
INDEPENDENT DOMINATION CRITICAL GRAPHS 

by 

Suqm Ao 
B S , Hengyang Teachers College, 1982 

A Thesis Submitted m Partial Fulfillment of the 
Reqmrements for the Degree of 

MASTER OF SCIENCE 

m the Department of Mathematics and Statistics 

We accept this thesis as conformmg 
to the reqmred standard 

Dr E J Cocka.9s1,, Departme t Member (Department of Mathematics 
"\J and Statistics) 

Dr C Myn ardt, External Exammer (Department of Mathematics, 
Apphed Mathematics and Astronomy, University of South Afnca) 

©Suqm Ao, 1994 

Umven,ity of Victoria 

All nght., m,erved The&is may not be reproduced m whole or m part , by 
photocopy or other means, without the permission of the author 



Supervisor Dr G MacGillivray 

Abstract 

The dommat1on number of a graph G 1s the mm1mum s17e of any dom1-
natmg set of G The mdependent dommat10n number of G 1s the mimmum 
size of any mdependent dommatmg set of G 

We study several different defimt10ns of graphs which are cnt1cal with 
respect to t he dommat10n number (respectively, mdependent dommat10n 
number) , and give examples of mfimte fam1hes of graphs of each type Com­
panng these families leads to four prmc1pal types of cnt1cal graphs, that 1s, 
graphs for which the delet10n of any vertex causes the dormnat10n number 
(respectively, the mdependent dommat10n number) to decrease , and graphs 
for which addmg an edge causes the dommat10n number (respectively, the 
mdependent dommat10n number) to decrease Smee graphs for which such 
changes cause the dommat10n number to decrease have been studied m the 
literature, we concentrate on those for ,,h1ch such changes cause the mdepen­
dent dommat1on number to decrease In each case we develop the theory of 
mdependent dommat10n cnt1cal graphs which 1s analogous to that, already 
m the literature, for dommat10n cn t1cal graphs We extend this theory, and 
that for dommat1on cn t1cal graphs, by g1vmg a complete class1ficat10n of the 
vertex dommat1on cnt1cal graphs with the maximum possible diameter We 
also explore Hamiltoman properties of edge mdependent dommat10n cnt1cal 
graphs by provmg that every 2-connected edge mdependent dommation cnt-
1cal graph with mdependent dommat10n number three has a Hamilton cycle 
We then develop a complete class1ficat10n of edge independent dommation 
cnt1cal graphs with a cut-vertex This leads to the result that any connected 
edge mdependent dommat10n cntical graph with more than six vertices has 
a Hamilton path 
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Chapter 1 

Introduction 

The dommat10n number and mdependent dommat10n number of graphs are 

two of the most studied graph parameters with over 200 papers havmg ap­

peared m the li terature (see [5], [11] and [12] ) 

Frequently some msight mto a particular graph parameter can be gamed 

by studymg graphs ,vhich are "critical" m the sense that an alterat10n to the 

graph yields a change m the value of the parameter Smee a subgraph of 

a graph G can, m general, have smaller or larger (mdependent) dommat10n 

number than does G, there are several possible defimt10ns of "(mdependent) 

dommat10n critical" graphs These are explored m Sect10n 2 1 

Several of these types of dommat10n critical graphs have already been 

explored m the literature [4, 7, 8, 14, 13. 16] To date no one has undertaken 

a study of mdependent dommat10n critical graphs and a comparison of the 

different not10ns of criticality This thesis is an attempt to do Just that 

In Sect10n 1 1 "'e list some defim t10ns and notat10ns An outline of the 
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Chapter 1 Introductwn 2 

thesis 1s given m Sect10n 1 2 

1.1 Preliminaries 

In this section, vve hst some defimt10ns and notat10ns used m this thesis For 

a more detailed descnpt10n of basic graph theory, the reader 1s referred to 

[3] 

A graph 1s an ordered pair G = (V(G), E(G)), where V(G) 1s a fimte 

(possibly empty) set of vertices and E( G) 1s a set of unordered pairs of 

d1stmct vertices The elements of E ( G) are called edges If { u, v} E E ( G) , 

we denote { u , v} by uv 

The number of vertices of G 1s denoted by p( G) and the number of edges 

of G 1s denoted by q( G) When no confus10n can result , we wnte p and q for 

p( G) and q( G), respectively 

Two graphs G1 and G2 are (vert ex) disJoznt 1f V (G1) n V(G2) = 0 

Let G and H be two d1sJomt graphs The union of G and H , denoted 

GUH, has vertex set V(G)UV(H) and edge set E(G)U E(H) We denote by 

nG the umon of n vertex d1sJomt copies of G The Join of G and H , denoted 

G + H , 1s formed from GU H by addmg all possible edges with one end m 

V(G) and the other m V(H) 

A complete b1part1te graph K 1,m 1s called a star 

A graph G 1s a complete r -partzte graph 1f V ( G) can be part1t10ned mto r 
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sets such that two vertices are JOmed 1f and only 1f they are m different sets, 

1f all of these sets have size k, then G 1s denoted by T r,rk (Note T r,rk 1s the 

complement of r Kk ) The graph T3,12 1s sho'"' n m Figure 2 1 

The open neighbourhood of a vertex v rn a graph G = (V, E) 1s N(v) = 

{u E VI uv E E} , and its closed neighbourhood is N[v] = N(v) U {v} 

A vertex of degree O 1s called an isolated vertex, and a vertex of degree 1 

1s called an end vertex 

The distan ce between two vertices u, v, denoted by d( u, v), 1s the smallest 

length of those paths connect mg u and v The diameter of a graph G, denoted 

by diam( G) , 1s maxu,vE V(c)d( u, v) 

A set I ~ V(G) is an independent set of G, if for any u, v EI, uv ~ E(G) , 

and the independence number of G. denoted by /3(G), 1s the largest size of 

such a set 

A set D ~ V(G ) 1s a dominating set of G, 1f for any vertex v not m D , v 

1s adJacent to some vertex of D , and the domination number of G, -y(G) , 1s 

the mm1mum size of such a set 

An independent dominating set is a dommatmg set which 1s also mdepen­

dent , and the independent domination number of G, denoted by i(G), 1s the 

mm1mum size of such a set Clearly -y( G) ~ i( G) 

Let H be any subgraph of G and D ~ V ( G) If for any vertex v E 

V( H) - D , v 1s ad.i acent to some vertex of D, then we say D dominates H 
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or D dominates V( H ) 

1.2 Outline 

In this section, we give a bnef outhne of the thesis The purpose of this thesis 

1s to present a study of mdependent dommat10n cn t1cal graphs Our mam 

results are discussed m Chapter 2, 3 and 4 

In Chapter Two we examine the seven possible defimt10ns of cn t1cahty 

with respect to the dommat10n number and the mdependent dommat10n 

number Infimte fam1hes of each type of cn t1cal graph are descnbed Com­

panng these fam1hes leads to the four pnnc1pal types of cnt1cal graphs we 

treat m the remamder of the thesis , and to the conclus10n that no two of these 

four types of cn t1cahty are the same We also establish some basic properties 

of mdependent dommat10n cntical graphs In the end of this chapter, we give 

a counterexample to disprove one of Sumner's conJectures ([13]) 

Bngham, Chmn and Dutton [4], Fulman [7], and Hanson and MacG1lhvray 

[8] studied graphs m which the delet10n of a vertex causes the dommat10n 

number to decrease We begm Chapter Three by briefly surveymg t hese re­

sults, and extend the theory by g1vmg a complete class1ficat10n of the vertex 

dommat10n cnt1cal graphs with the maXImum possible diameter We then 

turn our attent10n to the analogous concept fo r the mdependent dommat10n 

number , and develop a s1m1lar theory The methods developed m this chapter 
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yield further construct10ns of vertex mdependent dommat10n cnt1cal graphs 

Graphs which are dommat10n cnt1cal with respect to addmg an edge have 

received some attent10n m the literature [13, 14, 15, 6, 7] We begm Chapter 

Four by bnefly surveymg some of these results We then turn our atten­

tion to the analogous concept for the mdependent dommat10n number, and 

develop a similar theory In the final sect10n of Chapter Four, Ham1ltoman 

properties of edge mdependent dommat10n critical graphs are exammed In 

particular, we prove that every 2-connected edge mdependent dommat10n 

cnt1cal graph with mdependent dommat10n number three has a Hamilton 

cycle This 1s done by developmg an mdependent dommat10n closure opera­

t10n s1m1lar to the one m Hanson [9] (The same quest10n for edge dommat10n 

critical graphs. due to Sumner [13] and W0Jc1cka [18] , remams open ) We 

then develop a complete class1ficat10n of edge mdependent dommat10n cnt-

1cal graphs with a cut-vertex (Such a class1ficat10n for edge dommat10n 

critical graphs has been nutiated by Sumner [13] and W0Jc1cka [18], but 1s 

not complete ) This leads to the result that any connected edge mdependent 

dommat10n cnt1cal graph with more than six vertices has a Hamilton path 

Fmally, m Chapter Five, we hst some suggest10ns for the future research 

on mdependent dommat10n cnt1cal graphs 



Chapter 2 

Domination Critical Graphs 

In this chapter, we compare and contrast some different defimt10ns of graphs 

which are critical with respect to the dommat10n number or mdependent 

dommat10n number Sect10n 2 1 gives the defimt10ns of the seven different 

types of cnticahty we explore, and examples of mfimte families of graphs 

of each of these seven types Some properties and construct10ns of critical 

graphs are given m Sect10n 2 2 In Sect10n 2 3, we show that no two of 

these types of cnticahty are the same Fmally, we give a counterexample to 

disprove one of Sumner's conJectures [13] 

2.1 Definitions and Examples 

It is the purpose of this sect10n to give defimt10ns and some examples of 

various dommat10n critical families 

We denote by V ( G) and I( G) the set of all dommatmg sets of G and the 

6 



Chapter 2 Dom111at10n Cnt1cal Graphs 7 

set of all mdependent dommatmg sets of G, respectively, that is 

D (G) = {D D is a dominating set of G}, 

I(G ) = {I I is an independent dominating set of C} 

Lemma 2 1 (/2]) An independent set I of G is maximal if and only if I is 

an independent dominating set of G 

We now define the seven possible types of critical graphs Graphs of the 

first four types are considered throughout this thesis , those of the last three 

types are considered only bnefly m this sect10n 

1 A -y-critical graph 1s a graph belonging to 9"/ 

-y(C-v) < 'Y(G)} , 

2 An i-critical graph is a graph belongmg to 9i 

i(G - v) < i(G)}, 

{ GI Vv E V(G), 

{GI Vv E V(G), 

3 An edge--y-critical graph is a graph belongmg to 9,y = {GI Ve tf_ E(G) , 

-y(G + e) < -y (G)} , 

4 An edge-i-critical graph is a graph belongmg to 9; = {GI Ve tf_ E(G) , 

i( G + e) < i( C)} , 

5 An e--y-critical graph 1s a graph belongmg to g _:;,; = { Cl Ve E E( G), 

'Y(G - e) > -y (G)} , 
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6 An e-i-crztical graph is a graph belongmg to gi- = { GI Ve E E( G), 

i ( G - e) > i ( G)} , 

8 

7 An e'-i-critical graph is a graph belongmg to 9'-; = {GI Ve E E(G), 

i (G - e) < i (G)} 

The eighth possible defi111t10n , an e' -')'-critical graph, bemg a graph for 

which Ve E E(G) , "f(G - e) < , (G). makes no sense as for any graph G and 

any edge e E E(G) , ,(G- e) 2". , (G) Further, by considermg a vertex not m 

a mmimum (mdependent) dommatmg set, or K n if there is no such vertex, it 

can be seen that ')' ( G - v) > ')'( G) ( i( G - v) > i( G)) for all vertices v E V ( G) 

is also impossible 

For a graph G with i( G) = n , if G E Yi then we call G n-i-cnt1cal, 

similarly, if G E 9; then call G n-edge-i-cntical, and so on 

First , let us look at the families 9.=y and gi- Wahkar and Acharya study e­

')'-Cntical graphs m [16] They show that the only e-')'-cntical graphs are those 

for which each component is isomorphic to a star On the other hand , Sumner 

and Bhtch characterized 2-edge-1-cntical graphs m [13] They proved that 

a graph G is 2-edge-1-cntical if and only if G is a umon of stars 

Smee a graph G is e-1-cntical if and only if each component of G is so, 

we have the followmg result 

Theorem 2.2 [4 , 16/ A graph G is e- -critical if and only if G is 2-edge-1 -

critical 



Chapter 2 Dommatwn Cn t1cal Graphs 9 

We have the same result for the e-i-cntical family Q
1
-

Theorem 2 3 A graph G is e-i -cntical if and only if it is a union of stars, 

(and thus if and only if G is 2-edge-"(-critical ) Th at is, Q1- = Q,"y 

Proof Obv10usly, we only need to prove the necessity Let G be an e­

i-cn tical graph, and let I bP any mm1mum mdependent dommatmg set of 

G We first prove that V ( G) - I 1s mdependent Suppose not and let e = 

uv E E (G ) such that u, v E V(G) - I Then, smce I 1s an mdependent 

dommatmg set of G - e, i(G - e) ~ II I = i(G), a cont rad1ct10n Therefore, 

for any e = uv E E (G) , we must have u E J, say, and v E V(G) -I Next , we 

show t hat for any v E V(G)- J, d(v) = 1 Suppose not and let u, w E N(v) 

Then from the above, we have u, w E J But now, smce I is an mdependent 

dommatmg set of G - uv (because wv E E(G - uv), I still dommates v), 

i(G - uv) ~ II I= i(G), a contradict10n T herefore, G is a muon of stars I 

In t his thesis we study mamly four types of crit ical graphs "(-crit ical, 

i-cntical, edge-"(-cn tical, and edge+cn tical graphs Aft er makmg t he follow­

mg easy observat10n about e'-i-cn t ical graphs, we concentrate on descnbmg 

some mfimte families of graphs of each of these types 

Consider Km.,n, where 3 ~ m ~ n Then i(Km.,n) = m, and "( (Km.,n) = 

i(Km.,n - e) = 2 for every e E E (Km,n ) Thus Km.,n LS e'-i-cn t ical This can 

be generalized as follo'"'s 

Observation Let G be a graph with (G) < i(G) If for every uv E E (G) , 
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there exists a muumum dommatmg set D such that u, v E D and G[D] - uv 

1s mdependent , then G 1s e'-i-crit1cal with i( G - uv) :S 'Y ( G) < i ( G) 

Let G be a graph and x E V(G) We denote by Hx the subgraph mduced 

by V(G) - N[x] 

Lemma 2 4 For n 2 2, if for every x E V(G), Hx is (n - l )-z -crztzcal, then 

G is both n-i-critical and n-edge-i- crztzcal 

Proof· Let x E V ( G) and Dx be a mm1mum mdependent dommatmg set of 

Hx Then IDx I = n - 1 and D = Dx U { x} 1s an mdependent dommatmg set 

of G So, i (G) :S IDI = n If i(G) < n, then let I be a mm1mum mdependent 

dommatmg set of G We have III :S n - 1 Let y E I Then Iy = I - {y} 

1s an mdependent dommatmg set of Hy. and IIy I :S n - 2, a contrad1ct10n 

Therefore, 1 ( G) = n 

Now, we show that G 1s n-i-critical For any v E V(G), smce n 2 2, there 

exists x E V(G) such that v E (V(G) - N[x]) Smee Hx 1s (n - 1)-i-critical, 

i(Hx - v ) < n - 1 and thus i(G - v) < n 

To see that G 1s n-edge-i-crit1cal. let uv ~ E(G) Then u E V( Hv) Smee 

Hv 1s (n-l)-i-crit1cal , there exists a mm1mum mdependent dommatmg set Iu 

of Hv -u with IIul < n -1 Thus I= Iu U { v} 1s an mdependent dommatmg 

set of G- u So, i(G +uv) :S III < n ■ 

Now, we describe various famili es of dommat10n critical graphs 
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First , for Yi and Y"f, we note that K i 1s the only l-i-cn t1cal graph and 

also the only 1-"(-cn tical graph and graph G 1s 2-i-cn tical and/or 2-"(-cntical 

