layers represented the scalp, skull and cortex. The same model
has been used before in modeling the EEG (it is the reverse process of the electric neuron
stimulation, i.e. electrodes are used to measure the activity of a specific part in the brain)
[47], [48]. Different conductivities were assigned to each layer [48]. In this analysis, the

total induced electric field was the sum of two components: first component corre-
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sponded to the coil, and the second was due to the surface charge. The second compo-
nent of the electric field is obtained by solving Laplace’s equation numerically (finite
difference approximation). The three components of the electric field inside the model,
the radial, r, the polar, 0, and the azimuthal, ¢, produced by different coil configurations
and orientations (circular and double-circular) were calculated. They concluded that, for
all coil configurations and orientations, the radial component was much less than the
other two components, approximately by two orders of magnitude. Also, among the coil
configurations and orientations considered, a circular coil perpendicular to the sphere pro-
duced a more focused stimulus but a lower electric field than the tangential one. The dou-
ble-circular coil produced a larger and more focused stimulation than other coil

geometries used.

This model is a step forward as it accounts for the different layers of the head. How-
ever, the model does not account for the irregular shape of the head (especially the cor-
tex) and assumes that it has a spherical shape. In reality, the cortex is divided into two
adjacent parts. Two spheres corresponding to each side of the brain may be a better

model. Another assumption is that the cortex is homogeneous and isotropic.

Because of the great advantage of the analytical solution in providing a better
understanding of the parameters affecting a specific problem, Eaton [14] derived an ana-
lytical solution of a simple homogeneous sphere as the model of the head. The potential
is expressed as an infinite sum of the spherical harmonic functions with suitable coeffi-
cients. The sum is then truncated after a sufficient number of terms to satisfy the conver-
gence criteria. The excitation used is a double-circular coil (figure of eight) with different
angles between its wings (each side of the coil is called a wing as the whole coil is some-
times called the butterfly coil). With the coil wings open, the field is stronger and more

focal than it is when the wings are closed [14]. This analysis showed that the radial com-
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ponent of the induced electric field is much smaller compared with the two other compo-

nents (polar and azimuthal). This is in agreement with findings by Roth et al. [13].

The advantage of this model is that it can compute directly the total electric field
inside the homogeneous spherical volume conductor for any practical excitation coil of
any orientation. It can provide a high accuracy with a relatively short time on a PC. How-

ever, the model suffers from the disadvantages mentioned before.

Cuffin has suggested an eccentric spheres model of the head to account for the shift
in both halves sides of the brain and to the variation in the thickness of the skull and
scalp as well as the variation in the conductivity of the cortex [49]. Although the model
concerns only the magnetoencephalography (MEG, the reverse process of magnetic
brain stimulation), its results are partly useful for neuron stimulation, as the reciprocity
theorem applies. The potential function in each region is expressed as an infinite sum of
the associated Legendre polynomials with unknown coefficients. The coefficients are
obtained by matching the boundary conditions at each interface. The variations in the
thickness of the skull or the scalp and the inhomogeneity of the brain have a small effect
on the spatial profile of the potential and the field. However, they have a significant
effect on the amplitude. The variations in the skull and scalp thickness have much
smaller effect on the field than the potential. Calculated differences in the maximum
value of the potential are 10-30% as compared with the concentric spheres model. On the
other hand, changes in the brain conductivity have a smaller effect on the field than the

potential. Changes in the potential in this case are in the order of 10% [49].
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3.5 Unresolved issues

Up until now, the neuron stimulation with the magnetic field has considered long,
straight neurons. This leaves some important issues unresolved. For example, the activat-
ing function for long straight neurons is the spatial derivative of the electric field along
the neuron [19],[20]. However, for finite-length nerves (terminated at one side), this is not
true. Simplified models of such fibers show that the activating function is the electric field
along the nerve and not its derivative [50]. This is in agreement with the experimental

results obtained by Ueno et al. [S1].

Another issue results from the fact that not all neurons are straight. More specifi-
cally, when modeling the magnetic stimulation for the human cortex, the shape of the
neuron (which is no longer straight) will affect the location of the stimulation and conse-
quently, the measured propagation time used in the diagnoses. It is also expected that dif-

ferent bend shapes will differently affect the location of the stimulation.
To summarize; two issues that need to be further considered are:
1- Bent neurons.
2- Terminal neurons.

In this theses, we only consider the first issue, namely the bent neurons.
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Chapter 4

Magnetic stimulation of bent neurons in
a semi-infinite plane

4.1 Problem formulation

The geometry of the problem is illustrated in Fig. 4.1. The nerve, indicated by line ABC,
consists of two parts. A straight part, AB, and a bend, BC. The point B is the knee of the
nerve, and the nerve is continuous at its knee. Beyond point C the nerve is straight in the z-
direction (perpendicular to the interface). The nerve is assumed long compared to the
dimensions of a stimulating coil so that the effects of the nerve terminations can be
neglected. The nerve is located in a homogeneous tissue half-space and its straight part is
parallel to the interface. The stimulating coil is in a plane parallel to the air-tissue interface
and is centered above the nerve. In the real situation the nerve is stationary and the coil is
positioned along the nerve to get the maximum stimulus. We will assume for the purpose
of our analysis that the nerve is placed at different positions under the coil. Since the
position is relative, we can evaluate the maximum stimulus (activating function). As
shown in Fig. 4.1, there are two independent variables describing the location of the
stimulation: The location of the nerve knee in x-direction, §, and the horizontal distance in
x-direction from the nerve knee, u. The solution for the maximum stimulus is obtained in

two steps. First we consider the activating function along the nerve for a given d. Next, we
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Figure 4.1 Geometry analyzed: the topfigure shows a double-circular coil (selected for
illustration), and the bottom figure shows a straight nerve with a bend in a tissue half-

space and the nerve position with respect to the coil. The coil has N turns, each carrying
current /.
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vary 0 over a sufficiently large length under the coil.

The nerve shape is described by a general equation:

v = f(u) 4.1
Nerve stimulation is produced by the spatial derivative of the electric field along
the nerve [5],[6]. Since the nerve lies in the x-z plane (Fig. 4.1) and the coil in the x-y

plane, only the x-component of the induced electric field denoted by E, contributes to
nerve stimulation while E, and E, do not contribute, as E is perpendicular to the nerve
and E, = 0. For a curved nerve the stimulus is given by dE,/dl where E, is the induced

electric field in the direction of the nerve, as earlier indicated by Basser and Roth [6].

The E|; in the direction of the nerve is given by

E, = E cos6 4.2)

where

cosO = = oon (4.3)

12
du

In general, the electric field £ is a function of x, y and z. Since the activating function is
computed along the nerve, the only independent variable is x (y = O as the coil is centered

above the nerve), i.e.

