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E,..3 STRACT 

1 the i formatio bot he dista ce of a star g:ven 

by ~- e ob ervational data is co tai ed in e likelihood 

f u c t io • Efficient stat · ical estimation must, ther e fo r e, 

tar_ with the li eli ood. The eaning of the like -~ o 

d ·ts application o est·mation, ·s reviewed. A Bay 

p ro c is adopte , and it is shown how nuisance par&~e~ ·r 

2.. n ~ - 1 · i nated using Bayes's theorem . 

~ 1e calculat·on of the likelihood of the s ... 2.. :: ce, 

~ -VL~ .e parallax and the proper motion, is descri · ~ · . ~re 

·_r 1 x sets a lower limi t to he distance, but o up -

e proper motion is essential if an upper i ni · , t 

ac - ~~.d. The p oper motion contribution to the l "ke:i ooc 

~t-~. ed from he veloc·ty di trib io of stars relative ~o 

he~ n, using the subst·t tio~ 

~angentia ve ocity = rope r o io x distance. 

~ .e ~~esence of errors in tae_ .roper otio is unimp _ta~~ 

=or ~elative y nearby stars wi · reaso ab y large proper 

tis sown how o ca cul te e likelihoo fo 

__ s . ~ t stars for which e £ -· ct of errors in the : ::: op 

~t : L sis ot .eg ligible . 





iii 

T .e uoted probable e rr o_s of the par llaxes e r 

it ... .:. relation o the exte nal errors , judg ed from c or- par -

sons of i epen ent parall xes f or e sames ar. E t·ma es 

ar e ~ade of the external t nd rd deviatio soft e p ra axes 

o f i e observatories, b se o data give by Da lgren ad 

by evs is . The result - , i units of 0~001, are: 

. leg e y, 12•59 + o~ 5; Cape, 20·39 + 0·66; 

~re wich, 14·65 + 1 ·26; McCor ick, 16·39 + O· 3; 

~ . Wi l o, 2 4 · 56 ! 1·01; Sproul, 16 · 12 ! 0·78; 

V Vl ck, 13•72 ~ 1 •16; Yale, 14 ·70 + 0•60 ; 

Yerkes, 1 ·51 ! 0·78. 

e pr c ice of selecting stars £or observation wit r 

p ra: xes leads to a systematic bias, which may be ov r ~= 

y p :: r normalization of the likelihood . 

The calibration of a luminosity criterion ess . i - 1 : y 

i nvo:ve the estimation of the arameters of the di ~=ibu io 

of ~2 : m· osity criterio , c o ditional on the abso: · ~e 

mag n __ u e nd the color. 

oservations 0£ t 

proper motio 

e likelihood of the par meter , 

lu i osity criteria, co or, 

mus be found by el im · na -'-i g t' 

t r Eo val es of the absolute magi ude as "nuisanc parame -'-er 11 

Tie~~ im c s of the parameter re found by locati g ~ e 

axL::. • o.J.. t e likelihood. Thi le to a set of o -1 i..ea.!:" 

e ~ a ... ions, \ ich ca be soled oy · e ration . 
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The me thod is appl ied to the calibration of the a 

e ,issio line wi dths and he Fe A 5250 triplet. Te r esul s 

£or the Hand Klines ar e compared to thos e obt ined by a 

leas t squares calculation, and it is show that the ast 

s uar e resu t co tains syste.atic error, so that t e 

um: ,osity of g·ant stars s underestimated by 0·6 magn· -

,d This supports the s gges io of Hodge an Walle rs te· 

t a t h i tance modulus of the Hyades cluster is i. err ~. 
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1. 

CHAPTER I 

INTRODUCTI ON 

1.0 It is a measure of the importance of luminosity criteria 

that the: great _Canadianastronomer, R . M. Petrie, should have 

devoted a considerable portion of his life to their study. 

The most important and most exacting task in the development 

of luminosity criteria is the gathering of the fundamental 

data on which their calibration rests. The present work has 

a more modest aim: to show how to extract from the data as 

much of the relevant information as possible, so as to obtain 

as accurate a calibration as the data will allow. 

In the course of this work, an entirely unexpected 

result emerged . It appears that the conventional methods of 

calibration lead to large systematic errors. If this is true, 

the entire cosmic distance scale is affected. 

1 . 1 The consistency of the distance scaie . 

It seems surprising that the cosmic distance scale 

could be seriously in error, since it is based on many dif­

ferent methods of calibration. Not all of the methods are in­

dependent, of co~rse; but there appear to be at least three 

methods which are truly independent, and · which give con­

sistent results. These three methods are: 



(a) The moving cluster method, which has been 
used to estimate the distance of the Hyades 

11 

cluster. (Heckmann and Lubeck, 1956). 

(b) Least squares fitting to absolute magnitudes 
calculated from trigonometri c parallaxes. 
(e.g., Wilson, 1967). 

(c) The method of reduced parallaxes which has 
been used to calibrate the MK luminosity 
classes II-V. ( Roman , 1952). 

2. 

Nearly all other methods are based ultimately on these 

three primary methods. The zero point of the period-­

luminosity relation for the cepheids has been obtained from 

cepheids in open clusters, by Kraft {1961) ; and the distances 

of the open clusters have been obtained using zero age main 

sequence fitting, starting with the Hyades cluster. The zero 

point of the life luminosity relation for novae has been 

estimated from the expansion parallaxes of galactic novae by 

Schmidt-Kaler (1957); this is essentially the same as me t od . 

(b), and is subject to the same type of systematic error. 

These three methods give consistent results. Con-

sistency may be taken as evidence for correctness; but co n ­

sistency also implies that, if~ method is in error, then 

all three methods are in error. 

Hodge and Wallerstein (1966) suggested that the dis~ance 

modu us of the Hyades cluster might be in error, and in eed 

of upward revision by 0.4 magnitudes . They pointed o t that 



s mall systematic errors in the proper motions ( wh i c h a re 

known ~o occur) can lead to a large error in the co nv ergent 

point. They showed that certai n anomalies in t he masses of 

binary stars could be removed by a revision of the distanc e , 

and that the accepted distance disagreed with the mean tri ­

gonometric parallax. 

Their conclusions were strongly criticized by Wi l son 

(1967), who showed that the calibration of the H and K l ines, 

using both trigonometric parallaxes, method (b), and u s i ng the 

Sun-Hyades data, is consistent. In addition, the cal ibr ation 

of the Hand Klines is consistent with the absolute magni tudes 

of the MK luminosity classes. 

1 .2 What is wrong with least squares? 

We shall now see that method (b), least squares fitti ng 

to absolute magnitudes calculated from trig onome t ric parallaxes, 

produces serious systematic errors. Since Wilso n has s hown 

t ha t method (b) gives results consistent with the accepted 

di stance modulus of the Hyades cluster, we may co nclude t hat 

t he Hyades distance modulus is in need of revision . 

A 
The estimated absolute magnitudes, M, are calcu l a t e 

from the logarithm of the observed parallax TCo , · and the apparent 

A 
magnitude m: M = -m -t-_ 5 :½" 5 -t o3

10 
( rr0 ) • 

Naturally, this is not possible when the observe d p a rallax i s 
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negative, and in addition the errors are large for small 

parallaxes. Therefore only those stars are selected whose 

observed parallaxes are above some limit TI'c. Wallerstein 

(1967) pointed out thatthis practice leads to the preferential 

selection of those parallaxes with large positive errors: the 

absolute magnitude is therefore overestimated more often than 

it is underestimated. 

The fact that the absolute magnitude is proportional 

ct:o the logarithm · of the parallax also introduces a systematic 

error. To see the way in which this works, consider a star 
II 

with observed parallax 0·040. · The true parallax is as likely 
II II 

to be 0·055 as 0·025. Below the distance modulus for all three 

cases are given. 
A 

Ttt;1'u.e m-Mt;n,e. M- ~ rv~ 
II 

0·055 +1·3 -0·7 
II 

0·040 11 

0•025 +3·0 +l·O 

We see that the absolute magnitude is as likely to be over­

estima ted by +l·O magnitudes as underestimated by -0·7: we 

may expect that, an average, the absolute magnitude is over-

estimated. 

The method of least squares takes no accoun t of this 

b i as, and so will produce a systematic error. To remedy t his, 

we must f irst consider how likely the various possible values 

of the true absolute magnitude are, based on the available 
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data : that is, we must find the likelihood function . We shall 

see how this is done in Chapter 3 . 

1.3 ¼ha t is wrong with reduced parallaxes ? 

The fact that we cannot justifiably average the 

logarithms of parallaxes suggests that all would. be well if 

we could average the parallaxes themselves in some way. This 

is done in the method of reduced parallaxes, used by Roman 

{1952) to estimate the mean absolute magnitudes of the MK 

luminosity classes. The observed parallaxes o f stars in eacb 

class are multiplied by a factor which will reduce them to the 

value which they would have . if the apparent magnitude were 

+5: 

The reduced parallaxes are then averaged, and the mean 

absolute magnitude · c alculated: 

Unfortunately, the parallaxes of faint stars are . 
multiplied by a larger factor than the parallaxes of bright 

stars. When the reduced parallaxes are averaged, the faint 

stars are weighted more heavily than the bright stars, and so 

the mean absolute magni tude of the class is overestimated . 

I have been able to show that, if the absolute 



mag nitudes of the class are normally distributed, then the 

systematic error in the mean absolute magnitude is: 

AM= u-o..-y, (M) 
10 .£031o(e.) 

where var (M) is the variance of the absolute magni t u des. 

(The variance is the square of the dispersion). The dwa rf 

stars, class v, should have a small dispersion in absolu te 

magnitude, and hence the calibration £or this class shou ld 

have only a small error. The giant stars, Class III, have 

6 . 

a large dispersion in absolute magnitude, and so the s y s tem­

atic error for Class III should be more serious. If we assume 

a dispersion of 1·5 magnitudes, we obtain a systematic error 

of about o·s magnitudes. 

1.4 Could we use non-empirical calibrations? 

We have detected some systematic errors in t he s t a­

t istical analysis, but this is no guarantee that further 

systematic errors are still undetected. In view of a l l th i s 

uncertainty, it is tempting to think that a theoretical 

analysis might solve our problems. Thus, a model atmosphere 

might be fitted .to the _spe~trum to g ive effective t empera t ure , 

surf ace gravity, and abundances: then a stellar struc t u re 

calculation might be made to give the mass and luminosi ty . 

(Str i ctly, a s~ellar evolution calculation, since t h e a bund ­

ances in the core are changed by burning). Alas, there are 



far too many uncertainties for this appr oach to be even 

remotely possible in the forseeable future . 

7. 

For the late type stars, we cannot find the helium 

abundance, and hence we cannot even find the mean molecular 

weight. For the late type dwarfs, uncertainties in the mixing 

length theory prevent us from determining the depth 0£ the 

convection zone. For the extended atmospheres of giant stars, 

dilution effects are likely to. make the assumptions o:f L. T . E. 

a poor approximation. Finally, such "simple" data as the 

equation of state, nuclear reaction rates, and .opacities, are 

far fr om well known. 

Considerations such as these show that theory is simply 

not powerful enough to predict every astrophysical quanti~y 

with assurance. Indeed, i:f the history of science has one 

lesson for us, it is this: observation is primary, theory is 

secondary. 

1.5 The way to Qetter estimation. 

In practice it is never sufficient to produce just the 

value of an estimate: it is necessary to know how accurate 

this estimate is. Ideally, a calibration of a luminosity 

criterion should tell us how likely any suggested value of 

the luminosity is, based on the value of the criter ion ob­

served. The function that tells us how likely the luminosity 



is, g iven the criterion, is the likelihood function . The 

nature of the likelihood function, and its application to 

statistical estimation, is discussed in Chapter 2. 

In order to find the likelihood of the luminosity 

8 . 

based on a luminosity criterion, we must start with the likeli ­

hood of the distance, based on the available astrometric data . 

It is not sufficient just to use trigonometric parallaxes: 

the proper motions contain essential information, . and they 

should be included in the likelihood of the distance. The 

method of finding the likelihood based on both the trigono­

metric parallax and on the proper motion is discussed in 

Chapter 3. 

We then have to £ind the distribution of the cr iterion 

as a £unction of the luminosity: this g ives us the likelihood 

of the luminosity based on the criterion. The basic idea 

which we shall use is described in section 2.4, and the de­

tailed methods of calculation are give n in Chapter 4 . The 

problem is basically one of regression from error prone ob­

servations, and no practical solution has been available pre ­

viously. Chapter 4 is· therefore a contribution to theoretical 

statistics. 

The ideas of Chapters 3 and 4 are applied in Chapter 5 

to some examples. In particular, we shall see that there is 



a systematic error in the method of least squares when 

applied to the calibration of the Hand K emission lines, so 

that the luminosities of the giant stars are underestimated 

in the conventional calibration by 0·6 magnitudes. 

9 . 
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CHAPTER 2 

THE BAYESIAN APPROACH TO STATISTICAL ESTIMATION 

2.0 The approach to statist ics which is fo und in most text ­

books was developed by Neyman and Pearson with the e>..-plici t 

intention of a v oiding any use of initial probabilities and 

of Bayes ' s theorem . This imposes a severe limitation on the 

methods which can be used, so that many problems become 

difficult to solv e . In particular, the problem o f eliminating 

''nuisance parameters", which we discuss in section 2 . 4, is 

intractable using the standard approach, but is quite easy 

once Bayes's theorem is applied. 

The Bayesian approach to statistics has a respectable 

his to ry, going at least· back to Laplace. The difficulty has 

always been that of finding appropriate initial probabilities: 

Laplace's solution leads to con tradictions. A fully con­

siste n t theory has been developed by Jeffreys (1961) , but it 

is still considered unorthodox. 

The Bayesian approach is likely to be unfamiliar to 

many astronomers , and so the present chapter reviews the 

basic ideas which are necessary to an understandi ng o f 

Chapters 3 and 4 . 
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2.1 The meaning of likelihood. 

All the information relevant to a parameter g · which 

is given by the observations xis contained in the likelihood 

of q based on:x:., L(q;x). This is the likelihood principle~ 

(Barnard, 1952), and it implies that all statistical in­

ference should properly s ·tart from the likelihood. 

The likelihood of q based on x. is proportiona-1 to the · 

probability o f x.conditional on q: 

Often 'X. will be a continuous variate, or set 0£ variates. 

Then we use the probabili ty that the variate is found in the 

range ( :x:., X +d:x:.), which is 

so that 

As an example, let us consider the likelihood of the 

distance modulus m-M of a star, based on the observed 

parallax tc0 • We assume that the observed parallax has a 

Gaussian distribution,· with mean equal to the true parallax, 

and variance a-l : 

L (m_.._A • 1T IL:.) oC n 1d"'tt'o l m-~, a-:;,.) , .... , ' o,--rr rl..! ... 



ex.o -( m-M+5) 
r10 5 f] 

What are we to do about the factor d~0 ? At this point we 

notice that the likelihood is defined by proportionality, 

12. 

not by equality: any factor which is independent of the para­

meter m-M is irrelevant to the likelihood. So we may simply 

ignore d 1T O and write 

However, we must be careful when we do this: in more compli-

cated cases, if we drop off factors too soon, we may in­

advertently drop off something that was not truly independent 

of the wanted parameter. Thus we shall often carry the 

differential along in our calculation of the likelihood, 

abandoning it at a late stage when the final result is near. 

2.2 The method of maximum likelihood. 

A good estimate of a parameter q is one which is like­

ly to be close to the true value. The maximum likelihood 

estimate of q is the value which makes the likelihood a 

maximum . Recall that the likelihood of a parameter is pro ­

portional to the probability of the observations conditional 

on the parameter. Clearly, an estimate which gives the ob­

servations a high probability is more p ·lausible than one 
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which gives the observations a low probability; this is the 

rationale of the method of maximum likelihood . 

It may help to consider a simple example . Let us look 

at the problem of regression in the absence of errors . 

Suppose we know th~ values of a luminosity criterion and the 

absolute magnitude for N stars: f:1.M1. .... fNMN• 1,•Je assume 

that the luminosity c riterion has a Gaussian distribution 

' with param~ters ~, , a, and b, such that 

· ( h )y?- [ . 17 
-P(dp fM; h,a.,b) = :;tir dp exp - ~ (p - o.. - bM) J . 

The likelihood of h, a, bis the joint probability of the 

observations, so 

L(h,0-,b; t'1~1 ··· fNMN) 0C 'P(dpi ... dpN\M1.-·· \\11N;h,a.,b) 

= -P ( dp1 \ M1 ; h,a, b) -x . • • x 'P( dfN \ ~\.,; h,o., b) 

Since we have a product of probabilities, it is convenient 

to work with the logarithm of the likelihood: 

The maximum 

N 

~ tY\(h) - .h .G(f,: -a. - bMi )~ 
~ i=l 

A A 

likelihood estimates h ~ b can be found by set-

ting the derivatives of the log likelihood equal to zero: 



N /'.- 1 
- - h 

~ 

14 . 

The first two equations are a pair of linear equations which 

A A /'. . 
can be solv ed for a and b; once these are found, h can be 

obtained at o nce from the last equation . 

2.3 Initial and final probabilities: Bayes's theorem. 

The method o f maximum likelihood giv es us an estimate 

which we hope will lie c lose to the true value of the para­

meter, but it does not tell us within what distance from the 

estimate we may reasonably expect the parameter to be. To 

answer this sort of question, we need to know the probability 

distribution of the parameter based on the observation, 

P(dq,.l !X.) . What we usually have is the 'likelihood L (q_; -x:.) 

which is the probability distribution of the observation 

based on the parameter , -P(dxl9--) . How do we £ind "P(d'i,-l~) 
· fro m P(dx.\9,.,) ? 

When we ask for the probability distribution o f a para­

meter, we cannot hope to base it on the frequency with which 

the parameter occurs in a given range . A particular star 



15 . 

e ithe r does or does not have an absolute mag ni tude between 

+land +2; the parameters of the calibration o f a luminosity 

cri terion either do or do not lie within stated limits; the 

question is a matter of truth~ not o f frequency. We do no t 

know for certain where the t ru th lies, but, based on the 

available evidence, we may hold various degrees of rea son ­

able belief in the various possibilities . When we say that a 

c e rtain star has a high probability of being a member of the 

Hyades cluster, we are expressing a high deg ree of belief in 

its membership. When we £ind t hat the radial veloci ty o f the 

star is very different from the radial velocity of the Hyades 

cluster, we change our degree of belief in its membership: we 

now say it has a low probabi lity of membership. 

The last example illustrates very nicely the function of 

observa t ional evidence: it modifies our initial belief. If 

the probability of the radial velocity, based on the assump­

tion of cluster membership, is s mall, then our final belief 

will be weak compared :with our initial belief. If on the 

other hand, the probability of the observed radial v eloci ty 

based on cluster membership is large, then our final belief 

.in membership is stronger than our initial belief. Now, the 

probability of the observed radial velocity, based on cluster 

membership , is the likelihood of cluster membership. Thus 

fi nal belief OC likelihood x initial belief, or, remembering 
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that degrees of beliefs are probabilities: 

Final probability oC likelihood x initial probability . 

This is the essential content of Bayes's theorem. 