1f and only 1f G ~ T m,2m ( defined as rn Chapter 1) ( see [ 4]) 

For rntegers r 2 1 and n 2 2, let m = n(2r + 1) - 2r The graph H2r,m 

1s defined as fo llows 

The vertex set 1s 

and the edge set 1s 

Figure 2 1 shows H4,11 

Proposition 2 5 For integers r 2 1 and n 2 2, let m = n(2r + 1) - 2r 

Then the graph H2r m is both n -"( -critical and n -i -crztical 

Proof First, srnce the set I = {Vi, V1+(2r+1), V1+2(2r+1), , V1+(n- 2){2r+l), 

V1+(n- 1)(2r+1)-r} 1s an rndependent dommatrng set of H2r,m, "f (H2r,m) ~ 

i(H2r,m) ~ II I = n Next, smce H2r,m IS 2r-regular, and IV(H2r,m)I = m, 

we have 'Y(H2r,m)(2r + 1) 2 m, that IS, i(H2r,m) 2 'Y (H2r,m) 2 m/ (2r + 1) 

But m = n(2r + 1) - 2r 1mphes that (H2r,m) 2 n Therefore, we have 

i(H2r,m) = 'Y(H2r,m) = n 

Fmally, H2r,m 1s 1-cn t1cal (and thus -cntical) smce for any v1 E V( H2r,m), 

IJ = {VJ+(r+1),V1+(r+l)+(2r+ l), ,V1+(r+l)+(n-2)(2r+1)}, where the add1t10ns 
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are modulo m, is an mdependent dommatmg set of H2r,m-v1 and \11 \ = n-1 

I 

Fort 2: 3 and m = 4t - 3, the graph Gt is defined as fo llows 

The vertex set is 

and the edge set 1s 

Figure 2 1 shows G3 

Propos1t10n 2 6 Fort 2: 3, the graph Gt is 3-1-crztical and t-i-crztical 

Proof ote that Gt is vertex-transitive We claun that \N[x] n N [y]\ 2: 2 

for all x , y E V(Gt) This is clear if x and y are adjacent If xy 1 E(Gt), 

then, without loss of generality, x = v1 and y = v2k+L for some k (1 :S k :S 

t - 1) But then v2k and v2k-2 are adjacent to both x and y This proves 

the claim Thus IN[x] U N[y] \ :S 2(t - 1) + 2(t - 1) = 4t - 4 < 4t - 3 

So, no two vertices dommate all vertices of Gt On the other hand, { v1, v2} 

dommates Gt - v2t Therefore, 1 (Gt) = 3 and Gt is 3-1-cnt1cal Now, smce 

I = { v1, V3, vs, , V2t-d is an mdependent dommatmg set of Gt, we have 

i(Gt) :S \I\ = t On the other hand, for any x E V(Gt) , consider Hx (the 

subgraph mduced by V(G)-N[x]) Then Hx is easily seen to be isomorphic to 

the bipartite graph with vertex set {x1, X2 . , Xt-1 , Y1, Y2 , , Yt-d m which 
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for i = 1, 2, , t - 1, Xi is adJacent to Yt-I, Yt-2, , Yt-i Smee this graph 

has independent dommat10n number t - 1, we have i(Gt) 2': t Therefore, 

i(Gt) = t 

To see that Gt is i-cntical, for any vk E V(Gt) , smce h = {vk-2 ,Vk+2, 

vk+4 , , vk+( 2t-4)} (where the add1t10ns are modulo m) is an independent 

dommatmg set of Gt - vk, 1,(Gt - vk) ~ lhl = t - 1 I 

For n 2". 3, the graph Qn is defined as follows 

The vertex set is 

and the edge set is 

(where the add1t10ns are modulo n) The graph Q3 1s shown m Figure 2 1 

Propos1t10n 2 7 For n 2". 3, the graph Qn is both n-i-critical and n-"( ­

critical 

Proof Smee the mdep en dent set I = { v0 , v1, , Vn- l} dominates Q n, 

"((Qn) ~ i(Qn) ~III= n On the other hand, for any O ~ i # J ~ n - 1, no 

one of { ui, v1 , wi} can dominate all { uJ, vJ . wJ}, and thus, i( Qn) 2': 'Y ( Qn) 2". n 

Therefore, i(Qn) = ,(Qn) = n 

To see Qn is critical, note that for any O ~ k,J,l, ~ n- 1, h = I - vk 

dominates Qn - Vk I J = I - { VJ - I· vJ } + wJ-l dominates Qn - uJ, and 
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11 = I -{v1+ 1 , vi} +u1+1 dommates Qn - w1, and therefore, i(Qn -v) < i(Qn) 

and 'Y (Qn - v) < 'Y(Qn) for any v E V(Qn) I 

Proposition 2 8 Form 2: 2 and n 2: 3, the graph Tm,mn is n-i-critical but 

not "'( -critical 

Proof. In tlus proof, let 

and 

E (Tm,mn) = { Vi1Vkl i =/ k, l :s; i . k :s; m, 1 :s; J, l :s; m} 

Smee any independent set h = { vk1, Vk2, , Vkn } (1 :s; k :s; m) dommates 

Tm,mn and no n - 1 mdependent vertices can dommate Tm,mn, i(Tm,mn) = n 

For any Vk1 E V(Tm,mn) , smce h -vk1 dommates Tm,mn-Vk1 , 1,(Tm,mn -vk1 ) < 

i (Tm,mn) 

On the other hand, smee any two vert ices Vi1 , vkl ( i =/ k) dommate T m,mn 

and no one vertex can dommate Tm,mn, (Tm,mn) = 2 Smee n 2: 3, for any 

Vkl E V(Tm,mn), 'Y (Tm,mn - Vkt) = 2 Therefore, Tm,mn is not "'(-entieal I 

For n 2: 1, the graph Gnn is defined as follows 

The vertex set is 
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and the edge set 1s 

Figure 2 1 shows G33 (Observe that Gnn 1s the complement of the Cartesian 

product of Kn with itself) 

Propos1t10n 2 9 The graph Gnn zs both n-z-crztzcal and n-"( -crztzcal 

Proof When n = l, V 11 = K 1, which 1s both l-i-cnt1cal and l--y-cnt1cal 

When n = 2, G22 = K2,2, which 1s both 2-i-cntical and 2--y-cntical 

Suppose V (n-l )(n-l ) 1s both (n - 1)-i-cntical and (n - l)--y-cnt1cal Con­

sider Gnn, note that for any x E V(Gnn), Hx ~ G(n-l)(n-l ) (where Hx IS the 

subgraph mduced by V(Gnn) - N[x]) By Lemma 2 4, Gnn 1s n-i-cntical 

Smee -y (V(n- l)(n-1) ) = n - l, -y(Vnn) = n , and therefore Vnn 1s n--y-cnt1cal 

I 

Proposition 2 10 For n ~ 4, the graph Gnn zs n-i-crztzcal but not -y­

crztzcal The graph G33 zs both 3-i-crztzcal and 3--y -crztzcal 

Proof ote that for n ~ 4 and for any x E V(Gnn) , t he subgraph mduced 

by V(Gnn) - N[x] 1s T2,2(n- 1) = Kn- 1,n- 1 which 1s (n - l)-i-cnt1cal but not 

-y-cnt1cal by Propos1t10n 2 8 Also note that G33 ~ G33 I 

For n ~ 3, the graph On 1s defined as follows 

The vertex set 1s 
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and the edge set is 

where the additwns are modulo n Alternatively, On is obtained from two 

2n-cycles ui u2 Uzn and W1 W2 W2n by identifying Ui and Wi for each i E 

{1 , 3. , 2n - 1} Figure 2 1 shows 0 3 

Propos1t10n 2 11 For n 2: 3, the graph On is both n -i -critical and n -, ­

critical 

Proof Smee the independent set I = { V1, v2, , Vn} dominates On , 1 ( On) :S 

i(On) :S III = n On the other hand, for any 1 :=:; i -=/ J :S n, no one of 

{ui,Vi,Wi } can dominate all {u1 ,v1 ,w1 }, and so, i(On) 2: ,(On) 2 n There­

fore , 1,( On) = 1 ( On) = n 

Smee for any 1 :S k, J, l :S n, h = I - vk dominates On - vk, I1 = 

I - { v1+1, vJ } + w1 dominates On - u1 , and Ii = I - {v1+ 1, vi}+ Ut dominates 

On - Wt, for any VE V(On), i(On - v) < i(On) and , (On - v) < ,(On) I 

Now, for g i+ and 9{, we note that the only 1-edge-i-cntical, and the only 

1-edge-1-cntical, graphs are Kn (n 2: 1), and a graph G is 2-edge-i-cntical 

and/or 2-edge-1-cn tical if and only if G is a union of stars (see [13]) So, 

Tm,Zm (m 2: 1) 1s a family of 2-edge+cntical and 2-edge-1-cntical graphs 

For n 2: 2 and p 2: n, a family of graphs Qn,p is constructed from Kn U Kp 

as follows Let p = a1 + a2 + + an be a partit10n of the mteger p, with 
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aJ 2 1 for 1 ::; J ::; n For Kp , let V(Kp)=A 1 U A2 U U An with !Ail = ai , 

i = 1, ,n Let V(Kn) = {v1 ,v2, ,vn } For J = 1,2, ,n, JOlll vJ to 

every vertex of AJ Figure 2 2 shows Q3,8 and Q2,8 correspondmg to the 

partit10ns 8 = 2 + 3 + 3 and 8 = 3 + 5, respectively 

Proposition 2 12 For p 2 n 2 3, each graph Qn,p zs both n -edge-z -crztzcal 

and n-edge-1-crztzcal 

Proof Smee I = V(Kn) = { v1, v2, , vn } is an mdependent dommatmg 

set of Qn,p , 1(Qn,p)::; i(Qn,p) ::; II I = n On the other hand, for any 1 ::; i =/= 

J :s; n, no vertex of 4.iU{vi} can dommate vJ, and so, i(Qn,p) 21(Qn,p) 2 n 

Therefore, 1(Qn,p) = 1(Qn,p) = n 

Now, consider any uv (/:. E(Qn,p) If u, v E V(Kn) , then u = Vi, v = VJ 

for some i =/= J Let h, =/= i, J, and z E Ak Then S = I - { vJ, vk} U { z} 1s an 

mdependent dommatmg set of Qn,p-VJ (or Qn,p +uv) and thus i(Qn,p+uv) < 

n 

If u E V(Kn), v E V( Kp) , then u = vJ for some J and v E Ak for some 

k =/= J Smee I - { vJ , vk } U { v} 1s an mdependent dommatmg set of Qn,p - vJ, 

i(Qn,p + uv) < n I 

For m 2 n 2 3, let p = ( m ) The graph P m,n 1s constructed 

m-n+ 1 

from K mU Kp as follows Let V(Kp) = {v1. , vp } and let A1, , Ap be the 

(rn-n+l)-subsets of K m Jorn vJ to every vertex of AJ, for each J = 1, , p 



Chapter 2 Dom111at10n Cnt1cal Graphs 20 

The graph P 4,3 is shown m Figure 2 2 

Proposition 2 13 Form 2: n 2: 3, the graph Pm,n zs n-edge-i-crztzcal 

Proof Smee I = {vi} U (V( K m) -Ai) is an mdependent dommatmg set of 

Pm,n, i(Pm,n) ::; II I = n Also, note that i(Pm,n ) 2: n smce Kp is complete 

and m, 2: n 

ow, consider any uv (}. E(Pm,n) If u, v E V(Km), then there exists Ak 

such that u v (}. Ak Thus, h = { vk} U (V( Km)-Ak)- { v} 1s an independent 

dommatmg set of P m,n - v 

If u E V(Kp) , then u = vJ for some J and v (}. AJ In this case, IJ = 

{vJ } U (V(Km) -A1 ) - {v} 1s an independent dommatmg set of Pm,n - v ■ 

Let m 2: n 2: 3 If G 1s both (n - l)-edge-i-cnt1cal and (n - l) -i-cnt1cal, 

then from Qn,p (defined as above) and G, by Jommg every vertex of G to 

every vertex vJ of K n m Qn,p we obtam a new graph Mn,p,G Also, from Pm,n 

(defined as above) and G, we can get a ne\<\ graph Nn,m,G by JOmmg every 

vertex of G to every vertex of Km m P m,n 

Proposition 2 14 Form 2: n 2: 3, any graph Mn,p,G or Nn,m,G zs n-edge-i­

crztical 

Proof We show that Mn,p ,G 1s n-edge-i-cnt1cal Smee every vJ E V(Kn) ~ 

V(Qn,p) 1s adJacent to every vertex of G. I= V( K n) = { v1, v2 , , vn } 1s an 

mdependent dommatmg set of Mn ,p,G• and hence i(lvln,p,c) ~ II I = n On 
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the other hand , consider any mdependent dommatmg set D of Mn,p,G If 

D n G # 0 then smce every vertex of G is adJ acent to every v3 E V(Kn) ~ 

V(Qn,p), D n G must dommate G, and smce D n G cannot dommate any 

vertex of Kp m Qn,p and i(G) = n - 1, we must have IDI 2 n If D n G = 0, 

then smce D must dommate Qn,p and i(Qn,p) = n we also have IDI > n 

Thus i(Mn,p,c) ~ n . and so, we proved i(Mn,p,c) = n 

Now, consider any uv (j. E(Mn,p,c) If u, v E V(G), then smce G is (n-1)­

edge-i-cntical , there exists an mdependent dommatmg set W of G + uv 

with size n - 2 such that either u E W or v E W Let z E V( K p) , then 

I = W U { z} is an mdependent dommatmg set of Mn ,p,G + uv and thus 

i(Mn,p,G + UV) :S III = n - 1 

If u, v E V( Qnp) , by Proposit10n 2 12, and the defirnt10n of Mn,p,G , 

i(Mn,p,G + uv ) = i(Qn,p + uv) < n 

If u E V (G) and v E V(Qn,p) , then v E V(Kp) SmceGis (n-1)-i-cntical , 

there exists an mdependent dommatmg set Du of G - u with IDul < n - 1 

Thus, I = Du U { v} is an mdependent dommatmg set of Mn - u and hence 

1,(Mn,p,G +UV) :S \I I < n 

Similarly, we can prove that Nn,m,G is also n-edge-i-cntical I 

Propos1t1on 2 15 The graph Gnn is both n-edge-i-critical and n -edge-1-

critical 

Proof For any x E V(Gnn), we have Hx = G(n- l)(n- l), wluch is (n - 1)-i-
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critical by Propos1t1on 2 9 Therefore, by Lemma 2 4, Gnn 1s n-edge-i-cn t1cal 

Smee -y( Gnn) = n, Gnn 1s n-edge--y-cntical I 

Proposition 2 16 For m 2 2 and n 2 3, the graph Tm,mn is n-edge-i­

crztzcal but not edge--y-crztzcal 

Proof. Smee for any x E V(Tm,mn), Hx = Kn-I which 1s (n - l) -i-cn t1cal, 

Tm,mn IS n-edge-i-cnt1cal by Lemma 2 4 For any uv ~ E(Tm,mn), smce 

-y (Tm,mn + uv) = 2 = -y(Tm,mn) when n 2 3, Tm,mn 1s not edge--y-cn t1cal I 

Proposition 2 17 For n 2 4, the graph Gnn zs n-edge-i-crztzcal but not 

edge--y-crztzcal, while G33 is both 3-edge-i-critzcal and 3-edge--y-crztzcal 

Proof For any x E V(Gnn), Hx = Kn-1,n- l = T2,2(n-l ) which IS (n - l) -i­

cnt1cal by Propos1t1on 2 8 Therefore, by Lemma 2 4, Gnn 1s n-edge-i-cn t1cal 

when n 2 3 Now, for n 2 4 and any uv ~ E(Gnn), -y (Gnn + uv) = 3 = 

-y(Gnn) , so Gnn 1s not edge--y-cn t1cal ·when n = 3, the resul t follows from 

Propos1t10n 2 15 smce G33 ~ G33 I 

Some other examples of edge--y-cnt1cal graphs can be found m [13] and 

[14] 

