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ABSTRACT 

Three new digital bit synchronization techniques are presented. Each 
synchronizer uses a hard limiter to interface between the received analog 
data waveform and the digital synchronizer. 

The optimum ma.."Ximum likelihood synchronizers ( data aided and non 
data aided) for hard limited data signals are developed. Linear approxima­
tions are made to these optimum synchronizers to simplify implementation. 
The lower bound on the timing error variance of the hard limited data aided 
synchronizer is established. 

A zero crossing tracking digital phase locked loop (PLL) suitable for 
bandlimited data transmission systems is proposed. Pattern jitter (self 
noise) is reduced by a pattern jitter compensation signal in the PLL feed­
back, thus eliminating the need for a prefilter. The timing jitter variance 
analysis is shown to be an improvement over a previous result for a zero 
crossing tracking PLL. Computer simulations and laboratory experiments 
verify the performance of the pattern jitter compensation technique. 

A PLL synchronizer with a simple adaptive bandwidth control is shown 
to yield a better acquisition/tracking performance tradeoff than a fixed 
bandwidth PLL. The adaptive bandwidth control operates by monitoring 
the location of zero crossings measured at the output of a phase detec­
tor. Computer simulation and experimental results for some typical PLL 
parameters are presented. 
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Chapter 1 

Introduction 

1.1 Introduct ion 

Recently there has been a major increase in the demand for digital radio 

systems, particularly for land mobile radio services such as computerized 

radio dispatch, paging, and vehicle location systems. The next generation 

of cellular telephone systems is almost certain to be digital [1] and will 

likely provide data services compatible with the em erging Integrated Ser­

vices Digital Network [2]. The emphasis on future modulator/demodulator 

(modem) designs may be oriented toward low-cost digital circuit implemen­

tations. 

A data transmission system demodulator requires a synchronizer to es­

timates the time of arrival of data symbols. The synchronization process 

is illustrated in figure 1. 1. A typical data transmission system ( figure l. la) 

consists of a data source, a modulator, a transmission medium, a demod­

ulator and a data sink. During transmission the transmitted waveform 

is subjected to such impairments as distortion, noise, channel fading, and 



Data 
source Modulator 

Distortion , 
noise, fading. 
interference. 

Demodulator 

a) Block diagram of a data transmission system. 

Data 
sequence 0 1 0 0 1 1 1 0 

Binary data 
source O/P 

Demodulated ~ 
data waveform · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 

Synchronizer t t t t t t t t data samples 

Demodulator 
output 

b) Synchronization timing waveforms. 

Data 
sink 

1 

t 

2 

0 

t 
L 

Figure 1.1: llustration of synchronization in a binary data 
transmission system. 
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interference. In the demodulator a synchronizer samples the demodulated 

data waveform and a hard decision is made to estimate the transmitted data 

bit (figure l.lb ) . The location of the synchronizer data samples is selected 

to minimizing the probability of incorrect bit decisions (i .e. the bit error 

probability). The need for reliable and accurate synchronization is crucial 

for minimizing the error probability and maximizing data throughput. 

With the growing popularity of digital signal processing techniques, 

the emphasis of recent synchronizer literature has been oriented towards 

discrete time sampled implementations involving an analog to digital (A/D) 

converter and a digital signal processing integrated circuit [3]-[7]. However 

for t iming measurement systems such as synchronizers, amplitude-based 

systems often "stem from tradition rather than need" [8] and the resulting 

system may be either inappropriate, overly complex, too slow, or too costly. 

For a binary data receiver , a simple, h igh speed, low cost interface be­

tween the received analog data waveform and the signal processing circuitry 

is a hard limiter, or equivalently a one bit A/D converter. The hard limiting 

operation assigns one binary number to analog values above a threshold, 

and the binary complement to analog values below the threshold. A hard 

limiter eliminates the need for an expensive and usually slow multi-bit A/D 

converter. Other advantages of hard limiting are that accurate automatic 

gain control is not required, and the susceptibility to impulse noise is not as 

great as for amplitude based systems . However hard limited synchroniza­

t ion systems are subop timal with performance degradations that should be 

identified. 

The focus of this thesis is the development of hard limited binary data 
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synchronization techniques that are suitable for low cost digital circuit im­

plementation. Three new synchronization techniques are presented 

1. Optimum and suboptimum hard limited synchronizer structures for 

use in conjunction with hard limited binary detectors are developed 

in chapter 2. 

2. A digital phase locked loop (PLL) synchronizer for near Nyquist band­

width limited operation is proposed and evaluated in chapter 3. 

3. A digital PLL synchronizer with rapid acquisition and a small mean 

square tracking error for time division multiple access (TDMA) and 

carrier sense multiple access (CSMA) packet radio applications is eval­

uated in chapter 4. 

1.2 Literature Survey in Synchronization 

In this section a literature survey and brief description of synchronization 

techniques is presented. Single chapters dealing with synchronization are 

contained in the books by Lindsey and Simon [9] , Bhargava et al [10], 

Ziemer and Peterson [11], Holmes [12] , Feher [13], and Spilker [14]. A 

tutorial paper by Franks [15] also contains an overview of synchronization. 

Upon reception of the data signal, the synchronizer must quickly and 

accurately synchronize a locally generated timing waveform with the in­

coming data stream. The ability of the synchronizer to achieve the initial 

synchronization determines the "acquisition" performance of the synchro­

nizer. Once synchronization has been achieved, the synchronizer "jitter" or 
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"tracking" performance measures how well the synchronizer tracks the in­

coming data . The third synchronization parameter of interest is t he "cycle 

slip" performance, which measures the propensity for the synchronizer ( due 

to noise and/or frequency offsets between the transmitter and receiver) to 

mistakenly add or delete a data symbol. 

Synchronization is most often derived from the incoming data signal di­

rectly ( data derived synchronization), thereby eliminating the inefficiencies 

associated with allocating power or bandwidth for a separate synchroniza­

tion signal. 

The problem of binary data synchronization was initially formulated as 

a maximum likelihood (ML) estimation problem by Wintz and Luecke [16]. 

Although the resulting optimum synchronization model is generally not 

considered to be practical to implement , the analysis has provided motiva­

tion for several PLL implementations [9 ,11]. The ML estimation analysis 

can also be extended to non-binary synchronization applications [4,17]. 

Two synchronization techniques that use a PLL to either track the zero 

crossings of a received demodulated data waveform, or track the zeros of 

the derivative of the waveform are considered in [18] . 

Digital communications systems that operate close to the mm1mum 

(Nyquist) bandwidth are hampered by intersymbol interference (ISI). ISI 

is caused by the slowly decaying tails of bandwidth limited data symbols 

interfering with adjacent data symbols [25]. A popular synchronization 

technique for t his application is to pass the received data signal through a 

nonlinear device to generate a sinusoidal spect ral component ( at the sym­

bol rate) in the output , and to recover this timing waveform with either a 
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PLL or a bandpass filter [15,16]. Another technique is to use a delay and 

multiply circuit preceding either a PLL or bandpass filter [19]. A digital 

delay and multiply circuit has also been evaluated [20]. A significant prob­

lem associated with bandwidth limited synchronization is the presence of a 

"pattern jitter" or "self noise" component in the recovered timing waveform 

that is directly related to the ISI [15,21,22]. Appropriate prefiltering tech­

niques may be used to reduce ( and for square law nonlinearities possibly 

eliminate) the pattern jitter in a nonlinearity and PLL ( or bandpass filt er) 

synchronizer [23]. 

The popularity of digital signal processing has led to the development of 

several digital synchronization techniques. One type of digital synchronizer 

involves sampling the output of a matched filter at the symbol rate, A/D 

conversion and nonlinear processing of the sampled value , followed by a 

digital PLL system [4,5]. Another class of digital synchronizers operate on 

a timing error estimate generated from a linear combination of the samples 

and the recovered transmitted data [6,7]. A digital filter equivalent to the 

nonlinearity and bandpass filter synchronizer has also been investigated [3]. 

For binary synchronization applications, an attractive synchronization 

method in terms of both ease of implementation and low cost is the use of 

a binary quantized digital PLL synchronizer [24] which essentially tracks 

the zero crossing location of the received data waveform based on binary 

quantized (lead, lag) phase error measurements. Binary quantized PLL 

structures require no multiplication operations and therefore are suitable 

for single chip implementation using microcontrollers or discrete logic. 
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1.3 Contributions in this Thesis 

Three synchronization techniques that operate on a hard limited data signal 

are considered in this thesis . The synchronizers are appropriate for binary 

antipodal linear modulation systems, although the timing error detection 

techniques may may be extended to quadrature modulation with binary 

modulation in each quadrature path [25] . 

The attractivenesu of hard limiting binary signalling waveforms for dig­

ital circuit implementation has led to recent interest in the performance 

of hard limited binary detection systems as a substitute for the optimum 

digital matched filter [26]-[32]. In chapter 2 a ML hard limited synchroniza­

t ion scheme that may be used in conjunction with a hard limited binary 

detector is developed. The optimum (in the ML sense) data-aided and non­

data-aided synchronizers are presented, and the Cramer-Rao lower bound 

on the timing error variance is established. Sub-optimal versions of the 

optimum synchronizers are derived and their performance is verified with 

a simulation. 

Another hard limited synchronization method that has previously been 

evaluated is a PLL implementation that tracks the zero crossings of the 

data waveform [18]. For bandlimited operation ISI will generate a signifi­

cant pattern jitter component in the recovered timing waveform of a zero 

crossing tracking synchronizer. In chapter 3, an all digital zero crossing 

tracking PLL synchronizer is evaluated for bandlimited operation and a 

new technique to reduce pattern jitter ( called pattern jitter compensation) 

is proposed and evaluated. The timing error variance analysis is shown to 

be an improvement over a previous result [18] and the new compensation 
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technique is incorporated into the analysis. Simulation and experimental 

results confirm the performance of the pattern jitter compensation tech­

mque. 

In TDMA and CSMA packet radio systems, the delay associated with 

the initial synchronization is overhead that will reduce the maximum data 

throughput of the system [33]. Therefore rapid acquisition synchronization 

is required. For fixed parameter synchronizers there is generally a tradeoff 

between acquisition and tracking performance. In chapter 4 a digital PLL 

synchronizer with a simple adaptive bandwidth control is considered. The 

input to the PLL is a hard limited binary data waveform. The adaptive 

bandwidth control automatically adjusts the PLL parameters for rapid ac­

quisition when initial synchronization is required, and a low mean square 

tracking error once synchronization has been achieved. The synchronizer 

performance is verified with a simulation study and laboratory experiment 

results . 

1.4 Outline of the Thesis 

The formulation and solution to the hard limited ML synchronization prob­

lem is presented in chapter 2, and a comparison with non-hard limited ML 

synchronizers is made. The resulting synchronizer structures are simplified 

with linear approximations. A lower bound on the timing error variance is 

also established. Computer simulation measurements of the synchronizer 

timing error variance for the simplified hard limited synchronizer structures 

are compared to the optimum non-hard limited synchronizers, and are also 

compared to the lower bound calculation. 
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Chapter 3 contains the synchronizer description and jitter variance anal­

ysis of the pattern jitter compensation PLL synchronizer. Simulation re­

sults verify the performance of the proposed synchronization technique. 

Experimental results are also presented. 

The adaptive bandwidth synchronizer is considered in chapter 4. A 

description of the synchronizer operation is presented, and simulation re­

sults for some typical applications are presented. Laboratory experiments 

confirm the operation of the synchronizer. 

Conclusions and some further research recommendations are made in 

chapter 5. 



Chapter 2 

Maximum Likelihood 
Synchronization of Hard 
Limited Binary Data 

2.1 Foreword 

10 

Digital bit synchronization of a sampled hard limited binary data waveform 

is considered. The optimum (in the maximum likelihood sense) open loop 

synchronizers are presented for both data-aided and non-data-aided syn­

chronization. The optimum hard limited synchronizers may not be practical 

to implement, and so simpler realizations (based on linear approximations 

that are valid for a high sampling rate) are derived. These open loop syn­

chronizers can also be adapted for closed loop operation. The Cramer-Rao 

lower bound on the timing error variance is established for the optimum 

hard limited synchronizer, and it is shown that the lower bound is a fixed 

constant ( 1r /2) higher than the lower bound for the non hard limited opti­

mum synchronizer. Computer simulations of the hard limited synchronizer 
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verify this result. 

2.2 Introduct ion 

A digital implementation of a binary data receiver can be greatly simplified 

if the received analog waveform is hard limited (HL) before being sampled 

and processed. The requirement of an expensive and usually slow analog to 

digital converter is eliminated and a digital multiplier may not be needed. 

However, associated with these advantages are performance penalties that 

must be identified. A number of recent papers have analyzed the perfor­

mance of HL detection systems [26]-[32]. The penalty in terms of prob­

ability of bit error performance relative to the optimum digital matched 

filter has been determined for the optimum hard limited binary detection 

scheme [28], and also for other suboptimal but more implementable detec­

tion schemes [29]. 

For a system that incorporates a hard limited detector, it is reasonable 

to expect that the syr..chronization information will be recovered from the 

hard limited waveform as well. The performance of a HL synchronization 

system relative to an optimum system is therefore of interest. 

In this chapter the principle of maximum likelihood (ML) estimation is 

applied to a binary synchronization system that operates entirely on hard 

limited data. Equations that suggest synchronization algorithms for both 

non-data-aided (NDA) and data-aided (DA) systems are presented. These 

algorithms are similar in structure to the optimum open loop synchroniza­

tion systems [16,34,35], which form the basis for closed loop realizations 
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[9,11]. It should also be noted that an open loop synchronizer using a par­

allel search for the ML estimate has superior acquisition performance when 

compared to a closed loop synchronizer. Often the synchronizer acquisition 

performance is a very important parameter, for example in a severe fading 

environment like mobile radio. For these applications the parallel search 

open loop synchronizer may be appropriate, and recently there has been 

some interest shown in implementing the open loop structure using parallel 

digital signal processing techniques [36]. 

The optimum HL-DA and HL-NDA systems may not be practical to 

implement, and so the optimum equations are simplified with linear ap­

proximations that are valid for a high sampling rate. 

A lower bound on the timing error variance is established for the opti­

mum HL-DA synchronizer. A computer simulation is used to compare the 

performance of the HL-DA and HL-NDA algorithms based on the linear 

approximations. 

This chapter is organized as follows: a brief review of ML estimation as 

it relates to synchronization is presented in section 2.3. The binary synchro­

nization problem is formulated in section 2.4, and previous ML synchroniza­

tion results are restated in section 2.5. Section 2.6 is the derivation of the 

optimum HL synchronization equations and the HL synchronizer timing er-

ror variance lower bound calculation. These new results are compared with 

the previous ML synchronization results. The computer simulation results 

are presented in section 2. 7, and section 2.8 is the chapter summary. 
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2.3 Maximum Likelihood Estimation 

The principle of ML estimation is often used in the development of synchro­

nization systems [11] . ML estimation is discussed in [37], and a description 

of ML estimation as it relates to synchronization is presented in this section. 

In the estimation of a single parameter c, the objective of ML estimation 

is to generate an estimate EML from the received data vector Y such that 

the conditional density fy1i(Ylc) 1 satisfies 

(2.1) 

The maximum likelihood estimate is particularly useful m situations 

where little is known ' about the distribution f f( c) , which is generally the 

case in bit synchronization applications. For applications where f f(c) 1s 

known, the maximum a posteriori (MAP) estimate is applicable [37]. 

Necessary (but not sufficient) conditions for the ML estimate are 

(2.2) 

and 

(2.3) 

A number of synchronization techniques have been developed that use (2.2) 

or (2.3) to generate an error signal that is forced to zero in a closed loop 

feedback system [9]. 

1 In this chapter, upper case characters are generally used to represent a random vari­
able, while lower case characters are used to identify a particular value of the random 
variable. 
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The variance of EML may be difficult to determine, but in many cases 

a lower bound on the variance may be established using the Cramer-Rao 

(CR) bound. If EML is unbiased, i.e. 

(2.4) 

then the CR bound is 

(2.5) 

or equivalently 

(2.6) 

If (2.5) and (2.6) are satisfied with equality, then EML is said to be an 

efficient estimate. It can be shown that if an estimate is efficient it is the 

ML estimate, and if the observations in Y are independent, as the number 

observations in Y becomes large, ML estimates are Gaussian, unbiased, 

and efficient [37] . 

2.4 Problem Formulation 

The delay€ of a received binary data waveform corrupted by additive white 

Gaussian noise is to be estimated. It is assumed that c is uniformly dis­

tributed over the bit duration (0, T). The estimate EML is to be determined 

after an observation interval of KT seconds. The received waveform during 
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the observation interval is 

I< 

w(t) = I:aix(t - (j - l)T- c) + n(t) (2.7) 
j=O 

where aj E {-1, +1} are zero mean statistically independent binary data, 

n(t) is zero mean additive white Gaussian noise with two sided power spec­

tral density N 0 /2, and x( t) is the strictly time limited transmitted symbol 

waveform 

x(t) = { x(t) fort E (0, T) 
0 for t (/:. (0, T) 

(2.8) 

The effects of intersymbol interference (ISI) due to bandlimiting the x( t) 

pulses are not addressed in this analysis . It is also assumed that the pa­

rameter c is constant over KT seconds. The observation interval contains 

the last c seconds of the j = 0 symbol, the next K - 1 complete symbols, 

and the first T - c seconds of the K th symbol. 

The conditional density function in (2.1) requires that the received data 

be expressed in vector form. This is generally achieved by representing the 

waveforms x(t) and n(t) by the coefficients of a complete set of orthonormal 

basis functions defined on (0, T) [37]. For a digital synchronizer implemen­

tation it is of interest to use discrete time samples to represent the wave­

forms rather than orthonormal expansion coefficients. Using this method, 

the effects of a finite sample size m per bit interval T on the performance 

of the digital synchronizer can be determined. 

