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Abstract

The existence of charged electroweak-scale particles in the early universe can drasti-

cally affect the evolution of elemental abundances. Through the formation of Coulom-

bic bound states with light nuclei, these exotic relic particles (hereafter referred to as

X−) act to catalyze nuclear reactions by reducing their threshold energies. This thesis

examines the properties of the X− bound states, and uses primordial element obser-

vations to constrain the abundance, lifetime, and mass of this exotic particle species.

If the X− is a Dirac Fermion, its abundance relative to baryons must be YX− ∼ 0.01,

with a lifetime of 1500 s . τX− . 3000 s, and a mass of mX− ∼ O(100) GeV. Assuming

that the X− is a scalar particle that decays into gravitinos, then the resulting bounds

are, 5× 10−4 . YX− . 0.07, 1600 s . τX− . 7000 s, and 60 GeV . mX− . 1000 GeV.

These ranges are consistent with Dark Matter constraints.
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Chapter 1

Introduction

Standard Big Bang Nucleosynthesis (BBN, or SBBN) is a remarkably successful

framework which predicts the primordial abundances of the light elements using just

one free parameter, the ratio of baryons to photons in the universe. Its predictions

can be altered, however, by the presence of heavy metastable particles. In particu-

lar, if these relic particles are negatively charged, they can form electromagnetically

bound states, allowing for catalyzed nuclear reactions. This novel mechanism allows

particle physics to directly affect cosmological predictions. In this chapter, the moti-

vation for including these heavy, charged relics in the theory will be discussed, both

from a particle physics point of view, and from a cosmological standpoint. In the first

section, an overview of the results and scope of this work will be presented, and the

layout of this thesis will be explained.
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1.1 Overview

The existence of metastable electroweak-scale particles is predicted by most Beyond-

the-Standard-Model theories, but it wasn’t until relatively recently that the interac-

tions of these relic particles in the early universe were fully appreciated. Ref. [1] first

proposed the mechanism of Catalyzed Big Bang Nucleosynthesis (CBBN), in which

Coulomb bound states can form between the charged relic X− and the light nuclei,

N. These bound states can affect nuclear reaction rates, since the threshold ener-

gies for many interactions are reduced by the binding energy of the (NX−) system.

In addition, the Coulomb barrier for nuclear reactions is reduced by the presence

of the bound states, as the nuclear charge is partially screened by the X− particle.

The catalysis of these nuclear reactions can affect the predictions of Nucleosynthesis.

Observational bounds on primordial elemental abundances can therefore be used to

constrain the properties of the X− relic. The predictions are very model-independent

and have broad applicability.

In this work, properties of the bound states (NX−) will be established for several

light nuclei, N, and constraints will be placed on the properties of the X− particle.

Assuming that the X− is a spin-1/2 Dirac Fermion, it will be shown that 6Li

constraints imply that the initial X− abundance relative to baryons is YX− ∼ 0.01,

while its lifetime is in the range 1500 s . τX− . 3000 s. This indicates that the X−

mass should be about mX− ∼ O(100) GeV.
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In the case where the X− takes the identity of a spin-0 Scalar particle, the

X− properties can be constrained much more definitely. A popular Supersymme-

try (SUSY) scenario is one in which the spin-3/2 gravitino, g̃3/2, is the Lightest

Supersymmetric Particle (LSP), and the scalar stau, τ̃ , is the Next-to-Lightest Su-

persymmetric Particle (NLSP). If the X− represents the τ̃ , then decays of the X−

into the gravitino also help to constrain its properties. Under these assumptions, it

will be shown that the initial X− abundance relative to baryons must be in the range

5 × 10−4 . YX− . 0.07, while its lifetime is constrained to 1600 s . τX− . 7000 s.

The resulting bounds on the mass will be shown to be 60 GeV . mX− . 1000 GeV.

These are very stringent constraints, and are based on the study of the CBBN

implications of the (4HeX−) system. The results are consistent with the best predic-

tions coming from the CBBN study of the (7BeX−) system [2], which uses 7Li + 7Be

constraints to determine the properties of the X−. The results of this work are also

consistent with Dark Matter constraints, in the case where the X− is the NLSP and

decays into the LSP, presumed to be a Dark Matter candidate.

This thesis will be laid out as follows. In the Chapter 1, the theoretical and

cosmological motivations for the work will be presented. The following two chapters

will be devoted to a generic study of the properties of the system (NX−), which

represents the bound state between the X− particle and a light nucleus N. Several

isotopes of Hydrogen, Helium, Lithium, and Beryllium will be considered as the
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nucleus in the bound state. The mechanisms for creating and destroying the bound

state will also be discussed, and a temperature scale will be found at which the (NX−)

system can be expected to form.

In Chapter 4, the (7BeX−) system will be discussed in detail. In particular,

the interesting possibility of the X− decaying while within the bound state will be

addressed. Ultimately, this scenario proves to have few consequences to standard

Nucleosynthesis. On the other hand, the catalyzed nuclear reactions facilitated by

the (7BeX−) system could lead to a possible solution to the Lithium Problem, which

is a current discrepancy in cosmology that will be discussed in Section 1.3.

The main focus of this thesis is the study of the (4HeX−) system. In Chapter

5, the properties of the (4HeX−) system will be discussed, and the methodology for

analysing the system will be established. In Chapter 6, cosmological 6Li observations

will be used to constrain the properties of the X− through (4HeX−) considerations.

Both the case where the X− is a spin-1/2 particle, and the case where it is a spin-0

particle are considered. For the scalar particle, constraints on the decay of the X−

into a gravitino are also used to restrict the parameter space of allowed X− properties.

Chapter 7 summarizes the results of this work, and shows that they are consistent

with Dark Matter observations. Brief conclusions are given, and the importance of

the continued study of the CBBN mechanism is emphasized.

A table of the abbreviations and symbols used in this text is provided in Appendix
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A, and a list of the values of the physical constants relevant to this work is included

in Appendix B. Units of c = ~ = kB = 1 are used throughout this text.

1.2 Theoretical Motivation

Although the Standard Model (SM) is a remarkably successful theory, it has many

limitations, and there are several issues in physics that it does not address. For ex-

ample, it cannot explain the small neutrino masses, or the smoothness of the universe

(presumably due to an inflationary period in the early universe), or the matter-

antimatter asymmetry that is observed. It also does not provide an explanation of

the gravitational force. For these reasons, it is important to search for new physics

beyond the Standard Model.

Heavy charged particles are predicted by many Beyond-the-Standard-Model the-

ories, including Supersymmetry and Kaluza-Klein models. In particular, long-lived

relics are found in the Constrained version of the Minimal R-parity conserving Super-

symmetric Standard Model (CMSSM), and in Minimal Super Gravity (mSUGRA),

which both predict gravitino Dark Matter, and often include a stau NLSP. There is

compelling evidence that there must be some sort of new physics at the TeV-scale,

and as such it is natural to expect a whole spectrum of new heavy particles, including

the possibility of metastable charged particles such as those considered in the CBBN

mechanism.
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Supersymmetry and other Beyond-the-Standard-Model scenarios are motivated

by three primary theoretical arguments [3]. First and foremost is to stabilize the Higgs

mass, which otherwise gets radiative corrections from loop diagrams (involving mostly

the top quark) that make the Higgs mass diverge quadratically. This is known as the

weak scale Hierarchy problem, and Supersymmetry is able to offer a “natural” solution

to this problem by the introduction of a symmetry between fermions and bosons.

Secondly, SUSY provides a mechanism through which to unify the gauge couplings at

high energy. The “Grand Unification” of the gauge couplings of the strong, weak, and

electromagnetic forces is a strong theoretical motivation for looking for new physics

at this scale. Supersymmetry also contains in its algebra the generator for space-

time translations, which is a necessary component of quantum gravity. As such,

Supersymmetry is required for String Theory, M-theory and other such Quantum

Gravity models. The third important motivation for TeV-scale physics is to address

the cosmological problem of Dark Matter. This particular issue will be discussed in

more detail in Section 1.3.

Supersymmetry is a so-called “broken” symmetry. If it was a perfect symme-

try, the masses of the sparticles (the SUSY partners to the SM particles) would be

degenerate with the masses of their Standard Model partners, but it is known that

no such particles exist below about 85 GeV [3]. The SUSY particles are expected to

have masses around the TeV-scale, and searches at the Large Hadron Collider (LHC)



1.3. COSMOLOGICAL MOTIVATION 7

at CERN will commence in 2008 to attempt detection of these particles. Currently

there is no experimental evidence for SUSY, and it is not known which form Super-

symmetry will take if it is indeed a correct theory of nature. It is hoped that detector

searches at the LHC will soon resolve this question.

1.3 Cosmological Motivation

One of the unsolved mysteries of physics today is to explain what the universe is made

of. It is known that only about 24% of the energy density of the present universe

comes from matter [4], and the rest is from an entity called Dark Energy, about

which very little is known. Perhaps even more shocking, however, is the fact that

all the stars and gas and matter that is observed in the universe can only make up

about 4% of the energy density required for closure [4]. From the WMAP survey, it

is now known that the universe is indeed flat, implying that most of this 24% matter

is unaccounted for. As such, this unaccounted for matter it is generically known as

Dark Matter.

Unlike for Dark Energy, there are possible solutions on the horizon for identifying

the source of Dark Matter. It is generally agreed today that Dark Matter must

be “cold,” meaning that the particles that account for it must be non-relativistic

and probably heavy. Dark Matter interacts only through the weak and gravitational

forces, since any strong or electromagnetic interactions would have led to observation.
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One of the attractive features of Supersymmetry is that it naturally supplies a

Dark Matter candidate if R-parity is conserved. R-parity is a discrete symmetry that

assigns R = −1 to all SUSY particles, and R = +1 to all Standard Model particles. It

is a multiplicative quantum number, meaning that a SUSY particle must decay into

an odd number of SUSY particles (plus some number of Standard Model particles). If

R-parity holds, then that means that the lightest SUSY particle must be stable, since

there is nothing it can decay into in an energy conserving process. This lightest SUSY

particle (LSP) is therefore a Dark Matter candidate. The fact that Supersymmetry

naturally provides a possible solution to the Dark Matter problem is an attractive

feature of the theory, and one of its prime motivations.

The above theoretical and cosmological arguments have been motivations for

some sort of TeV-scale physics beyond the Standard Model. Most of these theories

include metastable charged relics such as the one presumed to be responsible for

CBBN, but so far no real motivation for CBBN itself has been presented. Besides

being a natural consequence of the presence of heavy metastable charged particles

in the universe, the CBBN mechanism is itself an important addition to Big Bang

Nucleosynthesis.

Big Bang Nucleosynthesis (BBN) predicts the primordial abundances of the light

elements with just one free parameter, the ratio of baryons to photons in the uni-

verse. This parameter, η, has recently been well measured by the WMAP collabora-
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tion through the study of the Cosmic Microwave Background anisotropies [4]. The

combination of Nucleosynthesis and the dynamics of the universe itself (characterized

by the Hubble Rate) are able to predict the evolution of the primordial abundances

of the light elements in the universe. As such, the comparison of these Standard BBN

(SBBN) predictions with observational data provides a good test of the combination

of the Standard Model and General Relativity.

In order to make such comparisons, possible influences of non-standard cosmology

and particle physics must be accounted for. Generic mechanisms that may affect the

freezeout abundances of the elements include the following (see Ref. [2] and references

therein). Models such as those predicting extra neutrino species can affect the timing

of reactions, by altering the Hubble Rate, H(T ). This in turn leads to a modification

of the primordial elemental abundances. Unstable or annihilating heavy particles in

the early universe can inject energy during or after BBN, thus adding a non-thermal

component to nuclear reactions which can also have implications to the evolution of

the light elements. Inhomogeneities in the universe during the BBN era and scenarios

with time-dependent couplings can also have an impact. A new mechanism which

has only recently been brought to the attention of the community is the possibility

of thermally catalyzed reaction channels for nuclear reactions. This mechanism is

the primary prediction of the Catalyzed BBN (CBBN) theory. If heavy charged

particles form Coulomb bound states with the light nuclei, then many reactions can be
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catalyzed, and the resulting implications to light element abundances can be severe [1].

Dispite the success of the SBBN, there is one outstanding issue in its ability to

correctly predict elemental abundances. The amount of 7Li predicted by the SBBN

is about a factor of about 2-3 larger than the observational value found in the stellar

atmospheres of low-metallicity halo stars. This is a statistically significant discrepancy

that is known in cosmology as the Lithium Problem.

It is found that in very metal-poor Population-II stars, the 7Li abundance becomes

independent of metallicity. This is known as the “Spite Plateau,” and is assumed to

be indicative of the primordial 7Li abundance [5]. Observations of metal-poor halo

stars suggest a primordial abundance of 7Li relative to hydrogen of (1.23+0.68
−0.32)×10−10

[6,7]. More recent observations of globular clusters using slightly different calibration

factors to model stellar atmosphere found similar results, (2.19+0.30
−0.26) × 10−10 [8] and

(2.34+0.35
−0.30)× 10−10 [9].

These observations are strikingly inconsistent with theoretical predictions based

on the WMAP preferred value for η and Standard BBN [7,10]. Ref. [10] predicts that

the primordial 7Li abundance relative to hydrogen is Y7Li = (4.15+0.49
−0.45)× 10−10.

The discrepancy between prediction and observation is not easily attributed to

trivial solutions, such as a discrepancy in nuclear rates or cross sections (see for

example [10–12]). Recent understanding of diffusion in stars may help to alleviate

some of the discrepancy, but cannot completely bridge the gap between experimental
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findings and theoretical predictions [13]. In very old, metal-poor stars, diffusion has

had time to allow heavier elements such as lithium to settle deep into the star. As

lithium is fairly fragile, it is destroyed inside the star once it reaches layers with

temperature greater than about 2.1 × 106 K [13]. This mechanism dilutes surface

lithium, and may provide a partial explanation as to why less 7Li is observed than

Standard BBN predicts. It cannot, however, account for the whole difference that is

observed, and just reduces the discrepancy from a factor of 2-3 to a factor of about

1.5-2.

Although the Lithium Problem may have its solution in an unaccounted for de-

pletion mechanism for burning 7Li inside stars, it is important to consider possible

particle physics solutions as well. The CBBN predicts a 7Li abundance lower than

that predicted by the SBBN. By carefully choosing the values of the two important

parameters in the model (namely, the abundance and the lifetime of the X−), the

CBBN predictions can be brought into agreement with the observational value, pro-

viding a possible solution to the Lithium Problem. For a full review of the Lithium

Problem, the reader is referred to Refs. [13,14], and references therein.

In addition to the well-established 7Li problem, there is also an emerging 6Li

problem. The observed abundance of 6Li is about a factor of 1000 larger than pre-

dictions from Standard BBN, and is thus attributed to cosmic sources. 6Li can be

produced by Galactic cosmic rays through α-α fusion and by proton and α spallation,
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but observations find a relatively high 6Li abundance even in very metal-poor systems,

which cannot be explained by Standard BBN or Galactic cosmic rays. In addition,

there appears to be an unexpected and unexplained 6Li plateau region, where the

abundance of 6Li becomes independent of metallicity. There therefore appears to be

an unsolved discrepancy with the 6Li abundance. The 6Li Problem is discussed in

detail in Ref. [14]. A good review is also found in Ref. [15] and the references therein.

Extra production of 6Li in the BBN era of the early universe would help alleviate this

problem. The CBBN mechanism may therefore also help to resolve this issue.

The CBBN mechanism is indeed an important addition to the understanding

of the early universe, and it warrants further study. Many of the recent CBBN

calculations in the literature are unreliable as they use inappropriate methods of

analysis, relying on a Saha-type Equation to evaluate abundances rather than solving

the full Boltzmann Equation. This thesis intends to improve upon these methods,

and to provide constraints on the properties of the relic X− particle species in various

different scenarios.



Chapter 2

(NX−) Bound State Properties

In this section, it will be demonstrated that if a metastable charged particle X−

with a lifetime τX− & 1000 s existed in the early universe, then it could have formed

bound states with free nuclei in the early universe through Coulomb interactions.

Since direct detector searches (for example at LEP 2) have excluded the possibility

of exotic charged particles with m . 85 GeV [3]1, then it is sufficient to consider just

mX− ∼ O(100) GeV or more.

1The four experiments (ALEPH, DELPHI, L3, OPAL) at the Large Electron-Positron Collider
(LEP) at CERN currently provide the best lower limits for the masses of exotic particles. Metastable
scalar sleptons have been excluded for masses below 86GeV, while spin-1/2 charginos must have
masses greater than about 103GeV in models with heavy sneutrinos. This limit may be slightly
degraded for lighter sneutrinos. Assuming that the sneutrinos are heavier than the lightest chargino,
then the lower limit on the chargino mass from LEP 2 reduces to 85GeV. For even lighter sneutrino
masses, there is no direct detector limit, but the Z width implies a lower limit of 45 GeV for the
chargino mass. Light squarks with fractional charge have been excluded for masses below about
115GeV by the Tevatron hadron collider experiments, although this limit may be less, depending
on the model used. This information is summarized in Table 1 of Ref. [3].

13
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2.1 Characteristic Energy and Distance Scales

At t ' 1000 s after the Big Bang, the temperature of the universe was about 108 K, or

40 keV. At this time, the formation of most light nuclei had ended, and the elemental

abundances were frozen out to their so-called ‘primordial’ values, after a period called

Nucleosynthesis. The Nucleosynthesis era occurred during the first couple of minutes

after the Big Bang, from about t = 0.01 s to t = 100 s, corresponding to temperatures

from T = 10 MeV to just under T = 100 keV (see, for example Ref. [16]). It was during

this era that most of the creation of the light elements occured. By t ' 1000 s, the

abundances of the light nuclei were all relatively constant with respect to each other.

