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ABSTR A CT

We present the  first dynam ic algorithm  th a t  m aintains a clique tree  representation  

of a chordal graph and supports  the  following operations: (1) query w hether  deleting 

or inserting an a rb itra ry  edge preserves chordality. (2) delete or insert an  a rb itra ry  

edge, provided it preserves chordality. We give two im plem entations. In the first, 

each operation runs in 0 ( n )  t ime, where n is the num ber of vertices. In th e  second, 

an insertion query runs in 0(log^ n) t im e, an insertion in 0 { n )  t ime, a deletion query 

in 0 ( n )  t ime, and a deletion in 0 ( n  log n) time.

We also introduce the  clique-separator graph representation of a  chordal graph, 

which provides significantly more information about the  graph 's  s tru c tu re  than  the 

well-known clique tree representation. We present fundam ental properties  o^ the 

clique-separator graph and additional properties when the input graph is interval. 

We then  introduce the t ra in  tree representation of interval graphs and use it to decide 

whether there is a certain linear ordering of the graph 's  m axim al cliques. This  yields 

a fully dynamic algorithm  to recognize interval graphs in O ( n lo g n )  t im e  per edge 

insertion or deletion. T he  clique-separator graph may lead to dynam ic  algorithm s for 

every proper subclass of chordal graphs, and the train  tree m ay lead to fast dynam ic 

algorithms for problems on interval graphs.
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Chapter 1

Introduction

1.1 D ynam ic graph algorithm s

A dynamic graph algorithm m ain ta ins  a solution to a graph problem as the graph 

undergoes a series of small changes, such as single edge deletions or insertions. For 

every change, the  algorithm  updates the solution faster than  recom puting the solution 

from scratch, i.e.. with no previously com puted information. For example, the  World 

W ide Web is a dynamic graph whose vertices and edges represent network nodes 

and  links th a t  unpredictably  may gain or lose capability cis equipm ent fails, new 

equipm ent is introduced, or the  network becomes congested. Typically, a dynamic 

g raph  algorithm  has a preprocessing step to com pute a solution, with some auxiliary 

information, for the initial graph. For example, our dynamic graph algorithm  in 

C hap te r  3 builds a  d a ta  s truc tu re  for the  initial graph in O(n^) t im e and then  updates 

it in O (n lo g n )  tim e per edge insertion or deletion, whereas com puting the  solution 

from scratch (without previously com puted  information) requires 0 ( m  -r n) t ime, 

where m  and n are respectively the  num ber of edges and vertices in the  graph.

A dynam ic graph algorithm  supports  two operations: query, a question about the 

solution being m aintained, e.g.. 'Wre vertices u. v connected?" or "Is the  graph bipar­



t i te?" .  and update, the  insertion or deletion of an edge. Dynamic graph  algorithms for 

problem s on weighted graphs also support updates th a t  change an edge weight. Some 

a lgorithm s support  updates  th a t  delete or insert a  vertex, e.g.. [CH78. KS99. SP75]. 

.•\n insert ions-only  or deletions-onlij dynam ic g raph  algorithm  respectively allows 

only edge insertions or only edge deletions. . \  fully  dynam ic graph algorithm  allows 

bo th  insertions and  deletions. W ith  some problems, m ain tain ing  a solution is easier 

when only insertions or only deletions are allowed. For example, a simple and fast 

insertions-only a lgorithm  can be readily obtained for connectivity  using disjoint-set 

union [Tar75]. whereas fast fully dynamic algorithms are considerably more involved 

[HK99. HT98. HdT98].

Fully dynam ic  algorithm s have been developed for numerous problems on undi­

rected  graphs, including connectivity [EGIN97. Fre85. HK99. HT98. HdT98j. bicon­

nectiv ity  [EGIN97. HK95. Rau94]. 2-edge connectivity  [Fre97. HK99j. bipartireness 

[EGIX97. HK99. HK97]. m in im um  spanning trees [CH78. EGIN97. Fre85. HK97. 

HdT98. SP7Ô]. and  planarity  [BT96. EGIS96. ILR93]. There  are also algorithms for 

problem s on plane graphs [EGIS96. EIT'*'92. Fre85. HRS94. Rau94]. Some of these 

results are  described in survey papers [EGI98. FK99].

Hell. Sham ir, and  Sharan [HSS99] developed a fully dynam ic algorithm  to rec­

ognize p roper interval graphs th a t  m aintains a representation of the  proper interval 

graph. Their  algorithm  allows updates th a t  result in a proper interval graph and 

supports  queries to decide w hether an edge upda te  is allowed. In this thesis, we will 

present analogous algorithms for chordal graphs and  interval graphs, which are classes 

th a t  contain  th e  proper interval graph class.



1.2 Chordal graphs

Let G  =  ( V’(G), ^ (G ) )  =  (V. £ )  be an undirected  graph without loops or m ultiple 

edges and  let n =  |L'| and m  =  |£ | .  We write H  Ç G \î H  is a subgraph of G and 

H  C G \{ H  IS a proper subgraph of G. The subgraph of G induced by i  Ç \ is 

G[G] =  ( £ .£ [ £ ] ) .  where E[U] = { { u . c }  e  E \ u . v  e  i ' } .  Given 5  C V. let G -  5’ 

denote  G[V’ — 5 | .  Let G — { u ,  v} denote (V, E  — {{-r.i/}}) and let G -f {x, y} denote 

(V; E  U { { x . y } } ) .

A graph G is chordal  (or triangulated)  if every cycle of length 4 or more has a 

chord, which is an edge joining two nonconsecutive vertices of the cycle. Equivalently. 

G is chordal if no induced subgraph of G is a cycle of length greater than  3. Since 

every induced subgraph of a chordal graph is chordal, some authors describe being 

chordal as a hereditary property, e.g.. [GolSOj. . \  graph G is perfect if for every induced 

subgraph  H  of G. the  chrom atic num ber of H  is equal to the clique num ber of H.

A graph  G is the intersection graph of a family of sets IF = { 5 i  S\ } if T  is the

vertex set of G and {5,. 5^} is an edge of G exactly  when i ^  j  and S’, n  Sj  =  0. E\ ery 

chordal graph is perfect [GolSO] and every chordal graph is the intersection graph of 

a  family of subtrees of a tree [Bun74. Gav74b. Wal72. Wal7S]. where the subtrees are 

viewed as sets. Golumbic [GolSO] and McKee and McMorris [.\IM99] discuss chordal 

graphs in the  context of perfect graphs and intersection graphs, respectively.

There  are linear t im e algorithm s to recognize chordal graphs [RTL76. T\*S4] and 

to solve various problems on chordal graphs tha t  are NP-com plete on general graphs: 

CLIQ U E. C H R O M .\T IC  N U M B ER . IN D E P E N D E N T  SET. and PA R TITIO N  INTO 

CLIQ UES [Gav72|. Chordal graphs have applications in biology, databases, statistics, 

facility location problems, and  especially in sparse m atr ix  com puta tion  [BP93. GolSO. 

MM99].

We will discuss several characterizations of chordal graphs, for which we require



some definitions. .A. set U Ç V’ satisfying a property is minimal  if there is no i  ' C 

satisfying the  property  such th a t  V  C I . and maximal  if there  is no L ' Q f satisfying 

the property  such th a t  L ' D L'. A  clique of G  is a set of pairwise adjacent vertices of 

G. .An independent set  of G  is a  set of pairwise nonadjacent vertices of G.

Let 5  C V’. If two vertices are  connected in G  and not connected in G — S.  then 

5  is a separator  of G. If u. v G V are connected in G  and  not connected in G — S.  

then 5  is a uv-separator  of G.  If u .v  G V and S  is a  m inim al ue-separator, then 5  

is a min imal  vertex separator of  G. If I j .  l i  C V and 5  is a u e-separator of G  for 

every u G V’l and  e G l i .  then  5  separates V ÿ.li .  In Figure 1.1, { u . x . y } .  { v . x . y }  

are m axim al cliques, {x .y} . {y} are minimal vertex separators, and { y } is a minimal 

separator.

Figure 1.1: .A graph.

We will discuss the  characterizations of chordal graphs th a t  are the most well 

known and  most useful for our purposes. O ther, less useful, characterizations of 

chordal graphs include [Duc84. ShiS4. BCD'"'90. B.J96].

.A graph  G is chordal if and only if any of the  following s ta tem en ts  holds.

1. Every m inim al vertex separa tor of G  is a clique [Dir61].

2. G  has a perfect e lim ination ordering [FG65].

3. G  hcis a clique tree [Bun74. Gav74b. Wal72. Wal78j.

C haracterization 1

Using this characterization, we can give an  algorithm  th a t  decides whether a graph 

is chordal: for every pair u, u of vertices, find every m in im al u c-separator and test



w hether it is a clique. Since there are 0 ( n ’ ) vertex pairs and each test requires 0 ( r r )  

t im e, not including the  t im e  to find the  separators, this is a very inefficient a lgorithm  

when com pared to the  linear tim e algorithms we will subsequently describe. This 

characterization is im portan t ,  however, for the  clique-separator graph we define in 

C hap te r  3.

C haracterization 2

.\  vertex v is simplicial  if Adj(L') is a  clique, where Adj{ v] is the  set of neighbors of 

V. For example, the complete graph on n vertices has n simplicial vertices and a pa th  

has exactly  2 simplicial vertices. .A. perfect elimination ordering (PEOl  of G is an

ordering of its vertices ( (.q. ........ /•„) such tha t  for each c,. the  set A d j { i \ ) n  {c. | i <

j }  is a  clique. Equivalently, each c, is a simplicial vertex in the subgraph induced by

{c, Un}. For example, the  graph in Figure 1.1 has perfect elimination orderings

[ a .  c.  X.  y .  ~) and (z.  u.  x .  y .  v) .  which shows tha t  the  PEO  m ay not be unique.

Every chordal graph has a  simplicial vertex [Dir6I]. This fact leads to a short 

proof [FG65] th a t  a  graph G is chordal if and only if G  has a PEO: (=>) Let c be 

any simplicial vertex of G. Since chordality is hereditary, then G — v is chordal. By 

induction. G — c has a PEO . which when appended to v yields a PEO  of G. (<= ) Let 

C  be a cycle of length 4 or more. Let c, be the  vertex of C  with smallest index in

the  PE O . Since i\ is simplicial in the  subgraph induced by {c,........ t \ } .  then c's two

neighbors in C  are connected by an edge, which is a chord of C.

Fulkerson and Gross [FG65] gave the first a lgorithm  to com pute a PEO: repea t­

edly find and  delete any simplicial vertex until no vertices remain. The algorithm 's  

correctness follows from the  proof tha t  a graph is chordal if and only if it has a PEO . 

Since a simplicial vertex can be found in 0{n^ )  t im e, this algorithm runs in 0 ( n ‘‘ ) 

time. There  is an algorithm  to recognize chordal graphs in • ] tim e using fast

m atr ix  m ultiplication [Gav74a]. but it is superseded by algorithms th a t  com pute  a



PE O  in linear time. Rose, Tarjan, and  Lueker [RTL76] gave the first linear time 

algorithm  based on a g raph  search called Lexicographic BFS (LEX-BFS):

N um ber the  vertices from n to 1 in decreasing order, as follows. .\  vertex 's 

label is the  list of its num bered  neighbors in decreasing order. Initially all 

labels are empty. N um ber the  vertex with the largest label in lexicographic 

order, with ties broken arbitrarily, and repeat.

Every ordering produced by LEX-BFS could be produced by Breadth-First  Search. 

Rose. Tarjan. and  Lueker show th a t  if a graph is chordal, then every ordering produced 

by LEX-BFS is a  PEO. They im plem ent LEX-BFS in linear time and give a linear 

t im e a lgorithm  to test w hether a given vertex ordering is a PEO . Thus, this algorithm 

recognizes chordal graphs in 0 ( m  -|- n) time. Tarjan and Yannakakis [T^’S4] later 

gave another  linear tim e algorithm  using a simpler graph search called M aximum 

C ardinality  Search (MCS):

Num ber the  vertices from n to 1 in decreasing order, as follows. Num ber 

the vertex with the  most num bered  neighbors, with ties broken arbitrarily, 

and repeat.

Tarjan and Yannakakis show th a t  if a graph is chordal, then  every ordering pro­

duced by MCS is a PEO . L sing a heap. MCS runs in 0 ( tti log n-|-n log n  ) time. Tarjan 

and Yannakakis im plem ent MCS to run in 0 ( m  -h n) t im e and they use the  algorithm 

from LEX-BFS to test w hether a  given vertex ordering is a P E O . Thus, this algorithm 

also recognizes chordal graphs in 0 ( m  -|- n) time.

MCS can produce orderings th a t  cannot be produced by LEX-BFS and vice versa, 

and there  are  PE O s tha t  are  cannot be produced by MCS or LEX-BFS. Shier [ShiS4] 

gives an  algorithm  th a t  can produce any PEO . although it does not run in linear time. 

P an d a  [Pan96] shows th a t  D epth-F irs t  Search guided by MCS (the  next vertex  to visit



is the  neighbor of the  current vertex with the  m ost num bered neighbors ) computes a 

PE O  of a  chordal graph in linear tim e, as does Bread th-F irs t  Search guided by MCS.

-A. P E O  is required for the  linear t im e algorithm s for CLIQUE. CHRO.M.ATIC 

N U M B E R . IN D E P E N D E N T  SET. and P.ARTITION INTO CLIQUES on chordal 

graphs [Gav72]. .A PE O  is also im portan t  for several algorithms th a t  recognize interval 

graphs, which we will discuss in the  next section.

C haracterization 3

B unem an [Bun74]. Gavril [Gav74b]. and W alter [Wal72. Wal78j independently  

discovered th a t  a  graph is chordal if and only if it is the  intersection graph of a family 

of subtrees of a  tree. In particular, they showed th a t  a graph G  is chordal if and only 

if G  has a clique tree, which is a tree T  on the  m axim al cliques of G  with the  clique 

intersection property,  for any two m aximal cliques K. l \ ' .  the  set /vH k' '  is contained 

in every m axim al clique on the  A'-A ' pa th  in T.

Let KIg be the  set of m axim al cliques of G  and let I'l be the set of m aximal 

cliques of G  containing vertex v. It is s tra ightforw ard to show that  the  clique inter­

section property  is equivalent to the induced subtree property: for any vertex r .  the 

subgraph  of T  induced by ICc{e!) is a tree. Let be the subtree  of T  induced by 

ICg (^')- Since (u .  e} is an edge of G  if and only if u. v are both  contained in a maximal 

clique of G.  then  {u. e} is an edge of G  if and only if T.j, and T̂ . intersect. Thus. G is 

the  intersection graph of the  family of subtrees {T^. | v €  V’}.

T he  weighted clique intersection graph W g of G  is the  weighted graph on the 

m axim al cliques of G  where {A'. A''} is an edge if and only if A' i~l K '  == 0. and each 

edge { K .  A''} has weight | A' fl A''|. W g is connected if and only if G  is connected. 

B ernstein  and G oodm an [BG81] showed th a t  for any connected graph G.  a tree on 

K g is a  m aximum -weight spanning tree  of W g if and  only if it has the  induced subtree 

property.



In summ ary, the following are equivalent for a  tree T  on K g '-

•  r  is a clique tree  of G.

•  T  has the clique intersection property.

•  T  has the  induced sub tree  property.

•  r  is a maximum-weight spanning tree  of W'c (if G  is connected).

Ho and Lee [HLS9] and Lundquist [Lun90] independently  discovered the following 

property  of clique trees, which we will use extensively, especially in the interval graph 

algorithms in C hap ter  3.

Theorem  1.1 Let G be a connected chordal graph with clique tree T.

1. .4 set S  is a minimal  vertex separator o f  G i f  and only i f  S  =  A H A ' f o r  some  

{A'. A"} ^ E ( T ) .

2. f f  S  = A n  A ' f o r  {A'. A '}  € E {T ) .  then S  separates K  — S  and  A ' — .S'.

Fulkerson and Gross [FG65] showed th a t  a chordal graph with n vertices has at 

most n m aximal cliques. By Theorem  1.1.1. a  chordal graph with n vertices has at 

most n —1 minimal vertex separators. .Also, if 5  satisfies the premise of Theorem  1.1.2. 

then  5  is a minimal ue-separa tor for any u Q K  — S  and  v €  A '  — 5' because every 

vertex of 5  is adjacent to every vertex of A’ — 5  and A ' — 5 . which means 5  is a 

minimal vertex separator.

Bunem an. Gavril, and  W alter showed how to construct a  clique tree of a chordal 

graph in polynomial tim e, for exam ple. Gavril 's  a lgorithm  runs in 0(n'*) time. Subse­

quently, others developed linear t im e  algorithm s to com pute  a  clique tree of a chordal 

graph, as well as its m axim ai cliques and m inimal vertex separators. Tarjan and  A'an- 

nakakis [TY84] implicitly gave the  first linear t im e  algorithm  in the  context of acyclic



hypergraphs for relational databases. Lewis. Peyton, and  Pothen [LPP89] gave the 

first explicit linear t im e  a lgorithm  in the  context of sparse m atrix  com putation. Blair 

and  Peyton  [BP93] gave a  simpler algorithm  in a graph theory context. Each of these 

linear t im e algorithms uses MCS.

T he  tex t by Golum bic [GolSO] describes the PEO and the  clique tree, but does not 

include more recent clique tree results like Theorem  1.1. The excellent primer by Blair 

and  Peyton  [BP93] emphasizes the  clique tree  and its applications in sparse m atrix  

com puta tion . . \ l though  both  characterizations have been very useful in developing 

algorithm s for chordal graphs, both m ay not be equally useful in developing dynamic 

algorithm s for chordal graphs. Since the PE O  is com puted  with a graph search such 

as Lex-BFS or MCS, a single edge upda te  could yield a very different PEO . There are 

properties tha t  imply a given ordering is a PEO . for exam ple Property  P in [T\'S-lj. 

but again, a single edge upda te  could yield a  very different ordering. Thus, the PEO 

appears to be difficult to m aintain  under edge updates. In contrast, in Chapter 2. we 

present a simple a lgorithm  tha t  m aintains a chordal graph 's  clique tree  in 0 [ n )  t im e 

per update .

1.3 Interval graphs

-A. graph  is interval if it is the intersection graph of a set of intervals on the real line. 

T here  are as m any characterizations of interval graphs as there are of chordal graphs. 

We will briefly discuss the  most well known characterizations, for which we require 

three definitions. .An asteroidal triple is a set of three vertices such th a t  between any 

two of the  vertices, there  is a p a th  th a t  does not contain a neighbor of the  third vertex. 

.An asteroidal trip le  is an  independent set. T he  complement of a graph  G = (V. E)  

is the  graph  G  =  ( V . Ë ) .  where {u. u} E Ê  if and only if {u. c} ^  E.  .A graph is 

comparability (or transitively orientable)  if there  is an orientation of its edges such
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th a t  if (u. v), (u. w) are directed edges, then  (u, w) is a directed edge.

graph  G  is interval if and only if any of the  following s ta tem ents  holds.

1. G is chordal and G has no asteroidal triple [LB62].

2. G  is chordal and G is a  com parability  graph [GH64].

3. T here  is a linear ordering of th e  m aximal cliques of G such tha t  the  m aximal 

cliques containing any given vertex are consecutive in the  ordering [GH64].

T he  linear ordering in the  th ird  characterization is a clique tree of G th a t  is a 

pa th , which is a clique path of G. It follows th a t  a graph is interval if and only if it is 

the intersection graph of a family of subpaths  of a path . Therefore, the interval graph 

class is a subclass of the  chordal graph  class. It is a proper subclass, as shown by 

the  net. which is the graph formed by a ttach ing  an edge to each corner of a triangle

to form a graph with 6 vertices. Since not every clique tree of an interval graph is a

clique pa th , a clique tree algorithm m ay not produce a clique path  when applied to 

an interval graph.

Interval graphs often model problems involving a  linear order. Consequently, 

interval graphs have even more applications than  chordal graphs, including appli­

cations in archeology, biology, genetics, psychology, and scheduling [GolSO. .\lM99j. 

Furtherm ore , most well known .\P -com ple te  problems can be solved in polynomial 

t im e  on interval graphs, including H .W IILTO N IA N  CIRC U IT. DO.\IIN.A.TI.N‘G SET. 

and G R .\P H  ISO M O RPH ISM  [JohSô]. Bodlaender [BodS9] showed that  .ACHRO­

M ATIC N U M B ER  is NP-com plete for interval graphs, which is one of the  few known 

NP-completeness results for interval graphs [JohSô].

T here  are numerous algorithms to recognize interval graphs, including the fol­

lowing linear t im e algorithms. Booth and  Lueker [BL76] gave the  first (linear time) 

a lgorithm  and  introduced the  PQ -tree . which represents a set of perm utations . Their
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algorithm  com putes the  m axim al cliques and  then uses a  com plicated  set of tem plates 

to  construct a  P Q -tree  th a t  represents the  set of valid orderings of th e  maximal cliques. 

K orte  and M ohring [KM89] gave an algorithm that  constructs an M PQ-tree. which 

is a simpler version of the  PQ -tree . This construction uses a LEX-BFS ordering and 

depends on LEX-BFS properties th a t  MCS does not have. Habib. Paul, and V'iennol 

[HMPVOO] gave an algorithm  th a t  com putes a clique tree and then  uses a  LEX-BFS 

ordering to m an ipu la te  the  clique tree into a clique path . Subsequently, others have 

developed algorithm s tha t  do not com pute  a linear ordering of the  m aximal cliques: 

Hsu and  Ma [HM99] gave an algorithm  tha t  uses a subs titu tion  decomposition com­

puted  with Lex-BFS. and CorneiL Olariu. and Stewart [COS98] gave a particularly 

simple algorithm  th a t  uses four sweeps of Lex-BFS. with ties broken in a  particular 

way.

1.4 Other classes

We describe one subclass of interval graphs. . \  graph is proper interval (or unit 

interval)  if it is the  intersection graph of a set of intervals on the real line such 

tha t  no interval is properly contained in another. The subclass is proper, as shown 

by the  claw (/v'1.3). which is the  graph consisting of one vertex adjacent to three 

nonadjacent vertices. There  are linear t im e algorithms to recognize proper interval 

graphs derived from the Booth and Lueker algorithm and the Korte  and Mohring 

algorithm. There  are  also simpler linear t im e algorithms th a t  do not use PQ-trees or 

M PQ-trees, including algorithm s by Corneil. Kim. X atara jan .  Olariu. and Sprague 

[CKX'*‘95], Deng, Hell, and  Huang [DHH96]. and de Figueiredo. Meidanis. and de 

Mello [dFMdM95]. Hell. Sham ir, and  Sharan [HSS99] gave a fully dynam ic algorithm 

to recognize and  represent proper interval graphs in O (logn )  t im e  per edge insertion 

or deletion.
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We describe one more subclass of chordal graphs. graph is .•split if its vertex 

set can. be partitioned into a clique I\ and  an  independent set / .  with no restriction 

on edges between vertices in K  and  vertices in / .  graph G is split if and only if 

G  and  its complement G  are chordal [FH77]. Split graphs and interval graphs are 

incom parable  classes.

Johnson [JohS5] discusses these and  o ther  graph  classes with "broad algorith­

mic significance", including undirected path graphs, directed path graphs, and strongly 

chordal graphs. The Golumbic [GolSO] tex t and the  McKee and McMorris mono­

g raph  [MM99] discuss many of the  sam e classes in the  context of perfect graphs and 

intersection graphs, respectively.

1.5 R esults

In th is  thesis, we present the  first dynam ic  algorithm s tha t  recognize chordal graphs 

and  interval graphs. Both algorithms m ain ta in  a g raph  representation with 0{ n ) size. 

In C h a p te r  2. we present the dynam ic algorithm  th a t  recognizes a chordal graph by 

m ain ta in ing  its clique tree. The algorithm  allows updates  tha t  result in a chordal 

g raph  and  supports queries to decide w hether  an edge update  is allowed. In a very 

s im ple im plem entation, each operation runs in 0 ( n )  t im e, and in a more complicated 

im plem enta tion , one operation runs in O (log^n) tim e, another in O (n lo g n )  tim e, 

and  th e  others  in 0 ( n )  time.

In C hap te r  3. we introduce the  clique-separator graph representation of a chordal 

g raph , which is a graph on its m axim al cliques and m inim al vertex separators. We 

prove fundam enta l properties of the  clique-separator graph  and additional properties 

when the  inpu t graph is inter\"al. We then  introduce the  train tree representation 

of in terval graphs and use it to decide w hether there  is a  clique pa th  on the g raph 's  

m ax im al cliques. This yields the  dynam ic  algorithm  to recognize interval graphs in
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log n) t im e per edge insertion or deletion. T he  algorithm allows updates  tha t  

result in an interval graph  and  supports  queries to  decide whether an edge upda te  

is allowed. T he  clique-separator graph  and  the  tra in  tree are representations th a t  

provide significantly more information about the graph 's  s truc tu re  than  the  clique 

tree  representation.



Chapter 2

A dynamic algorithm for chordal 

graphs

2.1 Introduction

We present the  first dynam ic  algorithm th a t  m aintains a clique tree  representation of 

a chordal graph G  and  supports  the  following operations:

•  D c le te -Q u e r y iu .  v) returns "yes" if G — {u. c} is chordal and "no" otherwise.

•  D e le te (u . v )  deletes {u, u} from G.  provided G — {u .c}  is chordal.

•  I n s e r t - Q u e r y ( u . v )  returns "yes" if G '+  { u . v }  is chordal and  "no" otherwise.

•  / nser t{u .  v] inserts [u.  i’} into G. provided G +  {u. c} is chordal.

T he  a lgorithm  also m aintains solutions to the  problems C L IQ U E and CHRO- 

M.A.TIC N U M B ER . We give two implem entations. In the  first, each operation runs 

in 0 { n )  t im e. This im plem enta tion  is very simple and  uses no complex d a ta  s truc ­

tures. In the  second. Dele te -Q uery  runs in 0 ( n )  t im e. Delete  in O ( n lo g n ) .  In ser t -  

Q u e r y  in G (log^n) tim e, and  I n s e r t  in 0 ( n )  t im e. Both  im plem entations improve

14
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the 0 { m  +  n)  time obtained  by running a static  algorithm (e.g. iRTL76]) for each 

operation. .A.11 of the bounds in this paper  are worst-case, unless specified otherwise.

Optionally, the algorithm  can m ain ta in  the  connected components of G. It sup­

ports the query " .\re  vertices u . v  connected?" in 0 (1 )  tim e with 0 { n )  t im e per 

update . If this query is not needed, its ET-tree  da ta  s truc tu re  [HK99] is easily o m it­

ted. The connected components of an  a rb itra ry  graph can be m aintained with 0{  1 ) 

t im e per query and 0 ( y / n )  t im e per upda te  using topology trees [FreSo] combined 

with sparsihcation [EGIN97]. but the  resulting d a ta  s truc tu re  is much more compli­

cated  than  E T -trees.

O ur dynam ic algorithm has been used to improve a result for minimal filled graphs. 