Consider the synchronizer model in figure 2.1. The received waveform 

w(t) is filtered by the low pass filter. It is assumed that the bandwidth Bis 
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w(t) y(t) 

s(t) 
-8 +B 

ML SYNCHRONIZER ~ML 

LOW PASS FILTER 

n(t) 

Figure 2.1: Block diagram of a digital maximum likelihood synchronizer. 
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large enough to ensure x(t) is passed relatively undistorted [29]. The filter 

output y(t) is 

I( 

y(t) = I:ajx(t - (j - l)T- 1:) + 77(t) (2.9) 
j=O 

where 77(t) is the filtered n(t). The synchronizer samples y(t) at a rate 

m samples per bit, and after mK samples are taken over a period of KT 

seconds, the synchronizer generates EML· 

The filter bandwidth B is large enough to ensure the noise samples 

will be uncorrelated, and since they are Gaussian, also independent. This 

requires a theoretical minimum bandwidth [38] 

(2.10) 

and hence the noise variance of the samples is 

(2.11) 

The sampled y(t) may be represented by the vector Y, which contains 

mK elements. Let A be the vector of random variables representing the 

transmitted binary data 

(2 .12) 

The random variable Aj may assume a particular value aj E {-1, +1} . The 

vector Y may be partitioned into 

(2.13) 



where Y j is 

or in vector notation 

y.1 
J y.2 
J 

XJ(e) 
XJ(e) 
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+ (2.14) 

(2.15) 

The elements of Xj and Nj are the sampled values of the waveforms x(t -

(j - 1 )T- e) and 'TJ( t) respectively. T he number of elements in Y j is mj = m 

for j = 1, 2, .. . K - 1. For the two outer symbols, m 0 is the number of 

samples taken in the last € seconds of the j = 0 symbol, and mK is the 

number of samples taken in the first (T - e) seconds of the K th symbol. 

2.5 Optimum Maximum Likelihood Synchro­

nization 

Before developing the HL synchronizer it is useful for comparison to re­

view briefly the derivation of the optimum ML synchronizer [16], and the 

determination of the CR bound on the t iming error variance for this syn­

chronizer. 

2.5.1 ML-NDA and ML-DA Synchronization 

T he conditional density to be maximized for ML-NDA synchronization is 

(2 .1) . From the independence assumptions about the noise samples and the 
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data, the Y j vectors in (2.13) are statistically independent, and therefore 

(2 .1) may be written as 

I< 

fYJf(yjc) = IT fYjJf(y j jc) (2.16) 
j=O 

The elements Y/ in (2.14) are Gaussian distributed with mean ajX/(c) 

and variance o-~ given by (2.11 ). Since the noise samples are statistically 

independent the conditional density fYjlf,AJYjlc,aj) is 

Expanding the exponent in (2.17) and averaging over the probability of aj 

yields 

where 

Since 

(2.19) 

(2.20) 

(2.21 ) 
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equation (2.18) may be substituted into (2 .16) to get 

(2.22) 

The value of IIYj II is independent of E and can therefore be factored out 

of the exponent into a multiplicative constant. The value of llxj( c)II when 

summed in the exponent over the ent ire K symbols is the pulse energy 

received in the observation interval. Hence llxj(c)II is independent of E and 

can also be factored into a constant. Combining all the constants into a 

single constant C1 , the conditional density function to be maximized is 

(2.23) 

Equivalently the logari thm of (2.23) may be maximized [16,9] 

(2.24) 

where the constant ln( C'i) is unimportant in the maximization of (2.24) and 

therefore is neglected. In the limit as mj -+ oo the inner product in (2.24) 

may be written as an integral 

(2 .25) 



where riCc) is the interval of integration 

~t< c j=O 
~t< jT+c j=l,2, ... (K- 1) 
~ t ~ KT j = I( 

and Tj is the duration of the integration 

j=O 
j = 1,2, . .. (K - 1) 
j = I( 
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(2.26) 

(2 .27) 

Substituting (2.11 ) and (2.25) into (2.24), the conditional density function 

to be maximized for the continuous t ime case is [9] 

K (2 ) lnfv1,(Yl c) = J;lncosh No 1;(,) y(t)x(t - (j - l)T - c)dt (2.28) 

A digital synchronization algorithm may be interpreted from (2.24) as 

follows: assume EML can be quantized to one of q possible values. The 

value of q would usually be the number of samples per bit m . For each 

of the m possible delay estimates E1 where l E {1 , 2, ... m }, correlate the 

samples of the received waveform y(t) with stored samples of the signalling 

waveform of x(t - (j - l )T - i1) over each subinterval r j(i1), calculate the 

log hyperbolic cosine of the output, and accumulate these results over the 

(I(+ l) subintervals. The value of i1 that yields the largest result is selected 

as €ML · 

The ML estimate found using (2.28) requires no information about the 

transmitted data A , and hence is a ML-NDA synchronizer. Often the data 
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sequence m ay be known, or can be estimated. For example a data preamble 

may be used for synchronization, or the recovered data can be fed back to 

the synchronizer. If A is known, averaging of the conditional density in 

(2 .17) is not required. Following the same procedure that leads to (2.24) 

but omitting the averaging, the function to be maximized for a ML-DA 

synchronizer is 

K 

L ln f yilf,Aj(Yj le, ai) (2.29) 
j=O 

(2.30) 

In the limit as mj -t oo the integral form of (2.30) is [11] 

K 2a · 1 lnfylf,A(Y\c, a) = L NJ y(t)x(t - (j - l )T - c)dt 
j=O O Tj(f) 

(2 .31) 

The ML-DA algorithm to implement (2.31) is similar to the algorithm to 

implement (2 .28) . The log hyperbolic cosine operation is simply replaced 

with a multiplication by the known (or estimated) aj . 

In general the ML-DA synchronizer will have better performance than 

the ML-NDA synchronizer , providing the data sequence can be accurately 

estimated [17] . Note that at high SNR the ML-DA synchronizer and the 

ML-NDA synchronizer are asymptotically equivalent since 

ln cosh(x) ~ lx l, Ix\>> i. (2.32) 

Synchronizers that directly implement the optimum synchronization al­

gorithms are termed open loop synchronizers. The open loop synchronizers 
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have generally not been considered practical for implementation. For exam­

ple if Eis quantized to q possible values, the synchronizer must evaluate all q 

possibilities with either a parallel or a serial search. A parallel search may 

have excessive hardware requirements, while a serial search may require 

a long delay before tML is found. Synchronizer structures to implement 

both the parallel search and serial search synchronizers are illustrated and 

described in [9]. 

Several closed loop synchronization systems have been developed based 

on satisfying the necessary condition for tML given in (2.3), using either the 

ML-NDA result (2.28) or the ML-DA result (2 .31 ) [4,9]. The correlation 

operations may be replaced by matched filters. 

2.5.2 ML-DA Synchronizer Cramer-Rao Bound 

The derivation of the timing error variance of the ML-DA ( optimum situ­

ation) synchronizer is reviewed. Synchronizer CR bound calculations are 

discussed in [11]. From (2.6), the CR lower bound is 

(2.33) 

Differentiating (2.31) twice with respect to E, and substituting into (2.33) 

yields 

E[(iML - E)2] 2: -{t 2aj f E[y(t)] [EJ2x(t - (j ~ l)T - E) l dt}-1 
j=O N 0 },,j(t) 8€ 

(2.34) 
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The expectation is with respect to y(t) since c and aj are regarded as being 

nonrandom. The expectation within the integral of (2.34) is evaluated using 

(2.9). The CR bound for the ML synchronizer is therefore 

{ 

J( }-1 
E[(EML-c)2] 2: - I: N2 1 x(t - (j - l )T - c)x"(t - (j - l)T- c)dt 

j=O O 'Tj (E) 

(2.35) 

For example, consider x(t) pulses that are half sinusoids 

(t) _ { ✓2EbT sin(1rt / T) fort E (0, T) ) 
X hs - O for t ft. ( 0, T) (2.36) 

Substituting the second partial derivative of (2.36) into (2.35), and after 

performing the integration the lower bound is 

(2.37) 

2.6 Optimum Hard Limited Synchronization 

We now consider a synchronizer that operates only on HL data. In this 

section we determine the optimum (in the ML sense) HL-DA and HL-NDA 

synchronizers, and establish the CR lower bound on the HL-DA timing error 

variance. These results have not been found in the literature. By comparing 

these results with the previous ML synchronizer results the degradation 

associated with hard limiting can be determined. 
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2.6.1 HL-NDA and HL-DA Synchronization 

The HL synchronization system is illustrated in figure 2.2. The output of 

the filter y(t) is passed through a hard limiter before being sampled by the 

synchronizer. The hard limited signal v(t) is 

I( 

v(t) = sgn {y(t)} = I: sgn {ajx(t -(j - l)T - c) + 17(t)} (2.38) 
j=O 

where 

{ 

+1 for z > 0 
sgn(z) t:,. 0 for z = 0 

- 1 for z < l 
(2.39) 

The sampled v(t) , represented by the vector V , may be partit ioned into 

the following form 

where V i is 

v.1 
J v.2 
J 

= sgn Aj + 

N~ 
J 

N2 
J 

(2.40) 

(2.41) 

Define the ML estimate of€ for a HL synchronizer to be EHL· From the 

independence assumptions about Ai and NJ, the V i are independent, and 

therefore the conditional density function to be maximized is 

I( 

fv1€(v lc) = IT fv;1ivi le) (2.42) 
j=O 
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Figure 2.2: Block diagram of a digital hard limited (HL) synchronizer. 
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where fvi 1f(v jlE) is found by averaging the conditional density fvilf,Aj(vjlE, aj) 

over the density function of aj 

(2.43) 

ffij 

E[Il fv}l f,Aj(v} IE, aj}] 
i=l 

(2.44) 

(2.45) 

The conditional density function fv} lf,Aj(v}IE,aj) is related to X}(E) and o-; 
as follows 

where 

and 

Pj Pr [Nj > x~(E)] 

Q ( \~') ) . 

Q ( {ff xj(,)) 

Q(z) = _l_ 100 e-(2/2d( 
~ z 

(2.46) 

(2 .47) 

(2.48) 

Combining (2.42), (2.45), and (2.46), the conditional density function to be 
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maximized is 

K l { mi }d 2 u { (1-Pj) o(v;-1) + Pjo(v; + 1)} 

+ it { ( 1 - Pf) 8 ( v; + l) + Pj 8 ( v; - l)}} 

(2.49) 

or equivalently the logarithm of (2.49) can be maximized 

J( {mj 
~ln !} { (1 - Pf) o(v} - 1) + Pjo(v; + 1)} 

+ ft{(1-Pj)o(v;+1)+Pj8(v}-l)}} 

(2.50) 

where the constant ln(l/2) is ignored since it is not important in the max­

imization. 

Assuming (J,,, is known, (2 .50) can be used as a basis for a HL-NDA 

synchronization algorithm to determine EHL• This algorithm is optimum 

in the ML sense. For each of the m possible values of EHL the probability 

of receiving V i is determined and the logarithm of these probabilities are 

accumulated over the ( I( + l) subintervals. The value of Et that yields the 

largest result is selected as EHL · 

Following the same procedure used to derive (2.50), the function to be 



maximized for a HL-D A synchronizer is 

]( 

lnfv1t,A(vle, a)= I::lnfvilt,Aj(v j lE, aj) 
j=O 

which from (2.46) is 

lnfv1t,A(vle , a)= 

]( ffij 

L I::ln{ (1 - Pj) o(v} - aj) + Pjo(v} + aJ} 
j=O i= l 

29 

(2.51) 

(2.52) 

The HL-DA synchronization algorithm based on (2.52) can be implemented 

as follows: for each of the m possible values of EHL, the logarithm of the 

probability of receiving Vj (given aj is known or estimated) is determined, 

and the results are accumulated over the K + 1 subintervals. The value of 

E1 that generates the largest result is selected as EHL · 

Both the HL-NDA and HL-DA synchronizer algorithms generate the ML 

estimate EHL, but neither may be practical to implement. The equations 

require a large number of numerical operations, evaluation of Q(z), and 

a priori knowledge of a,7, which generally isn't available. 

We now derive synchronization algorithms (HL-DA and HL-NDA) that 

are practical to implement . The analysis to follow assumes a large m to 

simplify the optimum HL-DA result (2.52) with linear approximations . 

From (2.4 7), the argument of the Q function approaches zero for large 

m, and therefore may be approximated by the first two terms of a power 

series 

Q(() ( << 1. (2.53) 



30 

With this approximation, (2.52) becomes 

(2.54) 

where the constant C2 is 

(2.55) 

For large m 

m >> 1. (2.56) 

Using 

( << 1/2. (2.57) 

and (2.56) in (2.54), the logarithm of the conditional density function to 

be maximized for a HL-D A synchronizer becomes 

I< mj 

ln fv1 ,,A(vle, a) ~ 2C2 Lai L vjx~( e) 
j=O i=l 

I< 

2C2 L aivjxi( e) (2.58) 
j=O 
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where the constant associated with ln(l/2) is omitted. In the limit as 

m -too, (2.58) may be expressed in integral form 

K 

lnfv1t,A(v lc, a)= C3 L aj 1 v(t)x(t - (j - l )T - c)dt 
j=O Tj( E) 

(2.59) 

where C3 is a scaling constant. 

Comparing (2.59) to (2.31), it is readily apparent that the HL-DA syn­

chronization algorithm (based on the linear approximations) and the ML­

DA synchronization algorithm are identical. A parallel search open loop 

synchronizer structure to implement (2.58) is shown in figure 2.3. 

A HL-NDA synchronizer may be derived from (2.58) by exponentiating 

both sides of the equation, averaging over the density of aj , and taking the 

logarithm of the result . The result is an expression similar to (2.24) 

K 

lnfv1l(vlc) ~ 1::lncosh{2C2v jxj (c)} (2.60) 
j=O 

To simplify the implementation, a useful approximation is ln cosh( z) ~ 

lz l, lzl >> 1 [9,16]. This approximation is appropriate for a large value of 

Eb/N0 and/or a large m . Using this approximation (2.60) becomes 

K 

lnfv1lvlc) = 2C2 L lvjxj(c)\ 
j=O 

and in integral form ( ffi j -t oo) 

(2.61 ) 

(2.62) 
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The open loop HL-DA synchronizer in figure 2.3 may be modified to im­

plement the HL-NDA algorithm (2.61) by removing the aj multiplication 

from each correlator , and including an absolute value function after the 

correlators. 

For a digital circuit implementation, the major mathematical operation 

in both (2 .58) and (2.61) is the inner product calculation V}Xj(e). Remem­

bering that the elements v} E { - 1, + 1}, the hardware implementation is 

a simple summation of the mi elements in Xj(E) with the polarity of each 

element determined by vj. 

The necessary condition for the ML estimate defined by (2.3) can be 

applied to either the HL-DA or HL-NDA equations to derive a closed loop 

realization of the HL synchronizer. In the case of the HL-DA synchronizer , 

applying (2.3) to (2.58) yields 

81n fv e,A(vie, a) 
ae 

= 0 

(2.63) 

(2.64) 

A possible closed loop implementation of (2.64) is shown in figure (2.4). 

The operation of the synchronizer may be described as follows: the hard 

limited waveform v(t) is sampled and correlated with x'(i), a stored replica 

of the derivative of the sampled signalling waveform x(t ). The correlator 

output is multiplied by the estimated data symbol aj, and the resulting 

sequence is filtered by a loop filter F( z) . The timing error estimate E is 

chosen to force the output of the loop filter to zero. Note that the data 

decisions aj are determined with a weighted partial decision binary detector 
I 
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[29]. The synchronizer structure is very similar to other non-hard-limited 

systems [9,11]. 

2.6.2 HL-DA Synchronizer Cramer-Rao Bound 

The lower bound on the timing error variance for the HL-DA synchronizer 

is to be determined. The linear assumptions made in the derivation of 

(2 .58) are assumed to be correct, i .e. a large sample size m is valid . It is 

required to find 

(2.65) 

Differentiating (2.58) t\vice with respect to E and substituting into (2.65) 

yields 

(2.66) 

Since the expectation E [·] is evaluated over the condit ional density fv 1f,A (v le, a) , 

both E and aj are regarded as being nonrandom, and therefore 

(2.67) 

The expectation of each element in Yj can be determined using the linear 

Q function approximation (2.53) 

E[v} le,aj] = :Z: vJPr[v~/ = vJle,ai], vJ E {-1,1} (2.68) 
vj 
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(2.69) 

(2.70) 

Substituting (2 .70) into (2.66), the CR bound for the HL-DA synchronizer 

18 

(2 .71) 

The integral form of (2. 71) as mi --+ oo is 

{ K }-1 - L _i_ 1 x(t - (j - l)T - e)x"(t - (j - l)T - e)dt 
j=O 7r No 'Tj( t ) 

(2.72) 

where (2.55) has been substituted for C2 • 

Comparing the CR bound for the ML-DA synchronizer (2.35), to the 

CR bound for the HL-DA synchronizer (2.72), it is easily seen that 

(2.73) 

indicating a penalty factor in terms of timing error variance of 1r /2 for 

the HL-DA synchronizer. It is of interest to note that this is the same 

factor that has been determined to be the penalty (in terms of required 

Eb/N0 for equivalent probability of bit error performance) of the weighted 
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partial decision binary detector with decision weights equal to the sampled 

waveform x(t) (29]. 

For a half sinusoid x(t), the CR bound for the HL-DA synchronizer is 

(2 .74) 

For HL-DA and ML-DA synchronizers that satisfy their respective CR 

bounds with equality, the two synchronizer will have the equivalent timing 

error variance performance for a fixed J( if 

(2 .75) 

or for a fixed Eb/ N 0 

(2 .76) 

2. 7 Simulation Results 

The HL-DA and HL-NDA synchronization equations, defined by (2 .58) and 

(2.61) respectively, will have the equivalent performance of the optimum 

HL-DA and HL-NDA synchronizers ((2.52) and (2 .50) respectively) as m 

approaches infinity. It is therefore of interest to simulate these two syn­

chronizers over a range of typical Eb / N 0 to determine if practical values of 

m can be expected to yield timing error variances that are close to the CR 

lower bound. It is also of interest to determine if the 1r /2 variance degra­

dation factor associated with the CR bound for t he HL-DA synchronizer is 

a reasonable approximation over the Eb/ N 0 and m range. 
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For the simulations three pulse shapes x(t) of equal energy are consid­

ered: a raised cosine pulse, defined by 

Xrc(t)--:- { 
0
/f?[l - cos(21rt/T)] t E (0, T) 

t (f_ (0,T) 

a half sine pulse 

Xhs(t) = { ov2P sin(1rt/T)] t E (0, T) 
t (f_ (0, T ) 

and a square pulse 

_ { ./P t E (0, T) 
Xsq( t) - 0 t ({. (0, T) 

(2. 77) 

(2.78) 

(2.79) 

where P represents the signal power in each case. The square pulse is 

of special interest since it is the standard non return to zero signalling 

format. However a meaningful CR bound for this symbol shape cannot be 

determined due to the discontinuities in the pulse waveform. 