The universe was still much too hot for atoms to form, since typical atomic binding

energies are on the order of 1
2
Z2α2me ∼ O(0.01-0.1) keV, so the universe consisted of

a plasma of positively charged nuclei and negative electrons.

If free heavy X− particles were also present in the early universe with mX− À

mN for all the light nuclei, N, then there is the possibility that bound (NX−) systems

would have formed through Coulomb interactions [1]. These atom-like systems can

be regarded as analogous to a hydrogen atom in which an electron is bound to the

much heavier proton. In the case of the bound (NX−) however, the X− (at a mass of

at least 100 GeV) is much heavier than the positive nucleus, N. In the bound state

(NX−), the roll of the electron is therefore played by the nucleus, N, while the heavy

X− is the ‘proton’ of the system. Because mX− À mN, the mass scales of the problem
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will be entirely determined by the nuclear mass.

Näıvely, the binding energy of this (NX−) system can be estimated by the Bohr-

like Rydberg energy,

Ry =
1

2
Z2α2mN ∼ O(100− 1000) keV. (2.1)

Similarly, a ‘Bohr’ radius of the system can be defined as,

aB = (ZαmN)−1 ∼ (few) fm. (2.2)

These serve only to give an idea of the scales involved in the problem. Significant cor-

rections to the binding energy will arise by considering another important difference

between the (NX−) bound state and a hydrogen atom. The nucleus N is not a point

particle as is an electron, but rather, it has some finite size as well as a characteristic

charge distribution. The binding energy can no longer be estimated by the simple

point-particle Rydberg formula. This is especially evident when one considers the

fact that the Bohr radius can often be well within the nuclear radius, which is also

typically on the order of a few femtometers.

To determine the actual binding energy (or, equivalently, the ground state energy)

of the (NX−) system, the wave function must first be determined. In the following

sections, two different methods are used to find the wave function. Firstly, a trial
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wave function is employed, and a solution is found using the Variational Method of

Quantum Mechanics. Secondly, a direct numeric solution is found to the Schrödinger

Equation. It is confirmed that both methods yield the same results for the binding

energy of the (NX−) system. A table is presented in Section 2.2 comparing the Bohr

radius, Rydberg energy, and the actual ground state energy of the light nuclei systems.

2.2 Binding Energy of (NX−)

In this section, the Variational Method of Quantum Mechanics is used to determine

the binding energy of (NX−), taking into account the non point-like nature of the

nucleus N. In order to study the effects of the finite charge radius of the nucleus,

one must first model the charge distribution within the nucleus. A first-order ap-

proximation would be to assume a uniform spherical charge density, with a sharp

drop-off to zero at the nuclear radius RN. However, for light nuclei (A . 40), it has

been found that the nuclear charge distribution is well characterized by a Gaussian

distribution [17,18],

ρ(r) = ρ0e
−(r/r0)2 , (2.3)

where ρ0 = Zα
(r0
√

π)3
. The parameter r0 is chosen such that the root mean square (rms)

value of the Gaussian radial distribution (2.3) is equal to the experimental rms charge
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radius, RN. As such, they are related by,

r0 =

√
2

3
RN. (2.4)

This charge distribution results in a potential between the X− and a nucleus N with

charge Z which is given by [18],

V (r) = −Zα

r
erf(r/r0). (2.5)

With this potential in hand, it is now possible to use the Variational Method of

Quantum Mechanics to find the binding energy and an optimized wave function for

the (NX−) system. It is assumed that the ground state of the system will be in an

s-wave, and thus spherically symmetric. The angular wave function is therefore the

trivial Y 0
0 spherical harmonic, Y 0

0 = 1/
√

4π. For the radial part of the wave function,

a trial function is used which is inspired by the radial functions of the hydrogen atom.

It comprises an exponential and a (third order) polynomial,

R(r) = N(1 + Br + Cr2)e−Dr, (2.6)

where N is a normalization constant, and B, C and D are parameters. The Variational

Principle (see for example Ref. [19, Chapter 7]) states that for any choice of ψ, the
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following is true:

Eg ≤ 〈ψ|H|ψ〉 ≡ 〈H〉. (2.7)

To find the correct ground state wave function, one therefore proceeds by minimizing

the expectation value of the Hamiltonian, H, as a function of the parameters B, C

and D. The Hamiltonian employed is the standard kinetic term plus the potential as

given in Equation 2.5,

H = − 1

2mN

∇2 − Zα

r
erf

(√
3

2

r

RN

)
, (2.8)

where ~ = c = 1.

Finding the values of B, C and D that minimize 〈H〉 gives the ground state wave

function from Equation 2.6, and also the ground state energy of the (NX−) system,

since Eg ≈ 〈H〉min. For most of the nuclei considered, B and D are O(1) in some

units (when r is measured in units of the Bohr radius aB). For isotopes of Hydrogen,

B is slightly less than unity, ranging from about 0.04 to 0.3 in these units. For 3He

and 4He, B ≈ 0.7. The parameter C is zero for all nuclei except for 7Li (for which

C ≈ 0.08), and the two isotopes of Beryllium, 7Be and 8Be (for which C ≈ 0.2).

The bound states of X− with several light nuclei, N, were considered and the

resulting properties are given in Table 2.1. It is interesting to note that 8Be does

not exist in nature, decaying immediately (in less than 0.1 fs [20, Appendix C]) to
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two alpha particles. However, it can exist for finite time when bound with X−. The

Q-value for the decay 8Be → 4He + 4He is 91.84 keV [21–23], which is less than the

binding energy of (8BeX−) as shown in Table 2.1.

Table 2.1: Properties of the bound state (NX−) for several light nuclei N

Nucleus N Z Mass (MeV)2 RN (fm)3 aB (fm) Ry (keV) |Eg| (keV)

1H 1 938.280 0.862 28.82 25.0 25.0
2H 1 1875.629 2.14 14.42 49.9 48.8
3H 1 2808.945 1.68 9.63 74.8 72.5
3He 2 2808.415 1.94 4.81 299 267
4He 2 3727.411 1.72 3.63 397 346
6Li 3 5601.566 2.54 1.61 1342 794
7Li 3 6533.889 2.50 1.38 1566 870
7Be 4 6534.240 2.48 1.03 2784 1336
8Be 4 7454.914 2.44 0.91 3176 1427

It is clear from the table of results that it is indeed critical to consider the finite

charge radius of the nucleus N, since the näıve Bohr orbit aB is often well within

the nuclear radius for the heavier nuclei, aB < RN. This indicates that the structure

of the charge distribution is important to the determination of the properties of the

bound state, and indeed quite a deviation is seen between the actual ground state

energy and the Rydberg estimate.

2Atomic masses are given in Refs. [22,23] for neutral atoms. The nuclear masses in Table 2.1 are
obtained by subtracting Z ·me from the atomic masses, to give the masses of the fully ionized nuclei
(atomic binding energies are small enough to be neglected).

3The nuclear radii are from the experimental Gaussian rms charge densities given in Refs. [24–28]
for all the nuclei except 8Be. Since 8Be is such an unstable nucleus, there is no experimental data
on the nuclear radius, so the empirical formula RN = (1.22 fm) x A1/3 [20] was employed, where A
is the mass number.
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2.3 (NX−) Wave Functions

The second method of finding the ground state wave function and binding energy is

to solve the Schrödinger Equation numerically. This method does not constrain the

form of the wave function, as did the Variational Method through Equation 2.6, and

so it will give a more accurate result. It is important to check the reliability of these

numeric solutions, however, by ensuring that the binding energies they predict agree

with those given by the Variational Method, which is also a valid method for finding

the ground state energy.

The radial part of the wave function, R = R(r) obeys the following equation,

E ψ = H ψ

E R = − 1

2mN

∇2R − Zα

r
erf

(√
3

2

r

Rrms

)
R

E R = − 1

2mN

1

r2

∂

∂r

(
r2 ∂R

∂r

)
− Zα

r
erf

(√
3

2

r

Rrms

)
R

E
χ

r
= − 1

2mN

1

r2

(
∂2χ

∂r2
r

)
− Zα

r
erf

(√
3

2

r

Rrms

)
χ

r

E χ = − 1

2mN

∂2χ

∂r2
− Zα

r
erf

(√
3

2

r

Rrms

)
χ. (2.9)

The Schrödinger Equation (2.9) is a second order ordinary differential equation for χ,

where χ(r) = rR(r). From this definition of χ, it is clear that the boundary condition

at r = 0 is χ(0) = 0. Since Equation 2.9 is a second order differential equation, it
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is also necessary to specify the slope at r = 0. This can be arbitrarily chosen (for

example ∂χ
∂r
|r=0 = 1), since normalizing the wave function later will fix this to the

proper value. The only input needed to solve Equation 2.9 is the mass of the nucleus

mN, the charge Z, the rms nuclear radius RN, and the energy E of the state. The

first three parameters are taken from experimental nuclear data, and are listed in

Table 2.1. For a first estimate, the ground state energy Eg can be approximated by

the Rydberg energy, as defined in Equation 2.1.

Using the mathematical analysis package Maple 9.5, a numeric solution is found

for the wave function. Of course, since the energy that was inserted was not the

correct binding energy, the wave function will not properly reflect the ground state.

Plotting the resulting solution will result in a function that looks qualitatively correct

at small r, but that diverges to ±∞ at larger r. Depending on whether this large-r

tail tends towards +∞ or −∞, one can adjust the input energy either downwards

or upwards, respectively. A more accurate energy input will cause the divergence

to happen at larger r. Iterating in this manner, one can push these divergences in

the wave function out to arbitrarily large r (on the order of 50aB or more) and get

a binding energy precise to more than 10 digits. In the case of 7Be, the amplitude

of the radial wave function after 15aB is less than 0.3% of the peak value, and the

amplitude remains negligibly small well past 50aB. Similar results are found for the

other nuclei.
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Therefore, from the numeric solution to the Schrödinger Equation, a very precise

ground state energy is found which agrees with the energy found through the Varia-

tional Method, and is consistent with the values in Table 2.1. The resulting numeric

wave function can also be used to calculate expectation values for certain quantities of

interest.4 As this numeric solution is less constrained than is the wave function found

through the Variational Method, it is used for all further calculations and analysis.

As an example, the wave function found above can be used to calculate the

expectation value of r, the average distance between the center of the nucleus and

the X− particle. In the case of the hydrogen atom, this quantity is exactly 〈r〉 = 1.5aB.

Due to the finite size of the nuclei in the (NX−) systems, it should be expected that

〈r〉 > 1.5aB, especially in the case of the heavier nuclei. Referring to the results in

Table 2.2, it is clear that this is the case. For the bound states of X− with hydrogen,

〈r〉 ≈ 1.5aB, but for isotopes of beryllium, the average distance from the center of the

nucleus to the X− particle is about 3aB. In all cases, 〈r〉 is larger than the nuclear

radius, RN.

The fact that the nuclear radius is often larger than the näıve Bohr radius has

a significant impact to the catalysis of nuclear reactions facilitated by the (NX−)

system. The Coulomb barrier of the nucleus N is partially screened by the presence

4Clearly, when finding an expectation value with these wave functions, one does not integrate up
to infinity, but rather to some cut-off scale where the wave function χ(r) has gone to zero, but well
before the scale at which the unphysical divergence mentioned above is encountered. In the case of
7Be, this cut-off was set to 30aB .
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Table 2.2: Distance scales involved in the (NX−) systems

Nucleus N RN (fm) aB (fm) 〈r〉
1H 0.862 28.82 1.50 aB
2H 2.14 14.42 1.53 aB
3H 1.68 9.63 1.54 aB
3He 1.94 4.81 1.66 aB
4He 1.72 3.63 1.70 aB
6Li 2.54 1.61 2.47 aB
7Li 2.50 1.38 2.63 aB
7Be 2.48 1.03 3.00 aB
8Be 2.44 0.91 3.18 aB

of the X−, thereby reducing the nuclear reaction threshold.

As a demonstration of the impact of the finite size of the radius, the radial wave

functions of two systems, (4HeX−) and (7BeX−), were plotted as a function of distance

in units of the Bohr radius, aB, in Figures 2.1 and 2.2. The hydrogen-like profile which

assumes the nucleus is a point particle is compared to the more realistic profile in

which the nucleus is given a Gaussian charge distribution characterized by the rms

radius RN from Table 2.1. Both the R(r) and the χ(r) = rR(r) forms of the wave

functions are shown. In the case of (4HeX−), RN = 1.72 fm, and aB = 3.63 fm. Since

RN < aB, the realistic (4HeX−) profile does not differ much from the hydrogen-like

case. With (7BeX−), on the other hand, RN = 2.48 fm while aB = 1.03 fm, and the

näıve Bohr orbit is within the nuclear radius since RN > aB. In this case, the two

profiles are seen to differ significantly, and it becomes essential to include the finite

radius effects.
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Figure 2.1: Normalized radial wave functions for the (4HeX−) system as a function of distance in
units of aB = 3.63 fm. The green curves, A, are for the näıve point-like 4He, while the red curves,
B, represent a more realistic Gaussian charge distribution inside 4He with an rms charge radius of
RN = 1.72 fm
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Figure 2.2: Normalized radial wave functions for the (7BeX−) system as a function of distance in
units of aB = 1.03 fm. The green curves, A, are for the näıve point-like 7Be, while the red curves,
B, represent a more realistic Gaussian charge distribution inside 7Be with an rms charge radius of
RN = 2.48 fm



Chapter 3

Formation of (NX−)

In this chapter, several important processes are examined in order to develop an

understanding of the time-evolution of the abundance of the bound state (NX−) in

the universe. The mutual attraction between the nucleus N and the particle X−, as

well as the lower potential of the bound state with respect to the free particles, causes

the formation of (NX−) through the process of recombination. When the temperature

of the universe is hotter than (or on par with) the binding energy of (NX−), then the

bound state will be destroyed by background photons through photodisintegration. In

a non-static universe, the expansion rate of the universe must also be considered. The

universe cools as it expands, and particles fall out of equilibrium with the photons as

their interaction rates fall below the Hubble Rate [16]. These processes are examined

in this chapter to quantify the abundance of (NX−) as a function of time.

25
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3.1 The Saha and Boltzmann Equations

The rate of change of the abundance Yi of the species i can be understood simply as

the difference of the rates of creation minus the rates of destruction, multiplied by

the individual likelihoods of these processes. Schematically, this is represented as,

dYi

dt
=

∑
(ΓijYj + ΓiklYkYl + . . .) , (3.1)

where Yi are the abundances of the particles i, and Γij... are the generalized (positive

or negative) rates for creation or destruction of the species i, involving interactions

with the particles j, k, etc [2].

In cosmology and astrophysics, it is rarely useful to give rates or abundances in

terms of their time dependence, but rather, it is usually their temperature depen-

dence which is important. This is because nuclear and electromagnetic interactions

fundamentally depend on energies, and not on time. The way in which time and

temperature are related is given by the Friedmann Equation [16],

H2 =

(
ȧ

a

)2

=
8πGN

3
ρ− k

a2
, (3.2)

where H is the Hubble rate, a is the scale factor, GN is Newton’s Constant, and ρ is

the energy density of the universe (composed of matter, radiation, and Dark Energy).
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In a flat universe, k = 0. Using the equation of state p = wρ to relate the pressure p

of a fluid to its energy density ρ, it can be shown (see for example Ref. [16]) that the

energy density evolves as ρ ∝ a−3(1+w). The equation of state for radiation is p = 1
3
ρ,

while for a pressure-less matter dust, it is p = 0. Dark Energy is thought to have

negative pressure, p = −ρ. These lead to the following scalings of density with the

scale factor:

Radiation ργ ∝ a−4

Matter ρm ∝ a−3 (3.3)

Dark Energy ρΛ = constant.

For a closed universe (k = 0), the scale factor a increases with time [16]. Since

Nucleosynthesis occurred very early in the history of the universe (see discussion in

Section 2.1), the scale factor was very small and the dominant component to the

energy density of the universe was radiation. The radiation-dominated epoch of the

universe lasted until t ≈ 106 years [29] at which time matter became dominant. Dark

Energy has only become important relatively recently as a becomes larger.

Solving the Friedmann Equation 3.2 in a flat radiation-dominated universe gives,

H(t) =
1

2t
. (3.4)
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The Hubble rate can also be expressed as a function of temperature [30],

H(T ) =

(
8πGNρ

3

)1/2

H(T ) =

(
8πρ

3

)1/2

M−1
Pl , (3.5)

where MPl is the Planck Mass, MPl = 1.22 × 1019 GeV. At high temperatures, the

energy density ρ can be expressed in terms of just the particles with mass m ¿ T [30],

ρ =
π2

30
g∗T 4

ρ =
π2

30

(∑
B

gB

(
TB

T

)4

+
7

8

∑
F

gF

(
TF

T

)4
)

T 4, (3.6)

where the sums run over all bosons, B, and fermions, F , with masses much less than

the temperature. Equation 3.6 defines g∗, where gB and gF are the number of degrees

of freedom of the boson or fermion respectively, and the factor of 7/8 arises from the

difference between Fermi-Dirac and Bose-Einstein statistics. The different particle

species may no longer be in thermal equilibrium with the rest of the universe, and are

characterized by temperature-like parameters Ti which may in general be different

from the temperature T of photons.

During Nucleosynthesis, the temperature of the universe is less than about 100 keV

(see discussion in Section 2.1), so the only particles to be included in the sums in Equa-
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tion 3.6 are photons (with g = 2) and the three flavours of Standard Model neutrinos

(each with g = 2). A well-known result (see for example Refs. [16, 30]) that arises

due to the fact that neutrinos fall out of equilibrium with the thermal photon bath

before e± pairs begin to annihilate, is that the photons are heated up with respect to

the neutrinos, since they can absorb the energy from the e± annihilation. After e±

annihilation (at temperatures less than about the mass of an electron, T . 511 keV),

the ratio between the photon temperature, Tγ, and the neutrino temperature, Tν , is

Tν

Tγ

=

(
4

11

)1/3

. (3.7)

Using Equations 3.5 and 3.6, the Hubble Rate can be written as a function of the

photon temperature, denoted by T hereafter.