2.2 Properties and Constructions of Inde­
pendent Domination Critical Graphs 

In this sect10n, we discuss some properties and construct10ns of mdependent 

dommat10n cn t1cal graphs The construct10ns yield further fam1hes of cn t1cal 



Chapter 2 Dommatwn Cn t1cal Graphs 23 

graphs We begin wit h some propert ies of independent dominating sets in 

cnt1cal graphs 

Lemma 2 18 Let G be an edge-i -critical graph and u, v E V(G ) If uv ~ 

E ( G), then there exists a minimum independent dominating set D of G such 

that u, v E D 

Proof Smee i(G + uv) < i(G) , there exists an mdependent dominating 

set W of G + uv wit h IWI = i(G) - 1 such that either u or v but not 

both in W (otherwise, vV would be an independent dommating set of G, 

a contrad1ct10n) In other words, t here exists an independent set S of size 

i(G) - 2 such t hat eit her SU {v} = vV dominates G - u or SU {u} = W 

dominates G-v Thus D = Su { u, v} 1s a mm1mum mdependent dominating 

set of G I 

The converse of Lemma 2 18 1s not t rue For example, every pau of 

nonadJ acent vert ices of C7 are in some m1mmum mdependent dominating 

set , but C7 1s not edge-i-cntical 

Lemma 2 18 motivates t he following notation Let G E Q;, uv ~ E ( G), 

and S be an independent set of size i( G) - 2 such t hat either S U { v} 1s 

mdependent and dommates G - u or S U { u} 1s independent and dominates 

G - v ( the existence of S 1s established 111 t he preceding proof ) If S U { v} 

dommates G - u we wn te [v, S] ➔ u, and 1f SU { u} dommates G - v we 

wnte [u, S] ➔ v 
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Corollary 2 19 If G is edge-i-critical, then every vertex belongs to some 

minimum independent dominating set 

Proof For any vertex u E V ( G), if u is adJ acent to all other vertices of 

G, then i( G) = 1 and { u} dominates G Otherwise, there exists v E V ( G) 

such that uv (/:. E(G), and hence by Lemma 2 18, there exists a minimum 

independent dominating set D of G such that u E D I 

Lemma 2 20 A graph G is 1,-critical if and only if for every v E V(G) , 

i( G - v) = i( G) - 1 

Proof If G 1s i-cntical, then for every v E V(G), i(G-v) < i(G), that 1s, 

1,(G - v)-::; z(G) - 1 But for every v E V(G), we have i(G - v) 2 i(G) - 1 

Therefore, i( G - v) = i ( G) - 1 

On the other hand, if for every v E V(G) , i(G - v) = i(G) - 1, then 

i( G - v) < i( G), and hence G is i-cnt1cal I 

Lemma 2 21 If Gisi-critical, then every vertex v E V(G) belongs to some 

minimum independent dominating set 

Proof For any v E V(G) , since G 1s i-cnt1cal, i(G - v) = i(G) - 1 Let 

Dv be a mmimum mdependent dommatmg set of G - v Smee there is no 

vertex of Du adJacent to v (otherwise. Dv dominates G, a contrad1ct10n), 

D = Dv U { v} 1s independent Also. smce IDI = i( G) , D = Dv U { v} 1s a 

minimum independent dommating set of G I 
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The converse of Lemma 2 21 is not true For example, every vertex of C6 

is m some mimmum mdependent dommatmg set, but C6 is not i-cntical 

We now describe some more construct10ns of dommat10n critical graphs 

Let G1, G2 , , Gm be disJomt graphs The JOzn of G1, G2, , Gm is the 

graph G1 + G2 + + Gm obtamed from the graph G1 U G2 U U Gm 

by addmg addit10nal edges JOmmg each vertex of G1 with each vertex of G1 

whenever i -=I= J 

Note that if G1 = Kn for J = 1, 2, . m, then G1 +G2+ +Gm Sc:! Tm,mn 

Proposition 2 22 Let G1 , G2 , , Gm be n-z-critzcal (respectively, n-edge-z­

critzcal) graphs with n ~ 2 Then G1 + G2 + + Gm is also n-z-critzcal 

(respectively, n-edge-z-critzcal) 

Proof Let G = G1 + G2 + + Gm Smee z(Gk) = n fork= 1, ,m by 

the defimt10n of JOm, i(G) = n 

We show first that if G1, G2, , Gm are n-i-cntical then G is also n-i-

cntical For any v E V ( G) , there exists k such that v E V (Gk) Smee Gk 

is i-cntical , z( Gk - v) < n But n ~ 2 and the defimt10n of JOm imply that 

z(G - v) = 1(Gk - v) Therefore , G 1s n-i-cnt1cal 

We now show that if G1, G2, , Gm are n-edge+cnt1cal then G 1s also 

n-edge-i-cntical For any uv rJ_ E (G). by the defimt10n of JOm, there exists 

k such that u, v E V(Gk) and uv (j. E (Gk) Smee Gk is edge-i-cntical, 

i(Gk + uv) < n Smee i(G + uv) = z(Gk + uv), G 1s n-edge+cntical I 
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Let G1 , G2 and H be disJomt graphs such that for J = 1, 2, GJ has a 

labelled subgraph HJ ~ H We define G = G1(H1) O G2 (H2 ) to be the 

graph obtamed from G1 UG2 by identifymg correspondmg vertices of H1 and 

H2 and addmg edges Jommg every vertex of G1 - H1 with every vertex of 

G2 - H 2 Form ~ 3, let G1 , G2 , , Gm and H be disJomt graphs such that 

for J = 1, 2, , rn, G1 has a labelled subgraph H1 ~ H We define G 1 (Hi) O 

G2(H2) 0 0 Gm(Hm) to be (G1(H1) 0 0 Gm-1(Hm-1)) 0 Gm(Hm) 

Note that when V(H) = 0, G1 (H1) OG2(H2) O OGm(Hm) = G1 +G2+ 

+Gm The followmg can thus be viewed as a generahzat10n of Proposit10n 

2 22 

Propos1t1on 2.23 Let G1 , G2 , , Gm and H be disJomt graphs such that 

for J = 1, 2, , m, GJ has a labelled subgraph HJ ~ H If G1, G2 , , Gm 

are n -i -critical (respectively, n-edge-i-critical) and /3( H) ~ n - 2, then G = 

G1 (H1) 0 G2(H2) 0 0 Gm(Hm) is also n-i-critical (respectively, n-edge-i­

critical) 

Proof: Smee for J = 1. 2, , m, i(GJ) = n, i(G) ~ n by the construct10n of 

G Now, let D 1 be a muumum mdependent dommatmg set of G1 Then smce 

/3( H) ~ n - 2 < ID1 1 - 1, there exists x E D1 such that x E V(G 1 - Hi) , 

and thus, x dommates all GJ - HJ for J = 2, 3, , m Hence, D1 1s an 

mdependent dommatmg set of G, and so. i (G) ~ ID1 1 = n Therefore , we 

have i(G) = n 
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We show first that 1f G1 , G2 , , Gm are n-i-cn t1cal then G 1s also n-i -

cnt1cal For any v E V(G), there exists k (l :S k :Sm) such that v E V(Gk) 

Smee Gk 1s n-i-cnt1cal, there exists an mdependent dommatmg set Dv of 

Gk - v with IDvl = n - l Smee IDvl > /3 (Hk) , there exists some z E Dv 

such that z E V(Gk - Hk) and thus Dv 1s an mdependent dommatmg set of 

G - v Therefore, 1,(G - v) :S IDvl = n - 1 and hence G 1s n-i-cntical 

We now show that 1f G1, G2 , , Gm are n-edge+cn t1cal then G 1s also 

n-edge-i-cn t1cal For any uv 1 E(G) , there exists J (1 :SJ ~ m) such that 

u,v E V(G1) but uv 1 E(G1) Smee G1 1s n-edge-i-cnt1cal, t here exists an 

mdependent set S of size n - 2 such that D = S U { u} 1s independent and 

dommates G1 - v or SU { v} 1s mdependent and dommates G1 - u Without 

loss of generality, assume the former ow, /3 (H1 ) :S n - 2 1mphes that there 

exists some w E D such that w E V(GJ - HJ) Thus D 1s an mdependent 

dommatmg set of G - v That 1s, i( G + uv) :S IDI = n - l Hence G 1s 

n-edge-i-cntical I 

With respect to the above proof, note that 1f f] (H ) ~ n - l , then 1t 

might be the case that (usmg the notat10n of Propos1t10n 2 23) D ~ V( H) 

dommates CJ but can not dommate Gk fo r some k =J J For example, let 

G1 = G2 = K3,3 and H = K 2 Then K3,3 1s 3-i-cntical and (J (H ) = 2 But 

G = K3
1
3(K 2) 0 K3

1
3(K2) 1s not 3-i-cntical because 1f v E V(G1 ) 1s the vertex 

non-adJ acent to all '1ert1ces of H , then D = H and 1t cannot dommate G2 
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Also, recall that graph Q3,3 is constructed from K 3 U K3, let V(K3) = 

{ v1, v2, V3} and V(K3) = { u1, u2, u3} Now, if we take G1 = K3 ,3, G2 = Q3,3, 

H1 = K2 , and H2 = {u1,v2 }, then G1 and G2 are 3-edge-i-cntical , but 

G = K3,3(H1) O Q3,3(H2) is not 3-i-cnttcal smce u1v3 Ft- E(G), the vertices 

u1 and v2 must dommate all vertices of G except v3 , and so D = H 2 cannot 

dommate G1 

Let G and H be disJomt graphs and g E V(G) We define G(g, H ) to 

be the graph obtamed from G by replacmg t he vertex g with a copy of H , 

that is, put a copy of H m place of g and connect each vertex of H to every 

neighbour of g Formally, G(g, H ) is the graph havmg vertex set 

V(G(g , H )) = (V(G) - {g}) U V(H ), 

and edge set 

E(G(g, H )) = E(G - g) u E(H) u {hvl h E v(H ), VE N(g)} 

Propos1t10n 2 24 Let G be an n- edge-i -crztical graph with g E V(G) such 

that for each u E V ( G) - N[g], there exists an independent set S ~ V ( G) -

N[g] of size n - 2 such that [g , S] ~ u Then G(g , Km) is also n -edge-i ­

crztical 

Proof· First , smce Km is complete and m G(g, Km) , e-very vertex of Km is 

adJacent to every neighbour of g, it is ea y to see i(G(g , Km)) = n 
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Figure 2 3 The graph A , '-cnt1cal, not i-cntical 
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here 

Let G and H be d1sJomt graphs, and let u E V(G) and v E V( H ) The 

coalescence of G and H with respect to u and v 1s the graph G uv H defined 

to have vertex set 

V(G m H) = (V(G) - {u}) U (V( H ) - {v}) U {w}, 

where w 't V(G) U V( H ), and edge set 

E(G uv H ) = E(G- u) U E(H - v) U {wxl ux E E(G) or vx E E(H)} 

We call w the vertex of identification of G and H , and we consider V ( G) and 

V ( H ) as subsets of V ( G uv H ) and regard w as an element of both of them 

Informally, G uv H 1s the graph obtamed from GU H by 1dentifymg u and v 

If the context 1s clear, or 1f the vertices u and v are not important , we wnte 

G H mstead of G uv H 

We define G1 C2 Gn to be (G1 G2 Cn-1) Gn 

In Chapter 3, we have the results (see Theorem 3 11 and 3 31) that G = 

Gn 1s i-cnt1cal (respectively, -y-cnt1cal) 1f and only 1f all of 

G1 , G2 , , Gn are i-cnt1cal (respectively. -y-cnt1cal) Furthermore , i( G) = 

Lk=l i(Gk) - (n - 1) (respectively, ,(G) = Lk=l -y (Gk) - (n - 1)) 

Proposition 2 25 For any integers k. l with k > l ~ 2, there exists a graph 

L with -y(L) = l and i(L) = k such that LE 91 but L 't 9-y 

Proof· For any k > l ~ 2, let n = k - l + 2. and W1, iv2, , iTft_2 be d1sJomt 

copies of C4 Define L = Kn,n W1 ltf 2 W1-2 , (1f l = 2, then L = Kn,n) 
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Smee Kn,n 1s n-i-cntical and C4 1s 2-i-cntical, Lis i-cntical by Theorem 3 31, 

and furthermore, 
1-2 

i (L) = n + (L 2) - (l - 2) = k 
1= 1 

Smee C4 is 2--y-cntical and Kn,n, with -y(Kn,n) = 2, is not -y-cntical (note 

that n = k - l + 2 > 2) , L is not -y-cntical by Theorem 3 11 Further, 

1-2 

-y(L ) = 2 + (L 2) - (l - 2) = l I 
1= l 

Proposition 2 26 For any integers m, n with n 2 m 2 5, there exists a 

graph Z with -y(Z) = m and i(Z) = n , such that Z E 9-y but Z rf_ Yi 

Proof. For any n ~ m 2 5, let t = n - m + 3 and W1, l4'2 , , Wm- s be 

dis.1omt copies of C4 Let A be the graph m Figure 2 3 and Gt be the one m 

Proposit10n 2 6 Define Z = A vVi W2 vVm-s Gt , (if m = 5, then let 

Z = A Gt) Smee C4 is 2- ,1-cntical and both A and Gt are 3-,1-cntical, by 

Theorem 3 11 , Z is ,1-cntical and 

m - 5 

,1(Z ) = 3 + ( L 2) + 3 - (m - 4) = m 
1= 1 

Smee C4 1s 2-i-cntical and Gt is t- i-cntical but A 1s not i-cn t ical, Z is not 

i-cnt1cal Further , smce i(A) = 3, 

m-5 

i(Z) = 3 + ( L 2) + t - (m - 4) = n I 
1= 1 

Note· If n = m = 3. then let Z = A If n = m = 4, then let Z = A C4 
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From Sect10n 2 1, the graphs Kn, Tn,2n, Qn ,p (n 2 3), and Grm are both 

edge-,1-cnt1cal and edge-i-cnt1cal Also, graph A m Figure 2 3 is both edge­

,1-cntical and edge-i-cntical However, Tm,mn (n 2 3) and Gnn (n 2 4) 

are edge-i-cnt1cal but not edge-,1-cnt1cal, and Q3 1s edge-,1-cnt1cal but not 

edge-i-cn t1cal 

Also, the graph Gnn 1s i-cntical, ,1-cnt1cal, edge-i-cnt1cal, and edge- ,1-

cnt1cal The graph On (n 2 3) 1s i-cn t1cal and ,1-cnt1cal but neither edge-i­

cnt1cal nor edge-,1-cn t1cal 

On the other hand, all graphs obtained by subdividing one edge of the 

complete graph Kn with n 2 4 are edge-i-cnt1cal and edge-,1-cnt1cal but 

neither i-cnt1cal nor ,1-cnt1cal 

Brigham, Chinn and Dutton [4] showed that ever), ,1-cnt1cal graph can be 

extended to one which 1s both ,1-cnt1cal and edge-,1-cnt1cal by successively 

adding edges which do not decrease the dominat10n number, until no such 

edge remam This 1s also true for i-cnt1cal graphs That 1s, every i-cnt1cal 

graph can be extended to a graph which 1s both i-cnt1cal and edge-i-cnt1cal 

by successively addmg edges which do not decrease the independent domi­

nation number, until no such edges remain We have the followmg theorem 

Theorem 2 27 If G is i -critical, then there exists a graph H with V(H) = 

V(G) such that G is a subgraph of H , i(G) = i(H) and H is both i -critical 

and edge-i -critical 
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Proof. Let H be a graph obtamed from G by successively addmg edges which 

do not decrease i(G), until no such edges remam Then V(H) = V(G), G is 

a subgraph of H , and i(G) = i(H ) 

