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ABSTRACT

Renormalization procedures for families of dynamical systems have been used to
prove many interesting results. Examples of results include that the bifurcation rate for
the attractors of an analytic one-parameter family of quadratic-like maps is universal
for all such families, unique ergodicity for almost every interval exchange mapping, a
unique ergodicity criterion for the vertical translation flow of a flat surface in terms of
its “renormalization dynamics”, known as Masur’s criterion, and the classification of
circle diffeomorphisms up to C* conjugation. We introduce renormalization procedures
for C*-algebras and étale groupoids using the concepts of Cy(X)-algebras and Morita
equivalence for the former, and groupoid bundles and groupoid equivalence, in the
sense of Muhly, Renault and Williams, for the latter. We focus on proving analogs to
Masur’s criterion in both cases using C*-algebraic methods. Applying our criterion to
our examples of renormalization procedures provides a unique trace criterion for unital
AF algebras extending the one provided by Trevino in the setting of flat surfaces and the
one provided by Veech in the setting of interval exchange mappings. Also, we recover
the old fact that rotation of the circle by an irrational angle is uniquely ergodic, and
the new fact that interesting groupoids associated to certain iterated function systems,
recently introduced by Korfanty, have unique invariant probability measures whenever
they are minimal. Lastly, we show how an étale groupoid renormalization procedure
arises from an étale groupoid which factors down onto a groupoid associated to its

renormalization dynamics, whenever it is a local homeomorphism.
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Section 1
Introduction

To renormalize a dynamical system 7" : X +— X is to restrict to a region of space Y C X
that defines a new system Ty : Y +— Y by sending a point y in Y to the first (positive)
iterate 7" (y) returning to Y, and such that Y has a “re-scaling” by a change of co-
ordinates to a space X’ so that the resulting dynamical system 7" : X' — X' is “of the
same type” as T'. By “of the same type”, we shall mean that there is a family (75 : X —
X;)ses of dynamical systems varying over a space S (continuously, or measurably)
to which T" and T” belong. This is essentially the definition of a renormalization
procedure appearing in Sullivan [50]. The concept of a first return 7y : Y +— Y was
originally considered by Poincare in the context of flows [39], so it as old as the field
of dynamics. However, the interpretation of a collection of first returns like the above
as a renormalization procedure, in analogy to renormalization procedures in physics,
came about from the work of Feigenbaum [12] and independently Coullet and Tresser
[5]. The basic insight from this interpretation is that if the dynamical systems at
parameters s in a large enough subset S; C S can be renormalized to parameters o(s),
then it is possible to consider the iterations of the dynamical system o : S; — S, called
the renormalization dynamics, and the properties of the renormalization dynamics can
be used to infer properties of the dynamical systems (7%)scs-

The works of Feigenbaum [12] and Coullet and Tresser [5] were concerned with
studying how the structure of attractors for families (f;);er of 2-to-1 mappings of the
interval, varying analytically over the real parameter ¢, changed as the parameter var-
ied. They observed (independently) that in any family under consideration, there are
parameter values t, at which the structure of the attractors changes dramatically in
comparison to the neighbouring parameters, and that the difference of these param-
eters |t, — t,11| converges exponentially fast to zero at a rate § which is universal
(independent of the choice of family). This constant is now called the Feigenbaum
constant. They conjectured that this universality was due to the fact that there should
be a renormalization procedure on the space of certain (at the time not known) class
of 2-to-1 mappings for which a limit point of a bifcurcation sequence (t,)nen corre-
sponds to a fixed point of the renormalization dynamics ¢ and, at these fixed points,



o is hyperbolic with hyperbolicity constant on the stable set of a fixed point equal to
the Feigenbaum constant. The search for a proof of this universality result, and the
space of dynamical systems in which it applied, was a driving force for much of the
theory in complex dynamics used today, and culminated in the work of Lyubich [26] in
which the right class of systems (analytically varying one-parameter families of 2-to-1
quasiconformal mappings), and the renormaization procedure (based off the Douady
and Hubbard tuning procedure developed in [8]) was found. The hyperbolicity and
more properties (see Lyubich pg. 321 [26]) of the renormalization procedure were used
to prove the universality theorem (Lyubich pg. 322 [26]).

Herman [13] studied a renormalization procedure on the space of orientation pre-
serving diffeomorphisms of the circle to show that almost every such dynamical system
is C'*° conjugate to a rotation. The procedure has the effect that succesive renormaliza-
tions become increasingly like rotations, and that if one of these renormalizations is C*°
conjugate to a rotation, then the original system is as well. Once the diffeomorphism
is close enough to being a rotation, KAM theory is applied to find a conjugation.

Rauzy [43] and Veech [53] constructed a renormalization procedure for the space
of interval exchange mappings. The combinatorics of the renormalizations of such a
mapping leads to a combinatorical description of the space of its invariant measures.
Veech showed that if the combinatorics of the renormalizations is recurrent in some
sense, then the interval exchange mapping is uniquely ergodic (Veech proposition 3.30
[53]). Veech later showed this unique ergodicity criterion, along with the existence of
a certain ergodic measure for the renormalization dynamics (theorem 13.8 [52]), imply
the conjecture of Keane, that almost every interval exchange mapping is uniquely
ergodic (Veech theorem 13.10 [52]).

Masur [29] independently proved Keane’s conjecture as well by first suspending
an interval exchange mapping to a translation flow on a flat surface. Translation
flows on flat surfaces have a continuous time renormalization procedure known as
Teichmiiller flow, which acts on Teichmiiller space, the space of flat surfaces of a fixed
genus that are identfied up to conformal isotopy. This procedure can be thought of as
a suspension of the Rauzy-Veech renormalization procedure (see Yoccoz [54] chapter 9
for this description). Masur’s proof of Keane’s conjecture followed a similar strategy
to Veech’s by proving a unique ergrodicity condition for the translation flow of a flat
surface in terms of a recurrence condition of the surface’s orbit under the Teichmiiller
flow (Masur proposition 6.2 [29]), and used this, along with the fact that Teichmiiller
flow is ergodic with respect to a certain measure (Masur proposition 4.1 [29]), to prove
almost every flat surface is uniquely ergodic. This result was then translated back down
to the underlying interval exchange mappings to prove Keane’s conjecture (Masur pg
194 [29]). Masur’s work eventually led to what is known as Masur’s criterion (see [28]
or Theorem 3 in [27]), which states that if the orbit of a minimal flat surface under the
Teichmiiller flow has an accumulation point in Teichmiiller space, then its translation



flow is uniquely ergodic.

Thus, in all the above instances, renormalization procedures and their induced
dynamics have been used to understand the dynamical systems in which they act
upon. Given that renormalization procedures have had such wide applicability in the
setting of dynamical systems, it is of interest to try and bring some of these ideas into
the setting of C*-algebras. To see how to do this, it is useful to think of a a first return
Ty of a dynamical system in a different way.

Let’s assume T : X — X is invertible, so that we can view it as an action of the
group of integers Z, and therefore make sense of its transformation groupoid Gr =
X x7Z. We will consider the definition of a groupoid in more detail in section 2, but we
will just say for now that a groupoid is a set equipped with an involution and a partially
defined multiplication. In the case of G'r, the involution of a point (z,n) in X x Z is
just (z,n)™' = (T"x,—n) and (y,m) in X X Z is composable with (z,n) if and only if
T"y = x, in which case the product is (z,n)(y,m) = (z,n+m). The mappings sending
(z,n) to s(z,n) = (z,n)"Yz,n) = (T"x,0) and to r(x,n) = (z,n)(z,n)"! = (z,0)
are called the source and range map, respectively. It is sometimes useful to think of
a groupoid element (z,n) as an “arrow” with tail equal to s(z,n) = (T""z,0) and
head equal to r(x,n) = (z,0). These arrows represent iterating points in X by the
dynamical system 7'. Clearly then the groupoid G contains the information of the
dynamical system 7. Now, given a space ¥ C X, we can consider the restriction
Grly to all the arrows beginning and ending in Y. More concretely, Gr|y = {(y,m) €
X XZ:r(yym)=(y,0) € Y x0and s(y,m) = (T"™(y),0) € Y x 0}. Notice that
Grly is the same as Gp,, when Ty is well defined and a bijection, so we can think of
the restriction Grly as the first return of Gy on Y. Now, consider GY. = {(y,n) €
Y xZ:r(y,n) = (y,0) €Y x 0}. G¥ contains all the information about which orbits
pass through Y and at what time, so it is important in understanding the relationship
between the original dynamical system 7" and the first return Ty. Just as the dynamics
of T' is encoded in the groupoid product, the relationship between the dynamics of Ty
and the dynamics of T' is encoded in a pair of groupoid actions Gr|y — G¥ <+ Gr,
where G'r|y, G act on the left, right, respectively, by multiplication with the groupoid
product. When every orbit of T' meets the space Y, and some topological conditions are
satisfied, then this pair of actions is known as a groupoid equivalence, first considered
by Muhly, Renault and Williams [31]. Therefore, the information of a renormalization
procedure for a family of dynamical systems (7)scs, defined on a subset of S; C S
of parameters with Y;, s in S, the first return domain and renormalization dynamics
o:5 — S, is encoded in a family of groupoid actions

GTO’(S) ~ GTS Y, — GE — GTS,

for s in S7. This picture is useful, because when the T are continuous dynamical sys-



tems and the actions satisfy the topological conditions in Muhly, Renault and Williams
[31], these equivalences, as shown by the above authors, induce a family of Morita
equivalences

c*(Gr, ) — C*(Gy) + C*(Gr,),

where, C*(Gr,) is the groupoid C*-algebra of G, (see the introduction of section 2.2
for the definition of this C*-algebra). Morita equivalence for C*-algebras is a con-
cept introduced by Rieffel [47], which we will present in definition 3.1.2, along with
groupoid equivalences and their associated Morita equivalences. Since first returns Ty,
are rarely continuous, and we want to introduce renormalization procedures for C*-
algebras, which are defined with continuous data it will be important to move away
from these specific instances of groupoid equivalences, and consider arbitrary families
of groupoid equivalences (Gos) — Es < G5)ses for étale groupoids G, which are
generalizations of discrete time dynamical systems. We will require that these equiv-
alences have certain scaling properties, outlined in definition 4.2.7. Also, the family
(Gs)ses should vary continuously. Such a family is known as a groupoid bundle, which
we introduce in definition 2.2.3. Therefore, by the Muhly, Renault and Williams con-
struction, we are led to consider Morita equivalence between the C*-algebraic duals of
groupoid bundles, which are section algebras of a canonically associated field (bundle)
of C*-algebras ((C*(Gs))ses being the field).

The goal of this thesis is to establish a first approximation of what renormaliza-
tion procedures are for section algebras of fields of C*-algebras, and for bundles of
topological groupoids, as well as the properties they should have so that the link be-
tween properties of the renormalization dynamics and the properties of the parameter
algebras, or groupoids, in the corresponding bundle is strong. In section 2 we will
introduce the non-commutative analog of a bundle of groupoids, and present some
basic constructions and facts about them that will be useful to us in the later sec-
tions. We also introduce groupoid bundles more formally, and consider the analogous
constructions and facts. Section 3 follows in a similar vein and is the presentation
of Morita equivalence for C*-algebras and groupoid equivalence, as well as the anal-
ogous notions of equivalence for section algebras and groupoid bundles. In section 4,
we provide a first approximation to what a renormalization procedure should be in
the setting of C*-algebras and topological groupoids, which in the C*-setting will be a
Morita equivalence between a section algebra of a field of C*-algebras (A, ).ex and its
pullback by the renormalization dynamics o : X; — X, and analogously for groupoids.
These equivalences should be contractions in a certain sense, which we make precise
for topological groupoids.

Throughout the whole thesis, we will work through our introduced concepts with
some examples, namely the section algebra of the field of unital AF algebras (introduced
in section 2.1.1), AF groupoid bundles (section 2.2.1), the rotation groupoid bundle



(section 2.2.2), and groupoids associated to iterated function systems constructed re-
cently by Korfanty in [20] (section 2.2.3).

We consider properties of renormalization procedures and their iterations that will
imply analogs to Masur’s criterion. Whenever a section algebra of a field of C*-algebras
(or groupoid bundle) has a renormalization procedure, our criterion will in general pro-
vide a strategy to proving unique tracial state (or unique groupoid invariant probability
measure) for a C*-algebra in the field (or a fibre groupoid in the bundle). In some cases,
our theory will automatically imply unique invariant probability measure, as in the case
of the renormalization procedure for the groupoid bundle associated to rotations of the
circle (section 3.4.2) at an irrational paramater value (corollary 4.2.22). In the case of
the renormalization procedure for groupoids associated to certain iterated function sys-
tems (section 3.4.3), the unique invariant probability measure criterion will reduce to
an easy to verify property of the singularities of such a groupoid when it is not minimal,
and will imply unique invariant probability measure when the groupoid is minimal and
satisfies the strong open set condition (see definition 4.2.23) (corollary 4.2.34). The
renormalization procedure for the field of all unital AF algebras (section 3.2.1) and our
theory will imply a unique trace criterion that covers a couple pre-existing criterion
considered by other authors. For instance the Masur’s criterion for infinite genus flat
surfaces constructed out of bi-infinite Bratteli diagrams in Trevino (theorem 1 [51])
can be seen as a corollary of our criterion. Veech’s criterion of unique ergodicity for an
interval exchange mapping in terms of its induced Bratteli diagram, mentioned in the
above discussion, will also be a corollary.

The proofs for our main results (theorem 4.1.5 and theorem 4.2.13) rely on ele-
mentary C*-algebra and groupoid techniques, as well as a limit argument using the
operators S, : T<*(A,) +— T<>*(A,,;), from the finite traces on A, to the finite traces
on A,,, induced from the Morita equivalences A,, — F, < A, (see definition 3.1.10),
for x in X7, coming from a renormalization procedure on the section algebra of a field
(Az)zex of C*-algebras. Specifically, we use properties of the iterates of these “renor-
malization operators” to infer the unique trace criterion. This argument can be seen
in our proof of Masur’s criterion (theorem 4.1.5 and also theorem 4.2.5) and, as far as
the author knows, is new.

In section 5 we will show how renormalization procedures for étale groupoid bundles
all come from a general construction involving a larger groupoid (called the renormal-
ization groupoid) and a factor map down to the groupoid associated to the renormal-
ization dynamics, whenever it is a local homeomorphism.



Section 2
Co(X )-algebras

In the introduction we were motivated to look at the C*-algebraic dual to a bundle
of groupoids, which is the algbera of sections A of a field (bundle) of C*-algebras
{A;}zex, where X is some space. These section algebras have an abstract definition
(making no explicit mention of a field), due to Kasparov [18], and are known as Cy(X)-
algebras. This section is devoted entirely to the introduction of these algebras, their
basic properties and constructions useful to renormalization, and the examples which
will appear throughout this thesis. In section 2.1 we prove basic facts about Cy(X)-
algebras and their associated constructions. In section 2.1.1, we parameterize the set
of all unital AF algebras into a field of C*-algebras and construct its section algebra.
In 2.2 topological groupoid bundles are introduced formally and it is shown that the
C*-algebra of a groupoid bundle over a locally compact Hausdorff space X is naturally
a Cp(X) algebra, and we introduce groupoid analogues to the constructions in section
2.1, as well as provide a few examples of topological groupoid bundles.

2.1 General Theory and Constructions

We define Cy(X)-algebras (definition 2.1.1) as in Kasparov [18]. For renormalization it
will be sometimes be useful to replace Cy(X ) with an abstract commutative C*-algebra
D not necessarily represented as the continuous functions on its Gelfand spectrum 15,
but rather as a sub-algebra of bounded continuous functions on some space X. So,
we make the relevant adjustments to the definitions and constructions and call them
D-algebras to emphasize our view. Specifically, this point of view will be needed in
section 2.1.1 when we construct the section algebra of the field of unital AF-algebras.
We show how to interpret any D-algebra as the section algebra of an “upper semi-
continuous” field of C*-algebras (definition 2.1.5 and corollary 2.1.6). We construct
the pullback by a continuous map f : Y — X of a D-algebra when D is represented as
D = Cy(X), X = D (definition 2.1.8), and prove a couple facts about this construction
and convergence of states in fields of C*-algebras (proposition 2.1.9 and 2.1.11).
First, let us recall the multiplier algebra M(A) of a C*-algebra A. If we regard A as
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a right A-module, with right multiplication by elements of A as the module structure,
and as a Banach space, with the C*-norm as the Banach space norm, then M(A) is
the set of all bounded A-module homomorphisms 7" : A — A which are adjointable in
the sense that there is another A-module homomorphism 7™ such that, for all a and
bin A, (T(a))*b = a*T*(b). M(A) is a C*-algebra, and when A is unital, the map
sending 7" in M(A) to T'(1) in A is an isomorphism of C*-algebras. When A is unital,
we will identify M(A) with A. For more details about multiplier algebras, see Lance
24].

Definition 2.1.1. Let D be a commutative C*-algebra. A D-algebra, denoted (A, o),
is a C*-algebra A together with an injective *-homomorphism « : D — Z(M(A))
mapping into the centre of the multiplier algebra of A such that a(D)A linearly spans
a dense sub-algebra in A (i.e. a is non-degenerate). The product of a function g in D
and an element a A will be denoted ga := a(g)a.

Definition 2.1.2. We say two D-algebras (A, «), (B, ) are isomorphic if there is
a *isomorphism v : A — B such that for all a in A and h in D, v(ha) = hy(a).

A D-algebra A determines a bundle of C*-algebras and a representation of A as
sections of said bundle. This construction appears in Nilsen [34], though the idea of
disintegrating a C*-algebra over its spectra goes back to Kaplansky [17].

Definition 2.1.3. Let D be a commutative C*-algebra along with an embedding D C
Cy(X) into the continuous bounded functions on a Hausdorff space X (not necessarily
locally compact). Let (A,a) be a D-algebra. For a point x in X, define A* to be
the closed linear span of the products ga of all elements a in A and functions g in D
vanishing at . Then A* is a closed two-sided ideal in A. Define A, := AJ A", called
the fibre of A at x. For a in A, denote a(z) to be the image of a under the quotient
map, and we will prefer to call this the evaluation of a at x.

Hence, we can represent an element a in A as a section of the bundle (A;).ex by
evaluating along X. Two elements may determine the same section, and these sections
may not be continuous (see remark 2.1.7). We make the following auxiliary definitions:

Definition 2.1.4. Let (A, «) be a D-algebra with D C Cy(X). We say A is injective
over X if for all distinct elements a,b in A there is a point xy in X for which a(xg) #
b(xg). We say A is continuous over X if for all elements a in A, the function
lal|x : X — Ry defined by ||a||x(z) = ||a(z)||, = in X, is continuous.

If D is represented as D = 00(15), then the section representation is injective, and
the sections are at least upper semi-continuous. This is a result of Nilsen [34]. We
provide a proof for completeness.



Proposition 2.1.5. If (A, «a) is a D-algebra with D = Co(D) C Cy(D), then A is
injective over D, and for every a in A, ||al| 5 is upper semi-continuous.

Proof. We prove upper semi-continuity first. Let a be in A, y be in D and § be such
that |la(y)|| < 0. Let (gx)rea be a compactly supported approximate unit of DY,
indexed over the directed set A, such that gy = 0 in an open neighbourhood U, of y.
Since AY = span(DY.A), it follows that ||a(y)| = lim, ||(1 — ga)al|. Therefore, there is
Ao in A such that ||(1 — ga,)al| < 6. Since gy, = 0 on U,,, it follows from the definition
of the quotient norm that |la(g)|| < [[(1 — gx,)a|l < 0 for g in U,,. Therefore, ||a||y is
upper semi-continuous.

For injectivity, suppose a(y) = 0 for all points y in D. By non-degeneracy of o
and the C* norm condition, it suffices to prove ga*a = 0 for all positive compactly
supported functions g in Cy(D). Fix € > 0. Let supp(g) = K. From the above
argument, for every y in K there is an open neighbourhood U, of y and a function
0 < ¢, <1 compactly supported such that ¢ =1 on U, and ¢,ga*a < €. Let {U,, }1,
be a finite subcover of K. Let v; be positive functions supported on U, such that
S ¢ =1on K and Y7 ¢ < 1 on D. Since C*(Cy(D),a*a) is commutative, it
follows that ¢;ga*a = ¥;¢,,9a*a < 1;e. Hence,

n n
ga*a = Zwiga*a < Z%‘G <e
i—1 i—1

Since € was arbitrary, ga*a = 0. O

Now, we show the sections in the section representation of a D-algebra for an
arbitrary representation of D, D C C,(X), are upper semi-continuous and provide an
injectivity result.

First, recall from Pedersen corollary 4.3.14 [36] that a commutative C*-algebra
A is isometrically *-isomorphic to Co(fl), where A is the locally compact Hausdorft
space of x-homomorphisms from A to C topologized by the weak* topology. This *-
isomorphism T'y : A — Cy(A) sends a in A to the function @ : A — C, defined for
x in A as a(x) = x(a). For a C*-algebra A = Cy(X), where X is a Hausdorff space,
A is typically denoted X, and is known as the Stone-Cech compactification of
X. It is easy to see the map ix : X — X sending a point x in X to the character
9z + Cp(X) — C, defined for f in Cp(X) as 0,(f) = f(x), is continuous. Moreover,
the image of iy is dense, since f(8,) = f(x) = 0 for all z in X implies f = 0. If X
is a Tychonoff space, then it can be shown (Pedersen proposition 4.3.18) that iy is
injective, though this need not be the case in general.

Corollary 2.1.6. If D C Cy(X) and (A, «) is a D-algebra, then A is upper semi-
continuous over X. If A is continuous over D, then A is injective over X.



Proof. By non-degeneracy of a, A extends to a D—algebra (A, &), where D and & denote
the respective unitizations of D, a. By proposition 2.1.5, for every a in A, Ha||l§u{oo} is
upper semi-continuous. Let i : D — Cy(X) be the inclusion map, and let D, BX be as
in the above discussion. Then, n = I'¢, (x) oz'oFE)1 is an injective x-homomorphism from
C(DU{oo}) to C(BX). By the Gelfand correspondence, there is a continuous surjection
~: BX — DU{oo} such that v* = 7. Let g be in C(DU{oo}) and write g = I'5(f). For
7 in X, we have g(1(ix (x))) = 1(Tp (/) (ix (@) = Ty (D) ix (@) = 8(f) = (@)
Therefore, for a g =['5(f) in C(DU{oo}) and z in X, g(yoix(x)) = 0 if and only if
f(z) = 0. It follows that, for every a in A, |[a|[x = [[al| pyoo 0 Vo ix- [l pugooy is upper
semi-continuous and v o ix is continuous, so ||a|/x is upper semi-continuous.

Now, if A is continuous over D, then [|a] 5, (oo} 18 also continuous, because if {gx rea
is an approximate unit for Cy(Y"), by non-degeneracy of a, lim,(1 — gx)a = 0, so ||a| 5
is in Co(D), and therefore extends continuously to D U {oo}. Therefore, ||al|x =
lall pgocy © 7 © ix is continuous. For injectivity, suppose [[al|x = 0. ix(X) is dense in
BX and 7 is surjective, so v(ix (X)) is dense in D U {co}. Since llall plyix x)) = 0, by
continuity of ||a||; and density of y(ix(X)), it follows that ||al/; = 0. So, a = 0 by
injectivity of A over D. O

Remark 2.1.7. The injectivity statement in the above corollary can fail if a D-algebra
A is not continuous over the Gelfand spectrum of D. This is because, unlike continu-
ous functions, upper semi-continuous functions are not necessarily determined by their
restriction to dense subspaces. We provide an example: Let A, be the C*-algebra con-
sisting of bounded functions on [0, 1] which are continuous on [0,1/2)U(1/2,1]. Then,
A has a natural D = C[0, 1] structure gotten by point-wise multiplication of functions.
D C Cy(]0,1/2) U (1/2,1]), but A is not injective over [0,1/2) U (1/2,1] (the function
d which is zero everywhere on [0,1] except equal to 1 at 1/2 is in A). Notice also
that A is continuous over [0,1/2) U (1/2,1], so continuity over some space X doesn’t
necessarily imply continuity over the Gelfand spectrum.

When renormalizing a bundle of C*-algebras, a transformation of the parameter
occurs. At the level of the section algebra, this transformation is a pullback of the D-
algebra structure by a continuous map on the spectrum D when D is represented as D =
Co(D) (when D is not represented as such, this is not always case; see remark 2.1.18).
Such a construction was first considered in Raeburn and Williams [42]. The version
presented here appears in Raeburn and Williams pg. 155 [41]. For this definition, we
will need the concept of a C*-tensor product. A good reference for C*-tensor products
is Murphy chapter 6.3 [33].

Definition 2.1.8. Let (A, «) be a Co(Y)-algebra, and f : X — Y a continuous (not
necessarily proper) map between locally compact Hausdorff spaces X, Y. We define
the pullback of (A,«a) by f, denoted (f*A, f*«), as follows: consider the C*-tensor



product Co(X) ® A, and the closed ideal Iy which is densely spanned by the elements
{h®ga—h(gof)®a:heCy(X), geCo(Y)ac A}

Define f*A to be the quotient Co(X) ® A/If. For h in Co(X) and a in A, denote
h ®¢ a to be the image of the basic tensor h ® a under the quotient map w;. Define a
non-degenerate *-homomorphism f*a : Co(X) — Z(M(f*A)) on basic tensors by

ffa(k)(h®fa) =kh®fa, k, he Cy(X), ac A

We characterize when (f*A, f*«) is a Cy(X)-algebra. The first statement of this
proposition is essentially Raeburn and Williams proposition 1.3 [42].

Proposition 2.1.9. Let (A, «) be a Cy(Y)-algebra and f : X — Y a continuous map
between locally compact Hausdorff spaces X, Y.

(i) For every point x in X, (f*A)z ~ Afu) via the *isomorphism sending (h®ja)(x)
to h(z)a(f(x)) for all h in Co(X) and a in A.

(ii) f*a is injective if and only if for every open set U C X, there is a point u in U
such that Ay # 0.

Proof. First, we prove (i): let ev, : Co(X) — C and evyy) : A — Ay, be the
evaluation maps. Using the isomorphism Cy(X) ® A ~ Cy(X,.A), it is easy to see
that ker(idco(x) ® evf(x)) = OO(X) ® Af®) and ker(evr (9 idAf<z>) = CO(X)QE ® Af(x).
Therefore, j1, := (ev, ®id.4) o (idcy(x) @ evy(y)) has kernel Cp(X) ® AT@ +Ch(X)* @ A.
More explicitly, p, is defined on basic tensors h ® a, h in Cy(X), a in A, as p,(h ®
a) = h(z)a(f(x)). Since p, annihilates the generators of Iy, it passes down to a *-
homorphism 7, : f*A — Ay, with kernel Co(X) ®; A7@ + Cp(X)* ®; A. Since
h®¢ga=h(go f)®sa (in particular for g in Cy(Y") vanishing at f(z)) it follows that
Co(X) ®; AT@® C Cy(X)* ®@; A. Therefore, ker(r,) = Co(X)* ®; A = f* A%, proving

(#7): For h in Cy(X), let U be an open set in X for which h(v) # 0 for all points
v in U. By assumption we can choose a point u in U and element a in A such that
a(f(u)) # 0. Then, (h(h ®, a))(u) = T, (h(h @, a)) = (h(u))?*a(f(u)) # 0. Therefore,
w«a(h) # 0. For the converse, let U be open in X, and h a function in Cy(X) supported
on U. Then, by injectivity of f*a, there is b in ¢, A such that hb # 0. By injectivity
of f*A over X (proposition 2.1.5), it follows that there is a point w in U such that
0 7é hb(u) S Af(u). O

Corollary 2.1.10. Let X andY be locally compact spaces. If (A, «) is a Co(Y')-algebra
such that A, # 0 for ally in'Y, then for any continuous map f: X —Y, the pullback
[*(A,a) is a Co(X)-algebra such that (f*A), # 0 for all x in X.
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Let (A, a) be a D-algebra with D C Cy(X). Denote S'(A) to be the state space
of A (positive, norm one linear functionals on A), and for = in X, denote S!(A)
be states that vanish on the ideal A”, i.e, states that are pullbacks of states on A,
by the evaluation map. Similarly, denote T} (A) to be set of states 7 in S}(A) that
satisfy the trace condition; i.e., 7(ab) = 7(ba) for all a, b in A. Starting from a
trace 7 in T!(A), a renormalization procedure will allow us to produce, via iteration
of an induced operator on the trace space, a sequence of traces 7, in T :,}n (A), where
the sequence {z,},en is obtained by iterating the renormalization dynamics on X.
Knowing the boundedness of {7, }.en, and properties of its accumulation points will
be useful when we demonstrate in corollary 4.1.6 that properties of A, can be inferred
from properties of the renormalization procedure and limiting properties of the algebras
A, . In particular, we will need the following facts:

Proposition 2.1.11. Let (A, «) be a D-algebra with D C Cy(X). Suppose {xp}nen
is a sequence in X converging to Ts, and {s,}nen S a sequence of states, with s, in
Si (A) for alln in N, that has a weak™ limit s in S'(A). Then, s is a state in S._(A).
If A is unital, or if A, is unital for all x in X and A is continuous over X, then any
sequence of states {sp}nen with s, in S;, (A) has an accumulation point.

Proof. Suppose a is in A%<, i.e. a(xy) = 0. By upper semi-continuity over X (propo-
sition 2.1.6), for every € > 0 there is an open set U, containing x., such that for all
points z in U,__, ||a(z)|| < €. Since lim,,_,o T, = T, there is some N such that for all
n > N, x, is in U,. Therefore, for n > N, |s,(a)| = |s},(a(z,))| < € where s/, denotes
the descent of s, to the state on A,,. By weak™® convergence of s,,, we have |s(a)| < e.
As e was arbitrary, s(a) = 0.

If A is unital, then S'(A) is weak* compact, so any sequence of states s, has an
accumulation point. Suppose A is continuous over X with unital fibres. The space
S=1(A) of positive linear functionals with norm bounded by 1 is weak* compact, so
let s be an accumulation point in S='(.A) of the sequence s, of states in S} (A). It
suffices to show ||s|| = 1. By a similar argument to the above, s is in S5!(A). Let
a be a positive element in A such that a(r.) = 1. Since s is in S, (A), it follows
that ||s|| = s(a) = lim, s s}, (a(z,)), where s/, denotes the descent of s,, to a normed
one state on A, . By continuity of A over X, for every € > 0 there is an open
neighbourhood U, of 2., in X such that 1 —e < a(x) <1+ € for all zin U,_. Since
x, converges to T, there is an N in N such that x,, is in U,_ for all n > N. Therefore,
1—e<s (alzy)) <1l+4+eforalln>N,sol—e<|s|| <1+e As e was arbitrary, it
follows that ||s|| = 1. O

Remark 2.1.12. The last claim in the above proposition is not true if continuity of A
over X 1is replaced with upper semi-continuity. For instance, take A to be the functions
f on [0,1] that are continuous on (0,1] and lim;_,o f(t) = 0, with the C[0,1]-algebra
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structure given by point-wise multiplication of functions. Let t, be a sequence in [0,1]
converging to 0 and let s, be the state defined by evaluation of functions in A at t,.
Then, the only weak™ limit point of s, is 0.

2.1.1 AF Algebras

Recall that an approximately finite (AF) algebra is a C*-algebra which is the inductive
limit of finite dimensional C*-algebras; see Rordam, Larsen and Lausten chapter 6 [48]
for a good reference on inductive limits and their universal properties. In this section,
we construct the section algebra of a field of unital AF algebras over a rather large
space X. X is large enough that every isomorphism class of AF algebras is represented
(many times) as a fibre in this field (corollary 2.1.16). In proposition 2.1.17, we prove
that this section algebra is a continuous field over X. X is also equipped with a natural
continuous map o : X — X, and we briefly compute the pullback of A by the maps
oF for kin N, on X.

First, let us introduce the space X for which we will paramaterize our field by. This
space appears in Trevino [51] and its bi-infinite analogue is used as a moduli space for
flat surfaces built out of bi-infinite Bratteli diagrams. Let Maty ,(Z>o) denote the set
of k xn matrices with non-negative integer entries, and let M be the subset of matrices
in Uy, pen Maty,n(Zzo) for which every row and column is non-zero. For k,n in N and
Ain MNMaty,,, denote s(A) = k,r(A) = n to be the source of A and the range of A,
respectively. Therefore, we think of M as the directed edges of a graph with vertices
the natural numbers N. For a natural number n, define the space of finite paths

P" = {(Al,AQ, An) e M": T‘(Al) = S(AZ‘+1) VZ}

We will make the convention that P° refers to the vertices of the above graph, i.e.,
P% = N. Similarly, define the space of infinite paths

X = {(Al,AQ, ) € MN : T’(AZ) = S(Ai+1> Vi e N}

X is a closed subspace of M" relative to the product topology, with discrete topology on
M. This turns X into a totally disconnected second countable paracompact Hausdorff
space. To a finite path z = (A;, As..., A4,) in P", we associate a directed graph B(z) =
(E(2),V(2),r,s) as follows: let Vo(z) = {1,...,5(A1)}, and for 1 < i < n, Vi(z) =
{1,...,r(A)}. Let V(2) = _, Vi(z) be the vertex set. Let

EZ(Z) = {ez;,w = (j,U,U)) BN V;—lvw S ‘/;7 (Ai>v,w 7é 07 1 S .] S (Ai)v,w}

and E(z) = | ];_, E; be the edge set with s(e},,) = v and r(e},) = w. Let P"(z)
denote the set of paths in B(z) of length n. Note that these paths must start at
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vertices in Vj(z) and end at vertices in V,,(z). If x is an infinite path, we do the same
process indefinitely to produce a graph B(z) = ([I>~, Ei(x),||,—, Vi(z),r, s) which is
a Bratteli diagram; see Davidson Ch. 3 [6] for a good reference on Bratteli diagrams
and their context as combinatorical models for AF algebras. By construction, the
adjacency matrix of this Bratteli diagram from the n — 1 level of vertices (V,_1(z))
to the n'" level (V,(x)) is equal to the matrix x,. Therefore, we can think of X as
parameterizing a space of Bratteli Diagrams. For finite paths z in P" and w in P™
such that 7(2) = s(w), Let z % w denote the concatenation of z and w, which is a finite
path in P™"™. Since r(z) = s(w), we have V,(z) = Vp(w), so for a length n path p in
P™(z) and a length m path ¢ in P™(w) such that r(p) = s(q), the concatenation p * ¢
into a length n +m path in P""™(z x w) also makes sense.

