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Abstract

PermuNim is an impartial combinatorial game played on a board of
squares where each player takes turns playing in rows and columns of the
board which have not been played in, avoiding zero or more permutations.
The game comes to an end when neither player can move. The first player
unable to move on his or her turn loses the game.

Many researchers have investigated combinatorial game theory as well
as the idea of permutation pattern avoidance. PermuNim combines both of
these ideas.

When (12) or (1) is the forbidden permutation in PermuNim, or when
the forbidden permutation is ‘close’ in size to that of the smallest of the
two dimensions of the board, we can say a great deal about the value of the
game. For other permutations, the values of the options seem much more
chaotic. Even (123) is chaotic as evidenced by our data in the appendix.
We investigate the trend for even height boards which are ‘wide enough’ to
have options with all odd values and vice versa but we don’t believe that
this to be true in general. If a PermuNim board is stretched by adding
columns, sometimes the value of the position is affected. We find that when
any permutation is avoided and ¢ moves have been made, as long at 2™*
columns are available together, there is a place where any number of columns
may be added to the board without affecting the value of the position. We
suspect that the number of columns necessary may be much lower for some
permutations.
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Chapter 1

Preliminaries

1.1 Impartial Games

A combinatorial game has just two players: Player One or Alice and Player
Two or Bob. There are positions, which the players take turns changing in
defined ways to achieve a defined winning condition. All combinatorial games
will come to an end after finitely many turns because one player is unable to
move. In the normal play convention a player who is unable to play on his
turn loses. There is also the misére play convention in which a player unable
to move wins. For the duration of this paper we will assume that all games
are played in the normal play convention.

In combinatorial game theory, an impartial game is one in which Alice
and Bob have the same moves available from any position.

Every position in an impartial game may be identified with the set of
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positions which can be reached in one move. These positions are called the
options of the game. At any position of an impartial game, if A;, As,..., A,
are the values of the options, then the value of the position can be denoted
by {A1, As, ..., An}.

If G is a game, and position H is a game reachable by one or more
successive moves from the starting position of G, then the game H is called
simpler than G.

Nim is an impartial combinatorial game which plays a central role in the
study of impartial game theory. It is a two-player mathematical game of
strategy in which players take turns removing objects from distinct heaps.
On each turn, a player must remove at least one object, and may remove any
number of objects provided that they all come from the same heap. Every
nim heap has a value called a nimber or Grundy number. The value of a nim
heap of size n is denoted by the nimber *n.

Since the value of an impartial game can be defined as the set of its

options, we may define

=
x1 = {x0}
x2 = {*0, %1}

xn = {x0,*1,%2,...,%(n—1)}
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If the options of a position of some impartial game are the nim heaps
xa, xb, xc, ... then the game at this position can be regarded (using a “re-
versibility” argument) as a nim heap *m, where m is the Minimal-EXcluded

natural number or mez of the values *a, xb, xc, .... For example
mex{*1,*2, %3} = *0 and mex{x0, x1, x4, *7, ¥18} = x2.

Theorem 1.1 (Sprague 1935, Grundy 1939) Every position in every im-

partial game is equivalent to some nim heap.

Proof. Assume the result is true for all games which are simpler than G,
in particular the options of G. So the options are equivalent to nim heaps
whose sizes form a set S (which we assume is not the set of all nonnegative
integers). From the mex rule we then get G = *m for m = mex(S). =

The nim value of an impartial game is then defined as the unique nimber
equivalent to that game. If an impartial game has all the nonnegative integers
as its set of options we say that the game has value *w.

Two impartial games G and H can be added to make a new game G + H
in which a player can chose either to move in G or in H. More formally if

GZ{Gl,GQ,...,Gn} andH:{Hl,Hz,...,Hm} then
G+H={G1+H,Gy+H,...,Go+HG+H,G+H,,...,G+Hy,}.

The sum of two nimbers *m and *n can then be defined to be the size of

the single nim heap equivalent to the two heaps *m and *n. It can be shown
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that this sum is equivalent to binary addition without carry or exclusive or

and can be defined recursively by

*a @ %0 = %0 & *xa = *a

and

xa @ xb = mex{{*a' @ *b | xa' < xa}U{xa@®*b' | xb' < xb}}.

The following table demonstrates that nim addition is equivalent to bi-
nary addition without carrying.

x| 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
ofo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1171 0 3 2 5 4 7 6 9 8 11 10 13 12 15 14
212 3 0 1 6 7 4 5 10 1 8 9 14 15 12 13
3|13 2 1 0 7 6 5 4 1 10 9 8 15 14 13 12
414 5 6 7 0 1 2 3 12 13 14 15 8 9 10 11
5|15 4 7 6 1 0 3 2 13 12 15 14 9 8 11 10
6|/ 6 7 4 5 2 3 0 1 14 15 12 13 10 11 8 9
T|7 6 5 4 3 2 1 0 15 14 13 12 11 10 9 8
818 9 10 11 12 13 14 15 0 1 2 3 4 5 6 7
919 8 11 10 13 12 15 14 1 0 3 2 5 4 7 6
0|10 11 8 9 14 15 12 13 2 3 0 1 6 7 4 5
1m(11 10 9 8 15 14 13 12 3 2 1 0O 7 6 5 4
12|12 13 14 15 8 9 10 11 4 5 6 7 0 1 2 3
13113 12 15 14 9 8 1 10 5 4 7 6 1 0 3 2
1414 14 12 13 10 11 8 9 6 7 4 5 2 3 0 1
5115 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

By associativity, the impartial game nim is mathematically solved for any

number of initial heaps and objects. The following can be found in [1].

Theorem 1.2 (Bouton 1902) In a normal nim game, Alice has a winning
strategy if and only if the nim sum of the sizes of the heaps is nonzero.

Otherwise, Bob has a winning strategy.
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Therefore a winning strategy is to finish every move with a nim sum of 0.
This is always possible if the nim sum is not zero before the move. To find
out which move to make let X be the nim sum of all the heap sizes. Find a
heap with value Y such that X @ Y < Y. A winning strategy is to reduce
that heap to the nim sum of its original size with X.

For more information and examples, [1] gives an excellent introduction to

combinatorial game theory.

1.2 Permutation patterns

A permutation 7 of length k is written as (ai, a, ..., ax) where 7(i) = a; for
1<i< k. For k <10 we omit the commas from the notation. As usual, let
S, denote the symmetric group on [n] = {1,2,...,n}.

Let 7 € S and 7 € S, for some k£ < n. 7 is said to be 7-avoiding if there

are no distinct elements i(1, ir(2), ..., ir(k) Of [n] such that
w(i1) < (i) < -+ < w(ig).

If there is such a subsequence, the subsequence 7(i,1)), 7(ir2)), - ., T(ir(x))
is said to be of type 7 .

For example, the permutation 7 = (52687431) is (2413)-avoiding. = is
not (3142)-avoiding though because of its subsequence (5283). An equivalent,

but perhaps more insightful, definition is the following reformulation in terms
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of matrices.

Let 7 € §,. The permutation matrix M(7) is the n x n matrix having
a 1 in position (z,7(z)) for 1 < i < n, and having 0 elsewhere. Given two
permutation matrices M and N, M is said to avoid NNV if no submatrix of M
is identical to V.

Let S,(7) denote the set of 7-avoiding permutations in S,. Two permu-
tations 7 and o are called Wilf equivalent if |S,(7)| = |Sn(c)| for all n € N.
Wilf equivalence defines an equivalence relation on sets of permutations, and
we call the resulting equivalence classes Wilf classes.

A sequence which admits a partition into k sequences is said to be a shuf-
fling of those k sequences. The permutations which avoid (12) are exactly the
decreasing sequences. The permutations which avoid (123) consist of those
which have no ascending subsequence of length three. These are exactly those
sequences obtained by shuffling two decreasing sequences together. Similarly
sequences avoiding (123...k) are avoided by sequences obtained by shuffling
any k — 1 decreasing sequences.

All permutations of size 3 are equivalent to (123) or (132) by symmetries
of their associated permutation matrices. That is, any size 3 permutation
matrix can be reflected or rotated to achieve one or (123) or (132). The first
major result in the theory of forbidden subsequences states that (123) and
(132) are Wilf equivalent. It then follows that S3 is one Wilf class. In fact,
the number of permutations of length n which avoid each of (123) or (132) is

the nth Catalan number. By comparison, the partition of S; into Wilf classes
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is more complicated but has been completely solved. See [3] for details.
A permutation is called an involution if it is its own inverse. We call a
permutation half- or quarter-turn invariant if the corresponding permutation

matrices are not changed by rotation by 180 or 90 degrees respectively.