To see His i-critical, note that for any v E V(H ), i(H - v) ~ i(G - v) < 

i(G) = i(H ), smce G 1s a subgraph of H and G 1s i-crit1cal , 

The graph H 1s edge-i-crit1cal by construct10n I 

Attempts to characterize ')'-critical graphs of dommat1011 number greater 

than two have been unsuccessful The followmg theorem shows that 1t 1s not 

possible to do so m terms of forbidden subgraphs 

Theorem 2 28 (/4]) For any graph G there is a ')' -critical graph H such that 

G is an induced subgraph of H 

It 1s also not possible to characterize i-crit1cal graphs m terms of forbidden 

subgraphs The followmg theorem 1s s1m1lar to Theorem 2 28 

Theorem 2 29 For any graph G, there is an z-crztzcal graph H such that G 

is an induced subgraph of H 

Proof Assume i( G) ~ 3 (If not , we can add two isolated vertices to G so 

that i(G) ~ 3) 

Let v1 , v2 , , Vn be the vertices of G. then n ~ 3 Define a new graph H 

by addmg 2n new vertices w1 , w2, , Wn, x1, x2, , Xn to G so that 
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and 

Clearly, G 1s an induced subgraph of H Smee { w1 , x1 , v1 } 1s an inde­

pendent dommatmg set of H , i(H ) :S 3 On the other hand, smce both 

{w 1,w2 , ,wn} and {x 1 ,x2 , ,xn } are independent (with n ~ 3) and 

i(G) ~ 3, we must have i(H ) ~ 3 by t he construct10n of H Therefore, 

i(H ) = 3 Now, fo r any v E V(H ), t here exists 1 :S k :S n such t hat 

v E { wk, Xk, vk} and Dv = { wk, xk, vk} - { v} 1s an mdependent dommatmg 

set of H - v Therefore, H 1s i-cn t1cal I 

Sumner and Bhtch [13] conJ ectured t hat 1f G 1s k-edge-1-cnt1cal, then 

i( G) = 1( G) We show that t his conJecture 1s false bv constructmg a 4-edge-

1-cn t1cal graph B wit h i(B ) = 5 

Let B1 be the graph with 

and 

1 :S k :S 4}, and let 

B2 = K 12 -{ukwk,VkWk 1 :S k :S 4} Then B2 ~ K 12 -4K 1,2 The graph 

B 1s obtamed from B1 UB2 by addmg the edges { Xi1u1 1 :SJ :S 4, i = 1, 2} 

The graph B 1s shown m Figure 2 4 
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We first prove that i(B ) = 5 It 1s easy to see t hat any mdependent 

dommatmg set I of B must contam one of w1 , w2 , w3, w4 Without loss 

of generality, supp ose w 1 E I Then, smce v1 must be dominated, eit her 

11,1 E I or vi E I T he fo rmer case leads to I= {w1,u1. x 12 ,x13 . x 14 } or I = 

{ w1, u1 . .r22 .r23 , x24 } . and t he lat ter case leads to I = { w1, v1 , Xn, x12 , .1: 13 , x 14 } 

or I = { w1,v1,T21, :r22,:r23,X24 } Thus 1,(B ) = 5 

Next, we prove that , (B) = 4 Smee {u1, u2 , u3 , u4 } dommates B , we 

have 1 (B) :::; ID I = 4 V-le show no three vertices dommate B Let D 

be a 3-subset of V(G) If D n F(B2 ) = 0, then w 1 1s not dommated, 

hence D n V(B 2) #- 0 Further , ID n 1'(B2)1 ~ 2, smce no vertex of B 2 

dommates {v1,V2,V3,V4,W1,W2,w3,W4} In fact ID n V(B2)I = 2 because 

no three vertices of B2 dommate B 1 Without loss of generality assume 

D n V(Bi) = {x11 } Then the two vert ices m D n V(B 2 ) must dominate 

{ x 12, X13, T14 } But any t\\>O vert ices of B2 dominate at most two of t hese 

vertices Thus D 1s not a dominating set fo r B , and 1(B) = 4 

Finally, we prove that B 1s 4-edge-1-cn tical Up to symmetry there are 

eight possible edges which can be added to B In each case we hst a domi­

na ting set \\>1t h size three of t he graph B + e 
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(1) {.r11, u3, u4} dommates B + x11:r12 

(2) { x 11 , :r21, ui} dommates B + u1 w 1 

(3) {.r 11 . X2t, vi} dommates B + vi w1 

( 4) { x11 , x21 . w 1} dommates B + x11 v1 

(5) {xu,u3. vi} dommates B +x11 w 1 

(6) {x 14, u3 , u2} dommates B + x 11 u2 

(7) {.Tu, :r22, w2} dommates B + :ruv2 

(8) {xL1,:r22,v2} dommatesB +:r11 w2 I 

38 



Chapter 3 

Vertex Domination Critical 
Graphs 

It 1s the purpose of this chapter to study vertex dommat10n cnt1cal graphs 

First , 111 Sect10n 3 1. we survey the prev10us work on 1-cntical graphs and 

then establish a classificat10n of all connected 1-cntical graphs with the 

largest possible diameter In Sect10n 3 2. we develop an analogous study 

of i-cnt1cal graphs We discuss some bounds on the number of vertices of 

these graphs, give a construct10n techmque which can produce more classes of 

i-cnt1cal graphs, and classify all connected i-cnt1cal graphs with the largest 

possible diameter 

3.1 ,1-Critical Graphs 

Bngham, Chnm and Dut ton [4] discussed , ertex dommat10n critical graphs 

m the fo llowmg sense G 1s , -critical 1f for any v E F(G). , (G - v ) < 

, ( G) They presented some properties of -cnt1cal graphs and a method 

39 
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of constructmg them If it is important to emphasize that the dommat10n 

number of a "(-cnt1cal graph G is n, then we refer to G as an n-"(-cntical 

graph 

Lemma 3 1 (/4/) The only 1-"( -critzcal graph zs I-<.." i, the only 2-"(-critzcal 

graphs are K2n - F ( or equivalently, T m,2m), where m 2 1 and F zs a perfect 

matching 

Lemma 3.2 ([4/) For any graph G, Vv E V(G), 'Y (G - v) 2'. 'Y(G) - 1 

Note that, by cons1dermg K 1,n for example. there 1s no non-trivial upper 

bound on 'Y(G - v) 

We denote by Gv the graph G - v and by Dv some mmimum dommatmg 

set of Gv 

Lemma 3 3 If there exist vertices u. v E V(G) such that N[v] ~ N[u], then 

G zs not "( -critical 

Proof Pick a mm1mum dommatmg set Du for Gu Then some x E Du 

dommates v Smee x E N[v] ~ N[u], Du also dommates u, and thus Du 1s a 

dommatmg set for G This 1mphes that G 1s not "(-cnt1cal I 

Corollary 3 4 (/4)) If G has a vertex v such that d(v) 2'. 1 and G[N(v)] zs 

complete, then G zs not "( -critical 

The followmg theorems give bounds on p m terms of .6., 1 and q 
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Theorem 3 5 ({17}) p :s; (6 + lh 

Theorem 3 6 (/4}) If there is a vertex v E V( G) such that "I( G-v) < -y( G) , 

then p :s; ( 6 + 1 )( -y - 1) + 1 

If the equality holds 111 Theorem 3 6, then 111 any m111nnum dom111at111g 

set of G - v. each vertex must dom111ate 6 + 1 vertices Fulman [7] proved 

the fo llowmg result 

Theorem 3 7 (/7}} If G is n--y-critzcal and p = (6 + l)(n - 1) + 1, then G 

is regular 

Theorem 3 8 (/4}) If G is n--y-critical, then p :s; (2q + 3n - 6)/3 

It is clear that a graph G is -y-cntrcal if and only if everv component of 

G is -y-cntical A similar statement holds for the blocks of G (see Theorem 

3 11) Reca ll the defimt10n of coalescence wluch was given m Chapter 2 

Lemma 3 9 (/4}) Let H and G be nontrivial graphs For any coalescence 

H G, 

Furthermore, if both H and G are -y-critical, or if H G is -y -critical, then 

,(H G) = -y(H ) + -y(G)-1 

Theorem 3 10 (/4}) The graph H G is ~,-critical if and only if both H and 

G are -y -critical 
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Theorem 3 11 (/4]) A graph G zs ')' -crztzcal zf and only zf each block of G 

zs ~r-crztzcal Further, zf G is ')' -crztzcal wzth blocks Gt, , Gn then 

n 

,'(G) = L ,'(Ci) - (n - 1) 
i= l 

Bngharn et al [4] conJ ectured that for any n-')'-cnt1cal graph G, the di­

ameter of G 1s not greater than 2(n - 1) This 1s proved by Hanson and 

MacG1lhvray [8] 

Theorem 3 12 (/8/) If G is connected and n-')' -crztzcal, then diam(G) < 

2(n- 1) Jor n 2'. 2 

We give an alternate proof of this t heorem usmg Lemma 3 13 below 

For a graph G, 1f diam ( G) = d, then t here exist hvo vertices a and b such 

that d(a,b) = d For J = 0, 1, , d, let A1 = {xi d( x,a) = J} So, Ao= {a} , 

b E Ad, V(G) = uf=o A3, and Ak n A1 = 0 for any k -/:: l Also, UV E E(G) 

1f and only 1f u, v E A3 _ 1 U A1 for some 1 ~ J ~ d For k = 0, l , , d, let 

Nk = u;=O AJ, and Nk = V (G) - Nk As before, for any XE V(G), denote 

by Dx a mmnnum dommatmg set of G - x We use these notat10ns m the 

followmg lemma 

Lemma 3 13 Let G be a 2-connected n-1-crztzcal graph with diam( G) 

d ~ 5 Then for 4 ~ h ~ d - l and all x E Nd-h+l, IDx n Nd-h i 2'. l~J 

Proof By mduct1011 on h 
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Suppose h = 4 If the statement is false, then there exists :r E Nd_ 3 such 

that 

{u } ~ Ad-I But, smce G is 2-connected, IAd-il ~ 2, and this implies that 

there exists v E Ad- t such that N[v] ~ N[u] Hence, by Lemma 3 3, G is 

not ')'-critical, a contradict10n 

Assume the statement is true whenever 4 ~ h ~ i - 1 Suppose the 

statement is false when h = 1,, that is, t here exists x E Nd-i+l such that 

It follows that there exists l ~ 1 - 1 such that Dx n ( Ad- l U Ad-l+ i) = 0 Let 

A be the largest mteger less than or equal to i - 1 such that 

By the chmce of k, 

Let s E 4d-k+l and consider Ds Smee Ds n Nd-k+I does not dommate 

any vertex m Nd-k, the set Ds nNd-k+L must dommate every vertex of Nd-k 

Suppose IDs n J\ld-k+ L I ~ m Then IDs n Nd-k+i l ~ n - 1 - m Smee 

Dx n Nd-k+I dommates Nd-k, we hme that (Ds n Nd- k+i) u (Dx n Nd-k+I) 
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dommates G But, 

:S (n - 1 - m) + m = n - 1, 

a contrad1ct10n Therefore 

Smee s E Nd-k+ 2 and k - 1 :S i - 2, the mduct1011 hypothesis 1mphes 

Therefore 

lk-lJ l'l J i - k- 1 -- < - -1- --- -1 
2 - 2 2 ' 

which 1s 1mposs1ble This completes the proof I 

Proof of Theorem 3 12 If G 1s 2-connected, then take h = d-1 m Lemma 

3 13 We have for each x E N2 , IDx n N 11 ~ l d2
1 J Choose x rj:. A0 Then 

smce Ao - {x} f 0, we have Dx n N1 f 0, and thus, IDxl 2: ld;1J + 1 

Therefore, 

that is, 

ld - lJ -y(G)=n=IDxl+l2: -
2
- +2, 

d-2 d+2 
n> -- +2= --

- 2 2 

It follows that d :S 2n - 2 



Chapter 3 Vertex Dom111at1011 Cnt1cal Graphs 45 

If G is not 2-connected, then we prove the result by mduct10n on n From 

Lemma 3 1, the statement is immediate if n = 2 

Suppose for all 3 S m S n - 1, the statement is true for m-1-cntical 

graphs Let G be an n-1-cntical graph and v be a cut vertex of G Then G = 

H 1 H2 with v as the vertex of ident1ficat10n By Theorem 3 11 , both H 1 and 

H 2 are 1-cnt1cal with -y (H 1) = k , say, and -y (H2 ) = n-k+ l By the mduct10n 

hypothesis, drnm(H1) S 2k - 2 and diarn( H2) S 2(n - k + 1) - 2 = 2n - 2k 

Therefore, diarn(G) S diarn(H1)+diarn(H2) S (2k-2)+(2n-2k) = 2n- 2 

This completes the proof I 

Lemma 3.14 For n 2 3, if G is connected and n-1-critical with diam( G) = 

2(n - 1), then G is not a block 

Proof Let n = 3, and G be a connected 3-1-cntical graph with diam( G) = 

d = 4 Let a and b be vertices such that d(a, b) = d, and define Ao , A1 , , Ad 

as above Suppose G is a block Then IA1 I 2 2 for J = 1, , d - 1 ow, 

pick t E A2 and consider Dt (a mmimum dommatmg set of G - t) Smee G 

is 3-1-cntical , IDtl = 2 and IDt n N[a]I = IDt n N[b]I = 1 Smee removmg t 

left N[a] and N[b] unchanged, by Lemma 3 3, Dt = {a , b} (If a tf. Dt, then 

\\-e have N[a] ~ N[x] for some x E Dt n A1 smce x dommates N[a] But this 

contradicts Lemma 3 3, and so, \\-e must have a E Dt Similarly, b E Dt ) 

But then Dt cannot dommate A2 - {t} =I- 0 (smce IA2I 2 2) , a contrad1ct10n 

Therefore , G cannot be a block 
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For n 2 4, let G be a connected n-, -cn t ical graph with diameter d = 

2(n- l ) Agam let a and b be vert ices such that d(a , b) = d, define Ao, A1 , 

Ad as above Suppose G is a block Then IA1 1 2 2 for J = 1, , d - l Let 

T = A2 U A3 Pick any t E T and consider Dt, a minimum dommatmg set of 

G - t Smee G is n-, -cn t ical, IDtl = n - l 

By Lemma 3 13, IDt n N4I 2 l d24 J = n - 3, and therefore, IDt n N4I ~ 

2 Smee IDt n N4I # 1 (otherwise, some vertex m (N4 - {t}) cannot be 

dominated) , we must have IDtnN41 = 2 Now, if DtnA2 I- 0, then Dtn(A3U 

A4 ) = (/J (otherwise, vertex a cannot be dominated) But then IDt n N 2 1 = 

n - 3 < n - 2 = (d; 2), contrad1ctmg Lemma 3 13 Therefore, Dt n A2 = (/J 

Suppose Dt n A4 # 0 Smee removing t lea, es N[a] unchanged, Lemma 3 3 

1mphes that a E D1 (as before, 1f a <t Dt, then N[a] ~ N[x] for some x E 

D1 n A 1 , contrad1ctmg Lemma 3 3), and therefore, no vertex m A2 - { t} can 

be dominated (such a vertex exists because IA2 1 2 2) Therefore, DtnA4 = 0 

and we must have ID, n A3 I = 1 That is, for any t E T we must have a 

t' E Dt n A3 such t hat Dt is a dommatmg set of G-t and t' dominates T - { t} 

Furthermore, 1f t1 # t2, we must have t!1 # t; smce t~ t2 E E ( G) (because 

t~ dommates T - {ti}) and t~t2 <t E(G) (as t~ E D12 ~ V(G) - N[t2]) In 

another words, we have a one-to-one mappmg from T = A2 U .4.3 to A3 Smee 

IA2I 2 2, this is 1mposs1ble by the pigeonhole principle Thus, G cannot be 

a block 
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Furthermore, from the above proof, we come to the conclus10n that IA2 1 = 

