Map Folding

by

Rahnuma Islam Nishat

B.Sc.Engg., Bangladesh University of Engineering and Technology, 2009

A Thesis Submitted in Partial Fulfillment of the

Requirements for the Degree of

MASTER OF SCIENCE

in the Department of Computer Science

(© Rahnuma Islam Nishat, 2013

University of Victoria

All rights reserved. This thesis may not be reproduced in whole or in part, by

photocopying or other means, without the permission of the author.



Map Folding
by

Rahnuma Islam Nishat

B.Sc.Engg., Bangladesh University of Engineering and Technology, 2009

Supervisory Committee

1

Dr. Sue Whitesides, Supervisor

(Department of Computer Science)

Dr. Frank Ruskey, Departmental Member

(Department of Computer Science)



11

Supervisory Committee

Dr. Sue Whitesides, Supervisor

(Department of Computer Science)

Dr. Frank Ruskey, Departmental Member

(Department of Computer Science)

ABSTRACT

A crease pattern is an embedded planar graph on a piece of paper. An m X n map
is a rectangular piece of paper with a crease pattern that partitions the paper into an
m X n regular grid of unit squares. If a map has a configuration such that all the faces
of the map are stacked on a unit square and the paper does not self-intersect, then
it is flat foldable, and the linear ordering of the faces is called a valid linear ordering.
Otherwise, the map is unfoldable. In this thesis, we show that, given a linear ordering
of the faces of an m x n map, we can decide in linear time whether it is a valid linear
ordering or not. We also define a class of unfoldable 2 x n crease patterns for every
n > 9.
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Chapter 1
Introduction

Origami or paper folding is a well-known art that is concerned with folding a piece
of paper into various shapes, mostly shapes found in nature, such as birds or flowers,
without cutting or tearing the paper. Although it is mainly a form of art, mathemati-
cians have studied paper folding for over a century. In this thesis, we study folding a
rectangular piece of paper called a map.

In this chapter, we first introduce map folding. We then give a formal statement
of the map folding problem that we examine in this thesis and describe our main

contributions. Finally, we give an overview of the organization of the chapters.

1.1 Map Folding

A piece of paper is a connected polygon in R?, with or without holes. Throughout
this thesis, we assume that the thickness of a piece of paper is negligible. A common
example of folding a piece of paper happens before putting a letter in an envelope.
When writing a letter, we usually write on one side of the paper, which we call the
light side. The other side of the paper is the dark side. After writing, we fold the
letter and put it in an envelope. When the receiver unfolds the letter, he or she sees
a pattern on the surface of the paper created by the folds. This pattern is called a
crease pattern. More specifically, a crease pattern is an embedded planar graph on a
piece of paper (for more details, please see Section 3.1). Each edge of a crease pattern
that is not on the boundary of the paper is called a crease. By definition, two creases
in a crease pattern do not intersect except possibly at their shared endpoint. The

crease pattern divides the surface of the paper into a set of bounded regions called



faces. Each face is bounded by a set of creases and possibly by part of the boundary
of the paper. Each crease is incident to exactly two faces.

If a crease pattern partitions a rectangular piece of paper without holes into an
m x n regular grid of unit squares, then the piece of paper is called an m x n grid
paper or an m X n map. A crease pattern on an m X n map is called an m X n crease
pattern. To differentiate the crease pattern on a map from a general crease pattern,
we point out the difference between unfolding a letter and unfolding an envelope.
Usually both of the unfolded papers are rectangular. The creases on the letter are
parallel to the sides of the letter and all the faces are roughly of the same size and
shape. On the other hand, the creases on the unfolded envelope are not necessarily
parallel to the sides and the faces may not be of similar size. Both the patterns on
the letter and the unfolded envelope are examples of crease patterns, but the letter
becomes a map when each face of the letter is a unit square.

Folding a letter is easy when we do not have any pre-specified crease pattern on
the piece of paper. Assume that a crease pattern is drawn on the paper prior to
folding and we have to fold the letter respecting the given pattern. Then the paper
might not be foldable. Map Folding is a branch of paper folding that is concerned
with folding an m x n map with a given crease pattern, when the way the paper is
folded about each crease may or may not be specified.

When we fold a piece of paper with a given crease pattern, we are restricted to
fold the paper only along the creases. A crease can be folded either as a mountain or
as a valley. A mountain fold folds the paper such that the two faces incident to the
crease touch each other on the dark side after the fold. Similarly, a valley fold folds
the paper such that the two faces incident to the crease touch each other on the light
side after the fold.

A mountain-valley assignment is a many-to-one function from the creases in a
crease pattern to a label set {M,V}. A mountain-valley pattern is a crease pat-
tern together with a mountain-valley assignment. In other words, a mountain-valley
pattern is a crease pattern, where each crease has been assigned either a mountain
(M) or a valley (V) label. Figure 1.1 shows a mountain-valley pattern on a 3 x 3
map. The valley creases are denoted by triple-dot dashed (red) lines and the moun-
tain creases are denoted by dashed (blue) lines. We call a crease pattern without a
mountain-valley assignment an unassigned crease pattern.

In this thesis, we study folding maps with given mountain-valley patterns. From

now on, unless otherwise specified, we assume that each crease pattern has a mountain-
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Figure 1.1: A mountain-valley pattern on a 3 x 3 map.

valley assignment.

1.2 Problem Statement

We examine the following open problem posed by Jack Edmonds in 1997 [6].

Open Problem 1: What is the complexity of deciding whether an m X n map with
a giwen mountain-valley pattern is flat foldable (i.e., has a final flat-folded state)?

A flat foldable map and a final flat-folded state are defined as follows. Let P be
a map with crease pattern C. A fragment of P is a subset of faces of C that form a
connected rectangular region (without a hole). A flat folded state of P is a stack of
disjoint fragments of P that are parallel to each other, connected along the creases
of C, and such that the union of all the fragments is P. Each fragment in the stack
is called a layer. For example, a folded letter inside an envelope is a flat folded state
of the letter, where each layer consists of a single face of the letter and the layers are
connected along the creases. Figure 1.2 shows an example of a flat folded state of a
6 x 8 map. A final flat-folded state of P is a flat folded state where each layer consists

Figure 1.2: A flat folded state of P with four layers [y, [5, I3 and lj.

of exactly one face of C. If P has a final flat-folded state, then P is flat foldable. A



final flat-folded state of P is also called a final flat-folded state of C. The terminology
used is consistent with the literature [2, 1, 6].

Let P be a flat-foldable map. Then by definition, in a final flat-folded state of
P, all the faces of P must be stacked on a unit square, say in the XY-plane. Let
L be the ordering of the faces of P from bottom to top on a unit square in a final
flat-folded state of P. Then L is called a valid linear ordering of the faces of P. Using
these definitions, we can state the open problem above in a different way: given an
m X n map with a specified mountain-valley pattern, what is the complexity of deciding
whether a valid linear ordering of the faces of the map exists?

In this thesis, we investigate this problem and ask the following questions.

Problem 2: Given an arbitrary linear ordering L of the faces of a map, is it possible
to decide whether L is a valid linear ordering? If it is possible, then what is the
time complexity of this decision problem? Can we enumerate all possible valid

linear orderings of a given crease pattern on a map?

Problem 3: What are the crease patterns on a 2 X n map that do not have final
flat-folded states? Let us call them the unfoldable patterns. Is there a way to

characterize the unfoldable patterns?

1.3 Owur Contributions

In this thesis, we investigate the combinatorial properties of an m x n crease pattern
(assigned or unassigned).

We show that the adjacency relationships between the faces of a grid paper (the
concept of butterflies) can be used to determine whether a given linear ordering of
an m X n crease pattern (unassigned or assigned) is a valid linear ordering. We then
show that the adjacency relationships determine whether the light side or the dark
side of a face of the map faces up (the concept of checkerboard pattern) in a final flat
folded state (if it exists). We also show that for a specific mountain-valley assignment
of the input crease pattern, we get a directed network of the faces of the map, which
any valid linear ordering of the mountain-valley pattern must satisfy.

In summary, we get the following results in this thesis.

1. We show that given a linear ordering of the faces of an m X n crease pattern
(assigned or unassigned), we can decide in linear time whether it is a valid linear

ordering or not.



2. We prove that there is an unfoldable 2 x n mountain-valley pattern for each
and every n > 5. We also define a class of unfoldable 2 x n mountain-valley

patterns for every n > 5.

1.4 Thesis Outline

Here is an outline of the rest of the thesis.

In Chapter 2, we present a brief history of origami. We then discuss related mathe-

matical works on paper folding, emphasizing the works related to map folding.

In Chapter 3, we show that we can decide in linear time whether a given linear
ordering of the faces of a map is a valid linear ordering. We also sketch an
exponential time algorithm to enumerate all possible valid linear orderings of a

given crease pattern. (solution of Problem 2).

In Chapter 4, we characterize a class of unfoldable 2 x n patterns, for every n > 5
(solution of Problem 3).

In Chapter 5, we summarize our results, state some open problems and discuss

directions for future research.



Chapter 2

Background and Related Work

In this chapter, we give a brief history of mathematical origami and mention some
applications of origami. We then describe some previous results that are closely
related to this thesis.

2.1 History of Mathematical Origami

Origami became popular among mathematicians at the end of the 19th century. Tan-
dalam Sundara Rao [34] published a book in 1893, where he showed how to use paper
folding to trisect an arbitrary angle. A few years later, in 1897, Felix Klein [23] wrote
a book collecting some famous problems on geometry, which sparked an interest in
solving mathematical problems using paper folding. In 1930, Giovanni Vacca [9]
published an article demonstrating how paper folding can solve quadratic equations.

In 1867, Eduard Lill [8] showed how to solve a polynomial equation by drawing an
orthogonal path on the plane. Let f(z) = a,2™ + ...+ a1z + ag be a polynomial with
real coefficients. Then according to Lill’s method, a real root of f(x) can be found by
creating a path on the plane based on the coefficients of f(z). In 1936, Margharita P.
Beloch [31] showed how to construct the path in Lill’s method for a cubic equation
using paper folding. She introduced a fold called the ‘Beloch Fold’ and gave a path
construction using the Beloch fold to solve cubic equations, which refuted Rao’s [34]
claim that paper folding cannot be used to calculate the cube root of two.

The set of Huzita-Hatori azioms [18] is one of the most important contributions
in mathematical paper folding. In this context, an axiom is an elementary folding

move that makes a particular crease on the paper. The Huzita-Hator: axioms consist



of all the elementary folding moves known by 1991. The axioms were reported by
Humiaki Huzita at the First International Conference on Origami in Education and
Therapy in 1991, although originally these axioms were formulated by Jacques Justin
in 1989 [19]. Robert Lang [27] developed the first algorithm to construct crease
patterns to achieve some specific shapes, which was a major contribution in combining
art and mathematics in the field of origami.

An interesting branch of mathematical origami is flat folding, which seeks to char-
acterize flat foldable papers. Thomas Hull published a series of papers on flat fold-
ing [13-16] and a book on mathematical origami in 2006 [17]. He not only published
original research, but also brought back long forgotten works on origami. We discuss
flat folding in detail later in this chapter.

A vertex of a crease pattern is an endpoint of a crease that is not on the boundary
of the paper. Hull [16] gave upper and lower bounds on the number of flat foldable
mountain-valley assignments on a single-vertex crease pattern on a disk. Researchers
have also been interested in combinatorial problems in origami. Justin [19] enumer-
ated a number of unfoldable mountain-valley patterns on 2 x 5, 2 x 6 and 2 x 7
maps.

The permutations of a 1 x n map are the various n! linear orderings of the faces
of the map. Observe that these orderings include both valid linear orderings and
orderings that are not valid. In his famous book [11], Gardner mentions that he
was able to fold 60 permutations among the 720 for a 1 x 6 grid paper, without
the support of any algorithm. Gardner considered a 1 x 6 crease pattern without a
specific mountain-valley assignment. Therefore, each crease can be folded either as a
mountain or as a valley. A 1 x n grid paper without a mountain-valley assignment
is often referred as a strip of stamps of size n in the literature. Many researchers
concentrated on counting the number of valid linear orderings of a strip of stamps of
size n [7, 26, 35, 29]. Lunnon considered folding p x ¢ (2-dimensional) papers and
multidimensional (2 x 2 x ... x 2) papers [30], but he assumed that distortions might

be necessary for some folds.

2.2 Applications of Origami

Mathematicians have been interested in origami not only because of theoretical in-
terests, but also because origami has important applications in various fields. In the

following we mention a few of the numerous applications of origami.



- Origami has been used to create many puzzles and games. For example, we can
write one letter on each stamp in a strip of stamps . Then folding the strip to
a single square gives us an ordering of the stamps, in other words the letters,
from top to bottom or from bottom to top. It is a really interesting game for
children who are starting school to find all the anagrams with those letters that
have meanings. There are many more puzzles that require folding maps [11].
In 1942, a puzzle based on flat folding was made commercially available. The
goal of that puzzle was to put certain war criminals behind bars. That is, one
has to fold the paper into a square in such a way that two of the faces appear
behind the cut out jail windows, one at the bottom and the other on the top of
the final folded square. For more exciting games and puzzles regarding folding,

we refer the reader to [33].

- Folding techniques can be used to generate fractal curves that have applications
in graphics, animation, and tiling [5]. A good example is the Heighway Dragon
Curve [10, 3, 4], which is constructed in the following way. Take a rectangular
piece of paper and fold it in half by aligning the left edge of the paper onto the
right edge. Apply the same folding operation on it recursively. Then unfold
the paper keeping a 90° angle at each crease. Let R and L refer to a clockwise
turn by 90° and an anticlockwise turn by 90°, respectively. If we unfold after
one iteration, we get the sequence: R. After two iterations, the sequence is:
RRL. After three iterations, the sequence is: RRLRRLL. Therefore, after
each iteration, each R in the previous iteration is replaced with the sequence

RRL.