Chapter 2

Introduction

2.1 PermuNim

PermuNim is an impartial game played on a board of squares where each
player takes turns playing in rows and columns of the board which have not
been played in, where zero or more permutations are avoided. The game
comes to an end when neither player can move. The first player unable to
move is the loser. We denote the value of the PermuNim game in which the
permutation o is avoided on a board with m rows and n columns by P™" (o)
when no moves have been made and by Pg,‘;.’)’(o) when a move has been
made in cell (¢, j). The boards which these games are played on are similarly
denoted by II™"(¢) and HZ':J") (o) respectively and display the options of the
position. Not every cell in ITj*5(c) would have a value though because some

cells may become unplayable after each move. These are indicated by empty



CHAPTER 2. INTRODUCTION 9

cells. Cells which have been played in are denoted by a e. When more than
one move has been made you may replace (7,j) in the notation by a list
of cells separated by commas. For example P(E’l’i)’(314)(123) = %2 because it
denotes the value of the PermuNim game played on a board with 5 rows and
4 columns avoiding the identity permutation of size three where there has
been a play made in the top left corner and in the right most column, three
rows from the top. These two plays make some cells unplayable but also

leave *0 and *1 as options and thus the position has value *2.

H5,4

(1’1)’(3,4)(123) °

01
110

The permutation o may also be replaced in the notation by a list of
permutations when more than one permutation is forbidden or by a blank
space when no permutations are being avoided.

A PermuNim board may also have infinitely many rows or columns. IT™%"
is a board with m rows and infinitely many columns which may be indexed

from left to right by the set

Z+=1{1,2,...}.

™% is a board with m rows and infinitely many columns which may be



CHAPTER 2. INTRODUCTION 10

indexed by the set
2={..,.—2—-150,1,2...}

Similarly IT™2" and II™2 have rows which may be indexed by the sets QT
and Q respectively, where Q is the set of rational numbers and Q" is the set

of rational numbers which are greater than or equal to 1.

2.2 Elementary results
The following result holds regardless of the permutation(s) being avoided.

Lemma 2.1 Consider the values P™"(c) or P"(c) where | = min{m,n},
o is a permutation, and S € {Z,Z*,Q,Q*}. If Bob can take a strategqy so
that an even number of moves are made, then the value of the position is
*0. Conversely if Alice can take a strategy so that an odd number of moves
are made, then the value of the position is non zero. If Alice is in a position
where she has no choice but to play so that an odd number of moves remain,

then the value of the game is x1.

Proof. If an even number of moves are made, then Bob makes the last
move winning the game. Thus all the options for Alice are non-zero, losing
positions and therefore the original game has value *0. Conversely if Alice
can take a strategy so that an odd number of moves are made, then *0 is an

option and thus the value of the original game is non zero. If Alice has no



CHAPTER 2. INTRODUCTION 11

choice but to take an odd number of moves then all her options will be *0
and thus the value of the game will be *1. =

The most trivial cases of PermuNim are when no permutations are being
avoided, and when the forbidden permutation is (1). When (1) is the forbid-
den permutation, no moves may be made and thus Alice loses and the value
of the game is x0 regardless of the dimensions of the board. The following
result demonstrates that when no permutation is being avoided the value of
the board is dependent only on the parity of the smallest dimension. In this

case we call the winner the parity winner.

Theorem 2.2 Let | = min{m,n} and S € {Z,Z*,Q,Q*}. Then

x0 iflis even;

Pn() = PHS() =
x1 iflis odd.
Proof. When no permutations are being avoided players will move until
there are no available rows or columns left to move in. Thus exactly { moves
will be made and the result follows by Theorem 2.1 =
With any instance of PermuNim on a finite board there is, as the next

result expresses, always an upper bound on the possible Nim Value.

Theorem 2.3 For any permutation o, Pg™"(c) < d = min{r,c} where r
and c are the number of rows and columns which are available to be moved

into, and S is any feasible set of plays which might have been made.
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Proof. For any position of an instance of PermuNim where the board only
has one available row or only one available column, all options have value *0
since they end the game. Therefore the value of the game is *1 as required.
Let d > 1. Assume that in any position if there are less than or equal to
d available rows or columns, that the value of the game is no more than d.
Consider an instance of PermuNim played on a board with either no more
than (d + 1) available rows or no more than (d + 1) available columns. Its
options have value no more than *d by the induction hypothesis and thus
the value of the position is no more than *(d+1). m

If a permutation is an involution or if it has some rotational symmetry
we can make some observations about the nim values of the options.

If o is an involution then P™"(g) = P™™(o). For example P>7(132) =

P75(132).

I157(132) I175(132)
a[4]2]0]0

4[0]0]2]2]| [4]4]2]0]0]0]0
2[0[2[4[0]| [4]0[0[0[0[2]4
ojojof2]1] [2]o[2]0[2[1]0
0jo[2[4[0| [0]2][4[2[4[0][4
o|2]1]o]2] [o]2]o0[1]0[2]0
0[4[0[4]0

More generally if S is any set of occupied cells on an n x m PermuNim
board where the permutation being avoided is an involution o, then the
transposed set of occupied cells ST on an m x n PermuNim board contains

the same values. This is not however true for permutations which are not
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involutions.
If o is half turn invariant then P/ (o) = P%, ., ;(0). In other
words the board is also half turn invariant. In situations such as this, only

half of the options would need to be analyzed to determine the value of the

game. For example H?{,?j)(2143) = H?ézi+1,7—j+l)(2143) for 1 < i < 6 and
1<j<7
1111|113 ]1[1
1111 j11311%1|1
111 111]1]1|3
6,7
) 3|11 |1|1(1(1
1(1(1]1|1|1(1
1(1|13|1]|1|1]1

Similarly if o is quarter turn invariant, then so is [I™™ (o) for any m. In
this situation only about a quarter of the options would need to be analyzed
to determine the value of the game. For example consider an 8 x 8 board

where (2413) is the permutation being avoided.

1[3[3[5(3[1[1]1
1(1]3[1]2[1[1]3
1(1(1]1[1[1]3]3
3[2|1(1|1]1|1]5
I1%%(2413) 5(1(1]1]1]1(2]3
3[3[1|1(1|1[1]1
3(1[1]2[1(3[1]1
1(1]1[3[5[3[3]1

The following result is an important tool for analyzing any instance of

PermuNim.
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Lemma 2.4 Consider a board in a position in which all available cells may
be diwvided into m sections in such a way that no two sections contain the
same row or column and that any permutation that is being avoided which
can fit in the available cells would be entirely contained in one section. The
value of a board in this situation is the nim sum of the values of the sections,

each avoiding the forbidden permutation(s).

Proof. Each of the m sections are completely independent of each other
since they do not share any rows or columns and any instance of the forbidden
permutation would be contained entirely in one section. So plays made in
once section can not affect the other sections. m

We will use this result throughout the thesis, in particular in Chapter 3
to completely identify the value of every subposition of PermuNim on a finite
board where (12) is the forbidden permutation. An example illustrating this

result follows the proof of Theorem 3.1

2.3 Summary of results

Chapter 3 will discuss instances of PermuNim in which (12) is the forbidden
permutation. On the finite board when no moves have been made, this game
has value equal to the smallest dimension of the board. We are able to
recursively calculate the value of each cell of this game. P™%(12), P™Z7(12)

have value m but P™Q(12) has value 0 for m even and 1 for m odd, and
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P™T (12) has value 1 for m = 1, 2 for m even and 3 for m odd larger than
L:

In Chapter 4, games where (123) is the forbidden permutation are dis-
cussed. Our analysis of this instance of the game is much less complete than
that for (12). The options seem much more chaotic and complex. For small
boards there seems to be a trend for even height boards to have all odd en-
tries if they are ‘wide enough’ and for odd height boards to have all even
entries if they are ‘wide enough’ however we have an example which suggests
this is not true in general. We are able to make conclusions about half of
the cells on the even by even board by using a strategy whereby one player
could take the winning strategy of mirroring his opponents moves. We will
also demonstrate in this chapter that a similar mirroring strategy confirms
that P™%(123) has value 0 for m even. Finally in chapter 4 we show that
P™Q(123) has value 0 if m is even and 1 if m is odd.

Chapter 5 investigates the instance of PermuNim where the permutation
being avoided is close in size with that of the board. We will demonstrate
that for any positive integer k there exists M such that for any m > M and
any permutation of size m—k, P™"(¢) is 0 if m is even and 1 if m is odd. We
then end chapter 5 by demonstrating a bound for M when the permutation
is an identity.