H(T ) =

(
8π3

90

)1/2
(

2 +
7

8
(3 · 2)

(
4

11

)4/3
)

T 2

MPl

H(T ) ≈ 0.3798

(
T

MeV

)2

s−1. (3.8)

Equating Equations 3.4 and 3.8 finally gives a relation between temperature and time,

t ≈ 1.316T−2, with t in seconds and T in MeV. Using the relation t = 1
2H(T )

and the



3.1. THE SAHA AND BOLTZMANN EQUATIONS 30

fact that H(T ) scales as T 2, then,

dt = −1

2
H−2(T )

dH

dT
dT

dt = −H−1(T ) T−1 dT. (3.9)

Now Equation 3.1 can be reformulated in terms of temperature:

dYi

dt
= −H(T ) T

dYi

dT
=

∑
(ΓijYj + ΓiklYkYl + . . .) . (3.10)

This is a generalized form of the Boltzmann Equation for the evolution of the abun-

dance of the particle species i.

If recombination and photodisintegration are the dominant production and de-

struction mechanisms respectively, then the Boltzmann Equation becomes,

−H T
dY(NX−)

dT
= 〈σrecv〉nNYX− − 〈σph〉nγY(NX−), (3.11)

where ni are the densities of the species i, Yi are their abundances (relative to some

common standard, such as the total baryon density, nB) and all quantities are im-

plicitly functions of temperature.

The Saha Equation (see for example Ref. [16]) relates the abundance of free

particles and those bound in atoms. It can be applied to this example, but should be
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taken as an approximation to the Boltzmann Equation. The Saha Equation assumes

that the process N + X− ↔ (NX−) + γ is in chemical equilibrium, and that no other

processes are involved. It predicts a rapid switch from a fully ionized state to a state

where all of the N or X− (whichever is less abundant) are bound into (NX−). The

modified Saha Equation for the (NX−) system is,

(
mNmX−

m(NX−)

)3/2 (
T

2π

)3/2

=
nNnX−

n(NX−)

eI/T , (3.12)

where I = EB is the (positive) ionization energy of (NX−). This equation can be

rearranged to give the fraction of X− particles locked into the bound state (NX−),

FX− = n(NX−)/ nX− . It is assumed below that mX− ≈ m(NX−).

F
(Saha)

X− =

(
mNT

2π

)−3/2

eI/T nN (1− FX−)

=

(
1 +

(
mNT

2π

)3/2

e−I/T n−1
N

)−1

. (3.13)

The Boltzmann Equation can also be arranged to give a differential equation for FX− ,

−H T
dF

(Boltz.)

X−

dT
= 〈σrecv〉nN(1− F

(Boltz.)

X− )− 〈σph〉nγF
(Boltz.)

X− (3.14)

Both of these expressions can be modified for a unstable X− by including a factor

of ninitial
X− e−t/τX− , where ninitial

X− is the initial X− abundance, and τX− is the lifetime of
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the X−. Both τX− and t can be converted from units of time to units of temperature

using Equations 3.4 and 3.8.

The difference between the output of the Boltzmann and Saha Equations will be

examined for the (4HeX−) system in Chapter 5. Although several recent publications

[31–33] have used the Saha Equation for analysing the (4HeX−) system, this work

finds that there are significant modifications to the final results when using the full

Boltzmann Equation.

3.2 Photodisintegration

Photodisintegration is the primary mechanism for destroying (NX−) bound states in

a hot universe, and is initiated by an interaction with a thermal photon whose energy

is at least equal to the ionization energy of the bound state,

(NX−) + γ → N + X− , Eγ ≥ I. (3.15)

Because the energies of the photons in a thermal bath are distributed according to

the Planck Distribution which has a large high-energy tail, there will be photons with

sufficient energy to ionize the (NX−) bound state even at temperatures much less than

the ionization energy of the system. As will be shown, the rate of photodisintegration

is Boltzmann-suppressed by a factor of e−I/T , where I is the ionization energy of the
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(NX−) bound state. At temperatures T & I, the rate becomes large, as there are

many photons in the thermal distribution which can initiate the photoelectric effect.

At these temperatures, the destruction rate of the bound state is expected to be so

high that (NX−) does not get a chance to form.

The following discussion is therefore restricted to temperatures much less that

the ionization energy of the bound state. At such temperatures, the energy of the

initiating photon, ω, is expected to be approximately equal to the ionization energy.

As a rough estimate, the ionization energy should be of a similar magnitude as the

Rydberg energy (Equation 2.1), which gives the näıve estimate of the binding energy

for a point-particle system. From this, it is concluded that ω − I ¿ I, where I ∼ Ry

= 1
2
Z2α2mN. The photoelectric cross section in this limit is given in Ref. [34] as,

dσph = Z2α
mN|p|
2πω

|e · vfi|2dΩ, (3.16)

where p is the momentum of the nucleus N, e is the photon polarization, and,

vfi = − i

mN

∫
ψ′∗∇ψd3r . (3.17)

The initial bound-state wave function is taken as the n=1 ground state, ψ = 1√
4π

R(r),

where R(r) is the normalized radial wave function. In the final state, ψ′ is the wave

function of the free nucleus N. The asymptotic form of ψ′ must comprise a plane
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wave, eip·r, together with an ingoing spherical wave, and must be in a p-wave (l = 1)

to account for selection rules for transitions from the l = 0 ground state. Neglecting

unimportant phase factors, the wave function ψ′, as given in Ref. [34] is,

ψ′ =
3

p

√
π

2
(p̂ · r̂)Rp1(r), (3.18)

where Rp1 is the radial function for l = 1. In the zero-energy limit1, this becomes the

Bessel Function [35],

Rp1(r) →
√

2p

r
J3

(√
8r/aB

)
. (3.19)

Here aB represents the Bohr radius of the (NX−) system, aB = 1
ZαmN

. The Bessel

Function J3(x) is a pure Coulomb function for the free wave function, and does not

necessarily apply to the case of a system involving a nucleus of finite size. As such, it

is an approximation to the true case. It will be shown later that this approximation

causes the photodisintegration rate to be about 30% low for the (7BeX−) system. For

the (4HeX−) system, the approximation is fair. Even in the bound state, the (4HeX−)

wave function is not significantly different than the purely Hydrogen-like profile, as

can be seen in Figure 2.1 .

With Equations 3.18 and 3.19 to define ψ′, and using ψ = 1√
4π

R(r), the quantity

1The N momentum is small, p → 0, in the limit that the temperature of the universe is T ¿ I.
This is because ω → I in this limit, and the photon barely has enough energy to ionize the system.
It therefore does not have enough energy to give the recoiling nucleus much momentum.
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e · vfi is calculated as follows,

vfi = − i

mN

∫
3

p

√
π

2
(p̂ · r̂)Rp1(r)

1√
4π

(
∂

∂r
R(r)r̂

)
d3r

|e · vfi| =
3

23/2mNp

∫
(p̂ · r̂)(r̂ · e)Rp1(r)

(
∂

∂r
R(r)

)
d3r

=
3

23/2mNp

∫
(p̂ · r̂)(r̂ · e)dΩ

∫
Rp1(r)

(
∂

∂r
R(r)

)
r2dr

=
3

23/2mNp
· 4π

3
(p̂ · ê)

∫
Rp1(r)

(
∂

∂r
R(r)

)
r2dr

=

√
2π

mNp
(p̂ · ê)

∫ √
2p

r
J3

(√
8r/aB

) (
∂

∂r
R(r)

)
r2dr

=
2π

mN
√

p
(p̂ · ê)

∫
J3

(√
8r/aB

) (
∂

∂r
R(r)

)
r3/2dr.

This result can now substituted into Equation 3.16. Integrating over the solid

angle to go from d〈σph〉 to 〈σph〉 only affects the dot product between the incoming

momentum and the photon polarization,
∫

(p̂ · ê)2dΩ = 4π
3

.

σph = Z2α
mN|p|
2πω

(
2π

mN
√

p

)2
4π

3

(∫
J3

(√
8r/aB

) (
∂

∂r
R(r)

)
r3/2dr

)2

=
8π2Z2α

3mNω

(∫
J3

(√
8r/aB

) (
∂

∂r
R(r)

)
r3/2dr

)2

=
8π2Z2α

3mNRy

Ry

ω

(∫
J3

(√
8r/aB

) (
∂

∂r
R(r)

)
r3/2dr

)2

. (3.20)

In Equation 3.20, Ry is the Rydberg energy of the system, which is the näıve

estimate of the ionization energy, Ry = 1
2
Z2α2mN = 1

2a2
BmN

. The important limit

is when ω → I, where I is the real ionization energy. Table 2.1 compares the real
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ionization energies (I = |Eg|) of various (NX−) systems with the näıve Rydberg

energies. For example, the ratio Itrue/Ry is approximately 0.9 for (4HeX−), or about

0.5 for (7BeX−). In the limit ω → Itrue, the cross section from Equation 3.21 becomes,

σph =
16Z2π2αa2

B

3

Ry

Itrue

(∫
J3

(√
8r/aB

) (
∂

∂r
R(r)

)
r3/2dr

)2

. (3.21)

An analytic solution can be found only for simple systems. Such an exam-

ple is atomic Hydrogen, for which the ground-state radial wave function is R(r) =

2a
3/2
B e−r/aB , and Z=1. Plugging this into the above equation gives,

σph(hydrogen) =
16π2αa2

B

3

(∫
J3

(√
8r/aB

)
2a

−5/2
B e−r/aBr3/2dr

)2

=
16π2αa2

B

3

(∫
J3

(√
8r/aB

)
2a

−5/2
B e−r/aBr3/2dr

)2

=
26π2αa2

B

3

(∫
J3

(√
8x

)
e−xx3/2dx

)2

=
26π2αa2

B

3

(√
8e−2

)2

=
29π2αa2

B

3e4
, (3.22)

where e is the base of the natural logarithm, and x was defined as r/aB. Using the

Hydrogen Bohr Radius of 5.29× 104 fm, this gives,

σ
(hydrogen)
ph = 6.3× 106 barn . (3.23)
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More interesting systems can also be analysed. For example, with the numerical

ground state wave function for (7BeX−) from Section 2.3, and with Z=4, Itrue/Ry ≈

0.4799, and aB ≈ 1.03 fm, Equation 3.21 gives,

σ
(7BeX−)
ph ≈ 8.67× 10−3 barn . (3.24)

For (4HeX−) with Z=2, Itrue/Ry ≈ 0.8715, and aB ≈ 3.63 fm, one finds,

σ
(4HeX−)
ph ≈ 0.118 barn . (3.25)

To turn these cross sections into rates of photodisintegration, they must be averaged

over the thermal distribution of photons and multiplied by the number density of

photons, Γph = 〈σphv〉nγ, where v = c = 1 in these units. In the limit where the cross

sections are essentially independent of the photon energy, averaging the cross section

over the thermal distribution of photons amounts to simply multiplying σph by the

number density of photons with enough energy to ionize (NX−). This number density

is a function of temperature and is obtained by integrating the Planck distribution

(also often called the Bose-Einstein distribution) from the threshold energy to infinity.

The Planck distribution (see for example Refs. [36,37]) for the number of photons per
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unit volume at temperature T with energies between Eγ and Eγ + dEγ is,

dnγ(T ) =

(
1

π

)2 E2
γ dEγ

exp (Eγ/T )− 1
. (3.26)

The number of photons nionize
γ at a given temperature T with enough energy to ionize

the system (NX−) is obtained by integrating the above distribution from Eγ = I, to

Eγ = ∞,

nionize
γ (T ) =

∫ ∞

I

(
1

π

)2 E2
γ dEγ

exp (Eγ/T )− 1
. (3.27)

Since the photodisintegration cross section is a scalar quantity, 〈σph〉nγ is equivalent

to σphn
ionize
γ , and the photodisintegration rate is,

Γph = 〈σph〉nγ = σphn
ionize
γ , (3.28)

where σph is from Equation 3.21, nionize
γ is from Equation 3.27, and nγ is the total

number density of photons at temperature T , obtained by integrating Equation 3.26

from zero to infinity.

3.3 Recombination

Recombination is the process through which N and X− form an electromagnetically

bound state (NX−). The recombination process N + X− → (NX−) + γ is the inverse
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of the photodisintegration process, and as such it is natural to expect that the cross

sections are related. The Principle of Detailed Balance states [34] that the recombina-

tion cross section can be obtained from the photodisintegration cross section through

the following equation,

σrec = σph · 2k2

p2
, (3.29)

where k = ω is the momentum of the emitted photon, and p is the relative momentum

of the incoming nucleus N and the X− particle. In practice, the X− can be considered

to be at rest, since its mass is assumed to be much larger than that of the N, so p

can be assumed to be just the momentum of the thermal nucleus.

Since the temperature of the universe is much less than the ionization energy of

(NX−) at the time of its formation,2 then the N and X− do not have much thermal

energy when they interact. The energy available to the recoiling (NX−) and the

photon after recombination is therefore not significantly more than the binding energy

that is released when the bound state (NX−) forms. Assuming that the recoil energy

of the heavy (NX−) is negligible, then the photon energy is ω ≈ I.

Table 2.1 shows that the masses of the light nuclei are all around several GeV,

while the ionization energies are on the order of hundreds of keV. Since the tem-

perature of the universe (and therefore the kinetic energies of the N and X−) is less

2This must be the case, otherwise the bound state would be completely destroyed by ionizing
background photons.
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than the ionization energy, it is appropriate to assume that the nuclei (and the X−

particles) are non-relativistic. In this limit, p = mNv, and the expression for σrec can

be written as,

σrec = σph
2I2

(mNv)2 . (3.30)

In order to get the recombination rate, this cross section must be averaged over the

thermal distribution of the nuclei. Note that technically, p is not the momentum of

N, but rather the relative momentum of N and X−, in which case p = mredv, where

mred = mX−mN/(mX− + mN). Since mN ¿ mX− , this reduces to mred ≈ mN, and the

relative momentum is approximately equal to mNv. Similarly, σrec should be averaged

over the relative speed, vrel, not just the N speed. The 2-body Maxwell-Boltzmann

velocity distribution is identical to that for a single particle [38] with the exception

that the reduced mass must be used in place of the single particle mass. Again, since

mred ≈ mN, then one may just consider the N speed distribution. This is given by

the Maxwell-Boltzmann distribution of the speed of a particle in the non-relativistic

limit (see for example Ref. [39]),

f(v)dv = 4π

(
m

2πkBT

)3/2

v2e
−mv2

2kBT dv, (3.31)

where f(v)dv is the probability that the particle is at a speed between v and v + dv.

The Boltzmann constant kB is shown above for clarity, but is set back to kB=1 for
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the remainder of the discussion.

The thermally averaged cross section 〈σrecv〉 is,

〈σrecv〉 =

∫
σrecvf(v)dv

=

∫
σph

2I2

(mNv)2vf(v)dv

= 8π
I2

m2
N

σph

( mN

2πT

)3/2
∫ 1

0

ve−mNv2/2T dv

=
4 I2 σph√
2πT m

3/2
N

(
1− e−mN/2T

)

≈ 4 I2 σph√
2π m

3/2
N

T−1/2. (3.32)

The exponential was set to zero in the last line since mN À T , and the units in the

above expression are such that c=1.

To get the rate of recombination, one must multiply 〈σrecv〉 by the number density

of either N or X−, and the abundance of the other. Clearly, this choice is arbitrary,

since the abundance of a species i (measured relative to some constant, such as the

total baryon density nB) is Yi = ni

nB
. So, YNnX− = nNYX− = YNYX−nB, and any of

these combinations are equivalent, and moreover each also gives the correct units for

the rate Γrec. The rate is in units of inverse time, which matches with 〈σrecv〉YNYX−nB,

since 〈σrecv〉 has units of area times (distance/time), YN and YX− are dimensionless,



3.4. TEMPERATURE OF FORMATION 42

and nB has units of inverse volume. The recombination rate is thus,

Γrec =
4 I2 σph√
2π m

3/2
N

T−1/2 nB YN YX− . (3.33)

3.4 Temperature of Formation

In the previous sections, there were several claims made as to the temperature of

the universe at the time of the formation of (NX−). Although an exact tempera-

ture of formation would be difficult to define (the processes occur over a range of

temperatures), it is possible to quantify a rough scale at which the (NX−) forms.

The photodisintegration decoupling temperature, Tf , is an estimate of the tem-

perature scale at which the (NX−) system is no longer ionized. This temperature is

defined to be the temperature at which the photodisintegration rate becomes smaller

than the Hubble Rate, Γph(Tf ) = H(TF ). Using the Hubble and photodisintegration

rates from Equations 3.8 and 3.28 (with the optimized wave functions from Section

2.3), the temperature scale Tf of the formation of the bound state (NX−) is found.

The results are presented in Table 3.1, along with the binding energy from Section

2.2.

From Table 3.1, it is clear that Tf is typically about 2.5% of the ionization energy

of the system. The claims earlier in this chapter that the bound state (NX−) does
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Table 3.1: Temperature of Formation of (NX−)

Bound State I = |Eg| (keV) Tf (keV)

1H X− 25.0 0.6
2H X− 48.8 1.2
3H X− 72.5 1.8
3He X− 267 6.3
4He X− 346 8.2
6Li X− 794 19
7Li X− 870 21
7Be X− 1336 33
8Be X− 1427 36

not form until the universe cools to a temperature well under its ionization energy

are therefore justified.

Now that some general properties of the X− bound states have been set, the

following chapters are devoted to studying two specific systems in more detail. The

(7BeX−) system will be studied first. This system is of interest to cosmology, as the

catalysis effects that it causes could potentially provide a solution to the Lithium

Problem [2]. The second system that is studied is that of (4HeX−). Because of fairly

stringent limits on the 6Li abundance in the universe, this system can be used to

constrain the properties of the X−.



