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Abstract: In this paper, the class of the twice-iterated 2D g-Appell polynomials is introduced.
The generating function, series definition and some relations including the recurrence relations and
partial g-difference equations of this polynomial class are established. The determinant expression for the
twice-iterated 2D g-Appell polynomials is also derived. Further, certain twice-iterated 2D g-Appell and
mixed type special g-polynomials are considered as members of this polynomial class. The determinant
expressions and some other properties of these associated members are also obtained. The graphs and
surface plots of some twice-iterated 2D g-Appell and mixed type 2D g-Appell polynomials are presented
for different values of indices by using Matlab. Moreover, some areas of potential applications of the
subject matter of, and the results derived in, this paper are indicated.

Keywords: 2D g-Appell polynomials; twice-iterated 2D g-Appell polynomials; determinant expressions;
recurrence relations; 2D g-Bernoulli polynomials; 2D g-Euler polynomials; 2D g-Genocchi polynomials;
Apostol type Bernoulli; Euler and Genocchi polynomials

PACS: 33D45; 33D99; 33E20

1. Introduction, Definitions and Preliminaries

The subject of g-calculus leads to a new method for computations and classifications of g-series
and g-polynomials. In fact, the subject of g-calculus was initiated in the 1920s. However, it has gained
considerable popularity and importance during the last three decades or so. In the past decade, g-calculus
was developed into an interdisciplinary subject and it served as a bridge between mathematics and physics.
The field has been expanded explosively due mainly to its applications in diverse areas of physics such as
cosmic strings and black holes [1], conformal quantum mechanics [2], nuclear and high energy physics [3],
fluid mechanics, combinatorics, having connection with commutativity relations, number theory, and Lie
algebra. The definitions and notations of the g-calculus reviewed here are taken from [4] (see also [5,6]).
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The g-analogue of the Pochhammer symbol («),,, which is also called the g-shifted factorial, defined by
m—1

(;9)0=1 and (;q)m =[] (1—aq") (meN; a€C). 1)
r=0

The g-analogues of a complex number « and of the factorial function are defined as follows:

W= 7= (geC\{1hxeQ) @
and . .
[m]q = ;qs_lf [O]q =0, [m]q! = Ijl[s]q = mq[z]qmq T [m]q and [O]q! =1 3)

(meN; geC\{0,1}),

where N is the set of positive integers.
The g-binomial coefficients [’?]q are defined by

ml_ @pm [mly! -
[s]q @ )s(@Dm-s  [slg! [m —sly! (s=0,1,2,--,m). @

The g-analogue of the classical derivative Df or % f of a function f at a point t € C\{0} is defined by

t) — t
D0 = LGOI 0<pg<1; 1 20) ®
We also note that
. daf(t) d . . N
(1) hn% Dyf(t) = TR where 7 denotes the classical ordinary derivative,
q—

(i) Dg(arf(t) + a2 g(t)) = a1Dgf(t) +a2Deg(t),
(iii) Dq(fg)(t) = f(qt)Dag(t) +g(t)Dyf(t) = f(t)Deg(t) + Dyf(t)g(qt),
D <f(f)> _ 8(ODaf(t) — f(£)Dag(t) _ g(qt)Daf(t) — f(gt)Dag(t)
T\g(t) f

g(t)g(qt) g(t)g(qt)
The two familiar g-analogues of the exponential function e are given by

- = , 0 1, 1—g|1 6
mgo il T (A= wa) gl <1 Ix < 1= 6)
and
©0 - pm
Z g™ W:(—(l—q);q)m (0< gl <1; teC). @

The above-defined g-exponential functions e;(t) and E,(t) satisfy the following properties:

quq(t) = eq( ), DqEq( )= q( t), (8)
eq(t)Eq(—t) = Eq(t)eg(—t) = 1. ©)
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The class of Appell polynomials was introduced and characterized completely by Appell [7] in 1880.
Further, Throne [8], Sheffer [9] and Varma [10] studied this class of polynomials from different points of
view. For some subsequent and recent developments associated with the Appell polynomials, one may
refer to the works [11-14].

In the year 1954, Sharma and Chak [15] introduced a g-analogue of the Appell polynomials and called
this sequence of polynomials as g-Harmonics. Later, in the year 1967, Al-Salam [16] introduced the class
of the g-Appell polynomials {.A;;4(x)},_, and studied some of their properties. Some characterizations
of the g-Appell polynomials were presented by Srivastava [17] in the year 1982. These polynomials arise
in numerous problems of applied mathematics, theoretical physics, approximation theory and many
other branches of the mathematical sciences [7,18-20]. The polynomials A, 4(x) (of degree m) are called
g-Appell polynomials, provided that they satisfy the following g-differential equation:

Dyx{Amg(x)} = [m]q.Am,l,q(x) (meNy=NU{0}; g€ C; 0< |g| <1). (10)

Recently, Keleshteri and Mahmudov [21] introduced the 2D g-Appell polynomials (2DqAP)
{Apq(x1,x2)}"_, which are defined by means of the following generating function:

tm
Ag(t) eq(x1t)Eg(x2t) = Z Ap,g(x1,x2) Tyt (0<g<1), (11)
=0
where
(o] tm
m=0 q
We write

