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Abstract

This dissertation presents an investigation of logic programming based on inten-
sional logic. Through intensional logic, the notion of dynamic change and the abil-
ity to reason ahuul context-dependent proneriics can be brought back into logic
programming withoul any extra-logical or non-logical features. In intensional logic,
the meaning of an expression depends on an implicit context. Temporal logic is
a special case of intensional logic where the set of contexts models a collection of
moments in time. Intensional logic programs are a set of logical axioms interpreted

as statements true at all contexts.

We can investigate the meaning of programs written in an intensional language
cither by focusing on the language or by studying the general properties of inten-
sional logic programming to identify the conditions under which those properties are
satisfied. This dissertation diccusses both approaches with more emphasis on the
more general one. The temporal language Chronolog is an instance of intensional
logic programming, suitable for modeling time-varying aspects of certain problems
and non-terminating computations. The semantics of Chronolog programs are de-

veloped in terms of temporal Herbrand interpretations.

The dissertation introduces an intensional semantics based on Scott’s neighbor-
hood semantics. We identify several important semantic properties of intensional
operators, namely, monotonicity, universality, conjunctivity and finitariness. An in-
tensional logic program logic enjoys the minimum model semantics and its fixpoint
characterization provided that intensional operators of the underlying logic have
these properties. We show that the theory can be applied to existing logic program-

ming languages based on divers= temporal logics, modal logic and interval logic. The




it

theory can be utilized te design an intensional logic programming language with the

desired properties.

Due to non-determinism involved in logic programming, predicates do not repre-
sent single-valued relations. Choice predicates are an extension of intensional logic
programming, through ~hich non-deterministic dataflow-style of computations can
be modeled. A choice predicate in principle acts like a dataflow node with multiple
input lines, which arbitrarily selects one of its inputs as output. We provide the
semantics of iulensional logic programs with choice predicates in lerms of niinin
models. We also investigate how the expressiveness of intensional logic programmi

can be improved.
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Chapter 1

Introduction

1.1 Problems with Imperative Languages

Since almost all of today’s computer architectures are based on concepts invented
by von Neumann and others in the mid 40’s, the quest for better programming
languages has produced a variety of imperative languages, all of which reflect the
very same concepts at different abstraction levels. However, imperative languages
have failed to give programmers the ability to reason about their programs in a
mathematical way, because they lack simple axioms and rules of inference required
for verification. Therefore imperative languages are not logical formalisms rather a
syntactic representation of operational aspects of the underlying architectures.
This lack of formalism spawned another research area, verifying the correctness
of programs culminating from the early works of Floyd [Flo67] and Hoare [Hoa69].
First-order (predicate) logic has played an impottant role in this field, and more
recently ron-classical logical formalisms have been proposed for verifying concurrent
programs, including temnoral logic [MP81], modal logic [FL77] and algorithmic and
dynamic iogic [Pra80]. For a thorough account of the cdevelopments in program

verificatior: and other apprcaches to formalizing programming, we refer the reader
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to the literature, e.g., see [Man74], [MP81], [Pra80], and [Har84].

In the mean time, developments in VLSI technology have produced novel mul-
tiprocessor architectures with high-speed parallel computation potential. Another
defect of imperative languages is that they are inherently sequential, and therefore
cannot effectively exploit parallelism offered by those new architectures. In an im-
perative language, programmers have to specify what parts of a program can be
performed in parallel, and how concurrent parts can communicate with each other.
In other words, it is the programmers’ responsibility to discover parallelism.

All of these problems can be attributed to the concepts imperative languages
are based upon: A program written in an imperative language specifies, step by
step, how a computation is to be performed, not what is to be computed; pro-
gram constructs basically correspond to state transformations in the underlying von
Neumann architecture.

Declarative languages are proposed as one solution to the problems of von Neu-
mann (imperative) languages. Declarative languages, as opposed to imperative lan-
guages, are logical formalisms with simple denotational semantics; they are not
based on any specific architecture and enable programmers to specify what is to
be computed. Declarative languages do not have side-effects and are insensitive to
the ordering of programming constructs during execution, except the ordering im-
posed by the data-dependencies in programs. Therefore in principle they are more
amenable to parallel implementations than imperative languages.

Declarative languages can be broadly grouped under two categories:
o Functional languages,
o Logic programming languages.

In functional languages, the basic building blocks are functions. By combining
functions through the usual mathematicai method of function composition, more

complex program corstructs can be formed.
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1.2 Logic Programming

Since our main interest is logic programming languages, we will provide a more
detailed but informal treatment of logic programming. Logic is a formal éystem
concerned with two con;:epts: truth and provability. Given a set of logical axioms,
we are interested in what follows from it or what its logical consequences are, and
how they can be deduced from the given set by the rules of inference provided
in the logic. Godel’s completeness thieorem forms the bridge between the notion
of logical consequence, which refers to truth, and the notion of proof, which is
purely syntactical. Truth is defined in terms of interpretations and structures, while
provability is defined in terms of rules of inference and proof systems.

The goal of mechanical theorem proving is to find algorithmic methods for finding
proofs of logical statements from a given set of logical axioms. However, Church’s
undecidability theorem asserts that there is no such algorithmic method that always
terminates reporting either success or failure. Regardless of theoretical limitations
imposed by Church’s theorem and the combinatorial nature of proofs, mechanical
theorem-proving has flourished after Robinson’s discovery of unification and reso-
lution inference rule for clausal logic [Rob65]. Several simplifications of Robinson’s
resolution rule have been proposed in order to reduce the complexity of mechanical
proofs even further [CL73].

Then Colmerauer [C*73] and Kowalski [Kow74] suggested the use of logic as a
programming language, rather than employing it as a formal system in the back-
ground. In logic programming, a program is considered as a set of logical axioms
formalising our knowledge and assumptions about some problem in the form of a
set of Horn clauses. Then the problem statement is also formalised in logic as a goal
statement (query) to be proved from the given set of axioms by using a proof pro-
cedure called SLD-resolution. The most widely used logic programming language

Prolog is based on Horn logic and was implemented in the early 70’s by Colmerauer
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and his collcagues [BM73].
We will illustrate the basic ideas behind logic programming. The following logic
program specifies the addition relation add with successor functions by a set of Horn

clauses:

add(X,0,X).
add(X,s(Y),s(Z2)) <- add(X,Y,Z).

Here all variables in each program clause are assumed to be universally quantified.
Program constructs such as add(X,0,%) are called atoms. The first clause uncon-
ditionally says that the result of adding 0 to any number is the same number. The
second clause is a conditional assertion. The left-hand side of a conditional state-
ment is called the conclusion of the statement, and the right-hand side its premise.

Kowalski [Kow74] showed that logic as a programming language has a procedural
interpretation as well as a logical interpretation. Horn clauses in a logic program can
be regarded as procedure definitions and computation is initiated by an initial query,
that is, a Horn clause without a conclusion. For instance, <- add(s(0),s(0),N) is
a query with one atom stating that there is a number that is the sum of the two
numbers represented by s(0) and s(0).

To prove the atom add(s(0),s(0),N) from the program, we first try to match
the atom with the conclusions of the Horn clauses by unification. The atom does
not match the conclusion of the first '~ e, since 0 and s(0) cannot be unified;
but it matches that of the second clause when X is unified with s(0), Y with 0 and
s(Z) with N. This results in a reduction of the query by the premise of the match-
ing clause, <~ add(s(0),0,2). Then the conclusion of the first clause add(X,0,X)
matches the atom add(s(0),0,2Z) wk _n X unified with s(0) and X with Z. After re-
ducing the new qucry statement by the premise of the first clause, an empty query
is reached, representing a success. Then the answer to the original query is <-

add(s(0),s(0),s(s(0))) where N is replaced by s(s(0)).
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The meaning of a logic program is the set of all ground atoms that are the
logical consequences of the program [vEK76]; a ground atom does not contain any
uninstantiated variable. SLD-resolution is a sound and complete proof procedure
for logic programs with respect to the meaning of logic programs (see [L10o84].) Since
the atom add(s(0),s(0),s(s(0))) can be proved from the above program, by the

soundness of SLD-resolution, it is a logical consequence of the program.

1.3 Extensions to Logic Programming

The ultimate goal of logic programming is that we only specify what is to be solved,
and we should not be bothered with control issues and implementation details
[Kow74] [Kow79]. However, many im .cmentations of logic nrogramming employ
non-logical and extra-logical features which violate some of the very principles logic
programming is based upon.

Logic programs specify relations, and in this sense there may be many alternative
solutions for a givan query. For instance, consider the program given previously and
the query <- add(X,Y,s(0)). There are two different solutions to the query i.e.,
the ground atoms add(s(0),9,s(0)) and add(0,s{0),s(0)) from the fizst and
second clauses respectively. Since in logic programming we have no control over
which solution an implementation can produce, a non-logical feature called the cut
operator is introduced, which has the effect of pruning the search space while trying
to find a solution. Then the completeness of an irnplementation is destroyed [L1o84]
in favour of efficiency.

First-order logic cannot naturally express dynamic properties of certain problems
such as simulation and database updates. Therefore the notion of change is brought
back into logic programming by some other non-logical features in the form of system

predicates such as assert and retract with much more narmful effects than the
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cut operator, destroying the soundness of an implementation along the way. In this
case, the pure logical reading of a logic program is no longer relevant, because mixed
uses of these non-logical constructs dynamically alter the program itself.

Some deliberately incomplete parallel implementations of logic programming in-
troduce the concept of a committed choice, a cleaned-up cut operator [CG81] [Sha87].
In concurrent logic programming languages such as Relational Language [CG81],
Parlog [CG86], Concurrent Prolog [Sha87], and GHC [Ued86], a program clause

takes the following form:

A<-Gy,...,Gm-1|Bo,...,Bp—;. m,n2>0

where “|” is called the commit operator; and all of A, G;’s and B;’s are atoms. Here
Go . ..Gm-1 are called guards of the clause. When there is more than one alternative
clause for proving an atom, all alternative clauses are tried in parallel until one of
them reaches its commit operator before the others. Then that clause is committed
and all the other clauses are eliminated. Of course, there is no guarantee that the
committed clause will lead to a solution for the query.

Parallel logic programming languages offer dataflow modularity and potential for
exploiting the computational power of multi-processor architectures, but they also
introduce many other non-logical features besides the committed choice mechanism
such as annotations to guide the implementation and builtin predicates to find
all solutions to a given query. Almost all parallel logic programming languages
model dataflow style of non-terminating computations or perpetual processes by
employing infinite data structures such as streams. With respect to the minimum
model semantics, the set of logical consequences of a given infinitary logic program
does not contain any infinitary objects at all. Moreover, the compactness of first-
order logic dictates that all proofs are done in finitely many steps. Therefore a

pure logical reading of a concurrent logic program is far from what the program

is intended to specify and non-logical features can only be described operationally
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[Sar87] [GCLS88].
The following infinitary logic program from [VENA84] specifies a non-terminating

computation:
list-succ(U.X,s(U).Y) <- list-succ(X,Y).

Here list-succ(L1,L2) means that L1 and L2 are infinite sequences of natural
numbers in successor notation and L2 is, element for element, the successor of Li.
As shown in [VENA84], the set of logical consequences of the above program is empty,
and yet given a query like <- list-succ(0.Z,Z), an implementation of infinitary
logic programming produces an infinite sequence of numbers s(0) .s(s(0))... for
Z, one at a time, and never terminates.

There have been maﬁy approaches to developing declarative semantics of infini-
tary logic programming languages. Most of these approaches employ the greatest
fixpoint techniques and Herbrand interpretations based on a Herbrand universe
extended with infinitary terms, e.g., see [VENAS84| [Llo84] [NA85] and [Mur8g].
Some recent approaches such as [GCLS88] and [dBK88] have provided a denota-
tional/compositional semantics for subsets of . ymmitted choice languages inspired
by the denotational semantics of parallel imperative languages, justifying that these
committed-choice languages are better understood operationally. Each approach
has its own merits; but the conclusion is that we are dealing with a non-logical
programming paradigm [Wad85] [GCLS88] [HASS].

The current trend in the concurrent/infinitary logic programming community is
that complete implementations are out of the question and non-logical features are
necessary to improve the expressiveness and efficiency of logic programming lan-
guages [CG86] [Sha87] [GCLS88]. In our opinion, incomplete implementations are
tolerable to some extent; but the notion of logical consequence is essential. Thus
the solution lies not in extending logic programming with extra-logical and non-

logical features, but rather in employing more powerful logics which will enable us
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to model the notion of dynamic change and non-terminating computations grace-
fully. As mentioned earlier, some non-classical logics have already been employed
successfully in reasoning about programs in the form of algorithmic, temporal and
dynamic logic; see Harel [Har84] for a short survey of these logics. Then why not

use non-classical logics to write programs in the first place?

1.4 Intensional Logic Programming

This dissertation presents an investigation of logic programming based on inten-
sional logic, hence the term “intensional logic programming (ILP)”. Through inten-
sional logic, the notion of dynamic change and the ability to reason about context-
dependent properties can be brought back into logic programming more naturally,
and, more importantly, without any extra-logical or non-logical features. The dis-
sertation will mainly focus on the model-theoretic issues of intensional logic pro-
gramming, and therefore it will not address any proof-theoretical issues or imple-
mentation techniques. More specifically, we are interested in exploring the general
conditions under which an intensional logic programming language is acceptable as
a programming formalism.

Intensional logic studies context-dependent properties [Mon74]. Therefore, in in-
tensional logic, the meaning of an expression cannot be determined without knowl-
edge of the context of its use. Depending on the target application, the context
may be a moment in time, a node in a tree structure, a point in an n-dimensional
space and so on. The meaning of a logical statement is in fact a set of truth values
indexed by the elements of a given coliection of possible contexts (“possible worlds”
in the terminology invented by Kripke). The family is also called the intension of
the expression and each object in the family denotes the eztension of the expression

in a particular possible world. An intensional logic is equipped with intensional
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operators through which context-dependent properties can be expressed. Temporal
logic [RU71] can be regarded as an instance of intensional logic where the set of
possible worlds models a collection of moments in time.

Intensional logic programs are regarded as a set of logical axioms or assertions,
based on an extension of Horn logic, interpreted as statements true in all possible
worlds. We will adopt the clausal notation of Kowalski [Kow74)] for intensional
logic programs. In the dissertation, we will give several examples of intensional
logic programming includire; the temporal language Chronolog proposed by Wadge
[Wad85] [Wad88]. Chronolog is based on a temporal logic where the collection of
moments in time is the set of natural numbers. In Chronolog, we can model non-
terminating computations. For instance, the following Chronolog program [MI'89)
specifies the simulation of a traffic light, which starts with a green light, and then

goes from green to amber, from amber to red and from red to green and so on.

first light(green).

next light(amber) <- light(green).
next light(red) <- light(amber).
next light(green) <- light(red).

The temporal operator first refers to the initial moment in time and next the next
moment in time. Given the query <- light (X), an implementation of Chronolog
produces the answers 1ight (green) at time 0, 1ight (amber) at time 1, light (red)
at time 2, 1ight(green) at time 3 and so on.

At any given moment in time, the answer to the query is a logical consequence
of the program. Since the query is open-ended, i.e., not fixed to any moment in
time, the implementation tries to prove it for each moment of time in turn, hence
runs forever, producing all answers to the query. This way, non-terminating com-
putations can be modeled within a logical framework. There is no need to employ

infinitary structures in the object language such as streams, because a stream may
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be represented by a time-varying predicate such as light. Note that at any given
moment in time, only one of the ground atoms light (green), light (amber) and
light(red) is true of the program.

In contrast, we can write an infinitary logic program to simulate the operations
of the traffic light in question, in which the 1ight predicate is intended to represent

the infinite list [green,amber,red,green,...].

light([greenlL]) <- switch([greeniL]).
switch([green,amber|L]) <- switch([amber|L]).
switch([amber,red|L]) <- switch([rediL]).

switch([red,green|L]) <- switch([green|L]).

Giver: the query <- light(L), an implementation of infinitary logic programming
produces the colours in the infinite list [green,amber,red,green,...], one at a
time, and never terminates. However, these partial answers are not justified by
the minimum model semantics. The set of logical consequences of this program is
empty and therefore the intended meaning of the program is not what it denotes!
In other words, the declarative meaning of the program is no longer relevant to
explain its procedural behavior. Such programs compromise the credibility of logic
programming as declarative programming.

There are many non-classical logic programming languages, based on different
kinds of intensional logic: Molog [dC86] is based on user-elected modal logics and it is
suitable for epistemic reasoning and knowledge representation. The simple languag:
described in [Sak87] is also based on modal logic. Templog [AM87] and Temporal
Prolog [Gab87] are based on temporal logic, very similar to that of Chronolog.
Both of these languages can be used for temporal reasoning and modeling temporal
databases. InTense [MF89] is based on a multi-dimensional intensional logic with
temporal and spatial dimensions where a possible world is just a point in a time-

space hyperfield. Tokio [AFMo86] is based on interval temporal logic, and it can
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be used in hardware specification and verification. Of course, there are many other
L n-classical logics which can be used in logic programming.

To the best of our knowledge, there are very few attempts at developing model-
theoretical semantics for these non-classical languages. Baudinet {Bau88] [Bau89)
has independently provided a van Emden-Kowalski style semantics for Templog
programs and shown the completeness of temporal logic programming. Balbiani et
al [BACHB88] has developed the declarative semantics of some instances of modal
logic programming in Molog, based on a tree-like semantics.

In this dissertation, we will study the semantic problems of intensional logic
programming languages from a unifying point of view. In other words, we will
not focus on any specific intensional language, instead, we will aim at isolating the
general properties of intensional logic programs, and then discovering the concitions

under which these properties may be satisfied.

1.5 A Preview of the Dissertation

We will now provide a preview of the dissertation.

Chapter 2 summarizes the preliminary material for the dissertation. After in-
troducing the mathematical notation which will be used throughout, we define syn-
tactical and semantical properties of first-order logic. Logic programming is based
on a special kind of logic called Horn logic. The model-theoretical semantics of
(Horn) logic programs developed by van Emden and Kowalski [VEK76] is based on
Herbrand interpretations and the notion of the least (minimum) Herbrand model.
We will briefly outline the syntax and semantics of intensional logic and introduce
the notion of an intensional interpretation which assigns meanings to all elements
of an intensional language at all possible worlds.

In Chapter 3, we will introduce several ILP languages including the temporal
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language Chronolog [Wad85] [Wad88]. Chronolog is suitable for modeling time-
varying properties and noun-terminating computations and deserves special attention
for its simplicity. We will also address the model-theoretic semantics of temporal
logic programs, and, in particular, show that Chronolog programs e: joy the least
(minimum) model semantics based on the notion of a canonical temporal ground
atom and temporal Herbrand models [OW88a]. We will point out that the semantics
of temporal logic programs is not general enough to extend to arbitrary intensional
languages. This chapter will also outline a set of rules of inference which can be
used to devise a proof procedure for temporal logic programming.

Chapter 4 will introduce a generalized intensional semantics for intensional logic.
Intensional semantics will provide us with an abstract characterization of intensional
logic, which can be exploited further to develop a language-independent model the-
ory for intensional logic programs. The denotations of intensional operators will be

abstracted as functions over intensions, i.e., elements of
[ intensions X intensions X ... X intensions — intensions]

where an intension is a function from possible worlds to truth values. We will
also adopt “neighborhood semantics” for intensional operators, developed by Scott
[Sco70] and Montague [Mon74] as an alternative to Kripke-style semantics. We will
define several important properties of intensional operators, namely, universality,
monotonicity, conjunctivity, finitariness and continuity [OW89b]. We will show
that each property has a certain model-theoretical consequence for the neighborhood
semantics.

Tu Chapter 5, we will develop a generalised model theory for intensional logic pre-
grams, in the style of van Emden-Kowalski [vEK76], based on intensional Herbrand
interpretations. We will show that intensiona logic programs of a given intensional
logic enjoy the minimum model semantics provided that intensional operators of

the logic meet the semantic properties given in Chapter 4. We will elaborate how
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each property affects the semantics of intensional logic programs: universality and
monotonicity are related to model existence; conjunctivity to the model-intersection
property; monotonicity and finitariness to the least fixpoint semantics. We will
also show that our results can be applied to the temporal languages Chronolog
[Wad85], Templog [AMS87] and Temporal Prolog [Gab87]; the intensional language
InTense [MF89]; the modal language Molog [dC86]; and the interval language Tokio
[AFMo8$].

Chapter 6 presents Low non-determinism can be modeled in intensional logic pro-
gramming. As mentioned earlier, logic programming is inherently non-dcterministic
since there may be more than one possible solution to a given query. When we want
to model a dataflow style of stream-oriented computations, it is desirable to have
exactly one sclution to the query chosen arbitrarily among all possible solutions (if
any). Comu ' choice languages offer dataflow modularity to some extent [Sha87],
but cannot guarantce single-valued solutions in model-theoretical terms.

' Wadge [Wad85] [Wad88] proposed an extension to intensional logic programming
called “choice predicates”. Choice predicates are associated with each predicate
appearicT in a given intensional logic program, and represent arbitrary but defi-
nite single-valued relations at each possible world extracted from those the original
predicatesz represent. Therefore they offer a dataflow style of stream-oriented com-
munication within intensional logic programming. However, the minimum model
semantics is no longer valid for programs with choice predicates. In fact, the mean-
ing of such a program can be characterised in terms of “minimal models”; therefore
choice predicates are a very controlled extension of intensional logic programming
beyond Horn logic.

In Chapter 7, we will consider how to improve vhe expressive power of intensional
logic programming from within. We will show that intensional program clauses can

be used to define intensional operators; therefore programmers are free to extend the
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underlying intensional logic through the tools already available in the language. An
intensional logic program with intensional operator definitions can be transformed
into an “equivalent” prograin without new intensional operators and with possibly
more program clauses than the original program. We will describe a transformation
procedure and show its correctness. When recursive definitions are allowed, the
fixpoint techniques have to be employed. However, recursive defini: ivas require the
use of an infinitary intensional logic (with countable conjunctions and disjunctions).

Chapter 8 summarizes the main results and contributions of the dissertation. We
will also point out possible extensions of the concepts investigated in the dissertation

and other issues where further research is profitable.



Chapter 2

Background

This chapter is devoted to the preliminary material needed for *he development of
the theory of intensional logic programming. After introducing some mathemat-
ical notations, the syntax and semantics of first-order logic will be defined; logic
programming is based on a special kind of logic, called Horn logic. Then the model-
theoreticai semantics of logic programs will be summarized, including the fixpoint
characterisation of the minimum Herbrand model. A brief overview of the syntax
and semantics of intensional logic will follow. We will give the formal definition of an
intensional interpretation which assigns meanings to all elements of an intensional
language at all possible worlds. We will also outline how the semantics of intensional

operators can be defined in Kripke-style semauntics for intensional logic.

2.1 Mathematical Notation

In this thesis we use the von Neumann set-theoretic representation of natural num-
bers. Then the set of natural numbers is denoted by w and is the set {0,1,2,3,...}.
The number 0 is the emptyset, i.e., 0 = 0. For any given number n € w, n is the set

{0,1,...,n—1}.
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We use the following set-building notation: The set {z|C/(z)} is the collection of
all elements z that satisfy the condition C(z). The set of all subsets of a given set S
(the power set of S') is denoted by P(S) and is the collection {X | X C S}. Given a
set S, a selective subset of S with respect to some condition is the set {z € S|C(z)}.

The Cartesian product of two sets Sy and Sy is denoted by Sy x S; and is the
set of ordered pairs {< z,y > |z € Sp and y € S1}. Given any finite number of sets
S0, ...,Sn—1, the Cartesian product Sy X ... x Sp—1 is the set of ordered n-tuples
{< zoy...,2n—1 > | z; € S; for all{ € n}, and also denoted by [f;c, Si. If S = S;
for all 2 € n, we write S™ for [[;c,, Si.

Any subset R of Sy x S1 is called a binary relation from Sy to S). Given a set
S, any subset R of S x S is said to be a relation over S. Then we say that

o R is reflexive iff < z,2 >€ R for all z € S
o R is transitive iff < z,y >€ R and < y,z >€ R implies < z,z >€ R;
o R is symmetrical iff < z,y >€ R implies < y,z >€ R.

If D and S are sets, a function from D to S is a binary relation f where for any
given z € D, there is a unique element y € S with < z,y >€ f. The set of all
functions from D to S is denoted by {D — S]. An n-ary function f is an element
of [Dyg X ...x Dy — S] where Dy,...,Dp_; and § are sets. Given two functions
f €[5 — V]and g € [D — §], the composition of the functions f and g is a
function in [D — V] denoted by f o g where for all z € D, f o g(z) = f(g(z)).

Given two sets I and S, an I-indexed sequence is any function s € [I — ]
denoted by {sq}qer- The set I is called the index set of S. If S is a set of sets,
S = {sa}eer is said to be a family of sets. Then the Cartesian product of a family
S is denoted by [Iuer Sas or simply [.S.

The cardinality of a given set S is denoted by card(S). If there exists a surjective

function I € [w — 8], the set S is called countabie; if card(S) € w, we say that § is
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finite. Note that card(n) = n for any n € w.

2.2 First-Order Logic

First-order logic comprises two parts: syntax and semantics. The syntax is about
what the elements of the logic are and how they can be formed, while the semantics

say what those elements denote.

2.2.1 Syntactical Properties

The underlying language of first-order logic consists of logical connectives such as
=, A and V, auxiliary symbols such as “(” and “)”, a countable set of variables, a
countable set of function symbols and a countable set of predicate symbols. We
do not differentiate between the meta-ianguage and object language symbols for

parentheses. We now give the formal definitions of terms and formulas.
Definition 2.1 A term is defined inductively as follows:

o All variables are terms.

o Ifeg...eq1 are terms and f is an n-ary function symbol, then f(eg...en—1)

is a term.

Nullary (0-ary) function symbols are called constants. Predicate symbols take
terms as their arguments to form the basis case of formulas (atomic formulas.)

Atomic formulas are also called atoms.
Definition 2.2 A formula is defined inductively as follows:

o Let p be an n-ary predicate symbol and ey .. .eq—1 terms. Then p(eq...ep—1)

is an atomic formula (or simply an atom.)

o If A and B are formulas, so are AA B, -A.
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o If A is a formula and z is a variable, then (Vz)A is a formula.

