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Abstract 

This work describes methods for controlling handoff m th1rd generation cellular 

networks Third generation networks must deal with high user dens1t1es and d1sparit1es m 

user reqmrements which requires efficient and flexible handoff techmques Methods used 

to estimate parameters of the radio channel such as velocity est1mat1on, distance 

measurement, and fadmg parameter est1mat1on are described A method of analyzmg the 

handoff performance m second generation networks g1vmg stat1st1cs on basestat1on 

assignment, and mean received signal strength 1s given A new handoff algorithm for 

third generation networks 1s developed Imprecise data 1s managed using a fuzzy logic 

dec1s10n system S1mulat1on results are presented which show that the new algorithm 

gives superior performance to the second generation handoff algorithm The algorithm 

can be easily ad Justed to treat different classes of users differently m a natural and robust 

fash10n 

Exammers 

Dr F Santucci, External Exammer 



lll 

Table of Contents 

Abstract 11 

Table of Contents lll 

List of Tables V 

List of Figures vi 

Acknowledgements Vll 

1 Introduction 1 

1 1 Introduction to Handoff 2 

1 2 Descnpt10n of Work 5 

1 3 Thesis Outlme 6 

2 System Model 8 

2 1 A veragmg Filters 10 

22 Decmon Model 12 

3 Supportmg Technologies for Handoff 14 

3 1 Velocity Estimation 14 

32 Distance Estimation 15 

33 Fadmg Parameter Estimation 17 

34 Signal Quahty Estimat10n 25 

4 HandoffModels for Cellular Networks 27 

4 1 Assignment Probabihties 28 

42 Distnbution of RSS 31 

43 Bounds on the Mean Value of RSS 33 



4 4 Results 

4 5 Analysis 

4 6 Multiple Basestatlon Analysis 

5 A Fuzzy Logic Based Handoff Algonthm 

5 1 Bnef Introduction to Fuzzy Logic 

5 2 The Fuzzy Handoff Algonthm 

5 2 1 Fuzzy Set Membership Functions 

5 2 2 The Fuzzy Handoff Decision Process 

5 3 Analysis of Handoff Algonthms 

6 Conclusions 

6 1 Multiple User Types 

6 2 Future Work 

7 References 

Appendix A The Bias from Fast Fadmg on the Vanance Estimator 

Appendix B Proof of Upper Bound 

Appendix C Proof of Lower Bound 

Vita 

Partial Copynght License 

iv 

37 

39 

42 

44 

45 

49 

50 

52 

54 

68 

69 

71 

72 

76 

77 

79 

81 

82 



List of Tables 

Table 3 1 Bias Calculations for Different Sarnplmg Distances 

Table 5 1 Values of Parameters for Four Basestation Simulation 

V 

25 

60 



vi 

List of Figures 

Figure 1 1 Cellular Network Configuration 1 

Figure 3 1 cr Estimation for cr=4 dB 21 

Figure 3 2 cr Estimauon for cr=6 dB 22 

Figure 3 3 cr Estimation for cr=8 dB 23 

Figure 4 1 Simulation Configuration 37 

Figure 4 2 Companson of Bounds on the Mean RSS 38 

Figure 4 3 Companson with Ideal Handoff Algonthms 39 

Figure 4 4 Mean RSS Drop Reduction 41 

Figure 5 1 Crossover Pomts for cr=4 dB 56 

Figure 5 2 Crossover Pomts for cr=6 dB 56 

Figure 5 3 Crossover Pomts for cr=8 dB 57 

Figure 5 4 Outages for cr=4 dB 58 

Figure 5 5 Outages for cr=6 dB 59 

Figure 5 6 Outages for cr=8 dB 59 

Figure 5 7 Simulation Configuration for Four Basestat1ons 60 

Figure 5 8 Assignment Probab1htles for cr=4 dB 62 

Figure 5 9 Assignment Probabilities for cr=6 dB 63 

Figure 5 10 Assignment Probabilities for cr=8 dB 64 

Figure 5 11 Mean RSS when cr=4 dB for Four Basestations 65 

Figure 5 12 Mean RSS when cr=6 dB for Four Basestahons 66 

Figure 5 13 Mean RSS when cr=8 dB for Four Basestahons 67 



Vll 

Acknowledgements 

I would hke to thank the many people who made this possible I would hke to thank Dr 

ViJay K Bhargava who provided me with the necessary gmdance and mspiratlon reqmred 

to complete this work I would hke to thank Dr Fortunato Santucci, who gave me some 

much needed advice at the early stages of this work 

I would also hke to thank the gang at the Digital Commumcat10ns laboratory for a very 

rewardmg two years 

Most of all, I would hke to thank my farmly for supportmg me through my academic 

career, especially my lovmg parents 



I 

1. Introduction 

The first wireless networks had only one fixed rad10 termmal which serviced all of the 

mobile termmals m the network This configurat10n has two hm1tat1ons First, the 

capacity of the network 1s lrm1ted by the bandwidth and power that has been allocated to 

1t Second, 1f a mobile moves out of the radio coverage area of the fixed termmal then 1t 

can't commurucate with the network 

To solve these problems, the cellular network concept was developed In a cellular 

network, there are several fixed rad10 temunals, called basestat10ns, which connect to the 

mobiles The radio coverage area of one basestation 1s called a cell A s1mphfied view of 

this network can be seen m Figure 1 1 Each cell is given a portion of the radio resources 

(1 e bandwidth or power) allocated to the wireless network Two cells can use the same 

resources 1f they are far enough apart that they do not mterfere The capacity of the 

network can, m theory, be mcreased to any amount As well, the rad10 coverage problem 

can be solved by placmg a basestatlon m any area that we wish to be covered by the 

wireless network 

y 
y y 

y 

y y 
y 

I Basestat10n 

Figure 1.1: Cellular Network Configuration 
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1. 1 lntroduct,on to Handoff 

The disadvantage of the cellular network 1s that user mobility management becomes more 

complex The mobiles must be able to change what basestatlons they are connected to m 

order to mamtam good quahty lmks as they move This process of changmg basestat1ons 

1s referred to as handoff or handover Random processes m the radio environment 

complicate the dec1s1on of when to perform handoff The capacity of a wireless cellular 

network is reduced by the overhead created by the handoff process 

A trade-off exists between the number of handoffs performed and the quahty of the hnks 

with the mobile termmals In most current wireless networks, when a handoff 1s 

performed there 1s a short mterrupt10n of service and a danger that the call will be 

dropped or lost As well, performmg a handoff consumes a certam amount of network 

resources as the basestat1ons exchange data and allocate resources for the commurucation 

hnks Performmg more handoffs mcreases the signal quahty of the hnks with the current 

basestat1on smce 1t mcreases the amount of time the mobiles are connected to the optimal 

basestations 

Signal quahty is a function of how much mformation can be reliably transmitted through 

the radio channel It 1s reduced by random nmse, mterference from other channels, and 

heavy path loss 

There are two common ideal handoff models that are used for handoff analysis Which 

model is used depends on what the precise goal of the handoff algonthm 1s 
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The first ideal handoff algonthrn model connects each mobile termmal to the basestation 

which can provide 1t with the highest quahty lmk at any given time This algonthrn 

assumes that the overhead and nsk associated with a handoff is small or non-existent 

Although this model provides the best lmk performance, the analysis of performance can 

be quite difficult smce all the basestations must be considered at all locations We will 

refer to this model as the ideal handoff algonthrn 

The second ideal handoff algonthm model connects each mobile termmal to the 

basestatlon which provides the best mean signal at any given location This model gives 

a low number of handoffs while still providmg fair performance Analysis of the cellular 

network is simple smce only the basestation which provides the best mean performance 

needs to be considered for at any given location We will refer to this model as the ideal 

mean handoff algonthm 

Both of these models assume that some prediction method exists for calculatmg the future 

quahty of wireless lmks The performance of a handoff algonthrn is strongly dependent 

on the accuracy of its prediction algonthrn[9] Unfortunately, no perfectly accurate 

method exists, so neither algonthrn can be used m real systems 

The development of cellular networks has been divided mto three generations Each 

generation is more complex, has higher capacity, and is more reliable than the precedmg 

generat10n 
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The first generation consists of analog networks designed to carry vmce only All 

network management takes place at the basestation Handoffs m such systems can 

requue around ten seconds to perform[22] Tlus makes handoffs very dangerous as a 

mobile termmal can move quite a distance m that amount of time, mcreasmg the chance 

the call will be accidentally termmated As well, there is a substantial lmk mterruption 

dunng the handoff process which is audible to the user 

The second generation consists of cellular networks winch transmit mformation digitally 

The second generation mobiles contam more complex control circuitry which allows 

them to contnbute more to the handoff decision process Tins development is called 

Mobile Assisted Handoff Off (MAHO), the mobiles measure channel parameter values 

required for the handoff decisions This makes the handoff process faster In second 

generation networks, handoffs take only one or two seconds[22] The hnk mterruption is 

also shorter and less audible to the user 

The method used to divide the common radio resources between different users can affect 

the handoff constramts Some second generat10n systems, usmg the multiple access 

technology, known as spread spectrum or CDMA have an additional advantage The 

mobile termmals m these systems can commumcate with more than one basestatlon at a 

time[32] This process is known as soft handoff It allows mobile termmals to create a 

hnk with a new basestation before they have to disconnect the hnk with the old 

basestation Handoffs on wireless networks usmg this scheme are very safe and require 
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no mterruptlon of service Soft handoff also can improve the average quahty of lmks as 

will be shown m later chapters 

Third generation cellular networks, sometimes called Personal Comrnurucation Systems 