Informally, a filled graph of G  is G  with  edges added to make it chordal. See [BHTOl] 

or [RTL76] for formal definitions. Given an a rb itrary  graph G  and a filled graph G^  

of G.  the  problem is to remove fill edges from G’"*" to obtain a minimal filled graph of 

G  th a t  is also a subgraph of G'*’. T he  algorithm  in [BHTOl] solves this problem in 

0 { f { m  + f ) )  t ime, where m =  \E{G)\  and /  =  |£ ’(G''^)| — m. which is the num ber of 

fill edges in G"*". Using the  first im plem enta tion  of our algorithm. Heggernes and Telle 

have improved the running tim e to  0 ( n f  + m)  t im e [Hegj. Minimal filled graphs are 

desirable in sparse m atrix  com puta tion , as well as other areas of com puter  science. 

Since f  is 0 { n )  for many practical m atrices [BHTOl]. 0 { n f  + m)  compares favorably 

with the best known running t im e for com puting  any  minimal filled graph of G. which 

is 0 { n m )  [RTL76].

2.2 Clique trees

By Theorem  1.1.1. a clique tree  of G  has nodes and edges that correspond to the  

m axim al cliques and  m inim al vertex separators of G.  respectively. Figure 2.1 shows a 

chordal graph G  and Figure 2.2 shows a  clique tree of G. The set 5  =  A =  {c. d]
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is a  m inim al uu-separato r for every u t  Ax — 5  =  {a. 6} and c € I\y — S  = {g}.  Also, 

replacing the  edge {Ky ,  A’u,,} w ith {A’x. A',x} gives a  different clique tree  for G.  which 

shows th a t a g rap h ’s clique tree  m ay not be unique. We will refer to the  vertices of 

G  and the  nodes of T  and will usually use s . t . u . v  as vertex nam es and œ . x . y . :  as 

node nam es. In th is chap ter only, node z  E T corresponds to  m axim al clique A \ of 

G  and an  edge { x . y }  E T  has weight w{x .y ) .

ba

c

I  9

Figure 2.1: .A. chordal graph  G.

M ost discussions of chordal graphs, such as [BP93. LPPS9]. assum e a connected 

graph, since disconnected graphs are typically  handled by applying the results to each 

connected com ponent. To m ain tain  the  g rap h ’s clique tree  in a unified way in our 

dynam ic algorithm , we ex tend  the definitions as follows. Let G  be a disconnected

chordal graph  and let T [ .T 2  Tk be clique trees of G”s connected com ponents.

k > I. Let X and  y  be nodes of different r , ’s. so th a t A'x and I\y are contained in 

different com ponents of G. Since A'x H A'y =  0 and  { z .y }  is not an edge of l l ’c .

we call { x . y }  a d um m y  edge w ith weight w {x .y )  =  0. We jo in  T i .T j  Tt with

a rb itra ry  dum m y edges to form a tree  T.  which satisfies the  induced sub tree  and 

clique in tersection  properties. We ex tend  Wq  by adding all dum m y edges to it. so 

th a t r  is a  m axi m um -weight spanning tree  of Wq.  T hus. T  satisfies all th ree  clique 

tree  p roperties. We will use clique tree to  refer to  T  and strict  clique tree to  refer to 

the  Ti's. which are the  subtrees of T  corresponding to  the  connected com ponents of 

G.
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K.W

Figure 2.2: .A. clique tree  T  of the  g raph  in Figure 1. 1.



IS

2.3 The dynam ic algorithm  for chordal graphs

T hroughout, G  denotes the  cu rren t chordal graph and T  denotes the  curren t clique 

tree  of G.

2.3.1 Delete-Query

We show how to decide w hether G — {u. c} is chordal for {u. c} 6  E.

Lem m a 2.1 ([RTL76]) Let G be a chordal graph with edge { u .c } . Then either  

G — {u. I’} (S chordal or G — {u. u} has a chordless cycle o f  length -/•

Lem m a 2.2 ([G JSW 84]) .4 graph H has no chordless cycle o f  length 4 i f  and only 

i f  f o r  all distinct vertices s . t  with { s .f}  ^  E ( H ) .  H + { s . t }  has exactly one maximal  

clique containing { s . f }.

By Lem mas 2 and 3. G — { u .c }  is chordal if and only if for all d istinct vertices 

s. t w ith  {a.f}  ^  E{G  — {u. u}). G  — {u. I'} 4- { s . t }  has exactly  one m axim al clique 

containing {s. (}. Thus, a necessary condition for G  — {u .c}  to  be chordal is: G 

has exactly  one m axim al clique containing { u .c} . In fact, th is is also a sufficient 

condition. .Although sufficiency does not follow im m ediately from Lem m a 3. its proof 

is very sim ilar to Lem m a 3’s proof in [GJSW 84].

Theorem  2.3 Let G be a chordal graph with edge {u. c}. Then G — {u. c} zs chordal  

i f  and only i f  G has exactly one maximal  clique containing u and v.

P roof (=>) By Lem m as 2 and  3. (<=) Suppose G — { u .c }  is not chordal. By 

Lem m a 2. G — {u. u} htis a  chordless cycle of length 4. say ( u . s .  v . t ) .  Since {u. c} 

is an  edge of G  and  { s .f}  is not an edge of G.  then  { u .u .s }  and { u .c .f}  are two 

cliques of G  th a t cajinot be con ta ined  in the  sam e m axim al clique of G.  T hus. [u.  c} 

is contained in a t least two d is tin c t m axim al cliques of G. □
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Dele te -Q uery(u .  c)

For every node x  of T.  test w hether { u .e }  Ç A’x- If there is exacily  one such 

node, re tu rn  "yes", and otherw ise, re tu rn  "no".

End Delete-Query

2.3.2 Delete

We next show how to upda te  T  for G — { u .c } , given th a t T  has a unique node x  

such th a t { u . c }  Ç A'^. Let A'“ =  A’x — {c}. A’_̂' =  A'x — {«}. In G — { u .c } . every 

clique A'y,y x is m axim al but A'x has split in to  the  cliques A'". A'^. which m ay not 

be m axim al. (See Figure 2.3.)

u V

Figure 2.3; D eleting {u. c} from A'x.

We decide w hether A'“ .A'^’ are m axim al in G — { u .c}  as follows. P a rtitio n  the 

set -V(x) of x 's  neighbors into

A'u =  {y €  -V(x) I u €  A'y}

=  {z E N { x )  I V e  K ;}

.Vw =  {w  €  :V(x) I U. l> ^  A'u,}

(See F igure 2.4.) Let k =  |A'x|. Since T  is a clique tree, then for any y E .V(x). 

w { x .y )  < k  -  I.

Then
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iV„

N„

Figure 2.4: Before deleting {u. r }.

/\  “ is not m axim al in G  — {u. u} 

if and only if 3y e  T . y  ^  x .  A'“ C k'y

if and only if 3y  €  .\’u. /v'“ C Ky (by the  clique in tersection property) 

if and only if 3y  €  .\'u. A'^ fl A'y =  A'“

if and only if 3y  G Au. w{x. y) = k  — I

Sim ilarly. A'j: is not m axim al if and only if 3c 6  u:{x. :)  = k  — I.

Delete{u.  v)

1. Find the  unique node z  of T such th a t {u.  c} Ç A'^. If there  is m ore than  one 

such node, reject the  deletion. O therw ise, for every y  E .\ (x ). test w hether a €  A'y 

or V €  A'y and w hether w ( x . y )  = k  -  I.

2. (We m odify T as if A'“ and A'^ were m axim al and then  m odify T  again if they 

are not. It is straightforw ard  to rew rite  the  operation  so th a t T  is m odified once.)

Replace node x  w ith  new nodes x i and  x , representing A'“ and Aj). respectively, 

and  add  edge {x i.xo}  w ith u;(xi. X]) =  k — '2. In the  following, each new edge’s weight

is th e  (replaced) old edge's weight. If (/ E .V^. replace {x .y}  w ith  {x [.y } . For each

z E -V̂ ., replace { x .-}  w ith  { x j.c } . For each w E -V,r- replace {x. w ith  {x i.tc}  

(or {x ;, w}). O bserve th a t T  has the  induced sub tree  property. (See F igure 2.5.)

3. If A'“ and  A'J are bo th  meiximal in G — ( u . i ’}. stop. If A'“ is not m axim al 

because A’“ C A'y, for som e y, E A'^. con tract { x i.y ,}  and replace x i w ith yi. This
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k-2

N.w

Figure 2.5: Deleting { u .r} .

m ain ta in s the  induced sub tree  property , even if “ C for m ore th an  one y,- E . \ \ . 

Sim ilarly, if is not m axim al because A' '̂ C A\, for som e r, E . \ \ .  contract { x j . r , } 

and  replace w ith z,. Thus, x  has been replaced w ith  0. 1. or 2 nodes.

In every case, the  edge added  betw een x t and x , is not con tracted  and this edge's 

endpo in ts (which m ay have changed) contain  u and v. We will subsequently  use this 

observation.

End Delete

Delete{u.  v) upda tes T  so th a t there  is a bijection betw een the  nodes of T  and 

th e  m axim al cliques of G  — {u.  v}.  Furtherm ore. T  has the  induced sub tree  property  

and the  weight of any edge { y . z }  E T is |Ay Pi A \|. Hence. T is a clique tree for

G — { u . e }.

We can readily  decide w hether { u .c }  is a cut edge of G.  i.e.. w hether deleting 

{ u .i’} d isconnects a connected com ponent of G. as follows. If {u.  c} is a cut edge, it 

m ust be a m axim al clique. If {u. c} is not a  cut edge, then  G has a cycle containing 

{u.  (.'} and  the  sho rtest such cycle has length  3 or else G  is not chordal, which implies 

{u.  I’} is not a  m axim al clique. Thus, [u, c} is a cut edge of G  if and only if {u.  c} is 

a  m axim al clique of G.  i.e., A^ =  {u. u} for some x E T.
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2.3.3 Insert-Query

VVe show how to decide w hether G '+ {u . i’} is chordal for {u.  c} ^  E. We  will im plicitly  

use the  fact th a t if and  are the  sub trees of T  induced by AJc(“ ) and  ICcie).  

respectively, then  and T̂ , do not in tersec t (because no clique contains {u.  c}).

T h e o r e m  2 .4  Let G be a chordal graph without edge { u .r} . Then G  -f {u.t-} 

chordal i f  and only i f  G has a clique tree T  with u G A'^. c G h'y f o r  some  {x. y} G 

E { T ) .

P roof (=>) Since G'  =  G  + { u .c }  is chordal, then G'  has a clique tree T'.  By the 

observation at the  end of Dele te (u .  v).  if {u .u}  is deleted from G ' . th e  algorithm  

produces a clique tree  T  of G  w ith  u G A'^. e G A'y for some { x . y }  G E ( T ) .  ( •=) If 

{ j .y }  is a dum m y edge of T.  th en  u and  v are in different connected com ponents of 

G and G +  [u.  i,'} is certain ly  chordal. O therw ise, u and v are in the  sam e connected 

com ponent G".  which has a s tr ic t clique tree  T".  We apply Theorem  I to  G"  and 

T " . Let I  =  K i  n  A'y 7̂  0. Since [u.  c} is not an edge, then u 0  A'y. c G E f  and thus 

u G A'r — / .  u G A'y — / .  (See Figure 2.7.) By Theorem  I. / i s  a uc-separa to r.

To show th a t G  +  {u. c} is chordal, it sufBces to show th a t G"  +  (u . c} is chordal. 

Let C  be any cycle in G"  +  [a.  e} w ith leng th  4 or m ore such th a t C  contains {(/. r} . 

Let P = C  — (u . {.’}. so th a t P  is a  u - v  p a th  of length 3 or m ore. Since / i s  a ur-  

separa to r. P  m ust contain  a vertex  s G  / .  T hen  either ( s . u} or {.s. c} is a chord of 

C . Hence. G"  +  {u. c} is chordal. □

Suppose G  has a clique tree  T  th a t  does not satisfy the condition in T heorem  5.

T he  following theorem  shows th a t  if G  htis ano ther clique tree  T'  th a t does satisfy

th e  condition, then  T'  differs from  T  by one edge.

T h e o r e m  2 .5  Let G  be a chordal graph without edge ( u . l '} .  Let T  be a clique tree 

o f  G and let x . y  be the closest nodes in T  such that u G A T -f €  Ay. .Assume



23

There exists a clique tree T '  o f  G with u t  K i ' . c  €  k ’y' and  {x '. (/'} €  E{T ' )  i f  

and only i f  the m in im u m  weight edge e on the x - y  path in T  satisfies w(e) = œ ( x . y ) .

P r o o f  (4=) Since T "  =  T  — e + { x . y }  and T  have the  sam e weight, then  T "  is a clique 

tree of G. M oreover, u Ç. K f . v  €  Ay and {x .y}  €  E(T") .  (=>) We first consider T.  

Let Tu and  T^ be the  subtrees of T  respectively induced by A2c(u) and  fCci c). Then 

x .x ' 6  Tu and  y .y ' 6  Ty. (See Figure 2.6.) By assum ption , we have (x '.y '}  %' T.  

Furtherm ore, x .y  are on the  x '-y ' path  P'  in T.  which implies the  x -y  path  P  in T 

is contained in P ' . By the  clique intersection property. AT' H A'y/ Ç AT H A’y and so 

u'(x. y) >  w(x ' .y ' ) .  Sim ilarly, for any edge f  E P. w { f )  > w (x .y }  > w ix ' . y ' ) .

We now consider T'.  Let V}. W be the  node sets of the  trees of T'  — {x '.y '} . where 

x'  6  V’l and  y ' €  Vi. Consider the cut [V'l.Vi] of VV'g. Since P'  -f { x '.y '}  is a cycle 

containing an edge crossing [Vq. Vi] (nam ely, { x '.y '} ) . it m ust contain  an edge e E. P'  

crossing [V}. Vi]. Since {x '.y '}  € T'.  then  e ^  T'.  Then wie) < u’(x '.y ') .  or else 

T'  — {x '.y '}  -i- e is a tree  w ith greater weight than  T'.  a con trad iction .

We claim  th a t e P'  — P.  Every edge in P ' — P  is contained in e ither I ’l P j  

or V'(Tu). M oreover, x ' E Tu and y' E T^ implies V'(Tu) Ç V} and V l P j  Ç \ j .  

But e crosses [Vq.Vi]. which m eans e ^  P'  — P.  Therefore, e E P- Then /r(e) >  

tc(x .y ) >  w (x ' . y ' ) .  Since u’(e) <  w{x ' .y ' ) .  then a’(e) =  w {x .y )  =  ic (x '.y ') . Thus, e 

is a m inim um  weight edge on P  and «.’(e) =  w ( x .y ) .  □

T heorem  6 holds even if {u. e} joins different connected com ponents of G.  In 

this case, {x .y }  is a dum m y edge joining different s tric t clique trees. T hen the 

m inim um  weight edge e on the x -y  path  in T  m ust also be a dum m y edge and so 

if{e) = w ( x . y )  =  0. T hen  T  — e -r {x .y}  is a clique tree  satisfying th e  condition in 

Theorem  5.
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T
Ta or Ta

Figure 2 .6 : C lique tree  T.

l n s e r t - Q u e r y ( u .  v)

Find the  closest nodes x . y  ^  T  such th a t u €  A 'r -<•’ €  A’y. If {-r.y} € T.  

re tu rn  "yes". O therw ise, find the m inim um  weight edge e on the x - y  p a th  in T . If 

w[e)  =  w { x .y ) ,  retu rn  "yes", and if w{e) > t c (x .y ) .  re tu rn  "no". (We cannot have 

iv(e) < u ' (x ,y )  because T  is a clique tree.)

End Insert-Query

2.3.4 Insert

We next show how to upd a te  T  for G  4- { u .f } .  given th a t u €  A’- .e  €  A’y and  

{ i .  y} 6  E { T ) .  Let /  =  A 'r H A'y. T hen  A ' =  / U  {u.  e} is a clique in G  4- {u.  c}. (See 

Figure 2.7.)

We claim  th a t A is m axim al in G  4- {u. y}. O therw ise, there  is a vertex  of V — A 

ad jacen t to  every vertex in A , which m eans u and  u are connected in G — I.  But by
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Figure 2.7: Inserting {u .u} .

Theorem  I, /  is a un-separato r of G. a contradiction. Thus. K  is a m axim al clique 

in G -f {u .n} . Since K  is not a clique in G.  we m ust add a new node z to T  with 

K;  = K .  Furtherm ore , if K,^ C for some u' €  T . then  K,^ is not m axim al in 

G  -i- { u . v }  and we m ust rem ove node w from T.

F irst, we consider w hether h \ ,  is m axim al in G -f {u. n} for som e iv ^  x.  y. Suppose 

A'u.. C A’;. Since AT, does not contain  the  edge {u. n}. e ither AT C f U {u} Ç A - or 

AT C /  U {n} Ç A’y. a con trad ic tion . T hus, A’̂ , is a m axim al clique in G -j- {u. n} for 

every w ^  x . y .

Second, we consider w hether AT. Ay are m axim al in G -f { u .n } . Since r  <t A’̂ . 

then  A x C A’;  if and only if A'x =  /  U {u} if and only if |A ’x| =  | f |  -i- 1. Similarly. 

A'y C A'; if and only if A'y =  /  U {c} if and only if |A 'y | =  | / |  -I- 1. Thus, we decide  

w hether A'x or A'y is m axim al in G-t-{u. u} by com paring |A 'r | .  | A 'y |. and | / |  =  œ i x . y ) .

In ser t {u .  v)

1. F ind the  closest nodes x . y  €  T  such th a t u €  A'x-c €  A'y. If {x .y}  t  T.  

go to Step 2. O therw ise, find the  m inim um  weight edge e on th e  x - y  p a th  in T.  If 

u;(e) =  w { x .y ) .  replace e w ith  {x .y}  in T.  and if u’(e) >  w ( x . y ) .  reject the  insertion.

2. (We m odify T  aa if AT and  A'y were m axim al and then  m odify T  again if they 

are not.)

Replace edge {x .y }  in T  w ith  new node z representing AT =  /  U {u. c} and add 

edges { x .z } ,{ y ,z } ,  each w ith  weight \I\ -h 1. (See Figure 2.8.) D eterm ine w hether 

A'x, A'y axe m axim al in G  -f { u .u }  by com paring |A'x|. |A'y|. and  u '(x .y ). If A'x and
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Ky  are bo th  m axim al, stop. O therw ise, if /v’x is not m axim al, contract { r .z }  and 

replace x  w ith  c: if A'y is not m axim al, con trac t {y,  z} and  replace y  w ith z. Thus, x 

and  y  have been replaced w ith 1. 2, or 3 nodes.

E nd  Insert

X z  y
• ----------• ---------- •

I / I  +  i  1 / 1 + /

Figure 2.8: .\d d in g  node z to  T.

In ser t {u ,  v) updates T  so th a t there  is a bijection betw een the nodes of T  and 

th e  m axim al cliques of G  +  {u.  u}. Furtherm ore. T  has the  induced subtree p roperty  

and  the  correct edge weights. Hence. T  is a clique tree  for G  +  {u. i-}.

N ote th a t (u . c} jo ins different connected com ponents of G  if and only if { x . y }  is 

a dum m y edge of T.  i.e.. w {x .y )  = 0. In th is case. I \ \  =  [u. r} .

2.4 First im plem entation

In th is sim ple im plem entation , we represent each m axim al clique w ith a characteristic  

vector, i.e.. an a rray  of n b its. T hen m em bersh ip  tes tin g  requires 0 (1 )  tim e.

T he preprocessing step  runs in 0 (m  -|-n ) tim e, as follows. C om pute the m axim al 

cliques of G  and build a clique tree  T  of G  [BP93|. Label each edge {x. (/} E T  with 

its  weight w ( x . y )  and each node x €  T  w ith  a po in ter to  the  characteristic  vector for 

A'x.

VVe im plem ent D ele te -Q uery  and I n s e r t - Q u e r y  by searching T.  Since T  has at 

m ost n nodes, each opera tion  runs in 0 {n) tim e.

VVe im plem ent Delete  by searching T  to  find node x and  then  exam ining x 's  neigh­

bors. Since th ere  are 0 ( n )  changes to T .  Delete  runs in 0 { n )  tim e. VVe im plem ent 

I n s e r t  by searching T  to  find x  and y. VVe m ust then  com pute z 's characteristic  

vector. If A r and  A'y are bo th  m axim al, we com pu te  the in tersection vector of x



and y's  vectors and add  u .u  to  it. O therw ise, we copy x or y 's vector and add the 

app rop ria te  vertices {u or v or bo th) to it. Since each vector has length  n. In se r t  

requires 0 (n)  tim e.

2.4.1 Connected components

We can readily  m ain ta in  the  connected com ponents of G' by using a degree-d E T -tree 

[HK99] to represent a spanning tree  for each com ponent, where d =  n '.O  < e < 1. 

Deciding w hether two vertices are in the  sam e E T -tree requires G ( l)  tim e, so each 

" .\re  vertices u . c  connected?’’ query  runs in 0 (1 )  tim e. T he descriptions of Delete  

and  Insert show how to decide w hether deleting an edge disconnects a  com ponent 

and  w hether inserting an edge connects two com ponents. Since sp litting  or join ing 

th e  E T -trees requires 0 (n " )  tim e, each update  runs in 0 { n )  tim e.

The only difficulty occurs when an edge {u .u}  to be deleted is contained in its 

com ponent’s spanning tree  T^p bu t it is not a cut edge of its com ponent. Then deleting 

{u.  I’} splits Tap in to  th e  trees Tj),. respectively contain ing u. c and we m ust find a 

replacement edge, which is an edge of the  com ponent th a t connects Tj), and T’jp. Let 

A’x be the  unique m axim al clique containing {u, i } before the  deletion. Xote j A’x! >  -  

because (u . e} is not a cu t edge. Since any vertex  f €  A’x — {u. r} is adjacent to both  

u and V. then  t is in the  sam e com ponent as u. v and so t 6  T,p. If t €  Tj),. then {/. r} 

is a replacem ent edge, and  i f f  €  rjj,, then  (f, u}  is a replacem ent edge. We join Tj), 

and  r,p  w ith  the replacem ent edge, restoring the com ponent’s spanning tree.

2.5 Second im plem entation

In th is im plem entation , we represent each m axim al clique w ith a characteristic  vector 

an d  the clique tree  T  w ith  a  S leator-T arjan  dynam ic tree  [ST83]. For every vertex 

V €  V’, we m ain ta in  a  po in ter to  any node z E T  such th a t v €  A \. We im plem ent
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[nser t -Q ue ry {u .  v) as follows.

Let u G and  u G AL. Reroot the  dynam ic tree  for T  a t w. Use binary  search 

on the  p a th  in T  from z to the  root to find the closest nodes x . y  E. T  such that 

u G A'x. L’ E A'y. If { x . y }  G T.  re tu rn  "yes". O therw ise, find the  m inim um  weight 

edge e on the  x - y  p a th  in T  by rerooting at x  and finding th e  m inim um  weight edge 

from  y  to  the root. If w(e)  =  w { x .y ) .  re tu rn  "yes": if iv{e) > w ( x . y ) .  re tu rn  "no".

Each of th e  following dynam ic tree operations requires O (lo g n ) tim e: rerooting 

the  tree, finding the  ith  node on a path  to the  root, finding the m inim um  weight 

edge on a p a th  to  the  root, sp litting  the  tree  by deleting an edge or joining two 

trees w ith an edge. Thus. I n se r t -Q u e r y  requires 0 ( lo g ‘ n] tim e. Since Delete  makes 

0 { n )  changes to  T.  it now requires 0 [ n  log n) tim e. The operations DeJete-Query  and 

I n s e r t  still require 0 ( n )  tim e. Therefore, we have reduced the  tim e for In se r t -Q u er y  

to  0 (log" n) a t the  expense of increasing the  tim e for Delete  to  0 { n  log ii).

2.5.1 Computing the weights

In the  first im p lem en ta tion  of In se r t -Q u er y .  we com puted  w { x .y )  = | A ' x  U  A 'y }  in 

0 ( n )  tim e by com paring the characteristic  vectors for A 'x  and A 'y .  In the second 

im plem enta tion , we com pute a' (x .y )  in 0 ( 1) tim e by m ain tain ing  a n .< n m atrix  lU 

w ith  fU (x .y ) =  w ( x . y ) .  T he  preprocessing tim e is dom inated  by the  O(n^) tim e to 

build  W .  We u p d a te  W  in 0 { n )  tim e after I n s e r t  or Delete,  as follows.

.After I n s e r t ( u . v )  adds node : to T  and creates z 's characteris tic  vector. A L  =  

I  U { u .u } . we m ust com pute  W '(u’.z )  for all œ E T: th e  o th e r entries in lU are 

unchanged. We have fU Ix .z ) =  lU (y .z) =  | / |  +  1. (See F igure 2.8.) Let w ^  x. y. z. 

We show how to  com pute  W '(tu.z) from W { w . x )  and lU(u.’.y ).

Suppose A'x is not m axim al in G '+ { u .i;} . T hen  A'x =  /U { u }  and h \  =  A'xU {u}. 

T herefore, if v E A'u,, th en  W { w . z )  =  W '(ut.x) +  1. and  otherw ise. lU (u-.z) =
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V r(u ;.x ). We proceed sim ilarly  if is not m axim al in G  +  {u, c}.

Suppose bo th  and Ky  a re  m axim al in G  4- { u .c} . Consider T  im m ediately  

before Inser t {u .  v) and let T^^.Ty be the  trees of T  — { x . y } .  where x € Tr and 

y  €  Ty. Suppose w €  Tr- By the  clique in tersection property. K,^ fi Ky Ç A'^. 

(See Figures 7 and 8 .) M oreover. h \ .  n  Ky  =  k \ .  fi I.  which im plies lA’̂ . Pi A 'J =

I A'u, n  A'yl +  I A'u,. n  [u}\.  Therefore, if u €  A'u. then  Vr(u’. r)  =  W ( a \ y )  f  I. and 

otherw ise. H '(u '.r )  =  \ V ( w . y ) .  We  proceed sim ilarly if ic G Ty. In every case, we 

com pute  H ’(u’.c )  in 0 (1 )  tim e  for each w. Thus, we up d a te  11' in 0 (  n ) tim e after 

I n se r t .

We now consider Delete.  D eleting edge {u . c } from m axim al clique A'^ splits it 

in to  cliques A'“ and A'^. which are represented by new nodes xi and x j. If A'“ or A'l 

is not m axim al, then  it is contained  in an existing m axim al clique and we have no 

need to com pute the corresponding IF entries. O therw ise, since K ’̂  =  Kj. — {c} and 

A'^ =  A'x — {u}. then for any w 6  T .  we can readily com pute l l '( ic .x i )  and l l 'i tc .x ^ )  

from  H ’(ii’.x )  in 0 (1 )  tim e. T hus, we update  IF  in 0 ( n )  tim e a fter Delete.