To apply Bayes's theorem to the estimation of a para­

meter, we have to make some judgement J about the appropriate 

initial distribution -P(dq,.lJ). Then :the final distribution 

is given by 

The proportionality constant is found by using the fact that 

q must have some value,. so that 

from which we obtain 

p ( dq,. I x, J ) L(i; x) -P(~IJ) 

J: L(q.,; x) 'P (d~ I J) 
~ 

Let us illustrate Bayes 's theorem with a simple example. 

Imagine that we have an observed parallax l\c of standard 

deviation On so that the likelihood of the distance -r of a 

star is 

L(,r ; TCo' o-TC) oC e:cp [- t c--~ .. rro t] 
Otherwise, all that we know is that the distance r is less 

than the distance to the surface of the 9alaxy, ~S With -

in the g alaxy, the initial probability is proportional to the 
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a mou nt o f space -available, so t hat 

-:=. 0 
' 

}. 
Then the final distribution, based on the observed p a r al lax 

and on our as sumption t.hat the star is i nside th e galaxy, is 

--

J,_L (r; rr. ,er" )-P ( cJ...,- \ v- < "s) 

exp [-½ (~ Tio j] t'1
cir 

r~~r[-~cy-:;:rran 1'1 d< 
~ ... o 

0 g ">."s ~ 
We can see from this examp le why £actors independent of 

r, such as dn:-
0 

/ O"rr. , are irrelevant to the likelih ood . 

Any factor occurs in both the numerator and t'he denomi na tor; 

i f . it is independent of r, the f actor in the denomina t or can 

be taken outside the integral, where it cancels the factor i n 

the numerator. 

2.4 The elimination of nu isa nc e p a r ameters. 

In the example of regression considered in sec t ion 2 . 2 , 

we used the likelihood based on known values of the abso lute 

ma g nitude M. In practice , we do no t k now the a bsolu te 
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mag ni t u de; we can only estimate it f rom observations o f the 

a pparent magnitude m, the parallax ITo, and the prop er mo t ion 

p- Thus we know the form 0 £ the distribution 

and the likelihood 

L ( M ; m, tr0 , p- ) 

and we need to form the distribution 

which is used for forming the likelihood of the parameters 

based on observations of m, TC0 , f,A- • Essentially, we wish 

to get rid of M, which is a parameter whose value we do not 

know and, for our present purposes, we do not want to know. 

Mis a "nuisance parameter"; the elimination of nuisance para-

meters is a common problem in statistics. , In orthodox, non -

Bayesian statistics, the problem is extremely difficult; i f 

we allow ourselves to use Bayes's theorem, the problem be-

comes easy. 

It is simpler at this point to put the p roblem in more 

general terms. We know the dis t ribution 'P(dj l S) of a 

variate y based on a parame ter C:, , bu t we do no t know t he 

value of ~ . . We have an observation X which gives inf or­

mation abou·t ~ expressed by the likelihood L(~; x.) . We wish 

to find the distribution 'P(½lx) of ~ conditional on the 

o b servation :>c. • 



First we ·make a judgement J about the initial dis­

tribution 'P(dr;~J") of the parameter E;, • Then we use 

Bayes's theorem to find the final distribution: 

L(f;; x) l)(d~( J) 

1 L ( ~; ~) -P ( els \ J" ) 
~ 
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The product of the distribution of~ conditional on ~ and 

the distribution of ~ gives us the joint distribution of !:J 

and l;: 

On integrating over all S we obtain the marginal distribution 

of ~ conditional on 'X. : 

To eliminate the absolute magnitude M, .we first make 

a judgement J about the initial distribution, and then form 

the final dis tr ibu tion based on J and m, TC 0 , ~ : 

L ( M; m,1t0 ,f-l') -P (dM \.J) 

f~(M; m,1C0 ,p-) "P(d.M\ J) 

*Here we assume that Xis . irrelevant to~ once ~ . is 
given, as is true in the application we are considering . 
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\,e then use the final d'istr.ibution to eliminate M from the 

distribution of f: 

We¼> Im, l"Co,,U-,J; h,o.,b) = 1-P(dpl M; h,o., b )-P (dM \ vn;rt0 ,"1<, J) 
. M . 

This is the distribution we need for calculating the likeli-

hood of h, a, b. 

2.5 The choice of initial distribution . 

What judgement J" should we make about the appropriate 

form of the initial distribution "P(d.M\J)? Genera~ly, it . . 
is only possible to provide a rough an6 ready guess, and fo r 

th is reason the use of initial distributions is controversial. 

Fortunately, the exact form of the initial distribution is 

not at all critical; two quite different judgements will give 

very similar results. 

In astronomical applications, it is often possible t o 

provide simple distributions which, at least over a limited 

rang e, seem to be good representations of reasonable judge -

ment. We have to consider, not only the nature of the ob-

jects under study, but also the way in which .the sample was 

.obtained. 

If we include all stars brighter than some fairly 

bright apparent magnitude, so that we are sampling local 

stars, then the initial probability of the distance is pro-
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portional to the space ivaiiable, . so that 

~(d.r l m >mo) oC Y''l..dr, . 
-p (d.M I m) mo) oe exp

10 
(- i \v\) dM . 

Usually, when stars are selected for the calibration 

of a luminosity criterion, a deliberate attempt is made to 

select stars of widely· diff erent absolute magnitudes. This 

leads to a distribution which is approximately uniform, so 

that 

is a reasonabie initial distribution. 

2.6 The asymptotic form of the final distribution. 

Bayes's theorem tells us how to find the final distri­

bution from the likelihood and the initial distribution. Once 

we have the final distribution of a set of parameters, we can 

in principle calculate the probability ~hat the parameters lie 

in any given interval. In practice the calculation of t he 

likelihood can be extremely tedious, especially when t he a­

mount of data on which the likelihood is based is large. 

For t unately, when the amount of .data is large, the likelihood 

approaches an asymptotic distribution of rather simple f orm. 

Moreover, as the amount o f data is~creas~d, the likelihood 

becomes a sharper and sharper peak ; over the narrow r a n J e i n 

which the likelihood is large, the initial distribu t ion 



scarcely changes at all; and so the f inal distribution is 

proportional to the likelihood, independently of wha t the 

initial distribution may be . 
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Suppose we hav e M parameters a,1 . ... a.M, for which the 

A ,..._ 
maximum likelihood estimates are Q.1. •••• • a..M The final 

distributio n based o n N data points has the asymptotic for m: 

By O ( N- 1/:l.) we mean a quality that is small of the order of 

-l/:2, 
N. The ma t rix His the precision matrix of the parameters, 

and can most simply be calcula ted fr om the second derivatives 

of the l og likelihood , evaluated at the maximum likelihood 

values: 

31.Q.Y'I L I 
- 8a.k Oa.a, . a.=~ 

The dispersion of the parameters can readily be f ound 

from the precisio n matrix- - the larger the precision, the smal ­

ler the dispersion . The covariance matrix, (which measures 

the means of the products · o f the deviations from the mean), 

is the reciprocal of the precision matrix : 
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ch 
In particular, the standard deviation of the k paramete r 

is: 

Thus the asymptotic form of the final distribution provides 

useful estimates of the dispersion of the parameters. From 

these we may judge how near to our estimates we may reason-

ably expect the parameters to lie. 

Notice that the maximum likelihood estimates lie in 

the center of the asymptotic final distribution. For small 

amounts of data, the exact final distribution raay be signi­

ficantly different £rom the asymtotic final distribution, and 

the maximum likelihood estimates are not necessarily "best" 

estimates. But for large amounts of data, when the asympto­

tic final distribution is a close approximation to the exact 

final distribution, the maximum likelihood estimates are 

"best" £or any reasonable criterion of goodness . A method of 

estimation which gives estimates systematically different from 

maximunn .likelihood estimates £or large amounts of data should 

be considered systematically in error. Section 5.1 will pro­

vide an example! 



24. 

CHAPTER 3 

LIKELIHOOD FUNCTIONS FOR. ASTROMETRIC DISTANCES 

3.0 The likelihood £unction L (n:b; Teo) has the symmetric 

bell shaped form known as the Gaussian distribution, except 

that it is truncated for T(b <. O • (See figure 3.0 .1). When 

we transform the parallax to the distance modulus, we obtain 

a quite asymmetric curve £or the likelihood L(m-M; TC0 ) 

(See figure 3.0.2). The peak is at the value (m-M) 0 corres­

ponding to the observed parallax. Below (m-M) 0 , the likeli­

hood drops of£ sharply to zero; above (m-M) 0 , the likelihood 

tails of£ gradually to a finite value which is equal to 

L( TTt" =O; rt0 ) 

Because the likelihood remains finite even for infinite 

distance moduli, the parallax does not set any upper limit to 

the distanee. The distance mod~lus (m-M)
0 

may well be a 

gross underestimate, but it is unlikely to be a gross over­

estimate. Any method of estimation, such as least squares 

fitting, which £ails to take this into account wil+ produce 

systematic errors; distance moduli will, on average, be under­

estimated, and absolute magnitudes overestimated. 

In order to protect ourselves against gross under­

eijtimates of the di~tance, we need some data which will set 



Figure 3.0.1 Likelihood ·of true parallax, based on observed 
parallax. 

Figure 3.0.2 Likelihood of distance ~odulus, based on 
. observed parallax~ 

Figure 3.0.3 Likelihood of distance modulus, based on proper 
motion. 

t 
L(m-M•rc. I.A;) , o, I . 

Figure 3.0 .4 Likelihood of distance modulus, based on both 
parallax and prop~r motion. 

.I 
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an e f fective upper limit to the distance . Fortunately, an 

upper limit is provided by the proper motion . A star with a 

finite proper motion cannot be at an infinite distance , so 

the likelihood L(m-M;,-..) ba~ed on the prop~r motion falls to 

zero at large ·distance . (See f igure 3 . 0.3) . The calcula ­

tion of the proper motion contribution to the likelihood is 

.discussed in section 3 . 1. 

When both the parallax contribution and the proper 

motion contribution to the likelihood are combined, we obtain 

a likelihood which falls to zero for both high and low 

distances. (See figure 3 .0. 4) . This likelihood is generally 

strongly asymmetric, and the shape will depend on the dis ­

persions of the parallax and proper motion contributions . Any 

errors in the estimated dispersions will cause systematic 

· errors to appear in estimates of the absolute magnitudes. As 

we shall see in section 3 .2, the quoted probable errors of 

the parallaxes bear little relation t o reality. New value s 

are given for the standard deviations of the parallaxes for 

nine observa t or ies . 

We saw in section 1 . 2 that the selection of stars with 

large obser~ed parailaxes leads to a systematic error. 'This 

can be overcome by proper adjustment of the likelihood which 

we discuss in section 3 . 3 



27. 

3 .1 The proper motion distance. 

Let us first imagine that we have the veloci ty distri -

bution expressed in terms of the components U-o( U-s u-'f' in the 

directions of increasing right ascension, ~eclination, and 

radial distance, so that the probability element is 

"P(d.u-°' d.u-J' d\.i'f'l UJ~0~~). If the star is at distance r then 

* lr o( = JA-d.. Y- , u-8 = f-o v- ·, d o-o< -= f rJ.d '(' , du-cl -==- p-~ d:r-. 

so that the proper .motion contribution to t he likelihood is 

given by 

L ( ~ ; J-¼. [->--6' ~r, ~~) 
oC 'P ( d\fcx Mg d.u--1' I ~~~) 

-=- r,;,. d f,,< d f'S d<r.,. n (,r o( =,-,.,,, '('. lf ~ = f'-S '("' lf r I :s ) 
The velocity distribution is in fact expressed in terms of 

· the components in the direction 

of the galactic centre TT, the galactic north pole Z , and 

the galactic rotation E) . The distribution has been assumed 

to be Gaussian, so that 

P(dv1 dV~ d\/3 \ u, \4) . 

cl. vi dv,_ d":; exp [- ~ L HI< ( V N - UN y-] 
N=i,2,3 

oC 

*Note that 
. . I 

JJ-ot = JJ-01. cos (S) . 

I 

-1 
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I n v iew of the different ages and kinematic properties of 

stars of the same spectral type and lu~inosity class, it is 

unlikely that a Gaussian form provides a good approximation 

to the true velocity distribution. However , until we can 

obtain a reliable estimate of the velocity distribution, we 

must continue to use ~he Gaussian form . 

The available data on the parameters Ure Ue Uz which 

are the mean velocity components, relative to the sun, and 

\-\TT He -Hz _ which are the corresponding precisions, is 

summarized by Delhaye (1965). The parameters for the late 

type stars show no significant dependance on spectral type, 

and so I have taken weighted averages over the spectral types 

for the various luminosity classes. Table 3.1.l shows the 

results. Note that 

•i) The units are astronomical units per year, 

ii) The axis ·n is towards the galactic center, whereas 

Delhaye takes TT to point to the anticentre, 

iii) My figures are for the velocity of the stars relative 

to the sun; Delhaye's veloci ty of the sun relative to the 

stars. 

iv) The precisions are the reciprocals of _the squares 6£ the 

dispersions: HN = 1 /~'J..-
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Super Sub Sub 
Giant Giant Giant Dwarf dwar f 

U . -1.667 -1.661 -1. 688 -2.098 0 . 0 4 22 

u -2.468 - 3 . 382 -5. 907 · -3.632 -28 . 692 

u -1.371 -1.377 -1. 688. -1. 353 - 2.004 

H 0.1329 0.025 62 0.01215 0.02523 0.002247 

H 0.2773 0.05293 0.03082 0(.06916 0.003994 

H 0.4585 0.0875 6 0.03901 0.09231 0.08987 

Table 3.1.1: Parameters of the stellar velocity distribution. 

To use this distribution, we have to transform the velocity 

components Yrr Ve V2 into the components ~ U-ir U-Y" ; th.is 

can be done using the direction cosines CN Yl') where, £or 
/' 

example C12 = Cns- = cos(TT s) •. 
The calculation 0£ these direction cosines is a straight-

. forward application 0£ s pher ica l trigonometry; it is discussed 

in Appendix 3A. 

We have 

V N = LcNm U"YYI 
tr-. 

so that the distribution 0£ v elocities becbmes 

1) ( du-1 du-~ clu-3 \ U 1 H) 

oC du-1 du-~ du-3 ~::cp [-!_ L HN (LcNmtrm - UN)~] 
2.. "' n, 

~ubstituting li'i = t->'- o.. Y', U-:;i. ~ f' 8 '(' , U-"3 = U-r 

we hav e the likelihood in the form 



If we put 

h,.. =- L H t-t ( CNi /'40(. + Cw2./J--s) 
N 

h,.. Y' t'- = L, HN ( C,u f-t« -1- Cw, .. JJ,,'i, ) ( U t( - C i-1 o u--,,) 
N 

then the likelihood becomes simply 

L ( V' ; h,.., , ~ ) 

oe '<' ":I. e:x::p [-;_ h,. (-r-v-,.._?_] 

Here r f- is the proper motion distance, and h -r is its pre­

cision. 

Notice that the expression for h~rt" contains the 

30 . 

radial velocityu~; this is a result of the anisotropy of the 

velocity distribution. If it happens that the radial velocity 

is not available, then we mus t eliminate it from the velocity 

distribution by integrating 

p (du-0{ dlrs \ u, H) =- r -P(du-°'du-8c1u-Y \ u, H) Jlfy-
The resulting distribution has a slightly lower precision. 

We obtain for hv- and ryr,.... 
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There is a small correction for the effect of galactic 

rotation: this is described in Appendix 3B . For small proper 

motions we should aiso take into account the random errors; 

this is discussed in Appendix 3C. (As the likelihood then 

takes a very much m~re complex form, we shall generally ignore 

the effect, o f random errors. For nearby class III stars, this 

is permissible, but not for class II or I stars.) 

3 .2 The errors of trigonometric parallaxes . 

The likelihood of the true parallax n:: given an ob­

served parallax it
0 

of precision hrr is L (TT; TI;, htr J 
oC. ~t'~tt(TT-tr0)'l.] . The parallaxes given on the right hand 

p ag e s of the Yale parallax catalogue are relative parallaxe s 
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obtained by various observatories. The several relative 

parallaxes for each star must be averaged, and the result re­

duced to absolute. The abso~ute parallaxes given on the left 

hand pages of the Yale catalogue are not the best possible 

estimates; we consider how to obtain better estimates in this 

section. 

The Yale catalogue weights the parallaxes according to 

the quoted · 11 probable errors". However, these internal errors 

bear little relation to the external errors, and it is the 

external errors we should consider. 

Dahlgren (1960) has compared the r.m.s. differences be­

tween independent parallax measurements of the same star by 

different observatories. The remarkable fact emerges from 

his figures that there is very little correlation between the 

quoted probable er~ors and the r.m.s. differenc es . It is 

difficult to understand why this should be so, but the figures 

seem indisputable . The following table, quoted from Dahlgren's 

paper, gives the r.m.s. difference between McCormick and Al ­

legheny parallaxes as a function of the quoted probable error . 
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p . e r.m . s. difference 

5 - 7 16 . 8 +2 . 8 

8 17.6 +2 . 0 

9 18 . 0 +1.2 

10 19 . 7 +1.6 

11 19.3 +1.1 

12 23 . 8 +1.6 

13 20.1 +1.4 

14 21.0 +L7 . 

15 17.9 +2 . 4 

16 21.0 +2 .7 

17 - 22 20 . 0 +3.1 

Table 3 . 2 . 1 R. m. s . differences, McCormic k - Allegpeny 

A least squares fit t o these data gives 

· 2 , 2 
(r . m.s . ) = 388 .7 + 0. 47 (p.e . - 136). This shows that ·for 

all practical purposes the quoted probable errors can be 

ignored; they have no predictive value. 

Dahlgren has tabulated the r.m . s. differences between 

the parallaxes obtained by 10 observatories up to about the 

time of the 2nd edition of the Yale catalogue . In addition, 

Vasilevskis (1964) has tabulated the root mean square diff er­

ences between parallaxes in the supplement to the Yale catalogue 

and the values in the 2nd edition. 
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Using thesedata, I have obtained maximum likelihood 

estimates of the variances of the parallaxes of nine observa­

tories. (Dearborn parallaxes show a strong magnitude effect, 

and so were ignored in the solution) . The method o f solution 

is described in Appendix 3D ; th e results are t abulated in 

Table 3 . 2 . 2 below. The standard deviations are given in units 

of 0~001, while the precisions, which are used in actual com­

putations, are quoted in units of ( 11
) -

2
• 

These prec isions should be used to weight the relative 

parallaxes of L different observatories; 

hrr - hi_ + ... + \,t.. 

rro = (h1TC1 + ... + hL TCL)/ hn: 
Standard deviation Precision 

Observ atory ( units of 1
•
1001) (units of (") - 2) 

Allegheny 12 . 59 + 0.45 6311 

Cape 20 . 39 + 0 . 66 2405 

Greenwi c h 14 . 65 + 1 . 26 4660 

McCormick 16 . 39 + 0 . 43 3724 

Mt . Wilson 24 . 56 + 1.01 1658 

Sproul 16 . 12 + 0 . 78 3851 

van Vleck 13 . 72 + 1.16 5316 

Yale ·14 . 70 + 0 . 60 4629 

Yerkes 18 . 51 + 0 . 78 2918 

Table 3 . 2 . 2: Standard deviations of parallaxes 
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To convert the rela t ive parallaxes to absolute, we 

have to add the mean parallax of the comparison stars. For 

most parallax determinations, the mean magnitude of the com­

parison stars . is 11.2; for Allegheny stars 1451 and later 

(marked with an asterisk in the Yale catalogue) it is 12.2 . 