Since X parameterizes a space of Bratteli diagrams {B(x)}.cx, it must also pa-
rameterize a space of AF algebras {A,}.cx. This is because, given a Bratteli diagram
B(z), one can construct an AF algbera A, that is unique up to isomorphism (David-
son Ch.3 [6]). We present this construction in a way that allows us to simultaneously
construct the section algebra A of the field {A,},ex.

We begin the construction of A. For a finite path z in P", n in NU{0}, and vertex
vin V,(z), let H(z), H"(z) be the finite dimensional Hilbert spaces with orthonormal
basis {0, : p € P*(2)}, {d, : p € P"(2),7(p) = v}, respectively. Let PY: H(z) — H(z)
denote the projection of H(z) onto H(z). Define

A(z) ={a € B(H(z)) : [a, P!] = 0,Yv € V,(2)},

where [a,b] = ab — ba is the commutator. More concretely, A(z) is the direct sum of
the full matrix algebras B(H"(z)), ranging through all vertices v in V,,(2). Let e be a
matrix in M such that r(z) = s(e). For edges f in E(e), let Rf(z) : H(z) — H(z *e€)
be the partial isometry defined on basis elements 6, in H(z) as

0 ifr(p) # s(f)

Ry (2)(0y) = {5p*f if r(p) = s(f).

Let ¢, zee @ A(2) — A(z x €) be the map defined for a in A(2) as ¢, ...(a) =
> rene) Br(2)a(Rs(2))". We will clarify the relation between . ... and the edge set
E,i1(zxe) = E(e) in B(z*e) momentarily (proposition 2.1.13). First, we need a com-
binatorical description of *-homomorphisms between finite dimensional C*-algebras.
Suppose ¢ : A — B is a *~homomorphism between finite dimensional C*-algebras
A = &} M,(C) and B = ®}_ My, (C). For i < k and j < n let ¢;; : M;(C) —
M, (C) the induced *-homomorphism between the ith and j** factors of A, B, respec-
tively. ¢;; is just the simultaneous restriction of the domain to the " factor, and
compression of the range of ¢ by the projection in B onto the j** factor. By David-
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son theorem 1.10.7 [6], and thinking of ¢, ; as a representation on the Hilbert space
C™i, p;; is unitarily equivalent to the direct sum of a, ; diagonal copies of the identity
representation for M, (C) = B(C'). The matrix a in Maty,,(NU{0}) with entries a; ;
for : < k and j < n is called the multiplicity matrix of ¢. This matrix determines ¢
uniquely, up to conjugation by unitaries in B (see Davidson corollary 3.2.2 [6]).

Proposition 2.1.13. ¢, ... : A(2) — A(zxe) is a unital and injective x-homomorphism
with multiplicity matrix e.

Proof. Each path p in P""(z % ¢) has a unique decomposition p = ¢ x f, where q is
a path in P"(2) and f is an edge in E(e), 50 ¢z 2ue(1) = D e p) Br(2)(Rp(2))" = 1,
and by uniqueness of the decomposition, (Rf(z))*R (z) = 0 for distinct edges f, f"in
E(e). Therefore, for elements a,b in A(z), we have

Prne(@)Pec(D) = Y Rp(2)a(Ry(2)) Ry (2)b(Ryp(2))" =
(f.f)EE(e)?

= 3 Rp(2)ab(Ry(2))" = ¢ onc(ab).

J€E(e)

S0, . .4 is multiplicative. It is immediate from the formula for ¢, ... that it is
linear and #-preserving. Hence, ¢, .. is a *-homomorphism. The support projec-
tion of Ry(z) is PiY) | so for vertices v and w in V,(z) and V,1(z  €) respectively,
the *-homomorphism P} ¢, ...P.., sends an element a in the full matrix algebra

* zxe

PY’A(z)P? = B(H"(z)) into the full matrix algebra P A(z)PY, = B(H"Y(z * e))

zZ*xe zZ*xe

as the orthogonal sum >, s . _, Rr(z)a(Rs(2))". Therefore, Pl ¢, ..Pl, :
B(H"(z)) = B(H"(z % ¢e)) is unitarily equivalent (as a representation) to the direct
sum of |E(e)yw| = ey,w diagonal copies of idp(pv(»)). Hence, the connecting matrix of

24 15 €. Since Y e, > 0 for each v in V,,(2), ¢, .. is injective. O

Forn > 1, let A, =[], cpn A(w) (note that P" is an infinite set, so the distinction
between the direct product IT and direct sum € over P" is important). For a in A,
let a(z) denote the factor of a in A(z). Define a connecting homomorphism ¢, : A, —
A, for a in A, factor-wise by ¢, (a)(z *e) = ¢, .c(a(z)), for all z in P* and e in M
such that r(z) = s(e). We now find an inductive limit (A, y,,) for this inductive system
{en}-

For x in X and n > 1, we will denote the restriction of x to the first n edges to
be xj1,. For n = 0, we will denote s(x) as x1,0). Forn >0, let ¢, , = Py g T 1]
Choose an inductive limit {A,, fin 2 }n>0 of the system {¢y, 4 }n>0. For 2’ in X, let 7, :
,ex Az — Ay be the projection onto factor indexed by 2’. Define ju,, : Ap = [[,cy 4z
factor-wise by 7, (jtn(a)) = pinz(a(2p,y)), for all  in X and a in A,,. For a in A,, and
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x in X, we have

o (bn41(2n (@) = pinr1,2(n(@) (@ n41))) = tinr1,2(Ta(pn(a))) =
Mn+1,m§0n,:c(a(x[1,n])) - ,un,aﬁ(a(x[l,n])) = m(yn(a)),

and SO fiy41 © @, = p,. By proposition 2.1.13, ¢, , is unit preserving and injective
for all  in X. Therefore, j, , is also unit preserving and injective for all z in X. As
Wy, POIntwise is just fi, ., it follows that p, is unit preserving and injective, so the C*-
algebra (J, o tin(An) = A is unital, and together with p,, : A, — A is a unit-preserving
inductive limit of {¢,}.

We will now describe the D-algebra structure of A and gather a couple facts about
it. For z in P", let U(2) = {# € X : a1, = 2z}. Consider

Cu(X)={f€CyX):Ve>0, IneN:Vze P"Ve,y e U(2),|f(x) — f(y)| < €}

We can think of these functions as the uniformly continuous functions on X. It is easy
to verify C,(X) is a C*-sub-algebra of C,(X).

Proposition 2.1.14. A is a C,(X)-algebra with product f-a, for f in C,(X), a in A,
defined point-wise as 7, (f - a) = f(x)m.(a), for all x in X. Moreover, Cy(X) unitally
embeds into the centre Z(A) of A.

Proof. Consider C'(X) = {f € Cy(X) : fisconstant on U(z) Vz € P"}. Then
U,—, C(X) is a dense *-sub-algebra of C\,(X) and each C'(X) can be identified with
the sub-algebras II.cpnC(1(2)) in the centre of A,. Under these identifications, the
inclusion C"(X) — C"™(X) becomes the @, restricted to I,cpnC((1(z)). Taking the
inductive limit, we then obtain our unital embedding C,(X) — Z(A). For f in C*(X)
and z in X, m,(f) = pno(f(2p0)1(zpm)) = f(@)me(1). By density of |J,—, Ci(X) in
Cu(X), m:(f) = f(x)m,(1) for all f in C,(X). O

For z in P", denote x, to be the characteristic function on the cylinder set U(z),
which is in C?(X).

Proposition 2.1.15. The kernel of 7, : A+ A, is the ideal A*. Also,
Ax:{aGA:aXI[Ln] — 0 asn— oo}

Proof. 1t is easy to check that J = {a € A : axs,,, — 0asn — oo} is a closed
two-sided ideal. For f in C,(X) such that f(z) = 0, fxa, ,
any a in A, f - aXax,,y — 0 as n — oo. Therefore, the generators of the ideal A? are
contained in the ideal J, so A* C J. If a is in J, then (1 — Xap )0 — @ asn — 00, and
(1— Xx[l,n])a € A*, for all n > 1, so by closure, a is in A*. Therefore A* = J. Let I be
the kernel of 7, : A — A,. Sinceforain J, (1=xs, ,)a = aasn — oo and (1—xu, ,)a

— 0 as n — 00, so, for
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isin [ forn > 1, we have J C I. It suffices to show I, := INpu,(A4,) C JNpn(A,) == J,
for n > 1. Suppose a is in A, and 0 = 7,(pn(a)) = pna(a(xprn)). By injectivity of
finz, We conclude a(wp ) = 0. Therefore un(a)xz[lyk] =0 for k > n, so u,(a) is in J,.
Therefore, I,, C J,. O

Corollary 2.1.16. For each x in X, A, is isomorphic to the AF algebra A,. For
every unital AF algebra A, there is ' in X such that A, is isomorphic to A

Proof. The first conclusion immediately follows from proposition 2.1.15. As for the
second conclusion, let A be a unital AF algebra. A can be written as the closure of
an increasing union of finite dimensional sub-algebras A, that contain the unit and
Ao = C1. Therefore, A is the inductive limit algebra of the sequence of inclusions
in Ay = Apyi. Forn >0, let o7, be the adjacency matrix of 7,. Since 4, is unital
and injective, the rows and columns of z],,, are non-zero. Hence, 2’ = (27,5, ...) is
in X. Since Ay = A(s(2)) and both ¢, ,» and i,, are unital with the same adjacency
matrix for all n > 0, it follows that there are *-isomorphisms v, : A, — A(z[,)) such

that Vi1 0y = Pn,a’ © Yn, SO Ay ~ A O

Proposition 2.1.17. A is a continuous over X. Moreover, for every a in A, |lal|x is

in Cy(X).

Proof. 1t suffices to show the proposition for all a in p,(A4,) and n > 1. Write a =
n(a’) for a’ in A,. By proposition 2.1.15, ||a(x)|| = ||7.(a)|| for all z in X. Therefore,
la(x)|| = [|ttne(@' (2p,0))|| for all 2 in X. Since the p, , are injective, || 2 (a'(zpn))|| =
|’ (zp1,m)] for all z in X, so the function ||ax is in C}(X). ]

We will describe the pullback of the C,(X)-algebra A by the k' shift o* : X — X
given by o(Ay, As, ...,) = (Akt1, Agta, ...) for (A1, As,...) in X. For n > k, we will also
denote o* : P" — P"F to be the shift on finite paths. This shouldn’t cause confusion
because the length of the path will always be specified. For a natural number n > k,
define 0**A,, := IL,epn A(0*2), and @, ,& : oA, — 0"*A, 11 be the *-homomorphism
defined factor-wise by ¢, ,x(a)(z % €) = @y, ghoue(a(z)) for all a in o**A,, z in P,
and e in A such that r(z) = s(e). Define i, ,x : 0" A, — [ ex Ay, factor-wise by
T (pn () = pn_pora(a(0™(@p ) for all  in X and a in 0*A,,. Then, by the same
computation done above, (i, 1.k O Qp ok = fy k. Since the g, ,», for n > k, are
injective, o** A := |, oy fn.or (07 A,) along with p, or : 0¥ A, = o™ A, n >k, is an
inductive limit of {¢,, ,# }n>k. The Cy,(X) structure is given point-wise by 7,(fa) =
f(x)m.(a) for all fin Cy(X), a in 0**A, and x in X, and so the fibre of o** A at z is
isomorphic to Agk (y).

Remark 2.1.18. The C,(X)-algebra C,(X) @, A, defined in a similar way to the
pullbacks in definition 2.1.8, and o** A are not isomorphic as C,(X)-algebras. Essen-
teally, this is because if Il;enA; and 1l;enB; are two direct products of sequences of
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non-zero C*-algebras {A;}ien and {B}} en, then (ILA;) ® (I1;B;) and 11, ;(A; ® B;)
are not isomorphic. This situation is an outlier in our thesis, because all other section
algebras presented will be coming from groupoid bundles over locally compact Hausdorff
spaces, whose induced section algebras behave well with the definition of pullback given
in section 2.1; see proposition 2.2.11 for a precise statement.

2.2 Groupoid Bundles

Groupoid C*-algebras, introduced by Renault [44], have provided interesting models
for well-known C*-algebras, as well as completely new C*-algebras. Here, a topological
groupoid is a non-empty locally compact Hausdorff space GG, together with a closed
set Go G C G x G (called the composable pairs), a continuous map p : Go G — G
(called the product map), and a continuous involution ~! : G — G (called the inverse
map). For (g1, ¢9) in G o G, denote p(g1, g2) by g1g2. G oG, p, and ~! must satisfy the
following axioms:

(i) the product is associative, meaning that if g1, g2, g3 are in G and (g1, g2), (g2, 93)
are in G o G, then (9192, 93), (91, 9293) are in G o G, and (9192)g3 = 91(g293)-

(i) For all g in G, (g,97'), (9,97') are in G o G, and g'g, gg~' serve as partial
identities, meaning whenever e and f are in G and (e, g), (g, f) are in G o G, we
have egg™! = e and g lgf = f.

The axioms imply identites like (g1g2)~! = g5 'g; " whenever (g1, gz) is in G o G. See
Putnam lemma 3.1.3 [40] for a number of these identities. The elements of the form
g 'g for g in G will be called units, and the set of units will be denoted G°. The
mappings r : G — G° and s : G — G° defined for g in G as r(g9) = gg~! and
s(g) = g 'g are called the range and source maps, respectively. It follows from the
axioms that g; and g, in G are composable if and only if s(g1) = 7(g2). In our thesis,
we will only consider étale groupoids, which are topological groupoids for which the
range (or equivalently the source) map is a local homeomorphism from G to G°. When
this is true, the groupoid C*-algebra of G can be constructed solely from the groupoid
operations without any technical measure theory criterion. This construction starts by
endowing C.(G), the continuous compactly supported C-valued functions on G, with
a product, defined for a and b in C.(G) point-wise as

ab(g)= > a(Wb(h'g), g€ G

heG:r(h)=r(g)
and an involution, defined for a in C.(G) point-wise as
a'(g)=a(g™), g€ G.
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The facts that the above sum for the product ab involves only finitely many terms, and
that ab is a continuous compactly support function are consequences of the étale con-
dition. This product and involution turn C.(G) into a *-algebra. Now, to equip C.(G)
with a pre-C*-norm, one must embed C,(G) *-homomorphically into the bounded op-
erators on some Hilbert space. This can be done by associating to each unit u in G°
the Hilbert space ¢?(s~'{u}) of square-summable sequences, indexed by the discrete
set s~ {u}, and a *-homomorphism 7 : C.(G) — B(¢*(s *{u}) into the bounded
operators on £?(s7'{u}), defined for each a in C.(G) and v in £*(s~'{u}) as

@)@ = Y. ah)(hlg), g€ s H{ul}.

heG:r(h)=r(g)

Then, the *-homomorphism m = @,cgom" is shown to be faithful on C.(G). The C*-
algebra w(C.(G)), (equipped with the operator norm) denoted by C}(G), is called the
reduced C*-algebra of G. For the details of its construction, see Putnam section 3.3
[40].

There is also a “maximal” completion of C,.(G). One considers an auxilliary norm
|- |lr on C.(G), called the I-norm (Renault pg. 50 [44]), and defines a pre-C*-norm || - ||
on C.(G) by letting, for a in C.(G), ||a|| be the supremum of all the operator norms
|p(a)||, where p : C.(G) — B(H) is a *-homomorphism with ||u|| < 1 relative to the
I-norm on C.(G) and the operator norm on B(H). The completion of C.(G) in this
pre-C* norm is denoted C*(G), and is called the full groupoid C*-algebra of G. For
details, see Renault Chapter 2 [44].

There is a canonical surjective x-homomorphism C*(G) — C}(G) which is the
identity on C.(G). For most groupoids encountered, this homomorphism is a *-
isomorphism. In general, one needs an amenability hypothesis (for which there are
several such notions for groupoids). The strong connection between the groupoid G
and the x-algebra C.(G) means that it is often the case that a groupoid property will
have a corresponding C*-property, and vice-versa. This is the case for Cy(X)-algebras
(proposition 2.2.8), and later on will be the case for renormalization procedures. The
corresponding notion of a Cy(X)-algebra, a groupoid bundle over X, will be introduced
in this section (definition 2.2.3), and some aspects of the correspondence will be es-
tablished, namely the fibres of a groupoid bundle X will correspond to the fibres of
the induced Cy(X)-algebra (proposition 2.2.9), and the pullback of a groupoid bundle
over X (definition 2.2.10) will correspond to the pullback of the induced Cy(X)-algebra
(proposition 2.2.11). Examples of groupoid bundles will be considered in sections 2.2.1,
2.2.2, and 2.2.3. The author is not aware of any pre-existing literature containing the
results on groupoid bundles appearing in this section, though the reader will see they
are elementary enough to have likely been considered before. Renault defines groupoid
bundles in definition 3.3 [45]. His results are focused on amenability properties of such
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groupoids (see Renault theorem 3.5 [45]). We will be working with the full groupoid C*-
algebra, but the analogous constructions and results hold for the reduced C*-algebras.

The following definitions are standard in the theory of étale groupoids; see for
instance Putnam definition 3.2.8 [40] for the first definition and Putnam definition
3.4.6 [40] for the second one.

Definition 2.2.1. A G-set U of a groupoid G is an open set for which r(U) and s(U)
are open in G° and r : U s r(U), s : U — s(U) are homeomorphisms. We will call
ro(s|ly)~! the G-map of U, and it shall be denoted .

Notice that G being étale is equivalent to saying that G has a basis for its topology
consisting of G-sets.

Definition 2.2.2. Let G be an étale groupoid. A set S of G° is said to be G-invariant
if for any g in G such that s(g) is in S, we have that r(g) is also in S. G is said to be
manimal if there are no non-trivial closed G invariant sets. G being minimal is easily
seen to be equivalent the orbits O, = {v € G*: Jg € G : s(g) = v and r(g9) = v}
being dense for every u in G° (the closure of an orbit is G-invariant, and conversely
every closed invariant set must contain a whole orbit).

It is an easy check that if S is G-invariant. then r~!(S) = s7(9) is a groupoid,
which we shall denote Gg, and will be called the reduction of G to S. Roughly speaking,
a topological groupoid bundle structure on a groupoid G is a continuous parameteri-
zation of a collection of (pairwise disjoint) groupoid reductions to invariant sets. This
is made precise below.

Definition 2.2.3. Let X be a locally compact Hausdorff space. A topological groupoid
bundle over X, denoted (G, ), is a topological groupoid G together with a continuous
surjection m : G — X such that, for every g in G, w(g) = w(r(g)) = n(s(g)). If G is
étale, we will call (G, ) an étale groupoid bundle.

For a point = in X, denote G* = 7= 1(X \ {z}), which is open in G, and denote
G, =7 (z) = G\ G, which is closed in G. Notice that G* and G, are the reductions
to the invariant sets of units 71X \ {z}) N G°, 77 ({z}) N G°, respectively. We will
call the closed sub-groupoid G, the fibre of G at .

The only difference between our definition of groupoid bundle and Renault’s (defi-
nition 3.3 [45]) is that we do not assume 7 : G — X to be an open map.

Proposition 2.2.4. If (G, ) is an étale groupoid bundle over X, then for every point
xin X, G, is étale.

Proof. Let U be a G-set, and v = r o (s|y)~!. Then, v(U N7 Yz)) =~v(U) N7 (z),
so U, :==UnNn!(x) is a G,-set. O
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We will now see, in the context of minimality, how properties of a fibre groupoid
in a groupoid bundle affect properties of neighbouring fibre groupoids. First, we need
two definitions.

Definition 2.2.5. Let G be an étale groupoid such that its unit space G° is a metric
space with metric d. For e > 0, we say G is e-minimal if for every v and v in G°,
there is a g in G for which s(g) = w and d(r(g),v) < €.

Note that if GG is an étale groupoid such that its unit space is a metric space, then
G being minimal is equivalent to G being e-minimal for all € > 0. We now define what
it means for a family of metric spaces to vary continuously.

Definition 2.2.6. let f : X — Y be a continuous surjection, and assume f~(y) is
a metric space, with metric d,, for every y in Y. Denote the set Ay X = {(z1,22) €
X x X : f(x) = f(y)}; this is just the set (f x f) 7 (Aig,Y). We say (dy),ey varies
continuously over Y if the induced function d : Ay X — R, defined for (x1,x2) in
ApX as d(x1,x2) = dy(z,) (21, T2), is continuous.

Recall that a function f : X — Y is proper if for every compact set K of Y,
f7YK) is compact. The following proposition will be useful when we consider groupoid
renormalization procedures.

Proposition 2.2.7. Let (G, ) be an étale groupoid bundle over X, such that each unit
space G2 is a metric space with d, for x in X, and (d;).cx varies continuously over
X. Assume also that m : G° — X is a proper map. Then, whenever x in X is such
that G, is minimal, for every e > 0 there is an open neighbourhood V' of x such that
for every T in'V, Gz is e-minimal.

Proof. First, we show if f : X +— Y is a proper map with Y locally compact and
Hausdorff, and U is an open set in X containing a pre-image f~!(y) C U for some
y in Y, then there is an open neighbourhood V of y for which f~1(V) C U. If this
were not true then we can find (by the axiom of choice) a net xy, indexed by the set
of all pre-compact neighbourhoods V' of y, in X such that zy is in f~(V) but not
in U. Then, by fixing a pre-compact neighbourhood V} of y, we see from properness
that f~1(V4) is compact, so the sub-net consisiting of xy for V' C V; has a convergent
sub-net (x))xea, converging to a point z. Since Y is locally compact and Hausdorff,
the intersection of all pre-compact neighbourhoods of y is just y, so limy f(zy) = vy,
and therefore f(x) = limy(f(x,)) = y. Hence x is in f~!(y). However, f~1(y) C U, so
xy, by its convergence, must eventually lie inside U, a contradiction. Therefore, there
must exist an open neighbourhood V' of y such that f~}(V) C U.

We will denote 7 : G+ X restricted to G° as m. Let ¢ > 0. By assumption,
the induced function d : A, G° — R is continuous, so for every u in GY, we can find
an open set W, of G containing u, and with the property that d(A,,W,) < €, where

20



AW, = ALGON (W, x W,). By compactness of G2, we can find a finite sub-cover
{W,.}M, of GY. Since G, is minimal, and each W,,, intersects G2 non-trivially, we can
find open sets U; ; in G, for 1 <i < M, 1 < j <, such that U?Zl 5(U; ;) covers G2 and
r(U;;) € W,,. Now, since 7 is proper, by the above argument we can find and open
set V of z such that 75 1(V) C U?Zl s(U;) for all 1 <i < M and 7, (V) C Uf\il W,
Therefore, for u and v in 7, (Z), where 7 is in V, there is an i < M and a j < [; such
that v is in W, and w is in s(U; ;). Hence, there is a ¢ in U;; such that s(g) = v and
r(g) is in W,,. By the assumption on W,., we then have dz(r(g),v) = d(r(g),v) < €.
Therefore, V' satisfies the conclusion of the proposition. n

We now show if (G, 7) is an étale groupoid bundle over X, then C*(G) is naturally
a Cp(X)-algebra.

Proposition 2.2.8. Let (G, 7) be an étale groupoid bundle over X. Then 7 : G — X
induces an injective and non-degenerate *-homomorphism * : Co(X) — Z(M(C*(G)))
which, for f in Co(X) and h in C.(G), 7 (f)h is the function in C.(G) given point-
wise by (7*(f)h)(g) = f(7(g))h(g), for g in G. Hence, (C*(G),7*) is a Co(X)-algebra
(definition 2.1.1).

Proof. w|go = m : G° — X is continuous and, since 7(g) = 7(r(g)) for all g in G, it is
also a surjection. Therefore, the induced *-homomorphism 7§ : Co(X) — M(Co(G))
is injective and non-degnerate. Let A : Co(G®) — M(C*(G)) be the *-homomorphism
where, for k£ in Cy(G°) and h in C.(G), A(k)h is the function in C.(G) given point-wise
by

(A(K)h)(g) = K(r(g)h(g), g € G.

A is injective and non-degenerate (Renault Ch. 2 proposition 1.14 [44]), so it extends
to the multiplier A : M(Cy(G°)) — M(C*(G)). Therefore, 7* := X o mf is an injective
and non-degenerate *-homomorphism from Cy(X) to M(C*(G)). For f in Cy(X) and
hin C.(G), let k a function in C.(G) such that k = 1 on r(supp(h)). By the definition

of multiplier extensions,

(/)b = A () AR)R) = A(mg (£)R)(h).

Therefore 7*(f)h is in C.(G). Moreover, the support of 7*(f)h is contained in the
support of h, so for g in G,

Since mgor = m, it follows that (7*(f)h)(g) = f(7(g))h(g). Now, to show 7* maps into
the centre of M(C*(G)), by strong density of C*(G) inside of M(C*(Q)), it suffices
to check that for any f in Co(X) and a, b in C.(G), 7*(f)ab = a(n*(f)b). This is
automatic from the above formula for 7*(f)h and the fact that 7 = mpor = mpos. O
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For z in X, G” is an open sub-groupoid that is the reduction to an open G-invariant
set, so we can (and do) identify C*(G*) with the ideal in C*(G) that has C.(G") as
a dense x-sub-algebra. By Putnam Theorem 3.4.8 [40] the restriction map C.(G) —
C.(G,) extends to a surjective *-homomorphism p, : C*(G) — C*(G,) with C*(G*)
its kernel. Therefore, we can identify the quotient of C*(G) by C*(G*) with C*(G,,).
Using these identifications, we have a correspondence between our groupoid bundle
notion of fibre and the Cy(X)-algebra notion of fibre (definition 2.1.3):

Proposition 2.2.9. Let (G, ) be an étale groupoid bundle over X. Then, for any point
zin X, C*(G)* = C*(G*), and therefore C*(G), ~ C*(G,) using the identification

mentioned above.

Proof. Tt is easy to see that 7*(C.(X \ {2}))C.(G) C C.(G*), so C*(G)* C C*(G*).
For h in C.(G"), choose a function ¢ in C.(X \ {z}) such that ¢ = 1 on the compact set
m(supp(h)) € X \ {z}. Then, 7*(¢)h = h. Therefore, h is in 7*(C.(X \ {z}))C.(G), so
the inclusion C*(G*) C C*(G)* also holds. The second conclusion follows immediately
from the first. L

Definition 2.2.10. Let (G, 7) be an étale groupoid bundle over Y and f: X — Y a
continuous (not necessarily proper) function between locally compact Hausdorff spaces
X and Y. We define the pullback of (G, ) by f (denoted (f*G, f*m)) as follows:

Let f*G = {(z,9) € X x G : f(z) = 7w(g9)} be the fibred product of X and G
by [ and w. This is a locally compact Hausdorff topological étale groupoid with (x,g)
and (2',¢") in f*G composable if and only if x = 2’ and s(g) = r(¢’'), in which case
the product (z,g)(«',q") = (x,99"). Involution is defined for pairs (x,q) in f*G as
(r,9)"' = (x,g7Y). f*m: f*G — X is defined for (x,g9) in f*G as f*n(x,g9) = =,
ging f*G the structure of a groupoid bundle over X. For any open set U in X and
open G-set V, U x; V. = {(z,9) € UxV : f(x) = w(g)} is an open f*G-set, so
(f*G, f*m) is an étale groupoid bundle over X.

We now show that the groupoid and C*-algbera versions of pullback are in corre-
spondence.

Proposition 2.2.11. Let (G, 7) be a groupoid bundle overY and f : X — Y a contin-
uous map between locally compact Hausdorff spaces X and Y. Then, (f*C*(G), f*m*)
(definition 2.1.8) and (C*(f*G), (f*n)*) are isomorphic as Cy(X)-algebras (definition
2.1.2).

Proof. Consider the maps @1 : Co(X) = M(Co(X xG)) and @q : C.(G) — M(C.(X x
(7)) defined for compactly supported functions h, a, and b in X, G, and X x G by

q)l(h)b<x>g) = h($)b($,g), (xag) in X xG
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and
Dy(a)b(z,g) = a(g)b(x,9™"g), (z,9) in X x G.
g'€Gr(g')=r(g)

It is routine to check that these are *-homomorphisms between *-algebras. Now, the
images of ®; and ®5 commute, ®;(C.(X))P2(C.(G)) is contained in C.(X x G) and
spans a dense *-sub-algebra, so by the universal property of the algebraic tensor product
®, there is a *-homomorphism ®;&®; : C.(X)RC.(G) — C.(X x G) with dense image
defined on basic tensors h ® a in C.(X)®C.(G) by

O10Py(h ® a)(z,g) = h(x)a(g), (z,9) in X x G.

f*G is the reduction of X x G to the closed X x G-invariant set of units {(x,u) €
X xG°: f(z) =7(u)}, so the map r : Co(X X G) +— C*(f*G) which sends a function
bin C.(X x G) to its restriction b« = r(b) is a homomorphism of *-algebras and has
dense image. Let ev) : C*(f*G) — C*(f*G), = C*(G ) be the evaluation map at
zin X, and let ev, ® evim) = e : Co(X) ® C*(G) = C*(G) fz) = C*(Gy(z)) be the
mapping defined in the proof of proposition 2.1.9. By proposition 2.2.9, the evaluation
maps evy(y) : C*(G) — C*(Gyy)) and evy : C*(f*G) — C*(Gy()), when restricted to
compactly supported functions on G and f*G, respectively, are just the restrictions of
the domains to Gy, (f*G)s = Gy, respectively. So, for h ® a in C.(X)®C.(G),
evi(r o ®1@P2(h ® a)) = halq), = h(z)alg,,, = pz(h ® a). By linearity, it follows
that evlr(®;0®y)(b) = p,(b) for all points x in X and elements b in C.(X)RC.(G).
By injectivity of C*(f*G) and f*C*(G) over X and the preceding equality, for any b
in C.(X)®C.(G) we have

Ir (@102 (b))]| = sup,ex|lever (©18P2) (bl = sup,exlia(b)|] = [l7s(b)

where 77 @ Co(X) ® C*(G) — f*C*(G) is the quotient map. Therefore, 7 o ®;&P,
extends to a *homomorphism ® from Cy(X) ® C*(G) to C*(f*G) with dense range,
and kernel equal to the kernel of 7y, such that ev) o d = pu, for all points z in X.
Hence, ® descends to an isomorphism of Co(X)-algebras f*C*(G) and C*(f*G). O

2.2.1 AF Groupoid Bundles

The space for which the field of AF algebras constructed in section 2.1.1 fibres over is
too large to visualize, and its section algebra displays pathological behaviour (remark
2.1.18), so it is desirable to consider fields of AF algebras that fibre over smaller locally
compact spaces. In this section, we construct groupoid bundles over the Cantor set
whose fibres are tail equivalence groupoids. One advantage of having a compact pa-
rameter space is that, given a fixed parameter and a renormalization procedure for the
groupoid bundle, the infinite sequence of successive renormalizations of the groupoid
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(or algebra) at this parameter will always have an accumulation point. This is what
Trevino calls “bounded geometry” in [51]. This fact makes the unique trace condi-
tion in corollary 4.1.6 more applicable, for instance. First, it will be useful to have
an alternative description of surjective graph homomorphisms between finite directed
graphs.

Definition 2.2.12. Let G = (E,V,r,s) be a finite directed graph. A coding of G is a
pair of functions (n, B) on the vertex set, edge set, respectively, such that

e a vertex v in 'V maps to a finite set n(v)

e an edge e in E maps to a collection of finite sets B; j(e), one for each index (i, j)
in n(s(e)) x n(r(e))

e For each e € E there is an (i,7) in n(s(e)) x n(r(e)) for which B; ;(e) is non-
empty.

We will say the coding is non-degenerate if G has no sources or sinks and for each
ein E, (i,7) inn(s(e)) x n(r(e)), there is (', 5') in n(s(e)) x n(r(e)) such that By j(e)
and B, j(e) are non-empty.

A coding (n, B) on G determines a larger directed graph G(B) =
(E(B),V(B),rp,sg) and a surjective graph homomorphism 7 : G(B) — G, defined as
follows:

o the edge set is the disjoint union E(B) = [ |.cx i j)en(se)xnere)) Bii(€)
e the vertex set is the disjoint union V/(B) = | |, o, n(v)

If fis an edge in B, j(e), then

e rp(e) =7, sple) =1i.

Conversely, given any surjective directed graph homomorphism ¢ : H +— G between
finite graphs, there is a coding (B,n) on G and a directed graph isomorphism ¢ : H —
G(B) such that poyp~! = 7. The coding is n(v) = ¢ (v) and B, j(e) = ¢~ (e)NH;NHY,
where H;, H’ are the edges of H that begin, end, at the vertices i, j, respectively. We
will say a surjective graph homomorphism 7 : H — G is non-degenerate if G has
no sources or sinks, and if for every edge e in G and vertices v,w in H such that
m(v) = s(e), m(w) = r(e), there are edges f and f’ such that 7(f) = n(f') = e
and s(f) = v, r(f') = w. Obviously non-degeneracy of the graph homomorphism
implies non-degeneracy of the coding, and vice-versa. Note that if 7 : H — G is non-
degenerate, then H has no sources or sinks. We will assume non-degeneracy for the
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remainder of this section.

Let PZ denote the paths of length n in G and X¢ denote the (one-sided) infinite
path space for G. To a coded graph G with coding (B,n), and each path z in X,
we define a Bratteli diagram B, by letting V,,, = n(s(xn41)) for n > 0, and E,,, =
i jyentsen)) xn(r(an)) Bii(@n) with range and source maps defined on E,,, by r5(f) =
re(f) € Ve and s.(f) = sp(f) € Von-1.

Denote G(B) = H, and 7 : H — G the surjective graph homomorphism defined
above. Let oy, o¢ denote the shifts on Xy, X, respectively. Let

Ry ={(z,y) € Xp x Xy :In e N: o}z =o}y},

which is the tail equivalence relation on Xpy. Given a finite path z in Pj; denote
U(z) = {x € Xy : 2|pn) = 2}, which is the cylinder set at z. For z,w in P such that
r(z) = r(w), define

U(z,w) ={(z,y) € Xu X Xu : Z|tnoo) = Ylnoo) and (1) = 2, y|j1,n) = w}.

The sets {U(z, w)}mz,wepgzr(z):r(w) form a basis for a topology on Ry making it an étale
groupoid. For a more detailed description of these groupoids, see Putnam chapter 3.5
[40]. Now, consider

R, :={(z,y) € Ry : m(x) =m(y)}.