(PCS), will be purely digital They will support several data types with varymg error and 

data rate reqmrements[ 17] As well, the handoff algonthm will have to support users of 

different mobihty types and have handoff pohcies that treat each category differently 

The handoff pohcy for pedestnans will have to be different than that of vehicular users m 

order to maximize capacity and to provide the best quality of service for all users 

1.2 Descrtpt,on of Work 

This thesis descnbes methods to improve handoff performance m thtrd generation 

cellular networks The obJecttve is to create handoff procedures wh.tch will maximize the 

capacity of the system while ensunng lmks of the proper quahty 

The focus of the thesis is on the handoff tnggenng process at the signal level Another 

body of work on handoff, m the hterature, focuses on the data management associated 

with handoff how the mformation about a mobile umt is passed between the 

comrnumcatmg basestattons Other work is concerned with methods for ensunng that 

sufficient radio resources are available at the destmatlon basestattons This thesis will 

assume that all basestattons have the necessary resources to accept a handoff call, if one is 

requested 
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The first part of this work covers supportmg techmques for the handoff algonthm These 

techmques are used to gather mformation about the channel that can be used to calculate 

the optimal parameters for the handoff algonthm 

The second part of the work covers modelmg of the conventional handoff algonthm that 

is used m current cellular networks This model helps us determme the shortfalls and 

advantages of this algonthm It gives some msight mto how deviations from one of the 

ideal handoff models affects the cellular network's performance 

1.3 Thesis Outline 

Chapter 2 descnbes a model of the radio channel m a cellular network 

In Chapter 3, techmques that support the handoff dec1s10n process are descnbed and 

analyzed These mclude methods for estimatmg the velocity, position, fadmg parameters, 

and signal quality at the mobile termmal 

In Chapter 4, the conventional handoff algonthm will be descnbed and its performance 

will be analyzed An analytical analysis of the performance of the conventional algonthm 

will be presented and a companson of the algonthm with the ideal cases will be done An 

analysis of the capacity of the system usmg a realistic handoff model will be presented 

In Chapter 5, a fuzzy logic based handoff algonthm is presented A comparison of this 

algonthm with the conventional algonthm is performed The effects of this on system 

performance and capacity is descnbed 
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Chapter 6 contams conclusions of the work and recommendat1ons for future work An 

outlme of how the techmques descnbed m the thesis could be apphed for multiple user 

types is given 
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2. System Model 

This chapter focuses on the received signal strength at the mobile of a signal transmitted 

from the basestat10n It is assumed that the reverse channel is identical or that forward 

channel measurements, at least, give a good mdicatlon of reverse lmk performance The 

mobile radio channel is subJect to long term and short term fadmg Smee the fadmg is 

multiplicative, the envelope of the received signal can be modeled as[19] 

r(x,t) = p(x)f(x,t)l(x) (2 1) 

where r(x,t) is the received signal strength when the mobile is at position x at time t, p(x) 

is the deterrmmstic path loss from the basestatlon to the mobile, j(x,t) is the fast fadmg 

process, and l(x) is the long term fadmg process 

To simphfy analysis, the received signal strength is analyzed m the decibel domam where 

(2 1) becomes 

R(x,t) = P(x) + F(x,t) + L(x), (2 2) 

where R(x,t), P(x), F(x,t), and L(x) are the values of r(x,t), p(x),j(x,t), and l(x) converted 

to the logarithmic decibel domam 

In this thesis, 1f the variable for a signal 1s given an upper case letter then 1t 1s refemng to 

a value m the decibel domam, otherwise 1t 1s refemng to a signal m the hnear domam 

The determm1st1c component of the received power, P(x), 1s assumed to be exponential 

It 1s defined as bemg 
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(2 3) 

where d(x) is the distance between the mobile and basestat10n when the mobile 1s at 

posit10n x K1 and K2 are constants, representmg the fixed component of the received 

power and the exponent of the power loss over distance, respectively K2 is equal to -20 m 

free space, however, m actual propagation conditions m w1reless networks it can vary 

from -30 to -50 dependmg on the amount of absorbmg matter m the propagation 

environment and the amount of multipath propagation K2 is set to -30 for the analysis 

descnbed m this thesis This gives the lowest rat10 between the path loss factor and the 

fadmg factors which is the worst case for handoff algonthms 

Long term fadmg is caused by large geographical obJects rn the propagation domarn The 

long term fadmg is modeled as havmg a Gaussian distnbution m the decibel domam[13] 

Such random vanables are referred to as lognormal The spatial autocorrelation function 

of the random vanable L(x) has been modeled as[l0] 

2 (-1~1) RLL(~) = cr exp d, 
(2 4) 

The quantity cr is the standard deviation of the long term fadmg Typical values range 

from 4 dB to 5 dB m rural environments to up to as high as 8 dB m urban envtronments 

The constant do determmes the spatial correlation of the long term fadmg For all 

simulations descnbed m th.J.s work the value of do is set to be 20 metres, a typical value 

for suburban and urban environments 



Fast fadmg, a d1rect result of multipath propagation, can be modeled with several 

distnbutions The most common are Ricean, Rayleigh, and Nakagami distnbut10ns 

Rayleigh fadmg models the multipath fadmg when there is no lme of sight propagation 

path Ricean fadmg models situations where there is a strong lme of sight propagation 

path along with other propagation paths Nakagami fadmg can model both of these cases 

by changmg parameters m the distnbut10n function 

Because the time scale of fast fadmg is too fast for handoff to be able to compensate for it 

d1rectly, averagmg is used to remove the effects of fast fadmg so that it does not effect the 

handoff decision Fast fadmg determmes what signal to mterference ratio is required for 

good commumcation 

2. 1 A veragmg Filters 

We assume that the mobile is movmg at velocity v, so that the position of the mobile x, is 

given by 

X = Vt (2 5) 

This makes the Doppler frequency /d, equal to 

where A is the wavelength of the earner frequency of the radio transmission The 

bandwidth of the fast fadmg process is equal to twice the Doppler frequency 

The purpose of averaging is to find an approximat10n of P(x)+L(x) There are two 

averaging fil ter types that are commonly used to accomplish this 
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The most common type is the rectangular filter which has the impulse response of 

(2 7) 

otherwise 

The second kmd of filter used is the exponential filter which has the impulse response 

{

K 2 exp(~) t > 0 
h(t) = Tm 

0 otherwise 

(2 8) 

Tm is a constant equal to the averagmg time of the filter K 1 and K2 are constants that 

make the energy of the impulse response of both filters be uruty 

If the speed of the mobile is known then the time constants can be translated mto 

distance values The averagmg time of the filters are converted to averagmg distances by 

the relation 

dav = vTm (2 9) 

With both of these filters, the value of P(x)+L(x) can be estimated fairly well with a 

constant negative bias due to the effects of the fast fadmg The value of Tm is selected so 

that dav is close to do The estimation is msensitive to small changes m the value of Tm 

selected for a fixed velocity[?] 

In actual practice, however, analog filters can not be used The value of Tm has to be 

adjusted when the mobile moves to another cell where the value of do is different, or if 

the mobile changes velocity Therefore, the use of digital filters is more applicable The 

digital filters will be specified m terms of theu z-transforms 
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The z-transform of the filter which gives the impulse response m (2 7) 1s a N-pomt block 

averagmg filter with N given by 

(2 10) 

where Ts 1s the sampling penod This makes its z-transform 

(2 11) 

The z-transform of (2 8) 1s more difficult to calculate, smce 1t 1s 1mposs1ble to match the 

full response of the analog filter with a digital filter Notmg that (2 8) 1s the impulse 

response of a smgle pole Butterworth filter we can find the z-transform as[ 14] 

(2 12) 

where C1 and C2 are constants calculated usmg Tm and Ts 

2 2 Dec1s1on Model 

In an actual w1reless system, there 1s a firute amount of time between when a handoff 1s 

tnggered to when 1t 1s performed In this thesis, mstantaneous handoff will be assumed 

That 1s, when a handoff 1s tnggered, 1t 1s performed munediately This 1s not realistic, but 

1t s1mphfies analysis 

This gives an upper bound on the performance of the handoff algonthms Smee the 

amount of time to perform a handoff 1s controlled by the network configurat10n, not by 

the handoff tnggermg algonthm, the penalty will be equal to any handoff algonthm This 

makes companng different handoff algonthms usmg this assumption vahd 
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We create a random vanable D(k), wlu.ch gives the handoff decision for mterval k If 

D(k)=A then it means m mterval k the mobile is connected to basestatlon A 
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3. Supporting Technologies for Handoff 

In order to make a good handoff dec1S1on, the network must determme the parameters of 

the prospective radio channels between the basestations and the mobile termmals An 

understandmg of the charactenstics of these estimation procedures will assist m makmg a 

handoff algorithm which is feasible and gives good performance 

3. 1 Velocity Estimation 

The velocity of the mobile termmal is an important parameter for any handoff algonthm 

It can be used to approximate the time the mobile will stay withm its current cell A high 

speed mobile is unlikely to be movmg on a circular path so it 1s hkely to be leavmg the 

cell m a predictable time frame Low speed mobiles can make fast direction changes so 

the dwell time of a mobile m a cell will have a high vanance The speed can be used to 

translate the samplmg penod, Ts, for the digital filter descnbed m Section 2 1 to a 

samplmg distance, ds This is important for tunmg the averagmg time of the digital 

filters 

Velocity estimation is based on the fact that the bandwidth of the fast fadmg process is 

proportional to the speed of the mobile from equation (2 6) Two methods proposed for 

velocity estimation use the level crossmg rate of the envelope, and the covanance of the 

envelope[30] The autocovanance function for the fast fadmg envelope assummg 
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Rayleigh fadmg has been shown, m the case where the phase of the propagation paths 

from the basestation to the mobile termmal are umformly distnbuted, to be[34] 