If a PermuNim board is stretched by adding columns, sometimes the
value of the position is affected and sometimes not. In the case where the

permutation is (12), and the board is square or wider, adding columns to the
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board does not affect the value of the position when no moves have been made
because the value of the position is only dependent on the smallest dimension
of the board. Chapter 6 extends this idea to show that even after any number
of moves have been made, columns may be added without affecting the value
of the board. For an arbitrary permutation we are able to show that on a
board of height m when ¢ moves have been made, if there is a set of at least
2™t consecutive columns not played in, then columns may be added and
deleted from this set without affecting the value of the position as long as
2™t — 1 consecutive columns which have not been played in remain in the
set. The results from this chapter give us that no more than 2™ columns are
needed on a board of height m avoiding (123) before adding more columns
will not affect the value of the position but our computer-generated data
suggest that much fewer than that many columns are necessary before this
is guaranteed. We conclude chapter 6 by demonstrating that although 2™
columns may not be needed, there is no constant c, such that having ¢ more

columns than rows would guarantee this.



Chapter 3

The Permutation (12)

We will now look at PermuNim where (12) is the permutation being avoided

on finite and infinite boards.

3.1 The Finite Board
Theorem 3.1 P™"(12) = min{xm, *n}

Proof. Since (12) is an involution, it is enough to prove the result for boards
which have at least as many columns as rows. We proceed by strong induction
on the number of rows. For any positive integer n, P»"(12) = x1 because
every option is clearly x0. Now assume for some fixed m, that for any n > m,
Pkn(12) = «k for every 1 < k < m. Consider P™+17(12), where n is now any
integer at least (m+1). The option of moving into cell (4, 1) has value *(i—1)

for each 1 <4 < (m + 1). This follows by the induction hypothesis because

17
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the position at this stage is equivalent to P4~1"(12), since rows i,i+1,...,n
have become unplayable. Theorem 2.3 gives us that the largest value that
the position can be is x(m+1). It then follows that the value of the position
must be mex{i —1 [1<i< (m+1)} = mex{0,1,...,m} =*(m+1). =
We can say more about this game then just the value before any moves
have been made. In fact we can completely identify the value of every sub-
position by applying Lemma 2.4 and Theorem 3.1 . All moves made must
be in an off-diagonal pattern to avoid creating an instance of the forbidden
permutation. Cells above and to the left, or below and to the right of any
move become unplayable and the remaining playable region is composed of
rectangular blocks of ceHs in an off-diagonal pattern. For example

P09 (12) = P*(12) @ PP3(12) © P4(12) = +3@ +2© +3 = 2.

— =] = |-|msa2)

- | =|m2a -] -

A1) [=| = [=] =

In this way we can calculate the value of each of the options of any instance

of PermuNim on a finite board where (12) is the forbidden permutation
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For example:

IT44(12) I155(12) I15:6(12)

0]1]2]3]4]5
0123(1)(1)3‘;’;1103254
110]312] 513513t [213]0]1[2]3
2[3[0[1] o513t [B1211[0]3]2
3[2[110] Hrsterrrel [AB12]3]0]1

5/4(3[2[1]0

This game, although nice to analyze is not very interesting to play because
Alice can always end the game on her first move by playing in the top left or
bottom right cell of the board. For P™Z7(12) it is also the case that Alice

can end the game on her first move by playing in cell (1,1).

3.2 Infinite Boards

Theorem 3.2
P™27(12) = xm

Proof. If m = 1 then every option of this game has value *0 and thus
PY27(12) = #1. Suppose for some positive integer m, that P¥2¥(12) = «k for
all1 <k <m. PT3M7(12) = PY27(12) fori € {1,2,3,...,m+1} because
rows i through (m + 1) become unplayable. Since Pi~%%(12) = x(i — 1) by
the induction hypothesis, it then follows that P(T$1’Z+(12) = %(i — 1) for
i€{1,2,3,...,m+1}. Therefore since this position has options {0.12; ;...

m}, Theorem 2.3 gives us that P™"*127(12) = x(m+1). m
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From Theorem 3.2 we can prove a similar result for II"™%. This game is a
little more interesting to play because there is no play that Alice could make
which would end the game on her first move. The starting position no longer
has value equal to the height of the board. The value becomes dependent on

the parity of the height.

Theorem 3.3

*0 if m s even
POEQ2) = J

*1 if m is odd

Proof. If Alice moves into cell (7, j) of the board, then cells
{(z,y)|[(z>iand y > j) or (z <iand y < j)}

become unplayable. This leaves two regions left to play in (either of which
may be empty), an upper right region R; and a lower left region R,. These
regions share no rows or columns, and any instance of (12) that may be
formed would be entirely in one of these regions. R; has value P*~12"(12) =
%(i—1), by Theorem 3.2 and since (12) is half turn invariant, you can rotate
R; 180 degrees to see that it is similarly equivalent to P27 (12) = %(m—1).
So by Theorem 2.4, P(TJ‘.?(IZ) = (i—1) & (m —i). When you nim-sum two
even nimbers you get an even, when you nim-sum two odd nimbers you get
an even and when you nim-sum an even nimber with an odd nimber you

get an odd nimber. This is because nim-addition is bitwise, and parity is

determined precisely by the least-significant binary digit. It then follows
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that for 1 <7 <m, (m—1i)® (i — 1) is odd for m even and even for m odd

and thus
P™2(12) =mex{(i — 1) ® (m—1i)| i=1,2,...,m}.

This is 0 for m even because all of the options are odd. Similarly the value is
x1 for m odd because all of the options are even and include %0 for i = %‘L—l
m Again for the board IT™%" | Alice can end the game on her first move into
cell (1,1).
Theorem 3.4
*1 ifmis 1
PP (12) ={ 42 ifmis 2

*3 ifmis 8

Proof. P“¥"(12) = 1 because all options are *0. P2%2"(12) = %2 because
it has *0 and *1 as options in the first column. P3@" (12) = 3 because it has
*0 and *1 as options in the first column and Pﬁ;@(IQ) = P2T"(12) = 2.
Suppose for some m > 3 the result holds for all 1 < k < m.
For m even or odd, P{Tl’m(lZ) = x0 because it ends the game and

P$+I’Q+(12) = P12(12) which is *0 for i odd and 1 for i even when i is

at least 2. So the first column contains only 1s and 0s.
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When m+1 is even we will show that for any column j other than column

1, the options are only 3s and 1s.

P™LY(12) = p™Q(12) = #1

m+1,j

PN (12) = PR (12) @ P2Q(12) = +1 @ #0 = 1
Pl (19) = PO — 43
‘Pz"’7;+l,Q+(12) = Pm'f'l—l,Q'*'(lZ) @ Pz—l,Q(12)

which is *3@® %0 = %3 if 7 odd and *2® *1 = %3 if 7 even. It then follows that
P™1.Q7(12) is %2 for m + 1 even since the only options are %0, *1 and *2.
When m+1 is odd we will show that for any column j other than column

1, the options are only 0s, 1s, and 2s.

PRI (19) = Pr(19) =«

Prb® (19) = PLY(12) @ P 1Q(12) = #1 @ #1 = 0
Pt (12) = PO (12) = %2
Pi’,’fl’@(lz) = pmt1-iQ(12) @ P1Q(12)

which is *3 @& x1 = %2 when 7 is even and *2 @ *0 = *2 when 7 is odd for
2 < i < m—1. It then follows that Pt1@" (12) = %3 for m + 1 odd since

the only options are %0, x1 and *2.
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[
Again for IT™Q the board no longer has value equal to its height. The
value is dependent on the parity of the height. We can see from this that
having a least column plays a significant role in determining the outcome of

the game.

Theorem 3.5

%0 if m s even
P™Q(12) = J
x1 if m is odd

Proof. Suppose at some position after the first move of the game there is a
row 7 which has not yet been played in. If row r is below all rows which have
been played in, then the next player may move into row r in any position to
the left of all other previous moves. If row r is above all rows which have been
played in, then the next player may move into row r in any position to the
right of all other previous moves. Otherwise row r is between two rows which
have already been played in. Let row s be the closest row above r which has
been played in and row ¢ be the closest row below r which has been played
in. The next player can then move in row 7 in any column (position) which
is in between the moves in rows s and ¢. This move will clearly not create an
instance of the forbidden permutation and such a position will always exist.
Since at any position of the game, players may move until all rows have been
moved in, the result follows by Lemma 2.1 m

In the next chapter we will generalize this result to larger identity per-

mutations and even to arbitrary permutations of size k£ which begin with a
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1 or end with a k. We will also investigate the trend for even height boards
to have value %0 and odd height boards to have value x1. We will now take
a look at boards which have both infinitely many rows and infinitely many
columns.

When avoiding the permutation (12) on a board with infinitely many
rows and columns there are many instances which will not satisfy the ending
condition. If either dimension is indexed by the rationals then the ending
condition is not satisfied. Similarly if the board does not have a least column
and a greatest row (Southeast quadrant) or a least row and a greatest column
(Northwest quadrant), then play may go on forever.

