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ABSTRACT.

In this note we consider real malrices whose assocliated undirected graphs
ur goal is to establish finitely computable tests for the magnitudes
and multiplicities of eigenvalues of such malrices. Using owr tesls for certain
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as slgned directed graphs, the controllability of
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1. INTRODUCTION.
We work throughout with real matrices and begin by introducing some notation
and definitions needed to develop our results. We generally follow the

conventions in [3]. When A = [ajj] ig a real matrix of order n,

its signed
digraph SD{A) has node set {1,2,...,n} and a directed edge from i to J
iff aji # 0. This edge is signed as the sign of aji' The set of all matrices
with the same sign pattern (and thus the same signed digraph) as A is denoted

by Q(A). We alsoc use the undirected graph G(A) which has the same node sel as

. . (.. . . .
SD(A) with edge set <({i,j} : i # j and ;. 2 0 # |
( oJ

thus corresponds to a Z-cycle in SD(A). 4 Z-cycle in SD(A) is positive if

Pl

a.. 5% An edge of G{A)
Jgif

R

a..a.. » 0 and negative if a..a.. < 0. A node i with a l-cycle is called
1374 i gi

distinguished and corresponds to a nonzero diagonal entry in A, a.. # 0. We

work with matrices A which are irreducible and for which SD(A) has a Z-cyele

but no k-cvele for k > 2; equivalently G(A is a tree and A is
o <2

combinatorially symmetric.

We consider the differential equation x(f) with 4 & Q(A) and

]

seel to detect the possibility of constant or sinuscidal trajectories. A traj-

1
L o e N e drm s k7 . - :
ectory x(t) ¢ R for = ai;L% is a (sitrictly) constant trejectory if
Ls [ Y
J=1
each  x gatiafies X, = 0 and =, # 0 for some {all) i; a trajectory is a
tf
(strictly) sinusoidal trajectory if each %, satisfies x. = -x.  and ¥, E 0
kS B L EN
for some (all) 1.
Suppose G{A} is & tree. We define SD{4) +to be iA-consistent if there
e
exist nonzero constants éAT,,.é,A“L such that A.a. . = -a.a.. Tor 41 = j; all
L 1) L1 JoJx
Aca.. » 05 and some A.a.., > 0. TFor example, matrices with a..a.. ¢ 0 for all
iTii o~ i7id ij ji -

i#j, a.. <0 for all i and a.. <0 for at least one 1 have SD(A)



]

ra-consistent with all Ai negative. These matrices are candidates for sign
stability [32].

We now show that A-consistency can be expressed in finitely computable
terms. Suppose node 1 is a distinguished node in A-consistent SD(A), so
a1y £ 0. Choose Al = +1 so

1Ay 0. Then use the signs of Z-cycles along
j‘ signs; this can be done because of the tree

[ W

ay
the chain to specifyv all other {A
structure of G({A). Then SD{A) >is r—consistent iff each Aiaii > 0. Thus
r—consistency is a property of SD(A), vrather than A itself.

We define a gubchain of SD{A) as a subgraph which is a straight chain of
Z—cycles; thus the wndirected graph of a subchain is a simple path (that is, an
unbranched tree). Clearly when SD(A) has at least two l-cycles, then SD(A)
is not A—consistent 1iff some subchain of SD(A) with distinguished end nodes and

no other distinguished nodes is not A—consistent. We call a subchain with

distinguished end nodes and no other distinguished nodes a proper subchain.




2.

We firat

THEOREM 1.

Suppose
k-cyele, k >
gsatisfying x

is not
Proof:

must be distinguished.

derivative of

the

For

Suppose

conversa,

STRICTLY CONSTANT TRAJECTORIES.

consider zero eigenvalues and have the following characterization.

A is an irreducible matrix of order > 2 and SD(A) has no
2 Then there exist A e Q(A) and a strictly constant trajectory

= Ax = 0 iff each end node of SD(A)

is distinguished and

SD(A)

A-consistent.

% ds a slrictly constant trajectory. Obviously each end node

Futhermore, if SD(A) were A-consistent, then the

A along the constant trajectory x would vield

a contradiction.

let us assume SD(A) is itself a proper subchain.