E =E_(x) (4.4)

The activating function is given by

dE dE
iE o = _xl-@ - (—l]cose (4.5)

Since the variables x and u differ only by a constant, we can replace di by -;—u
X

Introducing this replacement to (4.5) we get
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o e
7l (X)) = T oS (4.6)

Substitution of (4.2) and (4.3) into (4.6) gives

2
s
dE, 1 d 1 [E, | Ndw/ g2
ML =Y [ N— T = [ e b e et X
dl PR dx( ,c0s9) | (dv)z du (1 (dv)z)z E, (47)
1+(5) \du v

Equation (4.7) can be expressed as

dE, dEx
= = Ty Ty B (4.8)
where
1
T, = — (4.9)
1+ (d—v)
du
and

T, = (4.10)

For straight nerves, the second term in equation (4.7) vanishes (as

dv

& ;L—[f (u) = 0) and the activating function reduces to the spatial derivative of the x-
u

component of the electric field dE /du as previously stated by Basser et al. [S]. On the
other hand, for curved nerves the second term does not vanish and the spatial derivative

dEx/ du, as well as the electric field E, contribute to the activating function dE /dl.

In general, the induced electric field during stimulation is produced by two
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sources:(1) the current in the stimulating coil producing an electric field by electromag-
netic induction, and (2) the induced surface charge on the air-tissue interface [13], [40].
Since we assume that the coils are positioned parallel to the air-tissue interface, there are
no induced surface charges. The electric field at any point on the nerve is computed

using the following relation

> da W,N (dl/dt) 12

E = EA B §I_€dl (4.11)
coil
where

A/ "\ 2 2 2
R=nxN(x-x)+(y-y) +(z-2) (4.12)
x=u+d (4.13)
y=19 (4.14)
Z=t+v =t+f(u) (4.15)

and dl is a coil length element, | is the permeability of free space (4nx10”7 H/m), N is
the number of coil turns, 7 is the current per turn, and R is the distance between the coil
element located at (x',y',z') and the point on the nerve where the electric field is calcu-

lated.

4.1.1 Induced electric field by a double-circular coil

In this section, we calculate the induced electric field by a double-circular coil in a semi-
infinite volume conductor with a planar interface. As equation (4.11) shows, the induced
field is the time derivative of the magnetic vector potential Z Therefore, our task is to
calculate the magnetic vector potential Z for the double-circular coil. We start by calcu-
lating the magnetic vector potential for a single circular coil. Then, the magnetic vector

potential for the double-circular coil is obtained by superposition.

Fig. 4.2 shows the geometry of the coil. A circular coil of radius R lies in the plane
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z = 0 of a cylindrical coordinate system (the radius of the wire is negligibly small). Due
to the symmetry in the azimuthal direction, ¢, the magnetic vector potential has only a ¢-

component. This component is given by [52]:

_ Mo fIcoso
Ay = 4n3§ —dl (4.16)

the distance s from the point (R, 6, 0) to the point (r, 0, z) is given by:

5 = 4P 4 B - IrReosh (4.17)

circular coil

Figure 4.2 Geometry for calculating the magnetic vector potential for a circular coil

and the vector potential is obtained by integrating:
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0 A/Zz+r2+R2—2chos¢

do (4.18)

The integration is performed numerically using the Matlab mathematical package.
As mentioned earlier, the total magnetic vector potential for a double-circular coil is
obtained as the vector sum of individual contributions from each side of the coil. As Fig.
4.1 shows, we are interested only in the magnetic vector potential in the plane of the

nerve, i.e. x-z plane. Fig. 4.3 shows a simplified configuration sufficient for our analysis.

y-axis

double-circular coil

Figure 4.3 Magnetic vector potential for a double-circular coil in the plane of the neuron

The total magnetic vector potential is in the x-direction as the other component (in

the y-direction) is cancelled. The total magnetic vector potential at any point in the x-z
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plane is given by:

R
¢A/x2+R2

where Ay is given by (4.18). Finally, the induced electric field by the double-circular coil

A (x,z) =2A (4.19)

in the x-z plane is:

_d
E = WAx(x, 2) (4.20)

X

4.1.2 Induced electric field by a double-square coil

Esselle and Stuchly [53] derived an analytical formula to compute the induced electric
field by a linear coil segment of length L carrying a current /. Using this formula, the
induced electric field by any coil configuration composed of linear segments (in our case
it is a double-square coil composed of eight linear segments) is directly obtained as the
vector sum of all contributions of the linear segments. For a linear segment parallel to the
x-y plane extending from (x;, y;, zp) to (x5, ¥, Zp), as shown in Fig. 4.4, the induced elec-

tric fields are given by [53]:

W, (al/dt) .
A~ [asinh (cotat,) — asinh (cota,) ] cos® (4.21)
Ko (91/01) . .
Ey B e [ asinh (coto,) — asinh (cota.,) ] sin6 (4.22)

where

_(xl - X) (Xl —xz) * ()’1 -) ()’1")’2)-

o, = acos_ R.L | (4.23)
[(x, =) (x;=%5) + (¥3=¥) (¥;=¥,)
oL, = acos R.L | (4.24)

R, = A/()c—x1)2+(y—yl)2+(z—zo)2 (4.25)
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Ry = (x=1) "+ (y=yp) "+ (2-2) (4.26)
0 = atan[yz—le (4.27)
x2—x1

The spatial derivatives of the electric field components are obtained by direct differ-

entiation of equations (4.20) and (4.21).

B( xz,yg,z())

0

A(xp,y1,20)

Figure 4.4 A linear coil segment of length L, parallel to the x-y plane and carrying a
current I.
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4.2 Results

Double square and double circular coil shapes were analyzed. Three nerve shapes were
considered: cosh, parabolic and circular with different radii, as shown in Fig. 4.5 (Beyond
point C in Fig. 4.1 the nerves are assumed perpendicular to the interface, this is not a critical
assumption provided the nerves are not terminated). Stimulating coil is placed 1 cm above
the air-tissue interface (i.e. # = lcm). The straight part of the nerve is assumed to be 1cm
below the interface (i.e. t = 1 cm). Coil dimensions are: Scm x 5cm (a side) for the double-
square coil and 5 cm diameter for the circular coil. The coil is placed in such a way that its
longer dimension is perpendicular to the nerve (Fig. 4.1). The number of turns in each part
of the coil and the time rate of change of the current / are N = 10 (total N = 20) and dI/dt

=100 A/js.

Circular bend of -
radius 2 cm

-v (cm)

0 0.5 1 1.5 2
u (cm)

Figure 4.5 Nerve bends analyzed
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The activating function is plotted in Fig. 4.6 as 3-D and as contours with two inde-
pendent variables, u (the u-coordinate of the point on the bent part of the nerve with
respect to the u-v axis) and 9, (the location of the knee under the coil). The contour show-
ing the lowest value of the activating function corresponds to 10% above the absolute

minimum, other contours are spaced by 20%.

