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Abstract

The domination number of a graph G 1s the mimimum size of any domu-
nating set of G The independent domination number of G 1s the mimmimum
size of any independent dominating set of G

We study several different defimitions of graphs which are critical with
respect to the domination number (respectively, mdependent domimation
number), and give examples of infinite families of graphs of each type Com-
paring these families leads to four principal types of critical graphs, that 1s,
graphs for which the deletion of any vertex causes the domination number
(respectively, the independent domimation number) to decrease, and graphs
for which adding an edge causes the domination number (respectively, the
independent domination number) to decrease Since graphs for which such
changes cause the domination number to decrease have been studied 1n the
literature, we concentrate on those for which such changes cause the indepen-
dent domination number to decrease In each case we develop the theory of
independent domination critical graphs which 1s analogous to that, already
in the hterature, for domination critical graphs We extend this theory, and
that for domination critical graphs, by giving a complete classification of the
vertex domination critical graphs with the maximum possible diameter We
also explore Hamltoman properties of edge independent domination critical
graphs by proving that every 2-connected edge independent domination crit-
1cal graph with independent domination number three has a Hamilton cycle
We then develop a complete classification of edge independent domination
critical graphs with a cut-vertex This leads to the result that any connected
edge mdependent domination critical graph with more than six vertices has
a Hamilton path
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Chapter 1

Introduction

The domination number and independent domination number of graphs are
two of the most studied graph parameters with over 200 papers having ap-
peared 1 the literature (see [5], [11] and [12] )

Frequently some sight into a particular graph parameter can be gained
by studying graphs which are “critical” in the sense that an alteration to the
graph yields a change in the value of the parameter Since a subgraph of
a graph G can, mn general, have smaller or larger (independent) domination
number than does G. there are several possible definitions of “(independent)
domination critical” graphs These are explored 1 Section 2 1

Several of these types of domination critical graphs have already been
explored n the literature [4, 7, 8, 14, 13, 16] To date no one has undertaken
a study of mdependent domination critical graphs and a comparison of the

different notions of criticality This thesis 1s an attempt to do just that

In Section 1 1 we list some definitions and notations An outline of the
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thesis 1s given 1n Section 1 2

1.1 Preliminaries

In this section. we list some definitions and notations used 1n this thesis For
a more detailed description of basic graph theory, the reader 1s referred to
3]

A graph 1s an ordered pair G = (V(G), E(G)), where V(G) 1s a finite
(possibly empty) set of vertices and E(G) 1s a set of unordered pairs of
distinct vertices The elements of E(G) are called edges If {u,v} € E(G),
we denote {u,v} by uv

The number of vertices of G 1s denoted by p(G) and the number of edges
of G 1s denoted by ¢(G) When no confusion can result, we write p and ¢ for

p(G) and ¢(G). respectively

Two graphs G| and G; are (vertex) disjomnt f V(G1) NV (Gy) =0

Let G and H be two disjoint graphs The union of G and H, denoted
GUH, has vertex set V(G)UV (H) and edge set E(G)UE(H) We denote by
nG the union of n vertex disjoint copies of G The join of G and H. denoted
G + H, 1s formed from G U H by adding all possible edges with one end 1n
V(@) and the other in V(H)

A complete bipartite graph K, 1s called a star

A graph G 1s a complete r-partite graphf V(G) can be partitioned nto r
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sets such that two vertices are joined 1if and only 1if they are in different sets,
if all of these sets have size k, then G 1s denoted by T, ,x (Note T}, 1s the

complement of rK; ) The graph T35 1s shown 1n Figure 2 1

The open newghbourhood of a vertex v mm a graph G = (V, E) 1s N(v) =
{ue V| uw € E}, and 1ts closed neighbourhood s N[v] = N(v) U {v}
A vertex of degree 0 1s called an isolated verter, and a vertex of degree 1

1s called an end verter

The distance between two vertices u. v, denoted by d(u, v), 1s the smallest
length of those paths connecting u and v The diameter of a graph G, denoted
by diam(G), 18 maz,,ev(cyd(u, v)

A set I C V(G)1s an independent set of G, 1f for any u,v € I, uv ¢ E(G),
and the independence number of G. denoted by (G), 1s the largest size of

such a set

A set D C V(G) 1s a domanating set of G, 1f for any vertex v not in D, v
1s adjacent to some vertex of D, and the domunation number of G, v(G), 18
the mmimum size of such a set

An wndependent dominating set 1s a dominating set which 1s also indepen-
dent, and the independent domunation number of GG, denoted by 2(G), 18 the
minimum size of such a set Clearly v(G) < (G)

Let H be any subgraph of G and D C V(G) 1If for any vertex v €

V(H) — D, v 1s adjacent to some vertex of D, then we say D domunates H
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or D domanates V(H)

1.2 Outline

In this section, we give a brief outline of the thesis The purpose of this thesis
15 to present a study of independent domination critical graphs Our main

results are discussed in Chapter 2, 3 and 4

In Chapter Two we examine the seven possible defimitions of criticality
with respect to the domination number and the independent domination
number Infinite families of each type of critical graph are described Com-
paring these families leads to the four principal types of critical graphs we
treat 1n the remainder of the thesis, and to the conclusion that no two of these
four types of criticality are the same We also establish some basic properties
of independent domination critical graphs In the end of this chapter, we give

a counterexample to disprove one of Sumner’s conjectures ([13])

Brigham, Chinn and Dutton [4], Fulman [7], and Hanson and MacGillivray
(8] studied graphs m which the deletion of a vertex causes the domination
number to decrease We begin Chapter Three by briefly surveying these re-
sults, and extend the theory by giving a complete classification of the vertex
domination critical graphs with the maximum possible diameter We then
turn our attention to the analogous concept for the independent domination

number, and develop a similar theory The methods developed 1n this chapter
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yield further constructions of vertex independent domination critical graphs

Graphs which are domination critical with respect to adding an edge have
recerved some attention n the hiterature [13, 14, 15, 6, 7] We begin Chapter
Four by briefly surveying some of these results We then turn our atten-
tion to the analogous concept for the independent domination number, and
develop a similar theory In the final section of Chapter Four, Hamiltoman
properties of edge independent domination critical graphs are examined In
particular, we prove that every 2-connected edge independent domination
critical graph with independent domination number three has a Hamilton
cycle This 1s done by developing an independent domination closure opera-
tion similar to the one in Hanson [9] (The same question for edge domination
critical graphs, due to Sumner [13] and Wojcicka [18], remains open ) We
then develop a complete classification of edge independent domination crit-
ical graphs with a cut-vertex (Such a classification for edge domination
critical graphs has been mitiated by Sumner [13] and Wojeicka [18], but 1s
not complete ) This leads to the result that any connected edge independent

domination critical graph with more than six vertices has a Hamilton path

Finally, in Chapter Five, we list some suggestions for the future research

on mdependent domination critical graphs



Chapter 2

Domination Critical Graphs

In this chapter, we compare and contrast some different definitions of graphs
which are critical with respect to the domination number or independent
domination number Section 2 1 gives the defimtions of the seven different
types of criticality we explore, and examples of infimite families of graphs
of each of these seven types Some properties and constructions of critical
graphs are given 1 Section 22 In Section 2 3, we show that no two of
these types of criticality are the same Finally, we give a counterexample to

chsprove one of Sumner’s conjectures [13]

2.1 Definitions and Examples

It 1s the purpose of this section to give definitions and some examples of

various domination critical families

We denote by D(G) and Z(G) the set of all dominating sets of G' and the
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set of all independent dominating sets of GG, respectively, that 1s
D(G)={D D s a domwnating set of G},
I(G)={I I s an wndependent domwnating set of G}

Lemma 2 1 (/2]) An independent set I of G 1s mazimal +f and only +f I 1s

an independent dominating set of G

We now define the seven possible types of critical graphs Graphs of the
first four types are considered throughout this thesis, those of the last three

types are considered only briefly in this section

1 A y-ertical graph 1s a graph belonging to Gy = {G| Yv € V(G),
1(G = v) < (G},

2 An i-critical graph 1s a graph belonging to G, = {G| Yv € V(G),
WG —v) <G}

3 An edge-y-critical graphs a graph belonging to G4 = {G| Ve ¢ E(G),
(G +e) < ¥(G)},

4 An edge-i-critical graph s a graph belonging to G,' = {G| Ve ¢ E(G),
(G +e) <1(Q)},

5 An e-y-cmtical graph s a graph belonging to G5 = {G| Ve € E(G),
G — e} YG) )
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6 An e--critical graph 1s a graph belonging to G, = {G| Ve € E(G),
1G - €) > 1(G)},

7 An e'-i-enitical graphs a graph belonging to G'7 = {G| Ve € E(Q),
(G —e) <1(@)}

The eighth possible definition, an e’-y-critical graph, being a graph for
which Ve € E(G), 7(G — e) < ¥(G). makes no sense as for any graph G and
any edge e € F(G),v(G—e) > y(G) Further, by considering a vertex not in
a mmimum (independent) dominating set, or K, if there 1s no such vertex, 1t
can be seen that (G —v) > v(G) («(G —v) > 1(Q@)) for all vertices v € V(G)
1s also impossible

For a graph G with +(G) = n. of G € G, then we call G n-i-critical,

similarly, if G € G,' then call G n-edge-i-critical, and so on

First, let us look at the families G5 and G, Walikar and Acharya study e-
y-critical graphs in [16] They show that the only e-y-critical graphs are those
for which each component 1s 1somorphic to a star On the other hand, Sumner
and Blitch characterized 2-edge-y-critical graphs n [13] They proved that
a graph G 1s 2-edge-y-critical if and only 1if G 1s a unon of stars

Since a graph G 1s e-y-critical if and only 1if each component of G 1s so,

we have the following result

Theorem 2.2 [4, 16] A graph G 1s e-y-critical of and only of G 15 2-edge--

eritical
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We have the same result for the e-:-critical family G,

Theorem 2 3 A graph G 1s e-i-critical of and only of 1t 18 a union of stars,

(and thus of and only of G s 2-edge-y-critical ) That 18, G = Gy

Proof Obviously, we only need to prove the necessity Let G be an e-
i-critical graph, and let I be any mimmimum independent dominating set of
G We first prove that V(G) — I 1s independent Suppose not and let e =
uv € E(G) such that u,v € V(G) — I Then, since I 1s an independent
dominating set of G — e, (G —e) < |I| = 1(G), a contradiction Therefore,
for any e = uv € E(G), we must have u € I, say, and v € V(G)—1 Next, we
show that for any v € V(G)— I, d(v) =1 Suppose not and let u,w € N(v)
Then from the above, we have u,w € I But now, since I 1s an independent
dominating set of G — uv (because wv € E(G — uv), I still dominates v),

1(G —wv) < |I| =1(G), a contradiction Therefore, G 1s a union of stars W

In this thesis we study mainly four types of critical graphs ~-critical,
i-critical, edge-vy-critical, and edge-i-critical graphs After making the follow-
g easy observation about e’-i-critical graphs, we concentrate on describing
some nfinite families of graphs of each of these types

Consider K,,,, where 3 < m < n. Then 1(K,,,) = m, and ¥(K,,,,) =
1(Kpn —€) =2 for every e € E(K,,,,) Thus K,,, 1s ¢’-i-critical This can

be generalized as follows

Observation Let G be a graph with v(G) < «(G) If for every uv € E(G),
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there exists a mmimum domiating set D such that u,v € D and G[D] — uv

1s independent, then G 1s ¢’-i-critical with +(G — uv) < v(G) < 1(G)

Let G be a graph and x € V(G) We denote by H, the subgraph induced
by V(G) — N|z]

Lemma 24 Forn > 2, of for every x € V(G), Hy 1s (n— 1)-1-critecal, then

G 18 both n-i-critical and n-edge-i-critical

Proof: Let x € V(G) and D, be a mimmum ndependent dominating set of
H, Then |D,|=n—1and D = D,U{z} 1s an independent dominating set
of G So,1(G) < |D|=n If1(G) < n, then let I be a mimmum independent
domiating set of G We have |I| <n—1 Lety € I Then I, = I — {y}
15 an ndependent dommating set of Hy,, and |I,| < n — 2, a contradiction
Therefore, 1(G) = n

Now. we show that G 1s n-i-critical For any v € V(G), since n > 2, there
exists x € V(G) such that v € (V(G) — N[z]) Since H, 18 (n — 1)-i-critical,
1(H, —v) < n—1 and thus (G —v) <n

To see that G 1s n-edge--critical, let uv ¢ E(G) Then u € V(H,) Since
H, 1s (n—1)-1-critical, there exists a mmimum independent dominating set I,
of H, —u with |I,| < n—1 Thus I = I, U{v} 1s an independent dominating

set of G—u So, o(G+uwv) <|I|<n B

Now, we describe various families of domination critical graphs
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First, for G, and g,,. we note that K 1s the only 1-2-critical graph and
also the only 1-vy-critical graph and graph G 1s 2-i-critical and /or 2-y-critical

if and only if G =2 T, o (defined as in Chapter 1) (see [4])

For integers r > 1 and n > 2, let m = n(2r + 1) — 2r The graph Ho
1s defined as follows

The vertex set 1s
V(Hypm) = {v1,v2,  ,um},
and the edge set 1s
E(Hym) ={v,v, 0<|t—) (modm)| <r}
Figure 2 1 shows Hy 1y

Proposition 2 5 For integers r > 1 and n > 2, let m = n(2r +1) — 2r

Then the graph Hy,. , 15 both n-y-critical and n-1-critical

Proof Furst, since the set I = {v1, v142r41)s Vig22rt1)s  + Vi4(n=2)(2r+1)+
Vit(n-1)2r1)—r} 18 an mndependent dommating set of Hyppm, Y(Horm) <
t(Horm) < |I| = n Next, since Hy.m 18 2r-regular, and |V (Hzrm)| = m,
we have y(Hoppm)(2r + 1) > m, that 1s, 1(Hym) > y(Harm) > m/(2r +1)
But m = n(2r + 1) — 2r imphes that y(Hj.,,) > n Therefore, we have
(Hayrm) = ¥(Horm) =1