Labelling the nodes in the obvious way, A& is a tridiagonal matrix; we fix all

entries except énn {(# 0) Considering the disjoint cycles of A and setting

o, = oa, . . oa . for 1= 1,2, ..., n-1 gives

i i+l 414

det & = ’“l)n/z ~a Oy oL Iad a oo, a } if n is even

1172 74 n-Z "nn 173 n-1 ?
L A
~ N B e B T ;
det A = (-1}~ o G, O O, . o (X S O . ; i on is odd.
( } 11 72 74 n-1 173 n-2 nn | -
The sign of a is + or —, and it is either possible to adjust

nn

the magnitude of a . 80 det A = 0 or not, depending only on that sign., IT
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SD(A) were A-consistent, it would be impossible to have a

e

constant trajectory

with det A& = 0. Since we are assuming that SD(A) is not A-consistent, a
must be of the other sign, so for some choice of !anpi,

Now let x be a nontrivial solution of Ax = 0 with A as above. The

equations E,. xj = 0 with 511 # 0 show that x, = 0 implies x, = 0,

1 2

h\\/"} jon}

=1
%, = 0, and so on through the chain; therefore Xy # 0. But Xy £ 0 implies,
o pN

by the same argument, that each component of x i

e

;s nonzero; and so ¥ is

n
2

strictly constant trajectory. (Nete that if an end node is nol distinguished,
then the argument fails, as some component of x is zero).

Next suppose that SD(A) may be partitioned into a proper subchain which isg
not A-consistent and a gecond subchain with exactly one distinguished node, the
end node {(not the node of attachment); see Figure 1 for an example.

Figure 1

Starting at the node of attachment ¢, let the nodes of the second subchain be

labelled «, g+il, ...,q+m, with q+m the end node and aqu - # 0. Let

be specified as above for the proper subchain, and let other A entries be

v
«
5

~

arbitrary in magnitude exceplt a Tentatively set x = Then x
qt+l gt+m Gt
~aT DE el 1 = ~1 - < Jhice i F > ey }x”.x 1< 1 1 neclF e =
can be used to specify kq+m*1 which in turn can be used to specify X2 and
so on down the chain. Tinally xq+1 is specified. If there is a sign conflict
in the equation at node g+l, start over with X}#m = —1. Then specify aq\11 -
a+ +1 g

At node q we must modify A wvalues so that a x +a x_+ a 4% 4 =0,
qol ais B g gtl gl

where nodes «, § are neighbours of node ¢ in the proper subchain. The Tirst

two summands are already of opposite signs, so adjustment of the magnitudes of

a and a rried out s Ax = 0, all x. #0, 1 = q, ...,
et i ,
gtm. The case »f attachment g is also distinguished follows

"
y

in a similar with the additional term =

et

QA in the equation at node <

<,

i)

X
qq g



A simple extension of the above sequence shows that any mumber of subchains

with distinguished end nodes can be accommodated. TLastly additional nodes can

acquire (small magnitude) I-cycles by local adjustment of A values, since each

i

node clearly has inputs of opposite signs. =

The case when A is of order 1 is trivial: there exists A € and a
strictly constant trajectory x satisfying x = Ax = 0 iff SD(A) consists of

a single undistinguished node.
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3. STRICTLY SINUSOIDAL TRAJECTORIES.

We now consider detection of purely imaginary eigenvalues of A, that is,

of a sinuscidal trajectory x for x = Ax, not all components
of  x being zero, with A & Q(4). We obviously restrict considerations to

matrices of order n >

LEMMA 1.

i

Suppose A s drreducible, all Z-cyeles in SD{A) are pogitive, and SD(A

contains no k-cyele for k > 2. Then no A e and sinusoidal

Proof: When all Z-cycles in SD(A) are positive, there exi

% yoR s

122}
[

. . . . ri/ -1/2 .
guch that A,a.. = a.a.. for all 1 # j. Thus the matrix AT a..h.l’ is
11 J Ji i 1) 4

symmetric and so has only real eigenvalues. Thus A, being diagonally similar
to this mairix, also has no nonzero purely imaginary eigenvalues and so no
sinusoidal trajectory.

LEMMA 2.

Suppese A is drreducible and  SD(A) k> 2,
but at least one negaltive Z-cycle. Then there exist 4 ¢ Q(4) and strictly

sinuscoidal ¥ solving w = Ax.

