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THE REAL ZEROS OF THE BERNOULLI POLYNOMIALS
David J. Leeming
1. INTRODUCTION

The problem of finding the number and position of the real zeros of the Bernoulli
polynomials has been considered by a number of authors over the past seventy five years
(see e.g. [4], [5], [6], [8], [13], [14] and [17]). Let B_(x), n 20, denote Bernoulli
polynomial of degree n and let B :=B_(0) be the nth Bernoulli number (see e.g. [1]).

These polynomials can be defined by the generating function

e o]
n
{
: = 2 B (%) o1, [t] <2m
n=0

In order to discuss the work already done on this problem, and our contributions to it,

we state here some well-known properties of the Bernoulli polynomials (see e.g. [15])

B (x)= ) [lsl} z*S[x_%]HDS, n>0 (1.1)

where

Therefore, each Bn(x) is monic and has exact degree n,

B (1+x) - B (x) =", n20 (1.3)



£

B, (1) = (-1)" B_(x), n>0 (1.4)

B/(x) =nB_(x), n2L (1.5)

- 1l _ -
on+1(0) = Boy i {’2*] =Bgp(U)=0, n21L
Using (1.5), Rolle's Theorem on By, +1(X), and (1.4), we see that BQD(X) has one real
zero in each of the intervals [0, %} and E—, 1] which we call Ton and Son where

Now (1.3) and (1.4) imply that B

1 1
sQn.-l Ton and O<r2n<2.

Norlund [15, p. 22] showed that 0, % and 1 are the only zeros of By, _H(x), n>l,

in [0,1]. He also showed [16, p. 131] that for B, (x) and n21, r, and s, satisly

%< Ty < i, hence % <8y, < —g- (See also [13], p. 534). J. Lense [14] and A.M.

Ostrowski [17] showed that the sequence {r, } is monotonically inreasing to 21; D.H.
1 o52n-1 -1

Lehmer [13] gave the more precise inequality 7 —2 T <1y < % . K. Inkeri [8]

showed that 0, % and 1 are the only rational zeros of B, +1(x), n > 1. Healso
considered in some detail the number and position of the real zeros of Bn(x) outside the
interval [0, 1}. Inkeri also gave an asymptotic estimate for the number of real zeros of

B (x) and, in addition, gave upper and lower bounds for the real zeros of Bn(x) outside
the interval [0,1]. These estimates are, as claimed by the author, valid for "large" values
of n.

No extensive table of the real or complex zeros of the Bernoulli polynomials has been
published to date, although D.H. Lehmer, in 1967, computed the real and complex zeros of
B (x) upto n =48 using his circle method, and Leon J. Lander, in 1968, computed the
zeros of Bn(x), again up to n = 48, using a general purpose factorization routine (double
precision) on a CDC 6400. These computations were remarkably accurate up to about
n = 42 although no special effort was made in either case to verify the zeros by

high—accuracy methods ([2], [11]).



In this paper, we confine the discussion to the real zeros of Bn(x). Since each Bn(x)
is symmetric about the line x = % (cf. (1.4)), we consider only the nonnegative real zeros.
The remaining real zeros of B (x) can then be obtained using (1.4).

Although the complex zeros are also of some interest, the results are of a different
nature and therefore will be the subject of another paper. Some preliminary results in this
direction have been obtained jointly with Professor R.S. Varga.

In §2 we give an empirical result for calculating the number of real zeros of B (x),
which is valid for 1 <n <200. In §3, we give some inequalities which provide upper and
lower bounds for |E, | and |B, |, where E, and B, are the Euler and Bernoulli
numbers, respectively. In §4, we give simple expressions for computing Bn(m+q) where
m > 1 is an integer and q = 0, e Dgor 1. These expressions, along with Newton's
method and the method of false position provide, in most cases, simple lower and upper
bounds for approximating the real zeros of B (x) outside the interval [0, 1]. We use the
degree n of the Bernoulli polynomial to divide the study into four cases, namely n =0, 1,
2 and 3 (mod 4), and each case is discussed separately in §5 to §8. In §5 we give a new
result which permits a precise count of the number of real zeros of B, (x). We also
investigate the irregular occurrence of a pair of real zeros of B 411(x) in the interval
(M + §-, M + 1). Here M is the largest positive integer such that B ap(¥) has real zeros
in the interval (M, M+1). In §7 we present the "crossover" phenomenon for the real zeros
of B in Jr2(){) in the intervals [m,m+1], m > 2. In §8, we present a theorem which
improves Inkeri's upper and lower bounds for estimating certain zeros of B in Jr3(x). In §9,
we describe the method of computation of the zeros of B (x) and in Tables IV and V give

a listing of the positive real zeros for 3 <n < 117.
2. THE NUMBER OF REAL ZEROS OF Bn(x)

It is well known ([15], p. 19) that all the zeros of B (x), 1<n <5, arereal. Each



polynomial Bn(x), n > 6, has complex zeros which occur as "quartets" in the complex
plane that are symmetric about the real axis and the line Rez = % . That is,if z=s5+ it
is a zero of Bn[z + %} with s> 1 thensoare z=s—-it and z = —§ % it.

