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ABSTRACT

In this work, we use the recently developed equilibrium generating functional
and systematic derivative expansion approach to hydrodynamics to explore three
new regimes of relativistic hydrodynamics. First, we derive the equations of motion
and write the constitutive relations to first order in derivatives for relativistic fluids
coupled to an external vector field. Next, for relativistic fluids in strong magnetic
fields B* ~ O(1), we derive the equations of motion and present the constitutive
relations to first order in derivatives. From the resulting system of equations, we
find the hydrodynamic modes for these systems. We also find the constraints on
the transport coefficients due to the entropy production argument and derive the
corresponding Kubo formulas. Finally, we repeat the same analysis for relativistic

fluids coupled to dynamical electromagnetic fields with (B*) ~ O(1).
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Chapter 1
Introduction

Hydrodynamics is an effective low energy macroscopic description for many-body
systems that are in local thermal equilibrium. The “classical” formulation of hydro-
dynamics has been known for over a century and consists of a set of conservation
equations supplemented with constitutive relations relating the conserved currents to
the hydrodynamic variables inherited from thermodynamics [1]. The fact that hydro-
dynamics is a relatively old subject by no means implies that it is yet fully under-
stood, and formal studies of the hydrodynamic framework remain an active research
area. In the formulation of non-relativistic hydrodynamics, the effects of thermal
fluctuations were taken into account by adding stochastic currents and integrating
over their fluctuations with a given weight function, in a way that is reminiscent of
statistical/quantum field theory [2, 3]. Recent interest in relativistic hydrodynam-
ics [4] has spiked due to it’s recent connection with a variety of areas such grav-
itational dynamics via the AdS/CFT correspondence [5, 6, 7], and as an effective
description of the quark-gluon plasma generated in heavy-ion collisions [8, 9] and
for recently discovered strange metals [10, 11, 12, 13, 14]. With increased interest
have come many advances in the formal studies of hydrodynamics. Some of these
advancements include the systematic derivative expansion [15], the manifestation of
chiral anomalies in the hydrodynamic framework [16], the derivation of the parity
breaking terms in 241 dimensional hydrodynamics [17], the formulation of hydro-
statics/thermodynamics from equilibrium partition functions [18, 19], studies of the
convergence and resurgence properties of the hydrodynamic expansion [20, 21, 22, 23],
elucidation of the role of the entropy current [24, 25], the classification of hydrody-
namic coefficients [26], the search for a hydrodynamic generating functional for out

of equilibrium systems [27, 28] and the emergence of supersymmetry in effective hy-



drodynamic actions [29, 30, 31, 32]. The purpose of this thesis is to employ some
of these recent advancements to study relatively unexplored regimes of relativistic

hydrodynamics.

1.1 Introduction to hydrodynamics

We now present a quick overview of the classical approach to hydrodynamics as pre-
sented in [1]. Traditionally, hydrodynamics was mainly used to describe liquids and
gases at scales much larger than their microscopic constituents. Relativistic hydrody-
namics has also widely been used to study astrophysical processes [33] for quite some
time, and has recently expanded into descriptions of quark-gluon plasmas [8, 9] and
strange metals [10, 11, 12, 13, 14].

Let us begin by reviewing the standard non-relativistic hydrodynamic framework.
The mathematical description of normal non-relativistic fluids in 341 dimensions is
contained in five functions which give the fluid’s velocity v(¢,x) and any two thermo-
dynamic quantities, such as pressure p(t,x) and mass density p(¢,x). An important

assumption is the conservation of fluid mass, stated in integral form

2/ pdV = —j{ pv-dA (1.1)
ot Vo oV

that is, the change in total fluid mass enclosed in an volume V{ changes only by
the fluid entering or leaving the volume through it’s boundary dV. Using Green’s
theorem, the right hand side can be turned into a volume integral of the divergence
of pv, leading to the continuity equation
dp dp
L. =L 4+Vij=0, 1.2
V() =4V (12)
where j = pv is the mass flux density.
Now let’s consider the force felt by the fluid inside V}

F = —f pdA =— [ VpdV = / fdv, (1.3)
oV Vo Vo

where f = —Vp is the force density felt by the fluid. Equating this force density to

: : dv __ 0Ov oz dv
the fluid acceleration = o T S

= %_;’ + (v-V) v times its mass density p, we

find Euler’s equation



ov ~ ,0v\
p(E-i—v &Bi) = —Vp. (1.4)

Euler’s equation can be interpreted as a momentum conservation equation by
defining the momentum flux density tensor II;; = pd;;+pv;v;, and using the continuity

equation (1.2) to write

o, . ol
a(pvl) - aﬂfj '

(1.5)
The interpretation of the momentum flux density comes from integrating (1.5)

9] , g
—/ pv'dV = —7{ IIdA;, (1.6)
ot Jv, Vo
so IT% gives the i-th component of momentum flux through the j-th unit area element.
For adiabatic flows, we demand a local version of the second law

ds 05 0§

— =4 == =0 1.7
ot Vow (1.7)

where §(p, p) is the entropy density per unit mass. Using the continuity equation (1.2),

the adiabatic equation (1.7) can be written as an entropy continuity equation

% +V-(sv) =0, (1.8)
where s = ps is the entropy density per unit volume. Fluid flows that preserve entropy
are called non-dissipative, or adiabatic.

For adiabatic fluids, the five equations (1.2), (1.5) and (1.8) together with an
equation of state s(p, p) relating the three thermodynamic functions p, p and s give
a full set of equations to describe the fluid flow. Alternatively, the continuity equation,
the Euler equation and the energy density per unit volume ¢ = pé can be used to

turn the entropy conservation equation (1.8) into an energy conservation equation

0 .
g =5 (e+3pv?) + Vi =0, (1.9)

where w = ¢ + p is the enthalpy density per unit volume and j. = (w + %pvz)v is the

2 (6 + %pvQ) + V- ((w + %pvz)v)

energy flux density per unit volume.
As a straightforward example we can consider an incompressible fluid p = constant.

The energy per unit mass € satisfies the thermodynamic relation d& = Tds — pdV =



Tds + p/p*dp, where V=1 /p is the volume per unit mass. The continuity equation

leads to V-v = 0, from which the energy conservation equation reads

9 1.2 1.2 d 1,2 Ip

a(a—l—gpv)+(V-V)(w+§pv)za(w%—épv)—%zo. (1.10)
In the presence of a gravitational field g, the fluid energy density is pgh+ internal
energy density. The internal energy density depends on the fluid’s temperature and
is therefore constant for a fluid in a static flow. For a static flow % = 0 in a system

where the fluid temperature is uniform, we find Bernoulli’s equation

%pv2 + pgh + p = constant . (1.11)

When the fluid is in a dissipative flow, we add the viscous stress tensor II;; to the

momentum flux density tensor [1]:

Hij = p(5zj + p?]ﬂ)j — H;] = (p — CVV) 5ij + pUin — T]O'Z'j , (112)
where o;; = 2% + g;ﬁ — 26;;V-v. The transport coefficients 1 and ¢ are called

viscosity coefficients and are functions of the thermodynamic variables (T', u, v).
The viscous stress tensor ITj; vanishes in adiabatic flows. With these modifications

Euler’s equation (1.4) turns into the Navier-Stokes equation

2

ov OV 0*v .
p (E +wv 81”') = _vp+n8xkaxk + (C+3n) V(Vv) . (1.13)

Similarly, we add a viscous and a heat vector to the energy flux density [1]

g = (w+ Lpv* ' — v, — R (1.14)
T

where T is the local temperature of the fluid and « is another transport coefficient

called the heat conductivity. The modified energy conservation equation is

2 (5+pv2) +

5 ((w + 1pv?)' — I — ma—7:> =0. (1.15)

ox’ ox

Using the Navier-Stokes equation and the thermodynamic relation de = T'ds+ %dp

the modified energy conservation can be written as the general equation for heat

transfer



9s 9, ,\ . 00 0 oT
T (E + o (sv )) = Hij@xﬂ' + 5 (I{@xi) . (1.16)

This equation reduces to the entropy continuity equation (1.8) when there is no
viscosity and no heat transfer. The fact that the continuity equation (1.2) doesn’t
receive modifications in non-adiabatic flows comes from the particular choice of out-
of equilibrium definition of the fluid velocity v. We implicitly picked v to be the
velocity of the fluid particles carrying mass, which leaves the continuity equation
intact. This is related to the concept of frame transformations, which will be explained

in section 2.2.1.

Magnetohydrodynamics

The field of magnetohydrodynamics was born when Hannes Alfven proposed to link
Maxwell’s equations with those of hydrodynamics to study the dynamics of electri-
cally conducting fluids in the presence of magnetic fields [34]. To have a classical
hydrodynamic description of these fluids, the magnetic field must be small compared
to the temperature, B < T?. We now summarize how the hydrodynamic framework

gets modified as presented in [35]. Maxwell’s equations are

Pe 0B
V-E="— E=— 1.17
€0 ’ VX at ’ ( a)
oE
V-B=0, VxB=puyje+ 50#05, (1.17b)

where p. is the charge density, j. the electric current density, ¢y the permittivity of
free space and py the permeability of free space. In most cases the fluid is electri-
cally neutral so p. = 0. Electric and magnetic polarization are also ignored. In the
non-relativistic limit, the electric displacement term in Ampere’s law (1.17b) can be

neglected.
The Navier-Stokes equation (1.13) receive a new contribution due to the Lorentz

force law
fo=p.E+j.xB. (1.18)

The Coulomb force term is negligible in the electrically neutral fluid approximation
(p. = 0). Using Ampere’s law (1.17b) and the identity B x (V x B) = ;VB? —



(B-V) B, the Navier-Stokes equation (1.13) turns to

0 0 1 0?
<8\t/+ 8;) =-V <]?+—B2>—%(B-V)B+7}a +((+37) V(Vv) .
(1.19)

This can be written in the form of the momentum conservation equation (1.5) with

a modified momentum flux density tensor
Hij = (p + ﬁB2 — CVV) 61’]’ — MLOBiBj + PUV; — 1055 . (120)

The energy conservation equation (1.15) receives a modification due to the magnetic

field energy and the Poynting vector P = EXB which carries the electromagnetic
momentum density.

0 0 ; i id oT

5 <€+pv + - B2> o <(w+ v 4 PP =TTy — /ia—x> =0. (1.21)

The continuity equation (1.2) doesn’t receive modifications from the magnetic fields.

A consequence of Maxwell’s equations is the charge conservation equation

0pe
ot

+Vje=0. (1.22)

The equations of magnetohydrodynamics consist of the modified hydrodynamic
equations (1.2) (1.19) and (1.21), Maxwell’s equations (1.17) and the generalized form
of Ohm’s law

je=0c(E+vxB). (1.23)

Relativistic hydrodynamics

In his elegant 6 page paper [36] in 1940, Carl Eckart unified the frameworks of hydro-
dynamics and special relativity, giving a relativistic formulation of hydrodynamics.
For relativistic fluids in flat space-time, the fluid velocity v is promoted to a covariant
four-vector u* = 7(1,v/c), where v = 1/4/1 — v2/c2. The momentum flux density

tensor II;;, the momentum density pv and the energy density ¢ + %pv2 defined in

R
section 1.1 are replaced by their relativistic counterparts and form part of the co-
variant energy-momentum tensor 7". In the frame of reference where the fluid is at
rest (u* = (1,0)), we have T* = diag(e, p, p,p), where € = nc? + ¢ is the relativistic

energy per unit volume, n = p/~ is the relativistic mass per unit proper volume and



p is the relativistic pressure, which is the same as the non-relativistic pressure. We
can therefore write
T" = (e + p)uru” + pnt . (1.24)

Note that in the non-relativistic limit v? < ¢* we get the corresponding non-

relativistic versions of energy, momentum and momentum flux densities

€E+p

T — m—pspCQ%—s%—%pvQ, (1.25a)
. (e+pot ;

T = l(—Tz)/c? ~ (p +e+p+ ipvi ', (1.25Db)
i (e+pvi

Ty + p6 & pv'v? + pdt . (1.25¢)
The non-relativistic energy density ¢+ % pv? in the energy conservation equation (1.9)
corresponds to the non-relativistic limit of 7% minus the non-relativistic rest en-
ergy pc?. The non-relativistic momentum flux density tensor II¥ used in the non-
relativistic momentum conservation equation (1.5) agrees with the non-relativistic
limit of 7%. The momentum flux density pv’ appearing in the momentum conser-
vation equation (1.5) agrees with the non-relativistic limit of 7% /¢, while the non-
relativistic energy flux (w + %pv2) v' appearing in the non-relativistic energy con-
servation equation (1.9) corresponds to the non-relativistic limit of ¢7% minus the
non-relativistic rest energy density flux pc?v’. Finally, two of the non-relativistic hy-
drodynamic equations (momentum conservation (1.5) and energy conservation (1.9))

appear as the non-relativistic limit of the energy-momentum conservation equation
0, =0, (1.26)

keeping in mind that the relativistic derivatives are taken with respect to the coor-
dinates (ct,z,y, z). The continuity equation (1.2) is found by imposing a fluid flux
conservation equation

Ou(nu”) =0. (1.27)

When out of equilibrium, the particular out of equilibrium choice of fluid variables
which keeps the continuity equation (1.27) and the energy density 7% intact in the
fluid rest frame is known as the Eckart hydrodynamic frame (not to be confused with

inertial frames used relativity). See section 2.2.1 for an introduction to hydrodynamic



frames. In this hydrodynamic frame, the current/fluid flux remains the same (nu*)
while the energy-momentum tensor receives contributions to the pressure, momentum

density and shears

T = eulu” + (p — CONUM A" — ot + k(uP A0, T + u” A*0,T) (1.28)

where A® = pHv +yty” and o = AHCAVP (Ouup + Optin — %naga,\u’\) is the covariant

tensor version of o;; introduced above the Navier-Stokes equation (1.13).

1.2 Outline

In this thesis, we rely on the philosophy presented in [18, 19] of hydrodynamics as a
generalization of (local) equilibrium thermodynamics to systems out of equilibrium
in order to study the hydrodynamic framework under three relatively unexplored

regimes:
1. Relativistic hydrodynamics in the presence of an external vector field,
2. Relativistic hydrodynamics in the presence of strong magnetic fields,

3. Relativistic hydrodynamics for dynamical electromagnetic fields.

The structure of this work is as follows.

In chapter 2 we give a summary of the construction of the relativistic hydro-
dynamic framework from equilibrium partition functions. The central concepts to
hydrodynamics (derivative expansion, transport coefficients, frame transformations,
Kubo formulas, etc.) are first introduced here, and the general idea of how these pieces
fit together is elucidated step by step using the “normal” hydrodynamic regime as an
example. Section 2.1 sets up the equilibrium/thermodynamic terms in the derivative
expansion. The non-equilibrium terms are added and constrained in section 2.2.

Chapter 3 focuses on the framework of anisotropic hydrodynamics in the presence
of an external vector field. Several of the concepts introduced in chapter 2 will
require some modifications but the overall structure remains the same. Some of these
modifications are summarized in section 3.3. The chapter ends with the constitutive

relations for anisotropic hydrodynamics to first order in derivatives. Constraints



on the non-equilibrium dissipative transport coefficients and derivation of the Kubo
formulas are left for later work.

Chapter 4 can be broadly broken down into two parts:

e Hydrodynamics in the presence of strong external magnetic fields. These mag-
netic fields are assumed small compared to the temperature to avoid the emer-
gence of non-hydrodynamical degrees of freedom. The construction in sec-
tions 4.2 and 4.3 follows the structure of chapter 2 with the addition of an
analysis of the eigenmodes of the resulting set of equations in section 4.3.5. The

modifications required for parity-violating systems are studied in section 4.3.9.

e Hydrodynamics with dynamical electromagnetic fields. Section 4.4 sets up the
new formalism, connects it with the covariant formulation of Maxwell’s equa-
tions in matter and proceeds to a similar analysis of this formalism. Section 4.5
summarizes a recent construction of magnetohydrodynamics in a dual formula-
tion [37] which uses the Hodge dual of the field strength as conserved current,

and compares it with the results of section 4.4.
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Chapter 2

Relativistic hydrodynamic

framework

Hydrodynamics is an effective low energy macroscopic description for many-body
systems that are in local thermal equilibrium [1]. The structure of the hydrodynamic
equations will be sensitive to the symmetries of the microscopic system, but not to its
precise details. The low energy information of the particular microscopic system will
be captured by the transport coefficients in the constitutive relations, which can be
expressed as small frequency and small wavelength limits of the correlation functions
of conserved currents. These conserved currents will provide the relevant description
for systems after coarse graining, since they are protected by the symmetries of the
theory. On length scales much larger than the mean free path of the microscopic
excitations or quasiparticles, the description in terms of these quasiparticles is not
adequate. On the other hand, because they are conserved, the currents will still be
there long after the quasiparticles have scattered or decayed. The relevant degrees
of freedom in hydrodynamics are inherited from thermodynamics. In this chapter,
we explain the generating functional and systematic derivative expansion approach
to hydrodynamics and follow the construction of the hydrodynamic framework of

normal fluids as a useful example.

2.1 Thermodynamics

Let us start with equilibrium thermodynamics. For a diffeomorphism and U(1) gauge

invariant system in equilibrium subject to an external non-dynamical gauge field A,



11

and an external non-dynamical metric g,,, we write the logarithm of the partition

function Wy = —i1In Z as
Wlg, Al = /dde vV—g F, (2.1)

and we will call F the free energy density'. [Conventions: metric is mostly plus,
"23=1/,/=g.] For a system with short-range correlations in equilibrium and for
external sources A and g which only vary on scales much longer than the correlation
length, F is a local function of the external sources, and W; is extensive in the
thermodynamic limit. It is only when the external sources vary slowly that the
system can be described by the hydrostatic framework. The density F may then be
written as an expansion in derivatives of the external sources [19, 18]. The current
J# and the energy-momentum tensor T*" are defined by varying W, with respect to

the external sources

W, = [ a1 =g (155, + J5A,) (22)

and automatically satisfy

V. T = F"™Jy, (2.3a)

V,Jh =0, (2.3b)

due to gauge- and diffeomorphism-invariance of W[g, A]. See the derivation of the
conservation equations in appendix A. The object Wi|g, A is the generating func-
tional of static (zero frequency) correlation functions of 7" and J* in equilibrium.
Of course, the conservation laws (2.3) are also true out of equilibrium, being a con-
sequence of gauge- and diffeomorphism-invariance in the microscopic theory. The
equations relating 7" and J* to the hydrodynamic variables are called the constitu-
tive relations.

Being in equilibrium means that there exists a timelike Killing vector V' such
that the Lie derivative of the sources with respect to V' vanishes. The equilibrium

temperature 7', velocity u® and the chemical potential i are functions of the Killing

!Note that we are working in the grand canonical ensemble, so this energy density is a local
version of the grand canonical potential.
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vector and the external sources [19, 18]

ot -, VAT AY
Y _V2

B/ = V2 —V?

Here 3y is a constant setting the normalization of temperature, and Ay is a gauge

(2.4)

parameter which ensures that p is gauge-invariant [38]. Note that this gives a local
thermodynamic theory, since the thermodynamic variables can be space dependent.
The Killing vector field defines the notion of time, and the static sources are assumed
to vary slowly in space, so that O(9"*!) < O(9™). The temperature sets the relevant
dimension for the derivative expansion: 0T /T?, Ou/T? < 1. It is important that
the fluid rest frame is aligned with the Killing vector field; otherwise the system is
not in equilibrium but instead in a steady state. We will write the energy-momentum

tensor using the decomposition with respect to the timelike velocity vector u*,
T" = Euru” + PAM + QFu” + QYut + TH, (2.5)

where A® = g" + w'u” is the transverse projector, QO is transverse to u,, and
TH is transverse to u,, symmetric, and traceless. Explicitly, the coefficients are
E=uu,T", P= %AWT“”, 9, = —A,ugT* and T, = %(AWAVB + AvaAg —
20, Aap)T*P. Similarly, we will write the current as

Tt = Nu' + J" (2.6)

where the charge density is N’ = —u,,J#, and the spatial current is J, = A,,J*. The
decompositions (2.5) and (2.6) are just identities, true for any symmetric 7" and
any vector J#. This decomposition will remain true for systems out of equilibrium.

The derivative of the fluid velocity can be decomposed even out of equilibrium in
3+1 dimensions as

V,u, = —uya, — %e,wpgupQ" + %UW + %AWV-U, (2.7)

where Q#* = e“”o‘ﬁuyvaug is the vorticity, a*# = u*Vyu* is the acceleration and
o = ArAVB (Vauﬁ + Vau, — %AMVW) is the shear viscosity tensor. The de-
composition (2.7) is an identity, true for any timelike unit vector u*. As we will see

soon, 0, and V-u vanish in equilibrium. The electromagnetic field strength tensor
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F, =90,A, —0,A, can also be decomposed in 3+1 dimensions as
Fo=u,E, —uFE, — €,,,u’B’, (2.8)
where F,, = F,,,u” is the electric field, and B* = %e“”aﬁuuFaﬁ is the magnetic field,

satisfying u-F = u-B = 0. The decomposition (2.8) is just an identity, true for any
antisymmetric F},,, and any timelike unit u#. Electric and magnetic fields are not
independent, but are related by the “Bianchi identity” e***#V,F,5 = 0, which in

equilibrium becomes

V-B = B-a—EQ, (2.9a)

U, PN, By = 1, E,a, . (2.9b)

Relations (2.9) are curved-space versions of the familiar flat-space equilibrium iden-

tities V-B =0 and VXE = 0.

2.1.1 Equilibrium constraints

The condition of static external sources imposes constraints on certain thermody-
namic parameters. The requirement that £, g = 0 gives one symmetric tensor equa-
tion. Decomposing this equation with respect to the fluid velocity «* in a similar way
to (2.5) gives two scalar equations, one transverse vector equation and one transverse

traceless equation
wWoT =0, Vu=0, a*+A"9,T/T =0, 0,,=0. (2.10)

Similarly, the vector equation coming from LA = 0 can be decomposed similarly
to (2.6) into
o =0, B"— TAW@V% ~0. (2.11)

These will restrict the number of terms that can appear in the derivative expan-
sion of the free energy density F and in the equilibrium constitutive relations. The
coefficients appearing in the equilibrium constitutive relations will be called the ther-
modynamic coefficients. These coefficients are fully fixed by the equilibrium generat-
ing functional W and, if the microscopic theory has chiral anomalies, the anomaly

coeflicients.
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2.1.2 Derivative expansion

In order to write down the density F in the derivative expansion, we need to specify
the derivative counting of the external sources A and g. The possible choices for these

derivative countings are determined by the equilibrium conditions

a' = A", T)T, E"= TAWE)V% (2.12)

Since finite temperature is required in order to have a classical description of the
theory, we always require a* ~ O(9). The concept of chemical potential is not relevant
when there are no free conserved charges in the theory, in which case we can have
EF ~ O(1). This would amount to a hydrostatic description of an insulator. If we
want to describe a theory with free charges, the chemical potential y is again a relevant
variable and we find E ~ O(9J) because of equation (2.12), reflecting the charge
screening present in these theories. These correspond to hydrostatic descriptions of
conductors. For normal fluids, no equation requires B* or * to be small, and these
may freely be taken at either O(1) or O(0). The framework of fluids in strong magnetic
fields is explored in chapter 4. Non-relativistic fluids in magnetic fields and with finite
vorticity have been simulated in [39, 40]. In superfluids, the covariant derivative of
the Goldstone boson §,, = —d,¢ + A,,, is a new hydrodynamic variable known as the
superfluid velocity [41]. In these fluids, there is an additional hydrodynamic equation
0,6 — 0,€, = F),, leading to B*, E* ~ O(0). This electromagnetic screening is a
consequence of the spontaneous U(1) symmetry breaking required to form superfluids,
much like the Meissner effect in superconductors [42]. Recent work on relativistic
superfluid hydrodynamics includes [43, 44, 45]. For the remainder of this chapter, we
take the traditional derivative counting E*, B*, Q* ~ O(0).