The symbol V is called the universal quantifier. We regard A and - as primitives
in the language and introduce other logical connectives in terms of A and - as

follows: Let A and B be formulas.
¢ AV B =45 7(wAA-B) (read as A or B.)
¢ A— B=45 “AV B (read as A implies B.)
¢ A B=45(A— B)A(B— A) (read as A iff B.)

The existential quantifier (3) can be defined in terms of the universal quantifier (V)
and negation —: (3z)A =45 ~(Vz)-A.

A variable is free in a formula if it is not within the scope of a binding quantifier.
For instance, the variable z is fiee in the formula p(z) A (Vy)¢(z,y), but the variable
y is not. Below is the formal definition of the function free which, given an element

E of L, returns the set of all free variables that occur in E.
Definition 2.3 The function free is defined inductively as follows:

o free(z) = {z} where z is a variable.

o free(f(eo,...,en=1)) = Uicn free(e;) where f(eg,...,en-1) is a term.
o free(p(eg,...,en-1)) = Uicn £ree(e;) when p(eo,...,en-1) is an atomic for-
mula.

free(—A) = free(A) where A is a formula.

free(A A B) = free(A) U free(B) where A and B are formulas.

free((Vz)A) = free(A) — {z} where A is a formula.
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Let e be a term. We say that e is a ground term if free(e) = .

Let p(eg...en—1) be an atomic formula. We say that p(eg...e,—1) is a ground

atom if free(p(ep...en—1)) = 0.

Definition 2.4 A substitution 0 is a finite set of the form {z¢/eo,...,Tyn-1/€n—1}
where each z; is a variable, and each e; is a term. Furthermore, all z;’s are distinct

variables and for all i € n, z; # ;.

The notion of a substitution extends to formulas. Note that the following def-
inition is still informal, since it does not explicitly specify how substitutions are

performed. A rigorous definition can be found in [Gal86).

Definition 2.5 Let 0 = {zo/ep,...,Tn-1/€n—1} be a svtstitution and E be a term
or quantifier-free formula. Then EO is an instance of E obtained from E by simul-
taneously replacing every occurrence of z; by e; for alli € n. If free(E0) = 0, EY

is said to be a ground instance of E; and 0 a ground tevm substitution.

We will also need the notion of a formula substitution described as follows: Let
A and P be formulas. Then A{P/B} is a formula obtained from A by replacing all

occurrences of P by B. The definition of formula substitution is given below.

Definition 2.6 A formula-substitution ¥ is a finite set of pairs of the form
{Po/Bo,...s Pa—1/Bp_1} where all P;’s and Bjs are formulas. Furthermore, all
P;’s are distinct formulas and for all 1 € n, P; # B;.

Note that the foilowing definition does not explicitly specify how formula sub-
stitutions are performed; see [Seg82] and [Gal86] for a more detailed treatment of

this topic.

Definition 2.7 Let ¥ = {Py/ By, ..., Pp-1/Bn-1} be c formula-substitution and A
be a formula. Then A? is a formula obtained from E by simultaneously replacing

every occurrence of P; by B; for all i € n.
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2.2.2 Interpretations, Semantics

For a given first-order language, the semantics of its elements are defined with
respect to interpretations and satisfaction relation |=. In Tarski’s model-theoretical
approach, the semantic procedure consists of supplying a domain of discourse and an
interpretation which assigns meanings to variables, function and predicate symbols

by the following:

Definition 2.8 An interpretation I of a first-order language L comprises a non-
empty set 1D, called the domain of the interpretation, over which the variables range,
together with for each variable, an element of D; for each n-ary function symbol, an

element of [D™ — DJ; and for each n-ary predicate symbol, an element of P(D").

The fact that a formula A is true in interpretation I will be denoted as =7 A;
k= is called the satisfaction relation and it extends an interpretation upwards to
all elements of a given language. Furthermore, |= A means that A is true in any
interpretation, i.e., A is valid. Then the definition of }= in terms of interpretations

is given as follows.

Definition 2.9 The semantics of elements of a first-order language L are given
inductively by the following, where I is an interpretation of L, and A and B are

formulas.

(a) I(f(co,---,€en-1)) = I(f)(I(e0),--.,I(en<1)) € D where f(ep,...,en-1) is a

term.

If v is a variable, then I(v) € D.

(b) For any n-ary predicate p and terms ey, ..., en-1, =1 (€0, .-, €n-1)
iff < I(eo), ces ,I(en_l) >€ I(p)

(¢) Er~Aiff 41 A
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(d) ErAANB iff =y A~and =r B.
(e) 1 (V2)A iff Eqjajz) A for all d € D where I[d/z](x) = d.

Here the interpretation I[d/xz] agrees with I on everything except possibly the

assignment to the variable z.

2.3 Logic Programs

Any formula in first-order logic can be transformed into an equivalent one in clausal

form; for details, see [Gal86]. Clauses play an important role in logic programming.

Definition 2.10 A clause is a formula of the form
(V(II()) e (V:I:k._l)(—lBo V...V=Bp_1VAgV...V Am—l)

where all A;’s and B;’s are atomic formulas, and free(—ByV...V-B,_1V AgV

VAR = {zo,...,Tp_1}.

We will adopt a special clausal notation from [Kow79]. Throughout, a clause

will be denoted by
AQ,...,Am_1 L et B(],...,Bn_l

where all variables are assumed to be universally quantified. The set {Ag, ..., Am—1}
is the conclusion (head) of the clause; the set {By,...,Bn—1} is the premise (body)
of the clause.

In logic programming, a special form of clauses are of interest. A clause C is

called a Horn clause if it is either of the form
A<— BO,---,Bn——l (n 2 0),

or of the form

(—BO,.-.,Bn_l (n>0)-
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where A and all B;'s are atomic formulas. All Horn clauses of the first form are
called definite clauses, or program clauses. All Horn clauses of the second form are
called goal clauses, or queries.

The right-hand side of any given program clause is called the body or premise of
the clause and the left-hand side of the clause is called the head or conclusion of the
clause. The informal semantics of a program clause A « By,...,By_1 is defined
as follows: for each variable assignment, if all of By, ..., By_1 are true, then A is
true. (It follows from the definition of the semantics of the universal quantifier V.)
A clause of the form A «- is an unconditional assertion.

A logic program consists of the conjunction of a set of program clauses regarded

as axioms representing our knowledge and assumptions about some problem.
Definition 2.11 A logic program is a finite set of program clauses.

We are interested in those interpretations of a logic pro~+=m which make the program
true, i.e., I is a model of P iff ;; P. The semantic. - { the conjunction A implies
that a logic program is true in an interpretation I iff il clauses in the program are

true in [.

Definition 2.12 Let P be a logic program and let I be an interpretation of P. Then
I 'is a model for P iff I is a model for each clause in P, that is, =1 P iff for all
clauses C; € P, =1 C;.

2.4 Models of Logic Programs

Van Emden and Kowalski [VEK76] developed an elegant formalisation of model-
theoretical semantics of logic programs. There the meaning of a given logic program
is defined in terms of the least (minimum) Herbrand model. In the following. we
will summarize their results from different sources including [VEK76], [AvE82] and

[L1o84].
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Herbrand Interpretations

We will now study Herbrand interpretations. Note that if a given logic program
has no nullary function symbols (constants), we just add an arbitrary one into the

domain of Herbrand interpretations.

Definition 2.13 Let P be a logic program. The Herbrand universe Up of P is the
set of all ground terms which can be constructed out of constants and functions that

appear in P.

Definition 2.14 Let P be a logic program. The Herbrand base Bp of P is the sel
of all ground atoms which can be constructed out of predicates that appear in P with

ground terms in Up as arguments.

A Herbrand interpretation satisfies a certain property: The domain of Herbrand
interpretations is the Herbrand universe, and all ground terms literally represent

themselves.

Definition 2.15 Let P be a logic program and I be an interpretation of P. Then I
1s called a Herbrand interpretation of P if the domain of I is Up and for all e € Up,
I(e) =e.

A Herbrand interpretation I of P can be identified with a subset H of the Her-
brand base Bp by the following: For any Herbrand interpretation, the corresponding
subset of the Herbrand base is the set of all ground atoms that are true with respect

to the interpretation. Then
< €gy...,€n-1 >€ I(p) iff P(eﬂ,- "7en—1) eH

Note that there is a one-to-one correspondence between Herbrand interpretations
and subsets of the Herbrand base of a given program. We will refer to any subset of
Bp as a Herbrand interpretation. We say that H is a model of P iff =7 P for any I
corresponding to H, and }=; P iff k=7 C for all clauses C € P.
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Definition 2.16 Let P be a lsgic program and I be a Herbrand interpretation of P.
Consider a program clause C € P; then I is a model of C iff |=; C; for all ground
instances C; of C.

This definition is just a reformulation of the semantics of the universal quantifier V
for program clauses and Herbrand interpretations.

If (A « By,---,B;,_1) is a ground instance of a clause in P and [ is a Herbrand
interpretation of P, we say that =7 (A « By,---,Bp—1) iff A € I or for some: € n,
Bi gl

The following lemma justifies that Hebrand interpretations are suflicient for
clausal logic. It is a consequence of the downward Lowenheim-Skolem theorem
[CKT73] which states if a set of formulas is true in some model, then it is true in a
countable model (a model whose domain is at most countable.) For any given set

of clauses, the corresponding Herbrand universe is at most countable.

Lemma 2.1 Let S be a set of clauses. Then S has a model iff it has a Herbrand

model.
The following lemma follows from lemma 2.1.

Lemma 2.2 Let P be a logic program and A € Bp. Then PU{—-A} is unsatisfiable
iff no Herbrand model of P satisfies P U {—A}.

The Minimum Herbrand Model

Logic programs have a very important property, that is, they are consistent, and
the family of Herbrand models of a given logic program is closed under intersection.
Therefore a logic program singles out a particular Herbrand interpretation, called

the least (minimum) Herbrand model.

Lemma 2.3 Let P be a logic program; then Bp is a model of P.
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Lemma 2.4 [Llo84] Let P be a logic program and M = {I,}.es be a non-empty
family of Herbrand models for P. Then NM =gcf Ngesla is @ Herbrand model jor
P.

The following theorem follows from lemmas 2.3 and 2.4.

Theorem 2.5 [VEK76] Let P be a logic program. Then P has a minimum Herbrand
model Mp, which is the intersection of all Herbrand models of P.

The minimum Herbrand model contains the least amount of information which
makes the program true and it coincides with the set of ground atoms that are
logical consequences of the program. Any implementation of logic programming
must construct the minimum Herbrand model of a given logic program. This is how

the correctness of an implementation is defined.

Theorem 2.6 [VEKT76] Let P be a logic program. Then Mp = {A € Bp |P = A}.

2.5 The Fixpoint Semantics of Logic Programs

There is a certain mapping, due to [VEK76], which is used to characterize the fix-
point semantics of logic programs. After a brief introduction to fixpoints, we will

summarize some of the results from [VEK76], [AvES82] and [Llo84].

Monotonic Mappings, Fixpoints

Let L be a complete lattice with an ordering relation C, the greatest lower bound op-
eration M, and the least upper bound operation L. For any given subsct

S = {Xa}aer of L, we define NS =ge5 MNyerXa and US =ge5 UnerXa-

Defiaition 2.17 Let L be a complete lattice and T' € [L — L]. Then we say that T
is monotonic iff for all X,Y € L, X CY implies T(X) E T(Y).
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Monotonic mappings over complete lattices have very nice properties: They have
fixp- ‘nts and furthermore the set of fixpoints of a monotonic mapping T'is equivalent

to the set of its pre-fixpoints.

Theorem 2.7 (Knaster-Tarski fixpoint theorem.) [Llo84]| Let L be a complete
lattice and T € [L — L] be monotonic. Then T has a least fizpoint, Ifp(T), and a
greatest fizpoint, gfp(T). Furthermore, Ifp(T) = N{X |T(X) =X} ={X |T(X) E
X}, and gfp(T) = U{X | T(X) = X} = U{X | T(X) 2 X)}.
The following notation will be frequently used for ordinal powers of a given
mapping up to w.
Definition 2.18 Let L be a complete lattice and T € [L — L] be monotonic. Then
we define
T10=nL,
Ttn=TT1 (1)),
T1Tw=Upe T Tn.
Let S be a subset of L. Then we say that S is a chain if it is a total order with
respect to C, i.e., for all X, Y € S, either X C Y or Y C X. If § is countable, it will

be called an w-chain, and written as § =< X >pew. We say that S is a downwards

chain if it is a total order with respect to J. Note that a chain is upwards by default.

Definition 2.19 Let L be a complete lattice and T € [L — L}. Then we say that T
is continuous iff for all chains < X, € L >neu, T(UnewXn) = UnewT (Xn).
Monotonicity guarantees the existence of the least and greatest fixpoints of a
given mapping, while continuity guarantees that the least fixpoint of a mapping
can be approximated from below. This is implied by the Kleene recursion theorem.

Note that here continuity implies monotonicity.

Lemma 2.8 (Kleene.) [Llo84] Let L be a complete lattice and T' € [L — L]. IfT
is continuous, then the least fixpoint of T, denoted as lfp(T), is equal to T' T w.
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The Mapping Tp

The mapping T’p, the one step modus ponens function originally defined in [VEK76],
provides the basis for the fixpoint semantics and establishes the connection between
the model-theoretical and operational semantics of logic programs. Let F(P) denote

the set of Herbrand interpretations of a given logic program P.

Definition 2.20 Let P be a logic program and H be a subset of Bp. Then the
mapping Tp € [F(P) — F(P)] where Tp(H) is a Herbrand interpretation of P
given as
Tp(H)={A | A« By,...,Bn_1 is a ground instance of
a clause in P and {By,...,Bp1} C H }
Let P be a logic program. Then F(P) is a complete lattice with the ordering
relation C. The least and greatest upper bounds of a given subset S of F(P) are

NS and US respectively. The following lemma states that T'p is continuous and

therefore its least fixpoint can be approximated from below by lemma 2.8.
Lemma 2.9 [VEK76] Let P be a logic program. Then Tp is continuous.
Herbrand models of a given logic program can be characterised in terms of T’p.

Lemma 2.10 [VEKT76] Let P be a logic program and I be a Herbrand interprelation
of P. Then I is a model of P iff Tp(I) C I.

Lemma 2.10 proves the following equivalence for Herbrand interpretations (mod-
els): {I|Tp(I) C I} ={I| =1 P}. We have that Tp is continuous, and therefore
Ifo(Tp) = Tp T w by lemma 2.8. According to the Knaster-Tarski fixpoint theorem,
the least fixpoint of T'p is given as Ifp(Tp) = N{I|Tp(I) C I}, which in turn implies
that Mp = Ifp(Tp). Then we have the theorem given below which states that the

least fixpoint of Tp coincides with the minimum Herbrand model:

Theorem 2.11 [VEK76] Let 7 be a logic program. Then Mp = Ifp(Tp) =Tp T w.
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2.6 Intensional Logic

Intensional logic is the study of context-dependent properties [Mon74] [HC68]. In
intensional logic, the meanings of expressions depend on an implicit context. ab-
stracted away from the object language. Temporal logic [RU71] can be regarded as
an instance of intensional logic where the collection of contexts is interpreted as a
collection of moments in time. The collection of contexts is also called the ..«izverse
or the set of possible worlds, and denoted by U. Depending on the target application,
a possible world may be a moment in time, a node in a tree structure, a point in a
hyper-field and so on. The set of possible worlds I is not a disorganised collection.
For instance, in temporal logic, U can be regarded as a linearly ordered set with
respect to the < relation. In the following, we do not impose any restrictions on the
choice of the universe and its elements.

An intensional logic(is equipped with intensional operators through which ele-
ments from different contexts can be combined. The underlying language is obtained
from a first-order language by extending it with formation rules for intensional op-
erators as follows. Let JOP denote the set of intensional operators of the language.
I-t 7 € IOP be an n-ary intensional operator, and Ag,...,A,—1 are formulas.
Then 7(Ag, ..., An-1) is also a formula. The definition of the function free (defi-
nition 2.3) can be extended to cover formulas of the form 7(Ay,...,An-1) by the

following:

o free(V7(Ao,...,An=1)) = Uien free(4;).

2.6.1 Intensional Interpretations

Let IL denote the underlying intensional language of an intensional logic. An in-
tensional interpretation of IL basically assigns meanings to all clements of IL at all

possible worlds in &/. An iutensional interpretation can also be viewed as a collection
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of first-order interpretations (Tarskian structures) associated with possible worlds

in 4. Then the formal definition of an intensional interpretation can be given as

follows.

Definition 2.21 An intensional interpretation I of an intensional language IL com-
prises a non-empty set D, called the domain of the interpretation, over which the
variables range, together with for each variable, an element of D; for each n-ary
function symbol, an element of [D™ — DJ; and for each n-ary predicate symbol, an

element of U — P(D"™)].

Note that the denotations of variables and function symbols are exiensional
(a.k.a. rigid), that is, independent of the elements of ¢. This is not generaily so in
intensional logic; but quite satisfactory for the theory of intensional logic programs.

The fact that a formula A is true at world w in some intensional interpretation I
will be denoted as =1, A. Al formulas of IL are intensional, that is their meanings
may vary depending on the elements of Z{. The definition of the satisfaction relation
= in terms of intensional interpretations is partially given as follows. Let I(E)

denote the value (in D) that I gives an IL term E.

Definition 2.22 The semantics of elements of IL are given inductively by the fol-

lowing, where I is an intensional interpretation of IL, w € U, and A and B are

formulas of IL.

(a) I(f(eo,-.-,en-1) = I(f)(I(e0),.-.,I(en-1)) € D where f(en,...,ea1) is a

term.

If v is a variable, then I(v) € D.

(b) For any n-ary predicate p and terms eq,...,en—1, FEIw P(€0,...,€n-1)
if < Ieo),. ., Ten1) >€ T(p)(w).

(¢) E1,w A iff 1w A
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(d) Frw AAB iff Erw A and =14 B.
(e) Frw (V2)A iff F114/2),0 A for dl d € D.

Furthermore, =5 A means that A is true in I (at all worlds) and |= A means that
A is true in any interpretation. Keep in mind that | relation is defined relative to
IL.

This definition is by no means complete. We must define the semantics of in-
tensional operators of the language. For instance, consider the classical intensional
(modal) operators necessary O and possible O. In Kripke-style semantics for inten-
sional logic, the meanings of O and < are determined by an accessibility relation R
over U. Informally, OA is true at a world w iff A is trre at all worlds accessible

from w; and OA is true at a world w iff A is true at some world accessible from w.

More formally,
e =1 OA iff kj, A for all v € Y where < w,v >€E R
o 1w OA Mff |=1, A for some v € Lf where < w,v >€ R

where I is an intensiona‘.l interpretation, and w € Y. Note that OA and —0O-A are
logically equivalent; in other words, < is the dual of D.

If i2is reflexive, transitive and symmetrical, i.e., R = U x U, this gives a Kripke-
style semantics for modal logic S5 [HC68]. Then we can simplify the semantics of

S5 modalities O and < as follows:
o =1 OA iff =7, A forallvelf
o 1w QA iff |51, A for somev €U

However, the traditional Kripke approach is too restrictive, because it limits us
to a dual pair of intensional operators. We could extend it in the obvious way,

by allowing a family of dual pairs with its own accessibility relation; see [Gol87].
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This is better, but still not truly general, because, as Scott [Sco70] and others have
pointed out, there are many natural intensional operators that cannot be defined in
terms of an accessibility relation alone. Since we would like to develop a language-
independent theory for intensional logic programming, there is no reason why we
should restrict ourselves to those logics for which a Kripke-styke semantics is possi-
ble.

There are more general approaches to the semantics of intensional logic, including
“neighborhood” semantics of Scott [Sco70] and Montague [Mon74]. For a detailed
exposition of more general app.oaches and their relative strengths, we refer the
reader to the literature, e.g., see [Wo0j88] and [BS84]. Neighborhood semantics will
provide us with an abstract characterisation of intensional operators which we can
exploit further to study the mathematical properties of intensional logics under
discussion. Later in the thesis, we will use neighborhood semantics as the basis of
our theory, but we will also make use of Kripke-style of semantics for illustrative

purposes.
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Chapter 3

Intensional /Temporal Logic

Programming

In this chapter, we will first formally define intensional logic programs based on a
given intensional logic, and then introduce particular intensional logic programming
languages, including the temporal language Chronolog originally proposed by Wadge
[Wad85]. Each language will be tailored to suit a certain kind «f application. For
instance, Chronolog is intended for modeling the notion of dynamic change in time
and expressing dataflow svyle of non-terminating computations. We will pay special
attention to temporal logic programming (TLP) and especially to Chronolog for its
simplicity.

We will later devclop the declarative semantics of tempe 2l logic programs of
Chronolog in the style of van Emden and Kowalski [VEK7§)], based oa the notion
of ~anonical temporal ground atoms and temporal Herbrand interpretations. We
will in particular show that the minimum temporal Herbrand model of a temporal
logic program exists and can also be characisvized as the least fixpcint of a certain
mapping between the temporal Herbrand ir pretations of the program. However,

this declarative semantics lacks the genera  required to consider intensional logic
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programming languages based on arbitrary intensional logics. We will also outline
several rules of inference for temporal logic programs, which can be used to devise

a proof procedure for TLP.

3.1 Intensional Logic Programs

Let IL denote an intensional logic equipped with a set of intensional operators, and
a set of possible worlds denoted by U. We start by defining an intensional logic
program to be a set of intensional Horn clauses. The basic building blocks in an

intensional logic program are called intensional units.
Definition 3.1 An intensional unit is defined inductively as follows.

e All atomic formulas are intensional units.

o If Ap... An—1 are intensional unils and 7 is an n-ary intensional operator,

then 7(Ag...Ap-1) is an intensional unit.

Throughout, we will adopt the clausal notation [Kow79] for intensional logic
programs. All variables in a given clause are assumed to be universally quantified.
For convenience, we will use upper-case letters for variables, and lower-case letters

for function and predicate symbols.

Definition 3.2 (Intensional Horn clauses.) Let A and By ...B,—1 be inten-

sional units.

e An intensional program clause is a clause of the form A «— By,...,Bp
(n>0).
o An intensional goal clause is of a clause of the form — By, ..., By—1 (n > 0).

e An intensional Horn clause is either an intensional program clause or an in-

tensional goal clause.
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The informal semantics of an intensional program clause A «— By,...,Bp_1 is
defined as follows: at all worlds w € U, if all of By,...,Bn_; are true at w, then
A is true at w; the difference from logic programs being the notion of truth at all
possible worlds.

An intensional logic program therefore consists of the conjunction of a set of

intensional program clauses regarded as assertions true at all worlds in .

Definition 3.3 An intensional logic program is a finite set of intensional program

clauses.

In the following, we will describe three intensional logic programming languages
including a temporal language, Chronolog originally proposed by Wadge [Wad85],
as well as two multi-dimensional intensional languages. In each case, the underlying
intensional logic will be briefly explained by defining a set of possible worlds over
which the values of formulas vary and a set of intensional operators of the language.
We will give sample intensional logic programs including one for Conway’s game of

life.

3.2 Chronolog — Temporal Logic Programming

Temporal logic can be regarded as a special case of intensional logic where the
set of possible wolds U models a collection of moments in time, usually discrete,
linearly ordered, and without a last moment. The temporal logic of the temporal
language Chronolog [Wad85] has two temporal operators, first and next, inspired
by those of the dataflow language Lucid [WA85], which refer to the initial and the
next moment in time respectively. Here the collection of moments in time is the set
w of natural numbers.

A temporal interpretation I basically assigns meanings to all elements of the

language at all moments in time in w (for details, see definition 2.22.) To define the
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semantics of the temporal operators first and next, let Ry = {< ¢,0 > |t € w}
and R, = {<t,t4+ 1 > |t € w} be the accessibility relations associated with first

and next. Formally, the semantics of formulas of the form firstA and nextA are

defined as follows:
o =11 first A iff |7, A for all < t,z >€ Ry.
o Erinext A ff =, Aforall <tz >€ R,.

where I is a temporal interpretation, and ¢ € w. It is not hard to see that first and
next are the necessity operators corresponding to the accessibility relations Ry and
R, (both first and next are universal-type operators). Notice that these relations
are single-valued; they are functions, namely, A¢.0 and Af.t + 1. This means that
first and next are also the possibility operators corresponding to these relations.
They are therefore selfdual: for example, ~first—-A < firstA. Thus we can

further simplify the semantics of first and next as follows.
o b1 first A iff |=pp A
. %:'Iyt next A iff }:I,H-l A.

We now give an example to illustrate how a Chronolog program works. The
following Chronolog program from [Wad88] defines the predicate £ib which is true
of ¢t + 1** Fibonacci number at time ¢ for all ¢ € w. In other words, it represents the

infinite stream of Fibonacci numbers over the Chronolog time.

first £ib(0).
first next fib(1).

next next fib(N) <~ next fib(X), fib(Y), N is X+Y.

Read all clauses as assertions true at all moments in time. Thus the first two clauses
define the first two Fibonacci numbers as 0 and 1; the last clause defines the current

Fibonacci number as the sum of the previous two.
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Temporal logic programming has the potential for specifying non-terminating
computations naturally. For instance, a query like <~ £ib(X) may trigger an at-
tempt to prove £ib(X) at all moments in time, since it actually stands for an infinite
series of queries, <= first fib(X), <~ first next fib(X), <~ first next next
£ib(X), and so forth. At any moment in time, the answer to the query is a ground
atom of the form first next® fib(e) where e is the ¢ 4+ 1** Fibonacci number.

It is possible to specify non-terminating computations in infinitary (concurrent)
logic programming languages such as Concurrent Prolog [Sha87] and Parlog [CG86].
Shapiro [Sha87] gives the following program in Concurrent Prolog which specifies

the predicate fib as true of the infinite list of all Fibonacci numbers.

£fib([0,1,L]) <- fibtest([0,1,L]).
fibtest ([X,Y,ZIL]) <- Z is X+Y, fibtest([Y,ZIL]).

