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ABSTRACT

A quadrotor is a type of small unmanned aerial vehicle (UAV) with four rotors.

Various control techniques have been successfully applied to the quadrotor. In this

thesis, two control methods, including linear quadratic regulator (LQR) and H2-

optimal control, are applied to the autonomous navigation and control of a quadorotor

named QBall-X4 that is developed by Quanser.

The continuous-time dynamic model is established using the Euler-Lagrange ap-

proach. Due to the nonlinearities in the quadrotor dynamics, we propose a simplified

linear model, which is further used for the controller design in this thesis.

According to the simplified quadrotor dynamics, we design an LQR controller to

regulate the quadrotor system from its initial position to the desired position. The

effectiveness of the controller is verified by simulation studies. However, the LQR

control system is operated in the nominal model, and it can not present guaranteed

performance when system uncertainties exist.
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The main emphasis is placed on designing an H2-optimal controller that mini-

mizes the H2-norm of the transfer function. The solution is obtained by using the

state-space approach and linear matrix inequality (LMI) method, respectively. In

contrast to LQR control method, which is normally applied to a system with no dis-

turbance, the H2-optimal controller takes the form of an observer together with a

state feedback control gain to deal with the system uncertainties and disturbances.

The simulation results and experimental study verify that the proposed H2-optimal

controller is an effective option for the quadrotor with the attendance of uncertainties

and disturbances.
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Chapter 1

Introduction

1.1 Brief Introduction of Unmanned Aerial Vehi-

cles

Unmanned aerial vehicles (UAVs) are a class of aircrafts which can fly without a

human pilot on board. Over the last few decades, UAVs have been widely applied

in military and civil areas. One example of the applications in military area is that

UAVs are used in U.S. air strikes in Yemen and Somalia [3]. On the civil side, the

applications include the traffic surveillance [4], photogrammetric recording [5], wildfire

suppression [6], crops spraying [7], etc.

The UAVs are commonly classified by the size, configurations, range, and en-

durance. For example, based on their size, UAVs are classified as: micro small UAVs,

small UAVs, medium UAVs, and large UAVs [8]. Based on configurations, UAVs

can be classified as fixed-wing UAVs and rotary-wing UAVs [9]. Figure 1.1 shows

a fixed-wing UAV, RQ-7B Shadow UAV, which is operated by U.S. Army, whereas

Figure 1.2 shows a rotary-wing UAV applied in the agriculture sector. Compared

to fixed-wing UAVs, the rotary-wing UAV has the capability of vertical take-off and
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landing and better maneuverability [10]. Based on the number of rotors, rotary-wing

UAVs are further classified as helicopters, quadrotors, hexrotors, and octorotors, etc.

Figure 1.1: RQ-7B Shadow UAV 1. Figure 1.2: A UAV for farming 2.

1.2 Quadrotor Dynamic Model

As shown in Figure 1.3, the quadrotor has four propellers which are actuated by

electric motors. One pair of propellers (propellers 2 and 4) rotate clockwise, while

the other pair of propellers (propellers 1 and 3) rotate counterclockwise. When a

propeller is rotating, it generates a thrust force and a reaction torque. The thrusts

generated by all propellers have the same direction. The thrusts are denoted by f1, f2,

f3, f4, and the reaction torques are denoted by τ1, τ2, τ3, τ4. For each propeller, the

generated thrust force and reaction torque are proportional to the square of rotational

speed of the propeller [11].

The motion of the quadrotor relates to the rotational speed of each of propeller.

Figure 1.4 shows how the forces and torques generated by the rotational propellers

affect the change of motions. For the motion in X-direction, the rotational speed

of propeller 3 increases, and the rotational speed of propeller 1 decreases with the

same value, producing a motion along X-direction. Similarly, the movement along Y -

1https://olive-drab.com/idphoto/id photos uav rq7.php.
2https://www.bbc.com/news/business-45020853.
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Figure 1.3: Quadrotor dynamics.

direction is achieved by increasing the rotational speed of propeller 4 and decreasing

the speed of propeller 2. For the motion in Z-direction, the rotational speeds of all

propellers increase or decrease equally, and then the total thrust moves the quadrotor

upward or downward with balance. For the rotation around Z-direction with the

hovering condition, one propeller pair increases the speed and another propeller pair

decreases the speed, and then a torque around vertical direction is exerted. Therefore

the quadrotor rotates around the vertical direction. In this case, all forces still remain

balanced, so no altitude change occurs.

The quadrotor is a nonlinear system, and it is also an under-actuated system

because the quadrotor has six degrees of freedom that are only actuated by four

rotors. Due to its nonlinear dynamics and the under-actuated configuration, the

controller design of the quadrotor is challenging. Therefore, it catches great attention

in the field of control and robotics.

The quadrotor dynamics is concerned with how forces acting on the quadrotor

influence its motion with respect to time. There are two general assumptions used

for establishing the mathematical model of the quadrotor [12].

• The quadrotor is a rigid body.

• The center of the mass is located at the geometric center of the quadrotor.
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Figure 1.4: The relationship among forces, torques, and the movements.

There are a number of publications on modeling of quadrotor dynamics. Two

methods commonly used for quadrotor modeling are Newton-Euler approach and

Euler-Lagrange approach [13]. The former derives the model by using Newton’s

second law, while the latter derives the model upon conservation of energy.

The resulting models are typically nonlinear. However, when the quadrotor op-

erates near the hover configuration, the nonlinear model can be approximated by a

linearized one [14]. Since the linear model approximates the real system at the hover

configuration, it may not provide a faithful description of the real system for a wide

operating envelope. In contrast, the nonlinear model is accurate for a wide range of

operation conditions, and yet it imposes complexity in the controller design [15].



5

1.3 Control of the Quadrotor

A variety of control methods have been proposed for the motion control of the quadro-

tor in the past decades. In this section, the recent works are reviewed.

1.3.1 Control Methods for the Nominal Quadrotor System

Early works consider the nominal model of the quadrotor, where the model is assumed

to be an accurate representation of the quadrotor without any uncertainties. Selected

linear and nonlinear methods, proportional-integral-derivative (PID) control, linear

quadratic regulator control (LQR), sliding mode control, and backstepping control

have been verified to be effective for motion control of the quadrotor.

PID control is widely used in the motion control of the quadrotor, which acts on

applying a correction to the error value that is the difference between the desired

state and the measured state. In [16], Salih et al. (2010) design PID controllers

for two subsystems: a fully-actuated hover control subsystem and an under-actuated

position control subsystem. The controllers are tuned by using the Zegler Nichols first

method in this paper. The designed controllers stabilize the quadrotor and regulate it

to a desired point. Although the structure of the PID controller is relatively simple,

PID controller requires careful tuning of the controller parameters, which can be

complex and time consuming [17]. LQR control, a well known modern optimal control

method, gives a state feedback controller that provides good system performance. The

controller is obtained by minimizing a quadratic cost function that is viewed as a linear

combination of the weighted states and control inputs. The weighting matrices can be

used as design parameters to penalize the state variables and the control signals [18].

In [19], Tosun et al. (2015) design classic LQR controllers for a quadrotor system that

is divided into four subsystems: a height subsystem, a position subsystem, a pitch
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and roll angle subsystem, and a yaw angle subsystem. The proposed controller is

compared with PID controllers by the simulation results. Even though both methods

steer the quadrotor to the desired position, the LQR controller has a lower control

effort and a faster response.

On the other hand, a number of nonlinear control techniques have been success-

fully proposed according to the nonlinear quadrotor model. In [20], Xu et al. (2006)

divide the whole quadrotor system into three subsystems: an under-actuated position

subsystem, a fully-actuated altitude subsystem, and a fully-actuated yaw angle sub-

system. The sliding mode controllers are developed for the yaw angle subsystem and

position subsystem, while a rate bounded PID controller is designed for the altitude

subsystem. The designed sliding mode controllers along with the PID controller are

able to drive the quadrotor to the desired position with a desired yaw angle. In [21],

a backstepping controller is developed by Madani et al. (2006) based on Lyapunov

stability theory. The proposed controller can stabilize the quadrotor system and also

control both the position on Z-axis and the yaw angle of the quadrotor.

1.3.2 Control Methods for the Quadrotor System with Un-

certainties and Disturbances

When dealing with the nominal model, a number of controllers are employed to solve

the problem and give satisfactory performances. However, the uncertainties are in-

evitable in many practical applications of the quadrotor. The model uncertainty is

one type of uncertainties. The model uncertainty appears in the process of modeling,

which is caused by the model mismatch between the ideal dynamics and real model

and inaccurate system parameters. For example, the approximation of the nonlinear

model causes the model uncertainty. The moment of inertia and the weight of quadro-

tor may change due to the variation in the payload [22], which also causes the model
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uncertainty. Moreover, measurement noise is another type of uncertainty that should

be considered in the controller design. The measurement noise typically results from

deficiency of the sensors and its interference with other electrical instruments [23]. In

such cases, designing a stabilizing controller becomes much more complicated. For

example, a controller that is effective for the nominal system can not stabilize the

system when the center of mass of quadrotor changes [24].