(3 1) 

where J0 is the Bessel function of order zero of the first kmd It is possible to estimate 

what the envelope of the covanance function is by calculatmg 

E{[r(k)- r(k + 1) J2} = 2{E[r(k) 2 
]- E[r(k)r(k + 1)]}, (3 2) 

where r(k) is the sample of the received signal strength dunng mterval k If we assume 

that dunng tbJ.s penod l(x) and p(x) are constant, then equation (3 2) is a function of AJ)( r) 

only 

(3 3) 

U smg this, it is possible to denve an estimate for /d and, thus, the velocity 

The level crossmg rate method uses a result from level crossmg theory that the number of 

times a process crosses any level is proportional to a weighted average of its frequency 

content[ 15] A level crossmg rate model has been developed for the Rayleigh process 

which is useful for calculatmg the Doppler frequency[34] By countmg the number of 

mean level crossmgs, an estimate of the Doppler frequency can be calculated 

3 2 Distance Estimation 

The distance between the mobile and basestatlon can give a good mdicator of the 

possibility of a high quality hnk As well as the obvious mean path loss factor, there is 

also, m urban environments, a higher probab1hty that there is a lme-of-sight propagation 
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path at shorter distances than at longer distances Two drrect methods of measunng the 

distance are to use the received signal strength or alternatively the transmission delay[6] 

Usmg the received signal strength method requires knowledge of the transmiss10n power 

from one end of the lmk and an accurate estimate of the power loss conditions The 

transmission delay calculation requires accurate time synchromzation between the mobile 

and basestatton 

The transmission delay method has the advantages that the time delay charactenstics are 

well known and most digital transmission schemes require careful synchromzation 

between the mobile and basestat10ns This makes its implementat10n m modern cellular 

systems fairly simple 

Both distance measurements schemes suffer from the problem that they measure the 

propagation path length from the basestation to the mobile and not the actual distance 

which m the case of multipath propagat10n can be quite different This problem is 

mitigated by usmg d1rection and distance measurements from several basestat10ns There 

are also statistical methods which use hypothesis testmg to reduce the error caused by 

non-lme-of-sight propagation[33] 

Mobile termmals installed m vehicles m1ght also have access to navigat10n systems, such 

as GPS, which would give them very accurate location mformat10n which, of course, can 

be used to give accurate distance mformation 
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3 3 Fading Parameter Estimation 

The parameters of the fadmg processes are also very important to the handoff decision 

process, m that they can be used to determme an efficient handoff pohcy 

The parameters descnbmg the slow fadmg process have the greatest mfluence on the 

handoff algonthm For example, if the quantity do from equation (2 4) is large, and the 

value of ci is also large then a higher received signal strength with few handoffs can be 

achieved by usmg the lmk which has the higher received signal strength[26] even if its 

mean received signal strength is lower than that of the other basestat10ns If these values 

are small, then the optimal strategy is to attempt to hnk to the basestation with the highest 

mean received signal strength smce the long term fadmg can change by a large amount 

over a relatively short distance 

The standard deviation of the long term fadmg can be estimated usmg the covanance 

function of the long term fadmg and measurements of the received signal strength It is 

assumed that each sample of the received signal strength is taken at a distance of ds 

metres apart The received signal strength is then run through either of the averagmg 

filters m equations (2 11) or (2 12) The averaged received signal strength sampled 

dunng mterval k is defined as Rav(k) and the averaged long term fadmg sampled dunng 

mterval k is designated as Lav(k) If exponential averagmg is used and the digital filter is 

approximated by its contmuous Butterworth filter counterpart the autocorrelat10n of the 

filtered long term fading can be given by 
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(3 4) 

where dav is a parameter for the averagmg filter taken from (2 9) If the averaged path 

loss is assumed to be identical between two adjacent samples, and the effects of the fast 

fadmg are assumed to negligible, then the vanance of the long term fadmg can be 

calculated usmg[26] 

(3 5) 

~ 2 
where er 1s the estimated vanance and 

V = E { [ Rav ( k + 1) - Rav ( k) r } (3 6) 

Because of the assumptions about the fast fadmg and the path loss, V can be 

approximated as bemg 

(3 7) 

which allows us to develop (3 5) 

V can be estimated by findmg the mean value of the squared difference between two 

adjacent values of Rav(k) for a fimte samplmg wmdow Similar equat10ns can be 

developed for the block averagmg digital filter For the block filter the estimated 

vananceis 

~2 N 2(1-ri)2 

cr =V 2[(1-ri)2 +2ri(ri-l)+ri N+I(2-ri-' -ri)]' 
(3 8) 

with ri=exp(-dsfdo) 
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These equations work well if the value of cr is high (>6 dB), and the vanance of the fast 

fadmg is low Unfortunately, at low values of cr, the fast fadmg produces a bias on the 

value of V which makes the vanance estimate error mtolerable This can be reduced by 

approximating the bias on V from the fast fadmg assummg that the averaged path loss 

remams constant V can be calculated under the assumption that path loss remams 

constant between samples as 

(3 9) 

where Fav(k) is the averaged fast fadmg process sampled dunng mterval k If the 

samplmg distance, ds, is selected so that the fast fadmg can be assumed to be mdependent 

between samplmg penods then it is possible to calculate the bias caused by the Fav(k) 

terms The bias for the exponential filter can be shown to be 

(3 10) 

where C1 is a parameter of the averagmg filter from (2 12), and F(k) is the contnbution of 

the fast fadmg to the sampled power m mterval k (See Appendix A) Once this bias is 

removed from V then (3 5) can be used to estimate the ,anance 

The vanance of F(k) is estimated from 

(3 11) 

W = E{[R(k + 1) -R(k)]2} 

where R(k) 1s the non-averaged received power sampled durmg mterval k W can be 

estimated by takmg the mean of the squared difference between adJacent samples of 
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received power for a firute wmdow If 1t 1s assumed that the long term fadmg and path 

loss 1s constant between adJacent samples then the value of W 1s twice the vanance of the 

fast fadmg term 

Graphs of some simulations of this estimation techruque are shown m Figure 3 l , Figure 

3 2, and Figure 3 3 Values are shown for both block averagmg and exponential filters 

The samplmg distance, ds, 1s 0 25 metres The estimated value of V 1s exponentially 

averaged over a distance of 200 metres 



45 

4 

35 

co 
~ 3 
E 
Cl 

cr.i 2 5 
-0 

~ 
E 2 
"ti 
LU 

1 5 

1 

05 

..,_ 

200 400 

21 

--- -- -- -----------

~- Block Filter 
- - Exponential Filter 

600 800 1000 1200 1400 
Distance From Start of Est1mat1on (m) 

1600 1800 2000 

oa.------,------.---.-------.-----.-------.-----.----.-------.-------, 

07 

coo 6 
~ 
Q) 

ci:i 
E 05 
in 
LU 

15 
§04 
~ 
> 
Q) 

Cl 03 
"E 
«I 
-0 
C: 
«I 
u5 0 2 

0 1 

I \ 

200 400 

, ••~-''-,. ~ ~,~ ~ ,~~-v~~,J~•~,,~v,,-~~-,~~~~ 
.,i.,, - ... .,. ... .,, ~ ... _, 

-- Block Filter 
- - Exponential Filter 

600 800 1000 1200 1400 
Distance From Start of Est1mat1on (m) 

Figure 3 1 · cr Estimation for cr-4 dB 

1600 1800 2000 



5 

08 

_07 
cc 
~ 
Cl> 
~ 06 
E 
~ 
LU 

0 0 5 
C: 
Q 
1§ 0 4 
> 
Cl> 

0 
-0 
<ti O 3 
-0 
C: 
ctl 

ci5 0 2 

0 1 

200 

I \ 

200 

400 

22 

-- Block Filter 
- - Exponential Filter 

600 800 1000 1200 1400 1600 1800 2000 
Distance From Start of Est1mat1on (m) 

_ ..... , ..... , ____ ,,_. __ , 

400 

-- Block Filter 
- - Exponential Filter 

600 800 1000 1200 1400 1600 1800 2000 
Distance From Start of Est1mat1on (m) 

Figure 3.2: cr Estimation for cr=6 dB 



23 

8 

/ ., 
7 / 

/ 
/ 

/ 
I 

6 / 

/ 

~5 
E 
C) 

05 4 
"'O 
Q) 

cti 
E 
-55 3 
LU 

2 

1 
-- Block Filter 
- - Exponential Filter 

0 
0 200 400 600 800 1000 1200 1400 1600 1800 2000 

Distance From Start of Est1mat1on (m) 

12 r------r---- -r-- --,-- - -,---------r-----r--------.----,---------r----~ 

1 ,, 
co I 

I 

~ 
Q) 

cti 0 8 
E 
~ 
LU 
0 
§06 
"§ 
> 
Q) 

0 
"'O ca o 4 
"'O 
C: 
$ 
en 

02 

200 

, , 
, ........ ..... - ..... ..... .... 