Chapter 4

The (7BeX−) System

Study of the (7BeX−) system is of great importance to cosmology, and there has been

considerable interest in it since the CBBN model was first proposed by Ref. [1] early in

2006. The catalyzed nuclear reactions facilitated by (7BeX−) offer a possible solution

to the Lithium Problem,1 in which standard BBN predicts twice the primordial 7Li

that is observed. 7Li is produced primarily through neutron spallation on beryllium,

7Be + n → 7Li + p, and much later through 7Be electron capture decay. As such,

any process that depletes 7Be will also reduce the primordial abundance of 7Li. This

chapter reviews recent work on the topic of the (7BeX−) system, showing that with

appropriate abundance and lifetime parameters for X−, the CBBN 7Li predictions

can be brought into agreement with observation.

1See full discussion in Section 1.3.

44
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4.1 The Abundance of (7BeX−)

As an illustrative example, the abundance of the (7BeX−) system can be studied

through the use of the Boltzmann Equation.2 Considering just photodisintegration

and recombination, the Boltzmann Equation 3.11 is,

−H T
dY(7BeX−)

dT
= 〈σrecv〉Y7BeYX−nB − 〈σph〉nγY(7BeX−), (4.1)

or, in terms of the total number Ni of species i,

−H T
dN(7BeX−)

dT
= 〈σrecv〉nBYX−N7Be − 〈σph〉nγN(7BeX−). (4.2)

Note that N7Be is the number of free 7Be nuclei, and YX− is the abundance (relative

to baryons) of free X− particles.

7Be freezes out of Standard BBN at a temperature of about 40 keV (see for ex-

ample Ref. [16]). By the time the universe cools enough to start forming (7BeX−)

(about 33 keV according to Table 3.1), the number of 7Be from SBBN is relatively

constant on the time scales important to this problem. The abundance of 7Be rel-

ative to Hydrogen at that time was small, only about 10−11 [16]. On much longer

2The relative merits of the Boltzmann Equation over the Saha Equation for the study of the
evolution of the abundance of a bound state (NX−) will be discussed in detail in the following
chapter, through the examination of the (4HeX−) system.
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time scales, once the universe has cooled enough so that atomic 7Be can recombine

with electrons, 7Be decays through electron capture to 7Li with a half-life of about

53 days [22]. None survives to the present day. Since the 7Be abundance is so small

during the BBN era, it is useful to re-write the Boltzmann Equation in terms of the

fraction, FBS, of 7Be locked into a bound state with X−, FBS ≡ N(7BeX−)/ (N(7BeX−)

+ N7Be). Dividing Equation 4.2 by the total number of free and bound 7Be gives,

−H T
dFBS

dT
= 〈σrecv〉nBYX−(1− FBS)− 〈σph〉nγFBS, (4.3)

It is clear from this equation that FBS depends on the abundance YX− of the X−

particle in the universe.

Using the formulae developed in Sections 3.2 and 3.3, the photodisintegration

and recombination cross sections are,

〈σph〉nγ =
(
6.87×1015T 3 + 9.18×1015T 2 + 6.13×1015T

)
e−1.336/T s−1 (4.4)

〈σrecv〉nB = 22.65T 5/2 s−1 (4.5)

where temperature T is measured in MeV.

Incidentally, there are several important factors not taken into account in Equa-

tions 4.4 and 4.5. In the derivation of the photoelectric cross section (on which the

recombination cross section also depends), the final state wave function of the free
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7Be and X− was taken to be the Bessel function given in Equation 3.19. This is an

approximation to the true case, however, as it assumes a point-particle behaviour of

7Be. As demonstrated in Section 2.3, the (7BeX−) wave function in the bound state

deviates significantly from one which assumes point-particle behaviour, so it is reason-

able to expect a similar effect in the free wave function. Including finite radius effects

increases the photodisintegration cross section (and thus also the recombination cross

section) by about 30% [2]. The recombination rate gets additionally enhanced due

to resonant states in 7Be that facilitate the creation of (7BeX−) states as described

by Ref. [2]. The photodisintegration and recombination cross sections including all

these effects are given in [2], and in the units used here, they are,

〈σph〉nγ =
(
8.76×1015T 3 + 1.13×1016T 2 + 7.48×1015T

)
e−1.329/T s−1 (4.6)

〈σrecv〉nB =
(
47.18T 5/2 + 12.87T 3/2e−0.121/T + 10.16T 3/2e−0.140/T

)
s−1, (4.7)

where T is again in MeV.

Using these rates in the Boltzmann Equation 4.3, The fraction of 7Be locked into

(7BeX−) is calculated as a function of temperature, denoted by FBS(T ). In the limit

of long X− lifetime, this only depends on the one parameter, YX− .3 A plot of FBS

as a function of temperature is presented in Figure 4.1 for several values of YX− =

3For finite lifetime, a decaying exponential is added to the X− abundance, YX− → YX− e−t/τX−

= YX− e−1.32/T 2τX− , where τX− is the X− lifetime in seconds, and T is the temperature in MeV.
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nX−/nB, in the limit of long X− lifetime. The functions were calculated numerically

using the Maple 9.5 software package.
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Figure 4.1: The fraction, FBS, of 7Be locked into the bound state (7BeX−) as a function of
temperature, in the limit of long X− lifetime. In this limit, FBS(T ) depends only on one parameter,
the abundance YX− of X− relative to baryons. The solution is plotted for three different values of
YX− for illustrative purposes.

Figure 4.1 gives a qualitative depiction of the evolution of the abundance of the

bound state (7BeX−), but still does not represent a complete treatment of the (7BeX−)

system. The only creation and destruction mechanisms that were inserted into the

Boltzmann Equation were recombination and photodisintegration. Other important

nuclear processes exist that destroy (7BeX−), as discussed in Ref. [2]. The simplified

picture represented by Figure 4.1 is still useful in giving a scale to the problem, as it

shows that for YX− < 0.01, less than 15% of 7Be nuclei enter the bound state (7BeX−)
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at temperatures greater than 20 keV. There is little point considering temperatures

significantly lower than this scale. If it is assumed that the X− has a lifetime on the

order of 1000 s, then by the time the universe is 1000 s old (cooled to a temperature of

about 40 keV), the X− population has significantly decayed, and the fraction FBS will

drop significantly. Figure 4.1 implies that YX− > 0.01 if there are to be observable

effects on cosmology. With YX− less than 0.01, only 15% or fewer 7Be are in the

state (7BeX−), and one would not expect drastic consequences to BBN due to X−

catalyzed depletion of 7Be.

There are many subtleties in the (7BeX−) system, including nuclear processes

such as the catalysis of proton- and neutron-destruction, that affect the evolution of

(7BeX−). In addition, catalyzed internal conversion, (7BeX−) → 7Li + X0, can cause

the early creation of 7Li. Since 7Li is much more fragile than 7Be, this leads to an

overall depletion of the predicted 7Li abundance. These mechanisms go beyond the

scope of this current work, and a full treatment of the (7BeX−) system will not be

considered here, as it is not the main focus of this thesis. This author did, however,

contribute to the work in Ref. [2] through a calculation of the consequences that would

follow if the X− decayed while inside the bound state (7BeX−). These calculations

are presented in Section 4.2. For a detailed analysis of the complete (7BeX−) system,

the reader is referred to Ref. [2]. The main conclusions of this study are summarized

in Section 4.3, and in Section 6.4.
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4.2 Break-up of 7Be in the Decay of X−

When examining how the bound states (NX−) affect cosmology, the primary consider-

ations are catalyzed nuclear reactions. The threshold energies for processes involving

the bound nucleus N are reduced by the binding energy of (NX−), and the Coulomb

barrier is partially screened. These processes are thus altered for a cosmology with

a heavy metastable X−. These nuclear reactions are said to be “catalyzed” by the

presence of the X−. Another consideration is the possibility that the unstable X−

may decay while inside the bound (NX−) system, dissociating the bound state before

nuclear processes can proceed with the bound N.

For the (7BeX−) system, nuclear processes are studied in detail in Ref. [2], and

will not be repeated here. The possibility of X− decay inside the (7BeX−) system is

an interesting possibility to discuss, however, and the three main mechanisms for 7Be

break-up in X− decay will be presented below.

1. (7BeX−) → 7Be + products of X− decay + hard γ → 3He + 4He + · · ·

If the decay of X− produces a “hard” photon (with energy greater than the

photodestruction threshold of 7Be, Eth = 1.59 MeV [40]), this photon could be

absorbed by the 7Be to induce a photodestruction, 7Be → 3He + 4He. This

hard photon may be a virtual particle radiated off by the X− or the charged

decay products that it creates.



4.2. BREAK-UP OF 7Be IN THE DECAY OF X− 51

2. (7BeX−) → 7Be (E À T ) + background particles + · · · → 3He + 4He + · · ·

If the decay of the X− occurs “instantaneously,” then the free 7Be after the

decay has the same momentum distribution that it had while in the bound

state. This momentum distribution is given by the Fourier Transform of the

wave function from Section 2.3. Typical momenta of the free 7Be would be on

the order of the binding energy of the (7BeX−) system, about 1.3 MeV from

Table 3.1, while the temperature of the universe is cooler than about 30 keV.

In this case, the decay of X− therefore causes 7Be to be injected non-thermally

into the universe. Other thermal particles and photons in the universe will

consequently appear blue-shifted to the 7Be, and reaction thresholds will be

effectively lowered, increasing the possibility of break-up of the recoiling 7Be.

3. (7Be∗X−) → 3He + 4He + · · ·

In this mechanism, one considers the fact that the electromagnetic field created

by the X− particle could polarize the 7Be such that the 7Be bound into (7BeX−)

is actually an admixture of the ground state of 7Be as well as all the excited

states, including those belonging to the continuum. When the X− decays, these

continuum states are released as 3He + 4He.

The first two mechanisms will be discussed in detail below. The third mechanism

proves ineffectual for CBBN, as the admixture of excited states is only about 1% [2].
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4.2.1 7Be Break-up through Hard Photons

In this mechanism, the break-up of 7Be is induced when the nucleus is struck by an

energetic photon. In order to produce these energetic photons, the X− must release

significant energy in its decay. As a model of this interaction, one can consider the

generic possibility of the X− decaying into a charged Standard Model particle, with

or without some non-Standard Model relics accompanying it [2],

X− → SM− [+ X0], ∆E ∼ mX− . (4.8)

Assuming large energy release (which may not be the case in certain models where

there is small mass splitting between relic particles), the charged decay product can

be relativistic, causing a perturbation in the electromagnetic field around the 7Be as

it passes by. As the charged particle passes by the 7Be nucleus, it emits hard photons

which can cause the break-up of the nucleus. This process can be studied through

the Weizsäcker-Williams Method of Equivalent Photons [34]. It is represented by the

Feynman Diagram in Figure 4.2 for the case where the X− is given the identity of the

stau, τ̃ , in the model where τ̃ → τ + g̃3/2, with a relic non-Standard Model gravitino,

g̃3/2.

The relativistic energy of the charged decay product, γm, and the maximum

photon energy, Emax, can both be safely assumed to be on the order of the mass of
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Figure 4.2: Feynman diagram for the “Equivalent Photon” mechanism of inducing the break-up
of 7Be in the decay of X−. In this case, X− has been given the identity τ̃ , and in this diagram, a
model has been chosen where τ̃ → τ + g̃3/2.

the X−: γm ∼ Emax ∼ O(100) GeV. Under these assumptions, the cross section for

the radiative break-up of 7Be due to the electromagnetic perturbation caused by the

charged decay products of the X− is [34],

σ =

∫ Emax

Ethr

2Zα

π
ln

(
Ethr

ω

)
σrad(ω)

dω

ω
, (4.9)

where Z is the charge of the X− decay product, here assumed to be 1, ω is the virtual

photon energy, and σrad(ω) is the cross section for the regular radiative break-up of

7Be due to interaction with a photon of energy ω. To turn this cross section into a

branching ratio or probability of break-up, one must multiply it by a “flux” of virtual

photons through the 7Be nucleus. This is where the wave function dependence enters,

as the flux is given by the expectation value of 1/4πr2, the inverse of the surface area

of a sphere (centred on the X−) that is occupied by the 7Be nucleus.

Combining these elements, the branching ratio for induced radiative break-up of
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the 7Be nucleus in the decay of X− is,

Prad br =
1

4π

∫ ∞

0

|R(r)|2dr

∫ Emax

Ethr

2α

π
ln

(
Ethr

ω

)
σrad(ω)

dω

ω
, (4.10)

where R(r) is the radial wave function from Section 2.3. The maximum photon

energy, Emax, is taken to be on the order of the X− mass, Emax ∼ 100 GeV, however

the upper limit of the integral is rather inconsequential, as the integrand goes to zero

for large ω. The only other dependence on Emax is logarithmic, so precision is not

crucial.

The threshold energy and radiative break-up cross section are taken from Ref.

[40]. For 7Be break-up into 3He + 4He,

σhelium
rad = 0.504 mb

(
2371 MeV2

ω2

)
exp

(−5.1909√
Ecm

)
×

exp (−0.548Ecm)
(
1− 0.428E2

cm + 0.534E3
cm − 0.115E4

cm

)
, (4.11)

with Ethr = 1.586627 MeV, and Ecm ≡ ω − Ethr.
7Be can also radiatively break up

into p + 6Li. From Ref. [40],

σlithium
rad = 32.6 mb

E10.0
thr E2.0

cm

ω12.0
+ 2.27× 106 mb

E8.8335
thr E13.0

cm

ω21.8335
, (4.12)

with Ethr = 5.605794 MeV, and again the definition Ecm ≡ ω − Ethr is used.
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The radiative break-up cross sections were calculated by Ref. [40] from reverse

reaction data, and are not necessarily good analytic forms for the cross sections at

all photon energies. In particular, the 7Be → 3He + 4He cross section goes negative

at ω ≈ 5.4 MeV. For this analysis, the cross section was set to zero after this energy,

so that the integral only goes up to the point where the cross section becomes nega-

tive. With these input data, and using the 7Be wave function from Section 2.3, the

probabilities of 7Be break-up into 3He + 4He or p + 6Li are,

P helium
rad br = 1.0× 10−4

P lithium
rad br = 1.3× 10−4. (4.13)

Clearly, these results show that the radiative break-up of the recoiling 7Be is rather

inefficient. Since break-up occurs for fewer than 0.1% of the cases of X− decay, it is

concluded that the catalysis effects in this case are not important to cosmology.

4.2.2 7Be Break-up from Non-Thermal Ejection

If the X− decays while within the bound state (7BeX−), then the 7Be nucleus can be

suddenly ejected into the universe as a free particle. It gets a “kick” of kinetic energy

from the decay, acquiring an energy on the order of the binding energy of the (7BeX−)

system. Since this energy (∼ 1.3 MeV) is greater than the temperature of the universe
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(∼ 30 keV), then the 7Be enters the universe out of equilibrium. The photons and

other particles in thermal equilibrium with the universe appear blue-shifted to the

7Be. As such, it is important to re-evaluate nuclear and photon-induced processes that

destroy 7Be.4 These processes were important to the evolution of the 7Be abundance

when the universe was much hotter (during Nucleosynthesis), but froze out long before

(7BeX−) started to form. By giving a kick of kinetic energy to 7Be, the X− decay

may be able to recreate the conditions for these reactions, because the universe will

appear hotter to the 7Be.

In analysing this mechanism, there are two effects playing off one another. The

non-thermal 7Be may interact either elastically or inelastically with the photons and

other particles in the universe. Elastic collisions will cause the 7Be to slow down and

thermalize, while inelastic collisions will result in the break-up of 7Be. If the 7Be

thermalizes before it has a chance to undergo inelastic collisions, then the decay of

the X− will have freed the 7Be from the bound state, but it will not have changed

7Be abundances relative to Standard BBN results.

It will be useful to first study the elastic processes in order to determine a time

scale in which the 7Be nucleus would be expected to thermalize, if it was ejected into

the universe with energy on the order of an MeV.

4These are especially important if one wants to address the 7Li problem, since any depletion of
7Be will reduce the primordial 7Li abundance as well. All the primordial 7Be eventually ends up as
7Li, so when one speaks of the primordial lithium abundance, the observable is actually 7Li + 7Be.
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The primary thermalization modes to consider in the early universe are inverse

Compton scattering with photons, hard-sphere scattering from protons, and Coulomb

scattering off of electrons and positrons in the universe. According to the analysis

of Ref. [41] (and verified by this author’s own calculations), the thermalization is

dominated by the Coulomb interactions with electrons and positrons. The cross

section for the interaction of a particle of mass m with electrons is in general factor

of (m/T )2 larger than the cross section of the same particle with photons. As long

as electrons and positrons are sufficiently abundant in the universe (which is the

case until about T < 0.05me), then the Coulomb cross section will dominate the

thermalization rate. In the case of the thermalization of 7Be (at a mass of about

7 GeV) this suppression of the photon cross sections is significant when the universe

at a temperature of about 30 keV.

Following the detailed analysis in the “Thermalization” Appendix of Ref. [41],5

one finds that the 7Be energy decays roughly exponentially in time, with dE/dt on the

order of 106 s−1 at 30 keV. With this rate of thermalization, it takes an MeV-scale 7Be

nucleus less than 10−6 s to slow down to thermal temperatures. The thermalization is

even faster if the X− decays when the universe is hotter than 30 keV. Even at 25 keV,

5The electron number density, needed as input for the thermalization rate of Ref. [41], is not
just the ambient number of electrons needed for charge neutrality of the universe, as pointed out by
Ref. [42]. Rather, it is the combination of this number plus the number of e+e− pairs created out of
the vacuum as a function of temperature. From Equation D4 in Appendix D of Ref. [42], one finds
that the e+e− pairs are about 5 orders of magnitude more abundant than ambient electrons at the
temperatures relevant for the (7BeX−) problem.
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when the universe is more than 2100 s old, the 7Be thermalizes in about 10−5 s.