We prove the following result for the Southeast quadrant board when

both dimensions are indexed by the integers.

Theorem 3.6 A board with rows indezed by the integers and columns in-
dezed by the integers where there is a leftmost column and a highest row has

value *w when (12) is the forbidden permutation.

Proof. Playing in position (1,7) for any positive integer i makes columns
to the right of column (i — 1) unplayable. Therefore this position has value
(¢ — 1) by Theorems 3.2. So the board has every non-negative integer as an

option and thus the value of the board is *w. m



Chapter 4

(123) and Larger Identities

PermuNim where (123) is the forbidden permutation is much more compli-
cated to analyze than the cases of (), (1), or (12). The values of the options
appear much more chaotic.

At least for boards with relatively small heights, if they are ‘wide enough’
there seems to be a trend for even height boards to have value zero and more
specifically all odd entries and similarly for odd height boards to have value
one and more specifically all even entries. This is not true in general. For an
example, it can be seen in the appendix that P7"(123) appears to have *3 as
an option even as n gets large. This trend may be attributed to Lemma 2.1
and also to the fact that on a small board the permutation is closer in size to
the board. We discuss this further in chapter 5 when we look at situations
where the permutation is close in size to that of the board. For now we will

just explore this trend for the permutation (123).

25
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Examples

The data in the appendix suggest that P*"(123) for n > 3 has only 0Os
and 2s as options.

133(123)  I1%4(123) I135(123) I135(123)
2[0]o] [2]o]oJo] [2]ofo[oo] [2]oJo[ofo]0
o[2]o| [o]2]2]0] [o]2]o[2]0| [o[2]0]0]2]0
ofo[2] [o]o]o]2] [o]o]ofo[2]| [ofo[o0]0]0]2

The data suggest that P*"(123) for n > 4 has only 1s and 3s as options.

1144 (123) IT45(123) I146(123) I1%7(123)

3[3[1]1] [3[3]1f1]1] [B[3[1[1[1]1] [3]3[1[1[1[1[1
3[1]3]1] [3]1]3]3]1| [3[1[3[1[3]1]| [3[1[3[1[1[3]1
1[3[1]3] [1]33]1]3] [1[3]1[3[1[3|[1[3[1]1]3[1[3
1L[1]3]3] (1|1 ]3]3] [T{Tt[z(3[3|[1]1]|1|1[1[3(3

P>°(123) has 1 as an option but for n > 6 the data suggest that P>"(123)
has only even options.

I155(123) I15:6(123) I157(123)

4[4J47J0J0] [4]4J4[0[0]0] [4][4[4]0]0]0]0
4]2]2]4]o] [a]2]0]4a[4[0| [4[2]0[4[2[4]0
a|2]1]2]4]| [a]o]4[4a]o[4]| [4[0[4[2[4(0[2
0[4]2]2]4]| [o]4[4a]0[2[4| [0[4[2[4[0[2[2
0]of4]4[4]| [0]o]0[4[4[4]| [o|o[0]0[4]4]4

See the appendix for some larger examples. You may notice that there
seems to be some consistency when more columns are added to a board. We

will discuss this phenomenon further in Chapter 6.
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The following result supports the tendency for even-width boards to have
value zero by demonstrating that games on boards with even width and
height avoiding (123) do not have zero options at least in the Northwest and

Southeast quadrants of the board.

Theorem 4.1 Consider an even by even board avoiding (123). Options in

the Northwest and Southeast quadrants of the board have non-zero values.

Proof. Suppose that Alice makes her first move in cell a in the Northwest
or Southeast quadrant of the board. We will show that Bob has a winning
response by moving on every turn into the 180-degree rotated image of Alice’s
move. For the duration of this proof if a cell of the board is labeled by a letter
then the prime of that letter will be used to label the cell in the 180-degree
reflected image.

Suppose Alice moves into the Northwest or Southeast quadrants of the
board and that Bob takes this strategy in reflecting Alice’s moves and at some
point Alice moves into cell ¢ but Bob is unable to move into cell ¢. Then it
must be that either some player has already moved into the cell ¢/, or moving
into this cell would create an instance of the forbidden permutation.

If moving into cell ¢’ is not possible because the cell already contains a
move, then it would not have been possible for Alice to have even moved into
cell ¢ because the board is half turn invariant after each of Bob’s moves.

Conversely if moving into cell ¢ would create an instance of (123), then

every instance of (123) at this stage in the game must contain cell ¢. Also
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Alice’s last move in ¢ must be contained in every instance of (123) because
the board is half-turn invariant after each of Bob’s moves.

If ¢ is in the Northeast or Southwest quadrants then ¢ and ¢ would be
positioned in a way that could not contribute to an instance of the permu-
tation (123). So ¢ and ¢’ must be in the Northwest or Southeast quadrants
of the board.

Consider an instance of the forbidden permutation (123). It must contain
cells ¢, ¢ and some third cell e. The following will show that Alice’s move
into cell ¢ must have created an instance of (123).

Without loss of generally let a and ¢ be in the Northwest quadrant of the
board.

If ¢ is above and to the left of a or below and to the right, then ¢, a and
a’ would make up an instance of (123).

Suppose ¢ is above and to the right of a. Then ¢ and a’ makes up an
instance of (123) with which ever of e and €’ is in the top half of the board.

Finally suppose that ¢ is below and to the left of a. Then ¢ and o’ makes
up an instance of (123) with whichever of e and €’ is in the left half of the
board.

So If Bob continues this strategy for the remainder of the game he will
win because he will always have a response to each of Alice’s moves. m

The following result reveals the value of P™%(g) where o is of size k

beginning with 1 or ending with %, in particular any identity permutation.

Theorem 4.2 For any permutation o of size k, where o(1) =1 or o(k) = k,
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0 if m s even;
P™Q(g) =

1 if m is odd.
Proof. We will prove the result for (1) = 1. The case where o(k) = k
follows by (rotational) symmetry. By Lemma 2.1 it is enough to show that
at any stage in the game, in every row which has not been occupied, there is
a cell which is available to be moved in. Suppose there exists a row r which
has not been played in. If r may be played in to the left of all existing plays
then we're done so assume there is no such column. Then it must be that

there are cells

(Th Cl), (T2’ C?)’ ey (Tk—l'; Ck—l)

such that (r, ¢), (r1,¢1), (12, ¢2), - . ., (Tk_1, cx—1) is an instance of the forbidden
permutation for any rational ¢ < ¢; where ¢; < ¢ <,...,cr—;. Out of all
sets of (k — 1) cells (r1,¢1), (r2,¢2), ..., (Tk—1,ck_1) that satisfy this criteria,
choose a set which has its leftmost element (rq,¢;) as far right on the board
as possible.

The player whose turn it is may move in (r,c’), where ¢’ is any column
to the right of c;, but to the left of all columns to the right of ¢; which have
been played in. This move will be allowed because there can not be any
plays made in cells above and to the left of (7, ¢') because they would also be
above and to the left of each of (r1,¢1), (12, ¢2), ..., (Tk_1, ck—_1) which would

be a contradiction. The only way that moving in (r,¢’) could contribute to
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an instance of the forbidden permutation of size k is if there were plays in

cells

(T,h cll)a (Tf?a Ci‘?)’ o oy (T;c—la c;c—l)

such that (r,c), (r1,¢)), (rh,c4), ..., (Ti_;, Ch—;) form an instance of the for-
bidden permutation where ¢ < ¢} < ...cj_;. So ¢} > ¢ and by the choice of
¢, c > ¢;. Thus ¢| > ¢; contradicting the choice of (r1, ¢1), (72, ¢2), - - -, (Tk—1, Ck—1)
to be so that ¢; is as far to the right as possible. m

played cells

(Tl, Cl); (Tz, Cz), cen (Tk—h Ck—l)

Although Theorem 4.2 applies only to o such that o(1) =1 or o(k) =k
we have yet to find any sigma for which this result is not true.
In the next chapter we will look at games where the forbidden permuta-

tion is close in size with that of the board.



Chapter 5

Relatively Large Permutations

Theorem 5.1 For each positive integer k, there exists M such that for any

m > M and any permutation o of size m — k

*0 if mis even;
P g) =

x1 if mis odd.

for alln > m.

Proof. Let n = m+c for some non-negative integer ¢ and o be a permutation

of size m — k. For an m X n board there exist
m—(m—k)+1xn—(m—k)+1]=(k+1) x (c+k+1)

ways in which o could fit on the board without any unused rows or columns

in between the cells used to form it. Let K be the set of cells which could
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be covered by plays in this way. Since any other way that o could fit on the
board would use only cells from K, it then follows that K is in fact the set
of all cells on the board that could possibly contribute to an instance of o.
K has no more than (k+ 1) x (c+ k + 1) x (m — k) cells in it. Therefore
there exist at least mn — [(k 4+ 1) x (¢ + k + 1) X (m — k)] cells that could
not contribute to an instance of 0. Let R be the set of these cells.