400 

-- ..... ______ , __ 

-- Block Fi lter 
- - Exponential Filter 

600 800 1000 1200 1400 1600 1800 2000 
Distance From Start of Est1mat1on (m) 

Figure 3.3: cr Estimation for cr=8 dB 



24 

The vahd1ty of the independence assumption for the fast fadmg 1s tested m Table 3 1 

The table 1s spht mto parts givmg the biasmg for the block filter and the exponential 

filter Three values are hsted for each samplmg distance the assumed bias, which 1s the 

bias calculated usmg the assumptions above, the simulated bias which gives the bias 

calculated from simulations, and the bias calculated usmg an analytical autocovanance 

function for the decibel domam fast fadmg process[8] 

A (k) =~[0607J2(21t1 kT)+0393J4 (21t1 kr)e-1283/dlklT, ] 
FF 6M2 0 :/ d s O :/ d s 

(3 12) 

where M 1s log(l 0)/10 

The s1mulat1ons were all performed usmg Rayleigh fadmg generated with the method 

detailed m reference [37] Note that the bias removal methods make no assumptions 

about the d1stnbut1on of the fast fadmg process, only a fairly simple assumption about its 

autocovanance function which should be accurate given any fast fadmg process 
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Block Filter Exponential Filter 
Sampling Assumed Simulated Analytical Assumed Simulated Analytical 
Distance Bias (dB2

) Bias (dB2
) Bias (dB2

) Bias (dB2
) Bias (dB2

) Bias (dB2
) 

(ds) 
0,10 0 000556 0 000537 0 000555 0 000137 0 000133 0 000318 
0.20 0 002222 0 002205 0 002219 0 000538 0 000582 0 000581 
0 30 0 005000 0 005003 0 004992 0 001190 0 001218 0 001216 
0 40 0 008889 0 008859 0 008875 0 002083 0 002074 0 002075 
0 50 0 013889 0 013829 0 013868 0 003204 0 003282 0 003292 
0 60 0 020000 0 019966 0 019969 0 004542 0 004579 0 004582 
0.70 0 031250 0 031215 0 031154 0 006089 0 006076 0 006066 
0 80 0 040816 0 040611 0 040691 0 007834 0 007944 0 007957 
0 90 0 055556 0 055422 0 055461 0 009769 0 009813 0 009815 
1.00 0 055556 0 055418 0 055470 0 011885 0 011845 0 011842 

Table 3.1. Bias Calculations for Different Sampling Distances 

3.4 Signal Quality Est1mat1on 

How signal quahty 1s estimated depends on how the channel 1s managed 

If no power control 1s bemg used then a good estimate of signal quahty 1s the Bit Error 

Rate (BER) of the channel This 1s the ratio of bits bemg received m error to the total 

number of bits transmitted An estimate of the BER can be obtamed by either takmg 

output from the decoder or by transnuttmg a known sequence through the channel and 

findmg the correlation between the received copy and a known local or 'clean' copy[4] 

The BER will be affected by the fadmg m the channel, the amount of mterference, the 

amount of nmse, and the type of propagat10n 

If power control 1s bemg used then, theoretically, the BER should be constant A more 

useful md1cator of signal quality 1s, then, the amount of power reqmred to obtam the 
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target BER If a low amount of power is reqmred then the lmk quahty can be Judged to 

be good If a high amount of power is reqmred then the signal quahty is poor 
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4. Handoff Models for Cellular Networks 

The handoff algonthms used m second generation cellular networks are based on the 

received signal strength (RSS) measurements of a pilot signal from the basestations at the 

mobile termmal In the ideal handoff case the mobile would always be connected to the 

basestation givmg the highest RSS at the moment Two things prevent this algonthm 

from bemg used m practice First, use of this simple algonthm would result m a large 

number of handoffs bemg tnggered when the mobile is close to the cell boundary and the 

RSS from several basestations are close to the RSS from the current basestation Second, 

the RSS must be averaged as descnbed m section 2 1 to remove the effects of fast fadmg, 

otherwise the handoff algonthm will attempt to compensate for fast fadmg, and this will 

create more handoffs with very small gams m performance This averagmg adds a delay 

from when another basestation provides a better RSS to when a handoff is tnggered 

One method to av01d these problems is to only tngger a handoff when the averaged RSS 

from a candidate basestation exceeds the averaged RSS from the current basestation by 

more than a fixed hysteresis margin This handoff algonthm will be referred to as the 

conventional handoff algonthm smce it is the handoff algonthm used by most modem 

cellular networks ( e g GSM, and D-AMPS) This hysteresis adds another delay to the 

handoff algonthm 

This chapter descnbes a method of analyzmg the RSS at the mobile when this handoff 

algonthm is bemg used 
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4. 1 Assignment Probabilities 

ViJayan and Holtzman[31] have devised a method for calculatmg the assignment 

probabihties of a mobile for the two basestat10n case They make the simphfymg 

assumption that the level crossmg processes of the averaged RSSs are P01sson processes 

Under this assumption, ViJayan et al calculated the probabihty of the difference between 

the averaged RSSs of two basestat10ns crossmg the hysteresis level h m the positive 

direction as 

(4 1) 

and the hysteresis level -h m the negative drrectlon as 

(4 2) 

The value k 1s the mterval for which the crossmg probabilities are to be calculated, ds is 

the distance between samples, h is the hysteresis level, Ao is the vanance of the difference 

of the averaged RSS between the two basestatlons, A2 is the vanance of the first 

denvative of the difference of the averaged RSS between the two basestatlons, m(x) gives 

the mean difference between the averaged RSS of the two basestat10ns at position x, m '(x) 

denotes the denvatlve of m(x), Q(v) is the Q-function defined as 



1 J"' (-x2

J Q(v) = ,.ff;, v exp -
2
- dx 

We use the random vanable D(k) defined m section 2 2 
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(4 3) 

D(k)=A if the mobile is 

connected to basestatton A m mterval k and D(k) =B if the mobile is connected to 

basestatton B m mterval k The value of m(x) is defined to be the mean difference of the 

RSS from basestatton A and basestatlon B when the mobile is at position x Therefore a 

mobile is assigned to basestatlon A if m the last samplmg mterval the difference of the 

RSSs crossed the h level m the up dtrectton but did not cross the -h level m the down 

dtrectton, or the mobile was assigned to basestation A two mtervals ago and no 

significant level crossmgs occurred From this, and equations ( 4 1) and ( 4 2), the 

probabihty of the mobile bemg assigned to the mittal basestatton A(i e P(D(l)=A)=l) at 

an mterval k can be found to be 

P(D(k) =A)= pJk-1)[1- pd (k- I)]+ [1- p)k-1)][1- pd(k-l)]P(D(k-1) = A) 

(4 4) 

Vijayan and Holtzman use an analog first order Butterworth filter to average the RSS 

from each basestat10n In the analysis presented m this chapter an N-pomt block 

averagmg digital filter is used for the reasons given m Sect10n 2 1 The use of a digital 

filter makes the process of calculatmg the vanances a httle more complex All the signals 

are converted to theu digital eqmvalents and then the power spectral densities of these 

signals are calculated to compute the vanances 
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The long term fadmg can be modeled as white Gaussian nmse that has been filtered by a 

first order Butterworth filter The Butterworth filter used to create the proper 

autocorrelation function for the long term fadmg 1s digitized by matchmg its impulse 

response to give a digital filter with the power spectral density of 

IF(ro)l2 ____ 1-_e_x_p(_-_2a_) __ _ 
1- 2 exp(-a) cos( ro) + exp(-2a) 

with a= d5 /do The power spectral density of the block averaging filter 1s 

IG(ro)l2 = _l 1-cos(Nro) 
N 2 l - cos(ro) 

From this, the values of Ao and A2 can be calculated as 

(4 5) 

(4 6) 

(4 7) 

(4 8) 

The Pmsson assumption has been shown to provide satisfactory results as long the value 

of h is larger than cr Usually, m order to get the reqmred number of handoffs, the value 

of h must be larger than cr, so this restnctlon does not greatly hmit the apphcabihty of the 

model 
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4,2 Distribution of RSS 

Some work has been performed on calculatmg the d1stnbut1on of the RSS from the 

selected basestat10n[23],[39] This work 1s based on a s1mphfied handoff model which 

uses the value of R(x,t) for each of the basestatlons as the dec1S1on vanables This chapter 

expands the above work by mcludmg the effects of RSS averagmg 

The dec1s1on vanable at mterval k, S(k) 1s given by 

1 k 

S(k)= N LA(z)-B(i), 
i =k-N+I 

(4 9) 

where A(z) and B(z) are the RSSs from the basestatlons A and B sampled durmg mterval z 

Assummg mstantaneous handoff 

S(k) > h ⇒ D(k) = A (4 10) 

S(k) < -h ⇒ D(k) = B 

- h ~ S( k) ~ h ⇒ D( k) = D( k - 1) 

The d1stnbut1on of the received signal power from the selected basestatlon dunng mterval 

k, y(k), 1s given by 

( 

A( k ) ) ( B(k) ) 

P(y(k) ~ W)= J: P D(k) = A,1010 ~ W, S(k) = x +P D(k) = B,1010 ~ W,S(k) = x dx 

(4 11) 

It 1s possible to rewnte the probab1ht1es m equation ( 4 1 I) m the fonn below 
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( 

A( k ) I ( A( k ) T.l~ ) 

P D(k) = A,1010 ~ W,S(k) = X) = P(S(k) = X )P D(k) = A,1010 ~ rr IS(k) = X 

(4 12) 