We now proceed to expand the free energy density in a derivative expansion,
starting with the O(1) term

F=p(T,pn)+0(09), (2.13)

which corresponds to the equilibrium pressure?. The ideal constitutive relations are

then found by varying the generating functional (2.1) with respect to the sources as

2The fact that the O(1) part of the free energy density corresponds to the equilibrum pressure
follows from taking the limit where the thermodynamic fields are constant everywhere. In the grand
canonical ensemble, —Wj is, up to a factor of T, the grand canonical potential, which is equal to
—pV. See e.g. chapters 2 and 3 of [46].
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in (2.2), which gives

T = eulu” + pAH  JF =nut. (2.14)

The equilibrium charge density n and the equilibrium energy density € are func-
tions of temperature and chemical potential and are related to the equilibrium pres-
sure by dp = sdT' + ndp and € = sT 4+ nu — p. The equilibrium entropy density
is important to find constraints on non-equilibrium transport coefficients (see sec-
tion 2.2.3). Looking at the energy-momentum tensor and current in the frame where
u* = (1,0), we get T" = diag(e, p, p,p) and J* = (n,0). One can proceed expanding
the free energy density order by order in derivatives to define the thermodynamic

terms at higher derivative orders

k' Nm

F=p(Tu)+ Y Y MM(T,p) s + 0@, (2.15)

m=1 n=1

where s{™ are O(0™) gauge and diffeomorphism invariant functions of g, , A, and V*
that don’t vanish in equilibrium, which we will refer to O(0™) equilibrium scalars. For
every derivative order m, N,, is the number of independent gauge and diffeomorphism
invariant terms that don’t vanish in equilibrium. For normal fluids, there are three
possible O(9) scalars: V-u, u*0,T , u*O\p all of which vanish in equilibrium. Thus,
there are no O(9) equilibrium scalars, and N; = 0. Examples of O(9?) equilibrium
scalars are ¢"0,70,T and ¢"'0,0,T. The M{™ are independent thermodynamic
functions of temperature and chemical potential which will appear as thermodynamic
coefficients in the equilibrium constitutive relations. For the derivative counting we
have picked (B*, E*, Qt ~ O(0)), varying the generating functional then gives
the equilibrium constitutive relations to O(9%). As we will see in chapter 4, picking a
different derivative counting can lead to terms of O(9™) in the derivative expansion of
the free energy density (2.15) giving terms of O(9™*1) in the equilibrium constitutive
relations. As an example of O(0) equilibrium constitutive relations, we turn to a 2+1
dimensional parity violating system with a U(1) conserved current. This was first
studied without the use of equilibrium generating functionals in [17] and later with
the use of this formalism in [18, 19]. For this system there are two equilibrium first
order scalars:

— __ Hvp — 1 pvp
Q= —-e""u,0u,, B=—5""u,F,,,
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which are the two-dimensional vorticity and magnetic field, so the free energy density
up to O(0) is

F = p(T, 1) + Mo(T, 1) Q+ M (T, 1) B + O(?). (2.16)

Varying the generating functional with respect to the metric and the gauge field gives

the first order equilibrium constitutive relations

E=c¢ + (TMQ7T + H’MQ,M - QMQ) Q + (TMB,T + /LMB,,u - MB) B, (217&)
P=p, (2.17Db)
N =n+ (Mg, — M) Q+ Mg ,B, (2.17¢)

o' = (Mg, — Mp) "Pu,E,+ (T Mqr + puMq, — 2M,) €?u,0,T/T, (2.17d)

JH = Mg "Pu,E, + (TMpr+ pMg, — Mg) ?u,0,T/T . (2.17e)

These were derived in [18, 19], and are related to the equilibrium expression found
in [17] by a frame transformation. Frame transformations will be explained in Sec-
tion 2.2.1.

2.2 Hydrodynamics

Hydrodynamics is an extension of thermodynamics to fluids that are out of equilib-
rium, keeping variations in space-time slow. Schematically, this means 0 < 1/ pp
where fy;pp is the mean free path of the microscopic particles. The relevant di-
mension for the derivative expansion is set by the temperature. To have a well
defined derivative expansion we require 97 /T?, Ou/T? < 1. Convergence proper-
ties of the hydrodynamic expansion has been a subject of recent interest, studied
in [20, 21, 22, 23]. The energy-momentum tensor 7" and conserved current J* come
from the variation of an, in general, non-local generating functional W = —iln Z,
similarly to (2.2). Then the conservation equations (2.3) will remain valid due to
gauge and diffeomorphism invariance of the out-of equilibrium generating functional
W. We will also call these the hydrodynamic equations. Being an extension of ther-
modynamics, it is not a surprise that the degrees of freedom in hydrodynamics are
inherited from thermodynamics. That is, the hydrodynamic variables will be the

temperature, chemical potential and fluid velocity, which are now promoted to be
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time dependent. These hydrodynamic variables don’t have a unique definition out of
equilibrium. This is because one can in principle add any non-equilibrium scalars or
vectors to their equilibrium definition (2.4) and these different definition will agree in
equilibrium. This ambiguity in the definition of the hydrodynamic variables leads to

the concept of hydrodynamic frames and frame transformations.

2.2.1 Frame transformations

The ambiguity in the out of equilibrium definition of hydrodynamic variables is related
to the fact that these are auxiliary variables useful to describe the hydrodynamic limit
of the microscopic theories. They are not inherited from the microscopic theory, but
rather from the equilibrium thermodynamic description of the theory. In other words,
there are no “thermodynamic operators” in the microscopic theory whose expectation
values give the local definitions of temperature, chemical potential and fluid velocity.
In contrast, the hydrodynamic energy-momentum tensor and conserved current do
arise as expectation values of the microscopic energy-momentum tensor and conserved
current operators. Thus, when out of equilibrium, we can redefine the hydrodynamic
variables T" — T + 6T, p — p + op and w”* — uf + du* where 67, dp and du
are made of non-equilibrium terms (such as V-u, etc.) so that, in equilibrium, the
new definitions coincide with the thermodynamic definition (2.4). Note that the
normalization condition of u* imposes du* to be transverse (u*du, = 0). These
redefinitions of the hydrodynamic variables are known as frame transformations. In
principle, one can consider redefinitions by terms that don’t vanish in equilibrium (like
dut = a*) but this will make the equilibrium constraints found in Section 2.1.1 true in
equilibrium only up to O(9?). If we restrict frame transformations to non-equilibrium
terms, the equilibrium constraints are exact.

These frame transformations will change the way the out of equilibrium consti-
tutive relations will look, but since the energy-momentum and current have a mi-
croscopic description, these are independent of frame choice. We describe this by
writing 07" = 0 and 6J* = 0. This is a shorthand way of saying T+ (T, p, u*) =
T (T + 6T, pu+ dp, u* + dut) and similarly for J#. Linearising in the variable redef-
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initions and using the ideal constitutive relations, we find

SE=0, 6P=0, 6N =0, (2.184)
SQF = — (E+P)ou", ST" = —Nsu", (2.18b)
5T =0. (2.18¢)

Isolating the O(1) parts of the out of equilibrium energy, pressure and charge
densities we can define the O(9) scalars in the contitutive relations fe, fp, fa by
E=e+ fe, P=p+ fp, N =n+ fr. The transformation of these O(9) scalars can
then be found from (2.18):

€ Oe

(o o
Sfp — (aT)M5T+ ((’M)Tdu’ (2.19b)

on on

Since there are three first order scalars and two possible hydrodynamic scalar varia-

tions (i.e., 07 and dpu), we find one frame independent combination

=t () = (3) 1o (2:20

Similarly, since we have one possible transverse hydrodynamic vector variation (Ju*)

we find one frame independent transverse vector

o= JH—

"
52" (2.21)

and one frame independent transverse traceless tensor 7#”. In order to fix the frame
ambiguity when writing the constitutive relations, we must specify the frame choice
in which they will be written. Two popular conventions are the Landau-Lifshitz
frame [1] fe = fyv = Q* = 0 and the Eckart frame [36] fe = fy = J* = 0.
Given our preference of restricting to definitions of the hydrodynamic variables that
coincide with (2.4) in equilibrium, we will be using the thermodynamic Landau-

Lifshitz frame used in [47] where the equilibrium terms are left in the thermodynamic
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frame of [18, 19] while the non-equilibrium terms are in the Landau-Lifshitz frame

f5:f57 fP:fP+fnon—eq.7 fN:fNu (222&)
Q=0", T'=T"+lon cq (2.22b)
T =T" + Tl eq. - (2.22c)

Here the barred terms are the ones derived from the variation of the equilibrium
generating functional and the “non-eq.” subscript indicates the non-equilibrium terms
of the frame invariants f, ¢* and 7#”. With this in mind, we can proceed to add the

non-equilibrium terms in the derivative expansion of the constitutive relations.

2.2.2 Constitutive relations

For a system out of equilibrium, the terms that vanish in equilibrium can appear in
the out of equilibrium constitutive relations. The O(1) functions in front of them
are called the non-equilibrium transport coefficients. Two familiar examples of non-
equilibrium transport coefficients are shear viscosity and charge conductivity. The
non-equilibrium transport coefficients may or may not be constrained by the require-
ment of local entropy production, allowing for a further classification of dissipative
vs adiabatic non-equilibrium transport coefficients. All thermodynamic coefficients
are adiabatic, while non-equilibrium transport coefficients can be either dissipative
or adiabatic. A more detailed classification of transport coeflicient is done in [26], in
which dissipative vs adiabatic is taken as the first differentiator. Adiabatic transport
coefficients are then further classified into seven classes, which include the hydro-
static (thermodynamic) transport coefficients and hydrodynamic (non-equilibrium
adiabatic) transport coefficients discussed in this work.

For a parity-preserving theory with the traditional derivative counting, there are
three non-equilibrium first order scalars u*0,T" u*dxjt, and V-u. These are related by
the ideal hydrodynamic equations V-J =0, «,V,T" = E-J, so only one is indepen-
dent up to O(9?). Similarly, there are two transverse non-equilibrium one derivative
vectors a* + A0, T/T and E* —T AW&,% which are related by one transverse vector
equation A, V,T?” = 0, so only one is independent up to O(9?). Finally, there is one
independent transverse traceless tensor o#. Picking V-u and V#* = E* —TA"J, % as
the independent first order scalar and vector and using the thermodynamic Landau-

Lifshitz frame (which coincides with the Landau-Lifshitz frame in this case) we get
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the out of equilibrium constitutive relations
T" = eu*u” + (p — (V-u) A — ot | JH =nut 4+ oV* . (2.23)

This defines the bulk viscosity (, shear viscosity 1 and charge conductivity o,
which are the non-equilibrium transport coefficients. The exact functional form
C(T,un), n(T,u) and o(T, 1) depends on the details of the microscopic theory. These
three non-equilibrium transport coefficients are dissipative, meaning they will sat-
isfy some inequality constraints due to the requirement of the positivity of entropy

production.

2.2.3 Entropy production

One method to find constraints on transport coefficients is to impose a local version
of the second law of thermodynamics: the existence of a local entropy current with
positive semi-definite divergence for every non-equilibrium configuration consistent
with the hydrodynamic equations. It was shown in [24, 25] that the constraints on
transport coefficients derived from the entropy current are the same as the equality
constraints derived from the equilibrium generating functional, plus the inequality
constraints on dissipative transport coefficients. We now review how these inequality
constraints are found.
We take the entropy current to be
St =5t .+ Sk

canon eq. ’

where the canonical part of the entropy current is

1

Sganon = T (puﬂ - ijul/ - /“’LJM) ) (224)
and SY is found from the equilibrium partition function, as described in [24, 25].
The constraints on transport coefficients follow by demanding V,S5* > 0. Using
hydrodynamic equations (2.3a),(2.3b), the divergence of the canonical entropy current

1s g

p v Uy 1%
V.St =V, (Tuu) — TV, (?“ . auf) .

canon

The SE, part of the entropy current is explicitly built to cancel out the part of V,,S%

that arises from the equilibrium terms in the constitutive relations, i.e. the terms in
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T* and J* derived from the equilibrium generating functional. For parity-preserving
normal fluids to O(9), Sk, is zero. We thus focus on the non-equilibrium terms, and
write the thermodynamic frame constitutive relations (2.23) as T = Tk +Th»
and Jt = Ji + Jh

foneq. LThe divergence of the entropy current is then

1 1% "y Uy
VMSH = ?Jllfon—eq. (EM - Taﬂ?) - TIIIOH-GQ'VMT
1 1 Lo
= ?gﬁon_eq, Vu - ffnon—eq.v'u - ﬁ,];lén—eq.o—ﬂl’ ’

where the frame invariants were defined in (2.20) and (2.21). Using the constitutive
relations (2.23), this leads to

TV,S" = oV?+ in(c")? + ((V-u)®. (2.25)
Demanding V,S* > 0 now gives

c>0, =0, (>0. (2.26)

2.2.4 Kubo formulas

When the microscopic system is time-reversal invariant, transport coefficients can be
further constrained by the Onsager relations. The retarded two-point functions of

operators O, and Oy in a time-reversal invariant theory in equilibrium obey
GE (w,k) = e,6, G (w, —k) (2.27)

where €, and ¢, are the time-reversal eigenvalues of the operators O, and O,. Equa-
tion (2.27) is given in Fourier space GE(w. k) = [d*ze **GE (x) where k* =
(w, k).

More generally, if there are some time-reversal symmetry breaking parameters y
(such as an external magnetic field), the two-point functions of operators O, and O,

in a time-reversal invariant microscopic theory in equilibrium obey
Gfb<w7 ka X) = € GbR;(wv _ka _X) : (228)

We take our operators to be various components of T"” and J*, and evaluate

the retarded two-point functions by varying one-point functions in the presence of
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the external source with respect to the source. Namely, we solve the hydrody-
namic equations in the presence of fluctuating external sources 0A,d¢g (proportional
to exp(—iwt 4 ik-x)) to find dT'[A, g, ou[A, g], ou*[A, g], and then vary the resulting
hydrodynamic expressions 7" [A, g] and J#[A, g] with respect to g,s, A to find the

retarded functions. Specifically,

5 ) 5
G?#“’TD‘B =2— ( V=9 T:n—shell[A7 g]) ’ G?“To‘ﬁ =2 (V -9 ‘]c/fn—shell[A7 g]) )
(59015 5904,6’
(2.292)
GR = O e L TR 2.29b
Trv o — E on—shell[ 79]7 JHJe E on—shell[ 79}7 ( 29 )

where the subscript “on-shell” signifies that the corresponding hydrodynamic T*[A, g]
and J#[A, g] are evaluated on the solutions to (2.3), and the sources J A, dg are set to

zero after the variation is taken. The expressions (2.29) are to be understood as

5(v—yg Tcﬁishell) = %G%WTaﬁ (w, k) 59aﬁ(w, k),

etc. This provides a direct method to evaluate the retarded functions, and allows both
to check the Onsager relations and to derive Kubo formulas for transport coefficients.
In the hydrodynamic regime we are working in, the Onsager relations don’t impose
any constraints on the transport coefficients. We will see in Chapter 4 that the
Onsager relations do impose constraints on first order transport coefficients in the
presence of strong magentic fields.

We next list the expressions for transport coefficients in terms of retarded func-
tions evaluated in flat-space equilibrium. These expressions are known as the Kubo
formulas for the transport coefficients [48]. In the limit k — 0 first, w — 0 second we
find the following Kubo formulas. For normal fluids in 3+1 dimension, the two-point

function of the current J* gives the conductivity,
Ly Im GY (w, k=0) = o, (2.30)
the shear viscositiy is given by

LIm Gy oy (0, k=0) =1, (2.31)
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while the “bulk” viscosity may be expressed as
oL 630kIm Gy (w, k=0) = ¢, (2.32)

Correlation functions at non-zero momentum may be obtained in a straightforward

way from the variational procedure described earlier.

2.2.5 Inequality constraints on transport coefficients

Finally, let us show that the inequality constraints on transport coefficients (2.26)
derived from demanding that the entropy production is non-negative can also be
obtained from hydrodynamic correlation functions, without using the entropy current.
The argument is based on the fact that the imaginary part of the retarded function

GE,(w, k) must be positive for any Hermitean operator O and w > 0,
ImGEo(w, k) > 0. (2.33)

See appendix D.4 for details. Then, using O = J*, T** and T*Y together with the
Kubo formulas (2.30), (2.31) and (2.32) give the inequality constraints (2.26) derived
by the entropy production argument. Now consider the operator O = aO; + bO-,
with real coefficients a and b, and Hermitean operators Oy, O,. The inequality (2.33)
implies

Im [a*G§ o, + abG§ o, + abGy o, +0°GE 5] >0,

for w > 0. This quadratic form in a, b must be non-negative for all a, b which implies
ImG§ o, > 0, ImG§, 5, > 0 together with

(ImGE o) (mGE ) = 1 (ImGE . +TmGE ). (2.34)

1
1
The two terms in the right-hand side of (2.34) can be related by the Onsager relation
(2.28). This argument can be expanded to O = a,,O,, to give more constraints when
more transport coefficients appear in the correlation functions. The constraints found
using this method are the same as the constraints found by the entropy production
requirement for all systems studied thus far. If this is true in general, and the reason

behind it remain an open question to this day.
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Chapter 3

Anisotropic hydrodynamics

3.1 Introduction

The study of non-Fermi liquids is an area of great interest in recent years [49, 50,
51, 52]. Many new materials show behaviour uncharacteristic of Fermi liquid theory,
and the search for appropriate descriptions of these materials without quasi-particle
descriptions is a subject of great interest. High temperature cuprate superconductors
are arguably the most famous example of these “strange metals” where the quasi-
particle description of Fermi liquid theory breaks down. For the most part, quantum
criticality has become a central avenue in the search of appropriate descriptions of
these non-Fermi liquids [53, 10, 54, 52]. Studies of graphene have shown the formation
of a Dirac fluid in which the quasi-particle description breaks down, exhibiting non-
Fermi liquid behaviour [55]. The low energy description of graphene exhibits a pseudo-
Lorentzian symmetry with an effective speed of light ve.sr &~ ¢/300. This effective
speed of light appears in the Coulomb coupling o, = a/vess & 2.2. Further studies
into Dirac fluids have pointed towards the possibility of a hydrodynamic description
of these systems [56, 57, 13].

Recent hydrodynamic descriptions have also been constructed for other exotic
materials such a Weyl semi-metals [14]. An important aspect of Weyl semi-metals
is the separation of the Fermi points for excitations of different chirality, connected
through the boundary of the crystal by the exotic boundary states named Fermi
arcs [58, 59, 60]. This makes the Weyl semi-metal an example of a topologically non-
trivial phase of matter. In Weyl semi-metals, the Fermi points are commonly named

Weyl nodes, as the quasi-particle excitations in those nodes are Weyl fermions. Be-
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ing a theory of chiral fermions, the hydrodynamic description for Weyl semi-metals
is that of hydrodynamics in the presence of anomalies, an active subject of re-
search [16, 38, 61, 62] . Aside from both being examples of strange metals for which
hydrodynamic descriptions have recently been studied, Weyl semi-metals and Dirac
fluids in graphene have another thing in common. Namely, the low energy effective
theory for both of these materials is not Lorentz invariant. To make this point clear,
we write down their effective actions, first in the usual way and then in a manifestly
covariant way.

The low energy effective description for graphene is that of massless fermions
coupled to an electric potential with an effective speed of light v s =~ ¢/300. The low

energy effective action for graphene is [63, 64]

Lin®(0, + ieAo) + Wﬁ:) b, (3.1)

e

Siraph, = / dtd?i) (

where v = (7°,9%,9?) obeys {7#,7*} = n47,. This effective action exhibits an
emergent Lorentz symmetry with the effective speed of light v.ss. Consider coupling
this theory to a dynamical electromagnetic field with Lagrangian Lgy, = —iF 2. The
electromagnetic action is invariant under the true Lorentz group with speed of light
c. To write this in a Lorentz covariant way, we introduce a unit vector pointing in

the “time” direction n* = (1,0). We can then write

Siot. = /d%@b <2”y“DH +17"n, (1 — Uelff )n“Du> P — /d4x%F2 = St [0, A, 1],
(3.2)
where D, = 0, + ieA, is the gauge covariant derivative. The last equality is there
to emphasise that the effective action for graphene depends on the Dirac fields, the
gauge field and a vector field n*, which roughly speaking corresponds to the velocity of
the graphene lattice. The effective action for Weyl semi-metals has a similar Lorentz
breaking term [65, 66, 67], which will require a space-like vector 0" = (0, 0,0, ) to be

written in a Lorentz covariant way

SWeyl = /d4$\/__g’lﬁ (Z’Y#Du - 7275b + M) w
(3.3)
- /d4I\/—_glﬁ (Z’YH(DM + ib,u'yf)) =+ M) w - SWeyl[w7 g, A7 b] .

In this case, the vector b* parametrizes the separation of the Weyl nodes in momentum

space.
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Roughly speaking, what is happening in these effective descriptions is that the
full theory is Lorentz invariant, and in some particular cases (like the formation of a
lattice) some degrees of freedom (the ones forming the lattice) can be integrated out,

giving a new effective theory

Z = / DyDxe S = / Dy e Serlvinl (3.4)

where x are the degrees of freedom that were integrated out and 1’ is some possible
field redefinition of the degrees of freedom 1 that were not integrated out. The new
vector n* = n*[(x)] can be a function of the expectation values of the y degrees of

freedom. Explicitly,
Set[V),n] = —ilog/DxeiSW”X] : (3.5)

This raised an interesting theoretical question. How does the hydrodynamic frame-
work change, when the generating functional depends not only on the external metric
and gauge fields, but also on a new external vector? This is the question that will be

addressed in this chapter.

3.2 Thermodynamics with an external vector n

Let us start with equilibrium thermodynamics of anisotropic theories, as the ones
mentioned in the introduction of this chapter. To do this, we assume the equilibrium
generating functional introduced in section 2.1 is now a function of the external metric

9uv, gauge field A, and vector n*

Wy =Wglg,A,n], Ly =0. (3.6)

Recall that static equilibrium implies the existence of a timelike Killing vector field
V#. With the extra external vector n*, there is a new auxiliary vector X,. The

variation of the generating functional is then

1
oW = / d'z/=g bTW(ng AL+ Xyont] (3.7)

which defines X,,. We also assume the external vector is gauge independent. This
ensures the current conservation equation (2.3b) remains unaffected. On the other

hand, the energy-momentum non-conservation (2.3a) receives corrections coming from
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the action of diffeomorphisms on the external vector

VAT = P, + X,V 4+, (X), V0" =0, (3.8)

See appendix A for a derivation of the equations of motion. Note that the auxiliary
vector doesn’t come with a new conservation equation. As was discussed in section 2.1,
we can expand the free energy density F (defined in (2.1)) order by order in derivatives
and take variations with respect to the sources to get the equilibrium constitutive

relations. Note that there will be a third constitutive relation for the auxiliary vector

v L oW
"VEg e

The O(1) part of the free energy density F, the equilibrium pressure p, can now

(3.9)

be a function of three scalars

Bt - Ay
M—U“Aquﬁa

where Ay is a gauge parameter which ensures that p is gauge-invariant [38]. Explicitly,

n-u = n*u"g,,, (3.10)

from which we find the O(1) constitutive relations
T = (e — gn~u) utu” + pA* + g(utn' +u'n'), (3.12a)

J=put, X' =gu", (3.12Db)

where n/| = A*n,,, the part of n* orthogonal to u*. We also have dp = sdT" + pdu +
gdn-u and € = sT+pu—p. Asin chapter 2, s is the entropy density. Note the different
notation for charge density p to avoid confusion with the external vector n*. We also
have a new thermodynamic function g, which contains the pressure’s dependence on
the new scalar n-u. In the fluid’s rest frame (i.e. where u* = (1,0)), the new term
gives a non-zero momentum density along the n* direction. As for normal fluids, p
correspond to the pressure in this reference frame, while the energy density receives
a new contribution gn-u.

