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Introduction.

In this paper we begin a more detailed study of the subtle relations
between automorphisms and central sequences in (separable) C*—algebras. This is
an initial attempt to do for automorphisms of C*—algebras what A. Connes did for
automorphisms of von Neumann algebras. The notion of a central sequence in a
C*~algebra (i.e., a bounded sequence which commutes asymptotically with the
algebra) has already been used to great advantage in the study of inner
ebras by G.A. Elliott and C.A. Akemann and G.K. Pedersen.
By combining the ideas of these workers, we showed in a previous paper that any
separable C*~algebra which does not have continuous trace must have an
uncountable outer automorphism group. The automorphism groups of C*—algebras
with continuous trace had already been studied in some detail in joint work with
I. Raeburn.

It turns out, that the results in the C*—algebra setting are very different
from those in the von Neumann setting. There are two reasons for this. One
problem is the obvious lack of projections (and partial isometries) in a general
C*—algebra — thus, many of the techniques of proof used by A. Connes are simply
not available. On the other hand, there is an almost obscene overabundance of
nontrivial central sequences in general C*-algebras. Even the usually
conservative Ci(Fz) (the left regular C*—algebra of the free group on two
generators) which is simple and admits no nontrivial projections, conceals vast
hordes of central sequences which stay well away from the centre. This lack of
a simple (or even primitive) C*~algebra with only trivial central sequences

(i.e., central sequences asymptotically near the centre) follows from the work



of C.A. Akemann and G.K. Pedersen and is a major stumbling block in the search
for interesting automorphisms which behave trivially (in an asymptotic sense) on
central sequences.

A point of notation: if A 1is a (separable, unital) C*—algebra then we
let Inn A, Inn A, Ct A, and Aut A denote respectively the inner
automorphisms, the closure of the inner automorphisms in the topology of point—
wise convergence on A, the automorphisms leaving all central sequences
automorphisms), and the group of all
automorphisms of A. Also, we let e: Aut A 4 Aut A/Inn A = Out A denote the
canonical quotient and mapping, and let %(A) = ¢(Ct AN Inn A ).

In section one, we use Connes’ technique to show that e(Ct A) commutes
with e(Inn A ) and so deduce that %(A) is abelian. We then use the
Akemann—Pedersen construction of central sequences to show that the induced
action of Ct A on A (the space of unitary equivalence classes of irreducible
representations of A) is trivial. Combining this with A. Kishimoto’s result
that outer automorphisms of simple C*—algebras never act trivially on K, we
observe that Ct A = Inn A for any simple separable C*—algebra, A.

In section two, we show that Ct A = Inmn A for primitive (separable,
unital) C*—algebras A whenever A is an A.F.-algebra or contains the compact
operators. The A.F. result is a fairly direct but somehwat tricky calculation
using ideas from the theory of perturbations of C*—algebras. The result for
C*—algebras containing the compact operators is an application of
D. Voiculescu’s double commutant theorem for separable C*—subalgebras of the
Calkin algebra together with two very careful choices of quasi—central

approximate identities in the compact operators.



In section three, we study hypercentral sequences, that is, those central

sequences which commute asymptotically with every other central sequence. We

let T, cH, cC

A A A denote the algebras of trivial, hypercentral, and central

sequences in A, respectively. Again, by a more or less direct but somewhat

tricky calculation we show that HA = TA if A is a primitive A.F.-algebra.
We then apply Connes’ technique to show that if HA = CA’ then Inn A < Ct A.
Combining this with previous results we show that any (separable, unital)

X

ra A that has a primitive infinite-dimensional quotient which is

o

either simple, A.F. or contains the compact operators has central sequences
which are not hypercentral. We close the section by giving examples showing
that all possible equalities and inequalities can be realized in the

containments, TA < H

A.F.-algebra, D, with trivial centre, for which TD g HD G CD.

In section four, we compute the centrally trivial automorphisms in two very

A S CA' In particular, we construct a separable, unital

different non-trivial cases. For the previously mentioned A.F.-algebra D, we

show that Ct D is the uniform closure of Inn D and that

o % 1 -
{(r ) ;e T S |lim A A
n’n=1 n=1 n nn
e(Ct D) = x(D) = '
()2 [lim A  exists in Sl}
n’n=1 n
T~00

a = b

These calculations, while nontrivial and somewhat lengthy, are not difficult.
For the second example, we let A be a (separable, unital) primitive
A.F.—algebra and let B = C(X) ® A where X is a separable, compact space. We

then show that e(Ct(B)) can be embedded in the torsion subgroup of HZ(X,Z),



v
the second Cech cohomology group of X with coefficients in the integers. Most

of the ideas for this result are already contained in previous joint work with
I. Raeburn — the only new difficulty is in showing that a centrally trivial
automorphism of B necessarily gives rise to a uniformly continuous

map: X -+ Inn A. In order for this to work we need both of our previous results
for primitive A.F.-algebras, A; that is, Ct A = Inn A and HA = TA' We
close out section four by showing that there need be no containment relations

between Ct A and Inn A for general (separable, unital) C*—algebras, A.

Finally, in section five we list a number of open problems and a few

tentative conjectures.
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81. Preliminary definitions and results.

Throughout this work, A (and occasionally B), will denote a separable,
unital C*—algebra over the complex numbers. Aut A will denote the group of all
¥—automorphisms of A, and Inn A will denote the normal subgroup of all inner
automorphisms. An automorphism, «, will be called inner if there is a unitary
operator u € A so that a(a) = Adu(a) = uau* for all a € A. We will usually
consider Aut A to be topologized with the topology of pointwise convergence on

A - 2

consi he topology on Aut A given by uniform

A, O
convergence on the unit ball of A: we will take care to indicate when we use
this topology, however. We denote Aut A/Inn A by Out A and let e: Aut A -
Out A denote the quotient map.

A central sequence in A is a bounded sequence {xn} of elements of A

with the property that [xn,a] = X 8- axn -+ 0 in norm for each a e A. A

uniformly central sequence is a bounded sequence {xn} for which the operators
(on A) adxn(-) = [xn,-] converge to 0 in norm. A central sequence {xn}
is called hypercentral if H[xn,yn]n <+ 0 for every central sequence {yn} of
A. A central sequence {xn} is called trivial if there is a sequence {An} of
central elements in A so that uxn—AnH -+ 0. It is evident that any trivial
sequence is uniformly central and any uniformly central sequence is
hypercentral. Two central sequences are called equivalent if their difference
converges to zero in norm.

If o € Aut A, then we say that o is centrally trivial if Na(xn)~xnn - 0
for every central sequence {xn} of A. We denote the normal subgroup of

centrally trivial automorphisms of A by Ct A and note that Inn A < Ct A.



We let Inn A denote the closure of Inn A in the topology of pointwise

convergence. Following A. Connes, [5], we define %(A) = ¢(Ct AN Inn A ).

1.1 Proposition: If A is a separable unital C*—algebra then %(A) is

abelian. 1In fact, e(Ct A) commutes with e(Inn A ).