Am,q = Am,q (0/ 0)/

where Ay, denotes the 2D g-Appell numbers.
For x, = 0, the 2DgAP Ay 4(x1,x2) reduce to the g-Appell polynomials A q(x) (see,
for example, [16,17,22]), that is,

Am,q(xlro) = Am,q (Xl), (13)
where A, 4(x) are defined by
Aq(t) eq(xt) ZAmq m} P (0<g<1) (14)
q
and A, given by
Am,q = Am,q(o)

denotes the g-Appell numbers.
The explicit form of the 2DqAP A, 4(x1, x2) in terms qAP Ay, 4(x) is given as follows (see [21]):

m

Am,g(x1,%2) Z[ } g2 =S 0m=s=) A (), (15)

The function A, (t) may be called the determining function for the set A, 4(x1, x2). Based on suitable
selections for the function A,(t), the following different members belonging to the family of the 2D
g-Appell polynomials A, 4(x1, x2) can be obtained:
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L If Ay(t) = eq(tﬁ’ the 2DqAP Ay, 4(x1,x2) reduce to the 2D g-Bernoulli polynomials (2DqBP)
B,q(x1,X2) (see [23,24]), that is,
Am,q(xlz Xz) = %m,q (xl/ x2>/

where B, ;(x1, x2) are defined by

eq(x1t)Eq(xot) = i Bi,g(x1,%2) (16)

eq(t) —1 m=0 [m]q!

and B, ; given by
%m,q = %m,q(o, O)

denotes the 2D g-Bernoulli numbers.

IL If A(t) = 2) —7 the 2DGAP A, 4(x1, x2) reduce to the 2D g-Euler polynomials (2DGEP) &y, q(x1, x2)

eq(t
(see [23,24]) that is,
'Aqu(xl’ xz) = Sm,q(xlr x2)/

where &, 4(x1, x2) are defined by

m

[mly!

e (xlt)Eq xot) = Z Emyg (x1,%2) 17)

2
eg(t)+171

and &y, given by
Emyg = Emy(0,0)

denotes the 2D g-Euler numbers.

L If Ay(t) = PROEST ) —7- the 2DgAP Ay, 4(x1,x2) reduce to the 2D g-Genocchi polynomials (2DqGP)
Ging(x1,%2) (see [23,24]; see also [25]), that is,

Am,g (x1,%2) = Gm,q (x1,x2),
where Gy, 4(x1, x2) are defined by

2t "

WE g(x1t)Eq(x2t) = Z Gimg(x1,%2) Tl e (18)

and Gy 4 := Gin,q(0,0) denotes the 2D g-Genocchi numbers.
We recall here that, in a recent paper, Khan and Riyasat [26] introduced the twice-iterated g-Appell
polynomials A,%]q (x) which are defined by means of the following generating function:

Ag (1) Aq (1) eq(xt) = ZA,,, (0<g<1). (19)

[m]q!

In this paper, the class of the twice-iterated 2D g-Appell polynomials is introduced by means of
generating functions, recurrence relations, partial g-difference equations, and series and determinant
expressions. Further, several results are obtained for the members corresponding to this polynomial
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family. In Section 2, the twice-iterated 2D g-Appell polynomials are introduced by means of the generating
functions and series definition. Also, the recurrence relation and g-difference equations involving the
twice-iterated 2D g-Appell polynomials are derived. In Section 3, a determinant expression for the
twice-iterated 2D g-Appell polynomials is established. In Section 4, the determinant expressions and some
other properties of the members belonging to the family of the twice-iterated 2D g-Appell polynomials
are obtained. Section 5 provides several graphical representations and surface plots associated with
several members of families of g-polynomials which have investigated in this paper. Finally, in Section 6,
we present some concluding remarks and observations.

2. Twice-Iterated 2D g-Appell Polynomials

In order to introduce the twice-iterated 2D g-Appell polynomials (2I2DgAP), we consider two different
sets of the 2D g-Appell polynomials Ay, 4 (x1, x2) and Ay, q(x1, x2) such that

Ay (t) g (1) Eg (xat) = 2 g (x1,%2) [t] - (0<q<1), (20)
q-
where - "
Aglt) = X Ang o Ag(®) 20 and Aoy =1; @D
m=0 q:
Ay () eg(raD)Eg(x2t) = Y Aumg(1,%) [;]q, (0<q<1), 22)
m=0
where
- m .. .
Ag(t) =Y Aug o Ag(t) #0 and Agy =1; (23)
m=0 q
Ay () eg(xyt) = Z A (x1) [t] . (0<g<1). (24)
q-

The generating function for the 2I2DqAP is asserted by the following result.

Theorem 1. The generating function for the twice-iterated 2D q-Appell polynomials A%q(xl, xy) is given by

Ay (1) Aq (1) eq(x1t)Eg(x2t) = Z Amq X1,X2) (0<g<1). (25)

[m]q!