- Paper folding techniques have been used in packaging products on assembly
lines [28] and in the sheet metal industry [37]. They have also been used in
solving mathematical problems for centuries [34, 23, 31, 8]. A map folding
technique, known as Miura Folding, has been used to deploy collapsible solar

panels in space satellites [25].

2.3 Mathematics of Flat Folding

Flat Folding is a branch of paper folding that deals with flat foldability. In this

section, we review several results on flat foldability that are closely related to our



work. We first describe different folding models and then describe some complexity

results in flat folding.

2.3.1 Single-Vertex Crease Patterns

Let P be a piece of paper, where P is not necessarily of rectangular shape. Let C
be a crease pattern on P such that P is flat foldable with respect to C. Let v be a
vertex of C. Suppose we draw any circle r around v such that no other vertex of C is
on r or inside 7 (see Figure 2.1). Since P is flat foldable with respect to C, the disk
bounded by r is also flat foldable.

(a) (b)

Figure 2.1: (a) A flat foldable mountain-valley pattern on a paper P, and (b) the
disk r cut out from P where v is the center of r.

The following results are known for a crease pattern on a disk with a single vertex
v at the center of the disk.

Lemma 2.1.[21] The difference between the number of creases with the label mountain

and the number of creases with the label valley meeting at v is 2.

It easily follows from Lemma 2.1 that the number of creases incident to v is even.
In Figure 2.1(b), there are six creases around v, four of them are valleys (V) and two
are mountains (M). Therefore, || M| —|V|| = 2, where | M| and |V | denote the number

of creases labeled mountain and valley, respectively.

Lemma 2.2.[22, 19, 13| The sum of either set of alternate angles around v is .
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In Figure 2.1(b), ag + oo + a4y = 7 and «a; + a3 + a5 = 7. If the conditions stated
in Lemma 2.1 and Lemma 2.2 are satisfied for all the vertices in C, we say that the
crease pattern C is locally flat foldable.

In this thesis, all crease patterns are locally flat foldable unless stated otherwise.

2.3.2 Simple Folding

In this section, we briefly describe simple folding techniques introduced by FEsther
Arkin, Michael Bender, Erik Demaine, Martin Demaine, Joseph Mitchell, Saurabh
Sethia, and Steven Skiena [1]. We first review some terminology used in [1]. We next
describe the general definition of simple folding that is applicable both in 1D and 2D.
We then describe their algorithms to determine whether a 1D paper is flat foldable
using simple folding and a 2D paper is flat foldable using simple folding, respectively.

A 1D piece of paper is a line segment along the X-axis and a 2D piece of paper is
a connected simple polygon on the XY-plane. Creases have one less dimension than
the paper. Thus, a crease on a 1D paper is a point and a crease on a 2D paper is
a line segment. The top side of a flat folded 1D paper consists of the parts of the
paper that are visible from the positive Y-axis and the bottom side of a flat folded
1D paper consists of the parts of the paper that are visible from the negative Y-axis.
Similarly, the top side of a flat folded 2D paper consists of the parts of the paper
that are visible from the positive Z-axis and the bottom side of a flat folded 2D paper
consists of the parts of the paper that are visible from the negative Z-axis. Then the
top side and the bottom side of the unfolded paper are the light side and the dark
side, respectively. Note that in a flat folded state, the top side and the bottom side
may consist of both light pieces and dark pieces.

Let P be a paper (1D or 2D) with crease pattern C. A flat folding operation on
P maps one flat folded state of P to another flat folded state of P. A simple fold on
P is a flat folding operation on P that is performed along a crease on the top side
of a flat folded state of P. Let [; be a layer of a flat folded state of P and let ¢ be a
crease on [; that is visible on the top side. Arkin et al. [1] distinguished three types

of simple folds about the crease ¢ as follows.

1. One-layer simple fold: A one-layer simple fold along ¢ corresponds to contin-
uously rotating a portion of layer [, that is visible on the top side and incident
to the crease ¢, by 180° about c. The rotation can be either clockwise or coun-

terclockwise depending on the label of ¢ (mountain or valley). During this
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rotation, P remains rigid everywhere except at ¢ and P does not self-intersect.

Figure 2.2(a) and (b) show a one-layer simple fold on a flat folded state of a 1D
paper.

~
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Figure 2.2: (a) A flat folded state of a 1D paper with four layers [y, ls,l3,l4. The
creases are shown in black dots. We assume that the creases are labeled valley when
seen from above (i.e., positive Y-axis), (b) a one-layer simple fold of the topmost layer

l1, (c) a some-layers simple fold of the top two layers Iy, l5, and (d) an all-layers simple
fold.

2. Some-layers simple fold: A some-layers simple fold of k layers of P along
c is the operation of continuously rotating a portion of layer [ that is visible
on the top side and incident to the crease ¢ along with & — 1 layers of the
paper immediately below c. The rotation is by 180° about ¢ in clockwise or
counterclockwise direction depending on the label of c. P does not self-intersect,
and remains rigid everywhere except at ¢ on [; and at the creases on the k — 1
layers immediately below c¢. See Figure 2.2(a) and (c). Note that a one-layer
simple fold is the special case of a some-layers simple fold when k£ = 1, i.e., only

the topmost layer is folded along a crease.

3. All-layers simple fold: An all-layers simple fold is the special case of the
some-layers simple fold when k is equal to the number of layers coinciding at

the specified crease c¢. See Figure 2.2(a) and (d).

Arkin et al. [1] defined simple folding as a sequence of simple folds. A simply
folded state of a paper P (1D or 2D) is a flat folded state of P reached using simple
folding. P is simply flat foldable if there exists a final flat folded state of P that is a
simply folded state.

An orthogonal crease pattern is a crease pattern where the creases are parallel

to the sides of the paper. Notice that the creases that are parallel to the same side
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of the paper are not necessarily equidistantly spaced. Since a 1D paper is a line
segment and the creases are points on the segment, a 1D crease pattern is orthogonal
by definition. In the next two sections, we describe the algorithms given by Arkin
et al. [1] to determine whether an orthogonal mountain-valley pattern C (1D or 2D)

is simply flat foldable or not.

1D Folding

In this section, we show an algorithm given by Arkin et al. [1] to determine whether
a 1D mountain-valley pattern is flat foldable using simple folding.

Let P be a 1D piece of paper and let C = ¢y, ¢co,...,c, be the mountain-valley
pattern on P, where ¢; denotes the leftmost crease. We denote by P(t) the flat folded
state of P after ¢ flat folding operations, and by C(t) = ¢}, d, ..., ¢, the mountain-
valley pattern on P(t), where n, is the number of creases in C(¢). Then P(0) = P
and C(0) = C. For any t, ¢ and ¢}, |, denote the left end and right end of the paper
P(t), respectively. Figures 2.4(a) and (b) show a 1D paper P with a crease pattern
and a flat folded state P(2) of P after two simple folds, respectively.

2 3 1 4 2 3 3
Co C C, C3 Cy Cs Ce C7
@
5 3
2 3 1 C o I
ct cl ol ol 4 5
0 1 2 3
(b)

Figure 2.3: (a) A 1D piece of paper P with a crease pattern C = ¢y, ¢s,...,cs. The
creases with the labels mountain and valley are shown as blue and red dots, respec-
tively. (b) A flat folded state P(2) of P with the crease pattern C(2) = ¢f,c}, ..., c}
that is obtained by a pair of simple folds (called a “crimp”) along the pair of creases
¢y, c5 in C.

For any two creases ¢; and ¢} in C(t), ¢} occurs to the left of ¢} when i < j.
The distance between two creases ¢ and c} is the distance along the X-axis between
their corresponding points and is denoted by [c; — c}|. Figures 2.3(a)-(b) show the
distance between any two consecutive creases visible on the top side and between the

endpoints of the paper and the respective creases closest to them.
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Arkin et al. [1] defined the following two operations on 1D crease patterns; each

of the operations is a combination of one or two simple folds.

t
%

(a) Crimp: Let ¢, ¢l ; be two consecutive creases in C, where 1 < i < n, such that
the labels (mountain or valley) of ¢} and ¢!, are opposite. The pair of creases
Ciy Cip1 18 crimpable if |¢;1 — ¢;| > |¢; — ¢ipa1| and ¢4 — Ciga] > |ei — ciya]. A
crimp operation on the pair ¢}, ¢!, | corresponds to the application of a one-layer
simple fold on ¢! and then a one-layer simple fold on ¢} ;. Figure 2.3 shows an

example of a crimp operation.

(b) End Fold: The end ¢, |, is a foldable end if |c}, _, —c!, | > |c}, —c ;| and the
end cj is a foldable end if |c] —c4| > |cf—ci|. An end fold operation on ¢ or ¢}, |,
corresponds to a one-layer simple fold on ¢ or cflt, respectively. Figure 2.4(b)

shows the end fold operation on the left end ¢y of the paper in Figure 2.4(a).

2 3 1 4 2 3 3
@)
) 3 1 4 2 3 3
= < = < <
= da & ¢ ¢
(b)

Figure 2.4: (a) A 1D piece of paper P with a crease pattern C = ¢y, ¢a,...,cs. The
creases with the labels mountain and valley are shown as blue and red dots, respec-
tively. (b) A flat folded state P(1) of P with the crease pattern C(1) = ¢i,cl, ..., ct
that is obtained from P by an end fold operation on the leftmost crease ¢; in C.

Let P(t) be a flat folded state of a 1D paper P. We can obtain a flat folded state
P(t + 1) by applying an end fold operation on a foldable end of P(t) (if it exists).
Similarly, we can obtain a flat folded state P(t + 2) by applying a crimp on P(¢) if a
crimpable pair exists in C(¢).

Arkin et al. [1] gave the following algorithm to determine whether a given 1D
mountain-valley pattern is foldable using simple folding.

They showed that any flat-foldable 1D mountain-valley pattern is foldable by
Algorithm 1 using only one-layer simple folds or some-layer simple folds in O(n) time.
The following theorem summarizes the results of Arkin et al. [1] on 1D mountain-

valley patterns.
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Algorithm 1: 1Dsimplefolding(C)

C=cy,...,cy, is the input crease pattern
2 if n == 0 then
3 L return true

=

4 else

5 if there is a crimpable pair or foldable end in C then

6 Perform crimp or end fold and obtain the reduced crease pattern C’
L 1Dsimplefolding(C’)

7 else
L return false

Theorem 2.1. [1] Let P be a 1D mountain-valley pattern. Then the following are

equivalent:

1. P is flat foldable.

2. P is foldable by a sequence of some-layers simple folds.

3. P is foldable by a sequence of one-layer simple folds.

Moreover, “The 1D one-layer and some-layers simple-fold problems can be solved in
O(n) worst-case time on a machine supporting arithmetic on the input lengths.”

Universality of Simple Folding

Let P be a 1 X n map with a mountain-valley pattern C, where the creases are
equidistantly spaced. Uehara [36] showed that simple folding is strong enough to get

the following results on P.

Lemma 2.3. [36] Let P be a 1 x n map with the mountain-valley pattern C, where
the creases in C are equidistantly spaced. Then any flat folded state of P can be

reached by a sequence of end folds.

By Lemma 2.3, any 1 X n mountain-valley pattern is flat foldable using simple

folding.
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2D Folding

In this section, we give a brief overview of the algorithm given by Arkin et al. [1] to
decide whether a 2D orthogonal crease pattern is simply flat foldable (i.e., flat foldable
using simple folding). Since we focus on map folding in our thesis, we describe their
algorithm for m x n maps.

A crease line is a maximal set of creases that are collinear and visible on the top
side of a flat folded state of a map such that the line extends all the way across the
top side. An unfolded m x n map has exactly m — 1 horizontal crease lines and n — 1
vertical crease lines. A crease line is homogeneous if all the creases on the line have
the same label. Figure 2.5 shows a 4 x 4 map with two horizontal homogeneous crease

lines.

cly ==

cy |- - -

Figure 2.5: An m x n map with two homogeneous crease lines.

Let P be an m x n map with the crease pattern C. Let S be a flat folded state of
P. Sis a valid simply flat folded state if all the pairs of creases that lie on one another
have the same label (mountain or valley) when looking down from the positive Z axis.
Note that a crease with a mountain label on the light side of the paper has the label
valley on the dark side of the paper and vice versa. If S is a valid simply flat folded
state, we say that all the creases in C match up in S.

Let H be the set of all the homogeneous crease lines in S. Since C is locally flat
foldable, H cannot have both horizontal and vertical crease lines. This is because in
that case, the vertex v, where a vertical homogeneous crease line and a horizontal
homogeneous crease line intersect, cannot have three mountain creases and one valley
crease or three valley creases and one mountain crease. Otherwise, Lemma 2.1 would
not hold at v.
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We now describe the algorithm given by Arkin et al. [1]. The input of the algorithm
is an m x n map P with a crease pattern C. By definition, the initial unfolded state
of P is a valid simply flat folded state. The first step of the algorithm is to find
the set H of homogeneous crease lines. Without loss of generality we assume that H
contains horizontal crease lines. If ‘H is empty, then no simple fold can be made and
P is not flat foldable using simple folding. Otherwise, there is at least one crease line
in H. Arkin et al. [1] proved that the creases in H must be folded before any other

crease using the following lemma.