Given a query like <= fib(L), an implementation of infinitary logic programming
produces an infinite sequence of partial answers to the query, i.e., the initial seg-
ments of the infinite list of Fibonacci numbers, and never terminates. However,
these partial answers are not justified by the least (minimum) model semantics.
As mentioned in [VEALF82] and [VENAS84], the minimum Herbrand model over the
usual Herbrand base of such a program is empty, and the intended meaning of this
program can be modeled by the greatest fixpoint semantics, based on the notion of
Herbrand universe extended with infinite terms. In contrast, Chronolog programs
have the minimum model semantics owing to the abstraction of the notion of time
in the underlying temporal logic.

Temporal logic programs could be transformed into ordinary Horn logic pro-
grams by adding an extra time parameter to every predicate; then we would have
to simulate the effect of temporal operators first and next by explicitly manipu-
lating these time parameters. For instance, the following logic program is the result

of transforming the temporal program that defines the predicate £ib.
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£ib(0,0).
fib(next (0),1).

fib(next(next(T)),N) <- fib(next(T),X), fib(T,Y), N is X+Y.

where 0 is the initial moment in time and next(X) is the successor of X in the
corresponding binary relation for the temporal operator next. Here £ib(t,n) means
n is the ¢ 4+ 1** Fibonacci number.

However, this transformation is not correct. For instance, the clause p(X) <-
gets transformed into p(T,X) <- which is incorrect, because there are no restrictions
on what an implementation can substitute for T and X. Therefore a correct trans-
formation must treat time parameters differently by introducing an extra domain
predicate time with an obvious interpretation. Then the correct transformation of
the clause would be p(T,X) <- time(T) with a complete a:iomatisation of time.
The transformed program above is just like a non-list solution to producing Fi-
bonacci numbers in which the binary predicate £ib represents Fibonacci numbers
paired with their ranks.

But the transformational approach is nc* really practical. There are several prob-
lems: First, the extra time parameters make the programs harder to read and write,
and introduce extra opportunities for errors. Second, because of the introduction
of an extra domain predicate, the search space for any given query becomes larger.
Last, the reduced program would be run on a general purpose logic programming
interpreter which would not treat added time parameters differently when looking
for a solution for a given query. People use temporal/modal logics to single out
important concepts and to investigate their properties, even though, in many cases,
they can be reduced to ordinary predicate logic with a similar technique. (Note that
some non-classical logics do not admit first-order translations; thus the transforma-
tional appproach is not always feasible. One such example is the multi-dimensional

logic where the universe is taken as Z“.) Therefore we advocate using non-classical
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logics to write programs in the first place.

We claim that Chronolog is also suited for modeling the notion of dynamic
change. The following Chronolog program from [OW88a] involves states and dy-
namic relationships between states. Let the binary predicate cpu represent the state
of a cpu with the following properties. The first parameter of cpu shows the status
of the cpu (either idle or the current job’s name) and the second parameter of cpu
indicates how many more units of time the current job will run. The cpu is available
at the next moment if either its status is idle or the execution. of the current job has

ended.

first cpu(idle,0).

next cpu(idle,0) <- cpu(S,0), job-queue([]).
next cpu(X,N) <- cpu(S,0), job-queue([[X,N]iR]).
next cpu(S,N) <- cpu(s,s(N}).

The first clause in the program says that the cpu is available at time 0. The second
clause says that the cpu becomes idle at the next moment if the job queue is currently
empty and the cpu is available. The rest of the clauses say that the cpu is busy at
the next moment if either (1) the job queue is not empty and the cpu is available
or (2) the current job requires more cpu time. Let us extend this program with the

following definition of the job-queue where no new job arrivals are considered.

first job-queue([[a,s(0)],[b,s(s(0))1]).

next job-queue(lL) <- cpu(S,0), job-queue([JIL]).
next job-queue(L) <- cpu(S,s(N)), job-queue(L).
next job-queue([]) <~ job-queue([]).

The first clause says that initially there are two jobs in the queue with time units
1 and 2 respectively. The second clause says that if the cpu is about to run the

first job in the queue, it is removed from the queue at the next moment. If the cpu
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has not finished running the current job, the queue will not change (third clause.)
According to the extended program, cpu is true of <idle,0> at time 0; <a,s(0)>
at time 1 and so forth.

Besides its application to non-terminating computations and modeling dynamic
relationships, Chronolog can be applied to a wide range of problems: Rolston [Rol87]
proposes the use of Chronolog to alleviate the frame problem. Mitchell and Faustini
[MF89] use Chronolog to model simulation tasks. Orgun and Wadge [OW91] suggest
that Chronolog is suitable to solve mutual exclusion problems, and give the dining
philosophers problem as an example; they also claim that Chronolog extended with

modular logic programming of Fitting [Fit87] can be used to specify objects with

internal memory.

3.3 Spatial Logic Programming

We now introduce another ILP language, which is based on a kind of two-dimensional
(spatial) logic. The underlying logic has Z x Z as the set of possible worlds ¢ where
Z is the set of integers, and six intensional operators. We regard Zx Z as a collection
of (x,y)-coordinates of a plane (or grid) with an absolute reference point < 0,0 >,
analogous to 0 in the temporal logic of Chronolog. We are not going to make use of
accessibility relations in defining the semantics of intensional operators of the logic.

Intensional (spatial) operators are side, edge, north, south, west and east.
The semantics of these operators are given in terms of the satisfaction relation |=

as follows. Let A be a formula, <! z,y >€ U and I a spatial interpretation.
o ‘=I,<z,y> side A iff ‘=I<0,y> A
o Er<zy> vest Aiff Erez—14> A

* Fl<zy> east Aiff Freziiys A
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Figure 3.1: Pascal’s triangle on the south-east quadrant

Similarly, the operators edge, north and south operate on the y-coordinate of a
given world. The analogous operator of the temporal operator first is simply side
edge (or edge side); side edge takes any world to the origin, i.e., < 0,0 >. Note
that the accessibility relations associated with these operators are functions like
those of first and next. Therefore all of the spatial operators are selfdual as well.

We will now show how spatial logic programming can be used to specify such
s»atial relations on a 2-dimensional plane as Pascal’s triangle. The following spatial

logic program defines the predicate pascal.

side edge pascal(l).

side pascal(X} <- side north pascal(X).

edge pascal(X) <- edge west pascal(X).

pascal(X) <- north pascal(Y), west pascal(Z), X is Y+Z.

If these are the only axioms for the pascal predicate, Pascal’s triangle is constructed
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on the south-east quadrant, whose apex is at < 0,0 >, i.e., at < 0,0 >, pascal(1)
is true from the first clause. Figure 3.1 shows an approximate graphic representation
of Pascal’s triangle as specified by the pascal predicate.

This language is in fact more expressive (powerful) than Chronolog, because any
Chronolog program can be rewritten as a spatial program by replacing all temporal

operators by their spatial counterparts over one of the spatial dimensions.

3.4 3-Dimensional Logic Programming

Let us combine the two languages we have introduced in the preceeding sections
to obtain a (3-dimensional) ILP language [OW88b]. The underlying logic now has
Z x 2 Xw as the set of possible worlds (U/), and obvious analogs of all the intensional
operators defined previously. A triple < z,y,z >€ U is interpreted as representing
the coordinates of some world where < z,y > refers to the location of the world on
a plane and z refers to a moment in time. Of course, all intensional operators work
on their respective coordinates.

Let I be a 3-dimensional interpretation, < z,y,z >€ U, and A be a formula.
Then the semantics of intensional operators of the language are given in terms of

the satisfaction relation |= as follows.
o Er<ay> first Aiff =15 00> A
g }=I,<z,y,z> next A iff '=I,<z,y,z+1> A.
4 '=I,<:c,y,z> side A iff ’=I<0,y,z> A.
o =1<syz> vest Aiff 1oz 2> A

and so on. The obvious analog of the temporal operator first can be obtained as

first side edge (or any combination of these three operators.)
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Now we will give an example of 3-dimensional intensional logic programming
from [OW88b]. Perhaps Conway’s game of life is one of the best examples which
require relative references to the neighbours of a point in space at different moments
in time. The game involves a (possibly infinite) plane divided into grids. Inside each
grid (or cell) resides an organism that may become alive or dead depending on the
status of its immediate neighbours in the surrounding cells on the plane. The game
starts with an initial configuration on the plane in which some of the organisms are
alive.

Supposing the initial configuration is defined elsewhere, the program given below
describes all relationships and state changes in the game. All program clauses are

interpreted as assertions true at all worlds.

next organism(alive) <-
neighbours(L), count-alive(L,2).
next organism(alive) <~
organism(alive),neighbours(L),count-alive(L,3).
next organism(dead) <- neighbours(L),lonely(L).
next organism(dead) <- neighbours(L),overcrowded(L).
neighbours([X1,X2,X3,X4,X5,X6,X7,X8]) <~
north west organism(X1),north organism(X2),
north east organism(X3),east organism(X4),
south east crganism(X5),s:uth organism(X6),
south west organism(X7),west organism(¥8).
lonely(L) <~ count-alive{L,X),X < 2.
overcrowded (L) <~ count-alive(L,X),X > 3.
count-alive(l1,0).
count-alive([alive|L],N) <- ccant-alive(L,X),N is X+1.

count-alive([dead|L' .X) <~ count-alive(L,X).
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We will briefly explain what the first five clauses in the program meau. The first
clause says that an organism will become alive at the next moment if exactly two
of its neighbours are alive at the current moment no matuer if it is alive or dead.
This clause also covers the case where the birth of an organism will occur at the
next moment if it is dead and exactly two of its neighbours are alive at the current
moment. The second clause says that an alive organism will continue to live at the
next moment if exactly three of its neighbours are alive at the current n.  ~ul. The
next two clauses state that an organism will become dead at the next momeus if it
is lonely (less than two neighbours are alive) or the surrounding area is overcrowded
(more thar shiee neighbours are alive). The fifth clause simply bundies up the
status of the neighbours of a given cell in a list for further use. The rest of the
clauses define some auxiliary predicates. According to the program, note that at

any worla exactly one of the atoms organism(alive) and organism(dead) is true.

3.5 Semantics of Temporal Logic Programming

We can design an intensional logic programming language for a g :n problem do-
main by identifying a set of possible worlds (contexts) and by providing a set of
context-switching operators. The next logical step is to investigate the meaning of
programs written in such a language. There are two alternative ways to go about
doing this: (1) we focus on the language in question and provide a semantics for
it, and (2) we investigate general properties of intensional languages and develop a
theory which can be applied to different intensional languages. In this section, we
will focus on the temroral language Chronolog. The more general approach will be
discussed later.

In this section, we wi'! develop the model-theoretic semantics of temporal logic

programs of Chronolog by adopting the notion «f » canonical temporal ground atom.
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't hus the term “temporal logic program” will always refer to programs in Chronolog.
Preliminary results of this section have first appeared in the following research re-
ports: [OW88a] and [OW91]. Th issues concerning the operational semantics of
temporal logic programs will not be addressed, because developing operational se-
mantics is not within the scope of this dissertation and furthermore implementation
problems are discussed in another forthcoming dissertation by David Rolston of

Arizona State University [Rol86].

3.5.1 The Underlying Temporal Logic

From here on, the underlying temporal language in which temporal logic programs
arc written wil' _e referred to as TL. We begin with a standard first-order language
and extend it with two temporal operators first and next. We add new formation
rules: if A is a formula, so are first A and next A. Note that the temporal operators
first and next ~re applied to formulas, not to terms of the language.

As said before, the value of a formula (or an element) of TL depends on ai
implicit time parameter. Since here w is considered as the collection of moments
in time, the value of a formula is regarded as a collection of truth values indexed
by the elements of w. A temporal interpretation assigns meanings to all basic ele-
ments of the language, i.e., function symbols, predicate symbols and variables, and
a satisfaction relation completes this picture by extending temporal interpretations

upward to all elements of the language, e.g., terms, formulas, etc.

Axioms of Temporal Logic

The following are axioms of the underlying logic related to the temporal operators
first and next, and they are considered as statements true at all moments in time.
These axioms state some important properties of the temporal operators. Let A

and B be formulas of the .anguage.
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Al. first firstA < firstA.

A2. next firstA & lirst A.

A3. first( AA B) & (first A) A (first B).
A4. next(A A B) & (next A) A (next B).
AS5. first(—A) - ~(first A).

A6. next(— A) & —(next A).

A7. first(VX)( A) « (VX)(first A).

A8. next(VX)(A) & (VX)(next A).

The first two axioms, Al and A2, are concerned with the temporal operator
cancellation rules: they say that when applied to a formula of the form firstA
(or to initial truths), both first and next are redundant. Axioms A3 through
A6 capture the fact that the Boolean connectives work pointwise in time. And
axioms A7 and A8 reflect the fact that the values of individual variables range over

extensions (data values), not intensions (time-varying values).

3.5.2 Models of Temporal Logic Programs

This section focuses on the model-theoretic semantics of temporal logic programs.
The theoretical foundations developed for logic programming [VEK76] [Llo84] will
be followed and the discussion will be restricted to (temporal) Herbrand interpreta-
tions and models. Since all variables in a temporal Horn clause are assumed to be
universally quantified, the meaning of the clause with respect to some interpretation
I is independent of what I assigns to variables.

According to the definition of intensional logic programs, an intensional (tem-

poral) unit of temporal logic consists of an atomic formula with a number (possibly
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zero) of temporal operators first and next applied to it. The following are tem-

poral units:
next p(X,1(X)), next first first q(a), r(X)

We use upper-case characters for variables, and lower-case characters for predicates,
constants and function symbols. A temporal logic program consists of the conjunc-
tion of a set of definite temporal clauses (or a set of program clauses).

We are interested in those interpretations I of a temporal logic program: P which
makes the program true at all moments in time, i.e., I is a model of P iff for all
t € w, =14 P. From here on, we denote this fact by =7 P. Since a temporal logic
program P is the conjunction of a set of temporal program clauses, we also say that

1is a model for P iff I is a model for each clause irn P.

Temporal Herbrand Interpretations

In logic programming theory [L1084], Herbrand interpretations are regarded as sub-
sets of the Herbrand base of a given logic program. In temporal logic, the meaning
of a formula depends on the elements of w, and therefore, in general, temporal Her-
brand interpretations do not enjoy a set-theoretical representation. On the other
hand, the tempe: ' "ngic of Chronolog has the temporal operators first and next
through which ase. -oretical representation of temporal Herbrand interpretations
can be restored.

Throughout, we write next? for ¢ successive applications of next. We will now

introduce the notion of a canonical temporal atom.

Definition 3.4 A canonical temporal atom is a formula of the form first next! A

Jor some t > 0, where A is an atomic formula.

The meaning of a canonical temporal atom in 2 temporal interpretation is fixed over

the elements of w owing to the application of first. Let first next nextp be a
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canonical temporal atom and I be a temporal interpretation. Then, for any € w,
k=1t first next nextp iff =72 p.

The definition of Herbrand universe of a given temporal logic P program coin-
cides with that of an ordinary logic program. In other words, the Herbrand universe
Up of P is the set of all ground terms which can be constructed out of constants
and functions that appear in P. The domain of a temporal Herbrand interpretation

is the Hebrand universe of a given program. The definition of temporal Herbrand

base is given as follows.

Definition 3.5 Let P be a temporal logic program. The temporal Herbrand base
Byp of P is the set of all canonical temporal ground atoms which can be constructed

out of predicales that appear in P with ground terms in Up as arguments.

Each canonical temporal ground atom in Bp refers to a particular moment in
time and therefore its meaning is fixed over the elements of w in a temporal inter-
pretation. It remains to show that temporal Herbrand interpretations are identified
with subsets of the temporal Herbrand base.

In a Herbrand interpretation I, the domain of the interpretation is the Herbrand
universe Up and for all e € Up, I(e) = e; therefore we can identify I with a subset

H of the temporal Herbrand base Bp by the following.
< €0y-.. €ny >€ I(p)(t) iff first next!p(eq,...,eq—1) € H

For instance, cpu(a,0) is true at t:me 2 in [ iff first next next cpu(a,0) € H.
Since there is a one-to-one correspondence between temporal Herbrand interpreta-
tions and subsets of the temporal Herbrand base of a given program, we will refer
to any subset of Bp as a temporal Herbrand model. We say that H is a model of P
if =7 P for the I corresponding to H.

We will now extend the notion of canonical temporal atoms to temporal program

clauses: a canonical ground instance of a temporal program clause is made of only




CHAPTER 3. INTENSIONAL/TEMPORAL LOGIC PROGRAMMING 48

canonical temporal ground atoms, and therefore its meaning is fixed over elements

of w.

Definition 3.6 Let C = A « By,...,Bn—1 be a temporal program clause. We say
that C is canonical if A and all B; s are canonical temporal atoms. C is ground if

there are no variables in it.

Let first p(X) « next q(X) be a program clause in some program P. To
obtain the canonical ground instances of the clause, first, the temporal operator
first must be applied to the clause, {ollowed by a number (possibly zero) of next
in all possible ways. This process results in an infinite set of temporal program

clauses whose conjunction is equivalent to the original clause.
{ first nert!(first p(X) « next q(X)) |t€w}

Second, by using the axioms A3-AG, the temporal operators are distributed over all
those atoms in the clauses and then all extra operators are eliminated by axioms

Al and A2. Having done that, we obtain the set
{ first p(X) « first next*1 q(X) |t € w})

Last, the canonical ground instances of the clause are all those that are ground
instances of some clause in the set. For instance, first p(a) « first next q(a)
is a such ground instance for the a € Bp.

It is easy to check that only canonical temporal ground atoms can appear in any
canonical ground instance of any temporal program clause. We will show that a

clause C is true in I iff all of its canonical ground instances are true in I.

Lemma 3.1 Let P be a temporal logic program, I be a temporal Herbrand interpre-
tation of P, and C a temporal program clause in P. I is a model of C iff =1 C; for

all canonical ground instances C; of C.

]
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Proof. We will give the outline: =7 C
iff for all t € w, |=; first next!C
iff for all t € w, =7 first next? Cy for all ground instances C, of C,
iff for all t € w, =7 first next® C; for all canonical ground instances C; of C. -
By lemma 3.1, a clause C is true in I iff all of its canonical ground instances are
true in I. Then if (A « By, -, By—1) is a canonical ground instance of C, we have
that =1 (A « By, -+, Bn-1) iff A€ I or for some ¢ € n, B; & I. Since the value
of a canonical temporal ground atom A is fixed anytime in a temporal Herbrand
interpretation H, there is no difference between these two nolations: =g A and
k=mt A where t € w.
The following lemmas justify that temporal Hebrand interpretations are suflicient

for the theory of temporal logic programming,.

Lemma 3.2 Let S be a set of temporal Horn clauses and suppose S has a temporal

model. Then S has a temporal Herbrand model.

Proof. Let I be a temporal model of S, i.e., |=1 S, and define H by the [ollowing:
H = {first next'A € Bs| =14 A}

If I is a model of S, then H is a temporal Herbrand model of S.

Lemma 3.3 Let P be a temporal logic program and A € Bp. Then P U {-A}

is unsatisfiable in any temporal model of P iff no temporal Herbrand model of P
satisfies PU {—A}.

Proof. If PU{—-A} is satisfiable in some intensional model I of P, then {or somet €
w, |=14 PU {—=A}. Thus, by lemma 3.2, a construction from I to the corresponding

temporal Herbrand model can be given. -
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The Minimum Temporal Herbrand Model

In this section, we will show that every temporal logic program has the minimum
model property by showing first that it has a model which corresponds to the top-
most interpretation in the lattice of temporal Herbrand interpretations; then by
establishing that the intersection of the family of temporal Herbrand interpreta-
tions of a given program P is the minimum temporal Herbrand model of P.

The following lemma states that every temporal logic program has a model, that

is, the whole temporal Herbrand base.
Lemma 3.4 Let P be a temporal logic program; then Bp is a model of P.

Proof. Consider any canonical ground instance of any clause in P and let A «+
By, --,Bp_1 be such an instance. A and each B; are canonical temporal ground
atoms, hence, A € Bp and for all : € n, B; € Bp. Then the instance must be true
in Bp at all moments in time. By lemma 3.1, we have that =5, P.

Now we show that the model-intersection property holds for temporal logic pro-

grams.

Lemma 3.5 Let P be a temporal logic program and M = {Ia}aes be a non-empty
set of temporal Herbrand models for P. Then NM =gcf Nacsla is a temporal
Herbrand model for P.

Proof. First of all, "M is a temporal Herbrand interpretation of P. Suppose it is
not a model of P. Then there is a canonical ground instance of a clause in P which
is false in NM (at some moment.) Let A « By,--+, By—; be such an instance, i.e.,
A& nM, but for all : € i, B; € NM. This implies for some a € S, A ¢ I,; but
since all B;’s are true in NM, B; € I for all ¢ € n as well. Thus we obtain a
contradiction that Iy is not a model of P either. -

Since every temporal logic program has at least one model and enjoys the model-

intersection property, the intersection of all temporal Herbrand models of a given
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temporal logic program exists and it is the minimum temporal Herbrand interpre-

tation of the program.

Theorem 3.6 Let P be a temporal logic program. Then P has a minimum temporal
Herbrand model Mp, which is the intersection of all temporal Herbrand models of
P.

Proof. Let M = {I,| =1, P}acs be the family of all temporal Herbrand interpre-
tations of P. Then M is non-empty by lemma 3.4. Therefore Mp =4,y NM is the
minimum temporal Herbrand model of P by lemma 3.5.

The next theorem shows that the canonical temporal ground atoms in Mp for
a given temporal logic program P are those that are logical consequences of the
program. Recall that each canonical temporal ground atom is fixed to a particular

moment in time.
Theorem 3.7 Let P be a temporal logic program. Then Mp = {A € Bp|P |= A}.

Proof. Let A € Bp. Then A is of the form first next! p(eo, -, pa-1) and is a
logical consequence of P

iff PU {—A} is unsatisfiable in any temporal model of P

iff no temporal Herbrand model of P satisfies PU {~A} by lemma 3.2

iff P 14 —A forall t € w and for any temporal Herbrand model I of P

iff P =1 A for all temporal Herbrand models I of P

iff PE Mp A by theorem 3.6. -

3.5.3 The Fixpoint Semantics of Temporal Logic Programs

The fixpoint semantics of Horn logic programs can be modified for further exten-
sions of the theory of TLP as well. The mapping T’p, the one-step modus ponens
function, originally given in [VEK76] provides the basis for fixpoint semantics and

therefore establishes the connection between the model-theoretic and operational
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semantics of ordinary logic programs. Now we generalise the definition of T for
temporal logic programs. Recall that F(P) denotes the family of temporal Herbrand

interpretations of P.

Definition 3.7 Let P be a temporal logic program. For any H € F(P), Tp(H) is

a temporal Herbrand interpretation of P given below:

Tp(H)={ A | A« Bo,...,Bn-1 is a canonical ground instance of
a clause in P and {By,...,Bp—1} CH }
The mapping T'p shares all the properties of original T'p for ordinary logic pro-
grams, and those of some other non-classical extensions to logic programming such
as multiple-valued schemes of Fitting [Fit88], and Blair et al [B*88]. We first show

that T is continuous.

Lemma 3.8 Let P be a temporal logic program. Then Tp is continuous, that is, for
any chain < Cn >pew of temporal Herbrand interpretations of P, Tp(Upew Crn) =
Unew T’P(Cn) .

Proof. The proof is a pointwise extension of that of the continuity of Tp from
[Llo84]. Let first next!p{eg,...,en-1) be any canonical temporal ground atom in
Bp. Then it suffices to show that first next® p(eq,...,en—1) € TP(Upco, Cn) iff
first next!p(eq,...,en-1) € Unew I'p(Cn). We omit the details. -

Temporal Herbrand models can be characterised in terms of Tp.

Lemma 3.9 Let P be a temporal logic program and I be a temporal Herbrand in-

terpretation of P. Then Iis a model of P iff Tp(I) C I.

Proof. The proof is similar to that of [L1o84)].
We now give the fixpoint characterisation of the minimum temporal Herbrand

model of a temporal logic program.

Theorem 3.10 Let P be a temporal logic program. Then Mp = lfp(Tp) = Tp | w.
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Proof. Since Tp is continuous by lemma 3.8, the upward closure ordinal of Tp
is < w by lemma 2.8. Thus the least fixpoint of T'p, Ifp(Tp) = Tp T w. We also
have that Mp =4.5 N{I | =r P} = N{I | Tp(I) C I} by lemma 3.9 and theorem
3.6. By Knaster-Tarski fixpoint theorem (theorem 2.7), Ifp(Tp) = N{I|T'p(I) C I}.
Therefore Mp = lfp(Tp) =Tp T w.

3.6 Rules of Inference for Temporal Logic

We have not addressed any proof procedures for any of the languages we described
so far. In doing so, we need to know the properties of the underlying logic of each
language. Baudinet [Bau88] [Bau89] showed the completeness of a proof procedure
for Templog called TSLD-resolution [AM87]. However, Templog lacks the tempo-
ral operator first and therefore TSLD-resolution cannot be directly applied to
Chronolog. In this section, we will lay down some rules of inference for temporal
logic which can be used to devise a proof procedure for Chronolog.

We first have all the axioms for the temporal operators first and next given
earlier. Besides substitution and modus ponens, we have the following temporal

operator introduction rules where A is a formula:

A

Rul
( uel) next A

(Rule 2)

first A
We read these rules as follows: if A is true at all moments in time, then infer first
A and next A. Since both first and next are necessity operators, these rules
may be regarded as instances of the rule of necessitation from modal logic [HC68]
[Che80].

We will illustrate how these two rules can be used to prove the canonical ground
atom first next next next fib(2) from the temporal logic program that defines

the predicate fib. The program is given below.

first fib(0).
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first next fib(1).
next next fib(N) <- next fib(X), fib(Y), N is X+Y.

First, we apply Rule 2 and Rule 1 to the third clause, and obtain:
first(next(next next fib(N) <- next £ib(X), fib(Y), N is X+Y.))

Then by using the temporal axioms given in Chapter 3, the temporal operators

first and next are distributed over the temporal units in the clause.

(C1) first next next next fib(N) <-
first next next fib(X), first next fib(Y), first next N is X+Y.