1, and therefore, by mduct10n we can get IA2k I = 1 for all k = 1, 2, , n - 2 

I 

We now show how to construct all n-)'-cntical graphs with diameter 2n-2 

Let G 1, G2 , , Gn-l be 2-)'-cntical graphs We define a coalescence of these 

graphs, denoted by G 1 0G2 oGn-1 , mduct1vely as follows 

(1) G1 0G2 1s any coalescence of G1 and G2 

(u) Fork~ 2, G1 0G2 o Gk 0Gk+1 = (G1 0G2 o 

u 1s the unique vertex of Gk which is non-adJacent to the vertex of identifica-

0G k- i) and Gk (such a unique vertex u exists by Lemma 

3 1) , and v is any vertex of Gk+l 

By Theorem 3 11. G = G1 0G2 o oGn-1 is n-)'-cntical Moreover, 

n-1 
diam(G) = L diam(G1 ) = 2(n - 1) 

J=l 

Theorem 3 15 For n ~ 3, a graph G is n -1-critical with diam(G) = 2(n -

1) if and only if G = G1 0G2 o oGn-1, where G1 is 2-)' -critzcal for J = 

1, ,n- 1 

Proof. We only need to prove the necessity Let G be an n-, -cntical graph 

with diam(G) = 2n - 2 Let a and b be ,ertices such that d(a, b) = 2n - 2, 

and define 4o, A1, , A2n-2 as before Then by Lemma 3 14, IA21cl = 1 

for all k = 1, 2, , n - 2 (see the end of the proof of Lemma 3 14) For 
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and by Theorem 3 11, G1 is 2-')'-cntical for J = 1, 2, , n - 1 I 

3.2 i-Critical Graphs 

In this sectrnn we study vertex mdependent dommat10n crit ical graphs m the 

followmg sense Gisi-critical if for any v E V(G), i(G - v) < i(G) If it 

is important to emphasize that t he mdependent dommat10n number of a i ­

cntical graph G is n, then we refer to Gas an n-i-cntical graph As m Sect10n 

3 1, we will denote by Gv the graph G - v and Iv (or Dv) some mmimum 

mdependent dommatmg set of Gv We have some analogous results to those 

m Sect10n 3 1 

Lemma 3 16 The only 1-i-critical graph is K1, and the only 2-i-critical 

graphs are T m,2m (m 2 1) 

Propos1t10n 3 17 For a graph G, i(G - v) 2 i(G) - 1 for any v E V(G) 

Agam, by considermg K 1,n for example, there 1s no non-tnvia l upper 

bound on i(G - v) 

Lemma 3 18 If there exist distinct vertices u, v E V(G) such that N[v] ~ 

N[u], then G is not i -critical 
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Proof. Any mm1mum mdependent dommatmg set of G - u includes a vertex 

of N[v], but N[v] ~ N[u], and so 1t must also be an independent dommatmg 

set of G Hence i(G - u) 2 i(G), and so G 1s not i-cnt1cal I 

Corollary 3 19 If G has a vertex v wzth d(v) 2 1 such that G[N[v]] zs 

complete, then G zs not i-crztzcal 

Proof. Note that for every u E N[v], N[v] ~ N[u] I 

Corollary 3 20 If G zs i -crztzcal, then G has no vertices of degree 1 

Proof· ote that 1f d(x) = 1, then G[N[x]] ~ K2 1s complete I 

Corollary 3 21 If G zs connected and i-crztzcal, then 5( G) 2 2 

Now, s1m1larly to [4], we have the following upper bounds on p m terms 

of q, 6 , and i 

Theorem 3 22 p s (6 + l )i 

Proof Let D be a mm1mum mdependent dommatmg set Then !DI + 

/D/6 2 p, smce 6 1s the maxnnum degree of G That 1s, 

p s i + i6 = i(6 + 1) I 

Theorem 3.23 If there is a vertex u E V(G) such that i(G - u) < i(G) , 

then p 5: (6 + l )(i - 1) + 1 
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Proof Let u be a vertex such that i(G-u) < i (G), and let Du be a mmimum 

mdependent dommatmg set of G- u Then, by Lemma 3 17, I Dul = i( G)-1 

Now, by Theorem 3 22, we have 

IV(G - u)I ~ (6 + l)IDul = (6 + l )(i - 1) , 

that is , p ~ (6 + l )(i - 1) + 1 I 

Similar to Theorem 3 7, we have the followmg result 

Theorem 3 24 If G is n-i-critzcal and p = (6 + l )(n - 1) + 1, then G is 

regular 

Proof· First , we prove that for any v E V(G) and any mmnnum mdependent 

dommatmg set Dv of Gv, all vertices m Dv have degree 6 Smee G is n-z­

cntical, IDvl = n-1 , and Dv dommates all p-1 = (6 + l)(n-1) vertices of 

Gv Smee each element of Dv dommates at most 6 ...L 1 vertices, this implies 

that each element of Dv dommates exactly (6 + 1) vertices, and therefore 

has degree t,. Moreover, N[x] n N[y] = 0, for all x, y E Dv and x =I= y That 

is , x and y cannot have any common neighbours 

Next, we prove that for any u E V ( G), there exists v E V ( G) such 

that u E Du (So, from the above, d(u) = 6 , and thus G 1s regular) Let 

u E V(G) and choose v E Du Note that Dv n N[v] = 0, for otherwise Dv 

dommates G, which is impossible Smee [x] n N[y] = 0 for any x, y E Dv, 

each w E V ( G - v) is dommated precisely once by Dv Thus, we have 
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IDv n N[w] I = 1 for any w E (Du - { v}) Therefore, for any w E (Du - { v} ), 

there 1s one and only one correspondmg vertex m Dv n V(Gu), and vice 

versa In other words, \\-e have a 1 - 1 correspondence between Du - { v} and 

Dv n V(Gu) Thus, IDv n V(Gu) I = IDu - {v}I = n- 2 But IDvl = n - 1, 

so we must have u E Dv ■ 

Theorem 3 25 If G is n-i-critical, then p :S (2q + 3n - f:.) / 3 

Proof First assume G has no isolated vertices Then by Corollary 3 21 , 

8(G) ~ 2 Let u be a vertex such that d(u) =!::. , and let D = Du U {u} be a 

mm1mum mdependent dommatmg set of G Each vertex m N(u) 1s adJacent 

to at least two vertices m D u and some vertex m Du Each of the remammg 

vertices m V - D 1s adJ acent to a vertex m D, and 1s mc1dent with at least 

one more edge smce 8(G) ~ 2 Thus, there are at least f(p - n -f:.)/21 more 

edges m G Therefore, q ~ 2!::. + (p - n - !::. ) + I (p - n - !::. ) /21, that 1s, 

p :S (2q + 3n - !::.) /3 

Next, suppose G has m isolated vertices Then 

p- rn :S [2q + 3(n - m) - f:. ]/3 = (2q + 3n - f:.)/3 - m, 

that 1s, p :S (2q + 3n - f:. )/3 I 

The bounds of the above theorems are the best possible m the sense that 

equality holds for some graphs For C6 , we have (~ + l) i = 6 = p For 

the mfimte class of i-cnt1cal graphs H2r ,m defined before (Section 2 1), the 
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equality m Theorem 3 23 holds, and t he equality of T heorem 3 25 holds for 

the mfimte class of z-cn tical cycles C3k+l 

Obv10usly, a graph G is z-cn t ical if and only if every component of G is 

z-cn t ical We will prove that a similar statement holds for the blocks of G 

First, we have t he fo llowmg results about the coalescence of graphs G and 

H 

Theorem 3 26 If G and H are disJoznt nontrivial graphs, then for any co­

alescence G H , 

i(G) + z(H ) - 1 :S: i(G H) :s; min{i(G) + /3( H ), z(H ) + /3 (G) }, 

where /3( G) zs the independence number of G 

Proof Let D e and D H be mmimum mdependent dommatmg sets of G and 

H , respectnely. and let v be the vertex of ident ificat10n of G and H In order 

to prove the upper bound, there are four cases to consider 

Case 1· v E D en D H Then D e U D H is a mnumum mdependent dom­

matmg set of G H and therefore 

z(G H) = IDcl + IDHI - 1 = i(G) + i(H ) - 1 

Case 2. v r/. D e U D H That is, v r/. De and v r/. D H Then D e U DH is 

an mdependent dommatmg set of G H and therefore 
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Case 3· v E D e but v (/_ DH Suppose Iv 1s a maximal mdependent set 

of H contammg v Then , by Lemma 2 1, Iv 1s an independent dommatmg 

set of H So, D e U Iv is an mdependent dommatmg set of G H and thus 

i(G H ) :S: IDel + IIvl - 1 :S; i(G) + /3(H) - 1 < i(G) + /3(H) 

On the other hand, let 1:, be a maximal independent set of G not contammg 

v Then I = I~ U DH 1s an mdependent dommatmg set of G H and v <i. I 

Therefore, we have 

Case 4 v E DH but v (/_ De Similarly to Case 3, we get 

i(G H) < i(H ) + {3 (G), 

and 

i(G H) :S; i (G) + /3(H) 

Therefore, m any case, we have 

i( G H ) :S; mm{ i( G) + f] (H ), i(H) + /3( G)}, 

smce i(G) :S; f](G) and i(H) :S; f](H ) 

Now, we prove that i(G H) 2: i(G) + i(H)-1 Agam, let v be the vertex 

of 1dent1ficat1on of G and H If there are De and DH (mm1mum mdependent 

dommatmg sets of G and H, respectively) such that v E Den DH, then by 

the case 1 above, we have i(G H) = i(G) + i (H) - 1 Otherwise, one of G 
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and H , say H , 1s such that for every mmunum mdependent dommatmg set 

DH of H , v (j. DH Then 

i(G H) 2 i(G u (H - v)) 2 i(G) + (i( H ) - 1) , 

and we are done I 

ote that m the proof above ( see Case 3 and Case 4), if i ( G) + /3 ( H ) = 

i(H ) + /3(G) , then -we have i(G H) S i(G) + /3( H ) -1 (or i(H ) + /3(G) -1) 

But the bounds of Theorem 3 26 are the best possible m the sense of the 

followmg propos1t10n 

Proposition 3 27 For any integers l S k S r, l S l S s, and r - k =I= 

s - l , let -l S t S min{ s - l, r - k} There exist graphs G and H with 

i(G) = k, /3(G) = r , i(H ) = l, /3( H ) = s and a coalescence G H such that 

1(G H ) = k + l + t (In other words, for some given set of independent 

domination numbers (k and l) and independence numbers (rands), we can 

find graphs G and H with i(G) = k, /3(G) = r, i(H ) = l, /3( H ) = s and a 

coalescence G H so that i( G H ) assumes any given value k + l + t in the 

interval [k + l- l , min{k + s,l + r}]) 

Proof. If t = -l, let G = Kk ,r and H = Kt,s Obv10usly, i(G) = k, 

/3(G) = r, i(H ) = l and /3( H) = s Let u be a vertex m the part1t10n set 

of size k m G and v be a vertex m the part1t10n set of size l m H Then 

W = G uv H satisfies i(W) = k + l - l 



Chapter 3 Vertex Dommatwn Cnt1cal Graphs 55 

Suppose t 2 0 Smee r - k =f. s - l, without loss of generality, assume 

s - l < r - k Then t = s - l Let 

and 

H = K1-1 UKu+1 

(If k = 1, then let G = K 1,r , 1f k = 2, then G = K1,r-k-t U K 1,t+2 , and 1f 

l = 1, t hen let H = K1,s ) It 1s easy to see that z( G) = k, /3( G) = r , z(H ) = l, 

and /3( H ) = s Let u E V(G) be a vertex of degree 1 m K1,t+2 (K1,r 1f k = 1) 

and v E V(H ) be a vertex of maximum degree m K 1,t+1 (K1,s 1f l = 1) Then 

the graph W = G uv H satisfies i(W) = k + l + t I 

Theorem 3 28 If G and H are i-crztzcal, then i(G H ) = i(G) + i(H ) - 1 

Proof Suppose both G and H are i-cnt1cal, and let v be the vertex of 

1dent1ficat10n of G and H Then by Lemma 3 1 7, 

i(G H ) - 1 :S i(G H - v) = i(G - v) + z(H - v), 

and by Lemma 2 20 we get i(G H ) :S i(G) + i(H ) - 1 I 

Theorem 3 29 If G H is i -crztzcal, then z(G H ) = i(G) + i(H ) - 1 

Proof· Suppose G H 1s i-cnt1cal and v 1s the vertex of 1dent1ficat10n of G 

and H By Lemma 2 21, v 1s m a mm1mum mdependent dommatmg set of 

G H Let D = Iv U { v} be such a mm1mum mdependent dommatmg set 
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Now, let l e = Iv n V(G) and IH = 111 n V( H) Then De = l e U {v} 

and DH = I H U { v} are mmimum mdependent dommatmg sets of G and H, 

respectively ( Otherwise, if A is an mdependent dommatmg set of G and 

IAI < IDel, then AU IH would be an mdependent dommatmg set of G H 

and IA U IH I = IAI + IIH I < IDel + IIHI = i(G H) , a contradict10n) 

Therefore, we have IDel = IIel + 1 = i(G) and IDHI = IIHI + 1 = i(H) 

Hence 

i(G H) = IDI = IIvl + 1 = Il e U IH I+ 1 = IIel + IIHI + 1 

= (i(G) - 1) + (i(H) - 1) + 1 = i(G) + i(H) - 1 I 

The followmg theorem yields another construct10n for i-cnt1cal graphs 

Theorem 3.30 The graph G H is i-critical if and only if both G and H are 

i-critical 

Proof Let v be the vertex of identificat10n of G and H 

Suppose both G and Hare i-cntical, and let u E V(G H) 

If u = v, then 

i(G H - v) = i(G - v) + i(H - v) = (i(G) - 1) + (i(H) - 1) 

= (i(G) + i(H) - 1) - 1 = i(G H ) - 1 

If u # v, without loss of generality. suppose u E V(G)-{ v} Let Iu and Iv 

be minimum mdependent dommatmg sets of G - u and H - v, respectively 
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Then smce Iv n NH[v] = 0, Iu U Iv 1s an mdependent dommatmg set of 

(G H - u) and 

i(G H - u) :S [Iu U Iv[ = [Iu[ + [Iv[ 

= (i(G) - 1) + (i (H) - 1) = i(G H ) - 1 

But, i(G H - u) 2:: i(G H ) - 1, so we get i(G H - u) = i(G H ) - 1 

Therefore, by Lemma 2 20, G H 1s i-cn t1cal 

Now, suppose G H 1s i-cn t1cal but G 1s not Then there 1s u E V(G) 

such that i(G - u) 2:: i(G) 

If u = v, then 

i(G H -v)=i(G- v) +i(H -v) 

2:: i(G) + i(H) - 1 = i(G H ), 

a contrad1ct10n, smce G H 1s i-cn t1cal 

If u -1- v, then without loss of generality u E V ( G) - { v} In this case we 

have 

z(G H -u)=i((G -u) H )2:i(G - u) + i(H) - 1 

2:: i (G) + z(H) - 1 = i(G H ), 

a cont rad1cb on Therefore, G 1s i-cn t1cal Similarly, H 1s also z-cntical I 

Corollary 3 31 If G has blocks G1, G2• . Gn, then G is i-critical if and 

only if each Gk (k = 1, , n) is i-critical Further 

n 

i(G) = L i(Gk) - (n - 1) 
k= l 
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Proof By mductwn on n, the statement bemg immediate if n = 1 