A move on the board into position (r,¢) renders row r and column ¢
unplayable. On move i, at most [m +n — 2i + 1] = [2m + ¢ — 2i + 1] cells in
R become unplayable in this way.

Suppose m is even. If Bob can make (k + 1) moves in R it would yield
(k+1) rows unplayable without contributing to an instance of o. Thus there
would not be enough rows available in K for an instance of ¢ to occur (need
m—k). Bob would leave the game in a zero position after his (k 4+ 1)st move
in R, because it will no longer be possible for an instance of ¢ to be created
and thus exactly [m — 2(k + 1)] moves will be made in the remaining game
since now every row of the board must be played in for the game to come
to an end. This position has value x0 by Lemma 2.1 since [m — 2(k + 1)] is
even. It would then follow that every option of P™"(¢) must be non zero
since Bob will always have a winning strategy and thus P™"(¢) would be
the mex of some non zero numbers which is 0.

n—2(k+1) is even.



CHAPTER 5. RELATIVELY LARGE PERMUTATIONS 33

Recall the number of cells in R is at least
mn—[(k+1) x (c+k+1) x (m—k)] = m*+mc—[(k+1) x (c+k=+1) x (m—k)].

The maximum number of cells in R left unplayable by moves 1 through
2(k+1)—1is
2k+1

> (@m+c—2i+1).

i=1

Therefore as long as

m?+me—[(k+1) x (c+k+1)x (m—k)]) > 2ki_:l(2m—i-c—2i+l) (5.1)
i=1
Bob will be able to make (k£ + 1) moves in R and the result will follow for m
even.

There clearly exists M such that for all m > M, inequality (5.1) is sat-
isfied because the left hand side grows faster than the right hand side with
m.

Suppose conversely that m is odd. Let Alice make her first move in any
cell of the board. If Alice can make her next (k + 1) moves in cells from R,
then after her (k+2)nd move, there would be (k+1) rows removed from the
playable region by moves which can not contribute to an instance of o. After
her (£ + 2)nd move, there would be less than (m — k) rows left on the board
which could possibly contribute to an instance of & which is not enough to

create an instance o and thus exactly [m—2(k+1)— 1] moves will be made in
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the remaining game since now every row of the board must be played in for
the game to come to an end. This position has value *0 by Lemma 2.1 since
[m—2(k+1)—1] is even. It would then follow that every option of P™" (o)
must be zero since Alice will always have a winning strategy no matter where
her first move is made and thus P™" (o) would be mex{0} = %1 in this case.

Again the number of cells in R is at least
m? +me—[(k+1) x (c+k+1) x (m— k)],

and the maximum number of cells in R left unplayable by moves 1 through
2(k+1)is

2%+42

> (@m+c—2i+1).

=1

Therefore as long as

2k+2
m? +me—[(k+1) X (c+k+1)x (m—k)]> D @2m+c—2i+1) (5.2)

=1

then after Alice’s first move, there will enough cells left in the playable
region of R so that Alice may in fact make her next (k + 1) moves in R.

There clearly exists M such that inequality ( 5.2) holds for all m > M
because the left hand side grows faster than the right hand side with m.

]

If £ is any integer and o is the identity permutation of size m — k then
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we can give a more precise result.

Theorem 5.2 For any positive integer k and m > 4k + 4

0 i mais even;
PR, 2,350y M=) =

1 ifmis odd
for all n > m.
Proof. Let R be the union of the following two sets of positions from an

m X n board

{G3)li=1,2,...m—k—1, j=n—m+k+i+l,n—m+k+i+2,...,n}

{Gg) li=k+i+1k+5+2,...,m, j=12,...,m—k—1}.

Moving in any of these positions clearly can not contribute to an instance of
(1,2,3,...,m — k). To illustrate this, let £k = 1, m = 4 and n = 5. Then
R ={(1,4),(1,5),(2,5),(3,1),(4,1),(4,2)}. These cells are labeled with an

asterisk in the following diagram.

*

* | %

Suppose m is even and m > 4k + 4. If Bob could make his first (k + 1)

moves in positions from R, then after his (k + 1)st move, there would be at
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most (m—k—1) rows left available on the board that could possibly contribute
to an instance of (1,2, 3, ..., m—k) which is not enough room to fit an identity
permutation of size (m — k). Since no instance of (1,2,3,...,m — k) may be
formed, then every row of the board must be played in for the game to come
to an end and thus there must be exactly [m—2(k+1)] moves remaining. This
position thus has value *0 by Lemma 2.1 since [m—2(k+1)] is even. It would
then follow that every option of the original game would be non zero since
Bob always has a winning strategy and thus P™"(1,2,3,...,m—k) = 0 for
m even.

Each row of the board contains at least (m — 2k — 1) elements from R.
As long as each row of the board has more than one cell from R remaining in
the playable region, each move on the board rules out at most one row from

the playable region inside R. Since m > 4k + 4, we get that

m—2k—1>2(k+1)

and thus there are enough elements in each row of R so that Bob may in fact
make his first £ 4+ 1 moves in R.

Suppose now that m is odd and m > 4k + 4. Let Alice make her first
move in any position of the board. If Alice can make her next (k + 1) moves
in positions from R, then after her (£ + 2)nd move, there would be (k + 1)
rows removed from the playable region by moves which can not contribute

to an instance of (1,2,3,...,m — k). So after her (k + 2)nd move, there
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would be at most [m — k — 1] rows left on the board that could possibly
contribute to an instance of (1,2,3,...,m — k) which is not enough. As
above, every row of the board must be played in for the game to come to an
end and thus there must be exactly [m —2(k+1) — 1] moves remaining. This
position thus has value *0 by Lemma 2.1 since [m — 2(k + 1)] — 1] is even.
It would then follow that every option of the original game is *0 since no
matter where Alice makes her first move, she always has a winning strategy
and thus P™"(1,2,3,...,m — k) = %1 for m odd.

After Alice’s first move, each row of the playable region of the board
contains at least (m — 2k — 2) elements from R. As long as each column and
row of the board has 2(k + 1) positions from R remaining in the playable
region, each of the next 2(k+1) moves on the board will rule out at most one
row and one column from the playable region inside R. Since m > 4k + 4,
we get that

m—2k—-22>2(k+1).

and thus, after Alice’s first move, there are enough elements in each row of
R so that Alice may in fact make her next (k + 1) moves in R.

=

Both of the results from this section are examples of how we can apply
Lemma 2.1 by delaying the game until the forbidden configuration will no
longer fit in the available cells of the board. This allows the parity winner to

force a particular parity of moves to be made in the game.



Chapter 6

Stretching results

If a board is stretched by adding columns, the value of the game on that
board is sometimes affected. We saw in Chapter 5 that for a fixed k, if m
is large enough that on an m x n board with n > m and no moves made,
where a permutation of size m — k is being avoided, columns may be added
without affecting the value of the position. We also know by Theorem 3.1
that if the forbidden permutation is (12), then any board which is square or
wider, with no plays made, may have columns added to it without affecting
the value of the game. These statements are true because the value of these
games are only dependent on the smallest dimension of the board. What if

some moves have been made?

Theorem 6.1 Consider the game board 1" (12) where m < n and S is any
set of cells which could feasibly be occupied during a game of PermuNim on

this board. There exists a place on the board where adding any number of
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columns will not change the value of the game.

Proof. Suppose k moves have been made for 1 < k£ < m. The remaining
unoccupied cells at this stage form rectangles in diagonal pattern against the
permutation. By Lemma 2.4 the value of this position is equal to the nim
sum of the values of each of those rectangles, each avoiding (12).

Suppose that at this stage, in every column there is either a rook or
an available cell. Then there must be (n — k) columns all together in the
rectangles of available cells. But there are at most (m — k) < (n — k)
available rows in these rectangles, which means there must be at least one of
these rectangles which has at least as many columns as it has rows. Adding
any number of columns to this small rectangle will not affect the value of it
by Theorem 3.1 and Theorem 3.2, and thus will not affect the value of the
game composed of these rectangles at this stage.

Conversely suppose that there exists a column ¢ on the board which is
unoccupied and can not be played in. In this situation, adding any number
of columns adjacent to column ¢ will not affect the nim value of the position
because these new columns will not be available to be played in either.

In any case there is always a place at any position of the game where
any number of columns may be added without affecting the nim value of the
position. m

If m < n then there will also always be a place where a column can be
deleted without changing the value of the game, even after any number of

moves have been made. This is because one of the small rectangles in the
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proof of Theorem 6.1 will have strictly more columns than rows and thus a

column may be deleted by Theorem 3.1 and Theorem 3.2.