Similarly, we apply Rule 1 to the third clause and obtain the following conditional

clause:

(C2) first next next fib(N) <-
first next fib(X), first fib(Y), first N is X+Y.

Now, since we have the first two unconditional clauses in the program, by substitu-
tion and modus ponens, we obtain from C2 the canonical ground atom first next
next fib(1). Using this result, again by substitution and modus ponens, we obtain
from C1 the canonical ground atom first next next next fib(2).

We also have the following temporal operator eliminati n rule:

first A next A
A

(Rule 3)

Rule 3 says “from first A and next A, infer A”. The correctness of these rules
can be easily established. A resolution-type proof procedure for Chronolog could be
based on these rules of inference. Then we conjecture that such a proof procedure

is sound and complete. However, we leave this problem open for further research.

]
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3.7 Discussion

Abadi and Manna of Stanford University [AMS87] have proposed a temporal logic
programming language, called Templog. We will show that the model-thcory of
temporal logic programming can be applied to Templog as well. Templog does nc*,
have an explicit initial time operator such as first, but it is richer than Chronolog,
and provides two temporal operators & and O as well as the next time operator ).
Read © as “sometime in the future,” and O as “from now on.” The semantics of &

and O are defined as follows.
o =1, OA iff =1, A for some z € w where t < z

o =1;0A iff =7, A forall 2 € wwheret <z

where I is a temporal interpretation and ¢ € w.

Baudinet [Bau88] [Bau89] has independently developed a model-theoretic seman-
tics for Templog programs based on the notion of a next-atom, i.e., atoms with only
next time operator O applied to them. There, a ground next-atom is considered as
a logical consequence of a given Templog program iff it follows from the program at
the initial moment in time, hence the temporal operator first is implicit in that
approach. Furthermore, in [Bau88] and [Bau89], it is shown that a Templog pro-
gram is true in a temporal interpretation I iff all strictly ground instances of every
program clause C' € P are true in I. This property can be used to establish the
connection between the two model-theoretical approaches.

In our terminology, a strictly ground instance of a program clause free of oper-
ators O and < is called a canonical ground instance based on canonizal temporal
ground atoms. Then all the results apply to Templog, once temporal Herbrand mod-
els of a Templog program P are characterised in terms of strictly ground instances
of program clauses that occur in P. Therefore, as conjectured in [OW88a] but not

proved, the theory extends to Templog. Note that in this case, the model-theory of
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Ternplog applies to Chronolog as well.

We are also considering an extension to Chronolog which employs the set of
integers Z as the set of possible worlds and another temporal operator pre to refer
to the previous moment in time. To define the semantics of formulas of the form
pre A, let R, = {< t,t —1 > [t € w} be the accessibility relation associated with

the temporal operator pre. Then we have that
o =ripre A iffforzll <t,s >E Ry, Fri-1 A

where I is a temporal interpretation and t € Z. Since R, is a single-valued relation,

namely the function At.t — 1, the semantics of pre can be simplified further.

® l=1,t preA iff ‘=I,t—-1 A

Note that pre 1s the inverse of next and therefore we have the following two axioms:
A9. pre nextA « A.

Ai0. next preA & A

Furthermore, pre shares all of the properties of next. For instance, pre is seli- dual
as well.

In order to give semantics to Chronelog programs witth negative time, we need
to modify the definitions of canonical ground atoms, temporal Herbrand base, and
temporal Herbrand interpretations. In this case, canonical temporal atoms are for-
mulas of the form first next®A and first pre’A where A is an atomic formula
and t > C. Then the theory readily extends to Chronolog with negative time.
This is fine, but what about the model-theoretical semantics of the 2-dimensional
and 3-din-ensional languages introduced in the beginning of this chapter? Avother
possibility is of course Chronolog extended with ¢ and 0O, and so on.

Then the question is “does th’s semantics based on canonical temporal ground

atoms apply to other temporal/intensional legic programming languages?” The
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answer is, in general, a firm “no”, because there is no guarantiee that we can always
find canonical intensional atoms whose meanings are fixed over, or independent of,
the elements of the set of possible worlds ar . yet in terms of which in.ensional
Herbrand models can be characterised. Thus we must explore general conditions
and constraints on intensional logic programming languages without referring to a
particular one such as Chronolog. However, the loss in generality of this approach

is n.ade up for its simplicity and a smoother theory.
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Chapter 4

Intensional Semantics

This chapter lays down the groundwork for a generalized model-theoretical investi-
gation of intensional logic programming. In the preceding chapter, we have defined
the semantics of inteusional operators by first stating the structure of the set of
possible worlds, and then by providing a satisfaction relation |= for each intensional
language. We have also employed Kripke-style semantics for some of the inten-
sional languages. In Kripke-style semantics for intensional logic, the semantics of
intensional operators are usually defined in terms of accessibility re.iations [Gol8T7].
From here on in the dissertation, we will employ a more general approach at-
tributed to Scott [Sco70] and Montague [MonT74], called neighborhood semantics,
vecause we would like our theory to be general enough to apply to intensional log-
ics for which a Kripke-style semantics is not possible. M + over, Scott-Montague
semantics will provide us with an abstract characterization of iutensional operators,
according to which intensional operators receive a denotation reflecting the math-
ematical properties of the intensional logic under discussion. In this chapter, we
will study several important properties of intensional operators which will be used
as semantic constraints on intensional logic programming languages. We will also

show how a language can be extended with extra intensional operators defined in
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terms of monotonic formulas of the language.

4.1 Semantics of Intensional Operators

Let IL denote the underlying intensional language of an intensional logic. The values
of formulas of IL vary with the w € U in a given intensional interpretation. Let
||A|[I denote the meaning of a formula A of the language given by the intensional
interprets.tion I. As A may have different values in I at different possible worlds,
IA||! is really a function, which, given a possible world iz ', returns the value of
A at that world. In order to make the values visible, we will write 0 for false and
1 for true. More formally, we conclude that ||A||! is an element of [if — 2] where
2 = {0,1}. Note that ||A]|l is also called an intension which gathers the values
(extensions) of A at all possible worlds. The intension ||Al|? can also be viewed as
a subset of U/, whose elements are all those possible worlds at which A is true in 7,
ie, |A|lf = {w € U| |=1w A}. Of course, we do not claim that every subset of I is
represenied by some formula. However, the reverse claim is made, i.e., each formula
represents a subset of U.

Note that [{f — 2], or equivalently P(U), together with the usual set operations
and a complementation operation relative to P(U), is a complete Boolean algebra
(CBA), denoted by < P(U),8,U,—,N,U >. We also have that P(U) is a complete

lattice denoted by < P(U), > whose elements are ordered by the subset relation
C.

Intensional operators take formulas as their arguments, and the denotations of
formulas are iutensions, which suggest< *hat the denotations of intensional operators
can be thought of as mappings from intensions to intensions. If {7 is a unary operator
of IL, its denotation must be a function, an element of [P(U) — P(U)] in the

underlying algebra, which is independent of intensional interpretations of IL. Then
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the definition of the satisfaction relation |= can be extended to assign meanings to

formulas of the form 57 A as follows.

1w VA iff w e |[v)I(1A4117)

In orher words, ||| is a function in the underlying algebra associated with the
symbol 7. One way of interpreting the condition w € ||7||(J|A||¥) is that w can
see all the worlds in the intension ||A||! through ||\7||. Moreover, in this approach,
there is no need to refer to the accessibility relation associated with 57 or even to
require that there is one.

in particular, the semantics of classical operators -, A and V correspond to
the complementation operation, intersection and union respectively. Let I be an

intensional interpretation and w € Y.
o Erw-A iff we -|A|f
s 1w AAB iff we ||Allfn|B|f
¢ =1, AV B iff wel||A|lfU||B|!

We will also use the symbo! ||-]| to refer to the complementation operation. The
usual definition of the implication operation is assumed, i.e., A = B =4,y "AV B.

In general, IL can be enriched with an extra n-ary operator, say 57, by letting
|| 7 || = © for some element © € [P(U)* — P(U)], and by extending the definition
of the satisfaction relation }= in order to give meanings to formulas of the form

V(Ao, ..., An—1). More formally,

Definition 4.1 Let 7 be an n-ary intensional operator where || 7 || € [P(U)* —
P(U)]. Then the semantics of the formulas of the form 7(Ay,...,An-1) are given

as
Frw V(Ao, ..., Ana) iff w € [ Aoll, .., | An-1llT)

for any intensional interpretation I and any w € Y.
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The denotations of O and ¢ lLiave the same logical type as ||—||; in other words,
both ||| and ||| are elements of [P(U) -+ P(U)]. We would also like to know how
these two functions operate, i.e., what kind of a transformafion they do on a given
intension. The definition of the satisfaction relation |= can be utilized to obtain the
functions ||0]| and ||| as follows. Consider the semantics of a formiula of the form
OA in the intensional interpretation I, i.e., |[CA|L = [[C|(|A|lY). T.et R be the

accessibility relation associated with O and ©. Then we have that

[OINAN) = {weld]| Erw A}
= {we€lU| =1, Afor some v € U where < w,v >€ R}
= {welU|v el Al for some v € U where < w,v >€ R}

We have that ||A]|f € P(U); then the definition of ||Of| can be obtained from the

above expression by lambda abstraction.

IO = AXA{w € U|v € ||A||f for some v € U where < w,v >¢ i}
= MX{weld|Xn{veld| <w,v>€ R} # 0}

The function ||O|| can be formed in a similar fashion. But we leave out the inter-

mediate steps.
Il =AX{wveldU|X2D2{veldl| <w,v>€ R}}

As for §5 modalities, since we take R = U x U in S5, the definitions of ||O|| and
Ol can be simplified further:

O]l = AX{w € U | X # 0}

o) =AX{weld | X =U}

We will now construct the denotations of the temporal operators first and
next, i.e., the functions ||first|| and ||next|| € [P(w) — P(w)]. Consider the

semantics of a formula of the form first A in a temporal interpretation I, i.e.,
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|first A||f = ||first||(J|A]l?). Then, from the definition of the satisfaction relation
|=, the function ||first|| € [P(w) — P(w)] can be obtained as follows:

I£izstl((All]) = {tew| krifirstA}
= {tew]| Fro A}
= {tewloc|Al'}

Since ||A||! is an arbitrary element of P(w), we can obtain the definition of the
function ||first|| from the above expression by lambda abstraction.

|[first|| = AX.{t € w]|0 € X}

which conforms to the semantics of first in terms of the satisfaction relation |=
given earlier.

Similarly, the function ||next|| € [P(w) — P(w)] can be formed as:

Inext||(JlAIIT) = {t€w]| k=rnext A}
= {tew]| Fra A}
= {tew|t+1e|A4]"}

Hence, by lambda, abstraction, the definition of ||next|| can be obtained as
[next|| = AX.{tew|t+1 € X}

Keep in mind that in temporal logic, the set of possible worlds is the set of natural

numbers w with ordering < so that we can refer to the elements of & explicitly.

4.1.1 Neighborhood Semantics

Scott [Sco70] gives the most general definition of semantics of unary intensional
operators in terms of what he calls “neighborhoods”. Here we will generalise his
definition to include functions with arbitrary arities. Suppose 7 is an n-ary in-

tensional operator of IL. Then ||| -~ 8 € [P(U)* — P(U)]. Associate with © an
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indexed family of subsets of P(U)" by the following: ©|, = {X € P(U)" |w € O(X)}
for each w € U. In other words, @}, consists of sets of neighborhoods of w with
respect to ©. Note that these neigborhoods of w do not necessarily contain w. Let
Ag, -+, An—1 be formulas of IL, I be an intensional interpretation of IL, and w € U.

Then the meaning of a formula of the form \7(Ao, - -+, An—1) at w in I can be defined

as follows.

Erw V(Ao Anmt) S < [lAolT,.. . | An-t |l >€ Olw

This approach is called neighborhood semantics and is, in fact, equivalent to the the
semantics of intensional operators given above.

Given an element © € [P(U)" — P(U)], we have described how to obtain the
corresponding indexed family of neighborhoods; we can go in the opposite direction
as well. Let {Vy}weu be an indexed family of neighborhoods where for all w € U,
Ny € P(P(U)"). Then an element © € [P(U)" — P(U)] that corresponds to the

family can be obtained as follows:
O= ) X{wel|XeN,)

Therefore, both of the approaches lead to the same semantics.
Consider the temporal operator first again. Then the correspondirg indexed

family for ||first|| can be defined as follows. For all ¢ € w,
(Ifirstl)le = {X € P(w) |t € [|first||(X)}
= {XePw)|0eX}

Here it is easy to check that the condition ¢ € ||first||(X) is simply equivalent to

the condition 0 € X. As for the temporal operator next, for all ¢ € w,

(lnextf)[e = {X € P(w)|t € |lnext||(X) }
= {XePWw)|t+leX}
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In the above examples, we used accessibility relatinns and the satisfaction rela-
tion }= to obtain the denotations of intensional operators in terms of algebraic and
neighborhood semantics. This by no means suggests that Kripke-style semantics is
equivalent to either of these two approaches. In fact, Kripke-style semantics based
on accessibility relations may be cast as neighborhood semantics, but not conversely
[vB84] [CheB0]. Chellas [Che80] gives an example of a formula valid in any Kripke-
style semantics, but not valid in general in neighborhood semantics. However, we
will not go into details here. A thorough discussion about the relative strengths of
different approaches to the semantics of intensional logic can be found in [Woj88].

In short, the sernantics of intensional operators given in this chapter start from
an abstract object, say an element @ of [P(U)" — P(U)], and then extends the
underlying language with a new symbol 57 by letting ||<7]| = ©. Therefore, in this
approach, there is no need to refer to any accessibility relation associated with <,
even if there is one. Furthermorz, it is far from obvious, if not impossible, how to
formalize the semantics of intensional operators with arbitrary arities in terms of

Kripke-style semantics.

An Abstract Characterisation of Intensional Logic

In either of the two approaches described above, an intensional logic can be char-
acterised as follows: we first provide a set of possible worlds /. Then we choose a
collection of functions in Upey,[P(U)" — P(U)] including the complementation op-
eration, intersection and union (or alternatively, a collection of families of neighbor-
hoods.) In other words, we define an algebra, in notation /4 =< P(U),0,U,IOP >
where TOP is a collection of functions over P(U). Then we associate symbols (in-
tensional operators) in the underlying language for the functions in IOP. The next
step is to define a satisfaction relation |= in terms of insensional interpretations in

order to assign meanings to all elements of the language.
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The underlying algebra together with the sa’isfaction relation = can be used to
characterise intensional logics as follows: if IL is an intensional logic based on the
algebra IA and the satisfaction relation |=, we will use the notation IAF to refer
to the logic. Sometimes we will also use the term IL to refer to the underlying
intensional language where no confusion may arise. There are also more general
algebraic approaches to the semantics of intensional logics [Woj88] [BS84]. However,

possible worlds, in general, are not a feature of algebraic semantics.

4.2 Properties of Intensional Operators

The above formulation of the denotations of intensional operators will enable us
to discuss general properties of intensional logics without referring to a particular
one. The mathematical properties of the intensional logic under discussion will be
reflected in the denotations of intensional operators of the logic. This section will dis-
cuss several important properties of intensional operators which will be used later to
impose semantic constraints on ILP systems. Throughout, we assume that IL = IAF
is an arbitrary intensional logic based on the algebra JA =< P(U),0,U, ... >. How-
ever, we would like IL to have certain properties in order to assure that intensional
logic programming languages based on I, share the properties of ordinary logic

programming.

4.2.1 Monotonicity

Our first requirement of an intensional operator of IL is that its denotation be
monotonic. This is hardly surprising, given that logic programming is based on
monotonic logic. Monotonicity property has nice implications which cannot be
dispensed with in intensional logic programming. It simply implies that if we know

more information about the argument of a function, we shall know ne less about




—

CHAPTER 4. INTENSIONAL SEMANTICS 66

the result. Note that monotonicity has been studied in various subjects in computer
science, including programming language semantics [Sto77).

We now define an ordering relation between the elements of P(U)" for any n € w
by the following: Let Xand Y € PU)*. We say that X <Y iff X; CY for all
i € n. In fact, P(U)" under < is a complete lattice with < U,U,...,U > as its top

element and < 0,0,...,0 > as its bottom element.

Definition 4.2 Let © € [P(U)* — P(U)]. We say that © is monotonic iff for all
X and ¥ € PU*, X <Y implies O(X) C O(Y).

The denotation of negation ||-|| is not monotonic. Indeed, given an element X of
P(U), ||| returns the complement of X with respect to U, i.e., || -]} = A X.(U — X).
It can be easily verified that the denotations of temporal operators first and next
are both monotonic, and so are those of modal operators O and <.

One immediate consequence of monoctonicity in the neighborhood semantics is
formulated by the following lemma. It states that, for a given n-ary monotonic
function O, the neighborhoods of any w € U with respect to O, is closed under <
relation (or supplemented in the terminology of Chellas [Che80]).

Lemma 4.1 Let © € [P(U)® — P(U)]. © is monotonic iff for all w € U and for
all X € P{U)*, X € O, implies for dl X <Y € PU)", ¥ € O)o.

Proof. Straightforward. -

4.2.2 TUniversality

The monoienicity property rules out many functions in U, [P(U)* — P(U)] as
potential intensional operators, but what is left still contains some undesirable func-
tions. For instance, suppose start is a unary temporal operator of the temporal

logic of Chronolog. The semantics of start is given as |=7¢ start A iff t = 0 and
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v € ||A||f. It basically says that the time is 0 and A is true. We will form the
function |start| € [P(w) — P(w)] as follows:

|start||(J|AllF) = {tew]| k1 startA)
= {tew|t=0and0 € |A|'}
{oj0e]lal"}

i

Thus, by lambda abstraction, we obtain the definition of ||start|| as
|start|| = AX.{0]0 € X}

which, given an element of P(¥{), returns either § or {0}. The problem: with this
operator is that any formula of the form start A does not have any intensional
(temporal) models; therefore for any intensional (temporal) interpretation I, [
start A.

We need a property which will state that if <7 is an operator of IL whose
denotation has the property, then any formula of the form 7A is guaranteed to
have an intensional model. Monotonicity alone is not sufficient for that purpose,
since we know that ||start|| is already monotonic, but still an undesirable function.

Below is the formal definition of the property of universality.

Definition 4.3 Let © € [P(U)* — P(U)]. We say that © is unwersal iff for some
X e PUy, 6(X) =U.

Clearly ||start|| is not universal, because for any X € P(w), we have ||start||(X) =
{0} or 0. Since ||first||({0}) = w, ||first|| is an example of universal functions.
Universality condition also guarantees that the family of neighborhoods of ©

associated with any w € U is not empty.

Lemma 4.2 Let © € [P(U)" — P(U)]. If © is universal, then Oly # O for all
wEU.
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Proof. Trivial. -

Consider n¢gation again: |- is not monotonic, but universal, since ||-||(}) =
U. On the other hand, ||=||(U) = 0; therefore ||-|| does not turn universal truth
into universal truth. Let ® € [P(U)* — P(U)]. When O is both universal and
monotonic, we can obtain a stronger condition which says © turns universal truth

into universal truth, for instance, the functions ||first|| and ||next|.

Lemma 4.3 Let © € [P(U)* — P(U)] and U =< U,U,...,U >. If O is universal
and monotonic, then G)(lj) =U,ie,UEc @l forallw € U.

Proof. Since O is universal, for some X € P(U)", O(X) = U. Thus O(T) = U by

the monotonicity of O. -

4.2.3 Conjunctivity

We have given an axiom related to the temporal operator first that states that

first can be distributed over conjunction and initial truths can be conjoined.
A3. first(AA B) < (first AA first B)

We need to encapsulate this property, but at a more general and semantic level.
Van Benthem [vB84] has introduced a similar notion of conjunctivity related to the
necessity operator O to study the conditions under which a neighborhood semantics
may be replaced by a standard Kripke-style semantics; but this is beyond the scope
of this dissertation. Therefore the focus will be the consequences of conjunctivity
within intensional logic programming,.

Let X and ¥ € P(U)*. We define XNY =< XoNY5,...,Xp-1 N Yoy >
and X UY =< XoUYp,..., Xuo1UYq1 >. These operations naturally extend to
arbitrary elements of P(P(U)")). Below is the formal definition of the property of

conjunctivity.
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Definition 4.4 Let O € [P(U)* — P(U)]. We say that © is conjunctive iff for all
{Xa € P(u)n}aesz @(ﬂaes Xa) = Naes @(Xa)-

Conjunctivity relates to, or can be broken into, two properties: monotonicity,
and another property with a striking consequence in the neighborhood semantics.
Recall that for any t € w, (||first]|)|: = {X € P(w) |0 € X}, or equivalently
(Ifirst|])|s = {X € P(w) | {0} C X}. Then it can be shown that {0} is the least
element in (||first||)|+, and, in fact, is the intersection of all elements of (||first])| .

This intersective property is what we are after:

Lemma 4.4 Let © € [P(U)* — P(U)]. © is conjunctive iff © is monolonic and

for all w € U, Ol, # 0 implies O|y, is closed under intersection.

Proof. Suppose O is conjunctive. For any X and ¥ € P, if X<v (or
XnY = X), then ©(X) = O(X)NO(Y) by the conjunctivity of ©, which means
O(X) C O(Y). Therefore O is monotonic. Now pick any w € U with ©],, nonempty.
To show O}y, is closed under intersection, first let { X4 }aes be any subset of O],.
Then foralla € §, w € G(Xa), which implies w € Nyes @()—fa) and hence w €
0(Naes Xa) by the conjunctivity of ©. Therefore Naes Xa € Oluw-

Conversely, suppose © is monotonic and for all w € U, Oly, F @ implics
Oly is closed under intersection. Consider any subset of Oy {Xa € Olu}aes;
then for any a € S, O(Nues X«) € O(X4) by the monotonicity of @. Thus
O(Naes Xa) € Naes ©(Xy) which is the first half of the conjunctivity of ©. Now
for all w € Naes @()_(‘a), for all a € S, X, is in ©|y,. Therefore Nyeg X, is in
O|w as ~ 1, because O, is closed under intersection, which in turn implies that
w € O(Naes Xa), i.e., O(Nues Xa) 2 Naes 9()—\;0,). Hence we have thal © is con-
junctive. -

We will show that the denotation of the S5 possibility operator ||| is monotonic,

but not conjunctive. Consider the indexed family of subsets of P(U) associated with
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I, ie., for all w € Y,

(ol = {X € P@U)jw e [](X)}
= {X e PU)| X #0)

Then for any w € U, (||O||)|w is not closed under intersection, since, for instance,
the intersection of two different singletons in P(U) is the emptyset and the emptyset
is not an element of (J|¢))|w. The denotation of the S5 necessity operator ||O|f is

conjunctive and, in fact, for any w € ¥, (||0]|)|w = {U}-

4.2.4 Finitariness

Let 7 be a unary intensional operator of the language. Then the value of a formula
of the form 7A at a given world w may depend on the values of A at a set of
worlr 3, possibly including w. If this set happens to be infinite, any machinery to
prove \7 A at w may fail to terminate because of the need to prove A at all worlds in
the set. Therefore, for computability reasons, another property is necessary to filter
out such kind of intensional operators. Yaghi [Yag84] invesigated a similer property
for the operators of dataflow language i.ucid [AW76); Fitting [Fit87] applied the
same notion to modular logic programming.

We say that X € P (U)" is finite iff for all ¢ € n, X; is finite. Below is the formal

d:finition of finitariness (called compactness in Fitting’s work.)

Definition 4.5 Let © € [P(U)* — P(U)]. We say that € is finitary iff for all
X e P(U and for allw € U, w € O(X) implies w € O(S) for some finite § < X.

Intuitively, this definition means tiat we can verify that w € ©(X) by referring
only to a fimte subset of x; therefore a finite amount of information is sufficient.
For instance, consider ||first|l and ||next||. Let t € w and X € P(w). If t €
lifirst||(X), then {0} C X and ¢t € |first||({0}). Tt follows that ||first|| is
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finitazy. Similarly, if i € |lnext||(X), then {t + 1} C X ard t € ||next||({t + 1}),
and therefore ||next|| is finitary as well.

As for ||O)], if w € ||O}|(X) where w € U and X &€ P(U). then X must be
equal to U, thus ||0]] is not finitary. But ||O|| is finitary, since »» € ||CJ|(X) implies
that X # 0 and therefore for any z € X, w € ||O||({z}). Finitariness has some

implications for the neighbnrhood semantics

Lemma 4.5 Let © € [P(U)* — P(U)]. Suppose © is finitary. Then for all w € U
and for all X e P(U), X e Olw tmplies there ezvists a finite § < X such that
S € 0.

Proof. Straightforward. -1

The lemma ..'<o implies thai the minimal elements of any famil, of neighborhoods
of a finitary © are finite.

When @ is conjunctive, finitariness can also be expressed as follows: © is finitary
iff O]y # 0 implies NG|, is finite for all w € U. MNote that since 0|y, is closed under
intersection, N9|,, is the minimum element in O}, for which w € ©(NO|,). In
other words, NGB/, is the least neighborhood of w with respect to ©, therefore we

can verify that w € O(X) if NO], < X.

4.2.5 Continuity

Finitariness combined with monotonicity leads to another desirable and strong prop-
erty of functions which has been discussed in programming language semantics under
the name of continuity [Sto77|. In intensional sernantics, we will adopt the following

definition of continuity,

Definition 4.6 Let © € [P(U)" — P(U)]. We say tha' © is continuous iff for all
chains < Xy >new over PU, Upeo®(X,) = O(UnewXn).
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{Jiven monotonicity, finitarines is associated with continuity. We state the fol-
lowing theorem whose proof is adapted from that of an analogous theorem given by

Yaghi [Yag84] for temporal operators of dataflow language Lucid [WA85].

Theorem 4.6 Let © € [P(U)* — P(U)]. Then O is continuous iff it it -.onotonic

and finilary.