It is clear that the time-scale of thermalization is very small. It takes only about

10−6 s for an MeV-energy 7Be to come into equilibrium with the universe, at which

time all processes will continue as per the usual Standard BBN evolution. Unless

the enhanced inelastic destruction rates are very high, the CBBN effect of X− decay

inside the bound state (7BeX−) will not be substantial.

The two main inelastic processes that will cause 7Be to break up are non-thermal

photodisintegration, 7Be + γ → 3He + 4He, and proton-destruction, 7Be + p → 9B

+ γ. The photodisintegration cross section for 7Be is taken from Ref. [40], and was

given earlier as a function of photon energy ω in Equation 4.11. In order to convert

the cross section into a rate of reaction, one must integrate the cross section over

the thermal distribution of photons, given by the Planck distribution. The Planck

distribution (see for example Refs. [36,37]) for the number of photons per unit volume

at temperature T with energies between Eγ and Eγ + dEγ is,

dnγ(T ) =

(
1

π

)2 E2
γ dEγ

exp (Eγ/T )− 1
. (4.14)

Integrating the photodisintegration cross section over the Planck distribution of pho-

tons from the threshold energy to infinity gives the thermal photodisintegration rate
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of 7Be,

Γthermal
γ =

(
1

π

)2 ∫ ∞

Ethr

E2
γ

exp (Eγ/T )− 1
σhelium

rad (Eγ) dEγ. (4.15)

To account for the fact that the 7Be is injected non-thermally into the universe, one

can apply the Doppler formula to shift the effective energy of the photons. The

cross section σhelium
rad will become a function of the effective energy, while the thermal

distribution remains the same. The lower limit of the integral will be reduced to the

lowest energy of a thermal photon that can be Doppler shifted up to the threshold

energy. The Doppler shift in photon energy for an “observer” traveling at a non-

relativistic speed v is,

ωeff =

√
1 + v

1− v
ω ≡ FD ω, (4.16)

where FD has been defined as the “Doppler Factor.” Using this formula, the non-

thermal photodisintegration rate for 7Be injected into the universe at a non-relativistic

speed v is,

Γnon−thermal
γ =

(
1

π

)2 ∫ ∞

Ethr/FD

E2
γ

exp (Eγ/T )− 1
σhelium

rad (FD · Eγ) dEγ. (4.17)

Using the cross section σhelium
rad from Equation 4.11, one can evaluate the above

integrals to find the thermal and non-thermal photodisintegration rates of 7Be. An

injection energy of 1.336 MeV was chosen, corresponding to a speed of v/c ≈ 0.02.
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Figure 4.3: Thermal and non-thermal photodisintegration rates of 7Be as a function of temperature
in the universe. The thermal rate is the standard BBN rate, while the non-thermal rate arises due to
the possibility of 7Be being ejected at high energy after the decay of X− inside the (7BeX−) system.

As shown in Figure 4.3, the enhanced non-thermal rate is indeed larger than the

thermal rate. The enhancement is about a factor of 2 at 50 keV, increasing to a factor

of about 5 at 20 keV. Although the energetic injection of 7Be does indeed induce an

enhancement of the photodisintegration rate over the thermal rate, it is not significant

over the small time-scale of thermalization, 10−6 s. Even at 35 keV, the probability of

break-up (given approximately by the rate of photodisintegration times the time for

7Be to thermalize) is only about 10−16, and above that temperature, the universe is

still too hot to form (7BeX−) in the first place, as discussed in Section 3.4. Thus it is

evident that this mechanism is inefficient at destroying 7Be.

The other inelastic process to consider is proton-induced break-up, 7Be + p → 9B
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+ γ. The cross section for this process as a function of centre-of-mass energy is taken

from the NACRE collaboration database, Ref. [21]. It is more useful, however, to have

the cross section as a function of the proton speed, vp, with the 7Be injection energy

as an additional input. As such, the cross section can be averaged over the thermal

distribution of protons, and multiplied by the proton number density to give the rate.

In order to make this conversion, first note that in the centre-of-mass system,

mp v′p = m7Be v′Be

v′p =
m7Be

mp

v′Be, (4.18)

and the centre-of-mass energy for non-relativistic protons and 7Be is,

ECOM =
1

2
mp v′p

2 +
1

2
m7Be v′Be

2

=
1

2

m2
7Be

mp

v′Be
2 +

1

2
m7Be v′Be

2

=
1

2
m7Be v′Be

2

(
1 +

m7Be

mp

)
. (4.19)

The relative speed between the two particles approaching one another is vrel = v′Be+v′p

in the centre-of-mass system, and vrel = vBe + vp in the thermal “universe frame.”

Setting these two equal, and noting that in the “universe frame,” the speed of the

7Be nucleus is vBe =
√

2I
m7Be

when the 7Be is injected into the universe with an energy
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equal to the ionization energy, I, of the (7BeX−) system, then the thermal proton

speed can be found.

vBe + vp = v′Be + v′p√
2I

m7Be

+ vp = v′Be +
m7Be

mp

v′Be

vp = v′Be

(
1 +

m7Be

mp

)
−

√
2I

m7Be

vp =

√
2ECOM

m7Be

(
1 +

m7Be

mp

)−1/2 (
1 +

m7Be

mp

)
−

√
2I

m7Be

vp =

√
2ECOM

m7Be

(
1 +

m7Be

mp

)1/2

−
√

2I

m7Be

. (4.20)

With this relation, the cross section data from Ref. [21] is converted into a function of

proton speed, rather than of centre-of-mass energy. Averaging this cross section over

the Maxwell-Boltzmann Equation 3.31 for proton thermal speeds, and multiplying

by the proton number density gives the rate of the proton-destruction. A numeric

evaluation of the integrals gives a rate of about 1.4 × 10−5 s−1 at 30 keV, decreasing

with decreasing temperatures to about 2.6 × 10−6 s−1 at 20 keV. So again, this rate

is ineffective at destroying 7Be on the timescale of thermalization.

The combined analysis of Section 4.2 shows that all mechanisms for the break-up

of 7Be following an X− decay within the bound state (7BeX−) are ineffective. The

decay of X− therefore does not significantly deplete the 7Be abundance, and as such
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does not on its own alter the conclusions of BBN.

4.3 Impact of (7BeX−) in CBBN

Though the (7BeX−) system will not be considered further here, it remains impor-

tant, as it may offer a solution to the Lithium Problem. In the preceding section,

it was shown that the unstable nature of the X− inside the (7BeX−) system did not

have noticeable effects on cosmology. The primary impact of the (7BeX−) system is

therefore through catalyzed nuclear reactions with 7Be, in which the reaction thresh-

olds are reduced by the binding energy of the (7BeX−) system, as examined in detail

in Ref. [2]. The main conclusions of this paper will be briefly summarized here.

In Ref. [2], it was found that both proton-destruction, 7Be + p → γ + 8B, and

neutron-destruction, 7Be + n → 7Li + p, of beryllium are enhanced due to catalysis

effects of the (7BeX−) system. The proton-destruction reduces the abundance of

7Be, and consequently also the primordial 7Li abundance. Despite the fact that the

neutron-destruction of 7Be produces 7Li, this reaction also acts to decrease the overall

primordial abundance of 7Li. This is because of the fact that 7Li is significantly more

fragile than 7Be, so if 7Be is converted into 7Li too early (due to the catalysis effects),

then it is quickly destroyed in the hot early universe. In a model with a neutral relic

X0 close in mass to the X−, Ref. [2] also finds that the internal conversion process

7Be + X− → 7Li + X0 is catalyzed. Similar to the neutron-destruction process, this
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acts to reduce the overall predicted 7Li primordial abundance. As the Standard BBN

scenario predicts a 7Li abundance that is a factor of about 2-3 times larger than the

observed amount [6–10], these catalysis effects may help solve the discrepancy.

The rates of 7Be destruction through catalyzed nuclear reactions depend on only

two parameters in a simple model. In Ref. [2], these two parameters were chosen to be

the initial abundance of X− and its lifetime, τX− . It was found that with YX− & 0.02

relative to baryons, and with the lifetime of X− in the range 1000 s . τX− ≤ 2000 s, the

Lithium Problem was solved, and the CBBN predictions were brought into agreement

with experimental observations.6

Although the conclusions of Ref. [2] are extremely model-independent, two pos-

sible scenarios are suggested that could explain the existence of a heavy particle that

is nonetheless long-lived. Either the couplings between the X− and its decay product

are small, or the X− and its daughter may be nearly degenerate in mass. Either case

would result in a long X− lifetime. The first scenario corresponds to the case of grav-

itino Dark Matter, where the X− is the NLSP (usually assumed to be the stau in these

models) which decays into a gravitino LSP. In the second scenario, the small mass

splitting between the X− and its daughter implies nearly degenerate LSP and NLSP.

In this case, the LSP Dark Matter candidate would presumably be a neutralino.

The (7BeX−) system continues to be studied, and is of considerable interest to

6It will be shown in the following chapters that this is consistent with restrictions on the X−

properties based on the catalyzed production of 6Li through (4HeX−).
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both particle physics and cosmology, because of the tantalizing possible solution that

it offers to the Lithium Problem, and because of the fairly model-independent pre-

dictions that it can make of the properties of the relic X−.



Chapter 5

The (4HeX−) System

The production of 6Li through the interaction 2H + 4He → 6Li + γ, is catalyzed by

the (4HeX−) system. Since an upper limit on the primordial 6Li abundance is fairly

well established (observational limits vary within a factor of a few [40, 43]), this can

be used as a limit on the catalyzed reaction, and therefore also on the properties of

the X− particle. The (4HeX−) system is highly constrained by the 6Li abundance,

and as such, it a suitable system to study in order to deduce limits on the properties

of the X−. This has important implications to particle physics beyond the Standard

Model, as the X− could represent one of the light SUSY particles. Since most of the

analysis in this work is fairly model-independent (the primary assumptions being just

the existence of a heavy, metastable charged particle), then the conclusions will hold

for many different Beyond-the-Standard-Model scenarios.

66
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5.1 The Abundance of (4HeX−)

In Section 3.1, the Boltzmann and Saha Equations were developed to give the abun-

dance of a particle species in the early universe as a function of temperature. In

Section 4.1, the Boltzmann Equation was used to study the (7BeX−) system, without

a full demonstration of the differences between the Boltzmann Equation and the Saha

Equation. The Saha Equation should be taken as an approximation to the Boltzmann

Equation, as it assumes a rapid switch-on from fully ionized to fully bound states,

whereas the Boltzmann Equation is a differential equation which takes into account

the dynamic evolution of the states. The differences between the output of these two

equations will be examined here for the (4HeX−) system.

The (4HeX−) system is somewhat easier to study than the (7BeX−) system, as

it does not have many of the subtleties that are involved in the (7BeX−) case. For

example, the photodisintegration cross section for (4HeX−) is well-represented by

Equation 3.25, whereas the corresponding cross section for (7BeX−) was about 30%

low, as discussed in Section 4.1.1 Also, it is unnecessary to consider proton- and

neutron-destruction channels or internal conversions as were required for the (7BeX−)

1The reason for the inaccuracy in the (7BeX−) case was due to the fact that the Bessel Function
(Equation 3.19) was used to represent the free-particle wave function of 7Be, assuming point-particle
behaviour of the 7Be. As seen in the comparison of the true and point-like bound state wave functions
in Section 2.3, the (7BeX−) wave function deviates significantly from one which assumes point-
particle behaviour. The (4HeX−) wave function, on the other hand, is not significantly different
than the point-like wave function in the bound state, and one can safely approximate the free wave
function as the Bessel function, 3.19.
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system. Furthermore, 4He is stable on its own, and is the second most abundant

element in the universe, after Hydrogen. In what follows, the Boltzmann Equation

will be used as the “true” indicator of the evolution of the (4HeX−) abundance, though

solutions to the Saha Equation will also be presented for comparison.

Since 4He is so abundant in the universe (the mass fraction of helium in the

universe is about 1
4

[16]), it would not be logical to study the fraction of 4He locked

into the bound state, as this fraction will always be much less than unity, assuming

that the X− is less abundant than 4He. Instead, it is better to study the fraction of

X− that is locked into (4HeX−). Equations 3.13 and 3.14 are respectively the Saha

and Boltzmann equations for the fraction FX− of X− particles locked into the bound

state (NX−), FX− ≡ n(NX−)/nX− . Parameterized in this way, FX− does not depend

on the overall abundance of X− in the universe, YX− , but rather it depends on the

abundance Y4He of helium, which is well known (see for example Refs. [4, 16]).

F
(Saha)

X− =

(
1 +

(
m4HeT

2π

)3/2

e−I/T n−1
4He

)−1

(5.1)

−H T
dF

(Boltz)

X−

dT
= 〈σrecv〉n4He

(
1− F

(Boltz)

X−

)
− 〈σph〉nγF

(Boltz)

X− (5.2)

The Saha Equation 5.1 depends only on the mass of 4He, m4He = 3727.379 MeV

[23], and on the Ionization energy, I = 346 keV from Table 3.1. The Boltzmann Equa-

tion 5.2 also depends on the Hubble Rate, the recombination and photodisintegration
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cross sections, and the number densities of 4He and photons. The Hubble Rate H

is given by Equation 3.8, and the photodisintegration cross section for (4HeX−) is

given in Equation 3.25. The recombination cross section is one-to-one related to the

photodisintegration cross section, through Equation 3.29, and the quantity 〈σrecv〉 is

obtained by averaging the recombination cross section over the thermal distribution

of 4He nuclei in the universe, as was done in Equation 3.32. These quantities are

repeated below for ease of reference.

H(T ) ≈ 0.3798

(
T

MeV

)2

s−1 (5.3)

σph ≈ 0.118 barn , (5.4)

〈σrecv〉 =
4 I2 σph√
2π m

3/2
4He

T−1/2. (5.5)

The number density of photons as a function of temperature is simply the integral

over the Planck distribution, Equation 3.27. With temperature T in MeV, this is

nγ = 2.64× 10−8T 3 fm−3. The mass fraction of 4He in the universe is about 0.248 [4],

which can be converted to an abundance relative to baryons of n4He/nB ≈ 0.06,

assuming that the universe is primarily composed of helium and hydrogen. The

baryon density is nB = ηnγ, where the baryon-to-photon ratio, η, is defined by this

equation. The WMAP 3-year data favours a value of η = 6.116× 10−10 [4].
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Using these quantities as input, numerical solutions are found to Equations 5.1

and 5.2 using the mathematical analysis program Maple 9.5. The solutions of the

Boltzmann and Saha Equations in the limit of long X− lifetime are shown below in

Figure 5.1, where the fraction of X− locked into bound state, FX− = n(4HeX−)/nX− , is

plotted as a function of temperature, comparing the Boltzmann solution to the Saha

approximation.
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Figure 5.1: Fraction FX− of X− locked into (4HeX−) as a function of temperature in the limit of
long X− lifetime. The numerical solution to the Boltzmann Equation is shown in red, with the Saha
approximation to it shown in green.

Both the Boltzmann and the Saha expressions can be modified for a unstable X−

by including a factor of e−t/τX− , where τX− is the lifetime of the X−. Converting t from

units of time to units of temperature (using Equations 3.4 and 3.8) gives e−1.316/T 2τX− ,

where T is in MeV and τX− is in seconds. The fraction of bound states relative to the

initial X− density is therefore given by FX− → FX−e−1.316/T 2τX− . In this case, FX−

denotes n(4HeX−)/n
initial
X− , where ninitial

X− is the initial X− number density in the universe

before the X− began to decay, and n(4HeX−) is the number density of bound (4HeX−)

systems, which changes as a function of temperature.
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A plot of log(FX−) as a function of temperature for various X− lifetimes is pre-

sented in Figure 5.2, comparing the Boltzmann and Saha solutions. Lifetimes of

1000 s, 2000 s, and 4000 s are plotted, as well as the limiting case of infinite lifetime.
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Figure 5.2: Fraction FX− of initial X− locked into (4HeX−) as a function of temperature. The
curves marked A represent infinite X− lifetime. Curves B, C, and D represent τX− of 4000 s, 2000 s,
and 1000 s respectively. The numerical solutions to the Boltzmann Equation are shown in red, with
the Saha approximations in green.

The difference between the output of the Boltzmann and Saha Equations is clear,

even on the log-scale. The Boltzmann Equation represents the exact solution, how-

ever, in many recent publications analysing the CBBN mechanism [31–33], the Saha

Equation has been used for analysis. The above plots show that this approximation

is not a good one, and in this work, the full Boltzmann solution is employed for all

results. As such, this work finds significant modifications to the final results of these
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publications, as will be demonstrated in the following chapters.

5.2 Catalyzed Production of 6Li

One of the primary reasons to study the (4HeX−) system is that it is highly con-

strained by the observed 6Li abundance in the universe. As the catalyzed production

of 6Li depends on the properties of the X− (such as the abundance and lifetime), then

this constraint will help to put limits on the properties of the X−.

In standard cosmology, 4He combines with a deuteron to form 6Li through the

process 4He + 2H → 6Li + γ. This is the primary SBBN process for the formation

of 6Li, and is represented by the Feynman Diagram, Figure 5.3.

Figure 5.3: Feynman diagram for the standard BBN production of 6Li from 4He and a deuteron.

