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AB STRACT 

In this thesis, a new method of peak-to-average power ratio (PAPR) reduction for 

orthogonal frequency division multiplexed (OFDM) symbols is developed. A modi­

fied repeat-accumulate (RA) code is developed by extending the concept of selective 

mapping (SLM) by M. Breiling, S. Miiller-Weinfurtner and J . Huber. This new code 

gives the PAPR reduction of selective mapping and increases the error correcting 

performance due to the iterative decoding process. 

Simulations were done to show the effects of number of sub-carriers, number of 

decoding iterations, number of encoder states, interleaver optimization and clipping. 

All simulations used an AWGN channel model and QPSK modulation. Results are 

compared to SLM and show favorable improvement with respect to error correct­

ing performance. With the addition of clipping, the PAPR reduction is improved 

while the performance of the code is still maintained. Examples are also given of 

performance in existing OFDM systems. 
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Chapter 1 

Introduction 

The problem of a high peak-to-average power ratio (PAPR) in an orthogonal fre­

quency division multiplexing (OFDM) system is one that can seriously affect system 

performance. While several solutions have been proposed, from forward error control 

codes to clipping, none have both reduced the PAPR and improved the bit error rate 

(BER) of the system. This is the key problem addressed in this thesis. 

The main topics of OFDM (including the PAPR problem), and foward error con­

trol coding are discussed in detail in the remainder of this chapter. In the second 

chapter, the existing solutions are outlined and the proposed solution is detailed. The 

solution is the creation of a new error correcting code called a modified repeat accu­

mulate code. The third chapter contains results showing that incorporating this code 

into an OFDM system simultaneously reduces the potential for a high PAPR and 

improves the BER of the system. This is the first technique that efficiently combines 

PAPR reduction with an improvement in BER. Overall, this means that an OFDM 

system can now achieve the same performance at a greater distance, or improved 

performance at the same distance. 

1.1 Orthogonal Frequency Division Multiplexing 

Orthogonal frequency division multiplexing (OFDM) is a modulation technique used 

to improve the performance of high-speed wireless data communication in channels 
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that experience frequency-selective fading. It has proven to be more effective than 

broadband single carrier schemes and has been adopted in standards such as European 

Digital Audio Broadcast (DAB) , European Digital Video Broadcast (DVB) , IEEE 

802.lla and ETSI Hyperlan. It is a robust transmission method that can improve 

the performance of wireless systems when compared to that of a broadband single­

carrier system. The baseband version of OFDM, discrete multitone (DMT) is used 

in asynchronous data subscriber line (ADSL) technology. 

1.1.1 History 

While the term Orthogonal Frequency Division Multiplexing was first used in 1966 

by R.W. Chang [7] and then patented in 1970 [8], the implementation of parallel 

data transmission over multiple frequencies actually dates back to the late 1950s and 

early 1960s in High Frequency (HF) military radio applications. Chang's contribution 

was the concept of channel orthogonality, which increased the bandwidth efficiency. 

However, the existing technology made implementation of OFDM quite difficult. 

In 1971, the use of the discrete Fourier transform (DFT) to generate orthogonal 

signals was introduced by S.B. Wienstein and P.M. Ebert [24]. The use of the DFT 

was an alternative to the multiple banks of sine wave generators that were previously 

required for both transmission and reception. Again, technology was not as advanced 

as the idea, and it wasn 't until the realization of very large scale integrated (VLSI) 

circuits in the 1980s that OFDM using a DFT was feasible. 

The next advance was in a paper in 1980 by A. Peled and A. Ruiz [20] with 

the introduction of the cyclic prefix, greatly reducing the complexity required at the 

receiver of an OFDM system. Since this time, most of the research in OFDM has 

been in the area of timing and peak-to-average power ratio (PAPR) reduction, two 

of the most significant .problems. 
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1.1.2 Implementation 

First, some terms are defined. In digital communication, where information is stored 

in bits, modulation techniques are used to place the data on the desired carrier wave. 

One of the most prevalent techniques is M-ary phase shift keying (M-PSK) where M 

is the number of possible symbols that can be represented by altering the phase of 

the carrier by 21r / M. It follows that n = log2 M where n is the number of bits each 

symbol represents. 

OFDM is a wireless modulation technique that performs extremely well in fre­

quency selective channels. It achieves this through the use of multiple orthogonal 

frequencies, henceforth referred to as sub-carriers. The spacing between the sub­

carriers, 6.f , is selected small enough such that each sub-carrier experiences a flat 

fading channel. 6.f is defined as 6.f = B / D, where B is the available system band­

width and D is the number of sub-carriers. A generic OFDM signal is then defined 

as 

x(t) = !R (~Xne1-;,,(Mn"fl•I) for O '.', t '.', T (1.1) 

where R(z) is the real component of z, fc is the carrier frequency, and Tis the OFDM 

symbol period. 

The remainder of this section describes the most common implementation of an 

OFDM system using an inverse discrete Fourier transform (IDFT), similar to that 

described by the IEEE 802.1 la standard. 

Figure 1.1 shows a basic block diagram of an OFDM transmitter. First, the 

symbols to be transmitted are divided into blocks of length Du, where Du is the 

number of data carriers (Du :S D), and placed in parallel. Each symbol is now 

referred to as An where O :S n :S Du - 1. Next, the Du symbols, An, are mapped 

to the D inputs of an IDFT and referred to as Xn. The IDFT has the effect of 

multiplying each of the D sub-carriers by the corresponding values of X at the input 

and results in the following discrete baseband signal 
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Figure 1.1. Conventional OFDM transmitter (baseband portion only). 