If the uncertainties are to be considered, more advanced control methods are

needed. An LQR controller combined with Kalman filters is employed by Zhang

et al. (2016) in [25]. A modified extended Kalman filter is added to the LQR con-

trolled system to estimate the states where the measured values are affected by the

uncertainties. It is verified that the proposed LQR controller rejects the state errors

caused by the uncertainties. In [26], Astudillo et al. (2017) focus on the design of a

combination of a linear quadratic Gaussian (LQG) controller and an H∞ controller

for the quadrotor position control. In LQG control, a state estimator estimates the

states and rejects the model uncertainty, while a feedback gain enables the states to

track the reference states. The H∞ controller provides robustness against the external

disturbances. The simulation results show that the proposed controllers can stabilize

the quadrotor within a small region around the desired path. In [27], Kotaru et al.

(2019) propose an L1 adaptive controller on quadrotor attitude control in a nominal

model. The L1 controller includes a low-pass filter and a control law. The uncertainty

caused by the difference between the real system and the nominal system is dealt with

by the low-pass filter, while a desired system performance is achieved by the control

law. The simulation results show a comparison between the performance of the L1

controller and those under the nominal controller. It is verified that the L1 controller

can reject the uncertainties and maintain the performance.

The quadrotor is also extremely sensitive to external disturbances such as wind
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disturbances when it autonomously flies under different flight conditions due to its

lightweight [23]. Many control methods have been applied for the quadrotor exposed

to external disturbances. In [28], Zhou et al. (2017) design a cascade PID controller

for attitude control of the quadrotor. The controller consists of two parts: a PID con-

troller for the stabilization of the quadrotor based on an inner-outer loop structure

and a robust compensator for the external disturbance rejection. The experimental

results show that the controlled quadrotor can track the attitude signals and reject

the effect of wind disturbances. Labbadi et al. (2019) design a cascade of controllers

for a quadrotor under the attendance of constant disturbances in [29]. The system has

an inner-outer loop configuration. For the inner loop, a new robust sliding mode con-

troller is developed to stabilize the attitude subsystem, and a backstepping controller

is designed for the position subsystem. For the outer loop, an adaptive backstepping

controller is developed for the altitude subsystem. It is verified that the proposed

controllers can effectively hold the position of the quadrotor with the presence of

external constant disturbances.

1.4 H2-optimal Control Method

The H2-optimal control problems is generally used for a linear, time invariant (LTI)

system subject to bounded uncertainties and disturbances, and theH2-optimal control

method is used to design a controller to solve such problems. The following presents

a brief review of the H2-optimal control.

Consider a linear generalized control system as shown in Figure 1.5. Here G is

the plant, K is the controller, w ∈ Rh is a vector of all disturbance inputs, u ∈ Rk is

a vector of all control inputs, y ∈ Rm is a vector consisting of measurement outputs,

and z ∈ Rr is a vector consisting of all required outputs [30]. The plantG is subjected
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Figure 1.5: Generalized control system.

to uncertainties and disturbances, and w is assumed to be an appropriate signal set

characterizing the uncertainties and disturbances.

Assume that the standard state-space representation of G is expressed as follows

ẋ = Ax+B1w +B2u,

z = C1x+D11w +D12u,

y = C2x+D21w +D22u,

(1.1)

where A ∈ Rn×n, B1 ∈ Rn×h, B2 ∈ Rn×k, C1 ∈ Rr×n, C2 ∈ Rm×n, D11 ∈ Rr×h,

D12 ∈ Rr×k, D21 ∈ Rm×h, and D22 ∈ Rm×k are constant matrices, and x ∈ Rn is

the state variable [31].

A popular solution to this problem is the LQG control method. It is assumed that

the disturbances and uncertainties are Gaussian in this method. An LQR control

gain and a state estimator are designed separately. The estimator is used to estimate

the states of the system from noisy measurements, while the LQR control gain is

used to minimize the feedback error and confirm the performance. Lyapunov theory

and Riccati equations lay the mathematical foundation for the LQG control method.

The former, which is developed by A.M. Lyapunov (1892) [32], is studied for the

stability of the dynamic systems [33], while the latter, which is first introduced by

J.F. Riccati (1724) [34], is typically used in control area to find an optimal feedback
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controller that minimizes the quadratic cost function [35]. The two-step scheme in

LQG controller design is known as the separation principle. Since the estimator is

designed relying on the open-loop estimation with respect to system uncertainties, the

system stability cannot be guaranteed under various weighting parameter selection.

The inappropriate weighting parameters may prevent the algorithm from finding a

good solution to reduce the effects of the uncertainties, therefore destabilizing the

system [36].

A significant change occurred in 1989, when Doyle et al. (1989) introduced the

H2-optimal control method [30]. The H2-optimal control problem aims to find a

feedback controller that stabilizes the system and minimizes the H2 norm of the

transfer function Tzw. The solution is obtained by the state-space approach in the

famous DGKF paper [30]. The H2-optimal control method is an extension of the

LQG control. For a system in a state-space form, under several assumptions on the

controllability and observability of the system, an optimal controller is obtained by

solving two algebraic Riccati equations like LQG control. Compared with LQG con-

trol, the H2-optimal control is an interconnection of the estimator and the feedback

controller. Furthermore, the weighting matrices of the estimator and the feedback

controller are determined in the modeling process, instead of the controller design pro-

cess [37]. In addition, the disturbances and uncertainties in the H2-optimal problem

can be colored noises [37].

In the following few years, varieties of approaches are proposed to solve the gen-

eral H2-optimal problem. In [38], Hunt et al. (1992) propose a polynomial equation

approach that relies on the algebraic properties of polynomial matrices. The solu-

tion is derived based on the solvability of the polynomial matrix equations. In [39],

Takaba et al. (1998) introduce a solution to the H2-optimal problem for the system

in a descriptor form. The solution is derived by using a standard model matching
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technique. In recent years, the LMI approach appears to be the most popular method

to deal with a flexible class of applications [40].

1.5 Contributions

In this thesis, a linearized quadrotor dynamic model of a specific quadrotor named

QBall-X4 is employed. The aim is to design an control system using H2-optimal con-

trol method for the motion control of the QBall-X4 quadrotor subject to disturbances

and uncertainties. The contributions of this thesis are listed as follows.

• A linearized dynamic model of the quadrotor is derived.

• The LQR control method is introduced. For comparison purposes, a state

feedback LQR controller is proposed for the nominal quadrotor model.

• The H2-optimal control method is studied, and an H2-optimal controller is

developed for the quadrotor system under the uncertainty and disturbance.

• A comparison between the LQR controller and the H2-optimal controller is

evaluated by simulation results.

1.6 Organization of the Thesis

The remainder of the thesis is organized as follows.

• In Chapter 2, a detailed description of the experimental platform is given.

• In Chapter 3, the modeling of the quadrotor is presented, and a linearized model

is obtained by using Euler-Lagrange approach.
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• In Chapter 4, the implementation of LQR control on the X-position subsystem

is investigated. A state feedback LQR controller is developed to operate the

quadrotor from the original position to the desired position. The performance

is illustrated by simulation results.

• In Chapter 5, the H2-optimal control theory is studied. It begins with the

derivation of the state-space approach to the H2-optimal control problem. Fur-

thermore, the LMI approach is provided. An H2 state feedback controller is

developed. The performance of the proposed H2-optimal controller is evaluated

by the simulation results and the experimental results.

• In Chapter 6, the conclusion remarks are provided, and some potential future

works are recommended.
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Chapter 2

Experimental Platform

2.1 Overview

The experimental platform employed in this thesis is Quanser Unmanned Vehicle

System developed by Quanser [2]. The experimental platform is installed in the

indoor environment. As shown in Figure 2.1, the experimental platform consists

of three parts: a ground station, a QBall-X4 quadrotor and an OptiTrack motion

capture system including multiple cameras manufactured by NaturalPoint Inc.

The remaining parts of this chapter are organized as follows. In Section 2.2, the

software installed in the ground station is introduced. In Section 2.3, the structure

of QBall-X4 quadrotor is provided. The indoor motion capture system, OptiTrack, is

introduced in Section 2.4. Lastly, the conclusion of this chapter is drawn in Section

2.5.

2.2 Ground Station

The ground station is a host PC running Windows operating system. MATLAB

Simulink, Quanser’s QUARC real-time control software and Quanser’s Motive soft-
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Figure 2.1: The layout of the experimental platform [1].

ware are installed in the host PC. QUARC serves as an interface between the Simulink

and the QBall-X4 [2]. The controller is firstly created as a Simulink model, and then

this Simulink model is compiled by QUARC to generate executable codes that can

be directly implemented on the QBall-X4 quadrotor. Moreover, QUARC receives

the sensor measurements from the quadrotor and sends them to Simulink. The Mo-

tive software processes the images captured by the multi-camera system, extracts the

position information of the quadrotor, and sends it to Simulink. During the post-

processing, Simulink receives all the state information from QUARC and the Motive

software and stores the collected data.

The entire interconnection between the host PC and other elements is achieved by

two types of networks. The OptiTrack cameras broadcast the images to Motive via an

internal network. An ad-hoc peer-to-peer wireless TCP/IP connection is established

between the host PC and the QBall-X4 via a wireless USB adapter [2]. An IP address

of the QBall-X4 is provided by Quanser Inc, and the IP address of the host PC is set
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within a valid range in order to connect to the local area network (LAN).