Fially, Hy,m 15 1-critical (and thus y-critical) since for any v, € V (Hapm),

I = {01040, U4 +@r41)s 5 Vpkr1)4(m-2)(2r 1)} Where the additions
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are modulo m, 1s an independent dominating set of Hy, ,,—v, and |I,| = n—1

For t > 3 and m = 4t — 3. the graph G, 1s defined as follows

The vertex set 18
V(Gy) = {v1,v9,  ,m},

and the edge set 1s
E(Gi) ={vwv, |t—3 (modm)|=1,3, ,2t-3}
Figure 2 1 shows G
Proposition 2 6 Fort > 3, the graph G, 1s 3-y-critical and t-i-critical

Proof Note that G; 1s vertex-transitive  We claim that |N[z] N N[y]| > 2
for all z,y € V(G;) This s clear if r and y are adjacent If xy ¢ E(Gy),
then, without loss of generalty, z = v; and y = v,y for some k (1 < k <
t — 1) But then vy and wvy;_o are adjacent to both x and y This proves
the claim Thus |[N[z] U N[y]| < 2(t - 1)+2(t—1) = 4t —4 < 4t — 3
So, no two vertices dominate all vertices of Gy On the other hand, {vy, v}
dominates Gy — vy Therefore, v(G;) = 3 and G} 18 3-y-critical Now, since
I = {vy,v3,v5, ,vy—1} 15 an mdependent dominating set of G;, we have
1(Gy) < |I| =t On the other hand, for any z € V(G}), consider H, (the
subgraph induced by V(G)—N|z]) Then H, 1s easily seen to be 1somorphic to

the bipartite graph with vertex set {ry.z2, . Z1—1,y1, 92, ,¥i—1} 1n which
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for. =1,2, .t—1, r,18 adjacent to y;_1.ys—2.  ,¥i—, OSwnce this graph
has independent domination number ¢ — 1, we have +(G;) > t Therefore,
1(Gy) =t

To see that G} 1s w-critical, for any v € V(Gy), since Iy = {vg_2, Vg2,
Vki4. s Ukp(2t—4)} (where the additions are modulo m) 1s an independent

dominating set of G; — vg, 1(Gy —v) < || =t—1 N

For n > 3, the graph @, 1s defined as follows

The vertex set 18

v

V(Qn) = {UO-, Uy, 5 Up—1,Y,01,  ,Un—1, Wy, Wy, -wn—1}q
and the edge set 1s

E(Qn) = {tthy—1, UVs—1, Uy, UW;, Vi1, Vst = 1, . ,n}
(where the additions are modulo n) The graph @3 1s shown 1n Figure 2 1

Proposition 2 7 For n > 3, the graph Q, s both n-i-critical and n-v-

eritical

Proof Since the independent set I = {vy,v;, ,v,—1} domnates @,
Y(@n) < 1(Qn) <|I =n On the other hand, for any 0 <12 # 3 <n-—1, no
one of {u,,v,, w,} can domnate all {u,,v,, w,}, and thus, :(Q,) > v(Qn) > n
Therefore, 1(Q,) = v(Q.) =n

To see @), 15 critical, note that for any 0 < k.5, [.<n—1, Iy = I — v

dommates @, — v I, = I — {v,1.v,} + w,-1 domates @, — u,, and
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Iy =I—{v1,v}+u; dommates @, —w;, and therefore, 1(Q, —v) < 1(Qy)

and Y(Qn — v) < ¥(Qr) for any v € V(Q,) &

Proposition 2 8 For m > 2 and n > 3, the graph Ty, mn 1 n-1-critical but

not y-critical

Proof. In this proof, let

V(Tm,mn.):{1’11-,1’12-, » Uin, V21, V22, s U2n, s Um1s Um2, »Umn.}»

and

E(Tnmn) = {vyve © £k 1 24,k <m,1 < 5,1 £ m}

Since any independent set Iy = {vk1,vk2. Uk} (1 < k < m) dominates
Tn.mn and no n — 1 independent vertices can dominate Tr, mns 2(Tnmn) =1
For any vg; € V(Tinmn), since I —vg; dominates T nn — iy H(Tinmn —Vis) <
{(Tongn)

On the other hand. since any two vertices v,,, vy (+ # k) domate Tp, ymn
and no one vertex can dommate Ty, mn, Y(Tmmn) =2 Since n > 3, for any

Vit € V(Tmmn)s Y(Tmmn — ) = 2 Therefore, Ty, mn 18 not y-critical B

For n > 1, the graph G, 1s defined as follows

The vertex set 1s

ViGua) = {vy; : 1£4,3 £n},
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and the edge set 1s
E(Gun) = {vyou  1# k) #1L 1<03,k1<n)

Figure 2 1 shows GG33 (Observe that G, 1s the complement of the Cartesian

product of K, with itself )
Proposition 2 9 The graph G, s both n-i-critical and n-v-critical

Proof When n =1, G;; = K, which 1s both 1-z-critical and 1-y-critical
When n = 2, Gy = K3, which 1s both 2-i-critical and 2-v-critical

Suppose U(n—l)(n—l) 1s both (n — 1)-i-critical and (n — 1)-y-critical Con-
sider Gy, note that for any z € V(Gpn), Hy 2 G n-1)n—1) (Where H, 1s the
subgraph mduced by V(G,,) — N[z]) By Lemma 2 4, G,, 1s n-1-critical
Smce ¥(Gn-1)n-1)) = n — 1, ¥(Gny) = n, and therefore G,, 1s n-y-critical
|

Proposition 2 10 For n > 4, the graph G,, 18 n-i-critical but not ~-

critical  The graph Gz 1s both 3-1-critical and 3-y-critical

Proof Note that for n > 4 and for any r € V(G,,). the subgraph induced
by V(Gnn) — N(x] 18 Too(n—1) = Kp—1,n—1 which 1s (n — 1)-i-critical but not

v-critical by Proposition 2 8 Also note that G33 = G33 I

For n > 3, the graph O, 1s defined as follows

The vertex set 1s

V(On) = {u1,ug, ,Un,v1,v2, ,Up,w1,we, ,wn},
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and the edge set 1s
E(Op) = {vus-1, vuy, vw,—y,vw, =1, ,n},

where the additions are modulo n  Alternatively, O, 1s obtamned from two
2n-cycles ujug  ug, and wywy  wsy, by identifying u, and w, for each 1 €

{1.3.  .2n—1} Figure 2 1 shows O3

Proposition 2 11 For n > 3, the graph O, 18 both n-i-critical and n-v-

critieal

Proof Since the independent set I = {vy,v2, ,v,}domates O,, ¥(0,) <
1(0,) < |I| = n On the other hand. for any 1 < 1 # 3 < n, no one of
{u,, v,,w,} can dominate all {u,,v,,w,}, and so, 2(0,) > ¥(Op) > n There-
fore, :(0,,) = v(0,) =n

Since for any 1 < k, 3,1 < n, Iy = I — v, dominates O, — v, I, =
I —{v,41,v,} + w, dommates O, — u,. and I; = I — {v;y1, v} +u; dominates

O, — wy, for any v € V(0,), (0, —v) < 1(0,) and y(0, —v) < ¥(0,) &

Now, for G,"and gi,,. we note that the only 1-edge-i-critical, and the only
l-edge-vy-critical, graphs are K, (n > 1), and a graph G 1s 2-edge-i-critical
and/or 2-edge-y-critical 1f and only 1if G 1s a union of stars (see [13]) So,

Tmam (m > 1)1s a family of 2-edge-i-critical and 2-edge-y-critical graphs

For n > 2 and p > n, a family of graphs @, 1s constructed from K, UK,

as follows Let p =a; +a;+ 4+ a, be a partition of the integer p, with



Chapter

2 Domunation Cutical Graphs

X5
/4_‘--.1& AT
CLSE7

QY%
RIS AL
4‘\ < ',/l,QY
LSS
S RSK

Qs

Ts.12
0
5 |
|
o\\o/o
Gs3 O3

gure 21 Cuitical Graphs

1



Chapter 2 Domination Critical Giraphs
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a, >1for1 <j3<n For K, let V(K,)=4,UA, U UA, wmith |4, = a,,
1=1, ,n Let V(K,) = {v1,v2, ,v,} Forjy =12, ,n,jon v, to
every vertex of A, Figure 22 shows Q35 and ()35 corresponding to the

partitions 8§ = 2+ 3 + 3 and 8 = 3 + 5, respectively

Proposition 2 12 For p > n > 3, each graph Q,, s both n-edge-1-critical

and n-edge-vy-critical

Proof Since I = V(K,) = {vi.va, .v,} 15 an mdependent dominating
set of Qnyp, Y(@Qnyp) < 1(Qnyp) < |I| =n On the other hand, for any 1 <1 #
7 < n, no vertex of 4,U{v,} can domnate v,, and so, 1(Qnp) > Y(Qnp) > n
Therefore, Q) = V(Qnp) =n

Now, consider any uv ¢ E(Qn,) If u,v € V(K,), then u = v,,v = v,
for some ¢ # ) Let k # 1,7, and z € Ay Then S =1 — {v,, v} U{z} 15 an
independent dominating set of Q,, ,—v, (or @, ,+uv) and thus +(Q, ,+uv) <
n

Ifu € V(K,),v € V(K,), then u = v, for some j and v € A, for some
k #3 Smce I —{v,,vg}U{v} 1s an independent domnating set of @, , —v,,
1(Qnp+uv)<n N

m
For m>n>3,let p= The graph P, , 1s constructed

m-—n+1
from K, UK, as follows Let V(K,) = {v;. .vp} and let Ay, . A, be the

(m—n++1)-subsets of K, Joimn v, to every vertex of A,, foreach y =1, .p
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The graph P, 3 1s shown n Figure 2 2
Proposition 2 13 For m > n > 3, the graph P, , 1s n-edge-i-critical

Proof Since I = {v;}U(V(K,)— A;) 1s an independent dominating set of
Prns t(Pmn) < |I| = n Also, note that +(Pp,) > n since K, 1s complete
and m >n

Now, consider any uv ¢ E(Pn,) If u,v € V(K,,). then there exists A,
such that u v ¢ Ay Thus, I, = {vi}U(V(K)— Ax)—{v} 1s an independent
dominating set of P, , — v

If u € V(Kp). then u = v, for some j and v ¢ A, In this case, I, =

{v,}U(V(Kn)— A4,) — {v} 1s an independent domnating set of Py, —v B

Let m > n >3 If G 1s both (n — 1)-edge-1-critical and (n — 1)-z-critical,
then from @,, (defined as above) and G, by jomning every vertex of G to
every vertex v, of K, i @, , we obtan a new graph M, , ¢ Also. from Py, ,
(defined as above) and G, we can get a new graph N, ., ¢ by joining every

vertex of G to every vertex of K,, m P,

Proposition 2.14 For m > n > 3, any graph M, p ¢ or Npm.c 15 n-edge-1-

critical

Proof We show that M, , ¢ 1s n-edge-i-critical Since every v, € V(K,) C
V(Qnp) 1s adjacent to every vertex of G, I = V(K,) = {vi,va, ,v,}15an

independent dominating set of My, . and hence «(M,,¢) < |I| =n On
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the other hand, consider any independent dominating set D of M, ,s If
DN G # 0 then since every vertex of G 1s adjacent to every v, € V(K,) C
V(Qnp). DN G must dommate &, and since D N G cannot dominate any
vertex of K, in @, and +(G) =n — 1, we must have [D| >n If DNG =0,
then since D must dominate @, and 2(Q),,) = n we also have |D| > n
Thus (M, ,.¢) > n. and so, we proved «(M, ,c) =n

Now, consider any uv ¢ E(M,,¢) Ifu,v € V(G), then since G 1s (n—1)-
edge-i-critical, there exists an independent dominating set W of G' + uwv
with size n — 2 such that either u € W orv € W Let z € V(K,), then
I = WU {z} 1s an mdependent dommating set of M, , s + uv and thus
(Mppe+uv) <|I|=n-1

If u,v € V(Qnp). by Proposition 212, and the defimition of M, ,q,
(Mppe+uv) =1(Qnp+uv)<n

IfueV(G)andv € V(Qnp), then v € V(K,) Since G 1s (n—1)-2-critical,
there exists an independent dominating set D, of G —u with |D,| <n —1
Thus, I = D, U {v} 1s an independent domiating set of M, — u and hence
(Mppe+w) <|I|<n

Sumilarly, we can prove that N, ¢ 1s also n-edge-i-critical W
Proposition 2 15 The graph G,, s both n-edge-i-critical and n-edge-y-

critical

Proof For any z € V(G,,). we have H, = G(n_1)(n-1), which 1s (n — 1)-s-
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critical by Proposition 2 9 Therefore, by Lemma 2 4. G, 15 n-edge-i-critical

Since ¥(Gpn) = 1, Gup 15 n-edge-vy-critical B

Proposition 2 16 For m > 2 and n > 3, the graph T, ,un 15 n-edge-1-

critical but not edge-vy-critical

Proof. Since for any 1 € V(T mn), Hy = K,_; which 1s (n — 1)-s-critical,
Trnmn 18 n-edge-i-critical by Lemma 24 For any uv ¢ E(Tpmn), since

Y(Tmn + wv) = 2 = ¥(Tynmn) When n > 3, Ty mn 15 not edge-y-critical B

Proposition 2 17 For n > 4, the graph Gn, 18 n-edge-i-critical but not

edge-y-critical, while G33 18 both 3-edge-1-critical and 3-edge-vy-critical

Proof Forany z € V(G,y), Hy = Kp—1n-1 = To(n—1) which 1s (n — 1)--
critical by Proposition 2 8 Therefore, by Lemma 2 4, G, 1s n-edge-i-critical
when n > 3 Now, for n > 4 and any uwv ¢ E(Gn,), Y(Gpn + uv) = 3 =
Y(Gnn), 80 Gy 18 not edge-y-critical When n = 3, the result follows from

Proposition 2 15 since Gz = G33 B

Some other examples of edge-vy-critical graphs can be found n [13] and

[14]