Inkeri ([8], p. 12) has shown that the number R = of real zeros of B (x) has the

asymptotic limit Eﬂ& ~Z (n - o). Inkeri's proof involves a sign change argument and

e
Stirling's formula and requires a separate study of each of the four cases n=0, 1,2, and 3
(mod 4). His analysis, however, does not provide a precise count for the number of real
zeros of B (x). H. Delange [5] gives a method of determining the exact number of real
zeros of B 4n(x), in most cases.

We give here, in Lemma 2.1, an empirical method for determining the exact number,
R, of real zeros of Bn(x) up to n = 200. The increase in the number of real zeros is not
monotonic (see Table I); however there is a nearly regular pattern to the increase in the
number of real zeros of B_(x) which is described later in this section. This pattern is
abruptly broken at n = 116 as can be verified from Table I.. The pattern is again broken
for n = 179 which was verified using BERNSCAN (described below). These are the only
exceptions for n < 200. Upto n = 117, the exact value can be verified directly from
Tables IV and V. The method of computation of the real zeros given in Tables IV and V is
described in §9.

One can count the number of real zeros of B (x) for values of n much larger than
n = 117 simply by using the Lemmas of §4 and noting the sign changes of Bn(x) on the
intervals [m, m+1], m > 1. We have developed a FORTRAN program called
BERNSCAN (described in more detail in §5) which computes (single precision) the value
of Bn(x) for any specified value of x and for (at least) n < 1000. This can be done at
equally spaced points on any interval containing real zeros of Bn(x). Determining the sign

changes in Bn(x) in this way will give an exact value for R , up to n =1000. This

process has been completed, and reported herein, up to n = 200.



We sought a pattern to determine the values of n for which the value of k increases
by one. In other words, for which values of n does B (x) obtain an additional "quartet”
of complex zeros? For n < 200 these values are n = 6, 12, 17, 22, 27, 33, 38, 43, 48, 54,
59, 64, 69, 75, 80, 85, 90, 96, 101, 106, 111, 116, 122, 127, 132, 137, 143, 148, 153, 158, 164,
169, 174, 179, 184, 190, 195 and 200. Taking differences of successive values in the above

sequence yields the pattern

v 5,5,5,6,5,5,5,6, 55,56, 5,955,506, 5,5,5,6,

=33 n=>54 n="75 n=96 n=122 n=143

5,9,5,6, 5,5,5,5,6, 5, 5.
A ]~
n=164 n=190

The pattern shown above can be verified directly from Tables IV and V for n < 117.
For 118 < n <200, the sequence above and the entries of Table I have been verified

numerically using BERNSCAN.



Table of Values of Ry, 1<n <200

TABLE L.