2.3 QBall-X4 Quadrotor

Carbon Fiber Cage

Propeller

Motor

Batteries

HiQ and Gumstix
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Figure 2.2: The configuration of the QBall-X4 [2].

Figure 2.2 shows the QBall-X4 quadrotor, which consists of four sets of motors

and propellers, an embedded Gumstix computer, an HiQ data acquisition card, two

batteries and a carbon fiber cage.

The propellers are actuated by the motors, while the motors are controlled by

commands generated by the Gumstix computer. The Gumstix computer functions as

an on-board controller, which executes the compiled executable codes to control the

QBall-X4 quadrotor.

The HiQ DAQ card is the data acquisition board of the QBall-X4, which is

mounted in the center of the QBall-X4 together with the embedded Gumstix com-

puter. The HiQ card is equipped with several on-board sensors, such as gyroscope, ac-

celerometer and magnetometer. The measurements from the gyroscope, accelerome-

ter, and magnetometer are fused to provide the orientation information of the quadro-
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tor. In addition, a sonar sensor mounted at the bottom of the QBall-X4 measures

the altitude. The HiQ card collects the sensor measurements and sends them to the

ground station via LAN.

The quadrotor is powered by two 3-cell 2500mAh LiPo batteries that are mounted

under the HiQ card. The quadrotor is enclosed in a carbon fiber cage which protects

the quadrotor form indoor laboratory hazards.

2.4 OptiTrack Motion Capture System

OptiTrack, a marker-based optical motion capture system developed by NaturalPoint,

is employed to capture the motion of the QBall-X4. The system has three components:

reflective markers, OptiTrack cameras, and the Motive software.

The reflective markers are attached to the carbon fiber cage of QBall-X4 in a

geometrically asymmetrical manner shown in Figure 2.3. The QBall-X4 is considered

as a rigid body, and the markers are clearly visible. The movement of QBall-X4

is tracked based on these reflected light detection by the cameras. A total of ten

OptiTrack Flex 3 cameras are included in this system, which are mounted around

the walls of the laboratory. All of the cameras are connected to Motive software by

the internal network. The camera sensors collect the images of the reflective markers

and send them to the Motive. Figure 2.4 shows the reflective markers captured by

the cameras in Motive. The Motive receives the data from all of the cameras and

provides the informations to users, such as the position and the orientation of the

QBall-X4 [41]. The OptiTrack cameras need to be calibrated to block the undesired

reflection spot. The coordinate system of the three dimensional space is also defined

in the camera calibration procedure.
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Figure 2.3: Placement of the reflection markers [2].

Figure 2.4: The reflective markers displayed in Motive [2].

2.5 Conclusion

This chapter introduces the overall experimental platform. The components of the

experimental platform are presented in detail, including the ground station, the QBall-

X4 quadrotor, and the OptiTrack motion caputure system. This platform provides a

testing environment for the proposed controllers.
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Chapter 3

Dynamic Model

3.1 Introduction

In this chapter, Euler-Lagrange approach is employed to derive the dynamic model

of the quadrotor. The dynamic model is obtained under the assumptions that the

quadrotor has a rigid symmetrical body, and the center of mass is located at the

center of the quadrotor.

The rest of this chapter is organized as follows. Two reference coordinate frames

and rotation matrices are introduced in Section 3.2. The Euler-Lagrange approach is

derived in Section 3.3. In addition, the actuator dynamics that describes the forces

resulting from the actuators is introduced in Section 3.4. Furthermore, the state-

space dynamic model that involves quadrotor dynamics and actuator dynamics is

developed in Section 3.5. In Section 3.6, the state-space dynamic model is decoupled

into four subsystems known as the X-position subsystem, the Y -position subsystem,

the altitude subsystem, and the yaw angle subsystem. The conclusion of this chapter

is addressed in Section 3.7.
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3.2 Reference Coordinate Frames and Rotation Ma-

trices

Two coordinate frames are firstly defined prior to the derivation of dynamic model as

shown in Figure 3.1. The first coordinate frame is the body attached frame, denoted

by B frame. It is rigidly attached to the quadrotor, and its origin OB is located at

the center of gravity (COG) of the quadrotor. The XB-axis and YB-axis are aligned

with the arms of quadrotor, and the ZB-axis is perpendicular to the XBYB plane and

pointing upward. The second frame is the inertia frame, which is called the earth
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𝐵ܻ𝑂𝐵

𝑂𝐸ܼ𝐸 𝐸ܻܺ𝐸

Propeller 3

Propeller 4

Propeller 2

Propeller 1

E Frame

B Frame
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Figure 3.1: B frame and E frame.

fixed frame in this thesis, denoted by E frame. It is attached to the initial position of

the quadrotor. The origin of E frame OE is the origin of the body attached frame in

the initial position, while the XE-axis, YE-axis, and ZE-axis are the initial positions

of XB-axis, YB-axis, and ZB-axis, respectively.

The quadrotor has 6 degree of freedom (DOF). Define that the joint vector q is
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composed of the position and the attitude as follows

q = [X, Y, Z, φ, θ, ϕ]> , (3.1)

where [X, Y, Z]> is the position of the quadrotor with respect to the earth fixed frame,

and η := [φ, θ, ϕ]> is the attitude of the quadrotor. φ, θ, ψ are referred to as roll,

pitch, and yaw angles of the quadrotor, respectively.

The rotation matrix can be obtained by using the Euler angle convention [1], as

the orientation of the body attached frame relative to the earth fixed frame can be

specified by three Euler angles φ, θ, and ψ. Consider any rotation of the body attached

frame with respect to the earth fixed frame as three successive rotations: Firstly, the

quadrotor rotates around ZB-axis by ϕ; then, the quadrotor rotates around YB-axis by

θ; finally, the quadrotor rotates around XB-axis by φ. Figure 3.2 shows the successive

three rotations.
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Figure 3.2: Three successive rotations.

It is observed that yaw angle ϕ, pitch angle θ, and roll angle φ are measured in the

body attached frame. Therefore, the rotation matrix that denotes the orientation of
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the body attached frame with respect to the earth fixed frame is obtained as follows

R = RZ,ϕRY,θRX,φ

=


Cϕ −Sϕ 0

Sϕ Cϕ 0

0 0 1




Cθ 0 Sθ

0 1 0

−Sθ 0 Cθ




1 0 0

0 Cφ −Sφ

0 Sφ Cφ



=


CϕCθ CϕSθSφ − SϕCφ CϕSθCφ + SϕSφ

SϕCθ SϕSθSφ + CϕCφ SϕSθCφ − CϕSφ

−Sθ CθSφ CθCφ

 ,
(3.2)

where RZ,ϕ, RY,θ, and RX,φ are the rotation matrices describing the rotations

through angle ϕ, θ, and φ around the ZB-axis, YB-axis, and XB-axis, respectively.

Sφ, Sθ, Sϕ, Cφ, Cθ, and Cϕ are the space-saving trigonometric notation, which are

exemplified by the expression Sφ = sinφ and Cφ = cosφ.

Some variables such as the thrust forces, are measured with respect to B frame,

while some variables such as the position of the quadrotor, are measured with respect

to E frame. The rotation matrix R is used to transform the variables from B frame

to E frame.

Define the angular velocity of the quadrotor expressed in B frame and the Euler

angle rate η̇ as follows

ωB :=


ωφ

ωθ

ωϕ

 , η̇ =


φ̇

θ̇

ϕ̇

 . (3.3)

Since ϕ, θ, and φ are measured in the body attached frame, ωB can be described as



22

follows [42]

ωB =


ωφ

ωθ

ωϕ

 =


φ̇

0

0

+RX,−ϕ


0

θ̇

0

+RX,−ϕRY,−θ


0

0

ϕ̇

 = Wηη̇, (3.4)

where RZ,−ϕ, RY,−θ, and RX,−φ are the rotation matrices describing the rotations

through angle −ϕ, −θ, and −φ around the ZB-axis, YB-axis, and XB-axis, respec-

tively, and

Wη =


1 0 −Sθ

0 Cφ SφCθ

0 −Sφ CφCθ

 .
Assuming that pitch and roll angles are small enough, we have a simple approximation

cos θ = cosφ = 1, sin θ = sinφ = 0, (3.5)

so Wη can be simplified as an identity matrix.

3.3 Euler-Lagrange Approach

The kinetic energy KE of the quadrotor is the summation of the translational kinetic

energy and rotational kinetic energy as follows [43]

KE =
1

2
mv>EvE +

1

2
ωE
>IωE, (3.6)

where m is the mass of the quadrotor, I is the inertia tensor, and vE and ωE are the

velocity and the angular velocity of the quadrotor expressed in E frame, respectively.

The inertia tensor I is also expressed in the earth fixed frame.
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The inertia tensor is difficult to be computed in the earth fixed frame, however,

the inertia matrix expressed in the body attached frame is a constant matrix. The

inertia matrix I is related to its counterpart in B frame IB by [43]:

I = RIBR
>. (3.7)

Then, the kinetic energy KE is derived as follows

KE =
1

2
mv>EvE +

1

2
ωE
>RIBR

>ωE

=
1

2
mv>EvE +

1

2
(R>ωE)>IB(R>ωE)

=
1

2
mv>EvE +

1

2
ω>BIBωB,

(3.8)

where ωB is the angular velocity expressed in the body attached frame. Substituting

(3.4) into (3.8), we have

KE =
1

2
mv>EvE +

1

2
(Wηη̇)>IB(Wηη̇) =

1

2
mv>EvE +

1

2
η̇>IBη̇. (3.9)

The potential energy PE is calculated as follows

PE = mgZ, (3.10)

where g denotes gravitational constant.

