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ABSTRACT

Let A and Q be elements of a complex Banach algebra in B with identity
I. Define spQ(A), the spectrum of A relative to Q, as those complex
numbers such that A - zI - zQ has no inverse in B. It is proved that if J
is any idempotent in J which commutes with A, then there exists a Q in 3
such that the spectrum of A relative’to Q is disconnected and where we may
integrate the Q-resolvent, (A—ZI—EQ)_l, around a suitable contour and obtain
the idempotent J. This result is also extended to finite resolutions of the

identity.



1. Introduction.

The concept of the spectrum of A relative to Q, where A and Q commute
and are elements in a complex Banach algebra was developed in [1]. One result

from that paper was the following.

Theorem. Let C be a simple closed rectifiable curve which lies in the

Q-resolvent set of A. Let
-1 - -1 -
J = =P (A-2zI-zQ) “(dz+Qdz),
C

then J 1is an idempotent which commutes with A and Q and moreover J =0
if and only if the interior of C belongs to the Q-resolvent set of A and

J =1 if and only if the Q-spectrum of A lies entirely interior to C.

The question arises as to whether all idempotents which commute with A
can be obtained using this more general concept of the spectrum. It is well
known that in the case of the usual spectrum, there exist elements A with
connected spectrum and where many nontrivial idempotents commute with A, but
where the functional calculus of the usual spectrum cannot retrieve these
idempotents using integration of the resolvent.

In this paper we prove that for every idempotent J which commutes with A
there exists an element Q which commutes with A such that J can be
retrieved as in the above theorem. This result is satisfying in that it demon-
strates that the Q-spectra are disconnected, at least in the same abundance as

there are nontrivial idempotents which commute with A.



2. Results.

Theorem 1. Let B be a complex Banach algebra with identity and let A e B
with 0 ¢ sp A. Suppose J 1is any nontrivial idempotent in B which commutes
with A. Then there exists Q ¢ B which commutes with A and J such that

spQnT=¢ and
-1 - -1 -
J=-P J (A-2z1-2Q) ~(dz+Qdz)
C
for which a circle C about the origin which lies in resQ(A).

Proof. Let us consider Q of the form
Q = qJ for some fixed q € ¢.
Then we set
S(A) =A - AL - XQ = A - AI - XgJ for A e (.

*
Let B be a maximal commutative subalgebra of B containing A and Q. Let

*
® , denote the set of all algebra homomorphisms of B onto (.

B

Then for each o ¢ & , we have since J2 = J that
g{(J) =0 or o(J) =1.

Now U[S(A)) = g(A) - A - Xq o(J) and therefore X « spQ(A) if and only if

O(S(K)) =0 .which means

29 - g oA o(J)
1= a2 e |?

So we know by Corollary 1 [1] and the above that



(A) - q o(A) o(J) )
Sp~(A) =1A = g g€ @ *}
? { 1- Jql®o@]? 3

and that spQ(A) is a nonempty compact subset of (. Note that since

sp A = {O(A}l e 0 *} (see Rickart [2], Theorem 3.1.6) and O ¢ sp A we have
B

spQ(A) is bounded away from 0 in ¢.

We now break sp.(A) into two sets
Pq

o - {X _ oA - 4 9 o(J)
0

o(J) =0 and o e @ *}
1= oo |?

B

= {A =0(A)|o(J) =0 and o e @ *}
B

and

. . {x _o(A) - q (A o)
! 1 - |ql®lo)|?

o(J) =1 and o e @ *}
B

: {A _ oA - q o)

5 o(J) =1 and o ¢ @ *}
1 - |q]

B

Since J is a nontrivial idempotent in B it follows that SO and S1
are both nonempty subsets of spQ(A), also since o(J) =0 or o(J) =1 must be

the case we have that
spQ(A) = SO U Sl'