Proof. We first show that if © is continuous, then it is monotonic and finitary.
Consider any X and Y € P(U)" such that X < 7, ie., <.%,¥Y > is a chain. Then
B(X)UB(Y) = B(X UY) by continuity of ©. Since we have that X UY = ¥,
9(X yuey V) = O(Y). Therefore O(X) C O(Y), that is, & » monotonic. Now sup-
pose O is non-finitary. Lel X =< {wd,wd, wd,...},..., {wd! ywi =l il >
" be an elelement of D[, for any w € U with no finite g < X in O|w, and con-
struct an w-chain < C-}",' >icw of finite elements of P(U)™ such that U,’ewC-"g =
¥ < Ci >iew=<< 0,...,0 > < {wd},...,0 >,< {wih{wi},...,0 >,...,<
{ul}, {wi}, .., {wp~'} >, < {wd,wl}, {wd},:..,{wdi '} >,...>. Since all ;s in
the chain are finite, we have that w ¢ ©9{(C;) for any i € w. Then w ¢ U;ew©(C;)
but w € (—)(Ugew(:".'), which contrauicts that © is continuous. Thus © is finitary.
Conversely, suppose that © is monotonic and finitary. Let < }-fo, >ac] be
an upwards chain of elemcnts uver P(U)*. Let lub(< Xy >acs) = UscaXa.
Taen for all @ € I, X, C UqerXeq, which implies that for all o € I, €(X,) C
(—)(UQEI}?Q) by mountonicity of @. Thus UaeI@(X:a) C O(Uaer Xa ). Now suppose
that Uo,e]@(}-{" ) C O(pe 1 Xy ), that is, © is discontinuous. Then for some w € U,
w ¢ Umc](.)( )y but w e B(U aEI}ta) Therefore for all a € I, w ¢ @( a). Since
© is finitary and w € G(U,,.EIX&), wE @(S) for somc finite § < (UaeI-Xa)- Now
it must be case that § < X, for some o € I, because § is finite. Then by mono-
tonicity of @, €(5) € 6(X,), which in turn iniplies that w € ©(X,) as well, a clear
contradiction. Hence UQGIG()?O,) = 6 UGGIX(,), that i, © is continuous. -
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Consider the S5 necessity operator O. Recal that ||C|| = AX.{w € U | X =U}.
Since ||O]| is not finitary, it fails to be continuous. Indeed, ||0|| does not satisfy the
definition of continuity. Let < Cn >new=< 0, {wo}, {wo, w1}, {wo,w1,w2},... > be
an w-chain of elements of P(U) where Uye,Cy = U. For any n € w, 1al(Ca) = 6.
Then ||0]|(UngwCr) = U, but Upeo||B]|(Cr) = 0.

4.3 Mormnotonic Formulas

It is a common practice in logic that new operators are introduced in a language by
considering formulas of the language as the definitions of operators. We can pick a
formula of the language in n-distinct propositional variables, and treat it as the defin-
ing formula of an n-ary operator. Here propositional variables are just place-holders
for formulas. For instance, disjunction (V) can be defined in terms of ccnjunction
and negation, i.e., AV B =4¢5 =(—=A A —~B). Similarly, the possibility operator &
can be defined as OA =4, “0-A. As an alternative, we could directly extend
the underlying language with extra (intensional) operators. In the first case, the
denotation of a defined intensionz! operator can be obtained from the denotations
of those operators used in the definition. In the second case, we explicitly specify
the denotations of extra intensional operators as elements of U, ¢, [P(U)" — P(U)].
In this section, we will focus on the first approach.

Consider the temporal logic of Chronolog and a formula of the form first Ay V
(A1 A next next A1) where Ag and A; are distinct propositional vaiiables, i.e.,
place-holders for formulas. Then a new binary intensional operator, say 7, can be

defined as follows.
(Ao, A1) =dey first AgV (A1 A next next A)

Then any formula of the form 7(By, B1) would be regarded as a formula obtained
from the definition of 7 by substituting By for Ap and B; for A;. Here the deno-
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tation of 7 can be obtained from the definition as
IVI(X,Y) = [first](X) U (Y N |lnext| o ||next||(Y))

with the obvious interpretations of U and N. The symbol o represents the function
composition operation. We will consider, as defining formulas for new operators,
monotonic formulas in one or more propositional variable. A monotonic forraula
contains only those intensional operators whose denotations are monotocic, and
atomic formulas. Monotonic formulas with .3 propositional variables correspond to
n-ary monotonic functions.

The properties of functions involved in the definitions of new functions such as
Il are preserved under certain restrictions. For instance, we would like to know
whether or not ||7|| is monotonic. The following lemma answers the question as to

which properties are closed under function composition.

Lemma 4.7 Monotonicity, conjunctivity and finitariness are closed undcr compo-

sition.

Proof. We will prove only the second part of the lemma. Let O be a composed
function over P(U). We will show by induction on the structure of © that © is
conjunctive

Basis case: O is conjunctive when it is of the form O(X) =g, i ‘II(I_;') where ¥
1s a conjunctive m-ary function and each Yj is equal to some X;.

Inductive case: O is of the form @(Z) =gef ¥(Xo,-. ., (I)()_}), «vsy Xg—1) where
U and ® are conjunctive functions of arities & and m respectively. Furthermore,

each X; or Yj is equal to some Z;. Pick any Z and Z € PU)*,

o(ZnZy = WXonX,,...,8Fn?),. .., Xi1 N X;,)
= ¥(XoNXp,...,8(H)N&F),..., Xee1 N X;_,)
= U(Xo,...,®(Y),..., Xpe1) N U(Xp, ..., 8(F),..., X1_y)
= o(Z)neZ)
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that is, © is conjunctive. -

However, universality is not closed under composition. Consider the function
|=]l © © where © = AX.U. We have that both ||| and © are universal, because
I=1(9) = U and O(X) = U for any subset X of U. But ||~|| o € is clearly not
universal. In fact, for any subset X of U, ||=|| 0 O(X) = 0.

The following lemma states that universality is preserved for functions composed

out of universal and monotonic functions.
Lemma 4.8 Given monotonicity, universality is closed under composition.

Proof. Lat © be a composed function over P(U) and U =< U,U,...,U >. Then
it can be shown that, by lemma 4.3, ©(0) = U. Therefore O is universal. -

In summary, at the semantic level, monotonic formulas with n distinct proposi-
tional variables correspond to n-ary monotonic functions in the underlying algebra.
We can p° :a monotonic formula of IL and treat it as the definition of a new in-
teusional operator 17, and still remain within the underlying logic. In the example
given above, the semantics of formulas of the form 7(|| Bol, || Bi1l|) can be defined

as follows. We have that =14, 7 (Bo, B1)

iff w € |Vl Boll, | B1ll)
iff w € [[£irst]|(]|Boll’) U (I1Ball* N ||mext]| o [lnext|| (]| B1] ")

where I be an intensional interpretation and w € Y. This is to manif ~t that any
formula of the form wy(Bo, B1) refers to th- defining formula of 7 with Ag and
A1 sunstitited by By and B; respectively. Note that in this approach, we do not
gain - av increase in the expressive power of the underlying logic. Segerberg [Seg82]

presents a thorough discussion on this topic.
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Chapter 5

Models of Intensional Logic

Programs

In this chapter, we will develop a generalise¢ "nodel theory for intensional logic pro-
grams in terms of minimum intensional Herbrand models, along the lines of [VEKT76]
[Llo84]. We shall not focus on any particular language such as those defined ear-
lier. Instead, several essential constraints will be imposed on intensional operators
available in the language so that the results will remain valid regardless of what the
language offers. From here on, unless otherwise stated, we assume that all (inten-
sional) operators that can be used in intensional logic programs have the properties
formulated in the previous chapter. In other words, if ||/|| is an (intensional) cper-
ator of the logic, its denotation is assumed to be universal, monotonic, conjunctive
and finitary.

In the following, we will first extend the formal defirition of intensional logic pro-
grams, and then develop the model-theoretic semantics of intensional logic programs
in terms of intensional Herbrand interpretations. The fixpoint characterisation of
{be minimum intensional Herbrand model of an intensional logic program will be

provided as well. We will justify why the properties monotonicity, universality, fini-
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tariness and conjunctivity are needed, and demonstrate how they can affect the
underlying theory. We will also show that the theory can be applied to a number of

intensional languages, including the ones described in the dissertation.

5.1 Intensional Logic Programs Revisited

The intensional logic under discussion will be denoted by IL = IAF based on the
algebra JA as defined in the previous chapter. We have defined intensional logic
programs as a set of intensional program clauses. The basic building blocks in an
intensional logic program are now monotonic formulas, which we will call intensional
units in this context. In the previous chapter, we have shown that monotonic foi-
mulas with n distinct propositional variables can be considered as the definitions of
new intensional operators. Then intensional units that appear in the programs may
be regarded as the applications of such defined operators to some other intensional
units, i.e., if A is an intensional unit with n distinct atomic formulas, then A is of
the form v/(Ao,..., An—1) and we have that ||7]| € [P(U)" — P(U)].

The following discussion will be based on this approach, because, under the light
of lemmas 4.7 and 4.8 (stating the properties of intensional operators are closed
under composition), it makes no difference from a model-theoretical point of view,
and furthermore we will have a much smoother theory. Recall that all variables in
intensional Horn clauses are assumed to be universally quantified. For instance, the

following is an intensional (temporal) program clause:
first p(X,Y) « next (q(X) V first q(Y))
or equivalently,
first p(X,Y) « y(q(X),q(Y))

where (A, B) =45 next(A V first B) for distinct prepositional variables A and

B. We have that ||7|| is monotonic, universal and finitary by lemmas 4.7 and 4.8.
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We are interested in those interpretations of an intensional logic program which
makes the program true at all worlds in &/{. We understand an intensional logic pro-
gram P in terms of intensional interpretations as follows: P is true in an intensional
interpretation I iff all clauses in P are true in I. A clause is true in I iff it is true

at all worlds in I{. We can now elaborate what a model of P means.

Definition 5.1 Let I be an intensional interpretation of IL. Then I is a model of
P iff I is a model for each clause C € P, that is, =1 P iff for all C € P, =1 C.

5.2 Intensional Herbrand Interpretations

We will now study intensiorzl Herbrand interpretations. We call ground atomic
formulas intensional ground atoms. The meaning of an intensional ground atom in
an intensional interpretation I is an intension, that is, a function in {{{ — 2] or
equivalently an element of P({{), whereas the meaning of a ground atom in classical
Horn logic is simply 0 or 1 in an interpretation. Here the definitions of intensional
Herbrand universe and base of an intensional logic program P coincide with those
of logic programming given earlier (definitions 2.13 and 2.14.) Now the intensional
Herbrand base Bp is the set of all intensional ground atoms which can be constructed
out of predicate symbols that appear in P with ground terms in Up as arguments.

Intensional Herbrand interpretations of P have Up as their domain. In general,
a set-theoretic representation of an intensional Herbrand interpretation of 7 is not
possible, because we cannot depend on the existence of canonical intensional ground
atoms as we did for temporal logic programming, and furthermore there is no guar-
antee that they even exist for an arbitrary language. However, as the domain of
an intensional Herbrand interpretation I is the Herbrand universe Up and for all

e € Up, I(e) = e, I can be identified with a function H which assigns to each
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intensional ground atom p(eg, ...,en—1) € Bp an element of P() by the following.
< €n,...,en1 >€ I(p)(w) iff w € ||p(eo,-..,en-1)||¥

In fact, H is just an &l 'ment of [Bp — P(U))].

We say that H is a model of P, in notation =g P, iffl =1 P for any I corre-
sponding to H. From here on, we will use these two dual notions of an intensional
Herbrand interpretation interchangeably. Given k= semantics of the formulas of
IL, the notion of intension naturally extends to all formulas of IL. We also assume
that the semantics of intensional operators are naturally embedded in H, i.e., the
function that corresponds to I. We also say that a clause is true in an intensional
Herbrand interpretation I iff all of its ground instances are true in I al all possible
worlds in . This is implied by the semantics of the universal quantificr V and the
fact that I(e) = e for all e € Bp. Suppose C = A « By, By,...,Bp—1 is such a
ground instance. Then it is clear that C is true in I, i.e., I is a model of C, iff
AT 2 Nieal| BillT-

Since intensional Herbrand interpretations can no longer be treated as subsets

! Bp, we shall define an ordering relation and two operations on intensional Her-
brand interpretations which are analogous to set inclusion, intersection and union
respectively. Let F(P) denote the set of intensional Herbrand interpretations of a

given intensional logic program P.

Definition 5.2 Let P be an intensional logic program. We define I © J iff ||A]|T C
| AllY for all A € Bp for any I and J € F(P).

For a given intensional logic program P, the least upper bound (lub) of any
family M of intensional Herbrand interpretations is UM, and the greatest lower

bound (glb) MM, both of which are defined by the following:

Definition 5.3 Let P be an intensional logic program and M = {Is}aes a family

of intensional Herbrand interpretations of P.
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(a) M-intersection : MM =g.5 MNaesla i3 an intensional Herbrand interpretation of

P where ||A||™ = Nyes||Al|f> for all A € Bp.

(b) U-union : UM =4.5 Uaesly 5 ar intensional Herbrand interpretation of P
where || A||"M = Uyes||Al|%e for all A € Bp.

In summary, the ordering relaticn C defines a partial order on the intensional
Herbrand interpretations of a given intensional (Horn) logic program P, as does
the set inclusion on Herbrand interpretations of a given Horn logic program. In
fact, the family of all intensional Herbrand interpretations of P is a complete lattice
under the partial order of C. The topmost element of the lattice is the intensional
Herbrand interpretation Hp = WF(P) defined by the following: for all A € Byp,
|A||#P = U. The bottommost element Hy = MF(P) of the lattice can be defined
in a similar way : for all A € Byp, ||A”H0 = {. In fact, F(P) is a complete Boolean
algebra induced by the complete Boolean algebra of P(X).

The following two lemmas justify the claim that intensional Herbrand interpre-
tations are sufficient for proving the unsatisfiability of a set of intensional Ilorn

clauses.

Lemma 5.1 Let § be a set of intensional Horn clauses and suppose S has an in-

tensional model. Then S has an intensional Herbrand model.

Proof. Let I be an intensional interpretation of §. Then the corresponding inten-
sional Herbrand interpratation I'y can be defined as follows : The domain D of Iy
is Us, and for all p(eo, -..,en—1) € Bs and for all w € U, w € ||p(eo, .. .,en1)||'H
whenever < I(eg), ..., [(eq—1) >€ I(p)(w). Clearly if I is a model of S, so is Ig. i

Lemma 5.2 Let P be an intensional logic program and A be an intensional unit
where all the atomic formulas that appear in A are in Bp. Then P U {-A} is
unsatisfiable in any intensional model of P iff no intensicnal Herbrand model of P

satisfies P U {—A}.
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Proof. If P U {—-A} is satisfiable in some intensional model I of P, then for some
w €U, =rw PU{~A}. By lemma 5.1, a construction from I to the corresponding

intensional Herbrand model H can be given.

5.3 Model-Theoretical Semantics

In this section, a minimum model semantics for intensional logic programs will be
developed. We will first show that every intensional logic program has a model
which is the topmost element in the lattice of the family of intensional Herbrand
interpretations, therefore the set of models of any program is non-empty. In other
words, intensional logic programs are consistent. Then we will show that the model
M-intersection of the family of intensicual Herbrand models of a given program P
characterises the declarative semantics of P.

We now prove the existence of models of intensional logic programs. The fol-
lowing lemma can not be proved if we drop the restriction that the denotations of
operators be universal and monotonic. Recall that, for any X and Y CU, X C Y]
implies ||-1{X) 2 ||=||(Y), where ||-]] = AX.(U — X). But ||-|| is universal, since
I|=]1(8) = U. If any such operator is used in the head of any clause of an intensional

logic program P, the program, in general, may not even be consistent.

Lemma 5.3 Let Hp be an intensional Herbrand inlerpretialion of an intensional
logic program P where for all A € Bp, |A||fP = U. Then Hp is a model of P, i.e.,
Fup P.

Proof. Consider any ground instance A « By, Bi,..., By« of arv clause in
P. Here A is an intensional unit of the form 7(Ay,...,An—1) where ||| €
[P(U)* —» P(U)]. We have that ||7|| is universal and monotonic by lemmas 4.7
ard 4.8. We also know that for any F € Bp, ||F||#P = U by construction, there-
fore [ V(Ao, .., An-1) 7P = |V (14|77, ..., | An-11"P) = | ZI(T). Then by
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lemma 4.3, |[7|[(U) = #{, therefore Hp must be a model of the ground instance.
Thus = Hp A « By, By,...,Bmn—) for any ground instance of any clause in P, which
implies that |= Hp P A

The lemma given above is not valid for the following single line program as

we know that ||start| is not universal: P = { start p « }. In fact, P has no
intensional Herbrand models. The restrictions iniposed upon intensional operators

will prevent these kind of anomalies.

The Model -intersection Property

We will show that conjunctivity is related to the model intersection property. The
following lemma establishes that the M-intersection of a family of intensional Her-
brand models of any intensional unit A interpreted as the defining formula of an
intensional operator ¥/ is also a model, previding ||7|| = © is conjunctive. Recall
from the neighborhood semantics that €|y, = {X € P(U)" |w € O(X) }. Let P be

an intensional logic program.

Lemma 5.4 Let A; € Bp for alli € n and 57 be an n-ary intensional operator with
7]l = © universal and conjunctive. Let M = {I}aecs be a family of intensional

Herbrand models of 7(Ao, ..., An—1), that is, for all I, € M, =1, (A0y. .., An—1).
Then E=npr V(Ao -y Anai).
Proof. We will outline the proof. Since © is universal and conjunctive, for all
w € U, Oly # 0 by lemma 4.3 and NO|, € O|y by lemma 4.4. Given for any
w € U and for any I, € M, < ||Agl|*®,...,||Ar-1]|"* >€ O], we have that <
Ao]|™M, .. | An—tl™ >=< NaesllAol|®e, ..., Nacs||An-1]7® >€ Oly, because
0|y is closed under intersection by lemma 4.4. But this means that MM is a model
as well. -

The family of models of a formula of the form ©A is not closed under the M-

intersection where ¢ is the S5 possibility operator. Indeed, take all models which
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assign a different singleton set to A, then the denotation of A in the M-intersection

is the emptyset therefore & A is false. We state the following corollary to lemma 5.4.

Corollary 5.5 Let A; € Bp for allt € n and 7 be an n-ary intensional operator
with ||7|| = © universal and conjunctive. Let M = {I| =1, (Ao, -, An=1) }aes
be the family of intensional Herbrand models of 7(Ag,..., An—1). Then NM =4
Naesla € M. Moreover < ||A0][nM, ey |An=1|™ > is equal to Uyey N Olw.

Proof. The first part of the corollary follows from lemma 5.4. As regards the second

part of the lemma, we have that

Uweu N elw << naES“AUIIIaa sy ﬂaES“An-—IHIa >

since Uyey N Oy is the least element in ©|,. Moreover, one of the models of
V(Ao, ..., An—1) must assign to each A; X; from < Xy, ..., Xp—1 >= Uyey N O|y.
Thus we have the inclusion relation < in the opposite direction as well. -

We next show that the model intersection property smoothly extends to a family
of intensional Herbrand models of an intensional logic program in which no operator
whose denotation is non-universal or non-conjunctive appears in the head of any

clause.

Lemma 5.6 Let P be an intensional logic program and M = {I,}qes be a non-
empty family of intensional Herbrand models of P. Then MM is an intensional
Herbrand model of P, i.e., =ny P.

Proof. Suppose MM is not a model of P. Then there is a ground instance of an
intensional clause in P of the form A «+ By,..., Bn—1 which is false in MM at some
w € Y. That means all B;’s are true, but A is false in MM at w. Since all B;’s are
true at w in MM and all the intensional operators in B;’s have the monotonicity
property, it must be the case that all B;’s are true at w in all I, € M. This implies
that A must be true at w in all I, € M. Therefore A is true in MM at w by lemma
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5.4, which is a contradiction to the asgumptinn that MM is not a model of P. Thus
MM is a model of P. 4

Let P = {O p «} be an intensional logic program where < is the possibility
operator. It can be verified that the model MN-intersection pizperty does not hold

for P, since lemrr 5.4 no lenger applies.

The Minimum Intensional Herbrand Model

The following theorem states that there is a model of an intensional logic program
called the minimum intensional Herbrand model, whick, as far as declarative se-

mantics is concer: :d, is all we need to know about the program.

Theorem 5.7 FEvery inteusional logic prosram P has a C-minimum intensional
Herbrand model Mp, which is the model M-intersection of all intensional Heryrand

models of P.

Proof. Let F(P) = {Ia| 1o P}aes be the family of all intensional Herbrand
models of P. Then F(P) is non-empty by lemma 5.3. Therefore Mp =4, NF(P)
3 the minimum model of P by lemma 5.6. -

The theorem given below states that an intensional unit $7{Ao,...,Ap—1) is a
logical consequence of an intensional logic program P at a given world w € U iff
w € ||V(4o,-- -, An—1)||MP and FEMp,w P at any world w € U. As far as the
following theorem is concerned, we do not have to impose any restrictions on 7,
but again for computability reasons, |7|| should be monotonic and finitary, but

does not have to be universal or conjunctive.

Theorem 5.8 Let P be an intensional logic program and A; € Bp for all : € n.
Then 7(Ao,--.,An-1) is a logical consequence of P at any w € U iff P =pip,u
V(AO, ey A,‘;_..]).
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Proof. 7(Aq,...,As-1) is logical consequence of P at the w € U

i P U {~(Ao,.. ., An_1)} is unsatisfiable at w in any intensional model of

iff no intensional Herbrand modei of P satisfies P U {-~y(Ao,...,An-1)}
at w by lemma 5.2

iff P¥rw v (Aog,...,An=1) for all intensional Herbrand models I of P

iff P l=rw V(Ao,...,An_1) for all intensional Herbrand models I of P

iff P l=Mp,w v (Ao, ..., An_1) by theorem 5.7.

5.4 The Fixpoint Semantics

The ﬁxpoint theory of Horn logic programs can be modified for further extrnsions
of the theory of intensional logic programs as well. The continuous mapping T'p
originally given in [VEKT76] provides the basis for fixpoint semantics and *herefore
establishes the connection between the model-theoretic and operational semantics
of Horn logic programs. The major result of the fixpoint theory of logic programs
is that Ifp(Tp) = Tp T w = Mp. Baudinet [Bau88] [Bau89] shows that the model-
theoretic and fixpoint semantics of Templog [AM87] programs coincide. Fitting
[Fit88] and Blair [B*88] provide fixpoint semantics for multiple-valued logic pro-
gramming schemes. We will provide a general result for intensional logic program-
ming. Recall that only those (intensional) operators whose denotations are niniversal,

monotonic, conjunctive and finitary are allowed in intensional logic programs.

The Mapping 1p

Let P be an intensional logic program. Recall that F(P) denotes the family of
intensional Herbrand interpretations of P. Then T'p, which is the one step modus
ponens function for intensional logic programs, is defined as follows. Let H be an

intensional Herbrand interpretation of P. Let T'p € [F(P) — F(P)] where we want
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Tp(H) to be an intensional Herbrand interpretation satisfying the model-theoretical

condition given below:
w e ||JA|TPH) if we | Bi||2 for alli € n

where A « By,...,Byp_1 is a ground instance of sr.me intensional program clause in
P. However, this condition does not explicitly specify what the intensions assigned
to the ground intensional atoms in Bp should be.

Let us reflect. The major problem in defining T is that intensional operators
may appear in the heads of program clauses in P. Then A is possibly an intensional

unit of the form 7(Apo, ..., Am—1) where each A; € Bp. Then T'p(H) actually reads

as follows :

w € |

7(Avy -y Am—1)||PPE) iff w € ||Bi]|H for all : € n

We must elaborate what Tp(H) assigns to each A;. In case ¥/ is the empty sequence
and m = 1, we have that ||7]] = AX.X. Let @ = ||| and S = {w e U |w €
|Bi||Z for alli € n}. Under the assumption that © is universal and conjunctive
and hence monotonic, we have that ||A;|TPH) = Uyes(NOlw); for all i € m, so
that w € ||A||TPE) for all w € S. If A;’s appear in the head of any other ground
instances, the intension assigned to each A; is the union of all the intensions induced
by each ground instance. Without monotonicity, the condition cannot be satisfied
in general.

For any given conjunctive O, for all w € U, we call NO|y the cluster of Ol
which is the least element in ©|,. In other words, any element of ©|, other than
its cluster may contain unnecessary worlds which are not really required to assure
that w is included in the output of the function. Then the following is the formal

definition of the mapping T'p respecting clusters.

Definition 5.4 Let P be an intensional logic program and H be an intensional Her-

brand interpretation of P. Then Tp(H) is an intensional Herbrand interpretation



file:////Bi/f
file:////Bi/l1*

CHAPTER 5. MODELS OF INTENSIONAL LOGIC PROGRAMS 87

defined as follows: for all A € Bp,

”A”T'P(H) = { X; I V(Au, ‘e .A,‘..l, A, Ai+17 oo ,Am—l) — Bo, ey Bp—
is e ground tnstance of a clause in P and for some w €U,

w € Ngen||Bill¥ and < Xo, ..., Xm—1 >=0(||V|llw) }

If |||l = © is not conjunctive, then the cluster of |, for some w € ¥ is not an
element of O|,. Consider the following intensional logic program: P = {< p «}.
Let Hy denote NF(P). We have that for all A € Bp, ||Al|Z¢ = 0 and N(||<|w) = 0
for all w € U. Then Tp(Hy) = Hy, which means that Hy is a fixpoint of T'p, indeed,
the least one, and yes it is not a model of P! Similar anomalies occur when ||7|| is

not universal or not monotonic.

Properties of Tp

The mapping T’p shares the properties of that of ordinary logic programs defined
in [VEK76] and [L10o84], and those of multiple-valued schemes of Fitting [Fit88] and
Blair [B*88], provided that all the constraints are met. We will first prove that
Tp is continuous. Let P be an intensional logic program in which all intensional

operators have the desired properties.

Lemma 5.9 Let P be an intensional logic program. Then Tp is continuous, that
is, for any chain C =< Cy >pew of intensional Herbrand interpretations of P,

T’P(UnEwOn) = UnEwT'P(On) .