Since the structure of the quadrotor is symmetrical, the inertial matrix IB can be

described as a diagonal matrix as follows

IB =


Ixx 0 0

0 Iyy 0

0 0 Izz

 , (3.11)
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where Ixx, Iyy, and Izz are the moment of inertia of the quadrotor in XB-axis, YB-axis,

and ZB-axis, respectively.

Therefore, using the equations of the kinetic energy KE and the potential energy

PE, (i.e., (3.9)-(3.10)), the Lagrangian LEL can be obtained as follows

LEL =KE − PE

=
1

2
mẊ2 +

1

2
mẎ 2 +

1

2
mŻ2 +

1

2
Ixxφ̇

2 +
1

2
Iyyθ̇

2 +
1

2
Izzϕ̇

2 −mgZ.
(3.12)

Let FE be the generalized force in the earth fixed frame associated with the thrust,

and let FB be the force in the body attached frame generated by the rotors. The

thrusts which are generated by the propellers are denoted by f1, f2, f3, f4, as shown

in Figure 1.3. The other forces, such as centrifugal force, centripetal force, and drag

force, and so on, are neglected. According to the Euler angle convention and the

rotation matrix R, it yields

FE = RFB = R


0

0

Fz

 =


(CϕSθCφ + SϕSφ)Fz

(SϕSθCφ − CϕSφ)Fz

CθCφFz

 , (3.13)

where Fz = f1 + f2 + f3 + f4 is the total thrust.

Define τη as the torque

τη := [τφ τθ τϕ]>. (3.14)

By substituting (3.2), (3.12)-(3.14) into the Euler-Lagrange equation

d

dt
(
∂LEL
∂q̇

)− ∂LEL
∂q

=

 FE
τη

 , (3.15)
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the dynamic model of the quadrotor is derived as follows



Ẍ =
1

m
(CϕSθCφ + SϕSφ)Fz

Ÿ =
1

m
(SϕSθCφ − CϕSφ)Fz

Z̈ = −g +
1

m
CθCφFz

φ̈ =
τφ
Ixx

θ̈ =
τθ
Iyy

ϕ̈ =
τϕ
Izz

. (3.16)

The dynamic model (3.16) is a nonlinear model. In order to perform the linearization,

we assume that:

• The quadrotor operates near the hover position, which means that Wη is ap-

proximately an identity matrix as discussed before.

• The quadrotor hovers in the air, which means that Fz=mg.

• Pitch, roll, and yaw angles are small. The small angle approximation is applied,

which means that sinφ ≈ φ, sin θ ≈ θ, sinϕ ≈ ϕ, cosφ ≈ 1, cos θ ≈ 1, and

cosϕ ≈ 1.
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Therefore, the linearized model is obtained as:



Ẍ = gθ

Ÿ = −gφ

Z̈ = −g +
Fz
m

φ̈ =
τφ
Ixx

θ̈ =
τθ
Iyy

ϕ̈ =
τϕ
Izz

. (3.17)

3.4 Actuator Dynamics

As mentioned before, the thrusts and torques are related to the rotational speed of

propellers. Each propeller is controlled by an independent pulse width modulation

(PWM) signal. In this section, the relation between PWM signals and the thrusts

and torques are presented.

The thrust generated by each propeller is modeled by the following frequency

domain equation

fi(s) = Kf
δ

s+ δ
ui, (3.18)

where ui represents the PWM input to the rotors, fi is the thrust, i = 1, 2, 3, 4, δ

denotes the motor bandwidth, and Kf is a positive gain [2]. Defining 4fi be the

change of the thrust fi, and define 4ui be the PWM signal that causes 4fi, then

4fi(s) = Kf
δ

s+ δ
4 ui. (3.19)

The rotation around the ZB-axis is generated by the reaction torques. The rotation

around YB-axis is generated by the pair thrusts (f1, f3), and the rotation around XB-
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axis is generated by (f2, f4). Figure 3.3 shows a model of the motion in YB-axis as an

example.
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Figure 3.3: A model in YB-axis.

Therefore, the torque is given by

τη =


τφ

τθ

τϕ

 =


(f2 − f4)l

(f1 − f3)l

τ1 + τ3 − τ2 − τ4

 , (3.20)

where τ1, τ2, τ3, τ4 denote the reaction torques as shown in Figure 1.3.

Suppose that the pitch angle is caused by the 4f1 and 4f3 pair with an equal

value. Define uθ as a PWM control input that causes 4f1. The pitch torque τθ is

given by

τθ = (f1 − f3)l = 24 f1l = 2Kf l
δ

s+ δ
uθ. (3.21)

Similarly, about the XB-axis, the roll torque τφ is given by

τφ = 2Kf l
δ

s+ δ
uφ, (3.22)

where uφ denotes a PWM control input related to the change of roll angel φ.

The total thrust is generated by four rotors. Suppose the changes in all PWM



28

inputs are equal, then the total trust is given by

Fz =
4∑
i=1

4fi = 4Kf
δ

s+ δ
uz, (3.23)

where uz is the control input which is the change in the PWM input to one rotor.

Suppose the changes in all reaction torque are equal, which are described by the

first-order function

4τi = Kyuϕ, (3.24)

where uϕ is the change in the PWM input that causes the change of the reaction

torque, i = 1, 2, 3, 4, and Ky is a positive gain for the reaction torque. Then, the yaw

torque τϕ is described by following equation

τϕ = τ1 + τ3 − τ2 − τ4 = 4Kyuϕ. (3.25)

Defining [vφ, vθ, vϕ, vz]
> as a state variable representing the actuator dynamics,

the linear dynamic model for the actuator in state-space form is written as follows



v̇φ

v̇θ

v̇ϕ

v̇z


=



−δ 0 0 0

0 −δ 0 0

0 0 0 0

0 0 0 −δ





vφ

vθ

vϕ

vz


+



δ 0 0 0

0 δ 0 0

0 0 0 0

0 0 0 δ





uφ

uθ

uϕ

uz


,



τφ

τθ

τϕ

Fz


=



2Kf l 0 0 0

0 2Kf l 0 0

0 0 0 0

0 0 0 4Kf





vφ

vθ

vϕ

vz


+



0 0 0 0

0 0 0 0

0 0 δ 0

0 0 0 0





uφ

uθ

uϕ

uz


.

(3.26)

The values of the system parameters are given in Table 3.1 [2].
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Parameter Value Description

Kf 120 N Positive gain for the thrust model
Ky 4 N·m Positive gain for the reaction torque model
δ 15 rad/s Motor bandwidth
m 1.4 kg Mass of the quadrotor
l 0.2 m Length of the arm
Ixx 0.03 kg· m2 Moment of inertia of the quadrotor about XB-axis
Iyy 0.03 kg· m2 Moment of inertia of the quadrotor about YB-axis
Izz 0.04 kg· m2 Moment of inertia of the quadrotor about ZB-axis

Table 3.1: System parameters.

3.5 State-space Model Involving Quadrotor Dy-

namics and Actuator Dynamics

Substitute (3.26) to (3.17). The state-space model involving quadrotor dynamics and

actuator dynamics is derived as follows

Ẋx = AxXx +Bxθ,

Ẋθ = AθXθ +Bθuθ,

Ẋy = AyXy +Bxφ,

Ẋφ = AφXφ +Bφuφ,

Ẋz = AzXz +Bxuz + Ω,

Ẋϕ = AϕXϕ +Bϕuϕ,

(3.27)
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where

Xx =

 X

Ẋ

 ,Ax =

 0 1

0 0

 ,Bx =

 0

g

 ,

Xθ =


θ

θ̇

vθ

 ,Aθ =


0 1 0

0 0
2Kf l

Iyy

0 0 −δ

 ,Bθ =


0

0

δ

 ,

Xy =

 Y

Ẏ

 ,Ay =

 0 1

0 0

 ,By =

 0

−g

 ,

Xφ =


φ

φ̇

vφ

 ,Aφ =


0 1 0

0 0
2Kf l

Ixx

0 0 −δ

 ,Bφ =


0

0

δ

 ,

Xz =


Z

Ż

vz

 ,Az =


0 1 0

0 0
4Kf

m

0 0 −δ

 ,Bz =


0

0

δ

 ,Ω =


0

−g

0

 ,

Xϕ =

 ϕ

ϕ̇

 ,Aϕ =

 0 1

0 0

 ,Bϕ =

 0

4Ky

Izz

 .
3.6 Decoupled System

Obviously the yaw motion of the quadrotor is realized by the signal uϕ, and the

motions along X-axis, Y -axis, and Z-axis are realized by the control signals uθ, uφ,

and uz, respectively. Suppose that the cross-coupling is removed by neglecting all the

gyroscopic effects. The system model is split into four subsystems as follows.
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X-position subsystem

Ẋx = AxXx +Bxθ,

Ẋθ = AθXθ +Bθuθ,

(3.28)

Y -position subsystem

Ẋy = AyXy +Bxφ,

Ẋφ = AφXφ +Bφuφ,

(3.29)

yaw angle subsystem

Ẋϕ = AϕXϕ +Bϕuϕ, (3.30)

and altitude subsystem

Ẋz = AzXz +Bxuz + Ω. (3.31)

Due to the symmetrical geometry of the quadrotor, the Y -position subsystem is

similar to the X-position subsystem. In this thesis, the controllers are developed

for the X-position subsystem; similar methods can also be used for the Y -position

subsystem.