Now since o(A) 1is bounded away from 0 in ¢ and SO c ¢g(A) it is

clear that if we choose q large enough and a positive real number with q > 1,

then

S, = {A oA - g %CA) 6(J) =1 and o ¢ o *}
1 - |qf” B



can be made so close to zero in ( that

and such that there exists a circle C about 0 in ¢ such that S1 c CO and

05,
SO c (CuCH)’.
Having chosen such a q > 1, fixed, we will now prove that if we parametrize
C as a simple closed rectifiable curve in a counterclockwise direction then

-1 -1 - =1 -
J = -P J R(z)d¢(z) = -P J (A-2I-2zQ) ~(dz+Qdz).
C C

By Theorem 12 [1] we know that

K = -p! J R(z)dd(z)
C

is a nontrivial idempotent in B which commutes with A and Q. Therefore if we

write
-1 -1 - -1 -
K=-P R(z)d¢(z) = -P (A-zI-z2qJ) ~“(dz+ qJdz)
C C
we have two cases to consider:

Case 1: Suppose o e & , and o(J) = 0 then we have

g(K) = —G(P—l) [ (o) - z)_l dz = 0 since o(A) € (CLJCO)’ by construction
C

and our choice of q.

Case 2: Suppose o € and o(J) = 1 then we have

*

3



6(K) = -o(P™H) J [0(A) - z- Zq] 1 (dz+ qdZ). If we let &(z) = z + Zq and
C

note that o(A) - z - zq = 0 only at h_ = o(A) - q a(A) € CO we have since

0
1 - |ql?
q>1 ¢(h0) - o(A) - qéj(A) » A - qéj(A) q = o(A) so we can write

1 -q - 1-g

J d¢(z) which by Theorem 7 [1] setting

- -1 -
[o(A) - z- zq] (dz + qdz)
Jc ¢ B - 8(2)

f(z) = -1 1s equal to -p [¢(z)]—1 do(z) which by Lemma 1 [1] is

1l
1
——

equal to 27i since q > 1. Therefore o(K) = ~O(P—1)(2ﬂi).

We recall that

P = J (zI*-ZQ)_l(Idz+-QdE) S0

|zl=l

o (P) [2+7q o(3)]  (1dz+ q 0(J)d7) (recall o(J) = 1)
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Lemma 1 [1]. Therefore in Case 2 we have

oK) = (2mi) = 1.

1
T o (P)

By Cases 1 and 2 we have o(X) =1 when o(J)

il
—

and

o (K} 0 when o(J)

I
o



Therefore o(J-K) = 0 for all o e & , which implies sp(J-K} = 0 and
1 B
im JI-K)™Y™ = 0. Now (J-K)2 =J - 2JK - K and (J-K)° = J - K so by induction

>

2n+1 2n+1”2n+l=

(J-K) = J - K for all positive integers mn. But we have lim [ (J-K) 0,
>
1
. . . . 2n+1 .
which implies 1im [|J-X|| = 0 which means |[J-K| = 0. Therefore J = K and

n-+»

this completes the proof. [

Theorem 2. Let B be a complex Banach algebra with identity and let A ¢ 3
with 0 e sp A. Suppose J 1is a nontrivial idempotent in $ which commutes
with A. Then there exists a scalar B and a Q € B which commutes with A

and J such that spQn T =¢ and
-1 - -
J = -P J (A-BI - zI-zQ) “(dz+Qdz) where
C
C 1is a circle about the origin which lies in resQ(A— BI}.

Proof. Choose a scalar B such that 0 ¢ sp(A-RBI) and then apply Theorem 1

to A-BI. [

A slight improvement on the above results is obtained in the following

theorem.

Theorem 3. Let B be a complex Banach algebra with identity and let A ¢ B
with 0 ¢ sp A.
Suppose J1 syt Jn =1 1is a finite resolution of the identity in

B, that is each Ji is a nontrivial idempotent and JiJ' = (0 for all 1 # j.