R, is an open sub-groupoid of Ry with basis consisting of the U(z,w) such that
7(z) = m(w). Therefore, R, is an étale groupoid, with groupoid bundle structure
7 Ry — Xg via #i(z,y) = w(z) = n(y). Notice that 7#7!(z) is isomorphic to the
groupoid of tail equivalence on the Bratteli diagram B,. Therefore, (C*(R,),n*) is
a C(Xq) algebra with fibres C*(R,), isomorphic to an AF algebra associated to the
Bratteli diagram B,. Here is another way to describe (C*(R,),7*): Let Ay be the
stationary AF algebra of the adjacency matrix for H. Apg has a canonical diagonal
C(XH) - AH C(Xg) embeds into AH via ™ C(Xg) — C(XH) - AH The
commutant of 7*(C(X¢)) in Ay is equal to C*(R, ), and 7* is 7* with range restricted
to 7(C(Xq)) = C*(R,).

2.2.2 Rotation Groupoid Bundle

This next example is rather simple to describe. Let R/Z be the quotient of the additive
group R by the sub-group Z. For t in R, we will denote ¢ to be the image of ¢ under
the quotient map. Equip R/Z with the quotient topology. Let

a:(0,1) x R/Z v (0,1) x R/Z
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be the homeomorphism «(f,z) = (0,2 + ). Notice that if we identify R/Z with the
circle S via the exponential map # +— €™ then under this identification (8, -) is
rotation of the circle by the angle 27r60. We prefer to work with R/Z. Let

H=(0,1)xR/Zx,Z

be the corresponding transformation groupoid of « (see Renault example 1.2.a [44]).
Our conventions are as follows: points (0, z,n) and (v, y, m) in H are composable if and
only if § = ¢ and y = 2 — nf, in which case the product (8, z,n)(y,m) = (6, z,n +m).
Involution of a point (0, z,n) in H is given by (6, z,n)~' = (0,2 —nf, —n). The bundle
structure

m:H— (0,1)

is given by the projection onto the first co-ordinate (6, z,n) = 0. If H is given the
product topology as the space (0,1) x R/Z x Z, then these operations turn H into
an étale groupoid bundle (H,x). For 6 in (0,1), C*(Hy) = Ap is what is known as a
rotation algebra. A detailed analysis of rotation algebras can be found in Davidson
chapter 4 [6].

2.2.3 Iterated Function System Groupoids and Bundles

Let {71, ...,7} be an iterated function system (IFS) on R? of the form 7;(z) = Az +w;,
fori=1,...,v and A an invertible matrix with norm ||A|| < 1. Recently, Korfanty [20]
constructed a groupoid out of such a single matrix system. We will now briefly review
the construction.

Let ¥, = {1,...,v}". For n = (m1,m2,...,m,) in ¥, define v, = v,, 07, © ... © Y.
We denote the attractor for the IFS to be K, which is the unique non-empty compact
set of R? such that [ J;_, 7(K) = K. The proof of its existence and uniqueness can be
found in Falconer theorem 9.1 [11]. For z in K, define F~"(z) = U,y 7, ' (2) N K.
The equivalence relation

R={(z,y) € K*: IneN: F "(x) =F "(y)}

can be given an étale topology, and is the object of study in Korfanty’s thesis [20].

We will now show that R can be enveloped into a “Cuntz-Pimsner” étale groupoid
as an open subgroupoid, with subspace topology the same as the topology considered
by Korfanty. This enveloping groupoid will be used to construct the renormalization
procedure for the groupoid R. After this construction, we show how to construct
groupoid bundles starting from the groupoid R. If we interpret the parameter space as
a probability space, then the fibre groupoids can be thought of as random iterated func-
tion systems. All of our constructions (except the groupoid bundles) and arguments
in this section are generalizations of the ones found in Korfany Ch. 4 [20].
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First, for (n,m), (k,1) in (NU{0})2, define the product

n,m—k+1) ifm>Ek
() (5,1) = 1 )=

nm+k—m,l) ifm<k
and involution (n,m)~! = (m,n). It is an easy computation to show * is associative
and ~! is involutive. The map 7 : (NU {0})2, %) — (Z,+) via m(n,m) = n —m is
multiplicative and inverse preserving.

Now, define
T(R) = {(z,n,m,y) € K x (NU{0})? x K : F"(x) = F ™(y)}.

For (x,n,m,y) in T(R) let (z,n,m,y)"" = (y,m,n,x) be the involution, which is
in T(R). Given pairs (z,n,m,y),(y,k,[,z) in T(R), it can be shown the product
(x,n,m,y) * (y,k,1,z) = (x,(n,m) x (k,1),z) is in T(R). We show this for the case
m > k:

F_(m_k+l)(2) _ f—'_(m_k)f_l(z) — }“-(m—k)f.'—k(w — F—m(y) = f—n(x)

An easy computation shows the product * is associative and ~! is involutive. Define a
groupoid
O(R) = {(z,m(n,m),y) : (x,n,m,y) € T(R)}.

The involution of a point (z, k,y) in O(R) is (z, k,y) ™' = (y, —k, ), and points (z, k, y),
(¢/,1,2) in O(R) are composable if and only if y = %/, in which case the product
(x,k,y)(y,l,2z) = (x,k +1,z). O(R) is closed under this inverse and product because
the natural surjection 7 : T'(R) — O(R) is multiplicative and inverse preserving. Notice
R is isomorphic to the sub-groupoid {(z,0,y) : (z,0,y) € O(R)} of O(R) in an obvious
way. O(R) will be referred to as the enveloping Cuntz-Pimsner groupoid of R
and T'(R) the Toeplitz extension of O(R).

We now topologize O(R) into an étale groupoid containing the isomorphic copy of
R as an open sub-groupoid. For (z,k,y) in O(R), denote v(z 4y : R? — R? to be the
map sending z in R? Vi) (2) = Akz + 1 — AFy. Observe V(wky) is affine with linear
factor A¥ and sends y to x. It is uniquely determined by these properties.

Proposition 2.2.13. The map sending (x,k,y) in O(R) to Yy 5 a groupoid ho-
momorphism from O(R) to the group of affine transformations of the form A™(—) 4+ w
for some n in Z and w in R,

Proof. For (x,k,y) and (y,1, 2) in O(R), V(aky)V(w.1,2) a0d Y(zk+1,2) are both affine with
linear factor A**! and send z to z, and are therefore equal. A similar observation shows

—1
ry(m,k,y) = V(y,—k,x)- D
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Proposition 2.2.14. For (x,n,m,y) in T(R), let n, € be words in ¥,,, ¥,,, respectively
such that x is in v, (K), y is in v(K) and v, ' (x) =" (y). Then, my=" = Yan-my)-

Proof. Both maps are affine with the same linear factor, and send y to x. O]

For a point z in K, let U,(z) be the open neighbourhood of = as in Korfanty
Definition 4.2.6 [20]. ie., Un(z) = K\ U,es, gy, ) 1K) Let (z,1n,m,y) be in
T(R). Since Un(y) € U.es,,yer. () 1K), by proposition 2.2.14,

Yamma) (Un(®) € Van-man( ) 2E)) = |J n(K)CK,

e:y€ve (K) n:z€n(K)

SO Y(z,n—m.y) Testricts to a continuous function from U,,(y) to K, and hence
_1 .
/y(x:n—m,y)(Un(fL')) 1s open.

Definition 2.2.15. For (z,n,m,y) in T(R), define U(z,n,m,y) =
Un(y)Ny (U, (z)), which, by the above discussion, is open in K. Since v

("E7nimyy)

-1
("E7nimyy)

= Yym-na), We have Vgn-my(U(x,n,m,y)) = Uly,m,n,x). Define Yznmy to be
the homeomorphism Yz n—my) : U(z,n,m,y) — U(y,m,n, ).

Proposition 2.2.16. If § is a point in U(x,n,m,y), then (Yanmy) (¥),n,m,J) is in
T(R).

Proof. Let Yz nmy) (4) = Z. By symmetry (fy(; 1nmy) = Yymmnz)) it suffices to prove

F~™y) € F™(Z). Let € be a word in %, such that g is in 7.(K). Then, y is
also in . (K), otherwise ¢ is in U,,(y) N 7:(K) = 0. Therefore, 7. (y) is in F™(y).
Since (x,n,m,y) is in T(R), there is a word n in ¥, such that z is in ~,(K) and
v, (x) = 7' (y). By proposition 2.2.14, %7 (7)) = Yemmy) (¥) = Z. Therefore,
W (&) =21 (), proving F(5) € F (). O

Definition 2.2.17. Let (z,n,m,y) be a point in T(R). For U an open subset of
U(z,n,m,y), define 78:nmy) to be the restriction Yz nmy) : U = Y@nmay (U). Denote

= {'y([;]m,m’y) :(x,n,m,y) € T(R), U open CU(x,n,m,y)}.

For v in T, let D(v), R(v) denote its domain and range, respectively, and c(y) =

c(yg&’n’m’y)) = n —m the co-cycle of v. For v and vo in I, define D(vy o y2) =

¥, (D(11) N R(72)).

We show the system I' of homeomorphisms generates an étale topology for O(R):
Proposition 2.2.18. The following hold:

(i) {Uopen in K :idy € T'} is a basis for the relative topology on K.
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i) If v is in T, then v~ ! is in T.
(ii) If v : g

(7ii) For any 71, 72 in I' and point § in D(v, 07s), there is a 3 in I such that § is in
D(v3) € D(y1072) and c(v3) = c(11) + c(y2). Moreover, 7s|p(ys) = 71 © 72l D(as) -

(iv) Let graph(vy) = {(z,y) : 7(y) = z}. Suppose (z,y) is in graph(y1) N graph(ys)
and c(y1) = c(y2). Then, there is a v3 in I' with c(v3) = c(y2) = c(n) such
that (x,y) is in graph(ys) C graph(y:) N graph(yz). Moreover, v3 = Ya|p(ys) =
Nlpera)-

Proof. i) : For an open set U of K, idy = 7860096) isin I

.o . — Y(z,n,m, (U) L
it) For v(, o T (V)™ = Vigmmay i in T,
i1i): Write v = ’ngll L) and vy = 7(352 n2m.42)" By proposition 2.2.16, for

W = Y(7) and £ = v (w), the points (Z,ny, my,w) and (0, ng, Mo, y) are in T'(R).
Hence, 7 is in U(Z, (ny, my) * (ne, ms),g) =: U. Let 3 := 7&2%%??2@,7712),9)' Then, g
isin D(v3) = D(y10792) NU C D(v 092) and ¢(7y3) = ¢(n) + ¢(72). 73 and 71 0 yo are
both affine maps with matrix A1) = Ac01)+e(12) and they both send § to #. Hence,
73 =71 °%2[D(re)-
iv): By proposition 2.2.16, (z,n1,my,y) and (z,ny, mq,y) are in T(R), so consider
o UlﬁUzﬂU(Ctﬁbl,ml,y) B . 1 . L. o o
V3 = Vamrmmg) . By a similar argument as in 4ii), 73 = Y2|p(ys) = N1|D()- O
Now, for  in I', define U, = {(v(v),¢(7),y) : y € D(y)} € O(R). For a in T(R),
7(a) is in U,,, so these sets cover O(R). By proposition 2.2.18 iv), if § is a point in
U,, NU,,, there is 73 € T' such that 3 is in U,, C U,, NU,,, so the U!s form a basis
for a topology on O(R). Proposition 2.2.18 1) implies the involution o — a~!

homeomorphism. #iz) implies the product is continuous. The groupoid is étale because

1S a

the r, s restricted to a U, are homoeomorphisms (U, is the graph of 7, so r,s can be
identified homeomorphically with v, v7!). Since K is compact, Hausdorff and r, s are
local homeomorphisms from O(R) to K, O(R) is locally compact. O(R) is Hausdorff
because the clopen set {(x,k,y) € O(R)} for fixed k embeds into K continuously via

(z,k,y) = (r(z, k,y),s(x, k,y) = (v, y).

Remark 2.2.19. If we replace the co-cycle of v = ’V([{c,n,m,y) (definition 2.2.17) with
d(v) = (n,m), and the addition of c(v1) + c(y2) with the product d(v1) * d(v2) in
proposition 2.2.18 and beyond, we get a proof that the involution and product on T(R)

are continuous, as well as the “range” and “source” mapsr(a) = axa™!, s(a) = a™!

*Qr
are local homeomorphisms onto (NU{0}) x K. We can then define a normed topological
*-algebra C.(T(R)), with formulas for involution and product analogous to that for
C.(O(R)). Its completion Tr is a C*-algebra which is an extension of Og := C*(O(R)),

aptly called the Toeplitz extension of Og.
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The open sets U, for v in I' such that ¢(y) = 0 form a basis for a topology on the
copy of R in O(R) which is the same as the one constructed in Korfanty Ch. 4 [20] ,
so R is an open subgroupoid of O(R), the “diagonal” of O(R).

Now, we show how to construct a bundle of IFS-like groupoids that parallels the
construction of a bundle of AF groupoids from finite graphs in section 2.2.1. Let
{7, .,7} be a single (contractive) matrix affine system on R? and let K be its
attractor. Choose any subsets a; C {1,...,v} for 1 < j < n, and let A = {a;}7_;.
Consider the new single matrix system {0;;}ica, j<n on R*™ where §;; = v x 3,
Bi(t) = s=t+ 22(5;11). Notice that 5;(]0, 1]) C [0, 1] and the system {3, } restricted to its
attractor is topologically conjugate to the standard system on the Cantor set {1, ...n}Y,
where, for a point z in {1,..n}", and 1 < j < w, §;(x) = jz. Now, let Ky = K x [0,1]
and for a word jij2...05 in {1,..,n}™, let Kj ;. = Uil._im@jlxl_.mjm Viy Vi, (K) X
Bijr.....im([0,1]). Now take the union K, := Ujl...jme{l,...,n}m Kj, .. Notice that this
union is disjoint, because 3;([0,1]) N G;([0,1]) = @ for i # j. By construction, K, =
Ui’j Bij(Km), and Ky © Ky, Therefore, K4 := (,,cn K is the attractor for {f;;}.
For a point z in {1,...,n}", notice that K,, ., C K, 50 Ky i= (),en Km s 2
non-empty compact space. Let 7 : R*! = R be the projection onto the last factor,

1-+-Tm412

and restrict the domain to K 4. Then, for x in {1,...,n}" (identified as a point in the
attractor for {8,}), 7~ '(x) = K,, so 7 : K4 — {1,..,n}" is a continuous surjective
factor map from the system {f;;} on K4 to the system {3;} on {1,....,n}". Let Ry4
denote the étale equivalence relation associated to {K4, f;;}, and let R, = {(z,y) €
Ry :m(x) =m(y)}. Suppose (x,n,n,y) is a point in T'(R 4) such that m(x) = 7(y). Let
Y = Vanny) Oince T is a factor map, Yz nn,y) descends to Yir(z)nnr(y)) = id under 7.
Therefore, U, C R, so R, is an open subgroupoid of R4, and is therefore étale with
a groupoid bundle structure 7 : R, +— {1,....n}" via 7(z,y) = n(z) = n(y). For z in
{1,...,n}, and x € K, define

Fo (@) = U %_11“,1(@ N Kom.

110 €EQzy X X Oz

The fibres 7#71(2) are the étale equivalence relations

R, ={(z,y) e K, x K, : Im e N: F,"(z) = F,"(y)}.

z

Notice also that C*(R,) is the commutant of 7*(C({1,...,n}Y)) in C*(R,).
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Section 3
Equivalence

The concept of strong Morita equivalence, defined by Rieffel in [47] (and nowadays just
called Morita equivalence) has been important to the theory of C*-algebras ever since
its discovery. Morita equivalent C*-algebras have isomorphic representation theory,
K-theory, ideal structure, and are stably isomorphic when the algebras are o-unital
(see Raeburn and Williams chapters 3.3 and 5.5 for proofs of the first two claims,
and the last claim, respectively). Rieffel deduced Mackey’s imprimitivity theorem
from a specially constructed Morita equivalence [47]. In Alain Connes’ theory of non-
commutative geometry, two Morita equivalent C*-algebras are said to have the same
underlying non-commutative space [4], making Morita equivalence the natural notion of
isomorphism in this setting. Morita equivalent pairs of C*-algebras are in abundance
and appear quite naturally, compared to *-isomorphic pairs. For instance, the C*-
algebra of a foliation is Morita equivalent to the C*-algebra of any transversal to the
foliation. Muhly, Renault and Williams showed these and many more Morita equivalent
pairs can be realized first by an equivalence of the corresponding groupoid models [31].

In section 3.3 we present this concept of groupoid equivalence, as well as in section
3.4 the corresponding notion of groupoid bundle equivalence. As an example of the
above discussion, as shown by Rieffel in [46], two rotation algebras Ay and A, defined
in section 2.2.2, with irrational parameters 6 and ¢ in (0, 1/2], are never *-isomorphic,
but are Morita equivalent whenever they are in the same SL(2,Z) orbit (acting on
R by Mobius transformations). In section 3.4.2 we present a groupoid equivalence
model for these Morita equivalences of Rieffel. The abundance of Morita equivalent
pairs makes it a desirable formalism for renormalization, because, given a field of
C*-algebras (A,).cx, an abundance of Morita equivalent pairs A,/, A, makes the
existence of a dynamical system o : X; — X defined on a large subset of parameters
X; C X along with Morita equivalences between A,y and A, plausible. Moreover, it
seems to be the correct formalism, for if two unital C*-algebras A and B are Morita
equivalent, as in Raeburn and Williams [41] theorem 3.19 there is a larger C*-algebra
C constructed out of the Morita equivalence and full complementary projections Py,
Pgp in C such that the cut-downs P4C P, and PgC Pg are *-isomorphic to A and B,
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respectively. Therefore, we can think of two Morita equivalent C*-algebras as differing
only by scale, and the Morita equivalence being a scaling transformation. This section
is devoted to presenting Morita equivalence and groupoid equivalence, the analogous
notions for D-algebras and groupoid bundles, and the associated constructions that will
be useful in the later sections. We will provide examples of Morita equivalence and
groupoid equivalence for the D-algebras and groupoid bundles constructed in Section
2.

3.1 Morita Equivalence

A Morita equivalence between two C*-algebras is formulated in terms of Hilbert C*-
modules (definition [3.1.1]), which are generalizations of Hilbert spaces in the sense that
the C-module structure is replaced with an action of a C*-algebra A and the C-valued
inner product replaced with an A valued one. Such objects were first considered by
Kaplansky [16] when A is a commutative C*-algebra. It was not until much later in the
work of Paschke [35] and in Rieffel’s first paper on Morita equivalence [47] that Hilbert
C*-modules were considered in full generality. They also appear in the formulation of
Kasparov’s KK-theory in a fundamental way [19].

In definition 3.1.2 we define Morita equivalence in terms of Hilbert C*-modules.
In proposition 3.1.6 we show that inductive limits of inductive sequences of Morita
equivalences exist, which will be used to construct examples of Morita equivalent pairs
of AF-algebras in section 3.2.1. One can think of a Morita equivalence as a generalized
isomorphism, and just like isomorphisms, Morita equivalences can be composed. We
briefly present how this is done in the discussion after proposition 3.1.6. We present
the concept of a basis of a Hilbert C*-module in definition 3.1.7, which generalizes the
concept of a basis of a Hilbert space, and remark on its usefulness to renormalization
(remark 3.1.8).

A Morita equivalence induces many relations between the pair of algebras, but the
one we will be most interested in is the induced operator between the trace spaces,
defined in proposition 3.1.10, as it will be used in our arguments in section 4. We then
present the corresponding notion of Morita equivalence for D-algebras (definition 3.2.1)
and provide such an example in 3.2.1 of an equivalence between the section algebra of
the field of unital AF-algebras defined in section 2.1.1 and its pull-back by the shift.

For our purposes, if F' is a complex vector space and A is a C*-algebra, a right
A-module structure on F' is a bi-linear map F' x A +— F, with image of (f,a) in F' x A
denoted fa, that is associative in the sense that if f is in F' and a1, ay are in A, then
(far)as = f(araz). A left A-module structure on F' is defined analogously.

Definition 3.1.1. Let B be a C*-algebra. A right (resp. left) Hilbert B-module
F < B (resp. B — F) is a complex vector space F with a right (resp. left) B-module
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structure together with a map (-,-) : F X F'— B that is
(i) right (resp. left) B-linear: (f1, fob) = (f1, f2)b, for all fi, fo in F and b in B,
(ii) Hermitian: (fi, fa)* = (f2, f1), for all fi, fo in F,

(iii) positive: (f, f) >0, for all f in F,

() faithful: (f, f) # 0, for all non-zero f in F,

(v) and F is complete with respect to the norm || f|| == [|\/{f, /)|l (see Raeburn and
Williams corollary 2.7 [41] for the proof that || - || is a norm).

We will call {-,-) a B-inner product if it satisfies these conditions. We say a Hilbert
B-module is full if the image of the B-inner product linearly spans a dense sub-algebra
in B. In general, the closed linear span of (-,-) is an ideal in B.

Now, we present the definition of Morita equivalence, first considered by Rieffel
[47].

Definition 3.1.2. Let A and B be C*-algebras. An A-B imprimitivity bi-module is
a complex vector space F' together with a full left Hilbert A-module structure, and a full
right Hilbert B-module structure satisfying the following two compatibility conditions:

(i) For every a in A, b in B, and e, f in F, we have (be, f). = (e,b*f). and
*<€CL, f> = *<67 fCL*>

(i) «(f1, f2) 3 = fi(fo, f3)« for all fi, fa, f3 in F, where .(-,-),(-,-)« are the A, B

inner products, respectively.

We will frequently represent an A-B imprimitivity bi-module F' schematically as A —
F + B. A and B are said to be Morita equivalent if there exists an A-B imprimi-

tivity bi-module.

Definition 3.1.3. Let A and B be C*-algebras. An isomorphism of A-B im-
primitivity bi-modules Fy, Fy is a surjective linear map U : Fy — F5 such that
(U(f),U(f2)) = «{f1, f2) and (U(f1),U(f2))s = (fr. fa)s for all f1, fo in F. These
conditions automatically imply U is injective, left A-linear, and right B-linear. We say
Fy and Fy are isomorphic if there exists such an isomorphism.

We now provide a simple example of Morita equivalence. Recall that for an n x m
matrix a with 4, j entries, for 1 <i <n, 1 < j <m, a;; in C, the transpose a is the
m X n matrix with entries a;i =a,j, for 1 <i<n,1<j<m. The conjugate @ of a
is the matrix with the complex conjugate entries of a.
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X1

x
Example 3.1.4. Let F = C", where x in F is viewed as a column vector x = ?

T

Then, the standard C-vector space structure on F' is a right C-module structure for
F and the inner product (-,-), : F x F +— C, defined for z, y in F as (z,y), =
Ty = Y i Ty, is a C-inner product in the sense above. Hence, F is naturally a
full Hilbert C-module. A matriz in M,(C) acts on the left of a column vector by
matriz multiplication, and this action defines a left M, (C)-module structure on F' that
commutes with the above scalar multiplication of C.

F can also be equipped with a bilinear form (-,-) : C* x C" — M, (C) defined for
x, y in M,(C) as «(x,y) = 27", which is the matriz whose i,j entry, for 1 < i < n,
1 <j <nmn, is z;y;. By associativity of matriz multiplication, for a in M,(C), x,y,z in
F, we have (ax)y" = a(ay") and (2y")z = x(y'z). Therefore, .(-,-) is M,(C) linear in
the left-most entry, and is compatible with (-, ). in the sense above. Thinking of M, (C)
as operators on C", and using the Hilbert space characterization of positive operators,
we see that, for x in F, T is positive and non-zero if x is non-zero. By elementary
linear algebra, W =y for any x any y in F. Since F is a finite dimensional
vector space, the norm |[\/«(x,x)|| is complete. By these above properties, M,(C) — F
is a left Hilbert M, (C)-module that is compatible with the right full Hilbert C-module
structure F' < C. It is full, because for a matriz a in M,(C), a = >
D i<n j<n Gij«(€is €5), where e is the n x n matriz whose i, j entry is 1 with all other

i<n,j<n ai,jei’j =
entries zero, and where e; is the vector in F whose i" entry is 1 with all other entries
zero. Therefore, F is an M,(C)-C imprimitivity bi-module. In a similar way, an
infinite dimensional Hilbert space H can be equipped with a K(H)-C imprimitivity bi-
module structure, where IC(H) are the compact operators on H.

When constructing an imprimivity bi-module, it is often more natural to first define
it on a dense subspace Fy of the vector space I’ with actions and inner products defined
on dense x-sub-algebras of C*-algebras. The following definition of a pre-imprimitivity
bi-module appears in Raeburn and William definition 3.9 [41].

Definition 3.1.5. Given dense x-sub-algebras Ay and By, of C*-algebras A, B, re-
spectively, an Ag-By pre-tmprimitivity bi-module is a vector space Fy with left Ag-
module and right Bo-module structures, along with bi-linear forms (-, ) : Fo X Fy — Ay,
(-, )« 1 Fy X Fy — By that satisfy (i)-(iv) in definition 3.1.1, (i)-(i7) in definition 3.1.2,
and whose images linearly span a dense set in Ag, By, respectively, with the additional
assumption that for all a in Ag, b in By and [ in Fy, we have (fb, fb) < |[b||%.(f, [)
and (af,af). < |lall*(f, f)..

By Raeburn and Williams proposition 3.12 [41], an Ap-By pre-imprimitivity bi-
module Fj completes to an A-B imprimitivity bi-module F, Where Ay and B, are
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contained the C*-algebras A, B, respectively, as dense x-sub-algebras.

We now show that inductive limits of imprimitivity bi-modules exists. If v, : C}, —
Cpryq for n in N is a sequence of morphisms in some category, and k, m are in N such
that &k > m, let vim 1= Y4—1 0 Yh—2 0 ... © Y.

Proposition 3.1.6. Let A,, B,, n in N, be a sequence of C*-algebras, and let A, —
F, <+ B, be a sequence of A,-B, imprimitivity bi-modules. Suppose we have *-
homomorphisms @, : A, — Ani1, ¥n @ By — By and linear maps ¢, : F, — F,iq,

for n in N, such that

(i) 6u(af) = a(@)bu(f) and Gu(f8) = Gu(f)ibn(b) for alla in Ay, b in By and f in
F,

(13) {(Dn(f1), On(f2))x = Un((f1, f2)s) and (Dn(f1), Pn(f2)) = ©n(:(f1, f2)) for all fi,
f2 m Fn

Then, there is a Banach space F' and a sequence of linear maps 0, : F,, — F such
that 0,41 0 ¢, = 0, and |0, ()| = limg—soo |Prn(f)]], for all n in N, for all f in F,.
We will call such a sequence {0y, F}nen a Banach space inductive limit of {¢n fnen-
If {0, F'}oen is another Banach space inductive limit of {¢n}nen, then there is an
isometric isomorphism 7y : F'— F' such that v o 0,, = 0., for all n in N,

Given any inductive limits {pin, Atnen, {On, Fnen, {7n, Blnen of the respective
sequences {pn tnen, {Ontnen, {Untnen, there is an induced A-B bi-module structure on
F defined in the following way: For any n,m in N, a in A, f in F,, g in F,, and b
m B,,, let

0 (f)m(b) = Ontm(Dnsmn(f)Vnrmm (D))
® (1n(a)0n(9) = Ontm(Pnsmn (@) Primm(9))
® (0n(f) 0m(9))s = Mt ((Dntmn(f), Prsmm(9))s)
o (0n(f),0m(9)) = tntm(+{Dntmn(f), Prtmm(9)))

Then, the above left, right actions and inner products are well-defined and extend to
an A-B imprimitivity bi-module structure on F. Also, the inductive limit norm on F
is the same as the norm(s) coming from the inner-product(s).

Proof. For a proof of the first part of the proposition claiming existence and uniqueness
of a Banach space inductive limit {6,, F'}en of {¢,}nen, see Rordam, Larsen and
Lausten proposition 6.2.4 [48]. Their proof shows the existence of inductive limits for
C*-algebras, but if the objects are replaced with Banach spaces and the connecting *-
homomorphisms replaced with norm-decreasing linear maps ¢,, : F,, — F,, 1, then the
proof carries through. To see that the ¢, are norm decreasing, let f be in F,,. Then,
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o ()] == H\/ (pn(f Nl = (WS, £l Since 1, is a *-homomorphism, it

isrumn1demea&ng.ﬂﬂnweﬁwe,n¢%<y/(7731n|f;H\/Z?i7§nzznfwy*Hence7u¢nuf;1.
We first show the right By := J,,cyn(Bn) action on Fig := (U, e 0n(F) is well-

defined. For b in B,,, f in F,, and m’ > m, n’ > n,

Qn’(¢n’,n(f))nm’ (¢m’,m(b>> = 9n’+m’(an’—l—m’,n’(an’,n(f))wn’-i-m’,m’ (¢m’,m(b)))

By hypothesis,

d)n’—&-m’,n’(¢n’,n<f))wn’+m/,m’ (wm’,m(b)) = ¢n’+m/,n+m(¢n+m,n(f)wn+m,m(b))-

Since Oy © O/t mtm = Ontm, it follows that

9n’+m’<¢n’+m’,n’(¢n’,n(f))¢n’+m’,m’(wm’,m(b))) = 9n+m(¢n+m,n(f)¢n+m,m(b)>'

Therefore, 0, (dns n () (Vs m (b)) = 05 (f )1 (b), so the action is well-defined.

The axioms of a Bw-module structure on F,, and (i)-(4i¢) in definition 3.1.1 hold
for the B.,-valued bi-linear form on F,, because it and the B.,-module structure are
built out of the B,,-inner products on F},. To verify any of these axioms, one just views
the elements under consideration in B, and F;, for fixed n, and uses the fact that F,
is a Hilbert B,,-module.

To see that the induced pre-norm on Fy, from (-, -), is faithful, let f = 6,,(f’) for
f"in F,, n in N. Then,

11 = Jim [/ (Gen(F), Ben(F)ll = Jimn (VT PR =
= lna (/T PN = INF 1D

Therefore, the induced norm on Fi, from (-, ). is equal to the norm on the Banach

space F', and is therefore faithful.

Similarly, it can be shown the left A, action on Fi, and the bi-linear form ,(-,-)
satisfy (i)-(iv) in definition 3.1.1 and that the induced norm from (-, -) is equal to the
Banach space norm on F.

We show () holds in definition 3.1.2 for the above pair of actions. The verification
of (ii) follows by a similar calculation. Let a = p,(a'), f = 0,,(f"), b = nx(V') for @’ in
A,, f'in F,,, and V' in Bj. Then,

(af)b = ‘9n+m+k(¢n+m+k,n+m(§0n+m,n(a,)¢n+m,m(f,))¢n+m+k,k(b/)) =
9n+m+k (@n—i—m—&-k(al>¢n+m+k,n+m((bn—%m,m(f/))wn-l-m-i-k,k (b/)) =
6n+m+k‘ (Qpn+m+k (al>¢n+m+k,m (f/)wnerJrk,k (b/)) :
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Similarily,

a(fb) = 9n+m+k’(¢n+m+k,n(a/)¢n+m+k,m+k(¢m+k,m(f/)¢m+k,k(b/>>) -
0n+m+k (Spn-l-m—l—k,n(a,)¢n+m+k,m+k‘(gbm—&-k,m(f/))?vbn-i-m-i-k,k (b/)) =

0n+m+k (Qpn-l—m—l—k:,n ((l,) ¢n+m+k,m (f/)¢n+m+k,k (b/> ) .

Therefore, (af)b = a(fb).

Since the norms induced from ,(-,-) and (-, -), are equal, it follows that for any a in
A, bin By, and f in F,, we have ,(fb, fb) < ||b]|1%.(f, f) and (af,af). < ||al*{f, f)«-
Therefore, F,, is a Ay-Bs pre-imprimitivity bi-module. By Raeburn and Williams
proposition 3.12 [41], F,, completes to an A-B imprimitivity bi-module F’. Since
the induced norms are equal to the Banach space norm on F restricted to F., F’ is
isometrically isomorphic to F', so we may assume F = F. O]

Given two imprimitivity bi-modules A; — F} <+ B, B — I, < A,, we outline how
to compose them into an imprimitivity bi-module A; — F; ®p F5 <+ As: start with
the C-module tensor product F; ® F, (see Dummite and Foote Section 10.4 [9] for the
definition of tensor products of modules) and let N be the closed A;-A, sub-module
generated by the set

{fibO fo— f1®bfa: fL €F), fo € Fy, b€ B}.

Let Fy ©p Fy := F; ® F3/N denote the quotient module, and denote f; ®p fa to be
the image of the basic tensor f; ® fo under the quotient map. F} ®p F5 has a left A;-
module structure and right As-module structure inherited from the left, right module
structures on F}, Fy, respectively. F; ®p F5 can be equipped with left A; and right A,
inner products, defined on basic tensors as

o 12(f1 ®B fa. 01 ®B g2) = «(f1:(f2, 92), 1) for all fi, g1 in F, fo, g0 in Fy

o ([1®B f2, 91 ®B 92)12 = (f2, (f1,91)+92)« for all fi, g1 in F, fo, g, in Fy.

By Raeburn and Williams proposition 3.16 [41] these inner-products give F; ©p F;
the structure of an A;-A, pre-imprimitivity bi-module (definition 3.9 [41]) and can
therefore be completed (proposition 3.12 [41]) to an A;-A; imprimitivity bi-module
A - FL@p Fy:=F, Op Fy, + Ay. Fy ®p F, is called the balanced tensor product
of Fy and F,. We present the concept of a basis for a Hilbert bi-module.

Bases for Hilbert C*-modules are central to Pimsner and Popa’s work on Jones’
index theory for subfactors [38], and the index theory for C*-algebras developed by
Kajiwara and Watatani [15]. In their considerations, a basis is what we regard as
a finite basis, and the situation when one might need an infinite basis, for instance
when algebras defining the bi-module structure are not unital, is not considered. The
extension to infinite basis is natural enough.
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Definition 3.1.7. Let A — F « B be an A-B imprimitivity bi-module (definition
3.1.2). A left basis for F, denoted B is a collection of vectors ¢; ; in F, indexed by
i in N and j < n;, j, n; in N, such that the sequence e; = ., .(€ij,€i;) salisfies
e; < 1y for alli in N and forms an approximate unit for A. We call a finite collection

of vectors B = {¢;}}_, a finite left basis for ' if Y7\, .(gj,&;) = 1.