6.1 Very wide boards

For more complicated permutations it is not as clear how wide exactly a
board needs to be before columns may be added or deleted without affecting
the value of the position. The following result gives a bound on the number
of columns necessary after a given number of plays have been made. In
particular it demonstrates that for a board of height m, when an arbitrary
permutation is being avoided and no moves have been made, no more than
2™ columns are necessary before columns may be added and deleted. We
suspect that the actual number necessary is much lower in many cases. In
particular, we have seen that for the permutation (12) only m columns are
needed. As demonstrated in Chapter 5, the same is true for permutations

which are close in size to that of the board provided m is large enough.

Theorem 6.2 On a board of height m avoiding any permutation, if t moves
have been made and there exists a set S of at least 2™~ (and possibly infinitely
many ) consecutive columns not played in then any number of columns may
be added to or deleted from S without changing the value of the position

provided 2™t — 1 columns remain in S.

Proof. If m — 1 moves have been made and there exists a set S of |S| >

2m=(m=1) = 2 consecutive columns not played in then deleting any of them
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or some columns adjacent to them will not affect the value of the position as
long as one column remains. This is because there is at most one move left
and thus moving in any column of S is equivalent.

Suppose as an induction hypothesis that for some ¢ < m, if ¢t moves have
been made, and there exists a set S of |S| > 2™~ adjacent columns not
played in, then any finite number of columns may be added to or deleted from
S without changing the value of the position as long as 2™t — 1 consecutive
unoccupied columns remain.

Now consider the position P; of some game on a board of height m where
only ¢ — 1 moves have been made and where there exists a set S; of |S;| >
2m=(t=1) adjacent columns which have not been played in. Also consider the
position P, of the corresponding game where some number of columns have
been added to S; to give a set S, and the position P; of the corresponding
game where some number of columns have been deleted from S; to give a set
S3 where |S3| > 2™~(¢=1) — 1 and of course |Sy| > 2™~ (-1,

Regardless of where the #** move is made in P,, there will still be a set of
at least 2™~ adjacent columns in S; which have not been played in.

By the induction hypothesis after this #** move is made, any number
of columns may be added to or deleted from this set of adjacent available
columns in S; without changing the value of the position provided that at
least 2™~* — 1 columns remain. In this way we can add or delete as many
columns as required to verify that this option of P; has value equal to both

an option of P, and an option of P;. So all the options of P; are options of
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P, and P; and in fact I will show that every option of P, and of P; is also
an option of Pj.

Each option Pj of P, is a position where there are ¢ moves made and
there is a set of at least 2™ adjacent, unoccupied columns in S, either to
the right of the t** move, to the left of the #** move or both. If there is one
such set call it S; and if there is a second set call it S5. Columns may be
deleted from S; ( and Sj if applicable ) to make this position an option P}
of Py leaving at least 2™~* — 1 columns in each of S5 and Sj. Do P; and P,
have the same value? The induction hypothesis gives us that this removal of
columns from the position P; to the position P| will not change the value of
the position and thus every option of P, has value equal to some option of
P;.

Similarly each option Pj of P; is a position where there are ¢ moves made
and a set S of at least 2™~*—1 adjacent columns in S3 which are unoccupied.
Columns may be added to S; in such a way as to obtain an option P! of P,
from Pj. Like all options of P, P{ must have a set S of at least 2™~ adjacent
columns in S; which are unoccupied and thus by the induction hypothesis
the removal of columns to obtain Pj from P results in an equivalent game.
Therefore every option of P is equal to some option of P;. It then follows
that P, and P; both have the same options as P, and thus have the same
value. The result follows by induction. m

So the limit of P™" (o) as n approaches infinity exists. Is this limit equal

to the value of some infinitely wide board? Perhaps an infinitely wide board
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where there is still a least and greatest column. In the case where (12) is
the forbidden permutation, the very wide board does have the same value
as P™Z" but this is not necessarily true in general. They do, however, have

some similar structure.

Corollary 6.3 For 2™ '+1)<c< (n—2™"'-1), Pm" = P,

o + Z+ Z
and for ¢ > (2™ + 1), Pm2" = PIe%, and for any ¢, P% = P2,

Proof. By Theorem 6.2, for (2™ ! +1) < ¢ < (n—2™"! —1) a column may
be added to the left of column ¢ and deleted from the right in II%" to obtain

| 1

r,.c

11 without affecting the value of the position. Similarly if ¢ > 21 + 1
a column may be added to the left of column ¢ in PT”’;'ZJ' to obtain P,.’,';’f:
without affecting the value of the position. In the last case for any ¢ a column
may be added to the left of column ¢ and deleted from the right in H:."léz to
obtain H:’fﬁl. [

So for a wide enough board or II™% or IT™2" many of the options will

have horizontal sterility when no moves have been made.

6.2 Non-Stretchability

The computer-generated data indicates that for small m, a board with m
rows, where (123) is the forbidden permutation, needs many fewer than 2™
columns before some may be added or deleted without affecting the value of

the game. So how many columns are needed before this is guaranteed? The
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following result verifies that there is no constant z so that having z more

columns than rows would guarantee this.

Theorem 6.4 Letz > 1 and m = 20z—2. There is a position in ITI™™*(123)
where no column may be added between any other columns without changing

the value of the game.

Proof. Consider the position ITg"™"*(123) for S = {(m—9,9), (m—8,10), (m—
20,20), (m—19,21),...(9,m+z—10), (10,m+z—9)}. The available region
consists of a pattern of non overlapping alternating 8 x 8, and 8 x 9 boards
with two plays in between each, making all cells above and to the left as well
as those below and right unplayable. This position is depicted below for the

case where x = 2 with bullets for cells which have been played in.
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— | I189(123)

ma2s) |- |-| - |-|-| = [|=[-| -

Let P be the value of this position. By 2.4, P is the nim sum

L, [P*%(123) © P®9(123)].

This sum is clearly %0 if z is even and P%%(123) @ P%°(123) if z is odd
which from the computer-generated data is *3 since P%#(123) = %1 and
P3(193) = 42,

If a column is inserted at position P within one of the 8 x 8 boards it will
change it to an 8 x 9 board which has value *2 instead of *1 and thus the
value of P would also be affected. Similarly if a column is inserted within

one of the 8 x 9 boards it will change it to an 8 x 10 board which has value
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*0 instead of *2 and thus the value of P would also be affected. Finally
consider the situation where a column is added in between one of the sets
of two adjacent plays. Without loss of generality let it be added between
the rooks in cells (m — 8,10) and (m — 9,9). Before this column is added,
the bottom left 18 x 19 rectangle of cells had value *1 @ *2 = x3. After
the column is added, this now 18 x 20 rectangle of cells does not have value
*3. To demonstrate this we will show that the option of moving into cell
(m — 7,10) has value *3. The move into cell (m — 7,10) makes the bottom
left 18 x 20 rectangle of cells equivalent to the nim sum of P%°(123) = %2
and P} (123) = P78(123) = 1. The result follows because *1 @ %2 = 3 as

(1,9)

required. m



Appendix A
Computer Data

The following data for PermuNim where (123) is the forbidden permutation
was calculated with a fast, two-bin, (123) permutation pattern checking al-
gorithm. Positions in the game are stored as strings of numbers a4, as, . . . , a,
where a; has value j if there is a rook in row j, column i and value —1 if
column ¢ has not been played in. The string of numbers are sorted from left
to right into two bins whereby the numbers are put into a bin only if its
smaller than all other elements in that bin. If the string of numbers can not
be sorted into two bins in this way then the position is not valid.

From the data, it appears that for any n at least three, IT>"(123) has only
0Os and 2s which supports the tendency for odd height boards to have only
even values.

133(123)  734(123) I135(123) I13:6(123)
2]0fo] [2To[o0]o] [2]0foJoJo| [2]o]o0]0]0]0
o[2]o] [o]2]2]0] [o[2o[2[o] [0]2]0]0[2[0
ofo[2] [o]o]o]2] [o]o]ofo[2] [o]o]o0]0]0]2

47
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APPENDIX A. COMPUTER DATA

I139(123)

T138(123)

T137(123)

(=) fanll [al]
oN | O
oo |Io
(e} fan )} fan]
o oo
o |10 |
[e=] [en ] fen]
(==} [ fen)
N OO
(e fan Jj o)
(el [ | fam)
o100
(==} fev ) fen]
oo |Io
o |10 |
oo
N O IO
O 1o |
(=] [ |} fam)
o |10 |10
(== fen )} fan)
o |10 |0
o N O
N OO

From the data, it appears that for any n at least four, IT*"(123) has only
1s and 3s which supports the tendency for even height boards to have only

odd values.