Figs. 4.6 show the activating function dE;/dl produced by the double-square coil
along bends of the following shapes: cosh, parabolic and circular of radius 2cm. From
the contour plots we can identify two sets of points. The points for # = 0 and § from -5

to 10, and the points for # >0 and & from -5 to 10. The first set of points is represented

in the contour plots by a vertical line (0,0). However, in the physical problem the points
(u,8) = (0,0) represent a straight line at a depth ¢ below the air-tissue interface. This
line can be thought of as a straight nerve. The activating function along it is given by the
values of the contours at the points (0, 8) . For instance, from Fig. 4.6-a, the value of
the activating function at the point (u,8) = (0,5) is -0.485 V/em? (a minimum). This
value corresponds to a stimulation point (depolarization) on a straight nerve lying in the

tissue at a depth of # = 1 cm. On the other hand, the activating function at the point

(u,8) = (0,0) is 0.485 V/cmz(hyperpolarization) on the same nerve. The other set of

points on the contour plots (i.e. #>0 and & from -5 to 10) represents the value of the
activating function along the bent part for different positions of the bend with respect to
the coil. The stimulus values for negative values of u (i.e. # <0 ) are not shown as they

can be easily related to corresponding values of 8. For example, the value of the stimulus
at the point & = 2 (i.e. the nerve knee is 2 cm from the origin (x,y,z) = (0,0,0))
and u = —1, which corresponds to a point on the straight part of the nerve, is the stimu-

lus value for 8 = 1 (i.e. the nerve knee is 1 cm from the origin (0,0,0) and u = 0 which
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Figure 4.6-a  3-D and contour plots of dE,/dl along a straight nerve with a bend. The

stimulus (dE,/dl) is produced by a 5x5 cm double-square coil parallel to the air-tissue

interface. The 10-turn coil carries a current raising at 100 A/us. The straight part of the
nerve is 1 cm below the air-tissue interface. A cosh bend.
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Figure 4.6-b  3-D and contour plots of dE,/dl along a straight nerve with a bend. The
stimulus (dE,;/dl) is produced by a 5x5 cm double-square coil parallel to the air-tissue

interface. The 10-turn coil carries a current raising at 100 A/us. The straight part of the
nerve is 1 cm below the air-tissue interface. A parabolic bend.
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Figure 4.6-c ~ 3-D and contour plots of dE,/dl along a straight nerve with a bend. The
stimulus (dE,;/dl) is produced by a 5x5 cm double-square coil parallel to the air-tissue

interface. The 10-turn coil carries a current raising at 100 A/us. The straight part of the
nerve is 1 cm below the air-tissue interface. A circular bend of 2 cm radius.
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is the end of the straight part for the nerve position 8 = 1 cm. The same argument holds for
all other negative values of u.

In the plots, a global (or absolute) minimum is clearly identified. This minimum is
on the curved part of the nerve and its value is more negative than the other minimum on
the straight part of the nerve. That simply means that it is easier to stimulate bent nerves
at their curved parts. This is due to the fact that at the curved part both the electric field
and its derivative contribute to the activating function while only the derivative contrib-
utes in the straight part. This result of our analysis is in agreement with the previously

published experimental results [4].

The value and location of this activating function (the global minimum) produced
by a double-square as well as a double-circular coil for various shapes of the nerve are
shown in Table 4.1. From this table it can be seen that, for a circular bend, the position of
the maximum stimulus varies with the radius of the bend for both the double-square and
the double circular coils. The location of the maximum stimulus at the nerve with respect
to the coil axis is the sum of & and u. For example, for the double square coil and a circu-
lar bend of radius @ = 1 cm, the maximum stimulus (-1.61 V/cm?) is obtained by placing
the coil at a distance of & = 1.78 cm from the nerve knee and the location of the maxi-
mum will be at a horizontal distance of # = 0.91 c¢cm from the nerve knee. However, for

a larger bend radius a = 3 cm, the coil position is & = 4.22 cm from the nerve knee

and the maximum stimulus (-0.56 V/cmz) is at a distance of u = 0.78 cm from the nerve

knee.
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Table 4.1. The value and location of the maximum stimulus produced by a double-square
and a double circular coils for different bend shapes.

Bend shape Double-square Double-circular
u ) dE,/dllmax u ) dEl/dllmax
(cm) | (cm) (cm) | (cm)
L V/’cmz) L V/csz
Cosh 0.49 370 |-0.97 0.57 2.82 -1.33
Parabolic 0.26 339 |[-1.58 0.28 292 -1.71
a=1cm | 091 1.78 | -1.61 0.74 2.19 -1.73
Circular a=2cm | 1.08 325 |-0.69 0.92 2.19 -1.22
a=3cm | 0.78 422 |-0.56 1.08 2.19 -1.17

Another observation from Table 4.1 is that the stimulation threshold is the lowest
for the greatest curvature of the bend. For instance, for the circular bends it is the lowest
for the smallest radius analyzed (a = 1 cm). This result is in agreement with experimental
data given by Maccabee et al [4], showing the lowest threshold for 90 degrees angle. It
can also be seen from Table 1 that the double-circular coil produces a higher activating
function than the double-square coil of similar dimensions. This is in contrast with the

results obtained for straight nerves [1].

Comparing the contour plots we see that the nerve with a parabolic bend has the
smallest volume of stimulation (which is proportional to the 10% contour width) while

for the circular bend the 10% contour is elongated.

4.3 Discussion and conclusions

An analysis of stimulation with magnetic fields of bent neurons indicates that the
stimulation occurs at the bent part of the nerve. This analysis considers long nerves whose

terminations are sufficiently far away from the stimulating coil. The location and
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magnitude of the activating function depend on the nerve shape and several parameters of
the coil. Coil shapes analyzed include double-square and double-circular. The circular coils
produce stronger stimuli, but square coils produce a more focused (smaller) volume of
stimulation. Although the model analyzed is greatly simplified as compared with the actual
anatomy and physiology of neural stimulation, it is believed to provide some useful
information for clinical applications and a starting point for further analysis. The results of
our analysis are in excellent qualitative agreement with experimental data reported by

Maccabee et al [4].
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Chapter 5

Magnetic stimulation of bent neurons in
the human head

5.1 Introduction

In chapter 4, the parameters affecting the magnetic stimulation of bent neurons in a semi-
infinite space were analyzed. It is also of importance to analyze bent neurons in the
human head, as the analysis done in chapter 4 gives only an idea of how the different
bend shapes affect different parameters in the neural stimulation and is of limited use in
the clinical practice. Motor neurons usually originate from the control part of the brain
(e.g. the part of the brain controlling the foot) and continue on the brain surface to the spi-
nal cord and then to the peripheral muscles. In this chapter, we model the magnetic stimu-
lation of the cortex for such neurons. In the model, we also take into account the
inhomogenuity of the head. The model consists of a sphere representing the skull and
scalp, and two smaller spheres of different conductivity inside the outer sphere, each rep-

resents a side of the brain.