2.2 Properties and Constructions of Inde-
pendent Domination Critical Graphs

In this section, we discuss some properties and constructions of independent

domination critical graphs The constructions yield further families of critical
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graphs We begin with some properties of independent dominating sets in

critical graphs

Lemma 2 18 Let G be an edge-i-critical graph and u,v € V(G) If uv ¢
E(Q), then there erists a manimum independent dominating set D of G such

that u.v € D

Proof Since (G + uv) < (@), there exists an independent dominating
set W of G + uv with |[W| = #(G) — 1 such that either u or v but not
both in W (otherwise, W would be an independent dominating set of G,
a contradiction) In other words, there exists an independent set S of size
(@) — 2 such that either SU {v} = W dominates G — u or SU {u} =W
dommates G—v Thus D = SU{u, v} 1s a mmimum independent dominating
set of G

The converse of Lemma 2 18 1s not true For example, every pair of
nonadjacent vertices of C; are in some minmimum independent dominating

set, but C7 1s not edge-i-critical

Lemma 2 18 motivates the following notation Let G € G,'. uv ¢ E(G),
and S be an independent set of size :(G) — 2 such that either S U {v} 1s
mndependent and dominates G — u or S U {u} 1s independent and dominates
G — v (the existence of S 1s established 1 the preceding proof) If SU {v}
dominates G — u we write [v,S] = u, and if SU {u} dommates G — v we

write [u, S| = v
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Corollary 2 19 If G s edge-i-critical, then every vertex belongs to some

mansmum wndependent domunating set

Proof For any vertex u € V(G), if u 1s adjacent to all other vertices of
G, then +(G) = 1 and {u} domates G Otherwise, there exists v € V(QG)
such that uv ¢ E(G). and hence by Lemma 2 18, there exists a minimum

imndependent dominating set D of G such that u € D B
Lemma 2 20 A graph G 1s v-critucal of and only of for every v € V(G),
(G —v)=1(G) -1

Proof If G 1s i-critical., then for every v € V(G), +(G — v) < 1(G), that 1s,
(G —v) <(G)—1 But for every v € V(G), we have +(G —v) >1(G) — 1
Therefore, «(G — v) =1(G) — 1

On the other hand, 1if for every v € V(G), +(G — v) = +(G) — 1, then
1(G — v) <1(@), and hence G 1s 1-critical W

Lemma 2 21 If G s 1-critical, then every vertex v € V(G) belongs to some

minamum independent dominating set

Proof For any v € V(G), since G 1s -critical, (G — v) = +(G) — 1 Let
D, be a minimum mdependent dominating set of G — v Simnce there 1s no
vertex of D, adjacent to v (otherwise, D, dominates G, a contradiction),
D = D, U {v} 1s independent Also, since |D| = +(G), D = D, U {v} 1s a

minimum 1ndependent dominating set of Gl
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The converse of Lemma 2 21 1s not true For example, every vertex of Cg

1s 1n some mimmum dependent dominating set, but Cy 1s not 2-critical

We now describe some more constructions of domination critical graphs

Let G1,G2, .Gy, be disjoint graphs The jown of G1. G5, , Gy 18 the
graph G, + G +  + G, obtamed from the graph G; U G, U U Gy
by adding additional edges joining each vertex of G, with each vertex of G,
whenever 1 #

Note that if G, = K, fory = 1,2, ,m, then G1+Gy+ +Gp = Thnmn

Proposition 2 22 Let G1.Gy, G be n-i-critucal (respectively, n-edge-i-
critical) graphs with n > 2 Then Gy + Gy + + Gy, 18 also n-1-critical

(respectwely, n-edge-i-critical)

Proof LetG =G;+G2+ + G, Smceo(Gg) =nfor k=1, ,mby
the definition of jomn, 1(G) =n

We show first that if G,G,. .G, are n-i-critical then G 1s also n-i-
critical For any v € V(G). there exists k such that v € V(GL) Since Gy
18 e-critical, (G — v) < n But n > 2 and the defimition of join imply that
1(G —v) = 1(Gy —v) Therefore, G 1s n-1-critical

We now show that if G1,G2, G, are n-edge-i-critical then G 1s also
n-edge-i-critical  For any uv ¢ E(G). by the definition of join, there exists
k such that u,v € V(Gg) and uwv ¢ E(Gi) Since Gy 1s edge-1-critical,

(G +uv) <n Since o(G + uv) = 1(Gy + uv), G 18 n-edge-1-critical il
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Let Gy, G2 and H be disjoint graphs such that for y = 1,2, G, has a
labelled subgraph H, = H We define G = G,(H,) O G3(H;) to be the
graph obtamed from G| UG; by identifying corresponding vertices of H; and
H, and adding edges joining every vertex of Gy — H; with every vertex of
Gy— Hy Form > 3, let G1,G5, ,G,, and H be disjoint graphs such that
fory=1,2, .m, G, has alabelled subgraph H, = H We define G,(H;) O
G2(H) O OGm(Hpm) tobe (Gi(H1) O O Gm-1(Hm-1)) O Gu(Hpm)

Note that when V(H) =0, G1(H,) OG2(H2) O OGm(Hp) = G1+Ga+

+Gm The following can thus be viewed as a generalization of Proposition

2.22

Proposition 2.23 Let G, Gy, .G and H be disjoint graphs such that
for ) =1,2, ,m, G, has a labelled subgraph H, = H If G1.G2, .Gn
are n-i-critical (respectwely, n-edge-i-critical) and B(H) < n — 2, then G =
Gi(H)) OG2(Hy) O OGu(Hpy) 15 also n-i-critical (respectively, n-edge-i-

critical)

Proof: Since for j = 1.2, ,m, 1(G,) = n, (G) > n by the construction of
G Now, let D; be a mmmimum independent dominating set of G; Then since
B(H) < n-2< |D| —1, there exists r € D; such that z € V(G, — H;),
and thus, z dominates all G, — H, for j = 2,3, ,m Hence, D; 1s an
independent dominating set of G, and so, :(G) < |D;| = n Therefore, we

have +(G) =n
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We show first that if G, G, G, are n-i-critical then G 1s also n-i-
critical For any v € V(G), there exists k (1 < k < m) such that v € V(Gk)
Since Gy 18 n-i-critical, there exists an independent dominating set D, of
Gy — v with [D,| = n—1 Since |D,| > 3(Hg), there exists some z € D,
such that z € V(G — Hy) and thus D, 1s an independent dominating set of
G — v Therefore, (G — v) < |D,| =n — 1 and hence G 1s n-i-critical

We now show that if G1,G5, G, are n-edge-i-critical then G 1s also
n-edge-i-critical  For any uv ¢ E(G), there exists ) (1 <y < m) such that
u,v € V(G,) but uv ¢ E(G,) Smce G, 1s n-edge-i-critical, there exists an
independent set S of size n — 2 such that D = S U {u} 1s independent and
dominates G, — v or SU {v} 1s independent and dominates G, —u Without
loss of generality, assume the former Now, #(H,) < n — 2 imples that there
exists some w € D such that w € V(G, — H,) Thus D 1s an independent
dommnating set of G — v That 1s, «(G + uv) < |D| = n—1 Hence G 1s
n-edge-1-critical Wl

With respect to the above proof, note that if §(H) > n — 1, then 1t
mught be the case that (using the notation of Proposition 223) D C V(H)
domates G/, but can not dominate Gy for some k # 7 For example, let

G, =Gy = K33 and H = K, Then Kj3 15 3--critical and 3(H) =2 But

G = K33(K2)OKj33(K2) 18 not 3-i-critical because 1f v € V(G1) 1s the vertex

non-adjacent to all vertices of H, then D = H and 1t cannot dominate G5
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Also, recall that graph Q33 1s constructed from K3 U K3, let V(K3) =
{vi.v9.v3} and V(K3) = {uy, uz, uz} Now, if we take Gy = K33, G2 = Q33,
H, = K,, and Hy = {uj,v}, then G| and G, are 3-edge-i-critical, but
G = K33(H,) O Q33(H3) 15 not 3-i-critical since ujvz ¢ E(G), the vertices
u; and v, must dominate all vertices of G except vz, and so D = H, cannot

dominate G,

Let G and H be disjomnt graphs and g € V(G) We define G(g.H) to
be the graph obtamned from G by replacing the vertex g with a copy of H,
that 1s, put a copy of H 1n place of ¢ and connect each vertex of H to every

neighbour of ¢ Formally, G(g, H) 1s the graph having vertex set
V(G(g.H)) = (V(G) — {g}) UV (H),
and edge set
E(G(g.H)) = E(G - g)UE(H)U {hv| h € V(H),v € N(g)}

Proposition 2 24 Let G be an n-edge-i-critical graph with g € V(G) such
that for each u € V(G) — N|g], there exists an independent set S C V(G) —
Nlg] of size n — 2 such that [g,S] — v Then G(g.K,,) s also n-edge-1-

critical

Proof: First, since K, 1s complete and in G(g, K,,), every vertex of K,, 18

adjacent to every neighbour of g, 1t 1s easy to see +(G(g. Kn)) = n
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here
Let G and H be disjoint graphs, and let u € V(G) and v € V(H) The
coalescence of G and H with respect to u and vis the graph G, H defined

to have vertex set
V(G w0 H) = (V(G) = {u}) U(V(H) - {v}) U{w}.
where w ¢ V(G) UV (H). and edge set
E(G w H)=E(G—u)UEH —v) U{wz| uz € E(G) or vz € B(H)}

We call w the verter of identification of G and H, and we consider V(G) and
V(H) as subsets of V(G ,, H) and regard w as an element of both of them
Informally, G ,,, H 1s the graph obtained from G'U H by 1dentifying v and v
If the context 1s clear. or if the vertices u and v are not important, we write
G H mstead of G ,, H

We define G| G G, to be (G; G, Gno1) G,

In Chapter 3, we have the results (see Theorem 3 11 and 3 31) that G =
G, Gy Gy 18 1-critical (respectively, v-critical) if and only iof all of
G1,Gy, G, are 1-critical (respectively, vy-critical) Furthermore, 1(G) =

k=1 U(Gk) — (n — 1) (respectively, v(G) = ¥i_, 7(Gx) — (n — 1))

Proposition 2 25 For any integers k.l with k > 1 > 2, there emsts a graph
L unth v(L) =1 and «(L) = k such that L € G, but L ¢ G~

Proof: Forany k > 1> 2, letn =k—1+2, and W, W,, ,W,_, be disjoint
copies of Cy Define L = K,, W; W, Wiz, if I =2, then L = K, ;)
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Since K, , 1s n-i-critical and Cjy 1s 2--critical, L 1s i-critical by Theorem 3 31,
and furthermore,

-2

(L)=n+(>.2)-(1-2)=k

=1

Since Cy 18 2-y-critical and K, ,, with v(K,,) = 2, 1s not vy-critical (note

that n = k — [+ 2 > 2), L 1s not 7y-critical by Theorem 3 11 Further,
yL)=2+().2)-(-2)=1 N

Proposition 2 26 For any wntegers m,n with n > m > 5, there exists a

graph Z with ¥(Z) = m and 1(Z) = n, such that Z € Gy but Z ¢ G,

Proof. Forany n > m > 5, lett =n—m+ 3 and W, Wy, ,W,,_5 be
disjoint copies of Cy Let A be the graph in Figure 2 3 and G; be the one 1n
Proposition 26 Define Z=A4 W; W, Win—s Gy, (if m =5, then let
Z=A Gy) Swmce Cy1s 2-y-critical and both A and G, are 3-y-critical, by
Theorem 3 11, Z 1s y-critical and
m—>5
YZ)=3+().2)+3—-(m—4) =m
=1
Since Cjy 18 2-2-critical and G, 1s t-i-critical but A 1s not z-critical, Z 1s not
i-critical Further, since 2(A) = 3,
m—>5
1(Z) :3-|-(Z 2)+t—(m—-4)=n 1

1=1

Note: f n=m=3,thenlet Z=A fn=m=4,thenlet Z=4 C,
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From Section 2 1, the graphs K, T} 21, Qnp (n > 3), and G, are both
edge-y-critical and edge-i-critical Also, graph A i Figure 2 3 1s both edge-
y-critical and edge-i-critical  However, Tymn (n > 3) and Gp, (n > 4)
are edge-i-critical but not edge-y-critical, and @3 1s edge-y-critical but not
edge-i-critical

Also, the graph G, 1s s-critical, y-critical, edge-i-critical, and edge-v-
critical The graph O, (n > 3) 1s w-critical and v-critical but neither edge-:-
critical nor edge-vy-critical

On the other hand, all graphs obtained by subdividing one edge of the

complete graph K, with n > 4 are edge-i-critical and edge-y-critical but

neither e-critical nor vy-critical

Brigham, Chinn and Dutton [4] showed that every y-critical graph can be
extended to one which 1s both y-critical and edge-vy-critical by successively
adding edges which do not decrease the domination number, until no such
edge remain This 1s also true for i-critical graphs That 1s, every z-critical
graph can be extended to a graph which 1s both z-critical and edge-i-critical
by successively adding edges which do not decrease the independent domi-

nation number, until no such edges remain We have the following theorem

Theorem 2 27 If G 15 1-critical, then there exists a graph H with V(H) =
V(@) such that G s a subgraph of H, 1(G) = «(H) and H 1s both 1-critical

and edge-1-critical
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Proof. Let H be a graph obtained from G by successively adding edges which
do not decrease 2(G), until no such edges remain Then V(H) = V(G), G 18
a subgraph of H, and +(G) = «(H)

To see H 1s 1-critical, note that for any v € V(H), o«(H —v) <1(G —v) <
1(G) = 1(H). since G 1s a subgraph of H and G 1s i-critical ,

The graph H 1s edge-i-critical by construction W

Attempts to characterize y-critical graphs of domination number greater
than two have been unsuccessful The following theorem shows that 1t 1s not

possible to do so 1n terms of forbidden subgraphs

Theorem 2 28 ([4]) For any graph G there 1s a y-critical graph H such that

G s an wnduced subgraph of H

It 18 also not possible to characterize :-critical graphs in terms of forbidden

subgraphs The following theorem 1s sitmilar to Theorem 2 28

Theorem 2 29 For any graph G, there 1s an i-critical graph H such that G

18 an induced subgraph of H

Proof Assume (G) > 3 (If not, we can add two 1solated vertices to G so
that +(G) > 3)
Let vy,v9, v, be the vertices of G. then n > 3 Define a new graph H

by adding 2n new vertices wy,wy, ., Wp. T, Ty, I, to G so that

V(H) = {vi,v2, ,vn,wi,wa, ,Wp,T1,T2, ,Tn},
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and