For S(k)<-h or S(k)>h it is simple to show that D(k) and A(k) are independent given S(k), 

since S(k) determines D(k) completely Ho~ever, in the reg10n -h::;s(kJ~h, this proof 

becomes more involved First, we use equation ( 4 9) to rewnte S(k) as 

1 1 
S(k)= NA(k)+ NA(k-I)+U 

(413) 

where U is a random vanable dependent on A(k-1) and A(k) This allows us to rewnte the 

probabilities in equation (4 12), noting that in the region of interest D(k-l)=D(k), as 

( 

A( k ) I 
P D(k) = A,1010 ~ W,S(k) = x) = P(S(k) = x) 

( 

A( k ) T.l~ ) 

P D(k-l)=A,10 IO ~rrlA(k-l)=Nx-A(k)+NU 

(4 14) 

Now we use the fact that A(k) is a Gaussian Markovian process because of the 

exponential autocorrelation m (2 3) This means that the distnbution of A(k) is 

independent of any event in the mtervals k-1, k-2, ,2,1,0 given A(k-1) D(k-1) is 

dependent on A(k-2), A(k-3 ), , A(2), and A( 1) but A(k) is independent of these values if 

A(k- l) is given, therefore A(k) is mdependent of D(k-1) 1f A(k-1) 1s known This shows 

that D(k) 1s mdependent of A(k) 1f S(k) is given The mdependence of D(k) and B(k) given 

S(k) can be proven identically This allows us to define the d1stnbut1on of y(k), the 

d1stnbut10n of the sampled RSS from the selected basestatlon m interval k, as 
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(4 15) 

The d1stnbut1ons of A(k) and B(k) given S(k) are simple to calculate Details on how to 

obtam these d1stnbut1ons are given m the followmg sect10n This shows that 1f the 

d1stnbut10n of D(k) given S(k) 1s known, then the d1stnbut1on of the received signal 

strength y(k) can also be calculated 

4 3 Bounds on the Mean Value of RSS 

Usmg the relation E[y]=E{E[y(k)l.x]}, we can calculate the mean value ofy(k) usmg 

(4 16) 

The d1stnbution of P(D(k) =AIS(k)=x) 1s unfortunately difficult to calculate smce S(k) 1s 

not Markovian However, 1t 1s possible to calculate functions for P(D(k)=A IS(k)=x) 

which will bound the mean of y(k) 

These boundmg function will be denved for A(k), knowmg that the functions for B(k) 

can be denved ma s1m1lar fashion 
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Usmg well known properties of Gaussian processes we calculate the correlation co-

efficient between S(k)-E[S(k)J and f3(A(k)-E[A(k)]) where /3= Var(S(k))/Var(A(k)) 

(=Ao i d), which makes the vanance of the two random vanables equal We start by 

usmg the Markov property of A(k) to define A(N) as 

A(N )- E[ A(N)] = ri{A(N -1)- E[A(N -1)]} +~NAN (4 17) 

with 17=exp(-ds /do), the correlat10n coefficient between A(k) and A(k-1), and NA1 NAN 

bemg independent and identically distnbuted (1 id) Gaussian random vanables of zero 

mean and vanance cr 2 Usmg a similar defirution for B(N), we can define S(N) as 

(4 18) 

where Ns1 NsN are 11 d Gaussian random vanables with the same parameters as 

NA1 NAN The correlation coefficient can then be calculated as 

[
{S(N)- E[S(N)]}P{ A(N)- E[ A(N) HJ P(l - ri 2

) 

p=E 2 = ( ) 
cr Nl-ri 

(4 19) 

This allows us to calculate the condit10nal mean of A(k) as 

(4 20) 

and the conditional vanance as 



(1-p2 )Var[S(k)] 
Var[ A(k)IS(k)] = 2 p 
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(4 21) 

The conditional expected value of 10A(k)t io, usmg the fact that the probability density 

function of a Gaussian random vanable conditioned on the value of another Gaussian 

random vanable is also Gaussian[20], 1s 

[ ~ ] J00 

L 1 { [y-E[A(k)IS(k)=x]J2 } E 10 10 S(k) = x = 10 10 ----;::::======exp --=------,-----,--=~ dy 
- oo .J2rcVar[ A(k)IS(k)] 2Var[ A(k)IS(k)] 

= [M(2px-2pE[S(k)]+2PE[A(k)IS(k) = x]+ MPVar[A(k)IS(k)D] , 
exp 2p 

(4 22) 

where M=log( 10)/10 The denvative of thls express10n with respect to x is positive 

mdicatmg that E[loA(kJIJO IS(k)=x] mcreases withx This property bounds the mean value 

ofy 

A funct10n which gives an upper bound on the mean can be shown to be (see Appendix 

B) 

S(k) > C (4 23) 

, and 

where S(k) ::;; C 

(4 24) 

A function which gives a hard lower bound on the mean can be shown to be 



where 

{

1 S(k) > h,S(k) ~ E 

PLB(D(k) = AIS(k) = x) = 
0 otherwise 

L: P(S(k) = x )dx = P(D(k) = A)- P(S(k) > h), 

with the proofbemg similar to the proof given m Appendix B 
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(4 25) 

(4 26) 

If it can be shown that P(D(k)=A IS(k}=x) mcreases with x then a tighter lower bound is 

given by the following funct10n 

1 S(k) > h (4 27) 

0 S(k) < -h 

where 

(4 28) 

A proof of this is given m Appendix C 

A full proof that P(D(k)=AIS(k)=x) mcreases with x has not been completed but 

mtmtlvely it seems plausible smce the correlation of S(k) with all of its past values is 

positive, and if D(k)=A then some past value of S(k) was greater than h, which mcreases 

the possibility that S(k) is a high value 
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The correspondmg functions for P(D(k)=BIS(k)=x) can be shown from the law of total 

probability to be 

P(D(k) = BIS(k) = x) = 1- P(D(k) = AIS(k) = x) (4 29) 

These equations allow hard bounds to be calculated for the mean RSS 1f the assignment 

probabilities are known In practice, these values can not be calculated exactly but the 

method given m Section 4 1 can approximate them very closely 

A method for calculatmg approximations on the bounds for the mean RSS is to estimate 

the assignment probabilities usmg (4 4) and then calculate values for the constants C, E, 

and F usmg root findmg methods Then (4 23), (4 25) and (4 27) can be mserted mto 

( 4 16) to compute bounds on the mean 

4.4 Results 

To show some sample results of the method, we demonstrate a simple test case where the 

mobile is movmg duectly away from one basestation and towards another as shown m 

Figure 4 1 

2000m 

•-------------• Basestat10n A Mobile Mot10n Basestat10n B 

Figure 4.1: Simulation Configuration 
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The parameters are d5=l m, h=20 dB, cr=6 dB, and N=20 The three different bounds on 

the mean are converted to decibel values to make the results easier to compare As well, 

an estimate of the true mean was obtamed by averagmg over 10000 simulated runs of a 

mobile over the path The resultmg mean RSS over distance are shown m Figure 4 2 
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Figure 4 2 · Comparison of Bounds on the Mean RSS 
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4.5 Analysis 

This chapter has shown how bounds on the mean RSS of a hysteresis based hard handoff 

algonthm can be calculated These bounds have been shown to be fairly tight 

Some work on the mean RSS m the hterature[39] claims the lower bound of the mean 

RSS dunng hard handoff is the mean RSS from a distance based ideal mean RSS handoff 

algonthm, where the mobile 1s always connected to the nearest basestat10n This 1s not 

necessanly the case as 1s shown m Figure 4 3( usmg the same parameters as Figure 4 2) 
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The values for the ideal handoffRSS based algonthm are also shown for companson 

A problem with the convent10nal handoff algonthm is the drop m the mean RSS after the 

mobile has crossed the cell boundary This is caused by mobiles outside of the ongmal 

cell still commumcatmg with the ongmal cell This drop m the mean RSS after the cell 

boundary will have several effects, all which will lower the capacity of the network A 

maJor effect is that higher transmitted power will be reqmred for commumcat10ns To 

make matters worse, mobile termmals are commumcatmg at fairly high power outside of 

the boundanes of the onginal cell which means they will cause a large amount of 

mterference To compensate for this, the re-use distance (the distance between cells usmg 

the same radio channel resources) must be mcreased which will cause another reduction 

of capacity This phenomenon is called "cell-draggmg"[22] 

The most common solution to cell draggmg is to lower the hysteresis level to reduce the 

lag Unfortunately, this also mcreases the number of handoffs Figure 4 4 shows a graph 

of the mean RSS when h is reduced to 10 dB The drop m mean RSS is reduced to withm 

acceptable hmits but the mean number of handoffs is mcreased to 2 056 from 1 004, 

when the hysteresis is 20 dB 

Figure 4 4 shows the danger of choosmg the parameters of a handoff algonthm based 

solely on the number of handoffs without paymg attention to other parameters of system 

performance Often m the literature, if the mean number of handoffs is greater than one, 

the extra handoffs are called "unnecessary" handoffs As can be seen here, these extra 

handoffs can have a positive impact on system performance 
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Figure 4 4· Mean RSS Drop Reduction 

The second method used to reduce the handoff lag 1s to implement soft-handoff This 1s 

only possible for cellular networks usmg CDMA Soft handoff was bnefly descnbed m 

Section 1 1 In this case, the mobile can connect to several basestat10ns at once In 

theory, this allows 1t to commumcate with the best basestat1on out of the set 1t 1s 

connected to This makes the mean RSS equal to the ideal handoff algonthm case As 

can be seen m Figure 4 3, this 1s a substantial 1mprovement The difficulty 1s that this can 
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only be truly achieved for the lmk channel from the mobile to the basestation For the 

channel from the basestat10n to the mobile, the basestatlon must commumcate as if it was 

connected to the mobile alone[32] This causes a mobile m soft-handoffto produce more 

mterference than mobiles connected to only one basestat10n To compensate for this, the 

number of mobiles m soft handoff must be kept low, which reduces the benefit of the soft 

handoffs 

As well, there are situations where a CDMA cellular network is forced to make hard 

handoffs Current CDMA standards are designed to work with older standards which are 

divided m the frequency domam (FDMA) To facilitate this, the CDMA systems divide 

the allocated frequency band mto several separate CDMA systems Sometimes a mobile 

must handoffbetween these regions In this case, soft-handoff can not be used 

4 6 Multiple Basestat,on Analysis. 