The timing error variance CJ ~L for both the HL-DA and HL-NDA syn­

chronizer algorithms, defined by (2.58) and (2.61) respectively, is deter­

mined using Monte Carlo techniques . The optimum ML-DA and ML-NDA 

synchronizer algorithms defined by (2.30) and (2.24) are also simulated to 

determine the ML synchronizer timing error variance a-tL. With the excep­

tion of t he square pulse simulation results, all results are plotted against 

the HL-DA CR and ML-DA CR bound defined by (2 .72) and (2.35) respec­

t ively. The simulation results are presented for: 10 ::; m ::; 100, which is a 

practical implementation range for m . Sample sizes of less than 10 are not 
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considered to ensure that the filter with bandwidth B , defined in (2.10), 

does not significantly distort the waveform x(t). Also since m determines 

the quantization of the timing error estimate i1, very small values of m will 

not yield accurate estimates. A description of the simulation method is 

given in appendix A. 

In figure 2.5, the simulation results are presented for raised cosine pulses 

with a J{ = 10 symbol observation interval and Eb/N0 = 5, 10, and 15 dB. 

Both the ML and HL synchronizer timing error variances approach their 

respective CR bound as the sample size m increases. The ML CR bound is 

slightly tighter than the HL CR bound. As expected the DA performance 

is better than the NDA performance in both cases. Comparing the HL and 

ML curves it is apparent that the 1r /2 degradation factor is a reasonable ap­

proximation for large m ( ~ 100). The HL and ML curves tend to converge 

for small m (~ 10). 

The simulation results for half sinusoid signalling pulses with J{ = 10 

symbols and Eb/N0 = 5, 10,and 15dB are presented in figure 2.6. The 

timing error variance is slightly larger than for the raised cosine pulses, 

which from the CR calculation is expected. Otherwise the 1r /2 degradation 

factor is apparent for large m, and the ML and HL curves converge for 

small m. 

The simulation results for square signalling pulses, J{ = 10 symbols, 

and Eb/N0 = 5, 10, and 15dB are presented in figure 2.7. In the absence of 

CR bound information, no conclusions can be drawn about the the square 

pulse results. pulses. General observations indicate that the the ML and 

HL curves converge for low m and diverge for large m, although the 1r /2 
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factor is not readily apparent. 

For K = 6 symbols, figures 2.8, 2.9, and 2.10 illustrate the timing error 

variance results for raised cosine, half sinusoid, and square signalling pulses 

respectively. For a smaller value of K, the jitter variance increases for both 

the ML and HL synchronizer, as is expected from the CR bound calculation. 

Otherwise the performance of the ML and HL synchronizers is relatively 

unchanged from the K = 10 simulations. 
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2.8 Summary 

ML estimation has been applied to the problem of digital binary bit syn­

chronization where the ML estimate is generated from a hard limited data 

signal. The received data signal is assumed to be binary data employ­

ing t ime limited (0 , T) signalling pulses in the presence of additive white 

Gaussian noise. The analysis follows some of the ideas in [28,29]. 

The optimum (in the ML sense) HL-DA and HL-NDA synchronizers 

have been derived in the context of a sampled waveform digital circuit im­

plementation. Neither synchronizer may be easily implemented, and so 

simpler HL-DA and HL-NDA synchronizers are derived using linear ap­

proximations that are valid for a large samle size m . 

T he CR lower bound for the HL-DA synchronizer is a fixed constant 

( Tr /2) higher than the CR bound for the ML-DA synchronizer. The com­

puter simulation results tend to confirm the Tr /2 degradation for a large 

m. At low values of m the HL and ML variance measurements tend to 

converge, indicating that the degradation associated with the hard limiting 

is less than the Tr / 2 factor for small m . 

The synchronization performance of square signalling pulses is some­

what inconclusive due to the lack of CR bound information. Since most 

practical communications channel have finite bandwidth, the square sig­

nalling pulse is generally not feasible. Therefore further work is required 

before a conclusion can be reached on the relative HL synchronization 

degradation for square signalling pulses filtered by a finite bandwidth. 

Several other areas of HL synchronization research are left to be m-
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vestigated. The optimum HL synchronizer algorithms suggest closed loop 

realizations based on the necessary condition for the ML estimate, given 

by (2 .3) . It is of interest to determine if the 1r /2 timing error variance 

degradation will be translated to a closed loop realization when compared 

to other closed loop synchronizer structures. 

The effects of filtering the additive noise on the HL synchronizer per­

formance is also of interest, since often an IF filter will band limit the noise 

prior to data detection and synchronization. With bandlimited noise the 

noise samples Nj are no longer independent. As the filter bandwidth de­

creases, ISI also becomes a concern and the synchronizer performance in 

the presence of ISI must also be considered. The synchronizer performance 

for a very small number of samples (m < 10) is also to be determined. 
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A digital phase locked loop (DPLL) bit synchronizer for bandlimited binary 

signalling using a hard limited receiver is proposed. The synchronizer tracks 

the zero crossings of the received waveform. A new technique to reduce 

"pattern jitter" or "self noise" with a compensation signal in the feedback 

loop of the synchronizer is considered. In this chapter analytical results are 

derived for the timing jitter variance (additive noise and self noise) of t he 

synchronizer . The an alytical result shows an accuracy improvement over 

a previous result [18] determined for a zero crossing tracking synchronizer, 

and the analysis is adapted to incorporate the pattern jitter compensation 

technique. Computer simulations verify the effectiveness of the pattern jit­

ter compensation technique for a synchronizer operating with both spectral 

raised cosine signalling pulses as well as for signalling pulses generated by a 

realizable filter network. The performance of a pattern jitter compensation 
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is confirmed with laboratory measurements as well. 

The pattern jitter compensation method can be implemented in an 

adaptive synchronizer structure for applications where little is known about 

the signalling pulse waveform. 

3.2 Introduction 

In this chapter, the effects of bandlimiting the received data signal are 

briefly discussed to illustrate the potential problems associated with the 

synchronization of hard limited signals in a bandlimited environment. A 

h ard limited syn chronization technique appropriate for bandlimited systems 

is proposed, and its performance is analyzed. 

The analysis of the synchronizer is confined to determining the addi­

tive noise and self noise t iming error (jitter) variances. The pattern jitter 

compensation technique is incorporated into the analysis. For applications 

where little is known about the system impulse response, an adaptive pat­

tern jitter compensation technique is also presented. Computer simula­

tions results are presented for synchronization of both spectral raised co­

sine (SRC) signalling pulses [39] and for pulses that can be generated by a 

realizable filter network [40] . The computer simulations verify the synchro­

nization technique for application in systems that operate fairly close to the 

Nyquist minimum bandwidth. Laboratory m easurements of a digital sig­

nal processor implementation of a pattern jitter compensation synchronizer 

confirm the effectiveness of the technique. 

This chapter is organized as follows: section 3.3 is a review of ban­

dlimited digital communications, synchronization problems in bandlimited 
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digital communications , and bandlimited synchronization techniques. The 

proposed pattern jitter compensation method is described in section 3.4. 

Section 3.5 contains the m ajor analytical result of this chapter, the timing 

jitter variance analysis of the proposed DPLL synchronizer for both addi­

tive noise and pattern jitter ( self noise). The computer simulation results 

are presented in section 3.6. Section 3. 7 contains laboratory m easurements 

of a pattern jitter compensation synchronizer. Section 3.8 is the chapter 

summary. 

3.3 Bandlimited Digital Communications 

For many communications systems employing frequency division multiplex­

ing, optimum spectral efficiency may require each user 's baseband spectrum 

to occupy a (single sided) bandwidth approaching the Nyquist limit of 1/2T, 

where Tis the data symbol duration [39]. A system is considered bandlim­

ited if the operating bandwidth is less than 1/T. It is well known that a 

signal cannot be both bandlimited and time limited , and so bandlimited 

signals will have a non-zero value outside the data symbol interval, which 

m ay potentially interfere with adjacent symbols. The interference with 

adjacent symbols is referred to as intersymbol interference, or ISL 

Consider a received bandlimited data signal in the absence of noise 

s(t) = L akx(t - kT) 
k 

(3.1) 

where ak is t he data value, and x( t) is the transmission system impulse 

response. The Nyquist criterion to detect s( t) ISI free at the decision time 
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t = kT requires 

x(nT ) = { i if n = 0 
if n = ±1,±2,±3 .. . 

(3 .2) 

where A is an arbitrary constant. A typical Nyquist pulse is illustrated in 

figure 3.1. The main pulse occupies a duration of 2 symbol intervals. Prior 

to the main pulse lobe are the precursor tails, and after are t he postcursor 

tails. 

The generation of a Nyquist pulse requires X(f), the Fourier transform 

of x( t), to satisfy Nyquist's vestigial symmetry condition [39] 

{ 

1 + E(f) Ill ::; lN 
X(f) = E(f) lN < Ill < 21N 

0 elsewhere 
(3 .3) 

where lN = 1/2T is the Nyquist limit , and 

E(JN - l) = -EUN+ f) 0 < l < lN (3 .4) 

The function E(f) is chosen to determine the excess bandwidth the system 

will operate with. For example E(f) = 0 is the ideal "brick wall filter" with 

a cutoff at l = lN• The synchronizability of a pulse generally improves as 

the excess bandwidth increases (ISI decreases) . At zero excess bandwidth, 

the magnitude of the ISI is infinite, and so the signalling pulses are not 

synchronizable. 

A truly bandlimited signal is a physical impossibility, requiring filt ers 

of infinite order with infinite delay associated with the impulse response. 

Approximations to the ideal pulse shape can be generated either by a low 
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pass filter realization specifically designed to minimize ISi effects [40] , or 

by generating the desired waveform directly with a nonrecursive filter [41]. 

A nonrecursive implementation requires the designer to truncate the trans­

mitted pulse waveform to a finite duration with the assumption that the 

truncated portion of the waveform is negligible. 

Data sampled at the ideal sampling time t = kT will be unaffected 

by ISi. However small timing errors due to imperfect timing recovery will 

cause sampling at points of non-zero ISi, resulting in degraded bit error 

performance. 

The presence of ISi will cause the synchronizer to generate a timing 

jitter component that is statistically independent of the timing jitter gen­

erated by the additive noise. This jitter component is termed "pattern 

jitter", or "self noise" [22,23] (also called patt ern dependent jitter). The 

term pattern jitter is appropriate as the ISi is dependent on data pat­

t erns. At high signal to noise ratios the jitter performan ce is bounded by 

the pattern jitter. The synchronizer pattern jitter performance is of spe­

cial concern in a regenerative synchronizer environment , where the timing 

signal is successively recovered along a chain of digital regenerators [ 42]. 

The maximum number of regenerators in the chain is determined by the 

m aximum allowable cumulative pattern jitter before the error probability 

is not acceptable [43]. Reducing the pattern jitter to a minimum at each 

regenerator is required to maximize the number of regenerators that can 

be used. 

A synchronization technique for bandlimited systems is to pass the re­

ceived signal t hrough a nonlinear device to generate a discrete spectral 
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line component at 1/T, which is recovered by either a bandpass filter or 

a PLL [15,21,22]. This synchronizer will have a pattern jitter component 

present in the recovered timing signal. The pattern jitter can be reduced by 

reducing the bandwidth of the bandpass filter (or PLL) [44], at the expense 

of acquisition time [45] . 

It has been shown that for a synchronizer operating with a square law 

nonlinearity, the use of a bandpass prefilter with conjugate symmetry about 

1/2T prior to the nonlinear device will eliminate pattern jitter [23]. For 

other nonlinearities a nearly optimum prefilter has been defined [46]. A 

disadvantage of prefiltering is that the performance is very susceptible to 

small frequency misadjustments [44]. 

3.4 Pattern Jitter Compensation 

A new approach to pattern jitter reduction, based on knowledge of the 

impulse response x(t), is presented in this chapter. For application where 

the impulse response is not accurately known, an adaptive implementation 

will be discussed in section 3.6. A zero crossing tracking digital phase locked 

loop is used in conjunction with a compensation signal that estimates the 

ISI from the received data decisions. The digital phase locked loop has 

several advantages over the analog systems. F irst, the nonlinear operation 

on the received data is a simple hard limiter. Second, the system is suitable 

for low cost digital circuit implementation in that only the hard limited 

signal is processed. Third, it will be shown that pattern jitter can be 

effectively eliminated for most practical signal to noise ratios (SNR) without 
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the requirement of an analog or digital prefilter. 

The Nyquist criterion for zero ISI guarantees no ISI at the decision 

times t = kT. However at the zero crossing locations ISI can be quite 

significant, and most often is near maximum. For zero ISI at the loca­

tion of the zero crossings of Nyquist filtered signalling pulses, the system 

bandwidth determining function (3.3) must be chosen to ensure an excess 

bandwidth extending to at least 1/T [39]. As the bandwidth of the channel 

is reduced below 1/T, ISI will distort the location of the zero crossings. As 

the bandwidth is decreased t he peak to peak amplitude of the zero crossing 

distortion will increase, as the tails of x( t) will have a slower rate of decay 

[4 7]. A synchronizer that tracks the zero crossings will therefore have a 

significant pattern jitter component in the recovered timing signal. 

Consider a binary transmission system in the absence of noise. The 

received signal is 

s( t) = L akx( t - kT) (3.5) 
k 

where ak E {-1, +1} are independent zero mean binary numbers. In the 

interval between the ak and ak+l bits, a zero crossing will occur if and only 

if ak and ak+I are of opposite polarity. The transition will occur at 

(3.6) 

where t 0 is the nominal zero crossing location and T k is a zero mean random 

variable generated by the ISL If the entire sequence { ak} is known a priori 

a synchronizer can calculate Tk exactly and subtract it out. 

If t he tails of the pulse decay quickly, a synchronizer can use a finite 
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number of received data decisions to estimate Tk . The received sequence 

(3 .7) 

can be used to determine fk, the estimate of Tk , by solving 

m+l 

L (lk+ix(fk + to - iT) = 0 (3.8) 
i=-1 

As m future bits relative to ak+l are required in {ak}, an m bit delay 

is required to calculate h. The m bits will correspond to the expected 

length of the precursor, and for most applications the precursor will not 

be significantly longer than one or two bits [40] . In a practical system the 

values of f k can be determined for all combinations of { ak} and stored in 

m emory. During operation the synchronizer can retrieve the stored values 

of fk, It will be shown in section 3.6 that the h values m ay also be 

determined with an adaptive synchronization structure. 

3.5 Synchronizer Operation 

3.5.1 S y nchronizer D escription 

A typical baseband equivalent model of a bandlimited binary communi­

cations system is illustrated in figure 3.2 [25]. The system consists of a 

transmit low pass filter (LP Fr), a receive low pass fil ter (LP FR), and a 

synchronizer to generate the appropriate samples to recover the transmit­

ted data. The Hr(f ) and HR(f) filters form a m atched filter pair [25]. It 

is assumed that the channel frequency characteristic is flat, or t hat fixed 

equalization is used to compensate for the channel characteristic. 



H TU) ...---

LPFT AWGN LPFn 
S(f)= 1f 
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Data 
--out 

SYNCH 

Figure 3.2: Bandlimited baseband binary data transmission system. 
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The received signal and noise at the LP FR output is 

y(t) = s(t - c) + r,(t) (3 .9) 

where s(t) is defined by (3.5), c is the slowly varying delay of the received 

signal, and r,(t) is the filtered additive white Gaussian noise. The pulse 

shape x(t) is the impulse response of the matched filter cascade. 

The synchronizer used to analyze the performance of the proposed com­

pensation technique is illustrated in figure 3.3. The synchronizer is a zero 

crossing tracking phase locked loop synchronizer [18] with the addition of 

the pattern jitter compensation. The hard limiter reveals the zero crossings 

in the received signal. The values of ak are determined by sampling at 

t = kT + Ek (3 .10) 

where Ek is the synchronizer's estimate of Ek- The synchronizer timing error 

ek lS 

(3.11 ) 

The received sequence {ak-m} is stored in a shift register, the values 

of which are used to locate in memory the correct value of fk-m · The 

phase detector (PD ) generates an output proportional to the t ime difference 

between the location of the zero crossing, and the the predicted location, 

(i .e. t = kT + t 0 + Ek) - The remainder of the synchronizer consists of them 

bit delay, a loop filter F(z), and a numerically controlled oscillator (NCO) . 
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{ak-m} 

t = kT + Ek 

f-k-m Memory 

y(t)--
Limiter 

PD mT 

NCO ~-------, F(z) 

Figure 3.3: Synchronizer with pattern jitter compensation. 
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3.5.2 Analysis Model 

In this section the model of the synchronizer used for the jitter variance 

an alysis is discussed and analysis assumptions are stated. 

For analysis purposes we follow the assumption m ade in [18] that the 

zero crossing locations are sufficiently close to the nominal locations t = 

kT + t 0 + Ek and use a two term Taylor series expansion about the nominal 

zero crossings as a linear approximation. Some comments about this as­

sumption should be made. We would not expect the assumption to be valid 

for very small excess bandwidth systems where the ISI is too large for a 

linear approximation to apply. At zero excess bandwidth the magnitude of 

ISI at the nominal zero crossing is infinite and the assumption is certainly 

no longer valid. The second case where the assumption would fail is if the 

noise 17( t) is not sufficiently bandlimited and the SNR is too low to assume 

either a single zero crossing in a bit interval , or zero crossings close to the 

nominal locat ion. These comments should always be considered when in­

terpreting the following results. A comparison of the analysis in [18] and 

the analysis presented here is contained in appendix B. 

Following these assumptions [18], if ak =/- ak+i a zero crossing in the 

received waveform y(t) occurs at 

(3.12) 

where Ek is the delay parameter, nk is due to the additive noise, and Tk is 

due to ISL The terms Ek, nk and T k are all statistically independent . A 

typical zero crossing waveform is illustrated in figure 3.4. 