E(H) = E(G) U {ugx;, W, 20, 1 4,7 < 8, 1t £3}

Clearly, G 1s an nduced subgraph of H Since {w,,z,,v,} 15 an inde-
pendent dominating set of H, «(H) < 3 On the other hand, since both
{wy,wy, .w,} and {x{,25, ,2,} are ndependent (with n > 3) and
1(G) > 3, we must have :(H) > 3 by the construction of H Therefore,
(H) = 3 Now, for any v € V(H), there exists 1 < k < n such that
v € {wy, Tk, v} and D, = {wg, 2k, v} — {v} 15 an mdependent dominating

set of H — v Therefore, H 1s -critical B

Sumner and Blitch [13] conjectured that if G 1s k-edge-y-critical, then
1(G) = v(G) We show that this conjecture 1s false by constructing a 4-edge-
y-critical graph B with «(B) =5

Let B; be the graph with

and

E(B;) = {z2% : 1<j,k <4}

Then By = K44 Suppose V(K1) = {ug, vg, wy 1 <k <4}, and let
By = Ky — {ugwg, vgwr, 1 <k <4} Then By 2 K3 — 4K,5 The graph
B 1s obtained from B,UB, by adding the edges {z,,u, 1<);<4,:=1,2}

The graph B 1s shown n Figure 2 4
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We first prove that 2(B) = 5 It 1s easy to see that any independent
dominating set I of B must contain one of wi,wsy. ws.wy Without loss
of generality, suppose w; € I Then, since v; must be dommated, either
u; € I or vy € I The former case leads to I = {wy, uy. 212,213,214} or I =
{wy,uy, x99 To3.724}. and the latter case leads to I = {wy, vy, 211, 19, 213, T14}
or I = {wy,vy, Ty, 792, T23. 794} Thus 2(B) =5

Next, we prove that v(B) = 4 Since {uj.us, u3, us} dominates B. we
have y(B) < |D| = 4 We show no three vertices dommnate B Let D
be a 3-subset of V(G) If DN V(B;) = 0. then w; 1s not dominated,
hence D N V(B,) # 0 Further, |D NV (By)| > 2. since no vertex of By
dominates {vy, vy, v3, vq, Wy, wa, w3, we} In fact |D N V(By)| = 2 because
no three vertices of By dominate B; Without loss of generality assume
DNV(B,) = {r;;} Then the two vertices in D N V(B;) must dominate
{19,213, 714} But any two vertices of By domiate at most two of these
vertices Thus D 1s not a dominating set for B, and v(B) = 4

Finally, we prove that B 1s 4-edge-y-critical Up to symmetry there are
eight possible edges which can be added to B In each case we hst a domi-

nating set with size three of the graph B + ¢
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(1) {z11,u3. us} domimates B + 1,12
(2) {x11, 191, u;} dommates B 4 ujw,;
(3) {r11. 221, v1} dominates B + vyw,
(4) {z11. 91, w} dominates B + z11v;
(5) {x11. u3, v;} dominates B + 1w,
(6) {14, u3,up} dominates B + ryju;
(7) {711,792, wy} domates B + r,v;

(8) {x11, 792, v2} domnates B + rjjw; B

38



Chapter 3

Vertex Domination Critical
Graphs

It 1s the purpose of this chapter to study vertex domination critical graphs
First, in Section 3 1, we survey the previous work on 7y-critical graphs and
then establish a classification of all connected +v-critical graphs with the
largest possible diameter In Section 3 2, we develop an analogous study
of s-critical graphs We discuss some bounds on the number of vertices of
these graphs. give a construction technique which can produce more classes of
i-critical graphs, and classify all connected i-critical graphs with the largest

possible diameter

3.1 ~-Critical Graphs

Brigham, Chinn and Dutton [4] discussed vertex domination critical graphs
in the following sense G 18 y-critical 1f for any v € V(G)., v(G —v) <

¥(G) They presented some properties of y-critical graphs and a method

39
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of constructing them If 1t 1s important to emphasize that the domination
number of a y-critical graph G 1s n, then we refer to G as an n-y-critical

graph

Lemma 31 ([{]) The only 1-y-critical graph s Ky, the only 2-v-critical
graphs are Ky, — F (or equwalently, Tp.om ), where m > 1 and F 18 a perfect

matching
Lemma 3.2 ([/]) For any graph G, Yv € V(G), (G —v) > v(G) — 1

Note that, by considering K, for example. there 1s no non-trivial upper
bound on ¥(G — v)
We denote by G, the graph G — v and by D, some minimum dominating

set of G,

Lemma 3 3 If there exist vertices u.v € V(G) such that N[v| C N|u], then

G 18 not y-critical

Proof Pick a mmmimum dominating set D, for G, Then some x € D,
dominates v Since r € N[v] C Nu], D, also domiates u, and thus D, 1s a

dominating set for ¢ This implies that G 1s not v-critical B

Corollary 3 4 ([{]) If G has a verter v such that d(v) > 1 and G[N(v)] 1s

complete, then G 18 not y-critical

The following theorems give bounds on p n terms of A, v and ¢
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Theorem 35 ([17]) p < (A+ 1)y

Theorem 3 6 ([}]) If there 1s a vertex v € V(G) such that v(G—v) < y(G),

thenp < (A+1)(y—1)+1

If the equality holds in Theorem 3 6, then 1n any minimum dominating
set of G — v. each vertex must domiate A + 1 vertices Fulman [7] proved

the following result

Theorem 3 7 ([7]) If G 1s n-y-critical and p = (A +1)(n—1) + 1, then G

18 reqular

Theorem 3.8 ([4]) If G 1s n-y-critwcal, then p < (2¢+3n — A)/3

It 1s clear that a graph G 1s y-critical 1if and only if every component of
G 1s y-critical A similar statement holds for the blocks of G (see Theorem

311) Recall the definition of coalescence which was given in Chapter 2

Lemma 39 ([4/) Let H and G be nontrwnal graphs For any coalescence
H @,
Y(H) +7(G) -1 <y(H G) <v(H)+7(G)

Furthermore, 1f both H and G' are y-critical, or of H G 1s y-critical, then
VWH G)=1(H)++(G) -1

Theorem 3 10 (/4]) The graph H G 1s ~-critical of and only +f both H and

G are y-critical
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Theorem 3 11 ([/]) A graph G 1s y-critical of and only if each block of G

18 y-critveal  Further, of G s y-critical with blocks Gy, ., G, then

Y(G) =Y v(G) —(n—1)

Brigham et al [4] conjectured that for any n-y-critical graph G, the di-
ameter of G 1s not greater than 2(n — 1) This 1s proved by Hanson and

MacGillivray [8]

Theorem 3 12 (/8/) If G s connected and n-y-critical, then diam(G) <
2(n—1) forn > 2

We give an alternate proof of this theorem using Lemma 3 13 below

For a graph G, if ditam(G) = d, then there exist two vertices a and b such
that d(a,b) =d Forj=0,1, ,d,let A, ={z|d(z,a)=3} So, Ao = {a},
be Aq, V(G) = U‘;LO Ay and Ag N A =0 for any k # 1 Also. uv € E(G)
if and only if u,v € A,_; UA, for some 1 <) <d For k =0.1, ,d, let
Ny = U;C:o Ay, and N = V(G) — N, As before, for any z € V(G), denote
by D, a minimum dominating set of G — x We use these notations in the

following lemma

Lemma 3 13 Let G be a 2-connected n-y-critical graph with diam(G) =

d>5 Then for4 <h<d-1 and allx € Ny_py1, |D; N Ny_p| > 2]

Proof By mduction on h
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Suppose h = 4 If the statement 1s false. then there exists r € N,_3 such
that

| Dz N Ng_yg| < SJ -1=1

Since D, N N,—4 must dommate Ay U A;y U Ay we have D, N Ny_y =
{u} C A4_; But, since G 18 2-connected, [A4_;| > 2, and this imphes that
there exists v € Ay_; such that N[v] € N[u] Hence. by Lemma 3 3, G 1s
not. y-critical, a contradiction

Assume the statement 18 true whenever 4 < h < 1 — 1 Suppose the

statement 1s false when A = 1, that 1s. there exists x € Ny_,;; such that
A (2
|Dz ﬁZ\/vd—rl < {§J =

It follows that there exists [ <7 — 1 such that D, N (A4_; U Ag_141) =0 Let

k be the largest integer less than or equal to 2 — 1 such that
D, N (Ag—k U Aggy1) =0

By the choice of k.

iJ_l__z—k—l

m =D, N Na-int] < |5 5

Let s € 44 4,1 and consider D, Since D; N Ng4_x;1 does not dominate
any vertex in Ny, the set DN Ny_xy1 must dominate every vertex of Ny_g
Suppose |[Dy N Ny_gy1] > m Then |DyN Ny <n—1—m Since

D, N Ny_jy1 dominates Ny, we have that (Dy N Ny_gy1) U (D N Nakit)
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dominates G But,
|(Ds N Ny—k41) U (Dy N Ng—g1)| = |Ds N Na—p1| + | Dz N Ng—gey1]

<(n—-1-m)+m=n-1,

a contradiction Therefore
IDsN Ny_gp1] <m—1

Since s € Ny_pi9 and k — 1 <1 — 2, the induction hypothesis imphes

) <P sl st

Therefore

k—1 ) —k—1
lTJS[%J-l—IT‘l-

which 1s impossible This completes the proof W

Proof of Theorem 3 12 If (G 1s 2-connected, then take h = d—1 1n Lemma
313 We have for each x € N, |[D, NN > [4L| Choose z ¢ Ay Then
since Ag — {x} # 0. we have D, N Ny # 0, and thus, |[D,| > |%2] +1

Therefore,
(G)=n=|D |+1>[d;lj+2
’7 ) - E1 1} il 2 D)
that 1s,
d—2 d+2
ne—g—F 2

It follows that d < 2n — 2



Chapter 3 Vertex Domination Critical Graphs 45

If G 18 not 2-connected, then we prove the result by induction on n From
Lemma 3 1, the statement 1s immediate 1f n = 2

Suppose for all 3 < m < n — 1, the statement 1s true for m-vy-critical
graphs Let G be an n-y-critical graph and v be a cut vertex of G Then G =
H, H, with v as the vertex of identification By Theorem 3 11, both H; and
H, are y-critical with v(H,) = k, say, and y(Hy) = n—k+1 By the induction
hypothesis, diam(H,) < 2k — 2 and ditam(H;) < 2(n—k+1)—2 =2n— 2k
Therefore, diam(G) < diam(Hy)+diam(H,) < (2k—2)+ (2n—2k) = 2n—2

This completes the proof W

Lemma 3.14 For n > 3, of G 18 connected and n-y-critical with diam(G) =

2(n — 1), then G 1s not a block

Proof Let n =3, and G be a connected 3-v-critical graph with diam(G) =
d =4 Let a and b be vertices such that d(a,b) = d, and define Ay, A;, Ay
as above Suppose G 1s a block Then |4, >2forj =1, .d—1 Now,
pick t € Ay and consider D; (a mmmimum dominating set of G —¢) Since G
18 3-y-critical, |D¢| = 2 and |D; N Nla]| = |[D: N N[b]| =1 Since removing ¢
left N[a] and N[b] unchanged, by Lemma 3 3, D; = {a,b} (If a ¢ Dy, then
we have N[a] C N{z] for some 2 € D; N A; since x domnates N[a] But this
contradicts Lemma 3 3, and so, we must have a € D; Smmlarly, b € D, )
But then D; cannot dominate A, — {t} # 0 (since |Ay| > 2), a contradiction

Therefore, G cannot be a block
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For n > 4, let G’ be a connected n-y-critical graph with diameter d =
2(n—1) Again let a and b be vertices such that d(a,b) = d, define Ag, Ay,
Aq as above Suppose G 1s a block Then |4, >2for j =1, .d—1 Let
T = AU A3 Pick any t € T and consider D;, a mmmmum dominating set of
G —t Swince G 1s n-y-critical, |Dy| =n — 1

By Lemma 3 13, |D, N N4| > [d;—“J = n — 3, and therefore, |D; N Ny| <
2 Since |D; N Ny| # 1 (otherwise, some vertex i (N; — {t}) cannot be
dominated), we must have |[D;NNy| =2 Now, if D;N Ay # (), then D;N(AzU
Ay) = 0 (otherwise, vertex a cannot be dommated) But then |D; N Ny| =
n—-3<n-2= 3‘{—;31 contradicting Lemma 3 13 Therefore, D, N A, = 0
Suppose D; N Ay # 0 Since removing t leaves N[a] unchanged, Lemma 3 3
implies that a € D; (as before, if a ¢ Dy, then N[a] C NJ[z] for some z €
D; N Ay, contradicting Lemma 3 3), and therefore, no vertex in A, — {¢} can
be dominated (such a vertex exists because |Ay| > 2) Therefore, D;NA4 = 0
and we must have |D; N A3] = 1 That 1s, for any ¢t € T we must have a
t' € DyNAjz such that D; 1s a dominating set of G—t and t' domates T'— {¢}
Furthermore, 1f ¢, # ¢, we must have t| # t, since |t € E(G) (because
t\ dommates T — {t,}) and tyt, ¢ E(G) (as t), € D;, C V(G) — N[tz]) In
another words, we have a one-to-one mapping from 7' = A, U A3 to A3 Since
|Aa| > 2, this 1s impossible by the pigeonhole principle Thus, G' cannot be
a block
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Furthermore, from the above proof, we come to the conclusion that |A;| =

1, and therefore, by induction we can get |Ay| =1forallk =1,2, ,n—2

We now show how to construct all n-y-critical graphs with diameter 2n—2
Let G,G5, .G,_; be 2-y-critical graphs We define a coalescence of these
graphs, denoted by G| .G  ,G,—1, nductively as follows

(1) G| G4 15 any coalescence of G| and G,

() Fork >2,Gy; G2 o Gi oGkt1 = (G1 G2 6 oGk) uo G41, where
u 18 the unique vertex of GGy which 1s non-adjacent to the vertex of identifica-
tion of (G1 .G2 »  +Gk—1) and Gy (such a unique vertex u exists by Lemma
3 1), and v 1s any vertex of G,