Lemma 2.4. [1] Let P be an m x n map with the mountain-valley pattern C. Let H
be the set of all the horizontal homogeneous crease lines in any flat folded state S of

P. Then all the creases in H must be folded before any other crease in C in a simple
folding.

Proof. Since simple folds can be applied only to the creases on the top side of a flat
folded state, it suffices to show that the creases in ‘H must be folded before any crease
on the top side of S. Suppose for a contradiction that some other crease can be
folded before the crease lines in H. By definition, a simple fold maps a flat folded
state of P to another flat folded state of P. Therefore, we have to fold the paper
along a crease line. But there are no other vertical or horizontal crease lines in .S that
are homogeneous and hence, we cannot fold the paper along any other crease line, a

contradiction. Therefore, no other crease can be folded before the creases in H. [J

The second step of the algorithm is to apply simple folds along the crease lines in
‘H. To determine whether the crease lines in H can be folded using simple folding,
they considered the crease pattern C’ obtained from C by removing all the creases that
are not in ‘H and merging all the creases along each crease line in H into one crease.
Since H contains only horizontal crease lines, C’' is a 1D crease pattern. Therefore,
Algorithm 1 can be applied on C’ to obtain a flat folded state S” of P if it exists and
we proceed to the next step. If such a flat folded state does not exists, then P is not
simply flat foldable.

The third step of the algorithm is to check whether S’ is a valid simply flat folded
state. If all the creases in C match up in S, then the three steps of the algorithm are
applied on S’ recursively. Otherwise, P is not simply flat foldable.

The formal description of the algorithm is given below.
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Algorithm 2: 2Dsimplefolding(C)

1 C is the input crease pattern
if there are no unfolded creases in C then

N

3 L return true

4 Find the set of homogeneous crease lines H

5 if H == ¢ then

6 L return false

7 else

8 Let the 1D crease pattern obtained by merging the creases on each crease
line in H into one crease and removing all other creases of C be C'.

9 Apply Algorithm 1 on C’

10 if C' is flat foldable then

11 Let the flat folded state obtained after folding the creases in C’' be S’.

12 if S” is a valid simply flat folded state then

13 Let the crease pattern on the top side of S" be C”

14 2Dsimplefolding(C”)

15 else

16 L return False

17 else

18 L return false

The following theorem states the correctness of the algorithm.

Theorem 2.2. [1] Some-layers simple folding of an orthogonal crease pattern on a

rectangular piece of paper can be done in linear time using Algorithm 2.

Complexity Results

In this section, we briefly mention the computational complexity of various foldability
problems.

Bern and Hayes [2] proved that both the flat foldability and the assigned flat
foldability problems are NP-complete. The flat foldability problem asks whether a
paper with a given crease pattern has a final flat folded state, where the creases are
not necessarily labeled and the crease pattern satisfies Lemma 2.2. The assigned
flat foldability problem asks whether a paper with a given locally flat foldable crease
pattern has a final flat folded state, where each crease is labeled either mountain or

valley. The hardness proofs of these two problems are based on a reduction from the
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Not-All-Equal-3-SAT problem. For details on the theory of computational complex-
ity including the Not-All-Equal-3-SAT problem, we refer the reader to Garey and
Johnson [12].

Arkin et al. [1] proved NP-completeness for some variations of the flat foldabil-
ity problem. They showed that it is weakly NP-hard (i.e., there exists a pseudo-
polynomial time algorithm) to decide whether a 2D axis-parallel mountain-valley
pattern is simply flat foldable, where the initial paper is allowed to be an arbitrary
orthogonal polygon. They also showed that it is weakly NP-hard to decide whether
a mountain-valley pattern on a square piece of paper can be folded by some-layers
simple folds, where the creases are allowed to be axis-parallel and at a 45° angle. The
decision problems are weakly NP-hard because both of the hardness proofs reduce the
Partition problem, which is weakly NP-hard according to Garey and Johnson [12].
They also proved that the problem of deciding whether an orthogonal piece of paper
(a piece of paper with axis-parallel edges that is not necessarily rectangular) with
an orthogonal crease pattern (without a mountain-valley assignment) is simply flat

foldable is weakly NP-complete, for both all-layers and some-layers simple folds.

2.4 Conclusion

In this chapter, we described a brief history of mathematical origami. We then
sketched some results from the literature on flat folding that are closely related to
our work. We finally discussed the complexity results on this topic. In the next
chapter, we focus on wvalid linear orderings. We show that we can decide whether a
given linear ordering of the faces of an m x n crease pattern is a valid linear ordering

in time linear to the size of the input linear ordering.
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Chapter 3
Valid Linear Orderings

In this chapter, we show that given any linear ordering L of the faces of an m xn crease
pattern C (assigned or unassigned), we can decide in linear time whether L is a valid
linear ordering. In Section 3.1, we define the necessary terminology that we use in
this chapter. Then in Section 3.2, we give linear time algorithms for deciding whether
a given linear ordering of an unassigned crease pattern is a valid linear ordering. In
Section 3.3, we solve the same decision problem as in Section 3.2 for mountain-valley
patterns. Finally, in Section 3.4, we briefly sketch an exponential-time algorithm to

enumerate all the valid linear orderings of a crease pattern on a map.

3.1 Preliminaries

Let P be an m x n map with crease pattern C. A wverter of C is an endpoint of a
crease of C that is not on the boundary of the paper. A wvertex of P is either an
endpoint of a crease or a corner of the boundary of P. We call a vertex of P that is
not a vertex of C a dummy vertez. Figure 3.1(a) shows the vertices of a 3 x 3 map,
where the dummy vertices are shown as red disks.

An edge of P is either a crease or a straight line segment between two consecutive
vertices on the boundary of P. A face of C is a unit square bounded by four edges of
P. For example, the crease pattern in Figure 3.1(a) has nine faces. We denote by f; ; a
face of C that has the vertices v; j, Vit1,j, Vi j+1, Vit1,j41 on its boundary. Figure 3.1(b)
shows all the faces of the crease pattern in Figure 3.1(a). For each face f;; of C, we
associate the creases (v; ;,vi+1,;) (left side of the unit square), where 0 < j < n, and

(vij,vij+1) (top of the unit square), where 0 < i < m, to f; ;. The creases associated
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foo P for | fo2
Mo M1 M2 M3

fl,O — fl,l ~ f1,2

Vol Vil V%ol Vg : : :

f2,0 — f2,1 — f2,2

0 51 52 33

@ L \ \
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Figure 3.1: (a) A 3 x 3 map with crease pattern C, where the vertices of C are shown
as black disks and the dummy vertices of P are shown as red disks. (b) The faces of
C.

with each face are shown in Figure 3.1(b).

A column c; of C is a set of m faces fo;, fi,.-., fm—1,, where 0 <j <n—-1. A
row r; of C is a set of n faces fio, fi1, ..., fin—1, where 0 < i < m — 1. The creases
associated with a column c; are the creases associated with the faces in ¢;. Similarly,

the creases associated with a row r; are the creases associated with the faces in r;.

3.2 Unassigned Crease Patterns

Let P be an m x n map and let C be the unassigned crease pattern. In this section,
we show that we can decide whether a given linear ordering of the faces of C is
a valid linear ordering. We first introduce the concepts of “checkerboard pattern”
and “butterflies”. We then use those concepts to recognize a valid linear ordering in

O(mn) time.

3.2.1 Checkerboard Pattern

Let us assume that P is flat foldable and let L be the linear ordering of the faces of C
in a final flat folded state Sy of P. Without loss of generality we assume that the face
fo,0 is facing light side up in Sy and the vertex vy is incident to the top-left corner
of the unit square on which the faces are stacked. It is easy to observe that the faces
that share an edge with fo must face dark side up. In a similar way, if a face f; ;,

0<i<m-—1land 0 <j <n—1,is facing light side (respectively, dark side) up,
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then all the faces that share an edge with f; ; must face dark side (respectively, light
side) up. So the faces of C form a checkerboard pattern, where the color of a face f
depends on which side of f must face up in any final flat folded state of P (under our

assumption), as shown in Figure 3.2.

foo fo1 fo2 fos
fio f11 f12 f13
f20 fo1 f22 f3

Figure 3.2: A 3 x 4 crease pattern C. The faces pointing light side up in the final flat
folded state are shown in white and the other faces are shown in gray.

From now on, we assume that the face foo faces light side up in any final flat
folded state of P (if one exists), and the vertex vyq is incident to the top-left corner

of the unit square on which the faces are stacked.

3.2.2 Butterflies

A butterfly B is a pair of faces f, f’ of C incident to the same crease e. We call f and
f" the wings of B and the crease e the hinge of B. A pair of butterflies is a set of two
butterflies B; and By that have no wing in common.

Let S be any flat folded state of P and let By, By be a pair of butterflies such that
the wings of By, By lie above the same unit square u on the XY-plane and the hinges

of By, Bs lie above the same edge of u (see Figure 3.3).

S

Figure 3.3: A pair of butterflies Bj, By, where (a) By is stacked on By, (b) B is
stacked on By, (¢) B; nests in By, and (d) B nests in By.
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Let the wings of By and By be fi, fi and f, f}, respectively. Here, f; and f,
denote the lower wings and f] and f; denote the upper wings of their respective
butterflies. Then the ordering of the four wings from bottom to top must be one of
the following: (fi. f1, for f2)s (for fos Frs F1)s (o fis f1s f3) 08 (fr, for fou £1), as shown
in Figure 3.3(a)—(d), respectively. Note that the ordering of the wings cannot be
(f1, fo, f1, 15) or (fa, f1, f5, f1) as P would self-intersect. If the order of the wings is
as in Figure 3.3(a) or (b), we say that B; and By stack. Otherwise, we say that By

and By nest.

f1o f11 f12 fis
fo0 fo1 fo2 f23
fo1 fo2 foo fo1 fo2 fos
u
f11 fi2 fio f11 f12 fi3
foq f22 fo0 foq f22 fo3
foo fo1 fo2 fos
f10 f1a fi2 fis

Figure 3.4: The unit square u on the XY-plane. The 3 west butterflies of C in
Figure 3.2 are shown to the left of u. The 6 east butterflies of C are shown to the
right of u. The 4 north butterflies of C are shown above u and the 4 south butterflies
of C are shown below .

If P is flat foldable, then there exists a final flat folded state of P where all the
faces of C are lie above a unit square v on the XY-plane. In any final flat folded
state (if one exists) of P, vy is incident to the top-left corner of u. Therefore, the
horizontal creases in row r;, 0 < ¢ < m — 1, lie above the top edge of u when 7 is
even. We call the butterflies that have these creases as hinges the north butterflies.

Similarly, the horizontal creases in row r;, 0 < i < m — 1, lie above the bottom edge



23

of w when 7 is odd. We call butterflies with these hinges the south butterflies. The
vertical edges in column ¢;, 0 < j < n —1, lie above the left edge of © when j is even
and they lie above the right edge of u when j is odd. We call butterflies with those
hinges the west butterflies and the east butterflies, respectively. Figures 3.4 shows
all the north butterflies, east butterflies, south butterflies and west butterflies of the
crease pattern in Figure 3.2 in clockwise order around the unit square u starting from
the top.

A pair of butterflies B; and B, is called a pair of twin butterflies if both of them

are north butterflies or south butterflies or east butterflies or west butterflies.

3.2.3 Recognizing Valid Linear Orderings

In this section, we describe our algorithm to decide whether a given linear ordering
of the faces of C is a valid linear ordering.

Let L be any arbitrary linear ordering of the faces of C. For each pair of twin
butterflies By, By in C, we check whether B;, By nest, stack or intersect in L. If
each pair of twin butterflies in C either stacks or nests in L, then L is a valid linear
ordering. Otherwise, it is not a valid linear ordering. The formal description of the

algorithm is given below.

Algorithm 3: RecogUnassign VLO(L, m, n)

L is the input linear ordering of the faces of an m x n map
if there are more or less than mn faces in L then
L return false

for each pair of twin butterflies By, By do
L if By and By intersect then

W N =

=B L S

L return false

The following theorem proves the correctness of Algorithm 3.

Theorem 3.1. (Butterfly Condition) Let P be a map with unassigned crease
pattern C. Let L be a linear ordering of the faces of C. Then L is a wvalid linear

ordering if and only if every pair of twin butterflies either stacks or nests in L.

Proof. We first assume that L is a valid linear ordering. Then by definition, L gives
a final flat folded state of P, where no pair of twin butterflies intersect each other.

Therefore, each pair of twin butterflies either nests or stacks.
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We now assume that each pair of twin butterflies either stacks or nests in L. We
first decompose P into m x n distinct unit squares, where each square is a face of
C. Each of these squares has a light side and a dark side. We stack these squares on
a unit square u according to the linear ordering L. The checkerboard pattern of C
decides for each face whether it faces dark or light side up. For each north butterfly
B in P, we join its two wings (along the hinge of B) such that its hinge lies above the
top edge of u. Since any two north butterflies either nest or stack, there will be no
intersection of butterflies. We join the wings of the south, east and west butterflies
along the bottom, right and left edge of w in a similar way. In this way, we construct
a final flat folded state Sy of P and L is the linear ordering of the faces of C in Sy.

Therefore, L is a valid linear ordering. O]

We now calculate the running time of Algorithm 3 and show that with careful

implementation, the running time can be reduced to be linear in the size of the input.

Theorem 3.2. The running time of Algorithm 3 is O(m?*n?). With a careful imple-
mentation, the running time can be reduced to O(mn) which is linear in the size of

the input.

Proof. The number of north butterflies is | 5+ | x n. Similarly, the number of south
butterflies is ["1] X n. The number of west butterflies is |25+ | x m and the number
of east butterflies is [25%] x m. Therefore, there are O(m?n?) pairs of twin north
butterflies, O(m?n?) pairs of twin south butterflies, O(m?n?) pairs of twin west butter-
flies and O(m?n?) pairs of twin east butterflies. Therefore, Algorithm 3 has to check
O(m?®n?) pairs of butterflies. Since it takes O(1) time to check whether a pair of but-
terflies stacks or nests, the total time for the checking is O(m?n?) x O(1) = O(m?*n?).