Binnendijk (1943) has determined, from proper motions, th~ 

mean parallax of stars as a function of magnitude and galactic 

latitude b. I find that the following gives an adequate fit 

to his data: 

b - exp(-6.106 + 0.8866 sin{b) ), 14.1•2.. -

F12.-:.2. = F :11•2 /1. 303 . 

3.3 The treatment of s election bias . 

There are systematic differences between the paral­

laxe·s o f Northern and Southern observatories, as Dahlgren has 

shown. This indicates that parallaxes are subject to system­

atic errors . It is not possible to remove them, since we do 

not know where the zero point of the errors lies. Until we 

can f ind the zero point, it will be best to select those 

stars with the largest parallaxes. 

In so doing, however, we also select those paral~axes 

with the largest positive errors, and so introduce a selec-

tion bias. Proper iccount of this must be taken by the likeli­

hood in order to avoid the introduction of new systemati c errors . 

I 
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We shall often select only those stars with parallaxes 

greater than ~ome er i ti cal value Tic . · Then the probability 

element '?(drc.o \ rc,hrc, rec) must be normalized, not over the 

_r a nge -oo <n0 <+oo but over the range Trc<TCo < +oo: 

d.rr0 e~p [-½ htt (rro-~ )'2.} 

J. dn:6 ex.p [- i htt ( i~-rc )~} 
~)lTc 

Recalling the definition of the complementary error function 

we obtain for the likelihood 

L ( rr; 1T0 ,hn, ITc.) oC -P (dn:0 \re, \,tt, rrc) 

oC 
ex.~ [ - i h~ ( lf0 - rt )2 J 
e~Fc [(~)1/A,(nc-T()] 

The effect of the term involving lCc is to skew the likelihood 

towards smaller values of TC or ~arger distances. 

It may happen that a selection procedure Sis used 

which does not have a sharp cut off, but which is such that 

the probability of accepting a star f or observation, 

is larger ior large values of observed 

parallax than for small values. Then the likelihood is 

given by 
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L(rc.; Iro, htt,S) oc -P(a.ccerbl~,S)e.x.p[-½hn(rro-rc.f] ' 

~( =rel ~ 's) exp l-½ h.l ~- It Y'Jct It~ 

If we are using someone else's observations, we may not have 

any initial knowledge o f the selection procedure used. Then 

we must compare the frequency density of observed parallaxes 

in the sample, 'D(lTols) with that obtained by random 

samp,1-ing of stars of the appropriate type, D(rcol~) 
The acceptance probability is given by 

I 
I 
I 

-1 

I 
I 
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Appendix 3A Ca l culation of the directi on cosines . 

The ang le between two direc t ions 0(.1. Si and o{2 ~~ is 

found as the third side of a spherical triangle; the first 

two sides are n/.2..-Si and ct/~-g:l., and the included angle is 

cx.i - o{~ • The cosine f ormula gives 

~ 
eos (cx181 c:xiS~) -= c.os (~/2.-~1.) cos( rr-/2...-~')._) 

+ sin ( rc/'1.. -~iJ sin ( ft/Q.-8::1.) c.os( C(-1 -~~) 

To find the direction cosines CN.,,, we need the right 

ascension and declination of the three .g alactic axes TT e z' 
and the three directions of motion lr~ .U1~~- These are given 

in the table below. 

o( 0 

TT 4 . 622066 -0.504400 

e 5.233810 +0.836313 

z 3 . 344922 +0. 48287 4 

u-;_ o( +rc./2 o<'-tIT,~)O 
ex , ~< o 

<.rs 0 re/~ - \o \ 
u-;- o( ~ -

Table 3 . A.l: Equatorial coordinate s of galactic axes 
and directions of motion 
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Appendix 3B Correc t ion f or ga l a c tic r o tati on 

Galactic rotation alters the mean stellar velocity by 

an a mount prop ortional to the distance: thus we should replace 

UN by q_, + q"'r. Since 

V N - ( UN + ~-(') 

= (cNiJ-'--o<. + CN~f'-~}·r + Ct-Jo C-r, - ( UN i- '\.Ny-) 
the net effect is to replace 

by 

The values of qt{ are given in terms of the Oort ' constants A 

and B by 

~rr - (A-B) stn(.Q.)c~(b) -=- (A-B) C20 

'ie = -(A+ B) c.c& (.t)eo5(b ) . : (A~ B) C i.5 

9..z - O 

In terms of the FK4 system, Fricke (1967) has obtained t h e 

f ollowing values of the Oort consta~ts: 

A= +0.0030 "/yr. 
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Appe ndix 3C Eff ect of errors in the proper motions. 

So far we have neglected the possibility of errors in 

the proper motions. This is reasonable when the p roper motions 

are considerably larger than their disp ersions, as is true for 

the nearby giant stars. For stars which have annual proper 

motions of 0~010 or less, the effect of errors is important. 

Unfortunately, the proper motion then provides no effective 

upper limit to the distance, so in the present investigation 

we have largely avoided using stars with small proper motions. 

However, it is at least worth considering how to obtain 

the likelihood when errors are appreciable, in order to be 

able to apply it when the need arises. 

The likelihood which we derived in section 3.1 is 

based on the true values '.l) ={lJo(,Do} .of · the proper motfon . 

We ~hall write it in the form : 

, 
where the components of the matrix A are 

~ 
and the components of the vector uJ are given by 

L, HN ( UN - Ct-rt, lf '(" ) ct-.(~*. 
N 

We assume that the final distribution of the values 

of the proper motion given the observed values 

Gaussian distribution with p reci s ion matrix B: 

is a 

-------------------------------------------· ------------
-:c- These relations serve to d efine P.... and 'C:s-. 
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~ 

We want the likelihood based on the observ ed values~ ; 

..l, 

the t rue values.)) are nuisance parameters. We apply the 

method of section 2.4 for e limina ting nuisance parameters; 

L (-r; p.., w-, A, 8 ) oe LL (-r; ,;, <S, A }P( d:v If-, B) 

oC "f'"° Lcb, ~ d»g =p [-k { (t-r-&).A.(~ Y- - c;'s) +(:t -J;:,)-B.( V +)} J • 
After performing the integration, we obtain the desired 

result: 

L ( Y--; f, w-, /\,B) 

oG -c-"- exp [+ ~:.(J;-B+ -r<JA).(B+-r1 A.)\AW--r+ Bp.-)]_ 

. I 

I 

.1 
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Appendix 3D Estimation of the variances o f trigonometric 

parallaxes. 

If two independent measurements of the same parallax 

differ by ~l'Y\=-TIQ.-TTrn, and the variances of the two 

measurements are er: and a-~, then the corresponding density 

If there .are N..Ql'YI such independent measurements A 1 ml •• ·• 6.{"'w , 

their contribution to the likeJ,ihood of <J]_, ¾ is given by 

'fl L (019 ~; Ne_~, 6.J.mi • • • ~J2MN) 
N~~ • 

-~ L { _Q_° Cert+~) + 
t. :.i. 

} 
- ~ ( N~ ... __QV\ (at+~)+ 

where 

=- L ~~"'t 
i 

The total likelihood for all the parallax stations is 

given · by 

* To obtain this density, write do~m the joint distribution 
of Tr~ and lTM, and eliminate the true value TT~ of the 
parallax by the method of section 2.4 • · 
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. l. 
On differentiating with respect to (Ji(, we obtain the 

maximum likelihood equations 

+No. +~ 'a-~ 2-.. 
.Q. 

Sl1 
o-;_4 • 

These equations can be solved by the f ollowing iteration 

The precision of the resulting estimates can be found from 

the second derivatives · of the log likelihood 

· cP-1n L l 
aca-u'l. _(J--ey-
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CHAPTER 4 

REGRESSION FROM ERROR PRONE OBSERVATIONS 

4.0 The likelihood of the absolute magnitude M, based on the 

color index I and the luminosity criterion e, is proportion­

al to the probability element off given I and M: 

L (M; p,1) oe 'P(dp \ M, I) 

The task of calibrating a luminosity criterion -is the task 

of estimating the parameters of the distribution -P(dp\tv\,I). 
For the purposes . of the present work, we shall assume that 

the distribution takes the particularily simple form 

The restriction here is that, for given Mand I, the distri­

bution of p is normal. The mean off can be any reasonabl e 

function of ~ and I, which is represented in a series of 

orthogonal basis. functions Q_0 (M,I) .. ·. Qw(M,1). The variance 

of pis independent of M and I; this last restriction could 

be removed, at the cost of increasing the complexity .of the 

computation. 

Ideally, we shou~d like to use a much more general 

for m, which would be capable of representing, arbitrarily 

c losely , any continuous density. Unfortunately, the comput~tion 
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involved is extreme~y d i ffi cult; although considerable pro ­

gress has been made, not all the p roblems have been solved. 

4 .1 The likelihood of the parameters . 

The likelihood we need is proportional to the distri­

bution of the luminosity criterion based on the parameters 

and on the observations relevant to the absolute magnitude, 

e; {yY\, n:o,hit,'~'"""}: K 

L(\-\,Q; p,l!IB) oe TT-P (d.pk \' Ik ek; ~,o..) 
k=i 

What we know is the distribution of the luminosity criterion 

based on the true value of the absolute magnitude 

Here the true- value Mis a nuisance parameter, and must be 

eliminated using the device explained in section 2.4: 

S 
. L(M;8)dM 

'"P(dflI,M;h,o..) ' 
M J L(M\ & )d\v\

1 

M' 

1The normalizing integral over M1 is irrelevant to th e likeli-

hood, and so may be omitted . The likelihood is 

K 

L (h,c..; f ,I's) oC TT J--r(dil \Ik,M; h,c..) L (M; ~k )d.M 
k=i M · . 

Substituting for the distribution of the luminosity criteri on, 

we fi nd 
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L ( h ,a.; f, I,&)()(' fr h1exr[- ~ h-bnCQ"(M,rk)f] L(M,9 .. )dM. 
k=i M 'n . 

I t is convenient to work wi t h the logarithm of the likelihood. 

Instad of a product, we then have a sum of the contributions 

made by the data for each s t ar: 
V'\ 

.Qn L ( h J a.. ; f, I, S) ::= I .tn L k 
k ... i 

.e(I L k ... ~n { h 1/1:r ~ t t Pk-~. QYlk t 1 L c M. -&J d M} 
where we have written ~nk :: QV\ (M, ~). 

When both components of a binary star are included in 

the sample of stars, we have to take into account the infor­

.mation that both components are at the same distance. This 

is discussed in Appendix 4A. 

4.2 Deriving the maximum likelihood equations. 

'The maximum likelihood equations are obtained by set­

ting the derivatives of the log likelihood equal to zero: 

- 0. 

Subs t i tu ting for -tn Lk, we find 
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It is convenient to abbreviate this using the notation o f an 

expected value: 

LP(d:x: lo() .. 

Putting 'P(dM \ 8k)h,c.__) 6C eoc.p [-~(pk. -O-.n0rilJ-i] L(M; Bk)dM 

with ek =- { -ek· fk I k}; we have 

O Q,, Lk =- -I-. E[ ~.,,,k(fk - iQ,,Qnk)\ 8k, h,Cl.] 
'd a. Y\'\ 

In exactly the same way, we can £ind 

On taking the sum over k, we £ind the maximwn likelihood 

equations are 
K 

. LE[ Q,.,k fo -;;U.n~Ylk) I E\ho.-] 0 
k .. i. 

and K . 

IE [ ( E'k - ~¾ 0nk f \ ek, h,QJ - I-< h-l 
k:t . 

4.3 Solving the maximum likelihood equation. 

Because of the dependence of the expected values on the 

parameters, the equations we have just derived are non-linear; 
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i f i t were not for this dependence, they would form a linear 

s e t o f equations whose solution would be simple. We can make 

this clearer by rewriting the equations in the form 

4' a,, { f E [ Q~k Q"k I e., h,a.] } E [rk Q~k I 9., h,"-] 

h-i ~ {, E[ (fk - ~Q,_QV\k)1 \ 6\,h,0-] 
This suggests the following iterative scheme. Start with any 

I (o) (o) 
suitable approximation n , Q.. • Calculate the expected values. 

Solve for a new and improved approximation h Ct\ Cl.(1.). Calcul-

ate new and improved expected values, and solve for a still 

better approximation h(1) (~) 
:, Cl • Repeat the cycle until two 

successive approximations agree to within the required · 

th , (") L-<") ti-. 
accuracy. If the Y- approximation is n ., Cl. , the (,+i.) 

approximation is given by 

L Q~,-+i) { IE [ Q,,.,kQ,k \ 8k, h (-,,! Q (,)]} - E [\k Q,.,kl 8\i?lr)J 
n ( t.t+L) t =k (,('-i E [ ( f k - i Q} r+ q Q VIS'" l ek, h (,; Q c~ J] 

The convergence of the iteration is linear; after each 

iteration, the error of the approximation is reduced by a 

roug hly constant factor. In practice, I f ound that the 

factor was about 3, so that convergence was reasonably rapid. 

4.4 The estimated absolu t e mag nitude and its dispersion. 

Once we have obtained an estimate of the parameters, 

we can find an estimate of the absolute magnitude of any star 



f or whi c h the luminosity criterion and the color is known. 

The likelihood o f M· is 

L ( M ; f, I ; h., a.) oc ~ ( clp \ M , I ; ~, Q) 

0C e:i::p L'- ~ { f - ~a,, Qn (M, I) n 
~ 
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Th e maximum likelihood estimate, ~ , is given by the solution 

of t h e equation 

" f - L,Qn Qn(M_,I.) 0 
'I'\ 

It is important to estimate the dispersion of this 

estimate . The dispersion has .two components, which we shall 

call the extrinsic and the intrinsic dispersion. 

The intrinsic dispersion is due to the £act that the 

luminosity criterion is not completely determined by the ab­

solut e magnitude and the color; £or a given Mand I, the 

variance of pis given by 
1 

u-o...r- ( P ) = h - . 

The extrinsic dispersion o f M is due to t he £ac t t hat 

our e stimates o f the ·parameters are not exact, but thems e lves 

have a dispersion . The extrinsic dispersion of M is given in 

t e rms of the covariance matrix CW (o.. ..£ ,a..l'V\) o f the para-

me t ers ()..
0 • • • 0.. t-./ by 
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Recall from section 2.6 that the covariance matrix is 

the reciprocal of the precision matrix, and that the precision 

'matrix is found from the second derivatives or the likelihood 

We have already obtained the first derivative of the log likeli­

pood . Differentiating again, we can fi nd 

h f E [ ~~k Q,,.k \ 6\,h,Q] 

- h1 LE [ ~Q~ Q~k(pk-L Ql\Q.Y\k)'l\ 8~Jh.?Q_J 
k ~ 

. + h"-f ~ [ Glii.Cp. -L),nG,,k)l@k,h,oJ E [ Q..k((>,-Ea..Gl.k)\ek,h,Q] 

The first term is due to the limited. amount of data 

available; as the amount of data increases, the precision due 

to · the first term increases. The second and third terms · are 

due to the errors in the data; in the absence of errors, the 

second and third terms cancel . 

An additional use for the covariance matrix is as an 



aid in deciding how many terms are needed in the expansion 
N 

L_ o ~Q~k In general, we should find that for some 
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integer N, the coefficients a~ are not much larger than their 

standard derivations when n) N. Then we include int e ex- . 

pansion only those terms with~~ N. The standard deviation 

of a Y\ is given by 
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Appendix 4A The inclusi on of binary.stars . 

The absolute magnitudes iV A and M Es o f the components 

of a binary star are connected by the reiation 

or 

The contribution to the log likelihood is 

.Q'(\ LAB ' . 

= .2n {I:< e,J MA I A ; h, Q) ?( FB I Ms~ MA+ L';m, Is; h,o..) L ( M ... ; \1'A)d~} 
A 

On d iff erentiating, we obtain the contribution to the maximum 

likelihood equations. This amounts to adding a contribution 

to each of the sums qf exp ected values . 

To LE [ ~k Q ~k l81v~\Q] add E. [ Q~A ~ +~QB ~M6\ eAB,h,6-J 
k.. 

To L_J E [ Pk ~ .Qk \ ek_,~Q1 add E [rA 0~A + l°B (QQB \ 8 ABJ\,C.. J 
k 

To LE. [(tl -I~~QnkJ\6\)h,(1;) 
k Yl 

add Li [ [ (fA+L/tnQ~1')'1 + (fa+.ZQ~Q~6)cJ.\ ~,h,Q] 
k Y\ . . 

The contribu t ion to the precision matrix is obtain ed by 

differentiating twice . 
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CHAPTER 5 

RESULTS AND CONCLUSIONS 

5.0 We shall now see how the methods of Chapters 3 and 4 can 

be applied to two particular luminosity criteria, developed 

by Wilson and Bappu and by Scarfe. A re-analysis of a lumi­

nosity criterion should not be construed as being in any way 

a criticism of those who originally developed the criterion. 

On the contrary, the statistician must always be in debt to 

those who provide the data which he uses. Particularly is 

this so in astronomy, where observational data require so 

much skill and patience to collect. 

5.1 The Hand K emission line widths . 

Probab_ly the best available spectroscopic luminosity 

criterion is the mean width of the Call Hand K emission lines, 

discovered by Wilson and Bappu (1957) and calibrated by them 

using spectroscopic and trigonometric parallaxes. They found a 

linear relation between the absolute magnitude and the logarithm 

of the width, which is independent of color. Wilson (1959) 

fitted a straight line to the data given by the sun and the 

four Hyades giants. 

The latter calibration depends upon the distance 

modulus adopted for the Hyades cluster. When Hodge and 
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Walle rstein (1966) suggested that the distance modulus of 

the Hyades cluster might be in error, they pointed out that a 

consequence would be an error in the calibration of the Hand 

K e mission line widths. Wilson (1967) recalibrated the Hand 

K emission line widths using data for 65 stars of large tri­

gonometric parallaxes. . Two stars of the original 67 were re­

jected as giving deviant results; when this was done, the new 

calibration, entirely independent of the Hyades cluster dis­

tance, was found to be in exc.ellent agreement with the old. 

Wilson therefore concluded that the Hy~des distance modulus is 

probably correct . 

We saw in section 1.2 that the method of least squares 

:fitting to absolute magnitudes calculated :from trigonometric 

parallaxes, which was the method used by Wilson, gives rise to 

systematic errors . In order to find out how large the 

systematic errors are, I calibrated the Hand K emission line 

widths using both the method of least squares and the method 

o:f maximum likelihood. We saw in Section 2 . 6 that the maximum 

likelihood .estimates of a set o:f parameters lie in the center 

of the final distribution, provided thatthe amount o:f data was 

reasonably large. Consequently any difference between the 

least squares estimates and the maximum li°kelihood estimates 

which is in excess of one or two standard deviations should be 

ascribed to a systematic error in the least squares estimates. 
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I used data for the 67 stars in Wilson's list, and 

also for the sun. For the 67 stars, I took the relative 

parallaxes from the Yale catalog, and calculated the absolute 

parallaxes and their precisions by the method of section 3.2. 