Proof. By expanding the first g-exponential function e;(xqt) in the left-hand side of the Equation (20)
and then replacing the powers of x, that is, x{,x1,x3,- -+, xI" by the polynomials Ao q(x1), A14(x1),
Aoq(x1),- -+, Amg(x1) in the left-hand side and x1 by A; 4(x7) in the right-hand side of the resultant
equation, we have

2

t pm
[2]q!

ot o
[1]q! [m]u]! [m]q!

Moreover, by summing up the series in the left-hand side and then using the Equation (24) in the
resulting equation, we get

Ay(1) (1 Ay () o A (1) et Ay () ) E,(x:t) 2 g (g (1), 12) (26)

m

Aq(t) Aq( ) eq(x1t)Eq(xat) = Z .Amq Alq(xl) x2) i ]q!

27)
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Finally, denoting the resulting 2I12DqAP in the right-hand side of the above equation by .A,%q (x1,x2),
that is,

Amg (A1 (1), 32) = Ay (1, 2), (28)
the assertion (25) of Theorem 1 is proved. O
Remark 1. For x, = 0, the 2I12DgqAP A%q(xl, Xxp) reduce to the twice-iterated q-Appell polynomials (see [26])

such that
Al (1) 1= Ajtly(x1,0). (29)

It is also noted that
Amlq = Am,q (O) - Am’q(o, 0). (30)

We next give the series definition for the 212DqAP A%q (x1, x2) by proving the following result.

Theorem 2. The twice-iterated 2D g-Appell polynomials A,%q(xl, xy) are given by the following series expression:

A%q(xll xZ) = Z {T::| As,qv‘.(mfs,q(xl/ xz)- (31)
s=0 q

Proof. In view of the Equations (21) and (22), the Equation (25) can be written as follows:

i AS i -Am xl/ xZ i = i "47[121] (xll x2) i 7 (32)
5=0 g S m=0 g [m]q! m=0 g [m]‘i!
which, on using the Cauchy product rule, gives
L 3 |%] Asr Ansaernd) gy = 3 Ay g @)
m=0s=0 ' ' [m]ﬂ! m=0 g {m]q!

Equating the coefficients of like powers of t in both sides of the above equation, we arrive at the
assertion (31) of Theorem 2. [

Remark 2. For x; = 0, the series expression (31) becomes

Aglq(xl) = Z Kj As,q/.(mfs,q(xl)/ (34)
q

5=0

which is a known result [26] (p. 5, Equation (2.8)).

We now state and prove the following result.
Theorem 3. The following relation between the twice-iterated 2D q-Appell polynomials .A,[n]q(xl,xz) and the
twice-iterated q-Appell polynomials Ay, 4(x1) holds true:

m

Ay (1, 02) = Z[ ] 6y AT (). (35)
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Proof. Using the Equations (7) and (19) in the left-hand side of the generating function (25), we get

ZAmq X1,%2) []Z]nq <Z -Amq x1) ) (Z qzmm 1) (ﬁiﬁi?)l (36)

which, on applying the Cauchy product rule in the left-hand side, yields

5= 5 5[] et s A

=0 q [m}q'

Y. A;[wzz]q(xll x2) (37)
m=0

Finally, equating the coefficients of like powers of ¢ on both sides of this last equation, we obtain the
assertion (35) of Theorem 3. [
Remark 3. By taking xp = 1 in the result (35), we get
2l = [m] o 1see1) 412)
Am,q (xlr 1) = Z;,) s qz Amfs,q (xl)' (38)
5= q

Remark 4. The following statements are equivalent:

(@) A (x1,—x2) = (~1)" A, (0,x2) (39)

and

(b) AL (x1) = (1) AP (0) (40)

In order to derive the g-recurrence relations and the g-difference equations for the twice-iterated
2D g-Appell polynomials by using the lowering operators that are, in fact, the g-derivative operator Dy,
we first prove the following lemma.

Lemma 1. The twice-iterated 2D g-Appell polynomials Aln]q (x1, x2) satisfy the following operational relations:

Dy, (Atng(x1,%2)) = [l Al (31, %2), (41)
Dy (Al (31, 32)) = [m]y AL 1,4(x1,972), (42)
m
AE]—s,q(xl’XZ) - [m]q]q bg, xlA%q(lexﬁ (43)
and [ :
s(s—1) m
77 A%Ls,q<x1,q5xz>=Wq,qD;xZAL%L<xl,xz>. (44)

Proof. In view of the Equation (25), the proof of the above lemma requires a direct use of the identity (5).
We, therefore, skip the details involved. O

We now derive the g-recurrence relations for the 2I2DqAP A,%q (x1,x2).



Symmetry 2019, 11, 1307 8 of 23

Theorem 4. The twice-iterated 2D g-Appell polynomials A,[ﬁ]q(xl, X7) satisfy the following linear homogeneous

recurrence relation:

1 m
Ay (21, 02) = o L { } M (s + s s ) Ao g (31, 2) + 110" AL (31, 32), (45)
where
AODAD 5, 1 A0A
Ag(gt) Aq(qt) =0 Aq(qt) Aq(qt) = [mlg! (46)
Dy Ag(t) & "
tqtiq() = Z Ym -
Aglat) = [mlg!
Proof. Consider the following generating function:
. . 00 m
Gygx1, x2,t) = Ag(t) Aq(t) eq(qx1t)Eq(xat) = ) A,[ﬁ!q(qxl,xZ) ot (47)
m=0 q:
By taking the g-derivative of the Equation (47) partially with respect to ¢, we get
Dy (Gq(gx1, x2, 1)) = x2.Aq(t) Ag(t) eq(qxt) Eq(qxat) + gx1.Aq(qt) Ag(qt) eg(qxt) Eq(qxat) “8)

+ (DgpAg (1)) Ag(t)eq(qxt) Eq(qxat) + Ag(qt) (DyrAq(t)) eq(qxt) Eq(qxot).