5.2 Model of the human head

As shown in Fig. 5.1, the model consists of three spheres. The outer sphere of radius R,

(cm) and conductivity of ¢, (S/m) represents the scalp and skull. The two halves of the
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brain are represented in this model by two spheres, each of radius R, (cm) and conductivity
0, (S/m). The two spheres are separated by a distance d (cm), and their centers is ¢ (cm)

above the x-y plane . The x-z plane passes through the centres of the three spheres.

Figure 5.1 Geometry of the model for the human head. A sphere of radius R, represents
the scalp and skull, and two spheres of radius R, represent the two halves of the brain.
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Coil and neuron positioning are shown in Fig. 5.2. Fig. 5.2-a shows a cross section
in the plane x-z parallel to the x-z plane. The cross section passes through the centers of
the three spheres. Fig. 5.2-b is a top view showing the nerve position.

Z bent neuron

(a)

(b)

bent neuron

x ¥ !

Figure 5.2 The geometry of the problem and the neuron position. (a) A cross section
parallel to the x-z plane. (b) A top view (outer shell partly transparent)
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The neuron originates from the surface of the brain (point A), continues on the sur-
face of the brain passing through points B and C with a circular shape, and then goes
down in the spinal cord (point D Fig. 5.2). The neuron is assumed to be in the plane par-
allel to the x-z plane (x-z plane). The nerve is assumed long compared to the dimensions
of the stimulating coil so that the effects of its terminations can be neglected. The stimu-

lating coil is in a plane parallel to the x-y plane, 4 (cm) above the outer sphere (Fig. 5.3).

stimulating coil

1Y

stimulating
coil

>

bent neuron

xV

Figure 5.3 Relative coil position.
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The coil is centered above the nerve (in the y-direction) with its longer dimension
perpendicular to the plane of the nerve (in Fig. 5.3, a double-square coil is used for illus-
tration). This orientation of the coil is selected for the optimal stimulation as reviewed in
chapter 3 and analyzed in chapter 4. The activating function is the spatial derivative of
the electric field along the nerve [5],[6]. The maximum stimulus is obtained by consider-
ing the activating function along the nerve for a certain coil position. Then the coil posi-
tion is varied in steps in the positive x-direction. In general, the total induced electric field
inside the spherical model has three components E,, E, and E,. Since the nerve lies in a
plane parallel to the x-z plane, the y-component of the electric field, E,, is normal to the
neuron and does not contribute to its stimulation. Only the x- and z-components of the
electric field contribute to the neuron stimulation. All field components are generally
functions of x, y, and z. Since we are interested only in the fields in the plane of the nerve
(parallel to the x-z plane), the fields are only functions of x and z. On the other hand, the
activating function is evaluated along a nerve of a specific shape (circular) which
imposes a relation between the variables x and z. This leaves x as the only independent

variable. We have:

E,=E_(x) (.1)

and

E, = E,(x) (5:2)
Let us assume that the neuron has a general shape as given by (4.1). The total electric field

along the nerve is given by (Fig. 5.4):

E, = E +E_ (5.3)

where E,, and E,, are the components of E, and E, along the nerve, respectively, given as:

E, = E (x)cos6 5.4)

L



E, = E (x)sin6

where
cosO = .

(L)

du

()
sinf = —~du)
1+ (d—v)2

du
E, direction bent neuron BA Y
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(5.5)

(5.6)

(5.7)

Figure 5.4 Bent neuron and field components contributing to its stimulation

The activating function is the spatial derivative of the electric field along the neuron. As

shown in Fig. 5.4, the activating function is given by:

d dE; ax _ | dE,
- ~ \dx

(5.8)

by substitution of (5.4) and (5.5) into (5.3), then substituting the result into (5.8), and
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replacing the d/dx by d/du (since the variables x and u differ only by a constant), the

activating function is expressed as:

d d
E[El(x) = [E(sz*'Elz)]cose

[i [E, (u)cos®+E_ (u) sinG]:lcose
du ¢

T dEx T,-E +T dEz T, -E
— ER 5 + B g i
1 du 2 % 3 du 4 z (5'9)
where
1
y (A R N (5.10)

e du (5.11)

T 5.12
T (e) o
du
2
4]
2
g . (5.13)

C (&)
du
Equation (5.9) shows that both the x- and z-components of the electric field and their

derivatives contribute to the activating function of the bent neuron.
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5.3 Method of solution

5.3.1 Impedance method

In chapter 4, the calculation of the activating function in a semi-infinite space was straight
forward, as there was no surface charge distribution (the coil is parallel to the air-tissue
interface) and the induced electric field was only due to the induction. However, in the
problem we consider in this chapter, the air-tissue interface is spherical and the coil
geometry is such that it produces a surface charge on the interface. As mentioned earlier,
the induced field can be obtained by solving the Laplace’s equation with the boundary
conditions for the geometry under consideration. This can be done either analytically by
expanding the potential function in terms of the spherical harmonic functions, or numeri-
cally, by using for instance the finite difference method. In either way, we also need to
obtain the induced electric field by induction in a separate step [13],[14]. Finally, the acti-

vating function is obtained by summing its individual components.

Several existing numerical techniques, e.g., finite difference, finite element and
TLM, have the advantage of obtaining the total induced field in one solution step by solv-

ing Maxwell ’s equations under the existing excitation conditions.

The finite difference (FD) technique is widely used in computing the potential dis-
tribution in biological tissues [40]. For quasi-static problems the FD method can be con-
veniently used with the circuit representation rather than the field representation. Both
the admittance [44] and the impedance formulation [54], [55] can be used. In our analy-
sis, we are going to use the impedance method. The formulation of this method is quite

similar to that of the admittance method.
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To be able to use the impedance method to obtain the induced currents in the bio-
logical tissues, quasi-static conditions are assumed. This is equivalent to saying that the
magnetic field produced by the excitation is not perturbed by the secondary magnetic

field produced by the induced current. This condition is satisfied for the frequencies [56]

1
uocsL2

fu (5.14)

where G is the conductivity and L is the largest dimention of the geometry analyzed.
Another simplifying assumption results from the electrical properties of biological

tissues at frequencies of concern in this analysis, namely:

O » 2Tfe' (5.15)
where € is the dielectric constant (&' = € '€ ). This assumption reduces the impedance
network to the resistance network [54].