2.6 Conclusions and open problems

Since a  chordal graph is perfect [GolSO], its clique num ber equals its chrom atic  num ­

ber. Therefore, a g raph 's clique tree  im m ediately  provides solutions to  CLIQ L'E and 

CHROM .ATIC N U M BER on th e  graph. We m ight also want to  m ain ta in  solutions 

to  IN D E PE N D E N T  SET and P .\R T IT IO N  IN TO  CLIQ U ES, as well as a m inim um  

coloring, m axim um  independen t set. and  a m inim um  clique cover. However, the  only 

known non triv ’al algorithm  for these problem s on chordal graphs [Gav72] requires a 

perfect e lim ination  ordering of the  vertices, which appears to be difficult to  m ain tain  

under edge deletions and insertions.

M ost classical algorithm s for chordal graphs are based on perfect e lim ination  or-
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derings. In con trast, our dynam ic algorithm  for chordal graphs is based on clique 

trees. This suggests th a t clique trees m ay becom e as useful in dynam ic algorithm s 

for chordal graphs as they  have been in sparse m atrix  com puta tion .



Chapter 3

A dynamic algorithm for interval 

graphs

3.1 Introduction

In sp ite  of the  large lite ra tu re  on chordal graphs and clique trees, we are not aware of 

any papers on the  characteristics of clique trees for any chordal graph subclass. This 

is p robably  because restric ting  th e  g raph  does not restrict its clique tree  in general. 

For exam ple, if G  is a s ta r (A’i,„). th en  every  tree  on its m axim al cliques is a clique 

tree  of G.  even though G  is chordal, in terval, and sp lit. The s tru c tu re  of a clique tree  

provides little  inform ation abou t the  s tru c tu re  of the  graph, even given the sizes of 

th e  m axim al cliques, and  very different graphs m ay have the  sam e clique tree. For 

exam ple, if G  is interval and each m axim al clique of G  has size 2 . then  G m ay be a 

p a th  (which has exactly  one clique tree) or a  s ta r  (which has all possible clique trees) 

or som e com bination o f the  two.

G iven a chordal graph G.  we will define G ’s dique-separator graph ^  to be a 

g raph  whose nodes represent th e  m axim al cliques and m inim al vertex  separato rs of 

G  and  whose arcs (d irected  edges) and  edges (und irected  edges) represent the  con­

3 1
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ta inm en t relations betw een the  sets corresponding to the  nodes. T he clique-separator 

g raph  is unique, unlike the  clique tree  and the PEO . and it has num erous s tru c ­

tu ra l properties. M oreover, when th e  graph G  is interval, p roper interval, sp lit, e tc.. 

its c lique-separator graph Q has add itional s tru c tu ra l properties. Consec^uently. the 

c lique-separator graph m ay lead to  recognition and dynam ic algorithm s for every well 

known subclass of chordal graphs.

In Section 3.2. we present fundam en ta l properties of the clique-separator graph Q. 

including the  following. VVe show th a t (a) the  nodes of Q are partitioned  in to  trees 

th a t have the clique in tersection  property  and th a t contain all th e  edges and  none 

of the  arcs of Q. (b) the  graph  form ed by con tracting  each tree  into a single node is 

a d irected  acyclic graph, which m eans there  is a topological sort of the  trees, (c) in 

any topological sort of the  trees. \ï H Q Q consists of a "tail" of the  topological sort 

and a cu t node separates two nodes in T-L. then the  cut node separates the  sam e two 

nodes in Q. (d) the  nodes of Q separa ted  by a cut node 6’ of Q specify the  vertices of 

G  separa ted  by the  m inim al vertex  separa to r corresponding to  5 . (T he last p roperty  

is analogous to  Theorem  1.1.2. bu t is m uch stronger.)

In Section 3.3. we present p roperties of Q when G is interval. VVe show th a t (a) 

after rem oving the un in teresting  leaves, every tree  of ^  is a pa th  P such th a t any 

clique p a th  of G  orders th e  m axim al cliques in the  sam e order as P . (b) the  m inim al 

vertex  separato rs contained in a  m axim al clique can be partitioned  into a t m ost two 

chains, where each separa to r is contained  in its successor in the  chain. T he first 

p roperty  is used by the  tra in  tree  a lgorithm  and the  second by the  u p d a te  algorithm .

In Section 3.4. we describe Q's train tree, which is a  PQ -tree  [BL76] representing  

all valid orderings of th e  m axim al cliques and  m inim al vertex separa to rs of G.  In the 

B ooth and  Lueker a lgorithm  to  recognize interval graphs [BL76]. the  P Q -tree  repre­

sents valid orderings of the  m ax im al cliques only and it is bu ilt w ith  a com plicated  

set of tem p la tes. In con tras t, th e  tra in  tree is built w ith a m uch sim pler a lgorithm
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th a t uses none of the  P Q -tree  tem pla tes. T he advantage of including the  m inim al 

vertex  separato rs is th a t the  in tersection  of any two cliques is contained in som e m in­

im al vertex  separa to r "betw een" the two cliques in the  tra in  tree, which reduces the  

difficulty of com puting  a valid ordering.

In Section 3.5. we present th e  train tree algorithm, which builds a tra in  tree  of Ç 

in 0 { n )  tim e. This algorithm  builds the  tra in  tree  increm entally  by exam ining the 

trees of Q in reverse topological order and m erging each tree  into the curren t tra in  

tree. .At each step , the  cu rren t tra in  tree  contains all trees of ^  in a "tail" of the  

topological sort.

In Section 3.6. we present th e  dynam ic algorithm  to recognize interval graphs in 

0 [ n  log n)  tim e per edge insertion  or deletion. VVe show th a t an edge update  requires 

only a sm all, local change in Q because a t m ost two new m axim al cliques or m inim al 

vertex  separators are created , each of which differs from  an old m axim al clique or 

m inim al vertex separa to r by a t m ost two vertices. T he m ain difficulty is th a t if .S' 

is a  new m inim al vertex separa to r, we m ust find the  m inim al vertex separators th a t 

con tain  5  and th a t 5  contains. W ith  edge insertions, these m inim al vertex separators 

on a t m ost two chains and we can readily  find them . W ith  edge deletions, we m ust 

find th e  m inim al vertex  separa to rs using the tra in  tree  and a graph search.

In Section 3.7. we give a sim ple a lgorithm  th a t builds the  clique-separator graph 

of a chordal graph in tim e.

3.2 The clique-separator graph o f a chordal graph

We require two term s from partia lly  ordered set theory. .A collection of sets ( '  is a 

chain if for any d istinct e lem ents 5 , S'  G U . S  Q S '  ox S '  Q S.  and an antichain if 

for any d istinct elem ents S.  S '  6  U. S  % S '  and  S '  % S .  In any graph, the  set of 

maocimal cliques is an an tichain  b u t the  set of m inim al vertex separators m ay not be.
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In any chordal graph , every m inim al vertex separator is contained in som e m axim al 

clique(s). In F igure 3.1. { u . x . y } .  { v . x . y }  are m axim al cliques and  { .r.y} .{(/}  are 

m inim al vertex separators.

Recall th a t by T heorem  1 . 1. 1. a chordal graph has at m ost n — 1 m inim al vertex 

separato rs. .4Iso. if 5  satisfies the  prem ise of Theorem  1.1.2. then  5  is a m inim al 

u r-sep a ra to r for any u E K  — S  and v E h  ' — S  because every vertex  of 5  is ad jacent 

to every vertex of K  — S' and f \ '  — S.

X

y

Figure 3.1: .A graph.

3.2.1 The clique-separator graph

T he clique-separator graph Q o f G  has arcs (directed edges) and edges (und irected  

edges), as follows.

•  Each m axim al clique K  of G  is represented by a clique node I\ of Ç. Each 

m inim al vertex  separa to r 5  of G  is represented by a separator node S' of Ç.

•  Each arc is from  a  sep ara to r node to  a  separato r node. Q has arc (S. S'") if

5  C S"  and  th ere  is no separa to r node S '  such th a t 5  C S'' C S'".

•  Each edge is betw een a  separa to r node and a clique node. Ç has edge {5. A’} if

5  C A’ and th ere  is no separa to r node S '  such th a t S  C S '  C  A .

F igure 3.2 shows a  chordal graph G  and  Figure 3.3 shows its c lique-separator 

g raph  Q\ a  separa to r node's superscrip t is its size. VVe will refer to  the  vertices of G 

and  the  nodes of Q and use lowercase variables for vertices and uppercase variables
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for nodes. We will usually use "m axim al clique" ( "m inim al vertex separato r"  ) and 

"clique node" ( "separator node" ) interchangeably.

Figure 3.2: .A chordal graph G.

F igure 3.3: T he  clique-separator g raph  Ç of G. The superscrip ts ind icate  the se t's  
size.

Let K  be a  clique node and let 5 . S '  be d istinct separato r nodes of Ç. If {5'. A’} is 

an  edge of Ç,  then  5  and A' are neighbors and S  is adjacent  to  A . If Ç contains a di­

rec ted  p a th  from  S  to  S' ,  th en  S is a  predecessor of 5 '.  denoted 5  S' .  If Q contains

arc {S. S ' ) ,  th en  5  is an immediate predecessor of S ' . denoted 5  —> 5 '. We define suc­

cessor  and  immediate  successor sim ilarly. Let degree{S) .  indegree(S) .  outdegree{S)  

be th e  num ber of neighbors, im m ediate  predecessors, im m ediate successors of 5 . re­

spectively. If 5  is a neighbor of A' o r a  predecessor of a neighbor of A . then  5  is a 

predecessor  of A and  A is a  successor  of 5 , denoted  5  A . Observe th a t  5  C S '  if 

and  onlv if 5  ^  5 ' and  th a t  5  C A" if and onlv if 5  A . Also, the  set of im m ediate
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predecessors (or im m ediate  successors) of 5  is an antichain  and the  set of neighbors 

of K  is an antichain .

Let <S be a set of nodes of Ç. A  node X  E S  is a m in im a l  node o f  S  if there is 

no Y  E S  such th a t Y  C  X .  and a m a x im a l  node o f  S  if th ere  is no Y' E S  such 

th a t  Y  D X .  Given a clique tree  T  of G.  let <Sr(A’) be the set of m inim al vertex 

separa to rs { /\ fl K '  | { / \ .  A’'} E E ( T ) } .  T he  following lem m a relates the  clique tree  

and the  clique-separator graph.

Lem m a 3.1 Let G he a chordal graph with clique tree T  and clique-separator graph 

Q. Let  A be a clique node o f  Q .

1. {5. A’} is an edge o f  Q i f  and only i f  S  is a maximal  node o f  S j l K ) .

2. For any clique node A ' A . A"' fl A is contained in some neighbor o f  A in Ç .

3. For any separator node S ,  S  C\ K  is contained in some neighbor o f  A in Ç .

4- For any vertex v E A'. A' is the unique node o f  Q containing r i f  and only i f  r

is not contained in any neighbor o f  A in Q.

P roof

I. Suppose {S'. A'} is an edge of Ç. By Theorem  1.1. 1. there is a clique node

A ' ^  A such th a t S  C A '. T hen  5  Ç A’ n  A*'. By the clique in tersection

property, for some neighbor A'" o f A' in T.  S  Ç R' C\ A'". Since A n  A '" is a 

m inim al vertex  separa to r of G  by T heorem  1.1.1. if 5  C A'fi A'", then  (5 . A'} is 

not an edge of Ç, a con trad iction . T hus. 5  =  A' fl A'" €  S j i  A’). N'ow if 5  C S'  

for some S '  E S t ( X ) ,  th en  again  (5 . A'} is not an edge of Q. a con trad iction . 

Thus. S  is a  m axim al elem ent of S t (  A ).

Suppose (5 , A'} is not an edge of Q.  If 5  ^  A', then  5  0  S t { L \ ) .  If 5  C A',

then  th ere  is a  separa to r node S '  such th a t S  C  S' C  A and { 5 '. A'} is an edge



37

of Ç. By the  preceding argum en t. S '  €  S j { K ]  and  thus S' is not a  m axim al 

elem ent of S t { K ) .

2. By the  clique in tersection  property , for some neighbor K "  of K  in T.  K '  H [\ Ç 

A’" n  A’, which is a m inim al vertex separa to r contained in some m axim al elem ent 

5  of 5 t (  A'). By part I. 5  is a neighbor of A in Ç.

3. By T heorem  1.1.1, 5  C A ' for som e clique node A"' 7  ̂ A'. Then S'il A Ç A ' l  A'.

By part 2. A ' 1  A is contained in some neighbor of A' in Ç.

4. By parts  2 and 3. □

3.2.2 Definitions

We require several definitions before presenting the .Main Theorem  of clique-separator 

graphs. Let G  =  (V. A) be a  chordal graph w ith c lique-separator graph  Ç. Let

P  =  (A'q.-Vi Vfc),Â: >  0. be a sequence of d istinct nodes of Ç. If I . \ \ .  I is

an arc, Q < i < k.  then  P  is a directed path. If (.V ,..V ,j.t) is an arc or

is an edge. 0 < i < k.  th en  P  is a semidirected path. If P  is a sem idirected  path

and (.Yi,.Vo) is an arc or { .\T .. \ ’o} is an edge, k > 2 , then  (.Vq..Vi .V*....Vo) is a

semidirected cycle.

Given a set of nodes .V, let V’(,V) =  {c € -V | .V €  -V}. Given 'H Ç Ç. let 

be th e  set of nodes of PL and let V'CH) =  V’(.VCH)). Then \ '{Ç)  = V . We say 'H 

is connected if th e  underlying undirected  graph  of Pi (ob tained  by replacing every 

arc w ith  an  edge) is connected . Ç is connected if and  only if G  is connected. If PL 

is connected, then  G[V{PL)\ is connected, bu t th e  converse m ay not hold. e.g.. let PL 

contain  exactly  the  nodes K q, A 4 in F igure 3.3.

.A box of Q is a connected com ponent of the  subgraph  of Ç ob tained  by deleting 

all axes. T hen  every node of Ç is contained  in a  unique box o f Q. box is isolated if
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it contains exactly  one clique node and  no separa to r nodes. A box is isolated if and 

only if it corresponds to  a com plete connected com ponent of G. , \  box is short  if 

it contains exactly  one separa to r node and long if it contains two or m ore separa to r 

nodes. For exam ple. B i ,  Be a re  short and Bo, B 3 . B^. B 5 are long in Figure 3.3.

T he contracted clique-separator graph Q‘̂ is ob tained  from Q by con tracting  each 

box into a single node and replacing m ultip le arcs by a single arc. We use the  sam e 

variable to denote a box of Ç and the  corresponding node of Ç"̂ . T he  M ain Theorem  

will show Q has no sem idirected  cycle, equivalently. Ç'  is a directed  acyclic graph. 

T hen  has a topological sort. G iven a  topological sort <7 (of '̂■'). we assum e the  boxes

of Ç are indexed so th a t a  = {Bi .  Bo Bb(Ç)). where b(Q) is the  num ber of boxes

of Ç. Let Qicr.i) be the subgraph of Ç induced by .\ '{Bi)  U U • • • U .V( B),tç]).

Let 5  be a separa to r node of Ç and let Preds{S)  = {5} U {5 ' j S'  .8'}. Let 

componen tsç (S )  be the num ber of connected com ponents of  Ç — Predsi S ) contain ing 

a clique node th a t contains S .  If nodes .V. V € .V (^). node sets .\'i. .\b C .\ ( ^ ) .  and 

subgraphs "Hi. Ho C G are contained in the sam e connected com ponent of G and 

in different connected com ponents of ^  — P reds (S ) .  then 5  divides X . Y .  S  divides 

X1.X2.  and 5  divides H\ . H2-  respectively. We use "separates" and "divides" when 

referring to  G  and G- respectively.

.A tree  T on a set of nodes of G has the  clique intersection property  if for any two 

nodes .Y. V' of T.  th e  set .V fl V’ is contained in every node on the .V-V path  in T.

3.2.3 The Main Theorem

T heorem  3.2 Let G be a chordal graph with clique-separator graph Ç and topological 

sort  (7 . Let S  be a separator node o f  G ■

I. Every box o f  G is a tree with the clique intersection property and G has no 

semidirected cycle. The set o f  separator nodes in a box is an antichain.
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2. Ç — Pred6{S)  has connected components Qi.Qo. . . .  .Gk and G — S  has connected 

components  G i, G2 ,  G k -k  > 1 . such that V{Gi) — S  = V’(G ,). 1 <  / <  k.

3. For every I < i < j  < b{Ç), i f  S  divides nodes X . Y  in then S  divides 

X .  Y  in G((t . i).

4 . For every I < i < j  < b(G) and every connected component  FL o f  Q i a . j ) .  at 

most  one separator node o f  box Bi is a predecessor o f  any node in H.

■5. For every I <  j  <  b{G) and every connected component H  of  G [ a . j ) .  G[\'{'H)] 

is a connected chordal graph with clique-separator graph Fl.

P r o o f  Since th e  proof applies to  each connected com ponent of G. we assum e G is 

connected. VVe construct G inductively. If G  is a com plete graph, then  G is a single 

clique node and the theorem  is true . O therw ise, let 5  be a m inim al separa to r of G.

which is also a  m inim al vertex separa to r of G  and therefore a clique. Let V1. 1 j  \ l

be the  vertex  sets of the  connected com ponents of G — S .  k  > 1. Let G 1. G 2 ........

be the  subgraphs of G  respectively induced by V'i U 5. VÔ U 5  VI: U 5  ( Figure 3.-1).

Figure 3.4: G.

Since each of G 1. G 2 ,  Gk is connected and chordal, then  by induction the

theorem  holds for each of the  corresponding clique-separator graphs Gi-Gi  Qk-

Observe th a t  a separa to r o f any G. is also a  separa to r of G. Likewise, a m inim al 

vertex  separa to r of any G, is also a m inim al vertex separa to r of G.

VVe first show th a t  5  is not a m axim al clique of any G, . O therw ise. 5  is a m axim al 

clique of som e G, and  so S  is adjacent to  som e m axim al clique K  in a clique tree of
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G ,, where 0 ^  5  H /\ ^  5 . By T heorem  1.1. 5  i~i /\  is a m inim al vertex separa to r in 

Gi and  by th e  observation, S D K  is a m inim al vertex  separato r in G. contrad icting  

the  m in im ality  of 5 . Thus. 5  is p roperly  con tained  in a t least one m axim al clique of 

each Gi.

Since S  is ne ither a mauximal clique nor a  separa to r of any G,. then  5  is not a 

node in any Ç,. which implies the  ^ , 's  are node-disjoint. Xow consider Çi.Çj  for any 

i ^  j .  Since a m inim al vertex  separa to r of G, contains a t least one vertex  of 1 t hen 

Ç does not con tain  an edge { S ' .R ' ' }  w ith  S ' . K '  respectively in Ç..Çj.  Sim ilarly. Ç 

does not con tain  an arc {S' . S")  w ith S' .  S "  respectively in Ç,. Çj. Therefore. Ç has no 

edge or arc betw een a node of Qi and a  node of Qj. It follows th a t we may construct 

Ç from  the  Çi's by creating node S  and adding  edges and arcs between 5  and nodes 

in the  Çi's. We do this in two steps, as follows.

Edge Step: For each i such th a t 5  is contained in exactly one m axim al clique K  

of Gi. add an  edge betw een 5  and K  and add  no arcs from 5 . (If 5  is contained 

in a  m inim al vertex separa to r of G ,. then  5  is contained in at least two m axim al 

cliques of G ,.) .Arc Step: For each i such th a t 5  is contained in m axim al cliques

k ' l .  K o  Kl  of G,, I > 1. let r ,  be a  clique tree  of Go Let .V/, be the set of m inim al

vertex  separa to rs  of G, corresponding to  edges on a pa th  in T, betw een any two of

k \ .  Ko  A’;. By the clique in tersection  property . 5  is contained in each elem ent

of .V/,. .Add an arc from 5  to each m inim al e lem ent of .V/, and add no edges from 5. 

T h is yields th e  clique-separator g raph  Ç of G.

W ithou t loss of generality, assum e th e  Çi's are indexed so th a t the ^ , ’s in the  Edge

S tep  are Ç i  .Çj  and th e  Çi's in the  Arc S tep are Çj+i  Çk. where 0 <  j  <  A:

(F igure  3.5). T hus, if I <  i <  j ,  we added  exactly  one edge from 5  to a  clique node 

of Çi. and if y 4- 1 <  t <  A. we added one or m ore arcs from 5  to certain  separa to r 

nodes of Çi.
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Figure 3.5: Ç.

1. In the  Edge S tep, adding an edge betw een 5  and one box of each of ......... (J,

causes these boxes to  m erge into a box B  contain ing i ':  since each box is a tree, then 

B  is a tree. (If j  =  0. then  B  contains only 5 .)  Since 5’ is contained  in each of its 

neighbors in B.  th en  B  has the  clique intersection property. By the choice of 5 . B  

does not contain  separa to r nodes S'. S "  such th a t S '  C S".  Since every arc added in 

the  .-\rc Step is an arc from  5 . then  Ç has no sem idirected  cycle.

2. We have defined each G, to  be the  subgraph of G  induced by \ \ U .S. whereas 

part 2 of the  theorem  defines each G, to be the  subgraph of G induced by I ■. Thus. 

5  satisfies part 2. Let S '  be a separa to r node of som e Qi. By induction . 5 ' satisfies 

part 2 in Qi. We m ust show 5 ' satisfies p a rt 2 in Q.

Suppose 1 <  f <  j .  so th a t Q has exactly  one edge from  5  to  a clique node of Q,. 

T hen w hether or not S '  is in B.  the choice of S  im plies th a t S '  satisfies part 2 in Q. 

Suppose j  + I < i < k,  so th a t Q has arcs from S  to  nodes of Qi and  no edges from 

5  to  any node of Qi. T hen  S '  is not in B  and w hether or not 5  5 '.  th e  choice of

5  im plies th a t S '  satisfies part 2 in Q.

3. Let <T = {Bi .  B 2 , ___ Bb^ç)). Since a separa to r node of Bi  has no predecessors.

it is a m inim al separa to r of G. Therefore, we m ay assum e 5  is a separa to r node of

B\  w ithou t affecting th e  proof of pa rts  I and 2. (Since Q is connected , then  each box 

of Q haa a t least one separa to r node.) T hen  each of B 2 ,  Bb{Ç) is a  box of some Qi.
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For each I < i < k.  let cr, be the restric tion  of a  to  Çy,. In o ther words. <t, is 

the  subsequence of a  th a t contains every box of if 1 <  / <  j .  then the  box of 

con tained  in is identified w ith B\ .  T hen <7, is a topological sort of Ç~̂ . Observe 

th a t if H  is a connected com ponent of Ç { c r . j ' ) . f  > 1. then  'H is a subgraph of some 

Qi and  thus H  is a  connected com ponent of Gi{cri. f).

We next show th a t if S'  divides nodes .V. V' in Q{a. j ' ) .  then  5 ' divides .V .}’ in 

Q{cr. i'). I < i' < j '  < b(Q). By the observation. S '  divides X .  V’ in Q,{o-,.j') for some t .  

By induction . S '  divides X .  Y  in Q,{a,. i'). If i' > I. then  every connected com ponent 

of Qi((Ti.i') is a  connected com ponent of Q(a-.i') and  thus 5 ' divides .V. V’ in Qia. t ') .  

Suppose i' = I. Then S '  divides .V. V' in Q̂  and we m ust show S'  divides X .  V in Q.

If I <  f <  j .  then  the construction of Q im plies th a t S '  divides X .  V’ in Q. If 

j  + I < i < k. then  suppose Q has arcs from 5  to  nodes 5 i .5 i  in different connected 

com ponents of Q, — Preds(S ' ) .  (If Q has no such arcs, then  S '  divides .V. V in Q.\ 

T hen  5  C 5 i. So- If there  is a vertex v E S  — S' ,  then  v E -S’l — S'  and c € — S'.

B ut by part 2. S '  separates 5 i — S '  and — S '  in G,.  a contrad iction . Thus. 5  C S'. 

By the  construction  of ÿ . 5  S '  in Q and thus 5  is a predecessor of S' .  Then every 

connected com ponent of Qi — Preds{S' )  is a  connected  com ponent of ^  — Pred^siS'). 

which m eans S '  divides .V. Y  \n Q.

4. Let "H be a connected com ponent of ^ ( c r . j ') . l  <  j '  < h(Q). Since 'H is a 

subgraph  of some Qi, then % is a connected com ponent of ^ ,( c r , . / ) .  By induction, 

each box of Qi contains a t m ost one predecessor of a node in H.  Consider the  boxes 

of Q. By th e  construction  of Q. Bi  contains a t m ost one predecessor of a node in 'H. 

For every box Bi-. I < i' < f .  of Q. If B,' is a box of Qi. th en  B,- contains at most 

one predecessor of a node in PL. and otherw ise. B,> contains no predecessor of a node 

in Pi.

5. We show th a t for every connected com ponent Pi of Q(cr.j'). Cr[V'(B)j is a 

connected  chordal graph w ith clique-separator g raph  P L . l <  f  < b(Q). If f  =  I.
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then  Ç{cr.j') = Ç and G[V'(^)] =  G. Suppose l > L and let 'H be a connected 

com ponent of G{cr.j'). By the observation. Ti is a connected com ponent of Gtio’i . j ' ) .  

By induction. 6 ',[V'CH)] is a connected chordal graph w ith clique-separator graph  H. 

Since V i H )  Ç V{G,)  =  V’(Gi)- then  by the choice of S .  G'[V'('H)] =  6 ’,[l '('H)]. Hence. 

G[V{'H)] is a  connected chordal graph w ith clique-separator graph 'H. □

In general, it is not tru e  th a t G{cr.j) is the  clique-separator graph  of the  chordal 

g raph  G[V{Ç(cr.j))].  For exam ple. Figure 3.6 shows a chordal graph  G and its clique- 

separa to r graph G where Gi<^--) is not the clique-separator graph of 2 ))] =

G.

G:

Figure 3.6: G{cr.'2) is not the  clique-separator graph of G’[V'(^((T.'2) )].

Corollary 3.3 Let G be a chordal graph with clique-separator graph G and topological 

sort O’. Let S  be a separator node o f  G-

1 . I f  S  divides X , Y  €  then S  separates X  — S  and  V’ — 5 .

I f  S  divides X i . X o  C  X{G).  then S  separates V’(.Vi) —5  and  4'( .\4) — 5 .

I f  S  divides 'H i, 7^2 C G^ then S  separates V’(H i) — 5  and  V (H>) — .S.

2. com ponen t sg iS )  > 2.
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■3. I f  S  divides X .  6  -V(^) and S  Ç A , \  . then S  = X  il Y  and S  is a minimal  

uv-separator  fo r  any  u €  A  — 5  and  u t  V' — S .

4- Let box B, contain S .  I f  Bi — S  has subtrees T. T '  and S  has a successor in 

connected component  % o f Q ( a . i +  1). then S  divides T . T '  and S  divides T. 'H.  

I f  Bi also contains separator node S '  ^  S  that has a successor in connected 

component  H' o f  Ç{cr.i +  1) and S"  is any separator node on the S - S '  subpath 

in B,.  then S"  divides 'H. 'H!.

P roof

1. By th e  M ain Theorem -2.

2. .Although th is follows from the  M ain T heorem 's proof, we prove it as a corollary. 