We now turn to the O(9) equilibrium scalars in the derivative expansion. There

are 11 O(0) scalars, but £y, = 0 imposes 7 constrains between them, leaving only four
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independent O(0) equilibrium scalars. The 11 O(9) scalars are listed in table 3.1.
The equilibrium constraints can be found in appendix B.1. In 341 dimensions, there
are 3 O(0) equilibrium pseudo-scalars, while in 2+1 dimensions there are 6. The
O(0) equilibrium scalars and pseudo-scalars in 3+1 dimensions and 2+1 dimensions

are listed in tables 3.2 and 3.3 respectively.

‘ First order scalars

1| 2 3 4 5 6 7 8 | 9 | 10 | 11
0T | Ot | 0,22 | Vyun | n- (E—=T0%) | n-(a+%5) | NV, | 0,7 | 0.4 | 0,%% | V!

Table 3.1: First order scalars in d+1 dimensions. The first four will correspond to
the equilibrium scalars, the last seven vanish in equilibrium. We have used N* =
A —p!inY /n% and 9, = n*d),.

First order equilibrium terms

Zero order equilibrium terms
1 2 3 4
112 3
scalars (s1;) 0T | Opf | On" | Vynt
scalars (so;) | T | p| n-u . N
: pseudoscalars (51;) | B-n |w-n | @-n

Table 3.2: Zero and first order independent scalars and pseudoscalars in 34+1 dimen-
sions. We have defined B* = %(—:’“’""uyF oy W= €7,V u, and wh = e"P7u, V n,.

’ Zero order equilibrium terms ‘

112 3
scalars (so;) | T || n-u

’ First order equilibrium terms ‘

1 2 3 4 5) 6
scalars (s1;) 0,T | 0, O | V,nt

pseudoscalars (51;) | B w w @y | €nu

NI=

14
e"Pn,u, Viyu,

Table 3.3: Zero and first order independent scalars and pseudoscalars in 2+1 di-
mensions. We have defined B = %e”’”’u,,Fpg, w = €Pu,0u,, © = "Pu,d,n,,
Op = €"Pn,0,n, and €, = €’ n,u,0,.

Similar to the decompositions of the energy-momentum tensor (2.5) and the cur-

rent (2.6) with respect to the fluid velocity

T = Eur'u” + PA* +ut Q¥ + QFu” + TH, (3.13a)

JH = Nu'+ T", (3.13b)
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we can decompose the auxiliary vector
Xt =gu'+ &+, (3.14)

where G = —u"X, and X* = A"X,. Just like equations (3.13), the decomposi-
tion (3.14) is an identity. These decmopositions will also be used when studying the
out-of equilibrium energy-momentum tensor, conserved current and auxiliary vector.

With the addition of the external vector n*, it is useful to further decompose Q"
"= gl + g, (3.15)

where n/ = A*n,,. Equation (3.15) defines ¢, which contains the O(9) part of O".
Compared to the hydrodynamic framework for normal fluids introduced in chapter 2,
the facts that there is a new auxiliary vector X, and that the momentum current Q*
has an O(1) component require a careful treatment of frame transformations and the

entropy current. These will be the focus of the next section.

3.3 Consequences of anisotropy

3.3.1 Frame transformations

As was mentioned in chapter 2, the out of equilibrium definition of the hydrody-
namic variables is not unique. These redefinitions of fluid variables are known as
hydrodynamic frame transformations. Refer to section 2.2.1 for an introduction to
hydrodynamic frame transformations. In this discussion, we focus on decomposing
the O(0) structures that appear in the constitutive relations of anisotropic relativis-
tic hydrodynamics in terms of the SO(d) rotation subgroup of SO(d,1) that leaves
the fluid velocity u* invariant. In the constitutive relations for a fluid coupled to an
external vector field in d+1 dimensions, there are four SO(d) scalars £, P, AN and
G, three transverse vectors Q" , J" and X'* and one transverse traceless symmetric
tensor 7. We will be interested in the O(0) parts of these terms, and how they
vary under frame transformations (T' — T + 6T, pu — pu+ op and ut — u* + dur).
As we will soon see, the scalar and vector variations under frame transformations
will get coupled because the transformation of n-u will depend on the transformation
of ut. There are three hydrodynamic variables to redefine (temperature, chemical

potential and fluid velocity), so we can recover 4 +3+1—3 = 5 frame invariant O(0)
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terms that transform under a representation of SO(d). In comparison, for normal
fluids we have three O(0) frame invariants, as was shown in section 2.2.1. Since there
are no tensor variables to transform, one of these invariants is expected to be a ten-
sor. By the same reasoning, we can expect to have two linearly independent frame
invariant vectors. This means there will be two frame invariant scalars. However,
because of the coupling of vector and scalar variation, at least one of these scalars
will depend on the first order vectors as well. Using the ideal constitutive relations
and requiring that 7#” | J# X" remain invariant to O(9) under a change of frame
T—T+6T, p— p+dou, u* — u’ + dut leads to

2
d—1

0 = —2gn,0u”, OP = — gnyout, SN =06G =0 (3.16)
We define the O(0) functions fe, fp, fyv and fg by
Sze—gnu+fg, P:p+f777 N:p+fN7 g:g+fg7 (317)

Equation (3.16) implies the following transformation of the O(9) functions

s G~ ()i (vl

or oT ou o on-u on-u
d+1
Fi = fp — 56T = o — T gmou
ap dp dp
v =fv— ==0T — —du — ——n,ou"
v =Jx oT o P om0
9y 9y 9y
L f,— 25T — 225 — —2— I
fe=1tg 8T5T alu5,u 8n-un“5u ,
(3.18)
where the thermodynamic variables are T, p and n-u. That is, g—; = (8—;)“71%, and

so on. The frame invariant scalar made out of these is

finU:fP_ang_aNfN_agfg7 (319)
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where!
o7 (3,45 05).)
o (Gp) U5 (), CE).) om
() ) () ),

The linear combination

F=to= (L) tetnuse)— (L) - (L) fo

dp dg (3.21)
= fp — Befe — Byfn — Bafe

transforms by
oP
5f = (

and will need to be mixed with some vector to give a frame invariant scalar. We will

2
Cd- 1>gn#(5u“ ’ (3.22)

return to this below. The vectors transform as

Q! = —(€ + P)out + GuFnydu, 6J" = —Nou", 0X" = —GouH,

dg dg dg 3 (3.23)
o _ ) no_ p
3¢ = —(E + P + Gn-u)du <6T6T+8 5p -+ 5 =madu )nJ_,
so that
3(q" — fgn') = —(€ +P + Gn-u)ou” . (3.24)
We can thus find two linearly independent frame invariant vectors
=g~ L fontt), k=g Cam (3.25)

€E+Dp g

Of course, a linear combination of the two will also be frame invariant. One par-

ticularly useful combination of these for a neutral fluid coupled to an external field

!The thermodynamic derivatives appearing in equations (3.20) and (3.21) can be related to the

derivatives using (T, p, m-u) as the thermodynamic variables using the mnemonic (%) =
p.g

A(p,p,9) 1.2 .3
o(p.p,9) _ (arssls) G
B = (i) e, Where Feriray = det (555 ).

(T ,p ,m-u)
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is

9
=Xt ———I(¢" — . 3.26
m (0"~ fon!) (3.26)

Finally, the transverse symmetric tensor 7+ will change by

2
STH = —g (5u“ni + ou'n!| — HAMVTLA(SUA) . (3.27)
Using the transformation rules for the first order vectors, we can form three in-
variant scalar and three tensors
o 2 \g v_9py v 2\
f+ <E - H) vnuv“, T — 9( Pn' +o'nf — aA“ nav) (3.28)
where (v*,V) € {(X*,g),(T", p),(¢" — fgn'],e + p)}. From here on, we will label

these scalars and tensors fy and 74,”. As an example, we have

ITm. (3.29)

dp 2)
p

fo=t+ (e —a=3
Only one of the three scalars in (3.28) and only one of the three tensors in (3.28) will

be linearly independent from the rest of the frame invariants. For example, we have
fo="Fq+ (% - %) %k'”'

In this discussion we relied on the SO(d) subgroup of the Lorentz group that
leaves u* invariant to keep track of our frame invariants. Decomposing only with re-
spect to u* gives the frame invariants in the SO(d) basis: finy, ferp, £, m*, 71Y,. This
decomposition has two scalars, two transverse vectors and one transverse symmetric
traceless tensor of SO(d) for a total of 2 + 2d + (d+2)(d-1)/2 = d+ (d+1)(d+2)/2
degrees of freedom. Due to the presence a new vector n*, we can choose instead to
decompose objects with respect to both u* and n/j. We can thus rewrite the frame
invariants in terms of the scalars, vectors and tensors of a smaller group SO(d-1) that
leaves both u# and n* invariant by using the projector N* = A® — p!'n¥ /n? . This
basis has five SO(d — 1) scalars, three transverse vectors and one transverse symmet-
ric traceless tensor for a total of 5 + 3(d-1) + (d+1)(d-2)/2 = d + (d+1)(d+2)/2
degrees of freedom. These two choices of basis appear in table 3.4. Moving forward,
we will continue to use the thermodynamic Landau-Lifshitz frame as explained in
section 2.2.1, some information on how to go from any frame to the Landau-Lifshitz

frame can be found in appendix B.2.
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First order frame invariants
SO (d> fim) fe+p gﬂ mk TéL—il—jp

SO(d—l) finv f6+p ¢ m | Tetp E’i m/i Te“—&-p Tﬁ:p#

Table 3.4: First order independent scalars decomposed in terms of two different

Hv _ NM v _af H _ NB VO .
Lorentz subgroups. Here, we defined 7, | = N¢ N"p70 700 = NK 727 n,, £ = ned,

¢! = N*(, and similarly for m* and 7, ,. The degrees of freedom for both decompo-
sitions will be the same. The only difference is the way we decided to collect them.
For example, ¢# = (n! /n? + (1.

3.3.2 Entropy current

When the effective action (and hence the generating functional W) depends on an
external vector n*, the canonical entropy current discussed in section 2.2.3 will need
to be modified. Using the conservation equations (3.8) and the O(1) constitutive
relations (3.12) we find

V. [(e - p)u“] =Vup — gVyn-u, V.(pu") =0, (3.30a)
E-n=n’V,(gu") +nuV, [(e +p+ gn-u)u“] + V,.p
— gu*Vony + (e +p + gnu)n*Vyuy . (3.30b)

Together with the thermodynamic definitions dp = sdT + pdp + gd(n-u) and € =
sT + pp — p, these lead to
V.(su*) =0. (3.31)

Thus, as expected, the entropy current is conserved in ideal (O(1)) hydrodynamics.
The canonical entropy current (2.24) however, gives Scanon. = su* + %n*. To amend

this, we need a modified entropy current

1
S == <pu“ — Ty, — pJ" + u”Xl,n“>, (3.32)

anisotropic T

so that S*

anisotropic

modified form of the canonical entropy current is frame invariant. This is no longer

= su* at leading order in derivatives. Direct calculation shows this

the case for the usual form of the canonical entropy current which doesn’t include the

last term.
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3.4 First order constitutive relation

3.4.1 Equilibirum terms

We now proceed to find the equilibrium constitutive relations to O(9) in derivatives.
For a system in equilibrium in the thermodynamic frame, we can expand the consti-
tutive relations to O(9)

NE

4 4 4
€nSn , f_P:Zﬁ-TLSTL7 fN:Z¢n3na fg:ZXnSna
n=1 n=1 n=1

Il
—

n

7 7 7 . (3.33)
7" = 7nUﬁ ) j# - Z S”UZ ’ xh = Z gnvz ! T = Z Z én’ltgl’/l )
n=1 n=1 n=1 n=1 i=1

The coefficients €,, etc. are given below in equation (3.35). The first order scalars,

vectors and tensors relevant for hydrostatics are listed in table 3.5.

’ First order

1 2 3 4 5 6 7
n-u
scalars (s,,) o,T Onfr On"5" V,n#
vectors (vf) | 0,Tn'| | O fn'l | 0% 0!l | V it | A, T | A, | Ao, 5
tensors (t47) | 9, 1ot | 9,40l | 9, %0l | Vantoh” ol a‘,;” Uﬁ%

Table 3.5: Equilibrium first order independent scalars, vectors and tensors in a parity
invariant hydrodynamic theory. Here, we defined 0, = v*0, for any vector v, oh” =
(n'inY — 2A"n3) and o = (0! 0"s + n' O's — 2AM, s) for any scalar s.

For a parity invariant theory in arbitrary dimensions, the free energy density can

be expanded to O(0)

4
F =p(T, p,nu) + Z M, (T, jt,n-u)s, + O0(9%), (3.34)

n=1
from which we can get the O(9) equilibrium constitutive relations in the thermody-

namic frame by varying the generating functional (3.6) with respect to the sources.
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The resulting constitutive relations using the expansion (3.33) are

_ n-u _
=& =M — Myr — %Mz;,u - TM4,n-u7 To =& = My —TM,,,
_ ~ - 1 W n-u
Mg =8 = Mz —TMyy0, ¢1=DM,— T(MZT + TMZ“ + TMQnu> )
_ _ 3 B _ ]\42
<Z52 = M2,;“ ¢3 = —X2=""2= Mz’w - Mz,n-u ) ¢4 = M4,# - T )
1 I e (3.35)
U =T = Miga — 7 (Mg + £ My + 52 My )
X1 =M 1, T 3,17+ 7V3u + 7 Vs,
_ _ M; _ _ - 2T _
X4=V4=M4,n-u—?7 €1 = —2n-uX, — T, € =2nupz—T"¢; — 7,

& =—T"x1 — 73, €4=—T7T1+2T7T3, Ty=X3=73=0i=0;=0.

The comma denotes a thermodynamic derivative with respect to the following ar-
gument i.e., M = %—Af. The constitutive relations have 20 non vanishing coefficients,
from which only 9 are linearly independent (for example, 7; and & are not linearly
independent) and are related through 4 functions and their derivatives. The bar is
used to specify that these are thermodynamic frame coefficients. The constraints
in (3.35) can be brought to the Landau frame using (B.11).

3.4.2 Non-equilibrium terms

We have found the equilibrium constitutive relations to O(9) in the previous section.
The next step is to find the non-equilibrium terms appearing in the constitutive rela-
tions to first order in derivatives. This amounts to including all possible contributions
to the energy-momentum, current and auxiliary vector made up of independent terms
appearing in Table B.1. Although there are 7 scalars, 4 vectors and two tensors in
Table B.1, these are related by three scalar equations (V, 7" + F*J, — X, V'n* —
V. (X"n*) = 0 contracted with u* and with n'/, as well as V,J* = 0) and one
transverse vector equation (N, (V,T* + F* ], — X, V'n* — V ,(X"n*)) = 0). We
can therefore include only 4 scalars, 3 vectors and two tensors from Table B.1 in the
constitutive relations.

To fix the frame ambiguities in the constitutive relations, we pick the thermody-
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namic Landau-Lifshitz frame, that is

fe=Tfe, fp=/[p+ fPnoneq. IN=1Te, [fa=Ffg+ fanoneq

=g, Jr=T"+ b g XM= XH 4+ Xl oneq. (3.36)

T = T T

The non-equilibrium terms in this frame can be related to the non-equilibrium terms
in any frame by (B.10). They can also be related to the non-equilibrium part of the
frame invariants fpyc, fino, 0¢;m* and 757, by the equations preceding (B.10). With

these things in mind, the non-equilibrium terms in the constitutive relations take the

form
f'P,non—eq. = Clsl,non—eq. + 6233,n0n—eq. + 6354,n0n—eq. + C4£7,non—eq. 9 (337&)
fg,non—eq. = C551 non-eq. + C653,non-eq. + C7S54,non-eq. + C8S57,non-eq. » (337b)

[ _ I
jnon—eq. - (C9sl,non—eq. + 01053,n0n—eq. + C1134,110n—eq. + 01287,non—eq.)nJ_
n n " ~
+ €131 non-eq. + €14V3 non-eq. + C15V4 non-eq. + €161 non-eq.

= =
+ C17V3 non-eq. + €18V4 non-eq. » (337C)

_ (1) 7
Xrlfon-eq_ - (01951,non-eq. + CZOSS,non-eq. + C2184,non—eq. + 02257,n0n-eq.)nj_

p p p ~p
+ C23V7 non-eq. + C24V3 non-eq. + C25U4 non-eq. + C26V1 non-eq.

~p ~p
+ C27V3 hon-eq. + C28V4 non-eq. 1 (337d)

ﬂ%ﬁ-eq, = (2951 non-eq. + €3053 non-eq. + €3154 non-eq. T €3257 non-eq.)Oh"

+ et a7+ a0 D a5V oneq L+ Ca60"
310 oo 1+ C350non eq. 1T F €300 moneq 1 + 0@ (3.37e)
To further restrict these non-equilibrium transport coefficients, the transformation
properties of n* have to be specified. If n* behaves as a regular vector under C, P
and 7, parity invariance of the microscopic theory fixes ci6 = c17 = 18 = 96 =
Cop = Cog = C37 = (33 = C39 = C40 = 0. In a conformal theory, the tracelessness of
the energy-momentum tensor imposes ¢; = ¢o = ¢3 = ¢3 = ¢4 = 0. A natural step
from here would be to find the constraints on these coefficients due to the positivity
of entropy production and the corresponding Kubo formulas. This would amount
to following the procedures outlined in sections 2.2.3 and 2.2.4 with the modified

anisotropic entropy current (3.32), the modified hydrodynamic equations (3.8) and



the anisotropic constitutive relations (3.12), (3.35) and (3.37).
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Chapter 4

Relativistic

magnetohydrodynamics

4.1 Introduction

In a macroscopic system, near-equilibrium phenomena can often be described by
classical hydrodynamics. When the microscopic theory contains weakly coupled U (1)
gauge fields, long-range correlations mediated by those fields are possible. Maxwell’s
equations in matter give an effective description of such correlations in terms of clas-
sical gauge fields. These equations are useful when the coupling between electro-
magnetic and thermal/mechanical degrees of freedom can be neglected. We would
like to understand the effective description of relativistic systems in which macro-
scopic electromagnetic degrees of freedom are coupled to the macroscopic thermal
and mechanical degrees of freedom. This amounts to coupling Maxwell’s equations in
matter to hydrodynamic equations. When the matter is electrically conducting and
electric fields are neglected, such classical effective theory is usually called magneto-
hydrodynamics (MHD).

Our motivation it two-fold. From a fundamental point of view, a number of recent
developments in relativistic hydrodynamics have pushed the boundaries of the “tra-
ditional” theory, as described for example in the classic textbook [1]. These include:
a systematic derivative expansion in hydrodynamics [15], an equivalence between hy-
drodynamics and black hole dynamics [68], the manifestation of chiral anomalies in
hydrodynamic equations [16], the relevance of partition functions [19, 18], elucidation

of the role of the entropy current [24, 25], new insights into relativistic hydrodynamic
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turbulence [69], convergence properties of the hydrodynamic expansion [20], and a
classification of hydrodynamic transport coefficients [26]. It is reasonable to expect
that the above insights will also lead to an improved understanding of the “tradi-
tional” MHD. For example, there does not appear to be an agreement in the current
literature on such basic question as the number of transport coefficients in MHD.

From an applied point of view, recent years have seen relativistic hydrodynamics
expand from its traditional areas of astrophysical plasmas and hot subnuclear matter
into the domain of condensed matter physics. Examples include transport near rela-
tivistic quantum critical points [10], in graphene [57, 13] and in Weyl semi-metals [14].
For conducting matter, MHD is a natural extension of such hydrodynamic models.

In what follows, we will outline the construction of classical relativistic hydrody-
namics with dynamical electromagnetic fields, starting from equilibrium thermody-
namics. In order to write down the hydrodynamic equations, we will assume that the
system is locally in thermal equilibrium. We will further assume that the departures
from local equilibrium may be implemented through a derivative expansion such that
the parameters which characterize the equilibrium (temperature, chemical potential,
magnetic field, fluid velocity) vary slowly in space and time. At one-derivative order,
transport coefficients such as viscosity and electrical conductivity appear in the con-
stitutive relations. We are not aware of previous treatments that list all one-derivative
terms in the constitutive relations of magnetohydrodynamics.

For parity-preserving conducting fluids in magnetic field, we find eleven trans-
port coefficients at one-derivative order. One transport coefficient is thermodynamic,
and determines the angular momentum of charged fluid induced by the magnetic
field. Three transport coefficients are non-equilibrium and non-dissipative: these
are the two Hall viscosities (transverse and longitudinal), and one Hall conductivity.
There are also seven non-equilibrium dissipative transport coefficients: two electri-
cal conductivities (transverse and longitudinal), two shear viscosities (transverse and
longitudinal), and three bulk viscosities. The constitutive relations for the energy-
momentum tensor are given in egs. (4.9), (4.19), and for the current in eqs. (4.10),
(4.20). The dissipative coefficients have to satisfy the inequalities in eq. (4.27) im-
posed by the positivity of entropy production, or alternatively by the positivity of the
spectral function. As a simple application of the hydrodynamic equations, we study
eigenmodes of small oscillations near thermal equilibrium in constant magnetic field.

We start in Section 4.2 with a discussion of equilibrium thermodynamics in the

presence of external electromagnetic and gravitational fields. In Section 4.3, we will



40

discuss hydrodynamics, again when electromagnetic and gravitational fields are ex-
ternal. The magnetic fields are taken as “large” and electric fields as “small” in the
sense of the derivative expansion. The smallness of the electric field is due to electric
screening. We expect the hydrodynamic description only to be valid for B < T2,
otherwise new non-hydrodynamic degrees of freedom (such as those associated with
Landau levels) must be taken into account. Our procedure will improve on exist-
ing studies by taking into account the effects of polarization (magnetic, electric, or
both), electric fields, and by enumerating all transport coefficients at leading order
in derivatives. In Section 4.4 we discuss hydrodynamics with dynamical electromag-
netic fields, as an extension of hydrodynamics with fixed electromagnetic fields. As
a simple example, one can study Alfvén and magnetosonic waves in a neutral state
(including their damping and polarization), and waves in a dynamically charged (but
overall electrically neutral) state. We compare our results with the recent “dual” for-
mulation of MHD in Section 4.5, and with some of the previous studies of transport

coefficients of relativistic fluids in magnetic field in the Appendix.

4.2 Thermodynamics

Let us start with equilibrium thermodynamics. For a system in equilibrium subject
to an external non-dynamical gauge field A, and an external non-dynamical metric

9, we write the logarithm of the partition function W = —iIn Z as

Wilg, A] = / I g F, (4.1)

and we will call F the free energy density. [Conventions: metric is mostly plus,
"123=1/,/=g.] For a system with short-range correlations in equilibrium and for ex-
ternal sources A and g which only vary on scales much longer than the correlation
length, F is a local function of the external sources, and Wj is extensive in the ther-
modynamic limit. The density F may then be written as an expansion in derivatives
of the external sources [19, 18]. The current J* (defined by varying Wy with respect
to the gauge field) and the energy-momentum tensor 7 (defined by varying W with
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respect to the metric) automatically satisfy

V. T = F" )y, (4.2a)

V,J"=0. (4.2b)

owing to gauge- and diffeomorphism-invariance of Wj|g, A]. The object Wilg, A] is
the generating functional of static (zero frequency) correlation functions of 7 and
J* in equilibrium. Of course, the conservation laws (4.2) are also true out of equilib-
rium, being a consequence of gauge- and diffeomorphism-invariance in the microscopic
theory.