Thus, upon factorizing G,(qx1, x2,t) occurring in the left-hand side and multiplying both sides of the
identity (48) by t, we find that

fDq,t (Gq (qxl, X2, t))

= Gy(qx1,x2, ) (t

Ag(£)DgAg (1) Ag()Ag(H) . DgrAy(t) (49)
DAt T Dy Agat) T Agan) ””‘1>

In view of the assumption (46) and the Equation (47), the Equation (49) becomes

(<] tm
2 mq qxler) [m]q|
" . o (50)
_Zq -Amq xl/xZ <20‘m +x22.3m[ ]q ZIYWZW—'_qxl)/
= !
which, on using the Cauchy product rule, gives
3. [y AR (a0, %2)
Y m— 2] £
= (s + x2Bs + Vs ) Ajs o (X1, X 51
mZOZ{ } s+ X2Bs +7s) (x1,22) ]| (1)
tm
+'x ; q(xl/XZ) [m]q‘

Finally, upon equating the coefficients of like powers of ¢ on both sides of the above equation and
dividing both sides of the resulting equation by [m];, we get the assertion (45) of Theorem 4. [J
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We now state and prove the following result.

Theorem 5. The following recurrence relation for the twice-iterated 2D q-Appell polynomials ALzl]q(xl,xz)
holds true:

A (). (52)

A%q(qxerZ) =g (Aq(t)Dq'tAq(t> +x Ay (1) A4 (1) + Dq’.tAq(t) +qx1>

Ay(at) Ag(at) P Ag(qt) Ag(gt)  Aq(at)

Proof. We first use the Equation (47) in both sides of the Equation (49). Then, after some simplification,
by equating the coefficients of like powers of t on both sides of the resulting equation, we arrive at the
assertion (52) of Theorem 5. [

We next derive the g-difference equations which are satisfied by the twice-iterated 2D g-Appell
polynomials.

Theorem 6. The twice-iterated 2D q-Appell polynomials A%q(xl,xz) are the solutions of the following

g-difference equations:

m. o m—s
(Z q[s—] (065 + XZ,BS + ’)/S)D;,xl + xlquq,,q) ‘AEL] (xl/x2) — [m]in%q(quXZ) =0 (53)
s=0 q

or

4 m-—s
q

s;) [S]q

(as +x2 % + %) Ds ., A2, (xl, qi) 1" Dy A2, (xl, ;2) A (qrL ) =0, (54)

Proof. The proof of the assertions (53) and (54) of Theorem 6 would follow directly upon using the
Equations (43) and (44), respectively, in the recurrence relation (45). O

In the next section (Section 3 below), the determinant forms for the 2I2DqAP are established.

3. The Twice-Iterated 2D g-Appell Polynomials from the Determinant Viewpoint

One of the important aspects of the study of any polynomial system is to find its potentially
useful determinant representation. Recently, Keleshteri and Mahmudov [21] introduced the determinant
definitions for the g-Appell polynomials and the 2D g-Appell polynomials. These polynomials are useful in
finding the solutions of some general linear interpolation problems and can also be used for computational
purposes. Khan and Riyasat [26], on the other hand, established the determinant expressions for the
twice-iterated g-Appell polynomials. This fact provides motivation for us to establish the determinant
definitions and the determinant expressions for the twice-iterated 2D g-Appell polynomials 2I2DgAP by
proving the following result.



Symmetry 2019, 11, 1307

10 of 23

Theorem 7. The 212DgAP A%q(xl, x7) of degree m are defined by
2] _ 1
Apg(x1,x2) = @, (55)
1 Aqu(xlr x2) AZ,L](xlr X2) Am—l,q(Xl, X2) .Am (Xl,XZ)
BO/‘? BLII BZ,q Bm—l,q Bm,q
[2] _ (_1)7n 0 BO,q [ﬂ Bl,q ce [,n;l} Bm—2,q [T] Bm—l,q
A)n,q(xlr x2) = W q 1 q , (56)
0 0 Bor’? o [WIE]}qu73,q [rzr/]q Bm—Z,q
0 0 0 BO,q [mrzl]qB]/ﬂ
1 Mo [m]
Bm, == |: :| As, Bmfs, > (H’l € N),
q -AO,q (SZ% sly q q
1

where By g # 0, Bog = and Ay q(x1,%2) (m € No) are the q-Appell polynomials of degree m.