By Theorem  1 . 1. for som e edge { /\ .  A''} in a clique tree  of G. S  -  A’H A ' and 5  

separa tes K  — S  and K '  — S.  By the M ain Theorem -2. A and A'' are in different 

connected com ponents of ^  — P re ds (S ) .  which m eans componentsg{ S  ) >  2 . 

(T his im plies degree{S)  4- outdegree{S)  > 2 .)

•3. We have 5  Ç A' fl V’. Since 5  divides A  and A. then  by part 1. .S' separates 

.V — 5  and Y  — 5 . which im plies 5  =  A  n  V’. Since every vertex in 5  is adjacent 

to  every vertex  in A  — 5  and  Y  — S .  then  5  is a m inim al uc-separato r for any 

u £  X  — S  and  v €  V' — 5 .

4. By th e  M ain T heorem -4. 5  divides T. T '  in Q(a. i) and  5  divides T. H in Q{<r. i). 

If i >  1 . th en  the  M ain Theorem -3 im plies th a t 5  divides T . T '  in Ç and 5  

divides T. 'H  in Q. (T hus, if 5  has d istinct neighbors A . A or neighbor A  and 

successor A . then  5  divides .Y. A .) T he  sam e argum ent shows th a t 5 "  divides

n . H ' .  □
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3.3 The clique-separator graph of an interval graph

Recall th a t interval graphs are a subclass of chordal graphs and th a t G  is interval if 

and  only if 0  has a clique p a th , which is a p a th  on the clique nodes of Ç w ith the  

clique in tersection property. W e will decide w hether G is interval by deciding w hether 

G  has a clique path . Therefore, in th is section and the next two sections, we consider 

pa ths of nodes, which we represent as sequences of nodes.

Let G  be a chordal graph w ith c lique-separator graph Ç and let P .Q  be paths 

of nodes of Ç. Let N { P )  deno te  th e  set of nodes of P  and for .V. V’ € -V(P). let 

P { X ,  Y )  denote  the .V-V’ su b p a th  of P.  We say P i s a  subsequence of Q  if (sequence I 

P  or its reverse is a subsequence of (sequence) Q.  and P  is c.i.p. if P  has the clique 

in tersection property. T hus, if P  is a subsequence of Q and Q is c.i.p .. then P  is 

c.i.p .. We say P  is constraining  if P  is the  unique c.i.p. pa th  on .V (P). equivalently, 

if P  is a subsequence of every c.i.p . pa th  contain ing the nodes in .V (P).

3.3.1 Relevance of Ç

We will consider c.i.p. paths on all separa to r nodes and certain  clique nodes of Ç. 

as follows. .A. node is relevant  if it is a separa to r node or an in ternal clique node, 

equivalently, if it is not a leaf clique node. .A relevant path oî  'H Ç Ç \s a. c.i.p. pa th  

on the  relevant nodes of H.

Lem m a 3.4 Let G be a chordal graph with clique-separator graph Ç. G has a clique 

path i f  and only i f  Q has a relevant path.

P roof

(=>) Let P  = { h \ .  k ' 2 , . . . .  A j)  be a clique p a th  of G. Let P'  =  ( A \ . . A ',........ A 'j_ i.

5 j_ i ,  A j ), where Si =  A, (1 A ',+i. 1 <  f <  j .  T hen  P'  is a c.i.p. pa th  and by Theo­

rem  1.1.1. P ' is a p a th  contain ing  every  node o f Q. possibly w ith dup lica te  separa to r
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nodes. D eleting every dup lica te  separa to r node from P'  yields a c.i.p. pa th  P"  con­

ta in ing  every node of Q exactly  once. Deleting every leaf clique node from P ” yields 

a c.i.p. p a th  on the relevant nodes of Q.

(<=) Let P  be a relevant p a th  of Ç. For every separa to r node 5 . let K-s be the  set of 

leaf clique nodes adjacent to 5 . Let P'  be the  p a th  obtained  from P  by applying the 

following opera tion  to every separa to r node 5  w ith ICs ^  ^ replace 5  w ith  any path  

on ICs- Then P ' contains every clique node of Q and by Lem m a 3.1.4. a clique node 

I\ €  tCs is the  only m axim al clique of G  containing any vertex in K  — S.  which implies 

P ' is a  c.i.p. pa th . D eleting every rem aining separa to r node (w ith =  0) from P ' 

yields a c.i.p. pa th  P "  on the  clique nodes of Q. i.e.. a clique pa th  of G. Figure 3.7 

shows a clique-separator graph  Q w ith one box. where P = {Si.  A'3 . j'h. AT,. -S)- P' = 

( A 'l. A'2. A 3 . 5 2 . Ah, Ah ). and  P "  =  ( Ah. Ah. Ah. Ah. Ah ). □

K1

Figure 3.7: .A box.

3.3.2 Structure and size o f Ç

L e m m a  3 .5  Let G be an interval graph with clique-separator graph Q .

1. I f  X  is a clique node or separator node, then the predecessors o f  .V can he 

partit ioned into at most  two chains.

2. Every separator node o fQ  has at most  two immediate predecessors. Every clique 

node o f  Q has at most  two neighbors.

3. Q has 0 { n )  nodes, edges and arcs.



4- For every clique tree T  and maximal  clique I\ o f  G. S t {F ) can be partit ioned 

into at most  two chains.

P roof

1. By the  proof of Lem m a 3.4. there  is a c.i.p. p a th  on the  nodes of Ç. Let S  be 

the  set of predecessors of .V. Suppose C 5  is an an tichain . Since

•S’!--?’ C .V. then  P = (5 i..V .S 'o) is a constrain ing path . Since S 3 C -V. then  no 

c.i.p. pa th  contains S 3 and .V (P). a contrad iction . Thus. ( 5 .Ç )  is a partially  

ordered set whose largest an tichain  has size at m ost 2. By D ilw orth 's Theorem , 

which sta tes  th a t the  size of the  largest an tichain  is equal to the  size of the 

sm allest chain decom position. S  can be partitioned  into at most two chains.

2. By part 1.

3. Since G  has a t most n m axim al cliques and a t most n — I m inim al vertex 

separato rs, then  Ç has a t m ost 2n — 1 nodes. T he Main T heo rem -1 im plies th a t 

G has a t m ost 2 n — 2 edges and  p a rt 2 im plies th a t Ç has a t m ost 2 n — 2 arcs.

4. Since every m inim al vertex  separa to r of 5 r (  A ) is a  predecessor of A in Q. then 

by part 1. S t ( F ' )  can be p a rtitioned  into a t m ost two chains. □

L e m m a  3 .6  Let G be an interval graph with clique-separator graph G■ Let B be a

box o f  G ■

1 . Every path between two separator nodes o f  B  is a constraining path.

2. Every separator node o f  B  has at most  two neighbors that are internal nodes of  

B .

P roof By the  M ain Theorem -1, the  set of separa to r nodes of a box is an an tichain .

VVe claim  th a t  if a clique node A of B  contains a separa to r node S  of B.  th en  A is
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a neighbor of 5 . O therw ise, let S '  7= 5  be A s neighbor on the  K - S  pa th  in B.  By 

the  clique in tersection property , 5  C 5 '.  a contradiction.

1. Let (5 i. A’l. 5o, A'2, 5 3 ) be a  pa th  contained in box B.  Then {6 'i. 6 3 } is an

antichain . Since S 1 . S 2 C A'l. then  (5 i .  A 'l.S’o) is a  constrain ing path . By the 

claim . 5i A'l. It follows th a t (S'l. A'l. S'l. A'l. S's) is a constrain ing path . .A. 

sim ilar induction  argum ent shows th a t every path  betw een two separa to r nodes 

of B i s  a  constrain ing pa th .

2. Suppose a  separa to r node 5  in box B  has three in ternal neighbors ( Figure 3.S). 

T hen B  contains paths (5 . A'l. 5 i) . (5 . A'l. 5 i) . (5 . A'3. S’3 ) and {5. 5 i.-S ’, i '3 } is 

an an tichain . By p a rt 1. (5 i. A'l. 5 . A'l. 5 i)  is a constrain ing  path  and by the 

claim . P =  (5 i. A 'l, A'3 . A'2, 5 i)  is a constraining path . Since S'3 C A'3 . then  no 

c.i.p. pa th  contains S3 and  .V (P). a contradiction. □

S , K, S  K , S
# -------- # -------------- # ------- # —

2

♦ S 3

Figure 3.8: .A separa to r node S  w ith three in ternal neighbors.

In light of Lem m a 3.4. we will focus on the relevant nodes of Ç. The body of box 

B.  denoted  body{B).  is the  subgraph  of B  induced by the  set of its relevant nodes. 

Equivalently, deleting  every leaf clique node of B  yields body(B).  .A caterpillar is a 

tree  T  such th a t deleting every leaf of T  yields a pa th , equivalently. T  has a t least 

th ree  nodes and every in ternal node of T  has at most two neighbors th a t are in ternal 

nodes of T.  By Lem m as 3.5.2 and  3.6. we have the following.
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C o r o l la r y  3 .7  Let G be an interval graph with clique-separator graph Ç. Every box 

B  o f  Q with three or more nodes is a caterpillar and body{B) is a constraining path 

whose endpoints are separator nodes.

Let G  be an interval graph  w ith c lique-separator graph  Q. The outer nodes of box 

B  are th e  endpoin ts of body{B)  and the  inner  nodes of B  are the rem aining separa to r 

nodes of B.  The next lem m a is used by th e  up d a te  a lgorithm  and its proof illustrates 

th e  p roof technique th a t will be used to prove the  O rdering Lem m a on page 61.

L e m m a  3 .8  Let G be an interval graph with clique-separator graph Ç . Let B  be a 

long box o f  Q with outer nodes S i . S 2 -

1. I f  S  is a predecessor o f  a node o f  B .  then S  is a predecessor o f  Si or

2. I f  S. S '  are incomparable predecessors o f  nodes o f  B .  then S  is a predecessor o f  

Si  and S '  is a predecessor o f  5o. o r vice versa.

P r o o f  Let P  be a relevant pa th  o f Ç. By Corollary 3.7. body(B)  is a subsequence 

o f P.

1. If 5  is on P [ S i . S 2 )- then  som e separa to r node of body(B)  is contained in 

which im plies Q has a sem idirected  cycle, con trad ic ting  the  .Main T heorem -1. Thus. 

5  is on P  and  not on P { S i . S 2 )- Since S  is contained in a t least one node of P[Si .  5 i)- 

then  5  C  5 i  or 5  C S'2-

2. By the  proof of part 1. each of 5 . 5 '  is on P  and  not on P ( 5 i .5 j ) .  If 

( 5 . 5 i , 5 2 . 5 ') or (5 ' . 5 i . 5 2 , 5 ) is a  subsequence of P . then  5  C 5 i . 5 '  C 5 i or 

S '  C 5 i , 5  C 5 2 . If ( 5 ,5 '.  5 i . 5 2 ) is a  subsequence of P . then S  C S', a. con tra­

d iction . and  the  o ther cases likewise lead to  contrad ictions. □
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3.4 The train tree

3.4.1 PQ-trees

This subsection reviews PQ -trees. which were invented by Booth and Lueker [BL761 

for the ir linear tim e algorithm s to recognize interval and p lanar graphs. T heir algo­

rithm s increm entally  construc t the  PQ -tree  using a com plicated set of tem pla tes. In 

con trast, we use only th e  definition and none of the  tem plates of PQ -trees.

.A. PQ -tree  represents a set of perm utations of a set U . .A PQ-tree is a rooted tree 

T  whose leaves are the  e lem ents of i '  and each in ternal node of T  is e ither a P-node or 

a Q-node. Two PQ -trees are  equivalent ( =  ) if one can be transform ed into the o ther 

by any com bination of the  following operations: ( I ) perm ute the  children of a P-node, 

(2) reverse the  order of th e  children of a Q-node. Let sequence \T )  be the  sequence 

of leaves of T.  Then T  represents the  set of perm utations [sequence(T')  \ T'  =  T} .  

F igure 3.9 shows a P Q -tree  th a t represents S perm utations of {I. 2. 3 .4}. P-nodes are 

draw n as circles and Q -nodes as rectangles.

i 2

Figure 3.9: A PQ -tree.

3.4.2 Train trees

Let G  be a  chordal g raph  w ith  c lique-separator g raph  Ç and let T  be a P Q -tree  whose 

leaves are relevant nodes of Q. We usually use lower case \^riab les for the  nodes of T  

and  for clarity, we use V(l)  to  deno te  th e  set of vertices contained in leaf I of T.
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G iven a node x  of T,  let 6equence(x)  be the  sequence of leaves of ^u b t reer ix )  and 

let l eaves{x )  be th e  set of leaves of su b tre e r ix ) .  where s u b tre e j i x )  is the  sub tree  of 

T  roo ted  a t x.  VVe view sequence{x)  as a  p a th  on leaves{x) .  so th a t x  represents a 

set of pa ths on leaves(x ) .  If a  separa to r node S  is contained in every endpoin t of 

sequence(x) .  th en  5  meets x .  and otherw ise, if 5  is contained in exactly  one endpoint 

of sequence(x) .  th en  5  semi-meets  x .  Define sequence(T) .  leaves{T)  sim ilarly. If .S' 

m eets root (T) ,  then  5  meets T.  and if 5  sem i-m eets root(T) .  then  5  semi-meets  T.

\  train is a sequence / i . / i .  Ik of nodes of Ç such that for each 1 <  j  <  k.

e ither V{lj)  C  V’(/j+ i) or V{lj+i)  C V{lj) .  which im plies Ij or Ij+i is a separato r 

node, respectively. For exam ple, the body of a box is a  train .

\  train tree o f  H  Ç Ç [s a. PQ -tree  T  w ith  the  following six properties:

1. l eaves{T)  is th e  set of relevant nodes of H.

2. Every in ternal node x  represents all c.i.p. pa th s on leaves(x) .

3. Every P-node has a t least two children.

Every Q -node has a t least th ree  children.

4. Every P-node x  has a  meeting child S'l- which is a  separator node th a t m eets x

and satisfies the  following.

a. S i  divides l eaves fx )  — {5r} and l eaves (T )  — ieaves(x )  in H.

b. S i  divides leaves{y)  and leaves{y' )  in H  for any children y . y '  6"̂  of x.

-A.n S-node  is a P-node or a  separa to r node. Each S-node x  is closely associated 

w ith  a  separa to r node Si', if x is a P-node. then  S i  has been defined, and if x is a 

separa to r node 5 ,  then  S i  is 5 .
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5. Every Q-node x  w ith children [ y i . y 2 - ■ ■ ■ -yk] satisfies the  following.

a. If any t/, is a Q-node, th en  I < i < k  and are S-nodes such th a t the

meeting siblings of y, a re  incom parable and m eet y,.

b. If any y,- is an S-node. then  5y, divides leaves(yi)  U • • • U leaces{y,_i)  and 

leaves{yi+i)  U ■ • ■ U leaves{yk)  in H.

c. y i . y k  are S-nodes and  no separa to r node in leaves(x )  is a predecessor of S’y, 

or in H.

Let X be a Q-node. Given a  contiguous sequence q  of children of x  where each 

child is a  P-node or a leaf, replacing each P-node y  w ith Sy yields an offspring block 

a'  of x: each leaf in q ' is an offspring of x.  Equivalently, an offspring of x  is a

leaf th a t is a child of x  or the  m eeting  child of a P -node child of x.  (For exam ple.

(5q. 1\q. 5 i . A’l. S\  ) is an offspring block of rool{T)  in Figure 3.10. )

6 . Every offspring block of a Q -node is a tra in . T he body of every box contained  

in 'H is an offspring block of som e Q-node.

F igure 3.10 shows an in terval graph G.  its clique-separator graph Ç. and a tra in  

tree  T  of Ç. The m eeting child of a  P-node is draw n as a triangle and if .V . then  

.V is draw n below V' in the  c lique-separator graph and above Y  in the  tra in  tree. .A. 

tra in  tree  is trivial  if it has exactly  one leaf.

Let r  be a tra in  tree of  71 Ç Q w ith  in ternal node x  and let 5  be any separa to r 

node of Q. The tra in  tree definition im m ediately  im plies the  following.

•  T  represents all relevant pa th s o f 'H.

•  S  m eets x  if and only if 5  is con tained  in every leaf in leaves{x) .

•  If X is a P-node. then  Sr  is th e  only m inim al node of leaves(x ) .  Thus, if 5

then  5  7^  5 ' for any S '  €  l eaves (x )  — {5x}.
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G:

Q-

Kg K, K,^ s !  K11

T:

s i

Figure 3.10: .An in terval graph, its c lique-separator graph , and its tra in  tree.
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•  If J  is a Q -aode w ith m eeting siblings Sy^. Sy^. then  Sy^. Sy^ are the  only m inim al 

nodes of l eaves{x)U  T hus, if 5  Sy^ or S  Sŷ _. then  S' -A S '  for

any S ' €  leaves{x).

•  If J  is a  Q -node w ith leftm ost and  righ tm ost children r i .c i .  then S^, .S - , are 

m inim al nodes of leaves(x ) .  F u rtherm ore, every m inim al node of i ea r e s ix )  is 

a  separa to r node offspring of x.

3.4.3 Properties of train trees

In th e  rest of th is section, we present lem m as th a t will im ply the correctness of the  

tra in  tree  algorithm  and the  upda te  a lgorithm , as well as a lem m a showing th a t Ç 

has a tra in  tree only if G  is connected. T he first lem m a shows that an in ternal node 

X encapsulates leaves(x )  in a particu lar way.

L e m m a  3 .9  Let G be an interval graph with cliqiie-separator graph Ç and train tree

1. I f  X is a P-node. then there is no arc in Ç f rom a leaf in l eares ix )  t o  a leaf in 

l eaves (T )  — leav€s{i )  and vice versa, except f o r  arcs from and t o S- .

2. I f  X is a Q-node with parent y.  then there is no arc in Ç from a leaf in leave.i ix i  

to a leaf in l e a v e s { T ) —leaves(x)  and vice versa, except fo r  arcs from the meeting 

child o f  y ( i f  y is a P-node) or f ro m  a meeting sibling o f  x  ( if  y is a Q-node) to 

leaves in leaves(x) .

P roof

1. By tra in  tree  p roperty  4a.

2. By induction  on th e  height of T.  Let r  be th e  root of T.  Suppose r  is a P-node 

(F igure  3.11a). Let y . y '  ^  Sr be any children of r . By induction, the claim  holds for
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subtreer iy) -  By tra in  tree  p roperty  4b. there  is no arc from a leaf in leaves[y}  to 

a  leaf in leaves{y' )  and there  is no arc from leaves(y )  to  5 r. Thus, the  claim  holds 

for T.  Suppose r  is a Q -node (F igure 3.11b). Let y  be any child of r . By induction, 

the  claim  holds for sub treer iy ) .  If i/ is a P-node. th en  by part I. th ere  is no arc 

from leaves iy )  — {5y} to any leaf in [eaves (T)  — l eaves(y )  and vice versa. If y is a 

Q -node w ith m eeting  siblings Sy^.Sy^_. then  by tra in  tree  property  oa and ob. there  is 

no arc from  leaves(y )  to  any leaf in leaves{T)  — leaves{y)  and no arc from any leaf 

in l ea v e s iT )  — {leaves{y)  U {5yj. Sy^ }) to any leaf in l ea v e s iy  ). Thus, the  claim  holds 

for r. □

S y

(b)

Figure 3.11: Proof of Lem m a 3.9.

In the  next lem m a, p a rt I specifies where a separa to r node’s successors appear in 

the  tra in  tree , and parts 2 and  3 specify where its im m edia te  successors appear in the 

tra in  tree.

L e m m a  3 .1 0  Let G be an interval graph with clique-separator graph Q and train tree 

T  o f  Ç . Let S  be a separator node o f  Q.

I. I f  S  is a predecessor o f  S ' ,  then the following holds.

I f  S  is an offspring o f  Q-node x .  then S '  G l eaves (x ) .  I f  S  is not an offspring 

o f  any Q-node. then S  is the meeting child o f  a P-node x  and S '  €. l eaves ix ) .
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2. [ f  S  is an immédiate predecessor o f  S ' ,  then at least one o f  the following holds.

(a) S  is the meeting child o f  a P-node x  and S '  €  l eaves(x ) .

(b) S  is a meeting sibling o f  a Q-node y and S '  €  leaves iy ) .

(c) S  and S '  are offspring o f  the same Q-node.

3. I f  S  is the meeting child o f  a P-node x .  then S  is an immediate predecessor o f  

the minimal  nodes of  l eaves iy )  f o r  every child y ^  S  o f  x.

I f  S  is a meeting sibling o f  a Q-node y, then S  is an immediate predecessor o f  

the min imal  nodes o f  leaves iy ) .

[ f  S  is an offspring o f  a Q-node z and S  is the set o f  offspring o f  z properly 

containing S ,  then S  is an immediate predecessor o f  the minimal  nodes o f  S .

P r o o f

1. If 5  is an offspring of som e Q -node x.  then  by Lem m a 3.9.2. .S' €  leaves{.r\.

O therw ise. 5  is a  child of a  P-node x  such th a t e ither x  is the  root of T  or x  has a

P -node paren t y. In the first case. S '  €  l eaves ix ) .  In the  second case (F igure 3.12). 

tra in  tree  p roperty  4a and 4b applied  to  y  im plies S '  t  l eaves ix ) .  If .F ~  S . .  then 

tra in  tree  p roperty  4a and 4b applied  to  x  im plies 5  has no successors, a con trad iction . 

T hus. 5  =

y

Figure 3.12: P roof of Lem m a 3.10.

2. If 5  is not an offspring of any Q -node. th en  by part 1. S '  satisfies (a). O therw ise. 

S  is an  offspring of some Q -node x and by p a rt I. S '  €  leaves{x) .  Let y be a  child of
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X .  If y  is a  P-node and 5  7= S y ,  then  by Lem m a 3.9.1. 5  has no im m edia te  successor 

in leaves(y)  — {5y}. If (/ is a  Q -node and 5  is not a m eeting sibling of y. then  by 

Lem m a 3.9.2, 5  has no im m ediate  successor in leaves(y) .  Thus, if S'  doesn 't satisfy

(a) or (b), then  S '  satisfies (c).

3. Suppose 5  is the  m eeting child of a P-node x  w ith child y  ^  5 . Then S' is a 

predecessor of every leaf i n /eûL’es(i/) — {5}. By Lem ma 3.9.1. no leaf in U a r e M T ]  — 

leaves iy )  is a  predecessor of a leaf in leaves(y)  — { S } .  which im plies .S' is an im m ediate  

predecessor of the  m inim al nodes of leaves iy ) .

Suppose 5  is a m eeting sibling of a  Q -node y. Then S is a predecessor of every 

leaf in leavesiy ) .  Let S '  ^  S  he  th e  o ther m eeting sibling of y. By Lem m a 3.9.2. no 

leaf in l eaves iT )  — i leaves iy )  U {S'. S''}) is a predecessor of a leaf in l eaves iy ) .  Since 

S’ and  S'  are incom parable, then  5  and  S '  are im m ediate predecessors of the  m inim al 

nodes of leavesiy ) .

Suppose S is an offspring of a Q -node r  and S  is the set of offspring of c properly 

contain ing 5 . Then S' is a predecessor of every leaf in S .  Suppose S' —- S '  and S '  is 

a predecessor of an offspring of c. By p a rt 1. 5 ' €  leaves): ) .  By Lem m a 3.9. S'' is an 

offspring of c. It follows th a t 5  is an  im m ediate  predecessor of the  m inim al nodes of

5 .  □

Next is a technical lem m a th a t is used only to prove the subsequent corollary.

L e m m a  3 .1 1  Let G be an interval graph with clique-separator graph Ç and train tree 

T  o f  Q. Let I1J 2 €  l e a v e s iT )  and let x  be the lowest common ancestor of  I1. I 2 u-'ith 

children y \ . y 2 such that T  €  l e a v e s i y i ) , l 2 6  l eaves iy 2 ).

1. I f  X is a P-node. then Sx  =  V ( /i)  H V'(/2 ).

2. I f  X is a Q-node a n d y \ , y 2 are consecutive children o f  x.  then there is a separator  

node offspring S  o f  x  such that S  =  V (/i)  fl V'(/2).
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I f  X  is a Q-node and y i , yo are not consecutive children o f  x.  then either {a) 

there is a separator node offspring S  o f  x  such that V(l \ )  H \ ' ( l i )  Ç S  and 

{S  C V'(/i) or S  C I ( /i)) , or (b) l i. lo are offspring o f  x .

P r o o f

1. If is l i .  then  5^ =  V'(/i) C and so 5 -  =  V'(/i) fl I 'l / i ) .  Likewise, if 

j 'r  is /o. then  Sr  =  V{l i)  A ViU)-  Suppose Sr  is neither of /j. Since i 'r  m eets 

X .  then  Sr Ç V{l i )  A V’l/o). By tra in  tree property  4b. divides li and /> and so

separates V (/i)  — 5 r  and V"(/>) — 5x. which im plies V’(7i) A I ’l/i)  ^  Thus. 

Sr = V ( l , ) r \ V ( l 2 ).

2. Define leaf .\'i as follows. If t/t is leaf li. th en  .Vi is iy. If t/i is a P-node. then  

■Vi is Syi- If t/i is a Q-node. then  .Vi is the m eeting sibling of yi th a t is closer to 

.Vi is Sy, if t/i.i/2 are consecutive. Define X -2 sim ilarly.

Figure 3.13: Proof of Lem m a 3 .I I .

Suppose y i . y 2 are consecutive children of x.  By tra in  tree  property  oa. y \ . y 2 are 

not bo th  Q-nodes. Case I: One of yy. i/o is a Q-node. say i/o- ( Figure 3.13. ) Then ijy is 

an S-node and 5y, =  .Yi is a m eeting sibling of yo- If yi is leaf ly. then  S,Ĵ  =  I '( /,)  =  

V'(7i) A V'f/o). Suppose yy is a  P-node. If Sy^ =  ly. then  Sy^ =  V'(/i) =  C (/i) A ! '( / ,) .  

O therw ise, since m eets yy and yo- then  5y, Ç V'(Ii)AV'(/2). Since 5y, divides ly and 

I2 , th en  5yi separates V (/i) — Sy^ and V'l/o) — Sy^. which im plies \ '(ly] A l ’(/j) Ç Sy^. 

Thus. 5yi =  V' (fl) A ^'(/o). Case 2: N either of y y . y 2 is a Q-node. Then .Vi 7  ̂ .Vi and 

% i. are consecutive leaves in an offspring block of x .  which is a tra in  by tra in  tree 

p roperty  6 . T hen  AT C A 2 or A 2 C A i, say Xy  C Ao. T hen .\T is a separator node 

and  yi  is an  S-node w ith 5y, =  AT- If yy is leaf ly. then  Sy^ =  l '( f i )  =  V'(/i) A \ ' ( / 2 )- 

If yy is a P-node. then  as before. =  V{ly)  A V'(/2 )-
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Suppose yi .yo  are ne t consecutive children of x.  Case 1: One of y i . y -2 is a Q- 

node. say y2 - T hen  yo has m eeting  sibling .Vi. which is a separa to r node such th a t 

Vi C V'(/i). By tra in  tree  p roperty  5b. .Vi divides li and /i and so .Vi separates 

V(l i )  — .Vi and C (/i)  — .Vi. T hus, V’(/i) fl V'(/i) Ç .Vi. Case 2: N either of y i .y i  is 

a  Q-node. If li. lo are offspring of x. then  we are done, so suppose a t least one of 

l i. lo  is not an offspring of x. say U. T hen y, is not a leaf, im plying iji is a P-node 

w ith m eeting child .Vi ^  /i. By tra in  tree  property  4a. .Vi divides f t . /  , and so .V; 

separates V'(/i) -  -Vi and V’(/i)  — .Vi. Thus. V (/i) fl V'(/i) Ç .Vi. □

Corollary 3.12 Let G be an interval graph with clique-separator graph Ç and train 

tree T  o f  Q.