D -1 
1 ~ +;2,.-nt 

Xt = vfJ5 ~Xne v where 1 < t < D. 

This process can also be represented using matrix mult iplication. 

data is rewritten as 

and therefore 

where 

D - 1 

X = LfnXn, 
n=O 

1 ·o ·2 n '2 2n • • . eJ·2- (D-Dl)n ]T. fn = vfJ5[e1 e1 1rv e1 1r75 " 

(1.2) 

Here, the input 

(1.3) 

(1.5) 

T he matrix multiplication in (1.4) results in an IDFT on X . The Fourier t rans­

form of a single row of (1.5) shows a sine pulse shape in the frequency spectrum. 

Figure 1.2 shows the spectrum of an OFDM symbol with eight sub-carriers, with the 

individual Fourier transforms of each fn superimposed over each other. The inher­

ent orthogonality achieved when using an IDFT is shown by observing that for each 

sub-carrier peak the remaining sub-carriers have nulls. 

Next, an exact replica of the first Tep seconds of Xt, referred to as the cyclic prefix, 

is prepended to Xt - T ep is selected such that 

(1.6) 
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carriers separated. 
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where T1 is the period of the impulse response of the channel. 

The cyclic prefix is used to extend the length of the OFDM symbol for two pur­

poses. The period of the channel's impulse response is defined as the duration of 

time over which a unit impulse from the transmitter is received by the receiver and is 

caused by multiple reflections of the signal over the channel. If this period is longer 

than the symbol period, then the receiver will still be receiving symbol N when sym­

bol N + 1 arrives, an effect known as intersymbol interference (ISI). A cyclic prefix 

defined in (1.6) ensures that ISI will not occur. 

The other use of the cyclic prefix is for equalization at the receiver. Since the cyclic 

prefix is a replica of the beginning of the symbol, it makes the symbol appear periodic 

to the channel. This allows use of the convolution theorem that a convolution in the 

time domain is the same as a multiplication in the frequency domain. Therefore, the 

data on each sub-carrier will be multiplied by the channels frequency response for 

each sub-carrier. This convolution property makes recovery of the OFDM symbol at 

the receiver much easier and faster, as now the receiver only has to use one complex 

multiplier per sub-carrier. 

The resulting signal is then converted back to a serial data stream, referred to as 

the OFDM symbol Yt , which is then converted to an analog signal, modulated to the 

center carrier frequency, and transmitted. 

The receiver, as shown in Figure 1.3, takes the received signal and recovers a 

discrete baseband estimate of the OFDM symbol, y; . From this, the symbol is con­

verted from serial to parallel and the cyclic prefix is removed. Next, an N-point 

discrete Fourier transform (DFT) is performed, and the first D symbols are extracted 

and referred to as the recovered OFDM input sequence, A'. These symbols are de­

mapped and the resulting bits are converted to a serial data stream x~, completing 

the reception process. 
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Figure 1.3. Conventional OFDM receiver (baseband portion only). 

1.1.3 The Peak-to-Average Power Ratio Problem 

While OFDM performs well in fading channels, it is not without drawbacks. One of 

the most serious is that of a potentially high peak-to-average power ratio (PAPR). To 

understand this, one must examine an OFDM symbol in the time domain. A single 

OFDM symbol involves the transmission of data over multiple orthogonal frequencies 

simultaneously. In the time domain, an OFDM symbol is therefore t he sum of multiple 

orthogonal sinusoids. In this discussion, the cyclic prefix has been omitted as it does 

not affect the PAPR [6] . Given an OFDM symbol, Yt, the PAPR of Yt is defined as 

and 

PAPR - maxlYt l2 
- E[ 1Ytl 2] ' 

where E[ · · ·] denotes the expected value. 

(1. 7) 

(1.8) 

Because Yt is a sampled version of a continuous signal, it is not sufficient to sample 

the OFDM symbol at the Nyquist rate to observe the maximum peak. In [22], it is 

shown that oversampling by a factor of at least eight is required to obtain an accurate 

measure of the peak power of the symbol. This is achieved by zero-padding the 

OFDM sequence before taking the Fourier transform. Figure 1.4 gives an example of 

an OFDM symbol and its PAPR value. Combining (1.2) and (1.7) gives a maximum 
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Figure 1.4. Time-domain representation of an OFDM symbol with eight sub­

carriers. 

possible PAPR value of D, which would occur when all of the sinusoids are in phase 

at some time during the OFDM symbol period. 

When amplifying a signal, one typically wants the amplification to be linear so 

that no distortion or harmonics are added prior to transmission. If the signal has a 

high PAPR, then the linear-operating range of the amplifier must be quite large in 

order to accommodate the signal. This makes for a costly amplifier that has large 

power requirements and is not an ideal situation for mobile communications where 

battery life and component expense are key factors. 

The other problem is that government regulations for wireless transmissions are 

based on the peak output power of the device. The effective range of a device , however, 
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is based on the average power transmitted. Therefore, a device that transmits signals 

with a lower PAPR will have a greater effective range than a device with a higher 

PAPR, when operating under the same regulations. 

1.2 Forward Error Control Coding 

Noise is defined as "an undesired disturbance within the frequency band of interest; 

the summation of unwanted or disturbing energy introduced into a communications 

system from man-made and natural sources"[16] . Most communication channels, 

wired or wireless, are noisy and therefore techniques are required to combat the 

effects of the noise. 