Proof. The proof is a pointwise extension of that of the continuity of Tp from
[Llo84]. It suffices to show that for any ground intensional atom A in Bp and or
any w € U,

w € ||A||TP(UnewCr) i w € || A||-newTP(Cn)

We proceed as follows: w € || A Tp(tC)

iff for some ground instance 7(Ao,..., Am-1) - Bo...,Bn_1 of some clause in P
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with A = A; for some i € m and w € X; where < Xj,..., Xpm—1 >= 0(||¥||lv) for
some v € ||Bi||HC for all k € n by the definition of Tp

iff for some Cy € C, v € || Bi||* for all k € n, since the denotations uf all intensional
operators that appear in P are continuous

iff w € || A)|Tp(Ce)

iff w € Unew [|A4]7P(C)

iff w € || A||HoewTp(Ca), 4

Here lemma 5.9 fails if an intensional operator with a non-finitary denotation is
used in the body of some clause in P. For instance, consider the following temporal
logic program:

P = {p(2) — Dq(a), q(X) <}
where O is the S5 necessity operator. It will be shown that Tp is not continuous.
Pick an w-chain < Cy >pew=< Cy,Ci,... > of intensional Herbrand interpreta-
tions of P where each C, is defined as follows : ||p(a)||°® = @ and ||q(a)||%" =
{we, w1,...,wn—1} CU. Then we have that ||q(a)||"rewC™ = U, which implies that
|p(2)}|TPUnewCn) = Y, but ||p(a)||“rewTP(Cn) = ). Therefore Tp is not continuous,
that is, TP(UnEwOn) ?é UnGwT’P(Cn)-

Similarly, the continuity of T'p fails if any intensional operator with a non-
monotonic denotation is used in P. This can be verified from this single line pro-
gram: P = {p « —q}. Suppose that ¥ = {0} and the language has no intensional
operators. Then, by ignoring the generality of the definition of intensional Hr.rbrand
interpretations, subsets of the Herbrand base of P can be regarded as (intensional)
Herbrand interpretations. We have that § C {q}, but T'’p(0) = {p} and T'p({q}) = 9,
which implies that Tp(B) D T'p({q}); therefore T'’p is not even monotonic. This fact
is also noted in [Llo84] for ordinary logic programs with negation.

The following lemma is also needed in order to characterise intensional Herbrand

models of P in terms of 1'p.
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Lemma 5.10 Let P be an intensional logic program. Let I be an intensional Her-

brand interpretation of P. Then I is a model of P iff Tp(I) C I.

Proof. The proof is again a pointwise extension of the characterisation of Herbrand
models in terms of T'p [Llo84] and therefore is omitted. -

Recall that Hy is the bottommost interpretation in the complete lattice F(P)
of intensional Herbrand interpretations of P, ordered by C. Then the following
theorem gives the fixpoint characterisation of the minimum model of an intensional
logic program P. Its proof is adapted from that of ordinary logic programming

[L1o84]. By definition 2.18, recall that Tp T w =4, U{T’p T n|n € w}.

Theorem 5.11 Let P be an intensional logic program. Then lfp(Tp) =Tp Tw =
Mp.

Proof. Since T'p is continuous by lemma 5.9, it follows that the closure ordinal of
Tp is < w by lemma 2.8. Thus the least fixpoint of T'p, Ifp(Tp) = Tp T w. We also
have that Mp = N{I|Tp(I) C I} by lemma 5.10 and theorem 5.7. By Knaster-
Tarski fixpoint theorem (theorem 2.7), Ifp(Tp) = N{I|Tp(I) C I}. Therefore
Ip(Tp)=Tp tw= Mp.

5.5 Applying The Theory

We have shown that each constraint on intensional operators has model-theoretical
implications on the semantics of ILP. However, it is possible to relax some of these
constraints, because we do not need all of them to prove each theorem, except mono-
tonicity. Finitariness is not needed for intensional operators used in the heads of
intensional program clauses. Conjunctivity and universality are not needed for in-
tensional operators used in the bodies of iniensional program clauses. We can now
formulate the folluwing meta-theorem of the theory of intensional logic program-

ming;:

B
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Theorem 5.12 Let P be an intensional logic program. Then P has the minimum
model property which can also be characterised by the least fixpoint of the mapping Tp
provided that the denotations of all (intensional) operators that appear in the heads
of the clauses in P are univcrsal, monotonic and conjunctive, and the denotations of
all (intensional) operators that appear in the bodies of the clauses in P are monotonic

and finitary.

Proof. We will give the outline of the proof. If all the intensional operators appear-
ing in the heads have monotonicity and universality properties, the model existence
lemma (lemma 5.3) holds for P. To prove that the model-intersection property
(lemma 5.6) boids for P, we need to use monctonicity for all intensional operators
in P, and conjunctivity for the intensional operators appearing in the heads. Then
the minimum model semantics for P follows. As for the fixpoint semantics, we need
to use monotonicity, universality, and conjunctivity for the intensional operators
appearing in the heads, and monotonicity and finitariness, that is, continuity, {for
the intensional operators appearing in the bodies. Then the theorem 5.11 holds. -
In short, the precondition of the theorem is sufficient to prove individual theo-
rems about intensional iogic prograrns, as can be seen from the proofs of the results
presented so far. The intensional operators of the languages described in the pre-
vious chapters can be used anywhere in programs, because it can be shown that
their denotations have all of the desired properties. This entails that all of these
languages are contained in our tieory by theorem 5.12. Therefore there is no need
to provide separate model-theoretic and fixpoint semantics for each language.
Consider the extension of Chronolog with negative momenis in time where U is
the set of integers, Z, and the underlying language is extended with the previous
moment operator pre. The semantics of pre is given in terms of |= relation: =y,

pre A iff =141 A. The denotation of pre can be defined as follows:

lprell = AX{te Z2|t—-1¢€ X}




CHAPTER 5. MODELS OF INTENSIONAL LOGIC PROGRAMS 91

It can be shown that ||pre|| has all the desired properties, therefore temporal logic
programs in Chronolog with negative time enjoy the theorem 5.12 as well.

Chronolog can also be extended with O and < plus monotonic formulas. We just
disallow O in the bodies and < in the heads of intensional program clauses. Then
theorem 5.12 is still valid for extended Chronolog programs. However, later in the
dissertation, we will show some of these extensions can be accommodated without
any extra temporal operators.

As for extensional operators like A and V, || A || = N is monotonic, universal,
finitary and conjunctive; || V || = U is monotonic, universal and finitary but not
conjunctive, which means that V can not be used in the heads of intensional Horn
clauses. For instance, both A and V can be used in ordinary logic programs with V
disallowed in the heads of program clauses.

A number of other ILP languages enjoy our results as well:

5.5.1 Temporal Logic Programming

Templog originally proposed by Abadi and Manna [AMS87] is based on a temporal
logic with temporal modalities & and O as well as the next time operator (), same
as next from Chronolog, and allows monotonic formulas in the bodies of program
clauses. Let By,...,B;_1 be .nonotonic formulas and C' an atomic formula. In

Templog there are two kinds of program clauses:
o Permanent clauses of the form O(QFC « By, ..., Bn_1).
e Initial clauses of the form OkC — By,...,Bp—10r O OFC « Bo,...,Ba_1.

Initial clauses are interpreted as assertions true at the initial moment in time,
whereas permanent clauses are interpreted as assertions true at all moments in

time. Therefore the temporal operator first is implicitly available in Templog.
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In our semantic approach, the wecessity operator O is implicit; we regard all
program clauses as assertions true at all moments in time. Then Templog with
an explicit initial time operator such as first is an instance of intensional logic
programming where initial clauses are turned into equivalent permanent clauses by
applying first to the whole clause by the following. Let A « By,...,B,_1 be
an initial clause where By,...,B,-1 are monotonic formulas. If A is of the form

0 OF C for an atom C, then the corresponding permanent clause is
OFC « first By,...,first Bp_;

otherwise it is

first Ok C « first By,...,first B,_;

It can be shown that this transformation is correct and preserves model-hood.
Then the next question is if Templog with first enjoys the minimum model
semantics described in this chapter. Recall that the denotations of temporal & and

O are given as:

ol =AX{tew|XD2{zew|2z2>1t}}
ICl=AX{tew|Xn{zew|z2>1t}#0}

It cau be shown that ||O|| and ||O]| share the properties of the denotations of S5
modalities O and <. Moreover, Abadi and Manna [AMS87] restrict the use of & to
the bodies of temporal clauses, and the use of O to the heads of temporal claues.
Therefore the pre-conditions of theorem 5.12 are satisfied by Templog programs.
TL1 is a fragment of the Templog language [AM87] and later mentioned in
[Bau88] and [Bau89]. TL1 with an implicit initial time operator is the same as
Chronolog, and by a similar 2rgument given above, it is covered in the theory.
Baudinet [Bau88] [Bau89] has independently developed the model-theoretical se-
mantics of Templog programs by showing that any given Templog program is true

in a temporal Herbrand interpretation iff all strictly ground instances of each clause
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in the program are true. In fact, the set of all strictly ground instances of a clause
can be regarded as an infinite set of TL1 clauses; and the theory can be extended
to include such infinitary programs in a rather straightforward manner. Then for
any Templog program there exists an equivalent infinite TL1 program to which the
theory applies.

Temporal Prolog introduced by Gabbay [Gab87] allows in the heads of the
program clauses modal operators such as possible in the future and possible in the
past, denoted by F' and P, and modal/temporal programs may include clauses whose
heads contain other clauses. Even if we consider clausal subsets of this language,
we have a negative result : Gabbay’s system is not contained in our theory; one
of the reasons being that || F|| and || P|| are non-conjunctive, which implies that
Temporal Prolog does not have the minimum model and fixpoint semantics as we

have developed.

5.5.2 Modal Logic Programming

Molog proposed by del Cerro [dC86] is rather a framework for modal logic pro-
gramming. In [dC86], the semantics <;f modal operators are defined in terms of |=
relation, and modal cperators are grouped in two categories, universal and existen-
tial, and furthermore, no constraints are imposed on the use of modal operators. In
[BACHB88], the declarative semantics of an instance of Molog is developed in terms
of trees, and certain transformations on trees. We will summarize some features of
this language and show that it is contained in the theory.

In [BACHSS8], first, a language with only two operators, namely O and <, is de-
scribed; then a Kripke-style semantics for it is provided. With & and O disallowed
in the heads and in the bodies of modal clauses respectively, the pre-condition of

theorem 5.12 is satisfied. Then the language is enriched with a countable set of

modal operators, each of which refers to some possible world in a way the temporal




y
i
UV

CHAPTER 5. MODELS OF INTENSIONAL LOGIC PROGRAMS 94

operators first and next does, e.g., if <x> is such an operator, then =1, <x>A ifl
=1, fr(w) As where fr € [U — U]. For the temporal operator f£irst, the correspond-

ing function would map any given time to 0. The denotations of those operators

can be obtained as foilows:
l<m>|| = AX{w € U | fx(w) € X}

It can be verified that each ||[<7>|| has all the desired properties, therefore, with
constraints on the use of O and <, we conclude that theorem 5.12 applies to this
particular language.

InTense proposed by Mitchell and Faustini [MF89] is a multi-dimensional in-
tensional logic programming language and it supports any finite number of temporal
and spatial dimensions. Thus a possible world in InTense is simply a point in a time-
space Liyperfield. For instance, if we have m temporal and n spatial dimensions, the
sei of possible worlds U is given as Z™+". In general, we may take U to be Z¥.
InTense provides users with unary intensional operators for each dimension by the
following: priory, initial; and resty are associated with the k** spatial dimen-
sion; and similarly, prev,, first; and next) are associated with the k! temporal
dimension.

The semantics of temporal operators prev,, firsty and nextj are similar to
those of Chronolog with negative time, the only difference being that they oper-
ate on the k** temporal dimension. The semantics of spatial operators priory,
initialy and restp are counterparts of temporal operators over the k** spatial
dimension. Therefore all of the intensional operators of InTense share the desired
properties, which in turn implies that pure InTense programs enjoy the minimum

model semantics.
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5.5.3 Interval Logic Programming

Interval type temporal logic programming languages such as Tokio [AFMo86] and
Tempura [Mos86] have features which go beyond pure logic programming. In fact,
Tempura is not even based on the Horn-clause subset of logic. As for Tokio, Aoyagi
et al [AFMo86] do not clearly specify the syntax of Tokio, but intensional operators
of Tokio are in fact those of Tempura. In Tokio, the variables are intensional, i.e.,
the meanings of variables depend on moments in time, and there are even temporal
operators that can be applied to the terms of the language. However, the fact that
the minimum model semantics does not apply to Tempura and especially Tokio does
not mean that it cannot be applied to interval logic programming at all. As a matter
of fact, it is known that an interval logic can be embedded into  2-dimensional
logic by transformation [vB88]. This result suggests that, if all the constraints are
satisfied, interval logic programming enjoys the minimum model semantics.

An interval is a pair of natural numbers [z,y] where z < y. Let Sub([z,y]) =ges
{[m,n]| z £ m < n <y}, ie, Sub([z,y]) is the set of all sub-intervals of [z,y]. In
interval logic, the satisfaction relation can be defined over intervals and temporal
interpretations. The semantics of interval operators of Tempura are defined as

follows. Let I be a temporal interpretation and [m,n] an interval.

* Frma) DA Mff [=rp a4 forall [z,n] € Sub([m,n])

Erma) O A #f =p[pn A for some [z,n] € Sub([m,n])

‘=I,[1:,y] cbop(A, B) iff '=I,[a:,n] A and '=I,[n,y] B

wherec<n<yorz<n<y

=rsy next A iff z <yand 41,4

I=1[z,y) Weaknext A iff x=yor =y next A

= Ijz,y] Keep A if z<yand | Ijzy—1] A4
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* By Tind i FErp ) A
The semantics of atomic formulas can be defined as follows.
L I=I,[:z:,y] p(‘ TR en*l) iff ze ”p(607 KRR eﬂ—l)“I

Note that there are surely other ways of defining the semantics of atomic formulas.
Consider the intensional logic IL= IA= where U = {<ryy>ewxw|z <y},
and TA= {|| © |, |0

AICll,- ..}, The semantics of intensional operators are defined
as in interval logic, but in terms of pairs in 4. The extra operator ® projecis any
given world onto the main diagonal in U, i.e., |=1<zy> OA Mt =7 <z 2> A Here
the world < z,z > can be interpreted as a moment in time, that is, z. We need
the extra operator @, because the semantics of atomic formulas of IL are defined
for all pairs in A. Then the transformation procedure from interval logic to this
2-dimensional logic adds the new operator ® in front of every atomic formula A.
This way, the semantics of A in terms of intervals coincides with the secmantics of
(®A in terms of pairs in «. Moreover, IL inherits all the properties of operators in
the interval logic as well as the function Sub with intervals interpreted as possible
worlds.

The next step is to transform a given interval logic program P into this 2-
dimensional logic. Then we just check whether the trarsformed program satisfies
the ,re-conditions of the theorem 5.12. If so, the minimum intensional Herbrand
model of the interval logic program may be constructed from that of the transformed
program in IL, by carrying everything from the worlds along the main diagonal in
U over to a model of P, with worlds of the form < z,z > interpreted as moments
in time.

If werestrict Tokio to extensional variables, and strip Tokio off all of its structures
which go beyond our framework, it can be shown that the resulting interval language
enjoys the minimum model semantics. We have that the denotations of all interval

operators of Tokio are universal, monotonic, and finitary (all intervals are of finite

L -
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length). On the other hand, ||©]| and the chap operator ||chop|| are not conjunctive,
which in turn implies that & and chop can not be used in the heads of program
clauses. In [AFMo86], no example to the contrary := given, therefore, under this
assumption, theorem 5.12 is valid by transformation for restricted interval logic
prograrms.

In summary, the objective of a language-independent unified theory for inten-

sional logic programming is two-fold:

e We investigate whether some intensional logic programming language is con-

tained in the theory, and enjoys the properties outlined in this dissertation.

e We use the theory as a template to design a new intensional logic programming

language with the desired properties.

We do not claim that the theory developed so far is the ultimate way to go about
intensional/temporal logic programming, but it clarifies how important the role of
each constraint is, and the conditions under which a desired property of intensional

logic programs can be guaranteed.




L.

Chapter 6

Choice Predicates

Non-Determinism

Intensional logic programs can model dataflow style of stream-oriented computa-
tions; a dataflow siream can be represented by a predicate over a sei of possible
worlds, such as a time-varying predicate over a collection of moments :» sime. But,
due to inherent non-determinism in logic programming, each predicate defined in
an intensional logic program does not necessarily specify a unique stream of ground
terms. A problem then emerges in connection with stream-oriented communication
such as that of the dataflow language Lucid [WA85]. Wadge [Wad85] proposed a
logical extension to temporal logic programming, called “choice predicates”, through
which data-flow style of computations can be expressed. A choice predicate is asso-
ciated with each predicate used in an intensional logic program, and, in principle,
acts like a non-deterministic filter with m. tiple input lines which randomly selccts
one of its mputs as its outpui.

In the following, after introducing choice predicates, we will define the notion of
choice formulas and extended programs. An extended program includes non-Horn

axioms, as well az program clauses, to establish the connection between predicates
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and the corresponding choice predicates. We will then investigate general proper-
ties of intensional Herbrand models of such programs. Since the minimum model
semantics does not apply to extended programs, the declarative semantics of ex-
tended programs will be developed in terms of minimal intensional Herbrand mod-
els [OW89a], in which case answers to queries are no longer logical consequences
of the program, but true in some minimal model. This is how the correctness is
defined. We will show that some of these minimal models are not constructible from

the program. We will also relate our work to committed choice languages such as

Concurrent Prolog [Sha87] and Parlog [CG86].

6.1 Choice Predicates

Logic programming is non-deterministic since there may be more than one possible
solution for a given query. When we want to model dataflow style of stream-oriented
computations, it is desirable to have exactly one solution for the query chosen arbi-
trarily amongst all possible solutions (if any). Committed-choice languages support
stream-oriented communication and offer dataflow modularity to some extent, but
cannot guarantee single-valued solutions in model-theoretical terms. For instance,
suppose we want to produce an “arbitrary” stream of natural numbers starting

from 0 in strictly increasing order. The following infinitary logic program appears

to work.

stream([0IL]) <- rest-of-stream([0]L]).
rest-of-stream([X,YIL]) <- X < Y, rest-of-stream([Y|L]).

Given a query like <- stream(L), an implementation of infinitary logic program-
ming produces parial answers to the query, i.e., initial segments of an arbitrary

stream of increasing numbers starting with 0, and never terminates.

A1
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It is possible to regard stream(L) as a dataflow node producing an infinite
stream of numbers, one at a time. However, the set of logical consequences of this
program is empty. Then the “interrded” meaning of the program can be modeled
by the greatest fixpoint semantics such as that of [VENA84], based on Herbrand
models over a Herbrand universe extended with infinite terms. With respect to the
greatest fixpoint semantics, the stream predicate represents all increasing sequences
of natural numbers. Hence we cannot force the stream predicate to represent a single
arbitrary stream with rerpect to any semantic approach.

Let us try to write ¢ Chronolog program to solve the same problem. We would
like the time-varying stream predicate to represent an arbitrary increasing stream
of values over the collection of moments in time. In other words, at any given time
t+1, the stream predicate will be true of a value (number) which is strictly greater
than the value generated at time t. The following program appears to work, but

does not.

first stream(0).

next stream(Y) <~ stream(X), X < Y.

What the program really says that if X might be the (say) 10th output, and X is
less than Y, then Y might be the 11th output. The stream predicate is not single
valued. In fact, at time ¢ > 0, it is true of all z > t. It can be thought of as a
“fuzzy” stream which at each point in time has many possible values; the rule is
that every value possible at time ¢+ 1 is greater than “some” value possible at time
t. But there is no way in which we can regard the stream predicate as representing
an increasing stream or even a family of increasing streams. What we need to say is
that the time 11 “possible” outputs are those numbers which are greater than the
time 10 “actual” output. This is not possible in Chronolog.

Wadge [Wad85] proposed an extension to temporal logic programming, called

“choice predicates”. Choice predicates are associated with each predicate that ap-
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pear in a given temporal logic program, and they represent arbitrary but definite
single-valued relaticns, extracted from the relation the corresponding predicate rep-
resents. Therefore it i possible to regard a choice predicate as representing a stream
over the collection of moments in time. However, since there may be more than one
value possible (if any) at each moment in time, a choice predicate acts like a non-
deterministic filter with multiple input lines which arbitrarily selects one of its inputs
as its output. In short, choice predicates offer a dataflow style of non-deterministic
stream-oriented communication within temporal logic programming.

We will now show how the above problem can be solved by using choice predi-
actes. The sclution to the above problem is to provide an extra predicate #stream
which succeeds only for the ground term that was actually produced. Then the

temporal logic program should be

first stream(0).

next stream(Y) <- #stream(X), X < Y.

Here the #stream predicate is called a “choice predicate”. Then the #stream pred-
icate represents a stream of output values chosen non-deterministically from those
terms the stream predicate represents over the sllection of moments in time. Note
that the #stream predicate represents a single-valued relation at any moment in
time. Choices made for the #stream predicate at any moment in time will also
affect the values which the stream predicate is true of.

In a dataflow-structure * program some parts are producers and others are con-
sumers; thus every predicate i, potentially an “output stream”. This means that
we must supply choice predicates for every predicate symbol in a temporal logic
program. Of course, the programmer is free to use any number of them, or none
at all. Note that programmers do nct define choice predicates; they are supplied
by the implementation. However, we must employ a temporal logic with equality

in order to establish the relation between predicates and the corresponding choice
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predicates.
The relation between stream and #stream can be axiomatised in a first-order

logic with equality by the following formulas.

F1. (Vz)(#stream(z) — stream(z)).

F2. (Vz)(#strean(z) — (Vy)(#strean(y) — z<y))).
F3. (Iz)(stream(z)) « (y)(#strean(y)).

We suppose all of these formulas are statements true at all moments in time. The
symbol = is the syntactical equality symbol in the underlying language. We interpret
these formulas as follows: at any given moment in time, (1) F1 says that if the
#stream predicate is true of some term, the stream predicate is true of the same
term as well; (2) F2 asserts "ie uniqueness of the term which the #stream predicate
is true of, and (3) F3 says that whenever stream is true of some term, the #stream
predicate is true of some term as well (not necessarily the same term) and vice versa.

Chronolog programs now implicitly include these formulas for each predicate de-
fined in the programs. However, this results in non-Horn temporal logic programs.
Therefore the minimum model semantics cannot be applied to temporal logic pro-
grams with choice predicates. Answers to queries are no longer logical consequences
of the program, because choice predicates represent streams which depend on ar-
bitrary choices made by the implementation. We must be careful in defining the
correctness of the results obtained from a given implementation. Essentially, the
implementation is constructing a “minimal” model of the program together with

the implicit non-Horn axioms.
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6.2 Choice Formulas, Extended Programs

Representing streams in a temporal language such as Chronolog may seem quite
natural. However, since the very same idea can be naturally exploited in any given
intensional language, we will develop a language-independent theory for intensional
logic programs with choice predicates. Let IL be the underlying language of some
intensional logic. We differentiate the choice predicates from the others by the
following. Let Pred denote the set of all predicate symbols of IL, other than the
choice predicates. Then the choice predicate related to any p € Pred is denoted
by #p and can be used only in the bodies of program clauses in intensional logic
programs, and in queries.

We now define non-Horn axioms for establishing the relation between predi-
cates and choice predicates. Any intensional logic program in which some choice
predicates occur in the bodies of clauses implicitly includes these axioms for each

predicate used.

Definition 6.1 (Choice formulas.) Let p € Pred be any n-ary predicate symbol.

We define ¥, as the set of choice formulas associated with p as follows.

(VX)(#p(X) — p(X)),
¥y =19 (VX)(#p(X) = (VW) #p(¥) - X=Y)),
@FX)(p(X)) « @Y )(#(X))

where X =def< Xoy.. ., Xp—1 > and ? =def< Yb, .. -,Yn—-l >.

Here X=V represents the formula Aje, X;=Y;. We use = for the equality symbol
in the object language in order to distinguish it from the equality symbol = in the
meta-language. We will also refer to these three formulas, in the given order, as F1,
F2 and F3.

Read choice formulas as assertions true at all possible worlds in . Intuitively,

the choice formulas for any p € Pred altogether say that at any world w, whenever a
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predicate is true of one or more terms, the choice of that predicate is true of a unique
term chosen arbitrarily from those terms. Then an intensional logic program P of
IL with equality, extended with choice formulas given above, is called an extended

intensional logic program. The formal definition is given below.

Definition 6.2 (Extended programs.) Let P be an intensional logic program in
which choice predicates occur. Then P U {¥,|p € Pred} is called an extended

intensional logic program.

The intensional Herbrand base Bp of an intensional logic program P with choice
predicates now includes all those ground atomic formulas obtained from choice pred-
icates and ground terms in the Herbrand universe Up of P as well as atomic formulas
obtained from non-choice predicates. However, as choice predicates are not defined
in P, the correct interpretation of them is only possible in the extended version of
P. Recall that an intensional Herbrand interpretation I of P assigns a subset of the
set of possible worlds U to each ground atom A in Bp, ie., ||A]|T € P(U). Since
choice formulas do not introduce any extra predicates other than =, I is also an
interpretation for extended P.

We will treat = in a differer* way and assume that the denotation of = in
any intensional Herbrand interpretation is a reflexive binary relation (an identity
relation) over the Herbrand universe of a given program, i.e., |=|| = {< e,e > |e €
Up}. Therefore, technically, there is no need to include those ground atoms related
to the equality in the intensional Herbrand base of any extended program. Since
the value of a term e does not depend on the elements of U, neither does ||=||.

We will now formulate some model-theoretical conditions for intensional Her-
brand interpretations of an extended program to be a model. This way, there is
no need to refer to the syntactic properties and structure of extended programs.
Naturally, these model-theoretical conditions will be the semantic counterparts of

the choice formulas given above.
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Definition 6.3 Let P be an estended intensional logic program and I is an inten-

sional Herbrand interpretation of P. For all n-ary predicate symbols p € Pred,
CL. [|#p(@)II" € |p(E)| for all &€ (Up)",
C2. for all € and t € (Up)® where €+ 1, || #p(E) X 0 ||#(D)|T = 0,

C3. Uzewp)n lI#pEN = Uzewypyn D&

The connection between choice formulas and models of choice formulas can be
established through these conditions. The following lemma shows that C1, C2 and
C3 are the necessary and sufficient conditions for an intensional Herbrand interpre-

tation to be a model of the choice formulas.