I. / / / i , / i  €  l eaves (T )  are consecutive in sequence{T) .  then there is a separator  

node S  € l eaves (T )  such that S  =  \ '{li)C\ 1

3. Let C  be any clique o f  G . I f  separator nodes 5 i . 5 i  are minimal  nodes of  

l eaves (T )  such that C  Ç S\  and C  Ç 5 i. then 5 i . 5 i  are ojfspring o f  the same  

Q-node o f  T .

3. G  is connected.

P roof

1. By Lem m a 3.11.

2. Let X be the  lowest com m on ancestor of 5 i .5 i .  Suppose x is a P-node. By 

Lem m a 3.11.1. 5^ =  5 i n  5 i  and  so C  Ç  Now 5x r  - î #  ■'̂'2 - say

Sx ^  S \ .  Then Sx C S\  and thus 5 i is no t m inim al, a contrad iction . Hence, x is a 

Q-node. Let y i .y i  be the  children of x such th a t 5 i €  leaves{yi) .  S 2 6  /eaces(y i). If 

y i .y 2 are consecutive children of x . then  by Lem m a 3.11.2. for som e separa to r node 

5  G leaves{x) .  S  = S \ f \  S 2 an d  so C  Ç S', .\g a in . since S  ^  S'l or S  ^  Si- then  S'l 

or S 2 is not m inim al, a  con trad ic tion . Hence, y i .y i  are not consecutive children of
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X.  By Lem m a 3.11.2, e ither (a) for some separa to r node 5  6 leaves (x ) .  fi S'l Ç 6' 

and (5  C 5 i or 5  C So), or (b) S i. So are offspring of x.  In (a). C  Ç S  and if .S' C Si 

(resp. S C So), th en  Si (resp. So) is not m inim al, a con trad ic tion . Hence, we m ust 

have (b).

3. If G  has two connected com ponents, then  Q has two connected com ponents 

Ç 1.G2 and sequence(T)  has consecutive leaves /i./o  th a t  are respectively contained 

in Gi-G'i- By part 1. S  =  V{1\) H L'(/o) for some separa to r node .S' of G- But 

since V’( / i ). V'(7o) are sets of vertices in different connected com ponents of G. then 

V'(/i) n  V’(/o) =  0. a con trad iction . □

3.4.4 Preview of the train tree algorithm

T he preceding lem m as have assum ed G  is an interval g raph . Xow let G  be a chordal 

graph  w ith clique-separator graph  G and topological sort a. \  set T  is a spanning 

set o f  train trees ofGi<^-i) if each connected com ponent of G i^- i )  has a unique train  

tree  T  ^  T .  U G has a  spanning set of tra in  trees, then  every connected com ponent 

of G has a relevant p a th  and thus every connected com ponent of G  is interval, which 

m eans G  is interval. T he tra in  tree algorithm  will subsequently  show th a t if G  is 

interval, then  G has a spanning set of tra in  trees.

T he tra in  tree  algorithm  increm entally  builds a spanning set of tra in  trees of G 

by exam ining the  boxes of G in reverse topological order. Let T  be a spanning set 

of tra in  trees of ^(cr. f -f- I) and  let 5  be a separa to r node of B,.  If 5  -> S '  and S'  

is con tained  in connected  com ponent "H of ^(cr. i q- 1) w ith  tra in  tree  T  €  T .  then  T  

is an  outtree of S  and  Bi. T he  tra in  tree  algorithm  m erges Bi and  the  out trees of 

Bi in to  a tra in  tree  of th e  connected com ponent of ^(<r. i) con tain ing  B,: adding this 

tra in  tree  to  T  yields a spanning set of tra in  trees of ^(<r. f).

G iven connected com ponent H  of ^(<7 . 1 4- 1) w ith tra in  tree  T  Ç. T .  the Main
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Theorem -5 implies G[V'CH)] is an  interval graph  w ith  c lique-separator graph H. Thus, 

the  preceding lem m as hold w ith  G[V{'H)] , 'H.T  replacing G . Q . T .  respectively. T he 

correctness of the  tra in  tree  a lgorithm  relies on Corollary 3.12 and the  O rdering 

Lem m a, which is presented nex t. (T he correctness of the  up d a te  algorithm  relies on 

Lem m a 3.9. Lem m a 3.10. and Corollary 3.12.)

3.4.5 The Ordering Lemma

In the rest of the  thesis, disjoint  m eans node-disjoint.

L e m m a  3 .1 3  Let G be a chordal graph with clique-separator graph Ç and topological 

sort a .  Let T  be a spanning set o f  train trees o f  Ç{<r.i -|- 1) and let S  be a separator  

node o f  Bi. Let % be the connected component  ofQ(cr .i )  containing B, . Suppose H 

has a relevant path P.

1. I f  Bi has outtrees T . T ' .  then there are disjoint subpaths o f  P respectively con­

taining leaves{T)  and leaves{T') .

2. I f  Bi has inner node S  with outtree T  and with neighbors R j .  K i .  then S  meets 

T  and every node in leaves{T )  is on P ( / \ ’i. A’2 ).

3. I f  Bi has outer node S  with outtree T . then S  semi-meets  or meets some T'  = T  

and the following holds.

I f  S  semi-meets T ' , then \ ( b o d y { B i ) )  and l eaves (T )  are contained in disjoint  

subpaths o f  P.

I f  S  meets T' .  then N{body[Bi)  — 5 )  and l eaves (T )  are contained in di.sjoint 

subpaths o f  P.

4 . I f  Bi has outer node S  and Bi is long (resp. short),  then S  semi-meets at most  

one outtree (resp. two outtrees).
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P roof VVe m ake some observations regarding any separa to r node 5  of B, w ith  o u ttree  

T.  Let r  be the  tra in  tree  of connected com ponent H  of G{a. i +  1 ). Since "H contains

H .  th en  P  contains leaves{T) .  Since T  represents every c.i.p. pa th  on leav e s iT ) .  

then  there  exists T'  =  T  such th a t sequence(T ')  is a subsec|uence of P.  Therefore, 

we assum e henceforth th a t sequence[T)  is a subsequence of P. By Corollary 3.7. 

body{Bi)  is also a subsequence of P.

O bservation 1. 5  does not appear betw een two nodes of l eaves (T )  on P.  (O th er­

wise. 5  appears betw een two consecutive nodes of sequence{T)  and by Corol­

lary  3.12.1. a separa to r node in leaves (T )  is contained in 5 . con trad ic ting  the 

choice of cr.)

O bservation 2. If 5  ^  V { l ) . l  G l ea v e s iT ) .  th en  I does not appear betw een two 

nodes of hody(B,)  on P. (O therw ise, a separa to r node S '  ^  in B, is contained 

in V (/). con trad icting  the M ain Theorem -4.)

1. Suppose the  claim  is false. Then some I €  l eaves (T )  appears betw een two con­

secutive nodes of sequence(T') .  By Corollary 3.12.1. a separa to r node S '  G leaves) T') 

is contained in V{1). which implies S '  is a predecessor of / in Q. Since S'  is a node of 

Q[a.i  -h 1). then  ^(<r. f +  1) contains a  d irected  pa th  from a node in leaves iT ' )  to a 

node in leaves{T) .  a contrad iction .

2. Since 5  is an inner node, then  there  is a subpath  (5 i. l \ \ .  S. Ah. S',) of body) B, ) 

th a t is a subsequence of P.  Suppose S' does not m eet T.  Then s equence iT )  contains 

consecutive nodes 1.1' such th a t 5  C V{1) and 5  <t ! (/')- If I is not on P lS 'i.S ',) . 

then  5  C 5 i or 5  C S'^, con trad ic ting  the Mcdn T heorem -1. Thus. I is on P (S 'i .5 ,) .  

If I is not on P( Afi, AS), then  5 t or 5o is contained in V'(/). con trad ic ting  the M ain 

Theorem -4. T hus. I is on P ( A'l, A'2 ). which m eans (S'l. A'l. /. A'2 . S'2 ) is a subsequence 

of P.  By O bservation 2. I' is not on P (5 i ,5 2 ) .  Suppose (/'. 5 i . A 'l./. A'2. 5>) is a 

subsequence of P: the  o th er case is sym m etric . By Corollary 3.12.1. a separa to r node
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S '  €  l e a v t s { T )  is contained in 5 i , con trad ic ting  the choice of a.  Hence. 5  m eets T . 

We have a lready  shown th a t S  C V'(/) im plies I is on P (A 'i. K-i). so we are done.

3. Let /i./o  be the  endpoin ts of sequence(T) .  By O bservation 1. S  is not on 

P i l i . U )  and  thus 5  is on a su b p a th  of P  d isjoint from  P(A . A). Since 5  is contained 

in a t least one node of sequence{T) .  th en  5  is contained in V’(/i)  or I (/o) or both. 

T hus. S  sem i-m eets or m eets T .

Suppose 5  sem i-m eets T.  If 5 , is long, let 5 ' ^  5  be the o ther ou ter node of B,. 

and  if Bi  is short, let S'  =  5 . Since body{Bi)  is a subsequence of P.  then every node 

of body(Bi)  is on P { S .S ' ) .  Since 5  ^  V'(/) for a t least one node I €  l ea v e s iT ) .  then 

by O bservation  2. / is not on P { S .S ' ) .  By O bservation 1. every node of /eace.<( T) is 

on a su b p a th  of P  th a t is d isjoint from P { S . S ' ) .  Hence. l eaves (T )  and \ {b o d y (  B,}) 

are con ta ined  in disjoint subpaths of P.

Suppose 5  m eets T.  We are done if B, is short, so assum e B, is long. Let 

S '  S  be  the  o ther ou ter node of B, and let A be the  neighbor of .S’ in bodyi B, ). If 

I G l eaves{T )  is on P ( K . S ' ) .  then  som e separa to r node of B, besides 5  is contained 

in V{1). con trad ic ting  the  M ain T heorem -4. Thus. I is not on P ( K . S ' ) .  By O bserva­

tion  1. every  node of l eaves{T)  is on a su b p a th  of P  th a t is disjoint from P iR ' .S ' ) .  

Hence. l eaves{T )  and  N(body{Bi)  — 5 )  a re  contained in disjoint subpaths of P.

4. Suppose Bi  is long and  5  sem i-m eets ou ttrees Ti.Tn.  By parts 1 and  3. 

l ea v e s [ T \ ) . l ea v e s {T 2 ). y {body{Bi) )  are respectively contained in disjoint subpaths 

P\, P2 . Pz o f P.  If P 1.P 3 .P 2 appear in th is  order on P . then 5  is contained in the 

o th e r o u te r  node of B,.  con trad icting  the M ain T heorem -1. Suppose P i. P j. Pi appear 

in th is  o rder on P : the  o ther caae is sym m etric . T hen 5  is contained in every node 

of Po, w hich m eans 5  m eets To. a con trad ic tion . Hence. 5  sem i-m eets at m ost one 

ou ttree .

Suppose Bi  is short and S  sem i-m eets ou ttrees T 1. T 2 . T 3 . By part 1. leaces iT i) .  

l eaves{T 2). , leaves{T3 ) are respectively  con tained  in disjoint subpaths P i. P]. P3 of P .



64

W ithou t loss of generality, suppose P 1. P 2. P 3 appear in th is order on P. Then 5  is 

contained in every node of A - w hich m eans S  m eets To. a con trad iction . Hence. 5  

sem i-m eets a t most two ou ttrees. □

3.5 D eciding w hether a graph is interval

Let G be a chordal graph  w ith c lique-separator graph Ç and topological sort a.  This 

section describes the  tra in  tree  a lgorithm , which com putes a relevant pa th  of Ç or 

rejects because G  is not interval. G iven a relevant pa th  of Q. a clique path  of G  is 

readily  com puted , which shows G  is interval.

3.5.1 Overview

T he tra in  tree  a lgorithm  either com putes a  spanning set of tra in  trees of <J. from 

which a  relevant pa th  of Ç is easily com puted , or rejects because G  is not interval. 

T he a lgorithm  m ain tains a spanning  set of tra in  trees T  as it processes the  boxes of 

Ç in reverse topological order. Let T  be a spanning set of tra in  trees of Ç{/T.i 4- I) 

and  let 5  be a separa to r node of A -  Let 7 s  be the set of ou ttrees of 5 . By the Main 

T heorem -4, if S. S'  are d istinct separa to r nodes of A . then  7 s  H 7s- =  0. Let 

and 7 5 "' be the sets of ou ttrees of 5  th a t 5  m eets and sem i-m eets, respectively. By 

Corollary 3.3.4. com ponen t sç (S )  = degree(S )  + | 7 ^ |  4- |7 ^ '" |.

Inform ally, the  a lgorithm  processes as follows. Let Si .  So be th e  o u te r node(s) 

of E ;. w here S\ =  S 2 if and only if E, is short. In Step I. th e  a lgorithm  creates tra in  

tree  which is a  Q -node r  whose children are body(Bi).  In Step 2. the  algorithm  

exam ines the  7j*”* sets. By the  O rdering Lem m a-2. =  0 for every inner node 5  

of Bi. or G  is not in terval. By th e  O rdering  Lem ma-4, there  are a t m ost two trees 

Ti.To  such th a t T\ 6  and T2 €  T ^ .  or G  is not interval. T he a lgorithm  merges 

T 1. T 2 in to  such th a t sequence{T'^‘'^) = sequence{Ti)  + body(Bi) +  .sequence{T2 ).
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w here -f is concatenation . Using the O rdering Lem ma-3, we will show th a t this is 

the  unique way to  perform  th e  m erge. In S tep 3. the  a lgorithm  exam ines the T"" 

sets. For every separa to r node 5  of B, w ith  7^* 0. the  a lgo rithm  replaces 5  with a

P-node whose m eeting child is 5  and whose o ther children are th e  trees in ' T ^ . .\f te r  

S tep 3. every ou t tree  of B, has been m erged into and add ing  to T  yields 

a spanning  set of tra in  trees of Ç{a. i ) .

T he a lgo rithm  uses th ree  subroutines: S c a n (S )  com putes 7 ^ .  7^"^. .S'ern; .\/eehs( 5. D  

m erges o u ttre e  T  of ou ter node 5  into and M e e t s l S . T )  merges o u ttree  T  of

any node 5  in to  T he algorithm  m ain tains th e  p roperty  th a t  in every tra in  tree

T.  every offspring 5  of a  Q -node x  has pointers l e f t ( S ) . r i g h l { S )  to the leftm ost and 

righ tm ost offspring of x  th a t contain 5 . Initially. l e f t { S )  = r ig h t i S )  =  5  for every .S. 

T hese po in ters, which are used by the u p d a te  algorithm , are not affected by applying 

the  P Q -tree  operations to T.

Figure 3.14 shows the tra in  tree algorithm  applied to  the  g raph  in Figure 3.3.

3.5.2 The train tree algorithm

fnput: , \  chordal graph G and its c lique-separator graph Ç.

Output: A  spann ing  set of tra in  trees of ^  or a rejection.

If any box o f Ç w ith th ree  or m ore nodes is not a ca terp illa r, or any separator node 

of Q has indegree g rea ter th an  2. then  reject because G is not in terval by the  lemmas 

in Section 3. O therw ise, com pute  the con tracted  clique-separator graph Ç'  and a 

topological so rt cr of Ç'.  Index the  boxes so th a t the  boxes w ithou t ou ttrees l which

have out degree 0 in are B j . B j + i  Bi^(Ç).j < b{Q). For each B .. j  <  i < 6(C).

crea te  th e  following tra in  tree  T: if B, is long. T is a Q -node whose sequence of 

children is body(Bi) .  and if B, is short. T  is the  triv ia l tree  con tain ing  the single node 

in body(Bi) .



66

6% ft

(cO After processing 4 boxes.

SZ

S j *5 ^  *2 S*

(b) After processing 5 boxes.

(c) After processing all 6 boxes. 

Figure 3.14; T he tra in  tree  a lgorithm  applied to Figure 3.3.
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For each i =  1 .2  j  — 1 in decreasing order, process Bi w ith  the  following th ree

steps.

Step 1. [C reate C reate  tra in  tree which is a  Q-node r whose sequence of

children is body{Bi).  For each separa to r node 5  of 5 ,. call S can{S)  to  com pute  

j -m j-jm  assign componentsç{S )  <— degree (S)  +  |7 ^ !  -r

Step 2. [Exam ine th e  Ts^ sets.]

Case .A.: B, is long. For each inner node 5  of B,.  if >  0. then reject. For 

each o u ter node 5  of Bt,  if jT^^j >  I. then  reject, and otherw ise, if =  {T}. 

call S e m i M e e t s i S . T ) .

Case B: B,  is short w ith o u te r node 5 . If =  0. then  delete r so th a t 

becom es the  triv ia l tree  contain ing 5 . and otherw ise, for each T  €  T f ’'. call 

S e m i M e e t s i S .  T) .

Step 3. [Exam ine the  7 ^  sets.]

For each separa to r node 5  of Bi and each T  €  7 ^ .  call M e e t s i S .  T) .  .Add T"""' 

to T .

Scan{S)  :

S c a n ( S )  com putes 7 ^ .7 ^ '"  by exam ining 5 ’s im m ediate  successors. For each 

im m ediate  successor S' .  S c a n {S )  m arks one or two ancestors of S'  in the tra in  tree 

th a t contains it. and  after exam ining  all im m ediate  successors. S can{S)  unm arks 

certain  nodes. Lem m a 3.14 on page 71 shows th a t now each ou ttree  T  of 5  has a 

unique m arked node x  th a t satisfies the  following. If x is a P-node. then a child of 

X is the  unique im m edia te  successor of S  in l eaves{T )  and (5  m eets x if and only 

if 5  —>• Sx).  If X is a  Q -node w ith  leftm ost and  righ tm ost children y i .yz-  then  every 

im m ediate  successor of 5  in leaves(  T)  is an offspring of x and (5  m eets x if and only 

if 5  ^  5y, and  S  Sy.^).
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1. [Mark.] For each im m ediate  successor S '  of 5 . if S '  is a trivial tra in  tree, then  

add S '  to  75". and otherw ise, m ark  the  paren t y  of S '  in the  tra in  tree th a t 

contains it and if y is a  P-node w ith Q -node paren t ~. m ark z.

2. [Unm ark.] For each m arked Q -node w in any tra in  tree, if w has exactly  one 

offspring th a t is an im m ediate  successor of 5 . then  unm ark a-, and otherw ise, 

unm ark  every m arked child (if any) of w.

3. [C reate Tp.T^"^. ]  For each m arked node x  in any tra in  tree, if 5  m eets .r and 

X is th e  root of the  o u ttree  T  th a t contains it. add T  to T ^ .  and otherw ise, do 

the following th ree  steps.

(a) If X is a  P-node. find the  unique im m edia te  successor 5 ' of 5  in /eace.s(x). 

which is a child of x. If x is a Q -node. find an  im m ediate successor 5 ' of 8’ 

th a t is the  leftm ost or righ tm ost offspring of x: if S '  doesn 't exist, reject. (b | 

M ake S '  the  leftm ost leaf of T  by applying the  P Q -tree  operations perm ute and 

reverse to the  nodes on the  pa th  from S '  to  root(T) .  If this is not possible, 

which m eans S'  has an ancesto r y  is ne ither the  leftmost nor the  rightm ost 

child of y's  Q-node paren t, then  reject, (c) .Add T  to  and record w hether 

5  m eets x. If |Tg'"| >  2, reject.

S e m i \ I e e t s { S .  T )  :

Let r  be the  parent of S.  Let x be the  unique m arked  node of T  and let S'  be the  

leftm ost leaf of T.  which were com puted  by S c a n {S ) .  S e m i M e e t s ( S . T )  merges T  

in to  as follows. F irst, x becom es a  child of root r  (possibly with one fewer child) 

or its children becom e children of r, depending on w hether 5  m eets x and w hether x 

is a P-node o r Q-node. Second, every proper ancesto r of x in T  becomes a child of r 

(w ith  one fewer child) or its children becom e children of r . depending on w hether x 

is a P-node o r Q-node. T h ird , th e  poin ters l e f t ( S ) , r i g h t { S )  are com puted.
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1. Case P: z  is a P-node. If S  m eets j .  m ake z  the  right sibling of 5  (F igure 3.15a). 

O therw ise, m ake S '  th e  right sibling of 5  and m ake x  th e  right sibling of 5 ' 

(F igure 3.15b) and if x 's  only child is Sr.  replace x  w ith 6 ' .̂

Case Q: i  is a Q -node. If S  m eets x , m ake x th e  righ t sibling of 5  ( F igure 3.16a). 

O therw ise, m ake S '  th e  right sibling of 5  and m ake r  the  parent of x 's  children

while preserving th e ir  order, and  delete x (F igure 3.16b).

S ’ y y S ’ yS ’ y y ’ y

(a) S meets y (b) S doesn't meet y

Figure 3.15: Case P.

S ’ y y ’ Sy S ' y y-

B,

(a) S meets x (b) S doesn't meet x

Figure 3.16: Case Q.

2. If X was the  root of T ,  then  go to  step  3. O therw ise, xq =  x had ancestors

Xi,X2 ,Xk in r .  w here each Xj is the  left child of Xj+i and k > I. For each

j  =  1 .2—  . k  in increasing order, (a) if Xj is a P-node. m ake Xj a right sibling 

of Xj_i and  if x f s  only child is Sr,- replace Xj w ith  Sr^. (b) if x_, is a Q-node. 

m ake r  the  parent of x y s  children while preserving the ir order, and delete x ,.

3. C om pute the  po in ters l e f t { S ) , r i g h t { S )  as follows. In Case P. if 5  m et x. then  

assign r ig h t (S )  x , and  otherw ise, assign r igh t {S )  4— S' .  In Case Q . if 5  m et
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X. then  assign r ight{S)  <— 5 . and otherw ise, assign r igh t (S )  f -  5". where S "  is 

the  righ tm ost offspring of x th a t is an im m ediate  successor of 5 .

F igure 3.17 illu stra tes S e m i M e e t s { S . T )  when x is a P-node and 5’ m eets x. 

\ [ e e t s ( S ,  T)  :

If 5  is not the  m eeting child of a  P-node. which indicates th is is the first call of 

M e e t s ( S .  ■). then  replace 5  w ith a P-node w ith m eeting child 5  and child root iT) .  

O therw ise. 5  is the  m eeting child of som e P-node x. M ake root{T)  a child of x.

S ’ y , Ü2

(cx) Initial train tree T.

S ’ y i 2̂ y? ys

(b) Final train tree.

Figure 3.17; S e m i M e e t s { S . T ) .



3.5.3 Correctness and complexity

L e m m a  3 .1 4  Af ter  step 2  o f  S c a n {S ) ,  each nontrivial outtree T  o f  S  has a unique 

marked node x .  which is the lowest common proper ancestor o f  S ' s  immediate  succes­

sors in l eaves{T) .  and the following holds.

•  I f  X  is a P-node, then a child o f  x  is the unique immediate successor oj S  in 

leaves (T )  and (S  meets x  i f  and only i f  S  Sr ) .

•  I f  X  is a Q-node with lef tmost and rightmost children i/i-y i. then every immedi­

ate successor o f  S  in l ea v e s (T )  is an offspring o f  x  and (S meets x  i f  and only 

i f  S  Sy^ and S  ^  Sy^).

.After step 3 o f  S c a n (S ) .  have been computed.

P roof Let T be a nontriv ial o u ttre e  of 5 . Case I: 6 ' has exactly  one im m ediate  

successor S '  €  leaves{T) .  T hen  the parent y  of S'  in T  is m arked in step 1. If y is 

a  P-node w ith Q -node parent z. then  :  is unm arked in step 2. T hus, y  is the only 

m arked  node of T  a fter step  2. Case 2: 5  has at least two im m ediate  successors 

S '  S "  G leaves(T ) .  Since S ' . S "  are m inim al nodes of leaves (T )  such th a t S' Ç S'  

and  5  Ç S".  then  Corollary 3.12.2 implies S ' . S "  are offspring of the  sam e Q -node z. 

w hich is m arked in s tep  I. T hen  every m arked child of z (which m ust be a P-node) 

is unm arked in step 2. Thus, z is the  only m arked node of T  after step  2. M oreover, 

every  im m ediate successor of 5  in l eaves (T )  is an offspring of z.

We have shown th a t a fter s tep  2. each nontriv ial ou ttree  T  of 5  has a unique 

m arked  node x. which is the  lowest com m on proper ancestor of 5 's  im m ediate  suc­

cessors in l eaves (T ) .  We next show how to decide w hether S  m eets x. Recall th a t 5  

m eets x if and only if 5  is a predecessor of every node in l eaves ix ) .

Suppose X is a  P-node. Since Sr  is the  m inim al node of leaves{x} .  then  5  m eets 

X if and  only if 5  —> Sr- Suppose x is a Q -node w ith leftm ost and  righ tm ost children
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S  ^  and  S  Sy^. Since Sy,, Sy, are m inim al nodes of x.  then  S  Sy, and

S Sy^ if and  only if S  —> Sy, and  S  -> Sy,. Thus. S  m eets x if and only if S -> Sy,

and  S  Sy;.

By definition. S  m eets T  if and  only if S  m eets root(T) .  Since the  preceding 

parag raph  applies to  root{T) .  if x is not root{T).  th en  S  doesn 't m eet T.  Thus. 

S c a n ( S )  correctly  adds T  to  7 ^  or □

T heorem  3.15 Let G  be a chordal graph with clique-separator graph Q. G is interval  

i f  and only i f  the train tree algorithm computes a spanning set of  train trees o f  Q .

P roof Initially, the algorithm  creates a tra in  tree for each B , . i  = j . j  -r 1......... h(Q).

Since each 6ody(B ,) is a constrain ing pa th  by Corollary 3.7. th is  in itial T  is a spanning 

set of tra in  trees of Qicr.j).  Let T  be a spanning set of tra in  trees of ^(<r. / -f- 1 ). 1 < 

i < J -  1.

Suppose the  a lgorithm  rejects when processing B,. If Scan{S)  rejects in step  4(a) 

or 4(b). then  x has a Q -node ancestor y  (possibly itself) such th a t 5  doesn 't m eet or 

sem i-m eet y.  It follows th a t 5  doesn 't sem i-m eet or m eet any T' = T.  which m eans 

G  is not in terval by the  O rdering Lemma-3. If S c a n (S )  rejects in step 4(c). then  G  is 

not in terval by the  O rdering  Lem ma-4. If the algorithm  rejects because 5  is an inner 

node and >  0. then  G  is not interval by the  O rdering  Lem m a-2 . If it rejects

because S  is an o u ter node and \ T f ^ \  > 1. then  G is not interval by the O rdering 

Lem m a-4. T hus, if the  algorithm  rejects, then  G  is not interval.