Suppose the statement 1s true for graphs with m ~ n blocks Let G 

have blocks G1 , G2, , Gn , Gn+l mdexed so that Gn+l contams only one cut 

vertex of G Then G = H Gn+t, where H is the subgraph composed of 

blocks G1 , G2 , , Gn The results now follow from Theorems 3 28, 3 30 and 

the mduct10n hypothesis I 

Recall that a graph G 1s 2-')'-cntical if and only if G 1s 2-i-cntical The 

only such graphs are Tm,2m which have diameter 2 = 2(i(Tm,2m) - 1) \Ve 

have the followmg Lemma 

Lemma 3 32 If G is n-i-crztzcal and diarn(G) = 2(n - 1), then ,(G) 

i( G) = n and thus C is n -')' -crztical 

Proof Suppose ')' (G) < i(G) Then by Theorem 3 12, diam(G) :S 2(,(G) -

1) < 2(n - 1) , a contrad1ct10n I 

vV1th the above Lemma and Theorem 3 15, we can classify all n-i-cntical 

graphs w1 th diameter 2 ( n - 1) 

Corollary 3 33 A graph G is n-i-crztical with diam(G) = 2(n - 1) (n ~ 3) 

if and only if G = G1 0G2 o 

1,2, ,n- 1 I 

oGn- 1 , where G1 is 2-i-crztzcal for J = 



Chapter 4 

Edge Domination Critical 
Graphs 

In this chapter we fo cus on the study of edge dommat10n cnt1cal graphs 

We survey prev10us work on edge-1-cn t1cal graphs m Sect10n 4 1 Then, m 

Sect10n 4 2, we discuss some properties of edge-i-cnt1cal graphs and show that 

some propert ies m [13] and [1 4] for edge-1-cntical graphs are also true for 

edge-i-cnt1cal graphs After that , we concentrate on Ham1ltoman properties 

of edge-i-cn tical graphs 

4.1 Edge-,1-critical Graphs 

Sumner and Bhtch [13, 14] discussed edge-1-cnt1cal graphs m the followmg 

sense G 1s edge-1-cntzcal1ffor any uv i E (G), 1(G+uv) < 1 (G) Obv10usly, 

for any graph G, 1 ( G + uv) ~ 1'( G) - 1 for all uv i E ( G) Thus, G 1s k-edge-

1-cnt1cal if 1(G) = k and for each edge uv i E (G), 1(G + uv) = k - 1 In 

[13], 2-edge-1-cnt1cal graphs are characterized and k-edge-1-cnt1cal graphs 

59 
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with k 2 3 are studied They mostly discussed some properties of connected 

3-edge-1-cn tical graphs 

Theorem 4.1 ({13/) G is 2-edge-1-crztzcal if and only zf G zs a union of 

stars 

Theorem 4.2 (/13/) Every 3-edge-1-crztzcal graph contains K 3 

Theorem 4 3 (/13]) If G is a connected 3-edge-1-critzcal graph of even or­

der, then G contains a 1-factor 

Theorem 4 4 (/13}) The diameter of a 3-edge-1-critical graph is at most 

three 

For any graph G and mteger k 2 0, we define Sk = {v Iv E V(G),d(v) ~ 

k} and dk = ISkl 

Theorem 4 5 (/13/) Let G be a connected 3-edge-1-critzcal graph Then for 

k 2 1, dk ~ 3k Further, if IV ( G) I is large compared to k, then dk ~ k + 1 

Theorem 4 6 ([13}} If G is a k-edge-1-critical graph with k 2 1, then for 

every vertex v E V(G), 1(G - v) ~ k 

4.2 Edge-i-critical Graphs 

In this sect10n we study edge-i-cntical graphs m the followmg sense G 1s 

edge-i-critzcal 1f for any uv ~ E(G ), i(G + uv) < i(G) We establish, for 

edge+cnt1cal graphs, results analogous to those m Sect10n 4 1 
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Propos1t1on 4 7 There exist n-edge-i-crztzcal graphs with independent sets 

of arbitrarily large size 

Proof For any mteger m 2 n 2 3, graph Pm,n defined m Sect10n 2 1 1s an 

n-edge-i-cnt1cal graph with an independent set of size m I 

In general, removing a vertex from a graph can rncrease the independent 

dommat10n number of the graph dramatically For example, i(K 1,n) = 1 

while if v 1s a verte}._ of maximum degree of K 1,n, then i(K1,n - v ) = n But 

for k-edge+cnt1cal graphs, we have the following theorem 

We say a set S precisely dominates a subgraph H of a graph G if S 

dommates H and no vertex of G - H 1s adJacent to a vertex m S 

Theorem 4 8 If G is a k-edge-i-crztzcal graph with k 2 1, then for every 

vertex v E ,1 (G), i(G - v) ~ k 

Proof Smee the case k = 1 1s tnvial, we assume k 2 2 Let v E V ( G) If 

there exist x, y E N(v) with xy (J_ E(G) , then without loss of generahty, there 

exists a set S with I SI = k - 2 such that SU { x} is independent and precisely 

dommates G - y So, we have v ~ S Thus S U { x, y} is an independent 

dommatmg set of G - v. and hence i(G - v) ~ k 

Now, assume that N(v) is complete Let w E V(G) - N[v] Smee vw (J_ 

E(G), there exists a set S ~ V(G)- N[v] with ISi = k - 2 such that SU { v} 

is mdependent and precisely dominates G - w or SU { w} is mdependent and 

precisely dominates G - v In the latter case we are done So, suppose Su { v} 
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precisely dommates G - w If every x E N(v) is adj acent to some vertex 

u E S U { w}, then S U { w} dommates G - v , and therefore z ( G - v ) = k - 1 

On t he other hand, if there exists some x E N ( v) such that { x} U S U { w} is 

mdependent, then smce N ( v) is complete, S U { x , w} dommates G - v, and 

so z ( G - V) ~ k ■ 

In what follows we give a complete characten zat10n of disconnect ed 3-

edge-z-cntical graphs, and some structural properties of connected 3-edge-z­

cntical graphs The latter results are similar to those m [13] First , we have 

the followmg characten zat10n of 2-edge-z-cn tical graphs 

Theorem 4 9 A graph G zs 2-edge-i-crztzcal if and only if G is a union of 

stars 

Proof We show t hat G is 2-edge+cn t ical if and only if G is 2-edge-')'­

cntical The result then follows from Theorem 4 1 Clearly, if G is 2-edge­

i-cntical , then G is 2-edge-')'-cntical Suppose G 1s 2-edge-')'-cntical It is 

enough to show i( G) = 2 Let u and v be non-adjacent vertices of G Smee 

G has dommat10n number two and G + uv has dommat10n number one, we 

have without loss of generality that N'[u] = V(G) - v Thus { u , v} is an 

mdependent dommatmg set for G ■ 

Let G be a 3-edge-i-cntical graph If uv ~ E (G), then i(G + uv) = 2 

implies that there exists a vertex x such that eit her { u , x} dommates G - v, 

or else { v, x} dommat es G - u, and :r ~ (u) U N (v) In the former case we 
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wnte [u, x] ➔ v, and m the latter case we wnte [v, x] ➔ u 

Propos1t1on 4.10 If G zs 3-edge-z-crztzcal, then G has at most 3 compo­

nents Furthermore, (1) zf G has exactly 3 components, then G = K n U 2K1 

for some n ~ 1, (2) zf G has exactly 2 components, then either G = K 1 UH, 

where H zs 2- edge-z-crztzcal, or G = Kn U Tm,2m, where n ~ 1 and m ~ 2 

Proof If G is 3-edge-z-cntical, then it is obv10us that G can have at most 

three components Suppose G has exactly three components C1 , C2, and 

C3 Then, smce G is 3-edge-z-cntical , for J = 1, 2, 3, z(CJ) = 1, and CJ is 

1-edge-z-cntical, and so CJ = Kn
1

, where nJ ~ 1 Now, let u E V(C1) and 

v E V(C2) Smee uv (/; E(G), there exists x such that either [u, x] ➔ v or 

[v, x] ➔ u, and we must have x E V(C3) Therefore, either n2 = 1 or n1 = 1 

Without loss of generality, suppose n2 = 1 Similarly, from ux (/; E( G) we 

get either n1 = 1 or n3 = 1, and the result follows 

Now, suppose G has exactly two components C1 and C2 Then, smce 

G is 3-edge-i-cntical, one of these, say C1, is 1-edge-z-cntical, and thus C2 

is 2-edge-z-cntical Let u E V(C1) and v E V(C2 ) Smee uv (/; E(G) and 

z(C2) = 2, there exists x E V(C2) such that either [u , x] ➔ v or [v, x] ➔ u 

If [v, x] ➔ u, then IV(Ci)I = 1, C1 = K 1, and G = K 1 UH, where His 

2-edge-z-cntical If [u, x] ➔ v, then C2 is 2-i-cntical (and 2-edge-z-cntical) 

smce v is arbitrary Thus, by Lemma 3 16, C2 = Tm,2m for some m ~ 2 

Therefore, G = Kn UT m,2m, where n ~ 1. m ~ 2 I 
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We note t hat the above characten zat10n still holds 1f 3-edge-i-cntical 1s 

replaced by 3-edge--y-cn t ical, and 2-edge-i-cn t ical 1s replaced by 2-edge--y­

cn tical 

In t he followmg d1scuss10n, we consider 3-edge+cn t ical graphs, unless 

stated otherwise Most of t hese graphs will also be connected 

We define a relation >-- on V ( G) by u >-- v 1f and only 1f uv (/. E( G) and :3x 

such t hat [u, x] --+ v T lus relat10n defines a directed graph, which we denote 

by D (>--), on V(G) It 1s possible t hat both u >-- v and v >-- u (for example, 

when G = C4 ) If this does not happen, then D (>--) 1s an on entat10n of G 

In general, D (>--) 1s a subd1graph of t he eqmvalent digraph of G (see [3]) 

Lemma 4 11 Let G be a 3-edge-i-critical graph and S be an independent set 

of G with size n ~ 4 Then the vertices zn S may be ordered as u1, u2, , Un 

zn such a way that there exists a path x 1x2 Xn-l in G - S with [ui, xi] --+ 

'Ui+1 Jori= 1, 2, n -1 

Proof Smee S 1s an mdependent set m G, 1t mduces, m D (>-- ), a digraph 

wit h a spannmg tournament Smee every such digraph has a directed Hamil­

ton path , we may label t he vert ices m Sas u 1, u2, , Un so that t his sequence 

1s such a path Hence fo r each z = 1, 2, , n - 1, there exists Xi such t hat 

[ui, xi] --+ u1+ 1 ow, smce ISi = n ~ 4, Xi dommates at least two ver­

tices m S, t hus Xi r/:. S Further , t he vertices x 1 , x 2 , , Xn-l are d1stmct 1f 

J # z, z + 1, t hen x 1ui+1 E E(G) and x,u,+1 r/:. E(G) , so x 1 # Xi Suppose 

1 ~ z ~ n - 2 T hen XiUi+2 E E(G) and x,+1 Ui+2 r/:. E(G), so x 1 # x1+1 
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Fmally, smce for 1, = 2, 3, ,n -1, Xi-lUi (/.. E (G) and [ui ,Xi] -+ Ui+l, we 

have Xi - iX1. E E (G) Therefore, x 1x2 Xn-l 1s the reqmred path I 

Note that the vertices Xi, X2, , Xn- 1, ui, u2, , Un are all d1stmct 

Lemma 4 12 Let G be a 3-edge-z-critical graph with 6(G) 2: 1 If S is an 

independent set of G with ISi = n, then there exists u ES with d(u) 2: n-2 

Proof. If n :S 3, smce 6(G) 2: 1, we have d(u) 2: 1 for every u E S So 

we assume n 2: 4 and let S = { u1, , Un } be ordered as m Lemma 4 11 , 

and x1, X2, , Xn- l be the associated path m G - S Then { x 2 , , Xn - d ~ 

N(u 1), and hence d(u 1) 2: n - 2 I 

We denote the size of a largest chque of G by w(G) 

Theorem 4.13 If G zs a connected 3-edge-z-crztzcal graph wzth n = IV(G)I 2: 

9, then 3 :S w(G) :Sn - 3 

Proof Smee the largest possible size for a chque m a connected 3-edge-z­

critical graph 1s clearly n - 3, we only need to prove that w ( G) 2: 3 Suppose 

G does not contam a triangle Then, smce the Ramsey number r(3, 4) = 

9 :S IV ( G) I, G must con tam an mdependent set S of size at least four Let 

S = { u1 , , uk} be ordered as m Lemma 4 11 , and let x1 , , xk-l be the 

associated path Then { x 1, x2 , u4} 1s a triangle m G ■ 

If IV ( G) I < 9, then there are graphs which are edge-z-critical but contam 

no triangle For example, graph K 3,3 i 3-edge-z-cntical but contams no 

triangle 
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Lemma 4 14 If G zs 3-edge-z-crztzcal, then no vertex of G has two neigh­

bours of degree 1 

Proof. Suppose that u. v E V(G ) are vert ices of degree 1 and N(u) = 

N(v) = {z} Smee i(G) = 3. t here exists w such that wz (/; E(G) Now, 

from uw (/; E(G) , it fo llows that there exists x such that either [u, x] ➔ w or 

[w , x] ➔ u Because xu ¢: E(G), we have x =f- z and therefore xv ¢: E(G) 

We also have wv ¢: E(G), so v ¢: N[u] U N[x] and v ¢: N[w] U N[x], a 

contradict10n I 

Theorem 4.15 If G zs 3-edge-i -crztzcal and S ~ V(G) is a vertex cut, then 

G - S has at most ISi + 1 components 

Proof First suppose that S = { v} and that G - v has three ( or more) 

components C1, C2, C3 T hen by Lemma 4 14, at most one of these can 

be tn vial Assume that IV(Ci)I ~ 2 and IV(C2)1 ~ 2 For i = 1, 2, let 

Xi E V(Ci) be adJ acent to v Smee X1X2 ¢: E(G), with no loss of generality 

we may assume that [x1 , x] ➔ x2 for some x E V(G) So, x =f- v and 

hence x E V(C3) But if u E V(C2) - {x2 }, u is not dommated by {x1,x} 

Therefore, G - v has at most ISi + 1 = 2 components 

Now, assume t hat ISi = n ~ 2 and G-S has components A1, A2 , , An+2 , 

plus maybe some others Let Ui E V(A) fo r i = 1, 2, , n + 2 Then 

I = { u1 , , Un+2} IS mdependent m G Tu ith II I = n + 2 ~ 4 Assume I 

is ordered as m Lemma 4 11 , and let x 1 . , Xn+1 be a path m G - I with 
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[ui,Xi] ➔ Ui+l for i = 1,2, ,n + 1 Then, for i = 1, 2, ,n + 1, smce Ui 

does not dommate vertices m A1 for J -=I=- i (it dommates only vertices m Ai 

and m S), Xi must belong to S Smee the vertices x1 , , Xn+ 1 are distmct, 

this contradicts ISi = n I 

Recall the defimt10ns of dk and Sk from the prev10us sect10n We will 

show that a 3-edge+cntical graph has at most 3k vertices of degree at most 

k, for any k 2 1 (See Theorem 4 18) 

Lemma 4 16 If G is a connected 3-edge-i -crztzcal graph and for some k 2 2, 

dk 2 3k + 1, then there do not exist u, v, w E Sk with [u, v] ➔ w 

Proof If u, v, w E Sk with [u, v] ➔ w, then 3k+ 1 :s; !Ski :s; d(u) +d(v) +3 :s; 

2k + 3, and so k :s; 2, Therefore, the lemma holds if k 2 3 If k = 2, then the 

existence of such u, v, w m Sk implies that G is a 7-cycle C7 or the path P7 , 

neither of which is 3-edge-i-cntical I 

Lemma 4 17 If G is a connected 3-edge-i-crztzcal graph with dk 2 3k + 1 

for some k ~ 2, then /3( G[Sk]) :s; k + 1 

Proof Suppose that I = { u1, u2, , Uk+2} 1s an mdependent subset of Sk, 

ordered as m Lemma 4 11 Then there exists a path x1x2 Xk+l m G - I 

such that [vi, Xi] ➔ u1.+1 for i = 1, 2, , k + l Moreover, by Lemma 4 16 

Xi(/. sk for each i Now, smce !Ski= dk ~ 3k + 1 and II I = k + 2, sk -I-=/=- 0 

Let v E Sk - I Then for each i = 1, 2. . k + l, v 1s adJacent to one of Xi 

or u1 which 1s 1mposs1ble smce d( v) :s; k I 
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Theorem 4 18 If G zs a connected 3-edge-i-critzcal graph, then dk ~ 3k for 

k > 1 

Proof For k = 1, smce G 1s connected, S1 must be mdependent , and by 

Lemma 4 12, d1 ~ 3 

Now, assume k 2 2 and dk 2 3k + 1 Let H be the subd1graph of D(>--) 

mduced by Sk Then for all w E V(H) , we have dH (w) ~ 2k Hence there 

exists a vertex v E V(H) with outdegree dt(v) 2 k Let A= { u1 , u2, , uk} 

be a k-subset of out-neighbours of v ( v could have more out-neighbours) 