Lemma 6.1 Let P be an extended intensional logic program, ¥ the set of choice
fermulas for P, and I an intensional Herbrand interpretation of P. =5 ¥ iff I
satisfies C1, C2 and C3 for all p € Pred.

Proof. Since model-theoretical conditions are the counterparts of choice formulas,
the lemma can be proved for each one of the three condition-formula pairs. However,
it is straightforward to show that I satisfies C1 and C3 iff |7 F1 and =1 F'3 for all
p € Pred. We will give only the detailed proof of the F'2-C2 pair.

Suppose I satisfies U2, but not a model of F2 for some p € Pred. Then for some €
and 7 € (Up)™ where € # £, F2 is false at some w € U. This implies that w € ||#p(&)]|
and w € ||#p(#)||, which results in the contradiction w € ||#p(&)]| N ||#p(2)||. Thus
I must be a model of F2.

Conversely, suppose I is a model of F2, but does not satisfy C2. Pick any € and
i € (Up)® where & #  and ||#p(e)|| N ||#p(D)l| # 0. At any w chosen from the
intersection, the following instance of F2 is false: #p(&) — (#p(i) — &=t). Thus I
must satisfy C2. 4

The intensional Herbrand interpretation that corresponds to the entire Herbrand

base of an ordinary logic program — namely the one that assigns U to every atom
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in Bp — is in general not a model of P, because it may fail to satisfy some of the
choice formulas whenever a predicate is true of more than one ground term at a
world. In turn, the model-existence lemma 5.3 is lost. Then the question is whether

an extended logic program P is consistent or not. The following lemma gives an

affirmative answer.

Lemma 6.2 Let P be an extended intensional logic program. Then P has a model,

that is, =1 P for some intensional Herbrand interpretation I.

Proof. We will construct an intensional Herbrand model I of P as follows: all the
ordinary predicates will be true of every term whereas choice predicates will be true
of an arbitrarily chosen term. Let Bp be the intensional Herbrand base of P and ¢
be an arbitrary term in the Herbrand universe of P. We construct I as follows: if
p € Pred is an n-ary predicate symbol, then ||p(€)||/ = U for all p(€) € Bp, and
l#p()||f = U where ¥ denotes the n-tuple of terms, each of whose elements is (.
It can be verified that I is a model of the intensional Horn clauses in P, because
choice predicates do not appear in the heads of program clauses.

In order to show that all choice formulas in P are also true in I, it suffices to
check whether I satisfies C1, C2, and C3. C1 is true, because, for all € € (Up)"
either [|[#p(€)|! = (€)' = U (when &= 7), or [[#p(E)|! = 0 and [|p(&)[|" = U
(when € # t). C2 is true, because, for all € € (Up)", € # t implies ||#p(€)||! = 0.
C3 is true, because Uge(up)n ll#p(e)||f = Ueewp) lp(E)IT = U. Therefore I is a
model of P by lemma 6.1.

6.3 Minimal Models of Extended Programs

Extended pregrams have models; but the family of intensional Herbrand models
of an extended program does not share the properties of ordinary intensional logic

programs. For instance, consider the program given above that defines the stream
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predicate. It is possible that the #stream predicate represents the stream of odd
numbe-s < 0,1,3,5,... > in some intensional Herbrand model, and the stream of
even numbers < 0,2,4,6,... > in another. Ir the model M-intersection of such two
models, the #stream predicate is true of 0 at the initial moment ¢y, and is not true
of any term at all the other moments in time. But at time ¢;, the stream predicate
represents the relation {n |n > 0}. This implies that choice formulas are not true
at time t;. Therefore the model M-intersection does not preserve model-hood for
arbitrary sets of models.

Since the family of intensional Herbrand models of an extended program P is not
closed under the model M-intersection, extended programs do not enjoy the mini-
nmum model semantics. However, the family is not a totally unstructured collection.
Indeed, we will prove the following importart result which states that the family
is closed under the model M-intersection of nonempty downwards chains. Then we
can appeal to a fundamental result from set-theory known as Zorn’s lemma to show
that the family contain: minimal intensional Herbrand models characterising the
declarative semantics of extended programs.

If we have a nonempty downwards chain of intensional Herbrand models of an
extended program P, it suffices to show that the model M-intersection operation
over such a chain preserves the necessary and sufficient conditions C1, C2 and C3

for an intensional Herbrand interpretation of P to be a model.

Lemma 6.3 Let P be an extended intensional logic program and M =< Iy >,es
be a dowrwards nonempty chain of intensional Herbrand models of P, ordered by

C. Then MM =ge5 Naesla is also a model of P.

Proocf. We know that the model M-intersection property holds for intensional pro-
gram clauses. Then it suffices to show that over a downwards chain of models of
P, the model M-intersection preserves all of C1, C2, and C3. Let p be an n-ary
predicate symbol in Pred.

L
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C1: All of C1, C2 and C3 hold in all models in M. Then we have that,

(Vee Up)) (YaeS) @l S In@l= =
(VEE (U'P)") ﬂaeS ”#p(é')”Ia - ﬂaes ||P(€)|[Ia =
(Vee (Up)™) |I#p(€)||aes e llp(€)|Maes e

N

N

which is C1.

C2: We have that for all € and ¥ € (Up)*, if € # T,

?

oy

(Va € S) ||#p(E)|| 7> n || #p(@)|'e =0 =
(Naes 1#p(E) %) N (Naes I#p@)||1e) =0 =
|l #p(€)||MaesTe n ||#p(E)||MaesTe = ¢

which is C2.
C3: We proceed as follows.

(Va € 5) Usewpyn #pEN™ = Useqypn Ip(E)I"* =
Naes Uzewpyn I#PENI® = Naes Usewp)n IIp()|1™

The next step is crucial. We want to switch in the above equation the places of the
intersections and unions in order to obtain C3. This can not be done in general. In

other words, it suffices to show that

N U l#@l= U N l#eEI*

a€S ge(Up)® ee(Up)n a€S

and a similar equation for non-choice predicates. For any w € U,

we ) U l#e@l*= (VaecSHwe U [#p@)* =

a€S ée(Up)? ée(Up)n
(Va € S) (32 € (Up)") w € |l#(€)|I™

Since for all &€ € (Up)*, < ||#p(€)||"® >qes is a chain, w must appear in every

member of exactly one of these chains. Then it is possible to switch the places of
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the universal and existential quantifiers in the above formula.

(3€€ (Up)*) (Va€8) we |l#p(E)||™ =
(FE€ (Up)") w € Naes ll#p(E)I™ =
w € Uzepyn Naes fl-a(2)|| "¢ =
N U I#@I*c U N Il#eEN™
«€S Ee(Up)™ fe(Up)™ a€S
The reverse direction of this inclusion can be found in set theory books, e.g., see
[KM76). An analogous equation for non-choice predicates can be given. Therefore

we have the desired result:

Usewpm Naes [#pEN™ = Usewpyr Naes (€)' =
Usewp)n |#p(¢)||Naesle = Ueewp)» lp(&)]|"eesTe

which is merely C3. Then NM is a model of choice formulas of P by lemma 6.1. -

Zorn’s lemma states the following: if a nonempty family of sets is closed under
unions of nonempty chains, then it contains a maximal element, which is not neces-
sarily unigue. But we are interested in intersections of nonempty downwards chains

and miiimal elements. Therefore the following lemma is needed.

Lemma 6.4 (The dual of Zorn’s lemma.) [Abi65] Lzt X be a nonempty family
of sets which is closed under intersections of nonempty downwards chains; then X

has a minimal element.

Lemma 6.3 together with the dual of Zorn’s lemma imply the following major

result of the model-theory of extended programs:

Theorem 6.5 Let P be an extended intensional logic program and /A(P) be the
Jamily of all intensional Herbrand models of P. Then M(P) has a minimal element.

Proof. We know that M(P) is non-empty by lemma 6.2. Then the theorem follows

from lemmas 6.3 and 6.4. 4
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In short, minimal models constitute the model-theoretical semantics of extended
programs. As mentioned earlier, any implementation of intensional logic program-
ming that supports choice predicates must construct one such minimal model of an
extended program. Again, this is how the correctness is defined. However, minimal
model semantics do not provide us with any information as to which minimal models

an implementation can really construct.

6.4 Constructible Minimal Models

The legical structure of an extended program dictates which minimal intensional
Herbrand models an implementation can construct. We will illustrate this by an
example. Consider the program P = { p(a) <-, p(b) <- #p(X) } and the query
<~#p(b). In order to prove #p(b), we use the second clause and obtain another query
<-#p(X). Now the first clause cannot be used, because choice predicates represent
single-valued relations and hence it contradicts the original query. Then the second
clause can be used again, and so on and so forth. Tlcre is no proof of the query
at any world in ¢/, and yet it is true in some minimal model, e.g., the model that
assigns U to p(a), p(b) and #p(b), and 0 to #p(a).

Consider another query: <-#p(X). We have just shown that there is no proof
of the query <-#p(b). Then the answer to the query at any world is the ground
atom #p(a). Therefore it is possible that any implementation can only construct
exactly one and the same minimal model, i.e., the one that assigns U to all of p(a),
p(b), and #p(a); and @ to #p(b). There are surely many minimal models of the
program, but only one of them is: constructible in this sense. In the following, we will
formalise the notion of a ~onstructible minimal model by modifying and extending

the fixpoint semantics of intensional logic programs.
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6.4.1 The Mappings N1p and Cp

We now define the mapping NTp as the one step modus ponens operation for pro-
gram clauses in an extended program. It is an extension of T'p for intensional logic
programs given in Chapter 5. New T'p operation does not affect the denotations of
choice predicates. Let F(P) denote the family of intensional Herbrand interpreta-

tions of P and T’p be the mapping given in the defi1:ion 5.4.

Definition 6.4 Let P be an extended intensional logic program and H an inten-
sional Herbrand interpretation of P. Then the mapping NTp € [F(P) — F(P)]
where NTp(H) satisfies the conditions

| #p(e) ||V TPE) = || #p(€)||X for all #p(€) € Bp and
p(@ N TPE) = ||p(&)|| TP for all p(€) € Rp

By definition, NT'p leaves the denotations of choice predicates intact. NTp
shares most of the properties of Tp for ordinary intensional logic programs; for
example, it can be shown that NTp is continuous. But lemma 5.10 reads differ-
ently: I is a model of intensional program clauses (not necessarily a model of P) iff
NTp(I)C I.

Since NT'p does not cover the choice formulas of P, we will define another
mapping C'p as follows. Let H be an intensional Herbrand interpretation of P. For

all p € Pred and for all w € U, define Ep,(H) and Ey  (H) as:
o Epu(H) = {€|w € |lp(&)7}

o By, (H) = {¢]w e [[#2(&)])

In other words, Ey (H) is the set of ground terms which p is true of at world w;
and similarly E#p,w(H ) is the set of ground terms which #p is true of at world w.
Let S = {< p,w > | Epw(H) # 0 and E#p,w(H) = 0}, i.e., for any < p,w >€ S,
no choice has been made for p at world w. Let Cset( H) =I1<p w>es Epw(H). Any

- e I
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4

member of Cset(H) represents a choice function, which, given any < p,w >¢ §,

returns an arbitrary term chosen from Ep,,. We now give the formal definition of

Cp operation.

Definition 6.5 Let P be an extended intensional logic program and H an inten-
sional Herbrand interpretalion of P. Then the mapping Cp € [F(P) — P(F(P)))
where, for all « € Cset(H), Hy € Cp(H) iff for all p € Pred, and for all € € (Up)®,

lp(@)) %o = |lp(E)# and
I#p@ T = #p(@)1F U {w]€ = a(p,w)}.

The Cp operation returns all possible immediate extensions of a given inten-
sional Herbrand interpretation of P, determined Ly arbitrary choice functions. The
interpretations in Cp(H) for any given H are indexed by a’s in Cset(H).

The ordinal powers of NTp with respect to any intensional Herbrand inter-
pretation I of an extended program P is defined as follows: NTp T w (I) =4
UrewNTp T n(I). Recall that F(P) denotes the family of intensional Hertrand
interpretations of P. Let Iy denote MF(P), which is the greatest lower bound in
the family. Therefore I assigns § to all ground intensional atoms in Bp. In other

words, for all predicate symbols p € Pred and for all € € (Up)",
p(€)II"0 = [|#p(€) |1 = 0 and ||=||" = {< e,e > |e € Up}
We will show that Iy is a model of choice formulas of P.

Lemma 6.6 Let P be an estended intensional logic program. Then Iy is a model

of choice formulas {¥, | ¢ € Pred}.

Proof. Iy trivially satisfies all of C1, C2 and C3 for all predicate symbols in Pred

and hence is a model of choice formulas of P by lemma 6.1. -
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6.4.2 Alternating Chains of Mod=ls

The mappings NTp and Cp interact nicely: if we start form Iy and alternatively
apply NTp T w and Cp, we obtain an “alternating chain” of interpretations of
P. In such an ailernating chain, we go, in a zig-zag pattern, from a model of
program clauses to a model of choice formulas and vice versa. There are many
such alternating chains because of the arbitrary choices made by C'p operations.
The method of alternating chains is well-known in the theory of models, e.g., see
[Add65] and [CKT3].

In the following, we will show that the limits (upper bounds) of these alternating
chains are in fact the constructible minimal models of P. In so doing, we will use an
important result from the theory of models known as Chang-Los-Suszko theorem.
The theorem applies to a class of formulas, called universal-existential formulas

(V3-formulas) described helow.

Definition 6.6 A formula is universal-existential if it has the form
(VXO) e (VXm—l)(HYO) s (-:JYn—l)A
where A is quantifier-free.

Every program clause in an intensional logic program is universal and thus it
is also universal-existential. It can be shown that the set of choice formulas of any
given extended program is equivalent to a set of Y3-formulas as well. Therefore, the

following theorem can be applied to extended programs.

Theorem 6.7 (Chang-Los-Suszko.) [CK73] Let T’ be @ set of formulas. Then T
is equivalent to a set of V3-formulas iff the least upper bound of any upwards chain

of models of T’ is a model of T.

We will now formalise the notion of alternating chains of interpretations of an

extended program P originating from Iy by the following.
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Definition 6.7 Let P be an extended intensional logic program. Then Ry is the

binary relation between intensional Herbrand interpretations of P defined below in-

ductively.
o Ro={< Iy, NTp T w (1) >}
¢ Ron={<I,NTptw(I)>| for some M, < M,I >€ Ron—1}, n >0
o Rons1 ={< I,I, € Cp(I) > | for some M, < M, I >€ Rz}, n >0
* Ry = UnewRa

In fact, all intensional Herbrand interpretations of P in the domain of R, de-
noted by |Ru|, constitute a partially ordered set denoted by (|R. |, =) whose smallest
element is Iy. There are alterrating (upwards) w-chains in (|R,}, C), all of which
start from Iy. Let C =< Iy >4cs be an w-chain as such. Observe that for any adja-
cent pair of interpretations (I, Ig) in C, either Iy = NTp T w (I4) or Ig € Cp(Iy).

The following lemma shows that, when applied in an alternating w-chain of
interpretations starting from Iy, C'p operation always returns a family of models of

the choice formulas.

Lemma 6.8 Let P be an extended intensional logic program and < Iy,Ig >€ Ry
where Ig € Cp(ly). Let U be the set of choice formulas for P. Then l=I,3 .

Proof. We will outline the proof. Since < Iy,Ig >€ Ry and there both Iy and
Ig are in a chain of interpretations of P starting from Iy, only C'p operations can
introduce any changes into the denotations of choice predicates. We also know by
lemma 6.6 that Iy is a model of choice formulas of P; thus the definition of Cp
guarantees that Ig satisfies all of C1, C2 and C3, because no arbitrary terms are

introduced in the denotations of choice predicates. Then |= Ig ¥ by lemma 6.1.
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The following lemma states that, when applied in an alternating w-chain of
interpretations starting from Iy, the upward closure of NT'p operalion is always a

model of the program clauses in P.

Lemma 6.9 Let P be an extended intensional logic program, end Py the set of
intensional Horn clauses in P. Let < I, NTp T w(I4) >€ Ry. Then }=NTpTw (Ia)
Py.

Proof. We will outline the proof. For all w € U and p(€) € Byp, that w € ||p(e)||f«
is implied by a ground instance of some clause in P, because < Io, NTp T w (Ia) >
is in an w-chain C starting from Iy and each element in the chain is obtained from
the previous one by either a NTp T w operation «r a Cp operation. As for choice
predicates, they do not appear in the heads of intensional Horn clauses, therefore
their denotations are solely determined by Cp operations. Then it can be shown
that < NTp T n(la) >new is also a chain whose least upper bound is NTp T w (Iqa).
Therefore NTp T w (Ia) is a model of Py by the continuity of NTp. -

Lemmas 6.8 and 6.9 fail when we consider arbitrary chains of intensional Her-
brand interpretations of P. Any w-chain C in |R,| starts from Iy and each element
in the chain is obtained from the previous one by either NTp T w or Cp operation.
Therefore Lemmas 6.8 and 6.9 ensure that C is an alternating chain of interpreta-
tions of P whose elements are either models of intensional program ciauses (those
obtained by NTp 1 w operations) or models of choice formulas (those obtained by
C'p operations).

We will now show that the least upper bounds of w-chains in the domain of R,,
are models of extended programs. In other words, if we start from Iy, consecutive
applications of NTp T w and Cp will eventually produce a model of P, in fact, a

minimal one. These minimal models are the ones constructible from the program.

Theorem 6.10 Let P be an extended intensional logic program; C be an w-chain

in (|Rw|,C) and UC = Uqesla be the least upper bound of C. Then =yc P.




e

A e

LRI N

CHAPTER 6. CHOICE PREDICATES NON-DETERMINISM 116

Proof. By construction, LIC is the common least upper bound of two interleaving
chains in C, namely, < Cap, € C|n € w > and < Cop+1 € C|n € w >. In other words,
we have that UC = UnewCan = UpewCan+1. This implies that, by Chang-Los-Suszko
theorem (theorem 6.7), LiC is a model of both program clauses and choice formulas.
Hence we conclude that =y ¢ P. 4

The following corollary strengthens theorem 6.10 by showing that, when we start
from Iy, alternative applications of NTp | w and ("p lead to a constructible minimal

intensional Herbrand model.

Corollary 6.11 Let P be an extended intensional logic program, C an w-chain in

(|Rw|,C) and UIC = Uyegl, be the least upper bound of C. Then !C is minimal.

Proof. By theorem 6.10, UC is a model of P. Suppose it is not minimal. Since
the minimality condition concerns ony uwn-choice predicates, we will consider only
those ground atoms related to non-choice predicates. In other words, for any w € U
and any p(€) € Bp, if w € ||#p(€)||“¢ then w € ||p(€)||“€ for LC is a model of P.
Suppose that w € ||p(€)||“C, but this is not implied by any ground instance of any
clause in P. Then it must be the case that for some I, € C, w € ||p(&)||’*. But for
some Ig, we must have that Iy © Ig © NTp T w(Is). This entails that w € Hp(é')”Iﬂ
but w & || p(é')HNT'PTw(Iﬂ), because NT'p operation does not keep w in the intension
of p(€) if it is not implied by any program clause. This leads to the contradiction
that C cannot be a chain. Thus LIC must be minimal. -

Some extended programs, such as the one given in the beginning of this section,
are deterministic in the sense that they operationally single out one minimal model.

Then any implementation can construct only that minimal model.

Definition 6.8 Let P be an extended intensional logic program. We say that P is
operationally deterministic iff card(M) = 1 where M = {UC | C is an w-chain in
(IRw|,5)}.
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The properties of operationally deterministic programs are worth investigating in
the future. But we still can not recover the notion of logical consequence, since
it is basically model-theoretical. But we may consider that minimal model as the

intended (canonical) meaning ¢~ an extended intensional logic program.

6.5 A Comparison With Committed-Choices

At the first glance, the idea of choice predicates seems to be a variant of committed-
choices introduced in concurrent {infinitary) logic programming languages such as
Parlog [CG86], Concurrent Prolog [Sha87], and GHC [Ued86], but it is not so. Up
to now, proposed approaches to declarative semantics of concurrent logic program-
ming languages, such as the greatest fixpoint semantics [VENA84] [Llo84] [NA85]
[Mur88] etc., employ infinite data structures such as streams; these approaches fail
to capture the idea of committed-choices, and furthermore do not characterise the
set of logical consequences of a given logic program. Besides, we claim that the
pure declarative reading of a concurrent logic program is not necessarily what the
programmer intends to specify.

For instance, suppose we have only two alternative clauses for predicate use
in the following segment of a concurrent logic program, which says that some non-
shared resource r is used by either process a or process b. This is a mutual exclusion

problem.

use(a,r) <- ... |

use(b,r) <- ... | ...

This is fine, since the programmer knows that given a query like “<- use(P,r)” any
implementation will only commit to at most one of these two clauses and produce the

corresponding ground instance of the query. On the other hand, with respect to the
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greatest fixpoint semantics of the program, both of the ground instances use(a,r)
and use(b,r) may be true. Furthermore, since committed-choice non-determinism
can not guarantee the uniqueness of the ground term which the use predicate is true
of, a query like “<~- use(P1,r),use(P2,r)” may result in ground instances like “
use(a,r) ,use(b,r)” which is certainly not what the programmer has in mind.

Intensional logic programming offers a logical alternative to infinitary versions
of concurrent logic programming and has well-defined minimum model semantics.
Intensional logic programming with choice predicates actually solves the mutual ex-
clusion problem faced in the above program. We just use, in the queries, choice
predicates provided for .each predicate symbol. Then at any given world, the answer
to the query “<- #use(P,r)” is exclusively either #use(a,r) or #use(b,r). Simi-
larly, the answer to the query “<- #use(P1,r),#use(P2,r)” in any implementation
is either the ground instance ¢ #use{a,r) ,#use(a,r)” or the ground instance
#use(b,r) ,#use(b,r)”. This is also reflected in the minimal model semantics. In
summary, choice predicates represent what is actual whereas non-choice predicates
specify what is possible.

Hewitt and Agha [HA88] argue that proof theory does not provide a good model
for the semantics of committed-choicelanguages due to the arrival-order assumptions
of the messages, not implied by the logical reading of concurrent logic programs.
Intensional logic programs with choice predicates can alleviate this problem, because
semantics of such programs are defined in terms of minimal models wher- each
choice predicate represents a non-deterministic stream in any minimal model .f the
program. Then it remains to show that proof theoretical semantics of intensional
logic programs is equivalent to constructing one such minimal model, in fact, a
constructible one. But the proof theory of logic programming does not directly

apply to ILP languages with choice predicates and thus more work has to be done.
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Chapter 7

Defining Intensional Operators

This chapter explores how the expresiveness of intensional logic programming can
be improved from within. Suppose we have an intensional logic and we would like
to extend it with an extra intensional operator. This can be done by using the
machinery provided by intensional semantics, i.e., by extending the definition of
the satisfaction relation |= accordingly. ' ...ever, within the context of intensional
logic programming, this approach m:y nw¢ be always preferable. Sometimes, we
would like to have additional intensional operators without resorting to enriching
the unde _ .gintensional logic, especially when they can be made availablein terms
of {monotonic) formulas interpreted as the definitions of intensional operators.

We will show that intensional Horn clauses can be used to define additional
intensional operators and an intensional logic program with operator definitions can
be transformed into an ”equivalent” program in which only intensional operators of
the underlying logic appear. Then the resuits from the previous chapters apply to
the transformed program, and the correctness of the transformation procedure can
be established. When recursion is allowed in defining intensional operators, we add
more expressive power to intensional logic programming. The fixpoint techniques

can be employed to solve recursive definitions, but we can no longer sty within first-
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order intensional logic. We must employ an infinitary logic such as Ly, w [KeiTl].

7.1 Non-Recursive Definitions

Suppose that we would like to extend the temporal logic with a temporal operator
with the following reading: “now and during the next n-1 moments in time”. One
can notice that the same temporal operator can be expressed as A;jc, next' A for a
given formula A. If we still want to remain in the underlying temporal logic, this
formula can be used as the definition of the new temporal operator, say [nl, as
follows: [n]A =gef Aien next* A. Another alternative is to enrich the underlying
logic directly with a new symbol [n] by extending the definition of the satisfaction
relation | accordingly, in which case we move to a definitional extension of the
logic [Seg82]. Both approaches are fine, but, in temporal logic programming, we can
define [n] on the fly by a temporal program clause, and invoke this clause whenever
a formula of the form [n] B needs to be proved.

Since the temporal operator [n] is not directly available in the underlying logic,
the defining formula of [n] given above can be used to express the temporal operator
in the form of a temporal program clause as

[n]A — A next'A
icn
where A is just a propositional variable. Let P be a temporal logic program in
which [n] is applied to some temporal atom B in the body of some clause. To
prove [n] B, the definition can be used after substituting A by B.
([n]A « A next’ A){A/B} = [n]1B « /\ next'B
i€n i€n
Here the occurrence of [n] is not a direct application of [n] to Bj; it is there
for definitional purposes — establishing the connection between the use and the

definition of [n]. In other words, the defining formula of [n] works as a meta-rule.
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Now we can use the right-hand side of the clause to prove [n]B. This is how an
implementation should .proceed.

The next step is to define the semantics of intensional operator definitions. The
theorem 5.12 does not extend to intensional logic programs with meta-rules, al-
though the meta-rule invocation rule seems to be correct. The problem is that we
cannot directly incorporate the definition of [n] in an intensional logic program, nor
can we use [n] in the program, because, in the object language, the meaning of the
symbol [n] is unknown. Furthermore, it is not clear whether the temporal clause
is part of the definition of [r] or of A. Therefore we will treat program clauses
and meta-rules differently, and stipulate that meta-rules define additional operators
which can be used only in the bodies of program clauses.