Suppose the  a lgorithm  doesn 't reject when processing B,. In the  rest of the  proof, 

we show th a t  after B, is processed, is a  tra in  tree  of th e  connected com ponent of 

Ç{cr.i) contain ing  Bi and  thus adding  to T  yields a  spanning set of tra in  trees 

of G{cr. i). Hence, if the  tra in  tree  algorithm  never rejects, it com putes a  spanning set 

of tra in  trees T  of G- T h en  every connected com ponent of G has a  relevant pa th  and
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thus every connected com ponent of G  is interval, which m eans G  is interval.

Consider the  processing of S tep 1 creates T "'" ' w ith root r. If B, is long,

then  r  has th ree  or m ore children. If is short, then  r  has one child 5 . violating

tra in  tree  p roperty  3. This is a tem p o rary  violation because if Step 2 m akes no 

S e m i M e e t s  calls, then  r  is deleted  and  becom es triv ia l tree 5 . and otherw ise, 

every S e m i M e e t s  call adds a t least two children to  r . as we will show. (W hether B, 

is long or short, if Step 2 m akes no S e m i M e e t s  calls, then  Step 3 makes a t least one 

call of M ee t s  because B, has a t least one ou ttree .)

T he bulk of the  proof considers a p a rticu la r S e m i M e e t s { S .  T)  call, one of at most 

two calls by Step 2. Before th e  call. T  is a tra in  tree  of a connected com ponent H of 

Ç{cr.i +  1 ). We will show th a t  im m ediately  after the  call. T"""-' is a tra in  tree  of the 

subgraph  of Q(cr.i) contain ing  exactly  B, and  H  and the arcs from nodes of B, 

to nodes of H.

S e m i M e e t s { S .  T)  changes T  as follows: every node on the path  from .r to rooH T)  

is m ade a child of root r  (possibly w ith  one fewer child) or its children become 

children of r. Thus, if r  is a node of such th a t c is neither r  nor a child of r. 

th en  subtreeT^cw{~) =  su 6t re e x (r ) .  Since T  had the  six tra in  tree properties, it will 

usually  suffice to consider r  and  the  children of r  in order to show th a t has the 

p roperties. We use old leaves (T)  and oldleaves{w). w £ T.  to  denote l eaves iT ]  and 

leaves{w)  before the  S e m i M e e t s  call.

P roperty  1 : leaves(T^'^'^) is the  set of relevant nodes of .

Since oldleaves(T)  is the  set of relevant nodes of H .  then  after the  call. leaces{ ) 

l eaves(r )  =  body(Bi)  U old leaves (T)  is the  set of relevant nodes of Thus.

has p roperty  1.

P ro p erty  2: Every in ternal node y  represents all c.i.p. paths on leaces{y) .

It suffices to  show th a t root r  and  every child of r  satisfies property  2. We will
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on leaves{r)  w ith  th e  Disjoint  Property: P  has two disjoint subpaths th a t contain 

Nibody(B i) )  and  leaves{r)  f} oldleai 'es{T) .  Initially. leaves{r)  =  . \ (body( B,))  and 

leaves{r)  fl o ld leaves (T)  =  0.

.After step  1 of S e m i M e e t s .  leaves{r)  =  .\ ' (body(Bi))  U oldleaves(x) .  Since x  

represented every c.i.p . pa th  on oldleaves{x) .  then in any c.i.p. pa th  on l eaves ir)  

w ith the  D isjoint P roperty , th e  following holds: in Case P. if S' m eets x.  then  S’ and 

any node in old leaves (x )  are consecutive, and otherw ise. S and S ' are consecutive, 

and S ' and any node in oldleaves (x )  — {S'} are consecutive, and in Case Q. if S m eets 

X.  then  S  and any endpo in t in sequence{x)  are consecutive, and otherw ise. .S and S ' 

are consecutive. T his im plies th a t  in both  cases, if S  m eets x.  then  x  m ust become 

the  right sibling of S . and otherw ise. S ' m ust become the  right sibling of S . Thus, r 

represents every c.i.p . pa th  on leaves(r)  w ith  the Disjoint P roperty  after step  1.

If step  2 is o m itte d , then  leaves{r)  =  .V(6ody(fî,)) U oldleaves(T) .  Otherwise, x

had ancestors X i .x t  x t  in T.  By L em m a3.14. S  has no successors in oldlenres{xi)  —

old leaves{ i ) .  which m eans S  is not contained in any node in oldleaL'es(xi}—oldleaves{x].  

Since X( represented  all c.i.p. pa ths on oldleaves(xi) .  then  after substep  (a) or (b) is 

applied to Xi. leaves (r )  fl oldleaves(T)  =  oldleaves(xi)  and r represents every c.i.p. 

pa th  on leaves(r )  w ith  the  Disjoint Property . Sim ilarly, after substep  (a) or (b) is

applied  to  x ^ .------x^. leaves{r)  C\ oldleaves{T)  =  oldleaves{T)  and r  represents every

c.i.p. pa th  on l eaves (r )  w ith  the  Disjoint P roperty. Thus, r represents every c.i.p. 

p a th  on l eaves(r )  =  . \ ' (body{Bi)) U oldleaves{T)  w ith  the  D isjoint P roperty  after 

step 2. By the  O rdering  Lem m a-3, every c.i.p. pa th  on . \ '{body(Bi)} U old leaves iT)  

has th e  D isjoint P roperty , w hich implies r  represents every c.i.p. p a th  on leaves{r)  

a fter step  2 .

We next show every  child of r  satisfies property  2 . Consider any x ^ .0 < j  < k. 

before step 2. If Xj is a P-node. then  x j  becomes a  child of root r  w ith  one fewer
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child, w hich im plies x ,  satisfies p roperty  2 in 7’""^'. If Xj is a Q-node. then  every child 

y  of Xj becom es a  child of root r and subtreer<^c<^{y) =  subtreer iy) -  which im plies y 

satisfies p roperty  2 in 7'”®“’. T hus. 7"'^^ has property  2.

P ro p erty  3: Every P-node has at least two children. Every Q -node has a t least 

th ree  children.

It suffices to  show th a t root r  and  every  child of root r satisfies p roperty  3. 

C onsider steps I and 2 of S e m i M e e t s .  If 5  m eets x .  th en  x  is not the  root of 7  

because 5  sem i-m eets 7 . which im plies step  I of S em i .M ee ts  adds one child to r and 

step  2 adds a t least one m ore child to r. If 5  doesn 't m eet x.  then  step 1 adds at 

least two children to r. Therefore. S e m i .M e e t s  adds at least two children to  r  and 

thus r is a  Q -node of w ith  a t least th ree  children. .Also, if any Xj.O < j  < k. 

becom es a  P-node whose only child is 5x^. then  Xj is replaced w ith 5-^. Thus, 

has p roperty  3.

T he rem ain ing  properties are more com plicated . To prove properties 4 and 5. we 

use th e  following observation. By the  M ain Theorem -3, if a separa to r node divides 

two nodes in H  (Ç  Ç{cr. i+  I)), then  it divides the  sam e nodes in (C  Ç{a. i )].

By the  M ain Theorem -4. 5  divides body(Bi)  — 5  and 'H in

P ro p erty  4: Every P-node y  has a  meeting child Sy.  which is a separa to r node 

such th a t Sy m eets y  and satisfies the following.

a. Sy divides l eaves(y )  — {5y} and /ea res(7 ""^ ')  — l eaves(y)  in .

b. 5 r  divides l eaves(z )  and leaves(z ' )  in for any children c. z'  ?= Sy of y.

Since p roperty  4 is a  p roperty  of P-nodes. we do not need to consider the  Q-nodes 

of 7 ""^ . We first consider each Xj.O <  y <  k.  th a t is a P-node of 7  and  then  consider 

each Xj.O < j  < k,  th a t  is a  Q -node of 7 .

Suppose X is a  P-node of 7  (Case P) before step 1. Then 5  has a unique im­

m ed ia te  successor S '  €  oldleaves[T)  and  x becomes a  P-node of 7 ""^ . possibly
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w ith one fewer child. By the observation, x  satisfies property  4b. w hether or not 

X has one fewer child. It is m ore difficult to  show x  satisfies p roperty  4a because 

leaves(T^^'^') = N{body{B;))  U oldleaves(T) .  If 5  m eets x.  then  5' —> S '  =  and 

thus no connected com ponent of — Preds{Sr)  contains a node of body(B,}  and 

a node of old leaves(T) .  By the observation, x  satisfies p roperty  4a. If 5  doesn 't 

m eet x.  th en  S  ^  S '  Sr  and 5  S"  for any S"  €  oldleaves(x)  — {5 '} . Then 

som e connected com ponent of — Preds (Sr )  contains body(Bt)  and  S'.  By the 

observation, x  satisfies property  4a. Thus, x  satisfies p roperty  4 in Since

d id n 't m eet any of x j. ........ x^. a sim ilar argum ent shows th a t for every 1 <  j  <  A.-.

if Xj is a P-node. then  Xj satisfies p roperty  4 in T""".

Suppose X is a Q -node of T  (Case Q) before step 1. If 5  m eets x. then  x becomes 

a Q -node of so suppose 5  doesn 't m eet x. Then every P-node child y  of x

in T  becomes a P-node child of r  in 7’" '’“̂. Xow 5  m ay have several im m ediate 

successors in oldleaves{T) .  each of which is an offspring of x in T.  If .S' —♦ S.j. then  no 

connected com ponent of — Preds{Sy)  contains a node of bodyi B,)  and a node 

of oldleaves(T) .  If 5  7̂  S,j. then  som e connected com ponent of — Pr^.d^[Sy) 

contains body( Bi) and S' .  In e ither case, the  observation implies x satisfies property  4. 

.A. sim ilar argum ent shows th a t for every 1 <  j  <  A. if Xj is a Q -node. then every 

P-node child of Xj in T  becomes a P-node of th a t satisfies p roperty  4.

We have shown th a t every P-node child of root r  satisfies property  4. Consider a P- 

node ~ of th a t is not a  child of r. Then s u 6freeTnt>i,(r) = sub tree j l  :  ). If .S’ .S'.,

th en  no connected com ponent of — Preds{S;)  contains a node of bodyi B,)  and 

a node of oldleaves{T) .  If 5  7̂ + 5^. then  S '  /♦  and som e connected com ponent of 

yneu’ _  Preds{Sz)  contains body{Bi)  and  S' .  In e ither case, the  observation implies 

X satisfies p roperty  4. T hus, J ’" '" ' has p roperty  4.



P ro p erty  5: Every Q -aode y  w ith children ( r i .  z^ - . - . -Z k )  satisfies the following.

a. If any Zi is a  Q-node, then  1 <  f <  fc and  are S-nodes such th a t the

meeting siblings of z, are incom parable and m eet z..

b. If any z, is an S-node. then  5r, divides leaves(z i )  U U leaves(Zt- i)  and 

l eaves(z i^ i )  U • • • U leaves{zk)  in .

c. zi.zfc are S-nodes and no separa to r node in leaves(y )  is a predecessor of Sh, or

in

If y is a  Q -node of and  y ^  r . then  subtreejr,^w{y) = subtreer iy )  and by the

observation, y satisfies p roperty  5 in 7’"'^“'’. T hus, it suffices to show root r satisfies 

p roperty  5 in

P roperty  5a: We m ust consider every Q -node child of root r. Suppose x is a Q- 

node of T hen  x was a Q -node of T  and 5  m et x. which implies x had a parent

Xi. Since x  was the  leftm ost child of X[, then  x i was a P-node of T  because a Q-node 

cannot be the  leftm ost child of ano ther Q -node by p roperty  5a. Then S’-, m et x in 

r .  Since S  and  are incom parable, then  5  and  5 r, are the m eeting siblings of x 

in 7’" '" '. Suppose y x  \s a. Q -node child of r  in T " '" '. Then y was a Q-node child of 

som e Xy. 1 < j  < k.  th a t was a Q-node of T.  Since y had m eeting siblings in T.  then 

y has the  sam e m eeting siblings in 7’'*'“'. Thus, r  satisfies property  5a.

P roperty  5b: We m ust consider every S-node child of root r. By Corollary 3.3.4. 

if S  is any separa to r node of fi;, then  5  satisfies p roperty  5b.

Suppose X is a  P-node of T  (Case P) before s tep  1. Then x satisfied property  4 in 

r .  If 5  m eets x . then  x becomes a P-node of and by the observation. 5^ satisfies 

p roperty  5b in 7 " ' ’̂ ’. O therw ise. S'  becomes th e  right sibling of 5  and x becomes a 

P-node w ith  one fewer child. Since S’ —>■ S' ,  th en  S '  satisfies property  5b and by the  

observation. Sr  also satisfies p roperty  5b.

Suppose X was a  Q-node of 7  (Case Q) before step  I. Then x satisfied p roperty  5b
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in T.  If X is a Q -node of we need not consider it. O therw ise, the  children of

X in r  becom e children of r  in Since S  —> S ' . then  5 ' satisfies p roperty  5b.

C onsider the  o ther S-node children of x in T.  If x was the  root o f T.  then  each S-node 

child of X in satisfies p roperty  5b and  we are done. O therw ise. x i was a P-node 

of r  because a Q-node cannot be the  leftm ost child of ano ther Q-node. T hen 5-, 

was a predecessor of each S-node child of x in T  and therefore each child satisfies 

p roperty  5b in .\  sim ilar argum ent shows th a t for every I <  j  <  k. if Xj was

a P-node of T.  then by the  observation. 5^^ satisfies p roperty  5b in and if x ,

was a Q -node of T.  th en  every S-node child of Xj becomes an S-node child of root r  

th a t satisfies p roperty  5b in . Thus, r  satisfies property  5b.

P roperty  5c: VV'e m ust show th a t the  leftm ost and rightm ost children u\  r  of r  are 

S-nodes and  th a t no separa to r node in l eaces(r )  is a predecessor of S, .̂ or 5- in . 

E xactly  one of w. z is a node of B,.  say tc. T hen  u’ is a separa to r node of B, and thus 

no separa to r node in l eaves(r)  is a predecessor of S w

C onsider c. Before the S e m i M e e t s  call, th e  root of T  is x ^ . k  >  0. Case I: x^ is 

a P-node. T hen r  =  x;. and since 5 ; m et T.  no separa to r node in o l d l e a v e s ( T ] is a 

predecessor of 5 ;. Since 5  sem i-m et T . th en  5  is not a predecessor of 5 ; . Thus, no 

separa to r node in leaves{r)  is a predecessor of S'-. Case 2: x;. is a Q-node. T hen c was 

th e  righ tm ost child of Xk in T.  Since T  satisfied property  5c. then  :  is an S-node and 

no separa to r node in old leaves(T)  is a predecessor of 5 ; . Since 5  sem i-m et T.  then 

5  is not a predecessor of 5 ; . T hus, no separa to r node in leaces{r)  is a predecessor of 

which m eans r  satisfies p roperty  5c. Hence. has p roperty  5.

P roperty  6 : Every offspring block of a Q -node is a tra in . T he body of every box 

contained  in is an offspring block of som e Q-node.

In th e  S e m i M e e t s  call, body{Bi)  becom es an offspring block of root r and every 

Q -node in T  is e ither unchanged or m erged in to  root r. Therefore, bodyi B{ ) is in some
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offspring block th roughou t the  rem ainder o f the  tra in  tree  a lgorithm . Therefore, it 

suffices to  show th a t every offspring block of r  is a tra in .

Clearly, body{Bi)  is a tra in . Consider x.  In Case P. x  was a P-node of T.  so if 5  

m et X . th en  5  C 5x, and  otherw ise. S  C S '  D S^.  In C ase Q, x was a Q -node of T . so 

if 5  m et x . then  x is a  Q -node in and not in any offspring block, and otherw ise. 

5  C S '  and  since S'  was in an offspring bloc in T.  th en  S '  is in the  sam e offspring 

block in T""".

Consider Xi before s tep  2. Case 1: Xi is a P-node. T hen  let z be the  left sibling 

of x i in 7""^’. W hat is z? If x was a  P-node of 7  (Ceise P ). then  z =  x is a P-node in 

7 ”*“' and jC. D S ^ .  Suppose x was a Q -node of 7  (Case Q ). If 5  m et x . then z =  x is 

a Q -node in 7""^' and  not in any offspring block, and otherw ise, z was x 's  rightm ost 

child in 7 .  which is an  S-node because x satisfied p roperty  5c in 7 . Since 5^, m et x 

in 7 . then  5^ D S n -  Case 2: Xi is a Q-node. Since x was the leftm ost child of x ,. 

then  X was a P-node of 7  (Case P). Since 5.- is in an offspring block in 7 . then Sr  is

in the  sam e offspring block in 7 " '“'. .A. sim ilar a rgum ent for each of x i  x t  shows

th a t every offspring block of r  is a  tra in . T hus. has property  6 .

We have shown th a t a fter the  S e m i M e e t s ( S . T )  call. is a tra in  tree of the 

subgraph of Q{cr.i) contain ing exactly  B, and H  and  th e  arcs from nodes of B, 

to  nodes o f H .  Now Step 2 of the  algorithm  m ay call S e m i \ I e e t s { S ' .  T' )  for ou ttree  

7 '  ^  7  of ou te r node S '  of B,. w here 5 ' =  5  if and only if B, is short. Before the call. 

7 '  is a  tra in  tree  of a connected com ponent %'  of ^(cr, t 4- 1 ). By Corollary 3.3.4. the 

foregoing a rgum ent applies to  the  S e m i M e e t s { S ' .  T' )  call. It follows th a t after S tep  2 

of the  tra in  tree  a lgorithm . 7"®“ is a tra in  tree  of the  subgraph  of Ç(cr.i) contain ing 

exactly  H .  B ,. "K' and  the  arcs from  nodes of B, to  nodes of H  or H'.

Step 3 of th e  a lgo rithm  calls M ee ts {S .  7 )  for each sep ara to r node 5  of B, and each 

7  G 7 ^ .  W e will show th a t 7 " '“'' is now a tra in  tree  o f the  connected com ponent H 

of Ç{cr, i) contain ing Bi.  T he only tra in  tree  p roperties  of 7 """  th a t  are nontriv ial
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are  properties 1. 2. 4, and 5b. .After S tep 3. leaves{r)  contains the  leaves of every 

o u ttre e  of which m eans leaves{r)  is the  set of relevant nodes of "H. Thus. 

has p roperty  1.

If Bi is short w ith  separa to r node 5  and S tep 2 m ade no SemLXfee ts  calls, then 

the  root of is a P-node w ith  m eeting  child 5  and by the  O rdering L em m a-1. 

r represents all c.i.p . paths on leaves(r ) .  O therw ise, fî, is long or S tep 2 m ade at 

least one S e m i M e e t s  call. T hen  the  root of is a  Q-node and by the  O rdering  

L em m a-1. 2. 3. r represents all c .i.p . paths on /ea c e s(r) . Thus. has p roperty  2. 

Lastly, by Corollary 3.3.4. has properties 4 and 5b. We conclude th a t is a 

tra in  tree  of "H a fter Step 3. Hence, adding to  T  yields a spanning  set of tra in  

trees of Q{a. i). □

T h e o r e m  3 .1 6  The train tree algorithm runs in 0 { n )  time, where n is the number  

o f  vertices in G .

P r o o f  Since Q has size 0 { n )  by Lem m a 3.5.3. com puting Q'  and a topological sort of 

requires 0 ( n )  tim e. We m ust bound the  cost of all calls to  Scan.  S e m i  .Meets. and.M eet.' 

Each M e e t s  call takes 0 (1 )  tim e, so all . \Teets calls take 0 { n )  tim e. Since S c a n i S )  

requires 0 (1 )  tim e  to  exam ine each outgoing arc from S  and there  are 0 ( n )  arcs in 

Q. the  to ta l cost of steps 1-2 in all Scan  calls is 0 ( n )  tim e. In step  3. Sc an{S )  follows 

paren t pointers from x  to  root{T)  and Sca n {S )  doesn 't reject only if T €  and 

ITs^'l <  2. in which case S e m i M e e t s { S . T )  is subsequently  called. T hus, the  cost 

of following paren t pointers in S c a n {S )  is bounded by the  cost of following parent 

pointers in S e m i M e e t s ( S .  T) .  which we analyze next.

The tra in  tree  a lgorithm  m ay crea te  a  Q -node for each box B, processed and it m ay 

crea te  a P-node for each separa to r node of B,. Therefore, the  to ta l num ber of (tra in  

tree) in ternal nodes crea ted  is bounded by the  num ber of boxes in Ç plus the  num ber 

of separa to r nodes in Q, which a t m ost 2n. Now in any call of S e m i M e e t s i  S.  T ). e ith e r
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the  algorithm  rejects, or every in ternal node on the pa th  from  x to rool(T)  becomes

a child of root r  of Therefore, during  the course of processing B\ .  B 2  B j - \ .

each parent po in ter is followed a t m ost once. Thus, the  to ta l cost of following parent 

pointers in all S e m i M e e t s  calls is 0 ( n ) .

Finally, we m ust bound the  cost of m aking the  children of each Q -node Xj.O <  

j  < k.  into children of root r. We represent a  Q -node's children with a linked list, so 

th a t in 0 ( 1 ) tim e, we can concatenate  two lists and  com pute the parent po in ter for 

the  first and  last elem ents of the  list. Since there  is a t m ost one concatenation  for 

each parent po in ter followed, the  to ta l cost of concatenating  in all S e m i M e e t s  calls 

is 0 ( n ) .  In a la te r call of Scan ,  if Scan  follows parent pointers and an ancestor y 

of X is not the  first or last child of its Q-node paren t, then  y  doesn 't have a parent 

pointer, but in th is case S c a n ( S )  rejects because 5  doesn’t sem i-m eet T.  Hence, the 

tra in  tree  a lgorithm  runs in 0 {n) tim e. □

3.5.4 Computing a clique path

Let T  be a  spanning set of tra in  trees of Ç. Since each T  €  T  is a tra in  tree  of a con­

nected com ponent "H of Ç. then  sequence{T)  is a relevant p a th  of C oncatenating  

the  paths in {sequence{T)  | T  € T }  in any order yields a relevant p a th  P  of Ç.

For each separa to r node 5  in P.  replace 5  in P  w ith any pa th  on ICs- where C 5 

is the  (possibly em pty ) set of leaf clique nodes adjacent to 5  in Ç. By Lem m a 3.1.4. 

each A 6  AC5 is the  unique node of Q containing any vertex  in K  — 5 . Thus, the 

resu lting  pa th  is a  c.i.p. p a th  on the  clique nodes of Q. which is a clique pa th  of G. 

This establishes the  following theorem .

T h e o r e m  3 .1 7  Let G be a chordal graph. The given algorithm computes  a clique 

path o f  G  i f  and only i f  G  is interval.
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3.6 U pdates

Let G  be an  in terval graph  w ith  clique-separator graph  Q and a spanning set of tra in  

trees T  of Ç. In th is section, we show how to  u p d a te  Ç after an edge insertion or 

deletion in G. In each case, up d a tin g  requires only a sm all, local change in Ç. We 

then  use the  tra in  tree  a lgorithm  to com pute a spanning set of tra in  trees T '  of the 

u p d a ted  Q'.

3.6.1 Insert

T hroughout th is subsection, { u .c }  ^  E{G).  Then { u .c}  is not contained in any 

node of Q. .\ssu m e for the  m om ent th a t G  is connected, so th a t Ç is connected. The 

next theorem , which is copied from  C hap ter 2. does not require th a t G be connected, 

but the  subsequent theorem  does require th a t G be connected because it depends on 

T heorem  1. 1. which assum es a  connected graph.

T heorem  3.18 Let G be a chordal graph and let {u. l’} ^ E{G).  Then G -f {u. r} i.s 

chordal i f  and only i f  G has a clique tree T  with u 6  E' .c  G I\ ' f o r  some  {A . A '} G 

E ( T ) .

T heorem  3.19 Let G be a connected chordal graph with clique-separator graph Q 

and let { u .r}  ^  E[G).  Then G  +  { u .f}  is chordal i f  and only i f  Ç has a separator  

node S  and clique nodes A'. A  ' such that S  divides A'. A '  in Ç and S  = K  H K '  and  

a G A . u G K ' .  Moreover. S  is unique i f  it exists.

P r o o f  We claim  th a t for any m axim al cliques A'. A '. G  has a  clique tree T  such th a t 

{A*. A '}  G E{T)  if and  only if Ç has a separa to r node S  such th a t 5  divides A. A ' in 

Ç and  5  =  A’ n  A '. {=>) By T heorem  3.18, G  h«is a clique tree T  w ith u G A. v G A ' 

for som e {A', A''} G E{T) .  By T heorem  1.1. 5  =  A 'n  A'' is a m inim al vertex separa to r 

of G  and  S  separa tes K  — S  an d  K '  — 5  in G. By the  M ain T heorem -2 . 5  divides
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A', K '  in Q. (<=) Let T  be a clique tree  of G  and let [\ =  Aq. A \  A'j =  A'' be

the  K - K '  pa th  in T, j  > 1 . Since Aq. A j are in different connected com ponents of 

Ç — P reds{S )  by the definition of divides, then  for some 0 <  i <  J  — 1. A',. A',+i are in 

different connected com ponents of ^  — P reds (S ) .  By the  clique in tersection  property . 

5  Ç A', n  A',+1. Since S  divides A ,, h'i+i, then  5  separates l \\  — S  and A',+i — 5  and 

so 5  =  A', n  A'i+i =  A'o n  A j. Hence. T  — {A',. A '.+i} +  { Aq. A’j } is a clique tree  of G.

T heorem  3.18 and the  claim  im ply the  theorem , except for the  uniqueness of .S’. 

Suppose separa to r nodes 5. S '  satisfy the  theorem . By the  claim , there  are  clique trees 

r .  T'  of G  such th a t for som e {A'l. A'l} € E ( T ) .  S  = k \  D A’j and u 6  A'l. c €  A’j. 

and  for some {A’[. A’̂ } €  E ( T ' ) ,  S '  =  A’( fl A'  ̂ and u G A'[. v 6  AL Since { A'l. AS} is 

on the  A’J-A't pa th  in T.  then  by the  clique intersection property . I \ \  H A’j D A'[ n  A'T 

Sim ilarly. I\\  n A . Ç A'[ n AT T hus. 5  =  k \  n A . =  A( n  A} =  S". □

For notational convenience, henceforth we use u, =  u and  ci =  r . Figure 3 .IS 

illu stra tes  the  prem ise of the  following lem m a, which specifies the  clique nodes and 

separa to r nodes of Ç'.

K, Kg
•  •

y ' X N  I I

/ / \ \  ' '
K • • ] K^ 2  i U j  I o  J U g  ] ^ 2

s

G ^

Figure 3.18: 5  =  A't fl AS and 5  divides A’l. A'l.