IIl setting) of A. Connes argument, [5, 1
Let € Ct A and let B e Inn A . then, for every e > 0 we can find a

neighbourhood, Ve’ of the identity in Aut A such that if Adu e Ve then

la(u)-ult < ¢. Otherwise, we could find an € > 0 and a decreasing sequence of

neighbourhoods Vn shrinking to the identity and unitaries {vn} with

Adv_ e V  with lla(v )-v Il > e .: but, then {v_} would be a central sequence

n n n n 0 n
and o would not be in Ct A, a contradiction. Now, choose {Wn} a

decreasing sequence of neighbourhoods of g in Aut A so that w;lwn c Vv

1
oft

and choose unitaries u_ so that Adu e W_. Then, Ad u* u | e W_1 W <

n n n n+l n n+l n
-1 b3 % Xk 1
Wn Wn < V1 so that Hun+1a(un+l)—una(un)u = Ha(un+1un) un+1un" < Eﬁn Thus,
n
2

{una(uz)} is a cauchy sequence of unitaries which converges to a unitary w e A.

Finally, pap~1a“l

lim Adu_ » a » Aduf = lim Adu o Ada(u%)
n Ii 1i n 1 n

I

lim Aduna(uz) = Adw is immer. That is,
n

i

e(ple(a)

e(a)e(B) as required. =



1.2 Remarks: Proposition 1.1 has been observed by (many?) other people
including R. Herman, V. Jones and J. Rosenberg. It is the obvious first step in
trying to adapt Connes’ study of centrally trivial automorphisms of von Neumann
algebras to the C*—algebra setting. Unfortunately, almost none of the other

general techniques carry over to the C*~a1gebra setting with the exception of

lemma 3.5.
T2 fad 11 T o b A | TR T aen 1 r‘* b 3 PR N - ._"’"
1.5 Corollary: Let A be a separable unital C —algebra and let Inn A

denote the uniform closure of the inner automorphisms in Aut A. Then
e[Inn A-"’"] is abelian! In fact, e{Inn A—"'"] < %x(A).

proof: Clearly, Inn A“"'" < Inn A. A simple %-— argument shows that

Inn A—"'" < Ct A. Thus, e[Inn A—*"'"] < ¥(A) as required. &=

1.4 Remarks: Since Inn A is not always uniformly closed [11], %(A) is not

always trivial and thus Ct A is not always trivial. We will return to this in

section 4.

1.5 Notation: If A is a C*~algebra, we denote by AutZ A  the normal
subgroup of Aut A of those automorphisms which fix the centre of A

(pointwise).

1.6 Proposition: Under the natural embedding of Aut A - Aut A**, Ct A gdets

sent into Autz A**. A 1is assumed to be separable, of course.



proof: By the construction in the proof of lemma 1.1 of [1], given any element
z in the centre of A**, we can find a central sequence {xn} in A with
X =2z strongly. Thus, if o € Ct A, Ha(xn)—xnﬂ -+ 0 and so a(xn) -+ Z

strongly. Finally, a**(z) = lim a**(xn) = lim a(xn) = z.
n n

1.7 Corollary: If A 1is a separable, type I C*—algebra, then Ct A < w(4),

the group of m—inner automorphisms of A.

proof: By G. Elliott’s result [7], =(A) is the group of automorphisms which
leave each ideal of A invariant. Since each ideal of A determines and is
determined by a unique central projection in A**, the result follows.

1.8 Corollary: If A is a simple, unital separable C*—algebra, then

Ct A = Inn A.

proof: By A. Kishimoto’s result [12], any outer automorphism, «, of A takes
some irreducible representation, =, to an inequivalent representation = o «.
Thus, a** of the central cover of w in A** is the central cover of # o «

and these elements are distinct (disjoint, in fact). Thus, we can have no outer

autormophisms in Ct A. =

1.9 Remarks:
(a) It is easy to show that Ct A # w(A), in general. For example, if
A= {f: [0,1] - Mz(t)|f is continuous and f(1) = Al for A e cC} then

conjugation by any continuous unitary-valued function from [0,1) into MZ(C)



10.

defines an automorphism of A in a natural way. Such automorphisms are easily
seen to be w-inner by Elliott’s criterion; however, they are seldom centrally
trivial. In fact, one can show that Ct A = Inn A, in this case.

We conjecture that Ct A < w(A) even if A is not type I.

(b) The fact that Ct A = Inn A if A is simple, is disappointing. This
immediately implies that %(A) = 0 for any simple (unital, separable)
C*—algebra, A. Thus, any hope that %(A) will be a useful invariant for
course, if we restrict the allowable class of
central sequences to be considered (i.e., change the definition) one might yet
obtain a useful theory for simple C*—algebras. This possibility was suggested

to the author independently by A. Connes and V.F.R. Jones: we will follow up

this line of research in a future publication.

82. Primitive C*~a1gebras.

2.1 Conjecture: If A is a primitive, unital, separable C*—algebra, then

Ct A = Inn A.

2.2 Remark: We already have this result in the special case that A is
simple: corollary 1.8. We verify the conjecture for two other large classes of
primitive C*—algebras in what follows. We first consider primitive

A.F.-algebras.
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2.3 Lemma: Let A be a primitive, unital C*—algebra acting irreducibly on the
Hilbert space H. Let B be a finite—-dimensional C*~suba1gebra of A
containing the identity. Then, B = B°C = (BC)' where (-)C denotes relative

comnmutant in A and (-)' denotes commutant in ®%(H).

proof: We will show that BS is strongly dense in B'. For, once this is

done, we will have (BC)" = B''* = B* and so (Bc)' = B'* = B. However,
(BC)C < (BC)' =B and so B = B since B < B¢ trivially.
To this end, let x € B', let ¢., ..., ¢ €H and let ¢ > 0. Let G
1 n

be a finite subgroup of the unitary group of B whose linear span is B. Since

A''" = %(H), we can choose a € A so that Haugi—xugiu < ¢ for each
i=1, ..., n and for each u € G. Now, the element b = %l' } u*au is in
ue@G

B since vb = bv for all unitaries v € G which spans B. Moreover, for

each i =1, ..., n we have
1 X
b j~xg Ml = "]?:T uZG u :“fi"“i"
et uZG (waut x|
- "TéT HZG (u*aug —u*xue )|
<

1 .
TGT E naug.1 xugill { ¢ as required. =
anf}
T

Ty
[ Fa—

2.4 Theorem: Let A be a primitive, unital, separable A.F.-algebra. Then,

Ct A = Inn A.
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proof: Let o € Ct A and suppose that A is acting irreducibly on the Hilbert

.

space, H. By proposition 1.6 there is a unitary v € %(H) so that a = AdvI

A

Thus, we consider o = Adv to be defined on all of %(H).