By Theorem 3 11. G =G, G2 »  sGn-1 18 n-y-critical Moreover,
n—1
diam(G) = > diam(G,) = 2(n — 1)
1=1

Theorem 3 15 Forn > 3, a graph G 1s n-vy-critical with diam(G) = 2(n —
1) of and only of G = Gy Gy s oGn_1, where G, 15 2-y-critical for j =
1, .n-—-1

Proof. We only need to prove the necessity Let G be an n-y-critical graph
with ditam(G) = 2n— 2 Let a and b be vertices such that d(a,b) = 2n — 2,
and define 45, A;, .Az,—7 as before Then by Lemma 314, [Ay| = 1
for all K = 1,2, ,n — 2 (see the end of the proof of Lemma 3 14) For
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7=12, .n-1let G, =G[Ay_»UAy_,UAjy] Then we have
G= Gl <>G2 o oGn—ls

and by Theorem 3 11, G, 1s 2-y-cnitical for y = 1,2, ,n—1 1

3.2 1-Critical Graphs

In this section we study vertex independent domination critical graphs in the
following sense G 1s -critical if for any v € V(G), (G —v) < o(G) If 1t
1s 1important to emphasize that the independent domination number of a -
critical graph G 1s n, then we refer to G as an n-i-critical graph As in Section
3 1, we will denote by G, the graph G — v and I, (or D,) some mimimum
mdependent dominating set of G, We have some analogous results to those

1n Section 31

Lemma 3 16 The only 1--critical graph 1s K, and the only 2-i-critical

graphs are T om (Mm>1)
Proposition 3 17 For a graph G, (G —v) > 1(G) — 1 for any v € V(QG)

Again, by considering K, for example, there 1s no non-trivial upper

bound on (G — v)

Lemma 3 18 If there emist distinct vertices u,v € V(G) such that N[v] C

Nlu], then G 1s not 1-critical
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Proof. Any mimimum independent dominating set of G —u includes a vertex
of N[v], but N[v] C N[u], and so 1t must also be an independent dominating

set of G Hence (G — u) > (@), and so G 1s not -critical W

Corollary 3 19 If G has a verter v with d(v) > 1 such that G[N[v]] s

complete, then G 18 not 1-critical

Proof. Note that for every u € N[v], N[v] C N[u] &

Corollary 3 20 If G 1s 1-critical, then G has no vertices of degree 1
Proof* Note that if d(x) = 1, then G[N|[z]] 2 K5 1s complete B

Corollary 3 21 If G 18 connected and 1-critical, then 6(G) > 2

Now, similarly to [4], we have the following upper bounds on p 1n terms

of g, A, and ¢
Theorem 322 p< (A+ 1)

Proof Let D be a mmimum independent dominating set Then |D| +

|D|A > p, since A 1s the maximum degree of G That 1s,
p<i14+1A=2(A+1) &

Theorem 3.23 If there 1s a verter u € V(G) such that +(G — u) < +(Q),
thenp < (A+1)(z—-1)+1
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Proof Let u be a vertex such that «(G—u) < +(G), and let D, be a mmimum
independent dominating set of G—u Then, by Lemma 3 17, |D,| = «(G)—1

Now, by Theorem 3 22, we have
V(G —u)| £ (A+1)|Dy| =(A+1)(2 1),
that s, p<(A+1):—1)+1 N

Similar to Theorem 3 7, we have the following result

Theorem 3 24 If G 18 n-i-critical and p = (A + 1)(n — 1) + 1, then G 1s

reqular

Proof* First, we prove that for any v € V(G) and any mmimum independent
dominating set D, of G,. all vertices in D, have degree A Since G 1s n-i-
cnitical, |D,| = n—1, and D, dominates all p—1 = (A+1)(n—1) vertices of
G, Smnce each element of D, dominates at most A — 1 vertices. this implies
that each element of D, dominates exactly (A + 1) vertices, and therefore
has degree A Moreover, N[z] N\ N[y] =0, for all z,y € D, and z # y That
18, r and y cannot have any common neighbours

Next, we prove that for any u € V/(G), there exists v € V(G) such
that u € D, (So, from the above, d(u) = A, and thus G 1s regular ) Let
u € V(G) and choose v € D, Note that D, N N[v] = (), for otherwise D,
dominates G, which 1s impossible Since N[z] N N[y] = 0 for any z,y € D,,

each w € V(G — v) 1s dommated precisely once by D, Thus, we have
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|D, N N{w]| =1 for any w € (D, — {v}) Therefore, for any w € (D, — {v}),
there 1s one and only one corresponding vertex mm D, N V(G,). and vice
versa In other words, we have a 1 —1 correspondence between D, — {v} and
D,NnV(Gy) Thus, |[D,NV(Gy)| =|Dy —{v}|=n—-2 But |D,|=n-1,

so we must have u € D, B

Theorem 3 25 If G 1s n-i-critical, then p < (2¢ +3n — A)/3

Proof First assume G has no 1solated vertices Then by Corollary 3 21,
§(G) > 2 Let u be a vertex such that d(u) = A, and let D = D, U {u} be a
minimum mndependent dommating set of G Each vertex in N(u) 1s adjacent
to at least two vertices in D u and some vertex in D, Each of the remaining
vertices mn V — D 1s adjacent to a vertex in D, and 1s incident with at least
one more edge since §(G) > 2 Thus, there are at least [(p—n—A)/2] more
edges m G Therefore, ¢ > 2A+ (p—n—A) + [(p — n — A)/2], that 1s,
p<(2¢+3n—A4)/3

Next, suppose G has m 1solated vertices Then
p—m<[2¢+3(n—m)—A]/3=(2¢+3n—A)/3—m,

that1s, p < (2¢+3n—A)/3 1
The bounds of the above theorems are the best possible in the sense that
equality holds for some graphs For Cs, we have (A + 1)1 = 6 = p For

the infinite class of +-critical graphs Hs,,, defined before (Section 2 1), the
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equality in Theorem 3 23 holds, and the equality of Theorem 3 25 holds for

the infinite class of -critical cycles Csxyq

Obviously, a graph G 1s i-critical if and only 1if every component of G 1s
i-critical ' We will prove that a similar statement holds for the blocks of GG

First, we have the following results about the coalescence of graphs G and

H

Theorem 3 26 If G and H are disjount nontrunal graphs, then for any co-

alescence G H,
1(G)+1(H) -1 <G H) <mn{1(Q) + B(H),:(H)+ B3(G)},
where 3(G) 18 the independence number of G

Proof Let Ds and Dy be minimum independent dominating sets of G and
H. respectively. and let v be the vertex of identification of G and H In order
to prove the upper bound, there are four cases to consider

Case 1 v € DgN Dy Then Dg U Dy 1s a mmmmum independent dom-

mating set of G H and therefore
(G H)=|Dg|+|Dg|-1=1GQ)++H) -1

Case 2. v¢ DU Dy Thatis, v € Dg and v € Dy Then Dg U Dy 18

an independent dominating set of G H and therefore

WG H) < |De|+|Du| =4(G) +1(H)
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Case 3: v € D¢ but v € Dy Suppose [, 1s a maximal independent set

of H contamming v Then, by Lemma 2 1, I, 1s an independent dominating

set of H So, D U I, 1s an independent dominating set of G H and thus
(G H) < |Dg|+ |I,| =1 <(G) + B(H) — 1 <(G) + B(H)

On the other hand, let I/ be a maximal independent set of G not containing
v Then I = I U Dy 1s an independent dominating set of G H and v ¢ I

Therefore, we have
WG H) < |I| < |Dul + || < o(H) + B(G)

Case 4 v € Dy but v € Dg Similarly to Case 3, we get

(G H) <1(H)+ B(G),
and
(G H) <1(G)+ B(H)

Therefore, 1n any case, we have
(G H) <min{u(G)+ B(H)«(H) + 5(G)},

since 1(G) < 3(G) and «(H) < 5(H)

Now, we prove that (G H) > +(G)+2(H)—1 Again, let v be the vertex
of 1dentification of G and H If there are D and Dy (mimimum independent
dominating sets of G and H, respectively) such that v € Dg N Dy, then by

the case 1 above. we have «(G H) = 1(G) +1(H) —1 Otherwise, one of G
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and H. say H, 1s such that for every mimimum independent dominating set

DH of H, v ¢ DH Then
(G H)> 1 (GU (H —v)) >(G)+ («(H) — 1),

and we are done W

Note that 1n the proof above (see Case 3 and Case 4), 1if :(G) + 3(H) =
1(H) + 3(G), then we have «(G H) <(G)+B(H)—1 (or o(H) + 3(G) — 1)
But the bounds of Theorem 3 26 are the best possible in the sense of the

following proposition

Proposition 3 27 For any wintegers 1 < k <r, 1 <1< s, andr —k #
s—1, let =1 <t < nmun{s—1,r—k} There emist graphs G and H with
(G) =k, B(G)=r,«(H) =1, p(H) = s and a coalescence G H such that
(G H) =k+ 1+t (In other words, for some gqwen set of independent
domination numbers (k and l) and independence numbers (r and s), we can
find graphs G and H with +(G) =k, B(G) =r, «(H) =1, f(H) = s and a
coalescence G H so that «(G H) assumes any gwen value k + 1+t wn the
iterval [k +1— 1,mun{k+s,l+r}] )

Proof. If t = —1, let G = Kj, and H = K;, Obwviously, «(G) = k,
B(G) =r,1(H) =1 and 3(H) = s Let u be a vertex 1n the partition set

of size kK in G and v be a vertex 1n the partition set of size [ in H Then

W =G ,, Hsatisfies |(W)=k+1-1
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Suppose t > 0 Since r — k # s — [, without loss of generality, assume

s—Il<r—k Thent=s5—1 Let

G =Ki2 UK r—k—t|J K142,
and
H=K,, U K

(If k = 1, then let G = Ky, if k = 2, then G = Ky ,_¢—¢ U K} 4,2, and 1if
[ =1, thenlet H = K, ) It 1s easy to see that «(G) = k, 3(G) =r,(H) =,
and 3(H) = s Let u € V(G) be a vertex of degree 1 mn K1, (K, 1f k= 1)
and v € V(H) be a vertex of maximum degree mn K, (K, 1f/=1) Then

the graph W = G ,, H satisfies o(W) =k +1+t 1
Theorem 3 28 If G and H are i-critical, then (G H) =1(G) +(H) — 1

Proof Suppose both GG and H are i-critical, and let v be the vertex of

identification of G and H Then by Lemma 3 17,
(G H)—1<1(G H—-v)=1(G—-v)+1(H—v),
and by Lemma 2 20 we get «(G H) <:(G)+:(H)—-1 1
Theorem 3 29 If G H s 1-critical, then o(G H) =1(G) +1(H) — 1

Proof: Suppose G H 1s -critical and v 1s the vertex of 1dentification of G
and H By Lemma 2 21, v 15 1n a mmmum independent dominating set of

G H Let D=1I,U{v} be such a mmmum independent dominating set
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Now, let I = I, N V(G) and Iy = I, N V(H) Then Dg = Ig U {v}
and Dy = Iy U {v} are mmmum ndependent dommating sets of G and H,
respectively  (Otherwise, 1if A 1s an independent dominating set of G and
|A| < |Dg|, then AU Iy would be an independent dominating set of G H
and |[AU Iy| = |A| + |Iy| < |Dg| + |In| = (G H), a contradiction )

Therefore, we have |Dg| = |Ig| +1 = (G) and |Dy| = [Iy|+ 1 = «(H)

Hence
(G H)=|D|=|L|+1=|IcUIg|+1=|lg|+ |Ig| +1
=(#G)— 1)+ A -1)+1=4G)+i(H)—=1 N
The following theorem yields another construction for z-critical graphs

Theorem 3.30 The graph G H 1s 1-critical of and only of both G and H are

1-cnitical

Proof Let v be the vertex of identification of G and H
Suppose both G and H are i-critical, and let u € V(G H)

If u = v, then
(G H—v)=1(G—-v)+H—-v)=0G)-1)+ («(H) - 1)

=0(G)+1(H)—1)—1=(G H)-1

If u # v, without loss of generality, suppose u € V(G)—{v} Let I, and I,

be minimum independent dominating sets of G — u and H — v, respectively
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Then since I, N Ny[v] = 0, I, U I, 1s an independent dominating set of

(G H —u)and
WG H—u) < ‘Iu U Ivl = lIu‘ + |Iv|
=0G@)=1)+QH)-1)=+(G H)-1

But, (G H—u) > (G H)—1,s0 we get o«(G H—u) =1(G H)-1
Therefore, by Lemma 2 20, G H 1s i-critical

Now, suppose G H 1s i-critical but G 1s not Then there 1s u € V(G)
such that (G — u) > 1(G)

If u = v, then
(G H—v)=1(G—-v)+1(H-")
>(G)+(H)—1=(G H).
a contradiction, since G H 1s 1-critical
If u # v, then without loss of generality u € V(G) — {v} In this case we
have
(G H—u)=1((G—u) H)>1(G—u)+1(H)—1
>1(G)+1(H)—1=1(G H),
a contradiction Therefore, G 1s i-critical Similarly, H 1s also 2-critical W

Corollary 3 31 If G has blocks G1,G5. .G, then G 18 i1-critical of and

only of each Gy, (k =1, ,n)1s-critical Further

n

(G) =Y uGk) — (n—1)

k=1
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Proof By induction on n, the statement being immediate if n = 1
Suppose the statement 1s true for graphs with m < n blocks Let G
have blocks G1.G32.  .Gp. G,y indexed so that G, ;1 contains only one cut
vertex of G Then G = H G, where H 1s the subgraph composed of
blocks G;.G5. ,G, The results now follow from Theorems 3 28, 3 30 and

the induction hypothesis B

Recall that a graph G 1s 2-y-critical if and only if G 18 2-1-critical The
only such graphs are T}, 3,, which have diameter 2 = 2(:(T,,0m) — 1) We

have the following Lemma

Lemma 3 32 If G 15 n-i-critical and diam(G) = 2(n — 1), then v(G) =

1(G) = n and thus G 15 n-y-critical

Proof Suppose ¥(G) < 1(G) Then by Theorem 3 12, diam(G) < 2(y(G) —
1) < 2(n—1), a contradiction W
With the above Lemma and Theorem 3 15, we can classify all n-2-critical

graphs with diameter 2(n — 1)

