A Class of Meromorphically Univalent
Functions with Fixed Coefficients

S.B. JOSHI AND H.M. SRIVASTAVA

DMS-745-IR October 1996



A Class of Meromorphically Univalent Functions
with Fixed Coefficients

S.B. Joshi

Walchand College of Engineering
Department of Mathematics

Sangli 416415, Maharashtra, India

H.M. Srivastava

University of Victoria
Department of Mathematics and Statistics
Victoria, British Columbia V8W 3P4, Canada

E-Mail: HMSRIQUVVM.UVIC.CA

1991 Mathematics Subject Classification. Primary 32A20, 30C45; Secondary 30D20.

Key words and phrases. Meromorphic functions, univalent functions, coefficient inequali-
ties, arithmetic mean, convex linear combinations, closure theorems.



2 S.B. Joshi and H.M. Srivastava

Abstract

The main object of the present paper is to investigate various interesting
properties and characteristics of a certain class My(p, a,8) of meromor-
phically univalent functions with fixed coeflicients, which is related rather

closely to the class of meromorphically univalent functions studied recently
by Altintag et al. [1)].

1. Introduction and Definitions

Let M(p) denote the class of functions f(z) of the form:
1 oo
= - n > . = LRI .
f@=st e (20 peN=(123)) (11)

which are analytic end univalent in the punctured unit disk
U :={z:2€C and 0<|z|<1}=U\ {0},

and which have a simple pole at the origin (z = 0) with residue 1 there. Altintag et al. [1]
introduced and studied systematically a class M(p, a, B) of functions f(z) € M(p), which
also satisfy the inequality:

R{zf(z) —az? f'(2)} > B (1.2)

(zeU™; a>1; 0L<pB<1).

As a matter of fact, various classes of meromorphically univalent functions have been
investigated rather extensively by many authors (¢f., e.g., Aouf [2], Chen et al. [3], Clunie
[4], Libera [5], Mogra et al. [6], and Uralegaddi [9]; see also Srivastava and Owa [8]).

We begin by recalling the following result involving the class M(p, a, §), which we shall

need in our present investigation.

Theorem A (Altintag et al. [1, p. 76, Theorem 1]). Let a function f(z) defined by
(1.1) be in the class M(p). Then f(z) belongs to the class M(p,«a, B) if and only if

i(”a—l)an§1+a~ﬁ (a>1; 0<B<1). (1.3)

n=p
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The result is sharp for the function f(z) given by

14+«

f(z)= - pa—_lﬂzp (p € N).

In view of Theorem A, for a function f(z) defined by (1.1) and in the class M(p, a, ),

we readily have

l+a-p0
e . 14
<2228 pew (14)
Thus we may take
AL +a—B)
= — : <AL .
ap po— 1 (peN, 0<A<1) (1.5)

and let M (p, a, §) denote the subclass of M(p, a, ) consisting of functions f(z) of the

form:

1 N1+
=1y Mita=h) , Z an 2 (1.6)
z paed
n=p+1
(an>20; peN; a>1; 0<8<1l; 0<A<L]).

In Section 2 of this paper we shall first deduce (from Theorem A) some coefficient
inequalities which would provide a necessary and sufficient condition for a function f(z) to
be in the class M (p, @, 5). Then in Section 3 we shall show that the class M (p, a, ) is
closed under arithmetic mean and under convez linear combinations. Finally, in Section 4
we shall obtain the radii of meromorphic convexity and meromorphic starlikeness of order
v (0 < v < 1) for functions belonging to the class M (p, , 3).

We remark in passing that the various results presented in this paper are sharp and
that the techniques employed for their derivation are essentially analogous to those used

earlier in simpler situations (cf., e.g., Silverman and Silvia [7]).

2. A Theorem Involving Coefficient Inequalities

Making use of the definition (1.5) in Theorem A, it is fairly straightforward to deduce

Theorem 1. Let the function f(z) defined by (1.6) be in the class M(p). Then f(z)
i3 1n the class M(p,a, B) if and only of

i (nae—1)a, <(1-N)(1+a—pF) (2.1)

n=p-+1

(a>1; 0<B<]; 0Z<ALY).
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The result 1s sharp for the functions f(z) given by

1 A — - A —
fo)= Ly ita=h) , (A-N1+a=f) . (2.2)
z pa—1 noa —1
(n=p+1,p+2,p+3, )
The following result is a rather immediate consequence of Theorem 1:
Corollary. If a function f(z) defined by (1.6) is in the class My(p, a, 3), then
0 < 1-MN14a-0) (2.3)
no—1
(n:p+1ap+2?p+37"')'
The result 1s sharp for the functions f(z) given by (2.2).
3. A Set of Closure Theorems
Theorem 2. Let
1 Ml+a-—p) - n
fi(z) =~ + T pa—1 A D anz (3.1)
n=p+1
(@n,j 20; j=1,---,m).
If fi(z) € Ma(p,a,B) (j =1,---,m), then the function g(z) given by
1 Ml+a-—p) =
g(z)i=—++ —————= P by 2" 3.2
(2) =~ p— nzngl (3.2)
is also 1n the class Mi(p, a, ), where
by = ! Em: ; 3.3
n - ;’l— : a'nx] ° ( ) )
1=1
Proof. In view of the hypothesis of Theorem 2, it follows from Theorem 1 that
Y. (ne-1ap; <1-N(1+a—-p) (=1,-,m) (3.4)

n=p-+1
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Therefore, making use of the definition (3.3), we have

n=p+1 j=1 (3.5)
1 m o0
:;{Z Z (na —1)an,
j=1 n=p+1
S(l—}‘)(1+a—lg)v
which, again by virtue of Theorem 1, proves Theorem 2.
Theorem 3. Let A 8)
_1 M+ae—p) ,
fo(2) = . + p— z (3.6)
and
— 1-X)(1 o
z pa—1 no —1

(n=p+1,p+2,p+3,---).