n Rn k n Ru k n Ry k n Ra k
1 1 0 51 15 9 | 101 25 19 | 151 39 28
2 2 0 52 16 9 | 102 26 19 | 152 40 28
3 3 0 53 17 9 | 103 27 19 | 153 37 29
4 4 0 54 14 10 | 104 28 19 | 154 38 29
5) 5 0 55 15 10 | 105 29 19 | 155 39 29
6 2 1 56 16 10 | 106 26 20 | 156 40 29
7 3 1 57 17 10 | 107 27 20 | 157 41 29
8 4 1 58 18 10 | 108 28 20 | 158 38 30
9 5 1 59 15 11 | 109 29 20 | 159 39 30
10 6 1 60 16 11 | 110 30 20 | 160 40 30
11 7 1 61 17 11 4 111 27 21 | 161 41 30
12 4 2 62 18 11 | 112 28 21 | 162 42 30
13 5 2 63 19 11 | 113 29 21 | 163 43 30
14 6 2 64 16 12 | 114 30 21 | 164 40 31
15 7 2 65 17 12 | 115 31 21 | 165 41 31
16 8 2 66 18 12 | 116 28 22 | 166 42 31
17 5 3 67 19 12 | 117 29 22 | 167 43 31
18 6 3 63 20 12 | 118 30 22 | 168 44 31
19 7 3 69 17 13 | 119 31 22 | 169 41 32
20 8 3 70 18 13 | 120 32 22 | 170 42 32
21 9 3 71 19 13 | 121 33 22 | 171 43 32
22 6 4 72 20 13 | 122 30 23 | 172 44 32
23 7 4 73 21 13 | 123 31 23 | 173 45 32
24 8 4 74 22 13 | 124 32 23 | 174 42 33
25 9 4 75 19 14 | 125 33 23 | 175 43 33
26 10 4 76 20 14 | 126 34 23 | 176 44 33
27 7 5 77 21 14 | 127 31 24 | 177 45 33
28 8 5 78 22 14 | 128 32 24 | 178 46 33
29 9 5 79 23 14 | 129 33 24 | 179 43 34
30 10 5 80 20 15 | 130 34 24 | 180 44 34
31 11 5 81 21 15 | 131 35 24 | 181 45 34
32 12 5 82 22 15 | 132 32 25 | 182 46 34
33 9 6 83 23 15 | 133 33 25 | 183 47 34
34 10 6 84 24 15 | 134 34 25 | 184 44 35
35 11 6 85 21 16 | 135 35 25 | 185 45 35
36 12 6 86 22 16 | 136 36 25 | 186 46 35
37 13 6 87 23 16 | 137 33 26 | 187 47 35
38 10 7 88 24 16 | 138 34 26 | 188 48 35
39 11 7 89 25 16 | 139 35 26 | 189 49 35
40 12 7 90 22 17 | 140 36 26 | 190 46 36
41 13 7 91 23 17 | 141 37 26 | 191 47 36
42 14 7 92 24 17 | 142 38 26 | 192 48 36
43 11 8 93 25 17 | 143 35 27 | 193 49 36
44 12 8 94 26 17 | 144 36 27 | 194 50 36
45 13 8 95 27 17 | 145 37 27 | 195 47 37
46 14 8 96 24 18 | 146 38 27 | 196 48 37
47 15 8 97 25 18 | 147 39 27 | 197 49 37
48 12 9 98 26 18 | 148 36 28 | 198 50 37
49 13 9 99 27 18 | 149 37 28 | 199 51 37
50 14 9 | 100 28 18 | 150 38 28 | 200 48 38




We observe that for n <115 the exact value of R = n—4k can be calculated using

3. SOME INEQUALITIES INVOLVING EULER AND BERNOULLI NUMBERS

C. Jordan [9] has given inequalities for the Bernoulli numbers B, ~and the Euler
numbers E, ~which yield upper and lower bounds for [B2n| and [E211|' Other
estimates have been given by D. Knuth [10] and D. Leeming [12]. However, in this paper,

we require more accurate estimates which are contained in the following apparently new

result.

LEMmA 3.1. We have

n2n o2 _
Q) 4{@‘{%5} < By, | < 5,/6[%} C n>2 (3.1)
2n 2n
(ii) Syn [An]™" g | o80T, L (3.2)
J7 e 2n JT e 12n

2n 2n
2
(iif) 2~n+1m[% < |D211;<2211+3¢ﬁ[—9} 02 (3.3)



|2_111 < (1.705) [39} n>2 (3.4)

) 2n
(iv) =< |D e

e 2n

where D s given by (1.2).
Proof: Inequalities (i) and (ii) follow by applying Stirling's formula to the

inequalities for |B, | and |E, | given in ([3], p. 805) after applying the inequalities
(see e.g. [9], p. 111)

zm[z—g} " (2n)! < 2@["—{;] zn{l + ﬁ] . (3.5)

Inequality (iii) follows from (3.1) and (1.2), and (iv) can be obtained from (iii) by taking

2nth roots to obtain

1 1 1 1
4n (2n 2n _ on 4n [2n
(4m) {%—5] <Dy |77 < 27 (4m) {—7—@} , 022 (3.6)
1 1 1

n 3 4n < 1.705, n > 3, and a direct

Now 1< (4m)™ <5, n22 and 1 < 2" (4m)

computation shows that (3.4) is valid for n = 2.

TV AT TTATTON A5 13 1) 1 1 1 3
4. EVALUATION OF B (q), g=m,m+g,m+7,m+g5,m+7,m+

[=21k#a1

Let m > 1 be an integer. Using (1.3) repeatedly with x replaced successively by

x+1,---,x+m weget



m—1
x+m) =B (x) +n 2 (X—H{)n_1 . (4.1)
k=0

B,

We now state the following lemma, which is new and will be useful in subsequent

sections (see also Inkeri ([8], p. 10)).

LeEmMA 4.1. Let m be a positive integer. If Bn(y) >0, 0<y<1, then Bn(y+m) > 0.

m—1
Proof. From (4.1), B (y+m)=B_(y) +n Z (y+j)n_1. Since B (y) >0, the
j=0
result follows. g

Now from Norlund ([15], p. 22), (1.2) and (1.4) we have, for n = 1,2, --

B

(1] (5] 1 1 2n

Bon|g) = Banlg) = {1 _2211—1} {1 "I 2 (4.2)
1 _ 3] —4n

Bon 4] Bon 4] 27 Doy (4.3)
1] _ 4-2n

Bon ﬁ} =27 Dy, (4.4)

Therefore,
B m—1 2n—1
1l _ 72n 1 1 .1
Bon [m + 6] =5 |- 2211—1} [1 B 5201 +2n 2 {J + @] , M 21 (4.5)
=(




m—1
. 1\2n-1
2Dy, +n Z (4j+1) , m>1.