We can reduce the time complexity from O(m?n?) to O(mn) by reducing the
number of comparisons. Suppose that By, By is a pair of twin butterflies such that
B nests in By in L. Let By, B3 be another pair of twin butterflies. If B3 nests in B;
in L, then it must also nest in By. Therefore, we do not need to check the pair of
twin butterflies By, B3 for intersection. We now apply this idea, which is similar to
balanced parentheses checking, to give an improved implementation of our algorithm
as follows.

We first show how to check the north butterflies for intersection. Let B be a
north butterfly. Then its two wings must be the faces f;; and fi;1;, where 1 <
1 <m-—2,0<j5<n-—1and:is odd. We now take a two dimensional array

MI[0...m —1][0...n — 1] and a stack S[1...mn]. At first the stack is empty and
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each of the entries in M is 0. We take the faces in the order given by L and process

them as follows. Let the current face be f,,. We consider the following steps.

o Ifx <1,orz>m—2andm iseven, then f,, is not a wing of a north butterfly.

Therefore, we proceed to the next face in L. Otherwise, we examine M [z, y].

(a) If the entry M|z, y] contains 0, then it is the wing of a butterfly that occurs
before the other wing. We push the face f,, to S. If x is odd, then we set
the entry M[z + 1,y] = 1, and if z is even, then we set M[z — 1,y] = 1.

(b) If M[xz,y] contains 1, then the other wing of the corresponding butterfly
is already in the stack. In this case, we check the top of the stack. If the
topmost face in the stack is fy41, (v is odd) or f,_1, (x is even), then we
pop the topmost face and proceed to the next face. Otherwise, there is an

intersection, and hence L is not a valid linear ordering.

We stop when either we detect an intersection or we reach the end of L. Therefore,
checking for intersection between any pair of north butterflies takes O(mn) time.

We next check the south, west and east butterflies in a similar way. For a south
butterfly, the two wings are the faces f; ; and fi11 j, where0 <i <m—-2,0<j5 <n-1
and 7 is even. For a west butterfly, the two wings are the faces f; ; and f; j11, where
0<i<m-—1,1<j<n-—2andjis odd. For an east butterfly, the two wings are
the faces f;; and f; j11, where 0 <i<m —1,0<j <n—2and j is even. The total
running time of the algorithm is 4 x O(mn) = O(mn), which is linear in the size of

the input linear ordering L since L is a linear ordering of mn faces. m
The following corollary easily follows from Theorem 3.2.

Corollary 3.1. Let C be a 2 X n unassigned crease pattern and let L be a linear
ordering of the faces of C. Then Algorithm 3 decides whether L is a valid linear

ordering in O(n) time.

We now give an example to show how the algorithm works.

Assume that for the 3 x 4 crease pattern in Figure 3.2, we are given a linear or-
dering L = (fo,0, f1,0, fo,1, fo,1, f115 1.2, f2.0, fo2, fo2, fo3, f1.3, f2,3). We want to check
whether L is a valid linear ordering. We will show how to check for intersection for
the north butterflies shown in Figure 3.5(a).

In Figure 3.5, we show the states of array M and stack S when we check the north

butterflies for intersection. We start from face fyo, which we ignore since it is not a
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wing of a north butterfly (see Figure 3.5(b)). We then go to the next face f o, which is
the wing of a north butterfly that has occurred before the other wing fs . Therefore,
we push f o in the stack and set M[2,0] = 1, as shown in Figure 3.5(c). The algorithm
skips fo1 (Figure 3.5(d)) and then pushes fo; in the stack (Figure 3.5(e)). The next
face is f11, where the other wing fs; of the same butterfly is already on the top of
the stack. Therefore, we pop fo;1 as in Figure 3.5(f). When we are at the face foq
(Figure 3.5(h)), the other wing f1 is not the topmost face in the stack. Here, we
have detected an intersection between the north butterflies with wings fi 9, f2,0 and

f1,2, f2.2. Therefore, L is not a valid linear ordering.

foo fio
‘ ; 0o 1 2 3 0o 1 2 3
f
f10 11 12 13 olo|o]o]o olo|o]o]o
1lololofo 1lololofo
f f f
f20 21 22 2 >lo]lo]o]o 2111000 f10
M S M S
@ (b) (©
fo1 fa1 f11
o 1 2 3 0o 1 2 3 0o 1 2 3
0olo0ofO0O|]0O0]O0 0olof0O0|]0O0]O0 0lo0fO0O|]0O0]O
1lolofofo 1lol1lofo - 1lol1lofo
2(/1]10]0]O0 f1o 211(0([0]O fio 211(0([0]O fio
M S M S M S
(d) ® ()
fio f20
o 1 2 3 0o 1 2 3
olofo0|0O0]O 0olo0ofO0O|]0O]O
1lof1]o]o s tjojr]ofol M, ]
21110 1]|O0 fl,O 21110110 fl,o
M S M S
(9) (h)

Figure 3.5: (a) The north butterflies of the crease pattern in Figure 3.2. (b)-(h) The
steps of Algorithm 3.
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3.3 Mountain-Valley Patterns

Let P be an m x n map and let C be the mountain-valley pattern on P. In this
section, we show that we can decide whether a given linear ordering of the faces of C
is a valid linear ordering in O(mn) time. We first introduce the concept of “directed
networks”. We then use this concept to recognize valid linear orderings of C by

modifying Algorithm 3 from the previous section.

3.3.1 Directed Networks

Let B be a butterfly of P with hinge e and wings f, f’. Since f and f’ are adjacent
faces, exactly one of them has light side up in the checkerboard pattern. Without loss
of generality, we assume that f has the light side up. Then the label of e (mountain
or valley) determines the ordering of f and f’. If e has the label mountain, then f
(the face with the light side up) comes above f’ (the face with dark side up). We
denote the ordering by f < f’, where < means ‘comes above’. On the other hand,
if e has the label valley, then the ordering is f’ < f. The labels of all the creases
give a directed network (of the faces) of C. For example, Figure 3.6(a) shows a 2 x 2
mountain-valley pattern C and Figure 3.6(b) shows the checkerboard pattern of the

faces of C. The creases ey, es, €3 and e; impose the following directed network. (See

fo1 foo fo1

)
—

o

[=)

g fi0  fi1 f10 fi1

@ (b) (©

Figure 3.6: (a) A 2 X 2 mountain-valley pattern, (b) the checkerboard pattern, and
(c) the directed network.

Figure 3.6(c).)

1. fo. is facing dark side up and fy is facing light side up. Since e; has the label

mountain, then foo < fo1.

2. fo. is facing dark side up and f;; is facing light side up. Since ez has the label

mountain, then f1; < fo1.
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3. fi1 is facing light side up and f1 is facing dark side up. Since e4 has the label
Valley, then fl,g < f171.

4. foo is facing light side up and f; o is facing dark side up. Since e, has the label

mountain, then foo < fi0.

Since fo comes above all other faces, it must be the topmost face. Similarly, the
bottommost face must be fy;. In fact, in this particular example, the directed net-
work gives a unique candidate for a valid linear ordering of the faces of C, which
is L = (fo0, f1,0, f11, fo1) from top to bottom. Notice that the directed network in
Figure 3.6(c) is a directed acyclic graph (DAG). But such a directed network may

contain cycles, as shown in Figure 3.7. We now prove that the directed network of

foo E fo1 : fo2 fo fo1 fo2
f10 : f1a : f12 f10 f1a f12
f20 : b1 1 f2 f20 fo1 fo2
! |
(€Y (b)

Figure 3.7: (a) A 3 x 3 mountain-valley pattern, and (b) its directed network that
contains a cycle foo < fo1 < fo2 < fi2 < fa2 < f21 < fo0 < f1,0 < foo-

any flat foldable m x n mountain-valley pattern must be a DAG.

Lemma 3.1. Let C be an m x n mountain-valley pattern. If C is flat foldable, then
its directed network N is a directed acyclic graph.

Proof. Suppose for a contradiction that N contains a cycle f; < fo < fz3 < ... <
fr = fi. Since C is flat foldable, there is a final flat folded state that gives a valid
linear ordering L of the faces of C. Let L' be the ordering of the faces fi, fa, ..., fx
within L. Since L’ is a linear ordering of faces, it cannot satisfy all the constraints

imposed by a cycle. Consequently, the ordering of the faces in L' cannot satisfy
f1-<f2-<f3'<...-<fk-<f1. ]
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3.3.2 Recognizing Valid Linear Orderings

In this section, we give an algorithm to decide whether a given linear ordering of the
faces of a mountain-valley pattern C is a valid linear ordering of C.

Let L be any linear ordering of the faces of C. For each pair of twin butterflies
By, By in C, we check whether By, By nest, stack or intersect in L. If they either stack
or nest, then we check whether the ordering of the wings of By and B, satisfies the
ordering in the directed network. If each pair of twin butterflies satisfies the ordering
in the directed network and does not intersect, then L is a valid linear ordering.
Otherwise, it is not a valid linear ordering. The formal description of the algorithm

is given below.

Algorithm 4: RecogAssignVLO(L, m,n, N)
L is the input linear ordering of the faces of an m x n mountain-valley pattern
N is the directed network of the mountain-valley pattern

if there are more or less than mn faces in L then
L return false

N

5 for each pair of twin butterflies By, By do
6 if B, and B, intersect then
7 L return false

8 else
9 if the ordering of the wings of By and By does not satisfy N then
10 L return false

The following theorem proves the correctness of Algorithm 4.

Theorem 3.3. Let P be a map with the mountain-valley pattern C. Let L be a linear
ordering of the faces of C. Then L is a valid linear ordering if and only if (a)-(b)
hold: (a) every pair of twin butterflies either stacks or nests in L (i.e., satisfies the
Butterfly Condition), and (b) L satisfies the directed network N of C.

Proof. We first assume that L is a valid linear ordering of C. Then Conditions (a)
and (b) must hold. Therefore, we assume that Conditions (a) and (b) hold. Then in
a similar way as in the proof of Theorem 3.1, we can decompose P into unit squares
and construct a final flat folded state using the linear ordering L. Since no pair of
twin butterflies intersect in L, we can always construct such a final flat folded state.

Therefore, L is a valid linear ordering. ]
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We now calculate the running time of Algorithm 4 and show that with careful

implementation, the running time can be linear in the size of the input.

Theorem 3.4. The running time of Algorithm 4 is O(m?*n?). With a careful imple-
mentation, the running time can be reduced to O(mn) which is linear in the size of

the input.

Proof. Since there are O(m?n?) pairs of twin butterflies, and it takes O(1) time to
check whether a pair of twin butterflies intersect and whether the order of the wings of
each butterfly satisfies the ordering given by the directed network, the total running
time of Algorithm 4 is O(m?n?) x O(1) = O(m?*n?).

We now show a careful implementation to reduce the time complexity. We first
check for each pair of north butterflies whether they intersect or not. We take a two
dimensional array M[0...m—1][0...n—1] and a stack S[1...mn]. At first the stack
is empty and each of the entries in M is 0. In the previous section we updated M
during the processing of each face in L. Here we preprocess M based on the directed
network of C, and M remains unchanged during the processing of the faces. Here are
the rules for preprocessing M.

For each 1 < i < m — 2, where i is odd, and for each 0 < 7 < n — 1, we do the

following:

- If f; ; faces light side up in the checkerboard pattern of C and the crease between
fijs fix1; is labeled mountain, then set M[i + 1,j] = 1. This means that the

face f;; must occur in L before the face fii1 ;.

- If f; ; faces dark side up in the checkerboard pattern of C and the crease between

fijs fiz1; is labeled mountain, then set Mz, j] = 1.

- If f; ; faces light side up in the checkerboard pattern of C and the crease between
fijs fix1; is labeled valley, then set M[i, 5] = 1.

- If f; ; faces dark side up in the checkerboard pattern of C and the crease between
fijs Jix1,; is labeled valley, then set M[i + 1, j] = 1.

We now take the faces in the order given by L and process them as follows. Let

the current face be f; .

o [f z <1,or x>m—2and m is even, then it is not a wing of a north butterfly.
Therefore, we proceed to the next face in L. Otherwise, it is the wing of a north

butterfly and we examine M|z, y].
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— If M[z,y] = 0, then it is the wing of a butterfly that occurs before the
other wing. We push the face f,, to S.

— If M[z,y] = 1, the other wing of the corresponding butterfly is already in
the stack. In this case, we check the top of the stack. If the topmost face in
the stack is fy41, (zis odd) or f;_1, ( is even), then we pop the topmost
face and proceed to the next face. Otherwise, there is an intersection, and

hence L is not a valid linear ordering.

We stop when either we detect an intersection or we reach the end of L. Therefore,
checking for intersection among the north butterflies takes O(mn) time. We next
check the south, west and east butterflies in a similar way. The total running time of
the algorithm is 4 x O(mn) = O(mn) which is linear in the size of the input linear

ordering L. O]

3.4 Enumerating Valid Linear Orderings

In this section, we sketch the outline of an exponential-time exact algorithm to enu-
merate all the valid linear orderings of an m x n crease pattern C.

We first assume that C is a mountain-valley pattern. Then there is a unique
directed network A of C. We assume that A is a directed acyclic graph; otherwise
C is not flat foldable by Lemma 3.1. We now enumerate all the linear orderings of
the faces of C using the algorithm of [32], which takes constant amortized time; i.e.,
the total running time of the algorithm is O(e(N)), where e(N) is the number of
linear orderings generated by the algorithm from the partial order A/. We can decide
whether a linear ordering is a valid linear ordering in O(mn) time. From Theorem 1.1
of [20], we know that e(N) < 2mnleg(mm)=HW)) < gmnlog(mn) " where H(N) < logmn
is the entropy function of A/. Therefore, enumerating all valid linear orderings takes
O(mn) x O(2m1es(mn)) = O(mn - 2mnloe(mn)) time,

We demonstrate how the algorithm works on a mountain-valley pattern for a
small example. Let C be the 2 x 3 mountain-valley pattern shown in Figure 3.8(a).
From its partial order diagram in Figure 3.8(b), we get two partial orderings foo <
fio =< fi1 < fo1and fo2 < fi2 < fi1 < foi. Combining these two partial ordering

diagrams, we get the following linear orderings of the faces.