w —

Now, let A= U B where each Bn is unital, finite—dimensional and

n=1
B < B for each n. Let e = lla;, -id, # for each n. Then, e - 0
n n+l n ch ]Bc n

n n

since a 1is centrally trivial. Since Bg is strongly dense in Bﬁ we have

e = lla
l

n —idI i also. Since Bﬁ is a type I von Neumann algebra, we can

B® B?
n n
apply [4, proposition 4.2] to obtain a unitary W in (Bﬁ ] a(Bﬁ))" with

Ww -1t < V2 ¢ so that « = Adw_, provided e _ < 1. Thus, Adw* ° a
n n !B' n n n
n

considered as an automorphism of ®(H) is the identity on Bﬁ and, therefore,

leaves BA' = Bn invariant. but, then for each n
p ¢
I|Bn—a(Bn)II = HAdwn(a(Bn))—a(Bn)ll < 22 €,

Now, provided ng'en < Iég’ we can apply the last line of the proof of theorem

4.1 of [4] to obtain an isomorphism g: Bn - a(Bn) with Hg-idil <
1 1
(12.8)(2J?'en)2.< ZZeEl Letting Gn be a finite subgroup of unitaries in Bn

. .. 1 * . L
which span and defining x_ = N Alu )u we obtain x_ v = g(v)x
n n [G l 'Z n n
n
ue@
n

N} -

for all v € G and hence all v € B_. Moreover, lx ~1Il < 22¢ so that x
n n n n n

is invertible and g(b) = xnbx;1 for all b € Bn. We now polar decompose X
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to obtain a unitary v in C*(Bn,a(Bn)) € A so that g = Advn and

Iy
n
1 1

uvn~1u < JSZ 2263.< 32e3} see [3, lemma 2.7].

Now, we define a = Advn o o so that & is an inner perturbation of «,

1
o, ~af < 6462. and o (B ) =B globally. Moreover, on B' we have
n n n n n n
1
(0o id < 64ez'+ € . Thus, o fixes the centre of BS and hence the
nlB, |B' n n n n
n n
centre of Bn and therefore @, is inner! Hence, we can find a unitary
|B
n

u €B <A so that « = Adu_. We now define o' = Adu* o o which is
n n n| n n n n

B
n
still an inner perturbation of «a. We note that aﬁl = idl and
Bn Bn
1
' - . . Z
anl = anl so that Han| —1d| i< 64en + €
B! B: B! B:
n n n n

Let, ® = (BUB')'* so that %' = B'NB = Z(B ) 1is abelian. Thus
h n n n n n n

Z® ) =% N %' = Z(B_ ). Also, o' is the identity on Z(% ) and therefore on
n n n n n n

each minimal central summand of mh we see that aﬁ splits as a tensor product
of the identity on the corresponding summand of Bn and the restriction of a;
1

to the corresponding summand of Bﬁ. Hence, Haﬁ| -id, # < 64ez.+ € and so

% lfR
n n

by (4, proposition 4.2] there is a unitary v, € %, with uyn—ln <

1 1
Z 7 B . N b3
JZ|6de“+e | < 92e° so that o = Ady_. Now, recalling that a«' = Adu' v v
n n n nlgt n n n o
n
X X . - . _
on all of %(H) we see that (unvnv)yn € mn = Z(Bn) < A. Letting z =
(u:vnv)yﬁ we observe that Ad(vzunzn) is an inner automorphism of A and that
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1

X _ * X % . . Z
Ho—Ad(v_u z )l = HAdv-Ad(v_u_z )il = HAd(z u v _v)—idil = NAdy —idi < 184e°.
nnn nnn nnn n n

. . . . R —-i
Since this is true for each n, we see that o 1is in Inn A and s0 «

inner by [11, corollary 5.5]. B

2.5 Remarks:
(a) The corresponding result for von Neumann algebras, namely, that
Ct R = Inn R for the hyperfinite II1 factor, R, is much simpler for two

reasons. One is the existence of a unique trace and two is that the finite—

dimensional subalgebras can be chosen to be factors, Bn so that R splits:

R = Bn ® BE. These facts greatly expedite the analysis.

(b) In a personal communication, R. Herman and V.F.R. Jones informed the

is

author that they had proven this result under the additional hypothesis that A

is simple.

2.6 Theorem: Let A be an extension of a separable unital C*~algebra by the

compact operators (on a separable infinite-dimensional Hilbert space). Then

Ct A = Inn A.

Before proving this theorem, we prove a very closely related result of

independent interest which will imply theorem 2.6.

2.7 Theorem: Let A be a separable, unital C*—algebra on the separable

infinite-dimensional Hilbert space, H, and suppose %, the algebra of compact
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operators, is contained in A. If b e ®(H) and b ¢ A then there is a
bounded sequence {xn} in % so that H[xn,a]u -+ 0 for all a € A, but

H[xn,b]u is bounded away from zero.

proof: By D. Voiculescu’s double commutant theorem [16, corollary 1.9] there is
a T e®(H), ITH < 1 so that [T,a] € ¥ for all a € A, but us([T,b])u =

€ > 0 where m: ®(H) - ®(H)/%x is the Calkin map.

Let {ai} be a dense sequence in the unit ball of A. ©Now, by [2,
Theorem 1] we can choose a quasi-—central approximate unit {kn} < X so that:
(1) 0 < kn ¢ 1 for each n;
(2) ukn[T,ai]—[T,ai]u 4 %- for each i =1, ..., n; and
(3) "[kn’ai]" ¢ %- for each i =1, ..., n.
We define Tn = (1—kn)T so that HTnu ¢ HTH ¢ 1 and n(Tn) = w(T) for all n.

Thus, Hn([Tn,b])H =€ >0 for all n. Now, using, (2) and (3) and the fact

that #iTH ¢ 1 we see that u[Tn,ai]u ¢ %- for each i = 1}, ., h.
€0
Now, for each n we can choose unit vectors in so that H[Tn,b]gnu > o

Let e, be the rank—one projection onto [Tn,b]en. Now, let {yn} € % be an
approximate unit which is quasi-central for C*(A,b) so that

(a) Hynu ¢ 1 for each n;

(b) “[yn’ai]“ < %- for each i =1, ..., n, for each n;

1 . .
(c) Hyn[Tn,ai]—[Tn,ai]u < = for each i =1, ..., n, for each n:
(d) Wy e —e il ¢ l- for each n; and
nn n n

(e) H[yn,b]u < l- for each n.

o

Finally, we let X, = ynTn € ¥ for each n. Then, clearly uxnu ¢ 1 for

each n. Moreover, for each i =1, ..., n we get
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"[Xn’ai]" = uynTnai—aiynTnu
, . + T —a,

< IlynTna1 ynalTnM HynalTn alynTnH

+
< "yn[Tn’ai]" n[yn,ai]u

1

< uyn[Tn,ai] [Tn’ai]" + u[Tn,ai]u + =
<_]Z.+_2..+l:§.,
- n n n n

Thus, {xn} is quasi-central; for A. On the other hand,

u[xn,b]n Wy T b-by T 1

n n

n n
= ”yn[Tnab]—{b’ n Tn

<
R

> uyn[Tn,b]u—u[b,yn]n

1
2 My [T ,bl¢ 0 - =
_ 1
= "yﬁen[Tn’blgn" =

1
> uen[Tn,b]gnu - n(ynen—en)[Tn,b]gnu - =
€
0 1 1 R

> =5 2nbn - = and we’re done. =

proof of Theorem 2.6: We assume A acts irreducibly on a Hilbert space H so

that # ¢ A. Now, if o € Ct A then by proposition 1.6, there is a unitary

in %(H) so that o = Adv If v ¢ A, then by 2.7 we can find a bounded

|A°
sequence {xn} in % < A which is central for A, but so that

X . . .
ua(xn)—xnu = Hvxnv —xnu = Hvxn—xnvu is bounded away from 0, a contradiction.