The NACRE database [21] gives the rate for this formation reaction in astrophys-

ical units, N−1
A cm3s−1mol−1, where NA is Avagadro’s number. This is converted to

normal units, s−1, by multiplying by NA, the number density of 4He, and the abun-

dance of deuterons. From the discussion in the paragraph following Equation 5.5,

the number density of 4He is n4He ≈ 1.01× 10−18T 3 fm−3, where T is in MeV. In the
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study of 6Li, all abundances are chosen to be relative to hydrogen, as this is the usual

way that they are reported in the literature. From Ref. [4], the deuteron abundance

relative to hydrogen is YD = 2.57× 10−5. Combining these factors, the SBBN rate of

6Li formation in units of s−1 is,

Γform
SBBN = 1.24× 10−7T 7/3

(
1.00 + 76.26T + 10.23T 2 + 38.76T 3

)
e−3.284/T 1/3

+

6.94× 10−7T 7/3e−0.6811/T . (5.6)

This SBBN rate is “accidentally” suppressed because of the fact that the reaction

must proceed through the E2 channel. The E1 amplitude vanishes because of an

almost identical charge-to-mass ratio of the deuteron and 4He. In the E2 transition,

the cross section scales with the inverse 5th power of the photon wavelength (see

for example Ref. [34]). Assuming that the photon energy is on the order of 1 MeV,

consistent with the temperature of the universe during standard BBN (see discussion

in Section 2.1), then the wavelength is about λSBBN ∼ 200 fm.

In CBBN, the formation of 6Li is catalyzed by the presence of the bound state

(4HeX−). The formation of 6Li can proceed through the catalyzed photonless channel

(4HeX−) + 2H → 6Li + X−, as shown in the Feynman diagram, Figure 5.4. In this

reaction, the real photon from the SBBN process is replaced by a virtual photon,

whose wavelength is on the order of the length-scales of the (4HeX−) system. Choosing
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λCBBN ∼ aB = 3.63 fm (from the Bohr radius of the system given in Table 2.1), then

an enhancement could be expected of the CBBN process over the SBBN process by

a factor on the order of (λCBBN/λSBBN)−5 ≈ 5× 108. This is a tremendous increase!

Figure 5.4: Feynman diagram for the CBBN catalyzed production of 6Li.

It remains now only to find a rate for this catalyzed reaction. In Ref. [1], this

rate was estimated by modifying the SBBN E2 rate to include the Coulomb field of

the X−. This estimate relies on the approximation of nuclear distances being much

smaller than the Bohr radius. As shown in Chapter 2, this estimate may not always

hold, especially for larger nuclei. A subsequent 3-body calculation of the Schrödinger

Equation by Ref. [31] was able to improve upon the estimate.

In this work, the full 3-body solution from Ref. [31] will be used for the rate of

the CBBN production of 6Li. From Equation 4.3 of Ref. [31], the thermally averaged

cross section for the CBBN process (converted into the units used here) is,

〈σv〉 = 7.68× 1022T−2/3(1− 3.95T )e−2.354/T 1/3

fm3s−1. (5.7)
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To get the rate of reaction for the CBBN case, the above cross section must be

multiplied by the number density of bound (4HeX−) and the abundance of deuterons

relative to hydrogen. The later was already found to be YD = 2.57 × 10−5. The

number density of (4HeX−) is n(4HeX−) =
(

n(4HeX−)

nX−

)
nX− =

(
n(4HeX−)

nX−

)
YX−nB, where

YX− is the abundance of X− relative to baryons. In the case of unstable X−, YX− →

YX−e−1.316/T 2τX− , where T is in MeV, τX− is in seconds, and YX− now represents the

initial X− abundance. The CBBN rate of formation of 6Li in units of s−1 is therefore,

Γform
CBBN = 31.83T 7/3 FX−(T ) YX−e−1.316/T 2τX− (1− 3.95T )e−2.354/T 1/3

. (5.8)

where FX− =
(

n(4HeX−)

nX−

)
is the fraction of X− locked into the bound state (4HeX−),

and can be taken from the numerical results of Section 5.1. Incidentally, the CBBN

creation of 6Li is another destruction mechanism for (4HeX−). When this channel is

included in the Boltzmann Equation for the evolution of (4HeX−), the results do not

differ from those given in Section 5.1, since this rate is small compared to the other

mechanisms considered there.

When analysing the evolution of 6Li, the destruction mechanisms of 6Li must be

considered as well as those of production. The primary mechanism for destroying

6Li is 6Li + p → 3He + 4He [21]. The NACRE database rate is converted into the

units used here by multiplying by the appropriate conversion factors as described
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above, and by the number density of protons and the abundance of 6Li. Assuming

that the mass fraction of protons in the universe is 1 minus the mass fraction of 4He,

one finds that the proton density is np ≈ 1.21 × 10−17T 3 fm−3, where T is in MeV.

The abundance of 6Li relative to protons, Y6Li, is left as a variable. Combining these

factors, the destruction rate of 6Li in units of s−1 is,

Γdest = 1.39× 108T 7/3 Y6Li (1− 1.59T + 3.25T 2 − 2.00T 3)e−3.717/T 1/3

. (5.9)

Now that the primary creation and destruction mechanisms of 6Li are accounted

for, the evolution of the abundance of 6Li both with and without the CBBN contribu-

tion can be studied. The preferred method of analysis is again to use the Boltzmann

Equation, which sets the rate of change of the abundance of 6Li equal to the difference

in rates of creation mechanisms minus destruction mechanisms. The evolution of the

abundance of 6Li relative to protons is therefore governed by the following equation,

dY6Li

dt
= −H(T ) T

dY6Li

dT
= Γform

SBBN + Γform
CBBN − Γdest. (5.10)

The Hubble rate, H(T ), is given in Equation 3.8, and the other rates in this equation

were all developed in this section. Since Γdest is proportional to Y6Li, this differential

equation is non-trivial and must be solved numerically. It is also important to recall

that Γform
CBBN depends on both the initial X− abundance relative to baryons YX− ,
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as well as the X− lifetime τX− . These two quantities are taken as input parameters

which must be chosen and inserted into the equation “by hand.” Γform
CBBN also depends

on FX− , the fraction of X− locked in to the bound state (4HeX−) as a function of

temperature. This quantity is given by the numerical solution to the differential

equation (Equation 5.2) that was developed in Section 5.1. As such, to study the

6Li evolution, one must solve a system of two coupled differential equations. In this

analysis, the software package Maple 10 was used for this purpose.

The solution to Equation 5.10 gives the CBBN prediction for the 6Li abundance

as a function of temperature with two input parameters, the lifetime and the initial

abundance of the X−. The SBBN prediction is obtained by setting YX− to zero in

Γform
CBBN , and solving the reduced Equation 5.10.

In previous work on this topic, a satisfactory solution for the evolution of Y6Li

has not been found. In Ref. [1], the CBBN rate of formation for 6Li was inaccurate

due to oversimplified approximations, as explained earlier in this section. Although

Ref. [31] corrected this problem, there were other oversights made in their analysis.

Instead of solving the system of coupled differential equations given by the Boltzmann

Equations 5.2 and 5.10, a modified version of Equation 5.10 was used, neglecting both

the SBBN creation rate and the destruction rate. They claim (correctly) that these

rates are small at the time of CBBN reactions, so this approximation on its own is

reasonable. The detrimental simplification that both they and Ref. [32] make is in
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using the Saha approximation, Equation 5.1 (modified for an unstable X−) for the

abundance of (4HeX−), instead of using the full Boltzmann solution. This causes a

significant discrepancy.

In this work, the full Boltzmann solution to the coupled Equations 5.2 and 5.10

was found numerically using the Maple 10 software, and a plot of Y6Li = 6Li/H is

given in Figure 5.5 for two values of YX− , in the limit of long X− lifetime.
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Figure 5.5: Evolution of the 6Li abundance comparing Boltzmann and Saha solutions for two
different values of YX− in the limit of long X− lifetime.

The Y6Li approximation using the Saha abundance for (4HeX−) was also cal-

culated, and solutions for two values of YX− are shown in green on Figure 5.5 in
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comparison to the Boltzmann solutions for the same YX− . Clearly, the Saha solution

is unsatisfactory, as there is a discrepancy of almost a factor of ten at low temper-

ature in the estimation of the primordial 6Li abundance. It has now been clearly

shown in several different situations that the Saha Equation is not appropriate for

the accurate study of the systems in the CBBN theory. The Saha solutions will no

longer be considered, and the rest of the results in this work are all derived from the

Boltzmann Equation.

Taking the 6Li abundance at T = 1 keV as the “primordial” value, the following

result is obtained in the limit of long X− lifetime,

Y6Li =

(
n6Li

np

)
= 5.73× 10−6YX− , (5.11)

where YX− is the abundance of X− relative to baryons.

The effects of finite X− lifetime are shown in Figure 5.6, where the CBBN pre-

dictions of the 6Li abundance are plotted as a function of temperature for two values

of YX− . The limit of long X− lifetime and the case where τX− = 104 s are both shown

in each of the two YX− scenarios. In addition, the SBBN prediction from Equation

5.10 with YX− = 0 is also shown for comparison.

It is clear from Figure 5.6 that the prediction of the primordial abundance of

6Li can be increased by up to 7 orders of magnitude relative to the SBBN results,
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Figure 5.6: Evolution of the CBBN and SBBN predictions of the 6Li abundance for two different
values of YX− . The CBBN solutions in the limit of long X− lifetime are shown in blue, while the
green curves show the CBBN solutions for τX− = 104 s. In red is the SBBN prediction.

depending on the values of the parameters chosen for the X− properties. This is

a significant enhancement, and since the CBBN predictions are so sensitive to the

properties of the X−, the observed 6Li abundance in the universe will able to put a

stringent constraint on these properties, as discussed in the following chapter.



Chapter 6

Using 6Li Limits to Constrain the

Properties of X−

In the previous chapter, it was shown that the primordial abundance of 6Li depends

strongly on the properties (namely the abundance and the lifetime) of the X− par-

ticle, due to catalysis processes involving the (4HeX−) system. In this chapter, this

dependence will be exploited in order to constrain the properties of the X− based on

the observed 6Li abundance. Section 6.1 remains model-independent, but subsequent

sections are forced to make further assumptions as to the identity of the X−. The

cases of a Dirac Fermion and a Scalar particle are considered in Sections 6.2 and

6.3 respectively, and constraints on the mass, lifetime, and abundance of the X− are

developed for each of these two scenarios.

81
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6.1 Constraining YX− as a Function of τX−

As shown in Section 5.2, one can find the 6Li abundance as a function of temperature

given the lifetime and abundance of the X− as input. It is evident from Figures

5.5 and 5.6 that the predicted 6Li abundance is relatively constant for temperatures

lower than about 5 keV, so in this work the abundance at 1 keV is considered to be

the “primordial” value.

For a given X− lifetime, it is possible to find the value of YX− that gives a specific

primordial value of 6Li, by scanning over the parameter space of X− abundance. Set-

ting a primordial value of 6Li (presumably from observational data), one can therefore

generate a plot of YX− versus τX− , by finding the value of YX− for various τX− that

gives the correct primordial abundance.

Unfortunately, observational data on primordial 6Li is not very precise, and there

is some disagreement in the community as to how it should be reported (see Refs. [40]

and [43] and references therein). Generally, 6Li is measured in low-metalicity halo

stars, but this abundance may not accurately represent the primordial abundance,

as 6Li is produced by cosmic ray spallation, and also by α-α interactions in the

interstellar medium. 6Li may also suffer depletion in stars due to nuclear burning

(more so than 7Li, as it is more fragile). Furthermore, many of the 6Li abundance

measurements rely on the 7Li abundance, and as discussed in Chapter 4 there is

significant discrepancy about this quantity.
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Ref. [40] concludes that a “safe” 2-σ upper limit on the observational 6Li primor-

dial abundance relative to hydrogen is Y6Li . 2×10−11. Ref. [43] sets a “conservative”

range for the 6Li abundance (again relative to hydrogen) of Y6Li =
(
1.10+5.00

−0.92

)×10−11,

where the errors are at the 2-σ level. This corresponds to an upper limit of Y6Li .

6.1× 10−11. When analysing the (4HeX−) system, Ref. [1] used the first limit to set

X− constraints, while Ref. [31] used the second.

In this analysis, the value of YX− that gives a specified primordial Y6Li value is

found as a function of X− lifetime for various 6Li exclusion limits. Plots of YX− versus

τX− are generated for the two upper limits mentioned above, as well as for several

other values of Y6Li ranging from 10−13 to 10−9 to account for any possible systematic

errors in the observed 6Li abundance. The (τX− , YX−) phase space with various Y6Li

limits is shown in Figure 6.1. For a given Y6Li, the phase space above the curve is

excluded.

Now, clearly it would be useful to be able to define a “natural” range for the

abundance YX− in order to further constrain the lifetime of the X− particle. Not only

can this be done, but in fact, even better can be achieved with minimal assumptions.

Assuming that X+ (the antiparticle to the X−) is equally as abundant as the X−,

and also that X− and X+ annihilate through the s-channel into two photons, then the

abundance YX− is one-to-one related to the mass of the X− (see for example Ref. [16]).

The s-channel annihilation of X− and X+ into two photons, X− + X+ → γγ,
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Figure 6.1: The (τX− , YX−) phase space with 6Li constraints. For a given Y6Li, the phase space
below the curve is allowed. The dark grey region is allowed by the 2-σ observational limit Y6Li .
2× 10−11 from Ref. [40], and the light grey region is allowed by the 2-σ observational limit Y6Li .
6.1× 10−11 from Ref. [43].
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is represented by the Feynman diagram in Figure 6.2. Assuming this annihilation

mechanism, the abundance of the X− is approximately proportional to its mass (see

for example Refs. [16,44]).

Figure 6.2: Feynman diagram for the annihilation of X− and X+ into photons.

Following the standard calculations for relic abundance (see for example Ref. [16]),

let x ≡ m/T , where m is the mass of the relic particle (in this case denoting mX−),

and T is the temperature. Since the universe is at a temperature of T ≈ 10 keV at

the time of formation of (4HeX−) (as shown by Figures 5.1 and 5.2), then T ¿ mX− ,

or x À 1, and the X− particle is non-relativistic. On theoretical grounds, one expects

the annihilation cross section to have velocity dependence σA|v| ∝ v2l, where l = 0

corresponds to s-channel annihilation, l = 1 corresponds to p-channel, etc. Since

temperature is a measure of kinetic energy, then 〈v〉 ∼ T 1/2, and one expects the

thermally averaged annihilation cross section to scale like 〈σAv〉 ∝ T l.1 In terms of

the parameter x, this reduces to 〈σAv〉 = σ0x
−l. Since x ∼ O(107) for a 100 GeV

particle X−, only the l = 0 s-channel annihilation is considered here.

1Note that if σA is inversely proportional to the speed v (as is the case for s-channel scattering
[45]), then in the thermally averaged cross section for m À T , the integral over the Boltzmann
distribution is unity and, 〈σAv〉 ≈ σAv ≡ σ0.
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In order to derive the mass-dependence of the X− abundance, one must first

define the freeze-out temperature, TF , at which all the X− species interaction rates

fall below the Hubble Rate. For temperatures less than its freeze-out temperature,

the abundance of a stable particle will remain relatively constant [16]. From Refs. [16]

and [44], the x parameter at freeze-out is,

xF = m/TF ' ln[(l + 1)aλ]− (l + 1/2) ln(ln[(l + 1)aλ]), (6.1)

where,

a =
(
45/2π4

)
(π/8)1/2 (g/g∗S) ≈ 0.145 (g/g∗S) , (6.2)

and, measuring σ0 in units of inverse mass squared,

λ = 0.264
(
g∗S/g1/2

∗
)
MPl mσ0. (6.3)

In Equation 6.3, MPl is the Planck Mass, MPl = 1.22× 1019 GeV. Using these defini-

tions, the initial abundance of a species (before it begins to decay) is [16,44],

Yinitial =
(l + 1)

λ
xl+1

F

=
3.79 (l + 1) xl+1

F(
g∗S/g

1/2
∗

)
MPl mσ0

, (6.4)
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where this abundance is measured relative to the entropy, s, of the universe [16],

s =
2π2

45
g∗ST 3

=
1.8g∗S

η
nB. (6.5)

In this equation, η is the baryon-to-photon ratio, η = 6.116× 10−10 [4], and nB is the

baryon number density. The quantity g∗ was initially defined in Equation 3.6,

g∗ =

(∑
B

gB

(
TB

T

)4

+
7

8

∑
F

gF

(
TF

T

)4
)

, (6.6)

where B and F are the bosons and fermions with masses much less than the temper-

ature T of the universe. The quantity g∗S is similarly defined [16],

g∗S =

(∑
B

gB

(
TB

T

)3

+
7

8

∑
F

gF

(
TF

T

)3
)

. (6.7)

The degrees-of-freedom variables g∗ and g∗S must be evaluated at the freezeout

temperature, TF . As an estimate, this is typically around 5% of the particle mass.

Assuming that the X− has a mass larger than about 100 GeV, then the freezeout

temperature is larger than about 5 GeV. At this temperature, all particle species are

in equilibrium with the universe, and all the temperature parameters in Equations

6.6 and 6.7 are equal, Ti = T . In this limit, g∗ and g∗S also become identical.
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Using the step-function put forth by Ref. [30], g∗ = g∗S = 86.25 in the temperature

range mbottom < T < mW,Z, which corresponds to about 4 GeV < T < 80 GeV.

Setting l = 0, the abundance Yinitial relative to entropy can therefore be calculated

as a function of mass. The only further input required is g, the number of degrees

of freedom of the X− particle, and σ0 = σAv, from the s-channel annihilation cross

section.

xF ≈ ln[0.00412gMPl mσ0]− 1/2 ln(ln[0.00412gMPl mσ0]) (6.8)

Yinitial ≈ 3.79 xF

MPl mσ0

, (6.9)

Since σ0 scales with m−2 (even just from a dimensional argument), then Yinitial is

approximately proportional to m, except for a logarithmic dependence through xF .