1] _ 2—411—1 5
j=0

Bon [m 1

Similarly (since B, : =B, (0) =B, (1), n21),

n - T 2n

m—1
.2n—1
an(m) = an + 2n Z j , m>1
J =
m—1
1] _ ,—2n . 2n—1
B:211 [m + —2-] = 2 D211 + 4n 2 (2j+1) , m>1
j=0
m—I1 i
3 —4n . on—1
By, [m + Z] =2 Dy +8n 2 (4j+3)"" |, m>1
j=0 ]
-1
B " 2n-1
5] _ Pon 1 1 .5
Bon {m * 6] =9 |1~ 2211—1} {1  32n-1 +2n Z [J + 6} , m21
J=0
1) _ —4n—2
B211+1{74—] = —(2n+1)2 Eon
m—1
1] _ —4n-2| - .20
Bont1 {m + 21‘] = (2n+1)2 By +4 ) @H+)™, m>1
j=0
m—1
1 -2 . 2
B211+1[m+'2—J = (@2o+1)27 ) 2417 >0, m21
3=0
m—1
3 —4n-2 . o210
B2n+1{m+ﬂ = (@n+)27 T By 4 ) (4+9)7), m2

J=0

10.

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.13)

(4.14)
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m-1
2n
B2n+1(m) = (2n+1) z i7>0, m>2. (4.15)
j=1

, . : 1 5
There are no known simple closed expressions for B2n 11 [m+—6—] or B211 11 [m+6—]
We now consider the problem of determining the sign of Bn(q) for certain prescribed

values of n and q. These results are given in the following lemmas.

LEMMA 4.2. Let m be a positive integer. Then

(i) B, [HH'ZH >0, n>0 (4.16)
m-1
. 1 . . ydn
(ii) B4n+1{m+1] <0 iff E, >4 Z (4j+1) (4.17)
=0
m—1
1 . ., ydn+1
(iii) Bynto [m—i—ﬂ <0 iff ID4n+2| > 4(4n+2) Z (4j+1) (4.18)
j=0
(iv) By, ,g/mtg| >0, n>0 (4.19)
r )
(v) B,y 1n+z?£- >0, n>0 (4.20)
(vi) Byna1 m—{% >0, n>0 (4.21)
m-1
(vi) By, +2[m+%] <0, iff Dy, > 4(n+2) ) (4j+3)F (4.22)
=0
m—1

3 . . oy4n+2
(viii) L [HH'Z] <0 iff |E4n+2| > 4'2 (4j+3) .

3=0
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Proof From Norlund ([15], p. 23 and p. 26) and (1.2) we have (—1)nJrl By, >0,
(—1)11 E, >0 and (-1)n Dy >0 for n > 1 (in particular E, > 0) so using (4.12) we

get (4.17). The other inequalities are proved similarly. g

LEmMA 4.3. Let m be a positive integer. Then

m—1
i B, (m) <0 iff B, |>4ny i1 m>2 (4.24)
4dn 4n L
j1
(ii) B4n+2(m) >0, m>1, n>0 (4.25)
iii B, |m+i| >0, m>1, n>0 (4.26)
4n 2
m—1
(iv) B, +2[m+%] <O ff Dy ol > Go+d) ) @) mr1 a2n)
3=0

Proof. Inequalities (i)—(iv) follow immediately from (4.7) and (4.8) after observing that

(—1)n+1 By, >0 and -n)" Dy, >0. m

Finally, we note that since B (x) -« as n-w, inequalities (4.17), (4.23), (4.24)
and (4.27) show that the largest real zero of Bn(x) increases without bound as n -« (see

also [8], p. 12).
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5. THE REAL ZEROS OF B 41l(x) OUTSIDE THE INTERVAL [0, 1]

Since B 411(1) =B, , <0,n21 andsince B 411(x) is a monic polynomial, we let M
be the largest positive integer such that B 4 Il(M) < 0, that is B 411(m) <0,m=12,--- M
and B, (M+1) > 0. Inkeri ([8], p. 12) shows that B 4p(x) may have either one or three
zeros in the interval (M, M+1) and there are no real zeros of B 411(x) greater than
M + 1. The occurrence of three roots in the interval (M, M+1) is an irregular but
persistent phenomenon as we see from Table II which lists all pairs of zeros of B 4n (%)
4 < 4n < 500 in the interval [M + %, M+1}. The computation of these zeros is described
in §5.