2.8 Corollary: If A is a primitive (separable, unital) type I C*algebra,

then Ct A = Inn A.

v



17.

proof: A is either finite-dimensional or contains the compact operators. P

§3. Hypercentral sequences.

In this section, we address the existence problem for nontrivial hyper-—
central sequences. In particular, we show that primitive A.F.-algebras never

have nontrivial hypercentral sequences and that a general (separable, unital)

o o - - ~ ommee b mmre T e o e e ey £ - E¥
C'—algebra almost never has only hypercentral sequences. If C, > H

A A A

stand for the central (respectively, hypercentral, trivial) sequence algebras,

> T

then we show, by examples, that all possible equalities and inequalities hold.
In the next section, we will show how the absence of hypercentral sequences
can sometimes facilitate the calculation of the centrally trivial automorphisms

in certain related C*—algebras.

3.1 Lemma: Let B be a finite-dimensional C*—algebra and let G be a finite
subgroup of the unitary group of B which spans B. If y € B and Huy-yull < &
for all u e G and some fixed &6 > 0, then there is a z in z(B) the centre

of B, with izl < #yll and Hy-zi < 8.

[

proof: Let =z = TlT u*yu. Then 2zv = vz for all v € G and hence

T
uea

z € Z(B). Moreover, lizll { iyl and liz—yl ¢ -[éT E Ilu*yu—yll < 8.

uei

3.2 Lemma: Let A be a primitive (separable, unital) C*—algebra and let B

be a finite-dimensional ¥-subalgebra of A containing the identity. Let {xn}
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be a central sequence in A bounded by 1. If there is an € > 0 so that
dist(xn,cl) > € for all n then there exists a positive integer N so that
%U'EO for all n > N, where B, denotes the unit ball of B.

dlst(xn,Bl) 1

v

proof: If there exists no such positive integer N, then we can choose a sub-

sequence {x_ } so that dist(x_,B,) < 1 € for all k. Thus, we can choose
n, n’°1 T0 70

k
. . 1

a sequence {yk} in Bl with uxnk yku < Tﬁ'60 for each k.

n
Let @y ceey € be minimal central projections in B with E e, = 1

i=1

and (assuming A acts irreducibly on the Hilbert space H) let gl, cees §m

be unit vectors in €15 v e respectively. Now, by Kadison’s transitivity

theorem, [10], we can choose a € Al so that agl = g2’ agz = 53, v agm = gl.

Finally, let G be a finite subgroup of the unitary group of B which spans B

and let N be a positive integer so that for all k > N we have

. €
(1Y uix ,aJ]u < 0 for each j=1, ..., m and
n, a0
€0
(2) n[xnk,u]u < 0 for each u € G.

Then, for all k > N, we have

e e

J 1 0. 1 _ .
"[Yk,a Ju ¢ Wwe Tapt 0 €0 =~ a0~ for each j =1, ..., m.
9e
Similarly, we have H[yk,u]n < qU:' for all u € G. Now, by lemma 3.1 we can
e

choose z, € Z(B)1 so that Hyk—zkn < KUQ' for all k > N. Then, for each

j 9&0 950 960 27&0
k>N and each j =1, ..., m we have n[zk,a In < o " Zm...+ 00— = I
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m
Now, let 2z, = Ak e. for some Ak e C. If we evaluate [z ,aJ] at
k i 7i i k

27e

k _ L.k _k
the vector gi we see that _IU_ > " itj 1+J A1€i+j" = Ai+j Ai, for each
i, j=1, ..., m where i+ j means (i+j)(mod m), of course. Letting Ag be
Xk k 27e

the average of Al, Az, cees Az we see that 1" < _qvgu Finally, we see

"k"@
that "xnk—Aglu < ”xnk—yk” + "yk—zk” “ k 01" < €y which contradicts the fact

that dist(x_ ,Cl) > ¢,. o=
nk v

3.3 Theorem: If A is a primitive (separable, unital) A.F.-algebra and {xn}
is a nontrivial central sequence in A, then there exists a central sequence of
unitaries {un} in A so that "[Xn’un]" does not converge to 0. That is,

A has no nontrivial hypercentral sequences.

proof: By extracting a subsequence and normalizing, we can assume that “Xn" <1

o0

and dist(xn,tl) > €0 >0 for all n. Now, let A = [ ] Aj]— where each Aj
J=2

is unital, finite-dimensional and Aj < AJ+1 (we start our numbering at j = 2

so that there will be no confusion with our notation for unit balls). By the

€
. . 0
previous lemma we can choose N2 so that dlst(xn,(AZ)l) > o for all n » N2'
_ €,
We now claim that there is a unitary u € A, = A' N A so that lx. u-ux. Il > -
2 2 N2 N2 20
(we have tacitly assumed that A is acting irreducibly on a Hilbert space H).
c e0
. . . . h _
For, if not, then for all unitaries u in Az we have uxN u uxN < o In

2 2

particular, for each j > 2 and all unitaries in Ag n Aj we have this
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inequality. If we average the conjugates of x over a finite, spanning sub-

N

2
. . . c ) c c .
group of unitaries in Az N AJ we get an xj € [AznAj] with ijn < "XNZH <1
€0
and "XJ_XN < L Let x be a weak operator cluster point of the sequence
2
€0
{x.} so that nx#t ¢ 1 and lix-x_ I ¢ . Now, it is easy to see that
J N, 20
[e.o] . (4] .
u [AgnA.] is norm dense in AS and so A, = [AC] = N [ACnA.] . Now, the
j=2 J 2 2 2 j=2 2]

. c ' s n .o .
unit balls of the sequence {[AZHAJJ } form a decreasing family of weak—
operator compact sets and for each |, x‘j is in the j-th set. Thus, for fixed

Jk we see that the limit x is in the jkth set (where x = lim x, ). That is,

kwo Jk
®rec . f.c ! €0
Xx e N [A NA . ] = N [A nA.] = A,. But, dist(x, ,(A,);) > and
k=1 2 K =2 27 2 N2 2’1 T0
€
Hx—xN < 7%, a contradiction. Therefore, our claim is proved and we can find
2

€
. c _ 0 . . .
a unitary uNz € A2 so that leNzuN2 uNszzn > iR We continue by induction

3

. . . 0
first choosing N2 < N3 { ... so that dlst(xn,(Ak)l) > SIi} for all n » Nk
and each k = 2, 3, ... . Then we choose unitaries Uy s Uy s -.. SO that

2 3
c €0

uy € Ak and uxN Uy "YUy Xy > 50 for each k = 2, 3, ... . For those

k k "k "k 'k

positive integers n not in the set {NZ,N3,...} we define u = 1. Then,

f’l 1
L“nJ

ntiral sequence in A and [Xn,un] does not converge

3 1
i8 Cciea

to 0. =



21.