To this point, all the calculations have been fairly model-independent, the only

assumption required being the existence of a heavy metastable charged particle. To

proceed further with Equation 6.4, however, one needs to make some further assump-

tions as to the identity and properties of the X−. Two basic cases are considered

below. Section 6.2 studies the case where X− is a spin-1/2 particle. Since the X− is

charged, this means that it is a Dirac Fermion. In Section 6.3, the case of a Scalar

X− is investigated. This case is of particular interest in SUSY models, as many SUSY

scenarios include a charged scalar particle at about 100 GeV. For many of the con-

straints made in Section 6.3, the X− assumes the identity of the stau, τ̃ , which is the
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superpartner to the tau lepton.

6.2 Constraints on an X− Dirac Fermion

The case of X− X+ annihilation in which the X particles are Dirac Fermions can

be treated analogously to the well-studied e− e+ annihilation, as the only difference

from a particle physics point of view is the masses. As a spin-1/2 fermion, the X−

particle has two spin degrees of freedom (spin “up” and spin “down”), so g = 2.

The s-channel annihilation cross section can be taken analogously from the electron-

positron annihilation cross section [45],

σA =
4π

v

( α

m

)2

σ0 ≈ 6.69× 10−4 m−2. (6.10)

Measuring m in units of 100 GeV (m ≡ mX−/100 GeV), the freeze-out parameter is,

xF = ln

[
6.73× 1011

m

]
− 1/2 ln

(
ln

[
6.73× 1011

m

])

≈ 25.58− ln(m), (6.11)

where the approximation holds if mX− is not significantly different from 100 GeV.
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The initial abundance of X− from Equation 6.9 is,

Yinitial = 4.64× 10−14 m (25.58− ln(m)) . (6.12)

Equation 6.5 can be used to convert the above abundance (which is measured

relative to entropy) into an abundance relative to baryons. At the temperatures

relevant for CBBN, g∗S ≈ 3.91, and one finds,

YX− = 5.34× 10−4
( mX−

100 GeV

)(
25.58− ln

( mX−

100 GeV

))
. (6.13)

With this relationship between abundance and mass, the analysis of Section 6.1

can now be used to constrain both the abundance and the mass of the X− as a function

of the lifetime τX− . A mass axis can therefore be added to Figure 6.1 to generate

Figure 6.3, a plot of the 6Li constraints imposed on the (τX− , mX−) plane. This alone

does not help to constrain the allowed parameter space, but now experimental and

theoretical limits on the mass of the X− can be used to reduce the allowed parameter

space, whereas there is not much known a priori about the abundance.

Direct detector searches (for example at LEP and at the Tevatron) were able to

put a lower limit of m > 85.2 GeV [3] on the existence of any charged exotic particle

(see also the discussion in the footnote on Page 13), while the spin-1/2 chargino

limit is slightly more strict, m > 94 GeV [3]. In Figure 6.3, the more conservative
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Figure 6.3: The (mX− , YX−) phase space for an X− Dirac Fermion, with 6Li constraints as in
Figure 6.1. The light blue band corresponds to the probable mass range. The lower limit of 85.2GeV
comes from direct detector searches, while the upper limit of 1.5 TeV is the “natural” heavy limit in
most SUSY models.
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mX− > 85.2 GeV is used as a lower limit. The “natural” upper limit on the mass of any

particle from a theory intending to help solve the gauge hierarchy problem should be

on the order of the electroweak symmetry breaking scale, about 1 TeV (see for example

Ref. [40] and references therein). Most theoretical models of Supersymmetry don’t

consider chargino masses above about 1.5 TeV (for example, Refs. [46–48]), so this is

used as an indicative upper bound on the X− fermion mass in order to constrain the

phase space.

In Figure 6.3, the overlap between the light blue region and the grey regions is

the probable phase space for the X− properties. Although the upper bound on the

6Li abundance should be enforced, a lower limit on the primordial 6Li abundance is

harder to determine. As a speculative lower limit, the 2-σ lower bound of 1.8× 10−12

from Ref. [43] could be used. To err on the side of caution, the dark purple constraint

on Figure 6.3 (Y6Li = 10−12) is be taken as the lower bound. This is not a legitimate

limit like the upper bound, and should only be taken as suggestive. If the observed

6Li that led to the limit in Ref. [43] was not entirely primordial, but rather produced

through cosmic rays or other mechanisms, then this limit would not properly reflect

primordial lithium.

Using these limits, the results of this chapter indicate that if the X− is a Dirac

Fermion, then one would expect for it to have a mass of a few hundreds of Gev, a

lifetime between about 1500 s to 3000 s, and an initial primordial abundance of about
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YX− ≈ 0.01 relative to baryons. Since the lower bound on the lifetime depends on the

lower limit of Y6Li, it should also be taken as suggestive, rather than as a strict limit

such as the upper bound.

These are remarkable constraints considering how few assumptions were made.

Since the NLSP scalar τ̃ is one of favoured scenarios both for particle physics and for

cosmology (see for example Ref. [49] and references therein), final conclusions of this

work will wait for the consideration of the Scalar system in Section 6.3. Comparisons

will then be made with the results of previous work on the topic.

6.3 Constraints on an X− Scalar

For the case of X− X+ annihilation in which the X particles are Scalar particles,

g = 1, but the cross section is not as easy to parameterize as was the case for the

Dirac Fermion. The fermion case could be studied in analogy with e− e+ annihilation,

but there is no such analogue for scalars. No fundamental scalar particle has been

discovered to date.

In order to find the annihilation cross section and thus derive the mass dependence

of the X− abundance, several results from the literature are now considered. Two main
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annihilation channels are presented in Ref. [50],

Channel 1 : τ̃ τ̃ ∗ → γγ, Zγ, ZZ, W+W−, f f̄ , h0h0

Channel 2 : τ̃ τ̃ → ττ

The annihilation cross section for Channel 1 is [50],

〈σ(1)
A v〉 ' 2στ̃ τ̃∗→γγ = 4π

(
α

mτ̃

)2

+O
(

T

mτ̃

)
. (6.14)

This is the same as the annihilation cross section for the Dirac Fermion case, Equation

6.10. It will therefore result in an identical relation between YX− and mX− as for the

fermion case (within a factor of ln 2, for the difference in g between the scalars and

fermions). The cross section for Channel 2 is [50],

〈σ(2)
A v〉 ' 16πα2m2

B̃

cos4 θW

(
m2

τ̃ + m2
B̃

)2 +O
(

T

mτ̃

)
, (6.15)

where θW = 28.7◦ [45], and mB̃ can be taken as 1.1mτ̃ in the conservative case [50].

Using these cross sections and Equations 6.8 and 6.9, the abundance is calculated

numerically as a function of mass. The resulting abundance (relative to entropy) for

Channel 1 alone, and for Channels 1 and 2 together are plotted as a function of mass

in Figure 6.4. In addition, Ref. [50] notes the possibility that the cross section for
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Channel 1 could be enhanced by a factor of 5 relative to that given above. In Figure

6.4, the abundance as a function of mass is therefore also given in the case of the

enhanced Channel 1 combined with Channel 2.

Other references forego giving an expression for the annihilation cross section,

and just quote results relating the abundance of the relic scalar particle to its mass.

Assuming the stau is the NLSP, Ref. [49] finds that the stau abundance relative

to entropy is Yτ̃ = 1.2 × 10−13(mτ̃/100 GeV). The (4HeX−) analysis in Ref. [32]

assumes a scalar lepton NLSP, and uses Yl̃ = 7 × 10−14(ml̃/100 GeV), in agreement

with Yτ̃ = 0.142 × 10−12.3(mτ̃/100 GeV) from Ref. [51]. In Ref. [51], the model-

dependence of the result is acknowledged, and the authors say that Yτ̃ = (0.142/3)×

10−12.1(mτ̃/100 GeV) ≈ 4× 10−14(mτ̃/100 GeV) is also possible.

Figure 6.4: The abundance YX− relative to entropy as a function of mX− in various different
parameterizations (see text for references and explanation).
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All these different estimates of the abundance as a function of scalar mass are

plotted in Figure 6.4. There is more than an order of magnitude spread in the

various results. The highest estimate corresponds almost exactly with the expression

found in Section 6.2 in the case where X− is a Dirac Fermion. Therefore, Figure 6.3

represents the upper limiting case for the Scalar X− as well. The estimate Yτ̃ =

0.142 × 10−12.3(mτ̃/100 GeV) from Ref. [51] will serve as the other limit.2 Since

the upper limit for the correspondence between YX− and mX− was already given

in Figure 6.3, in this section the lower limit of this relation will be used, employing

Yτ̃ = 0.142 × 10−12.3(mτ̃/100 GeV) instead of trying to find a central value within

the different estimates of YX− . Ultimately, this will mean that the true Scalar results

may lie between what is presented in Figure 6.3, and what is presented later in this

section in Figure 6.5.

The limiting abundance from Ref. [51], Yτ̃ = 0.142 × 10−12.3(mτ̃/100 GeV) is

measured relative to entropy. Equation 6.5 is used to convert this into an abundance

relative to baryons,

YX− ' 8.19× 10−4
( mX−

100 GeV

)
. (6.16)

This result is used to replace the YX− axis in Figure 6.1 with a mass axis. In order

to constrain the properties of the X− Scalar, mass limits are required. The lower

2Although Yτ̃ ≈ 4 × 10−14(mτ̃/100GeV) is an even lower estimate, this comes from the same
reference, and is not the preferred result [51].
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limit is the same as was used in the Fermion case, m > 85.2 GeV from direct detector

searches at LEP [3].

If the X− is the NLSP stau with gravitino Dark Matter LSP, then Ref. [49]

suggests an upper limit on its mass of m . 203 GeV. This is used as one (model-

dependent) upper limit on the (mX− , τX−) phase space here. A second more generous

upper limit is also used. In many Supersymmetry models, stau masses up to about

1 TeV are considered (see for example Refs. [46–48]). In Ref. [48], four bench-mark

SUSY scenarios are studied. They are consistent with models of mSUGRA (minimal

Super Gravity) and cosmological limits, in the case where the gravitino is the Dark

Matter LSP, and the stau is the NLSP. In these four scenarios, the lightest stau

mass varies from 154 GeV to 1140 GeV. The bench-mark that gives the upper limit

mτ̃ = 1140 GeV is also in the 6Li- and 7Li-friendly region. Since this seems indicative

of an mSUGRA / SUSY “natural” upper limit on the stau mass, it is used to constrain

the (mX− , τX−) phase space in Figure 6.5.

If the X− is the NLSP, then in R-parity conserving SUSY models with the

gravitino as the lightest Supersymmetric particle, the dominant decay mode of the

stau is τ̃ → g̃3/2+ τ . The standard decay rate for this process is (see for example

Refs. [32,49–52]),

Γτ̃→g̃3/2+τ =
1

48π

m5
τ̃

M2∗m
2
3/2

(
1−

m2
3/2

m2
τ̃

)4

, (6.17)

where M∗ is the reduced Planck scale, M∗ = 2.436×1018 GeV, and m3/2 is the gravitino
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Figure 6.5: The (mX− , YX−) phase space for an X− Scalar, with 6Li constraints as in Figure 6.1.
The bright blue band corresponds to the most probable mass range. The lower limit of 85.2GeV is
from direct detector searches, while the upper limit of 203 GeV is suggestive if X− is the NLSP stau.
The light blue band extends to the “natural” SUSY limit of mτ̃ . 1140GeV. The red curves are
mX− vs. τX− predictions for gravitino masses of A: 0.1 GeV, B: 1GeV, C: 10 GeV, and D: 100 GeV.
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mass. The above equation is actually a simplification in the limit where mstau is much

greater than both m3/2 and mτ . The full decay width is [48],

Γτ̃→g̃3/2+τ =

(
m2

τ̃ −m2
3/2 −m2

τ

)4

48π M2∗ m2
3/2 m3

stau


1−

4 m2
3/2 m2

τ(
m2

τ̃ −m2
3/2 −m2

τ

)2




3/2

, (6.18)

where mτ = 1.777 GeV [53] is the tau lepton mass.

Equation 6.18 constrains the Scalar X− lifetime (τX− = 1/Γ) as a function of

its mass, with only one model-dependent parameter, the gravitino mass m3/2. This

gravitino constraint is a useful addition to the (mX− , τX−) phase space plot for the

Scalar X−, as it adds another independent constraint on the X− properties. The phase

space now contains direct mass limits, constraints imposed by the 6Li abundance

(which fundamentally constrain YX− as a function of τX− , but use X− X+ annihilation

information generate mass constraints), and now gravitino constraints, which directly

relate mass to lifetime.

In general, the gravitino LSP is usually assumed be be heavier than about 10 GeV

(see for example Refs. [49,51,54]), however in some scenarios (especially ones in which

leptogenesis occurs non-thermally), the gravitino can be the Dark Matter particle for

masses lighter than 10 GeV [31, 50, 54]. Depending on the Reheating Temperature

of the universe, the gravitino could be as light as 1 keV (see Ref. [50] and references

therein). A more likely scenario, however, is to have a heavier gravitino (with a
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mass of m3/2 & 100 MeV) for gauge-mediated SUSY breaking models [50]. Even

more interesting is the fact that if the gravitino mass lies between O(1) GeV and

O(10) GeV and the NLSP is a charged slepton, then not only is the gravitino a good

Dark Matter candidate, but in this scenario, the Super Gravity theory can be tested

in collider experiments (see Ref. [31] and references therein).

As an upper limit, the gravitino is sometimes considered to be as heavy as 10 TeV

[40, 51], though this is not in the regime for a gravitino LSP. In this analysis, the

gravitino must be lighter than the X− if Equation 6.18 is to hold, since the decay

would otherwise be kinematically forbidden. An upper limit of m3/2 . 100 GeV

is therefore used in this analysis, and constraints for gravitino masses of 100 GeV,

10 GeV, 1 GeV, and 0.1 GeV are included on Figure 6.5.

Although the model with gravitino Dark Matter and an NLSP stau is attractive

and had received a lot of attention in the literature, this is not the only scenario in

which the CBBN results apply. The CBBN mechanism requires that the heavy relic

X− must be long lived. There are two generic ways in which this can be achieved.

One is that it has a small coupling with the particle that it decays into. This would

be the case if the LSP was a gravitino, as gravitational couplings are very small, and

there is no hadronic current between τ̃ and g̃3/2. The second way to generate a long

lifetime for the X− is for it to be almost degenerate in mass with the LSP. In this

case, the LSP is generally presumed to be a neutralino, which should have a mass
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on the order of 300 GeV, plus or minus a couple hundred GeV [46–48]. To generate

the lifetime of the X−, the mass splitting between X− and the neutralino must be

O(100) MeV.

Replacing the gravitino LSP constraints with the neutralino ones would result in

a limit on the X− mass of 100 GeV . mX− . 500 GeV. This constraint is already

covered by the light blue regions on Figure 6.5, which represent a lower limit from

detector searches, and a “natural” SUSY upper limit. The neutralino constraint

is thus almost redundant. The lower limit it proposes is similar to the lower limit

from the gravitino constraint marked A (corresponding to mg̃3/2
= 0.1 GeV). The

upper limit is similar to the gravitino constraint marked C (corresponding to mg̃3/2
=

10 GeV). As such, the neutralino constraints are slightly more stringent than the

gravitino constraints, since the gravitino constraints allow all the phase space up

to the curve marked D (corresponding to mg̃3/2
= 100 GeV). Since the gravitino

constraints are more conservative, and since they do not exclude the neutralino phase

space, they will be the ones used in the following analysis. As a result, much of the

following discussion will assume a model with the gravitino as the Dark Matter LSP,

and the stau as the NLSP.
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6.4 Results

In Figure 6.5, the overlapping area between the blue regions and the grey regions is

the probable phase space for the Scalar X− properties. Some of the constraints, such

as those generated by considering the decay of X− into a gravitino, further assume

that the X− is the NLSP stau.

As discussed in the case of an X− Dirac Fermion, the lower bound on the primor-

dial 6Li abundance is hard to determine, and not reliable. As in Section 6.2, however,

the dark purple curve representing Y6Li = 10−12 is chosen as a reasonably conservative

lower bound, suggested at the 2-σ level by Ref. [43]. It should be emphasized that

this limit (and the resulting lower limit on X− lifetime) should be seen as somewhat

speculative, while the upper limit should be strictly observed.

The abundance constraints generated by the 6Li limits are therefore bounded by

the dark purple curve (Y6Li = 10−12) from below, and the light green curve (Y6Li =

6.1× 10−11) from above. The mass constraints on the X− are represented by the blue

shaded regions, with the bright blue region being the stau preferred region. The decay

constraints relate to the gravitino mass, and are represented by the red curves marked

A-D in Figure 6.5. The X− properties should lie within the phase space bounded by

curves A and D.

Combining these constraints, the allowed phase space for the X− properties is

quite restrictive, and quantitative results can be obtained. It is now possible to
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present the results of this analysis, using the predictions of Figures 6.3 and 6.5.

Recall from the discussion in Section 6.3 that Figure 6.5 represents a limiting case

for the Scalar particle in terms of how the abundance, YX− , relates to the mass, mX− .

The other limit is well represented by superimposing the gravitino limits onto Figure

6.3. The true Scalar results may lie between what is presented in these two figures,

and this is taken into account in assigning limits to the X− properties.

The results presented below apply to the case where the X− is a heavy, metastable

charged scalar particle, assumed to be the NLSP stau. Model-independent properties

can be read from Figure 6.1, but these are not as well constrained.

The lower limit on the lifetime τX− comes from the intersection point between the

purple curve (Y6Li = 10−12) and the red gravitino curve D (m3/2 = 100 GeV). Figures

6.3 and 6.5 read τX− = 1600 s and τX− = 2000 s, respectively for this point, so the

lower limit on the lifetime is set as τX− > 1600 s. Since the lower Y6Li constraint is

not strict, this limit should also be seen just as suggestive.