(a) fo2 < fi2 < foo < fio < fi1 < fo1 (a valid linear ordering)
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1 ]
1 1
foo © foa ! fo2 foo foa fo.2
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Figure 3.8: (a) A 2 x 3 mountain-valley pattern, and (b) its directed network.

(b) fo2 < foo < fiz2 < fio < fi1 < fo1 (not a valid linear ordering)
(¢) foo = foo = fio = fiz = fi1 =< foa (a valid linear ordering)
(d) foo < fo2 < fi2 < fio < fix < foa (a valid linear ordering)
(e) foo < fo2 < fio < fi2 < fi1 =< fo1 (not a valid linear ordering)
(f) foo < fio < fo2 < fi2 < fi1 < fo1 (a valid linear ordering)

Therefore, there are four valid linear orderings of C.

We now enumerate all the valid linear orderings of C when C is an unassigned
crease pattern. Without loss of generality, we assume that n > m. One can enumerate
all the mountain-valley assignments of C using the local flat foldability property.
There are m(n — 1) vertical creases and (m — 1)n horizontal creases in C. Without
loss of generality we first assign labels (mountain or valley) to all the horizontal
creases and to the n — 1 vertical creases of row ry. For all the vertical creases in the
other rows, we have to choose the appropriate labels to keep the pattern locally flat
foldable. Therefore, there can be 20~ Hntn—1 — 9mn=1 ]5cq]ly flat foldable mountain-
valley assignments for C. The corresponding directed networks may not be acyclic.
We can check whether a directed network is a directed acyclic graph (DAG) in O(mn)
time [24]. Recall that for each of the mountain-valley assignments, we can enumerate
all valid linear orderings in O(mn - 2m"°&(mn)) time. Therefore, it takes O(mn -

2(mnlog(mn)) . gmn=1) time to enumerate all valid linear orderings of C.
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3.5 Conclusion

In this chapter, we gave Algorithm 3 to decide whether a linear ordering L of the faces
of an m x n unassigned crease pattern is a valid linear ordering, and Algorithm 4 to
decide whether a linear ordering L of the faces of an m x n mountain-valley pattern
is a valid linear ordering. We proved that, if L is a valid linear ordering, then it
satisfies the Butterfly Condition (Theorem 3.1 and Theorem 3.3). We also gave an
exponential-time exact algorithm to enumerate all valid linear orderings of a given
crease pattern (assigned or unassigned).

As a final remark for this chapter, we now discuss generalization of the Butterfly
Condition for any flat folded state of a map P.

Butterfly Condition Generalization: Let uq,us be two unit squares on the
XY-plane adjacent along an edge e. Let S be any flat folded state (not necessarily
a final flat folded state) of P. Let By and B, be any two butterflies of P such that
their hinges lie above e. Let the wings of By and By be f1, f{ and fs, f5, respectively.
Figures 3.9(a)—(c) show B;, By and e on the XY-plane, respectively. Since S is a flat

@ (b) ©

Figure 3.9: (a) By, (b) B, (¢) e and uy, ug, (d)—(f) invalid orderings of faces in a flat
folded state.

folded state, the following conditions must be satisfied to ensure that B; and By do

not intersect each other. We call these conditions the generalized butterfly conditions.

fi1, f21 lie above the unit square u; and fi, fo2 lie above u,. In this case,
if the ordering of the faces fi1, fo1 from top to bottom is fi 1, fo1 then the
ordering of the faces fi 2, fo2 from top to bottom must be fi 2, fo2. Otherwise,

the butterflies intersect as shown in Figure 3.10(a).

fi1 lies above the unit square u; and fy, fi2, f22 lie above u,. In this case,

the ordering of the faces fa1, fi1,2, f22 from top to bottom must be one of the
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@ (b) ©

Figure 3.10: (a) By, (b) Ba, (c¢) e and uy, us, (d)—(f) invalid orderings of faces in a
flat folded state.

following: (fi2, f2,1, f22), (fr2: f22, f21), (f21, f22, f12) or (f22, fo1, fi2). An

invalid ordering of the faces in this case is shown in Figure 3.10(b).

All the faces fi 1, f21, fi12, f2,2 lie above the same unit square u,. In this case,
either By, By stack or they nest, satisfying the Butterfly Condition (Theorem 3.1
and Theorem 3.3). An invalid ordering of the faces in this case is shown in
Figure 3.10(c).
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Chapter 4

Unfoldable Maps

An unfoldable pattern is a mountain-valley pattern that does not have a final flat
folded state. In this chapter, we show all the 2 X 5 mountain-valley patterns that
are not flat foldable, i.e., that are unfoldable. We then generalize those unfoldable
patterns to define a class of 2 x n unfoldable mountain-valley patterns, for every
n > 5. We note that Justin [19] enumerated all the unfoldable 2 x n mountain-valley
patterns for 5 <n < 7.

4.1 Preliminaries

In this section, we introduce the terminology that we use in this chapter.

4.1.1 2 x n Maps

Let P be a 2 x n map with a mountain-valley pattern C. By definition, there are n
horizontal creases. We call each of these creases a spinal crease and collectively we
call these creases the spine. We call the n — 1 vertical creases above the spine the
upper ribs and the remaining creases the lower ribs. We denote the upper ribs in C
by uy, us, ..., u,_1 from left to right as shown in Figure 4.1. Similarly, the lower ribs
are denoted by [y, 1[5, ..., 1,1 from left to right, and the spinal creases are denoted by
S1, 82, ...,8, from left to right,

Assume that C is flat foldable. Suppose some u; and [;, where 1 < i < n—1, have
the same label (mountain or valley). Then by Lemma 2.1, the label of s; must be
opposite of the label of s;11. Let H be the set of all the vertical homogeneous crease

lines. We call H the set of pre-spine folds. For the crease pattern in Figure 4.1,
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Figure 4.1: A 2 x 7 mountain-valley pattern.

H = {{us, lo}, {us, ls},{ue, ls}}, where {us,lo},{us,l3} and {ug,ls} are the vertical

homogeneous crease lines or the pre-spine folds.

4.1.2 Symmetric Closure

Let C be an m x n mountain-valley pattern on an m x n grid paper P. The symmetric
closure ! of C is the set of all the m x n mountain-valley patterns that can be obtained

by applying zero or more of the following operations on C.
1. MirrorX: Taking the mirror image of C with respect to the X axis.
2. MirrorY: Taking the mirror image of C with respect to the Y axis.

3. Switch: Switching the mountain labels to valley and the valley labels to moun-

tain.

Figure 4.2 shows the symmetric closure of a 2 x 3 mountain-valley pattern. Note
that since we are looking down from the positive Z-axis, the X-axis is parallel to the
left side of the paper and the Y-axis is parallel to the top of the paper as shown in
Figure 4.2(a).

We now have the following observation.

Observation 4.1. Let C be a mountain-valley pattern on an m x n grid paper P and
let Cs(C) be the symmetric closure of C. Then the following (a)-(d) hold for Cs(C).

(a) When applying multiple operations on P, changing the order of operations does

not give a new mountain-valley pattern.

(b) The symmetric closure of any mountain-valley pattern C; € Cy(C) is Cy(Cy) =
C,(C).

IThe term is inspired by the term used for binary relations.
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Figure 4.2: (a) A 2 x 3 mountain-valley pattern C, (b) after applying MirrorX on
C, (c) after applying MirrorX and Switch on C, (d) after applying switch on C, (e)
after applying MirrorY on C, (f) after applying MirrorY and Switch on C, (g) after
applying MirrorX and MirrorY on C, (h) after applying MirrorX, MirrorY and Switch
on C.

(c) If C is flat foldable, then all the mountain-valley patterns in Cs(C) are flat fold-
able.

(d) If C is unfoldable, then all the mountain-valley patterns in Cs(C) are unfoldable.

4.2 Folding Small Patterns

In this section, we prove that any 2 x n locally flat foldable mountain-valley pattern
C is flat foldable when n < 4. Note that all the mountain-valley patterns in the
rest of this chapter are locally flat foldable. We first prove that any 2 x 2 mountain-
valley pattern is flat foldable. In fact, the following lemma shows that any 2 x 2

mountain-valley pattern is simply flat foldable.
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Lemma 4.1. Let C be a 2 x 2 (locally flat foldable) mountain-valley pattern. Then
C is simply flat foldable.

Proof. If Cis locally flat foldable, then it satisfies Lemma 2.1. Therefore, exactly three
of the four creases in C must be labeled either mountain or valley and the remaining
crease must be labeled either valley or mountain, respectively. If the spinal creases
have the same labels, then we first apply a one-layer simple fold along the spine and
then an all-layers simple fold along the ribs. Otherwise, we apply a one-layer simple
fold along the ribs and then an all-layers simple fold along the spine. Therefore, C is
simply flat foldable. O

We now show that 2 x 3 mountain-valley patterns are simply flat foldable.

l i l |
foo 1 for | fo2 U, Uz,
[ [ :
s el M T T Ty Rt
f1o I f11 I fio 1 I I,
i i @ .
@ (b)

Figure 4.3: (a) A 2 x 3 mountain-valley pattern, where the faces are labeled, (b) the
same mountain-valley pattern, where the ribs and spinal creases are labeled.

Lemma 4.2. Let C be a 2 x 3 mountain-valley pattern. Then C is simply flat foldable.
Proof. Depending on the number of pre-spine folds, there are two cases to consider.

(a) There is no pre-spine fold, i.e., H = (). By Lemma 2.1, every vertex of C must
have either three mountain creases and one valley crease or three valley creases
and one mountain crease. Since at any vertex v of C, the ribs have opposite
labels, the spinal creases incident to v must have the same label. Therefore, all
the spinal creases in C must have the same label (mountain or valley). We first
apply a one-layer simple fold along the spine. Since C is locally flat foldable, the
label of u; must be opposite to the label of [; and the label of u, must be opposite
to the label of l,. Therefore, after applying the simple fold along the spine all
the creases match up (i.e., all the ribs that coincide have the same mountain or
valley label when looking from the positive Z-axis, see Section 2.3.2), and the

2 x 3 mountain-valley pattern C reduces to a 1 x 3 mountain-valley pattern C’.
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Since the creases are equidistantly spaced in C’, then C’ is simply flat foldable by
Lemma 2.3. Therefore, C is simply flat foldable.

There is at least one pre-spine fold. Let {u,l;} be a pre-spine fold. Since C is
locally flat foldable and w4, l; have the same label, it follows from Lemma 2.1 that
the label of s; must be opposite to the label of s,. We first apply a one-layer simple
fold along the crease line {uy,l;}. After applying the simple fold, s; matches up
with sy (i.e., s; and sq lie on one another and have the same label when looking
from the positive Z-axis). Therefore, C is reduced to a 2 X 2 mountain-valley
pattern C” which is simply flat foldable by Lemma 4.1. Therefore, C is simply
flat foldable.

We now prove that any 2 x 4 mountain-valley pattern is flat foldable.

Lemma 4.3. Let C be a 2 X 4 mountain-valley pattern. Then C is flat foldable.

Proof. We consider the following three cases.

(a)

No pre-spine fold i.e., H = (: In a similar way as in Case 1 of the proof of
Lemma 4.2, we apply a one-layer simple fold along the spine. This reduces C to a
1 x 4 mountain-valley pattern C;. Since C; is simply flat foldable by Lemma 2.3,
C is simply flat foldable.

At least two pre-spine folds: In this case, H must contain at least one of of
the crease lines {uy,l;} and {us,l3}. Without loss of generality we assume that
{uy,l;} € H. Then the label of s; must be opposite to the label of s, to preserve
local flat foldability. We apply a one-layer simple fold along {u;,[;}, and then s,
matches up with so. This fold reduces C to a 2 x 3 mountain-valley pattern C,.

Since C, is simply flat foldable by Lemma 4.2, C is simply flat foldable.

Exactly one pre-spine fold: Assume first that the pre-spine fold is either
{uq,11} or {us,l3}. We then apply a one-layer simple fold along the pre-spine
fold and reduce C to a 2 x 3 mountain-valley pattern Cs. Since Cj is simply flat
foldable by Lemma 4.2, C is also simply flat foldable.

We now assume that the pre-spine fold is {ug, 5 }. If the label of u; is opposite to
the label of u3, then the label of [; must be opposite to the label of I3 to preserve

local flat foldability. Furthermore, si, s, must have the same labels which are



40

opposite to the labels of s3,s4. We first apply a one-layer simple fold along
{ua,ls}. After applying the simple fold, all the creases in C match up in the flat
folded state. Then C is reduced to a 2 x 2 mountain-valley pattern, which is
simple flat foldable by Lemma 4.1. Therefore, C is simply flat foldable.

We now show that even if u; has the same label as uz, C has a final flat folded
state. Without loss of generality, we assume that C is the 2 x 4 mountain-valley
pattern shown in Figure 4.4(a). Any other 2 x 4 mountain-valley pattern such
that {us,ls} is the only pre-spine fold and u; has the same label as uz must be

in the symmetric closure of C. We get a directed network of C as follows. The
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Figure 4.4: (a) A 2 x 4 mountain-valley pattern C. C is flat foldable but the final flat
folded state cannot be achieved by simple folding, (b) the directed network of C.

crease u; has label mountain, which implies that fyo < fo.1. On the other hand
ug has label valley, which implies that fo1 < fo2. In a similar way, we process
each crease and the pair of faces incident to that crease. The resulting directed

network is shown in Figure 4.4(b).