The largest real zero of B 4n(x) will lie anywhere in either one of the intervals
[M, M + Zﬂ or [M + Q, M-+ 1] which explains the irregular count of Inkeri. A more
definitive result for the position of the real zeros of B 4p(%) is given in Lemma 5.3. First

we need the following two lemmas.

3

LEMMA 5.1. Let m and n be positive integers. Then B, (x) >0 for m+ L $x<m+ 7.

4
Proof. We know B, H > 0 and that the only real zeros of B, (x) in (0,1) are

1 1
Iy, and s, =1-1, where z<r, <7 (seeeg.[l4]). Therefore, B, (x) >0,

n

ZlI <x¢ % Using Lemma 4.1, the result follows. g

LEMMA 5.2. For each ( fized) integer m > 1, there exist positive integers m and k  with
jm < km such that
~'m (&.

. 1 . 1 :
(i) B4n{m+—6—} >0, n<j; B4D[m+EJ <0, n2>j

" d d
(ii) By [m+6—] >0, n<k_; By [m—!—g} <0, n2k_ . (5.2)



14.

Proof. Since B4n <0, n>1, using (4.2) we observe that for n =1,2,- - -,

B, %] =By, [g] < 0. A direct calculation using (4.5) and (4.10) shows that in the case

n=1, B, [m+%—} >0 and B, [m—l—%} > 0. Using (4.5) and (3.1), we see that, for fixed

m21, By [m-{—%] < 0 when n is sufficiently large, so (5.1) follows. A similar argument

yields (5.2). Finally, from (4.5) and (4.10), we see that B in {m-l—%] > B, {m%%] for all

m>1l, n>1, so jmgkm. B

LEMMA 5.3. For n =12 and 3, B, (x) has ezactly one zero in the interval E, Z—] For

™

n2>4 and m o posilive integer, B 411(x) has either two zeros or none in the interval

1 1
[m—z, m—l—;d.

Proof: We need to show that whenever B 4p(X)> 0 2 4 has one zero in the interval
{m - %, m + %] it must have exactly one more zero in the same interval. Suppose, then,
that B, (x) has a zero in [m —i, m] From Inkeri [8, p. 15] we have

B é”ln(x) = 4n(4n-1)B 4n—2(x) > 0 for (at least) m — % - hn <x<m+ % + hn where

ho= 2—411—2 i

N L Furthermore (see [8], p. 19), By (x) <0 on [m —%, m—en] and

B; (x)>0 on {m + 0

1 1 1
n,m+z] where 0 < 611<§’0<5n<€ and en—>0, 61140 as

n - . Therefore, B, (m) <0 and since from (4.16) and (4.20), we have B in {m - ﬂ >0

and B, [m + %] > 0, the result follows. g

It should be noted that because of the "crossover" phenomenon described in §7, a
similar lemma is not possible in the case of B in +2(x). However, Lemma 7.2 gives the

comparable result for that case.

Finding the pairs of zeros of B 411(x) in [M + ;?i—, M+1] involves first determining
the sign of B, . {M + % and using (1.5). If B An-1 [M + % < 0, there is no guarantee

of a pair of real zeros in |M + %, M+1] , however, there is that possibility. For example,

B99(6.75) < 0 and we find (see Table II) that BlOO(X) has a pair of zeros in the interval
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(6.75, 7). On the other hand, B115(7.75) < 0 yet from Table V we see that B116(X) has

no real zeros in the interval (7.75, 8).
The computations for Table II are done using BERNSCAN. This FORTRAN

program uses (4.1) and the Fourier series expansion (see [3], p. 805).

By(y) = - 22

n (2m)"

| b~ 8

cos[Qka~%7m],O§y§1,n> 1. (5.3)

k=0

The second term in (4.1) is merely the sum of integer powers. This enables us to
compute, for large values of n (up to n = 1000), sign changes in B, (y+m) for fixed
integer values of m, m > 1, and 0 <y < 1. Such determinations give only very
approximate values of the real zeros of B (x) but these sign changes do enable us to
accurately count the number of real zeros of B_ (x) for large values of n. For example, in
the case n =0 (mod 4) we can use BERNSCAN to determine the exact number of real
zeros (up to n = 1000) including the cases for which the Delange estimates are not exact

(see [5], p. 541).
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TasLE II
Real Zero Pairs of B 4n(x) in the interval [M + %, M+1] , 4<4n <500

4in M Zeros

16 1 1.76 1.94
32 2 2.76 2.89
84 5 5.76 5.97
100 6 6.76 6.91
152 9 9.75 9.97
168 10 10.76  10.90
220 i3 13.76 13.96
236 14 14.76  14.89
288 17 17.76 17.95
356 21 21.76 21.94
372 22 22.78 22.85
408 24 24.75  24.99
440 26 26.80  26.81
476 28 28.75  28.98
492 29 29.76 29.90