One such method is forward error control, which involves the addition of redundant 

bits in such a manner that the receiver can decode the original information even if 

some of the received bits are in error. This can also be done on a symbol basis. The 

rate, R, of a code is defined as the ratio of information bits to the total number of 

bits transmitted. Codes with lower rates have a higher number of redundant bits , 

but usually perform better in noisy channels. In general, performance of a system is 

measured as a bit error rate (BER) which refers to the ratio of number of bits received 

in error to the total number of bits sent at a given signal to noise ratio (SNR). The 

SNR is commonly measured in decibels, where 

(1.9) 

1.2 .1 B ackground 

In 1948, Claude Shannon presented the theoretical limit on the capacity C of a system 

[21], which is given by 

C = B log2 ( 1 + ! ) bits/s, (1.10) 
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where B is the system bandwidth and S/N is the SNR. Shannon also determined 

that this theoretical limit could be achieved through the use of long random codes. 

Since then, one of the key goals of information theorists has been to construct codes 

which perform close to capacity. 

1.2.2 Repetition Codes 

Perhaps the simplest example of an error control code is the repetition code. For 

each input symbol mi, the encoder outputs Xi,l · · · Xi,q, each an exact replica of mi. 

This code has a rate of R = 1/q and is therefore called a rate 1/q repetition code. 

The decoding process compares each group of q received symbols and determines the 

most likely transmitted symbol. In the case of binary transmission, this can be done 

by an averaging process. In order for a repetition code to perform well, the rate has 

to be very low, which is highly inefficient for communication systems. 

1.2.3 Convolutional Codes 

In 1955, Elias introduced convolutional codes [11] which add redundant bits via the 

use of a linear shift register and were shown to perform well. An industry standard 

(specified in IEEE802.lla among others) rate 1/2 non-systematic convolutional code 

is shown in Figure 1.5. The term non-systematic refers to the fact that neither of the 

output bits, x1,i and x2,i, are a direct copy of the input bit, mi. A rate 1/2 systematic 

convolutional code is shown in Figure 1.6. A convolutional code can be described by 

its transfer function, which is a method of representing the impulse response of the 

code. The impulse response of the code is the output of the encoder when a single 

bit is input. When two or more outputs exist, a t ransfer function matrix is used. For 

example, the transfer function matrix for the encoder in Figure 1.5 is 

[ 
1 + D 2 + D 3 + D 5 + D 6 l 
1 + D + D 2 + D 3 + D 6 

(1.11) 
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Figure 1.5. Industry-standard rate 1/2 non-systematic convolutional encoder, k = 7, 

G(D) = [1 + D 2 + D 3 + D 5 + D6 , 1 + D + D 2 + D3 + D 6]. 

.----------• x,.1 

.__ ____ X 2,I 

Figure 1.6. Rate 1/2 systematic convolutional encoder, k = 3, G(D) = [1 , 1 + D + 
D2]. 
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Figure 1.7. Trellis for a rate 1/2 systematic convolutional encoder, G(D) = [1, 1 + 
D+D2

]. 

where D is a delay operator. A convolutional code is also defined by its constraint 

length, k, the number of output bits that one input bit can affect. In the case of 

Figure 1.5, k = 7. 

Every convolutional code can also be represented by a trellis diagram. Figure 1. 7 

shows the beginning of the trellis for the code in Figure 1.6. Vertically, each level 

represents a different state of the linear shift register, while the horizontal axis repre­

sents time. Define si as the state of the trellis at time i. Let m i and xi be the message 

bit and the output bit associated with the transition from state si to si+l· Numbers 

are placed on the branches of the trellis to represent the input and associated output 

bits for each state transition in the form m i /x i, l · · · Xi,q, where 1/q is the rate of the 

code. 

The most common form of decoding convolutional codes is the Viterbi decoding 
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algorithm [23] . The Viterbi algorithm is a maximum-likelihood decoder that selects 

the estimate x' of the codeword most likely to have been transmitted according to 

max(p(r lx')) , (1.12) 

where r is the received vector. Since the received vector r is fixed, the Viterbi algo­

rithm considers all possible paths through the trellis, and selects the path that most 

likely was taken by the encoder. It then traces back through the trellis and determines 

the input that corresponds to the selected path. 

Another method of decoding convolutional codes is using the maximum a poste­

riori (MAP) decoding. MAP decoding was first presented in 1974 by Bahl, Cocke, 

Jelinik, and Raviv [2] and is commonly referred to as the BCJR algorithm. MAP 

decoding decodes the symbols most likely to have been transmitted according to 

max(p(x'lr)). (1.13) 

A more indepth explanation of the MAP decoding process follows in Section 1.2.5. 

Like the MAP decoder, the Viterbi decoder can use soft inputs, but the MAP decoder 

produces soft outputs as opposed to the hard outputs from the Viterbi algorithm. 

MAP decoding typically outperforms Viterbi decoding, especially at low SNR values, 

but implementation involves approximately twice the complexity. 

1.2.4 Turbo Codes 

In 1993, Berrou, Glavieux, and Thitimajshima presented a paper entitled "Near Shan­

non limit error-correcting coding and decoding: Turbo Codes" [5]. Turbo-coding was 

a new method of decoding parallel concatenated codes that approached the Shannon 

limit within fractions of a decibel using iterative decoding. Concatenated codes are 

codes that use two or more constituent encoders separated by an interleaver. Ex­

amples of parallel and serial concatenated codes are shown in Figure 1.8. What was 

particularly innovative about their method is that it did not require a substantial 
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Encoder 

Interleaver Encoder 

Encoder Interleaver Encoder 

Figure 1.8. Generic parallel (upper} and serial {lower} concatenated codes. 

increase in complexity. The key to turbo codes is the use of several constituent en­

coders to encode the data, each separated by interleavers. An interleaver is a device 

that reorders the sequence of the input data. 