I took the proper motions and the apparent magnitudes and 

colors from the Bright Star catalogue; the proper motions were 

used in the maximum likelihood calculation but not in the 

least squares calculation. The luminosity criterion 

e = log.10 ( W) turned OU t to have no significant dependence on 

color or on terms quadratic in absolute magnitude; I therefore 

assumed a frequency distribution of the following simple form: 

? ( df \ tv1; h)a..) oC hv~dp e:x:.p ~ ~ ( p -Q0--Cl1 'JC. )
1

] ; X = tv\, - 3•7o& 5 . 
4·5"02.5 

The results obtained by the two methods are as follows: 

Maximum Least 
Likelihood Squares 

h 731•1 393•7 

ao 1 - 5853+0-0052 , 1~6030 

al -0-2581+0•0087 -0•2829 

The covariance matrix for the maximum likelihood estimates of 

ao' a1 is 

var (ao) = cov (ao,· ao) = 0•00002687 

cov (ao, a1) = 0•00001271 

var ( a1) = cov (a1, a1) = 0-00007608 
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Notice first that the least squares estimate of the 

precision his much smaller than the maximum likelihood 

estimate. The least squares method implicitly assumes that 

the likelihood of the absolute magnitude is Gaussian, whereas 

the correct likelihood has a much more extended "tail". The 

least squares method therefore underestima~es the dispersion 

of the absolute magnitudes, and thus attributes more of the 

scatter to the luminosity criterion, (or underestimates the 

precision of the luminosity criterion) . 

The estimates of a
0

, a~ differ by more than three 

. . 
standard deviations,- a difference which is statistically 

significant. The estimates for Mv are calculated as 

Av= 4-- 50
2..5 (to51oCw) - Qo) + o·7o65 

o..i 

and are given below for two typical values of f = log
10

(W) 

r=log 10 (W) 

1 • 51 

1 • 80 

Mv Mv 
Maximum 

Likelihood 

+5 • 02 

-0 •04 

Least 
Squares 

+5•19 

+0•57 

The value log 10 (W) = 1·51 is typical of a dwarf star, and for 

this value the estimates of Mv are in reasonable agreement. 

The value log 
10

(W) = 1·80 is typical of a giant star, and the 

estimates of Mv differ by 0•61 magnitudes . 
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In figure 5.1.1 the Mv - log {W) relations shown are for 
\0 

t he maximum likelihood solution, the present least squares 

solution, and Wilson's 1967 least squares solution. - We should 

expect the two least squares solutions to differ somewhat, for 

sev e ral reasons. Wilson's solution is for the regres s ion of 

Mv on log~(W), while the present solution is for the regres­

sion of log (W) on Mv; the absolute parallaxes and ~heir pre-
10 . 

cisions have slightly different values in the present solution; 

and the present solution uses data for the sun and the two 

deviant stars omitted from Wilson's solution. In spite of 

these differences, the two solutions agree reasonably well. 

The four Hyades giants have a log,
0
(W) of about 1·80, 

and so the maximum likelihood estimate~of their mean absolute 

magnitude differs by about 0·61 magnitudes from the least 

squares estimate and from the estimate based on the accepted 

value of the Hyades distance modulus. 

The standard deviation is calculated from the precision 

hand the covariance matrix of a
0

, a~. 

:for one star is: 

The intrinsic variance 

0-416 . 
For four stars the variance is o~e quarter of this, or 0•104 . 

The extrinsic variance, which is the same for four stars as it 

is for one, is: 
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Using 4·5 
' 

we find the extrinsic variance to be 0 · 027 . The total vari-

ance is 0·131, which gives a standard deviation of 0·362. 

The difference of 0·61 magnitudes is therefore about 

1.7 standard deviations. Thi°s evidence sµpports, but does 

not prove, the suggestion of Hodge and Wallerstein that the 

accepted value of the Hyades distance modulus is in error. 

5.2 The FeI ~5250 triplet . 

This triplet is one of several photoelectric criteria 

developed at the Cambridge observatories . Properly, it should 

not be considered in isolation, but should be calibrated in 

conjunction with the other Cambridge criteria. However, its 

behavior is somewhat complex, and it is of interest to see 

what the present methods of analysis can reveal. 

Observational data on the FeI')...5250 triplet were o b ­

tained by Scarfe {1966). I used the data for 253 siars from 

his list which were in the bright star catalogue and for 

which B- V colors were available. I assumed a frequency distri­

bution of the following form: 
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-P (~ I Mv ,B-V) OC h ½.=pt~ fr - r(t'I"' B-Y) J2'] 
H Mv, B-Y) = O.o +QJ.X. + Cl:l-~ + 0.3 (~ oc?-- D +<14~ +a4 ~;,'.t-t) 
X.:::. Mv-0·760b6 B-V - 1.0656 · 

, ~ = 
4·<3867 o•%o7b 

Here e is · the natural logarithm of the ratio of the strengths 

o f the central line to the sidebands. 

The maximum l'ikelihood estimates are 

h = 4775 

ao = +0-0445 + 0-0011 

a.i = -0•0273 + 0•0019 

a:l. = +0 •0170 + 0·0013 

¾ = -0 •0161 + 0•0013 

a4 = -0•0189 + 0 · 0017 

as = - 0 •0019 + 0·0007 

The covariance matrix, in units · of 10-6 , is 

0 1 2 3 4 5 

0 1•16 0·07 0·16 0·00 0·12 -0· 22 

1 0°07 3-72 1-32 0 •87 -0•9 4 - 0 •27 

2 0·16 1·32 1·59 -0·31 -0•74 -0·37 

3 0•00 - 0·87 -0·31 1•73 0·20 -0·15 

4 0-12 -0•9 4 -0-74 0·20 2•73 0-66 

5 -0·22 -0·27 -0·37 -0·15 0·66 0·44 

Here the figure in row m, column n, is 106 
cov ( a..-n, an). 
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The extrinsic variance, calculated from the covariance 

ma tr i x, is generally much smaller than the intrinsic variance. 

The intrinsic variance is given by 

It will be seen that the intrinsic variance is small for red 

stars and large for blue stars. For stars with B-V bluer than 

1-066 it is even possible _for the variance to become infinite; 

this is because the criterion~ may have a zero derivative 

af/oMv · The intrinsic standard deviations of the absolute 

magnitude :for some typical values o:f Mv and B-V are given be-

low. 
Standard 

Type Mv B-V deviation of 

GSIII 1•00 0•81 6 •27 

KoIII 1·20 0·99 1-95 

K5III 0·00 1·50 1·06 

MoIII -0•10 1 ·54 1•02 

A higher precision, and hence a smaller standard deviation, 

might be obtained by including more terms in the regression 

function f(~, B-V). 

Mv 

I 

. I 



5 .3 Rat ios of line depths . 

I attempted to calibrate the 14 line ratios used by 

Wright and Jacobsen (1966). This attempt was a failure. 
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In order to measure the ratios speedily, I used line 

depths; this was probabJy a mistake. It is quite possible that 

the major effect of surface gravity is to alter the width of 

the lines; the old classification of c, g, and d was based on 

line widths, and c stars had very narrow lines. If one must 

use line depths, itis essential to overexpose the plates; this 

I failed to do, so that the line depths on some of my plates 

ran into ' the bottom of the calibration curve, and had to be 

rejected . However, as Wright has pointed out, the use of~ 

measurement of a spectral line should be avoided; equivalent 

widths, which involve the area of a line, are to be preferred. 

One important lesson to be learned from this attempt 

is the impor-tance of considering extrinsic as well as intrin­

sic .dispersions. I observed 56 stars; this was too small a 

number and the uncertainties of the parallaxes were high. 

Consequently the extrinsic dispersion was much larger than the 

intrinsic dispersion. Typically, the intrinsic standard de­

viation of a line ratio is about 2 magnitudes; by combining 14 

line ratios, one might hope to get an estimate with a standard 

deviation of about half a magnitude. 



But such an estimate would be meaningless; the ex­

trinsic standard deviation, which represents a systematic 

error, is about ten magnitudes. 

5.4 Conclusions. 
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The original aims of the present work were two: to 

develop methods of calibrating luminosity criteria which made 

effective use of as much information as possible, and so have 

a higher precision; and to develop estimates of the dispersion 

of the calibrations. Both of these aims have been achieved. 

In addition, systematic errors which were present in 

previous methods of calibration have been eliminated. These 

systematic errors led to an error in the cosmic distance scale. 

It is now important to develop a method for the efficient 

estimation of the distance of the Hyades cluster. Perhaps the 

data is insufficient to allow an accurate distance; but at 

least we should endeavor to find within what limits we may 

expect the distance to lie. 
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COMPUTER TABULATIONS 

For reference purposes, the Fortran programs and the data used 

are given . The raw data on the stars are reduced by the pro ­

g r am "REDUCE ASTROMETRIC DATA". The parameters of the 

luminosity calibration were estimated from the reduced data 

by the program "READ DATA AND CALCULATE REGRESSION COEFFICIENTS" . 

The starting point would be the least squares estimation by 

t h e subroutine 11 LSQR 11 • The results would then be used as an 

i n itial approximation for the solution of the maximum likeli­

hood equations by the subroutine "RGRSN". 
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CTl Exp l a nat ion of r aw data 

The raw data for each single star is punched onto three 

I BM cards, and for each binary star onto four cards. The 

compu~er reads in the data for the binary stars on sets of four 

cards, and then the data for the single stars on sets of three · 

cards. Each card start.s wi.th the HD number of the star, and 

the computer checks that this is the same for each card in the 

set of three, (or'the first three in a set of four). 

The first card contains data on the apparent magnitude, 

color, and the luminosity criterion. The first card for the 

first star of the Hand Kline stars has: 

131156 4•54 0·76 1·45 

This tells us that HD 131156 has 

V = 4•54, B-V = 0•76, and log10(W) = 1·45. 

The second card .contains the data f,or calculating the 

proper motion. distance and its precision. The second card for 

the first star has 

131156 V 14 46•8 19 31 0·134 -0·107 4. 

This tells us that HD 131156 belongs to luminosity class V; 

is at right ascension 14h 
m 

46•8 and declination 19° 31'; has 

proper motion of 0·134 seconds of arc per year in right as­

cension and -0•107 in declination; and finally that the radial 

velocity is 4 km/sec. 
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The third card contains the parallax data. The third 

card for the first star has 

131156 30 4 147 A 157 M 165 Y 126 S 

This tells us that HD 131156 would not have been selected if 
II 

its parallax had been less than 0~030; that there are 4 mea-
II 11 

surements of the parallax; 0•147, by Allegheny; 0·157, by 

McCormick; 0~165, by Yale Southern Station; and 0~126, by 

Sproul . The criterion used by Wilson for selecting stars de­

pended on the ratio of the observed parallax to the quoted 

probable error, and so the value of T'C'c., 0~030 in the example, 

differs for different stars. 

The fourth card contains the same information for the . 

fainter component of a binary star as the first card does for 

the brighter component. 
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7 471 2 l '1 A 42 y 



7 ':,<;3 5.52 0. <; c_:; l.C410 
7 ':,<;~ IV 8 3 4 . 1 46 11 0.029 0 . 084 -37 . 
7 ':, <; 3 l 12,."A 

71,73c; 4.2C l. 0 0 l.C570 
7473<; I I 8 4C.8 2S 8 -C.020 -0 . 047 16 . 
_4.125-_ 2 __ l 

7:732 6.C6 0 • E 6 1. co2 0 
7':-732 D 8 46 . 8 28 43 -0.48 l -0 . 2,.0 27 . 
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SE262 3.71 1. 3<; l.C94C 
9c262 II I 11 13. l 33 3 8 -c. 025 0.021 -9. 
<; Ut:2 2 3 A 24 tJ 

S8839 5.06 1 .O l l.C8t0 
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0.1:s 1.0410 
12 19. 2 52 7 C. Cll 0.00 7 -13 . 
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12 2C.9 39 34 -0.075 -C .C38 -4. 
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15S222 1 4S*A --- --------- .. ,, ___________ .. , .. _, ____ -- -··· -- --··---·- ..... -------- --•·· 

161074 5.59 1.45 1.0780 
161(74 I I l 17 38.4 24 37 -0.060 -0.1C8 -21. 
161074 1 20*A 

lclC96 2.94 1.17 1.0700 
lclCS6 II I 17 38.5 '1 37 -0.043 0.154 -12. 

, lclC96 ----•- 5 -- - l~ _ _t.. 21_ }' 49 y 23Y_K 15 s -· ---

161797 3.48 C.75 1.0000 
ltll<i7 IV 17 42.6 27 47 -0.313 -o. 748 -16. 
lcl7S7 2 1C4 A lC8 ,., 

ll:2211 5. 3 4 1. 1 c 1.(520 
16 ~ 211 I I I 17 44.8 25 39 -0.008 -0.043 -26. 
lt£2ll -

___ l ____ l 3_ A 

It 58 € 3. c:;a 1. 18 1.0350 
lt 588 I I I 17 s1.e Sc 53 0.093 0.074 -26. 
16 58 € 2 21 A 41 tJ. 



16 770 3. <; <; l. 3 6 1. 11 qo 
l c ,,c I I 17 52 .€ 3 7 16 0.004 0.002 -27 . 

• 16 770 2 _-5 A -3 K - - -· ·-·--·- ·-· - - - -
.; 

) 1(:3<;<;3 3 . 82 C.<;4 l.C410 
16 "3 993 1 I I 17 53 . 9 29 16 C.085 -0 . 019 -2 . 
16 3-S S_ ~ / 1 A A 7 ,., 

l64C58 2.42 l. 5 3 l.C 900 
164058 I I 1 17 54.3 5 l 30 -0.011 -0. C24 -28 . 
164C5 € 3 l l A -· 19 . M __ 20 .... w _______________ 

··••··-···· ---------·- ·-- -·------··· .. ·-·· __ ., __ ........... _,. ___ .. _____ 
..... ·--········--·· . . ··--··- -- -- ·- ·- - -- . 

16~341 4.28 0.86 0.9870 
165341 V 18 0.4 2 31 0.256 -l..OS7 -7. 
16~ 3~ 1 5 1 8~ ~ 185 r1 211 Y.. 212Y..~ 112 s 
lt~lcC 4.13 C.97 1.0360 
1657cc III-Iv lE 2.s 8 43 0.006 0.029 -3. 
l657fC 3 ___ l 6*A ___ 9 _ _r,, _____ 2.9 y · 

----· --- --------- --

16t:2C€ 5. 11 c. 91 1.0410 
lcc2CE G 18 4.5 43 27 -0.002 -0.064 -16. 
l6t 2C8 1 7 A 

lct22S 5.67 1. 1 7 l.C45C 
let 2 2':l lI I 18 4.6 3c 23 - c.100 -0.187 -7. 
Hc22_c; 1 ____ 8.* A ___ ---·---·------ -------·-- ----• ---- -··-- --·- -- - ·- - -----· --·--· 

16c62C 6.4C 0.€7 0.9840 
lct62C V 18 t.3 38 27 -0.310 -0.475 -19. 
16c62 C 2 ss A 106 ,.,. 

167C42 5. <; 4 o.ss 1.0130 
167042 I I I 18 8.5 ~4 15 0.113 0.248 -16. 
lc1C42 -· - 2 ______ 7 __ A 39 ~ 

168532 5.49 1.53 1.caoo .. 

168532 I I 18 15.1 24 24 0.000 o . o -14. -

16€532 3 -13*A 21 M 0 w 
ltE656 4.92 0.93 1.0410 
l6E656 II I 18 15.9 3 20 .-0.004 O.OC<; s. 
16€656 -·- ___ 3 ____ 1 9_ A -5 r,i _____ i 4 y 

- - ·----· -

lcE7t5 4.34 1.18 1.0580 
16E715 I I I 18 16.4 36 1 0.023 0.042 -22. 
16€775 2 7 A 0 "' 

. - ---- ----- - ·• - - ·-· . ·-· ..... ··-- - --- -· ... --- ---~·-·-•· - -



U: Sl9 1 5 .4 8 1.26 1.C6SO 
lcSl<;l I I l 18 18.4 17 47 C. 066 0.018 -19 . 

'=" 16Sl91 1 20 A . - -- -- ---- ·- ---- - ·- ····•··•·------··· . ,, - -- ~-
• 

°' 1 6~4 14 3.92 1. 18 1. 0,.00 
CX) l 6S4 14 I I I 18 19.4 2 1 43 0 . 19 4 - 0.250 -58 . 

l6<_;lt_ll., ? h. Ii 'l:;, M 

17C 82 S t:.59 C. 79 0. 99 10 
17( 82 <; I~ 18 2t.4 20 45 0.006 -0.261 -59 . 
17(82<; l_ ___ 26*_A ____ -----· ··--· •-·------· -·--· ____ , .. , ·---- --···--·--- --------- ... ----------·. ·••--·• .... -- --- -· --- ... 

17lc35 4.S5 o. 6 2 1.co10 
17H: 35 I8 18 30.8 56 5€ - 0 .009 -0. 00 1 -12. 
17}6'lC: 1 5 A 

17117S 5.42 1. l l l.C620 
171779 II I 18 31. 7 52 16 -C. CC6 0.003 -24. 
l 7 1 1 7 S ________ _1 C ___ A 

17~78C 4.S2 1.20 1.05€0 
17378( I I 1 18 42.C 26 33 0.015 C.Cl8 -17. 
17378C 2 18 A 26 M 

175225 5.62 0.84 1.0110 
175225 0 18 49.4 52 51 -0.048 0.268 2. 
175225 - ----- 2 ______ 4 3 _ A ____ 9 _ t" ··- ----' -------------------- ·----·•·-·-·····-

175306 4.78 1.20 l.C510 
1753C6 II-III ·18 49.7 59 16 0.07<] 0.024 -20. 
175306 3 3 A -10 t". 3 G 

175535 4.97 O.<;G l.0600 
175535 I I I 18 50.8 50 35 o.o -0.029 8. 
175535 - ---- - l ____ 2 l _!_ft 

17l:4ll 4.21 1.c1 1.0730 
17l:4ll II I 1€ 55.l 14 56 -0.056 -0.075 -48. 
17l:411 2 24 A 17 "' 
176527 5.28 l .24 1.0710 
17t527 II I 18 55.7 26 6 0.083 -0.010 -24. 
176527 ______ l _ -5 A 

17t67C 5. 11 1.47 1. 1180 
l 7tt:7C I I 18 56.2 32 0 c.coa 0.009 -16. 
1 Ht1C l -6 A 



----
171 808 5 .eo l. 51, 1. 08 10 
111 ece I I I lS 1.2 3 1 36 0.070 -0.07 1 6 . 
171 808 2 5 t,I. 24 H - ---- ·-. ·--- -- --··•• •OM-••--- •-

111:428 5. <; 9 C. 11 1.0100 
l"H42E 0 19 3 . 5 16 42 0.053 -0 . 3 10 14. 
l H ... 4L i: 

11SCS4 5.93 l.C'i l.C400 
17S094 IV 19 6. 1 52 16 -0 .. 1 C1t - 0.062 4. 
17SCS4 1 ... - 1 A - --------- --- --- -- - --------------- --------------- -- ·-- - - -· ···- ··--· ---· .. -- - ... ..... ------ -
17S<i5c t:.t2 C.65 1.0110 
17SS5E v l <; S.5 49 40 -0.210 C.632 -38 . 

c:; ":I 

180006 5 .24 1 .o 2 1.0480 
18C006 I I I 19 9 • 8 56 41 0 .036 0.044 -16. 
18C00 6 1_ ________ 7 __ -·- ---------·-- -------

18C6 1C 5.28 1.68 l.C390 
18(6 1( 111 19 12.l 57 32 - 0 .014 -0.072 -2 7. 