Considenng more than two basestat10ns makes the analysis much more difficult The 

analysis m the literature makes the slfllplifymg assumpt10n that the RSS difference 

between two basestations is mdependent of any other RSS difference mcludmg ones 

which share one basestation[ 1 ],[25] The analysis is good for cases when the difference 

of the mean RSS from different basestations is large 

When the mean of the RSS from different basestations becomes close, the accuracy of 

these methods suffer This, however, is the case where multiple basestat10n analysis is 
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most useful It 1s also a case that occurs quite frequently m m1crocells where basestatlons 

are placed quite close together 
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5. A Fuzzy Logic Based Handoff Algorithm 

The conventional handoff algonthm has several hmitations that make improvements on it 

attractive First, the received signal strength is not a perfect mdicator of lmk quahty It is 

possible for there to be two basestations that give the same received signal strength but to 

have different signal lmk quahties This could be caused by multipath propagation If 

one basestat1on provides only one propagation path with all the signal energy, it will give 

a better quality lmk than another basestation with its energy spread over several different 

paths smce the different paths can destructively mterfere with each other 

Also, as noted m the previous chapter, the conventional algonthm suffers from a lag m 

assignmg the mobile to a more favourable basestation This is caused by the hysteresis m 

the handoff algonthm 

A way to reduce these problems is to use other mformauon as well as the received signal 

strength to make the handoff decision Chapter 3 descnbes how several parameters can 

be obtamed by a mobile termmal The most useful of these for handoff is the signal 

quality of the current lmk, the distance to each of the basestations, and the parameters of 

the long term fadmg Velocity estimation is used to mamtam a constant samplmg 

distance 

There are other papers on the use of multiple data sources m male.mg the handoff decison 

There has been some work on the use of absolute RSS as well as relative RSS[38], 

velocity mformatlon[2], and direction mformation[3] Most of this work uses hard 
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boundanes to deal with the other mformation sources If the mformation sources have 

s1gmficant error or 1mprec1S1on the performance of these handoff algonthrns suffer 

A difficulty 1s there 1s a large 1mprec1s1on m the measunng techmques This means that 

while there 1s no ( or a very small) bias m the measured values, there can be a large 

random error m the measured values The use of fuzzy logic 1s proposed to allow these 

1mprec1se values to still be used constructively m the dec1s1on process 

5. 1 Bnef lntroduct,on to Fuzzy Logic 

Conventional logic can be shown to be based on set theory The truth of a proposition 1s 

generally proved by showmg that some object or objects belong to some set For any 

given set, a function can be developed which can determme whether any object m the 

umverse of discourse belongs to the set We call this function the membership function 

for that set 

(5 1) 

where A 1s the set and x 1s an object m the uruverse of discourse From these membership 

funct10ns, the standard Boolean logical operat10ns of AND, and OR can be denved 

There are unfortunately some dec1s1on processes that convent10nal logic can not be used 

to solve easily For example, there 1s the problem of Socrates' beard The problem 

statement 1s 
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"Socrates has a large and bushy beard If you pluck out his beard, one hair at a time, at 

what pomt does he cease to have a beard?" 

The difficulty that conventional logic has with this problem is m order to resolve the two 

sets of bearded people, and non-bearded people some dividing lme must be selected 

This dividing lme will appear to be artificial to the observer 

However, fuzzy logic can develop a solution Fuzzy logic 1s based on the concept that 

obJects can be partial members of a set That is, the membership function can take any 

value m the mterval [O, 1] 

(5 2) 

Fuzzy logic can be used to solve or reformulate the problem of Socrates beard quite 

mcely A membership function for the fuzzy set of bearded people can be formed based 

on the number of hairs that a person has on his face As the number of hairs on his chm 

decreases so does Socrates membership m the fuzzy set of bearded people So the 

quest10n of when Socrates ceases to have a beard is answered by a matter of degrees 

instead of with a yes or no answer This is a more natural approach 

Fuzzy sets can be defined with less precise defimtions and still allow membership m 

these sets to be used m decis10n makmg processes This allows fuzzy logic to be used m 

what is called Lmgmstic Computmg[36] An algonthm is stated m natural language and 

then this algonthm 1s converted to operations on fuzzy sets For example, for a dec1S1on 

process, a control algonthm can be specified as 



If x is C 1 and y is C 2 then z is R 1 

Ifx is C3 and y 1s C4 thenz is R2 

47 

C1, C2, C3, and C4 are conditions, and R1 and R2 are react10ns The vanables x, y 

represent state vanables or mputs to the system, z represents some controllable vanable m 

the system If this is translated mto fuzzy set operations ( where E denotes fuzzy 

membership ma set) then the control algonthm becomes 

IfxEC1 andyEC2 thenzER1 
IfxEC3 andyEC4 thenzER2 

U smg logical operat10ns defined for fuzzy sets then the two rules can be wntten as 

µ R1 (z) = µCt (x) /\ µC2 (y) 

µ R2 ( z) = µ C3 ( X) /\ µ C4 (y) ' 

where 'A' is the logical operator AND defined for Fuzzy logic 

(5 3) 

The defimt10n of the AND operator depends on how the different condition factors are to 

be considered for the control process There are two popular methods for domg this The 

first method is to use a fixed weight for each different control factor In this case, the 

control system m (5 3) becomes[24] 

µ R1 ( z) = W x µ C1 ( X) + W y µ C2 ( X) 

µ Rz (z) = w x µ Ci (x) + w y µC4 (x)' 

(5 4) 

with wx and wy bemg the weights for mputs x and y respectively This controls the 

amount of mfluence that each factor has on the output membership values 

The ordered weightmg approach offers another level of flexibility to the decision process 

Here weights are assigned to the different mput factors based on their rank.mg This is 
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referred to as Ordered Weighted Aggregates (OWA) and it allows more flexibility m the 

decision process[35] The control process usmg tlns techruque becomes 

µ R, (z) = w1 max(µ c, (x),µ c
2 
(y)) + w2 mm(µ c, (x),µ c

2 
(y)) 

µR2 (z) = W 1 max(µ ci (x),µ c4 (y)) + W 2 mm(µ ci (x),µ c4 (y))' 

(5 5) 

with w 1 and w2 bemg weights for the different ranked factors Tlns tunes the control 

algonthm to give high weights to mdicators mdicatmg a strong tendency towards a 

control response, or towards mdicators wlnch give low value towards a possible control 

response Another way of statmg tlns is the control rules can be tuned to be OR-hke 

(where only one condition needs to be satisfied), or 1t can be tuned to be AND-hke 

(where all conditions need to be satisfied) The weight of one specific condition can be 

adjusted by changing its membership function The advantage of this control scheme 1s 

that the decis10n makmg mechamsm 1s separated from the weightmg of each condition 

Once the membership of the response m several fuzzy sets 1s obtamed some method must 

be used to change these memberslnp values mto a cnsp value which can actually be used 

ma real system This process 1s called defuzzificat1on Fortunately for the fuzzy handoff 

algonthm, the control response consists of choosmg between several options The 

defuzz1ficat10n 1s simply choosmg the option with the highest membership value 
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5.2 The Fuzzy Handoff Algor,thm 

The use of fuzzy logic to handle handoff dec1S1on problems 1s relatively new There has 

been some work m the area[5],[16],[28] but a full evaluat10n of the techmque over 

several sets of fadmg parameters has not been done 

The fuzzy handoff algonthrn 1s implemented m the followmg steps which are repeated 

every samplmg mterval F1rst, the parameters of the different channels between the 

mobile and different basestat1ons are sampled For the current basestat1on, the RSS, the 

signal quality, and the distance are sampled For candidate basestat1ons, only the RSS 

and distance are sampled For each parameter, its value m the fuzzy set of acceptable 

values for that parameter 1s calculated Then the membership values are used m a fuzzy 

dec1s1on process to calculate which basestat10n the mobile should be connected to m the 

next mterval 

The RSS 1s sampled because 1t 1s easy to obtam Its measurement does not reqmre any 

extra hardware m the mobile and its behaviour 1s well understood 

Distance 1s used as a dec1s1on cntena because 1t 1s also fairly easy to obtam The use of 

the distance can also help reduce the "cell draggmg" problem, 1t can keep mobiles usmg 

specified channels only m the reg10ns that were chosen to use them 

The signal quality 1s useful because 1t gives a sample of the true performance of the radio 

lmk This allows the handoff algonthm to respond reasonably to situations where the 

signal quality 1s different from what a straight RSS analysis would show For example, 1f 
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the mobile moves mto a location where the RSS is high but a lot of power is reqmred for 

good commurucatlon with the current basestatlon, then the algonthrn can handoff to 

another basestatlon Alternatively, the algonthm can av01d handoffs m situations where 

the RSS is weak but a low amount of power is reqmred for good commumcat10n 

5 2 1 Fuzzy Set Membership Functions 

An acceptable value for a parameter 1s a value that, 1f the values of no other parameters of 

the channel are known, the probability that the channel would give a good signal quality 

for the near future 1s b.lgh 

For distance, acceptable values are low values The membership function for the fuzzy 

set of acceptable distances is defined as 

µ AcceptableDistan ce ( d J = 

where R is the cell radms 

2d-R 
l----

3R 

0 

R 
d<-

2 
R 
-~ d ~2R 
2 

d ~2R 

(5 6) 