1. 0 --

0.5 s(t)-1S1~ -, - s(t) + ry(t) 

1s1-_ - - - -- -- -- - - - - - ---=- ~-==... -0. 0 +-c=-===-- --------~~--=-~=-..-,-___:,,.,.__ _ ___________ t __ --=---=-
- -- --- ----~;~ '-

- 0 .5 

-1. 0 
- ek -

t = kT + t 0 + Ek -

local clock -

...._ 

- t = kT + t 0 + n k + Tk + ~k-- · - - - - -

Figure 3.4: Zero crossing distortion generated by additive noise 
· and ISI. 
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The linear value of nk is 

(3.13) 

where c is t he expected inverse slope of t he zero crossing [18] 

1 
c =----- --

x '(t0) - x ' ( t 0 - T) 
(3.14) 

Similarly a linear approximation to Tk can be made by determining the 

amplitude of the ISI at the nominal zero crossing location and multiplying 

by c [18] 

Tk = c · ak L ak+ix(t 0 - iT ) 
i j0,1 

(3.15) 

Ignoring the possibility of errors in the received data sequence, the lin­

earized value of f k is the summation in (3 .15) , including only the t erms in 

t he compensation sequence (3. 7) 

m +l 

fk = c · ak L ak+ix( t 0 - iT ) (3.16) 
i =-l 
i#0,1 

A discrete t ime model of the synchronizer is shown in figure 3.5. The 

structure is very similar to a digital phase locked loop [48], with the ex­

ception of the multiplier and the pattern jitter compensation signal in the 

feedback. The three statistically independent timing error sequences, nk, 

Tk, and Ek, are applied to the input . 

The value of bk, the input to the mult iplier , is determined by the pres­

ence of a t r ansit ion [18] 

1 if ak =/=- ak+I 

0 if ak = ak+I 
(3.17) 
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~-- sample data at t = kT + Ek 

Figure 3.5: Discrete time synchronizer model. 
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and so the multiplier input 2bk may be written as 

(3 .18) 

In figure 3.5 the output of the multiplier is scaled by the PD gain constant 

]{PD· The PD output Wk is delayed m bits and the pattern jitter com­

pensation signal 2bk-mTk-m]{PD is subtracted from Wk-m· The resulting 

sequence Uk is filtered by F( z ), and the filtered output sequence vk is used 

to control the NCO . Timing adjustment are made according to 

(3.19) 

The discrete time synchronizer model of figure 3.5 may be redrawn as 

shown in figure 3.6, where the transfer function G( z) is 

G( z) = J{pDJ{NCOF(z)z- (m+l) 
1- z-1 

(3.20) 

Referring to figure 3.5, the pattern jitter compensation signal 2bk-mTk-m]{PD 

may be transferred backwards through the m bit delay, the phase detector 

gain constant ](PD, and the transition multiplier bk, and therefore may be 

represented at the input by Tk as shown in figure 3.6. 

The sequence Ek is determined by 

k 

Ek= L 9k-j{,j-2bjEj} (3.21) 
j=-oo 

where gj is the impulse response of G( z ), and 

(3.22) 



G(z) 

~-- sample data at t = kT + ik 

Figure 3.6: Discrete time synchronizer represented as a 
single transfer function feedback system. 
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3.5.3 Outline of Analysis 

Due to the presen ce of the multiplier in the feedback path, a transfer func­

tion for the PLL cannot be directly derived. Saltzberg [18] h as analyzed the 

performance of an analog synchronizer, based on the linear two t erm Taylor 

series approximation stated above. This analysis is adapted here for the 

discrete time model (see appendix B) with the pattern jitter compensation 

technique incorporated into the an alysis. 

Saltz berg 's result for the jitter variance [18] is accurate for narrow b and­

width synchronizers. In this analysis a new result for the timing jitter 

variance is derived. The result may be applied to any arbitrary signalling 

pulse x(t) and filtered noise 17(t). It is shown that if the sampled noise 

sequence 17(kT + t 0 + Ek) is a discrete time white noise process (which for 

example is the case for any Nyquist matched filt er system (appendix C)) 

the additive noise jitter variance result is correct regardless of the synchro­

nizer bandwidt h. For the pattern jitter variance analysis this analysis is not 

strictly correct, but computer simulation results indicate that the analysis 

assumptions introduce only small approximations, and the analysis is still 

more accurate than in [18]. In the limit of an infinitely n arrow bandwidth 

synchronizer , the analysis presented here is equivalent to [18] . 

The intent of this analysis is to derive an expression for t he synchronizer 

timing error variance (jitter variance) a-;. The two components of the timing 

jitter variance of interest are the pattern jitter variance a-;j and the the noise 

jitter variance a~j, and expressions for each are derived from a gener al 

result. 
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The following procedure is used to determine a;: first the autocorre­

lation function R€(q) of the sequence defined in (3.21) is evaluated. After 

manipulation and substitution, two assumptions are made to simplify two 

of the less dominant cross correlation expressions in the resulting equation. 

After applying the assumptions, the z transform of the simplified equation 

is taken, from which R €(0) is found . The assumption of a zero mean Ek 

is made without any loss in generality to this analysis, and it is therefore 

shown that R€(0) = a;. The general result for R €(0) is given in (3.38) . 

3.5.4 Jitter Variance Analysis 

Rearranging (3.21) yields 

k 

Ek+ 2 L 9k-jbjf.j = (3.23) 
j=-oo j=-oo 

The autocorrelation of (3 .23) is 

k k+q 
E{[Ek + 2 L 9k-ibiEi][Ek+q + 2 L 9k-jbjf.j ]} 

i=-oo j=-oo 

k k+q 
L L 9k-i9k+q-jlly(i - j) (3 .24) 

i=-oo j=-oo 

where Ry(q) is the autocorrelation function of ik · Expanding (3.24) yields 

k k+q 
R€(q) + 2 L 9k-iE[biEiEk+ql + 2 L 9k+q- j E[bjEjEk] 

i=-oo j=-oo 
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k k+q 
+ 4 L L 9k-i9k+q-j E[bi€ibjEj ] 

i=-oo j=-oo 

k k+q 
= L L 9k-i9k+q-jll.y(i - j) (3.25) 

i=-oo j=-oo 

Substituting (3.18) for bi and bi in (3.25) after rearranging gives 

k 

R f. (q) + L 9k- i {Rf.( k + q - i) - E[aiai+1 EiEk+qn 
i=-oo 

k+q 
+ L 9k+q-j {Rf. (j - k) - E[aiai+1Ej€k]} 

i=-oo 

k k+q 
+ L L 9k-i9k+q- j E[(l - aiai+1)(l - ajaj+1)EiEj] 

i=-oo i=-oo 

k k+q 
= L L 9k-i9k+q-jll.y(i - j) (3 .26) 

i=-oo j=-oo 

Replacing Ei and Ej with (3 .21) 

k k+q 
R i (q) + L 9k-iRf.(k + q - i) + L 9k+q-jRf. (j - k) 

i=-oo j=-oo 

k k+q 
+ L L 9k-i9k+q-j {Re(i - j) - E[aiai+1Ei{1 j - 2bjEj}] 

i=-oo j=-oo 

k k+q 
+ E[aiai+l aJaj+1EiEj l} = L L 9k-i9k+q-jll.y(i - j) (3.27) 

i=-oo j=-oo 
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Subst it u t ing (3.18) for bi and bj in (3.27), and after some manipulation the 

result is 

k k+q 
R e(q) + L 9k-iR e(k + q - i) + L 9k+q-j R e(j - k) 

i= -oo j=-oo 

k k+q 
+ L L 9k- i9k+q-j {Re(i - j) - E [aiai+1 ajaj+1 EiEj ] 

i=-oo j=-oo 

k k+q 

= I: L 9k- i9k+q-j lly (i - j) (3.28) 
i=-oo j = - oo 

In appendix D it is demonstrated with reasonable assumptions that 

(3.29) 

and 

(3.30) 

The approximation in (3.29) is satisfied with equality under the following 

condit ions 

1. No ISI (i.e. T k = f k = 0). 

2. The delay parameter Ek assumes a constant value (i .e. very lit tle clock 

offset between the local and incoming t iming references) . 

For the approximation in (3.30) to be satisfied with equali ty, the two con­

ditions st ated abov must be true, and addi tionally the sequence rJ( kT + t 0 ) 

must be discrete white noise, which from appendix C is t he case for a 
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Nyquist matched filter . Most realizable matched filter approximations 

should have very little correlation associated with noise samples separated 

by the symbol duration T, and therefore the white noise assumption is 

a reasonable assumption for most applications. Note that these approxi­

mations are required only to simplify the two cross correlation expressions 

(3 .29) and (3 .30). For the other expressions in (3.28) (found to be the dom­

inant terms by computer simulation) no restrictions are placed on the ISI, 

rJ( kT + t 0 + Ek), or Ek. In summary, the two assumptions (3.29) and (3 .30) 

will introduce small approximations into the pattern jitter variance result . 

If rJ(kT + t 0 + Ek) is not white noise, then the two assumptions represent 

small approximations in the additive noise jitter variance result as well. 

Using (3 .29) and (3.30) in (3.28) 

k k+q 
R E(q) + L 9k-iRi(k + q - i) + L 9k+q-jRE(j - k) 

j=-oo 

k k+q 
+ L L 9k-i9k+q- j {RE(i - j) - c5(i - j)Ri(O)} 

i=-oo j =-oo 

k k+q 
L L gk-i9k+q-jlly(i - j) (3 .31) 

i=-oo j=-oo 

The z transform can be applied to each term in (3 .31) 

St(z)(l+G( z ))(l+G(l/z ))-G(z)G(l / z)Ri(O) = G(z )G(l/z )S-y(z ) (3.32) 

where the z transform of the autocorrelation function Ri( q) is defined to 

be 

Si(z ) = LRi(q) z -q (3 .33) 
q 
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with a similar definition for S--y( z ). Rearranging (3.32) yields 

S- z _ G(z )G(l/z )S--y(z ) 
/ ) - (1 + G(z )) (1 + G(l/z)) (1 + G(z )) (1 + G(l/z)) 

(3.34) 

Defining the feedback transfer function H ( z) to be 

H( z ) ~ G(z ) 
1 + G(z ) 

(3.35) 

equation (3.34) is 

Si(z ) = H( z )H(l/ z )S"/(z ) + H( z)H(l/ z )Ri(O) (3.36) 

The mean squared value of the discrete random variable Ek is [50] 

(3.37) 

Using (3.36) and rearranging we find 

(3.38) 

where 

(3.39) 

and 2B LT is the equivalent noise bandwidth of the transfer function H ( z) 

[48,49] 

(3.40) 

Note that w is normalized such that T = 1. 
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Comparing (3 .38) to the result obtained for Rg(O) by Saltzberg [18] 1 it is 

evident that the two equations differ in the sign of 2BLT in the denominator. 

The two results for Rt(O) are compared in appendix B; for small values of 

2BLT they are approximately equivalent . 

The power spectral density (psd) S,.(w) is determined from the auto­

correlation function R,,( q ). From statistical independence, the sequence 'Yk 

defined in (3 .22) can be partitioned into the sum of three mutually uncor­

related sequences 

with the following autocorrelation funct ion 

(3 .41) 

(3 .42) 

(3.43) 

Note that R 1(q) is related to the ISI disturbance, RN(q) the additive noise, 

and Rv( q) the cha1mel delay. The power spectrum S,.( w) is the Fourier 

transform of (3.43) 

(3.44) 

The autocorrelation function Rv(q) is determined by E, the slowly vary­

ing delay of the received data signal and can be used to model frequency 

offsets . Since we are concerned with the additive noise and pattern jitter 

1 Equation (62) of [18], with appropriate symbol substitutions and ignoring the psd due 
to pilot tone recovery. 



74 

variances only, we may assume without any loss of generali ty that Ek = 0, 

and therefore neglect Sn(w) in the jitter variance calculation. With this 

assumption, and substituting (3.44) into (3.38), the mean square value of 

€ l S 

(3.45) 

Both S 1( w) and SN( w) are generated by zero mean random variables, and 

so Ek is zero mean. Therefore the jitter variance is 

(3.46) 

3.5.5 Pattern Jitter Variance 

In this section we evaluate the pattern jitter variance CY;j using (3.45) with 

(3.4 7) 

The autocorrelation function R1( q) is required to find the psd of the ISI 

disturbance S1(w). From (3.42) and (3.43) , R1(q) is 

Substituting (3.15), (3. 16) and (3.18) for Tk, h, and b k respectively 

R1(q) = 

(3.48) 

c2 LL E[(ak - ak+i)(ak+q - ak+q+1)ak-iak+q-j ]x(to - iT) x(to - jT) 
i rf_P jrf_P 

(3.49) 
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where P is the sequence of t erms eliminated by the compensation f k 

P = {-l , ... , 0, 1, ... , m + 1} 

Retaining only the non-zero expectation terms in (3.49) , 

2c2 L x2 (t 0 - iT) 
ir/.P 

(3 .50) 

(3.51) 

-c2{ L x(t0 - iT)x(t 0 - (i + l)T) - A2 B -2} (3.52) 
i r/.PUQ 

where 

{ x(t 0 - qT) 

{ ~(t0 - (q + l )T) 

and Q is the sequence 

for q =/= 0, ±1 

for q (/_ P 
for q E P 
for q (/_ Q 
for q E Q 

Q = {- (l + l) , ... , -1,0, ... ,m} 

(3 .53) 

(3.54) 

(3.55) 

The psd of the ISI disturbance, S1(w), is the Fourier transform of R1(q ), 

found from (3 .51), (3.52), and (3.53) 

00 

S1(w) = R1(0) + 2 I:R1(q)cos(wq) (3 .56) 
q=l 

The psd S1(w) may be used in (3.47) to determine <J';j• However we now 

show that for a strictly bandlimited x(t) the two infinite summations in the 

expressions for R1(0) and R1(±l) defined in (3.51) and (3.52) respectively 

may be reduced to a finite summation to simplify S1(w ). 
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Consider the waveform v(t) which is the product of two time shifted 

versions of x(t) 

t,. 
v(t) = x(t1 - t)x(t2 - t) (3.57) 

The Fourier transform of v( t) is 

(3.58) 

where X*(f) is the complex conjugate of X(f). Sampling v(t) at t = iT 

yields the sequence 

v(iT) = x(t1 - iT)x(t2 - iT) (3.59) 

From the Poisson summation formula 

z;= v(iT) = ~ LV(-p/T) 
i p 

(3.60) 

Using (3.58), the infinite summation is therefore 

This general result may be applied to any x(t). For the case where x(t) 

is bandlimited, X(f) is confined to the interval [-1/T, 1/T]. Hence the 

only non-zero terms in (3 .61) are p = - l , 0, 1. For an x(t) that is not 

bandlimited, more terms are required in the summation. 

Consider the specific case where x(t) is bandlimited , and the nominal 

zero crossing location t 0 = T/2. Equation (3.51) may then be written as 

R1(0) = 2c2
{ I: x2 (T/2- iT)- I: x2 (T/2 - iT) } (3.62) 

i iEP 
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The infinite summation in (3.62) is found using the three non-zero terms 

in (3.61) , with t 1 = t2 = T/2, and thus Rr(O) is given by the finite sum 

(3.63) 

Similarly, letting t 1 = T/2, and t 2 = -T/2 in (3 .61), and substituting for 

the infinite summation in (3.52), the resulting finite sum is 

-c2 
{ ~ x(T /2 - iT)x(-T /2 - iT) 

- L x(T /2 - iT )x(-T /2 - iT) - A2B-2 } 
i EPUQ 

-c2 
{~ t (- l )P j 00 

X*(f)X (f + p) e-j21rJT df 
T p=-i - oo T 

L x(T /2 - iT)x(-T /2 - iT) - A2 B_2 } (3 .64) 
iEPUQ 

The two finite sum expressions (3.62) and (3.64) simplify the calculation 

of Sr(w ), defined in (3.56). The pattern jitter variance <7;j is found using 

(3 .56) in (3 .4 7). 
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3.5.6 Additive N oise Jitter Variance 

In this section we determine the noise jitter variance o-;,j using 3.45 

2 f,;: J-1r \H(w)\ 2 SN(w)dw 
O"nj = l - 2BLT (3.65) 

where SN(w ) is determined from the autocorrelation of the additive noise 

disturbance RN(P ), which from (3.43) is 

(3.66) 

Using the linear approximation (3.13) for nk and (3 .18) for bk 

(3.67) 

and since the data sequence { ak} is statistically independent of the additive 

noise 77( t) 

(3.68) 

where R'IJ( r) is the continuous autocorrelation function of the noise 77( t). 

The elements of the sequence {ak} are zero mean and statistically indepen­

dent , and so evaluation of the expectation in (3.68) yields the previously 

derived result [18) 

RN(0) 

RN(±l) 

RN(q) 

2c2 R'l)( 0) 

-c2R'l)(±T) 

0 for q-/- 0, ±l 

(3 .69) 

(3.70) 

(3.71) 



The psd SN( w) is the Fourier transform of RN( q) 

RN(0) + 2RN(l)cos(w) 

2c2{a~ - R11(T)cos(w)} 
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(3.72) 

(3.73) 

where R 11 (0) = a; is the variance of the zero mean rt( t). For any LP FR filter 

that satisfies R11 (±T) = 0) (for example a Nyquist matched filter system 

from (C.6)) the psd SN(w) is a discrete time white noise process 

(3.74) 

Note that if the autocorrelation of the noise rt(t) at the LP FR output does 

not satisfy (C.6), then SN(w) is not white noise, and (3.73) is required to 

calculate SN(w ). 

Assuming SN(w) satisfies (3.74), from (3.65) the jitter variance a~j due 

to the additive noise rt(t) is 

(3.75) 

We now make some assumptions to allow us to express (3.75) in a more 

recognizable form. First define the normalized pulse x(t) ~ x(t) / A, where 

A is the amplitude of the received data signal s(t - E) at the optimum data 

sample location t = kT + Ek- Assuming x(t) is reasonably symmetrical 

about t = 0, the nominal zero crossings are located midway between the 

data samples. From (3.14), c may then be approximated by 

1 
c~----

2Ax'(T/2) 
(3 .76) 
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For optimal matched filter detection of binary antipodal signals it is known 

that [25] 

A2 

a2 
T/ 

(3. 77) 

where Eb is the transmitted bit energy at the LP FR input, and N 0 is the 

single sided power spectral density of the AWGN. Using (3.76) and (3.77) 

in (3 . 75) 

(3.78) 

The noise jitter variance may be reduced by increasing Eb/ N 0 , reducing the 

PLL bandwidth 2BLT (at the expense of acquisition performance), or by 

increasing the slope of the waveform x(T /2). Increasing x'(T /2) implies 

increasing the high frequency content of the waveform x(t) and therefore 

an increase in the bandwidth of the system. 