3.4 Proposition: If A 1is a separable, unital C*—algebra with no nontrivial
hypercentral sequences and X 1is a compact separable space, then C(X) ® A has

no nontrivial hypercentral sequences either.

proof: Let {fn} be a nontrivial central sequence in B = C(X) ® A and let us
suppose that dist(fn,Z(B)) 2 € >0 for all n. We note that Z(B) = C(X) ®

Z{A) = C(X,Z(A)). Let {ai} be a dense sequence in A and let us also assume

1 . . . g e
that H[fn,laai]ﬂ < = for each 1, 2, ..., n and each n. Now, we claim that
€0
for each n there is an X € X so that dist(fn(xn),Z(A)) > 7 Otherwise,

by the uniform continuity of f we can choose neighbourhoods N .y N

1’ k
3

covering X so that wf(x)-f(y)n < 29 for all x, y e Ni and elements

€

0 k
z, € Z(A) so that uf(xi)—ziu < 7 for some X, € Ni' Now, let {Pi}i=1 be a
k
partition of unity subordinate to the covering {Ni} and let g = 2 Y’izi 80
i=1
that g € Z(B). Now, for each x € Nj we have sz—f(x)n < “Zj‘f(xj)“ +
n n
Hf(x.)-f(x)t < ¢,. Therefore, lig-fli = sup E P (x)(z.~f(x))|l < sup ?.(x)
J 0 i i i
xeXll & xeX .
i=1 i=1
n
Hzi—f(x)u { sup Pi(x) €g = €g» @ contradiction.
xe€X .
i=]1
€0
Thus, for each n let X € X be chosen so that dlst(fn(xn),Z(A)) > o
Now, the sequence {fn(xn)} is central in A since for each i =1, ..., n

1 . . y - L.
u[fn(xn),ai]u < u[fn,l®ai]u < = Since {fn(xn} is not trivial it is not

hypercentral and so we can find a central sequence {bn} in A with
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H[fn(xn),bn]ﬂ not converging to 0. Then {l@bn} is central in B = C(X) ® A

and II[fn,1®bn]ll > H[fn(xn),bn]ll does not converge to 0, as required. =

The following lemma is a simple adaptation of A. Connes’ result [5, Theorem

2.2.1 ((b) 3 (e))] to the C*—algebra setting.

3.5 Lemma: If A is a separable unital C*—algebra in which all central

Y R R N VP VP e o

R R | 2.1
STYUCLILES are il creenerar, ur

nenn Inn A € Ct A so that e{Inn A ) is abelian

(= %(A), in fact).

proof: Since all central sequences are hypercentral, given ¢ > 0, there are

ays +-.y @ € A and 8 > 0 so that if x, y € A1 satisfy u[x,ai]u < &,

H[y,ai]n <6 foreach i=1, ..., n then H[x,y]il < e.
Now, let « € Inn A and let 7 be the following neighbourhood of idA
in Aut A:
v = {p € Aut A[Hp(ai)~aiu <86 for i=1, ..., n}.

IT g€ Inn An ¥, then whenever x € Al and H[x,ai]n ¢ 68 for each
i=1, ..., n, we have WB(x)-xH < e. A moment’s thought shows that this is

. - - 7 7 % -
still true for B e Inn A N¥. Now, a = lzm Adun = lim Adun Wy © AduN =
B o AduN and for sufficiently large (fixed) N we see that g € 7. Now,
suppose X € Al’ H[x,ai]u {6 foreach 1=1, ..., n and H[x,uN]u ¢ e, then

Ha(x)—xll = g o AduN(X)—xH

< UB o AduN(x)—p(x)n + H8(x)—xll
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[4 nAduN(x)—xn + e ¢ Ze.

Thus, o € Ct A as claimed. &

3.6 Theorem: Let A be a separable unital C*—algebra which has an infinite-
dimensional primitive quotient which is either simple, A.F., or contains the

compact operators. Then not all central sequences of A are hypercentral.

procf: Let B be the quotient of A mentioned above, then Inn

f.

# Inn B by

[14] while Ct B

Inmn B by 1.8, 2.4, or 2.6 and so B has a pair of central
sequences which do not asymptotically commute by lemma 3.5. If we lift these to
a pair of central sequences in A by [1l, lemma 3.4], the lifted sequences do
not asymptotically commute and so are not hypercentral. -
3.7 Remark: If conjecture 2.1 is true, then any separable, unital C*—algebra
A, not all of whose irreducible representations are finite—~dimensional,

possesses non-hypercentral central sequences: simply use the argument in 3.6.

3.8 Example: A separable unital C*—algebra, A, for which all central

sequences are hypercentral but not necessarily uniformly central and therefore

certainly not trivial. Define:
A= {f: [0,1] » lef is continuous and f(l) is diagonal}.

Let p and q be the projections in A with constant values [é g] and

[g 2], respectively. Now, if a € A and li[a,p]ll < e and H[a,q]H ¢ e, then
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la—(paptqaq)lt ¢ 2¢. Thus, a is with 2e¢ of a diagonal-valued function
a = pap + qaq. Since any two diagonal-valued functions clearly commute, this

implies that any central sequence is hypercentral. For each n let

1 0
a = [O P ] where fn: [0,1] -+ [0,1] is a continuous function such that
n

fn[[O, 1- %]] =1 and fn(l) = 0. Then, one easily checks that {an} is

central but not uniformly central. Thus, for this example, we have

CA = HA i TA'

We note that for any primitive (infinite-dimensional) A.F.-algebra A,

theorem 3.3 implies that CA 2 HA = TA' Moreover, by [1, theorem 2.4] we see

that for any unital continuous trace algebra, A, CA = HA = TA'

3.9 Example: A separable, unital A.F.-algebra, D, with Z(D) = €c-1 for

which C H. 2 T.. This example is very similar to example 6.3 of [11].