In the impedance method, the biological body is divided into parallelepiped volume
cells. Each volume cell, as shown in Fig. 5.5-a [55], is represented by three resistances
(Fig. 5.5-b). In the case of cubes and isotropic electrical properties of the biological tis-

sue, the resistances in all directions are the same and equal to [54]

gk - 1 (5.16)

ik
o A

where (i, ], k) denotes the computational node index, Cijk is the conductivity of that volume
and A = Ax = Ay = Az is the side dimention of the cube (the grid length).
Fig. 5.5-c shows an arrangement of resistances of adjacent volumes (computational

cells). Applying Kirchhoff ’s voltage law for the loop in the x-y plane we have:
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Figure 5.5 The designation of the variables in the impedance network method: (a) a
cubical volume representing a part of the biological cell, which constitutes a
computational cell; (b) three equivalent resistances connected to node (i, j, k) representing
the volume in (a), and (c) line and loop currents associated with node (i, j, k).
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A hjk e i+Ljk s pj+lLk  a  ijk i j
TR+ @R - @R - R = EME (5.17)
where 7, and 7y are the branch currents, and EMF is the electromotive force for the loop

given by Faraday’s law as:

o2 »
EMF, = —[EJ-(B-n)dsj (5.18)
A

where A is the loop area, 7 is the unit vector normal to the plane of the loop. For a square
loop sitting in the x-y plane with a side length A, the EMF is given by:

Z

i,J, k
EMF>"* = —(51 ~A2J (5.19)

where B, is the magnetic flux density in the z-direction.

Loop equations for loops in all directions form a system of equations of size N,
where N is the number of cells in each direction. This system of equations is then solved
using the successive over-relaxation technique (SOR) [57]. The SOR is an iterative solu-

tion of the system of the algebraic equations. It utilizes the formula:

(m+1) ,. . (m) .. . Alm) .. (m) ,. .
1" Gojk = 1™ G k) a1 G k) -1 (k) ] (5.20)
where 7)5'") (i, j, k) is given by (5.17) for the m™ iteration, I ]fm) (i, ], k) 1isthe solution after
m iterations, / ;m e (i, j, k) is the solution after m+1 iterations, and o is a factor having a

value between 1 and 2 and is called the relaxation factor.

5.3.2 Procedures of the numerical solution

In this section we show the general procedure for obtaining the induced fields using the

impedance method. The procedure is as follows:
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1- Include the geometry of the problem in a parallelepiped structure such that it
contains all the geometry inside it. In the case of a spherical volume, a cube is a good

choice as shown in Fig. 5.6-a.

2- Discretize the volume into small cells, parallelepiped or cubical, depending on
the geometry, and assign an index to each node as well as a resistance (or in general an
impedance) to each branch in the network (Fig. 5.6-b and c). Cell indices and the corre-
sponding resistance values are stored in a file. The total number of cells in the volume,
and consequently the cell size, is limited by the available computer facilities and by the
computation time. This imposes a limit on the accuracy and maximum resolution. One

million cells is a typical number for a medium size computer.

3- Compute the magnetic field of the coil (by integrating the magnetic field pro-
duced by an infinitisimal element over the coil geometry) at the discretized space occu-
pied by the cubical volume and store the three components (x, y and z) of the magnetic

field in a file.

4- Write down a recursive relation of the loop currents. Zero current values are

always forced in the regions outside the volume (air regions).
5- Discretize the excitation in the volume under consideration.

6- Solve the system of equations using the iterative technique mentioned above.

This way all loop currents are obtained, and from them the branch currents are calculated.

7- Finally, obtain the electric field by multiplying the conductivity associated with
each cell by the corresponding current density. The latter is calculated by dividing the

branch current by the loop area normal to it.
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(a)

. discretized sphere
A '
1 ~
x >y
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air cells (©)

Figure 5.6 Steps of numerical solution. (a) The geometry included in a cubical. (b) Front
view of the discretized volume. (c) The spherical volume after discretization.
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5.4 Results

5.4.1 Verification of the method

Before using a program implementing a numerical technique, it has to be tested first. One
way of testing it is to compare the solution it gives with an analytical solution of the
same problem. Sometimes, this is not possible due to the fact that analytical solutions are
not available, specially for complicated structures. Another way is to compare it with an

experimental data available.

As a test case, the induced electric fields in a homogeneous spherical volume con-
ductor of radius 9.1 cm and conductivity of 0.14 S/m produced by a single turn double-
circular coil are calculated using the impedance method. Then, the results are compared

with those obtained by Eaton [14] for the same geometry using an analytical approach.

The stimulating coil is a double-circular (butterfly) coil positioned 0.4 cm above
the sphere surface in such a way that its longer dimension is parallel to the y-axis. For
each side of the coil, the diameter is 5 cm, the number of turns is one , and the current
changes at a rate of 1A/s [14]. Fig. 5.7 shows the results obtained by Eaton [14]. It shows
the total induced electric field plotted in a plane parallel to the x-y plane and 1.3 cm
below the sphere surface. The field is plotted in two directions: (a) in the direction of

longer dimention of the coil. (b) in the direction perpendicular to that of (a).

In our model, cubical cells are used with 2.5 mm side length, giving 73 cells per
side and a total number of cells of (73)3 = 389,017 cells. The convergence of the solution
is checked with the parameter, {, the summation of the magnitude of the electric field

over all nodes. The iteration process is stopped when the relative error in { for two suc-

.. ) . 4 . . ) .
cessive iterations is 5x10 . The solution is obtained after a number of iterations of 668

with an overall run time of about 30 minutes, on a workstation HP 9000 / 735.
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Figure 5.7 Results obtained by Eaton [14]: the magnitude of the electric field produced
by butterfly coils having various "wing" angles excited with a current ramp of 1 A/s. (a)
The field strength along path a in a plane 1.3 cm below the sphere surface. (b) The field
strength along path b in a plane 1.3 cm below the sphere surface.
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Due to the discretization selected (selected to be suitable for computations of the
head model), it is only possible to position the coil 0.5 cm above the sphere surface (com-
pared to 0.4 cm used by Eaton) and to plot the field in a plane 1.25 cm below the sphere
surface (compared to 1.3 cm used by Eaton). The total distance form the coil to the plane
of calculation is 1.75 cm (compared to 1.7 cm used by Eaton). Because of those two rea-
sons, some differences are expected between the results obtained by the impedance

method and those by Eaton.

Fig. 5.8 shows the results obtained by the impedance method. Two plots are shown
for the same paths as those of Fig. 5.7 except that only one coil angle (open coil) is used
for verification. Some differences are observed. For example, the peak for both plots (a
and b) is 185 nV/m while it is 195 nV/m for the corresponding peaks in Fig. 5.7. The per-
centage difference in the peak value is approximately 5 %. The percentage difference in
the coil position and computational plane is ( (1.75-17)/17) x 100 which equals
approximatly to 3%. This is a satisfactory result in the sence that a difference of 3% in the
distance of the computational plane from the coil results in a difference of about 5% in
the value of the electric field. This means that the field calculations using the impedance
method is within 2% difference with the results obtained by Eaton. Also, the zero points
in Fig. 5.8-a, designated by O, and O,, are not exactly zero, as in Fig. 5.7, this is due to
numerical errors. However, the field will approach the zero value at these points if a very

fine mesh size is used.