Thus for each J = 1, 2, , k, there exists x1 such that [v, x1] --+ u1 and, by 

Lemma 4 16, XJ {f. sk Now, smce I Ski= dk ~ 3k + 1, IAI = k and dc(v) ~ k, 

there exists a subset B of k vertices m (Sk - A) - { v} which are not adJacent 

to v m G Then each element of B 1s adJacent to each x1 , for J = 1, 2, , k 

Smee B <;;: Sk , for all b E B , Nc( b) = { x1, , xk} Thus B U { v, ui} 1s an 

mdependent set of size k + 2 But this 1s contrary to Lemma 4 17 I 

For general graphs 1f z( G) = k, then t he diameter of G can be at most 

3k - 1 smce every vertex can only dommate those vertices at distance at 

most two (Note that the path P3k has i (gk) = k and diameter 3k -1 ) The 

s1tuat10n 1s even more restrictive for 3-edge-z-cntical graphs as 1s shown by 

the followmg theorem 

Theorem 4 19 The diameter of a connected 3-edge-i -critzcal graph zs at 

most 3 
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Proof. Suppose the 3-edge+cntical graph G has diameter at least four Let 

a, b E V(G) with d(a, b) = diam(G) 2: 4 Let A = N(a), B = N(b) and 

C = V(G) - (N[a] U N[b]) Then , for any r E A and any s E B, we have 

rs 1 E( G) (otherwise d(a, b) :s; 3) 

First, we prove that one of A and B , say A, has the property that for every 

r E A , there exists r' E A such that rr' (/. E( G) Suppose, to the contrary, 

that there exist r EA and s E B such that N[r] ~ A and N[s] ~ B Then 

smce rs 1 E(G) , there exists x 1 N[r] U N[s] such that either [r, x] -+ s or 

[s, x] -+ r But this imphes that either x EB (to dommate b) or x E A (to 

dommate a), a contradiction 

Next, we show that if A has the above property, then G[B] is complete 

For any s E B , let r be any vertex m A, and let r' E A be a vertex such 

that rr' 1 E(G) Smee rs 1 E(G) , there exists x such that either [r, x]-+ s 

or [s, x] -+ r If [r, x] -+ s , then x must be adJacent to both r' and b, which 

contradicts d(a, b) 2: 4 So, we can assume [s, x] -+ r Smee sa ~ E(G) , 

x E N[a] - r and thus N[s] ~ N[b] Smee s E B is arbitrary, it follows that 

G[ B] is complete 

Fmally, for every u EC, smce bu~ E(G) , there exists y (/4 BUN(u) such 

that either [b , y] -+ u or [u, y] -+ b Now. b, u ~ A imphes that y E N[a] So, 

if [b, y] -+ u, then (smce no vertex 111 A dommates A) y = a and C = { u }, 

and if [u, y] -+ b, then N[u] ~ B In either case, there exists s E B such that 

su E E(G) for every u EC Thus (smce G[B] is complete) N[s] = CU N[b], 
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and hence N[s] U N[a] = V(G), that 1s, i(G) = 2, a contradiction I 

4.3 Hamiltonian Properties 

In tlus section Hamiltoman properties of edge-i-cntical graphs are exam­

med In particular, we prove that every 2-connected 3-edge+cntical graph 

has a Hamilton cycle T lus 1s done by developmg an mdependent domma­

tion closure operation s1m1lar to the one m Hanson [9] We then develop a 

complete class1ficat1on of 3-edge-i-cntical graphs with a cut-vertex, and this 

leads to the result that any connected 3-edge-i-cntical graph with more than 

six vertices has a Hamilton path 

Sumner ([13], [1 4]) conJ ectured that every connected 3-edge- ')'-cn t ical 

graph on more than 6 vertices has a Hamilton path, and this was proved 

by W0Jc1cka ([18]) 

Sumner and W0Jc1cka (mentioned m [18]) also conJectured that every 2-

connected 3-edge-')'-cntical graph has a Hamilton cycle Hanson ([9]) made 

some progress on tlus problem, but 1t 1s still open His mam tool was the 

followmg theorem 

Theorem 4 20 {[9]) Suppose that G is 2-connected and 3-edge-')' -crztzcal If 

N[u] U N[v] = V(G) - w for some pair of independent vertices u, v E V(G) 

with d( w) 2:'. 3, then G + uv is Hamiltonian if and only if G is Hamiltonian 

The followmg theorem 1s a development of Theorem 4 20 
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Theorem 4.21 Suppose that G zs 2-connected and 3-edge-i -crztzcal If [u, v] 

➔ w for some vertices u, v and w, then G zs Hamiltonian zf and only zf 

G + uv zs H amzltoman 

Proof Fust note that 1f G 1s Hamiltoman then G + uv 1s obv10usly also 

Ham1ltoman 

ow, suppose for some uv (/. E(G) and [u, v] ➔ w, G+uv 1s Hamiltoman 

while G is not Then G + uv contams a Hamilton path P = v1 v2 Vn from 

u, = v1 to v = Vn where n = \V(G)\, and N[vi]UN[vn] = V(G)-vp with Vp = 

w If V1Vi E E(G), then VnVi-1 (/. E (G) , otherwise V1V2 Vi-1VnVn-1 ViV1 

would be a Hamilton cycle of G Let M = max{zl v1vi E E(G)} and m = 

min{J\ v1v11 E E(G)} There are three cases p > m 2:'. M (or p < M::; m), 

M < p < m, and m < p < M 

Case 1 p > m 2:: M (here we must have m = M or M + 1) 

We consider two cases 

Case 1 1. There exists viv1 E E (G) with 1 < i <Mand m < J < n 

We first show d(vp) = 2 In this case VnVt E E(G) for l E {m, m + 

1, , n-1} - {p} If VnVJ-1 E E(G), then V1V2 v1v1v1+1 VnV1-1V1-2 

Vi+1Vt would be a Hamilton cycle of G Thus, v1_ 1vn (/-. E(G) and J - 1 = p, 

that is, J = p+ 1 Now, smce vkvp (/. E (G) fork= 1, 2, , M - 1 (otherwise, 

V1V2 VkVpVp+1 VnVp-1Vp-2 Vk+ 1V1 would be a Hamilton cycle of G), 

VtVp (/. E(G) for l = M, M + 1, .p - 2 (otherwise, v1v2 ViVp+tVp+2 

VnVt+1 v1+2 VpVtVt-1 Vi+1 V1 would be a Hamilton cycle of G) , and VrVp (/. 
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E ( G) for r = p + 2, , n ( otherwise, V1 V2 Vi Vp+ 1 Vp+2 Vr- 1 Vn Vn-1 Vr Vp 

Vp-L v 1+ 1v 1 would be a Hamilton cycle of G) , we have d(vp) = 2 

Smee G 1s 3-edge-i-cntical, ViVn (/:. E(G) 1mphes that there exists x such 

that either [vi, x] -t Vn or [vn, x] -t Vi and hence x = Vp If [vn , vp] -t Vi, then 

v1 E N[vn] U N[vp], which is a contrad1ct10n If [vi, vP] -t Vn, then we have 

N[v,] U N[vp-il = V(G) (srnce J = p + 1) If i-# p - 2, t hen v,vp-t ff. E(G) , 

and thus, i(G) :S: 2, a contrad1ct10n If i = p - 2, then i = m - 1, m = M, 

and p = m + 1 Smee Vp+2 ¢:. N[vi] U N[vp], Vp+2 = Vn, that 1s, p + 2 = n 

Therefore, N[v1] U N[vp+1J = V(G) (smce m = M = p - 1), hence i(G) :S: 2, 

also a contrad1ct10n 

Case 1 2 viv1 ¢ E(G) for all 1 ~ 1 <Mand m < J :S: n 

We first show d( Vp) = 2 Smee G 1s 2-connected, m -=I= M, and so m = M + 

1 Smee VM and Vm are not cut vertices, there exist i (1 :S: i < M) and J (m < 

J :S: n) such that ViVm E E(G) and VMV1 E E(G) Therefore, v 1_ 1vn ¢:. E(G) 

(otherwise, V1V2 V,VmVm+1 V1-1VnVn-l V1VMVM-l Vi+1V1 would be 

a Hamilton cycle of G) , and hence J -1 = p Sumlar to Case 1 1, v k vP ¢ E ( G) 

for k, = l , , M - 1 (otherwise, V1V2 VkVpVp+l VnVp-tVp-2 Vk+1V1 

would be a Hamilton cycle of G), VMVp ¢:. E(G) (otherwise, Vp-IVn ¢:. E(G) 

as ment10ned above, a contrad1ct10n), v 1vp ¢:. E( G) for l = m, , p - 2 ( oth-

erw1se, V1V2 ViVmVm+l V/VpVp- 1 V1+1VnVn- l Vp+lVMVM - 1 Vi+1V1 

would be a Hamilton cycle of G) , and VrVp (/:. E(G) for r = p + 2, , n (oth-
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would be a Hamilton cycle of G) It follows that d( vp) = 2 

Smee G 1s 3-edge-i-cn t ical, v MVn ff: E( G) 1mphes that there exists x such 

that either [vM, x] -+ Vn or [vn, x] -+ VM and hence :r = Vp If [vn, vp] -+ VM, 

then v1 E N[vn] U N[vp], v.h1ch 1s a contrad1ct10n If [vM, vp] -+ Vn, then 

we have N[vM] U N[vp_ 1] = V(G) If p - 1 =/ m, then VMVp-l ff: E (G), 

and thus i( G) ~ 2, a contrad1ct10n Hence we may assume p - 1 = m, so 

p = m + 1 Smee Vp+2 r/:. N[vM] U N[vp], Vp+2 = Vn and p + 2 = n Now, 

ViVn rJ_ E(G) 1mphes that [v1 , vp] -+ Vn (smce V1 r/:. N[vn] U N[vp]) Thus we 

have N[vi] U N[vp+il = V(G) (smce p - 1 = m and ViVm E E (G)) Smee 

ViVp+i r/:. E(G), we have i(G) ::::; 2, also a contrad1ct10n 

Note that the case where p < M ::::; m 1s symmetrical to the case where 

p > m 2: M, so the proof of Case 1 1s complete 

Case 2 M < p < m (here we must have m = M + 2) 

In this case we have viv1 r/:. E(G) for all 1 ::::; i < M and m < J ::::; n, 

otherwise, v 1v2 Viv1 v1+ 1 VnV1- 1v1-2 Vi+ 1v1 is a Hamilton cycle of G 

Agam we show d(vp) = 2 If vkvp E E(G) with 1 < k < M, then smce vp, 

Vm are not cut vertices, either there exists J with m < J < n such that vMv1 E 

E(G) or there exists q with m < q < n such that VpVq E E(G) and VMVm E 

E(G) In the former case, V1V2 vkvpvm v1_1VnVn-1 v1vMvM-l Vk+1V1 

would be a Hamilton cycle of G , and m the latter case we have Hamilton 

cycle V1V2 VkVpVq'Vq+I VnVq-1Vq-2 VmVMVM-1 Vk+1V1 m G There­

fore, vkvp r/:. E(G) for k = 1, , M - 1 By symmetry, VpVt r/:. E(G) for 
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l = m + 1, , n Thus, d(vµ) = 2 

But now, smce v1 Vn ¢:. E(G), there exists x such that either [v1 , x] ---t Vn 

or [vn, x] ---t v1 Smee m each case :r f::. N[vi] U N[v nl, we have x = Vp If 

[v1 , vp] ---t Vn, then smce Vq f::. N[vi] U N[vp] for all m < q < n , we have 

m = n - 1. and thus d(vn) = 1 Similarly, if [vn , vp ] ---t v 1, then we have 

d(vt) = 1 Each of these is a contradict10n 

Case 3 m < p < M 

In this case, we have v1 adJacent to all of {v2,v3, ,Vm- 1,vp+1 ,vp+2, 

VM} while 'un is adj acent to all of { Vm, Vm+l, , Vp-1, VM+l, VM+2, , Vn- d 

Agam we show d( vµ) = 2 

First , as before, VkVp ¢:. E(G) for k = 1, , m - 2, M + 2, , n (oth-

erwise, either V1V2 VkVpVp+l VnVp-lVp-2 Vk+ 1V1 for 1 ~ k ~ m - 2 

or V1V2 VµVkVk+1 VnVk-tVk- 2 Vp+ 1v1 for M + 2 ~ k < n would be a 

Hamilton qcle of G) 

Also, v 1vp ¢:. E ( G) for l = m, , p-2, p+ 2, , M ( otherwise, v1 v2 VtVp 

Vp-1 Vt+ 1 Vn Vn-1 Vp+ 1 V1 or V1 V2 Vp- 1 VnVn-1 VtVp Vp+ 1 Vt - 1 Vi would 

be a Hamilton cycle of G respectively), VpVm-l f::. E(G) and VpVM+1 ~ E(G) 

VM+l VpVp+l vMv1 would be a Hamilton cycle of G, respectively) So, 

d( vp )=2 

Smee G 1s 3-edge-i-cn t ical, v1 Vn ~ E( G) and d( vp) = 2 imply that either 

[v1, vp] ---t Vn or [vn, vp] ---t V1 Suppose [v1,vp] ---t Vn If p- 1 -=I- 2, then 
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v1vp-l rt E (G) and N[v1]UN[vp_1] = V(G), acontrad1ct10n If p- 1 = m = 2, 

then p=m+1=3 Wealso haveM=n -1 Now, for each p+ l < k <M, 

VkVn rt E (G) 1mphes that [vk, vp] ➔ Vn (smce V1 ¢ N[vn] U N[vp]) Thus 

VkVM E E (G) fo r all p+l < k < M , but then we have N[vM]UN[vp] = V(G ), 

which 1s a contrad1ct10n smce M #- p + l (otherwise 1f M = p + l, then 

i(G) ::; 2) Similarly, [vn, vp] ➔ v1 also leads to a contrad1ct10n 

Smee all of the cases lead to a contrad1ct1on, we have proved that G 1s 

Ham1ltoman 1f G + uv is Hamiltoman, and we are done I 

If G 1s 3-edge-i-cn t ical, then we define the domination closure of G, de­

noted by D*(G), to be G together with all edges uv of G where u, v are such 

that (m G) [u, v] ➔ w fo r some vertex w 

Corollary 4 22 If G is 2-connected and 3-edge-i-critical, then D* ( G) is 

Hamiltonian if and only if G is Hamiltonian 

Proof Clearly 1f G 1s Ham1ltoman, t hen so 1s D* ( G) 

On the other hand, suppose D *(G) 1s Ham1ltoman while G has no Hamil­

ton cycle Choosea muumal subset {e 1.e2 • ,ek } ~ E (D*(G)) -E(G) such 

that G + { e1, e2, , ek} 1s Hamiltoman and G' = G + { ei, e2 , , ek- d 1s not 

Ham1ltoman Note that by Theorem 4 21. k 2:: 2 Let ek = xy Then G' has 

a Hamilton path P = Vi v2 Vn, where x = Vi and y = Vn By mm1mahty, 

each of e1, e2, , ek-t 1s on P 

The proof 1s now 1dent1cal to that of Theorem 4 21 There we proved that 
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dc (vp ) = 2 without usmg the cnt1cahty of G The same argument show that 

de, ( vp) = 2 In fact, smce G 1s 2-connected, both edges mc1dent with Vp are 

edges of G In the remamder of the proof a contrad1ct10n 1s obtamed usmg 

the hypothesis that G 1s 3-edge-i-cn t ical The cont rad1ct10n 1s eit her that G 

1s Hamiltoman or t hat i(G) :S 2 The same arguments can be applied t o G' 