6. THE REAL ZEROS OF B n +1(x) OUTSIDE THE INTERVAL [0,1]

From Inkeri ([8], p. 11) we have

B

2o

411+1(X) 2 0,

(6.1)

anp1¥) >0, m+%§x§m+1, m> 1
1

(x) is convex upward on [m, m + ﬂ, m > 1. Therefore, in the interval

B

and B4n+1

1

[m, m + —?}, B,y +1(X) has either two zeros, or none. Normally, if B, +1(X) has a pair

o . 1 1 .
of zeros in the interval [m, m + Q} , then B dnal [m + ﬂ < 0. (There are exceptions,

however, e.g. n =5, m = 2, with a pair of zeros of B,,(x) in the subinterval {2, %
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and with B, [% > 0.) Thus, to ensure the existence of a pair of zeros of B i +1(x) in

the interval [m, m + %jl, it is sufficient to determine (for fixed m) the values of n for
which B, 11 [m + ;i—] < 0. These values can be computed using inequality (4.16).

The convexity of B in +1(X) on [m, m + %] ,m 2> 1, enables us to obtain quite
accurate upper and lower estimates for a pair of real zeros of B in le(x) lying in the
interval [m, m + %} ,m > 1, using Newton's method or the method of false position. We
describe here, in some detail, the procedure for obtaining such a pair of real zeros of
B, +1(x). We note that similar estimates may be obtained in the other three cases.

We observe that the properties of these polynomials dictate that Newton's method will
provide a better approximation to the zeros than will the method of false position.
However, for "large" values of n, the difference between the two estimates is extremely
small and so give very accurate estimates for the real zeros of Bn(x). When B, +1(x)
has two zeros in the interval {m, m + %} , we can obtain simple upper and lower estimates
for these zeros.

i) Upper and lower estimates for the zero of B4D+1(x) "near" x = m.
We denote the real zero of B, +1(X) "near" x =m by a

by 511 m

. the lower estimate
7

and the upper estimate by ¢ Thus we have, § <

, a, < ¢ for each
n,m’ n,m -~ “n,m n,m

(fixed) m, and n sufficiently large.

Using one application of Newton's method with x = m as our initial value, we obtain

a lower estimate

5n,m =me 4n+1(m)/B4n+1 m). (6.2)
Using (1.5), (4.7) and (4.15), (6.2) becomes

m—1 m—1
An 4n-1
511,111 m - E j By, +4nz j , m> 1. (6.3)
j=0 j=0
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We note here that 511 - is indeed a lower estimate of a due to the convexity of

9

1
B4n+1(x) on [m, m+§].

To obtain an upper estimate for a, o, weuse the method of false position on the

Y

interval [m, m+ﬂ, which yields

- 1 1
nm T TR B4n+1(m)/[B411+1 [1n+1] B B411+1(m)] ' (6.4)

Using (4.12) and (4.15) in (6.4) and simplifying, we get

Using (1.5), (4.8) and (4.13) similar upper and lower estimates can be obtained for the

zero of B4n+1(x) "near" x =m + %

7. THE REAL ZEROS OF B x) OUTSIDE THE INTERVAL |0, 1]

4n+2(

Inkeri [8] has pointed out that B in +2(x) >0,m=0,%1,#2--- and B

at most one zero in the interval [L:{- \ m+1], and either two zeros or none in the interval

(m, m+1). Furthermore, if B 4149 [m—i—%— > 0 for some value of m, then every real zero

DO bt

of B An +2(x) is less than m + 1. Thusif m = M is the largest integer such that
Bynio [mq%—} <0, then there are no zeros of B, A +2(x) greater than M + 2. In what

follows we assume m is an integer such that 1< m < M.
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The "crossover" phenomenon. It is well known (see e.g. [13]) that the pair of zeros of

B4, 4o(x) in the interval [0, 1] converge monotonically to % and % as n-w. It is
easily shown that this monotonic behavior is also exhibited by the pair of zeros of

B,y +2(x) in the interval [1, 2], which converge (n-w) to % and ;} The behavior of the
pair of real zeros of B, +2(x) in the intervals [m, m+1], m > 2, is not monotonic,
however, as it was in the case m = 0 and m = 1. We describe here this new concept for
the interval [2, 3] and then give the general case in Lemma 7.1.

Let Pp2 denote the real zero of B in +2(){) "near" x = 2.25. Table III shows that
for n =86, --,10,p_ o >2.25 but for n211,p o < 2.25. Whereas Inkeri [8] shows that
{pn 2} is an increasing sequence for n 2 nj (in this case, n, = 11), the behavior of the
sequence of zeros {p11 2} for n <10 is monotonic decreasing. In addition, if we let a9
denote the real zero of B4n+2(x) "near" x = 2.75, we have for n <13, dp g < 2.75 and
{a, o} is monotonic increasing, while for n > 14, q 5> 2.75 and {q_ o} is monotonic
decreasing, as n - w, t0 2.75.