From Figure 4.4(b), we observe that the directed network is acyclic. From the
directed network, we get the partial ordering foo < fi0 < fi1 < fo1 < fo2 <
fos < fi3 of all the faces of C except fi2. Since fi2 < fi1, we can place fi»
just before fi; or just before fi o or before fyo. If we place fi2 just before fi;
(i.e., between fio and fi1), then the linear ordering foo < fio < fi2 < fi1 <
foa =< fo2 < fos < fis has intersection between the east butterflies [; and I3
(i.e., butterflies with hinges at [; and I3). If we we place fi2 just before fi,
(i.e., between foo and fi), then the linear ordering foo < fi2 < fio < fi1 <
foa < fo2 < fos < fis has intersection between the east butterflies u; and 3.
Therefore, we place fi 2 before fyo (as the topmost face). We now check whether
L= fi2 < foo < fio < fi1 < foqu < fo2 < fo3 < f13 has any intersecting pair
of twin butterflies. The west butterflies in C are uy,ug, (1,3 (see Figure 4.5(a)).
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The east butterflies are us,ly (see Figure 4.5(b)) and the south butterflies are
S1, 82, 3, 84 (see Figure 4.5(c)). As Figure 4.5 shows, any pair of twin butterflies
either stack or nest in L and hence, there is no intersection of butterflies in L. All
the arcs in the figure is pointing from left to right, which proves that L satisfies
the ordering of the wings of each butterfly in the directed network. Therefore, L

S3
/\3«1 ;‘\ /Sé\
f12 foo f10 f11 fo1 fo2 fos fi3
(©

Figure 4.5: (a) The west butterflies, where the labeled arcs represent hinges, (b) the
east butterflies, and (c) the south butterflies of the 2 x 4 mountain valley pattern in
Figure 4.4(a).

is a valid linear ordering of C and C is flat foldable.
O

In the proofs of Lemmas 4.2 and 4.3, we observed that any 2 x 2, 2 x 3 and 2 x 4
locally flat foldable mountain-valley pattern is simply flat foldable when there is no

pre-spine fold. In the following we prove that this observation holds for all n > 2.

Lemma 4.4. Let C be a 2 x n locally flat foldable mountain-valley pattern, where
n > 2. If C does not have any pre-spine fold, then it is simply flat foldable.

Proof. Since C does not have any pre-spine fold, all the spinal creases must have the

same labels. Since C is locally flat foldable, the label of u; must be opposite to the
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label of [; for 1 < i < n — 1. We first apply a one-layer simple fold along the spine.
After applying the fold, each u; matches up with [;, 1 <7 <n — 1 and C is reduced
to a 1 x n mountain-valley pattern C’. Since C’ is simply flat foldable by Lemma 2.3,
C is simply flat foldable. O

4.3 2 x 5 Mountain-Valley Patterns

In this section, we show that there exist eight 2 X 5 mountain-valley patterns that
are not flat foldable. We first find some 2 x 5 mountain-valley patterns that are flat
foldable in Section 4.3.1. We then prove in Section 4.3.2 that all the remaining 2 x 5
patterns are unfoldable. This gives a complete characterization of the unfoldable 2 xn

maps, where n = 5.

4.3.1 Flat Foldable 2 x 5 Patterns

Let C be a mountain-valley pattern on a 2 x 5 map P. Unless otherwise stated, we
always assume that the mountain-valley patterns are locally flat foldable. We now
prove that if at least one of {u,l;} and {uy, 4} is a pre-spine fold in C then P is flat
foldable.

Lemma 4.5. Let C be a 2 x 5 mountain-valley pattern. If at least one of {u1,l1} and
{ug,l4} is a pre-spine fold, then C is flat foldable.

Proof. We first assume that {uy,l;} is a pre-spine fold. Since C is locally flat foldable,
the label of s; must be opposite to the label of s;. Therefore, we can apply a one-
layer simple fold along the crease line {uq,l;}. After applying the fold, the crease s;
matches up with s,. Then C is reduced to a 2 X 4 mountain-valley pattern C’. Since
C' is flat foldable by Lemma 4.3, C is flat foldable. Assume now that {uy,{;} is not a
pre-spine fold. Then {uy,l4} must be a pre-spine fold. In a similar way as described
above, we can prove that C is flat foldable in this case. Therefore, in both cases, C

is flat foldable. O]

In the following two lemmas, we prove that C is flat foldable if the number of

pre-spine folds in C is either less than two or greater than two.

Lemma 4.6. Let C be a 2 x 5 mountain-valley pattern. If C has at least three pre-
spine folds then C is flat foldable.
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Proof. 1f there are at least three pre-spine folds, then at least one of {uy,l;} and
{u4, 14} must be a pre-spine fold. Then by Lemma 4.5, C is flat foldable. ]

Lemma 4.7. Let C be a 2 x5 mountain-valley pattern. If C has at most one pre-spine
fold then C s flat foldable.

Proof. If C does not have any pre-spine fold i.e., H = (3, then C is simply flat foldable
by Lemma 4.4. Therefore, we assume that C has exactly one pre-spine fold. If {uq, 1}
or {uy,l4} is a pre-spine fold, then C is flat foldable by Lemma 4.5. Therefore, we
also assume that the pre-spine fold is either {us, lo} or {ug,l3}. Assume without loss
of generality that it is {ug,l}. We now need to consider only the two cases shown
in Figure 4.6(a)—(b), where the creases shown in black straight lines do not have
any labels assigned to them. All the other cases belong to the symmetric closures of
these partially labeled patterns. We now prove that the partially labeled patterns are
always flat foldable regardless of how we label the remaining ribs (respecting local
flat foldability).

| 1 1 1
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Figure 4.6: (a) A partially labeled 2 x 5 mountain-valley pattern C;, the black lines
represent creases without labels, (b) another partially labeled 2 x 5 mountain-valley
pattern C,, (c) directed network of Cy, (d) directed network of C,.

We first assume that C is obtained from C; (Figure 4.6(a)) by assigning labels to
the unlabeled ribs. We cut the paper along the pre-spine fold {us,ls}. Let the 2 x 2
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crease pattern with the faces foo, fo1, f1.0, fi1 of C be C', and let the 2 x 3 crease
pattern with the faces foo,..., fou, f12,..., fia of C be C". From Figure 4.6(c), the
only possible valid linear ordering of C' is L' = f1 o < foo < fo1 < fi1. Observe that
in L' the bottommost two faces are f;; and fy;. Now, C” can be either one of the
patterns shown in Figures 4.6(e) and (f) or the patterns obtained by applying MirrorX
and/or MirrorY on those patterns. In any of those cases, we first apply a one layer
simple fold along the spine of C”. After applying the fold, the ribs match up and we
fold the reduced 1 x 3 pattern by applying all-layers simple folds along wuy, I; (note that
uy and Iy lie on one another) and then along us, l3. In this way we obtain a valid linear
ordering L"” of C”, where fj» and fi 5 are the topmost (or bottommost) two faces and
fo2 < fi2. Since the only possible linear ordering of the four faces fo 1, fo2, fi,1, f1,2 18
fo2 < fo1 < fi1 < fiz2 (recall from Section 3.3.1 that the directed network of a 2 x 2
mountain valley pattern gives a unique linear ordering of the faces), we put the stack
of the faces of C’ in the order given by L' between the two adjacent faces fpo and
fi2in L”. We then glue the faces foo, fo1 along us and f12, f11 along [y and obtain
a linear ordering L of C from L’ and L”. For example, if C” is the mountain-valley
pattern in Figure 4.6(e), then L” = foo < fi2 < foa < fia < fiz < fos. When
we put the faces in C' between the faces fyo and fi2, we get the linear ordering
L= fo2 =< fio= foo =< for=<fin < Jfi2 < Jfoa < fia < [13=< fos

The faces fo2, fo,1 and fi2, fi.1 are the wings of two west butterflies. From the
linear ordering fo2 < fo1 < fi1 < fi2 in L, we see that the pair of west butterflies
Iy and uy do not intersect. Since there are only two other west butterflies, uy and Iy,
and they are stacked below (above, when f o, f12 are the bottommost two faces) the
faces fo2, f1.2 in L”, they are also stacked below fj2, f12 in L. Therefore, there is no
intersection of west butterflies in L. Since there is no intersection between any pair
of east butterflies or south butterflies in L' or L”, there is no intersection between
any pair of east or south butterflies in L. Therefore, L is a valid linear ordering of C.
We now have a final flat folded state of C which proves that C is flat foldable. Since
there is no intersection between any pair of twin butterflies in L, L is a valid linear
ordering of C. Therefore, C is flat foldable.

We now assume that C is obtained from C, (Figure 4.6(b)) by assigning labels to
the unlabeled ribs. We cut the paper along the pre-spine fold {us,ly}. Let the 2 x 2
crease pattern with the faces fo, fo1, f1,0, fi1 of C be €', and let the 2 x 3 crease
pattern with the faces foo,..., fo4, fi2,..., fia of C be C". From Figure 4.6(d), the
only possible valid linear ordering of C' is L' = foo < fio < fi1 < fo1. Observe
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that in L’ the bottommost two faces are f1; and fp;. Now, C” can be either one of
the patterns shown in Figures 4.6(g) and (h) or the patterns obtained by applying
MirrorX and/or MirrorY on those patterns. In any of those cases, we first apply a
one layer simple fold along the spine of C”. After applying the fold, the ribs match
up and we fold the reduced 1 x 3 pattern by applying all-layers simple folds along
ug,ly (note that uy and Iy lie on one another) and then along wus,l;. In this way
we obtain a valid linear ordering L” of C”, where fy2 and f; 5 are the topmost (or
bottommost) two faces and fio < foo. Since the only possible linear ordering of
the four faces fo1, fo2, fi1, fi2 18 fi1 < fi2 < fo2 < fou1, we put the stack of the
faces of C” in the order given by L” between the two adjacent faces fi1; and fy,
in L. We then glue the faces fy2, fo1 along us and fi, fi11 along I and obtain a
linear ordering L of C from L’ and L”. For example, if C” is the mountain-valley
pattern in Figure 4.6(g), then L"” = fio < fo2 < fia < foa < foz < fi3. When
we put the faces in C' between the faces fio and fy2, we get the linear ordering
L= fi12= foo = fi0 = fi1 < forfoz < f14a < foa < foz < fi3-

We can prove in a similar way as in the previous case that there is no intersection

between any pair of twin butterflies in L,. Therefore, L is a valid linear ordering of

C. Therefore, C is flat foldable. O

Let C be a 2 x 5 mountain-valley pattern. We observed in Lemmas 4.6 and 4.7
that if the number of pre-spine folds is not equal to two, then C is flat foldable. If
the number of pre-spine folds is two and either {uy,l;} or {uy,l4} is one of those
pre-spine folds, then C is flat foldable by Lemma 4.5. We now examine the case when

the pre-spine folds are {us, 5} and {us,l3}.

Lemma 4.8. Let C be a 2 X 5 mountain-valley pattern, where {uy,ly} and {us,l3}
are the only pre-spine folds. If s3 has the same label as {us,ls} or {us,ls}, then C is
flat foldable.

Proof. We first assume that the label of {us, 5} is opposite to the label of {us, I3} and
s3 has the same label as {ug,ls} (an example is shown in Figure 4.7(a)). Let C' be
the 1D crease pattern obtained from C by removing all the creases except us, us, lo, I3
and then merging us with Iy and us with I3 as shown in Figure 4.7(b).

Let ¢g and c3 denote the left and the right end of C'. Since |co —ug| = |us —c3| = 2
and |us —ug| = 1, the pair of creases ug, us is crimpable by the definition of a crimpable
pair (see Section 2.3.2). After applying the crimp operation on C’, the spinal creases

S9, 83 and sz, s4 in the original 2 x 5 mountain valley pattern C match up, since the
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Figure 4.7: (a) A 2 x5 mountain-valley pattern, where the pre-spine folds {us, lo} and
{us, I3} have different labels, (b) the corresponding 1D pattern with only the creases
uy and us.

labels of s, and s4 are opposite to the label of s3. C reduces to a 2 x 3 mountain-valley
pattern that is simply flat foldable by Lemma 4.2. Therefore, C is flat foldable. In
the case when the label of {ug,l} is opposite to the label of {us,l3} and s3 has the

same label as {ug,l3}, C can be proved to be flat foldable in a similar way.
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Figure 4.8: (a) A 2 x5 mountain-valley pattern Cs, (b) another 2 x 5 mountain-valley
pattern Cy4, (c) directed network of Cs, (d) directed network of Cy.

We now assume that {ug,ly} has the same label as {us,l3} and s3. Then the
creases Si, S2, S4, S5 have the opposite label to s3 to preserve local flat foldability. The
creases [; and [, must have labels opposite to the labels of u; and uy, respectively. In
this scenario, u; can have the same label as uy or the opposite label. Therefore, we
consider two mountain-valley patterns Cs and C4 (See Figures 4.8(a)—(b)) such that
u1, ug have the same labels in C4 and opposite labels in C3. Observe that C belongs

to the symmetric closure of either C3 or C4. If C3 and C, are flat foldable, then by
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Observation 4.1, C is flat foldable.
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Figure 4.9: (a) The west butterflies, where the labeled arcs represent hinges, (b) the
east butterflies; and (c) the south butterflies of the 2 x 5 mountain valley pattern in
Figure 4.8(a).

We first prove that Cj is flat foldable. By searching exhaustively, we find a linear
ordering L = fo2 < fio < foo < foq < fir < foz < fiz < figa < foa < fi2
that satisfies the partial ordering in the directed network of Cs in Figure 4.8(c). The
east butterflies are wy,us,l1,l3 (the ribs with odd indices), the west butterflies are
Uz, Uy, l2, 14 (the ribs with even indices) and the south butterflies are sy, s9,, s3, 4, S5
(the spinal creases) as shown in Figures 4.9(a), (b) and (c), respectively. Figure 4.9
shows that there are no intersection between any pair of twin butterflies in L, and
hence, L is a valid linear ordering. Therefore there exists a final flat folded state of
Cs and hence, Cs is flat foldable.