Corollary 3 33 A graph G 18 n-i-critical with diam(G) = 2(n—1) (n > 3)
of and only of G = G1.Ga o oGn-1 . where G, 1s 2-1-critical for j =
1,2, .n—-1 1



Chapter 4

Edge Domination Critical
Graphs

In this chapter we focus on the study of edge domination critical graphs
We survey previous work on edge-v-critical graphs in Section 4 1 Then, 1n
Section 4 2, we discuss some properties of edge-i-critical graphs and show that
some properties i [13] and [14] for edge-y-critical graphs are also true for
edge-1-critical graphs After that, we concentrate on Hamiltoman properties

of edge-i-critical graphs

4.1 Edge-~-critical Graphs

Sumner and Blitch [13, 14] discussed edge-y-critical graphs i the following
sense G 18 edge-vy-criticalrf for any uv € E(G), v(G+uv) < v(G) Obwviously,
for any graph G, v(G+uv) > v(G)—1for alluv ¢ E(G) Thus, G 1s k-edge-
y-critical if y(G) = & and for each edge uv ¢ E(G), y(G +uv) = k-1 In

[13], 2-edge-v-critical graphs are characterized and k-edge-v-critical graphs

59
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with k& > 3 are studied They mostly discussed some properties of connected

3-edge-y-critical graphs

Theorem 4.1 (/13]) G s 2-edge-y-critical +f and only +f G s a unwon of

stars
Theorem 4.2 (/13]) Every 3-edge-y-critical graph contains Ks

Theorem 4 3 ([13]) If G 1s a connected 3-edge-y-critical graph of even or-

der, then G contains a 1-factor

Theorem 4 4 ([13]) The diameter of a 3-edge-y-critical graph 18 at most

three

For any graph G and integer k > 0, we define Sy = {v | v € V(G),d(v) <
k} and dy, = | S|

Theorem 4 5 ([13]) Let G be a connected 3-edge-y-critical graph Then for

k > 1, dp <3k Further, of |V (G)| 1s large compared to k, then dp, < k + 1

Theorem 4.6 ([13]) If G 1s a k-edge-y-critical graph with k > 1, then for

every vertexv € V(G), v(G —v) <k

4.2 Edge-i-critical Graphs

In this section we study edge-i-critical graphs in the following sense G 1s
edge-1-critical of for any uwv ¢ E(G), (G + uv) < 2(G) We establish, for

edge-1-critical graphs, results analogous to those in Section 4 1
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Proposition 4 7 There exist n-edge-i-critical graphs with idependent sets

of arbitrarily large size

Proof For any integer m > n > 3, graph P,,, defined in Section 2 1 1s an

n-edge-i-critical graph with an independent set of size m W

In general, removing a vertex from a graph can increase the independent
domination number of the graph dramatically For example, (K, ,) = 1
while 1f v 15 a vertex of maximum degree of K ,, then +(K;, —v) =n But
for k-edge-i-critical graphs, we have the following theorem

We say a set S precisely dominates a subgraph H of a graph G if S

dominates H and no vertex of G — H 1s adjacent to a vertex in S

Theorem 4 8 If G 15 a k-edge-i-critical graph with k > 1, then for every
vertezv € V(G), 1(G —v) <k

Proof Since the case k = 1 1s trivial, we assume k£ > 2 Let v € V(G) If
there exist z,y € N(v) with zy ¢ E(G), then without loss of generality, there
exists a set S with |S| = k—2 such that SU{z} 1s independent and precisely
dominates G — y So, we have v ¢ S Thus S U {z,y} 1s an independent
dominating set of G — v. and hence (G —v) < k

Now, assume that N(v) 1s complete Let w € V(G) — N[v] Since vw ¢
E(G), there exists a set S C V(G) — N[v] with |S| = k — 2 such that SU{v}
15 independent and precisely dominates G —w or SU{w} 1s independent and

precisely dominates G'—v In the latter case we are done So, suppose SU{v}
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precisely dominates G — w If every x € N(v) 1s adjacent to some vertex
u € SU{w}, then SU{w} dominates G — v, and therefore (G —v) =k —1
On the other hand, if there exists some z € N(v) such that {z} USU{w} 1s
independent, then since N(v) 1s complete, S U {z, w} dominates G — v, and

so(G—v)<k N

In what follows we give a complete characterization of disconnected 3-
edge-i-critical graphs, and some structural properties of connected 3-edge-1-
critical graphs The latter results are similar to those in [13] First, we have

the following characterization of 2-edge-i-critical graphs

Theorem 49 A graph G 15 2-edge-i-critical of and only of G 15 a unon of

stars

Proof We show that G 1s 2-edge-i-critical 1if and only if G 15 2-edge-v-
critical The result then follows from Theorem 4 1 Clearly, if G 1s 2-edge-
i-critical, then G 1s 2-edge-vy-critical Suppose G 1s 2-edge-vy-critical It 1s
enough to show +(G) = 2 Let u and v be non-adjacent vertices of G Since
G has domination number two and G' + uv has domination number one, we
have without loss of generality that N[u] = V(G) —v Thus {u,v} 1s an
mdependent dominating set for G i

Let G be a 3-edge-i-critical graph If uv ¢ E(G). then +(G + uv) = 2
implies that there exists a vertex z such that either {u,z} dommates G — v,

or else {v, z} dominates G — u, and r ¢ N(u)U N(v) In the former case we
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write [u, 2] — v, and 1 the latter case we write [v, 2] = u

Proposition 4.10 If G 1s 3-edge-i-critical, then G has at most 3 compo-
nents Furthermore, (1) iof G has exactly 3 components, then G = K, U 2K,
for somen > 1, (2) 1f G has exactly 2 components, then either G = K1 U H,

where H 18 2-edge-1-critical, or G = K,, U Ty 0m, wheren > 1 and m > 2

Proof If G 1s 3-edge-i-critical, then 1t 1s obvious that G can have at most
three components Suppose G has exactly three components C, Cs, and
C3 Then, since G 1s 3-edge-i-critical, for ) = 1,2,3, 2(C;) = 1. and C, 1s
l-edge-s-critical, and so C; = K, , where n, > 1 Now, let u € V(C}) and
v € V(Cy) Since uv ¢ E(G), there exists  such that either [u,x] — v or
[v, 2] = u, and we must have 2 € V(C3) Therefore, either no =1orn; =1
Without loss of generality, suppose no = 1 Similarly, from vz ¢ E(G) we
get either n; = 1 or n3 = 1, and the result follows

Now, suppose G has exactly two components C; and C; Then, since
G 15 3-edge-i-critical, one of these, say C, 1s 1-edge-i-critical, and thus Cj
1 2-edge-r-critical Let u € V(C}) and v € V(C3) Since uwv ¢ E(G) and
1(Cy) = 2, there exists € V(C3) such that either [u,z] — v or [v,z] = u

If [v,2] — wu, then

V(Cy)| =1, C, = K. and G = K; U H, where H 18
2-edge-i-critical  If [u, z] — v, then C5 1s 2-1-critical (and 2-edge-2-critical)
since v 1s arbitrary Thus, by Lemma 3 16, Cy = T}, 2, for some m > 2

Therefore, G = K,, UT,;, 0m, wheren > 1.m >2 B
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We note that the above characterization still holds 1if 3-edge-i-critical 1s
replaced by 3-edge-vy-critical, and 2-edge-i-critical 1s replaced by 2-edge-v-
critical

In the following discussion, we consider 3-edge-i-critical graphs, unless
stated otherwise Most of these graphs will also be connected

We define a relation > on V(G) by u > vif and only if uv ¢ E(G) and 3x
such that [u,z] = v Ths relation defines a directed graph, which we denote
by D(>), on V(G) It 1s possible that both u > v and v = u (for example,
when G = C4) If this does not happen, then D(>) 1s an orientation of G

In general, D(>) 1s a subdigraph of the equivalent digraph of G (see [3])

Lemma 4 11 Let G be a 3-edge-i-critical graph and S be an independent set
of G with size n > 4 Then the vertices in S may be ordered as uy, uz, Uy
m such a way that there erists a path x1x2  xp—y in G — S with [u,, x,] —

iy Jore=1,2, n—1

Proof Since S 1s an independent set in G, 1t induces, in D(>), a digraph
with a spanning tournament Since every such digraph has a directed Hamul-
ton path, we may label the vertices in S as uy,u9, ,u, so that this sequence
1s such a path Hence for each « = 1,2, .n — 1, there exists z, such that
[,y ;) = w41 Now, since |S| = n > 4, r, dominates at least two ver-
tices n S, thus z, ¢ S Further, the vertices z;, 25, .x,_, are distinct 1f
J # 1,1+ 1, then z,u,4, € E(G) and z,u,41 ¢ E(G), so z, # x, Suppose

1 <1< n-2 Then z,uy2 € E(G) and z,41u,42 ¢ E(G), so x, # T,y
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Finally, since for « = 2.3, .n—1, r,.1u, ¢ E(G) and [u,, z,] = u,41, we
have z,_ 1z, € E(G) Therefore, x125 2,1 18 the required path W

Note that the vertices x|, z2, ,Tp—1.uj.u2,  .u, are all distinct

Lemma 4 12 Let G be a 3-edge-i-critical graph with 6(G) > 1 If S 1s an

independent set of G with |S| = n, then there exists u € S with d(u) > n—2

Proof. If n < 3, since 6(G) > 1, we have d(u) > 1 for every u € S So
we assume n > 4 and let S = {u;, ,u,} be ordered as n Lemma 4 11,
and x1,29, ,Z,—1 be the associated path in G—S Then {z,, ,z,_1}C
N(uy), and hence d(u;) >n—2 B

We denote the size of a largest chque of G' by w(G)

Theorem 4.13 IfG 1s a connected 3-edge-i-critical graph with n = |V(G)| >

9, then 3 <w(G)<n-3

Proof Since the largest possible size for a clique 1n a connected 3-edge-i-
critical graph 1s clearly n — 3, we only need to prove that w(G) > 3 Suppose
G does not contain a triangle Then, since the Ramsey number r(3,4) =
9 < |V(G)|, G must contain an independent set S of size at least four Let
S = {uy, ,ux} be ordered as in Lemma 4 11, and let 2, .,x;_; be the
associated path Then {z,,25,u4} 15 a triangle n G 1

If [V(G)| < 9, then there are graphs which are edge-i-critical but contain
no triangle For example, graph K33 1s 3-edge-i-critical but contains no

triangle
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Lemma 4 14 If G s 3-edge-i-critical, then no vertex of G has two newgh-

bours of degree 1

Proof. Suppose that u,v € V(G) are vertices of degree 1 and N(u) =
N(v) = {z} Smce 1(G) = 3. there exists w such that wz ¢ E(G) Now,
from uw ¢ E(G), 1t follows that there exists x such that either [u, 2] — w or
[w,x] - u Because xu ¢ E(G), we have  # z and therefore rv ¢ E(Q)
We also have wv ¢ E(G), so v ¢ N[u] U N[z] and v ¢ N[w] U N[z], a

contradiction W

Theorem 4.15 If G 18 3-edge-1-critical and S C V(G) s a vertex cut, then

G — S has at most |S| + 1 components

Proof First suppose that S = {v} and that G — v has three (or more)
components C',C5,C3 Then by Lemma 4 14, at most one of these can
be trivial Assume that [V(C})| > 2 and |V(Cy)| > 2 For 2 = 1,2, let
x, € V(C,) be adjacent to v Since z122 ¢ E(G), with no loss of generality
we may assume that [z;,2] — =z, for some = € V(G) So, x # v and
hence z € V(C3) But if u € V(C3) — {z2}, u 1s not dominated by {z;,z}
Therefore, G — v has at most |S| + 1 = 2 components

Now, assume that |S| = n > 2 and G—S has components A;, Ay, , Ap o,
plus maybe some others Let u, € V(A4,) for» = 1,2, .,n+2 Then
I = {u;, ,upy2} 15 independent n G with [I| = n+2 > 4 Assume |

1s ordered as in Lemma 4 11, and let z;, ,x,,; be a path in G — I with
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[u,, 2] = u,yy fore=1,2, .n+1 Then, for.=1,2, ,n+1, since u,
does not dominate vertices in A, for j # ¢ (1t dominates only vertices in A,
and 1n S), r, must belong to S Since the vertices xr;, .z, are distinct,

this contradicts |[S|=n B

Recall the defimitions of dp and S from the previous section We will
show that a 3-edge-i-critical graph has at most 3k vertices of degree at most

k, for any k > 1 (See Theorem 4 18 )

Lemma 4 16 If G 1s a connected 3-edge-i-critical graph and for some k > 2,

di > 3k + 1, then there do not exist u,v,w € Sk with [u,v] = w

Proof If u,v,w € Sk with [u,v] = w, then 3k+1 < |Sk| < d(u)+d(v)+3 <
2k + 3, and so k < 2, Therefore, the lemma holds if k > 3 If k = 2, then the
existence of such u, v, w in Sy implies that G 1s a 7-cycle C; or the path P,

neither of which 1s 3-edge-2-critical W

Lemma 4 17 If G s a connected 3-edge-1-critical graph with d, > 3k + 1
for some k > 2, then B(G[Sk]) < k+1

Proof Suppose that I = {uj,us, ,uk;2} 15 an independent subset of Sk,
ordered as in Lemma 4 11 Then there exists a path x;zy x4, m G — [
such that [u,,x,] = u,4; for2 =1,2, ,k+1 Moreover, by Lemma 4 16
z, ¢ Sy for each ¢« Now, since |Sy| =dp > 3k+1land |I|=k+2, Sy, -1 #0
Let v € Sy — I Then for each : = 1,2. .k + 1, v1s adjacent to one of z,

or u, which 1s impossible since d(v) < k B
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Theorem 4 18 If G 1s a connected 3-edge-i-critical graph, then dy, < 3k for
k>1

Proof For k = 1, since G 1s connected, S; must be independent, and by
Lemma 4 12, d; <3