From the discussion above, it is concluded that the code implementing the imped-
ance method works properly and, therefore, it can be used to solve for the induced elec-

tric field in more complicated geometries having heterogeneous electrical properties.
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Figure 5.8 The impedance method calculations of the magnitude of the electric field
produced by a butterfly coil with "wing" angle of 180 degrees (open) excited with a
current ramp of 1A/s. (a) the field strength along path "a" in a plane 1.25 cm below the
sphere surface. (b) The field strength along path "b" in a plane 1.25 cm below the sphere
surface.
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5.4.2 Spherical model of the brain

In this section stimulation of bent neurons in the human head is investigated. The model
of the head is as previously shown in Fig. 5.1. The radius of the outer sphere is R; = 9.1
cm and the conductivity is 0.14 S/m [14], the radius of each inner eccentric sphere is
3.75 cm. The two small spheres are evenly displaced with respect to the axis of the outer
sphere and separated by a distance d = 0.5 cm. Their conductivity is 0.5 S/m [13]. Their
centers are shifted in the z-direction by a distance ¢ = 1.5 cm. Two coil configurations are
used, a double-square and a double-circular (butterfly) coil. For both coils, the "wing"
angle is 180 degrees (open coil), the number of turns is 10 turns each side (20 turns for
the whole coil), the side length is 5 cm (the diameter for the double-circular coil) and car-
rying a current changing at a rate of 100 A/us. The stimulating coil is placed 0.5 cm
above the surface of the sphere in a plane parallel to the x-y plane with its longer dimen-
tion in the y-direction (Fig. 5.3). The previously mentioned coil parameters are typical

values for the stimulating coils used in clinical practice (e.g. Cadwell MES-10).

The neuron, having the shape ABCD (as shown in Fig. 5.2), lies in a plane parallel
to the x-z plane. To avoid problems due to the discontinuity of the fields at the interfaces
and errors due to discretization, the neuron is assumed to have a radius of 4 cm, i.e it does
not lie exactly at the interface but rather is displaced by 0.25 cm from the inner sphere.

This is not an unreasonable representation of the actual analysis.

The activating function, given by equation (5.9), is calculated in two steps (as previ-
ously done in chapter 4). First, the activating function is calculated along the nerve part,
BC, for a fixed coil position. Then, the coil position is varied in steps. Five positions of
the coil above the nerve are considered. The first position is such that the coil is centered
above the outer sphere. In the other positions, the coil is shifted by different amounts in

the x-direction (as shown in Fig. 5.9)
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Figure 5.9 Different coil positions. Position 1, the coil center is aligned with the center

of the outer sphere. Position 2, the coil is shifted 2 cm in x-direction from position 1.
Positions 3-5 are spaced by 1 cm.

Due to discretization, the electric field components, E, and E,, are defined at a lim-
ited number of points (the number of points equals the number of cells fitted in the
region surrounding the neuron, i.e. for 2.5 mm cell size the number of cells is 16). To get
more data points, 2D-interpolation (linear) is performed for both E, and E, field compo-
nents. The spatial derivative of both E, and E, in the x-direction also need to be obtained
(eq. 5.9). Direct numerical differentiation of E, component, for example, gives a badly

behaved function due to the fact that differentiation enhances fine variations (computa-
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tional noise) in the function to be differentiated. To avoid this problem a given electric
field component after the 2D-interpolation is replaced by the corresponding smoothed
component (using the spline method, MATLAB routine "spline"). The electric field is
sampled at 8 points and then a spline function is used to fit those points. The resulting
field is then differentiated with respect to u ( or x). The maximum absolute percentage
error in the derivative after using the splined fields is about 8% and the root mean square

error is about 1.8%.

Figures 5.10 (a) and (b), show 3D plots of E, and E,, respectively, in the region
around the neuron BC. The fields, produced by a double-square coil centered above the

outer sphere (position 1 in Fig. 5.9),are plotted in the x-z plane (parallel to x-z plane).

Figs. 5.11 show the activating function produced by a double-circular coil along
the bent neuron BC for different coil positions. The activating function is plotted as a
function of the variable /,, the distance in the positive x-direction along the neuron mea-
sured from the point C. The figures also show the variation of the four terms contributing
to the activating function. The four terms are the individual terms given by equation (5.9).
It is noticed from Figs. 5.11 that the maximum value of the activating function increases
(in absolute value) and its location shifts toward point B at the neuron when the coil is
positioned away from the center or the outer sphere. For example, the maximum value of
the activating function for the coil position 1 is -0.1 V/cm? and is located 2.23 ¢cm from
point B on the nerve, while for the coil position 2 the value is -0.14 V/cm? and at 1.68
cm from point B. The activating function reaches its maximum (in absolute value) when
the coil is positioned in such a way that its center is directly above the highest point on
the nerve (i.e. point B). This position is designated by position 4 in Fig. 5.9. The activat-

ing function starts to decrease again when the coil position is changed to position 5. This
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The electric field, E, (V/cm)

The electric field, E, (V/cm)

Figure 5.10 3D plots of the electric field components in a square region surrounding the
nerve BC (16x16 cells). (a) The x-component. (b) The z-component.
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Figure 5.11 The activating function (V/cm?) and the contribution of each field
component and its derivative to it for a double-circular coil of 5 cm diameter (a side), vs.
the distance /,, along the bent neuron for different coil positions: (a) Position 1. (b)
Position 2. (¢) Position 3. (d) Position 4. (e) Position 5.
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means that best coil placement is position 4 for which the activating function is a maximum
(-0.1479 V/cm?, Fig. 5.11-d). The stimulation of the nerve occurs at a point 1.03 cm from
the point B.

The activating function and its location for various coil positioning are summarized
in Table 5.1. The location is normalized with respect to the nerve radius (column x/r in

the table). The table also shows the contributions of the electric field components (E, and
E,) and their derivatives to the activating function. The contributions shown in the table

are taken at the maximum value of the activating function. It can be noticed from the
table that the derivative of the x-component, i.e. dE /du, contributes the most to the acti-
vating function dEydIl, while the derivative of the z-component of the field, i.e. dE/du,
hyperpolarizes the neuron and, in this way, it opposes the depolarization introduced by

the other components.