In appendix E the additive noise jitter variance is rederived for a spe­

cial case synchronizer, specifically the synchronizer used in the computer 

simulations. This analysis result clearly demonstrates the effect of the m 

bit delay in the feedback path on the noise jitter performance. 

3.6 Adaptive Pattern Jitter Compensation 

The analysis of the pattern jitter compensation technique assumes that 

x(t) is known at the synchronizer. Often due to filter imperfections and 

non ideal channel equalization x(t) may not be accurately known. It is 

t herefore of interest to examine an adaptive pattern jitter compensation 
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technique based on the previous analysis . 

Consider the linearized value of the compensation sequence f-k defined 

m (3.16). If x(t) is not known, the value of x(t 0 - iT) may be replaced 

by an estimated value Xk,i• The unknown scaling constant c may also be 

lumped in with this estimate. The adaptive estimate off k may be written 

as 

m+l 

f-k = ak L ak+ixk,i (3.79) 
i=-l 
i /0,1 

F igure 3.7 shows the implementation of an adaptive synchronizer. 

The estimates Xk,i may be recursively generated using adaptive filtering 

techniques. A useful algorithm for simple implementation purposes is the 

stochastic gradient algorithm [51]. Applying the stochastic gradient algo­

rithm to this application yields the following coefficient update equation 

(3.80) 

where Uk is from figure 3.7 and /3 is the update equation gain constant . The 

value of /3 should be chosen to be small enough to ensure that the adaptation 

does not interfere with the acquisition performance of the synchronizer. 

3. 7 Simulation Results 

A computer simulation of the pattern jitter compensation synchronizer is 

required to verify that the assumptions made in the analysis are reason­

able, and to determine the effectiveness of the proposed synchronization 

technique. 
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Xk,-1 Xk,-1-m-1 

~--- sample data at t = kT + Ek 

Figme 3.7: Adaptive pattern j itter compensation synchrouizer. 
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The synchronizer used in the simulations operates with F(z) = 1, and 

with a loop gain parameter J( t,. KpnKNco. Two simulation methods, a 

linear simulation and an actual simulation, are used. The linear simulation 

uses the linearized values of nk, rk, and fk from (3 .13), (3.15), and (3.16) 

respectively to determine the timing jitter variance a-: using Monte Carlo 

methods. The actual simulation results are based on timing jitter variance 

estimates from the generation of actual signal and noise waveforms. The 

simulation methods are described in appendix F. 

Simulation results are presented for both spectral raised cosine (SRC) 

signalling pulses (25], and for a realizable data transmission filter (40]. Both 

a linear simulation and an actual simulation is done for the SRC pulses, 

while a linear simulation is done for the data transmission filter. The two 

pulses used for x ( t) are described in the following. 

S RC Signalling 

The SRC filter may be used as a benchmark for evaluation and analysis 

of bandlimited communications systems. For the synchronizer application 

described here, use of t he SRC filter allows the synchronizer performance to 

be tested over the bandlimited frequency range (0-100% excess bandwidth 

relative to fN = 1/2T) with a relatively simple filter specification. The filter 

impulse response x(t) for a SRC filter is (25] 

x(t) = sin(?Tt/T) [ cos(a?Tt/T) l 
?Tt /T 1 - 4a.2 (t/T)2 

(3.81) 
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The parameter a determines the percent excess bandwidth of the system 

where 0 :::; a :::; 1. 

It is interesting to observe the ISI spectrum S1(w) from (3.56) for the 

SRC pulse x(t) to determine how the spectrum is altered as the number 

of terms in compensat ion sequence (3.50) length is increased. Figure 3.8 

shows S1(w) for a = 0.3 , with the number of terms in the compensation 

sequence P as a parameter. The psd S1(w) is clearly not white, and tends 

to zero as w approaches zero. Increasing the length of the compensation 

sequence reduces the magnitude of the psd across the frequency range. 

The psd SN(w) from (3.74) is assumed to be white for the SRC filter. 

Data Transmission Filter 

In practice a signalling pulse must be an approximation to the ideal ban­

dlimited pulse. It is therefore of interest to evaluate the performance of 

the synchronizer on a data transmission system using signalling pulses that 

can be generated by a realizable filter network. A design technique for 

data transmission filters that minimizes the mean square value of ISI at 

the optimum sampling time is given in [40]. A seventh order filter with an 

impulse response that has significant ISI is defined by the Laplace transfer 

function poles and zeros listed in table 3.1. The impulse response of the 

filter is shown in figure 3.9. The postcursor has the expected gradually 

decaying tails . The precursor length is 1.5T and consequently the longest 

delay required in the feedback path of the syn chronizer is m = 1. The 

computer generated eye pattern associated with the impulse response of 

the filter is shown in figure 3.10. The eye pattern has only a very small 
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P1 ,2 - 0.4236 ± j3.01469 

P3 ,4 -.71633 ± j2.13020 

Ps,6 - .77845 ± jl.05600 

P1 -.76847 
Z1,2 ±2.12453 
Z3,4 ±4.74191 

Table 3.1: Poles and zeros of the data transmission filter. 

amount of ISI at the sample time. Also apparent is the large distortion of 

the zero crossings due to the ISI , which for this filter h as a peak to peak 

value of 0.37T. The filt er frequency response shown in figure 3.11 indicates 

an attenuation of about 6dB at f N, and greater than 40dB at 2fN-

The data transmission model shown in figure 3.2 requires that the re­

sponse of the transmission filter be divided into a matched filter pair. The 

pattern jitter result does not depend on matched filter operation but only 

on the final impulse r sponse x(t) of the cascade of the two filt ers. Op­

timum probability of error performance requires matched filter operation. 

Since we are only concerned with a linear simulation, the variance O"; is 

required to generate the linearized sequence nk defined in (3.13) . For this 

pulse sh ape it is assumed that the variance O"; is equal to the optimum 

for matched filter operation [25], and is determined according to (3. 77). 

From (C.6), the samples ry(kT + t 0 + Ek) in (3.13) are assumed to be inde­

pendent from sample t o sample. The correctness of these two assumptions 

is dependent on how accurately the filter can be partit ioned into an ap­

proximate matched filter cascade. For simplicity the optimum performance 

is assumed. 
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In the following, the simulation results are compared to the calculated 

a~j and a;j , determined by numerical integration of (3 . 75) and (3.4 7) re­

spectively. 

3.7.1 Simulations with a Spectral Raised Cosine Fil­

t er 

The performance of the pattern jitter compensation technique with SRC 

signalling pulses is compared to the uncompensated synchronizer for the 

following number of terms in pattern jitter compensation estimate h: 4 

bits (l = m = 1) , 6 bits (l = m = 2), and 8 bits (l = m = 3) . 

Linear Sim ulation 

In this section we present the jitter variance results from a computer sim­

ulation of the synchronizer based on the linearized values for nk, Tk and i\ 

from (3 .13), (3.15), and (3.16) respectively, and a SRC x(t) . 

Figure 3.12 compares the calculated and linear simulation results for 

a;j · The value of J{ is adjusted such that 2BLT = 0.1 for the uncompen­

sated synchronizer (m = 0). It is apparent that at very small values of a, 

the data sequence lengths are not sufficient to yield a significant improve­

ment . The improvement for a ~ 0.2 is quite good. As stated previously, 

the assumptions (3.29) and (3.30) in troduce slight approximations into the 

jitter variance analysis, which accounts for the slight discrepancy. Note 

that at some specific values of a the jitter variance of the longer length se­

quence is worse than that of the shorter sequence. This can be explained by 
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recognizing the fact that at these values of a, the precursor and postcursor 

tails of the longer sequence pass through zero at t = t 0 - ( m + 1 )T , and 

t = t 0 + lT respectively. Therefore the longer sequence does not eliminate 

ISI , but performance will be degraded due to the extra delay m in the 

feedback loop of the PLL. Figure 3.13 illustrates O';j at a loop bandwidth 

2BLT = .025. As expected the jitter is reduced with the lower 2BLT, but 

the performance of the compensation mechanism is relatively unchanged. 

The agreement between analysis and calculation is improved at the lower 

bandwidth. 

The performance of the compensation technique in the presence of addi­

tive noise is illustrated in figure 3.14. The value of a is 0.3 and 2BLT = 0.10. 

The simulation points are compared to the calculated timing error variance 

O'; = O';j + O'~j, where O'nj and O';j are determined by (3.75) and (3.47), 

respectively, and are also compared to the calculated O'~j alone. The sim­

ulation points are in close agreement with the analytical results . At low 

Eb/ N 0 the jitter variance CJ'; for different values of l = m is asymptotic to 

O'~j for the corresponding feedback delay m. The jitter reduces as Eb/ N 0 

increases as expected, but is lower bounded by the residual pattern jit­

ter. For Eb/ N 0 ::; 35dB , the performance of the 8 bit compensation se­

quence synchronizer has a jitter variance only slightly larger than that of 

O';_j. Therefore pattern jitter is effectively eliminated from the synchronizer 

output for all practical Eb/ N 0 • The penalty paid in term of noise jitter 

performance due to the m bit delay in the feedback path is illustrated by 

the difference between the m = 0 and m = 3 curves calculated for O';,j. 

For a lower loop bandwidth 2BLT = .025, (see figure 3.15) the simu-
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lation points are in very close agreement with the calculated curves . As 

determined in appendix E, the noise jitter degradation due to the feedback 

delay is much less for the lower loop bandwidth, as can be seen by the 

closeness of the calculated a;j curves for m = 0 -+ 3. 

For larger values of a the required sequence length to effectively elimi­

nate pattern jitter will decrease. From figure 3.16, with a = 0.5, a sequence 

length of only 6 bits (l = m = 2) gives performance nearly equivalent to the 

synchronizer operating in the absence of ISL Again the simulation results 

are in close agreement with the analysis. 
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Actual Simulation 

The proposed synchronizer is now evaluated using actual SRC pulses, de­

fined by (3 .81), and a filtered noise waveform. The simulation method is 

described in appendix F. 

Figure 3.17 compares the the simulated and calculated a;j for different 

a. It is apparent that the actual simulation yields results very close to the 

linear analysis and the linear simulation ( figure 3 .12), confirming that for a 

SRC system, the linear assumptions made in the analysis are a reasonable 

approximation to the actual case. For very small values of a, there is some 

divergence between the linear and actual curves, where the ISI is too large 

for the linear analysis to apply. 

The simulation results for the jitter variance of an a = 0.3 and a = 0.5 

system with additive noise and ISI are plotted as a function of Eb/ N 0 in 

figures 3.18 and 3.19 respectively. The actual simulation results are in 

close agreement with both the calculated performance and with the lin­

ear simulation ( figures 3.14 and 3.16). For the a = 0.3 system the 8 bit 

compensation sequence has almost equivalent performance to the synchro­

nizer operating in the absence of ISI, confirming the conclusion reached 

from the linear simulation (figure 3.14). Similarly the choice of a 6 bit 

compensation sequence for the a = 0.5 system determined by the linear 

simulation (figure 3.16) is confirmed with the actual simulation. It should 

be noted that for values of Eb/ N 0 < 5dB the actual synchronizer simulation 

results diverged from the linear model quite rapidly. 
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3. 7 .2 Simulations with a Realizable Data Trans1nis­
sion Filter 

T he jitter variance of a synchronizer operating on signalling pulses gener­

ated by the seventh order transmission filter is evaluated in this section. 

The jitter variances o-~i and o-;j are determined by (3 . 75) and (3.4 7) re­

spectively, and are comared with the linear simulation results. The linear 

simulation method is described in appendix F. 

The calculated and simulated timing jitter variance o-; = o-~j + o-;j as a 

function of Eb/ N 0 is il.lustrated in figure 3.20. The bandwidth of the syn­

chronizer is 2BLT = 0.1. Again the agreement between the calculated and 

simulated results is quite good. Also apparent is that a 9 bit compensation 

sequence (l = 1, m = 6) will effectively eliminate the pattern jitter for most 

practical Eb/ N 0 • 

3. 7 .3 Adaptive Synchronizer Sin1.ulations 

The adaptive synchronization technique described in section 3.6 is verified 

in t his section using a linear simulation . Figure 3.21 illustrates the perfor­

mance of an a = .3 SRC system as a function of Eb/N0 • The stochastic 

gradient adaptation gain parameter /3 = .001. No analysis of the adapta­

tion speed of convergence versus /3 is carried out . The simulation indicates 

a steady state t iming error variance that is only slightly degraded relative 

to the performance of the synchronizer where x(t) is known. 
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3.8 Implementation and Experimental Mea­

surements 

To complete the evaluation of the proposed synchronizer, experiment results 

of a pattern jitter compensation synchronizer are presented in this section. 

The synchronizer is implemented using a TMS32020 digital signal pro­

cessing integrated circuit. The digital synchronizer and the jitter variance 

measurement technique is described in appendix G. 

The realizable transmission filter used in the simulations is not fabri­

cated, and so we are unable to compare the simulation results to exper-

imental data. Instead nonreturn to zero (NRZ) pulses are filtered by a 

readily available fourth order Butterworth filter with a 3 dB cutoff fre­

quency f 0 = 1/2T to simulate the received eye pattern. The synchronizer 

jitter variance measurements are compared to the analysis results. 

The eye pattern is illustrated in figure 3.22. Also shown in figure 3.22 

are the data samples generated by the uncompensated synchronizer to il­

lustrate the pattern jitter in the recovered timing signal. The compensation 

sequence values fk are measured on an oscilloscope by observing the zero 

crossing locations of the eye pattern, and therefore the exact pulse shape 

x(t) is not required. The pulse response had a negligible precursor, and 

hence no feedback delay is required (m = 0). For implementation reasons , 

a value of K = l/8 is used. From (E.14) the bandwidth 2BLT = .067. 

Figure 3.23 shows the measured jitter variance of an uncompensated 

synchronizer and a compensated synchronizer with a compensation se­

quence length 4, (l = 2, m = 0). The measured results are compared to the 
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calculated o-!j from (3 . 75) and a;j from (3.4 7). As expected the pattern 

jitter is the lower bound on the uncompensated synchronizer jitter vari­

ance. The compensated synchronizer does not have a significant pattern 

jitter component over the range of Eb/ N 0 • The divergence of the calculated 

and m easured values at low Eb/ N 0 can be attributed to the linear approx­

imations in the analysis no longer being valid. The timing error variance 

m easurement equipment is not capable of m easuring normalized variances 

less than ~ 10-5
, which would account for the divergence at high Eb/ N 0 

for the compensated synchronizer. Also slight inaccuracies in measuring f k 

would also contribute to the divergence. 

The recovered timing signals for the uncompensated and compensated 

synchronizers are compared in figure 3.24. The pattern jitter is readily ap­

parent in the uncompensated synchronizer. The compensated synchronizer 

indicates only a very slight amount of pattern jitter . 
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3.9 Summary 

The pattern jitter component of a zero crossing tracking PLL synchro­

nizer may be reduced well below the noise jitter component by using a 

short sequence of received data bits to predict the effect of ISi on the zero 

crossing. P attern jitter compensation can be based on a known impulse re­

sponse, measured zero crossing locations, or in an adaptive implementation. 

The number of bits in the compensation sequence depends on the rate at 

which the system impulse response decays, which is generally determined 

by the operating bandwidth of the system. 

Three methods are presented to determine the timing jitter variance 

performance of the synchronizer. First, analytical equations based on linear 

approximations are derived. The analysis more correct than a previous 

result [18], and it also includes the pattern jitter compensation. The new 

result is exact for white noise disturbances, and simulation results indicate 

that it is more accurate than [18] for non white disturbances, specifically 

ISL Second, the linear assumptions made in the analysis can be used to 

generate a recursive timing equation which can be evaluated using Monte 

Carlo techniques to determine the jitter variances. The third technique is 

to directly simulate the synchronizer by generating the required waveforms, 

and recovering the t ining information. Any of the above methods can be 

used by designers to estimate the compensation sequence lengths to reduce 

the pattern jitter below a required level. 

For operation with SRC signalling pulses, both the linear and actual 

simulation results are in close agreement with the analytical results. The 
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analysis is also effective in predicting the jitter variance of a synchronizer 

operating on pulse waveforms generated by a seventh order transmission 

filter. 

The simulation results and analysis also verified the effectiveness of the 

proposed pattern jitter compensation technique. The results demonstrate 

that the technique can be used on a SRC signalling pulses to greatly reduce 

the pattern jitter component of the synchronizer. For a small excess band­

width a = 0.3, the pattern jitter is essentially eliminated for Eb/ N 0 < 35 

dB using an 8 bit compensation sequence. An excess bandwidth of a= 0.5 

requires only a 6 bit sequence. 

The seventh order data transmission filter required a sequence length of 

9 bits, with only one bit feedback delay ( m = 1 ). The performance of the 

synchronizer on the realizable pulse shape indicates that the synchronizer 

may find application in low cost digital synchronizer implementations for 

a bandlimited binary data communications system, where self noise in the 

synchronizer is expected to be a concern. 

For applications where the impulse response is not accurately known, 

the adaptive pattern jitter compensation technique may be appropriate. 

Also the zero crossings may be measured and fixed compensation sequence 

values used. 

Laboratory measurements of a pattern jitter compensation synchronizer 

indicate that for NRZ pulses filtered by a fourth order Butterworth filter, 

pattern jitter is essentially eliminated using a four bit compensation se­

quence with no feedback delay. 

The performance of the compensation technique in the presence of a 
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frequency offset has not been addressed in the analysis or simulations, and 

is an area for further study. 



Chapter 4 

Adaptive Bandwidth Phase 
Locked Loop Synchronizer 

4.1 Foreword 

113 

A digital PLL synchronizer for time division multiple access (TDMA) and 

carrier sense multiple access( CSMA) applications is proposed. The PLL 

phase detector (PD) input is a hard limited binary data signal. A simple 

adaptive bandwidth control monitors the output of the PD and moves the 

synchronizer to a large bandwidth when rapid acquisition is required. When 

acquisition has been achieved, the synchronizer moves to a lower bandwidth 

to improve the tracking performance. The operation of the synchronizer is 

verified for typical PLL parameters with both computer simulation results 

and hardware experimental measurements. 
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4.2 Introduction 

In this chapter we consider a phase locked loop (PLL) synchronizer with 

an adaptive bandwidth control for application in a carrier sense multiple 

access (CSMA) digital radio system. 