The decoder consists of multiple constituent decoders which pass information 

about the reliability of the bits they have decoded. This process can be repeated 

iteratively, with performance usually improving with each iteration until an error 

floor is reached. With a large enough code, performance near the Shannon capacity 

is possible. 

Since 1993, much research has been done into improving turbo codes. In particu­

lar, different types of interleavers have been examined, as they are key to providing the 

randomness required to achieve capacity. In [10], S-random interleavers are presented. 

These are semi-random interleavers that are designed according to the following rule. 

For an interleaver of length N, the integers 1 ~ i ~ N are picked such that each 

selection is at least ±S from the last S selections. This ensures that the interleaver 

separates each symbol and prior S symbols by at least a distance of S . They further 

observe that an S-random interleaver with 

(1.14) 

can usually be obtained in a reasonable amount of time. 
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Figure 1.9. RA code (encoder). 

1.2.5 Repeat Accumulate Codes 

Repeat accumulate (RA) codes were first presented in 1998 by D. Divsalar, H. Jin 

and R. McEliece in [9] in an examination of "turbo-like" codes. Although simplistic 

in structure, they perform remarkably well. RA codes are rate R = l/q serially 

concatenated codes. The outer code is a q-fold repetition code and the inner code is 

a rate one convolutional code with an interleaver separating the two codes. Figure 

1.9 shows the RA encoder structure. 

The encoding process of an RA code is quite simple. Assuming N input bits 

to the encoder, the output of the repetition code has qN bits. These bits are then 

interleaved using a random block interleaver of size qN. Next, the interleaved bits are 

passed through the accumulator, a rate R = l convolutional encoder with transfer 

function 1/(1 + D), and the resulting bits are ready for modulation and transmission. 

A rate R = l convolutional code has one output bit for each input bit. The use of a 

serially concatenated code structure, with the two constituent codes separated by an 

interleaver, allows iterative decoding at the receiver. 

A general approach to decoding RA codes is now presented. Note that this differs 

from the methods typically used in order to allow flexibility with respect to the RA 

code structure. The following algorithm is based on the approach in [4] , using the 
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Figure 1.10. RA code (decoder). 

method described in [13] for the repetition decoder. 

As shown in Figure 1. 10, the inner code is first decoded. In order to iteratively 

decode RA codes, the inner code is viewed as a two-state non-systematic convolutional 

code, allowing the implementation of MAP decoding. For the purpose of clarity, the 

binary case is assumed for the remainder of this chapter. Therefore, given a received 

vector r consisting of individual samples i\ and an original message m with elements 

mi , the MAP decoder calculates the following probabilities 

P[mi = l lr], 

P[mi = Olr]. 

(1.15) 

(1.16) 

A MAP decoder has two soft inputs and one soft output. One input is the output 

of the receiver providing the initial estimates of the received bits i\ where 1 < i < L, 

and L is the length of the codeword. The other is the a-priori input, zi, which 

provides information about the probability of each bit. 

Recall from Section 1.2.3 that a convolutional code can be represented in a trellis 

format showing all possible states. During a single decoding iteration, the decoder 

first calculates 

(1.17) 
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for all possible state transitions, using the identity 

P[ . . IA] _ P[si -+ si+i, r] (l.lS) 
s, -+ Si+l r - P[r] . 

Further 

where 

a(si) = P[sil(fo , .. . , fi-1)] 

/3(si) = P[si l(fi, ... , fL_ i)] 

(1.19) 

(1.20) 

(1.21) 

(1.22) 

Simply put, a( si) (1.20) is the probability of being in state si given all prior 

received bits, and f3(si) (1.21) is the probability of being in state si given all future 

received bits. 1 (1.22) is the probability of a state transition from Si to si+1 and can 

be viewed as a branch metric. Equations (1.20) and (1.21) are calculated recursively 

by 

a(si) = L a(si-1),(si-1 -+ si), (1.23) 
Si-1EA 

and 

/3(si) = L /3(si+1h(si-+ si+1), (1.24) 
S;+1E B 

respectively. 

Once all values for (1.17) have been calculated, the message bit probabilities are 

calculated using 

P [mi = Olr] = I::P[(si-+ sH1 lr], (1.25) 
So 

and 

(1.26) 

where S0 and S1 represent all of the state transitions where the input bit is a O and 

a 1, respectively. Next, the a posteriori values z are computed in the form of Log 

Likelihood Ratios (LLRs) as 
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P[mi = llf] ( ) 
Zi =LL~= ln P[mi = Olf] , 1.27 

where a positive value indicates a 1 and a negative value indicates a 0. Note that 

by using LLR.s, P[r] in (1.18) is cancelled by the division and does not need to be 

calculated. 

Once the inner code has been MAP decoded, the LLR values are deinterleaved 

and sent to the repetition decoder as a priori information. Recall that a rate 1/q 

repetition code is being used. Therefore, for each input bit there are q output bits. 

At the repetition decoder, the generation of new LLR values is done as follows. Let 

each message bit mi be represented by the encoded bits <;,t where 1 ::::; l :s; q. The 

repetition decoder has received LLR values for each <;,1, referred to as ci,l· New values 

are generated using 

where 

{

O if l = lnew, 
K1= 

1 otherwise 

(1.28) 

(1.29) 

These values are then interleaved and used as the a priori information by the 

MAP decoder. This process is iterated a given number of times and then a hard 

decision is made by the repetition decoder, averaging the q input values for each ci. 
The hard decision is made by the repetition decoder as opposed to the convolutional 

decoder because it is trivial to decode one more time at the repetition decoder while 

not so at the convolutional decoder. 
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The Peak-to-Average Power Ratio 

Problem 

2.1 Existing Reduction Methods 

19 

Since technology has made OFDM a viable transmission technique, much research 

has been done in attempting to address the PAPR problem. Outlined below are the 

key areas of PAPR reduction that have been proposed. 