In the former case this 1s clear as e1 , e2 , , ek are all on P In the latter case 

the only edges of P which are used m the arguments are edges of G I 

We wnte d*(x) for the degree of vertex x m D*(G) 

Theorem 4 23 If G is 2-connected and 3-edge-i -critical, then G is Hamil­

tonian 

Proof Let w be any vertex of G Define Aw 

N(w) st [x,y] -t w}. and Bw = N(w)-Aw 

{ x E N ( w) :3y E 

If x E Bw, then there 1s y E N(w) so that [w, y] -t x Furthermore, 

y E Bw, otherwise, there exists z E N(w), z -=I=- y such that [y, z] -t w, but 

then { w, y} does not dommate z, a cont rad1ct10n Therefore for each x E Bw, 

there 1s y E Bw so that [w, y] -t x Now suppose x1 -=I=- x2 E Bw Then there 

exist Y1 and Y2 m Bw so that [w, Y1] -t Xi and [w, Y2] -t X2 If Y1 = Y2, then 

we must have x 1 = x2 , a contrad1ct1on Thus the mappmg f on Bw defined 

by f( x ) = y 1f [w, y] -t x 1s one-to-one and onto 

From the above argument and the defimt10n of Aw, 1t follows that each 

vertex of N (w ) 1s mc1dent with an edge of D*(G) which 1s not an edge of G 

We call such an edge a new edge with re pect to w 
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Suppose [a, c] -+ b, so that ac 1s a new edge with respect to b Then 1t 

1s also a new edge with respect to each of a (smce c E N(a)) and c (smce 

a E N ( c)) It 1s never a new edge with respect to any other vertex, smce 

{ a, c} E N ( w) 1f and only 1f w E { a. b, c} 

Each vertex x 1s m N(w) for IN(x)I = IV(G)I-IN[x]I = IV(G)l-d(x)- l 

vertices w Each of these choices for w leads to a new edge incident with x, 

and each such new edge is counted exactly twice (If xy 1s a new edge with 

respect to z, then the set { z, x, y} 1s mdependent m G Smee [x , y] -+ w, this 

1s possible only 1f w = y or w = z ) Thus, 

d*(x) ~ d(x) + IN(x)l/2 = d(x) + IV(G)l/2 - d(x )/2 - 1/2 ~ IV(G)l/2 

Hence, by Dirac's theorem, D*(G) 1s Ham1ltoman Therefore, by Corollary 

4 22, G 1s also Ham1ltoman I 

Note If G 1s 2-connected and 3-edge-i-cntical with IV(G)I even, then G 

has a perfect matchmg (or 1-factor) 

We now prove that every connected. 3-edge-i-cntical graph with more 

than six vertices has a Hamilton path Vie first give a complete descnpt10n 

of the 3-edge-i-cntical graphs with a cut vertex 

Lemma 4 24 Let G be a connected, 3-edge-i-critical graph If v is a cut 

vertex of G, then G- v has exactly two components C1 and C2 with i( C1 ) = 1 

and i(C2 ) = 2 

Proof By Theorem 4 15, G - v has exactly two components C1 and C2 



Chapter 4 Edge Dommat1011 Cnt1cal Graphs 78 

First, 1f i(C1) 2 3 or i(C2) 2 3: let Xi E V(Ci) be adjacent to v Then 

i(G + x1x2) 2 3 (since v 1s adjacent to x1 and x2, any mm1mum mdependent 

dommatmg set contammg x 1 or x2 does not contam v ), a contrad1ct10n 

Now, suppose i(Ci) = i(C2) = 2 Let Xi, Yi E V(Ci) such that XiYi t/:. 

E(G) for i = 1, 2 Smee x1x2 t/:. E(G) , there exists x such that [x1, x] -+ x2 or 

[x2, x] -+ x1 But XiYi r/:. E(G) 1mphes that x = v Now, smce YiY2 (j. E(G) , 

there exists y such that either [Yi, y]-+ Y2 or [y2 , y]-+ Y1 Smee XiYi (j. E(G), 

y = v But VYi E E(G) (smce [x1, v]-+ x2), a contrad1ct10n 

Fmally, 1f i(C1) = i(C2) = 1, let Xi E V(Ci) be a vertex adjacent to v 

for z = 1, 2 Smee x1x2 t/:. E(G), there exists x such that either [x1, x] -+ X2 

or [x2, x] -+ x1, and x -=I= v Without loss of generahty, assume x E V(C1) 

Then x2 dommates every vertex of C2 U { v} and smce z( C1) = 1, we have 

i( G) = 2, a contrad1ct10n 

By the above, we have, say, i(C1) = 1 and i(C2) = 2 I 

Let Q2,p be the graph Qn,p defined m Sect10n 2 1 with n = 2 \Ve have 

the followmg complete descnpt10n of the 3-edge-i-cntical graphs with a cut 

vertex 

Theorem 4 25 Let G be a connected 3-edge-z-critzcal graph If v zs a cut 

vertex of G , then G - v has exactly two components C1 and C2 such that C1 

is complete i( C2) = 2 and 

1 if IV(C1)I 2 2, then C2 = Tn,2n, for n > 2, and fu·rther, for every 
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x E V(Ci), vx E E(G), and for any pair u, u' of non-ad1acent vertices 

of C2, vu E E(G) if and only if vu' E E(G), 

or 

2 if IV(C1)I = 1, then C2 = S1 + S2 + + Sm , where S1 = K 2 or Q2,p, 

1 ::; J ::; m, and further, there exist non-ad1acent vertices u, u' E N [v] 

such that (i) N[u] U N[u'] = V(C2), and (ii) Vz E (N(u) U N(u' )) -

(N(u) n N(u' )), vz E E(G) and N[z] 2 V(C2) - { u, u'} 

Proof Smee v is a cut vertex of G, by Lemma 4 24, G - v has two com­

ponents C1 and C2 with i(C1) = 1 and i(C2) = 2 There are two cases 

IV(C1)I ?: 2 and IV(Ci)I = 1 

Case 1 IV(C1)I ?: 2 

First, we prove that C1 is complete Suppose x, y E V (Ci) and xy <:J_ 

E ( G) Then there exists z such that ( m G) either [ x, z] ➔ y or [y, z] ➔ x 

Smee i(C2) = 2, z = v and v dommates C2 ow, for any u E V(C2), smce 

xu <:J_ E (G), there exists w such that either [x,w] ➔ u or [u,w] ➔ x Smee 

i (C2) = 2, w E V(C2) But then y can not be dommated by {x,w,u }, a 

contradict10n 

Next , we prove that C2 = K 2 + +K2 = T n,2n Let x E V (C1) be 

adJacent to v For every u E V(C2), smce xu <:J_ E (G), t here exists u' such 

that either [u, u'] ➔ x or [x, u'] ➔ u Smee C1 is complete and xv E E (G), 

u' E V(C2) and [x, u'] ➔ u So, N[u'] 2 V(C2)-{ u} Now, smce xu' <:J_ E (G), 
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there exists w such that [x , w] ➔ u' or [u' , w] ➔ x As above, [x, w] ➔ u' and 

w E C2, sow= u and N [u] 2 V(C2)- {u'} Therefore, for every u E V(C2), 

there exists u' E V(C2) such that N(u) = N(u' ) 2 V(C2) - { u, u'} , that is , 

C2 = K 2 + +K2 = Tn,2n 

Fmally, we prove that for every x E V(C1), vx E E (G) , and that for any 

pair u, u' of non-adJacent vertices of C2 , 1f vu¢: E (G) , then vu'¢: E(G) , and 

if vu E E(G ), then vu' E E(G) Smcethereex1stsu E V(C2)w1thvu rt E(G) 

(otherwise, i(G) :::; 2) , t here exists y such that either [u, y] ➔ v or [v, y] ➔ u 

If [u , y] ➔ v,then y E V(C1), hence u dommates C2, a contrad1ct10n Thus 

[v, y] ➔ u and y E V(C2) Smee u' is the only vertex of C2 not adJacent to u, 

y = u' and u'v rt E(G ) Thus v is adJacent to either both u and u' , or neither 

u nor u' Further, as v dommates V(C1) , vx E E(G) for every x E V(C1) 

Case 2 IV(Ci)I = 1 

Let C1 = {x} Then, smce G is connected, vx E E(G) We prove that 

C2 = S1 + S2 + + Sm , where S1 = K2 or Q2,p, for J = l , , m 

Smee i(G) = 3, there exists u E V(C2) with vu rt E (G), and u' such that 

[v, u'] ➔ u or [u, u'] ➔ v But x ~ N[u] U N [u'] 1mphes that [v, u'] ➔ u, 

vu' rt E(G) and u' E V(C2) We prove that (1) N[u] U N[u'] = V(C2), 

and (u) Vz E (N(u) U N(u')) - (N (u) n N(u')) = A1 , vz E E(G) and 

N[z] 2 V(C2) - { u , u'} 

For (1), suppose there exists w E V(C2) - N[u] U N [u'] Then, from 

wu rt E(G), there exists y such that [w, y] ➔ u or [u, y] ➔ w Smee x 



Chapter 4 Edge Dommatwn Cnt1cal Graphs 81 

must be dominated , y = v or x But u' ft_ N[w] U N[v] U N[x] U N[u], a 

contradiction 

For (u) , we first define S1 If A1 = 0, then S1 = G[{u,u'}] = K 2 

Otherwise A1 -f- 0 Let z E A1 , without loss of generality z E N( u) and 

z f:. N(u') Suppose vz f:. E(G) Then there exists y such that [v, y] --+ z or 

[z, y] --+ v Smee such a vertex y must belong to V(C2 ), we have [v , y] --+ z 

On the other hand, from vy ¢:. E(G) , there exists w such that [v , w] --+ y 

or [y, w] --+ v Smee w must be m V(C2) and w ¢:. N[v] U N[y], w = z 

So, we have [v , z] --+ y But u' ¢:. N[v] U N[z], a contradiction Therefore, 

vz E E(G) Now, from zu' f:. E(G) , we have t such that [z, t] --+ u' or 

[u',t]--+ z Smee vz E E(G) and u'u ¢:. E(G) , t = x, and we have [z,x]--+ u' 

and N[z] = (V( C2) - { u'}) U { v} S1m1larly, 1£ z E N( u') and z ¢:. N( u), then 

N[z] = (V(C2) - {u}) u {v} So, S1 = G[A1 u {u,u'}] = Q2,p 

Let B1 = N( u) n N( u') If B1 = 0, then C2 = S1 Otherwise B1 -f- 0 If 

for all u 1 E B1, u 1v E E(G) , then similar to case 1, we can prove that B1 = 

K 2 + +K2 Otherwise, there exists u1 E B1 such that u1v ¢:. E(G) Then, 

we can s1m1larly prove that there exists u~ E B 1 , such that u1 u~ ¢:. E ( G) 

and that (1) N[u1] U N[u~] = V(C2), and (u) let A2 = (N(ui) U N(u~)) -

(N(u1)nN(u~)) , 1L42 = 0, then S2 = G[{u1 , uD] = {u1, uD = K 2, otherwise 

for 'i/z E A2, vz E E(G) and N[z] ~ V(C2) - { u1, uD, and hence S2 = Q2,P 

In general, 1£ B1c = N(u1c-i) n N(u~_ 1) = 0, then C2 = S1 + + S1c 

Otherwise B1c -f- 0 If for all u1c E B1c , ukv E E(G) , then Bk= K 2 + + K 2 
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Otherwise, there exists uk E Bk such that uk v (j. E ( G), and thus there exists 

uk E Bk such that ukuk (j. E(G) , and such that the followmg hold (1) 

N[uk] U N[uk] = V(C2) (n) Let Ak+1 = (N(uk) U N(uU) - (N(uk) nN(uU) 

If Ak+l = 0, then Sk+1 = G[{uk , uD] = {uk , uD = K2 , otherwise for any 

z E Ak+1, vz E E (G) and N[z] ~ V(C2) - {uk , uD , and hence Sk+ 1 = 

G[Ak+l U { uk , uD] = Q2,p 

Smee G 1s fimte, we have Em= 0 for some m, and thus C2 = S1 + +Sm, 

where S1 = K 2 or Q2 ,p for all 1 S J S m The result now follows I 

With this result we can prove that every connected , 3-edge-i-cntical graph 

with more than six vertices has a Hamilton path First note that Q2,p has a 

Hamilton path, and by the defimt10n of Jom, we have the followmg lemmas 

whose easy proofs are omitted 

Lemma 4 26 If G has a Hamilton path, then so does G + K 2 and G + Q2,p 

Lemma 4 27 If G = S1 + S2 + 

1, , k, then G has a Ha milt on path, unless G = K 2 

Theorem 4 28 If G zs connected and 3-edge-i -critzcal with IV(G)I > 6, then 

G has a Hamilton path 

Proof If G 1s 2-connected, then by Theorem 4 23, G 1s Ham1ltoman Thus 

assume G has a cut vertex v By Theorem 4 25, G - v has exactly two 

components C1 and C2 , such that C1 1s complete, i(C2) = 2 and either (1) 

or (2) m the statement of Theorem 4 25 holds 



Chapter 4 Edge Dom111at1011 Cnt1cal Graphs 83 

If (1) holds, then smce G[C1 U {v}] is complete, it has a Hamilton path 

P that ends at v Smee Tn,2n has a Hamilton path that starts at any vertex, 

G[C2 U { v }] has a Hamilton path Q that starts at v Then the path PQ is a 

Haimlton path of G 

If (2) holds. then smce G 1s connected and i( G) = 3, C2 i= K 2 Thus, 

by Lemma 4 27. C2 has a Hamilton path Furthermore, G[v U V(C2 )] has 

a Hamilton path Q that starts at v. except when C2 = Q2,4 (1 e C2 is a 

path with 4 vertices) Smee IV(G)I > 6. this does not happen Let P = sv 

Then the path PQ is a Hamilton path of G Therefore, if IV(G)I > 6 (thus, 

C2 i= P4), then G has a Hamilton path I 

For k 2 4, the quest10n of when a k-edge-i-cnt1cal graph G contams a 

Hamilton cycle is still open 

On the other hand, for any k 2 4, there are arbitrary large k-edge-i­

cntical graphs with no Hamilton path Let m 2 2k, and p = 1 + 1 + + 

1 + (m - 2k + 1) be a partit10n of p = rn - k Then graph Qk,p (defined m 

Sect10n 2 1) is k-edge-i-cntical but has k - 1 2 3 vertices of degree 1, and 

hence no Hamilton path 



Chapter 5 

Future Work 

We conclude the thesis with some suggest10ns for future research on mde­

pendent dommat10n critical graphs 

1 Explore the relat10nships between the various critical families In par­

ticular, characterize the graphs which are both i-critical and edge-i­

critical, or edge-i-critical and edge-1-cntical, etc 

2 For products other than those discussed m this thesis , determme when 

products of critical graphs are also critical 

3 Fmd a good bound on the diameter of a k-edge-i-cntical graph We 

conJecture t hat the diameter of such a graph is at most l !k - 1 J ( we 

believe the same bound should hold for k-edge-1-cntical graphs) 

4 Characterize the 3-i-cntical graphs. or more generally, the k-i-cntical 

graphs (k 2: 3) 

84 
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5 Complete the charactenzat10n of 3-edge-i-cntical graphs by character-

1zmg the connected 3-edge-1,-cnt1cal graphs Better 1et, characterize 

the k-edge-i-cnt1cal graphs 

6 Determme ,vhether every 2-connected k-edge+cnt1cal graph v.1th k 2 

4 1s Hamiltornan 
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