Being in equilibrium means that there exists a timelike Killing vector V' such
that the Lie derivative of the sources with respect to V' vanishes. The equilibrium
temperature 7', velocity u® and the chemical potential p are functions of the Killing
vector and the external sources [19, 18]

R I (I D

B/ V2 mE

Here (; is a constant setting the normalization of temperature, and Ay is a gauge

(4.3)

parameter which ensures that p is gauge-invariant [38]. The electromagnetic field

strength tensor F),, = 0,4, — 0,A, can be decomposed in 341 dimensions as
Fo=u,E, —u,E, — €,,,,u’B, (4.4)

where F,, = F,,u” is the electric field, and B* = %e‘“’aﬁu,,Fag is the magnetic field,
satisfying u-E = u-B = 0. The decomposition (4.4) is just an identity, true for any
antisymmetric F),, and any timelike unit w*. Electric and magnetic fields are not
independent, but are related by the “Bianchi identity” e***V,F,s = 0, which in

equilibrium becomes

V-B = B-a— EQ, (4.5a)
u, "V, E, = u, """ E,a, . (4.5b)
Here Q* = e“”o‘ﬁuyvauﬁ is the vorticity and a* = u*Vyu* is the acceleration. In

equilibrium, the acceleration is related to temperature by 0,7 = —Ta,. Relations

(4.5) are curved-space versions of the familiar flat-space equilibrium identities V-B =
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0 and VXE = 0.

In order to write down the density F in the derivative expansion, we need to spec-
ify the derivative counting of the external sources A and g. The natural derivative
counting for the metric is ¢ ~ O(1) (assuming we are interested in transport phe-
nomena in flat space), while the derivative counting for A depends on the physical
system under consideration.

As an example, consider an insulator, such as a system made out of particles which
carry electric/magnetic dipole moments, but no electric charges. In such a system,
there is no conserved electric charge, and the above p is not a relevant thermodynamic
variable. If we are interested in thermodynamics of such a system subject to external
electric and magnetic fields, we are free to choose B ~ O(1) and E ~ O(1) in the

derivative expansion. The free energy density is then
F =p(T,E*, E-B,B*) + 0(0) . (4.6)

The leading-order term is the pressure [46], whose dependence on E and B encodes
the electric, magnetic, and mixed susceptibilities. For the list of O(9) contributions
to F, see ref. [70].

As another example, consider a system that has electrically charged degrees of
freedom (a conductor), such that u gives a non-negligible contribution to thermody-
namics. In equilibrium, O\pu = E) — ua, is satisfied identically, which suggests that
counting p ~ O(1) leads to E' ~ O(9). This is a manifestation of electric screening.
The magnetic field, on the other hand, may still be counted as O(1). The counting
B ~ O(1) and E ~ O(0) is the relevant derivative counting for MHD. The free energy
density is then

5
F=p(T, 1, B*) + > My(T,p, B*)s') + 0(67) (4.7)

n=1

where sy are O(0) gauge- and diffeomorphism-invariants, and the coefficients M,

need to be determined by the microscopic theory, just like the pressure p. Following
ref. [70], we list the invariants s in Table 4.1. The rows labeled C, P, T indicate the
eigenvalue of the invariant under charge conjugation, parity, and time reversal. The
last row shows the weight w of the invariant under a local rescaling of the metric:
G = Guv = e_QSDgW, and s, — 35, = €“?s,,. The invariant sgl) does not transform

homogeneously under the rescaling, and can not appear in a conformally invariant
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generating functional. Hence, we expect that in a conformal theory M3 = 0.

2 3 4 )

S
—_

e#roy, B,V,B, | B-a| B-Q | B-E

3

2N
T
=
*;QD
’ﬂlbd
SIS
S~—

C — + — | — | +
Pl - -+ ] -
T| - + — |+ | -
W 3 5 n/a| 3 4

Table 4.1: Independent non-zero O(9) invariants in equilibrium in 3+1 dimensions.

The coefficient Ms is the usual magneto-electric (or electro-magnetic) suscepti-
bility; similarly M, may be termed magneto-vortical susceptibility. For the rest of
this chapter, we will adopt the derivative counting B ~ O(1) and E ~ O(9), as is
appropriate for MHD.

As an example, consider a parity-invariant theory in magnetic field. The only O(0)
thermodynamic coefficient is the magneto-vortical susceptibility M, = M,, which
affects (T'") and (J") when there is non-zero vorticity, and higher-point equilibrium
correlation functions of 7" and J* when there is no vorticity. We define static (zero
frequency) correlation functions of 7" and J* by varying the generating functional
(4.1) with respect to g,, and A, in the standard fashion. For example, in flat space
at constant temperature 7T, constant chemical potential pg, and constant magnetic
field By in the z-direction, one finds the following static correlation functions at small

momentum
(T J7) = —kok, My, (T™TY") = —iBok, M, (4.8)

The first expression may be used to evaluate the magneto-vortical susceptibility M,

in a system that is not subject to magnetic field, and is not rotating.
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4.3 Hydrodynamics with external electromagnetic
fields

4.3.1 Constitutive relations

Hydrodynamics is conventionally formulated as an extension of thermodynamics, in
the sense that hydrodynamic variables are inherited from the thermodynamic param-
eters. This is a strong assumption, and we expect the hydrodynamic description only
to be valid for B < T2, otherwise new non-hydrodynamic degrees of freedom (such
as those associated with Landau levels) must be taken into account. Let us start by
taking E' and B fields as external and non-dynamical. In hydrodynamics, the ther-
modynamic variables T, u®, and p are promoted to time-dependent quantities. Out
of equilibrium, they no longer have a microscopic definition, but are merely auxiliary
variables used to build the non-equilibrium energy-momentum tensor and the current.
The expressions of T"” and J* in terms of the auxiliary variables T', u®, and u are
called constitutive relations; they contain both thermodynamic contributions (coming
from the variation of F), and non-equilibrium contributions (such as the viscosity). It
is worth noting that thermodynamic contributions and non-equilibrium contributions
to the constitutive relations may appear at the same order in the derivative expan-
sion. The constitutive relations are then used together with the conservation laws
(4.2) to find the energy-momentum tensor and the current. While in thermodynam-
ics Eqgs. (4.2) are mere identities reflecting the symmetries of W, solving Eqs. (4.2)
in hydrodynamics can be a challenging endeavour leading to rich physics.

We will write the energy-momentum tensor using the decomposition with respect

to the timelike velocity vector u*,
T = Euru” + PAM + QFu” + Q ut + TH | (4.9)

where A® = g" + w'u” is the transverse projector, Q! is transverse to u,, and
TH is transverse to u,, symmetric, and traceless. Explicitly, the coefficients are
E=uu,T", P= %AWT“”, 9, = —A,usT* and T, = %(AWAVB + AvaAg —
20, Aap)T*P. Similarly, we will write the current as

JH = Nut + J" (4.10)

where the charge density is N' = —u,,J*, and the spatial current is J, = A\ J*.
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Using the equilibrium free energy (4.7), one can isolate O(1) and O(9) contribu-

tions to the energy-momentum tensor and the current:

P:H(TauaB2>+f777
N:n(TauvBZ>+fN>

T = apy(T, p, B?) (B*B” — $ A" B?) + [,

where € = —p+T(9p/0T)+u(dp/Op), 11 = p— 20 B?, n = p/Op, and the magnetic
susceptibility is aps = 20p/0B?. The terms fe, fp, far, f1, Q*, and J* are all O(d),
non-eq.

and contain both equilibrium and non-equilibrium contributions, fe = fe + f¢

etc, where the bar denotes O(9) contributions coming from the variation of W.

4.3.2 Field redefinitions

Out of equilibrium, the variables T', u®, and p may be redefined. Such a redefinition is
often referred to as a choice of “frame”, see section 2.2.1 for an introduction to frame
transformations. Consider changing the hydrodynamic variables to 7" = T + 0T,
w* = u* 4 ou®, ' = p+ opu, where 07, du®, and du are O(9). The same energy-
momentum tensor and the current may be expressed either in terms of 7', u®, p, or
in terms of 7", w'®, i/ (note that B* = B + O(9?%)). Physical transport coefficients
must be derived from O(0) quantities which are invariant under such changes of
hydrodynamic variables. A direct evaluation shows that the following combinations

are invariant under ‘“frame” transformations:

B Tl Tl
f=Jfr— (§>n fe — (&)Ef/\/, (4.11a)
_ B° n
(=— (ja — —E+an) : (4.11D)
B — REQ _ n
7 =B <Ja o Qa) , (4.11c)

t = fI — (B"B” — 1A" B?) Kag]f) Je + (a§ZB> f/\f] : (4.11d)
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Here B* = A* — B“B”/B? is the projector onto a plane orthogonal to both u*
and B*, all thermodynamic derivatives are evaluated at fixed B?, and B = VB2
When the magnetic susceptibility agg is T- and p-independent, the stress f7 is
frame-invariant.

As an example, one can choose 6T and du such that & = e(T",u', B?), NV =
n(T', ', B?), and further choose du® such that Q! = 0. This corresponds to the
Landau-Lifshitz frame [1]. The components of energy-momentum tensor and the

current take the following form in the Landau-Lifshitz frame:

P = H(T/,/L,, B/2) + f’ (412&)
Y 12 l}w
T = apo(T', i, B?) (B B” — LA™ B?) 4 ¢ (4.12¢)

where the frame invariants are given by eq. (4.11). In the Landau-Lifshitz frame,
a non-zero value of the pseudoscalar frame-invariant ¢ indicates a current flowing
along the magnetic field. In a constant external magnetic field such currents arise as
consequences of chiral anomalies [16]; in an inhomogeneous external field, an electric
current flowing along the magnetic field can arise without chiral anomalies, owing to

a non-zero magnetic susceptibility.

4.3.3 Thermodynamic frame

The energy-momentum tensor and the current derived from the static generating
functional Wy correspond to a different frame, termed in [18] the thermodynamic
frame. Taking the variation of the free energy (4.7), one finds the following equilibrium

O(0) contributions in the thermodynamic frame:
5

5 5
j%iZZEE:EnSS), fb ::zzzﬂﬁsg)v fﬁ’::§£:¢msg>7
n=1 n=1

n=1
4 4 10
O ="y, Jr =gl =3 g (4.13)
n=1 n=1 n=1

where the bar signifies equilibrium contributions, and the coefficients €,, 7,, ¢n, Tn,
On, O, are all O(1) functions of the five thermodynamic coefficients M, (T, u, B?) and
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n 1 2 3 4

Lo | 07,9, B, | 7w, B0, T/T | € u, B0, B | *u, E,B,

n 1-5 6 7 8 9 10
tomv SS)B(MBW vf)<“B”> Ué”(#B”) U§1><uBV> vff)<“B”> Qe Bv)

Table 4.2: Top: Non-zero transverse O(0) vectors that appear in the equilibrium
energy flux Q* and in the equilibrium spatial current J*. The vector v{"* is the
Poynting vector. Bottom: Non-zero symmetric transverse traceless O(0) tensors that
appear in the equilibrium stress 7#". For any two transverse vectors X* and Y*, the
angular brackets stand for X #Y") = X#Y? + XVYH — %A’“’X-Y.

of the magnetic susceptibility aps = 20p/dB?. The explicit expressions are given
in Appendix C.1. The one-derivative scalars s{ are given in Table 4.1. The one-
derivative vectors v"* and tensors t{"* are listed in Table 4.2. The table does not
list all O(0) vectors and tensors, but only those that appear in the equilibrium O*

and 7. The frame invariants (4.11) then become

5 5
f - Z q)nsg) + fnon—eq. s (= Z Ansg) + Enon—eq. y (414&)
n=1 n=1
5 10
Elj_ = Z an’sm + Elj_non—eq. ’ t = Z @nt’(rzlmy + tggn—eq. (414b)
n=1 n=1
In the vector invariant, we have defined vi”" = s\"B*. The subscript “non-eq”

denotes non-equilibrium contributions which by definition vanish in equilibrium. The
functions @, (T, u, B?), An(T, i, B?), Tn(T, u, B*), ©,(T, 1, B?) are non-dissipative

thermodynamic transport coefficients. Explicitly,

oIl oIl 1
(I)n:ﬂ—n_en( )n_(bn( )Ey An7é2207 A2:E<51_6np71)7

De on

n 1 n
lhar =0 — ————55", Is=——7% 00— ——; ;

8]3]3 aBB
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We see that the constitutive relations for energy-momentum tensor and the current
contain twenty-one thermodynamic transport coefficients ®,, As, 'y, ©,. These
twenty-one coefficients are not independent, but can all be expressed in terms of only
five parameters M, of the equilibrium generating functional.

Let us now write down the constitutive relations in the thermodynamic frame
that is a natural generalization of the Landau-Lifshitz frame. We will define the

thermodynamic frame (primed variables) by redefinitions of T', i, and u® that give

E =eT,i,B?) + fe, (4.15a)
N =n(T' i/, B?) + fn, (4.15b)
Q., = Qa. (4.15¢)

In other words, in this thermodynamic frame the coefficients £, N/, and Q, in the
decompositions (4.9), (4.10) take their equilibrium values, derived from the equilib-
rium generating functional Wy. The other coefficients take the following form in the

thermodynamic frame:

Pl = H(T,7 ,u/7 B/Q) + fP + fnon—eq. ) (415(21)
_ 7
T" = T" + 0] oneq. T Efnon_eq, , (4.15¢)

T/pu = Qpp (T/, /vL/; B/2) (B/;LB/Z/ o %A//J,I/B/Q) + f#_u + t,uz/

non-eq. *

(4.15f)

4.3.4 Non-equilibrium contributions

With the equilibrium contributions out of the way, the next task is to find the non-
equilibrium terms in the constitutive relations (4.14). This amounts to finding one-
derivative scalars, vectors (orthogonal both to B, and to u,,), and transverse traceless
symmetric tensors that vanish in equilibrium. Note that non-equilibrium contribu-
tions (those that vanish in equilibrium) are not the same as dissipative contributions
(those that contribute to hydrodynamic entropy production). Every dissipative con-
tribution is non-equilibrium, but not every non-equilibrium contribution is dissipative.

The six independent non-equilibrium one-derivative scalars are given in Table 4.3.
The scalar ©*9B? is not independent as a consequence of the electromagnetic Bianchi

identity, and can be expressed as a combination of V-u and B*B"V,u,. Three scalar
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n 1 2 3 4 5 6
5 hon-eq. | WONT [ O\ | Vou | 00V, | BV Ex — TV 0x\(1/T) | b ax + 0*0\T/T
P + + |+ + - -
n 1 2 3
’U;Ll)#on—eq. EF — TA#VaV(:u/T) at + A'LwayT‘/ir U'm/b,,
P - - +

Table 4.3:  Non-equilibrium scalars and transverse non-equilibrium vectors at O(9),
written in terms of b = B*/B. In addition to the vectors listed in the table, there are

corresponding transverse non-equilibrium vectors 0% ., = 7 u, 0,00 o, The

table also shows the parity of non-equilibrium scalars and vectors. Under time-

reversal, the scalars s{),, ., are T-odd, the vectors vk, ., are T-even, and the

vectors Uk, eq are T-odd.



20

equations of motion V,J* =0, u,V,T* + E,J* = 0, and B,V,T* +(E-B)(u-J) =0

taken at zeroth order provide three relations among the scalars. We choose to elimi-

(1) S(l) (1)
1 non-eq.’ °2 non-eq.’ 6 non-eq.

tive relations as

nate s and s and write the scalar and pseudo-scalar constitu-

_ (1) (1) (1)
fHOH‘GQ- = €153 hon-eq. + C25y non-eq. + €355 non-eq. s

Cnon-eq. = €453 nonceq. T €554 hon-cq. T €655 hon-cq. -
with some undetermined transport coefficients ¢,,.

The independent non-equilibrium transverse one-derivative vectors are given in
Table 4.3, where the shear tensor is o = A**AYP(V qug+Vgua— 2005V u). We use
the vector equation of motion (4.2a) projected with B*” at zeroth order to eliminate
one of the vectors,! and write the vector constitutive relation as

I _ wo, (LY wo, (LY ~(L)p ~ (L)
eLnon—eq. =Cr B v U1 non-eq. +C8 B v U3 non-eq. + Gy non-eq. + Ci0 U3 non-eq.

The tilded vectors are defined as 9" = e"*?u, B,v,/B.
There is a number of symmetric transverse traceless non-equilibrium one-derivative

tensors besides the shear tensor ¢#¥. One such tensor is

~ uv 1 (0% 14 VA
oM = oY) (.s’M Bu,\Baaﬁ + e 5%\30405 “) ) (4.16)
Other tensors can be formed by B <“B”>s§j)non_eq_, or by symmetrizing B* with a trans-

verse non-equilibrium vector. Again, we eliminate three scalars and one vector by the
zeroth order equations of motion and write the tensor constitutive relation in terms
of V' = B"/B as

ny _ Ny A% (1) (1) _ (1)
tnon—eq. =cno’ + b¥b (01283 non-eq. + Ci1354 non-eq. + (Cl4 Cl5>85 non—eq.)
(Wv)

~ (1)) ~ v
1 non-eq. + Cle(“fU + c19 ™",

+ cl5b<“u(1’”> + Cl6b(uv<1)V> + 017[)(#@ 3 non-oq.

1 non-eq. 3 non-eq.

with some undetermined transport coefficients c¢,. Thus there are five equilibrium
functions M, (T, p, B?), and nineteen non-equilibrium functions ¢, (7T, u, B?) that de-

termine one-derivative contributions to the energy-momentum tensor and the current

! Namely, using the equation of motion (4.2a) with the constitutive relations for T*” and J*

derived from the generating functional W = [/=gp(T, u, B?) + O(9). The relation among the

vectors that one finds is vy ), oo = Vi Koneq. /(€ + 1) + O(0?).
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in strong magnetic field. If the microscopic system is parity-invariant, all thermody-
namic coefficients M,, vanish except for M. In addition, the dynamical coefficients
3, C4, Cs, Cg, C10, C14, C15, C17 must vanish by parity invariance. Thus a conducting
parity-invariant system in magnetic field has one thermodynamic coefficient My, three
“electrical conductivities” cg, c7, and ¢g, and eight “viscosities” ¢y, ¢, ¢11, €12, €13, C16,
c1s, and cj9. We will see later that the Onsager relations impose a relation between
Co, C12, and c¢y3, plus four more relations among the parity-violating coefficients. This
leaves eleven transport coefficients (one thermodynamic and ten non-equilibrium)
for a conducting parity-invariant system in magnetic field in 3+1 dimensions. In a
conformal theory, the tracelessness condition? will in addition impose ¢; = ¢y = 0.
The constitutive relations may be simplified further if we note that the shear

tensor can be decomposed with respect to the magnetic field as
o = o + (B'E” + 'S + L) (35, — Ss) (4.17)

Here o/" = % (IB%“O‘IB%”B + BYeBHs — B“”BO‘B) Oap Is traceless, ¥* = Btg, ,b°, and both
are orthogonal to the magnetic field B,,. The scalars are S3 = V-u and Sy = 0"V, u,,.

The tensor (4.16) then becomes
G = gy L (b“f}” + b”f]“) , (4.18)

where ¢/ is transverse to both u, and B,,, symmetric, and traceless.
For completeness, let us summarize the constitutive relations for a parity-invariant

theory in the thermodynamic frame. Defining M, = M,, the energy-momentum

2 In a conformal theory subject to external fields g,,,, and A,,, the trace of the energy-momentum
tensor receives an anomalous contribution T, = KF 2 + 0(0*), where k is a theory-dependent
constant that counts the number of charged degrees of freedom, and the terms O(d%) are due to
curvature invariants. It was shown in ref. [61] that the conformal anomaly may be captured by a
certain local term in the hydrostatic generating functional, which for our purposes amounts to a
term in p(T, u, B?) proportional to .
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tensor is given by eq. (4.9) with the following coefficients:

E=-p+Tpr+ppu+ (TMor+ pMg, —2M,) B, (4.19a)
P=p—5ppB>— 5(Mg+4Mg p:B*)B-Q — ((V-u — GU*0'V,u,,  (4.19b)
OF = —Moe""u,0,B, + (2Mq — T Mg 1+ — pMs, )" u, B,0,T /T
— My p2€""7u, B,0, B> + (—2p g2 + My, — 2M¢, g2 B-Q)e"*u, E, B,
+ Mo Q, Eu, (4.19¢)
TH =2p g2 (B*B* — LA™ B?) + M, p: B¥B") B-Q + Mo B#Q)
— o’ — (08 4+ BSE) — bYB (Vw4 mb*6PV qug)

— i 5 — (Y 4 B (4.19d)
and the current is given by eq. (4.10) with the following coefficients:

N = p7/L + MQ,NB'Q - mQ 5 (420&)

nRBv

T =" u, Vom, + P u,a,me + (UJ_B’W + 0 5 ) V, 4+ 5 V", (4.20D)

The current is written in terms of the magnetic polarization vector
mt = (2p 2 + 2Mg g2 B-Q) B* + M, Q" (4.21)

while the electric polarization vector vanishes at leading order in a parity-invariant
system. The comma subscript denotes the derivative with respect to the argument
that follows. Note that we are keeping O(9?) thermodynamic terms in the constitu-
tive relations (coming from the variation of Mys{") that are needed to ensure that
the conservation laws (4.2) are satisfied identically for time-independent background
fields. In writing down the constitutive relations (4.19), (4.20), we have relabeled
the non-equilibrium transport coefficients as (; = —c¢;, (o = —c2, o) = ¢, 01 = 7,
g =c¢Cg, ML = —C11, N = —C11 — C16, 1 = —C12 + %Cn + %Cw, Ne = —C13 — %Cn — 2¢16,
N = —ci18 — %Clg, N, = —c19, and defined V* = E* — TA*9,(1u/T). The coefficients
0., o) are the transverse and longitudinal conductivities, and 1, , 7 are the transverse
and longitudinal shear viscosities. The coefficients (1, (5, 71 and 7 may all be called

“bulk viscosities”, of which only three are independent due to the Onsager relation.
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The coefficients 77, , 7 are the two Hall viscosities, and ¢ is the Hall conductivity.?

When the external electromagnetic field vanishes, the system becomes isotropic,
and we expect to recover the constitutive relations of the standard isotropic hydrody-
namics, with shear viscosity n, bulk viscosity (, and electrical conductivity . Thus
as B — 0 we expect . = n = —=2m = 3 =0, L =7 = 0, & = ¢, G = 0,
op=0,=0,0=0.

4.3.5 Eigenmodes

As a simple application of the hydrodynamic equations (4.2) together with the con-
stitutive relations (4.19), (4.20), one can study the eigenmodes of small oscillations
about the thermal equilibrium state. We set the external sources to zero, and lin-
earize the hydrodynamic equations near the flat-space equilibrium state with constant
T =Ty, = po, u* = (1,0), and B* = (0,0,0, By). Taking the fluctuating hydro-
dynamic variables proportional to exp(—iwt 4 ik-x), the source-free system admits
five eigenmodes, two gapped (w(k—0) # 0), and three gapless (w(k—0) = 0). The
frequencies of the gapped eigenmodes are

Bong iBg

S +i6) — iD.k> 4.22
o~ (01 £18) — D, (4.22)

w==*

where wy = € + po is the equilibrium enthalpy density, and we have taken agpBj <
wy, My ,Bf < wy in the hydrodynamic regime By < 7. As the imaginary part of
the eigenfrequency must be negative for stability, this implies 0, > 0. The mode
has a circular polarization (at k = 0), with du, and du, oscillating with a m/2 phase
difference. The analogous mode in 241 dimensional hydrodynamics was christened
the hydrodynamic cyclotron mode in ref. [10], which also explored its implications for
transport near two-dimensional quantum critical points.

For momenta k || By, the three gapless eigenmodes are the two sound waves, and

3 The actual Hall conductivity, measured as a response to external electric field, must be obtained
after the hydrodynamic equations with the constitutive relations (4.19), (4.20) have been solved.
Doing so in a state with constant charge density ng and magnetic field By gives the Hall conductivity
ng/ By, as expected from elementary considerations of boosting the state in the plane transverse to
By. See eq. (4.32¢) below.