In comparison to the circular bends in a semi-infinite plane (analysis done in chap-
ter 4), the magnitude of the activating function is smaller (almost four times less) in the
case of a head model than in the case of a semi-infinite plane. This is due to the fact that
the induced electric field decreases very rapidly away from the coil. The bend neuron lies
deeper in the tissue, i.e. far away from the coil, in the head model (the highest point on
the nerve, B, is 4.25 cm from the coil while it is only 1 cm in the case of a semi-infinite
volume conductor). On the other hand, the normalized location of stimulation in the case
of a semi-infinite volume conductor is around 0.34 (by extrapolation of the points avail-
able) while it is 0.26 in the head model. This difference is thought to be due to the differ-
ence in the geometries of both problems as well as the difference in the spatial

distribution of the fields.



Table 5.1 Activating function and individual contributions. Stimulation to it produced by a double-circular coil of
diameter 5 cm, 20 turns (10 turns each side) and carrying current varying at a rate of 100 A/us

Activating
Coil position | Function | Individual contributions to the activating function Location
(V/em?)
T,dE/du | T,.E, T;dE/du | T,E, (4-1,)(cm) (4-1)r
Position 1 -0.100 -0.079 -0.029 +0.019 -0.010 2.23 0.56
Position 2 -0.136 -0.113 -0.031 +0.027 -0.019 1.68 0.42
Position 3 -0.140 -0.116 -0.023 +0.024 -0.024 1.31 0.33
Position 4 -0.148 -0.122 -0.019 +0.021 -0.027 1.03 0.26
Position 5 -0.135 -0.109 -0.010 +0.012 -0.038 0.58 0.14

121



Fig. 5.12 shows the same parameters as Fig. 5.11 except for a double-square coil.
The maximum activating function (magnitude) is also at the same coil placement as that
for a double-circular coil. However, the maximum value is higher for the double-square
coil (-0.1607 V/cm?). This means that the double-square coil is preferable for stimulation
of bent neurons in the cortex. This result agrees with that obtained for stimulating
straight neurons [1], however it contradicts that obtained in chapter 4 where stimulation
of bent neurons in a semi-infinite volume conductor was considered. The location of the
stimulation is almost the same as that of the double-circular coil (1.05 cm for point B for

the double-square coil and 1.03 cm for the double-circular coil).

Table 5.2 show the same parameters as those shown in Table 5.1, except it is for a
double-square coil. The derivative of the x-component of the electric field contributes the
most to the activating function while the derivative of the z-component introduces a

hyperpolarization effect which acts to decrease the activating function.
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Figure 5.12 The activating function (V/cm?) and the contribution of each field
component and its derivative to it for a double-square coil of 5 cm (a side), vs. the
distance /,, along the bent neuron for different coil positions: (a) Position 1. (b) Position
2. (c) Position 3. (d) Position 4. (e) Position 5.




Table 5.2 Activating function and individual contributions. Stimulation to it produced by a double-square coil of 5 cm side

length, 20 turns (10 turns each side) and carrying current varying at a rate of 100 A/us

Activating
Coil position | Function | Individual contributions to the activating function Location
(V/cm?)
T,dE/du | T,.E, T;dE/du | T,.E, (4 -1, )(cm) (4-1)r
Position 1 -0.114 -0.091 -0.032 +0.022 -0.013 2.14 0.53
Position 2 -0.150 -0.124 -0.033 +0.029 -0.022 1.63 0.41
Position 3 -0.160 -0.131 -0.027 +0.026 -0.028 1.31 0.33
Position 4 -0.161 -0.133 -0.020 +0.023 -0.030 1.05 0.26
Position 5 -0.154 -0.123 -0.012 +0.014 -0.033 0.59 0.15
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5.5 Discussion and conclusions

In this chapter, magnetic stimulation of bent neurons in the human cortex has been ana-
lyzed. The head has been modeled as a sphere of radius 9.1 cm and conductivity of 0.14
S/m while the cortex (brain) has been modeled as two spheres, each representing one
side of the brain, of radius 3.75 cm and conductivity of 0.5 S/m. The neuron, ABCD, has
been considered to have a circular bend of radius 4 cm. Two coil configurations have
been used for magnetic stimulation: a double-circular and a double-square coils carrying
a current changing at a rate of 100 A/us. The 3D impedance method has been used to
compute the electric field components that contribute to the neuron stimulation, i.e. the x-

and z-components.

It has been found that the magnitude of the activating function varies with the posi-
tion of the coil relative to the neuron. The best coil placement is such that its center is
directly over the highest point on the neuron, i.e. point B. This is true for both coil config-
urations used. However, the magnitude of the activating function is higher when the dou-
ble-square coil is used. This means that to stimulate (bent) neurons in the human cortex
the double-square coil is preferable to the double-circular coil. This result agrees with the

results reported for long straight neurons [1].

It is interesting to notice that the double-circular coil produces a higher stimulus
than the double-square coil when stimulating bent neurons in the simplified model (the
semi-infinite volume conductor with a planar interface) while the latter produces a higher
stimulus than the former when studying the stimulation bent neurons in the human head
model. Most of the parameters affecting the magnitude and the location of the stimula-
tion are fixed for both coils except two. The first is the coil shape (or geometry), and the
second is the coil proximity to the nerve. For long straight neurons double-square coils

produce higher stimulus than double-circular coils[1]. On the other hand, for bent neu-

88




rons, two components contribute to the activating function. The first component is solely
dependent on the coil geometry, and the second component results from the interaction
between the field produced by the coil and the shape of the neuron bend. The second
component is higher for circular coils than for square coils as the former have smooth
shape while the latter have sharp corners. When calculating the activating function for
bent neurons in a semi-infinite volume conductor model, coils were close enough to the
neuron (the coil is positioned 2 cm from the nerve) that the interaction between the coil
and the bend is dominating the component depending on the coil itself. This causes the
circular coil to have a higher stimulus. On the other hand, for studying the stimulation of
bent neurons in the model of the human head, the stimulating coil was farther away from
the bend (4.5 cm) than in the case of a semi-infinite conductor. Accordingly, the compo-
nent due to the coil itself dominates the component due to the coil-bend interaction and

the double-square coil in this case has a stronger stimulus than the double-circular coil.

The location of the stimulation is more or less the same for both coil configurations
and it is about 1 cm from the point B (the highest point on the nerve) in the direction of
the center of the larger sphere. The normalized location of stimulation is somewhat differ-
ent for the bent neuron in the head from that in a semi-infinite volume conductor. How-
ever, both cases agree in the sense that the stimulation is closer to the point on the nerve
where the slope with respect to the u-axis (or x-axis) is zero (point B) than that of an infi-

nite slope (point C).