Aog

Proof. Consider .A,%q (x1, x2) as a sequence of the 212DqAP defined by the Equation (25). Also let Ay, 5 and
By,q be two numerical sequences (the coefficients of the g-Taylor series expansions of functions) such that

. . . ¢ . 12 . m .
.Aq(t) :Ao,q+¢41,qm+¢42,q W‘F"""Am,q W+ (Wl GNO} AO,q 750) (57)
and
2~ 2 tm
.Aq(t) :BO,qJFBl,q W+B2'q W+“‘+Bmﬂ W+ (mENO} B(),q #0), (58)
also satisfying the following condition:
On using the Cauchy product rule for the two-series product A, (t)./iq (), we get
R 2 © tm © tm
Ag(t) Ag(t) = A B
OO = By Ana s 2y B Tl
oo m m . tm
= 2 Z [ ] Asg Bn-s, T
m=0s=0 L5 q [ ]‘7
Consequently, we have
1 m} . 1, ifm=0,
As gBin—s,q = 60
SZ;)[ g {o, if meN. (60)
that is,
1
Bo,q - AO,q,
(61)
Bug = 2= (T (2, Asq Busq) (€ No).
Next, upon multiplying both sides of the Equation (25) by jlq (t), we get
) 2 . 2 s Hm
Ag(t) Ag(t) Ag(t) eq(x1t)Eq(xat) = Ay(t) 2 A%q(xlzxz) W (62)
m=0 !
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Further, in view of the Equations (22), (58) and (59), the above Equation (62) becomes

tm m

Y AR (31, 70) (63)

m=0

® tm il
Amg(x1,%2) —— = By .
o nao22) Gy = 2 B ol
Now, on using the Cauchy product rule for the two series in the right-hand side of the Equation (63),

we obtain the following infinite system for the unknowns A%q (x1,x2):

Bogq A[o%,]i(xl,xz) =1

Bi, A}f]q(xl,xz) + Boy Aﬂ(xlrxz) = Ay4(x1,%2),

Ba, A([f,]i(xlfxz) + [ﬂqu,q Af,],(xl,xz) + Bog A[zz,,]i(xhxz) = Ay (x1,%2),
(64)

By14 A([)%]q(xl,xz) + [mfl]qu_g,q Af}i(xl,xz) + -+ Boy AE],Lq(xl,xz) = Amfl,q(xLXZ)/

(x1,%2) + -+ Bog Al (x1,%2) = g (x1,%2),

Big A([)Z,]q(xlxe) + [Tln]q Bm,qu Aﬁ,

Obviously, the first equation of the system (64) leads to our first assertion (55). The coefficient matrix

of the system (64) is lower triangular, so this helps us to obtain the unknowns .A,[q%]q (x1, x2) by applying the

Cramer rule to the first m + 1 equations of the system (64). Accordingly, we can obtain

Bo,g 0 0 o 0 1
Bl,q BO,q 0 ce 0 Al,q (xl,X2)
Bz,q [%]qb’l,q BO,q ce 0 Azfq (xl, x2)
Bmfqu [mfl]qu_zrq [mgl]qu—lW T BO,q A.mfl,q (xlz xz)
2] Bm,q [T]qu—l,q [g}qufz,q o [mrfl]qu,q Am,q(xlr xz)
Am,q (x1,%2) = B 0 0 0 1 ’ (65)
O,q e
Bl,q B(),q 0 R 0 0
BZ,q [%]qu,q BO,L] e 0 0
Bmfl,q [mfl]ant—Z,q mil]qu—s,q e BO,q 0
Bm,q [T]qu—l,q [?;]quflq T [mrzl]qu,q BO,q
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where m € N. Thus, upon expanding the determinant in the denominator and taking the transpose of the
determinant in the numerator, we get

Boyg Bi, Bag Bu-14 Bhg
0 Bog 11,814 (", Bi2q [1],Bu1g
0 0 BOM [mgl]qBrn73,q [Zl]qufZ,q
AR (e, 32) = W (66)
0 0 0 Bog o1l B1g
1 Ay, x0)  Apg(xr,xa) Ap14(x1,x2)  Apg(x1,%2)

Finally, after m circular row exchanges, that is, after moving the jth row to the (j + 1)st position for
j=1,2,3,---,m—1, we arrive at our assertion (56) of Theorem 7. O

Theorem 8. The following identity for the 2I2DqAP A,[ﬁq(xl, Xxp) holds true:
2 L4 N [m 2
Ajig(x1,x0) = B Amg(x1,x0) = Y s Biusq Asg(x1,x2) | (meN). (67)
q s=0 q

Proof. Expanding the determinant in the Equation (56) with respect to the (m + 1) row, we get

1 Aig(x,xa)  Azg(xr,x2) Api—1,q(x1,x2)
80,1/7 Bl,q Bm,Lq
0 By BBy (", B-zg
—1)m m
R ) { } B )
a1, %2) (Bog)™ T Lm —1],711 0 0 "2 1y Br-3q
0 0 BUM? :;:Bqu,q
1 Al,q(xl/ xz) Az,q(XL xz) Amleq(xl, Xz) Am,q (Xl, XZ)
Bog By B Biy-14 Bin-14
0 By BBy " Busa 1) By
R
(Bog)™* | 0 0 Bo, ("2, Bu-aq ("5, Bu-saq
0 0 0 Bog IZ:;L,BM
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_ l% {m"i 1} qzsl/qALiLw(xl, %)
Arg(x1,x2)  Azg(xr,x2)
By, Baq
Bo,g [ﬂq B,
0 B,
0 0

71)m

_‘_7

(BO,q)m

Am—z,q(xll X2
Bmfl,q
[m;z]q8n173,q

[mZ—Z]qu_4,q

Bo,g

) Am,q (xlx x2)
Bmfl,q
[m;l]anl—Z,q

[mgl]qufe,,q .

m—2.