6 1 21 A 

1€(711 3.24 1.00 l.0550 
1EC711 II I 19 12.5 67 29 O.O<J4 o.oso . 25. 
1€(711 - - 3 --· _ 30ft_ _______ l 9 __ l1 _____ 2J G _____ --------··-.. ----.. --,---- - ---- --·····-- •-- - ·--- ··-. 

1ccecs 4.46 1.21 l.1060 
1EC809 I I 1 <; 12. <; 37 57 -0.005 o.o -31. 

A 9 TJ 

1e121c 3 . <; E c.ss 1. 0450 
U:127c I I I 19 14.8 53 11 0 . 0 57 0.122 -29. 
l E 12 7 6 _____ 2 ___ 2-1_ 6 _ .}J --------·-

1E2488 6.50 O.El C.9790 
1E248E V 19 19. 8 33 l C.080 0.164 -21. 
lt24cE 1 55*A 

18 2 512 5.23 c.10 1.0130 
H:£572 IV 19 2c.2 11 44 C.719 0.636 -100. 
18 2 512 ____ 3 48 A 74 M l QlYK 

182762 5 .31 1.c2 1.0510 
1E27t2 II I 19 21.1 lS 3 t 0.089 -0.0€7 1. 
1E27c2 l -6 A 



lc44C6 4.65 1. 17 l.C520 
184406 I I I 19 2c; .2 7 10 0 .211 - 0 .1 5 7 -24 . 
H!44Cl 3 16 A ____ 5 1 tJ. 53 y ·--·- ·-··- ·--·· -· . - -· - -···-

18: 144 4.78 C. 79 C.SSlO 
lc:144 V lc:l 32 .6 6<; 29 0.575 -l .7 1t5 2 7. 
18~ 

185 734 4.7<) l.Cl l. C79 0 
185734 III- IV 1 g 35 .4 2c; 55 -C.0C3 0.03<) 6. 
1 E5 734 2 6 ___ A_ _ __ ~ 2 __ ~ ·------· ·-· ·---·-·--- ·-··--· .. ·-··-·· .. -· -- ····-···•··---·· -·--··-·-·-· -•- ·-·--·•-·· ·-- ---· ---·-----· 

1€5958 4.45 1.05 l.0790 
l E 5 <;5 e I I 19 36.6 17 15 0.004 -0 .03 ·7 -22. 

lcl486 5.45 0.94 1.0310 
1 8l486 II .I 19 39.6 25 32 0.004 0.018 -9. 
18l48 6 ______ 1 _____ 20 _A -------- -·- - --

lccl15 s.c2 C. ':36 1.0260 
1Ec675 11 I 1 <; 40.7 37 7 0.068 0.031 -24'! 
18 66 75 l 15 A 

18E310 4.E6 l • Cl 1.0560 
1EE31C II I 19 49.4 8 12 o.oc:;5 -0. 08 2 -42. 
188310 - ·-·· -3 _________ 2 C A 34 ,. 3 y 

-----------•-• --·-· --·--·-· ------- -- ----- -·- ---•·•• ---- - - . 

1EE512 3.90 C.E7 1. 0 120 
188512 IV 19 50.4 6 9 c. 039 -0.483 -40. 
ltf512 5 78 A t:. (; t.J E2 y OYK 67 s 
1889 47 4.03 1.04 l.C400 
18 89 47 II I 19 52.6 34 49 -0.036 -0. 0 29 -:-21. 

---- --- l EE 9 4_1 _________ 3 ·7 4 4 M t5 s 
18S276 5.13 1.58 1.1250 
18S276 II-III 19 54.0 58 35 -0.012 -0~021 5. 
18S276 1 l A 

lcS31S 3.71 1.54 1.0990 
1E<;319 II I 19 54.3 lg 13 0.061 0.024 -33. 

____ l 8 S3 l <; _. __ 2 _____ 3 A 14 1" 

19(147 5.28 1 .13 1.0670 
1SC141 II-III l c, 58.5 49 50 0.014 0~002 1. 
1SC147 l 11 A 



/ • 
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l<JC360 5.68 C.72 0 . 9940 
1SC3c0 IV l 9 59 .5 29 38 0 . 676 -0. 53 0 -46 . 
l <JC3l: O 2 44 A 42 M -
l <J2E06 4.73 1.27 l.C660 
l S2ECl: I I I 20 11.6 27 30 -0 . 04 1 0 . 008 3. 
..LS 2.J: __ Q_6 2 2 A 1 1 N 

1S3C92 5.50 1.64 1.1 50 0 
1S3CS2 I I 20 13.4 40 3 -0.001 -0.004 -20. 
1S3C<J2 l _4 A ... - ·----· ---•-•------ ----

1S43ll 4.6C 1.33 l.C750 
194317 1 l I 2C lS.9 31 52 0.037 -0.002 -15. 
I q l. '.l 1 1 ? ~ !J 7 t<J 

19t755 5.23 C.74 1.0090 
1Sc755 IV 20 34.3 <; 44 0.313 0.015 -52. 
1 9 c 7 5 5 ______ .. A .. _ ..... 14 : A ____ 1_9 __ M ____ 3 6 Y 1-5.YK _________________________ _ 

197076 
197076 
lSlCl(; 

D 
1 

6.40 

50 A 

0.64 1.0060 
20 36.2 . lS 34 

197752 5.13 1.18 l.C740 
24 55 197752 111 20 4C.6 

C.119 0.303 

-0.035 -0.178 
lS.7752 ______ 2 ____ 4 A ____ -7 __ t'-~-_________________ _ 

lSlSl:4 
l91S64 
1SlSt4 

1 <; i <; ES 
l S.7<38 <; 
1c;,c;ac:; 

19El34 
1Sc134 
19E 13 4 

1SE14S 
}Sc 14<; 
1.SEl4S 

.19E387 
19E387 
1Sc387 

4.45 
IV 
4 20 t,. 

2.64 
11 I 

-----3 ___ 52~A 

5.20 
I I I 
1 l A 

3.59 
IV 
4 66 .. A 

6.34 
0 
l l6*A 

1.04 
20 4 2 .o 

43 M 

1.04 
2C 42.2 

1.0180 
15 46 -0.037 

SYK 2 S 

1.0520 
33 36 0.355 

3<, t-' _______ 2 Y K 

l. 31 l.C740 
20 43.2 34 0 0. 043 · 

0 • <; 3 1.0090 
20 43.2 c 1. 27 C.090 

(;4 1"' 66YK 78 s 
0.91 C.<;960 

20 44.9 52 3 C.064 

-0.lSE 

0 .325 

0.002 

0.820 

- 0. l 59 

-37. 

31. 
----····-······--·····-····--······· 

-7. 

-10. 

-23. 

-87. 

-41. 



2C C<;05 3 .<;2 1. 64 1.1 5 70 

~ 2CCSG5 I B 2 l }.3 43 32 0 . 003 O. OC2 -20 . 
2GC9C5 2 -=- e A_ 14 t'. --- .. - --- - -- -• 

t<' 203344 5 . 82 1.cs l.C630 a 203344 III-IV 21 16.6 23 26 C. 235 -0 .1 2(: -89 . 
:;, c '.l 1 4 4 1 -R A 

2C3504 4.24 l. 10 l.C600 
20350 4 l I I 21 17.5 19 23 C.105 0 .065 -76. 
203504 3 20 - A _ __ -:- 11 f'J. l 2 Y K __ _____________________ -. - -···--- ·- .. ··-·-· -·-·-· . - --- ... - ---··-·· -- --·--··-- ·-•--

2(4124 4.76 1.65 l. 1150 
2C4724 I I I 21 2 5 .4 23 12 0.015 0.003 -19. 
2(4174 / 4 ~ 2 I tJ 

2C5512 4.S8 1.04 1.0630 
205512 II I 21 3 C. 7 38 5 0. 120 0.0<;8 -66. 
205512 3 -- - 12_ ~---=-5_ 1'_ _ l L _ s 
2Ct.778 2.54 1.58 1.1590 
2Ct.718 IB 21 3<;.3 <; 25 0.025 0.002 5. 
20 t:778 3 -22 A 17 /J 8 y 

2Ct:85S 4.52 1. l E l.C920 
2Ct85<; IB 2 l 3S.8 16 53 c.001 -0.013 -22. 
2Ct:85S ·- ·- 2 __ -1 A q __ ~ -- ----- ...... ,_ .. _____________ - ----- -----

206952 4.85 1 . _14 1.(490 
2ot:952 I I I 21 40.4 70 51 0.116 · 0.101 -37. 
2Cc<:J52 3 11 A 0 M -8 G 

2CC:747 4.90 1.42 1.0 840 
2CS747 I I I 22 0.6 4 34 0. 105 0.103 - 16. 
2 C S 7 4 7_ _ _ ___ 3 ------- 10 A l2-_M __ 3 y 

212943 4.93 1.05 1.0470 
212<;43 III-I'J 22 22 . e 4 12 0.078 -0.308 54. 
212S43 3 28 A 6 " 17 y 

215665 4.14 C.95 1.0690 
215t:65 JI-III 22 41.7 23 2 0.052 -0.012 -4. 
215665 ___ 2 _ 32 A 41 M 

2lt228 3.68 l.Ct 1.(630 
2 lt.228 I I I 22 46. 1 e5 40 -0. 06 7 -0.122 -12 ~ 
2 ll 22E 2 27 A 48 M 

- -----. ·-··-. -·· ------------------· 



2 HC3 l 4.Sl l.C4 1. 0510 
21E03 1 II I 22 5 9 . 7 49 30 C.161 0.168 -35 . 

=- ~ 2 HC3 l 2 -9 A 5 tJ: - - - -·---·- ·-··-·-· -··- --· ·- -- _ .. _. - - ---
2lcl0 1 c . 45 0 . 83 1.0180 
2lc l01 IV - ':I L.., 0.2 16 2 -C.190 -0 . 193 -27 . 
2 lf. l 0 

218658 4.56 C.80 1. 0310 
2lc658 I I I 23 4.7 74 51 c . 010 -0.025 -19. 
21U:58 3 -- ; _A - -- 5 G ... _-:-2 0 _S ___ -·· .. ···-··-·· ·-· ........ _ .. , ..... , __ -•·--·-•· .. ·- - . 

21Sl34 5.65 1.00 C. 9790 
21<;134 V 28 8.5 5 6 37 2.012 0 .2 9 9 - 18. 

21<;615 3.85 0.92 1.03 30 
21_<;615 II I 23 12.0 2 44 0.756 0 .022 - 14. 

_ 21Scl5 ___ _3 ___ 18 __ ~ __ 3_1 J ___ 2_0 - -----

21SSlt 4. SC 0.82 1.0250 
21S916 I I I 23 14.5 67 34 0.058 0 .020 -18. 

l (: 27 A 11 G 

22C954 4.45 1.cs 1.0800 
22(<;54 II I ---;i 

LJ 22.9 5 50 -0.127 -0. 0 43 6. 
22C954 _ ':I _15 _A _____ -6 _ M _____ JQ ___ __, - ---··--····--···-··-·- ·- __________ .... - ---- -----

221345 5.32 1.c2 1.(420 
221345 III 23 26.4 38 41 C.285 -0.079 -59. 
221345 1 l 1 A 

222107 4 .00 1.02 1.ccao 
222107 III-IV 23 32.7 45 55 0 .15 8 -C.421 7. 
222107 _____ 3 -- 4 4 __ .A 26 M 44 s 
222404 3.42 1 .03 1 . 0490 
222404 IV 23 35.2 77 4 -0-.065 0.154 -42. 
222404 4 c3 ~ 62 M 66YK 57 G 

--- -- ---·----------------------------------------------

I 

l 
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CT4 Explanation of reduced data 

After reduction, the data for each star is punched onto · 

a single card. The stack of data cards is preceded by two 

preliminary cards. 

The first prelim!nary card contains the number of stars 

and pairs of stars. The first card in the reduced data set 

for the Hand Kline stars has 

63 4 

which tells us that there are 63 stars or pairs of stars, and 

4 pairs of stars, so that altogether there are 67 = 63 + 4 stars. 

The second preliminary card gives the sample mean and 

standard deviation of the absolute magnitu4e and the color. 

The second car.d of the H and K line reduced data set has 

0 • 37065E01 .. 0•45025E01 0~95298EOO 0•44900EOO 

This tells us that the sample mean and standard deviation of 

the absolute magnitude are 

Mv = 3·7065, s(Mv} = 4·5025; and for the color 

i3':v = 0•95298, s(B-V) = 0•44900. 

These values are used by the regression program as scaling 

factors. 

The data cards for each star contain the HD number, the 

apparent magnitude, the color, the luminosity criterion, the 

proper motion distance and its precision, the parallax and its 

precision, the minimum sampling parallax, and upper and lower 
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limits on the absolute magnitude. The print out for the Hand 

Kline data set also has the mean absolute magnitude on the 

right hand side; this is not punched on the cards. 

Refer to the third card on the Hand Kline data set. 

The f .irst four numbers are 

131,156 4.54 0•76 1•4500 

This tells us that HD131156 has V = 4•54, B-V = 0•76, and 

log (W) = 1•4500. The next seven numbers are 

O•l96E02 0•587E-03 0•1540 18515 30 5•78 5•10 

This tells us that r = 19•6 parsecs, . with precision 

h .. = 0•000587 psc-2 ; that the parallax is TT0 = G'Jl54, with 

precision h, = 18515 ( ")-2 ; that the minimum sampling parallax 

II 
TTc. = 0-030; and that outside the interval 5.78< Mv< 5.10 the 

likelihood of the absolute magnitude is so small that it can be 

ignored. 

The fourth card gives data on the fainter companion to 

131156 for V, B-V, and log (W). 



• 
:--:,\ _ ______________________________________ _ ______________ _ 

63 4 
C . 3 7 C6 ':E O l C. 45 C2 5E _Cl O. q 5 2 SSE _00 0 .44 <JO CE_ OO _____ ·- ·--·--- _____ _ 

13 11 56 4 . 5 4 C.7 6 1.45 00 0 .1S6 E 02 0 . 587E-03 0.1540 185 15 30 
13 11 5 6 L',4 l.C6 1. 3 000 

T653 4 1 4 . 02 0 . 8 8 1 . 4800 C . 2S4E O 0 . 866 - 1435 30 
: 16534 1 6.02 1 . 26 1.3 80 0 

5.78 

5 . 69 

····----· ---------------·----- -···-- --- - -·-·. - .•. 

5 .10 5.460 

5 . 19 

~c t ~~ 1 i J 1 i: :1 ~ i: ~ ~ ~8 __ r _•'.'•~_sE: _q_1 ___ 0_~_2 8_EE _oo ___ o._29_24 __ 23 _1_8..;:..5_-=-3-=-0-----'-1-"-. -=6......:1_---=-1 ~;,_5 ________________________ r_~5 ~ 5 

15 5 EE6 5.2<; 0.81 l.4 CCC C.3C4E 01 0.12 1E 00 0 .1 885 4630 50 
155EE5 5.33 c . e 5 1.4000 

354c 4 . 37 C. 88 l.74CO 0 . 283E 02 0.6 17 E-02 0 . 0285 16805 30 

3 l ~ l 5 • · e 4 C • 8 6 _ l • 4 6 0 0 .. 0 • 7 4 6 E O l O • 14 9 E - 0 l O ·• 0 9 9 l 1 0 0 3 5 3 6 

7.14 

2.99 

6.42 

6.02 

0. l 9 

4.94 

6 . 64 1 

1. 5 71 

5.751 

~ 412E 2.C4 l.C2 1.7900 0 .1 66 E OZ O.l 60E -02 0 . 060 5 8360 48 
C) 

1.93 -1.04 0 .655 

g 4c2e 5.7t C. 88 1.3200 0 . 285E 0 1 0 .1 38E 00 0 .1447 10035 30 6 .99 6.00 6~568 

~ tECS 3 .44 1.16 1.7 700 O.l7 2E 02 0.302E-0 2 0 . 0300 10935 30 2.34 -0.93 0 . 7 10 

cEcC 

~ l C"iEO 
'-l 1-c-9 £ , £ 

d 
6 13<;74 

a ltllO 

2.03 _ 1. 63 __ l.9 000 _0_.! __ 203E 02 0 .1 98E-02 0 . 04 1+2 11695 36 1.36 -2.32 -0.094 
=--=-=__:_:c_ -=-::::......____:::_::_::...=___-=--..::_::_::_ -----------··--------····-- -- --·-

3. t l l. C6 1.7 900 C. 200E 01 0 . 228E-02 0 . 0324 17 08 2 30 2.37 -0.56 

5.23 C. 83 1.420 0 0 . 647E 0 1 0 .41 6E-Ol 0 .132 9 10035 36 6.31 5.23 

5 . SS C.82 l.4 8G G O.lOlE 02 0.13SE~Ol 0 .1123 8310 36 6.43 4.99 

2.0C l. J.2__ 1.!,_J]_Q_Q __ 9 .1c 8E 02 0 .26 9E-0 2 0.0446 11695 36 1.34 -2.28 

4.87 C.61 1. 6000 0 .233E 0 1 C.659E-Ol 0.0888 1)885 30 5.(9 4.04 

5.E2 C.<;7 1.3800 C.lEOE 0 1 0.324E 00 0.1466 14665 30 7.01 6.49 

· l. 078 

5.810 

5.763 

0 .006 

4.670 

6 .707 

~17<;25 l.(5 c.e7 1.4600 0 .1 33E 02 0 .124 E-O l 0.1250 10777 36 7.01 5.89 6.481 
;, 
«> 2 0 c 2 0 4 ._ e 2 ____ _!;_ •=--6=--8=-----=-l -'--. =5--=-3_0_0_ 0_._1_7_l_E_ 0_2_ 0_ ._5_14_ E _- _0_2_ 0_. _1_0_4_7 ____ 1_4_6_6_5 __ 3:.....6 __ .:......5 ..::...• _.:.4..::...0 __ 4_.-=2-=-6 _____________ 4-=•-=8-=-6-=6=--

-
22(49 3 .73 C.8S l.4200-C.4 8 SE 0 1 C. 64CE - 0 1 0.3016 20932 30 6.28 5.96 6.125 

n 
23 24S 3 . 55 C.<;2 1.5300-C.774E 0 1 O.l49E-Ol 0 .11 08 1708 2 30 4.20 3.21 3 .760 
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26S65 4 .t, 2 · o . u2 1.4 8 00 0 . 203E _ 0 1 0 .1 03E 0 1 0.2020 _ 22 1,02. __ 30 _ 6 . 16. 5 . 86 ____ ·----·--- - 5.980 

2 s·13 s 0 . 8 6 1. 53 l. c3 CC C . 24 1 E oz 0 . 254E-02 0 . 0520 lSS35 30 0 . 22 - l. 86 - 0 .722 

_3_C C. i:: ~-5 l . (; '• 1 . 5.JCC 0 . 628E 0 1 0 . 272E-02 0 . 0685 ?.360 36 5.58 3 . 0 5 lt • 496 
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111. 

CT8 Program for reduction of data 

The master program reads in data cards of the form des~ 

cribed in CTl; interprets the literal data; passes the data 

to the two subroutines LKPM and LKPAR; uses the results to 

calculate limits on Mv,and the sample means and standard 

deviations of Mv and B-V~ and punches out data of the form 

described in CT4. 