54

one diffusive mode. The eigenfrequencies in the small momentum limit are

L'y
w = kv, — iT’”kQ , (4.23a)

w = —iDyk*, (4.23b)

where v, is the speed of sound. As in ref. [4], we can write the coefficients in terms of
the elements of the susceptibility matrix in the grand canonical ensemble. The non-
zero elements of the 3 x 3 susceptibility matrix are x11 = T(9¢/9T) /7, X13 = X31 =
(Oe/Ou) 7, x33 = (On/Ou)r, and Yoz = wy, with derivatives evaluated at constant B2

in equilibrium. The longitudinal diffusion constant is

2
0| Wy

2 2 :
ngxi1 + wixs3 — 2nowWoX13

Dy =

The positivity of the diffusion constant implies oy > 0. The speed of sound squared

expressed in terms of the elements of the susceptibility matrix is given by

02 nax11 + wixas — 2nowoxis
° det(x) ’

and the damping coefficient is

J|| Wo (nox11 — "CUOX13)2
det(x) ndx11 + wixss — 2nowox13

Toj=—Gm+m)+6G+G)+

Wo

The expression for v, and D) in terms of the thermodynamic functions formally look

the same as in hydrodynamics without external O(1) magnetic fields [4]. All of v,
'y, and D) depend on By through p = p(T, p, B?) and the transport coefficients.

For momenta k | By, the three gapless eigenmodes include two diffusive modes,

and one “subdiffusive” mode with a quartic dispersion relation,

w=—iD k*, (4.24a)
]{?2
w= i (4.24b)
Wo
]{34
W= —i (4.24¢)
Bg X33

The transverse diffusion constant is determined by the transverse resistivity. We
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define the 2 x 2 conductivity matrix in the plane transverse to By as 04 = 0104 +

<‘g—%‘ + 6) €qb, and the corresponding resistivity matrix as pgp = (67 )ap = p10aw +

01 €qp, Which defines p; and p;. The transverse diffusion constant is then

3
Wy X33

again using MQ’#Bg < wy. Stability of the equilibrium state now implies n, > 0,
n > 0.

For modes propagating at an angle # with respect to By, the gapless modes include
sound waves (unless § = 7/2), and a diffusive mode. For a fixed value of 6, the small-
momentum eigenfrequencies are w = kv, cos  — iI'5(0)k*, and w = —iD(0)k?, where

2

n .
Q—ODL sin? 4,

D(0) = Djcos® 0 +
UsWoX 33

n, (noxiz — woxss)? i 2
Fs ) — Fs 2 Ja A D 0.
(0) || €8T + (wo * X33 02 det(x) A

The coefficient D, in the cyclotron mode eigenfrequency (4.22) at small By is

ivlwy  (ndx11—wixss)wo 3(+Tn n
D.= |+ 0 0 in? 0 + — cos®> 0 + O(By) .
( 2n9 By + 2n2 det(x) ot 6w > o wo cos”6 + O(Bo)

Note that the limits 6 — 7/2 and k£ — 0 in the eigenfrequencies do not commute.

4.3.6 Entropy production

The simple flat-space eigenfrequency analysis in the previous subsection imposes cer-
tain constraints on non-equilibrium transport coefficients. In order to find more
general constraints, one method is to impose a local version of the second law of
thermodynamics: the existence of a local entropy current with positive semi-definite
divergence for every non-equilibrium configuration consistent with the hydrodynamic
equations. We will not attempt to construct the most general entropy current from
scratch. Rather, we will use the result of [24, 25] saying that the constraints on trans-
port coefficients derived from the entropy current are the same as those derived from

the equilibrium generating functional, plus the inequality constraints on dissipative
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transport coefficients. We take the entropy current to be

S = Stanon + Sec

eq.

where the canonical part of the entropy current is

1
SE on = = (put — T u,, — pJ*) | (4.25)

canon T

and S¥  is found from the equilibrium partition function, as described in [24, 25].
The constraints on transport coefficients follow by demanding V,S* > 0. Using

conservation laws (4.2), the divergence of the canonical entropy current is
v L, iz
V‘S’(/:Lanon_v;“< ) TNV_+JN(T aﬂf) :

The Sk, part of the entropy current is explicitly built to cancel out the part of
V,.Sk

terms in T" and J* derived from the equilibrium generating functional. In fact,

H on that arises from the equilibrium terms in the constitutive relations, i.e. the
ref. [25] has already found S% in the case when the generating functional contains
a contribution proportional to B-{). We thus focus on non-equilibrium terms, and
write the thermodynamic frame constitutive relations (4.15) as T = Tk +Th»
and Jt = Ji + Jh

honeq.- The divergence of the entropy current is then

V5t = <E — T, ) ™ NV,

T/ mon-eq. non-eq. MT

1 B 1 1
= f (élj_non-eq. + §€n0n£Q> V.“ - Tfnon—eq.v'u 2T tﬁon eq. Opw -

Using the constitutive relations (4.19), (4.20), this leads to

(B-V)? v
TV,S" =0 2B + o, (B® VL)Q zm( ) + 77\\22
+ (Gt = 3m) S5+ 2m ST + (2m + Go — 31m2) S35, (4.26)
where again S3 = V-u and S, = V"0V, u,. Demanding V,S* > 0 now gives

UH>O, O'L>0, 77L>Oy 7]”20, (4.27&)
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together with the condition that the quadratic form made out of S3, S; in the second

line of eq. (4.26) is non-negative, which implies

=0, G—3m=0, (4.27b)

22(C1— 3m) = 2(2m + G — 3np)®. (4.27¢)

The coefficients 7, 7, and ¢ do not contribute to entropy production, and are not
constrained by the above analysis. Thus, 7,, 7, and ¢ are non-equilibrium non-

dissipative coefficients.

4.3.7 Kubo formulas

We now follow the argument presented in section 2.2.4. When the microscopic system
is time-reversal invariant (i.e. the only source of time-reversal breaking is due to
the external magnetic field), transport coefficients can be further constrained by the
Onsager relations. The retarded two-point functions of operators O, and O, in a

time-reversal invariant theory in equilibrium obey
GE(w,k, B) = €6, Gi (w, —k, —B), (4.28)

where €, and ¢, are time-reversal eigenvalues of the operators O, and O,. We take
our operators to be various components of T*” and J*, and evaluate the retarded
two-point functions by varying one-point functions in the presence of the external

source with respect to the source, as explained in section 2.2.4, to find

0 )
Gruges = 25— (V=9 T qenlA.9) + Glugos = 25— (V=9 T el A, 91)
0gap 09ap
(4.29a)
L 5
GTI“’JD‘ = 5A Ton shell[Ahg] ) GJ“JO‘ = (SA Jon shell[A g} (429b)

where the subscript “on-shell” signifies that the corresponding hydrodynamic T [A, ¢]
and JH[A, g] are evaluated on the solutions to (4.2), and the sources A, dg are set to

zero after the variation is taken. The expressions (4.29) are to be understood as

o(v— Tcilyshell) = GTwTaB (w, k) 5904[3(% k),
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etc. This provides a direct method to evaluate the retarded functions, and allows both
to check the Onsager relations and to derive Kubo formulas for transport coefficients.*
The constraint on transport coefficients we find by demanding that eq. (4.28) holds
is

3 —6m — 2y = 0. (4.30)
For the rest of this chapter, we will assume that (4.30) holds, which leaves us with
ten non-equilibrium transport coefficients for a parity-invariant microscopic system.

Using eq. (4.30) to eliminate (s, the inequality constraint in eq. (4.27¢) turns into

22(Gr — 3m) = 407 . (4.31)

We next list the expressions for transport coefficients in terms of retarded functions
evaluated in flat-space equilibrium with external magnetic field in the z direction,
as in sec. 4.3.5. In the limit k — 0 first, w — 0 second we find the following Kubo
formulas. The two-point function of the longitudinal current J* gives the longitudinal

conductivity,
1m G ). (0, k=0) = oy, (4.32a)

while the two-point functions of the transverse currents J*, JY give the transverse

resistivities,
1 R ) W
0
2
1Im GT. )y (w, k=0) = % — wQﬁL% sign(By) , (4.32¢)
0 0

where the resistivities p; and p; were defined below eq. (4.24). Alternatively, the

resistivities can be found from correlation functions of momentum density,

2
w,
ImGE 1 (w,k=0) = p, —Bg , (4.33a)
0

2

~ . w
1Im G%ITO@, (w,k=0) = —/)L81gH(Bo)B—% , (4.33b)

4 Taken at face value, hydrodynamic correlation functions violate Onsager relations at non-zero
w and non-zero k. However these violations do not affect the Kubo formulas and disappear in the
limit B < T2, which corresponds to the validity regime of hydrodynamics.
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assuming B2 < wy. The shear viscosities are given by

LIm Gy (0, k=0) = 1, (4.34a)
LIm Gy pes (w, k=0) = 7], sign(By) , (4.34b)
LIm Gl (w, k=0) = 7, (4.34c)
LIm Gfyee- (w, k=0) = 7 sign(By) , (4.344)

while the “bulk” viscosities may be expressed as

%&JIHI Ggiszz (w, k:O) = 3<1 N (4346)
idijdkl Im G?ﬁ'kal (w, k:O) = 3C1 + Cg s (434f)
sIm GG o, =G — 3, (4.34g)
1mGE o, =2n,, (4.34h)

where O; = (7" 4+ T%), and Oy = T — 1(T** + T%). Correlation functions at
non-zero momentum may be obtained in a straightforward way from the variational

procedure described earlier.

4.3.8 Inequality constraints on transport coefficients

Let us show that the inequality constraints on transport coefficients derived from
demanding that the entropy production is non-negative can also be obtained from
hydrodynamic correlation functions as outlined in section 2.2.5, without using the
entropy current. The argument is based on the fact that the imaginary part of the
retarded function GE,(w,k) must be positive for any Hermitean operator O and
w > 0,

ImGE,(w, k) > 0. (4.35)

See appendix D.4 for details. Now consider the operator O = aO; + bO,, with real
coefficients a and b, and Hermitean operators Oy, Oy. The inequality (4.35) implies

Im [a*G§ o, + abG§ o, + abGy o, +°GE 5] >0,
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for w > 0. This quadratic form in a, b must be non-negative for all a, b which implies
ImG§ o, = 0, ImG§ , > 0 together with

(ImG§ o) (ImGE o) = 1 (ImG§ o, + ImGgQOI)2 . (4.36)

The two terms in the right-hand side of (4.36) can be related by the Onsager relation
(4.28). As an example, take Oy = (T +T%), and Oy = T% — $(T™* + T%). Eval-
uating the correlation functions at k = 0 and w — 0, the inequalities (4.35), (4.36)
immediately imply the entropy current constraint (4.27c¢). The constraints (4.27a),

(4.27b) follow directly from the Kubo formulas given in the previous subsection.

4.3.9 Parity violating sector

For a theory that breaks parity microscopically, new terms appear in the hydrody-
namic description. A study of parity violating fluids in 2+1 dimensions was done in
[17]. We now turn to the study of hydrodynamics of parity-violating hydrodynamics

in 3+1 dimensions in the presence of a strong magnetic field.

Constitutive relations

The parity-violating equilibrium terms come from the variation of the parity-violating
terms in the generating functional, M;(T, u, Bz)sgl) for i # 4 and appear in Appendix
C.1. The spatial current and heat vector do not receive parity-violating contributions
to O(0).

The hydrodynamic equations take the same form as (4.2), (4.2a) due to gauge and
diffeomorphism invariance of the generating functional. The definition of the equilib-
rium energy-momentum tensor and conserved currents ensure that the equations of
motion are satisfied in equilibrium.

For convenience, we rewrite the non-equilibrium parity-violating terms appearing

in the constitutive relations

Jron-eq. PV =30V, (4.37a)
lron-eq. PV = C4V - u + V"0V u,, (4.37Db)
U] nonceq, v = €85 + cro2 (4.37¢)
T e v = C1abP 0700 - V 4 eisb VY bV (4.37d)
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where A#BY) = A#BY + AYB* and V! = B*V,, where [[equation]] . These coefficients

will be subject to four equality constraints coming from the Onsager relations, as

well as some inequality constraints coming from the entropy and correlation function

arguments. Let us summarize the constitutive relations for a parity-violating theory

in the thermodynamic frame

E=—p+Tpr+ppy+ (TMyr+ puM, —2M,) B-Q
+ (TMyg + pMy, +4B* My g2 + T My g2 — M) 51
+ (T'Myp + pMs,, — My) so

4B?
+ (My — TMy g — pMy, — AB* M, g2 — T*M; p2) s3

2

4B
+ (TM5,T + puMs, + FMI’“ + M3,u) S5,

P=p—3ppB*— 1(Mg+4Mg p:B*)B-Q — 2 (Ms + 2B* M, 2) 55

4B?

+ _3T4 (Ml - TMLT — 'uMLM — 4B2M17B2 — T4M3732) S3
4B? 4 e

+ 374 (Ml,u -T Ms,B2) s5 — G V-u — GbY"V,u, +c3b -V

QF = — Mo u,0,B, + (2My — TMy 1 — iMg, )" * 1, B,0, T/ T

— Q,Bze“”p"u,,BpagB2 + (MQ# —2p p2)e"?u, E,B, ,

T =2p g2 (B*B* — LA™ B?) + BB (Mg g2 B-Q + Mo g2y + (M pe

(4.38)

(4.39)

(4.40)

- %Mlvu)55)

1
+ BWBY — (T M1 + uMi, + 4B*M, g2 — My + T*Ms p2) s3 + Mo B#QY

T4
+ 2M,y B# P70y ,0, By, + (T My + uMs,, — My) B¥eP7%,0,T /T

+ My g2 B#e"P%,0, B* — M, , B"€¢"**u,E, B,

— o =B 4+ BSH) — b6 (1 Vu A+ bV us — cub - V)

— 7.0 — ﬁ||(b“§~l” + byi“) + c5(BVY 40"V + c17(b“‘~/“ + b”V“) )

(4.41)
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and the current is given by

N=p,+Vp—pa—mQ+M,,BQ+ (M, — T*M;s p2) s1 + M .55

(M + T M0 + iMs,, + 4B> Ms p2) s3, (4.42a)

) .
J" =" u,NVyme + P u,a,mg + 56U, Qppy — A*YuPN p, + o, VI'+ eV

F V(o) V 4 sV w4 esb" BV ) + e D+ et (4.42b)
The current is written in terms of the magnetic polarization vector m,, = ﬁggj

5
2
mt — <2 P2 +2) M, pes, + =i (My — TMy o — My, — AB*M, ) B.aT/T> B

n=2
2

B
+ MQQM + Mga” + M5Eu + MlA“”a,,ﬁ

+ My 2" u, B,0,B* + (T My + iMs ,, — My) €7 u, B,0,T /T

+ M, """’ u, B, E,

+ 2M5e"*?,,0,B, ,

(4.43)
and the electric polarization vector p, = ﬁg‘gj = MsB,. The comma subscript

denotes the derivative with respect to the argument that follows. Note that we are
keeping O(9?) thermodynamic terms in the current (coming from the variation of
Zizl M,s, in the generating functional) that are needed to ensure that the con-
servation laws (2.2) are satisfied to O(9?) for time-independent background fields.
Including the O(9?) thermodynamic terms in the energy-momentum tensor will en-

sure these are satisfied identically, but we omit them here for simplicity.

Kubo formulas

The two point correlation functions of energy-momentum and conserved currents can
be found by varying the one-point functions given by the constitutive relations in
the presence of external sources with respect to the external sources, as was outlined
in 4.3.7. This provides a direct method to evaluate the retarded functions, and allows
both to find constrains due to the Onsager relations and to derive Kubo formulas for
transport coefficients.

The Kubo fomulas can be found by evaluating the zero spatial momentum, low fre-

quency limit of the retarded functions in flat space equilibrium. The parity violating
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coefficients are given by

51 G (w, k=0) = BZ (cspL + cropL), (4.44a)
5Im Gl (w0, k=0) = |]l; | (csp1r — c10p1) (4.44b)
51 GFogee (W, k=0) = B, 0 erspi + crpu) (4.44c)
. SIm Gl yeie (w, k=0) = |ZZ\ (c15p1 — c17p1), (4.44d)
y SIm Gl e (w0, k=0) = cysign(By), (4.44e

1Im GI ez (w, k=0) = (cq + ¢5) sign(By) (4.44f
L6, Im GI; - (w, k=0) = —3¢ssign(By), (4.44g

1Im G§, - (w, k=0) = —2cy4sign(By) . (4.44h

The Onsager relations give constraints on the transport coefficients. The con-
straints on the parity-violating coefficients depend on whether the microscopic theory
is 7 or PT symmetric. Here, T refers to time-reversal and P to parity. For a T
preserving theory, the constraints are the following

1 __1 _ _
305, Ci4 = —5C5, Ci5= —Cg, Ci7= —Ci0, (4.45)

03:—64—3

while for a PT preserving theory, we find
€3=C4+3C5, Cu=3C5, C15=Cs, Ci7=Clo. (4.46)

As one might expect, with a given theory preserves 7 and PT, it follows that it

preserves parity and therefore all parity-violating transport coefficients vanish.

Entropy constraints

To find constraints on the transport coefficients, one method is to impose a local
version of the second law of thermodynamics: the existence of a local entropy current
with positive semi-definite divergence for every non-equilibrium configuration consis-
tent with the hydrodynamic equations. As was shown in [24, 25|, the constraints

on transport coefficients derived from the entropy current are the same as those de-
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rived from the equilibrium generating functional, plus the inequality constraints on
dissipative transport coefficients. We take the entropy current to be

S = St + S

canon eq. ?

where the canonical part of the entropy current is

1
Sganon = T (pu# - T“Vull - M‘]M) y (447)
and Sk is found from the equilibrium partition function, as described in [24, 25].
The constraints on transport coefficients follow by demanding V,S* > 0. Using
the hydrodynamic equations (4.2), the divergence of the modified canonical entropy

current is E
H — P > TH © [l
v,Se W«T Y7T+J Ik

The SE, part of the entropy current is explicitly built to cancel out the part of V,,S%

canon
that arises from the equilibrium terms in the constitutive relations, i.e. the terms in
TH” and J* derived from the equilibrium generating functional. We thus focus on
non-equilibrium terms, and write the thermodynamic frame constitutive relations as

T =T + Thoeq and JH = Ji + Jh The divergence of the entropy current

non-eq. non-eq."*
is then

1 H v Uy

VHSM = T J#on—eq <EN - Ta#f) T#on—eq VH?

1 B 1 1
(Einon eq. + anon—eq.) VM - Tfnon—eq Veu — ﬁtgon eq.Tpv

Using the constitutive relations (4.19), (4.42), this leads to

TV, S* = 3n (") + o VE+ X% + (cs — c15) V1
+ (¢ — 2m) S5 + 2mST + 0S5 + (2 + G — 212) S35,
(C4 — C3 + Cl4> SgS5 + (65 — 2014) S4S5 s (448)

where S3 = V-u, Sy = b'b"V,u, and S5 = b-V. Demanding V,S* > 0 now gives
1. = 0 together with the condition that the quadratic forms made out of V|, and X
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and Sz, Sy and S5 are non-negative, which implies

o120, =0 =0, G-3m=0, oy=0, (4.49a)

oLn) = %l (cs — 015)2 . 2m2(G — %771) > i(2ﬁ1 + G — %772)2,

o (¢ —2m) = 1(ca—es + 2cn)®, 2moy = 1(cs — 2c14)?, (4.49D)
det(M) >0, (4.49c¢)
where
G —3m m+ 3G —3m 3C4— 303+ 3Cu
M= | m+36—3m 21 55 — Cua
%C4 — %Cg + %CM %65 — C14 o)

The coefficients 7, 7, 7, cip and ¢;7 do not contribute to entropy production,
and are not constrained by the above analysis. Thus, 71, 7y, 0 ¢19 and ¢;7 are non-
equilibrium non-dissipative coefficients. Note that using the PT symmetry Onsager

relations these constraints reduce to the ones for a parity preserving theory (4.27)

nL>O7 O-L>Oy 77||>0a O-||>07 n2>07

(4.50)
G—3m =0, 2m(G—3m) =47,
Alternatively, if the theory is time reversal invariant, we have
ne=0, o120, g =0 7920, G—323m=>0, o,>0,
o =g, 2m(G—3m) =40, oy(G—3m)=d, 2oy =, (451)
det(M) >0,
where now

C1—§771 2m ¢
M = 2m 212 ¢

Cy Cs O
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4.4 Hydrodynamics with dynamical electromagnetic
fields

4.4.1 Dynamical gauge field

We now move on to systems where the gauge field A, is dynamical rather than ex-
ternal, which will lead us to MHD. In external metric g, the (microscopic) generating

functional is

Zlg] = /DA eiSloAl ,

where S is the action. Let us couple the gauge field to an external conserved current
JH

ot We do this so that the new generating functional is

Z[g, Jext] = /DA Dy e Slo Al V=9 (Au=0u9) e (4.52)

and W = —¢In Z. The new field ¢ is a Lagrange multiplier which shifts under gauge
transformations and ensures that the external current is conserved. We define the

energy-momentum tensor and the current by the variation of the action:

595[9,A]=%/x/—gT“”5gW, 5,48[9,14]:/\/—9 JHSA, .

Diffeomorphism invariance of W g, Jey] implies V,(T*) = (F*) Jox; » . In what fol-
lows, we will omit the angular brackets, writing the (non)-conservation of the energy-

momentum tensor simply as
VT = F Josen - (4.53)

In the standard hydrodynamic approach, T*” and F},, will then be taken as dynamical
variables in the classical hydrodynamic theory. Note that the sign in the right-hand
side of eq. (4.53) is opposite compared to eq. (4.2a), owing to the fact that the current,
rather than the gauge field, is now external. In order to proceed with hydrodynamics,
we need to specify a) the constitutive relations for the energy-momentum tensor to
be used in eq. (4.53), and b) the equations which determine the evolution of the
dynamical gauge field F},, .
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4.4.2 Maxwell’s equations in matter

Classical equations specifying the dynamics of electric and magnetic fields are usually
referred to as Maxwell’s equations in matter. While we don’t have a recipe of deriving
them in a most general form in a model-independent way, a useful starting point
is provided by matter in thermal equilibrium. Maxwell’s equations for equilibrium
matter may be then amended to include the non-equilibrium and dissipative effects,
such as the electrical conductivity. To this end, as advocated in [71], we take the static

generating functional Wj[g, A] to be the effective action for gauge fields in equilibrium,

Serlg, A] = /d% V=G F, (4.54)

where F is a local gauge-invariant function of the sources g,, and A,, and we have
ignored the surface terms. To leading order in the derivative expansion, F is simply
the pressure. We can always write F = —iF w4+ F., where the vacuum action is
—iFWF‘“’ = %(E2 — B?), and F, is the “matter” contribution. The isolation of the
vacuum term is arbitrary, but it will allow us to make contact with the textbook form
of Maxwell’s equations in matter. Our (equilibrium) effective theory is then given by

the partition function (4.52), with S replaced by Seg, and the total action is

Sl A, 0] = Wilg, A] + / V3 (Au—0,0) 2,

The current derived by varying the total action with respect to A, is Jiy, = J* + J,

6] ext)

or
Jboy = =V, (F* — MM + nu* + J°,

xt )

where the polarization tensor M* is defined by 65 [d*z /=g F,, = 3 [d*z /=g M"" 6F,,,
and the density of “free” charges is n = 0F,,/Ou. The equation of motion for the

gauge field follows from §4S;,s = 0, or equivalently J. = 0, and becomes

Y, H" = nut + J" (4.55)

xt

where H*" = F* — MH" . This is the desired equation that must be satisfied by
electromagnetic fields in equilibrium. Following the standard hydrodynamic lore and
assuming that eq. (4.55) also holds for small departures away from equilibrium, one

obtains hydrodynamics of “perfect fluids”, now with dynamical electric and magnetic
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fields. For these perfect fluids, equations (4.55) have to be solved together with
the stress tensor (non)-conservation (4.53), where T is derived from the effective
action (4.54).