[mil]qu,q

Next, by applying the same argument for the last determinant, we find that

—1 —1)" -1
Aoam) = - || Bl )+ G
q

0,q m—1

1 Al/q(xl’xz) AZ,q(xlrxz)
BO,q Bl,q Bz,q
0 Bo,g (1,814
0 0 Bo,
0 0 0
1 Al,q(xerZ) Az,q(xllxz)
Bo,, By, Baq
0 Bo, {1,814
(71)m+2
+ g
Bog)™ ™| 0 0 Bo,
0 0 0

m—2

(BO,q)m

Am—S,q(xll xz)
Bmf3,q
-3

[ml }qu74lq

-3
[mz }qufS,q

Bo,

Am73,q (1, %2)
Bm—S,q
-3
[”11 ]qu—él,q

[mz_s]qu*if]

BO,q [mfl

[
q

Am—Z,q(xll xz)
BmfZ,q

-2
[ml }qufS,q

[WIZ—Z} qu*4,q

-2
zfﬂqlgl/q

Am,q (xlr Xz)

Bm—l,q

[T]qlgm—zq

[Eﬂ]qlgm—zq

Bag

m72]q

13 of 23
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—1 2 e O 2 -2
=y ] Bt = g ] Bl a0+ G
1 Ag(x,xe) Apglx,x2) oo oo Apsgg(rx)  Awg(x1,x2)
Bog By, B, A Bin—3,4 Bii-1,4
0 Bog [ﬂqlgqu I ["lfs}q6n174,q [ql]qu—Lq
0 0 BO,q e e ["153}q87n—5,q [En]qu—Lq '
0 0 0 e Bo,g m:;]q By

Again, we apply the same technique recursively until we arrive at the following consequence:

2 —1 m 1 m
A[ !q(xl,x2) BOq [ - 1:| B in[n] 1q(x1,x2) — (Bo,q) |:m 2:| Bz’qu[n] Zq(xl’xz)
B o 2
(BO,q ) BO,L] Bm,q
-1 m 1 m —
~ Boy [m _ 1] Bl’qA’["] 1q(31:%2) = (Bog) Lm [ } quALﬂ 2,4 (%1, %2)
1
e )Bm,qull(xl,xz) + EAn,q(xl,xz) (68)

Finally, upon summing up the series in the left-hand side of the Equation (68), we arrive at the
assertion (67) of Theorem 8. [J

Corollary 1. The following identity for the 2DqAP Ay 4(x1, x2) holds true:

m

A1, %2) = Y m Bu-sq AL?;(xl,xz) (m € N). (69)
s=0 q

4. Several Members of the Twice-Iterated 2D g-Appell Polynomials

During the last two decades, much research work has been done for different members of the
family of the g-Appell polynomials and the 2D g-Appell polynomials. By making suitable selections for
the functions A, (t) and A, (t), the members belonging to the family of the twice-iterated 2D g-Appell
polynomials A[ ] (xl, x2) can be obtained. The 2D g-Bernoulli polynomials B,,,4(x1, x2), the 2D g-Euler
polynomials Em,q (xl, x2) and the 2D g-Genocchi polynomials Gy, 4(x1, X2) are important members of the 2D
g-Appell family. Therefore, in this section, we first introduce the 2D g-Euler based Bernoulli polynomials
(2DQEBP) £B,,4(x1, x2) and the 2D g-Genocchi based Bernoulli polynomials (2DqGBP) g8, 4(x1, x2) by
means of their respective generating functions and series definitions. We then explore other properties of
these members.
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4.1. The 2D g-Euler—Bernoulli Polynomials

Since, for
2 t
Ag(t) = ———— d At)= ——,
(t) eq(t) +1 an a(t) eq(t) — 1
the 2DqAP Ay, 4(x1, x2) reduce to the 2DQEP & 4(x1,x2) and the 2DgBP B, 4(x1, x2), respectively.