In TDMA and CSMA packet radio systems multiple users share a com­

mon channel, and transmit information contained within data packets. An 

important system parameter is the portion of the data packet assigned for 

synchronization. The delay associated with the initial synchronization will 

reduce the maximum data throughput of the system [33]. The minimum 

required preamble duration is determined by the acquisition performance 

of the data receiver's synchronizer. 

A synchronizer for these applications must have rapid acquisition char­

acteristics. Unfortunately rapid acquisition generally implies poor tracking 

and cycle slip performance. What is presented in this chapter is a sim­

ple hard limited zero crossing tracking PLL synchronizer with an adaptive 

bandwidth control. The bandwidth control initially forces the synchronizer 

into a wide bandwidth (acquisition) mode. When synchronization has been 

achieved the bandwidth of the synchronizer is progressively lowered to im­

prove the tracking of the synchronizer (tracking mode). The narrow band­

width may allow the synchronizer to remain locked through rapid fades, as 

is required in mobile radio applications [52]. 

The adaptive bandwidth control requires only a small amount of hard­

ware and for microprocessor implementations can be completely incorpo­

rated into software. 
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The evaluation of the proposed synchronizer consists of a computer 

simulation and laboratory experiment results . The synchronizer parame­

ters are not optimized to any particular application. The investigation is 

confined to measuring the operating performance of the synchronizer for 

typical PLL parameters over a reasonable range of signal to noise ratios 

(SNR) . 

This chapter is organized as follows: section 4.3 is a description of the 

proposed synchronizer. The description and analysis of the adaptive loop 

gain control is presented in section 4.4. Computer simulation results for 

some typical applications are contained in section 4.5. In section 4.6, lab­

oratory experiments verify the synchronizer operation. The results of this 

chapter are summarized in section 4.7. 

4.3 Synchronizer Description 

The proposed synchronizer is illustrated in figure 4.1 . The structure is 

a first order digital PLL. The received signal y(t) at the low pass filter 

(LP FR) output is 

( 4.1) 

where ak E { -1, + 1} are zero mean binary data, x ( t) is the signalling pulse 

shape, € is the slowly varying delay of the received waveform, and ry(t) 

is filtered additive white Gaussian noise (AWGN) . It is assumed that the 

excess bandwidth of the LP FR (relative to the Nyquist limit) is sufficient 

to ensure negligible intersymbol interference (ISI) at the zero crossings [39] . 



116 

Threshold 

Loop Gain Adjust 

Wk 

s(t) H(ffi) :F PD 

LPFR HL 
I\ 

-t = kT + Ek KL 

NCO 
Vk 

Data Out 

( J k ) ◄ 

Figure 4.1: Block diagram of the adaptive bandwidth synchronizer. 
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The waveform y(t) is hard limited, and the data decisions a,k are made 

by sampling at t = kT + Ek, where Ek is the synchronizer's estimate of Ek. 

The synchronizer timing error ek is 

ek E (-T/2,T/2). (4.2) 

The phase detector (PD) generates an estimate of the phase error of 

the incoming signal relative to the local timing reference, generated by the 

numerically controlled oscillator (NCO). For this application we consider a 

binary counter PD implementation. The operation of this PD is discussed in 

appendix G and a description of counter phase detectors is given in [48]. In 

the absence of noise the PD characteristic, defined as E[wkl ek], is sawtooth 

shaped 

( 4.3) 

where Kpn 1s the PD gam constant, and 2bk is the transition detector 

output 

( 4.4) 

The transition detector ensures no timing error adjustments are made when 

no transition is detected (i.e. ak = ak+i)-

A disadvantage of PLL synchronizers for CSMA applications, is a phe­

nomenon called "hangup". A PLL occasionally will dwell or hangup at 

an unstable equilibrium for a long duration before proper acquisition is 

achieved [45]. PLL's with analog multiplier phase detectors are known to 

be significantly hampered by hangup problems [45], and as a result some 

synchronizer designers have adopted the nonlinearity and bandpass filter 
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synchronization approach to avoid PLL hangup [53]. However for the saw­

tooth PD characteristic with discontinuities at ek = ±T /2, it is known 

that PLL hangup is not as significant a problem, although it is still a con­

cern [54]. 

The PD output depends critically on the relative zero crossing locations 

of the input signal and the local (NCO) clock. For a reasonable SNR and 

bandlimited noise, in a bit interval where a data transition is present (i .e. 

ak =/ ak+i) one zero crossing is expected. However if multiple zero crossings 

occur (for example at low SNR and/or a wide bandwidth noise disturbance) 

the counter PD will calculate the mean zero crossing location and output 

the difference between mean zero crossing location and the local (NCO) 

estimate. 

The PD output wk is scaled by the feedback gain parameter KL, the 

output of which is used to control the NCO. The value of KL is determined 

by the adaptive loop gain control. The NCO has an internal gain parameter 

KNCO· Timing adjustments are made according to 

(4.5) 

where we define the loop gain constant K ~ KLKNco, which we will use 

to control the bandwidth. For an adaptive synchronizer: K = Kk. The PD 

gain is normalized to be KPD = 1. Therefore the range 

Wk E (-T,T) ( 4.6) 

follows from ( 4.3). 
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4.4 Analysis of the Adaptive Loop Band­

width Control 

The objective of the loop gain control is to maintain the loop in a wide 

bandwidth state when no signal is present at the input (i.e. only hard 

limited noise). When signal is present the synchronizer should move toward 

a narrow bandwidth after synchronization is achieved. A simple method 

to control the synchronizer bandwidth is to monitor the variation of zero 

crossings, measured by the PD output Wk, With only noise present at 

the input, the zero crossing locations will have a large variation. When 

signal is present with a reasonable SNR the zero crossings will cluster about 

regularly spaced T second intervals. Therefore an appropriate bandwidth 

control technique is to adjust J{k according to the history of the consistency 

of zero crossings recorded at the PD output . 

The technique chosen to modify J{k is illustrated in figure 4.2, where 

the progression of J{k is modeled as a Markov chain [56]. J{k is selected 

from N values 

(4.7) 

The J((i) values are a nonincreasing function of i. The largest value, J((l) , 

is determined by stability considerations and by the desired transient re­

sponse. The minimum value, J((N), is determined by the lowest required 

bandwidth. The state transition probabilities Pili are determined by the 

SNR, and by an external threshold parameter Te, where 

Te E (0, T) 

The state transitions may be described as follows: assume J{k 

( 4.8) 

J((i ). 
' 



Figure 4.2: Markov chain model of the adaptive bandwidth control. 
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choose Kk+1 according to 

K i 
K(i+I) 

K(i-1) 

K N 
Kl 

if bk = 0 
if bk = l, I Wk I < Te, i =/= N 
if bk = l , I Wk I 2'.: Te, i =/= l 
if bk = l, lwk l < Te, i = N 
if bk = l , I Wk I 2'.: Te, i = 1 

(no data transition) 
( decrease the bandwidth) 
(increase the bandwidth) 
(minimum bandwidth state) 
(maximum bandwidth state) 

(4.9) 

Therefore the position in the chain, and thus the overall bandwidth, is 

determined by the previous history of wk, the PD measured t iming errors. 

The state transition probabilities are: 

where 

p_ 

P0 + P+ i = j = 1 
P0 i = j =/= l , N 
P+ i = j - 1 
p_ i = j + 1 
P0 + P_ i = j = N 
0 elsewhere 

Pr[bk = O] 

Pr[bk = l n lwkl 2'.: Te] 

Pr[bk = l n lwk l < Te] 

(4.10) 

(4.11) 

( 4.12) 

( 4.13) 

Let Qi be the steady state probability that the Markov chain is in the ith 

state. For independent Wk values 

N 

Qi = LpiliQi (4.14) 
j=l 
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The independence assumption may or may not apply, depending on the 

properties of the noise and the signal. In chapter 3, the PLL analysis 

is carried out with the assumption that zero crossing events recorded by 

the zero crossing PD are independent from bit to bit, and some justifi­

cation based on linear approximations is presented in appendix C. These 

assumptions are adopted for this analysis, but caution must be used when 

interpreting the results. Further investigation may be required to identify 

where the assumptions might fail. 

An iterative solution to (4.14) is 

i=2 

i = 3, . .. ,N 

A procedure to find Qi is to assume Q1 = 1, find Qi for i 

using (4.15), and normalize the results such that I:~1 Qi= 1 

( 4.15) 

2, ... ,N 

( 4.16) 

The flexibility in the design technique allows the engineer to tailor the 

operation of the loop to specific applications. For example, the threshold 

parameter Te largely determines the SNR for which the synchronizer band­

width begins to decrease. The length of the chain N and the J{(i) values are 

important in determining the acquisition performance of the synchronizer. 

A particular value of _[{(i), for example the smallest value, may be used as 

a carrier detect signaL When this value of J{( i ) is reached the designer may 
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wish to force the loop GO remain in the low bandwidth (tracking mode). An 

external system input m ay be used to force the synchronizer out of the low 

bandwidth condit ion, for example when an end of packet flag is decoded, or 

if the SNR indicates a deep fade that greatly exceeds the error correcting 

capability of the receiver. 

In the following we present computer simulations and hardware mea­

surements for typical design examples to verify the adaptive synchroniza­

tion technique. 

4.5 Simulation Results 

For the computer simulations, a spectral raised cosine (SRC) matched filt er 

system with rolloff factor a = l is used. This filter ensures zero crossings at 

t = kT + T /2 + Ek and zero intersymbol interference (ISI) at zero crossings 

in the absence of noise [39] . The simulation program generates 32 samples 

per bit . The simulation program also uses linear interpolation in deter­

mining the zero crossing location to increase the resolution of the phase 

detector beyond ±T / 32 for measuring very small timing error variances. 

The simulation method is described in more detail in appendix H. 

The analysis for the timing jitter variance performance is the same as 

the analysis in chapter 3, section 3.5 .6. The bandwidth 2BLT of the first 

order loop from (E.14) is 

(4.17) 

Although the Markov chain elements J(( i) may assume any value, for im-
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plementation purposes we consider the following values 

{ 

½ l :Si:SL 
J{(i) = 1 ( 1) i-L L + 1 < i < L + 3 

8 2 - -

1~8 L + 4 ::; i :S N 

( 4.18) 

Three modes of synchronizer operation can be identified from ( 4.18) 

1. For 1 ::; i ::; L the synchronizer operates at its maximum bandwidth 

( acquisition mode). 

2. For L + 1 :S i :S L + 3 the synchronizer is in transition from maximum 

bandwidth to minimum bandwidth. 

3. For L + 4 ::; i ::; N the synchronizer operates at its minimum band­

width (tracking mode). 

The maximum value {Kk} max = 1/8 is the largest value that was mea­

sured to give a reasonably reliable and rapid acquisition performance at 

low SNR. The minimum value {Kd min = 1/128 is the smallest value that 

we could use and still reliably measure phase jitter variances in the labora­

tory. From (4.17), the maximum and minimum bandwidth values are 

.067 

.0039 

(4.19) 

( 4.20) 

From ( 4.15) the determination of the steady state probability distribu­

tion Qi requires the event probabilities P0 , P+, and P_. If the input to the 

hard limiter is bandlimited noise (SRC filter, a= 1) , the measured distribu­

tion of wk (figure 4.3) indicates two reasonable assumptions: first the output 
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of the phase detector wk is uniformly distributed over its range (-T, T), and 

second the transition detector probability is Pr[bk = O] = Pr[bk = 1] = 1/2. 

The required probabilities follow from these two assumptions, and ( 4.11 )­

( 4.13) 

1/2 

(1/2)(1 - Te/T) 

(1/2)(Te/T) 

( 4.21) 

( 4.22) 

( 4.23) 

( 4.24) 

The steady state distribution Qi is illustrated in figure 4.4 for N = 16 

and N = 32. As expected, as Te is increased the tendency is for the loop 

to move toward the lower bandwidth states. However for all Te '.S 0.3T 

the probability of being in a large bandwidth state is quite high, and the 

probability of moving to the minimum bandwidth state is low (:S 10-5
). 

The first objective of the simulation is to observe the tracking and ac­

quisition performance of the fixed bandwidth synchronizer for both the 

maximum and minimum bandwidth values. The adaptive synchronizer 

simulation results will be compared to the fixed synchronizer results to 

determine how well the adaptive synchronizer achieves the acquisition per­

formance of the maximum bandwidth synchronizer without sacrificing the 

tracking performance of the minimum bandwidth synchronizer. 

To compare the acquisition performance of the synchronizers we mea­

sure the probability distribution of acquisition time, Pr[Tacq '.S t], where the 

acquisition time Tacq is defined to be the time from when the data signal is 

initially received until the timing error ek is reduced to within the smallest 
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value the simulation program is able to measure (lek I :S T /32) [55]. It is 

desired to maximize the probability Pr[Tacq :S t] for all t > 0 to optimize 

the acquisition performance. A packet radio synchronization preamble data 

sequence {ak} is generally an alternating{ ... , +1, -1, +1, ... } sequence to 

maximize the number of data transitions. Hence acquisition is measured 

using this preamble sequence. Each distribution is based on 103 Tacq mea­

surements. 

The probability distribution of acquisition time Tacq for the maximum 

bandwidth (2BLTmax) synchronizer is illustrated in figure 4.5. The fast 

acquisition performance of the 2BLTmax synchronizer relative to the mini­

mum bandwidth (2BLTmin) synchronizer (figure 4.6) readily illustrates the 

advantage of a large bandwidth during acquisition. 

The small tracking error advantage of the minimum bandwidth syn­

chronizer is illustrated by the timing jitter variance measurements in fig­

ure 4.7. The calculated timing jitter variance a;_j is found from (3.75). The 

simulated timing jitter variance measurement is made with { ak} a pseudo­

random data sequence. 

Implementing the adaptive algorithm requires the selection of the pa­

rameters Te, N, and L. After some experimentation the following general 

observations for parameter selection may be stated: 

• Values of Te > 0.4 are generally too large to ensure a high probability 

that the synchronizer will be at its maximum bandwidth state when 

the data signal is initially received. 

• Values of Te :S O. lT allow the synchronizer to converge to the mini-
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mum bandwidth only at h igh SNR. 

• The value of L should be chosen to be in the neighborhood of the 

number of preamble bits the maximum bandwidth synchronizer re­

quires to achieve acquisition with a reasonably high probability over 

the required SNR range. 

With these rough guidelines stated, the performance of a typical adaptive 

synchronizer may be evaluated. 

Figure 4.8 illustrates the tracking performance of an adaptive synchro­

nizer (N = 16, L = 8) . As expected there is a transition region where the 

the synchronizer moves from acquisition mode to tracking mode. The range 

of Eb / N 0 where the transition occurs decreases as Te increases . For this 

synchronizer if Te ~ 0.2T, the synchronizer has the tracking performance 

of the minimum bandwidth synchronizer over most of the indicated Eb/N0 

range. The corresponding acquisition performance of the adaptive synchro­

nizer for Te = 0.lT, 0.2T, 0.3T, and 0.4T is shown in figures 4.9, 4.10, 4.11, 

and 4.12 respectively. The acquisition performance degrades as Te in-

creases, although even at Te = 0.4T the acquisition performance is still 

dramatically improved relative to the minimum bandwidth (2BLTmin) syn­

chronizer. The acquisition performance degradation can be attributed to 

the synchronizer converging to the minimum bandwidth before the acqui­

sition has been achieved . 

The acquisition performance can be improved by increasing both N 

and L, although a price is paid in terms of speed of convergence to the 

minimum bandwidth. As an example, consider the (N = 32, L = 8) 

adaptive synchronizer. The transition from acquisition mode to tracking 
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mode (figure 4.13) when compared to the (N = 16, L = 8) result (figure 4.8) · 

indicates that increasing N and L moves the transition region to a slightly 

lower Eb/ N 0 range. From figure 4.14, where Te = 0.4T, the degradation in 

acquisition performance associated with the early convergence to minimum 

bandwidth is not as prevalent as it was for the (N = 16, L = 8) synchronizer 

(figure 4.12). As expected the acquisition performance improves for the 

larger L and N values. 

The Tacq distribution function is a useful indication of the number of 

bits required to achieve synchronization with a high probability. Another 

test, which may be more valid, is to determine the bit error probability Pb 

as a function of the preamble bit number k. To measure A(k), first the 

density function of the synchronizer timing error f ek ( ek) is measured for 

k = {l, 2, ... } using the simulation program. The average probability of 

error Pb( k) is determined by averaging the conditional bit error probability 

Pr[ak-/- ak iek = ei) over the density f ek(ek) [9] 

NS 

A(k) = I:Pr[ak-/- aklek = ei ]Pr[ek = ei] ( 4.25) 
i=l 

where NS = 32 is the number of discrete ek locations in the simulation 

program. A(k) is dependent on the pulse shape x(t) . This method of 

estimating the average bit error probability requires less computation than 

measuring and averaging actual bit errors. Within the available simulation 

time, we are unable to present accurate error probabilities Pb ::; 10-3_ 

Figure 4.15 compares Pb(k) for the maximum bandwidth (2BLTmax) syn­

chronizer and the adaptive (N = 16, L = 8) synchronizer. At high Eb/ N 0 
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and large Te the adaptive synchronizer bit error performance degrades rela­

tive to the maximum bandwidth synchronizer. The degradation can again 

be attributed to the early convergence to minimum bandwidth. Increasing 

N and L, which reduces the probability of early convergence to minimum 

bandwidth, reduces the probability of bit error degradation (figure 4.16). 

4.6 Implementation and Experimental Mea­

surements 

To verify this synchronization technique with experimental results, a hard­

ware prototype system is implemented using a TMS32020 digital signal 

processing chip [63]. The hardware implementation and jitter and acquisi­

tion test equipment are described in appendix F. 