Similarly, for C4, we find the linear ordering L = fo2 < fi0 < foo < fo1 < fi1 <
fia =< foa < fos < fi13 < fi,2 by searching exhaustively. By checking all pairs of twin
butterflies as we did for C3, we see that L is a valid linear ordering of C4. Therefore,
C, is also flat foldable. O

The only remaining case for 2 x 5 locally flat foldable mountain-valley patterns is
the case when {us,lo} and {ug, (3} are the only pre-spine folds, {us,lo} and {ug, (3}
have the same label and s3 has the opposite label to {us, {5} and {ug,l3}. As will be
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shown in the next section, when this occurs, the 2 x 5 pattern is unfoldable.

4.3.2 Unfoldable 2 x 5 Patterns

We now characterize the 2 x 5 mountain-valley patterns that are unfoldable.

Theorem 4.1. Let C be a 2x5 mountain-valley pattern such that {us,lo} and {us,l3}
are the only pre-spine folds in C. If {uo,lo} and {us,ls} have the same label and s3
has the opposite label to {us,lo} and {us,l3}, then C is unfoldable.

Proof. Since {us, 5} and {us, 3} are the only pre-spine folds, the creases s, S, s4, S5
must have the opposite label to s3 to preserve local flat foldability. The creases [;
and [, must have labels opposite to the labels of u; and uy, respectively. In this
scenario, u; can have the same label as uy or the opposite label. Therefore, we
consider two mountain-valley patterns C; and Cy (see Figures 4.10(a)—(b)) such that
u1, ug have the same labels in C; and opposite labels in C,. Observe that C belongs
to the symmetric closure of either C; or Cy. If C; and C, are unfoldable, then by
Observation 4.1, C is unfoldable.
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Figure 4.10: (a) An unfoldable 2 x 5 mountain-valley pattern C;, (b) another unfold-
able 2 x 5 mountain-valley pattern Co, (c¢) directed network of Cy, and (d) directed
network of C,.

We first prove that C; is unfoldable. Suppose for a contradiction that there is a
valid linear ordering L of C;. From Figure 4.10(c), we observe that f14 < fi2 < fi3
since there is a directed path from f;4 to fi3 through fi.. Again, f12 < fi3 and
also, fi2 < fi1. Suppose that in L, fi3 < f11. Then the linear ordering of the four
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faces fi1, fi2, fi,3, f1.4 becomes fi4 < fi2 < fis < fi,1. When checking the pair of
west butterflies [, and Iy, we see that there is an intersection of the wings as shown
in Figure 4.11(a). Therefore, f11 < fi3in L. But fio < fi2. Since fi2 < fi1 < fi3,
the linear ordering of the four faces fi, fi.1, f12, f1,3 becomes fi9 < fi2 < fi1 < fis.
This causes intersection of wings in the pair of east butterflies [; and /3 as shown in
Figure 4.11(b). Therefore, there is no linear ordering of the faces of C; that satisfies
the Butterfly Condition (Theorem 3.1) and C; is unfoldable.

f1a P fia fia f1o f12 f11 fi3 fo1 fos fo2 foa
@ (b) (©

fo3 fo1 f13 f11 f10 f12 f11 f13
(d) (e)

Figure 4.11: (a)—(b) Intersections in the linear ordering of Cy, (c¢)—(e) intersections in
the linear ordering of C,.

We now prove that C, is unfoldable. Suppose for a contradiction that there is a
valid linear ordering L’ of Cy. From Figure 4.10(d), we observe that fo5 < fo2 < fou
and fo1 < fo2. Suppose that in L', fo1 < fos. Then the linear ordering of the
four faces fo1, foz2, fo,3, foa becomes fo1 < fosz < fo2 < foa. When checking the
pair of west butterflies uy and uy, we see that there is an intersection of the wings as
shown in Figure 4.11(c). Therefore, fo3 < fo1 in L'. From Figure 4.10(d), fo1 < fi1
and fo1 < fis. If we assume that f13 < fi1, then the linear ordering of the four
faces fo1, fi,1, fo3, f1,3 becomes fo3 < fo1 < fi3 < fi,1. This causes intersection of
wings in the pair of south butterflies s4 and sy as shown in Figure 4.11(d). Therefore,
fir < figin L. But now fi9 < fi2 < fi1 < fi3, which causes intersection of wings
in the pair of east butterflies /; and [3 as shown in Figure 4.11(e). Therefore, there is
no linear ordering of the faces of C, that satisfies the Butterfly Condition and C, is
unfoldable. m

Let x5 be the set of all the 2 x 5 mountain-valley patterns that belong to the
symmetric closures of C; (Figure 4.10(a)) and C, (Figure 4.10(b)). Note that C; and
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C, are unfoldable by Theorem 4.1. Therefore, by Observation 4.1, all the mountain-
valley patterns in ys are unfoldable.

We now calculate the number of patterns in ys. Since C; has the same label for
ly,19,13,1l4,us, u3 and the same label for uq,uy, the operation MirrorX will produce
the same pattern. The operation Rotation is not applicable since m # n. Therefore,
we can only apply two operations MirrorY and Switch on C;. Therefore, there are
22 = 4 unique mountain-valley patterns in the symmetric closure of C; as shown in
Figure 4.12.

X (3 (b)

© (d)

G ()

©) (h)

Figure 4.12: (a) Cy, and (b) MirrorX = Cy, (¢) MirrorY, (d) (MirrorY + MirrorX)
= MirrorY, (e) Switch, (f) (Switch + MirrorX) = Switch, (g) MirrorY + Switch, (h)
(MirrorY + Switch + MirrorX) = (MirrorY + Switch) applied on C;.

Similarly, there are 22 = 4 unique mountain-valley patterns in the symmetric

closure of Cy as shown in Figure 4.13. The symmetric closures of C; and C, are
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disjoint sets. Therefore, |xs5| =4+ 4 = 8.
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Figure 4.13: (a) Cy, and (b) MirrorX, (¢) MirrorY, (d) MirrorY + MirrorX, (e) Switch,
(f) Switch + MirrorX, (g) MirrorY + Switch, (h) MirrorY + Switch + MirrorX
applied on C,. Note that the mountain-valley patterns in (b), (d), (f), (h) are the
same as the patterns in (¢), (a), (g), (e), respectively.

We now show that the patterns in x5 are the only 2 x5 patterns that are unfoldable.

Theorem 4.2. Any 2 x 5 locally flat foldable mountain-valley pattern C ¢ x5 is flat
foldable.

Proof. We count the total number of locally flat foldable 2 x 5 mountain-valley pat-
terns. There are 4 upper ribs uq,...,us4 and 5 spinal creases si,...,s5. We can
assign either mountain or valley to each of those 9 creases. For each [;, 1 < i <4, if

Si, Six1, Ui, have the same label, then to ensure local flat foldability, we must assign
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the opposite label to ;. Otherwise, we must assign the label to [; that is assigned
to two of s;, 8,41, u;. Therefore, we have two choices for 9 creases and for the rest
of the four creases we have only one choice restricted by local flat foldability rules.
Hence, there are 2° = 512 locally flat foldable 2 x 5 mountain-valley patterns. Since
the number of unfoldable patterns is at least 8, there are at most 512 — 8 = 504 flat
foldable patterns.

In the rest of the proof, we count the number of 2 x 5 mountain-valley patterns
that are flat foldable according to Lemmas 4.6-4.8. As we will prove, there are in
fact 504 such patterns. This will account for all flat foldable patterns and will thus
complete the proof.

We now count the number of flat foldable 2 x 5 mountain-valley patterns. We
consider the following cases based on the number of pre-spine folds. In each of these
cases, we have two choices (mountain or valley) for the labels of the 4 upper ribs and
any one spinal crease unless otherwise stated. The labels of the rest of the spinal
creases and the lower ribs are determined by local flat foldability.

We first calculate the number of 2 x 5 patterns that have at least three pre-spine

folds. These patterns are foldable by Lemma 4.6.

(a) Three pre-spine folds: We can choose 3 pre-spine folds from the four upper

ribs in (g) = 4 ways. Therefore, the number of patterns in this case is 4(2°) = 128.

(b) Four pre-spine folds: We can choose 4 pre-spine folds from the four upper ribs

in (2) = 1 way. Therefore, the number of patterns in this case is 2° = 32.

We next calculate the number of 2 x 5 patterns that have at most one pre-spine fold.

These patterns are foldable by Lemma 4.7.

(a) One pre-spine fold: We can choose 1 pre-spine fold from the four upper ribs
in (}) = 4 ways. Therefore, the number of patterns in this case is 4(2°) = 128.

(b) No pre-spine fold: The number of patterns in this case is 2° = 32.
We now calculate the number of 2 x 5 patterns that have exactly two pre-spine folds.

(a) One of the pre-spine folds is {uy,l;}: We can choose the other pre-spine fold
from wuo, usz, uy in (f) = 3 ways. Therefore, the number of patterns in this case is
3(2°) = 96. These patterns are foldable by Lemma 4.5.
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(b) One of the pre-spine folds is {u4,l4} and {u,[l;} is not a pre-spine fold:

We can choose the other pre-spine fold from us, uz in (2

1) = 2 ways. Therefore,

the number of patterns in this case is 2(2°) = 64. These patterns are foldable by

Lemma 4.5.

(c) {ug,l2} and {us,l3} are the only pre-spine folds: We consider three cases.

i.

ii.
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{ug, s} and {us, (3} receive different labels: Then the assignment of the label
of ugz is dependent on the label of us. Therefore, only three upper ribs and
any one spinal crease have two options for labels. The number of patterns in

this case is 2¢ = 16. These patterns are foldable by Lemma 4.8.

Us, lo, ug, l3 and s3 receive the same label: Then the assignment of the labels
of ug and s3 is dependent on the label of us. Therefore, only three upper ribs
have two options for labels. The number of patterns in this case is 2% = 8.

These patterns are foldable by Lemma 4.8.

Ug, la, us, I3 receive the same label and s3 receives the opposite label: Only
three upper ribs have two options for labels. The number of patterns in
this case is 2% = 8. These are the patterns in s, which are unfoldable by
Theorem 4.1.

Summing up all the patterns, we have exactly 504 flat foldable patterns. Together
with the 8 unfoldable patterns, this accounts for all 512 locally flat foldable 2 x 5

mountain-valley patterns. This completes the proof. O

4.4

Generalized Unfoldable Patterns

In this section, we define a class x, of unfoldable 2 x n mountain-valley patterns,

n > 5. We first show a subclass 5, of unfoldable 2 x n mountain-valley patterns, for

every n > 5, that do not contain any pattern in xs as a fragment. We then show that

any map with an unfoldable pattern (i.e., a pattern in S,,) as a fragment is unfoldable.

Using this result, we define the class x,, which includes S, as a subclass.

We now define the subclass S,, of unfoldable 2xn, n > 5, mountain-valley patterns.
Let C be a pattern for S, that satisfies the following (a)—(d).

(a) C is locally flat foldable.

(b) There are exactly two pre-spine folds {us,ls} and {u, 2,1, 2}.
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(c) All the upper ribs receive the same label.
(d) ss receives the opposite label of the upper ribs.

Condition (b) ensures that C does not contain any pattern in y; as a fragment.

The upper ribs of C can be labeled either mountain or valley. Without loss of
generality we assume that the upper ribs of C receive the label mountain as shown
in Figure 4.14(a). Consequently, all the lower ribs of C except [y and [,,_o must be
labeled valley. Since us and wu,,_o are the pre-spine folds, [, and [,,_s receive the same
label mountain as us and u,,_o. The spinal creases sy, ... s,_s must all be labeled the
same as $3, which according to requirement (s) must be labeled valley. To preserve
local flat foldability, the other spinal creases si, o, 5,1, S, must be labeled mountain

(opposite to the label of s3).
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1 1 1 1 1 1 1 1
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Figure 4.14: (a) An unfoldable 2 x n mountain-valley pattern C. (b) Checkerboard
pattern of the first five columns ¢y, . . ., ¢4, and (c) the corresponding directed network.

Let L; be a candidate for a valid linear ordering of the faces in the columns
co, ..., ¢ of C, where 0 <i <n —1. From Figure 4.14(c), Ly = foo < fio < fi1 <
fi2 < fo2 < fo1 is the unique candidate for a valid linear ordering of the faces in
Coy - -+, Co. Since foo < foo2 < foa and foo < fo3, we can consider whether fo; < fo3
or fos < fo1- If fo1 < fos, then the linear ordering foo < foo < fo1 < fo3 causes
intersection between the pair of east butterflies w; and us. Therefore, fo3 < fo1,
and hence fp3 must be placed between foo and fy;. Similarly, f; 3 must be placed
between fj 2 and fy; to avoid intersection between the pair of east butterflies u;, and 5.
Therefore, the linear ordering Lz = fo0 < fi0 < fia1 < fi2 < fo2 < fos < fis < foa
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is the unique candidate for a valid linear ordering for the case : = 3. We now show

that for each 4 <1 < n — 3, there is a unique candidate for a valid linear ordering.

Lemma 4.9. Let L; be a candidate for a valid linear ordering of the faces in columns
co,--.,¢ of Ce S, where 4 < i <n—3. Then the following conditions hold.

(a) L; is the only candidate,

(b) the order of the faces fo;, fi4, foi—2 and fo;—1 in L; is foi—2 < f1i < foi < foi-1,
when i is even, and fo;—1 < foi < fii < foi—2, when i is odd, and

(c) the faces fo, fri, foi—2 and fo;—1 are consecutive as a set (i.e., they appear to-

gether as a set, with no other faces lying between the extremal faces in this set).