Therefore, for the same choices of A, (t), that s,

t

. 2 .
Ag(t) = —=——= and Ay(t) = ROESL

eq(t) +1

the 2I2DgAP reduce to 2DGEBP ¢, 4(x1, x2) and are defined by means of generating functions as follows:

(Eq(t) n 1)22617(15) — 1) €q(x1t)Eq(x2t) = iog%m,q(xl,XZ) [1’:;‘]! (O <g< ])' (70)

The 2DGEBP ¢%B,4(x1, x2) of degree m are defined by the following series:

m

E%mq X1,x2 Z[ ] %s,qgm—s,q(xLXZ)' (71)

The following relation between the 2DqEBP £%,,4(x1, x2) and the qEBP ¢, 4(x1) holds true:

m
£Bm,q(x1,x2) Z [ } s(s—1) x2 eBm—sq(x1), (72)
which, for xp = 1, yields
2o(m] 1gs-
E%m,q(xlll) = Z [S] qzs(s 2 S%m—s,q(xl)- (73)
s=0 q

The 2DQEBP ¢%B,4(x1, Xx2) satisfy the following recurrence relation:

S%mq(qxl xZ) = qm_z
. <t(eq(qt) — 1) (x2(eq(qt) + 1) - eq )) + (eq(t) — teg(t) — 1) (eq(t) +1)
teq(t) +1) (eq(t) — )

+ qle> eBm-14(x1,x2). (74)

Further, by taking

Bjg=—— (j€N)

and
Amrq(xl’ x2) = gm,q(xll x2)

in the Equation (56), we obtain the determinant definition of the 2DqEBP ¢, 4(x1, x2) as given below.
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Definition 1. The 2D g-Euler-Bernoulli polynomials ¢B ., 4(x1, x2) of degree m are defined by

g‘Bg’q (xl,xz) = 1, (75)
1 &a(x,x) Eg(x,x2) - Em—1g(x,x2)  Em(x1,x2)
1 ! 1 B -
2l [Blg [m]q [m+1]q
2 1 m—1 1 m 1
0 1 1R T P 7o e € 8 7
8%7n,q(x]rx2) = (71)7" m— m (76)
0 0 ! e 21}4ﬁ HA ="
m 1
0 0 0 1 ol
(meN),

where Eyq(x1,x2) (m € Ny) are the 2D g-Euler polynomials of degree m.

4.2. The 2D g-Genocchi—Bernoulli Polynomials

Since, for
2t t

AO=gmer A=
the 2DqAP A, 4(x1,x2) reduce to the 2DqGP Gy q(x1, x2) and the 2DGBP B, 4(x1, x2), respectively.
Therefore, for the same choices of A (t), that s,

2t

Ag(t) = eq(H) + 1

and A (t) = W,

the 212DgAP reduce to 2DqGBP ¢B,,4(x1, x2) and are defined by means of generating functions as follows:

212 & ¢
eqg(x1t)Eg(x2t) = Bg(x1,x 0<g<1). (77)
(eq () +1) (eq(t) = 1) 1DEg (2! mZ::og ma1:%2) [mly! RAAR
The 2DqGBP ¢B,,,4(x1, x2) of degree m are defined by the following series:
" m
g%m,q(xll xZ) = Z |:S:| %S,q gmfs,q(xll X2). (78)
s=0 q

The following relation between the 2DqGBP B, 4(x1, x2) and the qGBP g%B,4(x1) holds true:

[m] 1o
#Buglxy ) = 10 || B3 gy r), 79)
s=0 q

which, for x; = 1, gives

"o 1
g%m,q(xlrl) = E l:S:| q%s(s b g%mfs,q(xl» (80)
s=0 q
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The 2DgGBP ¢%B,,,4(x1, x2) satisfy the following recurrence relation:

(eq(qt) +1) (eq(t) — teq(t) + 1+ xat(eq(qt) +1))
teq(t) +1) (eq(t) — 1)
q(eq(t) —teq(t) —1) (eq(t) +1)
t(eq(t) +1) (eq(t) — 1)

In the next section (Section 5 below), we give some graphical representations and the surface plots of
some of the members of the twice-iterated 2D g-Appell polynomials.

GBmq(qx1,20) =" 3 (

+ q3x1> ¢Bm-14(x1,%2). (81)

5. Graphical Representations and Surface Plots

Here, in this section, the graphs of the g-Euler-Bernoulli polynomials (QEBP) £%B,4(x), -Genocchi-
Bernoulli polynomials (QGBP) g%, 4(x) and the surface plots of the 2DqEBP ¢B,, 4(x1, x2) and the 2DqGBP
GBm,q(x1,X2) are presented.

To draw the plot of the gEBP ¢B,,4(x) and the qGBP ¢%4(x), we choose 4 = 1 and consider
the values of the first four g-Euler—Bernoulli polynomials and of the first four g-Genocchi-Bernoulli
polynomials, the expressions of these polynomials are given in Table 1.

Table 1. Expressions of the first four ¢%5,, 1 (x)and B, 1 (x).

m 0 1 2 3 3
7 2 7 79 3 49 .2 79 379 4 35.3 145 .2 379
g%m'%(x) 1 x—§ x—gx+{g - 3x +&x+tgm X — Rx+ jpx° + qggex +.0213
3 7 7,2 49 121 15.3 45 .2 815 379
¢B,1(x) 0 1 X =g X~ Xt 5 X~ 16X+ 356X + 1335

Further, by setting m = 4 and q = % in the series definitions (72) and (79) of ¢ %(xl,xz) and

GBm,q(x1, x2) and using the particular values of ¢B, 1 (x)and ¢B,, 1 (x) from Table 1, we find that