Inkeri's work ([8], Theorem 1, p. 4) predicts the asymptotic behavior of the real zeros
of By, o(x) on the interval [m, m+1] but he does not mention the crossover
phenomenon for m > 2 described above. We now formalize this description and give a

more precise statement than that of Inkeri for the position of the real zeros of B, +9(x).
LEMMA 7.1. For each integer m > 2, there erist positive integers hm and Em such that

. (1) . 1
(i) B4n+2 [mﬁd >0, n< hm, ]3411_{_2 m+z| < 0, n> hm

" 3
(ii) B4n+2 m+73| <0, n2£ .

3 :
[m-&-ﬂ >0, n< Zm, B411+2

Proof In the case m = 2, we have obtained directly by computation h2 =11 and

ly = 15. Setting n =3 in (4.6) and using (1.2) we have



m—1
1] _ 13| 31  \5
B6[m+ﬂ =927 |-57+3 Z (4j4+1)°| >0, m>2.

J=0

However, from (1.2) and (3.1) we have

. 4n+1
D4n+2 = 2(1-2 )B4n+2 <0 (7.1)
and
4n+4-2
4n+2 4n+2
2 B4n—|~2 ~ 4(2n+1)7 [ 5 ﬂe] , (0= w). (7.2)

Therefore, in (4.6), the (negative) sign of D 4142 will determine the sign of
By, 49 [m + ?ﬂ for sufficiently large n, hence there exists a smallest integer hm such
that By o [m + 211[—] < 0,n 2 h . The proof of (ii) is similar. g

We observe from (4.6) and (4.9) that £, 2 h. Some specific values of £ ~and A
are given below in Table III. We note from Table III that for 2 < m < 10, fm =h_+4

m
although it is not known whether or not this equality holds for larger values of m.

TasLE HI
m ha ly
2 11 15
3 19 23
4 28 32
5 36 40
6 45 49
7 53 57
3 62 66
9 70 74
10 79 83

From Table IIT we can determine three different forms, or stages for the position of the

pair of real zeros of B in +2(x), n2n o, in the interval [m, m+1], m > 2. These three



stages are shown in diagram 1 below.

B,n.2(x) On the interval [m, m+1], ma2

-~

m+%

n< hm

moY
<
/ hm <n < fm
m+ ¥

®

~__
W

In spite of the "crossover" phenomenon, it is still possible to obtain accurate estimates
for the two zeros of B, Jr2(x) in the interval (m, m+1) using Newton's method. In this
case, the advantage over Inkeri's results is that our estimates will follow the "crossover",
and so are good for all values of n > hm where hm is as defined in Lemma 7.1.
Furthermore, these estimates exhibit the same order of accuracy as Inkeri's estimates,

( —411)

namely O(2 ™), as n - . This is easily shown using (4.3), (4.6), (4.9), (4.11), (1.5) and

the estimates of §3.
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8. THE REAL ZEROS OF B An +3(x) OUTSIDE THE INTERVAL [0, 1]

In this case, Inkeri [8] shows that

3
B4n+3( )20 Lex<o
(8.1)
1
B4n+3(x)>0, m<x<m+z, m2 2
1

and in the intervals [m + 5, m+1], B 430 (x) Las, at most, two zeros. Usually if
B4n—|—3( x) has a pair of zeros in the interval [m + 5 m+1] then B, 43 [m + g’;] < 0.

The case n = 2, m = 1, is an exception, however, with B11 [ﬂ > 0. In a similar fashion
to the B, +1(x) case, we can determine the smallest value of n, say n , such that
3 . .
Bynis [m + I} <0 for a fixed value of m. Thenfor n2n_, B, +3(x) will have
exactly two zeros in the interval [m + %, m+1], one in [m + %, m + %} and the other
in [m +3, m+1].
i) Upper and lower estimates for the zeros of B4n+3(x) "near' x =m + %
1

We denote the real zero of B, +3(x) "near" x =m + 5 by Bpm ¢ OUT lower
estimate by « . and our upper estimate by ﬂ

To obtain the lower estimate « m for g we use one application of Newton's
1
2

method with initial value x =m + 5, (4.8), (4.13) and (1.5) which yields

m
}: 2_] 1 4n—+2

m
. dn+1
Dynqo + (8n+4) E (2j-1)
j=1
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To obtain the upper estimate ﬂn m for g, qm Weuse the method of false position on
) 7

[m + %, m -+ %] and obtain

m
. 4n+2
Y (4j-2)*"F
1 i=1
ﬁn m {m—!— ?] - : (8.3)
’ m m
. 4n+2 . on4n-+2
Bypio + 4 ) 45— — ) (4-2)
=1 j=1

il) Comparison of our estimates with Inkeri's estimates.
Let m and n be positive integers with n sufficiently large so that B, A Jr?)()c) has a

: . o 1 )
pair of zeros in the interval [m + 5 m+1]. Let 8n,m denote the real zero of B, A +3(x)

"near" x =m + %, and let 7

h.m and ”n,m be the lower and upper estimates

respectively for 8n.m given by Inkeri ([8], p. 19). Let « hm and ﬂn,m be as given in
(8.2) and (8.3). Then we have the following theorem.