Rewrite (3.28) in a state-space form

ẊX = AXXX +BXuθ,

YX = CXXX ,

(3.32)



32

where

XX =



X

Ẋ

θ

θ̇

vθ


, AX =



0 1 0 0 0

0 0 g 0 0

0 0 0 1 0

0 0 0 0
2Kf l

Iyy

0 0 0 0 −δ


, BX =



0

0

0

0

δ


,

and CX is an identity matrix I5.

3.7 Conclusion

This chapter introduces the dynamic model used in the motion control of the quadro-

tor. Firstly, some prerequisite concepts are introduced, including reference coordinate

frames, Euler angles, and rotation matrices. Then, the dynamic model of the quadro-

tor is derived by using Euler-Lagrange approach. Next, the actuator dynamics is

also introduced. After that, the state-space model of the quadrotor is presented by

combining the quadrotor dynamics and actuator dynamics. Finally, the decoupled

dynamics is introduced.
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Chapter 4

LQR Controller Design for the

Quadrotor

4.1 Introduction

In this chapter, the LQR control method for the continuous-time system is firstly in-

troduced. The LQR control, as a typical optimal method, aims at finding a feedback

controller to minimize the quadratic cost which is related to the weighted state vari-

ables and weighted control inputs. Then, an LQR controller is employed to regulate

the quadrotor from the initial position to the desired position. Finally, the simulation

results verify the effectiveness of the proposed controller.

The rest of this chapter is organized as follows. The LQR control method is

introduced in Section 4.2. The application of state feedback LQR control method to

the position subsystem of the quadrotor is discussed in Section 4.3.
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4.2 LQR Controller Design

Assume that there is no uncertainty and disturbance, and the plant is a nominal plant

as follows [42]

ẋ = Ax+Bu,

z = Cx,

(4.1)

where x ∈ Rn is the state, u ∈ Rk is the input, z ∈ Rn is the output, A ∈ Rn×n,

B ∈ Rn×k, C ∈ Rn×n are constant matrices, and C is identity matrix In.

The quadratic cost function of this system is given by

Jlqr =

∫ ∞
0

(x>Qlqrx+ u>Rlqru)dt, (4.2)

where Qlqr ∈ Rn×n and Rlqr ∈ Rk×k are symmetric, positive definite matrices.

x>Qlqrx is related to the energy of the controlled output, while u>Rlqru denotes

the weighted energy of the control signal.

Define the Hamiltonian function as follows

Hlqr =
1

2
(x>Qlqrx+ u>Rlqru) + λ>(Ax+Bu), (4.3)

where λ ∈ Rn is the Lagrange multiplier.

Following Pontryagin’s maximum principle [44, 45], we have

dHlqr

du
=

1

2
u>Rlqr +

1

2
u>R>lqr + λ>B = 0⇒ u = −R−1lqrB

>λ,

(
dHlqr

dx
)> = (

1

2
x>Qlqr +

1

2
x>Q>lqr + λ>A)> = Qlqrx+A>λ = −λ̇.

(4.4)

Define

λ = Plqrx. (4.5)
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Taking the derivative of (4.5), we have

λ̇ = Ṗlqrx+ Plqrẋ = Ṗlqrx+ PlqrAx− PlqrBR−1lqrB
>λ

⇒ − Ṗlqr = PlqrA+A>Plqr − PlqrBR−1lqrB
>Plqr +Qlqr.

(4.6)

Assuming that the control law takes the form

u = −Klqrx, (4.7)

the control gain Klqr is given by

Klqr = R−1lqrB
>Plqr, (4.8)

where Plqr is the unique solution of the algebraic Riccati equation [45]

A>Plqr + PlqrA− PlqrBR−1lqrB
>Plqr +Qlqr = 0. (4.9)

To verify the stability, the closed-loop system is derived as follows

ẋ = Ax+B(−Klqrx) = (A−BKlqr)x. (4.10)

Define a candidate Lyapunov function of the closed-loop system as

Vlqr(x) = x>Plqrx. (4.11)
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Taking the derivative of (4.11), it yields

V̇lqr = ẋ>Plqrx+ x>Plqrẋ

= (A−BKlqr)
>Plqrx+ x>Plqr(A−BKlqr)

= x>(−Qlqr − PlqrBR−1lqrB
>Plqr)x.

(4.12)

SinceRlqr andQlqr are positive definite,Qlqr+PlqrBR
−1
lqrB

>Plqr is positive definite.

It means that V̇lqr is positive. Therefore, the closed-loop system is asymptotically

stable [46].

The weighting matrix selection reflects the optimal performance of the LQR con-

troller. Basically, the larger value of Qlqr means that the system is stabilized with

smaller changes in the states. Similarly, choosing a large value forRlqr means that the

system is stabilized with a small control signal. The Bryson’s rule is a popular method

to determine the weighting matrices [47]. According to this rule, the weighting ma-

trices are chosen to be diagonal matrices. The diagonal elements of the weighting

matrices Qlqr and Rlqr are the reciprocals of the squares of the maximum accept-

able values of the states and the input control signals, respectively. Another popular

method is to minimize the quadratic cost function with output weight [48]. Based

on this method, the weighting matrix Qlqr is selected as C>C, and the weighting

matrix Rlqr is selected as ρIk, where the scalar ρ > 0.
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4.3 LQR Controller Design for the Position Sub-

system of the Quadrotor

4.3.1 Simulation Setup

To design the LQR controller, the plant should be a nominal dynamic model. The

position subsystem of the quadrotor (3.31) previously discussed is a nominal model

as follows

ẋ = Ax+Buθ,

z = Cx,

where

A = AX , B = BX , C = CX . (4.13)

Define that xd = [xr, 0, 0, 0, 0]> is the desired state, where xr is the desired position

along the XE-axis.

The purpose of the controller is to regulate the quadrotor from the initial state to

the desired state by minimizing the cost. Let the state error be ed = x−xd and the

system output be zd. Then, the error dynamics can be derived as

ėd = ẋ− ẋd = Ax+Buθ −Axd = Aed +Buθ,

zd = z −Ced = Ced.

(4.14)

Considering the error dynamic system in (4.14), the LQR controller can be designed

as

uθ = −Klqred = −Klqr(x− xd), (4.15)

where Klqr is the LQR control gain that can be calculated by (4.8).
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The closed-loop system is derived as follows

ẋ = Ax+B(−Klqr(x− xd))

= Ax−BKlqrx+BKlqrxd

= (A−BKlqr)x+BKlqrxd.

(4.16)

4.3.2 Simulation Results

Suppose that the initial state of the quadrotor x0 is [0.5, 0, 0, 0, 0]>, and the desired

state is [0, 0, 0, 0, 0]>. The weighting matrix Qlqr and Rlqr are selected as C>C and

ρI1, respectively. Taking different values of ρ, we compare the simulation results.

Figure 4.1 shows the trajectories of the position and the pitch angle of the quadro-

tor. WhileQlqr is held as a constant matrix, the convergence speed of state is affected

by the scalar ρ in the weighting matrix Rlqr. The larger the value of ρ is, the slower

the state response is.
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Figure 4.1: Simulation results of the state feedback LQR controller.
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4.4 Conclusion

This chapter introduces the LQR problem and presents a derivation of general LQR

controller. A state feedback LQR controller is then designed for the position regula-

tion of the quadrotor. Simulation results are provided to verify the effectiveness of

the proposed controller.
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Chapter 5

H2-optimal Controller Design for

the Quadrotor

5.1 Introduction

Consider a finite dimensional LTI system with the state-space form

ẋo = Aoxo +Bouo,

zo = Coxo.

(5.1)

where xo ∈ Rn is the state, uo ∈ Rk is the input, zo ∈ Rn is the output, Ao ∈ Rn×n,

Bo ∈ Rn×k, Co ∈ Rr×n are constant matrices.

Define Pc and Po as follows

Pc =

∫ ∞
0

eAotBoB
>
o e

A>
o tdt,

Po =

∫ ∞
0

eA
>
o tC>o Coe

Aotdt.

(5.2)
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The H2-norm of transfer function To of (5.1) is calculated as follows

||To||22 =
1

2π

∫ ∞
−∞

Trace
[
To(jω)>To(jω)

]
dω

=

∫ ∞
0

Trace
[[
Coe

AotBo

]> [
Coe

AotBo

]]
dt

= Trace

[
B>o

∫ ∞
0

eA
>
o tC>o Coe

AotdtBo

]
= Trace

[
B>o PoBo

]
(5.3)

or

||To||22 =
1

2π

∫ ∞
−∞

Trace
[
To(jω)To(jω)>

]
dω

=

∫ ∞
0

Trace
[[
Coe

AotBo

] [
Coe

AotBo

]>]
dt

= Trace

[
Co

∫ ∞
0

eAotBoB
>
o e

A>
o tdtC>o

]
= Trace

[
CoPcC

>
o

]
.