2 .1.1 Error Control Coding 

One approach has been to search for a class of error correcting codes that exhibit low 

PAPR properties. Work done by Paterson et al. [19] has produced a class of codes 

that guarantee a PAPR of at most 2. These are Reed-Muller codes, based on Golay 

sequences. While this paper proves the existence of such codes, they have relatively 

low rate and poor error correcting performance. 

2.1.2 P ulse Shaping 

The idea of shaping the pulse of the OFDM symbol has been proposed in a couple 

of different forms. The simplest approach is to use pilot sub-carriers that contain 

no information and are strictly used to shape the OFDM symbol by varying the 
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magnitude and phase of the sub-carrier. This is typically done on a trial and error 

basis. 

Another method that has been shown to be particularly effective is the use of 

Partial Transmit Sequences (PTS) [15] . First, the input sequence is divided into 

sub-blocks. The phases of these sub-blocks are then changed until the overall PAPR 

of the OFDM symbol is reduced to a minimum. With this technique, however, the 

receiver needs to know how the phases of each sub-block were changed. This requires 

additional bits to provide this explicit side information, without which correct recep­

tion of the OFDM symbol is not possible. Consequently, this information must be 

well protected. 

2.1.3 Multiple Representations 

Originally proposed in [3] by R. Bauml, R. Fischer and J . Huber, as selected map­

ping (SLM) , this technique uses the concept of multiple representations of the input 

sequence to reduce the PAPR. The representation with the lowest PAPR is selected 

for transmission. Define the probability of an OFDM symbol's PAPR exceeding a 

certain limit PAP~ as 

Pr{PAPR > PAP~} . (2.1) 

If the different generated representations are statistically independent, the probability 

that the representation with the lowest PAPR exceeds PAP~ is 

Pr{PAPRmin >PAP~} = Pr{PAPR > PAP~}u , (2.2) 

where U is the number of representations available for selection. However, similar 

to PTS the receiver still needs prior knowledge of which sequence was selected for 

transmission. 

In [6], the problem of explicit side information is addressed. A novel approach is 

used whereby a linear feedback shift register (LFSR) is used to generate the unique 
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D D D D 

------+----------------

Transmitter LFSR [1/(1 + D + D4)] 

-----~+-----------------+--• 

D D D D 

Receiver LFSR [1 + D + D4] 

Figure 2.1. The LFSRs used at the transmitter and receiver. 

sequences. Given an LFSR of n stages, it is possible to generate 2n = U different se­

quences by varying the initial state of the LFSR. An LFSR with a reciprocal transfer 

function is used at the receiver to recover the original sequence without prior knowl­

edge. Figure 2.1 shows both LFSRs used in [6]. The transmitter LFSR is placed 

prior to the sub-carrier mapper and initialized with each of the U values. The data is 

then run through it and each resulting sequence has an IDFT performed on it. The 

sequence with the lowest PAPR is selected for transmission. 

At the receiver, the LFSR is placed at the output of the sub-carrier demapper. 

The receiver LFSR is set to the all zero state and the received vector is run through it. 

The label prefix, added at the transmitter, is then simply removed from the output. 

With an industry standard rate 1/2, k = 7 convolutional code added after the LFSR, 

the BER performance degradation is shown to be only 0.2dB over a system using the 

same convolutional code but no SLM [6] . This minimal impact on the BER is due 

to the propagation of any errors from the convolutional decoder by the LFSR at the 
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receiver. 

Another method of obtaining multiple representations is proposed in [12], where 

the use of multiple interleavers is used to generate the unique sequences. Several 

types of interleaver are examined, and the PAPR reduction is comparable to that of 

SLM, however the use of interleavers requires side information to be passed to the 

receiver, unlike the SLM method proposed in [6]. 

2.1.4 Clipping 

Clipping of the OFDM symbol is perhaps the easiest method of reducing the PAPR of 

the symbol. Typically, a clipping limit is set and any part of the symbol that exceeds 

this limit is reduced to its value. There are two key issues with clipping. First is 

the spectral spreading that occurs when a signal is clipped in the time domain. To 

overcome this spectral spreading, the signal has to be filtered which causes the second 

issue of peak regrowth in the signal. Several papers [1] [14] [18] have analyzed the 

performance of clipped systems and proposed different methods to address the key 

issues. In particular, [1] presents a method of clipping and filtering using digital signal 

processing (DSP) at baseband prior to the modulation of the symbol to the carrier 

frequency. Each OFDM symbol is examined in the time domain and checked against 

a predetermined clipping level A. This clipping level is defined by the clipping ratio 

(CR) and is the ratio of the clip limit to the average baseband power of the unclipped 

signal. Therefore 

(2.3) 

and the baseband symbol is then clipped according to 

{
JA if Xt :2'.: JA, 

Xt= 

Xt otherwise. 
(2.4) 

A DFT is taken of the new symbol and the spectral regrowth caused by the clipping 

is removed by setting the frequencies outside the allotted bandwidth to zero. An 
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IDFT is then taken and the symbol is ready for modulation and transmission. While 

this has proven to be effective in eliminating spectral spreading and some of the peak 

regrowth, distortion of the original OFDM symbol is unavoidable due to the clipping 

process. 