=1

Remark 3.1.8. Assume A — F < B is an A-B imprimitivity bi-module, where A and
B are unital, and {&;}1, is a finite left basis for F'. Then, as in Rieffel proposition 2.1
[46], we can consider the element z in M, (B) defined entry-wise as z;; = (g;,€). for
i <mn, j<n and the map ¢, : A — M,(B) where, for a in A, (¢.(a));; = (&, ag;)«,
i <n,j<n. The proof of Rieffel proposition 2.1 [46] shows that z is a full projection
and ¢, is an injective x-homomorphism of A onto zM,(B)z. This projection is the
analog of the characteristic function xy of a first return domainY C X for a dynamical
system T : X — X. We will elaborate more on this analogy in remark 3.3.15 after
we present groupoid equivalences and their induced imprimitivity bi-modules. Clearly
though, the concept of a basis will be an important one to us.

It is often useful to think of an A-B imprimitivity bi-module F' as a generalized
isomorphism from A to B. Moreover, the above construction shows how, by choosing
a basis, F' can be interpreted as a s-isomorphism ¢, : A — zM,(B)z, with the full
projection z representing the “scale” of A relative to M, (B). The next definition is an
attempt to qualitatively describe the scaling properties of F.

Definition 3.1.9. We say an A-B imprimitivity bi-module A — F < B is bounded
if there is a number M > 0 and a left basis B={e;; € F:1 € N, j <n;} for F such
that for all i in N, 3, (€ij,€ij)« < M1p. We will call F' a contraction if M <1,
and a strict contraction if there is a left basis B and a non-zero positive element b
in B such that for all i in N, 3. (€ij,€ij)« < 1p —b

Given an A-B imprimitivity bi-module, the following construction of an operator
between trace spaces will be a very useful tool for us in section 4. The construction of
this operator when A and B are unital is done in Rieffel [46]. The non-unital case is
considered by Combes and Zettl [3]. In the case where the algebra A only acts on the
Hilbert B-module F' by bounded B-linear and adjointable operators is done in Laca
and Neshveyev [22]. We will follow the treatment of this operator there.

First, recall from the discussion preceding proposition 2.1.11 that 7(A) denotes
the set of normed one traces. Similarly, denote T<>°(A) to be the set of finite traces,
i.e., positive linear functionals on A satisfying the trace condition. Second, if B =
{e;; € F:ieN, j<n;}isaleft basis for A — F < B, foriin N, let A;(B): A— B
be the linear map defined, for a in A, as Ay(B)(a) = ., (€, agi ;). 1f Bis a finite
left basis, define A(B) : A+ B, for a in A, as A(B)(a) = >."_ (g, ag;)..

J=1
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Proposition 3.1.10. Let A — F < B be a bounded A-B imprimitivity bi-module.
Suppose T is in T<*(A) and B is a left basis for F (definition 3.1.7). For a in A,
define St(a) := lim;_,o T7(A;(B)(a)) (which exists by Laca and Neshveyev theorem 1.1
(i) [22]). Then,

e The limit ST(a) exists and is independent of the choice of B (theorem 1.1 (iii)

22]).

o ST is in T<>*(A). (automatic from theorem 1.1 (iii) [22] and the fact that F is
bounded).

We will call S the trace operator of F' and it will be sometimes denoted S in case
we need to keep track of F'. In the absence of a basis, the trace operator can be defined
by a more general formula. See Laca and Neshveyev [22] theorem 1.1 for this general
formula.

We cannot stress enough the importance of the first bullet point above. This fact
will be used to show in section 4.1.1 that if by succesively iterating a renormalization
procedure, starting at a parameter algebra A,, we can find arbitarily small “non-
commutative first return domains” (see remark 3.3.15) that are uniformly spaced out
and cover the whole algebra, then A, will have at most one trace. In our arguments we
will never have to compute the trace operator, and will only use the properties listed
above. For clarity though, we provide the example of how the trace on M, (C) arises
from the trace operator coming from the M,,(C)-C imprimitivity bi-module F' = C" of
example 3.1.4.

Example 3.1.11. Let M, (C) — F < C be as in example 3.1.4. The standard or-
thonormal basis {e;}"_, basis for C" is a left basis in the sense of definition 3.1.7
because 1y, c) = Yorqe” = > (e, e). Notice that idec : C — C is a trace
for C. Denote Tr to be the trace Sp(idc) on M,(C). For a in M,(C), we have
Tr(a) =70 (e, aei)e = Y5 @iz, so Tt is the standard trace on M,(C).

3.2 (y(X)-equivalence

The renormalization procedures considered in this thesis will transform a D-algebra
to its pull-back by its renormalization dynamics. To make sense of this, we will need
a concept of Morita equivalence between D-algebras. Such a concept is considered in
Raeburn and Williams definition 5.6 [41], and is defined as follows.

First, suppose F' is a right Hilbert B-module, and (B, ) is a D-algebra. Then, F
inherits an action of D for f in F', g in D by the formula

fg:= 11/{11 f(exg), {ex}rea an approximate unit in B.
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A similar formula holds if F' is a left Hilbert B-module.

Definition 3.2.1. Let (A, «), (B, ) be D-algebras. An (A, a)-(B, ) imprimitivity
bi-module, denoted (A,a) — F <+ (B, [3), is an A-B imprimitivity bi-module A —
F « B (definition 3.1.2) such that gf = fg for all f in F, g in D. (A, «) and (B, )
are called D-equivalent if there exists an (A, «)-(B, ) imprimitivity bi-module.

We record a fact about D-equivalences:

Proposition 3.2.2. Let (A, o) — F < (B, ) be an (A, «a)-(B, ) imprimitivity bi-
module, and assume D C Cy(X). For x in X, define F* to be the closed A-B sub-
module generated by the set {fg € F: f € F, g € D, g(x) = 0}. For fi, fy in F,
define o(fr, fo) = o{fr, f2) () and (fu, fo)e i= (fus fo)o(&). Them, F* = {f : 1{f, ) =
0}y ={f:(f, ) =0}. Let F, :== F/F? and for f in F, denote f(x) to be the image of
f under the quotient map. F, has the structure of an A,-B, imprimitivity bi-module
with products a(x) f(x) := af(x), f(z)b(z) := fb(x) and inner products ,{-,-), (-, ).

Proof. The proof is straightforward; see Raeburn and Williams lemma 5.12 [41] for the
details. O

3.2.1 Equivalence for AF Algebras

Fix k in NU {0}, let X be as in section 2.1.1, 6% : X + X the k™ shift on X, and
(0** A, o**a) the C, (X )-algebras constructed in the same section, with fibres (0**A), =
Ay, for all z in X. In this section, we construct a (6**A, 0**a)- (A, o) imprimitivity
bi-module E*. First, we construct the finite stages of the fibres E¥, for any z in X.
Then, we take their inductive limits, and see how the limits glue together to form E*.

For a finite path z = 2125...2, in P", and n > k, recall that we denote zjy12k12...2n
by ¥z, and this will not cause confusion as the length of path will always be specified.
Also, denote B(H, K) to be the bounded operators from a Hilbert space H to another
Hilbert space K, and recall the definitions of the Hilbert spaces H(z) in section 2.1.1.
For n > k and a finite path z in P", let

E*z2) :={T € B(H(z),H(c"2)) : P4, T — TP’ =0 Yo € V,(2)}.

More concretely, E*(2) = @y, () B(H"(2), H'(0"2)). For a in A(z) and T in E*(2)
let Ta denote the composition as operators a : H(z) — H(z) and T : H(z) — H(c"2).
Since P/a = aP} for all v in V,(2), 0 = (P%, T — TP!)a = P Ta — TaP; for
all v in V,,(2). Therefore, Ta is in E*(z), so the operator composite defines a right
A(z)-module structure on E*(z). Now, for operators S,T in E*(z), let (S,T), = S*T
be the composite of T" with the operator adjoint of S. For all vertices v in V,(2),

S*TPY = S*PY, T = (P%_S)*T = (SPY)*T = P'S*T. Therefore, (S, T), is in A(z).
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We check that (-,-). defines an A(z)-valued inner product: for a in A(z) and S, T in
E*(z),

(i) (S*T)a = S*(Ta) by associativity of operator composition

(ii) (S*T)* = T*S since for all vectors ¢ and ¢ in H(z), (S*TY,p) = (T, Sp) =
(0, T*S¢)

(iii) 7*T > 0 because for all vectors ¢ in H(z), (T*T,¢) = (T¢,Ty) >0

(iv) T*T # 0if T # 0 because if T # 0 for some vector ¢ in H(z), then (T*T),¢) =
(Tp, Ty) # 0

(v) E*(z) is complete with respect to the norm ||\/(T, T).|| because E*(z) is a finite
dimensional vector space.

Therefore, E*(z) equipped with the above right A(z)-module action and bi-linear form
(-,-) is a right Hilbert A(z)-module. For paths p and ¢ in P"(z) such that r(p) = r(q),
let Let S,x,, be the operator in E*(z) defined on a basis vector §,,  in P*(z) by

S (5)) = {o itr#g

Oghp ifr=g¢q
Then, for paths p, ¢ in P"(z) such that r(p) = 7(q), (Ssk(p).q> Sor(p)p)+ 15 the rank
one operator sending d, to d,. Such operators (ranging over p, ¢) linearly span A(z),
so it follows that E¥(z) is a full Hilbert A(z)-module. Similarly, for a in A(c"z) and
T in E*(z), the operator composite aT" defines a left A(c*z)-module. For S and T
in E*(z2), let (S, T) = ST*. By similar observations as above, this defines an inner
product on E(z) which is full and compatible with the left A(c*z)-module structure.
A(o*z) — E*(2) and E*(z) < A(z) are compatible because of associativity of operator
composites: for operators a in A(c%z), b in A(z) and S,T,U in E*(z), we have

(i) (aT)b = a(Th), and
(i) (ST*)U = S(T*U).

Now, let e be an edge in M such that r(z) = s(e). Let ¢, ... : E¥(2) — E*(z % ¢)
be the linear map defined for T in E*(2) as ¢, ..(T) = D reB(e) Ry(c"2)T(Ry(2))*.
Since the partial isometries R¢(Z), f in E(e) have pair-wise orthogonal ranges, for T
in E%(2) and b in A(z) we have

Gz ose(T)pzzne(d) = (> Rp(0"2)T(Rp(2)))( Y Rp(2)b(Ry(2))") =

fEE(e) f'€E(e)

= 3 Ry TR ()

JE€E(e)
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Since b is in A(z), for f in E(e), PXOb(Rs(2))* = bV (Rp(2))* = b(Rs(2))
Therefore, 3 ;e poy Ry(0*2) TP Vb(Rp(2))* = ¢ ose(TH). Hence, s oue(T)¢s,ne(D) =
G.24e(Th). Again, Using the pair-wise orthogonality of the ranges of R;(c"z), f in
E(e), For S and T in E*(z), we have

(Gr20e(S), Grne(T)u = D Ry(2)87(Rp(0%2))" Ry (0%2)T(Ry(2))" =
(f.f")EE(e)?

3" Ry(2)S PADT(Ry(2))".
fEE(e)

Since PUS,EJ;)T = TPY for fin E(e) and SV (R (2))* = (Rs(2))", it follows that

<¢z,z*e(5)7 ¢z,z*e(T)>* = Z Rf(Z>S*T(Rf<Z))* = Soz,z*e(<Ta S)*)

fEE(e)

Therefore, (¢, 4e(9), Dz one(T))s = @z 24e((S, T),). Similarly, for a in A(c*z) and S, T
in E¥(2), ¢z e (0T) = 02 20e(@) Pz, ove(T) AN (@ 246 (S), Gz zne(T)) = Pokzghzne (+(S, T)).

Now, for a point z in X and n > k let ¢no = ¢uyy a0,y LThen, by the above
calculations, the inductive sequences {¢,_j okstn>ks {Pnafn>k: {Pnen>r form an in-
ductive sequence of the E* ([ ;) as imprimitivity bi-modules. Let {g,, & okss Agrs tn>k,
{0n.es E¥} sty {fin.es Az o>k be the inductive limits of the respective sequences, and
equip E¥ with the A, - A, imprimitivity bi-module structure as in proposition 3.1.6.

Equip E¥ := ,cpn E¥(2) with the o**A,-A, bi-module structure defined factor-
wise, for a in 0**A,, S,T in E*¥ bin A,, and z in P" as

o aT'(z) =a(2)T(z), Th(z) = T(2)b(z),
o (5,T):(2) = (5(2), T(2))s, +(5,T)s(2) = +(S(2), T(2))-

Let ¢, o1 © 0™ A, = 0" A1 and ¢, © A, — A,41 be as in section 2.1.1 and define
bp : EF — Eﬁﬂ pointwise, for 7' in EX, by

On(T)(z%xe) = s me(T(2)) for all z in P", e in M such that r(z) = s(e).

Then from the above (factor-wise) calculations, {¢, ok tn>k; {Ontnzks {@n}n>k is an
inductive sequence of imprimitivity bi-modules. Consider the map 6, : E¥ +— T cx EF,
defined factor-wise, for all T in EF and z in X, by 7,(0,(T)) = 6,,.(T(2[1,)). Then,
the 6, are injective and 0,41 0 ¢, = 0,,, so E¥ :=J, -, (0,,(E,)) along with {6, : Ef —
E*},>1 is an inductive limit of {¢,}n>1. Equip E* with the o**A - A imprimitivity
bi-module structure as in proposition 3.1.6. Then, it is easy to show, for all a in
o™ A, S, T in E* and b in A, that m,(aT) = 7m.(a)7.(T), 7,(Tb) = 7.(T)7.(b),
7 ((S, 7)) = (m.(S), me(T))s, and 7, (. (S, T)) = (m(S), (1)) for all x in X, so
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the o** A-A bi-module structure on E* is given point-wise by the Hilbert A, x,-A,
bi-module structure on E¥, for all x in X. Since the C,(X) structures on o**A and
A are also point-wise multiplication, it follows that E* is also a (o**A, c**a)-(A, a)
imprimitivity bi-module.

3.3 Groupoid Equivalence

In Muhly, Renault and Williams [31] a notion of Morita equivalence between groupoids
was developed, and was shown that many known examples of Morita equivalent pairs
of C*-algebras have such a groupoid model. Here, we present this notion of groupoid
equivalence between étale groupoids, and prove that the composition of étale groupoid
equivalences (definition 3.3.4, and the construction after proposition 3.3.5) is an étale
groupoid equivalence. We then present how an imprimitivity bi-module arises from a
groupoid equivalence (theorem 3.3.14), and prove the composition of groupoid equiva-
lences is a groupoid model for the balanced tensor product defined in section 3.1. We
define the notion of an equivalence between groupoid bundles over a space X in defini-
tion 3.4.1 and show that the induced Morita equivalence are Cy(X)-equivalences. The
latter sections are devoted to examples of groupoid bundle equivalences between the
groupoid bundles introduced in Section 2. We assume all topological groupoids men-
tioned are locally compact Hausdorff and étale with paracompact unit spaces. The
following two definitions are due to Muhly, Renault and Williams [31].

Definition 3.3.1. Let G be a topological groupoid and E a topological space. A left
(resp. right) G action on E, denoted G — E (G < E) consists of a continuous
open surjection p : E — G° (resp. o), and a continuous product map p: Go E — E (

p:EoGw— E), where GoE = {(g,e) € GXE :5(9) =ple)} (EoG ={(e,g):7(g9) =
o(e)}). The image p(g,e) is denoted ge (resp. p(e,g) = eg) and is required to be

(i) associative: if (g1, g2) is in Go G and (go,€) in Go E, then (g1g2,€), (g1, g2€) are
in Go E, and g1(g2€) = (g192)e

ii) invertible: if u is in G°, and p(e) = u, then ue = e
p
(a right action must also satisfy these two conditions). We say the action is

(111) free: if ge = e implies g is in G°

(iv) proper: if the graph of the action P : G o E w E?, defined for (g,¢e) in Go E as
P(g,e) = (ge,e), is a proper map.

If the action satisfies (i) — (iv), then G — E is called a principal G-action

Definition 3.3.2. Let G, H be topological groupoids with paracompact unit spaces. A
G-H equivalence G — FE <+ H consists of a principal left G action, as well as a
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principal right H action on a second countable locally compact space E together with
the two compatibility conditions:

(i) the actions commute: if (g,€) is in GoE and (e,h) in Eo H, then (g,eh), (ge, h)
are in Go E, E o H, respectively, and (ge)h = g(eh).

(ii) p, o are injective modulo H, G, respectively: if ey, es are in E such that p(e;)
p(es), there is h in H for which eth = ey. If ey, es are in E such that o(ey) =

o(eq), there is g in G for which ge; = es.

The following proposition will be useful to us when we construct the product of
groupoid equivalences.

Proposition 3.3.3. Let G — E be a groupoid action of an étale groupoid G. Then,
the product map p : Go E +— E is open.

Proof. For g in G, by the étale property, there is an open set U, C G such that
7, 5|y, are homeomorphisms, i.e., U, is a G-set. Let U, := s(U,) and U, = r(U,).
Consider the continuous maps 83, : p~'(Us) — p~}(U,), defined for e in p~(U,) as
Be(e) = (slv.) " (p(e))e, and B = p~H(Uy) = p~H(Us), defined for f in p~(U,) as
Bs(f) = ((rlv,) " (p(f))~1) f. Tt is obvious, by invertibility of the action, that 3,0 3, =
idy-1(y,) and B, o B = id,1(y,). Therefore, 3, is a homeomorphism. For V' open in FE,

we have

p(Uyo V) =pUyop  (U;NV)) = B.(p~ " (Us) N V).

Therefore, p(U, o V') is open. Since G-sets generate the topology on G and sets WoV,
W open in G, V open in F, generate the topology on G o F, it follows that p is an
open map. ]

We define the analogous notion of a G-set (definition 2.2.1) for a groupoid equiva-
lence.

Definition 3.3.4. Let G — E < H be a G-H equivalence between étale groupoids. We
call an open set U C E an E-set if o|y, ply are homeomorphisms. This is equivalent
to o and p being injective on U, since these maps are already open and continuous.
We say E is étale if every point e in E has a neighbourhood which is an E-set, i.e.,
p,o are local homeomorphisms. If U is an E-set, we will call o o (p|ly)~! the E-map
of U, and we will denote it vy .

We now show that when a groupoid equivalence is étale, the groupoid actions are
automatically proper.

Proposition 3.3.5. Suppose two groupoid actions G — E < H for étale groupoids
G, H satisfy (i) — (i) in definition 3.3.1, and (i) — (ii) in definition 3.3.2. Suppose
p and o are local homeomorphisms. Then, the actions are proper, and therefore define
an étale G-H equivalence.
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Proof. We prove this for the left action. Let E7 = {(z,y) € F*: o(z) = o(y)}, which is
closed in E?. By injectivity of o modulo G, the graph of the action P : GoE + E° is a
surjection. P is also continuous and injective because the action of G is continuous and
free. To show P is proper, it suffices to show P is a homeomorphism. By proposition
3.3.3, the product map p: Go F +— E is open. Also, the projection my : Go E — E
is open because for U, V open in G, E, respectively, my(U o V) = p~*(s(U)) N V. Let
U be an open set in G and V an open set in E such that o|y is injective. We prove
PUoV)=pUoV)xmUoV))NE?. “C7 isautomatic. Suppose (u,v) is in
(p(U o V) x m(U oV))N E?. Therefore, v is in V and there is g in U and v’ in V'
such that g’ = u. Since o(v') = o(gv’) = o(v), it follows by injectivity of o on V' that
v="1". Hence, P(Uo V)= (p(UoV) xm(UoV))NE?, so P(UoV) is open. since
E-sets V' generate the topology on E and sets U o V' generate the topology on G o E,
it follows that P is an open map. O

We now show how to compose two étale groupoid equivalences G; — F; + H,
H — FE; < Gy between étale groupoids into an étale groupoid equivalence G; —
Ey Xy Ey < G,. The fact that groupoid equivalences can be composed is alluded to
in Muhly, Renault and Williams [31]. The construction of the product of groupoid
equivalences is done in full generality by Holkar [14]. As the proof in general is quite
technical we prefer to simplify things by just considering the étale case.

Consider the fibred product Ej o Ey := {(e1,e2) € Ey X Ey : o1(e1) = pa(es)} and
the relation ~ on Fj o Fy defined by (eq,e3) ~ (fi, f2) if there is h in H such that
o1(e1) = r(h) and (e1h, h=tey) = (f1, f2). ~ is an equivalence relation:

o (reﬂexivity) fOI‘ (61, 62) n El (¢] EQ, (61, 62) ~ (610’1(61), 0'1(62)62) = (61, 62),

e (symmetry) for h in H and (e, es) in E} o E such that oy(e;) = r(h),
(e1,e2) ~ (erh, h™tey) implies (erh, h=tesy) ~ ((erth)h™ h(h™tesy)) = (e1, ea),

e (transitivity) for hq, ho in H, such that s(h;) = r(hg) and (e1, e2) in E; o Ey such
that o1 (e1) = 7(h1), (e1,e2) ~ (erhy, hy'es) and (eyhy, hytes) ~
((61h1)h27 h;l(hfleg)) 1mphes (61, 62) ~ (61(h1h2>, (hlhg)_leg).

Let q: FyoFEy — EjoFEy/ ~ =: Ey Xy Ey be the quotient map, and give Ey X g Fy
the quotient topology. For (e1,e3) in Ej o Ey, we will denote ¢((eq, e2)) as [e1, e

Proposition 3.3.6. ¢ : Ey o Es — E; Xy Es is an open map.

Proof. Let (e1,e3) be in Ej o Ey, and Uy, Us be open neighbourhoods of ey, e5, respec-
tively. We prove the proposition for the open set U; o Uy = {(uy,u2) € Uy x Uy :
o1(u1) = po(uz)}. This amounts to showing the saturation Uy of Us := {(f1h, h™1 fo) :
(f1,f2) € UroUs, h € H, o1(f1) = r(h)} is open. Let (fih,h™"f2) be in Uy o Uy,
where (f1, f2) is in Uy o Uy and h is in H such that o,(f;) = r(h). Let U, be a G-set
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about h. By proposition 3.3.3, the sets p;(U; o Uy), p2(U, ' o Uy) are open in Ej, Fs,
where py, py are the product maps. Therefore, W = p; (U, o0Uy,)ope(U, ' oUy) is an open
neighbourhood of (fih,h™1fs). Let w = (uyhy, hy 'ug) be in W, where u, uy are in
Uy, Us, respectively, and hq, hy are in Uy, such that oq1(uq) = 7(hq) and r(hg) = pa(uz).
Then s(hy) = s(hg), and so hy = hy = h'. Therefore, o1(uy) = r(h') = pa(uz), so
(u1,us) is in Uy o Uy and w = (ush/, /" tuy) is in Uy og Us. Hence, W C Uj op Us,
proving that the latter is open. O

Corollary 3.3.7. E| Xy FEs is locally compact and second countable.

Proof. F, o Es is locally compact and second countable because it is a closed subspace
of E1 X Fy. q: Fyo Ey — FEy Xy Es is a continuous open surjection, and so local
compactness and second countability pass on to Ey xXpgy Ejs. O

We now define the left and right actions of G1, Gy, respectively, on E; X g FE>. First,
we will define the structure maps p12, 012. Let m : By X Ey +— Ey, w9 : E1 X Ey — Fy
be the projections and pis := p1 © T1|EoE,, 012 := 02 © Ma|p0E,. For (e1,es) in £y o sy
and h in H such that oi(e;) = r(h), pia(er, e2) = pi(er) = pi(erh) = pia(erh, htey),
so p12 descends to a continuous map pio : By X Ey — GY. pys is a surjection because
for every e in Ey, 0 # (e, p; ' {o(e)}) C Ey o Fy and p; surjects E; onto GY. pys is an
open map because pi2(q(Vi o V) = pr(Vi N oy (p2(Vz))) and py, py are open maps.
012 also descends to a continuous open surjection o5 : By X FEy — GY defined by
o12le1, ea] = oa(ez). The proof is similar.

Let pg, : Gy o By — E; and pg, : Ey o G — E5 be the product maps. oy, po are
invariant under the the left action of GGy, right action of G5, respectively. Therefore,
(pa, x idg,) ' (Ey o Ey) = Gyo (Ey 0 Ey) and (idg, X pg,) ' (F1o Ey) = (E) 0 Ey) o Gb.
Hence,

1= pg, Xidg, : Gro(E10Ey) — Ei1oE, and py := idg, Xpa, : (E10FEy)oGy — Ejo
E5 define continuous and proper actions with structure maps pio, 072, respectively. For
91101 G1, g2 in Gy, hin H, and (eq, e2) in Ej0 Fy such that s(g1) = p1(e1), o1(e1) = r(h),
and oy(ez) = 1(g2), (e1,6€2) ~ (erh,h™tey) if and only if (gier,es) ~ (gieih, h™tes) if
and only if (e1, esg2) ~ (e1h, h™teags). Therefore, the actions on E; o Ey descend to
actions on E; Xy Fy (with structure maps pi2, 012) making the following diagrams
commute:

G10<E10E2> p—~1> E10E2

lidcl xq lq

Glo(El XHEQ) L El XHE2
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(E10 Ey) oGy _n E,o B,

quidc2 lq

(El XHE2>OG2 L El XHE2

By proposition 3.3.6, idg, X q: G1 X (Ey 0 Ey) — G X (Ey Xy Es) is an open map.
Since G o (Fj o0 Ey) is a closed subspace of G X (E} o Esy) saturated under idg, X ¢ and
(idg, X q)(Gyo(FEi0Es)) = Gyo(E; Xy Es), the restriction idg, X q : Gy o (FE;j 0 Ey) —
G110 E; Xy Es is a quotient map. So, p; is the descent of p; by quotient maps, and
is therefore continuous. Similarily, p, is continuous. The actions on F; xy Ey are
associative and commute with each other because they do have these properties at the
level of E; o Ej.

We show that pis, 012 are injective modulo the right Gy action, left G action,
respectively: Suppose [e1, es] and [f1, fo] are in Ey Xy Eoy and pysler, es] = pia[fi, f2]-
Then, by definition of pis, p1(e1) = p(ez). By injectivity of p modulo H, there is h in H
such that e;h = f;. Therefore, [e1, ea] = [f1, h ™ 'es]. Since pa(hles) = s(h) = o1(f1) =
p2(f2), there is g in Gy such that h™lesg = fo. Therefore, [eq,es]lg = [f1,h  eag] =
[f1, f2]. By a similar argument, 015 is injective modulo Gj.

Now, we show that the actions are free: for g in G and [eq,es] in Ey Xy Ey such
that s(g) = piale1, ea], gler, ea] = le1, eo] if and only if there is h in H: (gej,es) =
(eth,h~tey). Therefore, ea = h™ley, so his in HY. Hence, ge; = ey, so g is in GY.
Similarily, the G5 action is free. Therefore, the actions G; — F; x g Fs < G4 satisfy
()-(7i7) in definition 3.3.1 and (7)-(é¢) in definition 3.3.2, so by proposition 3.3.5 to
show G; — E; xg Fy < G, is an étale equivalence, it suffices to show pi5 and 015 are
local homeomorphisms.

Proposition 3.3.8. Let Gy — Fy < H and H — FE5 <— G4 be groupoid equivalences.
If U is an E;-set (definition 3.3.4) and 'V is an Ey set, then q(UoV') is an Ey X i Fs-set.
When o(U) C p(V), forits Ey x g Ey-map (definition 3.3.4), we have yy oy = Ygwov)-

Proof. We show pia|qwovy is injective. The proof for oy, is similar. Suppose (uq,v1),
(ug,vq) are in U oV and piafur, v1] = piafus, v2]. Then, by injectivity of p12 modulo
G, there is a g in Gy and h in H such that (uj,v1) = (ugh, h'vyg). Since U is an
Ei-set u; = ugh implies h is a unit. Therefore, v; = vog. Since V' is an Es-set, v = v9g
implies ¢ is a unit. Therefore, (uy,v1) = (ug,v2). The conclusion for the E-maps is
obvious. O

Corollary 3.3.9. The product of étale groupoid equivalences is an étale groupoid equiv-
alence.

Proposition 3.3.10. Let Gy — Ey < H and H — FE5 < Gy be groupoid equivalences.
Suppose either

47



(i) Ey is Hausdorff and oy : Ey — GY is a local homeomorphism or
(ii) Ey is Hausdorff and py : By — G2 is a local homeomorphism
Then Fy x g Fy is Hausdorff.

Proof. We prove (i). The proof of (ii) is similar. Since £ X g F continuously surjects
onto Hausdorff spaces GV, GY via pia, 019, it suffices to prove the Hausdorff property
for pairs of distinct points [eq, es], [f1, f2] in By Xy Es such that piseq, es] = piafi, fo]
and oysler, ea] = o12[f1, f2]. In this case, there are hy, hy in H such that e; = f1hy
and ey = hofy. Hence, [e1, 0] = [fihihy ', fo]. Since [e1, eo] and [f1, fo] are distinct,
h := hihy"' is not a unit. By the Hausdorff condition on E;, we may choose disjoint
neighbourhoods U about fih and V about f;. Let W be a neighbourhood of f
such that ool is injective. Let Z; = q(U o W), Zy = q(V o W). Zy,Zy are open
neighbourhoods about [fih, fa] = [e1, es] and [f1, fo], respectively. Suppose z is in
Zy N Zy. Then, there are (x1,22) € Uo W, (y1,42) € VoW and an h in H such that
x1h = y1, h™'xy = yy. Therefore, oa(x3) = 09(y2), S0 T2 = yo by injectivity of oy on
W, implying that A is a unit. Therefore, x1 = y;, which is impossible since U, V' were
chosen to be disjoint. Therefore, Z; N Zy = (), proving the proposition. O

Corollary 3.3.11. The product of Hausdorff étale groupoid equivalences is a Hausdorff
étale groupoid equivalence.

Definition 3.3.12. Let G — Ei < H and G — E5 < H be groupoid equivalences. We
say E1 1s topologically conjugate to Es if there is a homeomorphism ¢ : Ey — Ej
such that py o p = p1, o5 0@ = o1 and for all g € G, e € Ey, h € H such that
s(g) = pi(e), r(h) = o1(e), we have p(geh) = gp(e)h. We call such a map ¢ a
topological conjugacy.

Proposition 3.3.13. Suppose G; — FE, < H and Gy — Fy < H are topologically
conjugate étale equivalences, via a conjugacy o1 : By — Fy and H — Ey < G9, H —
Fy < G4 are topologically conjugate via a conjugacy s : Fo — Fy. Then, Ey X g Es is
topologically conjugate to Fy X g Fy via the conjugacy p1 X g po : By Xg By — Fy X F,
defined for [e1,es] in Ey Xy Ey as 1 X g @aler, e2] = [@1(e1), pale2)].

Proof. 1 X s is well-defined because, for (e, e2) in Ey o Fy and h in H such that
o1(e1) = r(h), p1 x pa(erh,hles) = (p1(e1)h, hlps(es)) and is continuous because
it is the descent of a continuous map by quotient maps. Similarly, ;' xz @5 " is
well defined, continuous, and is the inverse of ¢, Xy @s. Therefore ¢ xXpg s is a
homeomorphism, and it commutes with the left actions of G, right actions of G
because 1, @2 do. O]

We present how Muhly, Renault and Williams produce a C*(G)-C*(H) imprimi-
tivity bi-module from a (G, H) equivalence in [31].
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Theorem 3.3.14. Let G — E < H be an étale groupoid equivalence, and let Fy =
C.FE), Ay = C.(G), By = C.(H), where Ay, By are equipped with their structure as
dense *-sub-algebras of C*(G),C*(H). Then, the following left, right actions and pre-
inner products ,(-,-), (-,*)« equip Fy with the structure of a Ag- By pre-imprimitivity
bi-module (see definition 3.1.5) Ag — Fo < By:

o af(e) =2 cau(g—pe U9 f(g7e), a €Ay, fEF, e€E
o fb(€) = chrn—ore) f()B(RY), f € Fy, b€ By, e € E
o (1, 12)(9) = Xecmper—ri) N9 O Fale), fr.fa€ Fo, g€ G
o (fi.fo)i(h) = Xecpot)ormy J1(€)f2(eh), f1, 2 € Fo, h € H.

By Raeburn and Williams proposition 3.12 [41], Ag — Fy < By completes to a Morita
equivalence C*(G) — Fg < C*(H) (definition 3.1.2).

Remark 3.3.15. Recall from remark 3.1.8 that a left basis B = {&;}, basis of an A-B
imprimitivity bi-module F determined a projection z in M, (B) that we said was the
analog to the characteristic function xy of a first return domain'Y C X for a dynamical
system T : X — X. To elaborate more on this analogy, let’s assume T : X — X 1is
a homeomorphism of a compact Hausdorff space X, Y C X is clopen and compact,
and that every orbit of T eventually intersects Y. Such a situation can occur when T
is a homeomorphism of the Cantor set. Denote G to be the transformation groupoid
of T. Then, the pair of actions Grly — GY. <+ Grp, considered in the introduction,
is a groupoid equivalence in the sense of definition 3.3.2. The induced C*(Grly)-
C*(Gr) imprimitivity bi-module, C*(GY.), will then contain xy, and the single element
set {xy} will be a left C*(GY) basis. To see the case of a basis with n elements in
this special setting, let {¢;}, be a partition of unity in C(Y) C C*(GY). Then,
B = {/é; ), will be a left basis for C*(GY). The projection z in M,(C*(Gr)) it
determines has the property that the sum of its diagonal entries, which is A(B)(1),
is equal to xy. Therefore, we can think of choosing a basis B = {g;}_; for an A-B
imprimativity bi-module as realizing the bi-module F' as a non-commutative first return
procedure. The diagonal entries {(g;,€;).}7_, of the projection z in M, (B) determined
by a left basis B is a cover of the non-commutative first return domain. Although
A(B)(1) = > 1 (e €i)s is in general not a projection, we will think of it as a non-
commutative first return domazin.

Now, we prove the following functorality result. This is proven in Holkar [14] in
the general case, but we prefer to provide a simpler proof for the étale case. Recall
the definition of the composition of imprimitivity bi-modules in the discussion after
proposition 3.1.6.
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Proposition 3.3.16. Let G; — E, «+ H, H — FE5 < G5 be étale groupoid equiva-
lences. Then, the composition Fg, @c«) Fr, and Fg, x5, are isomorphic as C*(Gy)—
C*(Gq) imprimitivity bi-modules (definition 3.1.3).