(5.4)

Po is the observability Gramian, satisfying the filter-type Lyapunov equation

A>oPo + PoAo +C>o Co = 0. (5.5)

Similarly, Pc is the reachability Gramian, satisfying the control-type Lyapunov equa-

tion [33, 49]

AoPc + PcA
>
o +BoB

>
o = 0. (5.6)

As we discussed before, the block diagram in Figure 1.5 shows the generalized
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control system with disturbances. The plant P is described by the state-space form

ẋ = Ax+B1w +B2u,

z = C1x+D11w +D12u,

y = C2x+D21w +D22u,

(5.7)

where A ∈ Rn×n, B1 ∈ Rn×h, B2 ∈ Rn×k, C1 ∈ Rr×n, C2 ∈ Rm×n, D11 ∈ Rr×h,

D12 ∈ Rr×k, D21 ∈ Rm×h, D22 ∈ Rm×k, x ∈ Rn is the state variable, w ∈ Rh is the

disturbance input, u ∈ Rk is the control input, y ∈ Rm is the measurement output,

and z ∈ Rr is the required output [31].

Suppose that the controller K has a state-space form as follows

ẋk = Akxk +Bky,

u = Ckxk +Dky,

(5.8)

and has the control law

u = Ky. (5.9)

Assuming that D22 = 0, the transfer function Tzw from w to z therefore has a

state-space form as

Tzw =

 Ac Bc

Cc Dc

 (5.10)

or

ẋc = Acxc +Bcw,

z = Ccxc +Dcw,

(5.11)
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where

xc =

 x

xk

 ,
Ac =

 A+B2DkC2 B2Ck

BkC2 Ak

 ,
Bc =

 B1 +B2DkD21

BkD21

 ,
Cc =

[
C1 +D12DkC2 D12Ck

]
,

Dc = D11 +D12DkD21.

(5.12)

The H2-optimal problem is defined as finding a controllerK to stabilize the system

and minimize the H2-norm of the transfer function from w to z when Dc = 0 [50].

minimize ||Tzw||22. (5.13)

Equation (5.11) has the same form as (5.1) whenDc = 0. Therefore, the objective

of an H2-optimal problem for (5.7) is to find an appropriate Po or Pc for the transfer

function Tzw.

The rest of this chapter is organized as follows. The existence of H2-optimal

controller is discussed in Section 5.2. The state-space approach and LMI approach

for solving the H2-optimal problem are provided in Section 5.3 and Section 5.4, re-

spectively. The H2-optimal methods are applied to the X-position subsystem of the

quadrotor in Section 5.5. The experimental results are provided in Section 5.6.
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5.2 Assumptions Related to the H2-optimal Con-

trol Problem

The following assumptions must be satisfied to guarantee the existence of an H2-

optimal controller K:

1) D11 = 0. This is assumed that the direct feedforward matrix from w to z is

equal to zero, which means that we can obtain an H2 norm of the closed-loop transfer

function from w to z [49]. If this matrix is not equal to zero, a transformation can

be used to transfer the problem with D11 6= 0 to an equivalent problem with a new

D11 = 0 [51].

2) D22 = 0. We also assume that the direct feedforward matrix from u to y is

equal to zero. It means that the closed-loop system always has a zero gain at infinite

frequency, or there exits the closed-loop transfer matrix [31].

3) (A,B2) is stabilizable, and (C2,A) is detectable. There exists a matrix F such

that all eigenvalues of A +B2F have negative real part, or A +B2F is a Hurwitz

matrix. There also exists a matrix L such that A + LC2 is a Hurwitz matrix. If

A+B2F and A+LC2 are Hurwitz matrices, the system is stable. This assumption

guarantees that two algebraic Riccati equations, which will be discussed fully later

in this chapter, have unique solutions when we derive the results via state-space

approaches [52].

4) D12 has full column rank, while D21 has full row rank. This condition guar-

antees that the controller is proper [53].

5) The matrix

 A− jω B2

C1 D12

 and

 A− jω B1

C2 D21


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have the full column rank and the full row rank at every frequency, respectively. This

means that the disturbance input w affects the measured output y dependently for

all ω, and the control input u should affect the performance output z for all ω. This

condition guarantees that there are no control singularity and sensor singularity at

all frequencies [54].

6) D>12C1 = 0 and C>1D12 = 0. This assumption is used to simplify the solution,

which can be relaxed in other approaches, e.g., LMI methods, to solve the H2-optimal

problem [49].

5.3 State-space Solution to the H2-optimal Control

Problem

The H2-optimal problem can be reduced to an LQG problem, where the colored

noise can be considered as a white noise with a shaping filter [55]. The design of

the H2-optimal controller includes the design of an LQR controller for a nominal

model which is not affected by the uncertainties and the design of a linear quadratic

estimator (LQE) which estimates the states under the uncertainties and disturbances.

The solution follows the separation principle, which means that the optimal LQR

controller and the optimal LQE can be designed independently.
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5.3.1 LQR Controller Design for the Full Information Sub-

problem

Assuming that all real states of the system are known, the general system is described

as a full information system

ẋ = Ax+B1w +B2u,

z = C1x+D12u,

(5.14)

where a control feedback gain F can minimize the cost of the transfer function from

w to z and stabilize the system. As the measured states are exactly equal to the real

states in the full information problem, we have y = x and u = Fy = Fx.

The full information system (5.14) therefore can be described as

ẋ = Ax+B1w +B2u,

z = C1x+D12u,

y = Ix,

(5.15)

where I is the identity matrix.

The closed-loop system is given by

ẋ = (A+B2F )x+B1w,

z = (C1 +D12F )x,

(5.16)

which can be described in a compact form

Gc =

 A+B2F B1

C1 +D12F 0

 . (5.17)
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Based on (5.3) and (5.5), the optimal objective of the full information problem is

to minimize the H2-norm of the transfer function of Gc

||Gc||22 = Trace(B>1 PoB1), (5.18)

where Po satisfies the following Lyapunov equation

(A+B2F )>Po + Po(A+B2F ) + (C1 +D12F )>(C1 +D12F ) = 0. (5.19)

Define Qo = C>1 C1 and Ro = D>12D12. The cost function of (5.16) can be described

as

∫ ∞
0

(z>z)dt =

∫ ∞
0

((C1x+D12Fx)>(C1x+D12Fx))dt. (5.20)

Define a substitute system

ẋ = Ax+B2u,

z = C1x

(5.21)

with the same cost as (5.20). Via the LQR method, the cost function can be mini-

mized, and the control gain F can be obtained by

F = −R−1o B>2Xo = −(D>12D12)−1B>2Xo, (5.22)

where Xo is the unique solution of the algebraic Riccati equation

A>Xo +XoA−XoB2R
−1
o B

>
2Xo +Qo = 0. (5.23)
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Rewrite (5.22) as

−RoF = B>2X
>
o = (XoB2)>. (5.24)

Substituting (5.24) to (5.23), we can obtain that

A>Xo +XoA−XoB2R
−1
o B

>
2Xo +Qo = 0.

⇒ A>Xo +XoA+Qo + F>RoF − F>RoF − F>R>oF = 0

⇒ A>Xo +XoA+C>1 C1 + F>D>12D12F + F>B>2Xo +XoB2F = 0

⇒ (A+B2F )>Xo +Xo(A+B2F ) + (C1 +D12F )>(C1 +D12F ) = 0.

(5.25)

Therefore, the cost of (5.15) is minimized by the controller

F = −(D>12D12)−1B>2Xo, (5.26)

and the optimal value is obtained by minimizing

||Gc||22 = Trace(B>1XoB1), (5.27)

where Xo is the unique symmetric positive solution to the algebraic Riccati equation

A>Xo +XoA−XoB2(D>12D12)−1B>2Xo +C>1 C1 = 0. (5.28)

5.3.2 LQE Design for the Output Estimation Subproblem

Assuming that we now only have the measured output y of the system, the states of

the system can be estimated based on the measured output. The general system can
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be adjusted to the output estimation problem

ẋ = Ax+B1w +B2u,

ŷ = C1x̂+D12u,

y = C2x+D21w,

(5.29)

where x̂ is the estimate of state x, and ŷ is the estimate of output y.

The output estimator L, which can regulate the estimated states to the actual

states, is designed as

˙̂x = Ax̂+B2u+L(y − ŷ). (5.30)

Then, the system (5.29) can be writen as

˙̂x = Ax̂+B2u+L(y − ŷ),

ŷ = C2x̂.

(5.31)

Note that we do not consider the disturbance w in the estimated output ŷ. Since x̂

is the final estimated state, the output ŷ purely relates to the estimated state.

Define ex = x− x̂ as the error between the actual state and the estimated state,

and then it implies

ėx = ẋ− ˙̂x = Ax+B1w +B2u−Ax̂−B2u+L(C2x+D21w −C2x̂)

⇒ ėx = (A+LC2)ex + (B1 +LD21)w.