I147(123)

I146(123)

IT45(123)

I144(123)

(||
— |||
[ |
— =
— [ | |
N[N~
o[ v |
[ [
[ ]|— ™
— [ [
0 [ |
M (e [
N[ |
|| |N
| [ |
— [ [
[ | [
(e | [
(DD
— | [— |
M [ | [
N (D |~ |

=[]
(D[ |
(=D |
A=l =l | r={ | -4
el
mllll
e
o
o R B R B R B |
<
Hllll
— (D | [
M= (D |
M| |[r— |
(=DM
[N
— [~ | |
D
O [ | = |t [
(]
T fett ot o]t
R,
<+
[~
=
[0 [ |
N (||
M D | [
[N
| [ [
—_ [
]
—
B ||
<
H1311
o [ | [
N ||

(123) has a 1 in it but it appears that for any n at

"(123) has only even values.

5

From the data II

least six, II°

I157(123)

I156(123)

I155(123)

OO (= | [
O(H IO || <
OoON || IO |H
O I (AN | O
IO |H AN O
N (O | (O
| OO
OO | = |
O || |<H
O[O
O[O
[N |O[(H|O
< OO
OOt ||
O =t (NN (<
=t [N [ |\ | =H
= (AN |O
IO O
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I15°(123)

T15:8(123)

oo | = | =

o< |o e <
o|o || | = o< o<
o< |o || olo|c|w|o
oo | |o | \92w/00000
olo|c|w|o UJ\OOOOO
olo|lo|lo|o m_.W“OOOOO
ol |m|o|o ol |a|o|o
<+ o< o < |o |t | |
< | |o | o < | o< o
< |t | |o|o < |t | |o |o
oo | = | oo <=t =
o<t |o | | ol |||
oo |<t | |=H ol |t |o =
olo|a|w o alele|x|+|e
ol |n|o|o M\OOOOO
< o< | |o m,OOOOO
<+ ||| |o Flo|«|x|o|o
<+ | |t o |o <o || |o

< | o | |o

< | | |o o

From the data I1%°(123) has some 2s in it, but it appears that for any n

at least seven, I1%"(123) has only odd values.

T158(123)

117 (123)

I16.6(123)

| (LD LD (LD 1D
(LD | (1D 1D [
(O[O [ 1O 1D
O | O |— O
WO | O |0 O |
10O O |~ O |0 |
1O O O | |1 |
1O (MO (D LD |+ |
= O O O O
LD | LD | LD (LD
o o O [ [ [
10 | O O | — 10D
10 O | 10 0 |
1O (1O 1D [ 1D |
10 O O 1O [ [ —
™M (D D O 10O O
M A [ O O 10O
10 (D AN | O D
0O N[N | M W0
[InR TN FUaR (o nll [t N [ap]
IR TN N InN ATl [anl [an)

H6,10

I16°(123)

[ O O 1O 1D
O | 1O [ 10D
|0 O |~ O 1O
=D O | [
| [ [ [
(O[O |+ [ [
O = MO | [~ [+
OO | 1D | [
10 1O WO |~ 1O |
O (D LD 1D | [+
| 1O (1D (1D O
™ D | O [AD [
| O | — O O
(| O [ O
™ O || O [
WO = N | | [
OO | (1D [ |
OO N0 | 0D [
1O [ (MDD |0 | [
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[ LD (LD 0D 1D
O [ [0 O O
| N[ O 0
=[O0 |LD | [ LD
A = D LD |
o
wllllll
"
m,llll_l..l.
©
H153111
O |~ [ [ [ |
10 1O | 1D (D |
LD O O [ (LD [
1O 1D (1D (LD [ |+
=D (LD 1D 1D
™ O | [ 10D 10
|0 O [ 1D 1D
| [ D
%)
2111351
—
e LN L N E N e N e
-
m153111
O [~ [ [N | |+
O = O [0 [
O O | 10D [
LD D D [ [

I1%:13(123)

=D O D 1O
LD [ 1D [LD 1D
| O [ 1O O
™ || O [ 1D
Lol e B [ Y B R
=~~~
== ||
| —
— O | |~ |
0 [ LD 6D |+ [+
1O O [ 1D |0 [
10 1O O | LD [
10O O | | | =

From the data, IT1"""(123) has some odd entries but it appears that for

any n at least eight, II""(123) has only even entries.

1179(123)

T178(123)

I17-7(123)

[e=] [en ] o\l o} Ve J} Ve )} (Vo]
OO |t |<H|<H |©
OIN|©O© | || |©
O A [ | [N |=H O
NO|O | |[O ||
O |H N | |H |V |O
O |H N |©Oo (oo
O (H O |V |
Neji Nojl [N}l No} [l il [es )l fas)
OO N O[O |V |
ON|IO|(=H || |[©
OO || |[©
NO|O |H|[N|H |[©
O |H AN |1 [©O |O|N
O |H (N |©O [N |O
O |H| O[O
NejiNa i Nojj [No i [a\ § fen}l e
OO | |O (O |©|©
O || |=H | |[O
|<H || [ [ |O
QI [H N[ [ |O
QO | [D|<H |
O |H [ |H[—|O
(e} Noj o} Noll L} [eo} les]
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o|lo|m|wo|w|wv |
oo ||| |©
o || ||| |
oo == |||
P
Qoo |o|o |~
..Ml\0200020
_m2064200
|| o |lo
O ||| ||
O || o | |o
©|o|o|o|N|o|o
oo |||
oo || ||
O | o0 | <<t o
~ il S il sl
Nlo ||| |o|o |
s
S e o|w |||
Elo ||| = |o|o
O | [ | |on ||
O |||
©wlolo|lo|c|o|o

olo|x|wv|wo oo
oo || = |
o || |ea <t [ |
oo == | = |
olo|m|=|o|o |

—_

RQlelooleleo|a|e

oMl\OOnUOOOO

WO?OOOOO
N (oot |a oo
O ||| = o |o
© || || | |o
O ||| |||
©w || |o|a|o|o
olo|m|wv o v |wo
o N o | = =t |
o || | = =t |
oo ||| = |

P el el i bl el

Dlololo|lo|lo|x|o

S

m.0200000

Ela|o|o|w|m|o]|o
O ||| = oo
O [ | || [N |o
O ||| |o|a|o
©o|w|o|o|n|o|o

From the data, I1%%(123) and I1%°(123) each have two Os and thus two

winning first moves for

HS,n

Alice, but it appears that for any n at least ten,

(123) has only odd entries and Alice does not have a winning move.

— [ |on |t= 1= |~ |~ |0~
S 5 = 1 N PN PN
LB AN Rl I B FYa N FYa N I S F

e~ il ol el ol ol B S

S len [ 1= 1o [t~ | 1= [1=

s

o Lol ) el B el A

B~ |~ [0 |0 = |10 [on |~
M~~~ ]|—
D= b= b= b= b= |~ | b= [~
D= D= |~ |~ |~ [ |~ [
— [ |on b= |= = [~ | b=
— b= b= b= = b= =
10 ||| ho o |~ |~

m.nm/31773577

nw4|.w77377377
o_m77537713
~ (=0 o | |o|;m o
[N SN S PN [ S
b= [t~ = |t= |t= [ [ [
™ || e e = = = =
™| 1o |~ b= b= |1~ |~

g [ B R Yol Fam T ST B DT B Y B N Rl B

m27575577

=

M77557572

B[~ |w v 1o |o v [~
I~ b= b= |1= |1~ 1o [ev [
b= b= |t~ |~ | |eu v [eu
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™ [ | [~ D= |~ [~ |~
— |~ [ |~ b= |~ [~ |1~
[ (=] O | (b= [~
[ (D= |00 D |~ (D=
\&/13317377
m13r0157.13
8
M..31751531
H77.371331
P~ b= o (e | b= [ | [
I~ |~ [ho o (e[~ |—
P~ |b= (= b= |~ [~ D= |~
b= b= |~ b= [P~ | |~ |~
[~ | [~ [~ |~ D= |~
[P~ | || D= | D= | D= | D=
— [ [t~ o o [~ [~
— [ |— =D o [~ |~
=X
%13517377
.U.HA\31755713
M_W“77371-O31
== ||~ |||
D= = o oo b= | |—
b= (b= = [P~ | b= | — D= [ —
I~ D= D= |~ |~ || |—

— | (e |t~ |~ [P~ D= [P~
i [P~ |~ |~ = [P~ = |~
™ [ (I~ | O O | b= |~
Ean K B Ko e K I E Y J I R
| (D [ [~ |0 |~ |~