DZDZ D

For each positive integer n, let Hn be a separable infinite—dimensional

0

Hilbert space and let H = @ Hn be the Hilbert space sum of the Hn’s. On
n=1

each Hn let En, Fn be orthogonal infinite-rank projections so that

En + Fn = ln’ the identity on Hh. Let ¢ denote the C*—algebra on H,

o0
{ D knleach kn is compact on Hn and lim uknu = 0}. Let €, denote the

n=1 N-yo 0

. * . . .
commutative C —algebra of complex sequences {cn}:':1 for which 1lim c, exists
n-o

in C. We represent 50 faithfully on H +to obtain the C*—algebra,

[++]
e=<{{® [a E +a ,F ]I{a }eC L. Let D =<+ ¢. Then, we claim that D is a
p=llnn n+l n n 0

separable, unital, A.F.-algebra on H. To see that D is closed, we compute

ictki for c+ ke ¢ + 4:
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+kil = + + + = = .
etk sgpnann Cn+an knu > supllann Cn+an" suplcnl el

From this it easily follows that D is a C*—algebra. Clearly, D is separable

and unital. 8Since both ¢ and ¢ are A.F.-algegras, one easily checks that D

is an A.F.—-algebra.

o] [+ ]
Now, clearly D*' = @& %(Hn) and D' = @ Cln = Z(D*'*). To compute
n=1 n=]1
[ o]
Z(D), we first observe that Z(D) ¢ Z(D'*). Thus, if @& Anln € Z(D), then
n=1
00 [<+]
® Al = & |cE +c F +k and so A1l =cE + ¢ F + k for each n.
nn nn ntln n nn nn n+l n n
n=1 n=1
Thus, k =0 foreach n and ¢ = ¢ = A for each n. Thus,
n n n+l n

A= ¢ = A for each n and so A_ = A, for each n. Hence, Z(D) = cC-1.
n n n—1 n 1
It is fairly clear that D is not primitive: however, this will follow from

theorem 3.3 once we show that D has nontrivial hypercentral sequences.

For each positive integer n, let 1 = €n > oo > .3 > ... 20 bea
1 B . _
sequence so that Icnk_cnk+ll < = for each k=1, 2, ... and iii €k " 0.

o
- 3 g E l
Let c, = kil[cnkEk+cnk+le] € D. Then, clearly dlst(cn,Z(D )) < o and so
1

for each a € D we have n[cn,a]n ¢ = Nall. Thus, {cn} is a uniformly central
1
2

and hence hypercentral sequence in D. However, for each n dist(cn,tl) >
and so {Cn} is not trivial. Therefore Hb # TD'

To see that, CD # HD we observe that D has a primitive, A.F. quotient
which is infinite-dimensional (represent D on Hn in the obvious way) and so,

by theorem 3.3, this quotient has a pair of central sequences which do not

asymptotically commute. Lifting this pair to central sequences in D by [1],
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we obtain a pair of central sequences in D which do not asymptotically

commute. Therefore, CD # HD as claimed.

84. Computations of Ct A and %(A).

In this section, we explicitly compute Ct A and %(A) for some of the

previously described examples. There are two types of computations involving

- A

the ntre of A. One is mainly analytical and is based on the relationship

Lie e
between Z(A) and Z(A'') when Z(A) is "small" compared to Z(A'*). The
other is mainly topological and involves the fibering of centrally trivial

automorphism over Z(A)A when Z(A) is "large". We begin with example 3.9.

4.1 Theorem: Let D be the C*—algebra of example 3.9. Then,

=il

(1) Inn D g Inmn D =CtD S Inn D ;

(2) o € Ct D &« modulo inner automorphisms, o = Adu where

©0

u= o |AE +x F where A € Sl and lim A A = 1;
<l nn "ntl n n n n+l
n=1 N0
(3) Such an o is inner s lim AL exists in Sl;
Neyo0
o0 it 1 -

(An)nzl € T S7|lim AnAn+l =1

(4) x(D) = _ n=1 -0 :
{(An)nzlllim A exists in § }
\ N0 ;

We break the proof up into a series of more easily digested lemmas.
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4.2 Lemma: Let {A }wL be a sequence in Sl with 1lim A A = 1. Then
— n n=1 n n+l
N0
o i 1R
letting u = @ [A E +A }, Adu defines an element of Inn D "". Moreover,
p=plnn n+1

.. . . . 1
Adu is inner ¢ lim An exists in S°.
n-wo

oo n=N+1

vy € D for each N. If we choose K so that for N > K we have IX

N o
proof: For each N, let vy = [n?l[h E +An+1Fn]] ) [ ) AN+lln]' Then,
ML < e
for a prescribed e > 0, then we can show that uAdu—Avau ¢ 2¢. Indeed,

N oo
defining wy = | @ 1le _m AN+1An1n we see that wy € Z(D**) and
n=1 n=N+1
-w Il < e and so uAdu~Avan = nAduv;—idn

N
Adu € Inn D-"'“.

hav

%
HAdqu—AdwNn ¢ 2e. Thus,

=2

Now, if there is a A € S' with lim M,
N0

A then clearly u € D and so

Adu is inner. On the other hand, if Adu is inner, then we have Adu = Adv

o0

where v eD and so v = @& [v E +v F } where lim vy = v € Sl. Since
_ nn ntln n
n=1 1400

X X ot _ _

Aduv = id we have uv € D' = @ ¢l and so Y A = v A for each n.
n=1 n nn n+l n+l
That is, An+l = n+17nA . From this, we see that An+l = 7n+lqlhl and so
. - 1

lim An = vlel € S, =
D0
4.3 Lemma: If o € Inn D_"."’ then modulo Inn D we have o = Adu where

w —
u= ® [AnEn el n] and lim A = L.

n=1 -0
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proof: Let {vj} be a sequence of unitaries in D with Advj -+ o uniformly.

%0 . . . .
let v, = @& [AJE w7 F +kJ] where we may assume A =1 for each j. Since
pmplon ntl'n 'n 1

an inner automorphism leaves every ideal invariant, so does a and hence a
induces an automorphism of every quotient which is clearly the limit of the

corresponding inner automorphisms on the quotient. Thus, for fixed n,

J J Jle ! . .
{Ad[AnEn+An+an+kn]}j=l is a (uniformly) Cauchy sequence. In particular,

Ad[E1+A%F1+ki] is a Cauchy sequence (as automorphisms on the C*—algebra

L. . Jyo° Jqoe
[K(H1)+span{E1,F1}]). We show that this implies that {Az}jzl and {kl}jzl
are Cauchy sequences. First, we observe that [E1+A§Fl+ki] unitary = [E1+A3Fl]
is unitary = IAgl = 1. Now, given € > 0 choose N so that n, m > N =

1727171
compact partial isometry with E;vF, = v and HV[k§]*", ”k?v", "v[k?]*",

||Ad[E1+A‘2’F1+k‘1‘]—Ad[E +ADg +k"‘]|| <e. Now, fixing n, m > N let v be a

K5 < e/6. Then < > [ [E +ADF +kn]v - Ad[E +ADF +km]v"

17271 1727171
. _n_~m ni¥ m) % n_.n _ M m
= "[AZ Az]v + v[kl} v[kl] + klvA klvAz
n n)x m m] X
+ klv[kl] klv[kl} I
n .m €
Thus, for n, m > N we have |A§—Ag| < 2¢ and so there exists a AZ € S1
= 1im ad
where AZ = l%m Az.
J .
Now, using the fact that the sequence of unitaries {UJ = [E1+A%Fl]} is
I'd I N
Cauchy together with the fact that {AdlUj+kiJ} is Cauchy we can show that

{ki} is Cauchy by applying Ad[Un+k?} to a compact partial isometry whose range
covers k?, [k?]*, kT, and [kT]* to within e and whose initial space
annihilates these four operators to within e. We omit the details. Let