Acceptable RSS from any given basestations are values where the RSS from the 

basestat10n that are high compared to the RSS from the currently connected basestation 

The RSS membership m the fuzzy set of acceptable RSSs for a basestation is calculated 

by takmg the average of the last N readings of the RSS from that basestatlon and 

subtractmg the average of the last N readings of the RSS from the currently connected 
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basestatlon Tlus averagmg 1s performed to remove the effects of fast fadmg Tlus value, 

AVG, can be used to obtam the membership value from the defirntlon 

µ AcceprableRSS (AVG) = {erf ( A ::G) A VG > O 
0 AVG 5; 0 

(5 7) 

where cr 1s the standard deviation of the long term fadmg from (2 4) and a 1s a constant 

used to control the weight of RSS m the dec1s10n process 

The signal quality 1s a more complicated vanable In this chapter, we will assume that 

power control 1s not bemg used and therefore the BER can be used as a md1cator of signal 

quality If power control 1s bemg used then the signal quality can be calculated from a 

non-linear function of how much power 1s bemg used over how much power the mobile 

has available A low amount of used power means the membership m the fuzzy set of 

acceptable quality 1s near umty The BER 1s averaged over N readmgs Just like the RSS 

readmgs above This 1s to remove the effects of burst errors The membership of the 

averaged BER m the fuzzy set of acceptable BER 1s 

1
1-b(BER) 

µ AcceprableBER (BER}= Q 

1 
BER<b 

1 
BER>­-b 

(5 8) 

where b 1s a constant which can be changed to vary the weight of the BER m the handoff 

dec1S1on 
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5 2 2 The Fuzzy Handoff Dec1s1on Process 

The obJectr\.e of the handoff algonthm is to select, at the end of each samplmg mterval, 

which basestation the mobile will commurucate with dunng the next samplmg mterval 

The evaluat10n of each lmk is done with the followmg control rules, expressed m natural 

language 

For Candidate Basestatlons 

If RSS is acceptable and the distance is acceptable then handoff to this 
basestatlon 

For Current Basestatlon 

If signal quality is acceptable and distance is acceptable then don't handoff to any 
other basestat1on 

When translated to fuzzy set operations the control rules become 

For Candidate Basestations. 

µ Handoff ( BSn} = WI max(µ Acceptab/eRSS ( RSSn }, µ AcceptableD,stancJ dn }} (5 9) 

+ (1- WI) mm(µ AcceptableRSS ( RSSn ), µ AcceptableDistance ( dn)) 

For the Current Basestation 

µ Hondo.ff ( BSn) = WI max(µ AcceptableBER ( BER),µ AcceptableD,s tan ce ( dn )) (5 10) 

+ (1- WI )mm(µ AcceptableBER (BER),µ AcceptableDistance ( dn)) 

BSn refers to the basestatlon n, RSSn refers to the RSS from the nth basestat10n, and dn is 

the distance between the mobile and basestation n w 1 is a weightmg factor to control the 
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decis10n process The basestation with the highest value for µHando.rJBSn) is selected If it 

is different from the current basestation then a handoff is performed 

Attention needs to be paid to the selection of the values for the constants a, b, and w1 

These values determme the sensitivity of the algonthm to the different measured 

parameters 

For a and b, the prec1s1on of the measurements techmques for the RSS and BER need to 

be considered as well as the usefulness of these values for determmmg the future quality 

of the lmk If the correlation distance of the fadmg, d0, is high and the propagation type 

(lme-of-sight/ non-lme-of-sight) remams identical most of the time then low values of a 

and b will work well If the type of propagation environment can change quickly, and the 

correlation distance is very short, then RSS and BER do not give very good mdicators of 

future link quality so only large changes m their values should tngger handoffs In this 

case, the value of a should be large and the value of b should be small 

A danger when combmmg several types of mformatlon from different sources mto one 

decision process is that bad mformation sources can create a dec1S1on process that is less 

effective than when only accurate mformation sources are used[ 11] Thus, a careful 

analysis is required before implementation 

The handoff algonthm will perform best when the data source which gives the most 

accurate and precise mformation about the future quahty of the rad10 hnks causes the 

greatest vanation m the values of µHandoiJ(BSn) 
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Smee these distnbut1ons can change dependmg on the exact configuration of the cellular 

network and what multiple access techmque is bemg used, this work will use parameters 

based on the assumpt10n that the rehabihty of all the estimated parameters for predictmg 

lmk quahty are equal The value of w 1 is selected to be 0 5 This causes an even 

weightmg of all factors The values of the other parameters will be descnbed for each 

case analyzed 

5 3 Analysis of Handoff Algorithms 

The handoff algonthm's performance will be evaluated by considenng two basestation 

and four basestation situat10ns Performance will be measured with respect to the 

convent10nal handoff algonthm for several values of cr commonly found m urban cellular 

networks 

The two basestation case is identical to the situation used to analyze the conventional 

algonthm's performance m Chapter 4 The two basestatlons are 2000 metres apart and 

the mobile moves from one directly towards the other Both algonthms will make a 

handoff dec1S1on every samplmg penod which is chosen so the samplmg distance, ds, is 1 

metre 

The fast fadmg is assumed to be constant dunng one symbol penod This allows the 

mean BER for a samplmg penod to be approxunated by[2 l] 
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1 ( y(k) J 
BER(k) = 2 1- l + y(k) , 

(5 11) 

where y(k) is the mean value of the signal to n01se ratio dunng samplmg mterval k, and 

coherent BPSK modulation is assumed The quantity y(x) is calculated usmg 

r(k)-Floor 

y(k) = 10 10 
(5 12) 

where r(k) is the mean RSS dunng mterval k, and Floor is a constant 

In the two basestation case, the algonthms are compared based on their percentile 

crossover pomts For a given percentile, the crossover pomt is the smallest distance 

where the probabihty of the mobile bemg assigned to the destmatlon basestation is greater 

than the given percentage For the cases presented here, the 10%, 50%, and 90% 

crossover pomts are shown The algonthms are compared for the cases where the 

standard deviat10n of the long term data, cr, is 4 dB, 6 dB, and 8 dB The results are 

presented m Figure 5 1, Figure 5 2, and Figure 5 3 The 90% crossover pomts are shown 

on the highest set of Imes on each graph The 50% crossover pomts are the middle set of 

Imes The 10% crossover pomts are the lowest set of lmes 

For the analysis, the algonthms were configured for different numbers of handoffs and 

the performance measured The conventional algonthm was tuned by modifymg the 

hysteresis level The fuzzy algonthm was tuned by changmg the value of b, m the 

acceptable BER fuzzy set membership function The value of a is set to be the square 

root of 2 The averagmg length, N, is 20 pomts The value of Floor was -110 dB 
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This analysis shows that the fuzzy algonthrn gives two improvements over the 

conventional handoff algonthm First, the 50% crossover pomt 1s closer to the 1000 

metre pmnt which means the handoff region 1s more centred between the basestat10ns 

Second, the handoff region 1s narrower The handoff region 1s the region where most of 

the handoffs take place, this 1s charactenzed by the probab1hty of the mobile bemg 

assigned to any one basestat10n 1s not close to urnty The distance between the 10% and 

90% crossover pomts for the fuzzy algonthm 1s smaller than for the conventional 

algonthm The improvement of the fuzzy algonthm over the conventional algonthm 

becomes larger with mcreasmg values of cr 
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These improvements mean the fuzzy algonthm keeps the handoff region close to the 

designed cell boundary As well, the mobile does not travel far mto another cell while 

bemg connected to the onginal cell These improvements allow the co-channel 

mterference from the mobile to other cells to be controlled 

This improvement can be attnbuted to the mclusion of a distance factor mto the handoff 

algonthm However, the mclusion of the BER, or signal quality, factor means that this 

improvement is made without sacnficmg the performance of the mobile channel Figure 

5 4, Figure 5 5, and Figure 5 6 show the outage curves for each of the test cases The 

outage curve gives the mean number of samplmg pomts the RSS from the selected 

basestation 1s below -100 dB dunng a sample run between the two basestatlons for a 

given mean number of handoffs 

The figures show that the fuzzy algonthm gives fewer outages at all numbers ofhandoffs 
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Figure 5.4: Outages for cr=4 dB 
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The fuzzy algonthm is also evaluated for a four basestation scenano This scenano is 

used to see how the fuzzy algonthm responds when there are several basestations The 

simulation configuration is shown m Figure 5 7 The basestation configuration resembles 

what could be found m an urban cellular network where the basestations need to be close 

together for capacity reasons At the centre pomt, there are four basestation that are at the 

same distance from the mobile This makes the handoff decision very difficult smce the 

measured values of all basestations are very close 
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The parameters used for both algonthms are shown m Table 5 1 These parameters were 

selected so that the expected number ofhandoffs for both algonthms was 1 50 

Values of Parameters 

cr 4dB 6dB 8dB 

a 20✓2 20✓2 20✓2 
b 7 15 4 375 2 95 
R 250m 250m 250m 
h 8 0dB 13 0dB 17 5 dB 

Floor -80 0 dB -80 0 dB -80 0 dB 

Table 5 1 · Values of Parameters for Four Basestat10n S1mulation 

500m 

Basestatlon 2 

Basestat10n 1 
500m 

Basestat10n 3 

Basestatlon 4 

Mobile moves through centre of square 
Arrow shows mobile motion dunng simulat10n 