\n“11115713

H13111531

—

M,13511131

H31751111
D= (D= |o (b~ [ (oD [ [~
== o[ | b= | r— [
b~ [~ ho e |~ |—
I~ = (b= |~ D= | |~ |
D= (b= (D= [P~ [P~ (oD |~ |~
[ | (I~ |~ [~ |~ |~
[~ | |~ [~ |~ [P~ |~
— | (I~ | o o [~ |~
— === o |~ |-
[ D [ D= | (D~ |~

|

%13115713

m\13511531

Mm31751131
D= (D= || b= [ | [+ |—
== | [P~ | [~ [
D~ |~ o ho|en =] |—
P~ D= (b= D= [P~ | [~ [ —~
D= (b= |~ b= D= | [ [

I18:15(123)

— [~ [en |~ b= |t~ [~ |~
[~ |— [P~ |~ [~ |~ |~
— | (b= [ [0 |~ [~
||~ [ [~ [~
[ |0 [ | D~ [ |~ |~
™ [ D [P [~ D
L B R B R B K B R B Yol ol K
e | [ [~ [~
— 0D D [~ [ [~ [ |~
N [ b= 2D | [ |~ [
P~ (=) (b= [N | [
D=~ (e |I= [ |~ [
I~ [P~ ho | =] [—
P~ [P~ D= |~ D= [— [P~ |~
D~ | b~ [~ [~ oD [ [—
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[ | |~ = |~ D=
[P~ | |~ [~ |~ [~
[ [~ [ [0 (1O (b=
[ [ [~ |0 O | D=
[ [ (D~ [ [~
O D= [

| == 1|

Q

— = ==

S

= oD [ |

o"oH..1351111
O [rt | D= (LD | [+ |
== [P~ [ [ |
== O [ |~ [ |+
I~ ([~ ho (|~ |m
= (b= |~ D= |~ |~ [~
= [P= |~ |~ [P~ | [

I18:17(123)

— [— e == [t~ = |~

|~ | |~ D= |~ |D= | D=

(D |~ (oD O [ |~ |~

Ll Rl R B Ll [ N Yo S S

™ || |~ = |0 |~ D= ™ [ | |00 [CO |00 |00 |CO |00
[ O [~ |~ [ ™ [ |©O | |00 |00 |00 |00 |00
D [ [ — |©O | [N (00 (0O (00 (00 [co
Tl L 1 L) [ gy vy PV \%)812163888
= e |~ oﬂ\oooo861nooooooo
O [ |~ | QﬁW“OOooooﬂ.;Jnnu1..2.I.oo
D O | | | |~ | 00 |00 |00 (00 |00 [ | | O [+
= |D~ [ | [ [ | 00 (0O |CO (00 |00 v | [+~ |
== b= | |0 | |— 0O |00 |00 |00 |00 |00 |~ | |+
== || ||

D= (b= 1D o |~ D= [en [ —

b= b= b= b= |~ | b= [

= b= b= |~ |~ |0 | |

For the permutations (132) and (1234) the fast two-bin permutation pat-
tern checking algorithm can no longer be used. The following data was

calculated with a brute force algorithm.
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I16(132)

I1%5(132)

I1%4(132)

I1%3(132)

(el [l i faw)
OO
oo |0
oo |o
(e fanll fa)|
N (OO
OO
OO |™
o 10 |IOo
oo™
N[O (O
OO
oo™
(=] (e )]
N O 1O
(=] [ |} fen)
oo |
N |O O

I19(132)

I138(132)

I17(132)

(=3 [ B fen
(e )i fan )i [ ]
oo |Io
(=1 (=] ]
o |10 |10
(=] fes ] fan]
(==} e} fan)
o |Io |
NO (O
o N |Oo
[en Fan ) [l
o |10 |10
o oo
oo |10
oo |o
(el el [
N[O O
(=3 [ | fan)
O 1o |
o |10 |10
o0 |10
(e fen ) fam)
O |10 |
o O |1O

I147(132)

I145(132)

I145(132)

T1%4(132)

[N |—
[N | (N
=~
||
[
M| [
(e[|
|||
(| (e
= [ |
— =~
N[ | [
NN | |
(D[N |—
— M| |M
-
N[ (N
NN | |
(™[ [
Ll AN [Aa R (o]
N[N
™MD | [

74%(132)

I148(132)

(D[ |
Ll e B (e N [ap)
|| =D
—
— [ [
|
[ |— |
N[N
NN ||
[ [ |
— MMM
==
|~ [
||~
||
N || (N
NN [ |

, 1%%(132) has a 1 in it but it appears that for any n at
(123) has only 0s, 2s and 4s which supports the tendency for

From the data

least six, II°"
odd height boards to have all even values.

I157(132)

I155(132)

I155(132)

O |Io|H| O
ON|—H|O (N
SO |H| O
OO0 |||
ANNO AN (O
ol (ol [anl fa il [al]
= || OO
A= O ||
AN (N[O [N
OO | | =H =t
AN O |V [ [
=+ O |O [N N
<[ || AN [N
oo O
O | [ <
N|H N[O
=+ (O =N [
(N[O O

From the data, 11%%(123) has four 2s in it, but it appears that for any n
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at least seven, I16"(123) has only odd entries which supports the tendency

for even height boards to have all odd values.

I16:8(132)

157 (132)

I16:6(132)

™M O O O LD [N
MM IO O O (D
[0 [0 | — [0
N || [ 0O
N[N [ O O
O | | 10D [0 [
WO [ |~ D |
(I RIS DI [apl [an Bl [ap)
™ D O O O (D
M [N N[O [N
™ [1O [1O 1O LD WO
M ||| O |
1O | | 1O [~ 1O
1O O | [ [ (D
[InN RN SN (ol [l 2]
oMo o ho o o
o (D O O O (O
™M [ (o 0 o
0 [0 [ (O 0O [0
O[O O | (D O
IR ETa N TR [anl [2al [~p]

I178(132)

I177(132)

(e} Nojl [en )i Lol (e )i No ) fan)
O[O |[O|OD|N
A [ || |© |© |©
(=} =)} No )} [No} Vo] [No }} [Ve]
O[O [© |©
OO | O ||
Nelibo il Nojl [No i [anll [at Il [\ |
OO |©O ||+ ([O|O
OO |IO[+H|O |0 |O
O || |[O|O|©
H[H|H N |©O |0 |O
TNO|O ||| |~
O+ | |O || | O
OH | O |O
OO |O (| |O O

I18:8(132)

T|7({7]|1|5(2

5

T|7T|7|7|12|5([5(5

7

T|7|7|7(7(2[7(7

TI\7T|7|0(7(7[7|7
207|771 |7|7|(7

S|L|2|7(7|5|7|7
S|S|T|T|7|7|7|4
S|2|7|7|7|7[4]5

The following data is for permutations of length 4. For small boards the

permutation is now closer in size with the board.
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I147(1234)

T146(1234)

T145(1234)

I144(1234)

— =t | — |
— |||
— [ | = |
— ||
— [
— ==
— [
— ==
— [
— [
— =
— ||
— | =
— -
— [ —
— [ -
— ==
— == —
— -
— -
— - —
— == —

I15:8(1234)

157 (1234)

I155(1234)

I155(1234)

(el fan )i [en )} fan )} {am)
(==} [en ) fan i {en ] fam)
O |I0|I0 |0 |O
OI0|I0 |10 |
(==} fen )} fan )i fan )} fan)
(enll fan i fan )} fan )} {am)
(=] fen i fan )} fan )} [an)
OI0 IO |0 |O
(e} {en i fan )i fan )} [am)
(e ]l [en )} [en )l fen )} [an]
oo|Io(o|o
(en ) [en )} {anl fon }} fan]
oo|Ioo|Io
oo|Ioo|o
(e fen )} [an i {an )} [an)
o000 |O
oclo|o|Io|o
(e} [ev )} [en }} [aw )l [en]
(=)} [en )} [en i {an i [aw]
ococ|o|Io|o
oo |Ioo|o
oo|o|Io|o
(o=} [en ) fan )l fen )} (e}
[eo ) [an )} (e} {anl fen]
(==} [en )} [en}} [aw} [en]
(=} [ec )} [an ]} e [an]

167 (1234)

T165(1234)

(o]l [en )} [en 'l [an }} [an i [an )} {an]
| S0 I |I0|I0 |10 IO
| [ \AM./OOOOOOO
= | | mOOOOOOO
Ll bl L N e R el ] M\OOOOOOO
= | .rHOOOOOOO
e (==} [en )l en ]} fan i fen i fan } fan
[ o|ooc|oo|o|o
D (==} fen i e )} fan i fan i fan i Fen
[ [ | [e=] [en [en ]} [en ]l [en |} [en ) fan]
| [ [ \%10006000
[ | [ | | n(14\0060600
| [ ~~NNOOORUOOO
| | | | | (==} [en ]l [en ] [en )} el [an ] [an]

(==} [en i [en )} fen ) [an  [an | fan]




APPENDIX A. COMPUTER DATA
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