Then the function f(z) is in the class Ma(p, a, B) if and only if it can be ezpressed in the

form:

F(2) =) pn fal2) (3.8)
n=p
(:un>0; i#n—1>
n=p
Proof. Suppose that
f(2) =) bn fa(2)

o (3.9)

1, Ml+a-p) =~ 1-N1+a-8) .

~;+ pa—1 ZP+Z na—1 nE
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where the coefficients g, (n =p+1,p+2,p+3,---) are given as in (3.8). Then, since

i (ot — 1) 1-M)1+a-0)

n
no —1

n=p+1

=(1-N1+a=8) > un (3.10)

n=p+1
=(1=NA+a-B)(1-p)
S(1=N(1+a-p),

we conclude that f(z) € Ma(p,a, B), by virtue of Theorem 1.
Conversely, let us assume that the function f(z) defined by (1.6) is in the class

M)\(p’ a, IB)

Then, in view of the inequality (2.3), we set

no — 1

= AN ram gyt PTPELPERPES ) (3.11)

and

pp=1— Y fn, (3.12)
n=p-+1

and we thus arrive at (3.8).

This evidently completes the proof of Theorem 3.

4. Radii of Meromorphic Convexity and Meromorphic Starlikeness

Theorem 4. Let the function f(z) defined by (1.6) be in the class My(p,a, ). Then
f(z) is meromorphically convez of order v (0 <y < 1) n

0< |Z| <r :T)\(P,a,ﬂ),

where ra(p, a, B) s the largest value of r for which

e =7+ 2) (At a—f) o ooy +2)A=NA+e=h) wn <1-7(41)

pa—1 na —1

(n=p+Lp+2,p+3,-; 0<y<1).
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The result 1s sharp for the function fr(z) given by

fn(Z)zé-[-sz_{_(1—’\)(1+a_ﬁ)zn

4.2
pa—1 na—1 (4.2)
for somen (n=p+1,p+2,p+3,---).
Proof. It is sufficient to show that
zf"(z)
F02) +2[<1—¥ (4.3)

(0 < |zl < ralp,0, B); 0<y<1),

where r)(p, &, ) is the largest value of r for which the inequality (4.1) holds true.
Observe that

zf'(2) +2f(2)

f'(z)
Ap(p+1)(1+a—B)(pa—1)"t 2P+ + 35 n(n+1)a.z"*!
_ n=p+1
—14+Ap(14+a—PB)pa—1)"1zprl + > na,znt!
n=p+41

Ap(p+1)(1+a—B)pa—1)7 P+ 3 n(n+1)an|z|"
n=p+1

1=Ap(1+a—pB)(pa—1)7t|z[ptt = 30 naslz|*!
n=p+1

IN

<l—9  (O<fzgl<r; 0<y<1),

if and only if

Ap(p—v+2)(1 +«
pa —1

-ﬁ)rp+1+ Z n(n—y+2)anr™ <1—7. (4.4)
n=p-+1

Since f(z) € M(p,a, ), we may apply the inequality (2.1) and set

_(=N(+ta-§)

n
no—1

n (4.5)

<5n20; n=p+1,P+2,P+3,, Z K’nsl)-
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Now, for each fixed r, we choose the positive integer ng = no(r) for which

no(no —v+2) protl

N — 1
is maximal. Then
Z n(n — v+ 2) an, prtl < no(no -7+ 2)(1 — )‘)(1 +o - ﬂ) protl (4.6)
noa — 1
n=p+1
Hence f(z) € Ma(p, a, B) is meromorphically convex of order v in
0< IZI < TA(p’a7ﬂ)7
provided that
Ap(p—7+2)(1+a—5) PPy no(no —y+2)(1-N(1+a-45) rrotl <1y (47)
pa—1 nga — 1

We find the value rq = ry o(p, o, ) and the corresponding integer no(ro) so that

no(no —7+2)(1 = A)(1 +a - p)

nea — 1

AMP‘7+2X1+a_ﬂ)MH+_
0
pa—1

reetl =14, (4.8)

Then this value ry is the radius of meromorphic convexity of order 4 for functions f(z)

belonging to the class M (p, «, B).

In a similar manner, we can prove our last result (Theorem 5 below) providing the

radius of meromorphic starlikeness of order v (0 < 4 < 1) for functions in the class

M)\(pa a, IB)

Theorem 5. Let the function f(z) defined by (1.6) be in the class My(p,a,B). Then
f(z) is meromorphically starlike of order v (0 <y < 1) in

0< |Z| < R:R/\(paa7ﬂ)7

where Ry(p,a, ) 18 the largest value of R  for which

Mp—7+2)(A+a=f) ppn A=Ay +2)(A+a—F)

<l (4
pa—1 na—1 R - 7 (49)

(n=p+1Lp+2,p+3,---; 0<y<1).
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The result is sharp for the function fo(z) given by (4.2) for some n

(n=p+1,p+2,p+3,---).
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