Proof: Suppose SD(A) contains a negative Z—cveole. cation of existence

iz resolved by showing that it is always possible to attach straight chains to

any subsystem with strictly sinusoidal nodes; in fact only #sin t and +cos t

g

are required as node values; the entries of

are specified and modifi

i



o

needed. Consgider attachment of a straight chain with node set {2,3,...,p} to a
subsyvstem with strictly sinuscidal node values at node 1. Assume node 1 has
the value sin t. The idea is illustrated in Figure 2.

Figure 2

We tentatively assign node p  the value cos t if p 1is even, or sin t if
p is odd. Then let [a . i‘ = 1, so that the sign of a4 determines
pop p pl

whether node p - 1 in x = Ax  be jxp, that iz, #sin t if p 1is even,
tcos t it p is odd. Consider the equation at row p — 1. BSpecifying either
- . l 1 - _ . — 5 ded di

= e ol = & or a = 1 a 51 = 2 as needed acc ing
!ap—l p’ !ap—l pal =% o |cp“1 pl ) [ap_l }“Zi as ne according

to edge signs allows us to keep xpvl = ixp, This procedure extends down to row

1 of = = Ax. At row 1 ‘there might be a sign inconsistency. 1If so, then

start over with the opposite sign for node p  to correct this. If nede 1 has

cos b then assign node p  the value sin t if p is even or cos t

it p is odd, and proceed as previously. Finally, adjust the magnitudes of alj

1y needed. o
i o
LEMMA 3.
Suppose A is irreducible SD(A) contains no k-cyele for k > 2 SD(A)
b AN 3 N J

containg at least one negative Z-cycle and at least one l-cyele, and SD{A) is

v~

there exists A € Q(A) and a strictly sinuscid

RS

not A-consistent.

)
I
o
o

trajectory x for x = Ax.

Proof: TLet us define an associated matrix sign pattern Q(K) in terms of Q(4&)
by replacing each diagonal entry in Q(A) with 0§. Apply Lemma 2 to Q(A) +to

obtain matrix values A and strictly sinusoidal trajectory y{t) for v

We shall employ some of the machinery in section & of [3]. I x.(t)
T

any function satisfyving x = —x, define a complex number v by




vt

Re[v{e . It will suffice to prove the existence o©

5
-

n  complex numbers {v.},

each nonzero, satisfying for some A € Q(A):
~ T~ .
(—a.. + ¢)v a. .9 (1
ii i i3
i#]
Lemma 2 implies the existence of nonzero complex numbers {&i} satisfying
N ) , P Lty _ 1 . : L
L 6, 0= ) aijﬁif where v.(1) = Re[8.e ]. If nodes 1 and j are connected
i /. J i i
i#]
by a Z-cyele in SD(A), ‘then the ratio Siféj ig & nonzero pursly imaginary
number.

Regard G(A) as a tree rooted at a distinguished node r with neighbour

. Define =a.. = a.. Ffor all index pairs 1 # j, except define a as below.
ij ij rs

Choose a node ¢ such that aqq # 0 and such that SD(B) is A-consistent,

where matrix B = [b..] has b.. =a,. for i# j, b = -a , b =a , and
J ij ij rr rr’ T qq aq
all other b4i = 0. Considering the A argument in the proof of Theorem 1, no
iL

trajectory z(t) for z = Bz could be strictly sinusoidal.
. P t . .
Using the tree structure of G(A), we can solve all but the r h equation in

(1) starting at the ends of branches and computing "down the lree” until each

v., 1 # r, is given as some v, = o.v . If all [a..[, i # r, are sufficiently
i i i ii
small, the ratiog of v values fTor connected nodes are all nonzero complex
numbers, close to the corresponding & ratios. In particular fm(as) = 0,
Define v.E 1 (so Xr(t> = cos t). For sufficiently small anig it will
suffice to solve -a + ¢ =a o withreal a , a_ . Since Im{a ) # 0,
rr rs s rr rs =
thig is possible. The sign of & is correct since each a. . is cloze to

a.., i 2 j, which follows from the continuity of complex inversion and complex

multiplication. Suppose the sign of a . iz 0 or the opposite of &

Rechoose all fa. . | qq!”
16

i Recalculate all

a2y

much smaller for i1 # g, retaining ‘
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a, ., +# 3, and a . To avoid a positive integral of A over the interval
. rr

l-.—a .
il

[0, Zm], such a recholce must lead to of the correct sign. (The integral

S Lt
of A over [0, Zn] must be zero for x = Rel[ve

=

THEOREM 2.

is irrveducible and 8D{4}) has no k-cvele Lk > 2. Then there

e

Suppose  /

e

exislts a strictly sinuseoidal trajectory x solving x = Ax  for some A e Q(A)

iff SD{A) has at least one negative Z-cycle and SD(A) is not A-consistent.