2.2 Proposed Solution 

Of the existing methods for PAPR reduction, SLM is one of the most promising, 

showing considerable reduction of the probability of high PAPR. Distortion is not 

introduced into the system, and it is possible to retrieve the information without 

prior knowledge of which sequence was selected for transmission. However, it does 

not provide any coding gain. Further examination of the method presented in [6] 

reveals that the LFSR used to generate the independent sequences can also be viewed 

as a rate-one convolutional encoder. While, in itself, this would provide little if any 

coding gain if decoding were attempted at the receiver, it is possible to incorporate 

this as a constituent code of a concatenated code. 

With the addition of a repetition code and an interleaver at the front of the LFSR, 

a serially concatenated code is created that bears a strong resemblance to an RA code. 

It is proposed that with this modified RA code, both PAPR reduction and iterative 

decoding giving improved BER performance are now possible. 

As Figure 2.2 shows, the input bits are first encoded by the repetition code and 

then interleaved. Next, the interleaved bits have N bits prepended to them and are 

run through the LFSR. The new bits are mapped to symbols and an IDFT is taken. 

The resulting discrete baseband OFDM symbol's PAPR is calculated. The process 

of adding N bits to the interleaved bits is repeated U times and the resulting OFDM 

symbol with the lowest PAPR is selected for transmission. 

At the receiver, an iterative decoder is employed as described in Section 1.2.5. The 

decoder takes the soft values generated by the receiver (post-DFT) and outputs the 
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Figure 2.2. Modified RA encoder. 

most likely sent bits based on the received data. Clipping as described in Section 2.1.4 

is also examined as a means to further reduce the PAPR. 
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Chapter 3 

Results 

3.1 Simulation Environment 

All of the simulations were done using custom code written for MATLAB. The test 

input data was randomly generated using the random generator function in the MAT­

LAB library. For the PAPR results, 100, 000 OFDM symbols were analyzed in each 

simulation to determine the PAPR distribution. The stopping criteria for the BER 

results was such that a minimum of 1,000, 000 information bits were transmitted, 

with at least 10 errors occurring for each SNR value. 

3.2 Simulation Parameters 

A Du= D = 128 sub-carrier QPSK-OFDM system (as in [3],[15],[22], and [25]) is used 

along with an additive white-Gaussian noise (AWGN) channel. A three stage LFSR is 

used in the encoder and 9 decoding iterations are done at the receiver unless otherwise 

mentioned. The cyclic prefix has no effect on the PAPR and has therefore not been 

considered. Based on Figure 2.2, the input bits are first repeated using a rate 1/2 

repetition code and then interleaved using a random block interleaver. The U labels 

(which are all possible n-bit sequences, where n is the number of stages in the LFSR 

and U = 2n), are then inserted and the resulting data is passed through the LFSR. An 

IDFT is taken of each sequence and the sequence with the lowest calculated PAPR 
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is selected for transmission. At the receiver, perfect synchronization and channel 

knowledge are assumed. The decoding is done as described in Section 1.2.5. Variables 

examined in the system are LFSR length, codeword length, interleaver design, clipping 

levels, and number of decoding iterations. The PAPR reduction results are presented 

(as in [22] ,[17] and [12]) as the complementary cumulative density function (CCDF) 

CCDF = Pr(PAPR > PAPRo), (3.1) 

of the PAPR of the OFDM signals. The CCDF shows the probability that an OFDM 

symbol will exceed a particular PAPR value (PAP Ro). The BER performance results 

are presented as BER versus SNR where the SNR is expressed as the energy per bit 

versus noise energy (Eb/N0 ). 

3.3 Effects of LFSR Length 

The two, three, and four stage LFSRs shown in Figure 3.1 were used in order to 

evaluate both the PAPR reduction and BER performance. Figure 3.2 shows the 

PAPR reduction of the two, three, and four stage LFSRs for their maximum value of 

U. Also shown is the PAPR reduction of the four stage LFSR at U = 8. As Figure 3.2 

shows, the reduction in PAPR follows the distribution described in (2.2) when U is 

less than its maximal value. However, as U increases, the reduction gain is not as 

significant. This can be attributed to the use of LFSRs to generate the U sequences 

which are therefore not truly independent of each other. Figure 3.2 shows that the 

PAPR reduction of the three stage and four stage LFSRs at U = 8 are within 0.2dB 

of each other at a CCDF of 10- 3 . 

Figure 3.3 shows the error correcting performance of the two, three, and four 

stage LFSRs. At a BER of 10- 4 , the three stage LFSR system outperforms the other 

two LFSRs by 0.6dB, with a coding gain of 4dB. While the two stage LFSR has 

the fastest decoding time, its PAPR reduction properties as shown in Figure 3.2 are 
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0=1/1+0+0' 

0=1/1+0+0' 

0=1/1+0+0' 

Figure 3.1. The two, three, and four stage LFSRs which were considered. 

not significant enough to warrant further consideration. Given the difference in BER 

performance between the three and four stage LFSRs, the tradeoff between decoding 

time and PAPR gain (U = 16 vs U = 8) makes the three stage LFSR the most 

desirable. 