Now, assume k > 2 and d;, > 3k + 1 Let H be the subdigraph of D(>)
induced by Sy Then for all w € V(H), we have dy(w) > 2k Hence there
exists a vertex v € V(H) with outdegree dj;(v) > k Let A = {ui,ua, ,ux}
be a k-subset of out-neighbours of v (v could have more out-neighbours)
Thus for each j = 1,2, ,k, there exists z, such that [v,z,] = u, and, by
Lemma 4 16, 2, ¢ Sy Now, since |Sy| = di, > 3k +1, |A| = k and dg(v) < k,
there exists a subset B of k vertices in (Sx — A) — {v} which are not adjacent
to v n G Then each element of B 1s adjacent to each z,, for j = 1,2, ,k
Since B C Si, for all b € B, Ng(b) = {x;, ,xx} Thus BU {v,us} 1s an

independent set of size k +2 But this 1s contrary to Lemma 4 17 W

For general graphs if :(G) = k, then the diameter of G can be at most
3k — 1 since every vertex can only dominate those vertices at distance at
most two (Note that the path Py has «(Ps:) = k and diameter 3k —1 ) The
situation 1s even more restrictive for 3-edge-i-critical graphs as 1s shown by

the following theorem

Theorem 4 19 The diameter of a connected 3-edge-i-critical graph 1s at

most 3
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Proof. Suppose the 3-edge-i-critical graph G has diameter at least four Let
a,b € V(G) with d(a.b) = diam(G) > 4 Let A = N(a), B = N(b) and
C = V(G) — (N[aJU N[b]) Then, for any r € A and any s € B, we have
rs ¢ E(G) (otherwise d(a,b) < 3)

First, we prove that one of A and B, say A. has the property that for every
r € A, there exists r’ € A such that rr' ¢ E(G) Suppose, to the contrary,
that there exist » € A and s € B such that N[r] O A and N[s] 2 B Then
since rs ¢ E(G), there exists x ¢ N[r] U N|s] such that either [r,z] — s or
[s,2] — r But this implies that either r € B (to domate b) or z € A (to
dominate a), a contradiction

Next, we show that 1f A has the above property, then G[B] 1s complete
For any s € B, let r be any vertex in A, and let 7' € A be a vertex such
that rr' ¢ E(G) Swmnce rs ¢ E(G), there exists z such that either [r,z] — s
or [s,z] = r If [r,2] — s, then x must be adjacent to both ' and b, which
contradicts d(a,b) > 4 So, we can assume [s,z] — r Since sa ¢ E(G),
x € N[a] — r and thus N[s] D N[b] Since s € B 1s arbitrary, 1t follows that
G|B] 18 complete

Fnally, for every u € C, since bu ¢ E(G), there exists y ¢ BU N (u) such
that either [b,y] — u or [u,y] = b Now. b,u ¢ A imphes that y € N[a] So,
if [b,y] — w, then (since no vertex n A dommnates A) y = a and C = {u},
and 1f [u, y] — b, then N[u] O B In either case, there exists s € B such that

su € E(G) for every u € C' Thus (since G[B] 1s complete) N[s] = C' U N[b],
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and hence N[s] U N[a] = V(G), that 1s, «(G) = 2, a contradiction W

4.3 Hamiltonian Properties

In this section Hamiltoman properties of edge-i-critical graphs are exam-
med In particular, we prove that every 2-connected 3-edge-i-critical graph
has a Hamilton cycle This 1s done by developing an independent domina-
tion closure operation similar to the one in Hanson [9] We then develop a
complete classification of 3-edge-i-critical graphs with a cut-vertex, and this
leads to the result that any connected 3-edge-i-critical graph with more than
six vertices has a Hamilton path

Sumner ([13], [14]) conjectured that every connected 3-edge-y-critical
graph on more than 6 vertices has a Hamilton path, and this was proved
by Wojeicka ([18])

Sumner and Wojcicka (mentioned 1n [18]) also conjectured that every 2-
connected 3-edge-y-critical graph has a Hamilton cycle Hanson ([9]) made
some progress on this problem, but 1t 1s still open His main tool was the

following theorem

Theorem 4 20 (/9]) Suppose that G 1s 2-connected and 3-edge-y-critrcal If
Nlu] U N[v] = V(G) — w for some pawr of independent vertices u,v € V(Q)

with d(w) > 3, then G + uv 18 Hamaltonwan +f and only of G 1s Hamaltonwan

The following theorem 1s a development of Theorem 4 20
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Theorem 4.21 Suppose that G 1s 2-connected and 3-edge-i-critical If [u, v]
— w for some vertices u,v and w, then G s Hamaltonwan of and only of

G + uv 18 Hamaltonwan

Proof First note that if G'1s Hamiltoman then G + uv 1s obviously also
Hamiltonian

Now, suppose for some uv ¢ E(G) and [u,v] = w, G+ uv 1s Hamiltonian
while G 18 not Then G + uv contains a Hamilton path P = v, v, from
u = vy to v = v, where n = |V(G)|, and N[v;]UN{v,] = V(G) —v, with v, =
w If viv, € E(Q), then vy,v,_1 ¢ E(G), otherwise vivg  v,010pUn—1  ¥,01
would be a Hamilton cycle of G Let M = maz{:| viv, € E(G)} and m =
man{j| v,v, € E(G)} There are three cases p >m > M (or p < M < m),
M<p<mandm<p< M

Case 1 p>m > M (here we must have m = M or M + 1)

We consider two cases

Case 1 1. There exists v,v, € E(G) with1 <« < M andm < j<n

We first show d(v,) = 2 In this case v,v; € E(G) for [ € {m,m +
1, ,n—-1}—{p} Ifv,v,_; € E(G), then vijv; v,v,v,41  Vp¥;—17;—2
v,41v; would be a Hamilton cycle of G Thus, v,_ v, ¢ E(G) and j — 1 =p,
that 1s, ) =p+1 Now, since vxv, ¢ E(G) for k =1,2, ,M—1 (otherwise,
VIV2  VkUpUppi  UnUp—1Up—2  Uk41v1 Would be a Hamilton cycle of G),
vvp ¢ E(G) for | = MM +1, .p— 2 (otherwise, vivy  v,Ups1VUpt2

UnUip1Vis2 UpUiUi—1 V4101 would be a Hamilton cycle of G), and v,v, ¢
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E(G) forr =p+2, ,n (otherwise, viva  VUpp1Upta  Up—1UnpUn—i  Uplp
Up—1  U;41v; would be a Hamilton cycle of G), we have d(v,) = 2

Sice G 1s 3-edge-1-critical, v,v, ¢ E(G) implies that there exists x such
that erther [v,, 2] — v, or [v,, £] — v, and hence z = v, If [v,, vy] — v,, then
vy € N[vn] U Nvp), which 1s a contradiction If [v,,v,] — v,, then we have
N[v,)U N[vp,—1] = V(G) (since 3 = p+1) If v # p— 2, then v,v,1 ¢ E(G),
and thus, +(G) < 2. a contradiction If 2 =p— 2, then2=m —1,m = M,
and p=m+1 Smnce vp42 ¢ N[v,] U N[vp]. vpy2 = v, that1s, p+2=n
Therefore, N[v1] U N[vp41] = V(G) (since m = M = p — 1), hence +(G) < 2,
also a contradiction

Case 12 v, ¢ E(G) foralll<:<Mandm<j<n

We first show d(v,) =2 Since G 1s 2-connected, m # M, and som = M+
1 Since vy, and v,, are not cut vertices, there exist 2 (1 <2< M) and 7 (m <
7 < n) such that v,u,, € E(G) and vyv, € E(G) Therefore, v,_ v, ¢ E(G)
(otherwise, v1v2  VUmUmy1  Uj—1UnUn—1 U UMUM—1  Vip1?v; Would be
a Hamilton cycle of G). and hence j—1 = p Similar to Case 1 1, vxv, ¢ E(G)
for k = 1, ,M — 1 (otherwise, vivy  VgUpUpy1  UnUp—1Up—2 V41V
would be a Hamilton cycle of G), vyv, € E(G) (otherwise, v,—1v, ¢ E(G)
as mentioned above, a contradiction), vjv, ¢ E(G) forl =m, ,p—2 (oth-
erwise, UiVa  VUmUmi1  UlpUp—1  U41UnUn—1  Upt1UMUM—1  VUp41V1
would be a Hamilton cycle of GG), and v,v, ¢ E(G) for r =p+2, ,n (oth-

erwise, vV  UyUmUm4i UpUrUp 1 UnUr—1Ur—2  Up41UMUM-1 V4101
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would be a Hamilton cycle of G) It follows that d(v,) = 2

Since G 18 3-edge-i-critical, vy v, ¢ E(G) imples that there exists x such
that erther [var, 2] = vp or [Un, ] = vpr and hence z = v, If [vn, vp] = UM,
then vy € N[v,] U N[vp], which 1s a contradiction If [vp,vp] — vp, then
we have Nlvy] U N[vp—q] = V(G) If p—1 # m, then vyv,_1 ¢ E(G),
and thus +(G) < 2, a contradiction Hence we may assume p — 1 = m, so
p=m+1 Since vyy2 ¢ N[vpy|U Nvp], vp42 = v, and p+2 = n  Now,
v,vn ¢ E(G) mphes that [v,, vp] = v, (since vy € N{v,] U N[vp]) Thus we
have Nv,] U N[vy41] = V(G) (since p — 1 = m and v,v, € E(G)) Since
v,vp11 € E(G), we have 1(G) < 2, also a contradiction

Note that the case where p < M < m 1s symmetrical to the case where
p > m > M, so the proof of Case 1 1s complete

Case 2 M < p < m (here we must have m = M + 2)

In this case we have v,v, ¢ E(G) for all 1 <2 < M and m < 3 < n,
otherwise, viv2  VU,V,41  Up¥y—1V;—2 V4101 18 @ Hamlton cycle of G

Again we show d(v,) =2 If vpv, € E(G) with 1 < k < M, then since v,
vm are not cut vertices, either there exists y with m <y < n such that vy, €
E(G) or there exists ¢ with m < ¢ < n such that v,v, € E(G) and vpyvm €
E(G) Intheformercase, viv;  UgpUpUm  Uj—1¥UpUn_1  VUpUp—1  Vg41V1
would be a Hamilton cycle of G, and i the latter case we have Hamilton
cycle vivy  VkUpUgUgq1  UpUg—1Vg—2 = UmUMUm—1 Vg1V 10 G There-

fore, vyv, ¢ E(G) for k =1, ,M —1 By symmetry, v,u; ¢ E(G) for
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I=m+1, .,n Thus, d(v,)=2

But now, since vjv, ¢ E(G), there exists z such that either [vy, z] — v,
or [vg,xz] = v; Since m each case r ¢ N[v;] U N[v,]. we have £ = v, If
[v1,vp] = vn, then since v, ¢ N[vi] U N[v,] for all m < ¢ < n, we have
m = n — 1. and thus d(v,) = 1 Smmlarly, if [v,.v,] = v;. then we have
d(v;) =1 Each of these 1s a contradiction

Case 3 m<p< M

In this case, we have v, adjacent to all of {vy, v3, ,Um—1,Vp41, Uptas
vy } while v, 15 adjacent to all of {vm, Um i1, Up—1, Unr1, UMt2s s Un—1}

Again we show d(v,) = 2

First, as before, vkv, ¢ E(G) for k =1, ,m—-2,M+2, ,n (oth-
erwise, either vivy  UgUpUpt1  UnUp—1Up—2  Ukpivq for 1 < k < m — 2
OF ViU  UpUgUkt1  UnUk—1Uk—2  Upy1¥p for M 4+2 < k < n would be a
Hamulton cycle of G)

Also, vy ¢ E(G) forl =m, ,p—2,p+2, , M (otherwse, viva vy
Up—1  Ui41UnUn—1  Up41Vy OTV1¥3  Up_1UnUn—i  UUplUpy1  Vi—1v; Would
be a Hamilton cycle of G respectively), v,v,,—1 ¢ E(G) and vyvp41 € E(G)
(otherwise, v1U2  VUm—1VpUp—1  UmUnUn—1  Up41U1 OF UiV2  Up—1UnUn—i

UM41UpUps1  Unv; Would be a Hamilton cycle of G, respectively) So,
d(y,) = 2

Since G 1s 3-edge-i-critical, viv, € E(G) and d(v,) = 2 imply that either

[v1,vp] = vy or [vg,vp] = v Suppose [vi,vp] = v, If p—1 # 2, then
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v1vp—1 ¢ E(G) and N[v1]JUN[v,—1] = V(G), acontradiction Ifp—1 =m =2,
thenp=m+1=3 Wealsohave M =n—1 Now, foreachp+1<k < M,
ety € E(G) mplies that [vg, vy] = v, (since vy ¢ Nlvp| U Nvp]) Thus
vvm € E(G) for all p+1 < k < M, but then we have N[vy]UNJv,] = V(G),
which 1s a contradiction since M # p + 1 (otherwise if M = p + 1, then
1(G) <2) Smularly, [v,,v,] = v; also leads to a contradiction

Since all of the cases lead to a contradiction, we have proved that G 1s

Hamiltonian if G' + uv 1s Hamiltoman. and we are done H

If G 1s 3-edge-r-critical, then we define the domunation closure of G, de-
noted by D*(Q). to be G together with all edges uv of G where u, v are such

that (1n G) [u.v] = w for some vertex w

Corollary 4 22 If G 1s 2-connected and 3-edge-i-critical, then D*(G) s

Hamultonwan of and only +f G 18 Hamultonwan

Proof Clearly if G 1s Hamiltoman, then so 1s D*(G)

On the other hand, suppose D*(G) 1s Hamiltoman while G has no Hamil-
ton cycle Choose a mimmal subset {e;,e2, ,ex} € E(D*(G))— E(G) such
that G+ {e1,e2. ,ex}1s Hamiltoman and G' = G +{ej, €3, ,ex—1} 18 not
Hamiltonian Note that by Theorem 4 21. k > 2 Let ¢, = zy Then G’ has
a Hamilton path P = vjv;  v,, where x = v; and y = v, By minmimality,
each of e;,e3, ,ex_;180n P