Proof. Consider the bi-linear map U from C.(Ey) x C.(FE>) to functions on Ey Xy Es
defined for (f1, f2) in CL.(Ey) x Co(Ey) by U(f1, f2)([e1, ea]) =

ZheH:UI(el):T(h) filerh) fo(htey), where [e1, €] is in By X g F,. Since the supports of
f1 and fy can be covered by finitely many FE-sets, for any [ej, e5] in Ey X g Eathere are
at most finitely many h in H for which e;h is in the support of f; and h~le, is in the
support of fo. Therefore, the sum in U(f1, f2)[e1, e2] has finitely many non-zero terms.
First, we prove U(fi, f2) is in Co(Ey x5 E5). By bi-linearity, and the étale property of
Ey, F, it suffices to prove this for fi, fo supported in E-sets Uy, U, respectively. Let
supp(f1) = K1, supp(f2) = Ks, and K := q(K; 0 K5). For (e1,e3) in Kj 0 Ky, it follows
from the E-set property of Uj, qg that U(fl, fo)ler, ea] = fi(er) fale) = f1 @ faler, ea).
For [e, es] not in K, we have U(fi, f2)([e1, e2]) = 0 since none of the summands will
land in K, o Ky. Therefore, we can write U(f1, f2) = f1 ® f2 o (qlu,or,) " and so
U(fi, f») is in C.(Ey xy E). Since the functions of the form f; ® fo|g,om, densely
span C.(Fy o Ey) and ¢ : Fy o Ey — E; Xy Es is a local homeomorphism, it follows
that functions f; ® f2 o (q|y,0r,) " densely span C.(E; x F,), and therefore the linear
map U : C.(Ey) ® Ce(Es) — C.(F; xg Es) defined on basic tensors by U(f; ® fo) =
U(fr, f2) has dense image. Let 15(-,-), (-,-)12 be the pre-inner products defined in
section 3.1 below proposition 3.1.6. We now show for all basic tensors ¢ ® @, 11 ® 19
in Ce(Er) @ Co(Er),

AU (01 ® 02), U1 @ 102)) = 12{1 ® 2,11 ® 1)2) and

(U(p1 @ 92), U1 @12))s = (01 @ 92,91 @ )12

We show the equality for the right inner products. The calculation for the left is similar.
For g in GG, we have

(Ulp1 @ 2, U(1hr @ 1)) u(g) =
D Uler @ @)l ylU (¢ @ ), yg] =

[z,y]:02(y)="(9)

Z Z ?1(zh))@z(hy 'y) v (zha)ha(hy ' yg) = (%)

[z,y]:02(y)="(g) h1,ha€H:r(h;)=01(x)

By injectivity of o5 modulo G, we can replace the [x,y] : 02(y) = r(g) summand

by g € Gy : o1a([9120,%0]) = 7(g), for any fixed [zo,y0] € E1 xu Ea, 02(y0) = 7(9).
Therefore,
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(%) =
Z @2(hy  yo) 2 (3 og) Z @1(g1w0ha ) (grzoha by thy)

h1,ha:r(hi)=p2(yo) g1:5(g91)=p(z0)

=Y Bl ) en v (i he)a(hy wog) =

ha,ha:r(hi)=p2(yo)

Yoo @mhitw) Y. (e by ha)ea((hy o) T hy tyag) =

hi:r(h1)=p2(yo) ha:r(h2)=r(h1)

Z D2(h1 o) ({01, 1) wtha(hy '90g)) = (02, (01, 1) wtha)s =

hy:r(h1)=p2(yo)

(1 ® V2,11 @ Ya)12.

Therefore, U descends to a linear map U : Ce(E1) @cx(my Ce(Fa) = Co(Ey X g Es)
with dense range preserving the pre-inner products, so U extends to a C*(G1)-C*(Gs)
Hilbert bi-module isomorphism. O

The next proposition will be useful to us when we consider groupoid renormaliza-
tion.

Proposition 3.3.17. Suppose G — E < H is an étale groupoid equivalence. Let W
be an E-set, and let ¢, 1 be in in Co(W) C Cu(E). Then, (¢,9) = ¢ o ply,t and
(0,9). = PP ool

Proof. We prove the first equation. The second is similar. For g in G, .(¢,¢)(g) =
D e Bp(e)=r(g) d(g~'e)v(e). If g~'e # e, then the fact that o is a homeomorphism on
supp(¢) U supp(v)) and o(g~'e) = o(e) implies ¢(g'e)¥(e) = 0. Since the action of
G is free, g7'e # e holds if g is not a unit, so if ¢ is not in G, then ,{¢,)(g) = 0.
Now, suppose ¢ is not in p(W). Then, for any e in E such that p(e) = r(g) = g, e is
not in W, so ¢(g~'e)i(e) = 0. Hence, .(¢, ) is in C.(p(W)). For w € W, since p is a
homeomorphism on W, if e in £ is such that p(e) = p(w) and e # w, then e is not in

W, so ¢(e)v(e) = 0. Therefore, , (¢, V) (p(w)) = dh(w). O

3.4 Groupoid Bundle Equivalence

We provide a groupoid bundle analog to Cy(X)-equivalences.

Definition 3.4.1. Let (G, ), (H, p) be groupoid bundles over a locally compact Haus-
dorff space X. A groupoid bundle equivalence (G,7) — E + (H,u), or (G,m)-
(H, n) equivalence for short, is a groupoid equivalence G — E < H (definition 3.3.2)
such that mo p = ppoo. Denote E* := p~ Y (n 1 (X \ {z})) = o Y Y(X \ {z})) and
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E, =p Y Ha}) = oY (puHa}). mop=poo implies G, — E, + H, is a groupoid
equivalence for all x in X. We will call E, the fibre of E at x. (G,m) — E « (H, 1)
15 said to be an €tale groupoid bundle equivalence if it is an étale G-H equivalence

Proposition 3.4.2. Let (G,7), (H,p) be étale groupoid bundles over X, and let
(G,m) = E < (H,u) be an étale groupoid bundle equivalence. The induced Morita
equivalence C*(G) — Fg < C*(H) is then a Cy(X)-equivalence (definition 3.2.1).
Also, for every x in X, (Fg)* = Fge, and so (Fg), ~ F(g,) as Hilbert C*(G,)-C*(H,)
bi-modules (definition 3.1.3).

Proof. Let a be in C.(G), fin C.(E), bin C.(H), and k in Cy(X). Then, for e in E,

(ka)fo(e) = ) k(n(g))alg)fblg~"e) = k(m(p(e)))afble).

geGir(g)=p(e)

and
af(bk)(e) = Y af(eh)b(h " )k(u(h™)) = k(u(a(e)))afble).
heH:r(h)=o(e)
Since mo p = po o, it follows that (ka)fb = af(bk). Since a was arbitary in a dense
sub-algebra, it follows from non-degeneracy of 7*, u*, that kf = fk. Therefore, F is
a Cp(X)-equivalence. The proofs of (Fg)® = Fg« for all x in X and of the corollary
that (Fg), ~ Fg, are similar to the proof of proposition 2.2.9 O

3.4.1 AF Groupoid Equivalence

Let m : H +— G be a non-degenerate surjective graph homomorphism, and let (R, 7) be
the groupoid bundle over X as in section 2.2.1. Since the groupoid bundle (R, 7) of
AF groupoids is over a much nicer space than the field of AF algebras in section 2.1.1,
we can provide a groupoid model for the equivalences between AF algebras presented
in section 3.2.1 that forms a groupoid bundle equivalence between (05 R,, o57) and
(R, ) over Xg, where o is the shift map. We provide such a model in this section.

Let F = {(z,y) € Xy x Xy : (x,ony) € R;}. We can equip F with left o}, R,
right R, actions as follows: Let p : F' +— 05Xy and o : F' — Xy be the structure
maps defined for (z,y) in F as p(z,y) = (z,7(y)) and o(z,y) = y. Then, ((z1,x2), 2)
in o5 R, is composable with (z,y) if and only if 25 = 2 and 7(y) = 2, in which
case ((1,2),2)(x,y) = (z1,y). Similarily, (y1,y2) in R, is composable with (z,y) if
and only if y = yi, in which case (z,vy)(y1,v2) = (z,y2). F is closed under the left
product because (z1,0ny) = (21,22)(22,05y). The factors on the right are in R,
so by closure of Ry, (z1,y) is in F. Similarily, (z,y9) is in F' because (x,0py2) =
(x,0nvy1)(0Y1,05Y2), and both factors on the right are in R,. Associativity of either
action is trivial. For (z1,29) in o5 R, and (z2,y) in F, (1, 22)(22,y) = (22,y) if and
only if x1 = x9. Therefore, the left action is invertible and free. Similarly for the right
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action. The actions are compatible with each other because left multiplication only
changes the left-most co-ordinate x for a point (z,y) in F, and right multiplication
only changes the right-most co-ordinate y of (z,y), but keeps 7(y) the same.

We show p, o are bijections modulo the right, left actions, respectively: o is
surjective because for every y in Xy, (ogy,y) is in F. If (z1,y) and (x9,y) are
in F, then g = ((z1,22),7(y)) = ((z1,0mY),7(y))((x2,08Y),7(y)) is in o5 R,, and
g(xa,y) = (x1,y). Therefore, o is bijective modulo the left o, R, action. Now, let (z, z)
be a point in 0. Xy. By the non-degenerate assumption on the surjection 7 : H — G,
there is an edge f in H such that 7(f) = z; and r(f) = s(x). Therefore, (z, f * ) is
a point in F such that p(x, f x ) = (x, z). Hence, p is surjective. If (z,y;) and (z,ys)
are in F' and 7(y;) = 7(ya), then (ogyi,ony2) = (x,0ny1) (x,0ny2). Therefore,
h = (y1,y2) isin R, and (z,y1)h = (x,y2), so p is bijective modulo the right R, action.

As for a topology on F, for n in N, let z in P and w in Pp™ be paths in H such
that r(2) = r(w) and 7(2) = ogm(w). Define U(z,w) = {(z,y) € XuxXpy : Zpi1,00) =
Yin+2,00) A0 (1) = 2, Y1) = w}. Then, U(z,w) is contained in F, and such sets
form a basis for a topology on F. For such a pair z, w, 0 maps U(z,w) bijectively
onto U(w) and p maps U(z,w) onto Uy, (2) := {(z, w1 *7(x)) € Xug x Xg : xpn = 2}
Continuity is also easily checked. Therefore, o and p are local homeomorphisms. Then,
by proposition 3.3.5, the actions are proper. Hence, oiR, — I < R; is an étale
groupoid equivalence. Since oi7(p(z,y)) = w(y) = w(o(z,y)) for all (z,y) in F, it
follows that F' is an étale groupoid bundle equivalence (0§ Ry,057) — F < (R, 7).

3.4.2 Rotation Groupoid Equivalence

Let Xo = (0,1) and X; = UnEN(nLH7 1). The Gauss map is the continuous surjection
G : X; — X defined for 0 in X, as G(0) = 3 — | 5], where |z] for  in R, is the largest
non-negative integer bounded from above by x. Let ¢ : X; — X, be the inclusion. Let
H be the groupoid bundle over (0,1) as in section 2.2.2. We identify G*H with the
transformation groupoid

X1 X R/Z X o Z,
where G*a @ X7 x R/Z — X; x R/Z is the homeomorphism defined for (#,z) in

X, x R/Z as G*a(f,z) = (0, + G(0)). Under this identification, G*7 becomes the
projection of X; X R/Z X g+o Z onto the first co-ordinate. i*H will be identified with
the transformation groupoid of « restricted to X; x R/Z, which is just 7=!(X;). Then,
i*m is identified with 7 restricted to 771(X;). We will show E = X x R equipped with
structure maps p, o : E +— X, defined for (0,t) in E as p(0,t) = (0,1), o(6,t) = (0, 0t),
and proposed left, right actions of G*H, i*H, defined for ((0,x,n), (¢,t)) in G*H o E,
((¢,t),(0,y,m)) in Foi*H as

(0.2, m) (1) = (0 + ), (.00 y.m) = (6,6 = m),

93



is a groupoid bundle equivalence (G*H,G*n) — E < (i*H,i*m). First, we show the
formula above and p define a free and proper left action of G*H.
Assume (0, z,n) in G*H and (¢,t) in E are such that s(6,z,n) = p(,t). Then,

p((@,l‘, ”)(%ﬂ) = p(Q,t + g) = (9,%—1—;) = (‘97 T — nm"‘ nm) = T<97 I?”)'
So, for ((6,y,m),(#,z,n)) in G*H o G*H, both ((0,y,m), [(0,z,n)(0,t)]) and
([(0,y,m)(0,z,n)], (0,t)] are in G*H o E. We have

(0.3, m)[(0. 2. m)(O.0] = (0,9, m)[(0,1 + )] = (0.6 + 5+ 5) =

= (0,y,m +n)(0,1) = [(6,y,m)(0, z,n)](0,1),

so the action is associative. (0,¢+ %) = (0,t) if and only if n = 0, so the left action is
free and invertible.

G*Ho E={(0,t+nG(0),n,0,t) :t e R, ne€Z, and § € X;},

so the map G*H o F +— X X Z x R defined by forgetting the second and fourth co-
ordinate is a homeomorphism. Under this homeomorphism, the product map sends
(0,n,t) in X; xZ xR to (0,t+7) and is therefore continuous. Similar calculations will
now be done to show ¢ and the formula above define a free and proper right action of
1*H.

Assume (0,y,m) in i*H and (¢,t) in E are such that r(6,y,m) = o(1,t). Then,

a((,t)(0,y,m)) = a(0,t —m) = (0,0t — 0m) = (0,0(t) —mb) = s(0,y,m).

SO: for ((97 Y, m)a (0, Z, n)) ini*H o Z*Ha both ([(07 t)(‘ga Y, m)]) (87 Z, n)) and
((0,1),[(0,y,m)(0,x,n)]) are in E oi*H. We have

[(0,t)(0,y,m)](0,x,n) =[(0,t —m)]|(0,z,n) = (0,t —m —n) =
- (07 t) (87 Yy, m—+ TL) - (87 t)[(ga Y, m) (87 xZ, TL)L

so the action is associative. (6,t —m) = (6,t) if and only if m = 0, so the right action
is free and invertible.

Eoi*H ={(0,t,0,0t,m) :0 € X;, t € R and m € Z},

so the map Foi*H +— X1 X R X Z defined by forgetting the third and fourth co-ordinate
is a homeomorphism. Under this homeomorphism, the product map sends (6, ¢, m) in

X1 xRxZto (0,t—m) and is therefore continuous. We now show the actions commute.
Assume (0, z,n) in G*H, (0,t) in F, and (0,y, m) in ¢*H are such that s(0,z,n) =
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p(0,t) and o(0,t) = r(6,y,m). Then, we have

p((0,6)(0,y,m)) = (0,8 —m) = (0,%) = (0, p(t))

and

o((0,2,n)(0,1)) = (8,0(t + %)) = (0,01) = o(0,1).

So, ([(8,z,n)(0,1)],(8,y,m)) is in Eoi*H and ((0,x,n),[(0,t)(0,y,m)]) isin G*Ho E.
We have

[0, 2,1)(0,0)](0,y,m) = (6, + g —m) = (0,t —m+ %) = (0, 2,0)[(0,1)(0,y,m)].
Therefore, the actions commute. Both p, o are surjective and open (moreover, they are
local homeomorphisms), so all that remains to show is that they are injective modulo
the right, left actions.

Assume (0, s) and (¢, t) are such that o((6,s)) = o((1,t)). Then, § =1 and (s —
t) = nisin Z. Hence, ((¢,t+nG (1), n), (¢, t)) isin G*H and (¢, t+nG(¥),n) (¢, t) =
(0,t+ %) = (0,5). Therefore, o is injective modulo the left G*H action.

Assume (6,s) and (i,t) are such that p((0,s)) = p((¢,t)). Then, § = 1) and
s—t = misin Z Hence, ((0, ), (0,0s,m)) is in Eoi*H and (0, s)(0, 0s,m) = (0, s—m) =
(¢,t). Therefore, p is injective modulo the right action. Since p and o are local
homeomorphisms, it follows from the above properties of the actions and proposition
3.3.5 that the actions are proper. We have shown

G'H—FE+iH

is an étale groupoid equivalence. For (0,t) in E, G*w(p(0,t)) = 6 = i*n(c(6,1)), so
(G*H,G*1) — FE <+ (i*H,i*m) is an étale groupoid bundle equivalence. The fibre-wise
groupoid equivalences can be shown to be groupoid models for Rieffel’s bi-modules
between rotation algebras in [46].

3.4.3 IFS Groupoid Equivalence

Let R and O(R) be the groupoids associated to a single matrix affine IF'S {7, ...,7,}
as in section 2.2.3, with attractor denoted as K. For k in Z, let

E7% = {(z,~k,y) : (x,—k,y) € O(R)}.

Proposition 3.4.3. Ifr, s surject onto K when restricted to E=%, then R — E~% < R
is an €tale groupoid equivalence, where the left, right actions are the groupoid product,
and the topology of E=* the subspace topology coming from O(R).

Proof. The left, right actions commute and are associative because they are coming
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from the groupoid product. The structure maps r, s surject onto the unit space K of R
by assumption, and are bijections modulo the right, left actions because if r(g) = r(h),
for g and h in E7*, then h™'g is in R, and the analogous statement holds for s. By the

¥ is a clopen set, and therefore r, s|p-+ are

construction of the topology on O(R), E~
still local homeomorphisms, so the actions are étale. The actions are also continuous
because the groupoid product is. Therefore, by proposition 3.3.5, the actions are proper

and define an étale groupoid equivalence. O

There is an analogous groupoid bundle equivalence between the field of groupoids
constructed at the end of 2.2.3 and its pull back by the shift. As in the above propo-
sition, we must make an assumption on r and s for this to be true.
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Section 4
Renormalization

In this section, we will formally define renormalization procedures in the C*-algebra
setting (definition 4.1.1) as well as in the groupoid setting (definition 4.2.7), which have
only been alluded to so far. In the introduction, we mentioned various applications of
renormalization procedures for dynamical systems which demonstrated that the long
term behaviour of such a procedure can be used to infer properties of the dynamical
systems. We will demonstrate that this is true also in the C*-algebra and groupoid
setting by showing an analogous statement to Masur’s criterion (see Masur theorem
3 [27], or our introduction) holds, given some rather complicated conditions on the
iterates which we explain in section 4.1. These conditions will be simplified greatly in
the groupoid setting, and we will even consider “iterable” conditions in which one only
needs to check the properties of the first iteration of the renormalization procedure at a
parameter to obtain the necessary conditions for all iterates. As a consequence, we will
provide criterion for when a parameter groupoid is simple (theorem 4.2.10) and when
it has at most one invariant probability measure on its unit space (theorem 4.2.13) in
terms of properties of the renormalization dynamics. We will check these conditions
for the field of AF algebras in section 4.1.2, the rotation groupoid bundle in section
4.2.1, as well as the IFS groupoids in section 4.2.2.

4.1 (*-algebra renormalization

Recall from the introduction the definition of a renormalization procedure for a dynam-
ical system, and its origins going back to Feigenbaum [12] and Coullet and Tresser [5].
In this section, we formulate the analogous definition of a renormalization procedure
for C*-algebras, and then make some comments about it. Then, we introduce the finite
type condition (definition 4.1.2) for such a procedure that, when assumed, will imply
an analog of Masur’s criterion holds for the field of C*-algebras the renormalization
procedure acts on (see theorem 4.1.5). Then, in section 4.1.2 we will present the exam-
ple of a renormalization procedure for AF algebras using the information from section
2.1.1 and section 3.2.1, and consider the unique trace conditions in this setting. We
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will, in the process, recover the unique trace criterion appearing in Trevino [51]. Recall
the definition of pullback of a D-algebra by a continuous function (2.1.8), the definition
of a D-equivalence (3.2.1), and the definition of evaluation of a D-equivalence (3.2.2).

Definition 4.1.1. Let X be a Hausdorff space, and (A, «) be a D-algebra, with D C
Cy(X). A renormalization procedure consists of

e a subspace X1 of X and a surjection o : X1 — X. We denote i : X1 — X to be
the inclusion.

o for each x in Xy, a bounded As)-Ay imprimitivity bi-module (see definition
3.1.9) Ag(m) — Fz — Az

We will denote the above data by the triple (A, F,o). Forn = 1,2,...,00, we call
X = i_y 0 "(X) the ' renormalizable parameters when n < oo and X, the
infinitely renormalizable paramaters.

We say (A, F, o) is upper semi-continuous if D = Cy(X), X; and X are locally
compact, o : X1 — X s continuous, and each bi-module F, is the point-wise evalu-
ation of a Cy(X1)-equivalence (0* A, 0*a) — F <+ (i*A,i*«). Similarily, (A, F,o0) is
continuous if it is upper semi-continuous and A is a continuous field over X.

We make three comments on the definition now. We are primarily interested in the
infinitely renormalizable parameters, but it is often the case they do not form a nice
space, and so it is useful to “complete” X, to include parameters that are only finitely
renormalizable.

Since the D-algebra elements of A can be thought of as sections of the bundle
{A,}zex (definition 2.1.3), the D-algebra structure can be thought of as providing the
bundle {A,}.cx a topology (by specification of the allowed sections of the bundle). As
mentioned in our introduction, Masur’s criterion links the topology of the orbit of a
flat surface under the renormalization dynamics with properties of the flat surface. In
order to make similar connections in our setting, it will be necessary to have a topology
for {A,}zex. Also, with a D-algebra and an upper semi-continuous renormalization
procedure for it, we can build a C*-algebra, via a Cuntz-Pimsner algebra construction,
which we expect has interesting links with the renormalization dynamics. We briefly
present this construction in section 6.

We consider imprimitivity bi-modules for the reasons mentioned in the introduction
of section 3.1. The strictly contractive condition is supposed to replicate the fact that
the first return domains are smaller than the original space the dynamics was acting
on, so the scale of the renormalized system is strictly smaller than the original one.
The author is not convinced this the right condition on the imprimitivity bi-modules,
but it seems better than nothing, as it rules out trivial examples like the identity bi-
module, which is obviously not an example of renormalization. We come up with a
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better notion to replicate this in the groupoid setting, which we believe is close to the
correct one. This notion is not readily transferable to the C*-algebra setting as it is
formulated in terms of metric properties of the groupoids (see definition 4.2.7).

Recall from the discussion after proposition 3.1.6 the definition of the composition
of imprimitivity bi-modules. For x in X}, we will denote F* to be the composition

k._
Fx = Fo.k—lx ®Ao'k71:z Fo.k—Qx ®Aak72z . A, Fx.

If (A, F,o) is upper semi-continuous, then the composition above can be first done at
the level of the Cy(X)-equivalence F', but we won’t need this until section 6 so we will
postpone it for now.

The trace operator S¥ := S pr (definition 3.1.10) maps finite traces to finite traces,
so by the functorality result in Laca and Neshveyev (proposition 1.2 [22]), Skitk: =
Sijiu o Sk for all ky, ks in N, and x in X,. Therefore, we can regard the function
sending (z,k) in X, x N to S¥ as a co-cycle.

If A is a unital C* algebra and «a is in A, we will denote NC'(a) to be subset of A
consisting of the elements > ;_, zraxy, for any n in N and any family {z;}}_, such that
> r_i zkry = 1. Note that for b in NC'(a), and for any trace 7 in T<*°(A), 7(a) = 7(b).

Recall from the paragraph above definition 3.1.10 that given an A-B imprimitivity
bi-module F', A, B unital, and a left basis B = {g;}; for F', A(B) : A — B is the
operator defined for a in A as A(B)(a) = Y1 (€i, ag;)s.

Definition 4.1.2. Let (A, «) be a D-algebra, D C Cy(X), such that A, is unital
for every x in X, and let (A, F,0) be a renormalization procedure. For an infinitely
renormalizable parameter x in X and an increasing sequence {ny}ren of N, we say x
is finite type along o™ x if there are finitely many positive elements aq, ..., a,, of A
for which the following holds:

For every positive element a in A, and € > 0 there is a K in N such that for all k > K,
there are (finite) left-F* basis By, B, ..., Bn for which the positive cone spanned by
{A(B,)(am(0™x)) bn<nm<m intersects the e neighbourhood of NC(a). The ay,...,an
are called the generators for xr along " .

We make one remark on the definition. The generators ay, ..., ay; should be thought
of as some partition of a unit and the elements A(B(a,,(c™x))) as a slice of the non-
commutative renormalization domain determined by the basis B (see remark 3.3.15).
We will then interpret the finite type condition along a sub-sequence o™ x as saying
for each ng, we can find evenly spread out slices of non-commutative renormalization
domains for the procedure A,n, — F'** < A,, and we are only allowed to slice such
domains using a finite partition ay,..,ay; that varies upper semi-continuously. Our
argument for Masur’s criterion in general requires this condition (or something slightly
weaker), but it is desirable to have easier to check conditions that imply this. As we
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believe groupoid renormalization shows more promise, we will only find these condi-
tions in the groupoid setting. Any conditions we put on our groupoid renormalization
procedure that imply Masur’s criterion will first imply that it is finite type, so it is
important to introduce the above definition. If the reader would now like an example of
a renormalization procedure satisfying the finite type condition, see proposition 4.1.7,
and the discussion above it.

We would like to motivate the next definition. The renormalization procedure
introduced in Douady and Hubbard [8] takes a quadratic polynomial f.(z) = 22 + ¢
and finds a domain U such that some iterate f sends U to an open set V/, containing
U, in a 2-to-1 fashion. The quasi-conformal theory in [8] then asserts that fI' : U — V
is quasi-conformally conjugate to another quadratic f., in a neighbourhood of its filled
Julia set (see also Milnor [30] for a nice description of this procedure). If f, is infinitely
renormalizable, then the procedure produces a sequence of domains U,, C V,, such that
V. \ Uy, is conformally equivalent to an annulus with outer radius 1 and inner radius
ln- fe is said to be a-priori bounded if there is a positive number g > 0 such that
tn > i for every n in N. When f. is a-priori bounded, the renormalization procedure
can be used to prove that its Julia set is locally connected (Lyubich 9.2 theorem 6
[25]). The reason why this condition is called “a-priori”, is that it is almost impossible
to directly show such bounds, so some additional property of the quadratic must also
be used. Hence, the bounds are a-priori knowledge. For our purposes, in the following
definition, the renormalization domains U C V in the discussion above are replaced
with the non-commutative first return domain A(B)(1) associated to a finite basis B
(see remark 3.1.8) and a slice A(B)(a) < A(B)(1) of it by a positive element a in A
with a < 1. The conformal modulus of the annulus V' \ U is replaced with the ratio
T(A(B)(a)))/T(A(B)(1)) of measures under tracial states .

Definition 4.1.3. Suppose (A, F, o) is a renormalization procedure. For x in X, and
{nK}32, a sequence of positive integers, we say a positive element a in A is a-priori
bounded along {0™x} ey if for every trace T in T'(A,), we have

lim inf}, W £0.

As in the above discussion, this condition would be impossible to determine without
some additional information, such as that considered in the next proposition.

Proposition 4.1.4. Suppose (A, F,c) is a renormalization procedure and (A, ) is
a D-algebra, D C Cy(X), that is continuous over X with unital fibres. If x is an
infinitely renormalizable parameter with a limit point x, = limy_, c™x, where {n;}
is an increasing sequence in N, for which the algebra A,, is simple, then a positive
element a in A is a-priori bounded along {o™ x}ren if and only if a(x,) # 0.

Proof. Let my, be any increasing subsequence of ny and 7 any trace in T*(A). Since A
is continuous over X, has unital fibres, and limy_,, c"*x = x,, by proposition 2.1.11
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S;n;“f (

1Sz * 7l

in Tlm;g (A)) has a weak* limit 7, in T, (A). Since A,, is simple, the trace 7, is
g x

faithful when considered as a trace in T*(A,,) (Murphy remark 6.2.3 [33]). Therefore,
a(x,) # 0 if and only if 0 # 7.(a) = limg_,00 w Since the trace 7 and the

ISz~
increasing subsequence {my} of {n;} were chosen arbitrarily, it follows that a(x,) # 0

there is a sub-sequence mj, of my, for which the sequence considered as a trace

if and only if @ is a-priori bounded along {o" x}en. O

4.1.1 Masur’s Criterion

Recall from the introduction that there is a continuous time renormalization procedure,
known as Teichmiiller flow, for the space of flat surfaces of a fixed finite genus that
are identified up to conformal isotopy, known as Teichmiiller space. We think of a flat
surface as a dynamical system by equipping it with its translation flow in the vertical
direction. Masur’s criterion says that a finite genus flat surface M whose vertical
translation flow is minimal is uniquely ergodic if the orbit of M in Teichmiiller space
under the Teichmiiller flow has an accumulation point (Masur theorem 3 [27]).

The first indication that there might be a Masur’s criterion for C*-algebras came
from the paper of Trevino [51], where unique ergodicity of an infinite genus flat surfaces
constructed out of a bi-infinite Bratteli diagram is established when the renormalization
dynamics has an accumulation point that is a minimal flat surface of the same type.
Since the ergodic measures of these flat surfaces are the same as the tracial states of the
AF algebra associated to the positive part of the bi-infinite Bratteli diagram, one can
translate his result into a unique trace criterion for AF algebras (the resulting criterion
is corollary 4.1.10 ).

We show this result and a stronger one can be proven for AF algebras when one
works with the renormalization procedure on the AF algebra rather than the one on
the flat surface. First, we will give the general Masur’s criterion argument in theorem
4.1.5. Our techniques of proof differ from Trevino’s. His primary tool is Sobolev
theory, and ours is the induced operator on traces, the “renormalization operator” and
its properties listed in proposition 3.1.10. We now prove Masur’s criterion.

Theorem 4.1.5. Suppose (A, E, o) is a unital renormalization procedure, and x is an
infinitely renormalizable parameter. If x is finite type along {o™x}ren with a-priori
bounded generators ay, ..., ay;, then T*(A,) contains at most one trace.

Proof. Suppose, for the sake of contradiction, that T} (.A) contains more than one trace.
Since A, is unital, by Alaoglu’s theorem (Pedersen theorem 2.5.2 [36]), T} (A) is weak*
compact, and so, by the Krein-Milman theorem (Pedersen theorem 2.5.4), T}(A) is
the weak™ closed convex span of its extreme points. Therefore, there are at least two
distinct extremal traces 79 and 7y in T*(A,). For n in NU {0} and X\ in C, define
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¢ = ANSim — SITo) + SiTo and pt = % for n in N. Notice that if we swap
0

To with 77, the new u” is the reciprocal of the old. Therefore, we may assume, by

re-indexing the traces if necessary, there is a sub-sequence {ji}ren of {ng}ren and a

positive number L in R such that p* < L for all ¥ in N. For m < M and k in N, the

affine linear map ¥, defined for A in R as ¥ (\) = 7{*(a,,) has \¥, = %
717 (am)—75" (am

Jk
as its zero. Write M0 = —1 where pf = 3" Gince q,, for m < M is a-priori
m 17:U‘m, m Ték(am)

bounded, there is a D > 0 and K in N such that 0 <

J J
71" (am) _|Im" |

and k > K. Therefore, 0 < p¥ = ] W,ujk < DL forallm < M and k > K.

It follows that [Af| > § := min{“_—lDL‘, 1} for all m < M and k > K. Hence, for any
m < M and k > K, the zero of the line I¥ does not intersect [—4,d]. Therefore, the
intermediate value theorem implies that for every m < M and k > K, [¥ ()\) is either
positive for all X in [—d,d] or negative for all X in [—d,d]. Since I¥ (0) = 77*(am) > 0,
the former holds for every m < M and k > K.

Now, let a be a positive element in A, and € > 0. Since aq, ..., ay; are generators,

J J
m*(am) _lImp" |

J J
Iri* 1l " (am)

< Dforallm<M

there is a j = ji, for some ky > K in N, left FJ basis By, ..., By, an element b in
the positive linear span of {A(B,)(am(0?2))}n<nm<m, and an element ¢ in NC(a)
such that ||b — ¢| < e. By the definition of 7{ and the above argument, we have
TU(A(B,) (am(072))) = 1 (am) > 0 for all m < M, n < N, and X in [—4,d]. Since b is a
positive linear combination of elements in {A(B,,)(am(07x)) nenm<nr, it follows that
() > 0 for all X in [—4,d]. Therefore,

(@) = 73(c) = TX(b) — [T (b — o)

for all A in [—4,4]. Since ||7Y]|] < 20 + 1 for all X in [—4,4], and ||b — ¢|| < € it follows
that
79(b) — |7y (b —¢)| > 70(b) — (26 + 1)e > —(20 + 1)e.

Therefore, 73(a) > —(20 4 1)e for all A in [—4,]. Since € was arbitrary, it follows that
7{(a) > 0 for all positive elements a in A, and all X in [—§,d]. Also, 79(1) = 1, so 73 is
in T'(A,) for all X in [—4,4]. 7o and 7; were chosen to be distinct, so A — 7¢ for A in
[—d, 0] is a non-trivial line of traces in T'(A,) such that 70 = 79. Therefore, 7y is not
an extreme point, which is a contradiction.

]

Corollary 4.1.6. Let (A,«) be a D-algebra, D C Cy(X), that is continuous over
X and has unital fibres A, for all x in X. Suppose (A, E,0) is a renormalization
procedure, and a point x in X is finite type along a sequence {o™x}ren that converges
to a point x, and has generators ay, ...,ap that are non-zero at x. Then, if A, is
simple, A, has at most one trace.
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4.1.2 AF Algebra Renormalization

Let X be as in section 2.1.1, and let (A, «) be the section algebra of the field of
AF algebras {A, }zex defined in the same section. the E* defined in section 3.2.1 is
isomorphic (as Ayk,-A, Hilbert bi-modules) to the composite EF := F_i-1, ® Ak,
Epk-2y @4, - ®a,, Ey. This is easily seen first at the finite stages. For n > £,
consider the A( (x Tpm))-A(zp ) bi-module Ek(x[l,n]) = E(Uk_1($[1,n])) DAk (21,0
E(c"2(zpm)) ® A(oh—2(zy ) B B )E(a:[l,n}). The map @, : Ek(x[l,n}) —
E*(x1,,)) defined on basic tensors T} ®T>®...Q Ty in Ek(x[l,n]) as the operator composite

7(2[1,n)

TioTyo...0T) = @, x(T1 ®...QT}) is easily seen to be a Hilbert bi-module isomorphism
commuting with the inductive sequences Ek(a:[l,;ﬂ) — E~k<x[1,k+1}) — E~k<x[1,k+2}) —
and E*(zp ) — E*(@pes1) = E*(@)442) — ... Therefore, the limit map @) :=
lim,, 00 P i - E;j —> Eglj (which exists, due to the universal property of inductive lim-
its) is an isomorphism of Hilbert A,x,-A, bi-modules. We will work with E* from now
on.