L e m m a  3 .2 0  Let G be a connected chordal graph with clique-separator graph Q and  

let {ui, V2 } ^  E{G).  Suppose G' = G  {iq, iq} is chordal with clique-separator graph 

Q'. Let S  be the unique separator node o f  Q such that S  divides clique nodes A %. AS 

in Ç and  5  =  A'l fl AT o.nd ui G A'l, vo G AT.
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1 . Every clique node K '  ^  h \ .  I\ 2  o f  Ç is a clique node o f  Q' .

2. A" =  5  U {t’l.t'o} a clique node o f  Q' .

3. K'i is a clique node o f  Q' i f  and only i f  \ k \  — 5 | >  1 ./ =  1.2. Moreover, i f  

I A": — 51 =  1, then A', is a neighbor o f  S  in G.

4- Every separator node 5 ' 5  o f  Ç is a separator node o f  Ç'.

5. Si =  5  U {r,} is a separator node o f  Q' If  and only i f  | A', — 5’| >  1. / =  1.2.

6 . S  is a separator node o f  Q' i f  and only i f  componen tsg(S)  > 2 .

Proof

1. By Section 2.3.4.

2. By Section 2.3.4.

3. T he first part follows by Section 2.3.4 and the second part follows because 

5  C  A, and |A’, — 5 | =  I im plies A, and  5  are neighbors in Ç.

4. By T heorem  1.1. for some m axim al cliques A'J. A'4 of G. S '  = A'J n  A'J, and 5 ' 

separates A'J — S '  and A'J — S'  in G.  Let VJ. VJ be the vertex sets of the  connected 

com ponents of G — S '  th a t  contain  A'J — 5 '.  A'J — S '  and let G \ . b e  the subgraphs of 

G  induced by V'iU5'. respectively. (F igure 3.19.) VV'e claim  5 ' separates A'J - S '

and A'J — S '  in G'. Suppose otherw ise. Since G' = G + {e ,. vn}. then i \  €  I J. c. €  1": 

or vice versa. Since S'  separates V'l.VJ in G , th en  S'  is a ciLs-separator of G. Since 

every vertex  of 5  is ad jacen t to iq and c;, th en  5  C S'.  Since Gi (resp. G \) contains 

a p a th  from  a  vertex  of 5 ' — 5  to  iq (resp. e ,) . then  ui. vo are connected in G  — 5 . a 

con trad iction . T hus, S'  separa tes A'J — S '  and  A'J — 5 ' in G'. Since every vertex of 

S '  is ad jacent to every vertex  of A'J — S '  and  A'J — 5 '. then  S '  is an m inim al vertex  

separa to r of G'.  which m eans S '  €  Ç'.

5. (<=) Suppose [A'l — 5] >  1. T hen  th ere  exists a vertex  a- €  A , — 5 . Since 5  

is a  m inim al wug-separator of G,  th en  5 i =  U{i’i} is a m inim al icui-separator of G'.



S ’-SG I « 2

Figure 3.19: Proof of Lem m a 3.20.4.

which m eans 5 i E G'■ (=>) Suppose |A \ — 51 =  1. By part 3. =  5 U  { r , } =  If

i 'l  is a m inim al vertex separa to r of G ' . then  by Theorem  1. 1. there  exists a m axim al 

clique K'  ^  K  of G'  such th a t  I \ \  =  5 i C A ', a contradiction because A ' is also a 

m axim al clique of G'.  T hus. 5 i is not a m inim al vertex separato r of G'.  which m eans

0  g '.

We showed 5 | E G' if and  only if | A \ — 5 | >  1. The sym m etric  argum ent shows 

th a t $ 2  E G' if and only if |A') —5 | >  1. (T his result is im plicit in the  [n . i t r t  opera tion  

in Section 2.3.4.)

6 . (<=) Suppose c o m pone n t sç (S )  >  2. T hen  G contains a clique node A'  ̂ l \ \ .  A \

such th a t 5  C A3 and A'l. A'^. A 3 are in th ree  different connected com ponents of 

G — Preds (S ) .  T hen 5  separa tes ( A \  U A ’2 )  — .? and A 3  — 5  in G. Since A' =  

5  U {u.  {-•} Ç A’l U A’t. then  5  separates A’ — 5  and A3 — 5  in G ' . By C orollary 3.3.3. 

5  =  A'l n  A '3  =  A’l n  A ’3 .  which im plies 5  =  A’ fl A ’3 .  Since 5  separates A — and 

A ’3  — 5 . then  5  is an m inim al xy -separa to r of G'  for every x E A’ — 5  and y  E A’3 — 5 . 

Thus. 5  is a m inim al vertex  separa to r of G'.  which m eans 5  E G'-

(=?►) Suppose com ponen t sç{S )  =  2 . Let V). Vô be the vertex sets of th e  connected 

com ponents of G — S  th a t con ta in  A 1 — 5 . A’2 — 5  and let G 1 . G 2 be the  subgraphs of 

G  induced by V'l U 5 , V2 U 5 .  respectively. (F igure 3.19 shows a sim ilar case.) T hen  

every m axim al clique of G  th a t  contains S  is contained in Gi  or Gb. Since G'  contains 

edge { u i.t’2} and iq E V i.tq  E V2 , th en  G'  does not have no two m axim al cliques
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Â'i, Â'i such th a t S' =  Â'i n  Ko and 5  separates Â \ — S  and Ko — S.  By Theorem  1. 1. 

S  is not a  m inim al vertex  separa to r of G',  which m eans S  ^  Ç ' . □

T he I n se r l { v i , v o )  operation  com putes Q' as follows. If I’l . i 'i  are in different 

connected com ponents of G,  then  the operation  m erges the connected com ponents 

and  m erges the ir clique-separator graphs. O therw ise, the  operation  finds the  nodes

5. A'l, Ko specified by T heorem  3.19 as follows. G iven a clique tree  of G.  the  Inser t

opera tion  in Section 2.3.4. finds a clique tree  T  such th a t u G A 'l. r  € AS for some 

{A'l. A')} €  A ( r )  or it verifies th a t no such T  exists. By Theorem  1.1. 5  =  A'l i'l AS is 

a m inim al vertex  separa to r of G  and S  separates I \\  —S  and AS — S' in G. which implies 

5  divides K i .  Ko in Ç. Thus, we use the  operations in Section 2.3.4. to m ain tain  a 

clique tree  of G. (R ecall th a t if G  is interval, then  an a rb itra ry  clique tree of C  may 

not be a  pa th .)

.After 5 . A'l. A', a re  found, the  operation m akes th e  following node changes in Ç. 

as required  by L em m a 3.20.

•  C reate  A .

•  D elete A', if | A', — 5 | =  1. 1 =  1.2.

•  C reate  5, if | A', — 5 | >  1 and 5, is not already  a  node, i =  1. 2.

•  Delete S  if com ponen t sg (S )  =  2.

.After Ç' is com puted , if any box w ith th ree  or m ore nodes is not a ca terp illa r, or 

any separa to r node has indegree greater than  2 . th en  the operation  rejects because 

G'  is not in terval by th e  lem m as in Section 3. If O' satisfies the  lem m as and \e t  G' 

is not in terval, th en  the  tra in  tree  a lgorithm , which com putes a spanning set of tra in  

trees of Q', rejects th e  insertion.

For an  exam ple o f an edge inserted betw een two different connected com ponents, 

let G  be the  g raph  in F igure 3.2 w ith th e  cut edge AT deleted , so th a t its clique-
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separa to r graph  Q is the  graph  in F igure 3.3 w ith nodes SJ. K t. S \  deleted . Inserting 

K j  into G  yields the  original g raph  and  clique-separator graph.

Figure 3.20 shows a chordal g raph  G.  its clique-separator graph Ç. and the clique- 

separa to r graph  th a t results when the  edges e. f. g. h are individually inserted  in to  G. 

T h e  separa to r node and  clique nodes specified by Theorem  3.19 are the  following: (e) 

S’s. A'l. A'e or 5a. A'l, A'g. (f) 5o, A'o, A'3 . (g) ^ 4. A'4. A'5. (h) F4 . A'j. A'5. Each insertion 

yields an interval g raph  except (h).

[ n s e r t { v x .  co):

1. If Vi, Vo are in the  sam e connected  com ponent of G. then go to  step  2. O therw ise. 

U i.t’2 are in connected com ponents G \ .G o  of G  w ith clique-separator graphs 

Q\-.Qi- respectively. C rea te  clique node A' =  {I'l.co} and let i ’l =  {ci}. .80 =  

{co}. For each i =  1,2. if S, €  Qi. c rea te  edge {.S'l. A'}, and otherw ise, do the 

following.

C reate  5. and edge {Si.  A'} and  com pute  the o ther edges and arcs incident to 

Si as follows. C om pute  the  set S  of m inim al nodes of {.V | X  is a node of (7, 

such th a t I'i €  -V} by exam in ing  the  nodes of Qi in topological order, where 

each edge is viewed j l s  an  arc from separa to r node to clique node. If 5  contains 

a clique node A ', c rea te  edge {5,. A ''}, and  otherwise, create an arc from 5, to 

every separa to r node in S .  (L em m a 3.21 will show th a t if S  contains a  clique 

node A'', then  5  =  {A ''}.)

2. Use the  clique tree  of G  to  find the  separa to r node S' and clique nodes [\\ .  Ko 

such th a t S divides clique nodes A'l. A'o in G and S =  A'l i'l A'o and ci €  A i. vo 6  

A'o. If no such nodes ex ist, th en  reject.

3. C rea te  clique node A' =  5 U {(.q, ug}. For each i =  1.2. do the ap p ro p ria te  case:
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K, ^ 1  ^  ^ 2  ^  ^ 5  ^ 3  ^ 6
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Sg Kg
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S 4
K *

(c) (d)

Figure 3.20: Insertion exam ples.
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Case 1: [A', — 5 | =  1. If A, has a neighbor S '  7= 5  in Q. then create  edge 

{S ' ,  K } .  D elete A',.

Case 2: | A'. — 5 | >  I. Let 5, =  5  U {f,} . Decide w hether 5, € Q. which is true  

if and only if (5 .5 ,)  is an  arc of Ç. If 5, €  G- c rea te  edge {5,. A'}. If 5, ^  Ç. 

crea te  5; and edge (5 ,, A'} and execu te  substeps (a) and (b) to com pute the 

o ther edges and arcs incident to 5 ,.

(a) [Arcs to 5,.] C reate arc ( 5 .5 ,) .  F ind the  chain C  of predecessors of A, such 

th a t 5  is not on C . which can be done by finding all predecessors of A', and 

then  elim inating  all predecessors and successors of 5  (F igure 3.21 ). Find the 

lowest node 5 ' on C  such th a t c, 6  5 '.  If C  does not exist or 5 ' does not exist 

or S ‘ <î. 5 ,. then go to (b). O therw ise, use b inary  search to find the  highest 

node 5^ on C such th a t 5^ C 5,: c rea te  arc ( 5 ^ .5 ,)  and if {5^. A',} is an edge 

of Q. dele te  {5 '“. A',}.

(b) [.\rcs and edges from 5,.] C om pute  the  set 5  of m inim al nodes of {A' | X  is 

a node of Ç such th a t 5, C A} by exam ining  the  successors of 5  in topological 

order, where each edge is viewed as an arc. as before. If S  contains a clicpie 

node, c rea te  edge {5,. A,} and  delete  {5. A',} if it is an edge of Q. O therw ise, for 

every separa to r node S '  in S .  c rea te  arc (5 ,. S')  and delete (5 . S'] if it is an arc 

of G- (L em m a 3.21 will show th a t if 5  contains a clique node, then 5 =  {A',}.)

4. Suppose c om ponen t sg iS )  > 2. If | A \ — 5 | =  1 and | A'2 — 5 | =  1. crea te  edge 

[S ,  A'}. Suppose componentsg{S)  =  2 . For every im m ediate  predecessor 5^ of

5 . do the  following and  then  delete  5 .

If 5 i €  G'- create arc (5 '’.5 i ) .  and  if 5 t  €  G'- create  arc (5^. 5 j) . If 5 , ^  G' and 

5o ^  G'- create  edge {5^. A'} unless A' has a  neighbor S'  7̂  5  in such th a t 

5P C  S' .
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A

«5 /'  ̂ S
Oj •  '

C C’

Figure 3.21: T he I n s e r t  a lgorithm .

3.6.2 Insert correctness

L e m m a  3 .21  The I n s e r t  operation computes Q' in O (n lo g n )  t ime.

P roof Suppose ri. V2 are in d istinct connected com ponents 6'i. of G w ith  clique- 

separa to r graphs Q\.Q2 ~ respectively. Then K  =  {i%. c?} is a m axim al clique and 

a cut edge of G ' . and Si  =  {ui}. S', =  {ci} are m inim al vertex  separa to rs of G'. 

Suppose 5, ^  Q and  let S  be the  set of m inim al nodes of Ç, contain ing e,. If r, is 

contained in exactly  one m axim al clique A'' of G',. then  S  =  {A '} . O therw ise, the 

set of m axim al cliques of Gi contain ing  l\  induces a sub tree  T, of a clique tree  of G',. 

Since I'i is con tained  in every m inim al vertex  separa to r corresponding to  an  edge of 

r , .  then  S  contains only separa to r nodes. Thus, step  1 com putes the  arcs and edges 

incident to  5,.

Suppose I’l.co  are in the  sam e connected com ponent of G. T he following holds 

for each i =  1.2. Suppose |A', — 5 | =  1. By Lem m a 3.20.3. { k ' , . S }  is an edge of Ç 

and  A, ^  Ç'. If { 5 '. A',} is a edge of Ç for some 5 ' ^  5 . then  {S ' .  A'} is a edge of Q' 

because A'. =  5  U { i\}  C 5  U {iq, iq} =  A'. Suppose | A', — 5] >  1. By Lem m a 3.20.3 

and 3.20.2. A', €  G' and 5,- 6  Q'. Since 5. =  5  U {e,} C 5  U { tq .tq }  =  A', then 

{5,-. A'} is a edge of Ç'. If 5,- ^  G, substeps (a) and (b) com pute  the  arcs and  edges 

incident to  5, in G'- as follows.
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(a) Suppose there  exists a separa to r node S  ^  G such th a t 5  5  and S' C S';.

Since 5, =  5  U {u,}. then  i\  6  S.  Since 5, C A',, then  5  is a predecessor of A',. By 

Lem m a 3.5.1. th e  predecessors o f A\ can be partitioned  in to  a t most two chains C. C . 

where S  is on C  (F igure 3.21). T hen 5  m ust be on C . Let S'' be the lowest node 

on C  such th a t v, €  5 '.  If 5 ' 0  S',, then  no node higher th an  S"' on C  is a subset of 

5, and  thus 5  does not exist. O therw ise, let 5^“ be the  highest node on C  such th a t 

5'* C S',. T hen  ( S ^ . S i )  is an arc of Ç'.  Thus, (a) finds 5̂ * if it exists.

(b) Let S  be the  set of m inim al nodes of G contain ing  S'., each of which is a 

successor of 5 . Since 5  has successor A, and 5, C A ,, if there  is exactly  one m axim al 

clique of G  contain ing  5 ,, then  S  = {A',}. O therw ise, the  set of m axim al cliques of 

G  contain ing 5; induces a sub tree  T of a clique tree  of G.  Since S', is contained in 

every m inim al vertex  separa to r corresponding to  an edge of T .  then  S  contains only 

separa to r nodes. Thus, (b) com putes the arcs and edges from 5,.

Suppose componentsg{S)  > 2. Then S  €  G'- If | A', — 5 | >  1. then after step 3. .S, 

is a node. (5 . S',) is an arc. and {S',. A’} is an edge. If | A’l — 5 | =  1 and | AS — S'| =  1. 

however, then  a fter step  3. 5 i .5 2  are not nodes and A has no incident edges. Since 

5  C 5  U (I’l. (.'2} =  A', then {S'. A'} is an edge of G'-

Suppose componentâç(S)  =  2. Then 5  ^  G'- C onsider each im m ediate prede­

cessor S'P of 5 . If 5, €  G'- then  { S ^ . S , )  is an arc of G'  because 5, =  S' U {r , } C 

5  U {I’l. 1-2} =  A . If 5 i 0  G'  and S'2 ^  G'. then  {ST. A'} is an edge of G'  unless step  3 

crea ted  a  neighbor S ' ^  S of A' such th a t C S '.

Since G has size 0 { n ) ,  then  each step requires 0 { n )  tim e  except the  binary search 

in step  3. T esting  w hether one separato r node is con tained  in ano ther requires 0 (  n ) 

tim e, so th e  b inary  search requires O (n lo g n )  tim e. Hence, the  In se r t  operation  

com putes G'  in O (n lo g n )  tim e. □
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3.6.3 Delete

T hroughout th is subsection, {u .u}  6  E{G).  T hen {u .c}  is contained in a t least one 

node of Q. T he next theorem  is copied from C hap ter 2.

T h e o r e m  3 .2 2  Let G be a chordal graph and let {u. c} E E[G) .  Then G — {u. c} is 

chordal i f  and only i f  G  has exactly one maximal  clique containing {w. c}.

By Lem m a 3.1.2, K  is the  unique clique node containing {u .c}  if and  only if 

A’ contains { u .f}  and no neighbor of A contains { u .r} . Thus, we can readily  test 

w hether A is the  unique clique node containing {u .c} . Figure 3.22 illu stra tes the  

prem ise of the  following lem m a, which specifies the  clique nodes and separa to r nodes 

of Q' except for A’“ =  A’ — {u} and K'’ =  A — {u} .  which m ay or m ay not be clique 

nodes of Ç'.

u V

Figure 3.22: M axim al clique A .

L e m m a  3 .2 3  Let G  be a chordal graph with clique-separator graph Q and let {n. c} E 

E{G).  Suppose G' = G — { u .c }  is chordal with clique-separator graph Q' . Let A be 

the unique clique node o f  Q containing {u. u}. Let /  =  A’“ fl A '' =  A — {u.  c}.

1. Every clique node K '  ^  K  o f  G is a clique node o f  G'.

2. ^  0. then I  is a separator node o f  Q' .

3. I f  separator node S  o f  Q is not a neighbor o f  A . then S  is a separator node o f

Ç'.
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4- I f  separator node S  o f  Q is a neighbor o f  I \ .  the following holds.

(a) [ f  S  contains neither  o f  u. v. then S  is a separator node o f  Q ' .

(b) I f  S  contains exactly one o f  u. v and  |A' —51 >  1. then S  is a separator node

(c) I f  S  contains exactly one o f  u. v and  |/v' —5 | =  1. then S  is a separator node

o f  Q' i f  and only i f  componen ts ç (S )  > 2.

P roof

1. By Section 2.3.2.

2. O bserve th a t  in a chordal graph w ith edge e. a shortest cycle containing e is 

a triangle . (T he converse is not true , as shown by th e  graph  form ed by identifying 

each edge of a square w ith an edge of a triangle.) We claim  { u .c }  is a cut edge of 

G' — I.  Suppose otherw ise. T hen  { u . v }  is contained in a  cycle of G' — / .  Since (i  — I is 

chordal, then  the  shortest cycle C  containing {u. v}  is a  triangle. T hen C  is {(/. r. w}  

for som e w 6  V (G) — I.  Since w I\ .  th en  C  is contained in som e m axim al clique

I \ '  7̂ K  of G.  T hen  K. I \ '  are m axim al cliques of G containing u. v. a contradiction.

Thus. {u. (.'} is a cu t edge of G  — I.  which m eans / i s  a uc-separa to r of G — {u.  c}. 

Since every vertex  of I  is ad jacent to u and  i \  then  / i s  a m inim al uc-separator of 

G — {u. I’}, i.e.. / i s  a m inim al vertex separa to r of G". (T his result is im plicit in the 

Delete  opera tion  in Section 2.3.2.)

3. By C orollary 3.3.2 and 3.3.3. Ç contains clique nodes A"i. /W such th a t 5  divides 

A'l, A t and  5  =  A \ fl A \ and 5  is a m inim al xy -separato r in G for any x t  A’t — 5  

and  {/ G A 2 — 5  (F igure 3.23a). If neither of A'l. A'2 is A', th en  neither of A \. A', 

contains edge {u. u}, which im plies 5  is a  m inim al vertex  separa to r of G ' . Suppose 

otherw ise, say A \ =  A . Since 5  C A', th en  5  5 ' for som e neighbor 5 ' of K .  By 

Corollary 3.3.2 an d  3.3.3. Q contains a clique node K '  A such th a t  5 ' divides A . A ' 

and  5 ' =  A' n  K '  (F igure  3.23b). Then K ,  K '  are in th e  seime connected com ponent
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of ^  — P reds{S )  (because S '  is a  neighbor of /v and S '  is e ither a neighbor of K '  or a

predecessor of a  neighbor of A ''). Since 5  divides A'. A4, then  5  divides A '. A4. Since

5  C A 4 A j, then  by Corollary 3.3.3. 5  =  A ''n  A4 and  5  is a  m inim al xy -separato r in

G  for any x G A'' — 5  and y  G A4 — S.  Since neither of A 4  A4 contains edge {u. c}.

then  5  is a  m inim al vertex separa to r of G'4

K; Kg K' K
•  •  •  •

S

w  m

Figure 3.23: P roof of p a rt 2.

4. We have two m ain Ccises. which depend on th e  value of component.>ç(S  

Suppose componentsç (S)  > 2. By Corollary 3.3.3. Q contains clique nodes A'4 A’" =  

A such th a t 5  =  A"' n  K "  and 5  is a m inim al xy -separato r for any x G A ' — S' and 

y G A'" — 5  in G. Since neither of A'4 A'" contains edge {u.  c}. then  5  is a m inim al 

vertex  separa to r of G'4 regardless of w hether 5  contains neither or one of u. v.

Suppose c om ponen t sç iS )  =  2. By Corollary 3.3.4. 5  has one or m ore im m ediate  

successors or exactly  one neighbor K '  ^  A . but not bo th . Then Ç — P r e d s iS )  has 

exactly  two connected com ponents w ith a  clique node containing 5 : one com ponent

contains A and  the o ther com ponent contains clique nodes A \ .  A'j. where y >  I

if S  has one or m ore im m ediate  successors, and  j  =  1 if 5  has a  neighbor A ' ^  A4
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Furtherm ore. K  and R \ , . . . ,  Kj  are all of the clique nodes of Q contain ing  5 . Since 

5  divides K  and  / \ ' i . . . . .  / \ j .  then  5  separates K  — S  and ( /v'l U • • • U I \ j  ) — S'. Let 

V I. f 2 be th e  vertex  sets of the  two connected com ponents of 6' — S’ w ith  a clique node 

containing S .  where V'l contains the  vertices in A' — S' and  Vi contains the  vertices 

in (A'l U • • ■ U A'j) — 5 . Let G'l. G> be the subgraphs of G  induced by V'l U S'. Vi U S', 

respectively.

.Assume S' contains neither of u. v (Figure 3.24a). Let A be the m axim al clique of 

G" containing A'“ : we m ay have A =  A'“. Since G'l contains the  vertices in A " — .S', 

then G'l contains A'. T hen  for any I < i < j .  S  = A f l  A, and S  separa tes A -  .S' 

and A'i — S in G ' . which m eans S is a m inim al xy-separato r of O' for any x Ç A' — .S 

and y €  A', — S. Thus. S i s  a m inim al vertex separato r of O'.

vm

u# Vm

(a) (b )

Figure 3.24: Proof of part 3.

.Assume S  contains exactly  one of u. v. say u (Figure 3.24b). Suppose | A' — Si > 1. 

T hen  A' —S contains a vertex  w ^  v and {w }U S is contained in som e m axim al clique 

A' of O'. Since G i contains w, then  G i contains A . Then as before. S  =  A il A, and 

S  separates K  — S  and  A, — S  in G ' for any 1 <  t <  j .  Thus. S is a m inim al vertex 

separa to r of O'. Suppose | A' — S | =  1. Since A' is the only m axim al clique of G'l th a t 

contains S . then  v is th e  only vertex  of Gi th a t is ad jacent to  every vertex  of S . It 

follows th a t in O',  th ere  are no two mziximal cliques A 'l. Â% such th a t  S  =  A'l n A'l 

and S  separates A'l — S  and  A'2 — S . By T heorem  1.1. S  is not a m in im al vertex
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sep ara to r of G'. □

T he  Delete{u.  v) operation  com putes Q' as follows. Let K  be the unique clique 

node contain ing  u. v. The operation  has two m ain cases. In the first. A’ is a leaf w ith 

neighbor 5 , and in the second. A is an  in ternal node w ith neighbors Si.S' i-  Each 

case has several subcases th a t depend on w hether u. v are contained in a neighbor 

of A . (Recall th a t u .v  are not contained in the  sam e neighbor of A . or else A is 

not unique.) The operation uses two subroutines: G e t \ [ a x ( S .  n) is a function th a t 

re tu rn s  the  set of m axim al predecessors of 5  th a t do not contain vertex u € 5 . and 

Re m o v e {S ,  K )  deletes separa to r node 5 . which has neighbor A . and updates the 

c lique-separator graph accordingly.

.After Q' is com puted, if any box w ith th ree  or m ore nodes is not a caterp illar, or 

any separa to r node has indegree g rea ter th an  2. then  the  operation rejects because 

G'  is not interval by the lem m as in Section 3. If Q' satisfies the lem m as and yet C  

is not in terval, then  the tra in  tree  algorithm , which com putes a spanning set of tra in  

trees o f Ç'. rejects the deletion.

Delete{u.  v):

(.Assume A is the  unique clique node contain ing  u .v . )

Case one: A' is a leaf w ith neighbor 5

Figure 3.25 illustrates Cases 1-4. and  F igure 3.26 shows exam ples of Cases 1-3.

•  u ^  S . v  ^  S.

C ase 1. (A' — 5) =  2, equivalently. 5  =  /  Figure 3.25a). C reate nodes A". A’" 

and edges {A'“. 5 } , {5. A’'-}.

Case 2. |A' — 5 | > 2, equivalently, S  C f Figure 3.25b). C reate  nodes 

I ,  A". K'-. edges {A'“. /} . { / .  A'*'}, and arc (5 . /) .

•  u Ç. S . v  ^  S .



C a s e  3 . |A' — 5 | >  1. equivalently, I  S  and S  I  F igure 3.25c). Cre­

a te  nodes A ", A " and  edges {S. A'“ }. { A'“. f} . { / .  A’"'}. For each 5 ' <E 

G e t M a x { S .  u), c rea te  arc [S' .  I).

C a s e  4. |A' — 5 | =  1. equivalently . 5  =  A'“ =  /  U {u} F igure 3.25d). Then 

/  6  ^  if and only if ( / .  S )  is an arc of Ç.

I  Ç. G- C reate  node A"'-' and edge { /. A'̂ ^̂ }. If componen tsç{S )  =  2. call 

R emove{S .  A').

I  ^  Ç: C reate  nodes / .  A " and edge { / . A'^}. C om pute the  arcs incident 

to  /  as follows.

1. [.Arcs to  /.] For each S '  €  Get . \[ax{S .  u). create  arc {S' . I)  and if {S'. .S') 

is an  arc. delete { S ' . S ) .

2. [.Arcs from /.]  If 5  is not an offspring of any Q -node. then  let 5  =  {5}. 