In fact, eq. (4.55) is nothing but the standard Maxwell’s equations in matter. The
polarization tensor M defines electric and magnetic polarization vectors P* and

M*" through the decomposition
MP = PPy — PYut — eP7u,M, . (4.56)

The antisymmetric tensor H,, can be decomposed in the same way as the field
strength F},,,
H

— pIyo
w = uDy —u,D, — €upeu’ H? |

which defines D, = H,,u” and H" = %e“”aﬂu,,Hag, so that

D" = EF 4 P*,

H" = B"— M".

It is then clear that eq. (4.55) is the covariant form of Maxwell’s equations in matter:
the currents of ‘free charges’ are in the right-hand side, while the effects of polarization
appear in the left-hand side through the substitution £F* — D#, B* — H" in the
vacuum Maxwell’s equations. Action (4.54) is the action for Maxwell’s equations in
matter.

As an example, consider the following “matter” contribution: F,, = p.(T, u, E*, B, E-B),
where p,, is the “matter” pressure. The polarization tensor is then M# = 20p,,/0F),,

and the polarization vectors are

M* = e E* + xssB", (4.57b)

where the susceptibilities gz = 20p./OE?, Xss = Opn/O(E-B), and s = 20p,./0B>
all depend on T', u, E?, B?, and E-B. This gives the standard constitutive relations,
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expressing D and B in terms of E and H,

Dt =¢ E* + B, H"
B* = B, E" + p, H"
where €,, = 1+ Ygp + X25/(1—Xsz) is the electric permittivity, 1, = 1/(1—Xgg) is the

magnetic permeability, and 3, = xgs/(1—xss). We will also use €, = 1+, which

coincides with the electric permittivity if ygz = 0.

4.4.3 Hydrodynamics

We take the MHD equations to be as follows:

V#TMV = F)\V‘]ext/\ ) (458&)
JH =0, (4.58b)
PN, Flg = 0. (4.58c¢)

The last equation is the electromagnetic “Bianchi identity”, expressing the fact that
the electric and magnetic fields are derived from the vector potential A,. The second
equation (Maxwell’s equations in matter) can be rewritten as V, (F* —M") = J{' +
Jl which defines Jf_ , the current of “free charges”. While egs. (4.58a) and (4.58¢)

are true microscopically, the Maxwell’s equations in matter (4.58b) are written based

on the above intuition of the equilibrium effective action. Note that V,J{ = 0 is
a consequence of (4.58b), and is not an independent equation. The hydrodynamic
variables are T', u®, u, as well as the electric and magnetic fields which satisfy u,E* =
0, ue B* = 0. Hydrodynamic equations (4.58) must be supplemented by constitutive

relations, which express T, J* (or JE .

and M") in terms of the hydrodynamic
variables. These constitutive relations will contain equilibrium contributions coming
from the equilibrium effective action (4.54). In addition, the constitutive relations
will contain non-equilibrium contributions, such as the electrical conductivity and the

shear viscosity.
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Taking the divergence of eq. (4.58b) and using Jh, = —J* gives

ext T

VT = F™
V" =0,

which shows that the variables T, u®, and pu satisfy exactly the same equations
(4.2) as they did in the theory with a non-dynamical, external A,. Thus in or-
der to “solve” the MHD theory (4.58) one can i) solve the hydrodynamic equa-
tions with an external gauge field (4.58) to find T[A, g], u*[A4, g], ulA,g], and i)
solve JHT[A, g],u*[A, g], n[A, g], A, g] + Jiy = 0 in order to find A,[Jex,g], and
iii) use the constitutive relations to find the energy-momentum tensor T+ [Jey, g] =
TH T [AlJext, 9], 9], u*[A[Jexs, 915 9], W[ A[Text, 9], 9], A[Jext 9], g]- MHD correlation func-
tions may then be obtained through variations with respect to the external sources
Jo and gy,

An equivalent way to understand the classical effective theory (4.58) is to promote
the real-time generating functional to the non-equilibrium effective action [71], i.e. to

write

Sl A, ] = WA, g] + / V=9 (Au—0,0) T

where W,.[A, ¢] is low-energy, real-time generating functional for retarded correlation
functions in the theory with a non-dynamical A,. The functional W,[g, A] is non-
local due to the gapless low-energy degrees of freedom (sound waves etc). However,
for the purposes of MHD we do not need the actual generating functional, but only
the equations of motion for the effective action Si,;. These equations of motion are

JHA, gl + J&

i = 0, where JH[A, g] is the on-shell current in the theory with a non-

dynamical A,,. One can then solve the theory as described in the previous paragraph.

We will thus adopt the simplest hydrodynamic effective theory (4.58) where the
constitutive relations for 7" and J* are the same as in the case of external non-
dynamical electromagnetic fields. Under this “mean-field” assumption, transport
coefficients which are naively independent would still be related by the conditions
originating from the static generating functional.

Further, any solution T'[A,g], u®[A, g], u[A, g] to the MHD equations is also a
solution to the hydrodynamic equations (4.2) in the theory with a non-dynamical
A,. Thus the entropy current with a non-negative divergence on the solutions to

(4.2) will also have non-negative divergence when evaluated on the solutions to the
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MHD equations (4.58). This means that the entropy current in MHD may be taken
the same as the entropy current in the theory with a non-dynamical gauge field [71],
and we do not need to perform a separate entropy current analysis beyond what was
already done in sec. 4.3.

To sum up, with the MHD scaling B ~ O(1), E ~ O(09), the equilibrium effective
action is given by eq. (4.7),

5
Sef = /\/—_g (—%BQ + (T, B?) + > My(T, 1, B*)s) + 0(82)> . (4.59)
n=1

For a parity-invariant theory, only the M, term in the sum contributes. The con-
stitutive relations for the energy-momentum tensor and the current were already
found in the previous section, where now we have p(T, u, B?) = —%B2 + (T, p, B?).
The energy-momentum tensor appearing in eq. (4.58) and the current J* satisfy-
ing J* + JL, = 0 take the form (4.9), (4.10), and the constitutive relations for a
parity-invariant theory in the thermodynamic frame are given by Egs. (4.19), (4.20).

We will find it useful to modify the above effective theory by giving dynamics to
the electric field. To do so, we add an O(9?) term 3e.E? to the effective action (4.59),
where ¢, is the electric permittivity which we take constant. This term is one of
the many O(9?) terms, and we add it as a “ultraviolet regulator” which improves
the high-frequency behaviour of the theory. When studying the near-equilibrium
eigenmodes of the system, this term will affect the frequency gaps, but not the leading-
order dispersion relations of the gapless modes. With this new term, the following
contributions have to be added to the constitutive relations (4.19), (4.20):

T = e. (3E%¢"™ + E*u'v” — E'E")
J& = —e.Vy (E)‘u“ — E“u)‘) )

The current J§ contains the kinetic term for the electric field in Maxwell’s equations,

as well as the “bound” current due to electric polarization.

4.4.4 Eigenmodes

As a simple application of the above MHD theory, one can study the eigenmodes of
small oscillations about the thermal equilibrium state. As we did earlier, we set the

external sources to zero, and linearize the hydrodynamic equations near the flat-space
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equilibrium state with constant 7' = Ty, p = po, u® = (1,0), and B* = (0,0,0, By).
For simplicity, we will take the magnetic permeability u, constant, though it is

straightforward to find how the eigenfrequencies below are modified for non-constant
f = fo (T, 1, B?).

Neutral state

We begin with the neutral state at o = 0 and ng = 0. The system admits nine
eigenmodes, three gapped, and six gapless.

Let us start with the familiar case of vanishing magnetic field in equilibrium. The
system is then isotropic, with shear viscosity n, bulk viscosity ¢, and conductivity
o = o, = 0. The fluctuations of 67", du; decouple from the fluctuations of dpu,
0F;, 6B;. The eigenmodes include two transverse shear modes with eigenfrequency
w = —ink?®/(€+po), and longitudinal sound waves with v? = 9p/de and I'y = (31 +
¢)/(eo+po). In addition, there is a longitudinal charge diffusion mode which becomes

gapped because of non-zero electrical conductivity,

_ . g 2
w = - Z(@n/@u)k'

Thus, charge fluctuations in a neutral conducting medium do not diffuse. Instead,

what diffuses are the transverse magnetic and electric fields: there are two sets of

transverse conductor modes whose eigenfrequencies are determined by

( ia) k2
wlw+— ) = .
€e Eellm

Recall that ¢, is the electric permittivity and p,, = 1/(1—20p,,/0B?) is the magnetic

permeability, so /., is the elementary index of refraction. The conductor modes

have the following frequencies at small momenta:

ic  ik? ik?
w=——+—, Ww=—-——":.
Ee  Ofly Ol
The gapless conductor mode is responsible for the skin effect in metals.
We now turn on a non-zero magnetic field and consider modes propagating at
an angle 6 with respect to By. Thermal and mechanical fluctuations now no longer

decouple from electromagnetic fluctuations. There is one longitudinal gapped mode,
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and two transverse gapped modes,

| S
w=— 10k, w=-"2Z7 L0k,

€e e

In writing down the transverse eigenfrequencies, we have assumed Bi < ¢y + po.
All six gapless modes have linear dispersion relation at small momenta. Two of

the gapless modes are the Alfvén waves,
T
w = Fvakcosl — ZTAkQ , (4.60a)

whose speed and damping are determined by

B2 1 1
2 0 2 2 2 -2
vy = , T'a= 7. sin” 6 + 1) cos™ 6 +—(p cos” 0 + p sin 9),
A u(eotpo) + B o - joos”0) + o (o |

(4.60b)

where p| = 1/0y, and p, was defined below eq. (4.24). In writing down the damp-
ing coefficient, we have taken B < €y+po, the corrections of order Bi/(eo+po) are
straightforward to write down. The other four gapless modes are the two branches of

magnetosonic waves,

WL

W = Fogek — K, (4.61a)

whose speed is determined by the quadratic equation

(v2,)? — 02 (v] + v — vivisin® 0) + 032 cos? 0 = 0, (4.61Db)
where v2 = (s/T)/(0s/0T) = dp/de is the speed of sound at ny = 0. The two
solutions of (4.61b) correspond to the sound-type (or “fast”) branch, and the Alfvén-
type (or “slow”) branch. At # = 0, the slow branch turns into a second set of
Alfvén waves, while the fast branch becomes the sound wave. See e.g. ref. [72] for an
early derivation of vx and vy, in relativistic MHD. The damping coefficients of the
magnetosonic waves are straightforward to evaluate, but are quite lengthy to write

down in general, and we will only present them in the limits of small By and small 6.
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As By — 0, the damping coefficients become

1
Slow: Tppg = —1— 4+ —— | (4.61¢)
€+Po  Ofbm
1
fast: e = —— (2n+() . 4.61d
- (3n+¢) (4.61d)

On the other hand, as # — 0, the damping coefficients become

slow: e = —1 4 24 (4.61e)
€0tPo  Hm
1
fast: Toe = —— (0, 42 . 4.61f
as P ( 3+ 212 + Cl) ( )

We have again taken B2 < €y + po, the corrections of order B2 /(ey+po) are straight-
forward to write down. At 6 = 0, both polarizations of Alfvén waves have the same
damping.

Let us now consider the gapless modes propagating perpendicularly to the mag-

netic field, i.e. taking & — 7/2 first, & — 0 second. These include sound waves

Z'1—‘7r/2
2

w = kv — K (4.62a)

where v/, is the non-zero solution of eq. (4.61b) at = 7/2. In the limit of small
By it reduces to v2,, = v} = (s/T)/(0s/0T) = Op/Je, in equilibrium. The damping

coeflicient is

1
€0+Do

F7r/2 = (Cl - %771 + 77J_) ) (462b)

assuming BZ < €y+po. The other four gapless modes at § = /2 are purely diffusive,
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= g2 (4.63a)
€0+Po

we Pl (4.63b)
[

W= g2 (4.63¢)
€0+Po

we P2 (4.63d)
.

In writing down (4.63¢) and (4.63d) we have again taken B2 < €o+po.

Charged state offset by background charge

We now consider a state with a non-zero value of p, which gives rise to a constant
non-zero charge density ng. In order to ensure that the equilibrium state is stable, we
will offset this equilibrium value of the dynamical charge density by a constant non-
dynamical external background charge density —ng. This can be achieved by choosing
the external current in the hydrodynamic equations (4.58) as Jl, = (—ng,0). In the
particle language, this would correspond to a state where the excess of electrically
charged particles over antiparticles (or vice versa) is compensated by a constant charge
density of immobile background “ions”. Even though the system is overall electrically
neutral, its dynamics is not equivalent to that of the system with g = 0, ng = 0: for
example, the fluctuation of the spatial electric current has a convective contribution
ng ou;. More formally, when analyzing hydrodynamic modes, the limits no — 0 and
k — 0 do not commute. We now find six gapped modes and three gapless modes.
To get some intuition about the gapped modes, let us set all transport coefficients

to zero, as well as set By = 0. Then at small momenta there are two longitudinal

gapped modes whose frequencies are determined by
2 2 2,2
w” =0+ vk,

where Q2 = ng/[(eg+po)e.], and vy is the speed of sound that the charged fluid would
have, if the electromagnetic fields were not dynamical, see Sec 4.3.5. These modes are
the relativistic analogues of Langmuir oscillations, and (2, is the relativistic “plasma

frequency” which gaps out the sound waves. In addition, there are four transverse
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gapped modes whose frequencies are determined by

k2

w? =%+ .
Eelbin

p

These are electromagnetic waves in the fluid, gapped by the same plasma frequency
2, as the sound waves. If we now turn on the transport coefficients, the gaps are
determined by

. (o 45
w(w—i—ﬂ):Qf,, w(w—l—z((TLg—m):Qf,;

e

indicating the damping of plasma oscillations. At non-zero Bf < €y + po, the gaps
will receive dependence on the magnetic field.

At By = 0 the system is isotropic. The gapless modes (By — 0 first, & — 0
second) include two transverse shear modes with quartic dispersion relation, and one

longitudinal diffusive mode,

ink* _ioxsswy
S et reree
NoHm ng det(x)

Y

where again wg = Tyso + ponog, and the susceptibility matrix y was defined below
eq. (4.23).
At non-zero By, the three gapless modes all have quadratic dispersion relation at

small momenta. There are two propagating waves with real frequencies

B 0
W= £ 0B g2 (4.64)
otm
where 6 is the angle between k and By, and one diffusive mode. For B2 M ,, < €+po,

the diffusive frequency is

_ X33W; <a| cos? 0 N sin? 6) 12

4.65
deti) \ " n2 B2 (4.65)

For gapless modes propagating at § = 7/2 at small momenta (§ — /2 first, k& — 0
second), we again find the diffusive mode w = —iD k% with the same coefficient D

as in sec. 4.3.5. In addition, at § = /2 there are two “subdiffusive” modes with
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quartic dispersion relation,

k! okt
W= —i——, w=—i—

The eigenfrequencies are noticeably different from the ones in a theory with fixed,
non-dynamical electromagnetic field discussed in sec. 4.3.5. Compared to the case
of ng = 0 earlier in this section, one can say that non-vanishing dynamical charge
density gaps out the magnetosonic waves, and turns Alfvén waves into waves whose

frequency is quadratic in momentum.

4.4.5 Kubo formulas

We can find MHD correlation functions following the same variational procedure
outlined in sec. 4.3.7. As the total current vanishes by the equations of motion,
the objects whose correlation functions it makes sense to evaluate in MHD are the
energy-momentum tensor 7" and the electromagnetic field strength tensor F,,. It
is straightforward to evaluate retarded functions in flat space, in an equilibrium state
with constant T' = Ty, p = po, u® = (1,0), and constant magnetic field. We solve the
hydrodynamic equations in the presence of fluctuating external sources dJeys, g (pro-
portional to exp(—iwt + ik-x)) to find 6T [Jext, 9], Opt[Jext, 9], 0U™ [Jexts 9], O F [ Jext, 9]
and then vary the resulting hydrodynamic expressions T [Jex, g] and Fj,,[Jext, 9]

with respect to gag, Joy to find the retarded functions. The metric variations are

ext

performed as usual,

GTWTaﬁ = 2& (\/__gT(illishell[‘]eXt’g]) ) G%VTaﬁ = (\/_Fon Sheu[ ext7g]> .
The subscript “on-shell” signifies that 7" and F},, are evaluated on the solutions
o (4.58) with the constitutive relations (4.19), (4.20). Further, recall that the ex-
ternal current must be conserved, which can be implemented by choosing §J2, =
ki 0% /w+3n00g,". The coupling A, J% then implies that iw d/d.J., (k) produces an
insertion of Fy(—k), while ik,,e"™§/5J

For example, for electric field correlation functions we have

J! (k) produces an insertion of "™ Fy,, (—k).

. 124 R _ on-shell
GTNVFOl - Zw(;Jl Ton_shell[Jexta g} ) GFW/FOl - Zw(SJl F'uy [Jexta g] )
ex
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and similarly for the magnetic field.’

Choosing the external magnetic field in the z-direction, we find the same Kubo
formulas (4.33) and (4.34). The electrical resistivities may also be expressed in terms
of correlation functions of the electric field. In the zero-density state with pg = 0,

ng = 0 we find
Im GE ., (w, k=0) = py, (4.66a)

at small frequency, where p; = 1/0y. Similarly, for the transverse resistivities we find

1Im G} 5, (w, k=0)=p,, (4.66b)
LIm GE p o (W, k=0) = —p sign(By) (4.66¢)

where again wyg = €y+po, and p,, p; were defined below eq. (4.24). We have taken
B < wy, otherwise there is a multiplicative factor of wo(wo—B§ My )2 / (wopt,+B3)?

in the right-hand side of (4.66b), (4.66¢). In a charged state (offset by non-dynamical

Bo

—ng), the correlation functions change, for example G £ (W, k=0) = iw while

o) can be found from
Im G} 5 (w,k=0) = 0. (4.67)

Retarded functions at non-zero momentum may be found from the above variational
procedure. For example, the function Gf . (w,k) in a state with ng = 0 and with

k || By has singularities at the eigenfrequencies of Alfvén waves for small momenta.

4.5 A dual formulation

As this work was being completed, an interesting article [37] (abbreviated below as

GHI) came out which approached magnetohydrodynamics from a different perspec-
1
2
conserved current, and the constitutive relations were written down for J*”, rather

tive. The dual electromagnetic field strength tensor J* = 1e"*PF, 5 was taken as a

than for the electric current J* as was done in MHD historically. This “dual” con-

struction follows the earlier work of ref. [73] which studied a similar MHD-like setup

5 Alternatively, one can introduce an antisymmetric “polarization source” M by taking the

ext?
conserved current as Jl, = V, M. The coupling A,,J/,, then becomes 2 M4 F,,, upon integration

2 ext

by parts, and correlation functions of F),, may be obtained as variations with respect to MLy .
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for “string fluids”. The paper [37] identifies six transport coefficients in MHD, com-
pared to eleven transport coefficients (in a parity-preserving system) found here. In
this section we revisit the analysis of GHI, and show that the dual formulation allows

for the same eleven transport coefficients we described earlier in Sections 4.3 and 4.4.

4.5.1 Constitutive relations

The conservation laws are taken as follows:
vV, T = H”MJP", V,J" =0. (4.68)

These are the same equations (4.58a), (4.58¢) we had earlier. The conserved external

1

current is taken as Ji, = 5e**70, 155", where 1Y may be viewed as the dual of the

external polarization tensor ML. The coupling A,JL; then becomes 11 J* upon
integration by parts, and correlation functions of J*” may be obtained as variations
with respect to II%. The tensor H in (4.68) is H = 3dII®*, or in components
Hopy = 301155 + (signed permutations).

In order to relate the GHI thermodynamic parameters to ours, we can compare

equilibrium currents. The currents at zeroth order in derivatives are given by

T = (g4 4 pa)ulu” + pa " — pa pa W*R” + O(0), (4.69a)
JM = pa(u'h” —u’ht) + O(0) . (4.69b)

The subscript “d” for “dual” is used to differentiate the parameters from those used
earlier in this chapter. The currents can be compared with our eq. (4.19) and the
dual of eq. (4.4) at zeroth order:

B? B? BB
T = (wm + —) ufu” + (—%BZ + P+ —) 9" - +0(9),  (4.70a)
[

JH =yt BY — u’B* + 0(9) (4.70D)

m m

where w,, = Tpnr + pm, = T's + pn is the enthalpy density, and p,, = 1/(1 —
20p,,/0B?) is the magnetic permeability. Using h? = 1, we can identify p, = B, g =
B/, h* = B*/B, py = —%BQ + P + B?/ i, up to O(9) terms. Out of equilibrium,
h* and 4 are auxiliary dynamical variables (without a unique microscopic definition)

designed to capture the dynamics of the magnetic field. The entropy density is s, =
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DPw,T + %pmyﬂ, as follows from e, + py = T'sq + pqps- The energy densities coincide,
g€e = —p+Ts+ un = €, again with p = —%Bz + pu(T, 1, B?).

At order O(9), our constitutive relations can not be directly compared to those
of GHI because of different hydrodynamic variables. However, we can compare the
number of transport coefficients. The comparison may be done based on the entropy
current argument which we review below.

In a particular hydrodynamic “frame”, the one-derivative contributions to the

GHI constitutive relations are given in eq. (3.4), (3.5) of ref. [37],

T(‘{’)’ = Ofg AR + o1y B*RY + (HRY + O h* 4t (4.71a)

Jhy = mih” —mih + s (4.71b)
where ALY = ¢ + ufu” — h*h", and the coefficients df,, o7y, 04, th", mk, s4” are all
O(0). The quantities £, t4, mk, si” are all transverse to both u, and h,,, the tensor
th" is symmetric and traceless, and the tensor s4” is anti-symmetric. We do not write
the subscript on the temperature and fluid velocity, even though the GHI's T" and u*
differ from ours at O(9). Further, GHI impose charge conjugation as a constraint on

the dynamics.

4.5.2 Entropy production

The “canonical” entropy current in the GHI formulation is analogous to eq. (4.25),

Sk = % (paut — T u, — pgJ* hy) . (4.72)

This does not take into account the O(0) contributions to thermodynamics: as we

have seen earlier, the only non-trivial thermodynamic susceptibility in a parity-

invariant theory is odd under charge charge conjugation C, and gets eliminated if
C is imposed as a symmetry of hydrodynamics.

Upon using the conservation equations (4.68) together with the zeroth-order con-

stitutive relations (4.69), the divergence of the entropy current (4.72) is

v UV v ,u’ hl/ uaHa v
vﬂsg;:—Tg;)vﬂ(?) — [VM< - )+ - } .
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Substituting the first-order constitutive relations (4.71), we find

TV, Sy = =0fs (S5 — Sy) — 67uSs — U5, — 515,00 —my Y — 155 Z°7 . (4.73)
Using the notation similar to sec. 4.3.6, we have the scalars S5 = V-u, Sy = W*h"V,u,,
as well as o/|” = % (AQWAZB + AZ“A&B — AQ‘”A2‘6> Oup and XH = AﬁjAaAphp. We have

further defined

Y = A [T0,(a/T) + 2uaHY " — p1ah*Voh,) |
7% = NYPAY [pa(Voho — Vohy) + 2u H® ] -

In order to ensure that the entropy production in eq. (4.73) is non-negative, GHI
demand
5fd = —Ql(Sg — 54) s 57’d = —2§||S4, fg = —77“2“,

v jnz a __ for o __ o
t =—nuol,  omg=—r. Y sl7=—rZ",

(4.74)

with six non-negative coefficients (1, |, n., 1, 71, 7. This clearly gives VSt > 0.