The subroutine LKIM calculates the proper motion distance 

mm; and also the sine of the galactic latitude SB~ It uses 

the means U(N) and precisions H(N) of the stellar velocity 

distribution; the right ascension RA! and declination DEC' 

expressed in radians; the radial ·· velocity RV; and an index 

Dwhich is zero if no radial velocity is available. 

The subroutine LKPAR calculates the absolute parallax 

PIO and its precision HPI. It uses the N relative parallaxes 

RPL(J),and indeoes IP(J) of the observatory, and also the 

sine of the galactic latitude SB • 

. , ·. ' 



• 
C\J 
n 
n 

FORlRAN IV MODE L 44 . PS VERSION 2 , LEVEL l DATE 68233 PAGE 0 1101 

C RECUCE ASTRC~E TRIC DATA 
OOC l I NT E G ER P I , RAH , DEC O , D EC M __________ _ 
00(2 lt\TEGER t--PI,PIC 
CCC3 LCGICAL ht\ST,ht\RH,h "HC ,h NLC 
CCC4 REAl*8 r Cl,t--02, HD3 ,L C(l 9 ), LCS,H C( 500 ) , HDD (20) 

_________ CJ MfJ\..S.l_ill;_ QB..S...Ll.O.l,JlV C 3 , 5 1, H'l.1.3-,-5..L,_LLJJ__, l:U.3.l ,_Le...U _QL,_E_lll QJ_,.JJLC,_.__.--'--".__ __________ "' - ooc" 
CCC6 

CCC7 
C 

C l MENS IC t\ V (. 5 0 0 ) , B V ( 5 0 0 ) , RHO ( 5 0 0 ) , RM U ( 5 0 0 ) , HM U ( 5 0 0 l , P I O ( 5 0 0 ) , 
l HPl(500),PIC(500 ), AVMAX(500 ), AVMIN(500 ), AVMEA N(5 00 ), 
2 CB( 10) , RP ( 10) , 
3 f,-,Tr-'AG( 18 ),F f".TP MN (18) , FMTPAR ( 18L __ ~--­

Clf"EI\S ICt\ V2(20), BV2 (20), RH02(20) 

C UV (l,2) =UV{P I,G) 1ST SU BS=GALACTIC AXIS , 2ND SUBS=LU MIN OSITY CLASS 
1-------- - - c_c= 1, G=2,SG=3 , = 

C Pl=l,TH=2,Z=3 GALACTIC AXES 
C 

00GB 
cccs 

CATA CBS/' Y',j M' ,' c•,• A' ,' G',' W','YK',' s•,• V',' *A '/ 
_________ ___ _ __ _ DAT A UV / ·:-- l. 6 c 6 7, _ -2. 4 6 84 , _-:_l. 3713j _________________________ ------·-···----

1 -1.6613, -3.3e1s, -1.3770, 
2 -l.6878, -5. 9072 , -1.6878, 

00 10 

3 . -2.0984, -3.6324, -1.3527, 
4 +0.0422,-2 8 . 6S20l -2.0042/ 

D • 9, 0 . 277 , 0 .4585 , 
l C.0256, 0.0529, O.C876, 
2 0.0122, 0 . 03Ce , O.C390, 

_____________ 3 C.0252, C. C6S2, ___ 0 . 09 23, _________ _ 
4 0 .00224, O. CC3S9 , 0 .00 8997 ------------·- - ·--- -

CCll CATA LC/'C','1','IA','IAB','IB', 
l 'G','l-lI','ll','II-IIl','111', 
2 'SG' 'III-I V' 'IV' 'IV-V' 
3 •o•,•v•, 
4 I s C ' ' f v- V I ' ' • V I 1 

/ 
OC12 DATA NLC /~ *1 ,5 *2 ,4 *3 ,2 *4,3*5 / 
0013 . CAT A 1\0 RV/'--' I\,_,__• '----.......,-------------------------------------
00 l 4 t\TLC=l9 
0015 t\PT=2~ 
0016 PT=I\PT-1 
0017 ElC=ALCG(lC.C) 

--0~018 WR IT E(6 ,2000) 
CC19 2000 FC R~ Al('l') 

C READ FDUR PRELIMINARY CARDS 
0 C 20 __ ______ __ RE~ C ( 5, 1 CC_) I\S TA R, NC EL,.__ __ _;__ ____________________________ _ 
CC21 ~RITE(t,lCC)I\STAR,~DBL 
0022 100 FCR~AT(21,2I8) 
0023 REAC (5,3CC)f~1MAG 
00~4 ~R I1E(6,;00)F MTMAG 

--0-075,.;-------- ,..,..R,....E-.-A-C-rs,3 -
0C£6 ~RITE(6,300 )F~TP~N 
OC2 7 REA0 {5,3CC)F~TPAR 



• 
"" r-i 
r-i 

-

FORlRAN [V 

0028 
CC2 S 

C 
CC3 C 
CC~ l 

MODE L 114 PS VER S[ ON 2 , LEVEL 1 

WR IT E(c,3CO)F MTPAR 
300 FGRt-'/\l (l 8A4 ) ___ .. 
REAC f\STA R SETS CF 3 CARDS 

K=O 
hR ilE(6,2COO) 

DATE 68233 PAG E OIJO ? 

_ 003- ______ LK= + 
11 IF(K -. =G=T-. ~~~S~T~A~R~)~G~O~T~0~9~9=-----------------------------------0033 

CC3 4 REAC ( 5 , Ff'Tt'AG ) HD1 ,V( K) , BV(K) , RHO (K ) 
CC35 v.R IT E(6,Ft'Tt-AG) HD 1, V(K) , EV(I<) , Rr!O (K) 

C INSERT TRANSFGRMAT I ON OF RHO HE_RE _ _IF __ NEE.0.EQ _____________ _ 
003 6 RrO ( K)=A LCG( RHO (K)) 
003 7 REAC ( 5 ,F ~TPt-'N ) HD 2,LCS,RAH,RA~,C ECO , OE Cf' ,P t-'RA , PMOEC , RV,CRV 
0038 
CC~9 
004 0 

WR ITE(6,F MTP MN )HD2 ,LCS, RAH , RAM , DECD ,DEC M,P MRA , PMDEC, RV,C RV 
READ (5 ,Ft-JFAR)H 03 ,PI C(K) , f\P l,( PJ(J ), CB (J),J=l, NP[I 
WR IT E( c , F~TPAR )HD3,PIC(K), NP I,(PI(J),OB(J),J=l, NP I 

00 41 IF(K. GT .t,.C BL)G OTG 5 
0042 READ (5,F MTMAG )HOD (K) ,V 2(K), BV2(K), RH02 {K) 

-0043 
C 

hR ilE(6,F MTMAG ) HOD ( K),V 2 (K), BV2(K), RH02(K) ~------------- ________ _ 
If\SERT TRAt,.SFCR~ATION OF Rr02 (K) HERE IF NEEDED 

OC4 4 RHC2 (K)=ALCG[ RH0 2(K) ) 
004 5 5 CC NTI~UE 

C RECCGf\I SE LL MI NO SITY CLASS i---- --,..-,,.--,-...-----~-~~ ......,,....=.c,O 

005 0 
0051 
CC~ 2 
cc .J 

OC5 4 
005 5 

· oc5 6 
CC57 

DC 2 l=l,t-.TLC 
IF(LCS.EC.LC(l)lILC= NLC(I) 

2 CON TI NU E 
C RECO(t,.ISE FARAL LAX STATIO NS ANC -( Ef\ERATE - W~RN ING OF NON RECOGN I TION ____ _ 

riNS T=.FALSE . 
CC 3 J=l,NPI 
IP(J)=O 

= , 
IF(CB(J).EC.CBS{I))IP(J)=l 

4 ccr-. TI f\l.E 
I F ( IP ( J ) • EC • 0 ) WN ST= •~T'--'--R'--'U'-=' E~•'----------'------------------3 CGf\ TI f\UF-- -- ---

C GEN ERATE WARt\ If\G SIGNS 
C f\C WARf\It\G FCR f\ULL RHO 

wt\R.-=.FALSE. 
. . . . 

Wf\LC=ILC.EQ.O 
IF( Wf\ ST.CR. Wf\~H.OR . WNH C. OR . WNLC) GO TO 3000 

C PRO CESS CA TA FO=R--'-----'K~1~H.c._S~T~A~R.c._ _ _ ____ ---,--_ __________________ _ 
00 t2 rD(K)= HD l 

C ~ELECT APPR OPRIATE U,H 
CC l:3 DO 6 f\=1 , 3 
CCc4 U(N )=UV(fl,ILC) --o-ac~·r~----- ---,-'H'i-ctnNr--•1r::_=-tHTvr.-rl l<TN-=-,--r1rc·r-r-------------------------------------

.0066 6 CCf\Tlf\UE 
C PLT RA , CEC I t-.TC RAO I Af\ S 

~---- --- ------------------ ·--



• 
~ 
rl 
rl 

fCKTRAt\ IV MCOE L 44 FS VERSIGN 2 , LEV EL l DAlE 68233 r AG E on o1 
CCc 7 RA=3 . l415S2c* ( FLCAT ( RAH)+RA~/60 .)/12. 
006 8 IF(C ECC .LT.C) DECM=-IAeS(CECM ) _ __ · ·- _______ _ 
CCc9 CEC= 3 .1 415926*(FLOAT ( CECD)+FLOAT ( OECM )/ 60 .)/1 80 . 
CC7C 00 7 J= l , t\P I 
CC7 1 RP( l =FLCA T(PI(Jl)/1000. 
00 7_ .__ _____ _1___c_cli..I.1._N_l ..__ ___ ___________________________ ________ _ 

C SET RACIAL VE LCCITY I NDE X 
CCi3 
007 4 

0015 
OC76 
CC77 

IRV=l 
IF(C RV .EC.NORV)IRV=O 

C CALL Ll l<ELIHCCO PARAMETER SUERCUTINES ______ _ . ____ ...... ______________________ _ 
CALL LKPM ( U, H, RA ,DEC,P ~RA ,P MCEC,RV,IRV,R MU(K),HMU(K),SB) 
CALL LKFAR(NPI,IP,RP,Se,PIO(Kl,HP) 
HP I ( Kl =H P 

CJ 
CC79 

~ -------~~~~~.J3J~~-=--~~--=-=~-c-----=-=--=---cc-:-------------- ~~-------------
I F ( f,C C ( K, l 2 >. EC .O) WR ITE(6,2000) 

OOEO 13 00 FORMAT(' 1 ) 

OCEl GOlG l 
C -CE NTER hARt,, If\G 

3CCC ~RITE<c,SOO)HD1,H02,HC3 
900 FOR ~tT (' CA RD WARNIN G',3A8) 

CCE2 
OOE 3 
oce4 ;----,crcc- ta-,5a---------i--;...-;'-r--i..,...;::-.;;--..-,i-'--i-.-rr~-'i-'-, -'T--7<--.n---------------------'------------------

O OE 6 IF( W~Rr )WRI TE(6,700) 
OCE 7 IF(~ t\HO ) ~R IT E(6,800) 
00e8 500 FOR~AT( ' LUMI NO SITY CLASS NO T RECOGN IS ED ') 
0Ce 9 600 FCR ~Al (' FARALLAX ST ATION NO T RECOGNISED ') ______ _ 
CCSO . 700 FORfwAT( ' RHC IS f\U LL') 
CCSl 800 FOP~AT(' HC t\U MBER S UNEQUAL') 

C REDU CE ~STAR Af\D RE TURN 
0 <; 
CCS 3 GCTC 11 
CCS4 99 COt\Tlt\~ E 

_______ C CALCULATE f!VM AX,AVM~l~N~----~-------- ---------- - --
CCS5 DC 21 1<= 1,~STAR 
COS6 IF( R~U(K l.GE.O.O) RMAX =RMU (Kl+S QRT (l O./ HMU (K)) 
CC~7 IF( R~U (l<J.LT.C.C)R~AX=R ML(K)+S QR T( R~U (Kl**2+10./H MU(K}) 
0098 IF(PIC(K ).CE.O. O)P t-',AX=PIO(K)+SQRT( 10./HPI(K)) 



• t.n 
rl 
rl 

FCRTRAf\ IV 

0109 
0110 
0111 
0 112 
0 1 l -3 
Qlli 
Gll5 
0116 
0117 
CllE 
0119 
01£0 

C 
012 
Cl22 
0123 
Cl24 
01£5 
0126 
0127 
0128 
Cl29 
UT3cJ 
0131 
01~2 

MODE L 44 PS VERSION 2 , LEVEL ·l DATE 68233 

CG 22 1= 1, NP T C=CT-1 I -tFLCAT ( 1-1 ) *DO _____________________________________ _ 
R=EXPt O ) 
AV=V( K)-5 .0 *ALOG l O(R /10.0) 
P= l. 0/R 

LK=E XP (-0.S* <tPl (K) *<P-PIO(K )l **Z+HMU<K>*<R- RMU K 
DLK=DLK*R** 2 
SCLK=SCLl<-+OLK 
SAVCL =SAVC LK-+AV*DLK 

22 CCNTI UE t V t-'. EA I\ t K ) =SA V CL K / S Ol]C -----------····-•·-···--·•·-··---·---------··--····------ ·•··------··-··---··-----

21 CCt\ll l\l E 
FINO AVM, BV M 

AVfw=O.O 
evr,,=o.c 
CO 23 K= l,NSTAR 
AVfw=A -~ +AVfwEAf\(K) 
e Vt-'.= B 1'-1 + B V ( K ) 

. ---- - IF ( K . GT ~f\-CBL fGOT0--23 
A\~=A ~+tV~EA N(K)+V2(K)-V(K) 
evM=B t-'. -+BV2(K) 

23 CONTI U E 
SIAR- I\S l.i1R+N08L 
AV/J=AV'l"/STAR 
8\t-=B\~/STAR 

_______ C ___ FIN C AV S ,8 V $,___ ___________ ____; ___________________ _ 
A vs·=o- .o 

Cl38 
01~9 
0140 
Cl41 
0142 
Cl43 

BVS=O.O 
CO 24 1< =1,f\STAR 
AVS=A ~S-+(AV/JEAN(K)-AV~)**2 

- t ,,. . 
IF(K. GT .~CBL)GOTO 24 
AVS=A~5+(AV~EAN(K)+V2(K)-V(K)-AVM)**2 
BVS=V BS+(BV2(K)-BVM)**2 

24 CGNTI 'LF 
AVS=S -RT(3.0*AVS/STAR) 
e\S=SCRT(3.0*AVS/STAR) 

C PUNCI-! CATA 
t 

0145 ~RllE(6,lOOO)f\STAR,NDBL 
0146 WR ITE ( 7,10CO)NSTAR,NDBL 
Cl47 -----~1000 FCR/JATt 2X,218) 
014 8- k RI TE I 6, 150 0) A-vM·-; -A vs-;BVtJ,,!fV: 
01~9 WRITE ( 7,15CO)AVM,AVS,BVM,BVS 
01~0 15CO FCR~A T (lX,4El3.5) 
Ol~l:-_______ ·Dr.Orr.T3~1--ri:K_=7l7,7~rrSrlriA~R-rnrr-u--rv-,-"ITTT--rv---,---m:::,.,,....,-,,-,,---,-~~m~-.,-rn-r..-........--n-T~""'7"""11---------------

-~~ ~RIIEl6,I400JFO{KJ,V{KJ,BV{KJ,RFO(KJ,RMO(KJ,HMO(KJ,PIO(KJ, 
1 HPl(K),PIC(K) ,AV MAX (K) ,AVt-I N(K),AV MEAN (K) 

0153 hR ITE (7 ,1410) HD (K),V(K), 8V (K), RHO (K), Rt-'.U ( K),H MU (K),PI O(K), 



FCRlRAt\ IV MODE L 4 4 PS VERS I GN 2, LE\rE L l DATE 68233 Pl\ GE 00 0 5 

• l 1-i FI ( K I, PI C ( K) , AVM AX ( K) , A VM IN ( K) I.O 
r--i Cl~ 4 IF(K.Gl.t-.CeL)GOTO 32 .... ... , -- ·-- --·-·-·· ·•-·•--- - --- -· - -
r--i 0155 \.\ R IT E ( 6 , 16 0 0 > r DD ( K ) , V 2 ( K l , B V 2 l K ) , R H□ -2 f K.) - - -

0 1~6 ~RITE (7,1 610 ) HOO(K ),V2( K), ev2 (K), RH02 (K ) 
0 1~7 32 CGNT I M:E 
0 l~P T f_UI_QC ( ~ t t"i D B I ,2 ~ ). EQ.Q)~BIIE(6 , 2000 1 
015~ 3 1 CONTIN LE 
OlcO 1400 FORl" AT('0' , A8,2F6.2,F8.4,2El0.3,F7.4,I6,lX,A3,2F7 . 2,2 0 X,F8.3) 
0 l t: l 1410 FORMA T( A8,2F6.2,F8.4,2El0.3,F7.4,16,1X,A3,2F7.2 ) 
01(:2 l l:00 FCRl"AT(lX , A8,2F6.2 , F8.4J __ ., ·--····--· -··-·-.. •·•-··- .,_ ·- - - ___ . ., ___ 

Clc3 1610 FORl"AT( A8,2F6 . 2 , F8 . 4 ) 
OH4 STOP 
0 165 ENO 

- ----. --•-•-· 

------·· ------ ----· ---- - -· -·· -- ----- -

- ---- -

.. --

-- - . 
-

.. 

- -- ·-- - ---- -------. --- ---···-·-· ------· -----·- - · -- ----·-··-- --- . _________ .. ______ -------- ---· --·----- --- ----· --· - -



FOR lRAN IV 

00 Cl 

f-1.0DE L 44 PS ~ERSI ON 2, LEVE L 1 DATE 68233 

SU BROU TI~E LK PM (U,H, RA , DE C,P MRA ,P MO C,RV,I, RMU , HMU,S B) 
C P LR PC S E -- - - - - .. - --· - .. -
C TO CALCULATE PRCPER ~CTIC~ DIST ANCE RMU ,P REC ISI ON HMU , AND 
C SI~E CF (ALAC TIC LATITUDE SB 
C US AGE 

Pi\GE 00'1 1 

_ _ _______ c_u ,J::_....A.R...L1E At\ A ~CL.E.REUS.LO.N OE SI Fl I AR VF I DC I TY D N. I N A.~ '~ ~--------------
C RA,DEC ARE Rl( HT ASCENS I O~ , DECLINATION IN RAD I AN S 
C PMRA,P~CC ARE PROPER ~OT I CN S I N SECO~DS CF ARC/ YEAR 
C RV IS RACIA L VELCCITY IN KM/SEC, I=O IF NO RAD I AL VEL OCITY AVAI LA BLE 
C GA LACTIC ,. AXES .FCR U, H . ARE .. Pl=l, THET A.=2, l:=3·-···----·-·-----------·---···-·-····-·· ··--
C 

C0C2 C I ~ ENS IO~ L (3 ) , H ( 3 ) ~AL PH A ( 3) , A ( 3 ) , DELTA (3 ) , D ( 3), C ( 3, 3) , SCM U ( 3) , 
1 CCR(3) . 