The SRC matched filter system is approximated as follows: non return 

to zero (NRZ) signalling pulses are filtered by a fourth order Butterworth 

filter (f3dB = 1/T) at the data source, and the LP FR is approximated by a 

second order Butterworth filter (J3dB = 1/2T). The recovered eye pattern 

(figure 4.17) appears to be a reasonable approximation to the a = 1 SRC 

eye pattern [47]. For example there is very little ISI at the zero crossings. 

The tracking jitter variance a~j of the two fixed bandwidth (2BLTmax 

and 2BLTrnin) synchronizers (figure 4.18) is in close agreement with both 

simulation (figure 4. 7) and with theory (3. 75). 

The acquisition performance of the 2BLTmax and 2BLTmin synchronizers 

is illustrated in figures 4.19 and 4.20 respectively. The distribution func­

tions are based on 150 acquisition measurements. The acquisition results 
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Figure 4.16: Simulation measurement of the preamble bit error 
probability with Eb/No (in dB) and Te as parameters (N = 32, L = 16). 
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are similar to the simulation results (figures 4.5 and 4.6). 

For the adaptive synchronizer, the transition from acquisition mode 

to tracking mode for the (N = 16,L = 8) synchronizer (figure 4.21) is 

similar to the simulation result (figure 4.8) . Note that a direct comparison 

is not appropriate since the received experimental data signal is only an 

approximation to the SRC signal used in the simulation. 

The acquisition performance of the adaptive synchronizer (N = 16, L = 

8) for Te = 0.lT, Te = 0.2T, Te = 0.3T and Te = 0.4T is illustrated in 

figures 4.22, 4.23, 4.24, and 4.25 respectively. The nature of the syn-

chronizer acquisition is essentially the same as has been determined in the 

simulations. The degradation associated with the early convergence to min­

imum bandwidth is readily apparent in the Te = 0.4T results (figure 4.25). 

For Te ::; 0.3T, the acquisition performance is only slightly degraded from 

the maximum bandwidth acquisition performance (figure 4.19). 



--10-4 ---Calculation: 
2 (K 1/8) --.... - - (Jnj = --- -- --- --- - - (J2 . 
nJ (K 1/128) --

Simulation: 
10-5 

D - Te = 0 . 1 T 
---

◊ - Te = 0.2 T 
X - Te 0.3 T 
+ - Te = 0.4 T 

10-6 I 

00 5 10 15 20 25 
Eb/No (dB) 

Figure 4.21: Experimental measurement of the jitter variance of an 
adaptive synchroni zer (N = 16 , L = 8 ) . Measurements in the 
transition region from acquisition mode to tracking mode are shown. 
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4.7 Summary 

In this chapter we have proposed a simple technique to adaptively adjust 

the bandwidth of a digital PLL, where the adaptation is based on the consis­

tency of measured timing errors at the output of a simple counter type PD. 

The PD input is a hard limited binary data signal. The adaptive bandwidth 

control maintains the synchronizer at maximum bandwidth when acquisi­

t ion is required and reduces the bandwidth during tracking operation to 

reduce the timing jitter variance. A Markov chain model of the adaptive 

bandwidth control is discussed to illustrate the bandwidth adaptation pro­

cedure, and analytical results to predict the probability distribution of loop 

gain values J,((i) are given. 

A simulation study of the adaptive PLL over the SNR range where 

error probability is of typical interest (0dB ~ Eb/ N 0 ~ 20dB) indicates 

that the tracking performance of a narrow bandwidth (2BLT = .0039) syn­

chronizer can be obtained without significantly sacrificing the acquisition 

performance of a wide bandwidth (2BLT = .067) synchronizer. The adap­

tive PLL parameters Te, N, and L may be used to tailor the performance of 

the synchronizer to specific applications. Increasing Te extends the Eb/ N 0 

range over which the synchronizer will have the tracking performance of 

the minimum bandwid th synchronizer. However large values of Te converge 

faster to the minimum bandwidth, and acquisition performance is therefore 

degraded. The early convergence to minimum bandwidth for large Te val­

ues can be counteracted by increasing N, the total number of states in the 

Markov chain, and L, the number of states in the Markov chain where the 

synchronizer operates at maximum bandwidth. However this will result 
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in a slower convergence to minimum bandwidth. The simulation results 

also indicate that the early convergence to minimum bandwidth slightly in­

creases (relative to the maximum bandwidth synchronizer) the average bit 

error probability during acquisition. The average probability of bit error 

probability degradation may be reduced by increasing both N and L. 

Laboratory experimental measurements of a hardware prototype syn­

chronizer verify the synchronizer acquisition and tracking performance. We 

were able to achieve the tracking performance of the minimum bandwidth 

synchronizer over most of the Eb/No range without significantly sacrificing 

the acquisition performance of the maximum bandwidth synchronizer. 

The evaluation of the proposed synchronizer in this chapter is restricted 

to a simulation study and some laboratory measurement results. The PLL 

parameters have been chosen based on hardware measurement constraints 

and ease of implementation rather than being optimized for specific appli­

cations. The evaluation of the proposed synchronizer should be continued 

for specific applications where the adaptive bandwidth control would be of 

interest. As mentioned previously, the adaptive bandwidth control may be 

useful in a fading environment such as a mobile radio channel. The abil­

ity of the synchronizer to remain synchronized through deep signal fades 

when locked into the minimum bandwidth state should be determined. For 

an adaptive synchronizer that remains locked in the minimum bandwidth 

state once it is reached, the effects of false lock probability on TDMA or 

CSMA system performance could be investigated. Algorithms to rapidly 

switch from tracking mode to acquisition mode at the end of a data packet 

should also be considered. 
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In chapter 2 the optimum data-aided and non-data-aided maximum like­

lihood (ML) hard limited synchronizers are presented. The synchronizers 

may not be feasible to implement , but using linear approximations data­

aided and non-data-aided synchronizers that are more suitable for imple­

mentation, for example in closed loop operation, are developed. The lower 

bound on the timing error variance is established and it is shown to be a 

fixed constant ( 1r /2) higher than the non hard limited optimum synchro­

nizer. Simulation results indicate that the lower bound calculation is a 

reasonable approximation for a large number of samples per bit (~ 100), 

while for a small number of samples per bit (~ 10) the hard limited and 

non-hard limited results tend to converge. This indicates that for a small 

number of samples per bit, the degradation associated with hard limiting 

may be less than the 1r /2 factor the lower bound indicates . Samples sizes of 

less than 10 samples per bit will violate analysis assumptions, and therefore 

further work is required to confirm this result for smaller sample sizes . 
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There are many extensions to the work presented in chapter 2 yet to 

be investigated. For example the performance of hard limited closed loop 

systems relative to non hard limited systems is of interest. 

The analysis of chapter 2 assumes additive white Gaussian noise and 

a prefilter with a bandwidth large enough to ensure both no intersymbol 

interference and statistically independent noise samples . Often a filter is 

present which will bandwidth limit the signal such that both of these as­

sumptions are violated. A re-evaluation of the ML synchronization problem 

including the effects of filtering should be considered. 

The optimum hard limited ML synchronizer equations are simplified us­

ing high sampling rate assumptions and linear approximations. As might 

be expected the resulting expressions involves weighting the sampled hard 

limited waveform by the sampled signalling waveform x(t) . It may be ap­

propriate to investigate weighting functions that more closely approximate 

the optimum result for fixed sampling rates and high and low signal to noise 

ratios, as has been done for the hard limited detection problem [29]. 

Chapter 3 presents a new technique for reducing pattern jitter within 

the feedback path of a PLL synchronizer. This synchronizer does not re­

quire an analog or digital prefilter [46]. The new timing error variance 

result (3.45) is an improvement over the previous result [18], especially for 

wide bandwidth synchronizers. The pattern jitter compensation technique 

is also incorporated into the analysis. 

The simulation and experiment results indicate that the technique may 

be used to effectively eliminate pattern jitter from the recovered timing 

signal for some typical signalling pulses and most practical signal to noise 
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ratios . For applications where the impulse response of the transmission 

system is not known, an adaptive pattern jitter compensation technique 

has been proposed. 

The concept of reducing pattern jitter in the feedback path of a PLL 

synchronizer diverges from the usual prefiltering approach. The pattern 

jitter compensation technique can be extended to any digital PLL synchro­

nizer, and is not restricted to hard limited signals or binary signalling. If 

the output of a phase detector contains a data dependent disturbance, it 

follows that a combination of data values and compensation values ( either 

known or adaptively estimated) may be used to compensate the distur­

bance. Such a system may find application in ISDN data receivers, where 

prefilter techniques are currently used [57]. The adaptation speed of con­

vergence of the adaptive compensation technique should be investigated. 

Also the effects of frequency offsets should be considered. 

The results of chapter 4 indicate that for TDMA and CSMA applications 

the tradeoff between acquisition performance and tracking performance of 

a synchronizer can be significantly reduced by utilizing a relatively simple 

adaptive bandwidth control. The system parameters ( error threshold Te, 

Markov chain length N, and the chain values J((i )) may be used to tailor 

the synchronizer performance to specific applications. 

The adaptive synchronization technique may be useful for packet mo­

bile radio applications, where rapid acquisition during the synchronization 

preamble is required, and it is also required to have a very narrow band­

width synchronizer to maintain synchronization through deep fades in the 

received signal strength. The performance of the adaptive synchronizer in 
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a mobile radio environment is therefore of interest. 

Improvements to the bandwidth adaptation algorithm may be necessary 

to improve both the acquisition and tracking performance of the synchro­

mzer. An adaptive threshold value Te may be required to prevent the 

convergence to minimum bandwidth before acquisition is complete. 
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Appendix A 

Chapter 2 Simulation Methods 

The simulation methods for determining the timing error varian ces of both 

the ML and HL synchronizers are described in this appendix. 

The random data ak are generated by a uniform (0, 1) random number 

generator [58] where ak = 1 if the random number is 2 .5, otherwise ak = 

-1. At the receiver the m stored sampled values of x(t) are calculated 

directly, and the samples are evenly spaced over the bit duration. The 

delay E associated with the transmitted data can assume one of ten evenly 

spaced locations in the bit interval, and a small delay is additionally added 

to the transmitted data to simulate the fractional sample delay. This small 

delay is uniformly distributed over ( -T5 /2, T5 /2 ) where 1/Ts = m/T is the 

sampling rate. The statistically independent Gaussian noise samples are 

simulated with a Gaussian random number generator [58] . 

The HL and ML synchronizer programs both evaluate all m possible 

locat ions of E serially to determine eML and EHL · The timing error magni­

tude lei = le - cl is reduced mod(.5T) since t iming errors cannot exceed 

± .5T . After each iteration a new delay value Eis selected (including a new 



169 

fractional sample delay), J{ + 1 statistically independent data values aj are 

generated, and the search for EML and iHL is repeated. 

The program is numerically intensive and the simulations require a large 

amount of computer time. The simulation time is ,:::;:: J{ Nm x 10-3 seconds 

per simulation point on a Sun 3/280 computer with a 20 MHz floating point 

coprocessor, where N is the number of iterations. The variance measure­

ments are based on N = 25 x 103 iterations. A comment on the accuracy 

of the measurements should be made. The square signalling pulse variance 

measurements do not ...,onverge as quickly as do the other signalling pulses . 

This can be attributed to the probability of the event J{ + 1 consecutive data 

symbols aj being equal ( either all 1' s or all - 1' s) in an iteration. For this 

event, no synchronization information is available since the received signal 

is a constant value plus noise. The resulting estimate ( either €ML or EHL) 

is uniformly distributed over the bit interval (0, T) . Therefore standard 

variance estimation confidence interval tests [61) based on equal variance 

samples are not appropriate, since the variance of the timing error estimate 

for each iteration is dependent on the data pattern. 
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Appendix B 

Comment s on the Jitter 
Variance Analysis in Ref ere nee 

(18] 

In this appendix, it is shown that the zero (threshold) crossing synchronizer 

model developed by Saltzberg [18] and the discrete time synchronizer model 

of chapter 3 are equivalent. To aid the comparison, the symbols used in [18] 

and the symbols of chapter 3 are summarized in table B .1. 

In [18] the output of the phase detector is a series of impulses with 

magnitude proportional to the difference between the location of the zero 

crossing and the synchronizers estimate of the zero crossing1 

e(t) = I:I<1( ak - ,)o(t - kT) 
k 

(B.1) 

where it is assumed that the effects of the variation of the position of the 

impulse in the bit interval are negligible [18 , page 599]. A two term Taylor 

1 Equation (21) of [18]. 
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Ref. [18] Chapter 3 Comment 
f(t) x(t) signalling pulse 
ak ak zero mean binary data 

n(t) 17( t) filtered noise 
(3T Ek delay parameter 
,T Ek synchronizer estimate of the delay 
akT Ek+ nk + Tk zero crossing relative to local clock 

K1 2KpnT phase detector gain 
K 2 J{NCO VCO (NCO) gain 
T/2 to 
e(t) Wk phase detector output 
dk bk transition detector = 0.5(1 - akak+1 ) 

G2(w) G( z ) filter transfer function 
g2( k) gk transfer function impulse response 

b 1/c slope of the zero crossing 

Table B.l : Comparison of the symbols used in ref. [18] and the symbols of 
chapter 3. 

series expansion of (B .1) about the nominal zero crossing ( ak - (3) yields2 

e(t) K1 L dk { (3 - 1 + :; [_ L ak-d(iT + T /2) + n(t)]} 5(t - kT) 
k #0,-1 

(B .2) 

Using table B .1, substitution of chapter 3 symbols into (B.2) yields 

wk = Kpn2bk{ Ek - Ek+ c · ak L ak+ix(t 0 - iT) + c · ak17(kT)}(B.3) 
i,e0,1 

Kpn2bk { Ek - Ek+ rk + nk} 

2Equation (30) of [18]. 

(B.4) 
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where wk is the phase detector output sequence from figure 3.5 , Tk and nk 

are defined in (3.15) and (3.13) respectively. Since 'fl(t) is stationary we 

may define the discrete noise disturbance nk to be either c · ak'r/ (kT ) (from 

(B.3)) or as c · ak'fl(kT+t 0 +Ek) as it is defined in (3 .13) (again assuming a 

nearly constant Ek) - We use the latter definition as it is more consistent with 

the two term Taylor series approximation about the nominal zero crossing 

locat ions t = kT + t 0 + Ek . 

The analysis in [18] is done in two parts: first the mean (static) tim­

ing error 1 - ~ is determined, and then the timing error jitter variance is 

determined from the au tocorrelation function of the zero mean component 

of the the output sequence ,( n ). We now show that the timing error es­

t imate sequence ,( n) used in the derivation of the mean timing error and 

the t iming jitter variance in [18] is equivalent to the timing error estimate 

sequence Ek from (3.21) used in the jitter variance analysis of chapter 3. 

In [18], the input to the filter G2 ( w) is3 

e,(n) ~ 2dn {/3 - J;= g 2(n - k)e,(k) + abn 1,f 
1 

J(k + 1/2) + n(t)]} 

(B.5) 

where 

(B.6) 
n 

The synchronizer delay estimate ,(n) is the convolution of e2(n) with the 

3 Equation (40) of [18], where T = l , and we ignore the pilot tone recovery parameter 
T. 
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impulse response g2 ( n) 

n 

,(n) L g2 (n - k)e2(k) 
k=- oo 

,f;,= g,(n - k)2d. {/3 + + ";['*~-, f(k + 1/2) + n(t)] - 7(k) } 

(B.7) 

From table B .1, (B . 7) may be expressed using chapter 3 symbols 

n 

En = L gn-k2bn {Ek+ Tk + nk - Ek} (B.8) 
k=- oo 

where nk and Tk are defined in (3 .13) and (3. 15) respectively. Equation 

(B.8) is equal to (3.21), where the latter is used to determine the timing 

jitter variance result of chapter 3. 

It can be shown that for zero mean timing errors, the timing error vari­

ance analysis of [18] is identical to the chapter 3 analysis up until the evalu­

ation of the autocorrelation function of the delay estimate sequence ,( n )4
. 

Saltzburgs assumptions in the autocorrelation function are not stated ex­

plicitly. A careful study shows that if a narrow bandwidth synchronizer 

is used, a reasonable assumption is that the random variable bk is uncor­

related with all other random variables within each expectation in (3.25). 

This assumption leads to a result consistent with [18] 5
. This assumption 

4 Compare equation (3.24) with equation (55) of [18), ignoring the autocorre lation func­
tion due to pilot tone recovery in the latter. 

5 Equation (62) of [18). 



174 

is not made in the analysis of chapter 3 so the present analysis is more 

correct. 

In the present work, a new analysis of the autocorrelation function (3.24) 

is carried out and the assumptions for the timing jitter variance analysis 

are explicitly stated. Simulations results and the analysis for the special 

case synchronizer in appendix E indicate the analysis in chapter 3 to be 

more accurate than the result presented in [18] . 
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In this appendix the autocorrelation of filtered additive white Gaussian 

noise at the output of a Nyquist matched filter receiver is reviewed to 

justify assumptions made in the jitter variance analysis of chapter 3. 

The autocorrelation function Rr,( T) of the filtered AWGN waveform 77( t) 

may be determined from the inverse Fourier transform of Sr,(f), the psd at 

the output of HR(f), the Nyquist receive low pass filter of figure 3.2. The 

psd of the noise at the filter output is 

Sr,(f) = (~o) IHR(f)l2 (C .1) 

( ~o) HR(f)HR(f) (C .2) 

where N 0 /2 is the two sided psd of the AWGN. If HR(f) and HT(f) form a 

matched filter pair HT(f) = HjJJ)ei27rtd, where td is a filter delay parame-
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ter. Thus 

(C.3) 

(C.4) 

where X(f ) is the Fourier t ransform of x(t ), the impulse response of the 

m atched filter cascade. T he au tocorrelation function R 11 ( T) is the inverse 

Fourier t ransform of (C .4) 

(C.5) 

Since x( T) satisfies the Nyquist criterion in (3.2), then from (3. 70) 

R
11
(pT ) = { R 11 (0) for p - 0 

0 for p - ±1 , ±2, ... 
(C.6) 

Therefore the elements of a sequence obtained by sam pling 77(t) a t t = 

kT +(, where ( is any constant, are zero mean and uncorrelated. The power 

spectrum of such a sequence will be flat (white noise), with power equal 

to the varian ce a-; [50]. Since the uncorrelated samples have a Gaussian 

distribut ion, t he sam ples are also independent [38]. 
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The assumptions stated in (3.29) and (3.30) are to be justified. A general 

analysis for both the additive noise and ISI disturbances proved elusive, 

and based on numerical results unnecessary. Therefore only the additive 

noise case is considered. 