3.4 Effect of Number of Sub-Carriers and Code­

word Length 

Since the encoding occurs across a single symbol, the number of sub-carriers and the 

codeword length are proportional. Note that in systems where some sub-carriers are 

unused (Du < D), this is not the case. Figure 3.4 shows that the average PAPR 

increases with the number of sub-carriers, however the reduction as predicted in (2.2) 

still holds. It is also observed that as the number of sub-carriers increases, the amount 

of PAPR reduction is less at a given CCDF. This can be attributed to the shape of 

the initial (uncoded) distribution of the PAPR. The PAPR distribution curves are 
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much steeper as the number of sub-carriers increases. Since the PAPR reduction due 

to SLM is an exponential multiplication of the initial distribution, a distribution with 

a shallower slope will realize a greater reduction. 

Figure 3.5 shows the dramatic improvement in BER performance as the codeword 

length is increased. The primary drawback to an increase in codeword length is an 

increase in encoding and decoding times. At a BER of 10- 5, the 1024 sub-carrier 

system achieves a gain of 6.6dB over an uncoded system. 

3.5 Effects of Clipping 

To examine the effects of clipping, clipping ratios of 2 and 4 were chosen, correspond­

ing to a desired PAPR of 3dB and 6dB respectively. The effects of refiltering are 

apparent in Figure 3.6, where the distributions of the clipped signals exceed the de­

sired clip levels. At a CR of 4, the PAPR reduction is improved by 0.6dB while at a 

CR of 2, this reduction increases to 2dB, both at a CCDF of 10-3
_ 

When examining the BER performance of the clipped signals, as shown in Fig­

ure 3. 7, the E8 / N0 values are those of the signals before clipping in order to accurately 

compare the performance difference caused by the clipping. When the CR is 4, a very 

small degradation in performance is observed. At a CR of 2, the difference in per­

formance is approximately 0.9dB at a BER of 10-4 _ This can be attributed to the 

reduction in overall power of the symbol due to the clipping. 

3.6 Effects of Interleaver Design 

As described in Section 1.2.4, S-random interleavers are semi-optimal interleavers that 

can often outperform random interleavers. In Figure 3.8, the performance of both a 

random and an S-random interleaver are shown. Using (1.14), an S = 10 random 

interleaver was chosen. Figure 3.8 shows that the randomly generated interleaver 
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performs as well if not better than the S-random interleaver. This is due to the short 

block length of the code. 

3.7 Effects of Number of Decoding Iterations 

As each decoding iteration increases the decoding time, an examination of the BER 

performance at each iteration was done. Figure 3.9 shows the performance at the end 

of each of the nine iterations. It is apparent that by the 6th iteration, the performance 

gain of any further iterations is negligible. 

3.8 Comparison With Existing Methods 

For a system comparison, the repetition code and interleaver were removed from the 

system. A rate 1/2, k = 7 industry standard convolutional code (Figure 1.5) was 

placed after the LFSR.s. At the receiver, the bit estimates are passed through the 

reciprocal LFSR and then decoded using the Viterbi algorithm. As the convolutional 

code used has 64 states, the decoding time is comparable to using 4 decoding it­

erations with the proposed system. As Figure 3.10 shows, at a BER of 10- 5 , the 

proposed system outperforms the convolutional code system by 0.6dB. If the number 

of decoding iterations is increased to 6, the performance gain increases to ldB, while 

adding to the decoding time by approximately 50 percent. 

3.9 Performance with Existing Standards 

Two standards were chosen to be examined, IEEE 802.lla and ETS 300 401 , the 

European Digital Audio Broadcast (DAB) standard. In both cases, the existing error 

correcting codes called for in the specifications were removed and the modified RA 

code put in their place. IEEE 802.1 la specifies D = 64 sub-carriers of which Du = 52 
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are used. Of the 52 sub-carriers, 48 carry information and the remaining 4 are used 

as pilot sub-carriers to aid in timing at the receiver. An 802.lla system has been 

modelled using QPSK modulation and an AWGN channel. As Figure 3.11 shows, the 

PAPR reduction is 3.ldB due to SLM at a CCDF of 10-3 and a further 0.5dB and 

l.7dB are gained with clipping levels of CR= 4 and CR= 2 respectively. Figure 3.12 

shows the BER performance of the system after nine decoding iterations. It is clear 

that the effect of clipping the system at CR = 4 is negligible, while clipping at CR = 2 

results in a 0.6dB loss in performance at a BER of 10- 5 _ 

ETS 300 401 specifies D = 1536 sub-carriers of which all are used. As with the 

802.lla system, QPSK modulation and an AWGN channel have been used. Fig­

ure 3.13 shows a reduction of 2.3dB at a CCDF of 10-3 is possible due to SLM alone, 

and a further ldB and 2.5dB are gained with clipping levels of CR= 4 and CR= 2 

respectively. Figure 3.14 shows the BER performance, illustrating the effectiveness 

of the iterative decoding as the codeword length increases. At a BER of 10- 4
, SLM 

gives a coding gain of 6.2dB, while clipping the signal at levels of CR= 4 and CR= 2 

results in gains of 6dB and 5.3dB respectively. 
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Figure 3.2. PAPR reduction with 2, 3, and 4 stage LFSRs. 
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Figure 3.3. BER performance comparison of 2, 3, and 4 stage LFSRs. 
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Figure 3.4. PAPR reduction for different numbers of sub-carriers. 



3. Results 34 

10-1 .-.- . -.. -• . - . -•. -.-. -.. - . -• . -. . - . -.. -r------r------.-----.----. -. . -.. -.-.. -. ,----,...-----~,------~ -----.....,-, 

ffi 10-3 

ID 

......... . . .... .. . ....... .. .. . . .. .... . 
. . .. ... . .. . . . ··••· ·· ···· 

.· . ..... ... ... :. . .. . . 
· •• · • · · ... . 