Further suppose that each J.l comnutes with A, then there exists a

Q ¢ and a sequence of concentrix circles C,, C

s s axe; C about 0 such that
1 2 n

g =-pt J (A- zI- 2Q) ~* (dz+ QdF)
C

n
n
-1 - =1 -
J = -P J (A-zI-2Q) “(dz+Qdz) - J
n-1 bsl
C
n-1
J. = -p7} (A- zI-EQ)'l(dz+QdE) -J -J - -J
1 n n-1 e 2°
C
1
Proof. Let Q = qlJl + q2J2 + L.l + ann for fixed constants Ays> Qps =vvs 9y-

Then S(A) = A - AT - AQ = A - AL - X(qlJl+ ...+qJ ). Suppose we take

o ¢ ® , such that Uk(Jk) =1, O(Ji) =0 for i # k. Then

ok(S(A)) = ok(A) - A - Aqk Ok(Jk) =0 if and only if

l2

() A -
1 -

Such a oy exists since there exists o ¢ @ , with G(Jk) # 0 and since

J is idempotent this implies o(Jk) = 1, however 1 = ¢(I)

; 0(J1+ e+ J)

n
= G(Jl) + el F G(Jn) and since GCJi) =0 or 1 for each i this implies
G(Jk) =1 and GCJi) =0 for i #k. Also note that for any o e ® ,, o 1is

1 at one and only one Ji'

Recall that

{U[A)‘ ge @ *} = sp A and
B



since 0 ¢ sp A and sp A is compact we have sp A is bounded away from O.

We now look at a mapping of sets indexed by 1, 2, ., N where

Fk: sp A~ (¢ defined by

o(A) - q o(A)

Fk(O(A)) = _ _ F)
1 - qu[
We would like to be able to choose dys Gps ++es 4 constants so that
Fl(sp A, Fz(sp Ay, ..., Fn(sp A) lie in disjoint annuli centered at 0.

Suppose sp A 1is contained in the annulus about 0 with boundaries

_ i _ id .
zl(e) =T,e and zz(e) = T,e with 0 < T, <T, and 0 £ 8 < 2m,

An analysis of Ey shows that the image of such an annulus under the map

Fk: ¢ > ¢ is an elliptical annulus about O whose boundaries are the images

of the boundaries of the original annulus. Therefore

Teie— reie T
SR S S 1 EERR C
k|T1 2 - 2 A n
1 - lqk‘ 1 - qul
i w ol 18 -i0 7ol
For. (et = - le”-q e 7| 2 —————|1- |q |]
kol 1= Ja, )% : - [a 1% Kk
A e
1
+ lqkl
Also
l { ie] |r2l 1+ g || T .
F iz, e £ 7 |1+ |q, = — or ¢, > 1.
ki 4 Il _ iqklul k q}\ 1 k

We choose q; = 2 so we have Fl(sp A) lies inside the annulus between

10.



11.

1 ie i8
=z e and r, e by the above analysis.
Now we choose q, > dy where d is the smallest positive integer such

that

This will guarantee that Fz(sp A) lies in an annulus which is closer to zero
than the annulus which contains Fl(sp A).
Continuing in this manner we choose 9z > d, where az is the smallest

positive integer such that

We continue this process n times to obtain the desired n annuli about

0. We name these annuli Al’ A2, cees An' Now we choose our circles with radii
Sl’ 82, cees Sn where r, < S1 is the radius of the circle C1 about 0
T2 "1
———— < §_ < ——>—— is the radius of the circle C about 0
qy - 1 2 q; * 1 2
T : ry
< 5 < ————— 1is the radius of the circle C about 0.
q, - 1 noq 4% 1 n
By construction each of the annuli Al’ A2, e An contain elements of

spQ(A) and each element of spQ(A) is in one of the annuli.
Therefore by Theorem 12 [1] we have that

J = -pt J (A- 21 - 2Q) Y (dz + Qd7)
n C

n



- pt J (A- 2T - 7Q) " (dz+Qd7) - J
C n

n+l

pt J (A- zI - EQ)‘lcdz+de) -J, -
C
1

n-1

12,
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