(5.32)

The error between the real output and the estimated output satisfies

ez = z − ŷ = C1x+D12u−C1x̂+D12u = C1ex. (5.33)
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Therefore, the closed-loop system (5.29) becomes

ėx = (A+LC2)ex + (B1 +LD21)w,

ez = C1ex,

(5.34)

which can be described as a compact form

Gf =

 A+LC2 B1 +LD21

C1 0

 . (5.35)

By (5.4) and (5.6), the objective of the output estimate problem is to minimize the

H2-norm of the transfer function

||Gf ||22 = Trace(C1PcC
>
1 ), (5.36)

where Pc satisfies the Lyapunov equation as follows

(A+LC2)Pc + Pc(A+LC2)> + (B1 +LD21)(B1 +LD21)> = 0. (5.37)

It implies

APc + PcA
> +B1B

>
1 +LD21D

>
21L

> +LC2Pc + PcC
>
2 L

> = 0. (5.38)

The solution to the output estimation problem is dual to the solution to the full

information problem [56].

Define Qc = B1B
>
1 and Rc = D21D

>
21, and define a full information system as
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follows [49]

ẋ = A>x+C>1 w +C>2 u,

y = B>1 x+D>21u.

(5.39)

By using the results of the full information problem, it is observed that the cost is

Trace(C1YcC
>
1 ), (5.40)

where Yc is the unique symmetric positive solution to the algebraic Riccati equation

AYc + YcA
> − YcC>2R−1c C2Yc +Qc = 0. (5.41)

Let

L = −Y2C
>
2R

−1
c = −Y2C

>
2 (D21D

>
21)−1, (5.42)

and then (5.41) is equivalent to (5.37). Since Pc is the unique solution of (5.41),

Pc = Yc.

Therefore, the cost of the output estimate H2 problem is minimized by the esti-

mator

L = −YcC>2R−1c = −YcC>2 (D21D
>
21)−1, (5.43)

and the optimal value is obtained by minimizing

||Gf ||22 = Trace(C1Y2C
>
1 ), (5.44)

where Yc is the unique solution of the algebraic Riccati equation

AYc + YcA
> − YcC>2 (D21D

>
21)−1C2Yc +B1B

>
1 = 0. (5.45)
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The estimator in this problem can be considered as a Kalman filter, as it minimizes

the error between the real output and estimated output.

5.3.3 State-space Solution to the H2-optimal Problem

Suppose that the output is finely estimated as states x̂, then we can treat the H2-

optimal problem as a full information subproblem. Define ŷ is a well known output,

then ŷ = x̂. The full information optimal subsystem can be described as follows

˙̂x = Ax̂+B1w +B2u,

ẑ = C1x̂+D12u,

ŷ = Ix̂.

(5.46)

The compact form of this problem can be expressed as follows

Go =


A B1 B2

C1 0 D12

I 0 0

 . (5.47)

The control gain F can be obtained as

F = −(D>12D12)−1B>2Xo, (5.48)

and the control law is

u = F ŷ = F x̂, (5.49)
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where Xo is the unique symmetric positive solution to the algebraic Riccati equation

A>Xo +XoA−XoB2(D>12D12)−1B>2Xo +C>1 C1 = 0. (5.50)

Since the measured states are the only states we can obtain in the general problem,

the error between the measured states and the estimated states should be considered.

An output optimal subproblem can be designed to solve this problem. Define an

input v as the difference between the real control input u and the estimated input,

v = F x̂ − Fx = u − Fx. Consider v as a new control input, and then the general

problem becomes an output estimation optimal subproblem as follows

ẋ = Ax+B1w +B2u,

v = −Fx+ Iu,

y = C2x+D21w.

(5.51)

The form of this output estimation problem can also be expressed as follows

Gc =


A B1 B2

−F 0 I

C2 D21 0

 . (5.52)

Based on the results for the output estimation problem, the estimator L gain can be

obtained as

L = −YcC>2 (D21D
>
21)−1, (5.53)

where Yc is the unique solution of the algebraic Riccati equation

AYc + YcA
> − YcC>2 (D21D

>
21)−1C2Yc +B1B

>
1 = 0. (5.54)
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This estimator can minimize the difference between the estimated state and the actual

state, and therefore it regulate the estimated output to the actual output [57].

By minimizing the effect from disturbance w to the estimated output ẑ and

minimizing the difference between the estimated output ẑ and the actual output

z, the controller K is finally developed for the following general H2-optimal problem

˙̂x = Ax̂+B2u+L(C2x̂− y),

u = F x̂.

(5.55)

Rewrite the K as a state-space form

ẋk = Akxk +Bky,

u = Ckxk +Dky,

(5.56)

where

Ak = A+LC2 +B2F , Bk = L, Ck = −F , Dk = 0. (5.57)

The controller K can also be expressed as

K =

 A+LC2 +B2F L

−F 0

 , (5.58)

where F and L are with the following definition

F = −(D>12D12)−1B>2Xo

L = −YcC>2 (D21D
>
21)−1,

(5.59)

and Xo and Yc are the unique symmetric positive solutions of the following algebraic
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Riccati equations, respectively.

A>Xo +XoA−XoB2(D>12D12)−1B>2Xo +C>1 C1 = 0,

AYc + YcA
> − YcC>2 (D21D

>
21)−1C2Yc +B1B

>
1 = 0.

(5.60)

The closed-loop system is formulated as

ẋcl = Aclxcl +Bclw

z = Cclxcl +Dclw,

(5.61)

where

xcl =

 x

xk


Acl =

 A+B2DkC2 B2Ck

BkC2 Ak


Bcl =

 B1 +B2DkD21

BkD21


Ccl =

[
C1 +D12DkC2 D12Ck

]
Dcl = D11 +D12DkD21.

(5.62)

5.4 LMI Solution to the H2-optimal Control Prob-

lem

The state-space method for solving the H2-optimal problem is convenient to follow.

However, the formulation of the model with all assumptions is difficult. Therefore,

we reduce the H2-optimal problem to an LMI problem. The LMI method is a tool to
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design the controllers in terms of linear matrix inequalities with a few assumptions

[40], and LMIs can be conveniently solved by using the existing standard LMI solvers

in MATLAB. Therefore, the application process of the LMI method is simpler than

that of the state-space approach.

5.4.1 Basic Concepts of the LMI Approach

A system of LMIs is a set of matrix inequalities with the following common form

FL = F0 +
n∑
i=1

xiFi � 0, (5.63)

where Fi ∈ Rs×s (i = 1, 2, ...n) are symmetric matrices, xi (i = 1, 2, ...n) are unknown

scalar variables [58], and the inequality symbol � means that the matrix in the left

side is positive semidefinite.

We now introduce the Schur complement which is usually used for the derivation

of the general LMI problems. It shows that the set of nonlinear inequalities

M � 0

Q−R>M−1R � 0,

(5.64)

or

Q � 0

M −RQ−1R> � 0,

(5.65)

can be equivalently represented as the LMI as follows

 M R

R> Q

 � 0, (5.66)
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whereM ∈ Rp×p andQ ∈ Rq×q are symmetric matrices,R ∈ Rp×q, and the inequality

symbol � means that the matrix in the left side is positive definite [40].

Using (5.3-5.6), it is readily verified that the H2-norm ||To||22 < α if there exists a

positive Pc satisfying [59]

Trace(CoPcC
>
o ) < α

AoPc + PcA
>
o +BoB

>
o ≺ 0

(5.67)

or there exists a positive Po satisfying

Trace(B>o PoBo) < α

A>oPo + PoAo +C>o Co ≺ 0.

(5.68)

In other words, the Lyapunov inequalities on Pc and Po are the special forms of LMIs

[60].

Via the Schur complement, the matrix inequality (5.67) and (5.68) can be trans-

formed to the LMI standard expressions [61]

Trace(Zc) < α Pc Bo

B>o Zc

 � 0

 AoPc + PcA
>
o PcC

>
o

CoPc −Ir

 ≺ 0,

(5.69)
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and

Trace(Zo) < α Po C>o

Co Zo

 � 0

 A>oPo + PoAo PoBo

B>o Po −Ir

 ≺ 0

(5.70)

by setting Po = P−1c [62], where Ir is identity matrix.

5.4.2 LMI Solution to the H2-optimal Control Problem

Considering the closed-loop system (5.61), the H2-norm of cost function ||Tzw||22 is

less than α if and only if there exists positive Pcl satisfying

Trace(WL) < α Pcl Bcl

B>cl WL

 � 0

 AclPcl + PclA
>
cl PclC

>
cl

CclPcl −Ir

 ≺ 0

(5.71)

and

Dcl = 0. (5.72)

The LMIs (5.71) can be simplified through a specific change of variables [60].
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Partition Pcl and P−1cl as follows

Pcl =

 PL P̄>L

P̄L ×

 , P−1cl =

 QL Q̄L

Q̄>L ×

 , (5.73)

where × denotes the block which we do not care in the results, and P̄L and Q̄L can

be obtained from PL and QL based on the relationship as follows

PLQL + P̄LQ̄L = 1. (5.74)

Define four variables XL, YL, UL, and VL that have the following relationship

 XL UL

YL VL

 =

 P̄L PLBL

0 I


 Ak Bk

Ck Dk


 Q̄L 0

CLQL I

+

 PL
0

A [ QL 0

]
.