Figure 5 7 · S1mulation Configuration for Four Basestations 

The handoff performance 1s measured by the assignment probab1ht1es and the mean RSS 

from the selected basestatlons 
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The assignment probabihtles are shown m Figure 5 8, Figure 5 9, and Figure 5 10 Note 

that the handoff region for the four basestation case is more centred for the fuzzy 

algonthm than for the conventional algonthm Just as m the two basestatlon tests The 

handoff region is also narrower The assignment probabilities for basestatlon two and 

basestatlon four overlap 

As can be seen m Figure 5 11, Figure 5 12, and Figure 5 13 the improvements m the 

handoff reg10n's location and width are achieved without causmg a decrease m the mean 

received signal strength The results show that for the cases tested the fuzzy algonthm 

gave supenor performance for the same number ofhandoffs 
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6. Conclusions 

The extra mtelhgence in the mobiles for th.lfd generation cellular networks makes the 

estimation of signal parameters at the mobile terminal possible This makes the use of a 

handoff algonthm that requires the adaptation of parameters for different signal 

conditions feasible 

The conventional handoff algonthm must be tuned carefully for the value of the standard 

deviation of the shadowing d1stnbut10n When the hysteresis level is set to be high, the 

algonthm will have a low number of handoffs but the mobiles will move far into the 

surrounding cells before they will be handed off They will also be transmitting at quite 

high power while in these other cells This will cause them to create a large amount of 

interference to cells assigned the same radio resources, and will thus lower the capacity of 

the network 

One way to av01d this problem is to adJust the hysteresis level to increase the number of 

handoffs and reduce the distance mobiles will travel out of the cell before being handed 

off This also has the effect of reducmg the amount of power required to commumcate 

with the mobiles A difficulty with trus solut10n is that, for high speed mobiles, that can 

entail a large number of handoffs, creatmg a lot of overhead for the network 

Another way to deal with trus problem is to use a handoff algonthm which uses 

information other than the received signal strength to make the handoff decision Some 
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of this data will have a large amount of 1mprec1s1on Fuzzy logic techmques can be used 

to deal with the 1mprec1s1on m this data 

This fuzzy logic based handoff algonthm gives better performance than the conventional 

algonthm The improvements are mcreased for low numbers of handoffs 

As well, the fuzzy handoff algonthm tnggers handoffs closer to the cell boundary, with 

the region where most handoffs occur bemg narrower This reduces the amount of co­

channel mterference and mcreases the capacity of the network 

6. 1 Multiple User Types 

A problem that third generat10n cellular networks must face 1s how to deal with vanous 

user types of different mob1hty classes commumcatmg with different data reqmrements 

For first and second generation networks, the system was designed for the most stnngent 

data constramts and the highest mob1hty user Unfortunately, this results m wasted 

capacity of the network for users with less restnct1ve constramts and lower veloc1t1es A 

third generation network should be able to take advantage of the different user types 

parameters to mcrease capacity while satisfymg the data constramts 

The fuzzy logic algonthm 1s very useful for sat1sfymg this property The algonthm gives 

good performance even for low numbers of handoffs which makes 1t useful for high 

speed users where the number ofhandoffs must be reduced to av01d excessive overhead 
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For the different constramts of different data types the separate parameters of the handoff 

algonthm for received signal strength and signal quality are very useful By adJustmg the 

parameters of the membership funct10ns for the fuzzy sets of acceptable signal qualities, 

the tolerance of the handoff algonthm for different signal conditions can be adjusted For 

example, 1f a certam user's data requires higher quahty signal conditions, the handoff 

algonthm can be tuned to be more aggressive For users that can tolerate lower signal 

quality, the handoff algonthm can be tuned to be less aggressive, thus rehevmg the 

network of unneeded overhead 

A useful way to thmk about tunmg the handoff algonthm 1s to consider 1t as selectmg a 

mean handoff rate for a certam type of user By mcreasmg the handoff rate, the users get 

better signal quality but also require more overhead By reducmg the handoff rate, the 

users get worse signal quality but also requrre less overhead The target handoff rate 1s 

selected by lookmg at the user's data requirements and velocity 

This was not done m first generation networks because the handoff delay was qmte large 

and handoff caused undesirable breaks m service In the second generation networks, 

only hard boundary checkmg 1s done For example m GSM, 1f the distance 1s high and 

the BER high, then a handoff algonthm 1s started to find a better basestation[29] The 

objective of handoff algonthms m these networks 1s to reduce the number of handoffs as 

much as possible For thud generation networks, both these factors are reduced 
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6.2 Future Work 

There is still a need for considerable work m the area of handoffs for cellular networks 

The model of handoffs for the conventional case could be expanded A proof of the 

lower bound on the mean should be completed and then the bounds should be tightened if 

possible 

In th.is work, 1t was assumed that there were always available resources m the target cells 

for handoff calls if one is tnggered The fuzzy handoff algonthm could be modified so 

that the number of free channels m each cell is considered as a decision cntenon 

In this work the topic of soft handoff was only covered bnefly A model of the soft 

handoff algonthm and how the fuzzy handoff algonthm could be modified to govern soft 

handoff could be most useful for third generat10n CDMA cellular networks 
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Appendix A: The Bias from Fast Fading on the Variance Estimator 

The vanance is estimated from the value given m (3 6), reproduced here for convemence 

V = E{[R(k + 1) -R(k)]2} (A 1) 

From (3 9), we find the bias from fast fadmg on V to be 

(A 2) 

With some mampulation, the bias from (A 2) is found to be 

(A 3) 

where h(k) is the impulse response of the averagmg filter and F(k) is the contnbution of 

the fast fadmg to the sampled signal power m mterval k If the digital exponential 

averaging filter from (2 12) is used, the bias is 

Bias= 2c:var[F(k)] , (A4) 

and if the digital block averaging filter from (2 11) is used the bias is 

2Var[F(k)] 
Bias= N 2 

(A 5) 
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Appendix B: Proof of Upper Bound 

First we denote P(D(k)=A IS(k)=x) as a weightmg funct10n, w(x) We wish to prove that 

{

0 x s; C 

w(x) = , 
1 x > C 

(B 1) 

gives the highest value for 

[ 
A(k)] [ A( k ) ] 

E 1010 = J: w(x)E 1010 S(k)=x P(S(k)=x)dx 
(B 2) 

All, the weightmg functions must satisfy the property 

J: w(x)P(S(k) = x)dx = P(D(k) = A) (B 3) 

Suppose a better weighting function, u(x), exists This function can be defined as 

{ 

g(x) 

u(x) = 
w(x)-h(x) 

(B 4) 

x>C 

where g(x) and h(x) are positive valued functions In order for u(x) to give a higher value 

for E[ J (t(k)!Io], the following relat10ns must be true 

C [ A(k) ] [ A( k ) ] 
L ,, g(x)E 1010 IS(k) = x P(S(k) = x )dx :2: J;h(x)E 1010 IS(k) = x P(S(k) = x )dx, 

(B 5) 

and 
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(B 6) 

Smee E[ 1 ct (kJIIOIS(k) =x] is monotomcally mcreasmg with x, then 

Ig(x)E[ 10 ','t' S(k) = x ]P(S(k) = x)dx,; E[IO ','t' S(k) = C ]t_g(x)P(S(k) = x)dx, 

(B 7) 

and 

(B 8) 

Comb1mng relation (B 6) with relat10ns (B 7) and (B 8), it can be shown that, at best, 

relation (B 5) can be met with equality Therefore, there is no weightmg function that can 

give a higher expected value than (B 1) 
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Appendix C: Proof of Lower Bound 

We will use the notation m Appendix B We want to prove of all weightmg functions 

with the property 

V~ ~ 0, Vx w(x + ~) ~ w(x), (C 1) 

that the weightmg function 

0 x<-h (C 2) 

w(x)= 1F -h~x~h 

1 x > h 

gives the lowest E[y(k)] All weightmg functions must also satisfy the property given m 

(B 3) 

Now we propose that there is another weightmg function, u(x), which has the property m 

(C 1) and gives a lower value This weightmg function 1s defined as 

u(x) = w(x) + v(x), 

where v(x) is a function with the property given m(C 1) 

(C 3) 

Now m order for u(x) to satisfy the equation (B 3), v(x) must have a zero at some pomt 

We designate this pomt P It can also be shown that to satisfy (B 3), the followmg must 

be true 
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(C 4) 

For u(x ) to give a lower value of E[y(k)] , the followmg relation must also be true 

p [ A(k) ] h [ A( k ) ] 
f_hE l0to S(k)= x v(x)P(S(k)=x)dx<-tE 1010 S(k)= x v(x)P(S(k)=x)dx 

(C 5) 

Now, usmg the fact that the expected values m (C 5) will mcrease with x, we can wnte 

the followmg 

(C 6) 

and 

h [ A(k ) ] [ A( k ) l h 
tE 1Qto S(k)= x v(x)P(S(k)= x'Jdx?.E lOto S(k)=P tv(x)P(S(k)=x)dx 

(C 7) 

If we use the relat10ns m (C 6) and (C 7) and equation (C 4), we can show that the 

mequahty m (C 5) can not be satisfied Therefore, the weightmg funct10n m (C 2) gives 

the lowest value for E[y(k)] 
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