Some errors are associated with this analysis. The first error is the discretization
error. The FD approximation of Maxwell’s equation neglects the higher order derivatives
and assumes that the fields are uniform within each computational volume. Also, when
the geometry is discretized, it loses some of its properties. For example, the sphere after

discretization is not a perfect sphere. Therefore when we assign electrical properties to
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the different cells we might assign an air cell while part of the cell is actually conducting.
Actually, after discretization the solution is obtained for a system that only approximates
the actual system. Also, when calculating the EMF for each loop in the circuit mesh rep-
resenting the biological body, the magnetic field is considered constant while in reality it

is varying across the plane of the loop.

Discretization errors can be minimized by using a fine grid (smaller cell dimen-
sions), especially at the interfaces. In practice, there is always a compromise between the
accuracy on one hand, and the computation time and computer memory and storage on

the other hand.

A second source of error is due to the assumption that the neuron is located one cell

outside the small sphere. This error can also be minimized by using smaller cell sizes.

A third error is due to the 2D-interpolation of the electric fields. However, using
the values of the fields before interpolation will result in larger errors as the number of

points is limited to only 16.

Obtaining the derivatives of the fields by sampling them at a limited number of
points and producing a smoother fields using the spline method then differentiating, is a
fourth source of error. The error in the derivative is maximum 8%, and a root-mean-

square (RMS) is 1.8%. This error is not serious as the RMS error is less than 2%.

This analysis is valid whenever the quasi-static condition is valid, i.e. within the fre-

quency limit given by equation ( 5.14).
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Chapter 6

Conclusions and recommendations

6.1 Conclusions

Neuron stimulation by external stimulators is widely used as a diagnosing tool for several
neuron disorders. It is realized either by external electrodes (electrical stimulation) or coils
carrying time varying currents (magnetic stimulation). Magnetic stimulation is considered
as an alternative to electric stimulation because it is a painless and non-invasive.

The activating function (stimulus) is the spatial derivative of the electric field along
the neuron. Its magnitude and the location of the stimulation are the important parame-
ters in neuron stimulation. For peripheral neuron stimulation, the neuron is modeled as
being long and straight. This assumption is also valid for terminated neurons as long as
the termination is far from the stimulating coil. In this case, the magnitude and the loca-

tion of the stimulus depend on the coil position and configuration.

Different coil configurations were used for magnetic neuron stimulation. Circular,
square, double-circular (butterfly), double-square and the quadruple-square coils. Time
varying currents can be either monophasic (ramp, or pulse) or biphasic (sinusoidal). The
time variation of the coil current is such that its maximum frequency component is

within the quasi-static limits of 10 kHz.

Stimulating motor neurons in the human cortex where they are bent, the activating




92

function is found to be a function of both the coil configuration and the bend shape. A
simplified analysis considered the activating function of a straight neuron with a bend in a
semi-infinite volume conductor of a planar interface (chapter 4). In this case, both the
electric field in the direction of the straight part of the neuron and its derivative contrib-
ute to the activating function of the neuron. Two coil configurations (double-square and
double-circular coils) as well as different bend shapes (a cosh, a parabolic, and circular
bends of different radii) were considered. The results show that the maximum stimula-
tion occurs on the bent part of the neuron. The stimulation threshold is the lowest for the
greatest curvature of the nerve. For instance, for the circular bends, it is the lowest for
the smallest radius analyzed (1 cm). This result is in excellent agreement (qualitatively)
with the experimental results reported by Maccabee et al. [4]. The analysis also showed
that the double-circular coil produced a higher stimulus than the double-square coil of

comparable dimensions. This result is contrary to that obtained for straight neurons [1].

A more realistic analysis considers stimulating a bent neuron in the human cortex
(chapter 5). The head is modeled as an outer sphere representing the skull and scalp with
two spheres inside, each representing one half of the brain. The neuron consists of two
parts: a straight part, and a bent part (circular of radius 4 cm). Two coil configurations

used are: a double-circular and a double square coils.

The analysis shows that the activating function varies with the coil position with
respect to the nerve. For both coil configurations, the optimal position is such that the
coil center is directly over the highest point of the nerve (point B, Fig. 5.2-a) and the
location of the stimulation is found to be closer to point B than point C (Fig. 5.2-a). This
result agrees with that obtained for the same bend in a semi-infinite volume conductor.
The results also show that the double-square coil produces a higher activating function

than the double-circular coil of comparable dimensions. This means that this is the pre-
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ferred coil for stimulating bent neurons in the human cortex. This result is contrary to
that obtained in chapter 4, however it agrees with the results obtained for long straight

neurons [1].

6.2 Recommendations

Although the analysis done in this thesis is simplified, the results are believed to be appli-
cable in clinical practice. Obtaining the location of the stimulation, whether on the
straight part or the bent part, helps determining the pulse propagation velocity in the
nerve. Accordingly, correct dignosis can be done. Stimulating more than one nerve at a
time is undesired in medical practice. By knowing the volume of stimulation, and the spa-
tial distribution of the activating function, stimulating a specific nerve can be acheived.
The results also provide a better understanding of the problem of magnetic stimulation of
bent neurons as well as the specific parameters affecting the magnitude and location of
stimulation. However, there are some problems that need further investigation so that the

stimulation process is optimally controlled and the results are accurately obtained.

1- The method of solution:

Due to the fairly large number of parameters associated with the problem of mag-
netic stimulation of neurons (for example, the coil dimension, orientation and positioning
in three dimensions and its number of turns), an analytical solution is preferred that pro-
vides a closed form solution enabling a study of all parameters affecting the process of
neuron stimulation and determination of optimal values. However, the analytical solution
of even such a simple geometry (Fig. 5.1) is quite involved, hence requires very

advanced mathematics.




94

2- The head model:

A more realistic model of the head that takes into account the exact shape of the
brain and the irregularities of the skull and scalp needs to be considered. Such a model
takes into account the existence of other tissues in the cortex (e.g. the cerebellar cortex).
This model can be obtained using digitized magnetic resonance imaging (MRI) of the
head. Then using image processing, a 3D-model of the head can be constructed with dif-
ferent conductivities assigned to different biological tissues in the model. Developing
this model depends on the available image processing tools. Also, the construction of the

3D-model from the MRI slices is considered a big challenge in the field of image process-

ing.

3- The nerve model:

It is not always the case that the neuron lies in one plane but rather it can assume a
3D-shape. In this case, field components in all directions contribute to the neuron stimula-
tion and each of them is a function of two dimensions (they are functions of only one
dimension for a planar neuron). The activating function has to be recalculated, and a
more complicated form is expected. However, this model is more realistic than the planar
model, and more accurate results (in terms of the location and magnitude of the activating

function) can be obtained.

If the neuron is terminated and the termination is close to the coil position, the acti-
vating function has to be derived from the cable model of the neuron considering its ter-
mination. This is a different and fairly complicated problem of magnetic stimulation but
it is thought that its analysis is of importance as most of the neurons in the human head

are terminal neurons.
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