Note however that while demanding eq. (4.74) is sufficient to ensure non-negative
entropy production, there are more ways besides eq. (4.74) to make the right-hand
side of eq. (4.73) non-negative. These other options will give rise to extra trans-
port coefficients. Indeed, consider the following coeflicients of the O(0) constitutive

relations:

0fa = —f155 — f2Su, (4.75a)
0Ty = —T153 — 1254, (4.75Db)
= =S — e, (4.75¢)
th = —niot” =t (4.75d)
mg =—r Y* - Y, (4.75€)
sh7 = —r 2. (4.75f)

The tilded vectors are defined as V* = e“”aﬁu,,haVﬁ, and the tilded shear tensor is
5_/11/ = % (EHAQBUA}L&U?_V + eyAaguAhao-f_H> ’

as in eq. (4.16). The tensor s5” has only one degree of freedom, hence it contains only
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one transport coefficient. The divergence of the entropy current (4.73) is then

TV,S" = {185 + (Ti+fo—f1)S354 + (12— f2) S}
+ S 4 In (o) + r Y Y+ ey (297)2. (4.76)

The three tilded coefficients do not contribute to entropy production in eq. (4.73) due

to V“V =0 and 0y, 6" =0, and can take any real values,
nER, n. €R, 7. €R. (4.77)
Demanding that V,S¥ in eq. (4.76) is non-negative now implies
nL =0, n =0, ry >0, T =0, (4.78a)

together with the condition that the quadratic form in the first line of eq. (4.76) is

positive semi-definite. The latter gives

fi=0, T — fa 20, f1(7'2—f2)>;i(71—f1+f2)2. (4.78b)

Thus there are eleven apriori independent non-equilibrium transport coefficients listed
in Egs. (4.75) that are consistent with non-negative entropy production, provided the
constraints (4.78) are satisfied. The coefficients 7, 7., 7 are odd under charge
conjugation C, and can be eliminated if one demands C-invariance of hydrodynamics.

An implicit assumption of ref. [37] amounts to choosing f; = —fs = (1, 11 = 0,
To = 2€H.

4.5.3 Kubo formulas

Assuming time-reversal covariance, the above transport coefficients can be further
constrained by the Onsager relation (4.28). In order to find the retarded functions,

we can use exactly the same variational procedure as in sec. 4.4.5:

( v Tcﬁlyshell [HeXt7 g]) ’ GJP“’TD‘B = ( \ ngfshell [HeXt’ g]) )
(4.79a)

GTMVT&E
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as well as

) )
R X R X
G jas = QWTfﬁishell %% g, G gos = QW‘]éLrllj-shell [, 9] (4.79b)
af af
Again, the subscript “on-shell” signifies that T#” and J*” are evaluated on the solu-
tions to the conservation equations (4.68) with the constitutive relations (4.75). We
use the above prescription to evaluate correlation functions at zero spatial momen-

tum, which gives rise to Kubo formulas. Demanding that the correlation functions

satisfy (4.28) now gives the Onsager relation

=N+ [ (4.80)

We further find the following Kubo formulas for transport coefficients in the consti-

tutive relations (4.75). The resistivities are given by

1Im Gy yow (w, k=0) = 1|, (4.81a)
Im Gl jos (0, k=0) =1, (4.81Db)
1Im GF,. jo- (w, k=0) = 7| sign(By) , (4.81c)

the “shear viscosities” are given by

1Im GFe (w, k=0) = g, 1Im Gy (0, k=0) = 1, (4.81d)
LIm Gfyepe- (w, k=0) = 7 sign(By) , 1Im GJypes (0, k=0) = 7 sign(By) ,
(4.81e)

and the “bulk viscosities” are given by

LIm Gl e (w0, k=0) = f1 + 11, (4.81f)
AmGfpee (w0, k=0) =1 + 7. (4.81h)

Correlation functions at non-zero momentum may also be found by using the above

variational procedure.
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4.5.4 Mapping of transport coefficients

We can compare the correlation functions of 7" and J* evaluated using (4.79)
with the correlation functions found in sec. 4.4.5. If the two approaches to MHD
(section 4.4 and section 4.5) compute the same physical objects G%,, ., etc, the
results should agree. Comparing correlation functions at zero spatial momentum
allows one to relate the transport coefficients in the constitutive relations (4.75) to
transport coefficients introduced in section 4.3, see eq. (4.19), (4.20). Doing so in the
(dynamically) neutral state with ny = 0 gives the following relations. The resistivities
are related by
1 o o

= — ro=—-—— T = ———, 4.82a
I O'H’ + Ui+5’27 + Ui-i-a'? ( )

the “shear viscosities” 7., 71, 1, 7 agree, and the “bulk viscosities” are related by

h=0~— %771 ) fo=0C — %772 , (4.82b)
=0+ 3m, =0+ 3. (4.82¢)

The Onsager relation (4.30) maps to the Onsager relation (4.80), as expected. The
entropy current constraints (4.27) map to the entropy current constraints (4.78), as
expected.

Finally, the mapping of transport coefficients (4.82) can be used to compare
the eigenfrequencies of small oscillations of the (dynamically) neutral state found
in eq. (4.60), (4.61) to those found in ref. [37]. Using the map of thermodynamic pa-
rameters spelled out below eq. (4.70), the speed of Alfvén waves agrees with ref. [37].
The damping coefficient of Alfvén waves in eq. (4.60) agrees with ref. [37] when
B?/u,, < e+ p. The speed of magnetosonic waves in eq. (4.61b) agrees with ref. [37]:
in order to see this, note that the assumption of constant magnetic permeability
amounts to assuming that the equation of state takes the form p, = Lp,,u2 4+ F(T),
orp = _2;+m32 + F(T), with some F(T). In general, the speed of magnetosonic
waves derived from the formalisms of sec. 4.4 and sec. 4.5 will not agree, except when
B?/p,, < (e +p). One reason is that the chemical potential for the electric charge is
treated as a thermodynamic variable in sec. 4.4, hence the magnetosonic wave speed
will in general depend on the charge susceptibility (On/0u),—o. This thermodynamic
derivative is not present in the formalism of sec. 4.5. Finally, note that the transport

coefficient 7, contributes to damping of fast magnetosonic waves, for example at 6 = 0
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we have ['ys = (11 + 72)/(T'sq), in agreement with eq. (4.61f).

4.6 Discussion

In this chapter we have presented the equations of relativistic magnetohydrodynam-
ics, by which we mean the hydrodynamics of a conducting fluid in local thermal
equilibrium, with dynamical electromagnetic fields. MHD is naturally formulated in
a derivative expansion with magnetic field B ~ O(1). Electric screening does not
imply that the electric field vanishes: rather, it implies £ ~ O(9) is subleading in
the derivative expansion. We have adopted the simplest “mean-field” formulation in
which the constitutive relations in the theory with dynamical electromagnetic fields
are inherited from the theory with external electromagnetic fields. Our main focus was
on transport coefficients. For a parity-symmetric microscopic system, we find eleven
transport coefficients at one-derivative order. Omne transport coefficient is thermo-
dynamic: it is a part of the equation of state in curved space, and contributes to
flat-space correlations. Transport coefficients of this type in relativistic hydrodynam-
ics were first identified in [15] where they appeared at second order in derivatives. In
241 dimensional hydrodynamics, thermodynamic transport coefficients can already
appear at first order in derivatives [17]. Of the remaining ten transport coefficients,
three are non-equilibrium and non-dissipative, and seven are non-equilibrium and dis-
sipative. There are more transport coefficients for parity-violating fluids, as listed in
sec. 4.3. We now comment on questions not discussed in detail in the main body of

the chapter.

Angular momentum generated by the magnetic field.— The thermodynamic
transport coefficient M, determines the response of equilibrium magnetic po-
larization to vorticity, as can be seen from eq. (4.21). One way to view M, is
to note that a system of charged particles in external magnetic field will de-
velop angular momentum. One can see this in the thermodynamic framework
of sec. 4.2. For a bounded system, the equilibrium energy-momentum tensor
obtained by varying the equilibrium free energy (4.1), (4.7) with respect to the
metric will have a boundary contribution after the variation M,B-0,() is in-
tegrated by parts [70]. The surface momentum density Q% = Mqe**’u,B,n,
(where n* is the unit spacelike normal vector to the boundary) will give rise to

angular momentum induced by the magnetic field. Consider a system at rest in
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flat space at constant temperature, charge density, and constant magnetic field
B. The angular momentum L derived from the energy-momentum tensor only

receives a boundary contribution, and one finds

L
V - ZMQB,

where V' is the spatial volume. In this sense M,, determines “angular momen-
tum density”. As the coefficient M, is odd under charge conjugation C, this
generation of angular momentum only happens in a C-invariant theory if the
equilibrium state has non-zero charge density. Similarly, for a system not sub-
ject to the magnetic field, in flat space, which rotates uniformly with small
(namely |w|R < 1 where R is the size of the system) angular velocity w, the
magnetization density is m = 2M,w. More generally, the susceptibility M
provides a macroscopic parametrization of gyromagnetic phenomena such as

the Barnett and Einstein-de Haas effects.

Previous work on transport coefficients.— Papers [74, 75] studied transport
coefficients for relativistic fluids subject to an external magnetic field. While
this does not correspond to MHD in the sense described in this chapter (we
define MHD as a theory in which magnetic field or its auxiliary is a dynamical
degree of freedom), a fluid in external field is a fundamental building block for
MHD. Parts of Refs. [74, 75] overlap with our Section 4.3. Some of our results
differ from those in Refs. [74, 75]: the analysis of thermodynamics, the number
of transport coefficients, constraints on transport coefficients imposed by the
positivity of entropy production, and some of the Kubo formulas. The details

are given in Appendix C.2.

Dual formulation of magneto-hydrodynamics.— In sec. 4.5 we compared our re-
sults with the recent “dual” formulation of MHD in ref. [37]. We found the same
number of transport coefficients in the two approaches, provided the bulk vis-
cosity missed in ref. [37] is restored, and the constraint of C-invariance imposed
in ref. [37] is lifted. It would be interesting to investigate the relation between
the “dual” and “conventional” formulations of MHD further, in particular with

regard to the description of electric charge fluctuations.

Applicability regime.— The MHD described in this chapter treats electromag-

netic fields classically. This means that the electromagnetic coupling constant
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must be small so that quantum fluctuations of the electromagnetic field can be
ignored. The applicability regime of MHD also includes B < T (or restoring
the fundamental constants hce B < (kgT')?), as is necessary to restrict the hy-
drodynamic degrees of freedom to those inherited from thermodynamics. We do
not have a method to systematically incorporate the effects of larger magnetic
fields within the MHD description of sec. 4.4. A possible way to approach this
problem would be to study the hydrodynamic description for the D’Hoker-Kraus
magnetic brane [76] in the B > T? regime. These magnetic branes solutions
in AdSs are dual to 4-dimensional gauge theories in the presence of constant
background magnetic fields. The classical hydrodynamic theory also ignores
statistical fluctuations, which are known to invalidate classical second-order hy-
drodynamics in 341 dimensions (and classical first-order hydrodynamics in 2+1
dimensions). Understanding the effects of statistical fluctuations in magnetic

field requires further work.

Transport coefficients at strong coupling.— While the small electromagnetic
coupling allows one to treat magnetic fields classically, other interactions in the
theory do not have to be small. For strongly interacting non-abelian gauge the-
ories in external U(1) magnetic field, methods of gauge-gravity duality provide
a window into non-equilibrium physics, both within and outside the hydrody-
namic regime. Some of the hydrodynamic transport coefficients discussed in
this chapter were evaluated in holographic models in refs. [77, 75]. The full set
of transport coefficients for fluids in external magnetic field has not yet been

explored holographically.

Higher-order terms.— We have not taken into account the terms beyond first
order in the derivative expansion. In conventional hydrodynamics, higher-order
terms are required to render the theory causal [78] (see e.g. [15, 79] for more
recent discussions). We expect that a causal formulation of MHD will involve

higher-order relaxation times as well as the electric field dynamics.
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Chapter 5
Conclusion

In this work, we employed the equilibrium generating functional formulation of rela-
tivistic hydrodynamics postulated in [18, 19] to explore three new regimes of relativis-
tic hydrodynamics: relativistic hydrodynamics in the presence of an external vector
field, relativistic hydrodynamics in strong external magnetic fields and relativistic
hydrodynamics in strong dynamical magnetic fields.

Previous approaches to anisotropic hydrodynamics have consisted of modifications
to the isotropic hydrodynamic framework by the use of Boltzmann’s equation with
an anisotropic distribution function and the addition of new hydrodynamic variables
characterizing the anisotropy [80, 81, 82, 83]. The derivation presented in chap-
ter 3 is the first to start from a generating functional that depends on an external
vector field characterizing the anisotropy. Consequently, the anisotropic constitu-
tive relations (3.35) and (3.37), the modified equations of motions (3.8) and entropy
current (3.32) and the use of the auxiliary vector X, are all new to the approach pre-
sented here. We assumed that the external vector n* has a microscopic description
and thus is not a hydrodynamic variable subject to frame transformations. This for-
mulation of anisotropic hydrodynamics presents several directions for further studies.
An eigenmode analysis similar to the ones presented in sections 4.3.5 and 4.4.4 for
the new system of equations can provide experimentally testable departures of this
framework from an isotropic hydrodynamic description of the materials introduced
in section 3.1. Following the prescription of chapter 2, the modified entropy current
of section 3.3.2 can be found to O(0), from which the constraints on transport coef-
ficients due to entropy production can be derived. Similarly, the Onsager relations
coming from hydrodynamic correlation functions can impose further constraints on

the transport coefficients. The Kubo formulas for these transport coefficients can also
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be derived following the prescription presented in 2.2.4.

We presented the constitutive relations for relativistic fluids in strong magnetic
fields to first order in derivatives including the effects of polarization , and derived
the constraints on transport coefficients as well as their corresponding Kubo formulas
in chapter 4. For parity preserving systems, these include one thermodynamic trans-
port coefficient M, and eleven non-equilibrium transport coefficients: three charge
conductivities, four bulk viscosities and four shear viscosities. Prior to [70], the
magnetovortical susceptibility M, doesn’t appear in previous literature of relativistic
magnetohydrodynamics. This thermodynamic function determines the response of
the magnetic polarization to vorticity and as well as the angular momentum gen-
erated due to an external magnetic field. Ten of the eleven non-equilibrium trans-
port coeffieients were known for some time [74]. The combination of bulk viscosities
3(o —6m1 —2ny doesn’t appear in the literature, and can be non-zero for hydrodynamic
descriptions of systems that don’t preserve time reversal invariance. The eight parity
violating transport coefficients studied in section 4.3.9 and the four parity-violating
thermodynamic functions M,,, n = 1,2,3,5 coming from the generating functional
as outlined in section 4.2 are also new. The Kubo formulas for the complete set of
transport coefficients for relativistic fluids subject to a constant magnetic field was
presented in sections 4.3.7, 4.4.5 and 4.3.9, and includes the ones presented earlier
in [75] and [37] respectively. The full set of Kubo formulas for parity-respecting rela-
tivistic fluids in a constant magnetic first appeared in [47]. See appendix C.2.2 for a
comparison with [75] and section 4.5 for a comparison with [37]. The Kubo formulas
for parity violating transport coefficients can be used to calculate them explicitly for
theories that break parity.

We also studied the hydrodynamic fluctuations of fluids in strong external mag-
netic fields as well as for fluids in strong dynamical magnetic fields. The analysis
of hydrodynamic fluctuations in strong dynamical magnetic fields is new, and was
presented in section 4.4.4. For the neutral state in a magnetic field, we find three
gapped modes and six gapless modes. Two gapped modes are transverse and one
is longitudinal. The gapless modes include Alfvén waves and two branches of mag-
netosonic waves. For fluctuations parallel to the magnetic field, the fast branch of
magnetosonic waves turn into sound waves and the slow branch into a second set of
Alfvén waves. For fluctuations perpendicular to the magnetic field, Alfvén waves and
the slow branch of magnetosonic waves become diffusive and the fast magnetosonic

waves turn to sound waves. For the state with a non-zero dynamical charge density
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in a magnetic field, plasma oscillations gap out the magnetosonic waves, and the
Alfvén waves get a quadratic dispersion relation. We thus find 6 gapped modes and
three gapless modes. For fluctuations perpendicular to the magnetic field, the gapless
modes are all diffusive. For fluctuations parallel to the magnetic field, we find two
Alfvén-like modes with quadratic dispersion relation and one diffusive mode. The
dispersion relations for these hydrodynamic fluctuations may in principle provide a
way to experimentally measure the transport coefficients presented in this thesis.

With new insights into effective actions for out of equilibrium hydrodynamicss [27,
28, 29, 30, 31, 32], it would be interesting to see if the new transport coefficients
presented in this work naturally arise in the derivative expansion of such an effective
action if strong magnetic fields are assumed. If that were the case, one might consider
the constraints that such a formalism would impose on the transport coefficients, and
compare them with the ones derived here.

An important open question in hydrodynamics is the relation between the, in gen-
eral, out of equilibrium generating functional and the entropy current. It was shown
in [24, 25] that the constraints on transport coefficients derived from the entropy
current are the same as those derived from the equilibrium generating functional
up to a frame transformation from the thermodynamic frame, plus the inequality
constraints on dissipative transport coefficients. These inequality constraints can be
found through the demand of entropy production, as outlined in 2.2.3 or by the posi-
tivity constraints on hydrodynamic correlation functions, as outlined in 2.2.5. These
inequality constraints on dissipative transpot coefficients have so far been the same
for all systems studied, though the connection between these two is still not well
understood. This connection has been studied in the language of non-relativistic hy-
drodynamics in flat space [2, 84] but a proper generalization to relativistic fluids in
curved space-time is still lacking. This question could be explored in the effective ac-
tion approach to hydrodynamics of [27, 28, 29, 30, 31, 32]. This question has recently
been tackled in [85, 86].
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Appendix A

Deriving the equations of motion

We want to show how gauge and diffeomorphism invariance of the generating func-

tional W{g, A] lead to the conservation equations (2.3):

V" =F*]y, V,J"=0.

Under a gauge transformation A, — A, — 0,«, the generating functional remains

invariant. That is
W = —/dd+1x\/—gJ“0ua = /dde\/—gaVuJ“ =0.

Since « is arbitrary, it follows that the current is conserved, V,J* = 0. To find
the other equation we consider diffeomorphisms x# — x* — £#. The external metric
and gauge field change by 0¢,, = g00,&* + §,20,E + £*0\g = V. + V,.€, and
§A, = A0, + E20\A, = ANV, + V3 A,. Again, the fact that the generating

functional is invariant under this transformation leads to
0= /dd“x\/—g (T“”Vuf’,, + JH (AVGMSV + f“@VAM))

= / d™ay/=g (F""J, — V,T" -V ,JFAY)E,

and since £ is arbitrary, the energy-momentum is conserved up to the influx term
vV, T" = F""J,.

Now let’s assume that the generating functional depends on a gauge invariant
external vector n*, and we define X, as the auxiliary vector that couples to this

external vector. The variation of the generating functional is then
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oW = /ddﬂx\/—g (%T“”ég,w + JHOA, + Xuén”) .
This defines X,,. For a gauge transformation én* = 0 and the current conservation
equation remains unchanged, V,J# = 0. For a diffeomorphism, however, we have
ont = £0,n* — n’0, " = 'V, n* — n’V, . Diffeomorphism invariance of the
generating functional then implies
0= / Ao/ =g [(F™" ], =V, T" =V, J'AY) €, + X, (£°V, 0t —n" V)] ,
= /ddﬂx\/—g (FvJ, =V, 1T =V, J'A + X, V"0 + V, (n"X")) &,

from which we get the anisotropic equations of motion (3.8)

VAT = P, + X,V 4+, (Xn), V0" =0,
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Appendix B

More on anisotropic

hydrodynamics

B.1 Equilibrium constraints

The requirement that Ly g = 0 gives one symmetric SO(d, 1) tensor equation. Since
we now have two O(1) vectors u* and n* in the hydrodynamic description, we can
use the projector N* = A* —n! n /n? and the two vectors u* and n/ to decompose
this equation into one SO(d — 1) tensor equation, two SO(d — 1) vector equations

and four SO(d — 1) scalar equations

2
ot = NN (Vs + Vgt — ﬂgaﬁvapu(,> —0, (B.1a)
N (9,T + Ta,) =0, Na,,n? =0, (B.1b)
0,T=0, Vu'=0, 0,7=-Tn-a, N*"V,u,=0. (B.1c)

We use the shorthand 0, = v*0, for any vector v*. Similarly, the requirement Ly A =

0 gives one SO(d — 1) vector equation and two SO(d — 1) scalar equations

N (E# - T@V%) 0, (B.2a)
e (B.2b)

1
=0, 0,8 ==
’ T T
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Finally, Lyn = 0 gives one SO(d — 1) vector equation and two SO(d — 1) scalar

equations. One scalar equation is similar to that found by Lyg =0

Vo, = A, Vyn”, (B.3a)
au$ =0, N"V,u, =0. (B.3b)

We have sued the shorthand V,, = v#V , for any vector v*. Equations (B.1), (B.2) and
(B.3) give in total 7 scalar constraints, 4 vector constraints and 1 tensor constraint.
Using the Levi-Civita tensor ¢ and the constraints (B.1), (B.2) and (B.3), we
can form 4 new vectors and 1 new tensor that must vanish in equilibrium. The
scalars, vectors and tensors that vanish in equilibrium but can in principle appear
in the constitutive relations when we allow our system to be time dependent are the

non-equilibrium structures. These are listed listed in table B.1.

‘ First order non-equilibrium structures ‘

1 2 3 4 5 6 7
scalars (Sinon-eq.) n-(E—-Tok) n-(a+ ‘?[—T) NHY 0, T Ouls | 05 | Vyut
vectors (vfnon_eq_) N (E, —T0,%) | NM(a, — dVTT) N*g,,nf | N (Vyn, — Vauy,)
tensors (/') eq. ot Gt

Table B.1: Non-equilibrium first order independent scalars, vectors and tensors in
a parity invariant hydrodynamic theory. We have decomposed them in terms of
the SO(d-1) subgroup of the Lorentz group leaving u* and n* invariant. We have
defined o/ = NFeN"2(V yup + V guy — ﬁgaﬁNp"Vpug) and 6" = L(e"*7u,nof , +

2
(1) ()

vpoo H 3 T43 it — prpo
P u,n,0" ). For every vector there is an additional 0; o, oo = €7 UNpV; Jon eq.o-

B.2 More on frame transformations

In this appendix, we look at frame invariants and frame transformations for anisotropic
hydrodynamics. The first order scalars, vectors and tensors appearing in the consti-
tutive relations were defined in sections 3.2 and 3.3.1. For an arbitrary frame, these

O(0) terms have the expansion
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m Np m Np m  Np
fé’ = E § €n,iSn,is fP = E E Tn,iSn,is fN = E E ¢n,i3n,i>
n=1 i=1 n=1 i=1 n=1 i=1
m Np m Ny m  Np
_ _ _ 2
fg = E E Xn,iSn,i; q" = E E ViV i» JH = E E On,iVp  (BA4)
n=1 i=1 n=1 i=1 n=1 i=1
m Nn m Nn
— E E 12 v o__ § : 2 : uv
Xﬂ - gn,ivn,ia 7',u - en ztn i
n=1 i=1 n=1 i=1

w
n'i

O(0") and t;"; are the independent tensors of O(0"). The first order scalars, vectors
and tensors relevant for hydrostatics are listed in table 3.5.