S |
k1 = 13m kl.
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Similarly, knowing that {AJ} and {Ad[AJE +AJF +kJ]} are Cauchy

2 27273272
sequences enables us to conclude that {Ag} and {kg} are Cauchy sequences.
We let A3 = lim Ag and k2 = lim kg. We continue by induction to obtain
o o
A = 1lim AY and k_ = lim k' for each n.
n . n n . n
J J
[ o]
let u=@ [A E_+A F_+k ] so that o = Adu. Now, given e > 0 there
p=lom ntl'n "n

exists v, as above with HAdu—Avau e, oOr uAduv*~idn < e. Now, uv* has

he same general form as u and so the compact operators appearing there all

have norm at most proportional to e. To see this, one first shows that the
coefficients of En and Fn are gpproximately the same and so the restriction
of uv* to Hn is approximately vln+k. Then, one easily concludes that ki
is small. Thus, the compact pieces of uv* on Hn are bounded by Cle (where
C1 is independent of e and n). Since the corresponding compact pieces of v
converge to zero as n - %, we see that the compact pieces of u are bounded

by C,e (where C2 is independent of ¢ and n) as n —» «. Since thig is

2
©0
true for every ¢ > 0 we see that u= & [A E_+A F +k ] where Wk it - 0 as
p=llnm ntl'n 'n n
00 o] - =
n-oo S0 u-= nfl[AnEn+An+an] nzl 1n+[AuEn+An+an]kn and this 2nd unitary

is clearly in D.

It remains to see that XnAn -1 as n 4 o, Now, given e > 0 choose

+1

o
oo

v= @ [v E +v F +h ] € D so that HAduv*~idH <e. Since k +0and h - 0
nn ntln n n n

n=1
this implies that [lmIAnynnAn+lqn+ll < & and so Ilm|7n7n+l“AnAn+ll < e.
Since 1lim Tl - 1 we have [1m[1-hnﬁn+1] < &. Thus, lim AnAn+l =1 as
N0 N0

required. =
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4.4 Tlemma: Ct D = Inn D—"'".

proof: We have already observed in the proof of corollary 1.3 that Imn D '

N

Ct D, 1in general. It suffices to show the reverse inclusion in this case.
Now, if o € Ct D, then « leaves each primitive quotient, Dn (acting on
Hn) invariant and the induced automorphism is in Ct Dn since central

sequences in D lift to central sequences in D by [1]. By theorem 2.4 (or

n
2.8), « is inner on that quotient and therefore o = Adu where
[+ <] [e ]
u= @& (v E+AF +k {. If we multiply by Adv, where v= & v 1 e Z{(D'),
nn nn n _, n'n
n=1 n=1
L]
we do not change « and so we can assume o = Adu’ where u' = @ [E +A£Fn+k6].
n=1

Now, for each n, let v be a compact partial isometry on H with Ev F = v
n n nnn n

and "v (k')*” < lﬁ hk* v Il < lu Then {v_} is a central sequence in D and
n o n n nn n n

so Na(v )-v il » 0. But, a(v ) = A'v + v (k')* + a'k'v. + k'v (k')* and so
n’ 'n n nn n o u nnan nn n
AP 5 1.
n
Now, define Ky o= 1 and K, = Ai v Aﬁ—l for n > 1. Then, for each n
_ (2]
Aﬁ = HH and so multiplying o by Adw where w = nfl ”nln € Z(D'*) we
w —
see that o = Adu'' where u'* = nilbunEn+#n+an+ké'] and l;m Hoioel =
lim Aé = 1. Thus, to see that « € Inn D-"'", it suffices to see that
n
o0 ) - _ .
nké-n -+ 0 for then wu'* = ? L“nEnﬁpn+an] ? [ln+LunEn+”n+1Fn]kﬁ' where
n=1 n=1 J
nd . . st . L =N
the 27 unitary is in D and Ad of the 1° unitary is in Inn D by 4.2.
To see that Hkﬁ'u -+ 0, it suffices to see that kﬁ" = [PnEn+pn+andk" -+ 0
[0
But, Ad| e (1n+kﬁ'l) is in Ct D and so by a careful choice of compact
n=1
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partial isometries v, on Hn we can obtain a central sequence {vn} so that

o0
knowing Ad[m?l(lm+k1;1")]vn~vn +0 as n s o will imply k!t 0 as
n - o, B
proof of Theorem 4.1:
(1): By lemmas 4.2 and 4.4 we have 1Inn D g Inn D_"'“ = Ct D. To see that

Inn D is much larger than Ct D = Inn D , let Ul be any unitary on H

1

€0
which commutes with El (and hence with Fl). Let u = U1 ) [ @ 1n}. Then
n=2

Adu is in Inn D but not usually in Inn D—"'".

(2) and (3): Lemmas 4.2, 4.3 and 4.4 immediately imply (2) and (3).

=i+ Hl

(4) By part (1), %Z(D) = Inn D /Inn D. Now, by the previous lemmas,

® 8

[e'e] . .
the map (An)n=1 -+ Adu where u = [AnEn+An+an] is a well-defined

n=1

. o . _ . . .
homomorphism of {(An)n=1|1;m AnAn+l = 1} into Inn D which hits every

coset modulo the subgroup Imnn D. By lemma 4.2, the inverse image of Inn D is

. w 0 . -
precisely {(An)n:1|lgm An ex1sts}. This proves (4). s

4.5 Theorem: Let X be a separable compact space and let A be a separable
unital C*—algebra such that

1. Z(A)

c

2. Ct A

Inn A

3. Every hypercentral sequence in A is uniformly central.

v
If B =C(X) ® A then ;we have an exact sequence: 0 - Imn B —» Ct B -, HZ(X,Z).
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In fact, Ct B = {a|x - @ X 5 Inn A is uniformly continuous}. (For example,

any primitive A.F.-algebra satisfies 1., 2., 3.)

proof: If o € Ct B then clearly o preserves the centre of B and so o is
a C(X)-module map. Thus, by (15, lemma 1.6] we have a map x |— o X 4 Aut A
continuous in the point-norm topology on Aut A, so that a(f)(x) = ax(f(x))
for all x e X. Moreover, since every central sequence in A clearly lifts to
n B that h «

one in B we see tnat eacn & € Ct A = Imm A. Now, suppose the map X — o :
b) X X

X « Inn A is pot uniformly continuous. Then, there is an x. € X and a

0
sequence {xn} converging to Xy SO that & A but not uniformly.
n 0
Multiplying by id @ a;l which is inner we can assume that a, = id. Now,
0 0
each @, = Adun for some unitaries {un} in A. Since Adun -+ 1id pointwise
n

we see that {un} is a central sequence in A which is not uniformly central
and therefore not hypercentral. By property 3 we can choose a central sequence
{an} in A so that H[un,an]u does not converge to 0. Now, {lwan} is a
central sequence in B and so Na(l&an)—laann -+ 0. However, Ha(l@an)—l®ann =

b 4
N, (& )—a #l = luau-all =llua-aull = l[fu,a ]Il does not converge to 0, a
x 0 n nnn n nn nn n’ n

contradiction. Thus, the map x — ax: X « Inn A is uniformly continuous.
Now, since Ct A = Inmn A and Ct A is clearly uniformly closed we see

that Ad: U(A) -+ Inn A admits continuous local sections [13, theorem 2.1 and

11, theorem 5.3]. Thus, we can find an open cover {Xi} of X and continuous

maps ui: X1 -+ U(A) so that for elements b e C(X,A), supported on Xi’ we

1

have «o(b) = Xi n XJ + 581 so

u.bu*. One easily verifies that u.u#: X..
i i i ij

Aijl and {Aij} satisfies the l-cocycle equation AijAJk = Aik

that u.u%
13
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on Xi N Xj n Xk. Thus, {Aij} defines an element of the sheaf cohomology

v
group Hl(X,y) where ¥ is the sheaf of continuous Sl—valued functions on X.