35 145 379 15 245 395
4 3 2 3 2
2 = 27 0213 + =8y — =22 2
£By1 (x1,x2) =37 1651 T 705%1 T 15ag ™1 T 00213+ xyxp — =3 + Soexi o )
+ 37 D2 M 2 P B Pl
1536 2 ' 32 172 128712 T 76872 T g4 7172 T 12872 T 6472
and
B, (x x)—Ex3—§x2 @x 37 —O—Exzx —@xx —@x
G733\ 72) T g 16 256" 1536 ' 32 12 1281727 25672 (83)

+ @xlxz _Mn D
64 72 12872 T e47
Next, by using the expression given in Table 1 and the Equations (82) and (83), with the help of Matlab,
we get the Figures 1-4 below.
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X
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a**

XX
“d%

1000

-1000

-1500
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1
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Figure 4. Surface plot of 3B,

Further, with the help of Matlab, we compute the real and complex zeros of ¢5 1 (x)and B, 1 (x)

form =1,2,3,4 and x € C. These zeros are mentioned in Tables 2 and 3.

,%(X).
(x)

(x)and ¢B,,

1

72

Table 2. Real zeros of ¢B,,

1
2

§75251n,

(*)

1.1667

0.3315,1.4185
—0.1213,0.7910,1.3719

1
2

eB,,

1.1667
0.6620, 1.0880

2
3
4

—0.0726

0.7878,1.6239

(x).

(x) and g‘Bm,%

1
2

Table 3. Complex zeros of ¢B,

(%)

1
2

g;f!S,n’

(x)

1
2

B,

0.7863 — 1.09261, 0.7863 + 1.09261

—0.1121 — 0.0639i, —0.1121 + 0.0639i

1
2
3
4

Also, with the help of Matlab, the zeros mentioned in Tables 2 and 3 are shown in the Figures 5 and 6.
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0.08

B, (%)
0.06 £85.12%)
B, (%)
B, (%)

0.04 ® B

0.02-

Im(x)
o
:
*
L 2
| |
<>
[ ]

-0.02

-0.04

-0.06 -

_0.08 . . . . . . . . .
-0.2 0 02 04 06 08 1 1.2 14 16

Re(x)

Figure 5. Zeros of g%m’% (x).

0.5

15 . . . . . . )
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Re(x)
Figure 6. Zeros of ¢B,, %(x).

6. Concluding Remarks and Observations

As long ago as 1910, Jackson [27] studied the g-definite integral of an arbitrary function f (), which is
defined as follows:

[ f®dt=1-ga L q"fag™)  (0<g<iiacR) (54

and ) , .
/a f(t)dqt:/O f(t)dqt—/o £(8) dat. (85)
We note also that

Dy [ Fx)dyr = ) 0
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Applying the double g-integral to both sides of the Equation (42), that is,

X1
/ / m 1q tl, E]fz) dqi’l dth = / / Dq tzAl[’n]q(tlrtZ) dqfl dqt2, (87)

we have

X1 X1
/ / A tl,qtz) d tl d t2 = /0 (A%q(tl, XZ) - A,[,%]q(tl, 0)) dqtl. (88)

In view of the Equation (41), the above Equation (88) yields

X1
/ / .A tl,qtz) dqtldqtz

:/0 M(DqtlA’[ﬁLW(tl'XZ) qul'Ar[nqu(tlf 0)) dgt1 (89)

1

e (AR g (e x2) = AR (0,30) = AT (31,0 + AT (0,0))

which, on using the Equations (13) and (39), becomes

0)(1 Oxz Aﬁ}q(tl,qtz) dqtldqtz 0)
2 w2 2 2
= [m+17],,l[m+z]q <A1[11]+2,q(x11x2) (-1) -A;[11]+2q(xlr —x3) — AL]H#(M) + "41[11]+2,q>'

Further, in view of the Equations (31) and (34), the Equations (90) yields

2
OX1 Oxz A;L/Jq(t], qtz) dqt1dqt2 = m

1
: 22252 [mjz]quls,q (Am+2—s,q<xlr X2) - (_1)m-/2(m+2—s,q(x1/ Xz) - Am—&-Z—s,q(xl) + Am+2—s,q) . oD
In conclusion, we choose to reiterate the now well-understood fact that the results for the g-analogues,
which we have considered in this article for 0 < g < 1, can easily be translated into the corresponding
results for the so-called (p,q)-analogues (with 0 < g < p < 1) by applying some obviously trivial
parametric and argument variations, the additional parameter p being redundant. In fact, the so-called
(p,q)-number [n], 4 is given (for 0 < g < p = 1) by (see also [28])

P —q (ne{1,2,3,--1})
1], := pP—q
e 92)
0 (n=0)
=" [,
P
where, for the classical g-number [n];, we have
1-4"
[”]q =7 —yq
_ i <P—<Pq>> (93)
p—(pq)
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Consequently, any claimed extensions of most (including the present) investigations involving
the classical g-calculus to the corresponding obviously straightforward investigations involving the
(p, q)-calculus are truly inconsequential.

Further investigations along the lines presented in this paper, which are associated with the various
recent generalizations and extensions of the Apostol type Bernoulli, Euler and Genocchi polynomials
introduced by, for example, Srivastava et al. (see [29,30]) may be worthy of consideration by the
targeted readers.
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