C C AI ACT IC .llXF <; IN EC:lJATORIAL COO RCINATES 
OCC3 DATA ALP~A/4.6220665,5.5338097,3.3449221/ 
CCC4 CATA CELlA/-0.5043 998 ,0. 8363 128, 0 .482874/ 

C OORT CO~STANTS (A+B) AND (A- 8 ) I~ SECO ND S PER YEAR 
0 CC 5 ---· CAT A AF e, A~ e / 0. 0 00 5, 0. co 5.5l--,...,-~ c--=~ .------------·------------_ 

C PLACE CIRECTIC~S CF P~RA,P~DC,RV IN A,O 
00C6 A(l)=RA+l.570796 
00C7 C(ll=0.O 

1---___,o_o_c'---',e~-------'· A~<~2~> =~R"'"'A--'--=-,.,..-=--=---.....---.-~-...----,-,.,.........,...---..,......,..~=-----------------------------o o c 9 IF(C EC .GT.O.O)A(2)=A(2)+3.l4159 
OClC C(2}=1 . 51C7S6-ABS(DEC) 
0011 A(3)=RA 
0012 0(3 )=OEC - ---- ---· .. _ ... ___ _ ---· ........... __ ---·. _ .. ___________ ___ _ 

C DIRECT IC N COSI NES CF P~RA,P MCC, RV REFERRED TO ~ALA CTIC-~X ES C(IGA,IP M) 
0013 cc 1 1'=1,3 
CC14 CG 1 ~-=1,~' 
00 15 C(N. M>=SI N.(DELT AI N)) *Sl~ (D( ~ ))+C OS ( DE LT A( N) ) *COS(D ( M)) 

1 *COS (AL PHA ( N)-A( M)) 
CClt Cl~,N)=C(1',~) 
0017 l CCNTINUE . • 

C FIN C SU Iii ( C ( ~ ' -~--'-~-~.U_tMJ_). __ ..,..-___________________ _______ ____ _ 
0018 CO2 N=l,3 
0019 SC~U(1'}-=C(N,l)*PMRA+C(N,2)*PMDC 
CC2C 2 CC1'TINUE . 

C CCRRECT FOR (ALACTIC ROTATION WITH OORT CONSTANTS 
CCLl SCPG (l)=5C~L(l)+A MB* C(2,3) 
CC22 SC ~U (2)-=SC~U(2)-APB*C(l,3) 

SLBTRACT RACIAL VELOCITY FROM MEAN STELLAR VELOCITY (IF RV AVAILABLE) C 
CC23 DO 3 N-=1 3 00 2 4 - --·- - -· LC R ( N )=UlN",..-------------------------------- - - - --------
CC25 IF(I.1'E.C)LCR(N)=UCR{ N)-C(N,3)*RV/4.74 
0026 3 CO NTl~UE 

FCRfli HfliU=SLfli(~1'*SC MU**2),~R MU =SU M(HN*UCR*SCMU) C 
cc2 1 H~u -u.c 
0028 HR~U=O.O 
00 ;9 DC 4 1'=1,3 



-- -

FC RTRAN IV MO CEL 44 PS VER SI ON 2, LEVEL l DA TE 68 233 PIIC-f 00()?. 

• CO;C H~ L=H~~+H(l\) * SC ~L(l\) ** 2 co 0031 hR~ L=HPM L+h {N)~ UC R( Nl *SC ~U(NJ r-i ---·---- ·--- ------- ---- -- .•. -----·- .. -- .. -
r-i CC32 4 CGI\TI I\U E 

003 3 IF( I. NE .C)(OTO 5 
C CORRE CT FCJ< ~B SEt\C E OF RAC I AL VELOCITY 

r.a~ 4 HC .. 2.f'.Ml l=O -<' 
00 35 hC3 C3 = O.O -00;6 I-UC3 = O.O 
00:37 CO 6 =l,3 
0038 . -·- -- - - - I-C 3C~U =I-C3C ~U+ H(N) *C( l\ , 3 ) *SC MQ(~ ) ·--·-··-- -•·----- - -· - •·- -·-· -oc 3 <i HC3C3 -= t-.C 3C3 +H (I\) *C ( I". ,3) **2 
0040 hUC3 =1- UC3 +r.( Nl* U(N) *C(N,3) 
C041 6 CGt-.111\lE 
OQ~ 2 c~ L= oM~-( t C3C MU* *2lLHC 3C3 
0043 r. R~U =HR~U-HUC3 *H C3CMU/r.C3C3 

C PLACE R~U,SB At\D RETl.; RN 
0044 5 RMU= HRM U/hMU 

.. C045 - -· ---··--·-- -- S B=C (_3 _, __ 3_) 
0046 RETURN 
CC47 Et-.0 

-

--- ------ -- ------- ------------- . 

-

·-
' --- . .. 

---- ---

-- ·- ·--·· -------· -· ---- ---·------- ·•·----- ...... -- ______ ... -·-

- . 



FCR.TR/lf\ IV t-(CCE L 44 PS VERSI ON 2' LEVEL 1 DATE 68233 PA<;[ 0()0 1 

• CCC l SUBROUTit\E LKPAR( N,IP, RP I,S B,PIO, HP I ) 
O"I C - - ----- -- ·-----·--•·• -·- ·-- ·-• --...... C PURPCSE 

----·- -- ·-· - -·- ---- ··-··· 

...... C TO FI f\0 ABSCLLTE PARALLAX PIC AND PRECISION HP I 
C USAGE 

PARA! I AX ·F~ C: LS l'iU~eEB BE l ~TTVF 
C I p ( J ) IS l f\DEX OF JTH PARRALLAX 
C IP=l,Y,2,~,3,C,4,A,5,G,6,~,7,YK,8,S , 9,V,10,*A. 
C RPI(J) IS JTH RELATIVE PA RA LLAX 

---- -- - - C SB IS Slf\E CF GALACTIC LATITUO~- n•••--•-•••• .. -• --•-- ·•--·-···•-··-···-
0CC2 CI~Ef\SIC~ IF{lO) , RPI(l0) , HST(l0) ---·-··-·- -- ------- --
CCC3 CATA ~ST/4630.,3730.,2417.,6305 . ,4890.,1660.,2920.,3850.,5320., 

l 6305 ./ 
f ~SI LJl IS FRECISI!J~ FOR JT H STATIO~ 
C 

TRANSFCR.M C TO ABSOLUTE PARALLAXES 
00C4 CPll=EXP{-6 . 106+0 . 8866*SB) 
00C5 - ··-- _____ CF 12~ C eJ. l l _L._3._Q_3. 
00C6 cc 1 J=l , N 
0CC 7 IF( IP (J).NE.l0)RPI (J)=RPI {J)+CPl l 
ceca IF( lP(J).EQ . lC)RPI (J)=RPI (J)+CP12 
CCC9 l C0f\Tlt>.LE 

C FORM HPI,PIO 
00 10 r.Pl=O . 
0Cl l PIC=O. 
0012 ---------- ··••---- -· ~~ 1~H~1 ¼t~TrrPcsn CC13 --------

0014 PIC=PJC+HST(IP(J))*RPl(J) 
0015 2 CCt-iT If\UE 
OOlf FIC=PIC / HFI 
CC17 RETURN 
0018 ENC 

- -

-

-------
-

. . 

-~- -· --··· ------.. --------·-······------ ... _ 

. . 



120. 

CT9 Program for regression 

The master program reads in data in the form described 

in CT4 and calculates estimates H2,A2(L) of the parameters 

of the density . 

1)(pl\'Jlv,B-V) oC ~p[- ~ Z:AQQa.(~,~)] 
. .(_ 

, · where -x. =-(Mv~M..,)/~ ~ ~ =r (B-V-E-V)/~v, 
. Q.i (x:-, '.:\ ) = -p~ ( z) -P-e,1 ~ 'd). 

The index arrays LX(L} and LY(L) are ·generated by the subroutine 

LXY. A"first approximation Hl,Al is calculated by the subroutine 

LSQR using the method of _least squares. 

Using the values Hl,Al the sums of expected values derived 

in section 4. 3 are calculated by the subroutine RGRSN" and placed 

in s~~ B,c·: S ~ Z: E [(p~- LA.Q ~)·'7.., Hi,Ai1 
le. t . ' 

,. ~~::,. ~£ [Pk QQk l l-\i, Ai) , Cim ::s Li E [~Qn.kl H1.,· A1] • 
~ . . k . 

The next approximation H2,A2 is then foupd, and· the 1tel."at1on 

repeated until the desired accuracy, measured by eRTH~and 

~TA, is obtained. 

The covariance matrix:: is then calculated and the .results 

printed. Aa a check on the results, the expected value of the 

criterion is found for·. My, B-Vr typical of _selected , MK types~ :, 
... f'"., . \ . ~ ' 

. -,....... ., . .. ,, _, . 
• ...... 

• i •• '• 

• .•• ,.,: .. • t' • .... • .. , 

~ : \' t •,I ' ! • 
I. : 1' ~ , .. . ' • ,,;, 



FCRlRAI\ IV MCCEL 44 PS VERSION 2. LEVE L l DA TE 6823 4 PAGE 
C READ CA TA AND CALCUCATE- REGRESS ICN. COEFFICfENTS ·----- - -- ------

0001 REA L* 8 ~C,~C2 
OCC2 DI MENS I GI\ P)( ( lO ) , PY(lO ) . 

- ---~ggc4 §f~~~~l§~ ~i c~6 1~~11lcA~~KJl ,~l< ~~~~67,~~K~ ~~~ ~~w~ c20 
OOCS CIMENS IOI\ COV(20,20) 
COC6 CI/J EI\S ICI\ ALS C(20 ) 
0 0 C 7 C C tv t-' C I\ / L K C P A R / V C 5 0 0 ) , B V ( 5 0 0 ) , R H ( 5 0 0 ) , R M U ( 5 0 0 ) , HM U ( 5 0 0 ) , 

- - ------ - 1 PI G ( 5 0 0 ) , HP I ( 5 0 0 l , P l C ( 5 0 C ) , AV MAX ( 5 0 0 ) , AV M I N ( 5 0 J -, ---·- - ~-~ - --

ooca 
0009 
OCIO 
0011 

2 AV ~ , AVS, BVM, BV S, RHM , RHS , NSTAR 
CC/J/J Gt\ / OeLPAR /V 2· l 20 ) , BV2 ( 20 ) , RH 2 (20) ,ND BL 
CC MMON / SLN / NSU NXA VSUN[ BVSU~, RH SUN · 
CC P~CK /S eS CTZ/L (20), Y(20 J,~ Xl, KY 1, NT, NA DA TA SP/'FC' ,'F 5 ', 'GO' ,' GS ' ,'KO', ' KS ' ,' MO '/, 

l LC/ 1 \/ 1 ,'Ill','ll','IB'/ 
0012 _______ rC_Al_A_ ~ \/ M_1$_L f: §: -f =~~---{ :8 :- f :-8:--{: ~ :--·-6-;6-!-~o ~i-,--------,---------

0013 

OC14 
0015 -
0016 
0017 
0018 

OC2C 
0021 
0022 0 0 23 _____ _ 
0024 
0025 
CC26 

0028 
C029 

100 
101 

110 

0030 _____ _ 

00~1 
00.;2 ----oo 
OC34 
0035 
OC3 6 
003 7 -

l 
2cc 
201 
21C 

2 -2.s,-2.3,-2.1,-2. c ,-2.o,-2.o,-2.s, 
3 -4.8,-4.6,-4. 6 ,-4. 6 ,-4.5,-4.6,~4.8/ 

DA TA BV/JK/ 0.29, .0.42, o.s e , 0 . 68 , 0 .81, l.15, 1.40, 

' 2 0.25, 0.38, 0.12, 0 . 90 , 1.10 , 1.50, 1.58, 
3 o .2c,c.31, 0.12, 1.00, 1.2~, 1.56, 1.101 

ElOS=ALCG(l0.0)/5.0 
NSUN =C --
AVSUN=4. 79 
BV SLt,.;=C .62 
RH SLN=l.~23 

~ ' ' hR IT ECl ,lCl)I\ST AR , NDB L 
FORMAT (2)(,218) 
FORt,,AT('l 1 ,218) 
R E A D ( 5 , 1 l C } A Vt-' , A VS,B V W, B V 
WRITE(6,llO)AVM,AVS,BVM,BVS 
FCRM AT(1X,4El3.5) 
DO 1 K=l,l\STAR 

, L ' , 
1,AV/JAX(K),AV/JI~(Kt 

I F ( P IC(J).LE.O. O)PIC(J)=-0.99 
PIC(K)=PIC(K)/1000.0 

- \.IR I TE ( 6 , 2 0 l J h D , V ( K) ,BV ( Kl , Rff{ Kr; R MU { Kl, H MU ( K h PIO { K r; HP I ( K ) , PI Cl!( 
1,AV MA X(K),A\/ MIN(K) 

IF(~.GT.~DBL) GOTO 1 
READ (~,£1C)H D2 ,V2(K), BV2 ( Kl, RH2 (K) 

, .c. 
CCI\Tll\UE 
FORMAT ( A8 , 2F6 .2,F 8 ;4,2EL0.3,F7.4,F6.0, F4 . 0 , 2F7 . 2 ) 
fOR~A T(' C', A8,2F7 . 2,F9.4,2El3.3,F9.4,F9.0,F8.3,2F7.2 ) 
FORMA T( . AE , 2F6 .2,F 8.4) --- -- --------- ··- -------··-----· -------



gj 
FORlRAN IV 

00 38 
CC39 
0040 

~CDE L 44 PS VERSICN 2, LEVEL l 

211- FCR MAT ( l:X,A8,2F6.2,F8.4) . 
hR ITE ( 6 ,4400) 

44 0 0 F 0 RMAJ ('l') 

CJITE 6 8 234 PAGE 

_ ____ o~ ~ --- -----'c-1-+'--~?-------------------------- ------------
cc42 NY1=3 
0043 NT=3 
OC44 CALL LXY 0045 NX=t\Xl-1. _________________________________ _ 
0046 NY=NY 1..:: l ------1 

OC47 CALL LSCR(P.l,Al) 
0048 H2=Hl 
0049 HLS =HI 

1------0~ 050 CC l O L= , • 
0051 ALSQ(L)=Al(l) 
0052 A2(L) =A l(l) 
00~3 10 CCNTIN~E 0054 ·---- ----- - ·- wR IT E ( 6; 3"t-OTF 
C 05 5 ri RITE l 6, 31 0 ) ( L , Al ( L ) , L = l , NA) 
0056 300 FOR~Al('C rl=',El4.6) 
0057 3 10 FCRf,IAT(' L=',12,' Al=',El4.6) 

0058 7 CJILL R(RSt\(~l,Al,S,B,C) 
C CALCULATE t\Eh REGRESS I GN CCEFFICIENTS 

0059 t-2= FL0AT(NSTA R+NSUN+N0BL)/(2.0*SL CO t O ------ ---- -•-· CALL ARR lY ( 2 , ~ A , t\ A ,-2 0"~-2 0 , c;-cr=--=-=---=-~---------------------
006 l CJILL MINV (C, NA , DET ,L hK, MWK ) 
0062 CALL ARRAY(l,NA,NA,20,20,C,C) 
COt3 DO 4 L=l NA 

06 = • 
cots oo 4 ~= l,NA 
0066 A2(L)=Jl2lL)+C(L,M)*B(M) 
CC67 4 CG NTit\UE oat a --soA-=o-;-o.-=---------------~-----------------------
0069 SA=O.O 
C07C DO 5 L=l,~A 
OC71 SA=SA+ABS(A2(L)) 

+ 
0073 5 CCNTINUE 
0074 CRTA=SCA/SA . 
0075 ________ CRTh= AeS(h2-rl)/ABS(H2) 
0076 Hr=ff2 
0077 CO 6 L=l,NA · 
0078 Al(U=A2(U 
0079 6 CO NTINUE 

OCcO ~RITE (t, 4C C) H2 ,C RTH ,C RTA,DET 
CCc l 40C FCRt-'AlC'0 t-2= ' , El4 .6,' CRTH= • , El4 . 6 ,' 

l El4.6) . 
CRT A= ' , E 14. 6 , ' DET= ', 

OC82 . - ---··--- -- WRITE (6,410) (L , A2 (L l ,L =l , NAJ- ---------------------- •--;---' 



FGRTRAI\ IV MCDE L 44 P~ VERSION 2, LEVEL l DATE 682~4 PAGE 
oc E 3 FO R"°VAf( ,- -- L= • , 13; ,---A-~(= , --;EY4-:-6) . - 410 
0Ct 4 1F(CRTA.GT.I\A*l.E-5.CR.CRTH.GT.l.E-5)GOTO 7 
008 5 WRITE (6, 500 ) . 

_ c_c_€J~ ------"''-""--"'--'-F~C~l<c-:fJ~A~T~ _• ~~E"-.-1\ :;--C-,--c=-C~F~ I~Tc-=aE....;..R_,__A'-"Tc-il;-..,O"-'-N.;-'-=--) -~~~~~-------------------
CC 8 7 WRITE(6,42CJ (L, M,C(L, M , M= l, NA ,L=l , A 
0088 FORfJAT(' L= ' ,13 ,' fJ.=', 13,' C= ' , El4.6 ) 

0 

4 2 0 
0Cc9 CALL CvRI\C(r.2,A2,S, B,C,COV) 
0 C <; 0 WR ITE ( 6 , l 00 0 ) H 2, HL SQ ~ ----------------------
0 0 c; l FORM A T ( ' 1 h 2 =' , E l 3 :"6---; ,--------HLS c~=···-;--E rr;6 ---- -

1000 
0092 WRITE(6,ll00) 
C Cc; 3 FOR fJ A T ( ' C L X _l Y ' , 7 X , ' A 2 ' , 7 X , ' A LS Q • ) 1100 

_O~O~S~4----~~~~h~R~I~T~E~(...:;'-6Jl20C)(LX(L} LY(L) A2(L) ALSQ(l) , L=l NA) 
00~ fJ , , . 6 
OCS6 hR ITE(6,13CC ) 
0097 FORMAT('O COVARIA CE MATRIX') 1300 
ccsa DC 46 L=l , I\A 
OCS9 hR I TE rt ,-14·00 re-; -( COVTC-;-~n-;M= l--;N"A 

46 OlCO CCI\TII\UE 
1400 OlCl FORMAT('C ' ,13,6X,9Ell . 3) 

01C2 wR ITE(6,4CCOJ 
4000 C3 FORPftl('ISFLC MV 8-V RH ' ) 

01C4 DO 41 1-=1 , 7 
01C5 CO 41 J=l,4 
01C6 X=(A'vfJK( 1,J)-AVfJ.)/AV S ---· 0 l C 7 Y= ( B V MK ( I, J FB vr•n-, svs----------------------------
C l C 8 CALL LEP(PX,X,NX) 
01(9 CALL iEP(P),Y , NY ) 
0110 Z=O . O f---------00 

= ' ' 

I 

I 

0112 
0113 
0114 
011~----
o 116 
011 7 
0 118 

Z= Z+Al(l) *PX (LX(L))*PY(LY(L)) 
42 CCI\TII\UE 

RHMK{ 1-,J)=Z 
h RI TE C 6, 41 oor-·- s ·p f n -;TCCJ r;·AvMK( I ,J 1·;evMK{"T;·;r1 ·;RHMK rr,J1- ----

4100 FORMAT(1X,A2,A4 , 2F8~2,4X , E14 . 6 ) 
41 CCt--Tlt'IUE 

510P 

---- ---------~-- --- -----

.r-------- ----------------------'----------- -------



FORTRAI\ IV 

0001 
CCC2 

MODE L 44 PS VERSION 2 , LEVE L 1 DATE 68234 PAGE 

s u BR Cu T I I\. E R G R s N rn -;-T-s , [3 , C ) 
0 1r-EI\S I CI\ At 20 1 , B<2o l ,c( 20 , 20 1 , BK <20 > ,C K<zo , 20 >, 

1 PX ( 10 ) , PY ( 10) , P( ZC),PX 2 (2 0 ) , PY2 ( 20l , P2 ( 20 ) ____ 0 0 C 3 

0004 
Cl~ E~SIC~ FZ AP l2 0 l , PZAP SC ! 20 , 20 l,COV! 20 , 20 l,L WKL2~~M~~~JK~~0~--------­
ccr,,~cl\/LKCFAR/V(500l, eV( 500l , Rr l 500 l, RMUl 500 l, HMUCSOO l, . 