Proof: <Consider A ¢ Q{A) and a strictly sinusoidal trajectory with

N
P

. b . : . .
associated constants {ﬁ:fa and assume there is a l-cvele at node i. Define
J

A= AxT/20 If SD(A) were A-consistent, then along x  the derivative of

contradict the fact that Alx(f))

e

N

Al {(t+2m)) =123 is that SD{AY must have a negative Z-cvele,

2

2 and 3 establish the

On the other hand, siatence of SDIA

has a negative Z-cycle and is not A-consistent. =

COROLLARY 1.

IT A is drreducible, SD{A} has

k> 2, and exactly one

rondd
|
0o
o
B
0
oot
o
=
0
s
iy
o)
©
o=y
"
o
N
o=
.

admits a strictly sinusoidal trajectory.

Proof: Since in this case SD(A) is ar-consistent, Theorem 2 precludes =

strictly sinuseidal trajectory. -

BsH

3
)



4. CONSTANT TRAJECTORIES.

We now study solutions of Ax = 0 with x 2 0 but some 2,07 0. HNote that
the case n = 1 (A& is the O matrix) is trivial so we take n > 2. Suppose

our previous assumptions hold, namely

k—cyveles, k » 2, and also tha

partition SD{A} and G(A) into

neclted subgraph on the nodes of SD(A)

that

subgraphs.

which

A ds dirreducible and SD{4) has no
x 2 0. Then there ig natural way to

Let a white block be a maximal con—

£

corrvespond to nonzero components o

x. All nodes not in white blocks are black and in black blocks. This arrange-
ment is expressed in the following colour test. \ O—colouring is a scheme Tor

colouring all nodes of SD{A)

no black node is

&

which has no k-cycle,

neighbor of svactly

2

k 2,

black or whit

one white node;

each maximal white block as a subgraph is either: a single undistinguis}
node; or a digraph which has at least 2 nodes, which has each end node
distinguished, and which is not A-consistent.

THEOREM 3.

Suppose A is irreducible matrix

k-cvele, Then there exi A e

Ax = 0 ifF SD(A) admils a O-colouring with at least
Proof: Suppose n » 2, Ax = 0, % 2 0. Colour
nonzero entries in ¥  and colour all other nodes
condition (ii) when all x. # 80 and so all nodes

are present, considering the

see condition (i) must be

of order

J oW

fulfi

contains no

and a vector x satisfyvin

white node.

white all nodes corresponding to

black. Thecrem 1

.th

equation in

1led., Anv white bl satisfies

a



subsystem of squations = 0 which conformg to the conditions of Theorem 1,

and so must fulfill condition (ii).

For the converse, suppose SD(A) aduits a O-colouring with some white node.

We proceed to construct x # 0 gatisfying Ax = 0. Consider the subsystem of

¢

equations Ax = 0 associated with a white block. By Theorem 1 such a subsvstem
admits a solution with each component nenzero. Let the components of the full
vector x  corresponding to the subsystem be so defined. Suppose j is a black

node connected to a node in this white block, then by (i) neode j is connected

to other white nodes k], k,, oon, kq, q > 1. Let ga.y i be arbitrary positive
L & JH.
]
: ( ] . .th . .
numbers. Choose nonzero ix} } values satisfying the j row equation in

1

Ax = 0. Using Theorem 1, extend these x wvalues through their respective white
blocks:; since G({A) 1is a tree this procedure can be carried out for all white
nodes and black nodes connected to white nodes. Let all other entries in A
corresponding to edges in SD(A) From black nodes have arbitrary magnitudes and
components of x  corresponding te black nodes be zero. This completes

construction of A and x with Ax = 0 and x = 0.