v v
The image of this element under the canonical isomorphism, Hl(X,?) = HZ(X,Z),

gives our map Ct B —Q» EZ(X,Z). To see that this procedure gives a well-
defined exact sequence as described in the theorem, see [15].

On the dther hand, if « is given by a uniformly continuous map x - a
X » Inn A then we can choose a finite number of closed neighbourhoods
Xl’ ey Xm covering X so that, ai, the induced automorphism on the
quotient C(Xi)QA is inner. Now, if e > 0 and {bn} is central in B then
the quotient sequence {b;} is central in the quotient and so "ai(bi)~bi" -+ 0.
Thus we can choose N so that "ai(bi)—bi" e forall n> N and

i=1, ..., m. Now, if n > N, #ta(b )-b 0l = sup “al(bl)~b1" { & and so
n’ n i=1 o n’ “n
ye ey

4.6 Remarks: 1. By theorems 2.4 and 3.3, any primitive unital A.F.—-algebra

satisfies the hypotheses of the theorem. In this case, we can show that the
Va2
range of the map Ct B /AN (X,2) 1is contained in the torsion subgroup of

v
Hz(X,Z). We briefly indicate how this is done (Iain Raeburn has also done this
oo ]—
omputation - ivate conversation nquin park, 1980). let A= [ U A
n
ln=1 )
where each An is finite-dimensional and contains the unit of A. Let U = U(A)

[+~
and U =U(A ). Let G = AdU < Imn A =G so that G = [ U G ]—. Since A
n n 111 n n:l

is primitive, the map Ad: U - G has local sections and so one can find a
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neighbourhood Un of Gn in G so that projection of A onto An followed
by polar decomposition induces a well-defined continuous map p: Un -+ Gn with

Hp(ao)—aou { e for all % in Un.

Now, if a € Ct B so that x = a X + Inmn A = G is continuous, then by
compactness, we can find an n so that o € Un for all x € X. Then

X - px = p(ax) € Gn = AdUn is continuous and Hpoawl—idu < € and is therefore
V2
inner (since it is locally inner). Thus, the images of a and B in H (X,2)

are identical. We compute the image of pB. Choose a finite open cover {Xi}

of X and continuous maps vi: Xi -+ Un so that g = Advi for elements

supported on Xi' Now, we unitally embed An in Mk(t), the kxk matrices

over [, so that v, = det v, ! Xi -+ S1 is continuous. By shrinking the cover,

we can assume that each ;i has a continuous kth root, Hy in Sl. Let

~

v. = p.v. so that Adv, = Adv. = f on X.. But, now, det v. = det(u.v.) =
i id i i i i i'i
pk det v. = v.v. = 1. Then, the l-cocycle A..l, = ;.3* satisfies Ak. =
i i i'i ij'k iJ ij
det(Aijlk) = det(;i;ﬁ) = 1. Hence, g(a) = n(B) has order (a divisor of) k
v
in H2(X,2).
(2) If A is a U.H.F.-algebra and p is a prime number with p°°

occurring in the "prime decomposition" of A, then one can show that the range

Vv

of n contains the p-primary component of H2

(X,2).

{3) We observe that i cample 3.7, we have Inn A g Inn A = Ct A.
Moreover, one can easily find continucus trace C*—algebras with Inn B = Inn B g
Ct B. Finally, (by theorem 4.1) example 3.9 satisfies Inn D < Ct D % Inn D .
It is easy to check that the operations 1Imn(-), Ct(:) and Inn(.) all

commute with direct sums. Thus, letting E - A®@ B & D we have
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Inn E (Ct EN Inn E )

<
P
<

Inn E S

<
Py
(Ct EN Inn E ) ¢ ImE .

Open Problems.
We list a number of problems that we think are worth further study.

If ive (separable, unital) do we have Ct A = Inn A? If the

A is p
answer is no, then perhaps %(A) may be an interesting invariant for
primitive algebras.

In all our examples, e(Ct A) is abelian. Is there a nonabelian example?
If A is primitive (or even simple) is the centre of e(Inn A ) always
trivial? The case of an A.F.-algebra should be tractable (where the answer
is probably yes).

By proposition 1.1, we have %(A) < centre e¢(Inn A ). When do we have
equality? Always? In analogy with the case of IIl factors, does CA # HA
imply %(A) = centre (Inn A )?

Does there exist a primitive infinite—dimensional algebra A with CA = HA?
We guess that the answer is no, with theorem 3.6 offered as evidence. If
there were such an example, then by 3.5 we’d have %(A) = e¢(Inn A ) =
centre ¢(Inn A ) very large, indeed! This would also yield negative
answers to problems 1 and 3.

Does there exist a primitive (or even simple) algebra, A, with H # TA?

A

If so, such an algebra would have an interesting structure.
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The direct analogue of Connes’ short exact sequence (6, théordme 4] for
computing %(A) is not true, in general. For, if it were true, then we
would have K[Ci(mz) X ZZ] = 22 where o acts on C:(Fz) by
interchanging the generators. However, Ci(Fz) Xa Z2 is simple, and so by
1.8 %[?:(Fz) X, Zz] = {0}. 1Is there a more subtle analogue of this exact
sequence which can be made to work in interesting cases?

If A is non—unital, then there are two possible definitions of Ct A. We

define
Ct A = {a € Aut Aftia(x }-x # » 0 if {x_} is central in A}
n n’ “n n
CtS A = {a € Aut Al(a(xn)—xn) -+ 0 strictly if {Xn} is central in A}.

Ct is easy to handle via the simple expedient of adding a unit to A. If
A is the algebra with the unit adjoined, then there is an obvious
identification Ctn A =Ct A. In this way, many of the results for the
unital case translate directly to the nonunital setting. However, Cts A
is the more natural object of study in that two central sequences {xn},
{yn} are (usually) deemed to be equivalent if and only if (xn~yn) - 0
strictly. Evidently, Ctn Ac CtS A. When are they equal? Always? We
make one observation; it is not hard to show that Inn M(A) ¢ Ctn A, where
M(A) denotes the multiplier algebra of A. Thus, they are certainly equal

when A is simple or has continuous trace.
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