For the analysis to follow it is assumed that the delay parameter Ek is a 

constant value. It is easy to confirm the following results for an arbitrary 

constant value of Ek, but to simplify the notation we also assume Ek = 0. 

For a synchronizer operating in the presence of additive noise only (i. e. 

rk = Ek = 0), the sequence 'Yk from (3.22) is 

(D.1) 

Using (3.18) and (3.13) for bk and nk respectively, equation (D.l) may be 

written 

(D.2) 
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(D.3) 

where fik t:,. 17(kT +t0 ) is the sampled value of the additive noise at the out­

put of the LP FR of figure 3.2. Substituting (D .3) into (3.21), the sequence 

Ei lS 

00 

Ei = L91(l - ai_zai-1+1){cai-1fii-l - Ei-1) (D .4) 
l=l 

Note that the summation begins at l = 1 since it can be shown from (3.20) 

that g0 = 0. 

The first assumption is (3.29) 

(D .5) 

For i = j, the result is straightforward. Since the elements of the sequence 

{ ak} are statistically independent zero mean random variables, if i -=I= j 

a non-zero expectation requires the product EiEj to contain at least one 

ai+lai+l term. From (D.4), Ei does not contain ai+i, and for Ej to contain 

j > i (D.6) 

Similarly for Ej to contain a i+l 

i > j (D .7) 

Since it is not possible to satisfy (D.6) and (D.7) simultaneously, the ex­

pectation in (D .5) is zero if i -=I= j. 

The second assumption (3.29) is 

(D.8) 
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The expectation in (D.8) may be non-zero only if the product Ei'"'fj contains 

at least one a i+I term. Using (D.3) in (D .8) we have 

(D .9) 

From inspection of (D.4), it is apparent that Ei does not contain a i+i . There­

fore j must equal i or i + 1 in (D.9) for a non-zero expectation. From (D.4), 

if j = i or i + 1 Ei cannot contain T/j • If it is assumed that the autocorrela­

tion function of the additive noise at the output of the LP FR satisfies (C.6) 

(for example if a Nyquist matched filter is used) sampled noise values T/k 

are statistically independent . Hence the zero mean random variable T/j is 

uncorrelated with the other terms within the expectation of (D.9), and 

therefore the expectation is zero. 
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An expression for a ~j is to be derived for a special case pattern jitter com­

pensation synchronizer, specifically the synchronizer used in the computer 

simulations of Chapter 3. It will be shown that the result presented in this 

analysis demonstrate the effect of the m bit delay in the feedback on the 

noise jitter variance. 

Consider the synchronizer of figure 3.5 with loop filter F( z) = 1 and 

K t::.. KpnKNco operating in the absence of ISI ( T k = fk = 0) and delay 

( Ek = 0). Timing adjustments are made according to 

(E.1) 

where nk = akcr,(kT + t 0 ) is defined in (3.13). The sampled value of the 

noise r,( kT +t 0 ) is assumed to be a discrete white noise process . Justification 

for this assumption is given in appendix C. The mean value of (E. l) is zero, 
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and so the noise jitter variance o-~j is equal to the mean square value of 

(E.1) 

E[e~] + 4K {E[bk-mnk-mEk] - E[bk-mEk-mEkl} 

+4K2{E[bk-mnLml - 2E[bk-mnk-mEk-m] + E[bk-mELmn 

(E.2) 

Assuming stationarity, and substituting (3 .18), (3 .13), and (E.1) for bk, nk 

and Ek respectively, straightforward evaluation of the expectations in (E.2) 

yields the following 

E[bk-mEk-mEk] 

2E[bk-mEk-mEk] 

4E [bk-mnLmJ 

(E.3) 

(E.4) 

(E.5) 

(E.6) 

(E.7) 

Substituting (E.3)-(E. 7) into (E.2) and rearranging yields the jitter variance 

(E.8) 

where Pi (m) = Ri(m)/ Ri (O). To determine Ri(m) equation (E. 1) is sub­

stituted into E[ekEk-m ] 



(E.9) is 

E[(ek + 2Kbk-m(nk-m - Ek-m))ek-m+1l 

Ri(m - 1) + 2KE[bk-mnk-mEk-m+1] 

-21{ E[bk-mEk-mEk-m] 
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(E.9) 

(E.10) 

This procedure is repeated m times to generate the following set of equa­

tions 

R€(m - p - l) - K Ri (P + 1) p = 0, 1, ... , m - 1 

(E.11) 

Solutions to R€( m) for m ::; 3 are 

m=O 
m= 1 
m=2 

m=3 

(E.12) 

Note that since P€(m) ::; 1, from (E.8) the m bit delay will generally 

degrade the noise performance of the synchronizer. However from inspec­

tion of (E.12) for small values of J( and m, Pi(m) ~ 1, and the degradation 

will not be significant. This degradation in terms of mean square jitter 

can intuitively be explained by realizing that corrections for timing errors 

at the input are delayed m bits in the feedback, and therefore one would 

expect the mean square timing error to be larger than in the absence of 

delay. 
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Recall from (3 .75) 

2 2c2Cf~2BLT 
(fnj = 1 - 2BLT (E.13) 

Solving (E.8) and (E.13) for 2BLT we find 

(E .14) 

The bandwidth of the synchronizer 2BLT may be also be evaluated us­

ing (3.40). For example, consider the first order m = 0 synchronizer. 

From (3.20) 

From (3.35), the transfer function H(z ) is 

J{z-1 
H(z)- ---­

- l+ (K-l)z-1 

Substituting the magnitude squared frequency response 

IH(w)l 2 = H(z) H(l/z)l z=eiw 

into (3.40) and evaluating the integral yields 

]( 

2-1{ 

which is identical to (E.14) form = 0. 

(E.15) 

(E.16) 

(E.17) 

(E.18) 

(E.19) 

Either (3.40) or (E.14) may be used to determine 2BLT, although the 

latter expression is generally easier to evaluate. 
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Appendix F 

Chapter 3 Simulation Methods 

The methods of computer simulation and numerical analysis used in chapter 

3 are outlined in this appendix. 

Numerical Integration 

The numerical integration of (3 .47) and (3 .65) is done using an iterative 

integration routine, from the IMSL subroutine library [58] . 

Pulse Length Truncation 

For simulation purposes, the pulse x(t) must be truncated to a finite du­

ration, with some justification given that the truncation is a reasonable 

approximation to the infinite duration pulse. To evaluate the effects of 

the pulse truncation, consider the mean square value of the ISI disturbance 

R1(0), which is defined in (3.51). For an infinite duration SRC pulse defined 
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by (3.81), the value of R1(0) from (3 .63) is 

R1(0) = 2c2 {t(-1)' L: X(f)X (! - ;) df - i~ x'(T/2 - iT) } 

(F .l ) 

where the equation has been simplified by noting that x(t) = x(-t) and so 

X(J) = X *(J). Evaluation of (F .l) yields 

R1(0) = 2c2{1 - .5a - L x2 (T /2 - iT )} 
i EP 

(F .2) 

For an uncompensated synchronizer (l = m = 0) , R1(0) may be found by 

substituting (3.81) into (F.2) 

(F.3) 

2 { (2cos(mr/2) )
2

} 2c 1 - .5a - ( 2 ) 
1r 1 - a 

(F.4) 

Equation (F.4) clearly demonstrates the effect of a on the magnitude of the 

ISI disturbance. The value of R1(0) is maximum for a = 0, and R1(0) = 0 

for a= 1. 

Figure F.1 compares R1(0) for the infinite duration pulse defined by 

equation (F.4) to that of various length symmetrically truncated pulses, 

calculated from (3.51). As expected the curves for the truncated pulses 

diverge from the infinite duration pulse for small values of a. The 14T 

duration pulse has a value of R1(0) greater than 98% that of an infinite 

duration pulse for all a > 0.1 , and therefore was chosen as the truncation 

length for the simulation. 
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For the seventh order data transmission filter, the signal is not strictly 

bandlimited, and therefore (3.63) does not apply. The value of Rr(O) for 

the uncompensated synchronizer (l = m = 0) is determined from 3.51 

Rr(O) = 2c2 L x2(to - iT) 
i:;i:0,1 

(F.5) 

This summation must converge for any fini te energy x(t) . A comparison 

of the simulation results for truncation lengths of 14T and 18T yielded no 

significant difference, and therefore it is assumed that the value of R1(0) 

for an 18T duration pulse is sufficiently close to the infinite duration pulse 

for these measurements. 

Linear Simulation 

The linear synchronizer model of figure 3.5 is simulated to confirm the 

analysis based on the linear assumptions. The recursive equation (3.19) 

is evaluated by Monte Carlo techniques to determine a-;. The values of 

rk and fk are calculated from (3.15) and (3.16) respectively. The noise 

disturbance nk is generated according to (3.13) where the sequence r; (kT + 
t 0 ) are Gaussian distributed random numbers [59] . The noise samples are 

independent from bit to bit in accordance with (C.6). 

Actual Simulation 

For the actual simulation, the SRC pulse x( t) is calculated directly from 

equation (3 .81). The compensation values fk are found by solving (3.8) 

using a root finding program and are stored in computer memory. The 
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noise r,( t) is simulated by filtering independent random Gaussian numbers 

with a finit e impulse response (FIR) filter. A recursive filter is computa­

tionally more efficient , and a m ethod to generate Gaussian sequences with 

a specified autocorrelation using a recursive filt er is presented in [60]. The 

FIR filter is used here as it was found to be easier to approximate the re­

quired autocorrelation properties and frequency response. To simplify the 

simulations, a single filter is for all values of a. The filt er is a truncated 

Fourier series approximation [62] to a SRC filter with a ~ 0.5 . The filter 

length is 100, with delay elements Td = .05T. The discrete autocorrelation 

function of t he noise sequence at the output of the the FIR filt er is given 

by [50] 

(F.6) 

where H1(z) is the transfer function of the FIR filt er, and <7 f is the vari­

ance of a discrete white noise input. This autocorrelation function is il­

lustrated in figure F .2. For simplicity, the magnitudes RTJ(PTd) are joined 

together rather than representing the correlation values as impulses . The 

result indicates that t he filter should be a reasonably good approximation 

to a continuous function. The filt er is designed to ensure RTJ(±T) = 0, 

in accordance with (C.6). From t he additive noise jitter varian ce an alysis, 

equa tion (3.71) indicates that the very small non-zero correlation a t ±2T, 

and ±3T will not alter SN( w), and therefore should not alter the variance 

m easurements . 

The phase detector determines the location of the zero crossing with an 

accuracy of ±2.5 x 10- 5T. In practice a typical digital phase detector will 
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not have this resolution, but it is required here for comparison with the 

very small jitter values determined by the analysis and linear simulation. 

To measure the very small timing errors, it is assumed that the noise TJ( t) 

is a constant value over Td. This appears to be a reasonable assumption, 

since from figure F.2 Rry(±Td) = .995Hry(0), indicating that a continuous 

random variable would have a nearly constant value over the Td sample 

duration. Of course x(t) (being deterministic) is not assumed to be constant 

over this duration. The number of iterations per point in the figures is 

104 . Measurements of some curves for 105 iterations did not alter variance 

measurements by more than .5% . 
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To test the synchronization techniques discussed in chapters 3 and 4, a 

prototype synchronizer that utilizes a Texas Instruments TMS32020 dig­

ital signal processing (DSP) chip [63] is used. The block diagram of the 

hardware interface to the TMS32020 is illustrated in figure G.l. The system 

is designed to operate nominally at 9600 bits per second. 

The operation of the circuit is described in the following. The data eye 

pattern and noise at the output of the low pass filter (LP F) is hard limited. 

The hard limited binary output (0, 1) is used to enable the 8 bit counter. 

The input/output write (IOW) line from the TMS32020 development sys­

tem interface loads the counter with the most negative (l's complement) 8 

bit number. After 256 cycles the input/output read (IOR) line (the data 

strobe) reads the counter value ck E {-128, ... , 127} into the processor on 

the upper 8 bits of the data bus. The estimated binary data value ak+l is 

read in on the least significant bit of the data bus. The value of the count 
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ck is a function of the duration the hard limited binary data output enables 

the counter. An internal DSP algorithm is used to convert ck into the phase 

detector output Wk 

Wk E {-128, . . . , 127} (G.l) 

where ak E {-1, 1}, and bk= l - akak+l is the data transition detector. It 

is readily apparent that the hardware complexity of the interface is consid­

erably simpler than an analog to digital converter. 

The DSP synchronization algorithm uses a discrete phase control to 

generate the IOW and IOR strobe pulses . The resolution of the phase con­

trol is ±T / 128. The block diagram of t he internal synchronizer algorithm is 

illustrated in figure G.2. The P D measured error Wk is added to a remain­

der term rk, and the resulting sum Vk is scaled by the loop gain constant 

J( 

The synchronizer delay estimate Ek is 

(G.2) 

(G.3) 

(G.4) 

where l(·)J denotes the smallest integer less than(·) . The integer output Ek 

determines the number of cycles to add or delete from the nominal 128 cy­

cles before the next data sample. The new remainder rk+I = vkmod(l/ K) 

is the fractional portion of Uk which is truncated from the output by the 

l(·)J operation. It should be noted that choosing K = 1/2i where i is any 
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Figure G.2: Block diagram of the DSP internal synchronizer implementation. 
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integer greatly simplifies the implementation. Multiplication by K may 

be achieved by simply shifting an internal register of the processor, and 

the mod(l/ K) and l( ·)J operations are accomplished internally with log­

ical AND operations. In fact the TMS32020 internal multiplier was not 

used in this implementation. Therefore this synchronizer may be imple­

mented using most standard microprocessors or microcontrollers, or using 

programmable logic arrnys . 

The hardware to estimate the timing error ek for jitter variance and 

acquisition measurements is illustr ated in figure G.3. The 8 bit binary 

counter is clock cl by a high speed (f = 256 /T) clock synchronized to the 

incoming data. The IOR synchronizer data strobe pulse is aligned in time 

such that the 8 bit flip flop latches the counter output at the count value 00 

HEX when the timing error ek = 0. If the IOR strobe is late, the counter 

output is positive. If the IOR strobe is early the output is negative. The 

digital to analog converter (DAC) translates the fluctuations in IOR strobe 

locations into an analog waveform. The RMS value of the DAC output 

is the RMS timing jitter ( within an appropriate scaling constant). This 

technique of phase measurement is described in [8], and commercial test 

equipment has recently become available to measures timing errors using 

this technique [64]. 

The lock detect output (figure G.3) for acquisition measurements de­

codes the upper 5 bits of the 8 bit flip flop output to determine when the 

timing error is less than the specified ±1/32T. 

The minimum measurable t iming jitter variance is the mean square 

value of a random variable uniformly distributed over the minimum phase 
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adjustment duration [65]. 

{a2/T2} . = (1/128)2 = 5 08 x 10-6 
e mm 12 · (G.5) 

To ensure that the lower limit does not introduce significant errors into the 

measured data, it is assumed that timing jitter variances a; ~ 10-5 are not 

accurate. 
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Appendix H 

Chapter 4 Simulation Methods 

The simulation techniques used in chapter 4 are discussed in this appendix. 

Signalling Pulse Shape and Noise Filtering 

It is required to simulate a spectral raised cosine (SRC) matched filter 

system with a = 1.0. Since ISI is not a significant concern for a large 

excess bandwidth, the signalling pulse x(t) is symmetrically truncated to a 

duration 4T to reduce computation. The number samples per bit is 32. 

The filtered AWGN rJ(t) is approximated by filtering zero mean inde­

pendent Gaussian random numbers with a length 64 nonrecursive filter. 

The filter delay elements delay elements are Td = T / 32. The filter is an 

approximation to the LP FR shown in figure 4.1. The filter coefficients are 

the sampled values of the impulse response of a SRC ( a = 1.0) matched 

filter receiver, often referred to as a fo. filter since the magnitude of the 

frequency response is the square root of the overall SRC frequency response. 

The LP FR filter is symmetrically truncated about the main lobe. 
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Synchronizer Description 

As mentioned in chapter 4, the phase detector (PD) is implemented using 

a counter arrangement. The phase detector counts the NS (nominally 

NS = 32) hard limited signal pl us noise samples hi E { -1, 1} over the bit 

interval. The PD timing error Wk is 

(H.l ) 

where ak is the estimated data value, and bk = l - akak+I is the transition 

detector output. Timing adjustments are made according to 

(H.2) 

where the value of Kk is selected according to the adaptive algorithm de­

scribed in chapter 4. It should be noted that the timing error adjustment 

are made in discrete steps of ±nT /32. The fractional portion of Kkwk 

which is truncated by the discrete timing adjustment operation is stored 

and added to the phase detector output Wk+i · This is discussed in more de­

tail in the synchronizer hardware implementation description in appendix 

G. 

Jitter Variance Measurement 

The jitter variance a; is determined via Monte Carlo techniques. The num­

ber of iterations per measurement is 2 x 104
• The data sequence { aj} is a 

psuedorandom sequence (length= 255). For comparison with the hardware 

measurements, it was required to increase the resolution of the PD beyond 
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±T /32. The hardware synchronizer PD has a resolution of ±T /256. To 

measure very small jitter variances, the zero crossing location is determined 

using linear interpolation. The zero crossing is interpolated from the two 

sampled values of signal plus noise that straddle the zero crossing . This 

is a compromise to avoid increasing the number of samples per bit. This 

increased resolution phase detector is not required for acquisition measure­

ments. 

Acquisition Measurement 

The initial delay E at the beginning of each acquisition measurement 1s 

assumed to be a constant value and is uniformly distributed over the bit 

interval (-T/2, T/2). 

For the adaptive synchronizer, the initial value of the loop gain is Ko = 

J-((i), where i is selected according to the steady state probability density Q i, 

defined in (4.14). It is assumed that prior to synchronization, hard limited 

noise is present for a sufficient period of time to ensure the steady state 

conditions apply. The probabilities P0 , P+, and P_ are chosen according 

to (4.21), (4.22), and (4.23). 

The acquisition time (Tacq) distribution measurements are based on 103 

acquisition tests . Ta cq is defined here to be the time required to reduce the 

synchronizer error ek to within lek l ~ T /32. 
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