O therw ise. F  is an offspring of a Q-node x.  Find the leftm ost and rightm ost 

offspring of x  contain ing  /  by applying binary search to the  offspring of x: 

the  in tervening offspring con tain  / . C om pute th e  m inim al elem ents of the  

set of in tervening offspring as follows, (a) Every in tervening offspring has 

an in teger value, in itia lly  0. M ark any offspring whose value is subsequently  

changed. (R ecall every offspring of a  Q -node has l e f t ,  r ight  po inters.) (b) 

For every in tervening offspring I. add 4-1 to  the  value of l e f t { l )  and —I 

to  th e  value of the  offspring on the im m ediate  left of I. and add 4-1 to 

the  value of the  offspring on the im m ediate right of I and  —I to the  value 

of righ t( l ) .  (c) For each in tervening offspring I. com pute  its left to  right 

prefix sum  and assign the  sum  to  the value of /.

Let S  be the  set of in tervening offspring th a t are unm arked  and then 

unm ark  all m arked  offspring. For each separa to r node S '  €  S .  create  arc

(A S ') .
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D elete K  and any edges or arcs incident to  K .

< K ^  

K"

(a) Case 1

S *

(b) Case 2

#  #  # — #

S K “ f K"

(c) Case 3 (d) Case 4

Figure 3.25: K  is a  leaf.

C ase two: I\ is an internal node w ith neighbors

Figure 3.27 illustrates Cases 1-5.

•  u. t; ^  5 i U S 2 (Figure 3.27a). C rea te  nodes I.  A'“. edges { / . A'"}. { / . A’’ }, 

and  arcs {S i ,  / ) .  (52, /)■

•  u €  5 i n  5 i .  u ^  5 i U S -2 (F igure 3.27b). Reject the  deletion.

•  u €  5 i — 5 2 ,1’ ^  5 i U $ 2  (F igure 3.27c). C reate  clique nodes A ". A '.

Case 1. |A '—(5iU 52)| >  1 or |5 i —5 2 I >  1. C reate  node I .  edges { 5 i. A"'*}. { A " . /} . { /. A’')

and  arc {S2 . 1 ).

Case 2. |A '—(5iU52)| =  1 and |5 i—52I =  1. C rea te  edges {5 \. A'"}. (A '" . 5 i} . {5 i. A"'}.

•  u €  -hi — 8 2 , u G 52 — S i -
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Case 1

Case 2
Case 3

# •

2" S; ^  *2 
i r ^• — # — * -

/

s!

# •
s ; K ,

(a) Case 1 (b) Case 2

I

(c) Case 3 

Figure 3.26: Deletion exam ples.
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C a s e  3 . | A' — {Si  U 52)| >  0 (Figure 3.27d). C reate  nodes I.  A A ' -  and edges 

{ 5 i, A'“}, {A'“ . / } ,{ / ,  A’''}. {A'^’. S'o}. C om pute 5 i =  G e t M a x i S i .  u) and 

S 2 = G e t M a x { S 2 ,v ) .  For each S '  €  Sy,  c rea te  arc (S '.  I).  For each 

S '  €  $ 2  — Sy,  create arc (S' ,  I).

C a s e  4 . |A' — (6'i U St)! =  0 and |A'j >  2 (F igure 3.27e). If ISt — 5 \ | =  I. 

tes t w hether /  G G e tM a x (S y .  u). If |5 i — S^j =  1. test w hether [ G 

G e t . \ [ a x ( S 2 . i ').  If no test succeeds, then  crea te  node /  and if /  C .S'l 

(resp. /  C S t) , then create  arc ( / .  S i) (resp. I / .  S t)).

If |St — Si I >  1. then create node A’“ and edges {Si. A'"}. {A"'. /} . and 

otherw ise, lî  componentsg(Sy)  =  2. then  R e m av e (S i .  K ) .  Sym m etrically, 

if |Si — St| >  I. then create node K'" and edges {.St. A ' }. {A ' . /} . and 

otherw ise, if componen tsg[S 2 ) =  2. then  RemoveiSy .  A ).

C a s e  5 . |A' — (S'l U St)| =  0 and |A'j =  2 (F igure 3.27f). Lem m a 3.24 shows 

{u. r}  is a  cut edge of G and A is a cut node of Ç. Delete A from Ç to 

ob tain  Qy.Q2 - If componentsç (S ,)  = 2. then call Rem ove iS , .  A ), i = 1.2.

D elete A and any edges or arcs incident to  A .

G e i M a x { S .  u) :

(.Assume u G S .) C om pute the  set S  of m axim al nodes of {S ' | S ' is a separato r 

node o f Ç such th a t S ' C S  — {u}} by exam ining the predecessors of S in reverse 

topological order. R e tu rn  S.

R em o v e {S ,  A') :

(.Assume {S. A'} is an edge of Ç.) For each im m ediate  predecessor S ’’ of S . do the 

following, (a) M ark all successors of S ’’, (b) If S  has some im m ediate successor!s). 

th en  for each arc (S , S ') ,  create arc ( S ’’. S ’ ) unless S ' has a  m arked im m ediate  pre­

decessor S  ^  S  (F igure 3.28). If S has a neighbor A ' ^  A in Q. then  create  edge 

{S^, A''} unless K '  has a m arked neighbor S ' ^  S . (c) U nm ark all successors of S ’’.



101

s 2

K

K“ I  K"

7 7
S , Sg

(a) IL V not  in S_1  v j S_2

S 1

K

S , f

K“ I  K"
I--------------# --------#

(b) u i n  S_1 S_2, u ne t  in S_1 w  S_2

S I

K

S .  K" f K" 
— # —

S , K" f
y — #------- #-

Case 1

(c) u i n S _ l  - S_2,  V n e t  i n S _ l ' ^ S _ 2

Case 2

S 1

K

I  K " S ,
-9 ------#------ •

Case 3

S 1

K

•  /  S . S

K

Case 4

(d) u i n S _ l  - S_2,  v i n S _ 2 -  S_1 

F igure 3.27: K  is not a  leaf.

Case 5
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D elete S and any edges o r arcs incident to S.

3.6.4 D elete correctness

Lem m a 3.24  The Delete  operation computes Q' in 0 ( n  log n) time.

P roof A lthough /  m ay not be a node of Ç. I  is a node of Ç'  by Lem m a 3.23.2. We 

will show how to  decide w hether I  E Ç and w hether /v “ . €  Ç'.

O b s e r v a t io n  1. If A " (resp. A' '̂) contains a  vertex  not contained in any neighbor 

of A', th en  A'“ €  Ç' (resp. h  '- 6  Ç'). If /  contains a vertex not contained in any 

neighbor of A . then  I  ^  Ç and  I  has no successors in Ç'. (By Lem m a 3.1.-1. A’ 

is the  only node of Ç contain ing  a vertex  not contained in any neighbor of A’.)

O bservation 2. If A'“ €  Q' (resp. K'" €  Q'). then  {A'“ . /}  (resp. { A ' . /} )  is an edge 

of Ç'.

Case one: A' is a leaf w ith  neighbor 5

By Lem m a 3.23.3. every separa to r node of ^  is a separa to r node of (?'. except 

possibly for 5 . By Corollary 3.3.2 and 3.3.3. there  is a clique node A ' of Ç such th a t 

5  =  A’'n  A' and  5  divides A’L A in Ç. Recall th a t since {5. A’} is an edge of Ç. there

is no separa to r node 5 ' of Ç such th a t S  C S '  C  A'.

•  u ^  S . v  ^  S .  T hen  5  Ç / .  By O bservation 1. A’“ . A'"' €  Ç' and by O bservation 2. 

{ A'“, /} , { / .  A'^} are edges of Ç'.

Case 1: |A' — 5 | =  2, equivalently. 5  =  /  (F igure 3.2.5a). Then 5  has the  sam e 

incident arcs in Ç and Q' and  we are done.

CcLse 2: I A' — 5 | >  2. equivalently. S  C I  (F igure 3.25b). By O bservation I. I  i  Ç

and there  axe no arcs from  I  in G'- By Lem m a 3.23.4. S  E G' and thus {S.  / )  is an
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arc of Ç'. T here  are  no ocher arcs to  [ because I  — S  C  — S  and for any separa to r 

node S '  ^  S  oi  Ç , S '  C I  im plies S '  C  S.

•  U Ç: S, V ^  S .

C ase 3: |A’ — 5 | >  1. equivalently. I  S  and  S  I  (F igure 3.25c). By O bserva­

tions I and 2. 6  G' and  {A '“ . /} .  { / .  A'^} are edges of Q'■ By Lem m a 3.23.4.

S  Ç. G' and thus {5. A'“} is an edge of G'- By O bservation I ^  G and th ere  are 

no arcs from /  in G'- but there  m ay be arcs to  I. Since [ — S  C A — 5 . then  for 

any separa to r node 5 ' of 5 ' C /  im plies 5 ' C 5  — {u}. Therefore. G et . \ Iax[S .  u ) 

com putes the  arcs to [ in G'-

Case 4; | A' — 5’1 =  I. equivalently . 5  =  f U {u} =  A'“ (F igure 3.25d). This is 

the  m ost com plicated  case. Since A'“ = S  C  A ', then  A" ^  G'- By O bservations 1 

and 2. A’’"' G G' and { / .  A'"} is an edge of G'- We decide w hether I Ç. G and S' G G' 

as follows. Since /  =  5  — {u}. then  /  G ^  if and only if ( / .S ')  is an arc of G- By 

Lem m a 3.23.4. 5  G if and only if c om ponen t s ç ( S )  > 2.

T he  subcases will depend on w hether /  G ^  and S’ G G'- Figure 3.29 gives 

exam ples of the  various subcases. O ne difficulty is th a t if (5^. S'). (S'. .S'’' ) are arcs of 

G and 5  ^  G'- th en  { S ^ . S ‘ ) is an arc of G' unless there  is a node S' S' such tha t 

( 5 . 5 0  is an arc and S^ S  in G (F igure  3.28). This will require a graph search in 

Rem ove{S .  A ) to  find all successors of 5^.

S f '

F igure 3.28: D eleting 5 .

F irs t, suppose I  €: G■ T hen  ( / . 5 )  is an arc of G- If 5  G G' (F igure 3.29a). then 

( / ,  5 )  is an arc of and we are  done. If 5  ^  (F igure  3.29b). then  com ponenfs^( 5 ) =
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(a) I in g, S in Ç '

G

K , f q
#  — #

K, s ;  K ,

K'

Q ’

(6) l  in g, S  not in g ’

G

s' K ,  I
•  #  # -

te

Ç ’

(c) I not in g, S in g'

G

V

(d) I not in g, S not in g’

K, si K Kg s|

i S

# *
K, I K'

—• ------ • ----- •

G ^

Figure 3.29: M ore exam ples.

Ç '
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2 and  by Corollary 3.3.4. S  has one or m ore im m ediate  successors or exactly  one neigh­

bor K '  ^  K ,  bu t not bo th . T hen  Rem ove[S .  K )  deletes S and com putes the  new 

arcs of Q'.

Second, suppose I  ^  Q. .Assume S  E Ç' (F igure 3.29c). Then Ç' is the  graph 

form ed by adding I  to Q and  updating  its edges and arcs as required  by the clique- 

separa to r g raph  definition. Consider th e  im m ediate  predecessors of f  in Ç'. Since 

I  = S  — {u}. then  step I of Crise 4 com putes the  arcs to /  in Ç'. Now consider the 

im m ediate  successors and  neighbors of I  in Ç'. which are the  m inim al elem ents of Ç 

contain ing  I .  equivalently, the  m inim al elem ents of l eaves{T)  containing /.

C la im  .Assume 5  G Ç'. If 5  is an offspring of Q -node x  of T.  then every m inim al 

c lem ent of l eaves{T)  contain ing I is an offspring of x.  O therw ise. 5  is the  unique 

m inim al elem ent of l eaves{T )  contain ing [.

P roof Since I  = S  — {u}. then  5  is a  m inim al elem ent of l e a c e ^ i T ) containing 

[. Consequently, if 5  is an offspring of Q -node x.  then  by Corollary 3.12.2. any 

o th e r m inim al elem ent of l eaves (T )  contain ing I  is also an offspring of x. O therw ise. 

5  is a child of a P-node x  such th a t x  is th e  root of T  or z  has a P-node parent 

y.  In th e  first case. 5  is the  only m inim al elem ent of leaces (T )  containing / .  In 

the  second case, lï S '  ^  S  is a m inim al elem ent of l eaves{T)  containing / .  then 

S '  G l eaves (T )  — l eaves(x )  and  therefore I  Ç Sy. a contrad iction . Hence. 5  is the 

unique m inim al elem ent of l eaves (T )  contain ing  I.  □

Suppose I  has a neighbor K '  in Ç'. By th e  claim . K '  and 5  m ust be offspring of 

a Q -node x .  By tra in  tree  property  5a. bo th  siblings of K '  are S-nodes: the sibling 

of K '  n ea jer to  5  is some S-node y. By th e  clique in tersection  property . [ C Sy.  and 

by tra in  tree  property  6. Sy C A '', which im plies /  is not a neighbor of A ' in Ç'. a 

con trad ic tion . Hence. I  has no neighbors in Q'.
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We now show th a t steps 2 and 3 o f Case 4 com pute the arcs from [ in Ç'. If 5  is 

not an offspring of any Q-node, then  by the claim . 5  is the  unique m inim al elem ent 

of l eaves (T )  contain ing / .  O therw ise. S  is an offspring of Q -node x.  Then step  2 

com putes the  leftm ost and  rightm ost offspring of x  contain ing I  and by the claim , 

th is range contains every m inim al elem ent of l eaves (T )  containing [. Let 5 ' be an 

offspring of x.  If S '  is not a m inim al elem ent of l eaves (T )  contain ing / .  then some 

offspring S "  of x  contains /  and S"  C S' ,  which im plies l e f t ( S " )  or r ig h t iS" )  points 

"over” S' .  Conversely, if S "  contains /  and l e f t ( S " )  or r igh t (S" )  points "over" 5 '.  

then  S "  C S '  and 5 ' is not a m inim al elem ent of leaves (T )  contain ing I.  Thus, the  

set S  com puted  by step  2 is exactly  the  set of im m edia te  successors of /  in Ç' and th is 

set includes 5 . Then step  2 creates the  arcs from [ in Ç'. Notice th a t there  m ay be 

th ree or m ore arcs to  som e separa to r node in Ç'. in which case the  operation  rejects.

.\ssu m e S  ^  Ç' (F igure 3.29d). Let Q" be the  graph com puted  when .S' -E Ç'. 

Then deleting  5  from Ç" and updating  Ç" yields Ç'. It follows th a t Ftemove{S. K  ) 

correctly  com putes Ç'.

Since G e t M a x  and R em ove  each re q u ire 0 (n )  tim e, the  running  tim e is dom inated 

by the  0 {n log n) tim e to  do the  b inary  search when I  ^  Q.

Case two: K is an internal node w ith neighbors S'l.Fi.

Since S \ , S 2 are incom parable, then  jS? — 5 i | >  0 and |5 i — S'oj >  0. By Corol­

lary 3.3.2 and  3.3.3. th ere  are clique nodes /\’i, Ag of Q such th a t 5 i =  K\  i~i K  and 5i 

divides A'l, K  in Ç and =  A \ fl A and S2 divides A'2. A' in G- We again have sev­

eral cases and  in every case except th e  last. /  7  ̂ 0 and thus I  £  G' by Lem m a 3.23.2. 

Recall th a t since { 5 i. A*}. {^ 2. A’} are edges of G- there  is no separa to r node 5 ' of G 

such th a t  5 i C  S'  C  K  or S 2 C. S '  <Z A . .\lso  recall th a t by Lem m a 3.1.3. if S'  is a 

separa to r node of G such th a t  5 'f l  A', then  S '  Ç 5 i or S '  Ç 5o. F igure 3.27 illustrates 

th e  various cases.
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•  u ,u  ^  5 i U (F igure 3.27a). By O bservations 1 and 2. A'“. A'" € G' and 

{ / .  A '“}. { / ,  A'"̂ '} are edges of Q'. By Lem m a 3.23.4. Si ,S> E Ç'. Since S'l. S', Ç / .  

th en  (S'l, I ) .  (S'o, / )  are arcs of G'- By Lem m a 3.1.3. /  ^  ^  and there  are no o ther arcs 

to  I  and no arcs from I.

•  u E Si  C\ So. V ^  S'l U So (F igure 3.27b). By O bservation I. A ' -E G'- If 

|A' —(5 iU 5 2 ) | >  1. then by O bservation 1. A'“ E G '■ O therw ise. |A' — (S'l U.S'<)| =  1. 

By Lem m a 3.1.2. A’“ E G'■ (If A " ^  G'• then  A " =  S'l U S'2 C A ' for some clique node 

K '  ^  A’ of a con trad iction .) By O bservation 2. {A'“ . / } . { / .  A’ '̂} are edges of ç?'. By 

Lem m a 3.23.4. S 'l. S i €  G '■ Since {S'l. S2 , /}  is an an tichain , then  {S'l. A'"}. { A ". .S'2} 

are edges of G'■ Since A'“ has th ree  neighbors in G'■ then G'  is not interval, so the 

a lgorithm  rejects. (T here m ay be arcs to  I  but by Lem m a 3.1.3. I ^ G  and there  are 

no arcs from I.)

•  u E Si  — So. c 0  S'l U So (F igure 3.27c). By O bservation 1. A ' € G'-

Case 1: | A' — (5 i U S2 )| >  1 or |5 i — S'il >  1. T hen  S'2 C A If | A’ -  15i U S'< )| >  1. 

then  A " €  G' by O bservation 1. O therw ise. A'“ =  5 i U So and by Lem m a 3.1.2.

A " e  G'.

Case 2: |A' — (S'l U S'2)] =  1 and |5 i -  52| =  1. Then S'2 =  /  and A" =  S'l U S', 

and by Lem m a 3.1.2. A'“ E G'■

By O bservation 2. {A'“ . /} ,  { / .  A'^} are edges of G'■ By Lem m a 3.23.4. .S'l. .S, €  G '■ 

T hen { 5 i, A'“} is an edge of G'■ In Case 1. (S'2. / )  is an arc of G' and by Lem m a 3.1.3. 

I  ^  G and there  are no arcs from  I  in G'- In Case 2. So = [  and the arcs to  and from 

[ a re  the  sam e in G and G'-

•  U ê  b l — . 2̂- ^ E S 2 — b i .

Case 3: (A' — (S i U S2 )| >  0 (F igure 3.27d). By O bservation 1. A'“ . A ' E G' and 

{A '“, / } , { / .  A'"} are edges of G'. By Lem m a 3.23.4, S i, S2 €  G'- Since {S 1.S 2. /}  is
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an an tichain , then  { 5 i. A'“}, {A'”. 5 i}  are edges of Q'. By O bservation L. /  €  (J and 

th e re  are no arcs from /  in Q'. Let S \  — G e t M a x ( S i .  u) and <So =  G e t M a x i S i -  c). If 

5 ' €  «Si or S'  €  «Si, then  (S ', I )  is an arc of Q'.

C ase 4: |A' — (S i U So)| =  0 and  |A'| >  2 (F igure 3.27e). This is the  m ost 

com plicated  case. By Lem m a 3.1.3. I  Ç Ç only if /  C Si or /  C S i. which holds only 

if |Si — Si| =  1 or |Si — Si| =  1. T hus, if |Si — Si| =  1 or |S'i — S i| = 1. we can decide 

w hether /  6 ^  by exam ining G e t ' , I a x ( S i . u )  and G e t M a x i S i -  r | .

By Lem m a 3.23.4. if |S i — S i| >  1. then  Si €  Ç'. and  if |S i — S J  =  1. then Si €  Q'

if an d  only if componentsç{S i )  > 2. .Also. |S i — S i| =  1 if and only if A'“ =  .'̂ 'i

if an d  only if A'“ ^  Q'. In o ther words, if |S i — S i| >  1. then  S i. A'" € Ç' and

{S i. A'“}. { A'“ . 1} are edges of Ç'.  and  otherw ise. A'“ 0  Q'. and Si € Ç' if and only if 

com ponen t s ç i S i )  >  2. T he o ther case is sym m etric.

Case .5: | A'—(S iU S i) | =  0 and |A '| =  2 (F ig u re 3.27f). Then /  =  0 and A' =  (u . e}. 

T hen  {u.  e} is a cut edge of G  (or else a shortest cycle contain ing {u. c} is a triang le  

and A is not m axim al, a con trad iction) and A is a cut node of Ç. Thus. G'  has two 

connected com ponents G i .G i  w ith clique-separator graphs Qi-Qi- By Lem m a 3.23.4. 

S, G Gi if and only if componentsç (S t)  > 2.1 =  1.2. If componentsç iS ,]  =  2. then  

Remove{S , .  K )  upda tes Qi.i  =  1.2.

Since G e t M a x  and Remove  each require 0 { n )  tim e, the  running tim e is Gin) .  □

3.7 Com puting the clique-separator graph

In th is  section, we give an algorithm  to  com pute th e  clique-separator graph 5  of a 

chordal graph  G  in O(n^) tim e. T he algorithm  com putes the  c lique-separator graph  

of G  from  a  clique tree  of G.
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Begin algorithm

Verify th a t  G  is chordal by com puting a clique tree  T  of G. C om pute .?) Sn‘. n' <

n. w here 5, is the  m inim al vertex  separa to r corresponding to the  ;th  edge of T.  th a t

is. 5, =  A’ n  A ' if {A’. A"'} is the  ith  edge. C reate  an n x n 0-1 m atrix  M  initialized

to 0.

1. For every I < i < j  < n'. com pare 5, and Sj .  If 5, =  5^. delete S, .  If 5, C . 

set .V/[Aj| to 1. If Sj  C 5 ,. set .V/[j. I] to  I.

2. For every 5 ,. c rea te  the  corresponding separa to r node to 5, in Ç.

3. Sort th e  5 , ‘s by size using counting sort.

4. For A: =  1 to n — 1.

For / =  A: +  I to n.

For every 5, w ith size k  and every Sj  w ith size I. if M[i . j ]  = I and .\[[i'.j] = 0 

for every im m edia te  successor 5,/ of Si in then  crea te  arc ( 5 ,. ) in Q.

End algorithm

C om puting  a  clique tree  of G requires 0 { m  4- n] tim e. Since com paring any pair 

S i . S j  requires 0 ( n )  tim e, step I runs in O (n^) tim e. Since there  are a t most n S','s. 

each w ith  size a t m ost n. then  steps 2 and 3 run  in (9(n) tim e. .Any pair S...Sj is 

considered a t m ost once in step  4 and a separa to r node has at most n predecessors, 

so s tep  3 runs in O(n^)  tim e. T hus, the  a lgorithm  requires 0{n^ )  tim e.

S tep 1 sets Af[Aj] to  I if and only if 5,- C Sj .  We m ust show th a t step 3 creates 

arc [Si, S j ) if and  only if 5, C Sj  and there  is no 5,< such th a t 5, C -S,- C 5 j. We will 

show th a t  for every separa to r node 5 . the  arcs from 5  are correctly  com puted.

Let 5  be a  separa to r node of size 1 and  consider ite ra tion  A: =  I of the  k  loop. In 

the  I loop, ite ra tio n  I =  2 creates arc (5 . S ')  for every S ' of size 2 such th a t S  C S '.
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and ite ra tio n  I =  / ' creates arc {S. S')  for every 5 ' of size /' such th a t 5  C and 

no successor S"  of 5  satisfies 5 "  C 5 '. Therefore, the  / loop m ain tains the  invariant; 

after ite ra tio n  / =  arc { S .S ' )  has been created  for every S '  of size a t m ost I' such 

th a t S  C  S '  and no S"  satisfies 5  C S"  C S' .  Thus, after ite ration  k  = I oï  the 

k  loop, every arc from every node of size 1 has been correctly  com puted . Similarly, 

after ite ra tio n  k = k'  of the  k  loop, every arc from every node of size k'  has been 

correctly  com puted. We conclude th a t the  algorithm  correctly  com putes the  arcs of

a .

To com pute the  edges of Ç.  we ex tend  the  algorithm  so th a t the m axim al cliques 

are considered in the  sam e way as th e  m inim al vertex separators. Then ,\I is a '2 n < 'In 

m atrix . A fter the  a lgorithm  halts , we replace each arc (5 . A' l from a separa to r node 

5  to a  clique node A' w ith an edge {5. A'}.

3.8 Conclusions and future work

In th is thesis, we have presented  th e  following.

1. .A fully dynam ic algo rithm  for chordal graphs.

2. T he  clique-separator g raph  represen tation  of a  chordal graph and its properties.

3. T he  tra in  tree  represen ta tion  of an interval graph and its properties.

4. T he  algorithm  to com pute  a  tra in  tree  in 0 { n )  tim e.

■5. -A fully dynam ic a lgo rithm  for in terval graphs w ith 0 ( n  logn) tim e per opera­

tion.

6. .An algorithm  to com pute  th e  c lique-separator graph in 0 {n ^ )  tim e.

We axe pursuing the  following goals to  ex tend  th is work.
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1. F ind  the  p roperties of the  clique-separator g raph  Q when G  is strongly chordal, 

e tc .. We have already found the properties when 0  is proper interval or split.

2. Develop dynam ic algorithm s for recognizing strongly chordal graphs, proper 

in terval graphs, sp lit g raphs, etc..

3. Im prove the running  tim e of the  dynam ic a lgorithm  for interval graphs. The 

clique-separator graph  m ay undergo 0 ( n )  arc changes when an edge is inserted 

or deleted . If the  tra in  tree  can represent the  arcs im plicitly, as suggested 

by Lem m a 3.10. then  it m ay be possible to m ain ta in  the  tra in  tree w ithout 

m ain ta in ing  the  c lique-separator graph. We conjecture th a t w ith a vertex rep­

resen tation  in th e  tra in  tree , th is approach will im prove th e  u p d a te  tim e to  o( n ) 

tim e.

4. Im prove the  runn ing  tim e  of the algorithm  to  com pute the  clique-separator 

graph  Ç when G  is interval. We have already developed an algorithm  th a t, 

given a  clique tree , com putes the edges of ^  in 0 [ n )  tim e when G  is interval. 

We conjecture  th a t  the  arcs can be com puted in 0 { n  log n)  tim e by sim ulating 

a reverse topological o rder of the  boxes of Ç.

5. Im prove the  running  tim e of the algorithm  to  com pute th e  clique-separator 

graph  G when G  is strongly  chordal, sp lit, e tc .. We have already  developed an 

0 ( n )  tim e algo rithm  to  com pute G when G  is p roper interval.

The c lique-separator g raph  provides considerable inform ation about the  s tru c tu re  

of a chordal graph , and  it m ay lead to dynam ic algorithm s for every well known 

subclass o f chordal graphs. T he  tra in  tree provides even m ore inform ation about 

the  s tru c tu re  of an in terval g raph , and it m ay lead to fast dynam ic algorithm s for 

a  variety  of problem s on in terval graphs. This is particu larly  in teresting  since m any 

N P-com plete problem s are polynom ial tim e solvable on in terval graphs.
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