The closest thing to a Landau-Lifshitz frame is £ = € — gn-u, N =p, Ot =
gn'|. Which implies fe =0, fy =0, ¢"* = 0. In this frame, using the definition
of the frame invariants (3.19) and (3.28) we find

where s,,; are the independent scalars of O(9"), v}, are the independent vectors of

fe+p f7> WQfé )
Jino = f7> - Oégféa
where the superscript L is used to specify that these are the Landau-Lifshitz terms
fh, etc. Here, vg = Bg + gM (% ) and ag and g were defined in (3.20)

e+p
and (3.21). Inverting these, we get

(B.5)

agfe+p PYQfmv
f5=

ag—vg
B.6
L fe+p fmv ( )

T ag g
From the definitions of ¢* (3.25) and m* (3.26), and substituting f§ we get

jﬁ _ W /) feer f'mv AHV

e+p ag — g (B?)
J Ji
X[/f — mh — g e+p = Jinv Auyny
€+p ag—7g
We also have, from (3.28)
TH =T + 2—fL ok, (B.8)

wro_ Bov 1 Apv
where o/ = (n[n{ — 2AMn?), so that
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T,u,V: efp 9 g f6+p_finv0_ﬁy'
€etp ag—g
Using the definition of these frame invariants, we can find the Landau frame

structures in terms of those in an arbitrary frame

(B.9)

L agfe — Ygae agfn — vgan agvs—Bg 9
fp=fp———m—fe ———F—fv +

2 ae —~veer oI
ag — g ag — g ng ag —Yg €+ p
QN — - n
fg—fg+ ﬂgf N—ﬁ/\ffN+’Yg_5gLQ_2
og — g ag — g g —Yge+pn
g — QN — - n
jL“:j/‘_—<q“—|-( £ Bgngr N BNfN+7g Bs 9 Q_2>ni)
€E+p g — g g — g g — g €+ PNy
g — QN — — n
Xf_X#_L(qM+(5—&f5+N—6j\/fN+—7g Bg g q—2>n‘i>
€E+p g — g g — g 0g — Vg €+ png
1 B _ _
T g g9 (_Ugy+<045 ﬁgfg+04N ﬂNfN+’Yg Bo g q”>0w>
€+ p\2 ag — g ag — g ag — g €+ p nj

(B.10)
where o = (n' ¢ + n* ¢" — 2A"n-q) Now, using (B.4) and the definition of these

frame invariants, we can find the expansion coefficients in the Landau frame in terms
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of those in an arbitrary frame

L o_ P —qgas  agby —eaN
L L ag —Yg L ag — g o
o
+ _ %9 9 (’yg — ﬁg) <n§’71,i + 71,z‘+4> ) (B.11a)
ag —yge+p
Qg — N — —
Xfi = X1:+ 5—&61&. + N—ﬁNd)M + M (n?'Yl,i + 71,1-4_4) , (B.llb)
’ ag — Vg ag — g ag — g
g — QN —
6k =61, — P < £ 6561@-—1-/\[—6]\/(?11'
’ T e+plag—g ag —7g
_ e — X
+ —fYQ Bg ((n? + _g 7g)’yl,i + 71,i+4>>7 v = 17 2’ 37 47 (BllC)
ag — g Yg — Bg
S =5y, — P . i=5.6,7, B.11d
e (B.114)
e — ay —
fle =81 — J ( e — Pe €1, + N—ﬁNle,z‘
’ e+pl\ag —yg Gg — g
_ oc —
+ —Vg ﬂg ((n? + _g ’Yg)’}/l,i + 71,i+4>)? L= 1a 27 37 47 (Blle)
ag — g Yg — Bg
L g :
.= A i 22576’7’ Bllf
5171 51, €+p71, ( )
g — N —
0F, =01, —2 J ( e —Pe €1+ N ﬁNﬁbl,i
i e+pl\ag — g Qg — g
— e —
L9 Be ( G 59%’1, +,M+4>)7 i=1,2,34, (B.11g)
ag — Y6 \g — Bg
g .
9[,‘:92'__ . 1=05,6,7. B.11h
1 1, €+p71, ( )

Can be used to bring the thermodynamic frame equilibrium constraints to the

Landau frame.
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Appendix C

More on relativistic

magnetohydrodynamics

C.1 Equilibrium 7" and J"

The coefficients €,, T, ®n, Vn, On, 0, in the equilibrium energy-momentum tensor
and the current (4.13) have the following expressions in terms of the five parameters
M, (T, u, B?) of the generating functional (4.7). The O(9) correction to the energy
density is determined by

€1 = —M, +TMyp+ pMy , +4B*M, g2 + T*M; 2,
€ = — My +TMyg + M, ,

4B?
@ = r (My — TMyp — pM , — AB* M p2) — 4B*M; g2

€4 = —2My +TMyr + pMy,,

2

4B
€5 = TME,,T + H’ME%M + FMLM + M3,u7
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where the comma denotes the partial derivative: M;r = (0M;/0T) evaluated at
fixed u and B?, etc. The O(9) correction to the pressure is determined by

™ = 0,
Ty = —%M — %BQMQ,B2 ;
4B?
T3 = _%BQM3,B2 + 374 (Ml —TMyr — pbly, — 4BQM1,BQ) ’
T4 = —%MZL - %BQ]\44,B2 )
4B?
m5 = —3B*M;s g2 + WMLM

The O(0) correction to the charge density is determined by

¢ =My, —T*'Ms g,

P2 = Ma,

¢3 = M3, +TMsp+ uMs, + 4B2M5,B2 )
Gy = —agg + My, ,

05 =0.

The O(0) correction to the energy flux is determined by

= —My,

Yo =2My —TMyr — pMy,,,
V3= —M4,B2 )

Va = —Qpg + My, .

The O(0) correction to the spatial current is determined by the magnetic suscepti-
bility,

61 = —Ogp,

0y = Qg — TaBB,T — HQpR .,
03 = —Qpp B2,

(54 = O,y -
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The O(0) correction to the stress is determined by

6, =0,

Oy = My 2,

O3 = Ms p2 — % (My = TMyp — pMy, — AB* M, p2)
0y = My p2,

0y = My 2 — g M,

O = 2Ms,

07 = =My + T My + My, ,

Oy = M2,132 )

0y = —Mz,;u

00 = M.

C.2 Comparison with previous work

C.2.1 Comparison with Huang et al

In this appendix we will comment on how our work relates to some earlier studies
of transport coefficients, for the benefit of the reader who might want to compare
different approaches. Ref. [74], abbreviated below as HSR, studied relativistic hydro-
dynamics of parity-invariant fluids in external non-dynamical magnetic field. HSR
enumerated the transport coefficients, giving a relativistic version of the classification
in the book [84], §13, and derived the Kubo formulas for transport coefficients in an
operator formalism. Parts of the HSR paper overlap with our Section 4.3.

Our counting of non-equilibrium transport coefficients for parity-invariant systems
agrees with HSR. Denoting the transport coefficients in ref. [74] with the subscript

HSR, the relations to our transport coefficients are as follows:

L = To,usr 5 ML = —213usr N = No,usr + 72,usr 5 N = —"N4nusr
_ 1 3 3 _
M = —3MNousr — gT,usr — ZCL,HSR) G = CL,HSR7 (C 1)
_ 3 9 3 3 _ ’
T2 = 37o,usr + FUIRCE + Z(J_,HSR + §CH,HSR ) G = CH,HSR - CJ_7HSR )

01 = Kl usr, 0| = K|,usr » 0 = —HRxusr
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assuming the convention €"'?® = 1. This lists eleven transport coefficients compared
to ten HSR coefficients, hence under this mapping the eleven transport coefficients
are not independent. Indeed, the comparison (C.1) implies (;, = 2 + %772, which
is precisely our Onsager constraint (4.30). Thus our counting of non-equilibrium
transport coefficients in Section 4.3 agrees with that of HSR.

There are also some differences between our Section 4.3 and HSR. In terms of the
setup, the HSR treatment neglects electric fields, while we include them and explain
how to do so systematically. Related to that, the treatment of polarization effects
in HSR was incomplete. A direct way to obtain the equilibrium energy-momentum
tensor and the current in the presence of external fields is by varying the corre-
sponding generating functional with respect to the metric and the gauge field, as was
done for example in ref. [70]. As a result, HSR did not include the thermodynamic
transport coefficient, denoted in Section 4.3 as M, and did not distinguish between
the Landau-Lifshitz and thermodynamic frames. In the Landau-Lifshitz frame, M,
would contribute to all frame invariants in eq. (4.14) inducing O(9) contributions to
pressure, electric current, and spatial stress.

We also find that our constraints on transport coefficients imposed by the posi-
tivity of entropy production differ somewhat from those presented in HSR. Rewriting

our constraints (4.27) in terms of the HSR coefficients, we find

Nousr = 0, Nousr + No,use = 0, %UO,HSR + 41;771,HSR + gCJ_,HSR. =0,

3770,HSR + %UI,HSR + %CJ_,HSR + 3CH,HSR =0,

18<||7HSR<L,HSR + 4<||,HSRT]0,HSR + 3C||,HSRTII,HSR + SCL,HSRTIO,HSR + 6CL,HSR771,HSR =0,

Kimnsg 2 0, Kjuse = 0.

(C.2)

On the other hand, the constraints coming from the second law in ref. [74] state
that all the dissipative HSR transport coefficients must be positive. We find that
the constraints on dissipative transport coefficients (C.2) are in fact weaker. In other
words, the constraints of ref. [74] are too restrictive: some of the dissipative transport
coefficients in the HSR notation can be negative, while still satisfying (C.2), and
therefore still leading to positive entropy production.

Finally, there are differences between our Kubo formulas and those of HSR. In
particular our Kubo formulas for conductivities transverse to the external magnetic
field are markedly different. Comparing the correlation functions in the neutral state

(no = 0), the HSR Kubo formulas give the conductivities £ ysp and sy ysg in terms of
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the 1w coefficient of the retarded current-current correlation functions at zero momen-
tum. On the other hand, our Kubo formulas (4.32b), (4.32¢) show that the coefficient
of iw vanishes, while the subleading coefficient in the small-w expansion is determined
by the resistivity rather than the conductivity. In the charged state, the term ng/By
in our eq. (4.32c) describes the standard Hall effect in the plane transverse to the

magnetic field. The Hall effect appears to be missing from correlation functions in
ref. [74].

C.2.2 Comparison with Finazzo et al

In ref. [75] (abbreviated below as FCRN), the authors considered hydrodynamics with
fixed non-dynamical magnetic field, and derived Kubo formulas for transport coef-
ficients that appear in the energy-momentum tensor in the Landau-Lifshitz frame.
FCRN use a variational approach to find the retarded functions of the energy-momentum
tensor, and Appendix B of FCRN overlaps with our Section 4.3. FCRN follow ref. [74]
in their constitutive relations for the energy-momentum tensor, so the comments in
Section C.2.1 apply to FCRN as well, where FCRN agree with ref. [74]. In particular,
FCRN did not include the thermodynamic transport coefficient M, that appears in
the equilibrium free energy at one-derivative order.

FCRN use mostly the same convention for transport coefficients as HSR: 1 rorn =
No,usrs Mirery = Nmsr, Tapery = Mmsrs CLrery = Clmsr, Crory = Gjfusr, While
Narery = —T2.msk, M3rcry = —2N3msr, assuming the convention €23 = 1. The trans-
lation to our convention for transport coefficients can be done through eq. (C.1). The
convention for the variational retarded correlation functions used by FCRN differs
from ours by an overall minus sign.

We agree with FCRN’s Kubo formulas for 7o rern; 1 rerns and ¢ pery. Our Kubo
formulas for 79 pern and 93 pery differ from those in ref. [75] by a minus sign. Our
Kubo formula for 7y pery differs from that in ref. [75] by a factor of 1/4. Our Kubo
formula for ny pern + %ﬁo,FcaN differs from that in ref. [75] by a factor of 2. Ref. [75]
does not derive Kubo formulas for electrical conductivities in external magnetic field,

so we can not compare those.
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Appendix D

Green’s functions

We are interested in the symmetries of the retarded two point correlation functions of
conserved currents in Poincare invariant theories. We use the mostly plus flat metric

for this discussion. Let’s begin with the non-mixed Green functions

Gl (@ —y) = =i0(2° — ") ([Ju(@), L.(y)]) (D.1)
Guoger (€ = y) = —i0(2* = y* /([T (), Tpo (y)]) (D.2)

Or, in Fourier space
G (k) = /dD:Ee_ik(x_y)foNV (xr —vy) (D.3)

Gl (k) = / PaeHEDGE, (o~ y) (D)

Then, CPT invariance of density operator leads to the symmetry relations

G(}]%HJVUG) = GIJ%VJM(]@) (D'5)
G%WTM(k) = G%GTW(]?) (D.6)

And the current conservation relations V,J#* = 0 and V, 7" = 0 lead to the

Ward identites

EGE (k) =0 (D.7)

k'GRrpe (B) =0 (D.8)
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Symmetry H Momentum-Momentum ‘ Current-Current ‘ Mixed
CPT G?WTW (t, X) = (‘)(lw)@(pﬂ)G%,gTW(t, 7).() G?ﬂjﬁ (t, X) = 0(#)9(/,)(;1;',,]” (tA 75&) G%L,,Jp (t, X) = 790“,)0(/,)(;'5,,7«,,., (t, 752)
PT GRuvgoa (1, %) = e(lul)e(w)G%"TW(tv %) Gﬁt.,}ﬂ(ta x) = 9(/1)6(/))05/'.,/# (t,—%) GIEWJP (t,x) = 9(,1,,>9(,,)G1J{,;Tw(t, —X)
C GE oo (6, %) = GR oo (1, X) GR . (t,x)=GE ., (t,x) GERo 5o(t,x) =GR pu(t,x) =0
T G%L,,T,m (t, X) = E(uv)E(pg)Gg,mTW t, 7X) Gﬁ,ﬂ, (t, X) = 6(“)E(p)G§pJ”(t 7X) G%WJP (t, X) = G(W,)E(p)G?pTW(t. 7X>
p G%WTW (tv X) = 7](;41/)7](/){7)0%1"7"/’” (ta X G‘}]:L’I’Jﬂ(t‘r X) = 7](/L)7](p)G}}uJﬂ(t~, X) G%Ha}ﬂ(t X) = 7](/LV)77(P)G¥A“‘J/’ (ta X)
CT GFrvgon (£, %) = E(W)e(w)waw,,(t, —x) | GR.(tx) = e(u)g(ﬂ)G,ll?ﬂ,]# (t,—x) | GFugolt,x) = _F(W)e(ﬂ)G,I}PTW (t.—x)
Cp G?}L"Tllﬁ (ty X) = 7](;LV)€(pU)G¥MVTpv (tv X G?P]l'(tv X) = 7](/1)7](/1)(;?,#]# (tv X) G?w/]ﬂ (tx X) = 77[(#1’)/’](/])G¥1“’Jl'(t‘, X)

Table D.1: Constraints of the retarded Green functions for different symmetries of
the equilibrium state.

Furthermore, the symmetry of the energy-momentum tensor leads to

G?WTW (k) = G%HTW (k) (D.9)

D.1 Symmetries and constraints

The symmetry of the state in which the expectation value is taken will restrict the
form of the Green functions. The constraints that follows from (O) = (06~!) for
unitary 6 satisfying [0, p] = 0, or (O) = (#OT0~1) for antiunitary 6 satisfying [0, p] = 0,
are given in table D.1.

Here, X = PxP~!, and the coefficients €, n and 6 are given by
TTH (t,x)T " = €(u)T" (—t,x)
TJ*(t,x)T~" = €y J*(—t,x)
PT™ (t,%)P~" = ()T (¢, %)
PIH(t,x)P~ = 10 J* (1. %)

and

0=en (D.14)

These coefficients are € = (—1)" where n is the number indices taking spatial
values, 7 = (—1)" where n is the number of indices taking the spatial values that
are being reversed by P, and # = (—1)" where n is the number of indices taking the

spatial values that are not being reversed by P.

Note that for an odd number of spatial dimensions, # = 1 and x = —x. Fur-
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Symmetry H Momentum-Momentum ‘ Current-Current ‘ Mixed
RCT Gluwor (£, %) = Gloorn (t,X) GFp(t,x) = GFpu(t,x) G go(t, %) = =GR (t,%)
RT G v0 (t,%) = Gyo py (1, %) Glugo(t,x) = GF, u(t, %) G go(t,%) = G (t,%)

RC Giluw oo (1, %) = €4 €(p0) Ghluw oo (8, =%) | Gl o (%) = €€ Gl yo (£, =%) | GRuw o (1, %) = —€(u) €(p) GTv g0 (1, —X)
RCPT || GFuw e (6, %) = 00 Moo) Gl e (6, %) | Gy (6, %) = 0000 G (6. %) | Gl 30 (%) = — 1) 1) G e (£, %)
RPT GFouw o (%) = 1) 1p0r) G e e (£, X) Glgo(t, %) = 14011 G o g (8, %) G go (8 X) = 0 ) G o (£, X)
RP G%‘“Tﬂ”“‘ x) = 9(;“/)0@0)0%“/ o0 (8, —%) Gl}/klﬂ(tv x) = 9(/09(/1)(;‘}1%“#@’ —%) G¥»~1/Jn(tv x) = 0(,“,>9(ﬂ)G¥,,,VJ,,(t, —%)
RCP G%U,TW(LX) - Q(W)G(W)G%”.TW(L -%) | G, (tx) = 9(#)9(/1)G§wﬂ(t7 %) | Glugo(t,x) = *Q(WJH(/))G%UJP&: -X)

Table D.2: Constraints of the retarded Green functions for different symmetries of
the equilibrium state in even spatial dimensions.

thermore, for an even number of spatial dimensions, there is a rotation R such that
RxR' = —x. So that

RT™(t,x)R™" = €(u)T" (t, —x) (D.15)
RJ*(t,x)R™" = €3, J"(t, —x) (D.16)

Then for a rotationally symmetric state, we have the constraints in table D.2.
Note that R in even spatial dimensions plays the same role as P in odd spatial

dimensions for the constraints of the retarded Green function.

D.2 Linear response theory

Here we outline how to use linear response theory to find the hydrodynamic correlation
functions from the equations of motion. These follow section 2 of ref. [4], with an
overall minus sign in the definition of the retarded Green’s function to keep the same

convention as the body of the thesis. Adding sources to the Hamiltonian by

SH(t) = — / A0 (, %)t X) (D.17)

yields a change in the expectation value of ¢, given by

t

S(eulti)) =i |

—0o0

At pu (%), GH(F)]) = / A GR (-t x — XA %) |
(D.18)

where
GR(t—t',x —x) = i0(t — ') ([pa(t, %), o} (', X)) , (D.19)
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is the retarded Green’s function. In fourier basis this is
§{pa(w, k) = GE (w, k) \y(w, k) . (D.20)

The hydrodynamical variables ¢, obey some set of equations. For small fluctuations,

these equation can be linearised
(9e6ap + Map(k))p(t, k) = 0. (D.21)
Laplace transforming these equations yields
Kapp(2,k) = (= i20m + Map(k))05(2, k) = @a(t, k)|i=0 = o (k). (D.22)

Then, using (k) = xu(k)Np(k) for k — 0, where y.,(k) = <g%:) = GE(2,k)].—,

together with ¢,(z, k) = £ (GE (2, k) — GE (2, k)|.—0) A) (k) yields
GR(z,k) = (1 +izK 1)y, (D.23)
The second equation comes from taking A\y(t,k) = 0(—t)e“?\)(k) and Laplace trans-

forming @,(t, k) = [°_dt'GE(t — ', k)M (t', k).

D.3 Green’s function identities

In real time, there are several definitions of Green’s functions. Let’s look at some
general identities of the Green’s functions. These can all be found in chapter 8

of [87]. First we define the advanced, symmetric and time ordered Green’s functions,

GA(x) = —i8(~1)([0u(a), O}(0)]) (D.214a)
Garlr) = 5 ({Ou(x), O}(O))) (D.24b)
Gl(x) = {TOLRON0) = S (Gh(r) + GA(@) +iCule).  (D2e)

Using G, (k) = [ dPze**G,(x), we find

(Gai (k)" = Gap(—k) = Gay(k), (D.25)
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from which we find
ImGﬁ)(k) = %pab(k)a (D26)

where pay(z) = ([Oq(z), O(0)]) is the antisymmetric Green’s function. The Fourier
transform p,, (k) of the antisymmetric Green’s function is called the spectral function.
In a thermal state, using (O) = Tr (pO) with p = e % and inserting a set of energy

eigenstates [ = ) |n)(n| we can get

pan(k) = 2tanh(/87w)Gab(k;) : (D.27)
or equivalently, ImG% (k) = tanh(%‘”)Gab(k). We can then write

Pw

Gfb(k)zRer},(k)Hcoth( ImGE (k), (D.28)

and any real-time Green function can be found from the retarded Green function in

a thermal state. Explicitly, we have

G4 ) = (GB0)" (D.299)
Gap(k) = coth (Bw/2) ImGE | (D.29Db)
pap(k) = 2ImGE (k) | (D.29c¢)
GE (k) = ReGE (k) + zcoth(ﬁ )ImGE (k). (D.29d)

These real-time Green’s functions can also be related to the Euclidean Green’s

function
(%) = (Ou(T, X)Ol(o)h@ (D-30)
evaluated on the Wick rotated statistical field theory (. fO(T X)=O(r-46.%) DO|...]e~5e
via
GE (k) = GE (K%Y — —i(k° —i07), k). (D.31)

This provides a useful way to derive real-time correlation functions from the Euclidean

correlation function, which is often easier to find.
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D.4 Spectral decomposition

The spectral decomposition of the two point functions leads to a positivity constraint
on some Green’s functions in a thermal ensemble. Here, we review how these con-
straints arise. We follow a generalized version of the argument presented in chapter
2 of ref. [88]. We use P* = (H,P) as the generator of space-time translations. The
energy eigenstates are labelled by energy and momentum numbers |E,, p).

We begin by defining the following out of time order Green’s functions

Gt %) = (Oalt, x)O}(0)) 5., (D.32a)

G(t, %) = (Of(0)04(t, %)) (D.32b)

where ([...])5 = Z(lﬁ) tr (e7##[..]). Z(B) = tr (e7#H) is the thermal partition function.

From the definition of the antisymmetric Green’s function p,y, it is clear that

pab(T) = ab($>_ ;b( ) (D.33)

Now, using the cyclic property of the trace and the Heisenberg picture identity
O(t,x) = e*O(0,x)e !, we find
G=(t,x) = G~ (t —if8,x) . (D.34)

Looking at the Fourier transforms of these Green’s functions, we find

sz(w? k) - 6_6wG;b(w7 k) . (D35>

Now, from the trace definition of G7,(¢,x), using O(0,x) = e*F0(0,0)e">F and
inserting I = ZEq’q |Ey, q)(E,, q| we can write

G Z Z o~ BEp pit(Ep—Eq) yix-(q-p) (E p| 0. (0 )|Eq7q><Eq,q|OZ(0)|Ep,p>

Ep P Eq,a

(D.36)

or, in Fourier basis
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1
G;b(wv k) - M Z Z e_ﬂEp(SM)(k +p— q)<Ep7 p|0a(0>|Eq’ q><Eq7 ql(/)Z(O)lEp? p>
Ep 7qu »q

(D.37)
where p# = (E,,p) and similarly for ¢*, and k* = (w,k). Note that the diagonal

elements of G~ (w, k) are positive

Gru(w,k) = ﬁ DD e sk 4 p— q)|(Ep, plOL(0)|Ey, ). (D.38)

EP 7p Eq 7q

From (D.35) we see that the diagonal elements of G<(w,k) are also positive.

Furthermore, from (D.33) we see that

P, k) = (1= e ) G2 (w, k) (D.39)

from which we find the positivity condition on the spectral function

sign(w)paa(w, k) > 0. (D.40)

Finally, relating the spectral function to the retarded Green’s function in Fourier
space by (D.26), we get the positivity condition used in the hydrodynamic correlation

functions

sign(w)ImGE (w, k) > 0. (D.41)
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