(5.75)

It implies

 Ak Bk

Ck Dk

 =

 P̄−1L −P̄−1L PLBL

0 I


 XL − PLAQL UL

YL VL


 Q̄−1L 0

−CLQLQ̄
−1
L I

 .
(5.76)
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The LMI for the general H2-optimal problem therefore is derived as follows

Trace(WL) < α

D11 +D12VLD21 = 0
WL C1QL +D12YL C1 +D12VLC2

? QL I

? ? PL

 � 0


AQL +B2YL + (AQL +B2YL)

> A+B2VLC2 +X
>
L B1 +B2VLD21

? PLA+ULC2 + (PLA+ULC2)
> PLB1 +ULD21

? ? −I

 ≺ 0,

(5.77)

where ? means the matrix transpose of the symmetrical element in the matrix. QL,

PL, and WL are the decision variables from Lyapunov inequality, while XL, YL, UL,

and VL are the decision matrices from the H2-optimal controller.

By (5.76), the controller can be achieved by

ML =QLPL − I,

NL =M−1
L ((AQL +B2YL) +QL(A+B2DKC2)>,

+QL(C1 +D12DKC2)>(C1QL +D12YL))Q−1L ,

Dk =VL,

Ck =−DkC2 + YLQ
−1
L ,

Bk =B2Dk −M−1
L (QLUL −B2Dk),

Ak =A+B2DkC2 +B2Ck −BkC2 +NL.

(5.78)
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5.5 H2-optimal Controller Design for the Position

Subsystem of the Quadrotor

5.5.1 Simulation Setup

Assume that the system in (3.32) is affected by an external disturbances W1yw1, e.g.,

wind disturbance, a bounded model uncertainty U2uθ, and a bounded measurement

uncertainty W2w2, as shown in Figure 5.1.

Controller Plant
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Figure 5.1: Plant with disturbances and uncertainties.

Assume that only two states can be measured. The plant (3.32) is augmented as

follows

ẋ = Ax+W1yw1 +B2uθ,

z = C1x,

z1 = U2uθ,

y = C2x+W2w2,

(5.79)
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where

A = AX , B2 = BX , C1 =

[
1 0 0 0 0

]
, C2 =



1 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 0 0


.

Suppose that the external disturbance is generated by a general model as follows

ẋw1 = Aw1xw1 +Bw1w1,

yw1 = Cw1xw1,

(5.80)

where

Aw1 = −0.2, Bw1 = 0.6, Cw1 = 1,

and w1 is white Gaussian noise with equal intensity for all frequencies [55].

Then, the plant (5.79) is augmented to a state-space model as follows

ẋa = Aaxa +B1awa +B2auθ,

za = C1axa +D11awa +D12auθ,

ya = C2axa +D21awa,

(5.81)
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where

xa =

 x

xw1

 , za =

 z

z1

 ,ya = y,wa =

 w1

w2

 ,
Aa =

 A W1Cw1

0 Aw1

 ,B1a =

 0 0

Bw1 0

 ,B2a =

 B2

0

 ,
C1a =

 C1 0

0 0

 ,D11a =

 0 0

0 0

 ,D12a =

 0

U2

 ,
C2a =

[
C2 0

]
,D21a =

[
0 W2

]
.

(5.82)

This augmented system has the same form as (5.7). Suppose that the initial state

of the quadrotor x0 is [0.5, 0, 0, 0, 0]>, and the desired state is [0, 0, 0, 0, 0]>. It is

assumed that

W1 =

[
0 0.0198 0 0.011 0

]>
, W2 = 0.01I5, U2 = 0.01, (5.83)

where I5 is the identity matrix.

5.5.2 Simulation Results

Figure 5.2 shows the trajectories of the states and the control input. Since the LQR

controller can not be implemented without the full state measurement, the LQR con-

troller here is adopted to control a nominal model with the full state information. The

H2-optimal controller is designed to account for the uncertainties and disturbances

in the system with partial states. It is verified that the H2-optimal controller can

stabilize the position of the quadrotor, despite the presence of bounded disturbances

and uncertainties.
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Figure 5.2: Simulation results of the state feedback H2-optimal controller.

The simulation study is given to explore the effects of disturbances and uncer-

tainties with varying values of the parameters. One result is that the value of the

measurement uncertainty affects the output. Figure 5.3 shows that the controller

performance changes under different magnitudes of measurement uncertainties. A

large value of W2 means that the measurement implies a lot of noise, and then the

controller stabilizes the quadrotor slower.

Another result is that the magnitude of W1 determines the amount of affecting of

the external disturbances. Figure 5.4 shows the comparative result of the disturbance

W1 with different magnitudes. A larger magnitude of W1 causes a faster response.

The third result is that the model uncertainty takes a smaller influence over the

plant compared with the external disturbance and the measurement uncertainty. Fig-

ure 5.5 shows that the performance of the controller does not change much under the

different values of U2.
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Figure 5.3: Simulation results under different values of measurement uncertainties.
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Figure 5.4: Simulation results under different magnitudes of disturbances.
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Figure 5.5: Simulation results under different values of model uncertainties.

5.6 Experiments

This section describes the implementation of the H2-optimal controller for a quadrotor

in the presence of disturbances and uncertainties. As shown in Figure 5.6, the indoor

quadrotor is experimentally tested using an inner-outer loop control structure: an

inner loop for attitude control and an outer loop for altitude and position control.

A cascaded controller is used for this quadrotor system. In the outer loop, a PID

controller and an LQR controller are adopted for the altitude and position control,

respectively. In the inner loop, a PD controller and the proposedH2-optimal controller

are applied in the yaw angle control and pitch and roll angel control, respectively.

The X-position and Y -position are incorporated in the H2-optimal controller in the

inner loop, and the disturbances and the uncertainties also affect the system in the

inner loop. We then focus on the performance of the H2-optimal controllers in the

X and Y -position. In the XY -plane, the state feedback H2-optimal controller is

applied for the waypoint tracking. The desired waypoint tracking task is as follows.

First, the quadrotor is operated to the point [0.3, 0.3]>. Then, the quadrotor hovers
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Figure 5.6: Inner-outer loop control structure.
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Figure 5.7: Experimental results: Time response of the positions and the PWM
signals.
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sequentially at [−0.3, 0.3]>, [−0.3,−0.3]>, [0.3,−0.3]>. Finally, the quadrotor comes

back at the original point. Figure 5.7 shows the X and Y positions of the quadrotor

for the experimental test. The model uncertainty and measurement uncertainty are

added to the quadrotor dynamics, and the wind disturbances are also brought to the

system. It is verified that the H2-optimal controller can regulate the quadrotor to the

desired position with the attendance of disturbances and uncertainties.

5.7 Conclusion

This chapter provides the solutions to the H2-optimal problem. The solutions are ob-

tained via the state-space approach and the LMI method, respectively. A state feed-

back H2-optimal controller is designed for the X-position subsystem of the quadoro-

tor. The simulation results and the experimental results are presented and analyzed

in detail, showing that the proposed H2-optimal controller can be employed to reject

the disturbances and uncertainties.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

The work in this thesis focuses on the introduction of the experimental platform and

the system dynamics of the quadrotor. The experimental system includes a ground

station, a quadrotor, and a motion capture system. In terms of the system dynamics,

Euler-Lagrange approach is employed step by step to derive the dynamic model. After

the combination of the quadrotor dynamic model and the actuator dynamic model,

a state-space dynamic model is provided for further research.

Two types of control methods for the quadrotor, including LQR control methods

and H2-optimal control methods, are studied in this thesis. The simulation results

are compared.

LQR control methods are discussed for a nominal model. From the simulation

results, the controllers are verified that it can stabilize the quadrotor and operate the

quadrotor from the initial position to the desired position steadily.

In order to decrease the influence of exogenous disturbances and uncertainties, the

H2-optimal controller is provided. First, the state-space approach of the H2-optimal
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control methods is derived. Different from the LQR control method, the H2-optimal

control method consists of the LQR controller for the full information problem and

the LQE controller for the output estimation problem. The controller is obtained by

solving Riccati equations. Next, the solution of H2-optimal problem is studied via the

LMI approach. The state feedback H2-optimal controller for the position subsystem

of the quadrotor is simulated and tested on the experimental system at the end. The

state feedback H2-optimal controller shows a good system performance to avoid the

disturbances and uncertainties.

6.2 Future Work

Based on the researches provided in this thesis, some explorations are expected in the

future.

The H2-optimal controller works better for the system with disturbances and

uncertainties if it is applied together with other control methods, for example, H∞

control. The maximum values of the disturbances can be estimated. The design of

mixed H2-optimal and H∞ controller and the comparison with the state feedback

H2-optimal controller can be used as ideas for the further research.

The H2-optimal controller employed in this thesis is not only used to stabilize the

system but also to force the quadrotor system to track the desired reference trajectory,

even under the attendance of the disturbances and uncertainties. It means that

the H2-optimal controller will be suitable for more general experimental situations.

However, it is difficult to build an experimental system to simulate these general

situations due to the complex disturbance models. Designing a system to simulate the

general experimental situations and developing an H2-optimal controller to regulate

the quadrotor in this general experimental system are worth more attention in the
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further work.

All of the proposed controllers in this thesis are based on the continuous-time sys-

tem. However, in practical applications, the control systems are operated in sampled-

data models. In our previous work, the continuous-time controllers can be converted

to the discrete-time one automatically by the simulation tool in the experimental

system, yet some approximation errors will occur in the process of discretization [50].

Therefore, another future work will focus on obtaining and comparing the discrete-

time controllers via different discretization techniques and verifying these controllers

in the experimental system.
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