Proposition 4.1.7. Let x = (21,22, ...) be a sequence of matrices in X, and suppose

Ty, s a sub-sequence for which r(xy,) = r(x,,,) = M for all k, k' in N. For a natural

k
number m, m < M, let a,, be the element in Ay, defined pointwise for N in N, n < N
as

a, (N)(6,) =0 if N # M orn#m, and a,,(M)(6,) = 6.

m

Let a,, = po(al,). Then, x is finite type along {o™ x}reny with generators ay, ..., ap
defined above.

Proof. For p in P™(x) Let x, be the element in A(x,,]) defined for 4, ¢ in P (x)
as Xp(0,) = 0if ¢ # p and x,(d,) = 6,. Consider the equivalence

(CM = A(U”kx[l,nk]) — prr (ZE[LM]) < A(l’[l’nk}).

For each m < M choose a path g, in P"(x) with 7(¢,,) = m. This can be done
because the matrices x,, have every column non-zero. for m = r(p), let ¢, = p.
Then, the operators T, 4, : H(2p,)) — H(M) defined for ¢ in P™(x) as

Tm7Qm (511) - O lf q 7é dm a‘nd Tm »dm (5Qm) = 5777/

are in E™ (2(1,,,]). Since T, 4, Tr - is the projection onto the m* co-ordinate of C,

it follows that >  (Thans Ting,) = 1. Therefore, B, = {Tpn.q. Jm<nr is a left basis

th

for E™ (21,,)- Slnce () (M) is also the projection onto the r(p)™ co-ordinate of cM,

we have A(B,)(ay,, (M) =T Trp)p = Xp- For any positive element a in A(z(1,n,)),
NC(a) contains its diagonal, which is an element of the form b = 3 _pn. () tpXp, Where

tp, are non-negative numbers. Therefore, > pn. () tpA(Bp)(a ) (M)) is in NC(a).

63



Hence, for every k' > k there are left basis B, ..., By for E"¥ (z[1,,,)) for which the
positive cone spanned by {A(B])(al,(M))}n<nm<m intersects NC(QO:E[L%,]@[L%] (a)).
Since ap, (0™ ) = pg o . (ar,(M)), by applying the respective inductive limits to the
we have that for all £/ > k,

there are left E,* basis By,...,Bx for which the positive cone spanned by

n’

/! : /
elements a;,, Qay, , a0, (a) and basis elements of B

{A(B,)(am (0™ ) tn<nm<m intersects NC(fin, »(a)). Therefore, we have proven the
proposition for positive elements in (J;; fin,.o(A(Z[1,n,)))- Since every positive element
in A, can be approximated arbitrarily by positive elements in (Jy— fin, o (A(Z[n,)),
the proposition follows. O

Definition 4.1.8. Let z = (z1, 22, .., 2,) be a path of length n in (M,N,r,s). We say
z s simple if the matrix z125...z, has all non-zero entries. This is equivalent to saying,
for the directed graph B(z) = (E(2),V(z),1,s), there is a path connecting any pair of
vertices v in Vo(2) and w in V,(2).

Proposition 4.1.9. Suppose x = (1, x9, ...) is a sequence of matrices in X that has a
finite simple path z in P™ occuring infinitely often; i.e., there is an increasing sequence
{nitren such that 2, 11m,4+n) = 2 for all k in N. Then, M := r(xy,) = r(n,,), for
kK in N, so x is finite type along o™ x with generators aq,...,ay as in proposition
4.1.7. Moreover, ay, ..,ay are a-priori bounded. Consequently, A, has a unique tracial
state.

Proof. Let 7 be a trace in T*(A,) and {my }en an increasing sub-sequence of {ny }ren-
For each k£ in N the sub-algebras i, omi (A(0"* (Xpmypt1,mp+n)))) = Hnomra(A(2)) of
Agmi, contain a,, (o™ x) for m < M. Moreover, a, (0" ) = iy omiz(Xm), Where X,
is the operator in A(z) defined for §,, p in P"(z) as

Xm(0p) = 0 if s(p) # m and x,,(5,) = 0, if s(p) = m.

m
Sk TOW,, ymp

g in T'(A(z)). And let 7, be a weak*

accumulation point of {73 }ren in T?(A(z)) (such a trace exists because A(z) is unital).

Consider the sequence traces 7, =

For p in P"(z), let x, be operator in A(z) which is the projection onto the 1-dimensional
sub-space spanned by d,. Since ZpEP"(z) Xp = 1, there is a path ¢ in P"(z) for which
Te(Xq) # 0. For each m < M, let g,, be a path from the vertex m to the vertex r(q).
Such a path exists because z is simple. Let Tj .~ be the operator in A(z) defined for
dp, pin P™(z) as

Tyan (@) =0if p # gy, and T, . (¢m) = ¢.

Then, T}, Tyg, = Xgn and Ty, Tr, = x4 Therefore, 7i(x,,) = 7u(xq) # 0.
Since Xg4,, < Xm, it follows that 7.(xm,) # 0. Hence, for any m < M, the sequence
S;nkTONnyamkx(Xm) SR r(am (oM

) does not converge to zero. Since the trace 7 and the

5z % 7 n sz %7
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increasing sub-sequence {my} of {n,} were arbitrary, it follows that ay,...,a,, are a-
priori bounded. Therefore, by proposition 4.1.7 and theorem 4.1.5, A, has at most one
tracial state. Every finite dimensional C*-algebra has a tracial state. Since a unital AF
algebra A is the inductive limit of an inductive sequence {ip,, : A, — A, 11 }nen of finite
dimensional C*-algebras A,,, with ¢,, unital, its tracial state space is the inverse limit
of the sequence {(¢,)* : T (Ans1) = TY(A,) bnen, where (p,)* sends 7 in T (A1)
to 7 0 ¢,. Therefore, T'(A), being an inverse limit of non-empty compact spaces, is
non-empty. Hence, A, has a unique tracial state. O

From an interval exchange mapping 7', Veech produces, using the renormalizations
of it, a sequence of square matrices Ay, A, .... with det(A;) = £1, for ¢ in N, and
proved that if the sequence had a finite simple path occuring infinitely often, then T is
uniquely ergodic (Veech proposition 3.30 [53]). It can be shown that the tracial state
space of the AF algebra associated to Aj, A,, ... is isomorphic to the space of ergodic
probability measures for T', so Veech’s criterion is a corollary of ours. We also recover
Theorem 1 of Trevino [51], but recasted in terms of AF algebras:

Corollary 4.1.10. If z is a sequence of matrices in X such that o™ x has an accumu-
lation point x, for which the AF algebra A,, is simple, then A, has a unique tracial
state.

Remark 4.1.11. It would be interesting to put our a-priori bounded condition, relative
to the generators constructed in proposition 4.1.7, in the context of the work of Bezug-
lyi, Kwiatkowski, Medynets and Solomyak (BKMS) [2], which focuses on determining
unique trace criterion for AF algebras in terms of Bratteli diagrams. We expect there
18 significant overlap with our a-priori bounded condition and their notion of “exact
finite rank” (BKMS definition 3.5 [2]). Their methods of proof are not related to ours
and specific to Bratteli diagrams. Proposition 4.1.9 above is implied by BKMS propo-
sition 4.12 [2] in the special case when v = (21,22, ...) in X satisfies, in addition to the
hypothesis in proposition 4.1.9, r(xz;) = r(z;) for all i,j in N (which can be achieved
from a telescoping) and each x; has a positive power with all non-zero entries.

4.2 Groupoid Renormalization

We now find groupoid analogs to the ideas presented in section 4.1. We will only
consider the finite type condition (recall definition 4.1.2) with one generator a; = 1.
When this happens, the generators are automatically a-priori bounded (recall defini-
tion 4.1.3), so having the finite type condition will automatically imply the Masur’s
criterion.

When we first consider this condition, we will frame it in terms of a sequence of
groupoid equivalences G,, — E, < Gy, where GGy should be thought of as a fibre
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groupoid in a groupoid bundle, and the E, as the n'* iteration of a renormalization
procedure. Then, we will prove in theorem 4.2.5 that, whenever a groupoid has such a
sequence of equivalences, there can be at most one Gy-invariant probability measure on
its unit space G§. This will essentially be the argument presented for Masur’s criterion
in the C*-algebra setting (theorem 4.1.5) with some simplifications.

We will then introduce renormalization procedures for groupoid bundles in defini-
tion 4.2.7. We will consider a condition on the first iteration of a procedure that will
give us a “Masur’s criterion” for when a fibre in the groupoid bundle is simple, and
prove that when a certain basis generated from the renormalization procedure contains
arbitrarily fine covers of (uniformly) bounded dimension, the fibre groupoid will have
at most one invariant probability measure on its unit space (theorem 4.2.13).

We will specialize these criterion to the case of groupoid bundles coming from
continuous families of isometries acting on uniformly finite dimensional compact metric
spaces (see definition 4.2.14). The results in this section will imply, for instance the well-
known result that rotation of the circle by an irrational angle is a minimal and uniquely
ergodic dynamical system. We then consider unique invariant probability measure
criterion for the IFS groupoids presented in section 2.2.3. Both groupoid equivalences
presented in sections 3.4.2, 3.4.3 will be shown to be examples of renormalization
procedures and will be used to prove the unique measure results above. It should be
mentioned the groupoid equivalences presented for AF groupoids in section 3.4.1 are
also examples of renormalizations procedure for groupoid bundles, however we will not
have an occasion to show this because we already established a unique trace criterion
for AF algebras in section 4.1.2.

We start by introducing the finite type condition with one generator a; = 1 in the
language of groupoid equiavelences. First, it will be convenient throughout this section
to have a notion of dimension for a cover.

Definition 4.2.1. Let X be a topological space and U = {Uq}aca be an open cover of
X indexed by a set A. We say U is finite dimensional if there is a d in N such that
for every o in A, the number of 5 in A for which Us N U, # 0 is bounded by d. We
will let d(U) be the minimal such d, and call this number the dimension of U.

The dimension of a covering is also known as its "order” (see Munkres page 305
[32]). A topological space X has finite covering dimension if there is a d in N for which
every open cover has an open refinement of dimension bounded by d (see also Munkres
page 305).

Definition 4.2.2. Let Gy = G, and {G,},>1 be étale groupoids, with G° a metric
space, along with étale groupoid equivalences G, — E, < G (definition 3.53.4). We say
{E.}n>1 satisifies the strong finite type condition if there are numbers D and M
i N such that the following holds:
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For every e > 0 there is N in N such that for all n > N, there are open sets
{UijYichtj<is M < M, of E, with the properties:

e p,0ly,, are homeomorphisms (i.e., Uy is an E,-set) for all i < M, j<lI,

o for fired j, {p(Ui;)}iciy covers Gy, and

o {UiciroWUij)}i<i s an at most D-dimensional cover of Go by sets of diameter
less than €.

We now translate the above definition into a statement about the existence of
certain functions in the corresponding bi-module. Given an open subset U of a locally
compact space X, we will say a collection of open sets {V,,, }men is an exhaustion of

U if for each m in N, V,, is compact and V,, C V,,.1 C U, with Unen Vi = U.

Proposition 4.2.3. Forn in N, let G, — E, < G be an étale groupoid equivalence,
and assume { E,, },>1 satisfies the strong finite type condition. Then, there are constants
M, D in N for which following holds: for every compact set K C G° and ¢ > 0, there
is N in N and positive functions {{}" ,ﬁej\l}lﬂl C C.(E,) for eachn > N such that, for
7 <1, andm in N,

(i) T = Z?L(V 75/ UT)« satisfy 22:1 Vit =1 on a neighbourhood of K and
Z;Zl P <1 onG°,

(ii) the diameter of the support of " is less than €, and

(ii1) n7 = Y i M T AU satisfy ~ 75

e in Ce(GY).

J

m < M for some approximate unit

Proof. Fix a compact set K and € > 0. Then, let {U;;}i<m j<i be open sets in E,
as in definition 4.2.2 for the fixed ¢ and n > N. For each ¢« < M and j < [, choose
an exhaustion {V;} },,en of U;; (as in the above paragraph) such that, for any j <1,
the collection of open sets {W™ := (J;<5; p(Vi"F) }men 15 an exhaustion of GY, and, for
any m in N, the collection of open sets {V™ := [J,<,, o(V/})};<i is a D-dimensional
cover of K. Now, for i < M and j <1, let ¢,
C.(V"*1) such that

2Y)

for m in N, be a positive function in

0< ¢ <land ¢}, =1on V™ (*)

By proposition 3.3.17, ¢ := i:1<‘/ PO ) = ZZ 1 oot Since Vit bi<i
is a D-dimensional cover of K, by (*), we have 22:1 o = E] Dy oot >1
on an open neighbourhood of K, and Zlﬂ ¢ < MD on GO. Therefore for each
m in N, we can find a bounded positive and invertible function ¢™ in C'(Gy) such
that 1 < ¢™ < MD, Zgldﬂ”

by 1 on all of Go. Let ¢} := 4: and 7 = Pis Again, using proposition 3.3.17,

¢Moo

= 1 on an open neighbourhood of K and bounded
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we have S0 (\/ 7 /)« = Y. Now, we consider the functions in the left inner
product. Let ¢} := MY T 0T = SM 7, op~t. Since W7 is an exhaustion
of of GY, by (*), there is a approximate unit {e}*},,en for Co(G}) such that e is in

C'C(ij) and " = Zf\il o p~t > ey Also, e < M. Since 1 < ¢ oo < MD,

el m . M m m

3D SN = Zi:1*<\/ IRTRV ”> < M. O
Definition 4.2.4. Let G be an étale groupoid, and u a Radon measure on G° (see
Pedersen definition 6.5.1 [36] ). p is G-itnvariant if for every open G-set U (definition

2.2.1), we have u(r(U)) = p(s(U)). Recall from Putnam lemma 3.4.2 that this is
equivalent to the property that for every G-map v : U — V and f in C.(V), we have

[foydu=[fdu

For a finite Radon measure p on G°, we will let w,, : Co(G®) — C denote the positive

linear functional obtained by integration with respect to pu. Recall that the Radon-
Nikodyn theorem (Pedersen 6.5.6 [36]) states there is a 1-1 correspondence between
finite Radon measures and positive linear functionals on Cy(G?) via the map u +— w,,,
and that [jw,|| = p(GY). The set of G-invariant measures p such that p(G% < 11is a
weak™ closed set (when viewed as positive linear functionals): suppose { iy }aea is a net
of G-invariant measures such that limy py = . Then, for a G-map v : U — V and an
f in C.(V), by the definition of the weak™ topology (see Pedersen 2.4.8 [36]), we have

/foydﬂ_nin/foydm_hin/fdm_/fdu.

Therefore, p1 is G-invariant. The fact that |lw,| < 1 follows from Alaoglu’s theorem
(Pedersen 2.5.2 [36]).

Let £ : C*(GQ) — Cy(G®) be the conditional expectation defined in Putnam section
3.4.1 [40]. Then, by Putnam theorem 3.4.4 [40], for a finite G-invariant Radon measure
i, the positive linear functional 7, = w,0F is a trace on C*(G). Obviously ||7,|| = [|w,]|,
and the map w, — 7, is weak™* continuous, and injective. We shall denote Tgl to be set
of traces of the form 7, for some G-invariant measure p with (G°) < 1. Also, denote
T} to be set of all traces induced from G-invariant probability measures. T} happens to
be all the tracial states on C*(G) when G is an equivalence relation (Putnam theorem
3.4.5 [40]), but this need not be true for a general étale groupoid.

Theorem 4.2.5. If {G, — E, < G},>1 is a sequence of étale groupoid equivalences
that satisifies the strong finite type condition (definition 4.2.2), then there is at most
one G-invariant probability measure for G°.

Proof. As shown above, T, 51 is a weak™® compact convex set, so by the Krein-Milman
theorem (Pedersen 2.5.4), T5" is the (weak*) closure of the convex span of its extreme
points. Now, it follows that if T, 51 has at most one non-zero extreme point, then either
T5" is isometric (as a convex set) to the interval [0, 1] or 0. So, to prove there is at most
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one G-invariant probability measure, it suffices to show there is at most one non-zero
extremal trace of T, 51. We will suppose, to the contrary, that there are two non-zero
extremal traces 7y, 7 of Tél. Since they are non-zero and extremal, it follows that
70| = |||l = 1. Let S, = Scw(g,) be the trace operator (definition 3.1.10) induced
from the C*(G,,)-C*(G) imprimitivity bi-module C*(E). It maps finite traces to finite
traces because, by proposition 4.2.3 (iii), we can choose a left basis (definition 3.1.7)
for C*(E,,) with at most M-summands in each term. So, 77" := S, 7; is in T<>°(C*(G,,)
for i = 0,1. Define 7y = A(7{" — 73) + 7§ for A in R, and n in NU {0}. By taking a
sub-sequence of F, and possibly swapping 79 with 71, we may assume without loss of
generality that the sequence A, = % does not intersect [—1/4,1/4]. Let f be a
positive function in C,(G). By uniform continuity of f, for every § > 0, there is € > 0
such that d(z,y) < e for z, y in G, then ||f(z)— f(y)|] < J. Let supp(f) = K. Now, for
the fixed € and K above, by proposition 4.2.3, there is N in N and functions (depending
on K and ¢) {1/}273}25]\4,]51 in C.(E,) for n > N and m in N with the properties as in
proposition 4.2.3. Then, for any z; in supp(¢/j*), j <[, and m in N, we have

l l

P = DSl =1 30 = Pl < 803 _v) <o

Therefore, for A in [~1/4,1/4], using the above inequality, ||7x|| < 2|A[+1 and 7,(¢]") =
X (1), we have

l

na(f) = Q) fla)m@y) = 2 +1)8 >

Jj=1 J

S (g) T3 (") — 20.

M-

1

We now show there is © > 0 independent of K, ¢, and n > N such that there
is large enough m for which 73 (n]") is positive for A in [—pu, ] and j < I. This will
prove the theorem, as follows: by the last string of inequalities above and positivity
of X (nj") for A in [—pu, u], p < 1/4, we have 7\(f) > —20 for A € [—p, p]. As § was
arbitrary and p independent of f,4, it follows, by density of C.(G°) in Cy(G?), that
for all positive functions f in Co(G®), T2(f) > 0 for X in [—pu, ). Since 7, = wy o F for
a linear functional wy in Cy(G®), positivity of 7y is determined by checking positivity
for all positive f in Cy(G°). Therefore, 7, is a positive normed one trace on C*(G) for
all X\ in [—p, ). Since 79,77 were assumed distinct, it follows that 75 is a non-trivial
convex combination of traces 7_,, 7, in Tgl, contradicting extremality of 7y and thus
proving the theorem. We now show there is such a p as described above.

Recall that a sequence A\, = %“T”bn, a, > 0, b, > 0 does not intersect [—pu, pl,
@ < 1 if and only if Z—: <1+ /% for all n in N. By proposition 4.2.3, for 7 < [ and
e

min N, o= <n" < M for some approximate unit {e}”}meN and constants M, D in
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) < M?D I ” for all m in N. Since

N (independent of K and €). Therefore, ey e

% doesn’t intersect [—1/4,1/4] and 7' (e}*) — ||70'|| as m — oo, it follows that

0 1

there is an m,, in N large enough so that H(el;ryn) < 10. So, for p = m, the

ratio i, ic = = 722(@ Z) - doesn’t intersect [—p, p|. finj is the zero for the line
) To (77]' ) T1 (77]' ) )

A= (), Ain R. Since it doesn’t intersect [—pu, p], by the intermediate value
theorem, this line is either positive on [—, u] or negative. Since 73'(n;"") > 0, we have
the former. ]

We now introduce renormalization procedures for étale groupoid bundles. We will
first recall the definitions of contractions, dilations, local contractions, and local dila-
tions of metric spaces.

Definition 4.2.6. Let (X,dyx) and (Y,dy) be metric spaces, and let A be a positive
number strictly less than 1. We say a function f : X — Y is a A-contraction (or
A-dilation) if for every x1, x4 in X, we have dy (f(x1), f(x2)) < Adx (21, x2)
(or dy (f(z1), f(22)) = Adx (w1, 72)).

We say f : X — Y is locally a A-contraction (locally a \-dilation) if every
x in X has an open neighbourhood U, such that f|y, is a A-contraction (A-dilation).

Recall the definition of pullback of a groupoid bundle by a continuous function
(2.2.10) and the definition of a groupoid bundle equivalence (3.4.1)

Definition 4.2.7. Let (G, 7) be an étale groupoid bundle over X, and assume (GY,d,)
is a metric space for every x in X. A renormalization procedure for (G, ) consists
of the following data:

e an open subspace Xy of X and a surjective local homeomorphism f : X1 — X.
Let 1 : X1 — X denote the inclusion,

e a groupoid bundle equivalence f*(G,m) — E + *(G,7),

e and for every x in Xy, there is a A\, < 1 such that every E,.-map (definition 3.5.4)
15 locally a A\,-contraction. We will say E, s locally a \.-contraction. We
will also assume there is an ex > 0 such that for every x in X; and u in G2,
there is a v in G%, and an E,-map 7y : B, (v) = U that is a \,-contraction and
v(v) = u. In short, we say E is ex-iterable.

If for all x in Xy, every E,-map is locally a \,-dilation and for every u in G°
there is a v in G%, and an E,-map 7y : Be, (v) = Beya, (u) that is a \.-dilation
and y(v) = u, we will say E is an ex-iterable dilation

We will denote the above data by (G, E, f). f will be called the renormalization
dynamics and X,, := (,_, "X will be called the n-renormalizable parameters.
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When n = 0o, X, is called the infinitely renormalizable parameters. for x in
X, we will denote N} = Hz;éAfkm.

If (G, E, f) is a renormalization procedure of an étale groupoid bundle (G, ) over

X, for  in X,,, the product En-1, xX¢g Efn-2y X .. Xg,, Ey, constructed after

n—lg
proposition 3.3.5, will be denoted as E. '
Proposition 4.2.8. Let (G, E, f) be a renormalization procedure for an étale groupoid
bundle (G, ) over X, and let x be an infinitely renormalizable parameter. Then, for
any € < ex, each n in N and any v in G2 there is an open neighbourhood V' of v with
diameter bounded by A2e which is the image of an EZ-map v : B.(u) — V', where u
is in GY.,, that is a \"-contraction and v(u) = v.

Proof. Since E is e-iterable, we can find w; in Eyi-1, for 1 <7 < n, Eyi-1,-maps y; with
domain containing B.(u;), and 7;(u;) = u;—1 for 1 < i < n, where we denote ug = v.
ﬂ_lx(U@_l),SO
we can let u,, = u, and consider the composite v := v 0750...07, : B(u) — V, where

Since the contraction factor of 7; is Agi-1,, it follows that v;(Be(u;)) C Bey

V =m0 0...079,(B(u)). Therefore v(u) = v. By proposition 3.3.8, the composite
of Eyi1y, maps, 1 < ¢ < n, is an E}-map. V has diameter at most \}2e because the
contraction factor of a composite of contractions is bounded by the product of each
individual factor. Hence, 7y is also a AZ-contraction. ]

Recall the definition of e-minimality in 2.2.5 for an étale groupoid with a metric d
on its unit space. The next proposition could be quite practical in proving minimality
of a fibre groupoid G, at an infinitely renormalizable parameter when the iterability
constant ey is large.

Proposition 4.2.9. Suppose (G, E, f) is a renormalization procedure for a groupoid
bundle (G, ) with metrics d, on the unit spaces G°, for x in X. Let x be an infinitely
renormalizable parameter. Let ny be an increasing sequence in N. If Gy, 1s €-
manimal for €, < ex, for all k in N, and lim, . Al =0, then G, is minimal.

Proof. Tt suffices to show, for each u in GY, the orbit O, ={v € G2: g€ G :r(g) =
v, s(g) = u} is dense in G°. By proposition 4.2.8, for each w in G2 and k in N, we
can find an open neighbourhood W of w with diameter at most Al*2ex that is the
image of a E™-map v : B, (@) — W such that v(w) = w. Let e be in E? such
that o(e) = u, and denote p(e) = 4. By e;-minimality there is h in Gy, such that
s(h) = @ and that r(h) is in B (w). Let U, be an E}*-set defining v (v = vy, ). Let
¢ be the unique element in U, such that p(é) = r(h). Then e and ¢ = h™'é both
satisfy p(e) = p(€'), so there is a g in GY such that 7(g) = o(e) = u and eg = €.
Therefore, s(g) = o(e’) = a(é) = v(p(é)), so that s(g) is in W. Since W contains
w and has diameter bounded by A2ey, it follows that d.(s(g),w) < A*2ex. By
definition of the orbit, s(g) is in O,, so we have shown for all ¥ in N and u,w in G
that O, N Byriy,, (W) # (. Since limy_,oo A = 0, it follows that G, is minimal. O

xT
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As an application of this result, we prove an interesting relation between the renor-
malization dynamics and the properties of the groupoid bundle.

Theorem 4.2.10. Assume (G, E, ) is a renomalization procedure for a groupoid bun-
dle (G, ) over X for which the metrics d, on G° vary continuously over X (see
definition 2.2.6), and for which 7 : G° — X is proper.

If x is an infinitely renormalizable parameter such that lim, .o A} = 0 and the
orbit {f"x}nen contains an accumulation point x, for which G, is minimal, then G,
18 minimal.

Proof. Let € < ex, and let n; be an increasing sequence in N for which limy,_,., f™x =
T.. Since mp = 7 : G° — X is proper, the metrics (d,).cx vary continuously, and
(G, is minimal, by proposition 2.2.7, for any € < ey, there is an open neighbourhood
U of x, for which G; is e-minimal for all Z in U. Fix € < ex and an open set U as
above. Since {f™x}ren converges to x,, there is a K in N for which ™z is in U, for
all £ > K. Therefore, G yn, is e-minimal along the sub-sequence for all £ > K, and
by assumption lim,,_,,, A7 = 0, so by proposition 4.2.9, GG, is minimal. O]

Definition 4.2.11. Let (G, E, f) be a renormalization procedure for an étale groupoid
bundle (G, m) over X, and let x be an infinitely renormalizable parameter. For n in
N and 0 < € < §, we will denote E,(n,€,0) to be the collection of open sets V' of G2
which are images of E"-maps v : U w— V' that are A!-contractions such that B.(u;) C
U C Bs(ug) for some uy,ug in G.,. We will denote the collection | J, ey Ex(n,€,6) by
E.(€,0), and call this the e-5-renormalization basis of G.

Regarding the above definition, it follows from proposition 4.2.8 that for any €, ¢
such that € < ex < ¢ and n in N, £,(n, €,0) contains an open cover of G2 by sets with

diameter less than e\?, and that any open set in £,(n,€,d) has diameter bounded by

A28, Hence, if lim,, o, A\? = 0, &,(€, ) is a basis for the topology on G2.

Now, we will show that if the hypothesis of theorem 4.2.10 holds at a parameter
x, along with the extra assumption that the renormalization basis contains arbitrarily
small D-dimensional covers, for a fixed D, then G? has at most one G -invariant

probability measure. First, we prove a lemma.

Lemma 4.2.12. Let (G, E, f) be a renormalization procedure for a groupoid bundle
(G, ) over X, and let x be an infinitely renormalizable parameter such that lim,, ., A} =
0, and let {ny }ren an increasing sequence in N. Suppose there are numbers e < ex <6,

and M, D in N for which the following hold:

o for each k in N, E,(ng,€,d) contains a D-dimensional cover,

o for each k in N there is a collection of G gniy-sets U;;, 1 < M, j < l; such that
Uﬁ\il 5(Uij) = Gy, each Uf\il r(U; ;) has diameter at most €/2, and every point
in Gy, s within €/2 of Ui<py <, 7(Uig)-
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Then, G° has at most one G, invariant probability measure.

Proof. For each k in N, let {V},,}?,_; be a D-dimensional cover consisiting of elements
of E,(ny, €,0). Therefore, by the definition of such sets, there are EM*-maps v, : W,,, —
Vi for 1 < m < s such that W,, contains an e-ball B.(u,,). Since there is a j,, such
that u,, is within €/2 of | J,.,, 7(U; j,.), and this set has diameter at most €/2, it follows
that U, 7(Uij) € Be(t) € Wy, Denote Bim ¢ s(Usj,) — r(Uij,.) to be the
correspo_nding G prrg-map of the Gynpg-set U; ;. For 1 <7 < M and 1 <m < s, let

Jm Jm
Yim = Ym © Bim, Ym0 = Ym, and let V; ,, be an E7*-set corresponding to the E*-map
Yim- Then,

o for ecach m <5, {p(Vim)}iLy is a cover of GYny,,

e for each m < s, Ui]\io 0(Vim) = Vi, has diameter at most A%24§, and

e {V,,}5 _, is an at most D-dimensional cover of GY.

Since limy_,oo A2¥20 = 0, it follows that G np, — EI* <= G, satisfies the strong finite
type condition in definition 4.2.2, and so by proposition 4.2.5, G2 has at most one
G -invariant probability measure. m

Theorem 4.2.13. Assume (G, E, f) is a renomalization procedure for a groupoid bun-
dle (G, ) over X for which the metrics d, on G2 vary continuously over X (definition
2.2.6), and for which  : G° — X is proper.

Let x be an infinitely renormalizable parameter such that lim, ., A\l = 0, and as-
sume {ny}ren s an increasing sequence in N such that f™x converges to a parameter
x4 for which G, is minimal. Then, if there is a D in N and ¢ < ex < & for which
Ex(ny, €,0) contains a D-dimensional cover, for every k in N, then G° has at most one
G -invariant probability measure.

Proof. Notice that the proof of proposition 2.2.7 gives Gz-sets satisfying bullet point
two in lemma 4.2.12 for £ in a neighbourhood U of z, and the fact that f™x is
eventually in U, along with the assumption that the £,(ny,€,d) contain covers of at
most D-dimension imply the hypothesis of lemma 4.2.12 applies. Therefore, G° has at
most one G -invariant probability measure. ]

We specialize our analysis to certain types of renormalization procedures for isome-
tries on compact metric spaces which are finite dimensional in the following sense.

Definition 4.2.14. Let (X,d) be a metric space. We say (X, d) is uniformly finite
dimensional if there is a D in N and € such that for every e < €, there is an open
cover U. = {Be(Ta) }aca by €-balls with dimension bounded by D. We will let D(X,d)
be the minimal such D and call this the uniform dimension of (X,d).
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R"™ is uniformly finite dimensional with the euclidean metric. It can be shown that
every compact Riemannian manifold M is uniformly finite dimensional (choose a finite
cover by metric balls in which the metric is bi-Lipschitz equivalent, via the exponential
map, to the euclidean metric, and use the fact euclidean balls are uniformly finite
dimensional with the euclidean metric, then bootstrap from local to global).

Definition 4.2.15. Let (X,d) be a compact metric space and G a discrete group. A
G-action by isometries, denoted «, is a collection of homeomorphisms a9 : X — X
for g in G such that d(a?(x1), a%(xq)) = d(x1,x2) for every x1, x2 in X, a9 a9 = 9192
for all g1, g2 in G, and o' = idx, where 1 is the identity element in G.

Let Y be a locally compact Hausdorff space. By a continuous family of G-
actions by isometries of X over Y, we shall mean a family {oy, }yey of G-actions
by isometries of X such that the combined map o9 : X XY +— X XY defined, for (x,y)

in X xY, as af(z,y) = (af(x),y) is a homeomorphism, for each g in G.

Given a continuous family of G-actions by isometries of (X, d), the transformation
groupoid H = G X, (X x Y) has the natural bundle structure given by the projection
7 onto the Y co-ordinate of G x X xY. mp: H* =Y =7 : X xY Y is proper since
X is compact, and the family of metrics d, = d on 7, '({y}) = X x {y} is obviously
continuous over Y.

Proposition 4.2.16. Let {a,},ey be a continuous family of G-actions by isometries
of a uniformly finite dimensional compact metric space (X,d). Denote (H,m) to be
the induced étale groupoid bundle over Y. Suppose there is a renormalization proce-
dure (H,E,f : Y1 — Y) for G X, X XY that is an ey-iterable dilation. Then, if
y is an infinitely renormalizable parameter such that H, = G X,, X is minimal and
lim,, o0 )\Z = 0, there is at most one H, invariant probability measure for X.

Proof. We will show the hypothesis in lemma 4.2.12 applies in this setting. Fix e > 0
smaller than ey and €. By the uniformly finite dimensional property of (X, d) there is
a D in N such that, for every n in N, there exists a cover {Bexp (u;)}i_; with dimension
bounded by D. Fix n in N. Since F is an ex-iterable dilation, for each ¢ < [ and
1 < k < n, there are u} in X and E-1,-maps ¥ : B.(uf) — BE,\fk_ly(uf_l) that are

Ape-r,~dilations and ¥ (uf) = uF™, where we denote u? = u;. We can compose the

n

7k, and the resulting map 7; := 71 0 V2 0 ... 0 Yy, 1 Be(ul) Bog (u;) is an E,-map.
Therefore, the cover {Ben(u;)}i_, is contained in &,(n, ). So, the first bullet point
holds for the the hypothesis in lemma 4.2.12.

Now, let’s fix a cover {B./s(v;)}, of X. Since the groupoid H, is minimal and
E} is a (Hn,, H,) equivalence, Hyn, is also minimal. Hence, for 1 < i < M and
1 <j <M, we can find an element g; ; in G such that d(afc%vj,vl-) < €/8. Therefore,
a?i;g(Be/g(vj)) = Be/g(aiﬁgvj) C B¢js(v;). Hence, the collection of Hyn,-sets U;; =
(9i.j> @52, (Beja(v)))) for 1 < < land 1 < j < M has the properties that U]]Vil r(U;;) C
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B./4(v;) and Uj‘il s(U;;) = X. The above containment implies any x in X is within
€/2 of U% (Ui ;), since {Bea(v;) }, is a cover. We have shown the second bullet point
holds for the hypothesis in lemma 4.2.12. Hence, the hypothesis applies to show there
is at most one H, invariant probability measure for X. O

Remark 4.2.17. It is not much more difficult to extend our groupoid renormalization
theory to the case of the general finite type condition with ay,...,ay generators. Ba-
sically, these generators will correspond to open sets Uy, ...,Uy in G° for a groupoid
bundle (G, ). The third bullet point in definition 4.2.2 is then relaxed to allow the ele-
ments of D-dimensionsional covers to come from covers of U, NG%.., for anym < M,
in the renormalized groupoid’s unit space (Gny)°. The effect this more general finite
type condition will have on the hypothesis of Masur’s criterion (theorem 4.2.13) is, es-
sentially, to replace the assumption of a minimal accumulation point of {f"x}nen with
the assumption that Uy, ..., Uy are a-priori bounded along a sub-sequence of { f™x}nen,
and that the renormalization basis is generated from covers of Uy, ..,U,, in an appro-
priate sense, while keeping the same assumption of finite dimensionality. The general
finite type condition is essential if we want to give the unique trace criterion for AF
algebras a groupoid proof, or for proving unique groupoid invariant probability measure
for generalizations of Korfanty’s IFS groupoids to groupoids associated to graph iterated
function systems.