1 PIO ( SOO ) , HPI ( 500 ) , PIC (5 0C ) ,AV MAX (SOO ) , AVMIN(SOO), 
2 AV~ , AVS , BVM , BVS,RHM,RHS,NSTAR 

OOC5 
00C6 
OOC7 

CCt,,.f-JC I\/ DBLPAR /V 2 (20 ) , BV2 ( 20 } , RHZ (Z O) I\DBL ·-·-----·-· 
CC MMON /SL N/ NSUN , AVSUN , BVSUf\,RHSU~ ~ ~~~ ---------------
CC~f-JCI\/SESCT2/LX(20l,LY(20),I\Xl,I\Yl,I\T,NA C. 

C 
C EK=ll\TEGRAL(EXP(-hf(Z-SUM(A*P(X,Y))**2l*LKHD(X,DiTA)) 
C BK (L)=II\T EGRA L(P(LJX,Yl*EXP( ) *LK HO (X,CATA)*Z) 
C CK(L, M)-=I NTEGRA L{ P (L,X,Y) *P ( M, W,~)*EXP( l*LK HD (X,DATA)) 
C SK-= I NT EGRAL ( ( 2-S UM { A*P (X-;YT>* *2*EXP ( ___ - ---) *YKHD ( X, DAT A) l~-----~------

0015 
OCll: 

C FI RST TERM IS SOL AR DATA,LIKELIHCOD IS SHARP 
C NE XT NCEL TE µM s ARE FOR DOUB LE STARS 
C REMEMBE R H IS HALF THE PRECISI ON 

C SET INITIAL VALUES 
lt\OEX=l 
GOTO 4 

- E f\ T J. y·- CV R I\ CTH ~-~-;-s-;-e-;-c--;-co 
I ND EX=2 

4 CON TINUE 
l\X-=I\Xl-1 

= -
El05-=ALCG(l0.0)/5.0 
l'\Pl-=3(: 

0017 _____ _ 
C018 

S= C. 0 
- C ff 1 - -C= 1, 1'A 

0CM B(U=0.0 
0020 CO 1 ·· M= 1, L 
OC21 CCL,M)-=0.0 

t:. 
OC23 l CO~TI~UE 
00~4 IF{ NSL~.E Q.C)GOTOlO 

C START ~ITr SOLAR DATA FOR HAND KLINES 
0 0 2 ,~ -----=- X = C /l v S l t\ - /l VI" )7 /W.---...;.._--'-'----'-'----=:..::..:...:...:::..:=----------------------
0C26 V-=(BVSLN-BV~)/BVS 
002 7 2-= RhSUN 
CC28 CALL l EP(PX,X,NX) 

r-----,,-02 ~ CALL LEP(PY,Y,NVJ 
0030 Sl<=Z 
CC~l CO2 L=l,~A 
0032 P(L)=PX(L)((LJ ) *P Y(LY(L)) 
0 0 ~ 3 S l< =SR-A ( ll * P ( L ) .. - ----------- ·-·----··--·--- -·-------··----- -



,..; 

FCRTRAr-. 

CC34 
CC35 
CC36 
0 C _; 
0-038 
OC3S 
0040 

0041 

00'i4 
0045 
OC46 
0047 
OC4E 
0049 
cc~o 
005 1 
0052 
0053 

IV MOCE L 44 PS VERSION 2, LEVEL l DATE 68234 
- - - -'-· e ( L) = e { l -) + z * p ( l J ·----- ·---- - -~~-

DO 2 t-'·=l ,L . 
Cl L, fJ )=C ( L, r-) + P ( L) *P (M ) 
[Fl INOEX.E . 2 )COV(L M) =CCV (l f'J )+ P(L) *P (M) 

2 ONT U 
S=S+SK**2 

10 ccr-.THUE 
C STA~T su~~ATICN OVER NS TA R PCir-.TS 
C FIRST NC8 L POINTS ARE DOUB LE STAR~ 

DO 11 1<=1,~STAR 
C SET I~ITIAL VALLES TC ZERO 

EK=O . O 
...i = • 
CO 12 L=l,NA 
BK (U=O.O 
IF(I NOEX .E Q.2)PZAP(L)=O.O 
CG -12 - F=l , 
Cl<(L , t-.)=C . O 
IF(I NCE X. EQ.2)PZAPSQ(L, M);Q.O 

12 CCNTINUE 

Y=(EV(K)~BV~)/BVS 
Z= RH(K) 
CALL LEP(PY,Y,NY) 

OC54 - ------ - 0 tV = { AV fl tX { Kl -AVM 1N (K) J'/ FL CA-T( NPr­
A V C=A V tJ Ird I<) CC55 

0056 RV=V(KJ+5.0 
CC57 R fJ.= R fJ L ( K ) 

0059 FI=FIC(K) 
OCcC HP=HPI(~)/2.0 
00tl PC=PIC(KJ 

PAGE 

--·-----

cot z----- s P= SQR T{Fn-r----------------~--------------
OOt 3 IF(K . GT.r-.OBL)GOTO 13 

C oo ueLE ST~R PARA METER S 
CCc4 v;=(BV2 ( K)-EVt-')/BVS 

= ' 
CCc6 CV2l=V2(K)-V(K) 
00c7 CALL LEP(PY2 , Y2,NY) 
oota 13 ccr-.11r-.uE ---- c- -s TAR l I Nl E GR ATI Ct\w.R-:T;- DI STli Nc c ·-r,mouru 
006<J CO 21 I=l,NPT 
0010 AV=AVC+FLOA1(I-l ) *OAV 

' CC72 
CC7 3 
007 4 

C CALCULATE LIKELIHOOD 

Q= l.0/R 
CLl<=R*R*EXF (-HR*(R-RM )**2-HP*(Q-Pl)**2) 
IF(PC.GT.-c.ce)OLK=OLK/ERFC(SP*(PC-Q)) C CALCLL.ATE PX . --· - - .. - ---·--- --



• FORTRAI\ IV 
\0 
(\J CC15 ri 0016 

0C77 

CC19 
0CE0 
0C8l 
0CE2 
0083 

0CE4 
0085 . 
0CEc 
CC87 
0088 
ooc9 
ooc:;o 
ooc:;1 
·00<;2 

0OS4 

ccss ---- - - --- --
C0S6 
00<;1 
CO SE 

ClC0 
ClCl 
0lC2 
0lC3 
01( 4 
0lC5 

01(1 
01(8 
01(9 
C 110 
0111 
0112 

Cll4 

CllS 

MODEL 44 PS VER S ION 2 , LE VE L l 

:X=(AV-AVt-)/AVS --­
CALL LEP (PX,X,I\X) 
SI=Z 
~ GT. I\C BL >GCT 

. C CALC~LATE PX2 FGR C0UBLE STAR 
AV2 =A'v+0'v21 
X2=(Av2-AVtJ)/AVS 

DATE 68 234 PAGE 

CALL. LE P ( P X_2 ,_X 2, NX'-L----------------------------­
S I 2= Z 2 

22 CON TI NU E 
( CALC ULATE P,SI AI\D,F0R ooue LES,P2,S12 

CO 23 L=l I\A 
P (l)=PX LX L PY 
SI=SI-A(U * P(U 
IF(K.GT . I\0BL)GCTO 23 
P 2 ( l ) = F X 2 ( LX { L ) >* P,-Y=--=2=-=(L=-Y,_(,_,,L,_,),._,).__ ________________________ _ 
~ I 2 =SI 2·- A ( U * P 2·c LJ 

23 CCNTII\UE 
ZAF=SI 
ZAP2=S12 

IF(K . LE.I\0 BL)SI =SI+SI2**2 
0 ~U L~IFlY LI KELir CCC BY CONCI TIO NAL DENSITY 

IF(r . GT.C.C)OLK=0LK*EXP(-H*SI) 
C AC0 CCI\TR I EUT IOI\S ·re EK , -SK,-BK·,·c •r· ~------------------- - ------

EK=EK+0LK 
SK=SK+SI~0LK 
CC 24 l=l , t--A 

EK (L)= eK (L)+ PD LK*Z 
IF(K . LE.~CBL)BK(L)=BK(L)+P2(L)*DLK*Z2 
DO 2 4 t' =· 1 , L 
C K ( c; ,., ) = C K n -,-,.,- ) + p C LT*-P ( R . 

· IFtK.LE . I\DBL)CK(L,~)=CKCL , M}+P2(L}*P2 ( t'}*OLK 
24 CCI\TII\UE . 

C FOR II\CEX=2 , ACC CC NTRIEUTIGI\S TC PZAP, PZAPSQ 

C 

C 

. . 
CC 31 l=l , l\t 
PZAP(L)=PZAP(Ll+P(L)*ZAP*DLK 
IF(K . GT.t--C BL)PZAP(L)=PZAP(L)+P2(L)*ZAP2*DLK 
DC- 31--Pl=l, 
lf(K . GT.I\C eL)P2APSC(L, M)=PZAPS Q{L,~)+P(L) * P( M)*(ZAP**2)*DlK 
IF(K . LE.I\C e LJPZAPSCCL, Ml=PZAPSQ(L , M) 

1 + (P(Ll*ZAP+P2(l)*ZAP2)*(P( ~l*ZAP+P2{P)*ZAP2}*DLK 

3C CCI\TII\LE 
END GF 11\T EGRA TION 
2 1 CCI\Tll\l!E 
ADD CCI\TRIBLTIC~S TO s, a,c; -

1 

------- . -- ----



FORTRAt-. IV t-'COEL 44 PS VERSICN 2, LEVEL l · CATE 68234 PAGE 
0116 - --- -- - S=S+SK/EK 
Cll7 CC 14 l=l,t--.A 
0118 B(L)=e (L)+ eK (L)/ EK 
0119 CO 14 M=l L c12c--------c~-"h-L~,~M;-.-'-=~C~ L---=-,,~c,-r-+------=K...-.-L-, =~-,---,.._..,..,K-------- --------------------
Cl£l IF(It-.OEX.EC.2)COV(L,~l~ccv<L,~l+CK(L,M)/EK 

1 - 2 .C *H* (PZAPS Q(L, M)/EK-(PZAP(L)/ EK )*(PZ AP(M )/ EK )) 
Cl22 14 CC~TI~UE 

C ENO OF su~~~11c· 
11 CC NT INUE 

0127 
0128 
Cl£9 0130 ____ _ 
0131 
G 132 
0133 

--0l35 
0136 
0137 0138 ____ _ 

OG 3 L=l ,t-.A 
DO 3 t,l,=l,l 

t ' ·IF(INCEX.EC.2)COV(~,L)=COV(L,M) 
3 CC NTINUE 

IF(It-.CEX.t\E.2)RETURN 
CALL ARRAY C 2;-NA , NA-;2c--;-20 ,co v;cov1 
CALL ~It\V(COV,N.A,DET,LWK,MWK) 
CALL ARRA~(l,t-.A,t\A,20,20,CGV,CCV) 
CO 32 L=I,NA 

= ' COV{L,M)=COV(L,M)/(2.0*H) 
32 CCt\Tlt\UE 

RETURf\ END __________________________________ _ 



co 
F0RTRAt\ IV MODE L 44 PS VE RSI ON 2, LEVEL l DATE 6823 4 P I\G F. 

CO C l - -- -SU e RC L, 1 i1- E--cs CR( H-,-A--c)-------------------- ---- ------- --
00 C 2 Dl ~EN SI 0 t\ A(2C), B(2 C),CC2 0 ,2C) 
0O C3 Clt- Et\SICf\ P(20),PX(l0),PY(l0) 

>----~~ -~ ------~C~-C ML,._L..-t-' ~C N~L-L ~K ~□ ~P~A~B~L -=-V-!--< ~5~0 ~0~) ~• ~13__._V~<~ "=°5"70--"f-O-=J 71 "'='"R-'-""H__._( -=-5~0~0-'c-) ~•--'=-B--'=--f'l.,,,_U_._( .L_5 __,,,_0 _0...,_._) -,L, --'c-'-H '=-M__,,,_U~( .,,_5 -=0 __,,_0 _._,l c'' " ~~~ ~---------1 
l PIC(500 ), HPI(5 00 ),PIC(5 00 ), AVMAX (500 ),AVMI N( 500 , 

CCC5 
OGC6 -··-·---··-···--· ··-·-· ·-. 0007 
ccce oc ((.j 
0010 
0011 
0012 
0013 
0014 
0015 
CC16 
0017 
0018 :-c 
0020 
CC21 
00~2 
0023 

002 4 
OC25 

0021 
0028 
0029 
C0:30 
003 1 
0032 
C033 

J 

0035 
0036 

OC37 
0038 
CC3<3 
0040 

CC42 
0043 
GC44 
OC 45 -· 

C 

C 

2 AV M,AVS, BV~ , BVS,R HM ,R HS,NSTAR 
cc~~Ct\/C e LPA R/V2(2 0 ), eV2 (20), RH 2(20t, NDB L 
CC ~MON /SLN/t\SLN,AVSU N, BV SUt\, RH SUN 
CC M~O N/SBSCT2/LXl20l,LY{20),NX1,NYl,NT , N~ 
t\X=f'.iX 1- 1 
NY=NY l -1 
El0S=ALCG(l0.0)/5.0 
IF(f\D BL. LT.C)NOBL=O 
IF(NS UN .LT.C)NSUN=O 
KSLt\=f\STtR+NCEL+NSUN_ 

30 INDEX=!~ ----------- ------------------------ S CM A G-=-0 . 
SW=C . 0 
DO 29 l=l,NA 
Bll )=0.0 

. ' C. ' = t 
Cl l , M)=C.O 

2S CGf\Tlt\LE 
vARtJ.AG=SCtJ.AG**2 
I F ( t\ C E l • E , • 0 1 GOT o--:rz 

PLACE DOUBLE STAR DATA AND SOLAR DATA 
CO 31 K=l,NCBL 
HPI(t\SIAR+t<)=HPI(K) 

+ = 
BV(t\STt R+K)=EV2(K) 
V(NSTAR+l<)=V2(K) 
RH{NSTAR+K)=R~2(K) 

31 CCt\TIMJE 
32 IF{NSL~ . EC . C)GGTO 34. 

V(KSUtd=AVSUN -
FIC(t<SUN)=C. l 

Rh ( l<Sl.Jf\ )=Rt-.SUN 
34 CONTINUE . 

CG~PUTE LEAST SQUARE COEFFICIENTS - CO 3 5 ·· K= r;1<su·u· ----~---'-------------------------
IF (PIO ( K) .LE . 0 .0) GOTO 35 
vAR=VARfvAG , 
IF(K . NE . KSU NJVAR=VAR+l.G/(HPl(Kl*l ElOS*PIO(K})**2) 

'. = • 
AV=V(K)+~.C+5.C*ALCG10lPIO(K)) 
X=IAV-AVM)/AVS 
)=tBV<K>-e\~l/evs 
Z =RH l K ) -------- - -- ------- -- -- ------------------ ----- -----



-

FOR lRAt\ IV 

0046 

MGD EL 44 PS VERSI ON 2, LEVEL l CATE 68 234 

0047 
0048 

B(L) = SU M{W*Z*P (L)), C!L,M)=SUM(W*P L*PM ) 
OC4S DO 37 L=l,"'A _ 
0050 P(L)=P)(LX{L))*PY(LY(L)) 
0051 . e (U=e(LHZ*P(L)~W 

P/\GF 

gg §f----------- - ---- g? l ~~ )~C} L ~-~) + P"ll) *-P-"(MT*--.---- --------- ----------- ·-------· 
OC54 37 CONTINUE 
0055 GOTO 35 . 

C SECO~C ENTRY l~OEX=2 CO~PUTE S=SUM(W*(Z-SUM(A*P))**) AND SW=SUM(W) 
0 ., 
CC57 Sl<=Z 
CC5€ S~=Sw+W 
005~ ________ 00 3e L=l,~A . 
C060 S K=SK= A rl l* Fx-, r x1crr*PYTCYTC fl 
CCtl 38 CC"'ll"LE . 
0062 S=S+W*SK**2 
0Ct3 35 CC~TINuE 

CC64 
cots 

lF(l~CEX.GT.l)GOTO 40 
CO 41 L=l,"A 

C PLACE e IN A PRIOR TO CALLING SIMQ o ct 6 --- - ----- - - ····· A r [T= et n 
0067 CO 41 M=l,L 

COl:.8 

0070 
CC1l 
00,2 
0073 

0016 
0077 

0078 cc,c, 
CCcO 

C SYtJ.~ETRISE C 
C(fil-,L)=C(L,IJ) 

C SOLVE FOR /J 
CALL ARRAY(2,NA,NA,20,20,C) 
CALL SI~C(C,A,"A,IOI 

------- . IN O EX= 2 
IF(IO.EC.OJGOTO - 34 

C IF E,LAlIO~S Sl~GULAR, SET A ZERO, AND RETURN 
CO 42 L=l,NA 

= • 
42 CONT"INUE 

RETUR" 
C SECG"'D ENTRY, CC~PUTE HAND RETURN 

- 40 .H=Shl ("2~C*Sl 
RETUR" 
ENO 



• . FOR lRAN IV t-',GDE L 44 PS \IERSI ON 2' LEVEL l 0/ITE 68234 Pi\GE 

~ . 
OOCl --· SUBR-CGT f~E- L-XY ------ ---·--·-

rl 00(2 cc~~C~/SESCT2/LX(20) ,LY{2 0 ),~X,NY,NT,NA 
00(3 L=C 
OOC4 cc 1 r-T= 1, ~ T 
OOC5 DC l ~X=l , NX 
00(6 tJ,Y=tH-tJX ·H 
00C7 IF( ~Y. LT.l.CR~ MY.GT.~Y)GCTO l 
ceca L=L+-1 - . 
OOC<, --- -- -LX ( LT=MX 
00 10 LY(ll=,-Y 
0011 1 CON TI~UE 
00 12 ~A=l 
OC13 . \, R 1 TE ( t: , 1 CC ) ( L , l X ( LJ , l Y ( [) , L = 1 , NA J 

, 001 4 WR ITE(6 , 200)NA 
C015 100 FCR~AT (• L-=',12, ' LX= ', 12 ,' LY= ' , I 2.) 
0016 20 0 FOR~Al(' NA= ' ,12 } - - 0C 17 - . ··- RETUR1' 
OCU: END 

----·--
. 

. 
----

.. 

, . 

• --- . 

.. 

. - .. ----- --- - -----
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