=

To consider multiple eigenvalues of 4, we use the idea of an undirecled

block graph B(A). Given a O-colouring of SD(4) with at least one white node,
(. . ) . \ .

the nodes 1D],Dq,...f and iWY,w ..».j of B({4A) correspond regpectively to
black and white maximal blocks in SD{A). An edge I(b ,W )E belongs to B(A)

Ui g

precisely when some node of b. is connected by a Z-cycle to some node of w

Qs

We say that B(A) 1is hranched at a black node if some black node in B(4) is
connected to mere than two white nodes. We make use of ideas developed in [2, 5,

6] for sign symmetric matrices.



THEOREM 4.
Suppose A is irreducible and SD(A) contains no k-cyele, Lk > 2. Then 0

is an eigenvalue in at least two Jordan blocks of some A e Q(A) iff SD{4)

admits a O-colouring for which B(A) 1is branched at a black node.

Proof: Suppose there exists 4 e Q{A) and that 0 1is an eidenvalue in two or

more Jordan blocks of A, Then there must exisl two linearly independent

solutions x and y for Ax = Ay = 0; choose x a0 that the number of
J

F

components with X.o= 0 is maximal. If the G-colourings associated with x  and
v are the same, then ®,0© 0 iff v, = 0. By rescaling and renumbering we can

achieave X7V, £ 0. Thus the O-colouring associated with x-v has more zero

=

components than x, a contradiction. 8o we may assume without loss of

generality thalt the O-colouring associated with % has a minimal number of white

nodes and that the J-colourings associated with x and vy are distinct.
Consider a white block in the O-colouring for x, with submatrix & and

subvector %, so Ax = 0. Suppose the white block is attached at node 1 to
exactly one black node, node j (there must always exist such a block and node).

Suppose node j  is white in the O-colouring for v, then we also have

Ay + ¢ = 0 whe

[la2d

ig a vector with exactly one nonzero entry corresponding to

the attachment of node 1 to white node Jj. Since any vector in the kernel of

A must be proportional to =x, we have y, = ax, for all nodes in the white

block, even node 1. The 17 row equation ig then

STz ST . R . . o
0= Sa,x = >a, .y + ¢ =a >a, % + & =¢.. This contradiction shows that
2 Tikk o/ TikTk Ot J Tikk o i i

node j must be black in the O-colouring for y. Using the tree structure of
3(A), this argument extends to all nodes which are black in the 0O-colouring for
2 and attached to white nodes; and shows that no white block of the 0O-colouring

for vy can properly contain a white block of the O-colouring for x. Thus if



the two colourings differ, some white block and its adjacent black nodes of the
colouring for x lie entirely within a black block of the colouring for y. Now
colour a node of 8D(A) white if it is white in either the x or ¥
O-colouring; and black otherwise. Clearly this is a O-colouring for SD{(AY and
the associated B(A) is branched.

Conversely, suppose thalt there is a O-colouring for SD({A) with B(A)
branched. Then we use the proof of the first part of Theorem 3 to construct ¥y
and A so Ky = 0 and so Vs # 0 if and only if node 1 1is white. Thus the
vector components of v corresponding to black nodes are zero, the edge values
from black nodes are arbitrary. Some branched component of B({A) contains a

gtraight path with white block end nodes. Recolour black all nodes of 3D(A)

not in that straight path to achieve a distinct O-colouring. Use Theorem 3 again

o

to construct a new = (same A) which is not proportional to v but which

satisfies Ax = 0. o



.A
o

5. SINUSOIDAL TRAJECTORIES.
We now give a colour test associated with sinusoidal {rajectories and

imaginary eigenvalues. An Im—colouring is a scheme for colouring all nodes of

ey

SD{A)} which has no k—-cycle, &k > 2, black or white so that:
(1) no black node is a neighbor of exactly one white node;

1i) each maximal white block as a subgraph contains at least one negative
) &

2-cvele and is not A—consistent.

gtarting with am Tw-colowring we can derive a block graph B(A)

Just as in the previous section.

THEOREM 5.

Suppose A ig an irrveducible matrix of order > 2,

k > 2. Then there exists a sinusoidal trajectory for x = Ax, x # 0, for some

SB{A) adwmits an Im-colowring with at least one white node.

by
I
i
~~
e
N
ot
iy
oy
bl

Proof: If x = Ax is a sinuscidal trajectory (x

1

0) colour node 1 white

v, # 0, otherwise colour node 1 black. Theorem 2 together with a line of

reagsoning parallel to that in the first part of the proof of Theorem 3 show the

such a coleouring is a nontrivial Im—colouring.

if

fad

Suppose  SD(A) admits an Im—colouring with at least one white node. Using

Lemma 3 and balancing edge values as in the latter part of the proof of Theorem 3

establishes the existence of a sinusoidal %rajectory,g

THEOREM 6.