4.2.1 Rotation Groupoid Renormalization

In this section, we show the groupoid bundle (H,7) over X = (0, 1) constructed in
section 2.2.2, along with the groupoid bundle equivalence constructed in section 3.4.2,
is a renormalization procedure and that the results proved in the last section are
applicable to this setting. We can equip R/Z the metric d, where for z and w in R/Z,
d(z,w) is defined to be the smallest positive number ¢ for which either 2 — w = ¢ or
w — z = t. One readily checks that this defines a metric on R/Z, which, for ¢ in R and
€ < 1, the e-ball for ¢ is just (¢t — €,¢ + €). Moreover, the quotient map p : R — R/Z,
whenever restricted to an interval of length less than 1/2, is an isometry.

We show (R/Z,d) is uniformly finite dimensional: let ¢ < 1/4, and let [ in N be
the first number such that le > 1. Let I, be the interval ((n — 1/2)e, (n + 1)e). Then,
{I,,}o<n<i1 is a cover of R/Z. Each interval is of length %e and is the translation by € of
the preceeding one, so for 0 < n <[ —1, at most two intervals ([,,_1, I,,11) intersect I,,.
By our choice of [, the only extra overlaps that are possible after projecting I,, — I,, are
between the pairs (I;_1, Iy), (I,_1, I1), and (I;_y, Iy). Therefore, the cover {I,, }o<p<i_1 is
at-most 3-dimensional. Each [, is the %e ball centred at a point in R/Z, so by making
3

7€, we can find 3-dimensional covers by § balls for all § < 13—6.

Since each Z action induced from the homeomorphism ay(z2) = z+0, z in R/Z, § in

a change in variables § =

(0,1), is an isometry with respect to the metric d and the (ag)se(o,1) vary continuously
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over (0, 1), it follows that (H, ) is the transformation groupoid of a continuous family
of Z actions by isometries on a uniformly finite dimensional compact space.

Recall from section 3.4.2 the definition of the Gauss map G : X; — X, along
with the groupoid bundle equivalence (G*H,G*r) — E <« (i*H,i*m). We will now
prove (H, E,G) is a renormalization procedure for (H, 7). Let ¢ be in R and 6 be
in X; = Uzo:l(#l, +). Denote p and o to be the structure maps for Ep, and let
My : R — R be defined, for ¢t in R, as My(t) = 0t. Then, 0 = p o My. Recall
from above that p : (¢t — 1/4,t + 1/4) — (t —1/4,t+1/4) is an isometry. Since
0 < 1, My((t — 1/4,t + 1/4))) is another interval of length smaller than 1, so p :
My((t — 1/4,t +1/4))) — My((t —1/4,t+1/4))) is also an isometry. Hence, v =
po Myo (P\(t—1/4,t+1/4))_1 is an Fyp-map that is isometrically equivalent to My : (t —
1/4,t+1/4) — Mp((t—1/4,t+1/4))) = (0t —0/4,60t+60/4), which is a #-dilation. The
intervals {(t — 1,4 1) }ier cover all of R and consist of, when projected down to R/Z,
all the 1-balls in (R/Z,d). It follows that for every 6 in X, every Eg-map is locally
a f-dilation. The Ejp-map associated to the Ep-set (t — 1/4,¢ + 1/4) is a #-dilation
sending the ball By /4(f) to the ball By (0t) and the map ¢ — 0t is surjective, so E
is a }l—iterable dilation. We have shown (H, E,G) is a renormalization procedure for
(H,m).

We will now compute the constants X} for @ irrational (infinitely renormalizable)

and j in N. Relevant to our computation are the denominators k;(#) of the convergents

for 0, defined as follows. First, for j in N, denote a;(0) = LGj_;l(g)j, which is the largest
natural number bounded from above by ij;l(e)' Let k_1(8) =0, ko(f) = 1, and define

recursively k;(0) = a;(0)k;_1(0) + k;—2(0) for j > 1.

Lemma 4.2.18. Let 6 be an irrational number in (0,1), and )\g = Hi;é)\gkg =

i—1 .. 1 GIi—1(0
IJ_,G*0. Then for any j in N, we have X = kj,1(9)+Gj—1(((3)kj,2(9)'

Proof. We prove by induction. For j = 1, k_1(f) = 0 and ko(f) = 1, so 0 = N\ =
G°(6) = 6. Suppose the lemma is true for j — 1 > 1. Then, by induction we have \) =

) . o j—2 . i
GIH 0N = GO i araor e Write GI2(0) as

1
m. Then, we

have
GI ’2(0) B 1

kj—2(0) + GI2(0)kj-3(0)  (a;_1(0) + GI1(0))(k;_2(0) + ,(IZH—?’E:@)@)

By distributing the product in the denominator, we see that the above term in the
denominator is equal to a;_1(0)k;—2(0) + k;j_3(0) + G 1(0)k;_2(f). Using that
aj_l(Q)kj_g(Q) + k?j_3(¢9) = j—1(6)7 we have

1 1

(aj-1(6) + GI=1(6)) (kj2(6) + ;i) P (O) + G Ok2(0)
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. . . : i—1
Multiplying the above last number by G7~!(6) we see that \) = O] féj_l(fg) 50

proving the induction hypothesis.
Corollary 4.2.19. If 6 is an irrational number in (0,1), then lim; ., A} = 0.

i GI—1(p . .. .
Proof. By lemma 4.2.18, X\, = kj,1(9)+Gj—1(($)kj,2(9) < k;j,ll(e)' Since @ is irrational,

a;j(#) > 1 for all j, so k:j,ll(a) < j%l O

Now, we apply our results from the previous section.
Lemma 4.2.20. For any irrational 0 in (0,1), Hy is 1/4-minimal.

Proof. For any 6 in (0,1/4), Hy is 1/4-minimal, because the distance between consec-
utive points in an orbit is constant and less than 1/4 apart. Whenever 6 is an angle in
(0,1) such that 0 < nf —m < 1/4 for some n and m in Z, Hy is 1/4-minimal, because
Qaf = Qpg—m, SO vy contains the orbits of a 1/4-minimal parameter, and is therefore
1/4-minimal. Clearly this is true for irrational @ ({nf},cy is infinite and therefore has
a limit point, so there are ny, ny and m in Z such that 0 < n10 —n.0+m < 1/4). O

Corollary 4.2.21. For irrational 6 in (0,1), Hy is minimal.

Proof. An irrational number 6 is infinitely renormalizable, and, by lemma 4.2.20, is
1/4-minimal. Since the renormalization procedure is 1/4-iterable, and lim,, o A\j = 0
(corollary 4.2.19), it follows from proposition 4.2.9 that Hy is minimal. ]

Corollary 4.2.22. For irrational 0 in (0,1), R/Z has a unique Hy invariant probability
measure.

Proof. The pushforward of Lebesgue on [0, 1) via the quotient map is an Hy invariant
probability measure. Since Hy is minimal and lim,,_,. Aj = 0, by theorem 4.2.16, This
measure is the unique Hy invariant probability measure. O

4.2.2 TFS Groupoid Renormalization

Let R and O(R) be the groupoids associated to a single matrix affine IFS {71, ...,7,} as
in section 2.2.3. By proposition 3.4.3, R — E~* < R is a groupoid equivalence when-
ever r and s surject onto K when restricted to £~* (this will an assumption throughout
most of this section; see definition 4.2.27). Equip R’ = K with the Euclidean metric
restricted to K. Since every E~—* map is locally of the form A¥(—) + v, v in RY, every
E~"map is locally a ||A|/*-contraction. Since K is compact, there is an ¢, for which
E~* is e,-iterable. Therefore, (R, E~* %) is a renormalization procedure with trivial
renormalization dynamics % — *. So, to show K has at most one R-invariant proba-
bility measure when R is minimal, it suffices to show, by theorem 4.2.13, that for some
e <€, <9, the e-0-renormalization basis contains D-dimensional covers in €(n, €, ) for
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every n in N. We will show this in proposition 4.2.32. It is often the case that R is not
minimal, and so we would like to consider a more general case where there is a large
open invariant set K \ S such that R|x\g is minimal. We will put assumptions on the
“singularity set” (definition 4.2.29) S that are natural enough to include the examples
of the Sierpinski gasket’s and the Sierpinski carpet’s singularities. Since K \ S is no
longer compact, we cannot appeal to 4.2.13, but instead we will apply lemma 4.2.12.
We will then prove existence of the unique invariant probability measure in proposition
4.2.33, establishing existence and uniqueness for a large class of these groupoids modulo
their singularities (we believe all the examples appearing in Korfanty [20] satisfy our
assumptions, but we have not rigorously checked this yet). First, we make a standing
assumption that our IFS satisfies the following property. This property also appears
in Korfanty lemma 5.2.1 [20].

Definition 4.2.23. Let T = {1, .., } be an iterated function system, and let K be
its attractor. We say Y satisfies the strong attractor open set condition if there
is an open set W # 0 in K such that v(W) C W and v(K) N (W) = 0 for all
1<i#j<uw

By uniqueness of the attractor, W is an open and dense set of K. Definition 4.2.23
is equivalent to assuming that the above W is an open set in K such that v;(W) C W,
(W) open in K, and (W) Ny (W) =0 for 1 <i# j <w.

The above definition is implied by the “strong open set condition” considered
by Lalley (page 700 [23]), which assumes there is an open set V in R? (rather than in
K) for which (V) CV, %(V)Nn(V) =0 forall 1 <i# j <wv,and VNK # 0.
It is easy to see from these properties that W = V N K satisfies the strong attractor
open set condition; since v; are affine maps, v;(V) is open in R? for all i < v. Hence,
% (V) N (V) = 0 implies 7;(V) N (V) = 0. Uniqueness of the attractor implies
K CV, so that v(K) Ny (W) C (V) Ny (V) =0 forall 1 <i#j <.

The “open set condition” drops the assumption that V N K # (. In Schief theo-
rem 2.2 [49] it is shown that the strong open set condition and the open set condition

are equivalent when the iterated function system elements are metric dilations.

One could define the “attractor open set condition”, by dropping the assump-
tion that +;(17) is open in K for all 1 <14 < v, but it seems difficult to prove anything
with such limited assumptions. We will assume the strong attractor open set condition
to prove useful alternative descriptions to canonical open sets in K as suggested in
Korfanty remark 4.2.12 [20]. To do this, let’s denote T),,(x) = {e¢ € ¥,,, : Jx. € K :
Ye(xe) = x}, and define

o K,(z):= UaeTm(x) 7 (K)
o V,(x) :=int(K,,(x))
o W(x):= UsGTm(m) V(W)
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Recall that U () = K \ U, g1, () 10 (5)-
Proposition 4.2.24. U,,(z) = V,,(x)

Proof. Since Up,(x) C K, (), it follows that U, (z) C int(K,,(z)) = Viu(z). Suppose
yisin V,,(x) \ Un(x) and let U, be an open neighbourhood of y contained in V,,(z).
Since W,,(x) is open and dense in V,,(x), Wy, (z) N U, is open and dense in U,. y is
not in U,,(z), so there is some 7 not in T,,(x) such that y is in ~,(K). Therefore,
Uy N7, (W) # 0. This means, by density of W,,(z) N U, and open-ness of ~, (W), that

W (x) N, (W) # 0, which is a contradiction. O
For v = ’ygamm,y) in I' (definition 2.2.17), recall the notations ¢(y) = m — n and
d(v) = (m,n).

Proposition 4.2.25. Let v be in T with ¢(v) =k and d(v) = (M + k, M). Then, for
every x in D(vy) and m > M, there is a bijection b : T,k (v(x)) — Tp(x) such that

v y(x)) = yljal(x) for all e in T i (y(x)).

Proof. Note that if €,7 are two distinct elements in T,,(z), then 77 '(z) # ~,'(x),
otherwise 7.7, (z) = . But then v, = 7., which is a contradiction to the strong
attractor open set condition. Therefore, T),(z) is in bijection with F~"(z) via the
map sending ¢ in T}, (z) to v (z). By proposition 2.2.16, for z in D(vy) and m > M,
we have F~"(x) = F~"8)(y(z)). Therefore, the function b : T), 1 (v(z)) + Tpn(z)
defined by letting be, for € in T,,,1x(v(z)), be the unique word in 7,,(z) such that
Y H(y(w)) = 5. (z) is a well defined bijection. O

Proposition 4.2.26. Let v be in I' with c(vy) = k and d(v) = (M + k, M). Suppose
K, (z) € D(y) for some m > M. Then, (U (2)) = Upnyr(y(2)).

Proof. Since 7 is a homeomorphism from D(+) onto an open set of K and K,,(z) C
D(%), y(int(K,(x))) = int(y(K,,(x))). By proposition 4.2.25 and proposition 2.2.14,

VEn(@) = | 100 )= | w1(K) = Kn(y(2)).

NE€ETm (z) NE€Tm ()

By proposition 4.2.24, int(K,(y)) = U,(y) for any n in Njand y in K. Combining these
equalities,

V(Um(2)) = y(int (K (2))) = int(y(Km(2))) = nt (K (7(2)) = Unan(y(2)).
O

Definition 4.2.27. We say E s primaitive if there is a k in N such that the range
and source maps r,s of O(R) surject onto K when restricted to E=*. We will call the
smallest such k the primitivity constant of E.
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Definition 4.2.28. We say sets C, D C K are R-equivalent if there is an R-map
v: UV such that C C U and v(C) = D.

Definition 4.2.29. Suppose E is primitive with primitivity constant k. We say a
closed set S C K is singular if it is fized by E7%, i.c., for g in E7%, r(g) is in S if
and only if s(g) is in S, and there is an open set U in K containing S and a collection
of open sets {U;}, in K such that \J._, U; = U\ S and each U;\ S is R-equivalent to
some V; not intersecting U.

Note that since r,s|g—« — K are surjective, S being fixed by E~* implies that S
is an R-invariant set. If S is singular, we denote the groupoid R restricted to units in
K\ S to be R|x\s-

Theorem 4.2.30. Suppose E is primitive, and S is a singular set such that the equiv-
alence classes of points in K \ S are dense (in K). Then, C*(R|k\s) has at most one
trace.

Before we prove this, we will establish a couple lemmas.

Lemma 4.2.31. Assume the hypothesis in theorem 4.2.30. Let k be the primitivity
constant for E. Then, there are numbers m,j in N and an open set U containing S
with a cover {U;}1_, of U\ S as in definition 4.2.29 such that

(i) the range and source maps surject onto K when restricted to the set

EF={(z,~k,y):I~yel:dr) =
= (M +k,M)), m>M, Ky(x) C D(y) and v(z) = y}

(11) for every y in K and x in K\ U, the sets Uy4j(x), U; \ S, 1 < i <mn, are all
R-equivalent to subsets of U, (y)

Proof. We start by proving 7). Given z in K, by surjectivity of 7 on E~*, choose 7,
in I' with d(v,) = (M, + k, M,) and x in D(~,) =: U,. Given y in K, by surjectivity
of s on E7%, choose ~, in T' with d(v,) = (M, + k, M) and x,, in D(v,) =: V,, such
that v, (z,) = y. Denote R(v,) = v, (V,) by W,. Choose finite subcovers {U,, };_; and
{Wy, }j=1 of K, and let N be the maximum of the M,,, M,,,
sup,c x diameter(K,,(x)) — 0 as m — oo, by the Lebesgue number lemma (Munkres
lemma 27.5 [32]) applied to the covers {Uy, }, {W,,} of K, thereis M in N, M > N, such
that for every m > M and z in K, K,,(z) is contained in one of the cover elements of
{U,,}L, and one of {W,, }7_,. This proves the surjectivity of r on E,* for m > M. By
proposition 4.2.26, applied to %’/]_,1 in I, where y; is such that V,, D Kp,1x(2), we have
Un (34, (2)) = 74 (Une(2). Therefore, U(3(,(2)) € D(ry,) and 7, (34, (2)) = =,
proving surjectivity of s on E_* for m > M.

i < q,j <r. Since
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We prove ii). Fix m > M. By density of the equivalence classes for points in
z in K\ S, and the fact that diameter(U,,;;(z)) — 0 as j — oo, there is some
J» € N such that U, (z) is R-equivalent to a subset of U,,(y). Since there are
only a finite number of possible different sets U,,(y), we may take j, to work for
all y in K. The sets {Up4j, fzck\s cover the compact set K \ U. Choose a finite
sub-cover {Upyj, (#:)}i_;, and let j = sup;_; ;js,. Then, for z in K \ U there is
i such that x is in Uy, (7). Since j > ja,, we have Uy yj(x) C Uy, () (this
follows from v5(K) = Uaezjim Ypa(K) for B in 35, ). By Korfanty lemma 4.2.8,
Untjo, (1) € Unyy,, (7:), so for every y in K, the sets {Upy;(2)}ecr\v are all R-
equivalent to subsets of U,,(y). The j chosen above only depends on U and not on the
covering elements {U;}!" ,, so by chopping these sets into small enough pieces (while
preserving the union), we may assume that the R-equivalent set V; of U;\ S has diameter
small enough such that V; is contained in one of the U,,;(x), for some z in K \ U
(here we are applying the Lebesgue number lemma to the cover {U,,;(2) }zex\v of the
compact set K \ U ). By transitivity of R-equivalence, it follows that for all y in K,
U; \ S is R-equivalent to a subset of U,,(y), proving the lemma. ]

Lemma 4.2.32. Assume that s surjects onto K when restricted to E_* (defined in
lemma 4.2.31). Then, there is D in N such that for every r in N, the cover consisting
of the distinct sets of the form Uy, x(y) is at most D-dimensional (definition 4.2.1)

Proof. Choose 1, ...,y; such that the U,,..«(y;) consist of all the distinct sets of the
form U,,,.+(y). By surjectivity of s on E_* and proposition 4.2.26 (iterated r times),
there are, for 1 < i < [, 7; in K and E~""maps v : Upn(z;) = Upyrr(y;) with
vi(z;) = y; that are, by the proof of proposition 2.2.18 locally maps in I' such that,
locally, d(v;) = (M + rk, M) for some M < m. Let b; : Tpyri(y;) = Tpn(x;) be the
bijections as in proposition 4.2.25. Fix i and € in T, 4.+ (y;). Consider all 1 < 5 < such
that € is in T5,4,4(y;) and bje =7, for a fixed n in X,,. We show that for two distinct
J, 7' such that bje = n = bye, we have U,,(x;) # Uy, (zj). Suppose this is not true,
i.e, Upn(xj) = Un(xj). Since v;, v, each are the composites of  maps in I', and maps
in I' are restrictions of affine maps, we have that «; and ~; are restrictions of affine
maps. Since v, Yy, rke;) U (e;) and vy, V(yj/,rk,xj/)’Um(xj/) send z; to y; and z; to y;r,
respectively, and have the same linear factor A™ it follows that ; = Vy; k) U ()
and v = y(yj,mk,mj,)bm(xj,). By proposition 2.2.14, we have Y, rkx,) = V= © %7—1 =
Vg rksay)- S0, Un(2j) = U () implies ; = 7. Therefore, Uy (y;) = 75 (Um(z;)) =
Vi (U () = Upmtri(yjr), which is a contradiction. Therefore, the number of j such
that € is in T, 4,%(y;) and bje = n is bounded by the number of distinct U,,(z;), which
is bounded by 2°". As there are only v™ different 1 in X,,, it follows that the number

m

of j such that ¢ is in Tp,4%(y;) is bounded by 2" v™. Since b; is a bijection, there
can only be at-most v™ different € in 7}, 1,4(y;). Therefore, the number of T, 4.4 (y;)

intersecting T+, (y;) is bounded by D = 2" v™v™. Since Uy yrk(Yi) N Upnyrk(y;) 7 0
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implies Ty 40k (Yi) N Tk (y;) # 0, it follows that {Up,40x(y:)}_, is an at most D-
dimensional cover. ]

We now prove theorem 4.2.30. Notice that lemma 4.2.32 is bullet point one in
proposition 4.2.12 and lemma 4.2.31 (i7) is bullet two in 4.2.12. The only exception
is the e-balls have been replaced with the open sets U,,(z). We could prove that the
hypothesis in Lemma 4.2.32 applies by using the Lebesgue number lemma and some
tweaking of the conditions in lemma 4.2.31. It is more natural, however to work with
what we got, so instead we will replicate the proof of lemma 4.2.12 tailored to this
setting.

Proof. Let m,k be as in lemma 4.2.31, and let D be as in lemma 4.2.32. For ¢ >
0, let N be large enough so that sup,., diameter(U,,x(z)) < € for r > N. Let
{Upri(y:) }—, be the at most D-dimensional cover of K as in lemma 4.2.32. By
lemma 4.2.31 combined with proposition 4.2.25, there are, for 1 < 1 < [, E~"*-maps
v; and z; in K such that c(v;) = 7k, v, (x:) = v, and % (Up(2:)) = Upgr(ys). By
lemma 4.2.31 there is a finite cover (independent of €,r) {W;}M, of K \ S such that
each W; \ S is R-equivalent to a subset V;; of Uy, (z;) forall 1 <i < M, 1< j </,
by an R-map 7;; : Wi \ S = Vi;. Define Vo; = Upn(z;) \ S, %0, = idy,,, and
Bij =0, for 0 <i < M, 1< j <l Since the ;; are (locally) in I', the sets
Uij =A{(x,—rk,Bi;(x)) : x € W;\ S} for ¢ > 0 and Uy ; = {(x, =7k, Bo(z)) : x € Vi ;}

are open in E~"%. By construction, these sets have the following properties:
e 7,5|y,, are homeomorphisms
e For fixed 7, {r(U;;}M, is an open cover of K\ S and ", s(Us;) = Upniri(y;)\ S-

o {Uo s(Ui;) = Unsrr(y;) \ S}i— is a D-dimensional cover of K\ S by open sets
with diameter less than e.

These covering properties, along with the fact that £~ fixes S, imply the groupoid
equivalences R|xs — E"|s < R|k\s for 7 in N, satisfy the strong finite type
condition with respect to K \ S (definition 4.2.2), so by theorem 4.2.5, C*(R|x\g) has
at most one tracial state coming from a R|x\g probability measure. Since R|x\g is
principal, by Putnam theorem 3.4.5 [40] it follows that these are the only types of
tracial states on C*(R|g\s)- O

Let ¢ : {1,...,v} — K be the coding of K as in Korfanty theorem 2.1.11 [20],
which is a continuous surjection defined for x = z;z5... in {1,..., v} by é(x) =
1My, 00 Yoy Vi - Van, (KC). Let p be the unique tail invariant probability measure for
{1,...,v}¥ and let w := @, i be the pushforward to K. Since p is a Radon measure and
¢ is continuous between compact spaces, w is a Radon measure, and therefore defines
a normed-one linear functional 7, on C'(K) by integration. We can extend 7, to a
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state on C*(R) by pre-composing with the conditional expectation E : C*(R) — C(K)
defined in Putnam section 3.4.1 [40].

Proposition 4.2.33. 7, is a trace on C*(R).

Proof. By Korfanty proposition 4.3.2, C*(R) and E are the the inductive limit of
C*(R,) and its canonical conditional expectation F,, so it suffices to show 7, o E,
is a trace on C*(R,) for all n. By Putnam theorem 3.4.4 [40], this is equivalent to
showing w is an R,-invariant measure, i.e., for every open set U C R, such that
rlu, $lu are homeomorphisms, w(r(U)) = w(s(U)). Let U, := r(U), Us := s(U), and
v :=ros|;. The preceeding equality can be re-written as w(y(Us)) = w(Us). Recall
from proposition 2.2.18 or Korfanty lemma 4.2.16 that the open sets U, = {(7(2), 2) :
z e U} fory = 7( (x,n,n,y) in T(R), and U C U(z,n,n,y) form a basis for the
topology on R,. Moreover, U, is an Ry,-set with 7(U,) = Yz nny(U) € U(y,n,n,x),

z,n,n,y)’

s(U,) = U, and ros\,}: = Yanny|v. We first show R,-invariance for the G-sets U,, i.e
W(Y(@nny) (U)) = w(U): Since U C U,(y) and v(U) C Uy,(x), we have U N, (K) = 0
and y(U)Nys(K) = 0 for a not in T},(y) and 8 not in T},(z). Therefore, o~ (U)NU (a) =
0 and ¢~ (v(U)) NU(B) = 0, where, for nin X, U(n) == {z € {1, .., 0} : z|p =1}
Hence, w(U) = ,cr, ) 167 () NU(E) and w(3(U)) =

ZneTn(x)u@_l(’y(U) NU(n)). Let b : T,(y) — T.(x) be the bijection, defined in
proposition 4.2.25, such that, for ¢ in T, (y), 7-'(y) = v,.'(z). Therefore, to show
w(U) = w(y(U)), it suffices to show p(¢=1(U)NU(g)) = u(¢ " (v(U))NU(be)) for all
in T,,(y). Let be = n. By invariance of p, u(¢=*(U)NU(e)) = u(ne (¢~ (U)NU())).
Therefore, it suffices to show ne (¢~ (U)NU()) = ¢~ *(v(U))NU(n). Since each are
subsets of U(n), it suffices to show

e (o7 (U)NU(e) =~ (¢~ (v(U)) N U(n)).

e o N (U)NU(e)) = 571(¢ WU) = (poe)(U) = ¢ !9 Y(U), and similarily

n o (v(U)) N U(n) 'y, 1 (7(U)).  Therefore, it suffices to prove v7'(U) =
v, {(v(U)). Since 7' (y) = 7,7 (), by proposition 2.2.14,
Y © V2 oowe () = Y|vrwex)- Therefore, 72 H(U) € v, (7(U)). The other containment

follows from symmetry ((fy&n’n,y))_l = ’V(L(Z)nx))

Now, for a general R-set U, let ¢ be in C.(U,) such that 0 < ¢ < 1, and let
{U,,}i—y € U be basis elements such that U; := r(U,,) cover supp(¢)). Let {¢;}7,
be positive functions such that ¢; € C.(U;) and > ¢; = 1 on supp(¢). Then, by

R,-invariance of w with respect to the U,,,

/zﬂovdw:g/(wi)ovdw:g/w@dw:/w-

Since w is a borel measure, we have
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w(U,) = sup{/z/z dw = /1/1 ovdw: 0< <1, ¥ eC(U)} =why HU,)).

]

Since p(V') # 0 for all open sets V C {1,...,v}", we have w(K \ S) # 0. Therefore,

T =

mm C*(Rg\s) 18 @ normed one trace for C*(R[x\s). By theorem 4.2.30 it is
the unique trace when E' is primitive, S is singular, and R|x\s is minimal.

Corollary 4.2.34. If T = {71, ..., %} satisifes the strong attractor open set condition
and R is minimal, then C*(R) has a unique tracial state.

Proof. Let W be the open set in the strong attractor open set condition. Since ~;(W)
is open, it follows that U; = {(w, —1,71(w))} is a non-empty open set in E~! such that
s(Uy) and r(U;) are open in K. Since R is minimal, every equivalence class intersects
s(Uy) and r(U;). Therefore, r and s are surjective on E~', so E is primitive. With
S = (), we may apply theorem 4.2.30 and proposition 4.2.33 to conclude C*(R) has a
unique trace. ]
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Section 5
Renormalization Groupoid

Recall from the previous section that the most important piece of information of a
groupoid renomalization procedure (definition 4.2.7) for a groupoid bundle (G, ) over
X was a groupoid bundle equivalence f*(G,7) — E < i*(G,w), where f : X; — X is
a continuous surjection from an open set X; of X, and ¢ : X; — X is the inclusion. X,
was the open set inductively defined as X,, = f~!(X,,_1) for n > 1, where Xy = X. In
this section, we will be concerned with constructing a groupoid F5 that contains the
information about such a groupoid bundle equivalence, as well as its iterations £, for
n in N and x in X,,, when f : X; — X is a local homeomorphism. We will then show
that any groupoid bundle equivalence f*(G,7) — E < i*(G, w) comes from essentially
the same constructions appearing in section 2.2.1 and 3.4.1 for the AF groupoid bundle.

Let us fix an étale groupoid bundle (G,7) over X, a local homeomorphism f :
X7 — X from an open set X; of a second countable locally compact Hausdorff space
X onto X, and a groupoid bundle equivalence f*(G,n) — E < i*(G, 7). We will first
give a description of such information that will make it easier to iterate E.

Since i : X; — X is just the inclusion, we can identify i*G with the restriction
G = G|r-1(x,) and "7 with 7y := 7|z-1(x,). Similarly, for n in N, denote (G,,7,) to
be the groupoid bundle gotten by restricting to 771(X,,). Hence, (Gy, ) acts on the
right of E.

Now, given the left action f*(G,7) — E we can define a left action (G,7) — E
in the following way. Recall that a point h in f*G is of the form h = (g,z), for
some g in G, = in X; such that 7(g) = f(z). Let’s denote ng : f*G — G to be
the projection defined, for (g,z) in f*G, as mg(g,2) = g. Restricted to the unit
space (f*GQ)°, mg : (f*G)° — GY is an open map, since mg sends the basis element
Ux;V ={(g,x) €e UxV :7(g9) = f(x)}, for U open in G° and V open in Xj,
to UN7 Y(f(V)), and f is an open map by assumption. Similarly, 7g is surjective
because f is. Therefore, p; := mgop : E — G° is an open surjection. We will let
GosE ={(g,e) € GXE :5(9) = psle)} and define py : Goy E +— E for (g,e) in Goy E
as pr(g,e) = p((g,m(o(e))),e) = (g,m(c(e)))e, where p : f*G o E — E is the original
product map. This is well defined, because, by definition of a point p(e) in (f*G)°, we
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have 7(g) = m(s(g)) = m(7c o p(e)) = f(f*m(p(e))) = f(m(a(e))), so (g,7(o(e))) is in
[*G. We will denote p(g,e) by ge.

Given ¢y, g2 such that s(g;) = r(g2), and an e in E such that s(g2) = py(e),
both (g1, g2€) and (g192,€) are in G oy E because pr(gee) = ma(p((g2, m(0(€)))e)) =
ma((1(g2), 7(0(€)))) = r(g2). Write = (o (e)). We have g1[(ga, )e] = (91, 2)[(g2, 2)e]
= (q192,)e = (g1g2)e. Therefore, the action is associative. Similarily, the action is
invertible and free because the f*G action is. Notice that the map ¢ : f*G o F —
G oy E defined for ((g,x),e) in f*G o E as ®((g,z),e) = (g,e) is a bijection since x
is uniquely determined by e. Moreover, it is continuous, because it is the restriction
of a projection and is open, because it sends the basis element U oV C f*G o E, for
U open in f*G and V open in E, to the basis element 7g(U N p(V)) oV C Go E.
Therefore, ® is a homoeomorphism. By the definition of ps, we have py o ® = p. This
intertwining implies that py is a continuous, proper action and that it commutes with
the right GG; action (p has these properties). o remains injective modulo this new left
G action because every product under the left f*G action is represented by a product
of the left G action. The relation between p; and o is now 7o py = f(w o o), and
whenever pr(e1) = ps(es) for e; and e; in E, there is a g in G such that e;g = ey
only if m(o(ez)) = m(s(g)) = w(r(g)) = w(o(e1)). Conversely, if pr(e1) = py(e2) and
m(o(eg)) = w(o(er)), then p(e;) = p(ez), and so the injectivity of p modulo the right
(G action applies to show there is g in G; such that e;g = e5. Since f is a local
homeomorphism, 7¢ is as well. Therefore, ¢ o p = py is a local homeomorphism. We
will give a name to such a pair of actions G — F < G:

Definition 5.0.1. Let (G,7) be an étale groupoid bundle over X, and let f : X7 — X
be a local homeomorphism of an open set X; of X onto X. An f-equivalence is a
pair of commuting étale groupoid actions G — E < G|.-1(x,) = G1 such that

° fowoazwopf

e the above relation induces a map p : E — (f*G)° defined for e in E as p(e) =
(pr(e),mo(e)). We require this map to be surjective, or equivalently, for any u in
G° and x in X, such that w(u) = f(x), there is an e in E such that w(o(e)) = x
and ps(e) = u.

e p and o are injective modulo the right Gy action, left G action, respectively. The
condition of injectivity of py is equivalent to the property that if ey and ey are in
E such that ps(e1) = pslea) and w(o(er)) = w(o(e2)), then there is a g in Gy
such that e1g = es.

The above conditions for an f-equivalence imply p is open, for if U is an open set in
E such that ps|y, oy are injective and 7(o(U)) is contained in an open neighbourhood
W such that f: W — f(W) is a homeomorphism, then p(U) = ps(U) x¢ w(c(U)) =
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pr(U)x s W. Since ps(U) and W are open, it follows from the above equation that p(U)
is open. Therefore, there is an induced left f*G action on F such that f*(G,7) — E «
i*(G, ) is a groupoid bundle equivalence. Clearly such a construction is an inverse to
the one starting from a groupoud bundle equivalence as above and constructing an
f-equivalence.

For an open set U contained in X, we will denote 7~ '(U) by Gy and 7|—1
by 7. Also, denote o' (771(U)) by Ey and p~'(7~}(U)) by yE. There is a local
characterization of an f-equivalence, which we now state.

Proposition 5.0.2. Let (G, ) be an étale groupoid bundle and f : X1 — X a local
homeomorphism from an open set X; of X onto X. A pair of commuting groupoid
actions G — E < Gy is an f-equivalence if and only if mopy = fomoo and for every
open set U of X such that f : U — f(U) is a homeomorphism, the restricted action
Grwy — By < Gy s an étale groupoid equivalence.