The proof 1s now 1dentical to that of Theorem 4 21 There we proved that
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de(vp) = 2 without using the criticality of G The same argument show that
dci(vp) =2 In fact, since GG 1s 2-connected, both edges incident with v, are
edges of G In the remainder of the proof a contradiction 1s obtained using
the hypothesis that G 1s 3-edge-i-critical The contradiction 1s either that G
1s Hamiltoman or that +(G) < 2 The same arguments can be applied to G’
In the former case thisis clear as e;,e;, ., e; are allon P In the latter case
the only edges of P which are used in the arguments are edges of G

We write d*(z) for the degree of vertex r in D*(G)

Theorem 4 23 If G 1s 2-connected and 3-edge-i-critical, then G 18 Hamal-

tontan

Proof Let w be any vertex of G Define A, = {r € N(w) 3Jy €
N(w) st [z.y] = w}. and B, = N(w) — A,

If € B,, then there 1s y € N(w) so that [w.y] = = Furthermore,
y € B, otherwise, there exists z € N(w),z # y such that [y, 2] — w, but
then {w, y} does not dominate z, a contradiction Therefore for each r € B,,,
there 1s y € B,, so that [w,y] — = Now suppose z; # 1, € B,, Then there
exist y; and y n B, so that [w,y;] — z; and [w, yo] — 22 If y; = yo, then
we must have x; = r,, a contradiction Thus the mapping f on B,, defined
by f(z) = yif [w,y] — x 15 one-to-one and onto

From the above argument and the defimtion of A,, 1t follows that each
vertex of N(w) 1s incident with an edge of D*(G) which 1s not an edge of G

We call such an edge a new edge with respect to w
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Suppose [a.c| — b, so that ac 1s a new edge with respect to b Then 1t
15 also a new edge with respect to each of a (since ¢ € N(a)) and ¢ (since
a € N(c)) It 1s never a new edge with respect to any other vertex, since
{a.c} € N(w) if and only if w € {a.b,c}

Each vertex z 1s1n N(w) for [N(z)| = |[V(G)|—|N[z]| = |V(G)|—d(z)—1
vertices w Each of these choices for w leads to a new edge incident with z,
and each such new edge 1s counted exactly twice (If zy 1s a new edge with
respect to z. then the set {2, z,y} 1s mdependent in G Since [z, y] — w, this

1s possible only if w = y or w = 2z ) Thus,

d*(z) 2 d(z) + [N(2)|/2 = d(z) + |V(G)|/2 — d(z)/2 - 1/2 >

V(G)|/2

Hence, by Dirac’s theorem, D*(G) 1s Hamiltoman Therefore, by Corollary

422, G 1s also Hamiltonian W

Note If G 1s 2-connected and 3-edge--critical with |[V(G)| even, then G

has a perfect matching (or 1-factor)

We now prove that every connected, 3-edge-i-critical graph with more
than six vertices has a Hamilton path We first give a complete description

of the 3-edge-i-critical graphs with a cut vertex

Lemma 4 24 Let GG be a connected, 3-edge-i-critical graph If v 1s a cut
vertez of G, then G—v has ezactly two components Cy and Cy with 1(Cy) = 1
and 1(Cy) = 2

Proof By Theorem 4 15, G — v has exactly two components C, and C,
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First, 1f «(Cy) > 3 or +(Cy) > 3. let z, € V(C,) be adjacent to v Then
1(G + x122) > 3 (since v 18 adjacent to 21 and x2, any minimum independent
dominating set containing x; or xs does not contain v), a contradiction

Now, suppose 1(C}) = 1(Cy) = 2 Let z,,y, € V(C,) such that z,y, ¢
E(G) for1=1,2 Since z,x5 ¢ E(G), there exists x such that [z, 2] — x5 or
[22.2] = z; But 2,5y, ¢ E(G) imphes that x = v Now, since y,y, ¢ E(G),
there exists y such that exther [y, y] — y2 or [y2,y] = y1 Since x,y, ¢ E(G),
y=v But vy, € E(G) (smce [x1,v] = x3), a contradiction

Finally, if +(Cy) = +(Cy) = 1, let x, € V(C,) be a vertex adjacent to v
for 2 = 1,2 Since 2125 ¢ E(G), there exists x such that either [z1,2] — x5
or [r9,x] — x1, and z # v Without loss of generality, assume 2 € V(C})
Then z, dominates every vertex of Cy U {v} and snce +(C}) = 1, we have
(@) = 2, a contradiction

By the above, we have, say, :(C}) =1 and +(Cy) =2 1

Let 2, be the graph )n, defined 1n Section 21 with n =2 We have
the following complete description of the 3-edge-i-critical graphs with a cut

vertex

Theorem 4 25 Let G be a connected 3-edge-i-critical graph If v 18 a cut
vertexr of G, then G — v has exactly two components C, and Cy such that C;

15 complete 1(Cy) = 2 and

1 of [V(CY)| > 2, then Cy = Than, for n > 2, and further, for every
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x € V(C,), va € E(G), and for any pawr u,u' of non-adjacent vertices

of Cy, vu € E(G) of and only f vu' € E(G),

or

2 if [V(C1)| =1, then Cy = S1+Sa+  + S, where S, = K3 or Qap,
1 < j < m, and further, there exist non-adjacent vertices u,u’ € N|v]
such that (1) N[u] U N[u'] = V(C3), and (u) Yz € (N(u) U N(u')) —
(N(u)NN(u')), vz € E(G) and N[z] 2 V(Cy) — {u,u'}

Proof Since v 1s a cut vertex of G, by Lemma 4 24, G — v has two com-
ponents C| and Cy with (C'}) = 1 and (C3) = 2 There are two cases
[V(C1)| = 2 and [V(CY)| =1

Case 1l |V(Cy)|>2

First, we prove that C 1s complete Suppose z,y € V(C}) and zy ¢
E(G) Then there exists z such that (in G) ewther [z, 2] = y or [y, 2] — =
Since 2(Cy) = 2, z = v and v dominates C; Now, for any u € V(C5), since
zu ¢ E(Q), there exists w such that either [z,w] — u or [u,w] — z Since
1(Cy) = 2, w € V(Cy) But then y can not be dominated by {z,w,u}, a
contradiction

Next, we prove that C; = Ko+ + Ky = T3, Let 2 € V(C}) be
adjacent to v For every u € V(Cy), since xu ¢ E(G), there exists u’ such
that erther [u,u'| = = or [z,u'] = u Since C; 1s complete and zv € E(G),

u' € V(Cy) and [z,u'] = u So, N[u']| D V(Cy)—{u} Now, since zu’ ¢ E(G),
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there exists w such that [z, w] — v/ or [u’,w] — = As above, [z, w] — v’ and
w € Cy, so w = u and Nfu] D V(C3) — {u'} Therefore, for every u € V(C3),
there exists ' € V(C3) such that N(u) = N(u') D V(Cy) — {u,u'}, that 1s,
Co=Kr+ +Ky=Tyom

Finally, we prove that for every x € V(C}), vz € E(G), and that for any
pair u, u’ of non-adjacent vertices of Cy, 1if vu ¢ E(G), then v’ ¢ E(G), and
if vu € E(G), then vu' € E(G) Since there exists u € V(Cy) with vu ¢ E(G)
(otherwise, 1(G) < 2), there exists y such that erther [u,y] — v or [v,y] = u
If [u,y] — v,then y € V(Cy), hence u dommates Cy, a contradiction Thus
[v,y] > uwand y € V(Cy) Since u' 1s the only vertex of Cy not adjacent to u,
y=1u"and u'v ¢ E(G) Thus v1s adjacent to either both u and ', or neither
u nor u' Further, as v dommates V(C4), vz € E(G) for every z € V(C)

Case 2 |V(C))| =1

Let Cy = {z} Then, since G 1s connected, vz € E(G) We prove that
Cy=S1+ S8+ +Spu, where S, =Kyor Qap, foryj=1, ,m

Since o(G) = 3, there exists u € V(Cy) with vu ¢ E(G), and u’ such that
[v,u] = wor [u,u'] - v But z ¢ N[u] U N[u'] imphes that [v,u] — u,
vu' ¢ E(G) and u' € V(C;) We prove that (1) N[u] U N[u'] = V(Cy),
and (n) Vz € (N(u) U N(')) — (N(u) N N(u')) = A, vz € E(G) and
N[z] 2 V(Cy) — {u,u'}

For (1), suppose there exists w € V(Cy) — N[u] U N[u/] Then, from

wu ¢ E(G), there exists y such that [w,y] — u or [u,y] - w Since z
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must be dommated, y = v or z But v’ ¢ N[w] U N[v] U N[z] U N[u], a
contradiction

For (un), we first define S; If 4; = 0, then S; = G[{u,v'}] = K,
Otherwise A; # 0 Let z € A;. without loss of generality z € N(u) and
z ¢ N(u') Suppose vz ¢ E(G) Then there exists y such that [v,y] = z or
[2,y] = v Since such a vertex y must belong to V(C3), we have [v,y] — 2
On the other hand, from vy ¢ E(G), there exists w such that [v,w] — y
or [y,w] — v Smce w must be m V(C5) and w ¢ N[v] U N[y], w = z
So, we have [v,z] - y But v’ ¢ N[v] U N[z], a contradiction Therefore,
vz € E(G) Now, from zu' ¢ E(G). we have t such that [2,¢t] — ' or
[u',t] = 2z Since vz € E(G) and v'u ¢ E(G), t = z, and we have [z,2] — u
and N[z] = (V(Cy) — {u'})U{v} Smmilarly,if z € N(u') and z ¢ N(u), then
N[zl = (V(Co) = {u}) U{v} So, §1 = G[A1U{u,u'}] = Qop

Let By = N(u)N N(u') If By =0, then Cy = S; Otherwise B; # 0 If
for all u; € By, ujv € E(G), then similar to case 1, we can prove that B, =
K;+ +K, Otherwise, there exists u; € By such that u;v ¢ E(G) Then,
we can simlarly prove that there exists u| € By, such that uju} ¢ E(G)
and that (1) N[ui]U N[u}] = V(C3), and (n) let 43 = (N({uy) U N(u})) —
(N (u)NN(u})), 1if A, = 0, then Sy = G[{ur,u!}] = {uy, u}} = K,, otherwise
for Vz € Ay, vz € E(G) and N[z] D V(C3) — {uy, u}}, and hence Sy = Q2

In general, if By = N(ug—1) " N(uj_;) = 0, then C, = S; + + Sk
Otherwise By # 0 If for all uy € By, uyv € E(G), then By = Kr+ + K
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Otherwise, there exists uy € By, such that u,v ¢ E(G), and thus there exists
uj, € By such that uzu) ¢ E(G), and such that the following hold (1)
Nlug) UN[ui] = V(Cy) (n) Let Agy1 = (N(ug) UN(uy)) — (N (ug) NN (uy))
If Apy1 = 0, then Spy1 = G[{ug, u}}] = {us, ui} = K,, otherwise for any
2z € Agy1, vz € E(G) and N[z] D V(Cy) — {u,ui}, and hence Sp;; =
GlAks1 U {uk, ui}] = Qap

Since G 1s finite, we have B,, = () for some m, and thus C, = S+ +Sp,,
where S, = K or Q2,, for all 1 < 7 < m The result now follows W

With this result we can prove that every connected, 3-edge-i-critical graph
with more than six vertices has a Hamilton path First note that (), has a
Hamilton path. and by the definition of join, we have the following lemmas

whose easy proofs are omitted
Lemma 4 26 If G has a Hanulton path, then so does G+ K, and G + Qa,

Lemma 427 IfG =S, + S+  + Sk, where S, = Ky or Qqp, for j =

1, .k, then G has a Hanulton path, unless G = K,

Theorem 4 28 If G s connected and 3-edge-i-critical with |V (G)| > 6, then

G has a Hamualton path

Proof If G 1s 2-connected, then by Theorem 4 23, G 1s Hamiltomian Thus
assume G has a cut vertex v By Theorem 4 25, G — v has exactly two
components C'; and C5, such that C 1s complete, «(C;) = 2 and erther (1)

or (2) 1n the statement of Theorem 4 25 holds
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If (1) holds, then since G[C; U {v}] 1s complete, 1t has a Hamilton path
P that ends at v Since T}, 2, has a Hamilton path that starts at any vertex,
G[CyU {v} has a Hamilton path @ that starts at v Then the path PQ 1s a
Hamilton path of G

If (2) holds. then since G 1s connected and 1(G) = 3, Cy # K, Thus,
by Lemma 4 27. C, has a Hamilton path Furthermore, G[v U V(C3)] has
a Hamilton path @ that starts at v, except when Cy = Q4 (1e Cy 15 a
path with 4 vertices) Since |[V(G)| > 6, this does not happen Let P = sv
Then the path PQ 1s a Hamilton path of G Therefore, if |[V(G)| > 6 (thus,
Cy # Py), then G has a Hamilton path W

For k > 4, the question of when a k-edge-i-critical graph G' contains a
Hamuilton cycle 1s still open

On the other hand, for any k > 4, there are arbitrary large k-edge-1-
critical graphs with no Hamilton path Let m > 2k, and p=1+14+ +
1+ (m — 2k + 1) be a partition of p = m —k Then graph Qi , (defined 1n
Section 2 1) 1s k-edge-i-critical but has k — 1 > 3 vertices of degree 1, and

hence no Hamilton path



Chapter 5
Future Work

We conclude the thesis with some suggestions for future research on inde-

pendent domination critical graphs

1 Explore the relationships between the various critical families In par-
ticular, characterize the graphs which are both z-critical and edge--

critical, or edge-i-critical and edge-y-cnitical, ete

2 For products other than those discussed 1n this thesis, determine when

products of critical graphs are also critical

3 Find a good bound on the diameter of a k-edge-i-critical graph We
conjecture that the diameter of such a graph 1s at most [2k — 1] (we

believe the same bound should hold for k-edge-vy-critical graphs)

4 Characterize the 3-:-critical graphs. or more generally, the k-i-critical

graphs (k > 3)

84
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5 Complete the characterization of 3-edge-i-critical graphs by character-
1zing the connected 3-edge-i-critical graphs Better yet, characterize

the k-edge-i-critical graphs

6 Determine whether every 2-connected k-edge-i-critical graph with k& >

4 1s Hamiltonian
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