Proof. We prove the claim by induction on 7. The base case is ¢ = 4. We remember
that Ls = foo < fi0 < fi1 < fi2 < fo2 < fos < fi3 < fo1 was the unique candidate
for a valid linear ordering of the first four columns of C. Since fi4 < fo4 < fo3, we
can decide either fi4 < foo2 or foo < fia. If fia < foo, then the linear ordering
fia < fo2 < fis < fo1 causes intersection between the pair of west butterflies us
and I, (the indices of the ribs are even for the west butterflies). Since Lj is unique
and the faces fo4 and fi 4 have unique valid positions in Ls, Ly = foo < fi0 < fiq1 <
fiz < fo2 < fia < foa < fos < fis < foa is the unique candidate for a valid linear
ordering. This satisfies Condition (a). The order of the faces fo4, f14, foo and fo3
is foo < fia < foa < fo3 in L4 and they are consecutive as a set, which satisfies
Conditions (b) and (c), respectively.

We now assume that Conditions (a)—(c) hold for each 4 < k < ¢, where 4 < i <

n — 3. Therefore,

(a) Ly is the only candidate for a valid linear ordering of the first k& + 1 columns of
C,

(b) the order of the faces fox, fix, for—2 and for—1 in Ly is for—2 < fix < for <
fok—1, when k is even, and for—1 < for < fix < for—2, Wwhen k is odd, and

(c) the faces fox, fix, for—2 and for_1 are consecutive as a set.

We now show that the conditions hold for £ + 1. We have to consider two cases.
Case 1: kis odd. Inthis case, for—1 < for < fix < foxr—2. From Figure 4.15(b),

we see that since £ + 1 is even, we have firy1 < for+1 < for. We can decide
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Figure 4.15: (a) Checkerboard pattern of the columns c¢_s,. .., k11, when k is odd

(so fox is dark). (b) the corresponding directed network.

whether f1 541 < for—1 0 for—1 < fir+1- If firsr < for—1, then the linear ordering
fie+1 < for—1 < fir < for—2 causes intersection between two west butterflies ug_;
and l;1 ;. Therefore, the linear ordering of the four faces fo k41, fix+1, for—1 and fo is
Jor-1 = fir+1 < fors1 < foux (since k is odd, k+1 is even), which satisfies Condition
(b). Since Ly is unique and the faces fox+1, fir+1 must be placed between two
consecutive faces fo 1 and fo in Lg, L4y is also unique, satisfying Condition (a),
and the faces for41, fik+1, for—1 and fo i are consecutive as a set in Ly, satisfying
Condition (c).
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Figure 4.16: (a) Checkerboard pattern of the columns ¢x_s, ..., ki1, when k is even.

(b) the corresponding directed network.

Case 2: k is even. In this case, for—2 < firx < for < for—1. From Fig-
ure 4.16(b), we see that since k + 1 is odd, we have for < fort1 < fies1. We can
decide whether for—1 < fig+1 or fies1 < for—1- If for—1 < fik+1, then the linear
ordering for—2 < fir < for—1 < firs1 causes intersection between two east butter-
flies ug_; and l;41. Therefore, the linear ordering of the four faces fo x+1, fir+1, for—1
and for is for < fort1 < fir+1 < fox—1 (since k is even, k + 1 is odd), which
satisfies Condition (b). Since Ly is unique and the faces fo k11, f15+1 must be placed
between two consecutive faces fy, and for—1 in Lg, Ly is also unique, satisfying
Condition (a), and the faces fo i1, f1e+1, for—1 and for are consecutive as a set in

Ly.+1, satisfying Condition (c).
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Therefore, Conditions (a)—(c) hold for £ + 1 in both cases which concludes the
proof. n

We now show that C is unfoldable.
Lemma 4.10. Let C be a 2 X n mountain-valley pattern in S. Then C is unfoldable.

Proof. We first construct the unique candidate L,,_3 for a valid linear ordering as
described in the proof of Lemma 4.9. We now construct L,,_o from L,,_3. We have to

consider two cases.

] 1 ]
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Figure 4.17: (a) The checkerboard pattern of the last three columns ¢, _3,...,¢,—1
of C, when n is odd and (b) the directed network of C, when n is odd. (c) The
checkerboard pattern of the last three columns of C, when n is even and (d) the
directed network of C, when n is even.

Case 1: n is odd. From Figure 4.17(b), we see that fy,—3 < fon—2. By
Lemma 4.9, fon—5 < fin-3 < fon-3 < fon—a in L,_3 (since n — 3 is even) and these
four faces are consecutive. We now decide whether fo,_4 < fon—2 Or fon—2 < fon—a.
If fon—a < fon—2, then the linear ordering fo,—5 < fon-3 < fon—a < fon—2 causes
intersection between the east butterflies w, 4 and w, o (since n is odd, n — 4 and
n — 2 are odd and hence the butterflies w,_4, u,_o are east butterflies). Therefore,
fon—2 =< fon—a and the linear ordering of the faces fo,—3, fon—2, fom—a In L,,_o is
Jon-3 = fom—2 < fon—4a. Since there is a directed path from fy,_1 to fo,—3 in the

directed network, fo,—1 < fon—3. We then have to place fj,_1 somewhere above
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fon—3. But any such placement will have the linear ordering fo,—1 < fon-3 <
fom—2 < fon—4, and thus cause intersection between the west butterflies u,_3 and
u,—1 (the indices of the ribs are even since n is odd and hence the butterflies are west
butterflies). Therefore, there is no valid linear ordering of C, i.e., C is unfoldable.
Case 2: n is even. From Figure 4.17(d), we see that fo,—2 < fon-3. By
Lemma 4.9, fon-a < fon-3 < fin-3 < fon-s in L,_3 (since n — 3 is odd) and these
four faces are consecutive. We now decide whether fo,—2 < fon—4 O fon—a < fon—2.
If fon—2 < fon—a, then the linear ordering fo,—2 < fon-a < fon—3 < fon—5 causes
intersection between the west butterflies u,,_4 and u,_o (since n is even, n — 4 and
n — 2 are even and hence the butterflies u,_4, u,_o are west butterflies). Therefore,
fon—1 =< fon—2 and the linear ordering of the faces fy,—3, fon—2, fon—a in Ly_o is
fon—1 = fon—2 < fon—s. Since there is a directed path from fy,_3 to fo,—1 in the
directed network, fo,—3 < fon—1. We then have to place fy,_1 somewhere below
fon—3. But any such placement will have the linear ordering fo,-4 < fon—2 <
fom—3 < fom—1, and thus cause intersection between the east butterflies u,_3 and
u,—1 (the indices of the ribs are odd since n is even and hence the butterflies are east
butterflies). Therefore, there is no valid linear ordering of C, i.e., C is unfoldable.

In each of the two cases, C is unfoldable. This completes the proof. O

Since any mountain-valley pattern in .S,,, n > 5, is in the symmetric closure of C,
by Lemma 4.10 Observation 4.1, all the patterns in .S,, are unfoldable. We now show
that any m x n mountain-valley pattern that has an unfoldable pattern as a fragment

is also unfoldable.

Lemma 4.11. Let C be an m x n mountain-valley pattern. Let C' be a fragment of
C. If C' is not flat foldable, then C is not flat foldable.

Proof. We prove the claim by proving the contrapositive, i.e., if C is flat foldable,
then C’ is flat foldable. Let [ be a valid linear ordering of the faces of C in a final
flat folded state. We remove all the faces of C from [ that are not in C'. Let the
resulting linear ordering be I’. Since [ satisfies the Butterfly Condition, there cannot
be any intersection of wings between any pair of butterflies in I’. Therefore, [’ is a
valid linear ordering of C" and C' is flat foldable. O

We are now ready to characterize the class y,, of unfoldable 2 x n mountain-valley
patterns, where n > 5. Let C be a pattern in x,,. Then by definition of x,,, we require
C to satisfy the following conditions (a)—(d).
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(a) C is locally flat foldable.

(b) There are exactly two pre-spine folds u; and u;, where 2 <7 < j <n —2.
(c) All the upper ribs receive the same label.

(d) s;+1 receives the opposite label of the upper ribs.

We now show that C is unfoldable.

Theorem 4.3. Let C be a 2 X n mountain-valley pattern in x,, where n > 5. Then

C s unfoldable. Furthermore, membership in x, can be tested in linear time.

Proof. Let i =2 and j =n—2. Then C € S,,, and hence the pattern is unfoldable by
Lemma 4.10. Therefore, we assume that C ¢ S,,. Let C’ be the fragment of C with
the faces in the columns ¢;_, ..., ¢j41. Then C' € S, where = j —i+4. Therefore,
C’ is unfoldable by Lemma 4.10. Since a fragment of C is unfoldable, C is unfoldable
by Lemma 4.11.

We can check in O(n) time whether all the upper ribs receive the same label
(i.e., Condition (c) is satisfied ) by scanning from left to right. We can check in
O(n) time whether C is locally flat foldable (i.e., Condition (a) is satisfied ) by
checking the creases incident to each of the n — 1 vertices of C. If Conditions (a)
and (c) are satisfied, we check in O(n) time whether there are exactly two pre-spine
folds (Condition (b)) and get the index ¢ for the leftmost pre-spine fold {w;,{;}. If
Conditions (a)—(c) are satisfied, then it takes O(1) time to check whether the label
of s;41 is opposite to the label of the upper ribs (Condition (d)). Therefore, it takes
O(n) 4+ O(n)+ O(n) + O(1) = O(n) time to check whether C is a member of y,,. [

4.5 Conclusion

In this chapter, for the case n = 5, we determined all the unfoldable 2 x 5 mountain-
valley patterns. We found 8 such patterns, which agrees with the results of Justin [19].
In face, we also determined all the flat foldable 2 x 5 patterns, of which there are 504.
We gave a combinatorial proof of the unfoldability of the 2 x 5 patterns in this chapter
using the concepts we introduced in this chapter and the previous chapter.Moreover,
we proved that a set of unfoldable patterns exists for every n > 5. However, we do
not have a characterization of all the unfoldable patterns for n > 5, which we leave

as an open problem.
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Chapter 5
Conclusions

In this thesis, we investigated the problem of folding an m x n grid paper with a
given mountain-valley crease pattern on it. We introduced the concepts of butterflies,
checkerboard patterns, directed networks and formalized the concept of symmetric clo-
sures. We have demonstrated how powerful these tools are by achieving the following

results using those concepts.

1. In Section 3.2.3, we gave a linear time algorithm (Algorithm 3) to recognize
whether a given linear ordering of an m x n unassigned crease pattern is a valid
linear ordering. We used the concepts of butterflies and checkerboard patterns

in the algorithm.

2. In Section 3.3.2, we gave a linear time algorithm (Algorithm 4) to recognize
whether a given linear ordering of an m x n mountain-valley pattern is a valid
linear ordering. We used the concepts of butterflies, checkerboard patterns and

directed networks in the algorithm.

3. In Section 3.4, we showed that it is possible to enumerate all possible valid linear
orderings of a given m x n pattern (assigned or unassigned) using checkerboard

patterns and directed networks (only for the case of mountain-valley patterns).

4. In Section 4.2 and 4.3, we showed that all these tools can be used to enumerate
flat foldable 2 x n crease patterns and also, to recognize unfoldable crease pat-
terns, for n > 2. Although we restricted our discussion to 2 x n patterns, these

concepts can easily be generalized for m x n crease patterns, where m > 2.
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5. In Section 4.4, we defined a class y,, of unfoldable 2 xn mountain-valley patterns

for every n > 5.

Although we have recognized some unfoldable 2 x n mountain-valley patterns in
Chapter 4, we do not have a complete characterization of all the unfoldable 2 x n
mountain-valley patterns. For example, we have the following example of an unfold-

able 2 x 6 pattern in Figure 5.1 which is not a member of .

= s s = g = = = = o

Figure 5.1: An unfoldable 2 x 6 mountain-valley pattern.

Based on this example and the set of unfoldable 2 x 5 patterns, we give the

following conjecture.

Conjecture Let C be a2xn, n > 6, mountain-valley pattern, where {us, lo}, {us, 3},
ooy {Uun_a,l,_2} are the only pre-spine folds and all the upper ribs have the same label.

Then C s unfoldable.

In Lemma 4.7, we applied a technique of cutting the paper into disjoint fragments,
getting a final flat folded state for each of the fragments and then combining them
together to get a final flat folded state of the input crease pattern. Although we
applied that technique only on 2 x 5 patterns with exactly one pre-spine fold, it is in
fact applicable to any 2 x n crease pattern with exactly one pre-spine fold for n > 4.

We therefore, have the following open problem.

Open Problem 1: Is there a subclass of 2 X n mountain-valley patterns that are
not flat foldable by simple folding but a final flat folded state of those patterns can
be reached by physical operations (possibly with cutting and gluing the faces back to-
gether)?

Of course, the famous open problem posed by Edmonds [6] (see Section 1.2) still

remains open.



length of | Sum of flat foldable | 1 crease | 2 creases | 3 creases | 4 creases
paper n crease patterns

2 2 2

3 8 4 4

4 26 6 12 8

5 76 8 20 32 16

Table 5.1: Count of flat foldable 1D mountain-valley patterns.
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Since we investigated mainly combinatorial properties of maps, we also enumer-

ated the number of flat foldable patterns of small sizes. For example, Table 5 shows

the total number of flat foldable 1D mountain-valley patterns, where columns 3,4, 5,6

show how many of the patterns have 1 crease, 2 creases, 3 creases and 4 creases, re-

spectively.

From this observation, we have the following two open problems.

Open Problem 2: [s there a backtracking algorithm to enumerate all flat foldable

mountain-valley assignments for a given orthogonal crease pattern (1D or 2D)?

Open Problem 3: Is there a closed form expression for the number of flat foldable

1D mountain-valley patterns on a paper of length n?
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