THEOREM 8.1. For n sufficiently large, m = 1,2, - -

1
m+g < Th,m < %,m < &n,m < ﬁn,m < Fnm (8.4)
and
. o
llmun,m~m+§ (8.5)
N oo

Proof: Inkeri ([8], p. 18) has shown that

1 _
B4n+3 [HHTHn,m] - B4n+3(7711,m) <0

1
B4n+3 [mﬁﬁ-H >0

n-i—l,m] - B411+3(‘un,m)



where

[(Qm“'].) 7'{'] in+1
H = . (8.6)
o, 2 (4n+1)!

From (8.2) and (8.3) we can define 8, and ¢ by

,m n,m
o =m + 1 + 8
n,m 2 n,m (8.7)
_ 1 '
ﬂn,m =M+t tn,m

respectively. Using Stirling's formula and taking (4n+2)th roots, we find

1 1
4n+2 (2m-1)me 4n+2 (2m-1)me
|Hn,m[ ~Zn + 1 and |Hn-l—l,m| “In F3 07w (8.8)
also
1 1
4n+2 (2m-1)me 4n+2 (2m-1)7e
|Sn,m| ~in +2 and |tn,m] “n Fz (o). (8.9)
Comparing the asymptotic estimates in (8.8) and (8.9) yields (8.4). To obtain (8.5),
_ 1
observe that Hy =W +g+ Hn+1,m and, by (8.6) Hn+1,m -0 as n-w g

Theorem 8.1 shows that our upper and lower bounds for gn’m are asymptotically
better than those of Inkeri (see (8.4)). Numerical evidence shows that, for a given m > 1,
our bounds are always better than those of Inkeri, even for "small" values of n. The
estimates for the real zero of B in +3(x) "near x =m, m > 1, can be obtained in a

similar way.
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9. COMPUTATION OF THE REAL ZEROS OF Bn(x), 3<n <117

The computations of the real and complex zeros of Bn(x), 3 <n <83, were done on
an IBM 3083 at the University of Victoria using a NAG FORTRAN library routine
CO2AEF. The routine, which we modified to allow computations in quadruple precision,
finds the zeros of a real polynomial using a method of Grant and Hitchins [7]. Successive
zeros are found to within limiting machine precision, in this case approximately 32
decimal places, using a FORTVS compiler. A composite deflation technique is used
throughout.

A check of the computations of the real and complex zeros of B_(x) up to n = 42
was made using a listing of Leon Lander and D.H. Lehmer provided by John Brillhart [2].
For higher values of n, the lower and upper bounds provided by D.H. Lehmer [13] for
m = 1, and by Inkeri [8] and our own estimates for m > 1 were used to verify that the
NAG FORTRAN CO2AEF computations fell within these bounds. This was done using
the original printout of the zeros of Bn(x), 3<n <83, to 32 decimal places.

A further check of all zeros is provided by the symmetry properties of both the real

and complex zeros of B (x). Replacing x by L ; X in (1.4) yields

n x 1) _ x , 1
(-1) Bn[‘tfz‘f] = Bn[§+ ?]' (9:1)
Therefore, for n even, B n[l ; X] is an even function and, for n odd, Xt Bn{l ; X]

is an even function. To obtain Table V we merely replace x° by y (after factoring out x
if n is odd) to obtain a polynomial of degree I[%ﬂ This enabled us to obtain the zeros of

B (x), 8¢ <n <117, to 16 decimal places (we report 12 places in Table V). This

second method of obtaining the zeros of Bn(x) used an integration routine to obtain the

coefficients of B *(x) = ‘ZHBH [1—1_—)‘—} since property (1.5) also holds for the polynomial set
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{B_*(x)}. This, along with the known symmetries of the real and complex zeros of Bn(x),

n
gave us another check on the accuracy of the zeros reported in Table IV.

We give here in Table IV a listing of the positive real zeros of B (x), 3 <n <83, to
15 decimal places. In Table V we list the positive real zeros of Bn(x), 84 <n <117 to
12 decimal places. A table of the complex zeros will appear elsewhere. Tables IV and V
are & direct but reformatted printout of the zeros of B_(x) as generated by the modified

CO2AEF routine. A copy of the original printouts is available from the author, upon

request.
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