Proof. The proof is straightforward. m

We now show how to construct a groupoid out of an f-equivalence. We will in-
ductively define X,, = f~'(X,_;) for n > 1, where Xy = X, and G, := Gx,,
E, = Ex,. Then, the restricted actions G, — F, < G, are f : X, — X,
equivalences, by the local characterization above. We will let E™ denote the product
Ey X, By Xay ... X@, , By, and we will equip E" with its commuting left Gy and right
G, groupoid actions as in section 3.3. For (e, e, ..., e,) in Ey X Fy X ... X Ej such that
o(e;) = pleg) for all 1 < i < n — 1, we will denote ejes...e, to be its image in E™
under the quotient map E; X Ey X ... X By — E™.

Since the E; are f : X; — X;_1 equivalences for all 1 < i < n and e = e;...e,
in ", we have f"(m(o(en))) = f"H(m(p(en))) = [ Hm(o(en-1))) = ... = 7w(p(er)).
Let U be an open set in X,, such that f" : U — f™(U) is a homeomorphism. Then,
for each 1 < i < n, f: fi=Y(U) — fY(U) is a homeomorphism, and so each action
Gri-vy = Epiy < Gyiy 1s an ¢tale groupoid equivalence. It is easy to see that

Eg = Efn71<U) Xa

1) Efn72(U) Xan—Q(U) XGf(U) EU.

Therefore, Ej; is the product of étale groupoid equivalence, so by proposition 3.3.9 it
is also an étale groupoid equivalence. So, we see from the local characterization in
proposition 5.0.2 that G — E" < G, is an f" : X,, — X equivalence. The dual
actions G,, — E™ < Gy have (g,¢e) in G, o E™ if and only if (e,¢g™') is in F o G,, with
product ge = eg!, and similarly for the dual Gy action. We will denote E™, when
equipped with the dual actions, to be £~", and we will denote e in E™ by e~! when
regarded as being in E~". Also, we will denote G by E°. Now, for (m,n) in (NU{0})?,
we will let (™™ denote E~™ x E™. Since the properties second countability, local
compactness and Hausdorff-ness are preserved under the product of étale groupoid
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equivalences (proposition 3.3.9 and 3.3.10), and this product is locally the product
of étale equivalence, it follows that E(™™ is second countable, locally compact, and
Hausdorff (remember that X is second countable, locally compact and Hausdorff). For
a in E™ and b in E™ such that ppm(a) = pa(b), we will let a~'b denote the image of
(a',b) in E~™o E™ under the quotient map qgy, ) : E-" 0 E™ — Em™) - Since EM™™) is
locally the product of étale groupoid equivalences, by proposition 3.3.6, q(m,») is locally
an open map, and is therefore open. For U open in E™ and V open in E~", we will let
U~V denote the (open) image of U™ oV = {(u"t,0) e U XV : pym(u) = pp(v)}
under q(m,). Now, we will let & = |_|(m7n)€(NU{O})2 Em™ and describe a product and
involution on it, making it the “Toeplitz extension” of the groupoid we want to consider.

First, for n in NU {0}, since f*"G — E™ < G, is a groupoid equivalence, E™ X,
x /=" is isomorphic to f™*G, via the isomorphism ®,, : E™ x5, XE™" — f*"G sending
[a,b7!] in E™ xg, XxE™™, for a and b in E™ such that o(a) = o(b), to the unique
groupoid element (g, 7(o(a)) in f**G such that a = (g, 7(o(e)))b = gb. We will denote
g by ab™!, so that ng o ®,([a,b7']) = ab™!. Since ®,, is a homeomorphism and 7¢ is
continuous, it follows that the map pg,,) : E" 0o B~ — G° [a,b™'] sending (a,b™') to
ab~! is continuous. More generally, if a = ajas..a, is in E™ and b = byby...b; is in E*,
such that o(a) = o(b), we will denote ab™! to be the element in E"~* defined as

1 {[a(bknH...bk)_l](bl...bkn)_l if n < k
(ay...an_p)[(@n_ps1--a)b7Y]  ifn > k.

The mappings pix) : E" o E7% — E"* defined for (a,b7') in E" o E% as
P(ngy(a,b™') = ab™! are continuous, as they are a composite of either p(,,) (when
n < k) or pary (when n > k) with the product maps of the groupoid actions. Recall
the product (NU {0})? — NU {0}, defined for (m,n) in NU {0} and (k,1) in NU {0}

as

(m+k—n,l) ifn<k

(m,n)(k,1) = {(m,n—k‘f‘l) ifn>k

For a = a™'b in E™™ and B8 = ¢'d in E*Y such that o(b) = o(c), the product
af in B ED g defined as

0f = [at(be™M)]d iftn <k
e Y(be HYd) it n > k.

Since o and /3 can also be represented as (a~*g~')(gb) and (¢"*h~')(hd) for g and h in
G such that s(g) = ps»(b) and s(h) = ps(d), we must check that the product with these
representatives gives the same answer. We will do this for the case when n > £, and the
case when n < k is handled similarily. Since the map p(,x) : E" o E~% — E"* is left
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and right G-equivariant, we have a~'g~![(gbc 'h™')hd] = a~tg~g[(bc ) (h1hd)] =
a'[(bc™1)d]. Therefore, a3 is well defined. It will be convenient to denote, for o« = a~'b
in £ o(a) by p.(a) and o (b) by o.(a).

We Wlll let Eo& = {(a, ) € EXE :o.(a) = pu(B)} and denote pg : Eo& — & to be
the product map, defined for (o, ) in € o & as pe(a, B) = af. It is a straightforward
check that this product is associative, and we will omit this. For (m,n), (k,[) in
(N U {0})2, where n > k, the product map pg : E™™ o E®D s pmn)(kl) has a lift
to amap pg : (E"™ o E") o (E %o E') — E~™ o E"* defined for (a7!,b,c7t,d)
in E7™ x E" x E7%F x E' such that pgm(a) = psn(b), o(b) = o(c), ppr(c) = ppu(d) as
pe(a™t,b,¢7t d) = (™, pogy (b, ¢ 1)h). Since pg, x) is continuous and the composition
(D(nk) (b,c Y, h) = P (b, t)h is continuous, pe is continuous. Moreover, locally,
this mapping is the composition of étale groupoid equivalences (as in proposition 3.3.6)
S0, Pg is an open map. The mappings ¢1 = qum.n) X Q) : (E"™ 0 E") o (E7" 0 E') —
Emn) o Bk and g, = q(mn—k+1) are also seen to be open, by the same reasoning. The
diagram

EmoEno kol Y5y p-mg prnktl

| |=
Emn) o gkl L F(mn—k+0)

commutes. Therefore, pg : E(™™ o E*D s Emn—k+h) i 5 continuous and open
mapping. The same is true when n < k. Therefore, pe : £ 0 £ +— £ is continuous and
open.

Define the involution of & = a~'b in E™™ to be a~' = b~'a, which is in E™™)
For an open set U contained in E™ and an open set V' contained in E", it is easy to
see that (U~'V)~! = V7U. Therefore, 7! : £ — &£ is a homeomorphism. Moreover,
for (a, B) in € o £, we have that (37, a™!)isin £0 &, and (aB)™! =~ la™ .

For n in NU {0}, let A, = {e7'e : ¢ € E"}. Since ¢ : E™ — G° is injective
modulo the left G-action, e~'e in A, is completely determined by o.(e"'e) = o(e).
Therefore, o, : A, +— G?L is a bijection. o, : A,, — Gg is continuous, because it is the
restriction of the left structure map for E™" = E~" x4 E™. Also, for U open in E™,
o.(UT'UNA,) =0o(U),so 0. : A, — GY is also open. Therefore, A, is homeomorphic
to GO. Let A = |72, A,, and define the range and source maps r¢ : € — A and

e 1 & A respectively, for a = a7'b in E™" as r(a) = aa™! = a"'b(a"'b) !
a '(bbHa = a~ta, and sg(a) = ala = b laa b = b7'b. r¢ and sg are continuous
because the product and the involution are.

Proposition 5.0.3. r¢ and s¢ are local homeomorphisms.

Proof. Tt suffices to prove 7¢ : E(™™ s A, is a local homeomorphism, for any (m, n)
in (NU{0})2% For every a in E™, by surjectivity of ps : E™ +— G°, there is b in E"
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such that psm(a) = pga(b), so a=tb is in E™™ | and r¢(a™b) = a~ta. Therefore, rg
surjects E™m™) onto A,,. For any a” b in Emn) et U, C E™ and U, C E™ be open sets
about a, b, respectively, such that o|y, and psn |y, are injective, and pm (U,) = psn(Up).
Then, re (U, Uy) = U7 U, N Ay, so re(U,Uy) is open. If o(e) = o(€) for e, € in
U,, then by injectivity of o|y,, we have e = €. Since pm(U,) = ps(U,), and psn|y,
is injective, there is a unique V' in U, such that psm(e) = pg (V). Therefore, e '¥' is
the unique element in U, 'U, such that re(e”'0') = e~'e. Hence, r¢|y-1p, is injective.
Since open sets of the form U;'U, with the above properties form a basis for £™™),
it follows that r¢ is a local homeomorphism. O

Now, we will take a quotient of £ to get our desired groupoid. First, let’s define an
equivalence relation ~ on & where, for @ and 8 in €, a ~ 3 if o,(a) = 0,(3) and oS!
isin A. since A7 = A, a87! being in A is equivalent to Sa™! = (af~!)~! being in A.
Therefore, a ~ [ implies § ~ «. By definition of A, o ~ « for any « in £. Before we
show transitivity of ~, we would like to prove some other results first. These results
depend on two observations:

e For any « in € and w in A such that o,(w) = p.(a), we have that o 'wa is in A.

o If wy is in Ag, and wy is in Ay, such that k; < kg and o.(w;) = pi(w2), then

Wiy = Wa.

These observations are straightforward to verify. For instance, to show a lwa is in
A, we can write w = e “'e. Then, by associativity of the product, a~!(e7le)a =

(ea)™!(ear), which is in A.
Proposition 5.0.4. If o ~ 3 for a, 3 in &, then a=! ~ 371

Proof. From the first observation and the hypothesis, we know that both o' (af™!)a =
(a7 la)Bta and B~HaB )3 = B~ ta(B71B) are in A. It is easy to see that 3718871 =
f~1and aa™ta = a. Since Bl is in A, ala and 718 are composable. By the
second observation, either a 'aB7 '8 = B7'8 or ataS~ ! = a~ta. Therefore, ei-
ther a-la(8-1a) = (a~la)(8-1B)F ' = (B-1B)8 o = f-la, or (5-'a)(3-15) =
(B7ra)(a™a)(B71B) = B ta(a a) = B a, In either case, we have shown S~ is in
A. Therefore 37! ~ a~!, so that a=! ~ 571 n

Proposition 5.0.5. Suppose oy, as, (1, P2 are elements of € such that oy ~ o,
Br ~ Ba, and ou(a1) = pu(B1). Then o.(az) = p«(B2), and a1fy ~ azfs.

Proof. aqayt and BB, are in A, so 0, () = 0,(a) and p.(B1) = p«(B2). By assump-
tion, o, (a1) = p.(B1), so we have 0, (a) = 0.(a1) = p.(B1) = p«(B2). Now, let aj tanp =
w1, which is in A by proposition 5.0.4, and let wy = 6162_1. From above, w; and w, are
composable, so by the second observation, either wijws = wy or wiws = wy. Assume first
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that wiwy = wo. Then, 1B (aeBs) ™! = sy = aywiwsay ' = (ara) ) (aswaayt).
Since A is closed under multiplication, and aswsa; ! is in A by the first oberservation,
it follows that oS3 (asB2)~"' is in A. Now, assume wjw; = wy. If a; is in E™™ and
g is in E®D | then either aj'ay is in E™@™= %D (m > k) or aj'ay is in B e
(k > m). Since a;'ay is in A, we have n = m — k + [, so aj 'y is either in A,
(m > k) or it is in A; (k > m). This equality, along with a; 'asay ay = aj'as and
oy tayartay = ajta, implies from the second observation that either ajtas = o'y
(m > k) or aj'as = ay'ay (k > m). Therefore, either a;'ajws = aj'ay, or
wgozglag = a;loc2. Hence, either ozleoz;l = alaflalu@a;l = ozlozflozlozg = ozlozgl,
or aqwaan !t = aqwaan tanayt = ajag tasayt = ajayt In either case, we have that

Oélﬁl(Oézﬁg)_l isin A. ]
We now show ~ is transitive.
Proposition 5.0.6. For a, 8, and vy in &, if a ~ B and § ~ v, then a ~ .

Proof. af~! and By~! are in A, so by closure of A under the product, oS 13y}
is in A. Since 78 ~ a~la, it follows from proposition 5.0.5 that a3~ 18y~! ~

1

aatay™! = ay~t. Now, to prove the proposition, it suffices to show that if z = ay~!

is equivalent to an element © = a3~ '8y ' in A, then z is in A. Assume z is in £
and u is in Aj. Since z ~ u, we have that zu is in A. If n > k, then zu = zz7'z2u =
2(z7'2)u = 2(27'2) = z, so in this case z is in A. Now, let’s assume n < k. Since
o.(zu) = o.(u) and zu is in Ay, it follows that zu = u. Let’s write u = b~'b for
b = biby...b, in E¥, 2 = e 'a for e = eje9...¢, in E™ and a = a,as...a,, in E™. By the
definition of the product, (e7*a)(b='b) = [e7'(ab™!)]b = [(ba™!)e]™'b. Since we have
[((ba=1)e] 1o = b~ 1D, it follows that b = (ba~')e. Expanding this, we have

blbk = bl---bk—n[(bk—n+1-~-bk) (al...an)_l]el N

Let g = (by—ny1.--bx)(a;...a,)"!. From the above expansion, we have that g(e;...e,) =
bg—n+1-.-bi. By definition of g, we have g(a;...a,) = by_ny1...bx. Therefore, g(e;...e,) =
g(ay...a,). Since the action is invertible, we have (e;...e,) = (ay...a,,). Hence, z = e ta

is in A. O

Now, let F be the quotient space £/ ~, which we equip with the quotient topology.
For oo in &£, we will denote @ to be its image under the quotient map ¢ : £ — F.
We define the involution @' to be a~!, which is well defined by proposition 5.0.4,
and continuous because it is the descent of the continuous involution at the level of
£ by a quotient map. For @, § in F such that o.(a) = p.(B), define af := afB to
be the product, which is well defined, by proposition 5.0.5. We will show the product
map pr : F o F — F is continuous a bit later. Notice that for «, [ such that

o.(a) = p.(B), we have a8~ ~ aa"'a = a and a™'afB ~ B3 = B. Therefore,
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6@71 — @ and @ 'af = B. These were the only identities missing from & for it to
be a groupoid. Hence, F is a groupoid. We show that it is a second countable locally
compact Hausdorff étale groupoid with unit space homeomorphic to G°. First, we
prove a lemma.

Lemma 5.0.7. If o and 8 are elements in E™™ such that o ~ 3, then o = .

Proof. Since a3~ is in A, we know that o.(a™ta) = 0,(87!43), and ata, 713 are
in A,. Therfore, by injectivity of o, : A, — G°, we have a o = 714, Similarily,

aa™! = BB = B!, Therefore, we have a = aa™la = (o) = (88713 =5. O

Proposition 5.0.8. ¢ : £ — F is a local homeomorphism. Moreover, for every (m,n)
in (NU{0})2, ¢: EU™™ s F is a homeomorphism onto its (open) image.

Proof. By lemma 5.0.7, we have that the restriction ¢ : E™™ s F, for any (m,n)
in NU {0} is an injection. For a~'b in E™™ let U, C E™ and U, C E" be open
neighbourhoods of a, b, respectively, such that pm|v,, p|u,, olv, and o|y, are all
homeomorphisms onto their open images. Let W = U, 'U,. We show the saturation
q 'q(W) of W is open. For k in N, let Uy, Uy, be the unique open sets in Ay such
that 0,(Ura) = 0.(U,) N GY and 0,(Uyp) = 0.(Up) N GY. Since G — E* <+ G is
locally étale, it follows easily that Ay is open in E®F) so Uk,. and Uy are open in
E®R) For m’ > m and n’ > n, let Wt = Upr oU UpUpr . This set is open, because
the product map pe is open. For a in U, and b in U, such that pgm(a) = pfn(i)),
o.(a) is in G%,, and a*(l;) is in GY,, there are unique elements w; in Uy 4, wo in
Uy such that o,(b) = o.(w;) and 0,(a) = o(ws), so that wed 'bwy is in Wiy
and wyd 'bw; ~ a~'b. By lemma 5.0.7, it follows that E(™) 0 ¢ (W) = Wy .
Now, for an arbitrary element a in E®Y N q 'q(W), we may choose n; and n, in N
large enough so that k +ny; > m and [ 4+ ny > m, and elements wy in Agyp,, wy in
Ajtn, such that o,(ws) = piu(a) and o.(a) = pe(wy). Then, woaws is in Wi, 14,
since E*Hm1lm2) 0 = 1g(W) = Wity t4my- Since Wiy, 14n, i open, it then follows by
continuity of the product map pg that there are open neighbourhoods U,,, U,, U,,, such
that U,,UsUy, € Wiin,y i4n,. Therefore, q 'q(W) contains the open neighbourhood
Vo = p; 0. (U,)) NUs N o7 0,.(Uy,)). Hence, ¢~ tq(W) is open, so ¢ : E(™™ s F is
a homoemorphism onto its (open) image. O

Since £ is locally compact and 2nd countable, and these properties are preserved
by local homeomorphisms, it follows that F is locally compact and second countable.
As for Hausdorff, let @ and /3 be two distinct equivalence classes in F. Since the maps
p. and o, descend to continuous maps from F to the Hausdorff space G, it suffices
to prove the Hausdorff property for distinct @ and 3 such that o,(a) = o,(3) and
p«(@) = pu(B). These equalities imply we can find representatives o and 3 of the
respective equivalence classes that are in the same clopen set E(™™ for some (m,n) in
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N U {0}. Since E(™™ is Hausdorff, we can find open disjoint neighbourhoods U, and
Ug of aw and B in E(mm) respectively. Since ¢ : E™™ — F is a homeomorphism onto
its open image, it follows that ¢(U,) and g(Up) are open disjoint neighbourhoods of @,
B, respectively. Therefore, F is also Hausdorff.

Since ¢ is an open map, g X ¢ is also open. (¢ X ¢)"'(F o F) = £ o £ is closed, and
q %X q saturated, so the restriction ¢ x g : £0& — FoF is a quotient map. Therefore, the
product map pr is the descent of the product map pg by quotient maps, and is therefore
continuous. Now, we show F is étale with unit space isomorphic to G°. We proved in
proposition 5.0.6 that if an element z in F is equivalent to an element in A, then z is in
A. Therefore, 71 (F°) = A. Also, for v and v in A, u ~ v if and only if o, (u) = 0. (v),
so the local homemorphism o, : A — G° descends to a homeomorphism &, : F° — G°
such that &, o ¢ = 0,. Hence, F° is homeomorphic to G°. Since A is open in &, we
have from proposition 5.0.8 that ¢ : A — F° is a local homeomorphism. Therefore,
the range and source maps on F are the descents of the range and source maps rg,
sg, which are local homeomorphisms, by the local homeomorphisms ¢ : £ — F and
q: A+ F9. Therefore, the range and source maps on F are local homeomorphisms,
so JF is étale.

We can specialize this construction to the most basic case when the groupoid G
is equal to the space X, with bundle structure 7 = idx : X — X and groupoid
equivalence X — Ey < X, where Ey = {(y,x) € X x Xj : f(z) = y} is equipped with
the structure maps defined for (y,z) in E; as o(y,z) = z, p(y,z) =y = f(o(y,x)).
Then, it is easy to see that &g, is

Ty = {(z1,(m,n),x2) € X x (NU {0} x X 121 € Xon, 20 € Xy, [ (1) = f™(22)},

with product, defined for pairs (z1, (m,n), x2), (y1,(k,1),y2) in Ty when zy = y; as
(1, (m,n), z2) (1, (K, 1), y2) = (21, (m,n)(k,1),y2). The involution is (z, (m,n),y) ! =
(y, (n,m),x) for (z,(m,n),y) in Ty. The topology on T} has basis elements consisting
of sets U x (m,n) x V C E}m’n) such that f™|y and f"|y are homeomorphisms, with
f™(U) = f~(V). The groupoid Fg, is the groupoid Oy = {(z,m —n,y) € X X Zx X :
(x,m,n,y) € Ty}, and the quotient map ¢ : Ty — Oy sends (x,m,n,y) in T to
(x,m —n,y) in Oy. The groupoids Oy of local homeomorphisms have been considered
by Deaconu and Muhly in [7].

Now, given an f-equivalence F, the Toeplitz extension £ and the groupoid Fg
factor down onto T, Oy, respectively, in the following way. For (m,n) in (NU {0})?,
let Yonn @ B E](cm’”) be the map defined, for a='b in E™™ as 7, ) (a~'b) =
(roo(a),m,n,woc(b)). (roo(a),m,n, Toc(b))isin E}m’n), because moppm = fMomoa,
0 pym(a) = pgn(b) implies f™(roo(a)) = f*(moo(b)). For U open in X,, and V open
in X,,, such that f™|y, f"|v are homeomorphisms, and f"(U) = f*(V) = W, we have
7&7n)(U x (m,n) x V) = p BV = E;™ x¢,, EP. Therefore, Y(m,n) 1s continuous.
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We will let v = U(m’n) Yimmn) © €+ Ty. We show v is multiplicative and inverse
preserving. For a7'b in E™™ and ¢ 'd in E*Y such that o(b) = o(c) = u, we
have y(a™'b) = (7 o o(a), (m,n),n(u)) and v(c7'd) = (7w(u), (k,1),7 o o(d)). Also,
y(a"tbetd) = (woo(a), (m,n)(k,l), moo(d)), and (moa(a), (m,n), w(u))(mw(u), (k,1), 7o
o(d)) = (7 o a(a),(m,n)(k,1),m o c(d)), so v is multiplicative. For a~'b in E™™),
y(b~ta) = (moa(b),(n,m),moac(a)) = (7 oo(a),(m,n),moc(b))t so v is inverse
preserving. Hence, v : € — T} is a continuous surjection preserving the involution and
product of the Toeplitz extensions. For e in E", we have y(e~'e) = (w o (e), (n,n), 7 o
(€)), so v descends to a continuous surjective groupoid homomorphism 7 : Fg — Oy
via the quotient maps ¢; : &g — Fg and ¢z : Tf — Oy. Therefore, the f-equivalence
structure leads to a continuous surjective groupoid homomorphism 7.

We can recover the f-equivalence from the structure ng : Fg +— Oy. First, suppose
a~'bis in E®™ and ng(a~1b) = (x,0,2). Therefore, 7 o o(a) = 7 o o(b) and psm(a) =
pn(b), so by the property of an f"-equivalence, there is ¢ in G, such that b = ag.
Hence, we have a™'b = (a7"a)g ~ g, and 7' (09) = q(E®?) ~ G. Moreover, the
diagram

)

G — 110

:

commutes, so ¢ : (G,m) — (75 (0%),7g) is an isomorphism of groupoid bundles.
(01) _
P =

0
f
g E

0} =X
We now apply the same argument to recover the f-equivalence E. Consider O
{(y,—1,z) : x € X; and f(z) = y}. Now, suppose a = ajas..a, and b = by..b, 1
are such that psn(a) = ppt1(b) and mg(a=tb) = (y,—1,z), for (y,—1,z) in O;O’l). It
follows that m o o(b,) = 7o pg(bpt1) = f(m o o(byt1)) = z, so that mg(a=1b1bs...b,)
is in O%. Let g be in G, such that g = a='biby...b,. Then, a='b ~ gb,;1 and hence
7@1(0;0’1)) = q(E®Y) ~ E. Since ¢ is multiplicative, the left and right groupoid
actions ' (09) — 7@1(0;0’1)) «— 75 (0O} N Xy) is conjugate to the respective left,
right actions

G=FE"  g=F% ¢ G =E"ny1(X))

in &g, which is by definition the mutiplication by the left and right f-equivalence
actions. Therefore, we can recover the f-equivalence from 7.

We can consider this reconstruction in a more abstract setting. Suppose H is a
second countable locally compact Hausdorff étale groupoid equipped with a continuous
surjective groupoid homomorphism 7 : H +— Oy. Since Og)c is open, H; := W_l(O?) is
an open subgroupoid of H, so it is a second countable locally compact Hausdorff étale
groupoid as well. Since 7 : H; — O% = X is a groupoid homorphism onto the unit
space groupoid X, we have n(r(g)) = n(g) = m(s(g)) for g in H,. Hence, (H,,m) is
a groupoid bundle over X. O}O’l) is open in Oy since it it is the image of the clopen
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set E}O’l) under ¢. Hence, E, := Wﬁl(O;O’l)) is open in H, and is therefore second

countable, locally compact, Hausdorff with the property that p; :=r: E; — H® = H?
and ¢ := s : B, — HY = H? are local homeomorphisms onto their (open) images
(which is not necessarily all of H® in either case).

By the definition of 0;0,1), we have mo py =rom = f(som) = f(roo). E;is
closed under groupoid multiplication on the left by H, and on the right by (H,); since
(0,0)(0,1) = (0,1) and (0,1)(0,0) = (0,1). Now, for e; and ey in E such that o(e;) =
o(e2), we have som(e1) = som(e2) = x, so that g = eje; " is in (Hy)f() and ges = e1.
Therefore, o is injective modulo the left H, action. If p(e;) = p(e2) and mo o(ey) =
moo(ey) =z, then h = ej ey is in (Hy),, 50 e;h = ey. In summary, if we assume that
for every = in Xj, the range and source maps restricted to 7~ ((f(x), —1,x)) surject
onto 7 (f(x)), m!(x), respectively, then H, — E, < (H,); is an f-equivalence. It
can then be shown that the corresponding groupoid Fg, is isomorphic to H via the
map sending a word in Fg_ to the product of all its factors.

If we consider the construction of bundles of AF groupoids (R, 7) in section 2.2.1
from surjective non-degenerate graph homomorphisms 7 : H — G, and the groupoid
equivalences o (R,,7) — E < (R,,7) as in section 3.4.1, then the groupoid Fg is
where oy : Xy — Xy is the shift, and E is recoverd
from the factor map 7 : G,, — G, sending (z,k,y) in G,,, to (7(z),k,7(y)). The

isomorphic to the groupoid G,,,,
groupoids G,,, are considered by Kumjian, Pask, Raeburn, and Renault in [21].

For an IFS groupoid R as in section 2.2.3 with groupoid equivalence £ =
{(z,—1,y) € O(R)}, Fg is isomorphic to O(R). The same is true if we do not assume
the range and source map surject onto the attractor K. At the end of section 2.2.3 we
constructed from R another IFS groupoid R4, which had the groupoid of a standard
IFS T with |A| elements on a Cantor set as a factor. This factor map extends to a
factor map 7 : O(Ry4) — O,, where o : AN — AN is the shift on the symbol set A.
It is easy to see that the groupoid bundle (R,,7) constructed at the end of section
2.2.3 is canonically identified with the groupoid bundle (O(R4))., 7). We could then,
as above, construct a o-equivalence E for the groupoid bundle (R, 7) appearing in
section when the surjectivity conditions, as above, on r and s are met, which would be
a groupoid renormalization procedure (R, F, o).

The iterations E™ of the rotation groupoid bundle equivalence G*(H,7) — E «+
i*(H, ) defined in section 3.4.2 have interesting connections to the continued fraction
algorithm. For instance, for a fixed irrational 6 in (0, 1), £} is homeomorphic to k,(f)
disjoint copies of R, where k,(0) is the n'"-convergent of # (the denominator in a
rational approximation of ). The groupoid Fg could then be an interesting one to
compute.

The correspondence between f-equivalences and groupoids which factor onto Oy,
leads us to a question: what do the properties of a renormalization procedure (G, E, f)
correspond to at the level of the groupoid Fg, or C*(Fg)?
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Section 6
Further Work

In this section, we provide future research directions the author (or an interested reader)
might follow related to both the renormalization groupoid introduced in the previous
section and the analogous construction for a C*-algebra renormalization procedure.
Anantharaman-Delaroche in [1] (definition 2.1) defined the notion of a locally con-
tracting étale groupoid. Since a renormalization procedure (G, E, f) (definition 4.2.7)
for an étale groupoid bundle (G, ) is locally contracting in a sense, it is natural to ask
whether its renormalization groupoid Fg is locally contracting. If we assume

o m:G%— X is open, proper, (GY,d,).cx.. is continuously varying in the sense of
definition 2.2.6, lim,,_,o sup e x AL = 0,

e 0 : X; — X has a dense number of periodic points with corresponding fibre
groupoids minimal, and

e the existence of a metric d on X and a number A < 1 for which every local inverse
of f is locally a A-contraction,

then we claim Fg is locally contracting. The proof we know of relies on a "local”
Lebesgue number lemma for continuously varying metric spaces. Although the con-
ditions above include all the renormalization procedures considered in this thesis, it
would be desirable to prove this claim with fewer assumptions, which will be future
work. Assuming the above conditions, and that Fg is essentially free (defined below
Anantharaman-Delaroche definition 1.1.2 [1]), Anantharaman-Delaroche proposition
2.4 [1] implies C*(Fg) is purely infinite. Simplicity of C*(Fg) follows if we also assume
Oy is minimal. We do not need all the above assumptions for proving that Fx is mini-
mal, but we will leave a careful analysis of the properties of Fg for future work. So, we
ask the following question, which is motivated by the idea that their should be a strong
link between the renormalization dynamics, and the dynamics of the renormalization
procedure.

Question 6.0.1. Suppose (G, E, f) is a groupoid renormalization procedure for (G, )
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with renormalization dynamics a local homeomorphism. If Oy is locally contracting,
when is Fg locally contracting? Similarily, if Oy is minimal, when is Fr minimal?

Given an upper semi-continuous C*-algebra renormalization procedure (definition
4.1.1) (A, F, o) where (A, o) is a D-algebra, D = Cy(X) C Cp(X), and ¢ : X; — X has
a transfer operator ®, : Co(X;) — Cy(X), which is a positive, faithful linear map such
that ®,(gfoo) = ®,(g)f for all g in Cy(X7), f in Co(X), we can construct a C*-algebra
in the following way. The map ®, extends to a linear map ®4 : 0*A — A that sends
a basic tensor g ®, a in Cy(X1) ®, A = 0*A to ®,(g)a. One can show that ® 4 is also
positive, faithful and satisfies ® 4(ab) = ® 4(a)b for all a in 0*A and b in A, where the
right action of A on 0*A = Cy(X) ®, A is the obvious one. Consider the dual Morita
equivalence i*A — F* < ¢*A. The non-degeneracy of the right action ¢*A + A
allows us to define a right action F* <— A. This action, along with (-, ) 4 := ®4((:,))
defines a right Hilbert A-module structure on F*, as can be checked. The left action
*A — F* can be extended, by non-degeneracy, to a left action A — F* acting on
the right Hilbert A-module F* by bounded, adjointable right A-linear operators. Such
a pair of actions A — F* < A is called an A-A correspondence. The left and right
actions of A have the property that for all e in F* and g in Cy(X), we have eg = (goo)e.
By Pimsner [37], we can associate two C*-algebras O+, Tp+ the Cuntz-Pimnser algebra
of F*, and its Toeplitz extension, respectively.

If (G,E,f) is a groupoid renormalization procedure for (G,7), denote Fg to be
the induced Hilbert f*C*(G) - i*C*(G) imprimitivity bi-module (definition 3.3.14).
Using the universal properties of Op: and Tr;, as well as the universal property of
the groupoid C*-algebra of Fg and its ”"Toeplitz extension” £g, one can show that
C*(Fg) = Op; and C*(Eg) =~ Trx when f is finite-to-one and the transfer operator ®;
is chosen to be @¢(g)(y) = > ,ci-1(,) 9(2)-

The structure © : Fg +— Oy corresponds to an injective *-homomorphism 7 :
C*(Oy) — M(C*(Fg)) into the multiplier algebra (for the definition, see the begin-
ning of section 2) of C*(Fg). More generally, it is suspected that for a C*-algebra
renormalization procedure (A, F, o) as above, Op- has, in a natural way, the structure
of an injective *-homomorphism ¢ : O, ¢, — M(Op+), where O, 4, is the C*-algebra
of the transfer operator ®, considered by Exel [10], but we haven’t checked this rig-
orously yet. The commutant ¢(Cy(X))' N Op« should be equal to A, with « equal to
v : Co(X) = o(Co(X))NOg«. F* should be the elements in the ”twisted” commutant

(Co(X)) NOps ={T € Op~ : Vg € Cy(X), Tg= (goo)T}.

In this way, one should be able to recover 4 — F* <— A. When o is a local homoe-
morphism, the original actions ¢* A — F < i*A can be recovered from the A - A
correspondence.

The C*-algebra Op« encodes the dynamics of the backwards iterations of the renor-
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malization procedure. We can also turn F into an A - A correspondence when X; = X.
First, consider the actions 0* A4 — F — * A = A. A acts non-degenerately on the left
of 0*A = Cy(X1) ®, A in the obvious way. Since the action c*A — F' is also non-
degenerate, these two actions induce a left action A — F by bounded, adjointable,
right A-linear operators, so that A — F <+ A is an A - A correspondence. Its
Cuntz-Pimsner algebra Op encodes the dynamics of the forwards iterations of the
renormalization procedure.

A Cuntz-Pimsner algebra has a canonical action of the circle, called the gauge
action. See Pimsner remark 1.2(2) [37] for the construction. It would be interesting
to study the structure of the KMS state spaces relative to both the gauge actions for
Or and Op- (or their Toeplitz extensions). By Laca and Neshveyev theorem 2.1 [22],
The structure of these spaces will be related to properties of the trace operators S,
(definition 3.1.10).

Since the groupoid Fg of a groupoid renormalization procedure (G, E, f) contains
the information of (G, E, f), and is generated by the iterations of £ C Fg we could try
and develop our renormalization theory for groupoids using the structure 7 : Fg — Oy
instead of (G, F, f). Since we have more to work with in Fg, our results may also
be stronger. This approach to renormalization theory in terms of the renormalization
groupoid would have the theory of étale groupoids at its disposal, possibly making it
more easier to develop and would allow us to use pre-existing concepts. For example, we
could use a similar notion to Anantharaman-Delaroche’s locally contracting property
in replace of the contraction properties considered on (G, E, f). This same approach
to renormalization theory in the C*-algebra setting may be desirable. One reason
is that there doesn’t seem to be a natural notion of contraction for an equivalence
oc*A — F < i*A, but if we use instead the renormalization C*-algebra Op- and its
(conjectured) structure O, ¢, — M(Op+), then we could possibly develop a notion of
contraction around the purely infinite property, which has been well-studied by many.
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