Suppose A 1s irreducible and SD(A) contalns no k-evele, k > 2. Then

is an eigenvalue in at least two Jordan block of some A € QA iff

admits an Im-colouring for which B{A} 1s branc




Proof: The procf is completely analogous to the proof of Theorem 4 (using
- b & I A p=Y

Theorem 5) and is omitted. =

16.



6. SIGN CONTROLLABILITY.

inl 3

For an irreducible matrix A with SD{A)

can detect the possibility that a real number

the real part of a complex eigenvalue of A as

Tinite number of digraphs SD(A-AxI) as —w

>
8

First we apply Theorem 3 to

determine whether or not some matrix in GQ{A-AI) has 0 as an eigenvalue

sing Theorem 4 then gives us in addition a criterion that A oeccurs in two
or more Jordan blocks for some 4 € Q(A). Theorems 5 and 6 give us analogous

conditions for the occurrence of A + ¢ or, by rescaling, & +z¢ (2 > 0), as an

This is a characterization with implications in control theory; for background
information and related results see [1, 2, 4]. Generalizing control theory

concepts, we define A to be controllable if distinct Jordan blocks of A  have

distinct eigenvalues. We call A gign controllable if every A e Q(A) is
as Tollows.
COROLLARY 2.
Suppose A  is irreducible SB{A) has no k-cycle, k 2. Then A is
sign controllable iff no block graph B{A-aI) obtained from any U-colouring or

any Im-colouring of any SD(A-AI}, A € Q{(A), 1is branched at a black node. =

To o we consider as an example A with SD{A) in Figure 3.
Figure 3
By ng possibilities can be enumerated as

node

5, &, 8, 10, 9, 11, 4, 2, 1 and 3 are forced

~ O-coleourings). Howev




0

/]

/ is white, then nodes 4, 6, 8 are black, nodes 5 and 2 are white, nodes
16, 11 are black, and nedes 1, 2, 3 are white. This is the only nontrivial

1.

O-colouring of SD(A) and the associated block graph is not branched at a black

o)
=
o
pa—g

node, so 0 is an eigenvalue in at most one Jordan block of any A e
By inspecltion the Im—colouring possibilities can be enumerated as follows.
If node 7 is black, then node sets {1,2,3,4} and {8,9,10,11} can be white

with nodes 5 and 6 black. The block graph B(4) associated with this

WAL

colouring is not branched. If node 7 is white, then all nodes white except 8,
9 is an Im—colouring but also has no branching in B(A). The only other
Im—colouring with node 7 white is all nodes white; again B(A) is without
branching. We conclude from Theorems 4 and 6 that no & e Q(A) «can have either
0 or =#: as eigenvalues in more than one Jordan block.

There are gix signed digraphs of the form 8D{ A—AT aside from SD(A)
itgelf. The only possible B{KMAI) branchings must occur at nodes 2 or 7.
(Branching cannot occur at node 8 because node 9 cannot be white for A # 0).
If all of nodes 8, 9, 10, 11 have l-cycles of one sign, then there is no proper
subgraph among those nodes with nontrivial O-colouring. Hence no O-colouring
could have 7 black and 8 white. Likewise no O-colouring could have 2 black
and 1 or 3 white. Hence no E(E'AI) graph from a O-colouring of SD(E'AI)
branches at a black node. The subgraph containing nodes 5, 6 has no negative

black and node 6 white.

-3
e
0

Z2—ecycle, so in no Im-colouring can node
Likewise in no Im—colouring can node 2 be black and node 1 or 2 bhe white.
Hence no B{K-AI) graph from an Im-colouring of SD(A-AT) branches at a black
node.  In summary, Theorems 4 and 5 imply A with SD(A) in Figure 3 is sign

controllable.
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Figure 2.
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20.

FIGURE CAPTIONS

An example to illustrate method of proof of Theorem 1. Nodes
1, 2, 3, 4, 5 are in a proper subchain; nodes 4, B, 7 are in a

second subchain with the end node distinguished.
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An example of a sign controllable signed digraph.
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