Since we regard [n] as an intensional operator, its denotation || [n]]| must be an
element of [P(w) — P(w)]. We can formulate a straightforward model-theoretical

condition for ||[n]}| by the following: for all X € P(w),

ITn1I(X) 2 [ lnext]|*(X)

i€n

All the functions in [P(w) — P(w)] which satisfy this model-theoretical condition are
candidates for || [n]||. However, we must choose the least function among all the can-
didates as the canonical meaning of the definition of [n]. Here AX. ey |[next||*(X)
is the least function that corresponds to the monotonic formula at the right-hand
side of the definition of [r]. In the following, we will formalize this notion.

In general, a new intensional operator can be defined by a set of intensional pro-
gram clauses whose heads are identical. Below is the formal definition of intensional

program clauses as the definitions of new intensional operators.

Definition 7.1 A new n-ary intensional operator \7 can be defined by a set of

intensional program clauses as

{V(AO,---,An—l) — /\ By k |a € S}
k€my

.
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where S € w, each my € w, all A;’s are propositional variables, and each B,y is an

intensional unit constructed out of A;’s and already available intensional operators.

There is one essential restriction: the symbol 57 can not appear in the body of any
clause in the definition of 7 or in the definitions of other intensional operators.
Since defined intensional operators can be used only in the bodies of intensional
program clauses, we require that the denotations of all intensional operators which
may be used in defining new operators be monotonic and finitary. This will ensure
that the denotations of defined operators are monotonic and finitary as well.
From here on, we assume new intensional operators are defined by a single clause,
since the above set of clauses is equivalent to the clause given below by rules of

propositional calculus.

V(Ao Anm1) = VA Bag
a€S kEma

This definition is interpreted as follows: $7( Ao, ..., An—1) is true at any given world

w € U when for some o € S, all B, ;’s are true at w.

7.1.1 Semantics of Operator Definitions

If we define a new intensional operator such as [n] by using a monotonic formula
of the underlying logic, its definition would be a two-way street. Moreover, the
denotation of a defined intensional operator can be obtained from the denotations
of those used in the definition. But, in intensional Horn logic, we have a weaker
definition, with just an implication. In the following, we will elaborate what the
definition really means.. First, we formulate a model-theoretical condition for inten-

sional operator definitions.

Definition 7.2 Let 57 be an n-ary intensional operator defined by an intensional

program clause as 7(Agy-.., An-1) — Vaecs Akemq Baj - We define Fung to be
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the family of functions
{we[P@)" — P (VX € Pe)") ¥(X) 2 U ) IVasl(X)}
w€S keEmy
where each intensional unit B, ; is interpreted as an application of some n-ary

intensional operator 7, ;. to Ai’s.

We will now investigate the properties of Fung. For any given n-ary functions
¥ and O, we define ¥ O to be the function AX.¥(X)NO(X) and UL O to be the
function AX.¥(X)UO(X). These notions naturally extend to a family of functions.
In fact, M and LI are the greatest lower bound and the least upper bound operations
on a given family of functions with the same arity.

We will now show that Fung is closed under M. Then MFung should be taken
as the canonical function implied by the definition of 57, because it is the least
function satisfying the model-theoretical condition imposed on Fung. This is in

keeping with the spirit of the minimum model semantics.

Lemma 7.1 Let <7 be an n-ary intensional operator defined by an intensional pro-
gram clause as: J(Ao, ..., An-1) — Vaes Akema Bak ; then Fung is closed under

.

Proof. Let Sfun be any subset of Fung. Then we have that for all Xe P(U)",

(VT € Sfun) ¥(X) 2 UaesNkema I Vaill(X) =
NoeSfun VX)) 2 Uses Nkema IVakll(X) =
(MgeSfun®X) 2 Unes Nkema 1Varll(X)
which implies (Mg Sfunq’) € Fung. -
The following lemma shows that we have the stronger definition after all. In
other words, the right-hand side of a given intensional operator definition can be
regarded as the defining formula of the intensional operator in question. Therefore

the meta-rule invocation rule is correct.
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Lemma 7.2 Let 7 be an n-ary intensional operator defined by an intensional pro-

gram clause as: (Ao, --.,An-1) < Vaes Akema Bak; then
MFung = AX. Uses Niemall Vak | (X)-

Proof. Since MFuny is the least function in Fung by lemina 7.1, for any ¥ €
Fung and for any X e PUy", l"lFunv()_f) - \II(X’) But we also have that
AX. Uges nkemanva,k”(/\-;) € Fung, because it satisfies the model-theoretical
condition. Then for any Z € P(U)", FlFunv(Z) C Uaes Nkema IIVa,kll(Z)-
We also have that MFung satisfies the model-theoretical condition, which im-

plies that for any Z € P{U)", ﬂFunv(Z) 2 UgeS Nkema ||Va’k||(2‘). Therefore
MFung = AX. Uses Nkema [ Va,tll(X)-

7.1.2 From Meta-Theories to Intensional Logic Programs

An intensional logic program P with intensional operator definitions is a meta-theory
of the underlying intensional Horn logic. The results we have just given are encour-
aging, but yet fall short of extending the theory of intensional logic programming
to meta-theories. The problem is that there are still uninterpreted constructs in P
which are foreign to the underlying first-order language, even though, intuitively,
we know what they mean. In this section, we will devise a transformation proce-
dure which starts from a meta-theory and produces an intensional logic program in
the object-language that captures the intended meaning of each defined intensional
operator, that is, the least function implied by the definition of the operator.

As a meta-theory, P consists of two parts: meta-rules and ordinary program
clauses in which new defined operators are used in the bodies. In order to obtain a
program of the underlying logic, all applications of defined operators can be replaced
by their corresponding cefining formulas after proper substitutions. We first define

a syntactic translation function 7 as follows.
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Definition 7.3 Let r be a syntactic translation function from formulas of a meta-

theory to formulas of IL defined as follows:

o 7(V(Bo,...,Bn-1)) = T(Vaes Nkemq Bak{Ao/Bo,...,An-1/Bn-1}) where

VV is an intensional operator defined by the program clause (meta-rule) as

(V(A()a R An—l) — VaES /\kema Ba,k) €P.

e 7(7(Bo,...,Bn-1)) = V(7(Bp),...,7(Ba—1)) where \, ‘s an intensional op-

erator of the underlying logic.

e 7(Ages Ba) = Naes T(Ba) (similarly for V).
e 7(B) = B where B is an atomic formula.

Let P, denote the set of intensional program clauses in P. Then the transformed

program PT is defined as follows:
PT = {(A « 7(Bo),...,7(Bp-1)) | (A« Bo,...,Bn_1) € P. }

All the model-theoretical results from the previous sections apply to P7, since the
pre-conditions of the theorem 5.12 are met. Given P, we regard P as the canonical
program associated with P, which is, in a sense, equivalent to P. As an alternative,
we can push the definitions of intensional operators to the underlying logic, and

leave the applications of those operators in intensional programs intact.

7.2 Recursively Defined Intensional Operators

Consider the temporal logic of Chronolog and call the underlying temporal language
TL. We will now enrich TL with two new temporal operators, O and < as follows.
Read O as “always” and © as “sometime”. A formula of the form OA is true at

time ¢ in a temporal interpretation I just in case A is true at all moments in time; a
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formula of the form OA is true at time ¢ in I just in case A is true at some moment
in time. In other words, O and < are just like (temporal) necessity and possibility

operators. Then we find that the following theorems hold in the extended temporal

logic.
e =0A & first AA O(next A)
o =CA & first AV O(next A)

If we chocse to remain in 1. . ~ ‘nsist on having O and O, the theorems given
above can be used to obtain recursive definitions of O and &. However, it is not
hard to see that such definitions actually lead to infinitary formulas in the object
language (formulas with countable conjunctions and disjunctions.) For instance,
by repeatedly unfolding the right-hand side of the definition of O, we obtain i~

following non-recursive definition of O by an infinitary formula.
QA =g5 first AN first next AAfirst next next AA...

Or in a more succint notation:

OA =45 /\ first next™ A.

new
Similarly, we obtain the non-recursive definition of ¢ by an infinitary formula as
CA =gef \/ first next™ A.
new

Now the problem is that TL does not allow for infinitary formulas. Therefore we
must adopt an infinitary logic such as L, » [Kei7l]. The logic of Ly, ., allows
countable conjunctions and disjunctions, but only a finite set of quantifiers i.. front
of any formula.

If recursion is allowed in defining new iniensional operators, both O and O can

be defined from the above theorems as meta-rules in temporal Horn logic as
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o OA « first AA O(next A).
o OA« first AV O(next A).

where A is a propositional variable. To prove any formula of the form OB, the
definition of & can be invoked after substituting A by B, which in turn may require
further invocations, should first B be not proved, and so on.

As mentioned earlier, we consider the use of these new intensional operators
only in the bodies of intensional program clauses. The methods described in the
previous iection are not directly applicable to meta-theories of intensional Horn
logic. In fact, if the above definitions appear in any intensional logic program
P, the transformation procedure described above may never eliminate recursive
applications of O and < in their definitions. We will employ the fixpoint techniques

to overcome this problem.

7.2.1 Fixpoints of Recursive Definitions

We will now outline a fixpoint approach to recursive definitions in intensional logic
programming based on Ly,,. Note that the model-theory developed so far can be
extended te infinitary intensional logic programs (programs with countably many
program clauses) in a straightforward manner. Baudinet [Bau89] shows the con-
nections between the fixpoint semantics of temporal logic programming and the
temporal logic u T of Vardi [Var88]. Barringer [Bar87] empioys a temporal fixpoint
calculus (a temporal logic with fixpoint constructors) for recursively defined tempo-
ral operators in the context of program specification. Guessarian [Gue88] applies a
similar approach to solving recursive data-base queries.

A fnctional T is an eletuent of Uy eo[[P(U)" — P(U)] — [P(U)" — PU)]].
Continuity and monotonicity of functionals can be defined as usual, e.g., see [ManT74].

We state the following theorem without proof.
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Theorem 7.3 Any functional T, when defined by compositions of monotonic and

finitary functions and the function variable ©, is continuous.

Every continuous functional T has a least fixpoint denoted by Ifp(T). In fact, by
lemma 2.8, we have that Ifp(Y) = T T w =g,y L{T*(AX.0)|n € w}. Clearly AX.0is
the bottommost function in the complete lattice of functions in [P(U)" — P(U{)] for
any given n. Similarly, AX.U is the topmost one. Associated with every recursive
definition of an intensional operator is a continuous functional whose least fixpoint
is the meaning of the definition.

The functions implied by recursive definitions given for O and ¢ of TL are the

least fixpoints of the fullowing functionals Tg and To, obtained from the definitions.
Ta(0) = AX ||[first||(X) N O o ||next||(X)

To(0) = AX.||first||(X) U © o ||next||(X)

Since ||0|| is not continuous to start with, we do not expect to obtain a discontinuous
function from the least fixpoint of Tg; indeed, it can be verified that Ifp(To) =
AX.0. Then, with respect to the least fixpoint approach, the recursive defining
formula of O does not capture the intended meaning of O at all. (We will discuss
the meaning of the definition of O a little later.) As ||O]| is continuous, the least
fixpoint of T¢ is exactly what we wanted, i.e., the least function implied by the
definition of <.

Ifp(To) = AX. | ||first|| o ||lnext||™(X)

necw

Here |[next||”® is n-fold composition of ||next||.

We have started from the recursive definition of ¢ and described a method to
obtain the least function implied by the definition. Now the definition of ¢ can be
obtained from that function by just using the syntactic counterparts of continuous

functions, compositions, intersections, and unions. For set variables, we introduce
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propositional variables. Below is the non-recursive definition of ¢ obtained from

lfp(TO)v
CA \/ first next™ A

new
where A is a propositional variable. In short, the least fixnoint techniques allow us to

define, through recursion, intensional operators whose denotations are continuous.

The greatest fixpoint of a continuous functional T also exists and is defined as
gfp(T) =T | w =gef M{Y*(AX.U) | n € w}. In the terminology of Barringer
[Bar87], unary conjunctive operators such as O are called A-continuous. The re-
cursive definition of a given discontinuous (non-finitary) but A-continuous operator
is amenable to the greatest fixpoint construction. Then i} can be verified that the

original definition of ||O|| is actually the greatest fixpoint of the functional Tq.

gfp(Ta) = AX. (] |[first| o ||next||"(X)

necw

If we adopt the greatest fixpoint techniques in intensional logic programming, the
non-recursive definition of O can be formed from the greatest fixpoint of Tg by the
following.

OA — A firstnext™ A
ncw
Note that the greatest fixpoint of T¢ is AX.U. The meta-rule invocation rule in fact

interprets the recursive definition correctly, and it approximates to the non-recursive
definition of O given above.

However, there are several fundamental problems with this approach. Since the
definition of O has an infinite conjunction and lemma 4.7 does not hold for log-
ics based on Ly w, the mapping Tp (for the tran: ‘ormed program) is no longer
continuous. In fact, to prove any formula of the form CiB, we need to prove
Anew first next™ B. But there may not be a finite proof for this conjunction.
Therefore the definition of O cannot be regarded as the definition of an intensional
operator, even though it is a monotonic formula. This means that the greatest fix-

point construction can not be ac ted to intensional logic programming, because

[
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we consider the use of recursively defined intensional operators only in the bodies
of intensional program clauses, and continuity is a requirement for such operators.
In case of mutually recursive definitions, the fixpoint theory of functionals can
be extended to cover a set of recursive definitions in a usual way, e.g., see [Man74].
We will give an example of mutual recursion from temporal logic. Let <even> and
<odd> be temporal operators with the following readings: “at some even moment in
time” and “at some odd moment in time”. In temporal Horn logic, we can define

<even> and <odd> in terms of each other as follows.
o <even>A « first AV <odd>(next A).
o <odd>A « <even>(next A).

Other definitions of <even> and <odd> are of course possible.

The functional associated with these definitions, say T, will take a binary tuple of
functions, one for <even> and one for <odd>, and return a binary tuple of functions.
The least fixpoint of the functional T will be a binary tuple of the least functions

for <even> and <odd>. In other words, Ifp(T) is the binary tuple
< AX. Unew ||£irst] o [lnext]|*"(X) , AX. Unew ||fizst]| o |lnext]*"*(X) > .

Now the non-recursive definitions of <even> and <odd> can be obtained from the
least functions in the tuple. Then we can use the syntactic transformation pro-
cedure in the manner described above. It should be noted that the least fixpcint
techniques subsume the semantics of non-recursive operator definitions described
earlier. However, we do not explore this subject any further.

Let P be a meta-theory which contains recuysively defined intensional operators.
We first modify P by replacing the bodies of the definitions of recursively defined
intensional operators by the non-recursive definitions obtained from the least fix-

points of the corresponding functionals, and retain all the other program clauses.
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Let us refer to the modified P as Py which is surely a meta-theory but it can now
be subjected to the sransformation procedure induced by the translation function 7.
From Py, we can obtain an intensional logic program (Ps)", free of symbols foreign
to the underlying first-order intensional logic based on L, .. Then the theorem 5.12
tells us that (Ps)" has the minimum model property. i

In summary, intensional operator definitions add more expressive power to in-
tensional logic programming. The minimum model theory and the fixpoint theory
of intensional logic programs can still be applied to programs with operator defi-
nitions — more precisely, to transformed programs in Ly,,. This means that any
implementation based on the notion of meta-rule invocation correctly interprets all

the recursive/non-recursive intensional operator definitions in a given intensional

logic program.




Chapter 8

Conclusions

This chapter summarizes the main results and contributions of this dissertation,
pointing out some of the open problems and other issues where further research is

profitable, and making some remarks on relevant work reported elsewhere.

8.1 A Summary of the Dissertation

In Chapter 3, we showed that temporal logic programs can model non-terminating
computations and the notion of dynamic change naturally and without employing
infinitary objects such as streams. In temporal logic programming, an infinite com-
putation is initiated by a query which is not fixed to any particular moment in
time. Such a query fires an infinite series of queries, each of which is fixed to a
particular moment in time. Therefore an infinite computation may be regarded as
an infinite series of independent finite computations for each moment in time; and
the answers obtained from each independent computation are logical conscquences
of the program, which is not the case for logic programming with infinitary terms.
We established that temporal logic programs of Chronolog enjoy the minimum

model semantics and its fixpoint characterisation based on the mapping Tp. The
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semantics of temporal logic programming is a natural extension of van Emden-
Kowalski semantics [VEK76]. We also pointed out the similarities between the tem-
poral languages Chronolog [Wad85] and Templog [AMS87]. We outlined some rules
of inference for temporal logic which could be used to devise a sound and complete
proof procedure for Chronolog. Baudinet {Bau88] [Bau89] showed the completeness
of Templog’s proof procedure, called T'SL D-resolution. With some modifications,
TS LD-resolution can be used for Chronolog as well. However, the model-theory of
temporal logic programming lacks the generality to extend to other intensio s logic
programming languages.

In Chapter 4, we outlined an intensional semantics for studying the mathemat-
ical properties of intensional logics. We departed from the traditional Kripke-style
semantics for intensional logic, and adopted the more general algebraic semantics
and neighborhood semantics of Scott [Sco70] and Montague [Mon74). In intensional
semantics, the denotation of an intensional operator 57 is abstracted as an element
of '

U [Pu)* - PU)]

new

where P(U) is the set of subsets of the universe of possible worlds. Scott-Montague
semantics helped us to isolate important concepts and properties of intensional logic,
and paved the way to a language-independent investigation of ILP. We defined sev-
eral semantic constraints on intensional operators, including monotonicity, univer-
sality, conjunctivity and finitariness. Monotonic and finitary intensional operators
are also called continuous. We also showed that each property has certain implica-
tions for the neighborhood semantics, and some properties are interrelated.

In Chapter 5, we showed that an intensional logic program of an arbitrary inten-
sional logic has the minimum model property provided that the intensional operators
appearing in the program satisfv monotonicity, universality, conjunctivity and fini-

tariness requirements. In particular, we established that each property of intensional
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operators is related to some property of intensional logic programs. For instance,
monotonicity is related to the model existence and model-intersection properties;
universality is related to the model existence property as well; conjunctivity is di-
rectly related to the model-intersection property and thus guarantees the existence
of the minimum intensional Herbrand model. Finitariness (continuity) is the com-
putability requirement for intensional logic programs and it is related to the fixpoint
characterization of the minimum intensional Herbrand model.

We demonstrated the generality of our approach by applying it to diverse inten-
sional logic programming languages including Chronolog [Wad85], Templog [AMS87],
Temporal Prolog (Gab87}], Molog [dC86], InTense [MF89] and Tokio [AFMo86]. In
particular, we showed that Chronolog, Templog, InTense and Molog are instances of
the general framework and enjoy the minimum model semantics. We gave a negative
result for a clausal subset of Temporal Prolog, becaise it allowed non-conjunctive
temporal operators in the heads of program clauses. Interval logic programming
languages such as Tokio are not instances of the general framework presented in
the dissertation. However, we provided a transformation from a given interval logic
into a 2-dimensional logic and established that our theory extended to interval logic
programs such as those of pure Tokio through transformation. Baudinet [Bau88]
[Bau89] independently provided a declarative semantics for Templog programs. Bal-
biani et al [BACH88] developed a declarative semantics for an instance of Molog.

In Chapter 6, we laid down the model-theory of intensional logic programs with
choice predicates, a powerful logical tool for modeling non-determinism. We ex-
tended such intensional logic programs with non-Horn choice formulas to establish
the relation between predicates and the corresponding choice predicates. Since the
minimum model semantics no longer applied to extended programs due to non-
determinism involved, we developed the declarative semantics of extended programs

in terms of minimal intensional Herbrand models. We observed that not all mini-
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mal models were constructible because of the logical structure of intensional logic
programs. We therefore developed the notion of a constructible minimal model as
the limit of an alternating chain of interpretations based on the mappings, extended
Tp and Cp.

In Chapter 7, we showed that intensional logic programming could be enriched
with extra intensional operators without resorting to extending the underlying in-
tensional logic. We regarded a certain kind of intensional program clauses as the
definitions of intensional operators, and intensioneal logic programs with intensional
operator definitions as meta-theories. Since the inodel theory of intensional logic
programis did not extend to meta-theories, we provided a transformation procedure
to compile out intensional operator definitions and their applications in order to
obtain an “equivalent” program in the underlying logic.

We also considered recursive definitions and employed the fixpoint techniques
[Man74] to solve a set of recursive definitions. Recursive definitions definitely added
more expressive power to ILP; but we had to employ an infinitary intensional logic
such as intensional Ly, [Kei7l]. With respect to the least fixpoint theory, inten-
sional operator definitions corresponded to continuous functions in the underlying
algebra. A temporal fixpoint calculus such as that of Barringer [Bar87] offers both
the least and the greatest fixpoint constructors. However, we pointed out that the
greatest fixpoint constructors did not yield continuous functions. Baudinet [Bau89]
obtained a similar result from a different perspective, using the fixpoint theory of
temporal logic programs. Baudinet also compared the expresiveness of (proposi-
tional) temporal logic programming with that of the positive fragment of uTL of

Vardi [Var88] based on a temporal fixpoint calculus.
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8.2 Further Research Directions

The model-theoretic semantics of intensional logic programming is not complete.
It lacks rules of inference and therefore we do not have the connections between
the model-theoretical and proof-theoretical semantics of intensional logic programs.
Although we laid down some rules of inference for temporal logic, we did not define
a sound and complete proof procedure for temporal logic programming. Therefore
more work has to be done. For the other languages described in the dissertation, we
conjecture that complete proof procedures can be developed. A non-trivial research
problem is to find generalized proof procedures for intensional logic programming,
independent of any particular language. Such a proof procedure may be based on
consequence operations of Tarski (see [Woj88] for a more detailed exposition to the
topic.) Of course, we also need rules of inference for choice predicates. Any proof
procedure involving choice predicates must have some sort of a memory to keep
track of the choices made.

In the dissertation, we restricted the discussion only to those intensional logics
where the notion of a possible world was central. In Chapter 4, we abstracted the
denotations of intensional operators as functions over P(U), extending the com-
plete Boolean algebra < P(U),0,U,—,N,U >. There are more general algebraic
approaches to the semantics of intensional logic, including modal algebras and topo-
logical Boolean algebras [Woj88] [BS84]. For instance, a modal algebra is an exten-
sion of a Boolean algebra < B,0,1,—,N,U > with an additional operator, say |0,

satisfying the following conditions:
o [BI(1) =1,
o |IOXNY)=|O|(X)||O||(Y) forall X,Y € B.

The first condition says that ||0]| turns universal truth into universal truth; the

second condition is the conjunctivity requirement for ||O|].
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A theory based on algebras can possibly extend to many other non-classical logic
programming languages, such as multiple-valued schemes of Fitting [F'it88] and Blair
[B*88]. However, possible worlds in general are not a feature of algebraic semantics
and hence we can no longer talk about context-dependent properties of certain
proklems. Broadly speaking, intensional logic programming based on possible worlds
semantics becomes an instance of the more general framework. In such a theory,
we also loose the neighborhood semantics and some of the properties of intensional
operators such as finitariness. However, continuity may compensate the loss of
finitariness.

Although intensior al operator definitions correspond to continuous functions in
the underlying algebru, taere are many continous functions over P(U) which cannot
be defined in terms of restricted intensional operator definitions of Chapter 7. For
instance, consider the temporal operator start. If the restrictions are lifted, we can

define start by the following program clause
first start(A) « first A.

With respect to the clause, any formula of the form start B will rewrite into B
provided that the current moment is 0. At any other moment ¢ in time, start B
is false, since the clause does not apply for ¢ > 1. In the temporal logic, start
cannot be defined by any monotonic formula, but it can be defined in temporal
logic programming.

We can use recursion to define more complicated intensional operators such as
the temporal operator even where even B reads “the current moment is even and

B is true”. Below is the definition of even.

first even(A) « A.

next next even(A) « even(next next A).

It can be shown that meta-rule invocation rule will correctly interpret these two

clauses as the definition of even. Given a formula of the form even(B) and the

S
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1 € w, if t is even, by pushing next inwards an even number of times (using the
second clause), we obtain the formula even(next® B) and the current moment 0;
then we reduce the formula to next® B by the first clause. When ¢ is not even, we
can reduce the current moment only to 1 in which case neither clause is applicable.
Thus even(B) fails.

Since the fixpoint theory in its current form does not suffice to explain the
meaning of unrestricted definitions, we must develop another technique (perhaps
based on higher-order logic) as the basis for further investigation. Another research
problem here is to establish the expressive power of ILP with unrestricted intensional
operator definitions, and to investigate some functional completeness results. For
instance, as the examples given above suggest, temporal logic programming is more
expressive than the temporal logic it is based on. Baudinet [Bau89] draws a similar

conclusion for temporal logic programming in Templog.

8.3 Implementation Problems

Wadge [Wad85] [Wad88] suggested that intensional logic programming could be im-
plemented by adapting an existing logic programming implementation. Possible
worlds could bc represented as tags on formulas, not as extra parameters to pred-
icates. Then the matching algorithm could be adapted to consider tags separately
from other terms.

For instance, in temporal logic programming, the query « fib(N) causes the
implementation to produce time-tagged goals of the form £ib(N).0, fib(N) .1,
£ib(N) .2 etc. The goal £ib(N) .0 matches the first clause, and we obtain a ground
instance of the goal with N substituted by 0. Similarly, the query £ib(N) .1 matches
the second clause, and we obtain a ground instance of the query with N substituted

by 1. Then the query £ib(N).2 matches the third clause in the program given
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above, and generates the following query: £ib(X).1,£fib(Y).0,(N is X+Y).0 and
so on. These actions can be justified by the rules of inference described earlier.

Efficient implementations of intensional logic programming must combine fea-
tures of an implementation based on a resolution type proof procedure with features
of a dataflow implementation, such as that of [FW85]. Otherwise it would waste
resources recomputing results over and over again. For instance, suppose we want
to prove the query + £ib(M), next £ib(N) at time 10. Then the goals £ib(M) .10
and £fib(N).11 are generated. The answer to the first goal is the ground instance
£ib(55).10. If the implementation stores in an associative memory this answer and
other goals proved so far, the second goal can be proved by just modus ponens and
substitution from the third clause in the program.

David Rolston [Rol86] of Arizona State University is considering an implemen-
tation of Chronolog along these lines. Choice predicates should not complicate im-
plementations with an associative memory too much. We need only keep a record

of choices made, as they are made.

f ~
£ T 14
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