··> ....... . ... j : ::::: : :: : :· 
. .. ······· ···· ····· . . ... .. . . • ,• • . .. . .. . 

10-5 .__ __ __,,_.__ __ ___,c___,_ _ ____.. _ __,,_ _ ____._ ___ ___._ ___ ___._ ___ _,_ _ ___,,_ _ _, 

2 3 4 5 7 8 9 10 

Figure 3.5. BER performance for different numbers of sub-carriers. 
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Figure 3.6. PAPR improvement for a clipped versus an unclipped system. 

12 



ffi 10-3 

CD 
. . . ... ... ....... ..... .. .... . . 
.... ··· ··· ······ ······ ······ · . 

. . . . . . . . :-: : : : : : .. .. . . :: ... : .. : : : : : ~ : ...... . . 
. . . . . . ..... . · . ..... .. .... · .. .. ···· · .. , . ..... . 

. . ...... . ....... . . . . . . . .. ....... . 

3. Results 36 

- uncoded 
· · · · · · --e-- unclipped 

... . .. ·• · . ... ···· ·· ··· . . 

...Jiil- CR=4 
+ CR=2 

' ·········· ·· ····· ·· ·· ··' · •• ,• .. . .. .. . 

. . . .. . · . . . . . . . . . ... : . ... ... ... .. ·., ,. , .. . . . 

10-5 '-----'-------''-------'------'-------'----~---..,,_.___,___ _ __,_~ 

2 2.5 3 3.5 4.5 5 5.5 6 

Figure 3.7. BER performance for a clipped versus an unclipped system. 
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Figure 3.8. BER comparison of random and S-random interleavers (S = 10). 
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Figure 3.9. BER performance versus number of decoding iterations. 
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Figure 3.11. PAPR improvement for an 802.11a system. 
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a: 
w 
co 

,~ ............. . ......... . 

. .. ' .. ' .. . . . . . .. . . . . . . , .. ... .. . 

10-3 ........ : : : : : : : ::: : : : . : : : : : : . .. . 

. . ··•·· ·· ···. ····· · ·· ...... . . . . . ........... ···· ·· ·· . . 

3. Results 43 

. .... .. ..... . . . . . .... .. . r------, 
· · ···· · · · - uncoded 

.... ... : : : : : : -e- unclipped 
-'fr CR=4 

..... .. .. . + CR=2 

........ · ••····· · ·· .... ···•· · . .. , ... .. . . ....... . 

. , . 
. . . .. . . . ....... . .. ... . . ... . . . 

. .. ··-·· .. .. .... .. 

. . . . . ' . . . . . 

. . · •• ······· ...... . .. . . . ..... .. .. .. . • ' •• . .. . 
·•• ·••······· ..... ... . . . ..... .... .. .. .. . ... ·· · · ······. ·-·· 

10-5 .__ ____ ..__ ____ ..__ _ _.,.__,.___..__ _ _,__ __ _.__ ____ _.__ ___ ..____. 

-2 0 2 4 

Ee/No 
6 8 

Figure 3.14. BER performance of an ETS 300 401 DAB system. 

10 



44 

Chapter 4 

Conclusion 

In this thesis , a combined approach to PAPR reduction and error control coding for 

OFDM has been presented. This was done using a newly created form of serially 

concatenated code; the modified RA code. This code provides a method for reducing 

the PAPR while providing robust error correcting capabilities. Due to the modifica­

tion of the existing RA code structure, a new decoding algorithm was designed and 

implemented. 

Specifically, the following results were proven through simulations. The use of 

a three stage LFSR is sufficient to achieve both a substantial PAPR reduction and 

an improvement in BER. This is significant as each additional stage added to the 

LFSR effectively doubles the decoding time. As the number of sub-carriers increases, 

(which increases the codeword length), the error correcting capability of the code 

dramatically increases, while the PAPR reduction remains constant. This result is 

particularly important as the current industry trend is to increase the number of 

sub-carriers as the center frequency increases. In order to further improve the PAPR 

reduction, clipping is a viable option as the negative effect on the performance of 

the code is not that great. It was observed that no real improvements were made in 

BER after the sixth decoding iteration. This is significant as the decoding time at 

six iterations is only 50 percent greater than the industry standard rate 1/2, K=7 

convolutional code, while the performance gain is a full decibel greater. As a final 

validation of the proposed solution, replacing the error correcting codes in existing 
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standards with the modified RA codes resulted in improvements in both PAPR and 

BER, particularly when a large number of sub-carriers is specified. 

Overall, the use of modified RA codes in OFDM systems has been shown to 

have the effect of reducing the potential for a high PAPR while improving BER 

performance. This means that the implementation of this method would give greater 

range to an OFDM system at the same BER, or an improvement in the BER at the 

same range. 

There are several areas of future work that can be considered. All methods of 

multiple representation can become computationally intensive as the size of the se­

lection set increases. This is due to the requirement of an IDFT for each sequence 

in order to make a selection. Therefore, a reduced complexity method is needed to 

estimate the PAPR of a sequence without actually calculating the IDFT. Another 

area of future research is the addition of multiple antennas to improve performance. 

This can done through the use of space-time codes which are codes that specifically 

exploit the spatial diversity gained through the use of multiple antennas. However, 

the relationship between the symbols transmitted on each antenna is strictly defined 

in order to achieve these coding gains. How this relationship affects the PAPR of 

OFDM symbols needs to be examined before a PAPR reduction method can be de­

vised. The ability to obtain extrinsic information from the space-time decoder also 

needs to be investigated in order to fully integrate space-time coding with an iterative 

decoder, such as the one presented in this thesis. 
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