The upper limit on the mass of the X− comes from the same intersection point,

giving in both cases an upper limit of about mX− < 1000 GeV. From Figure 6.3, this

relates to YX− < 0.07 relative to baryons, while Figure 6.5 reads YX− < 8 × 10−3.

The higher of these two, YX− < 0.07, is chosen as the upper limit on the abundance.

Since the X− mass (and abundance) do not change much along the gravitino line D

as a function of the Y6Li value, these limits are meaningful even in the case that the
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lower bound on Y6Li is inaccurate.

The upper limit on the X− lifetime is defined by the intersection point between the

light green curve (Y6Li = 6.1×10−11) and the red gravitino curve A (m3/2 = 0.1 GeV).

Figures 6.3 and 6.5 read τX− = 4000 s and τX− = 7000 s, respectively for this point.

The strict upper limit on the X− lifetime is therefore τX− < 7000 s.

This point also defines the lower limit on the mass. Both plots read mX− =

60 GeV at this point, so the lower limit on the mass is mX− > 60 GeV. This gives

YX− > 4 × 10−3 from Figure 6.3, and YX− > 5 × 10−4 from Figure 6.5. The lower

limit on the abundance relative to baryons is thus YX− > 5× 10−4.

These results are summarized and compared with four other studies of CBBN in

Table 6.1. The analysis methods of these four references will now be briefly reviewed

and examined.

Table 6.1: Comparison of CBBN Results from Several Publications

Ref. Source YX− = nX−/nB τX− (s) mX− (GeV)

[1] 6Li . 3× 10−7 . 5× 103 s
[31] 6Li 10−3 to 10−4 (3300 - 3700) s
[2] 7Li > 0.02 (1000 - 2000) s
[33] 7Li & 1.2× 10−10 (730 - 1736) s ∼ mLSP

Here 6Li 5× 10−4 to 0.07 (1600 - 7000) s (60 - 1000) GeV

Ref. [1] examines catalysis effects from the (4HeX−) system, using the 6Li con-

straint of Y6Li < 2 × 10−11 to deduce the properties of the X−. The analysis is

model-independent, in that no assumptions are made as to the identity of the X−,
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other than to assume that it is heavy, metastable, and charged. As discussed in Sec-

tion 5.2, however, the CBBN production rate of 6Li that was used in Ref. [1] was an

estimate. At shorter lifetimes than in Table 6.1, the abundance limit as a function of

the X− lifetime becomes YX− exp(−2.2× 104 s/τX−) < 10−6.

Ref. [31] attempts to resolve the reaction rate discrepancy in Ref. [1], and re-

examines the (4HeX−) system using the 6Li limit of Y6Li < 6.1 × 10−11 to constrain

the properties of the X−. The analysis is also model-independent, but the authors

use the Saha Equation to find the (4HeX−) abundance, as opposed to the required

Boltzmann Equation, so the results may not be satisfactory. The values on Table 6.1

represent the case where mX− is in the range between 100-300 GeV.

Ref. [2] uses the CBBN mechanism to provide a possible solution to the Lithium

Problem by examining the (7BeX−) system and finding the allowed phase space that

would give the “correct” 7Li primordial abundance without spoiling the 6Li predic-

tions. The work avoids making model-dependent conclusions, and combines results

obtained through 7Li constraints with those obtained earlier in the same author’s

previous publication [1] using 6Li limits. The 7Li results obtained in Ref. [2] are im-

portant constraints to keep in mind. With enough X− in the universe, the predicted

7Li abundance can be brought into agreement with observations. Ref. [2] sets a lower

limit on the abundance of X− required to solve the Lithium Problem. This is quite

high compared to the upper limits set by Refs. [1] and [31], but this is compensated
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for by the fact that the lifetime of the X− is required to be relatively short compared

to the lifetimes considered in the other two references.

Ref. [33] also attempts to resolve the Lithium Problem through CBBN mecha-

nisms using the (7BeX−) system and 7Li constraints. They assume a neutralino LSP

with a mass of mLSP = 300 GeV and infer a mass splitting between the NLSP X−

and the neutralino of δm ≈ (100 − 200) MeV. This reference is included in Table

6.1 solely because of the fact that it is one of the few papers to address the Lithium

Problem using the CBBN mechanism. The results are not reliable, however, as this

group also uses the Saha approximation to find abundances. As shown earlier, this is

an inappropriate approximation, and will lead to erroneous results.

Comparing the results of this current work to those of the four other studies in

Table 6.1, it is clear that there is some overlap. The lifetime range found in this

work is consistent with the results of all the other groups. The important (7BeX−)

results [2] prefer the very low end of the range found here, 1600 s . τX− . 2000 s.

It is reassuring to see this concurrence. It means that the results found here are

not excluded by 7Li constraints (or vice versa) and is supportive of the fact that the

CBBN mechanism may indeed supply many of the missing pieces in cosmology, as

well as provide good particle physics constraints on the SUSY properties.

The X− abundance found in this current work is again consistent with the 7Li

results of Ref. [2]. The abundance result from Ref. [1] as shown in Table 6.1 does not
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agree with the current findings, but in the case of shorter lifetime, the agreement is

good. Using the lifetime range found here in this current work, the results of Ref. [1]

are, 2×10−5 . YX− . 0.9. Not only are the current findings consistent with this, but

they also give a tighter constraint.

This current work is the only one that finds a likely mass range for the X−. The

constraints here mainly arise due to an assumption that the X− is the NLSP and that

it decays into a gravitino with very small couplings. This is only one possible way

through which the X− could obtain its long lifetime. The other generic possibility

is for the X− to be nearly degenerate in mass with its daughter particle. This is

presumably the case if the LSP is a nautralino. Neutralino constraints on the X−

mass are not too interesting, though. Since the particles are assumed to be nearly

degenerate, a mass limit on the X− requires direct knowledge of the neutralino mass.

In this work, a wide range of gravitino masses were considered, and the X− mass

constrained to (60 - 1000) GeV. It is interesting that the lower limit found here is

actually slightly less than the current detector limit of about 85 GeV.

One further paper [15] also addressed the CBBN implications to cosmology. This

reference assumes a gravitino LSP and thoroughly examines the effects of a charged

relic in the early universe. It includes analysis of the bound state effects as well as the

consequences of the injections of both electromagnetic and hadronic energy during

and after the Nucleosynthesis era. The detailed analysis in this paper uses the proper
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Boltzmann Equation for analysing abundances, and also calculates two- and three-

body decays of the stau NLSP. Ref. [15] concludes that for a stau with a lifetime

longer than about 103 − 104 s, it is not possible to bring both the 7Li and the 6Li

abundances into agreement with observation without spoiling the BBN predictions of

one of the other isotopes, such as deuterium.

For the particular case when the stau NLSP lifetime is about 1500 s and the

gravitino mass is about 80 GeV, Ref. [15] finds that it is possible to both reduce the

predicted 7Li abundance, while at the same time increase the predicted 6Li amount.

They comment that it may indeed be possible to solve both the Lithium Problems,

as described in Section 1.3 through the CBBN mechanism.

The allowed values of τX− = 1500 s and m3/2 = 80 GeV from Ref. [15] are both

within the ranges predicted in this work.

All in all, the results obtained in this current work are generally consistent with

the ranges of values obtained in previous works. The results here are in many cases

more stringent and more complete than in other references. Combining these results

with the CBBN limits imposed by 7Li constraints in Ref. [2] gives one of the most

sensitive probes for exotic electroweak scale relics known to date. Some of the possible

cosmological implications of these results will be discussed in the following chapter.



Chapter 7

Conclusions

In the previous chapters, the CBBN mechanism was studied, and applications to the

(7BeX−) and (4HeX−) systems were shown. Bound states with nuclei lighter than

4He are not important. By the time the universe has cooled enough for those states

to form, all the free X− are bound into the (4HeX−) system, as shown in Chapter 5.

In Chapter 6, 6Li constraints on the catalyzed (4HeX−) system were used to deduce

the properties of the X−. These were found to be consistent with the X− properties

found by Ref. [2] using 7Li constraints on the (7BeX−) system. In this chapter, a

summary of the results found in this work will be presented. A brief discussion of

implications to cosmology will also be included, in which it is shown that the findings

in this work are consistent with Dark Matter constraints.

109
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7.1 Cosmology: Dark Matter

As discussed in Chapter 1, one of the primary goals in particle physics and cosmology

today is to explain what the Dark Matter in the universe is composed of. Approxi-

mately 20% of the energy density of the universe is Dark Matter, and there is to date

no conclusive and proven theory to explain what it is.

An attractive feature of Supersymmetry is that it provides a possible Dark Matter

solution. If R-parity is conserved (see discussion in Chapter 1), then the lightest

SUSY particle must be stable, since there is nothing that it can decay into in an

energy conserving process. This lightest SUSY particle (LSP) is therefore a Dark

Matter candidate.

In the discussion here of the CBBN process, the required X− particle cannot itself

be Dark Matter, since it is charged. If the Dark Matter in the universe was charged,

it could be observed through electromagnetic interactions and emitted radiation. The

decay product of the X− could, however, be Dark Matter in the case where it is stable,

neutral, and weakly interacting.

Assume for the sake of argument that the only production mechanism of the LSP

is through X− decays. In reality, the LSP could also be produced thermally, through

vacuum fluctuations and pair production. For now, however, consider only the case

where the non-thermal X− decays dominate the production rate.

If the branching ratio for the decay of X− into the LSP is unity, then all the X−
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particles will eventually be converted to Dark Matter. The number density of the

LSP in the current universe will therefore be the same as the number density that

the X− would have had today if it had not decayed at all,

nnon−th
LSP = 2nX− . (7.1)

The factor of 2 is inserted here to account for the X+ particles, which presumably

would have the same abundance as their anti-particle, the X−, and could also decay

into the LSP.

In astrophysics, the cosmic abundance of Dark Matter is usually referred to in

terms of the density parameter ΩDM , which is defined for a generic system as Ω =

ρ/ρcrit. The mass density ρ is obtained from the number density n through the simple

relationship, n = ρ/m, where m is the mass of the particle. The current critical

density required for the closure of the universe is defined as ρcrit = 3H2
0/8πGN , and

takes a value ρcrit ≈ 1.01× 10−26 kg/m3 [4, 53].

Using these definitions, Equation 7.1 can be reformulated as,

ρcritΩ
non−th
LSP

mLSP

= 2
ρcritΩX−

mX−

Ωnon−th
LSP = 2

mLSP

mX−
ΩX− . (7.2)

The density ΩX− is needed in order to find the density of the LSP. From the results
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of Section 6.4, the initial X− abundance relative to baryons is 5×10−4 . YX− . 0.07.

Using the fact that the baryons in the universe are about 25% by mass 4He [4], and

the remainder predominantly Hydrogen, then the abundance YX− can be converted

into a density ΩX− ,

YX− =
nX−

nB

=
ρcritΩX−

mX−

mB

ρcritΩB

=
mB

mX−

ΩX−

ΩB

=
0.75mH + 0.25m4He

mX−

ΩX−

ΩB

≈ 1.6 GeV

mX−

ΩX−

ΩB

. (7.3)

If the X− hadn’t decayed, then the current energy density of the X− particles in the

universe today would be,

ΩX− ≈ mX−

1.6 GeV
YX− ΩB

≈ mX−

38 GeV
YX− , (7.4)

where ΩB = 0.042 was used [4, 53].
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Inserting this expression into Equation 7.2 gives the LSP density,

Ωnon−th
LSP ≈ mLSP

19 GeV
YX− . (7.5)

In the limiting case where all the Dark Matter is produced through the decay

of the X−, then Ωnon−th
LSP = ΩDM . From the WMAP 3-year results, the Dark Matter

density is ΩDM = 0.20+0.02
−0.04 [4, 53]. Using a 2-σ range for ΩDM , then limits can be

placed on the allowed abundance of the X− at a given LSP mass. Using the upper

limit of mLSP . 100 GeV (which is the heaviest allowed if the mass of the X− is

approximately 100 GeV), then YX− must be in the range,

0.023 . YX− . 0.046, (7.6)

where YX− is measured relative to baryons, as in the rest of this work. This range

overlaps with the upper end of the allowed X− abundance found in Section 6.4, which

was 5 × 10−4 . YX− . 0.07. It also agrees with the 7Li constraints on the X−

properties from Ref. [2]. Considering lower LSP masses, however, would raise the

limits in Equation 7.6.

Equation 7.6 assumes that all the Dark Matter is produced non-thermally through

the X− decay. Allowing for thermal production of the LSP, then the equivalence

between Ωnon−th
LSP and ΩDM should be replaced by the inequality, Ωnon−th

LSP ≤ ΩDM . This
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will allow the X− abundance to be lower than indicated in Equation 7.6, and will also

allow for lighter gravitino masses. In order to make any more conclusions, the thermal

production rate must be accounted for. This can be hard to do, especially since there

is so little known for certain at the moment as to the identity and interactions of the

LSP.

There has been a significant effort in the literature lately to determine the thermal

production of gravitinos if they are the lightest SUSY particle (for example, papers

relevant to this discussion include Refs. [49–51, 54]). This can be parameterized in

many different ways, but in general always depends on the reheating temperature

of inflation, TR. In inflationary models where a scalar field, X, is responsible for

inflation, its decay can cause reheating of the universe. The reheating temperature

is constrained in thermal leptogenesis scenarios, and this constraint is often used to

bound the abundance of the gravitino LSP, which is presumed to be the eventual

decay product of the reheating decay.

Very little is known about inflation, and there is no current understanding of the

mechanisms of inflation, nor what caused it. It would be premature and speculative

to attempt to put any limits on the reheating temperature based on the conclusions

of this work.

It suffices to acknowledge the fact that thermal production of the LSP is possible,

and this will reduce the Dark Matter limits set in Equation 7.6. These limits already
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overlap with the accepted X− abundance range in the case where the gravitino mass

is 100 GeV. Reducing the limits will make the agreement better, and may also allow

for lighter gravitinos while still remaining consistent with the YX− findings in this

work.

7.2 Summary

In Chapters 2 and 3, some of the basic properties of the bound (NX−) systems were

found. These include the binding energy of the system, the average distance from the

centre of the nucleus to the X− particle, and a temperature scale at which the bound

state could be expected to begin to form.

In general, it was found that the finite size of the nucleus N caused the binding

energy of the (NX−) system to be less than the näıve Rydberg energy that one might

expect. Although the average distance 〈r〉 from the X− particle to the centre of the

nucleus N was always found to be larger than the nuclear radius, it was often the case

that the Bohr Radius was well within the nuclear radius.

The temperature of formation of the system (NX−) was estimated to be the

temperature at which the photodisintegration rate became less than the Hubble Rate.

This was generally found to happen at a temperature of about 2.5% of the binding

energy of the system. The temperature of formation and the other bound state

properties from Chapters 2 and 3 are summarized in Table 7.1.
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Table 7.1: Summary of the Bound State Properties of (NX−)

Nucleus N aB (fm) 〈r〉 Ry (keV) |Eg| (keV) Tf (keV)

1H 28.82 1.50 aB 25.0 25.0 0.6
2H 14.42 1.53 aB 49.9 48.8 1.2
3H 9.63 1.54 aB 74.8 72.5 1.8
3He 4.81 1.66 aB 299 267 6.3
4He 3.63 1.70 aB 397 346 8.2
6Li 1.61 2.47 aB 1342 794 19
7Li 1.38 2.63 aB 1566 870 21
7Be 1.03 3.00 aB 2784 1336 33
8Be 0.91 3.18 aB 3176 1427 36

In Chapter 4, work on the (7BeX−) system was briefly reviewed. For a detailed

analysis, the reader is referred to Ref. [2]. The possibility of an X− decay within the

bound state (7BeX−) was also thoroughly examined in that chapter. It was found

that such an occurrence would not significantly affect Nucleosynthesis.

Chapter 5 was devoted to the study of the (4HeX−) system. It was found that the

presence of the bound state (4HeX−) in the universe would catalyze the production

of 6Li. Using the conservative 2-σ upper limit on the abundance of 6Li relative to

protons, Y6Li . 6.1× 10−11 [43], Equation 5.11 was used to find the initial abundance

of X− in the universe in the limit of long X− lifetime. In the limit that τX− → ∞,

the X− abundance relative to baryons is,

YX− . 10−5 , for τX− →∞. (7.7)
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With a shorter lifetime, the initial X− abundance could be much larger than this,

as was discovered in Chapter 6. Chapter 5 also showed the important differences

between the Boltzmann and Saha Equations, and it was concluded that the Saha

Equation is inappropriate for the study of CBBN.

In Chapter 6, both the case where the X− is a Dirac Fermion, and the case

where it is a Scalar particle were considered. Assuming a primordial origin for the

observed 6Li in the universe, 6Li constraints on the (4HeX−) system were used to

constrain the abundance and lifetime properties of the X− particle. A “natural”

mass range (bounded below by the direct detector search limit) was added as an

additional constraint. By considering X−X+ annihilation, a restriction of the X−

abundance as a function of its lifetime was also used to constrain the mass of the X−.

In the case of the Scalar particle, decays of the X− into a gravitino were considered,

leading to further constraints on the X− properties. The results are presented below.

DiracFermion :





YX− ∼ 0.01

1500 s . τX− . 3000 s

mX− ∼ O(100) GeV

ScalarParticle :





5× 10−4 . YX− . 0.07

1600 s . τX− . 7000 s

60 GeV . mX− . 1000 GeV
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These limits were based entirely on considerations of the (4HeX−) system, but

they are in good agreement with the best results from analysis of the (7BeX−) sys-

tem. Using 7Li constraints on the (7BeX−) system, Ref. [2] found YX− > 0.02 and

1000 s . τX− . 2000 s. Together, these provide one of the most stringent and model-

independent probes of exotic electroweak-scale relic particles known to date. It is all

the more encouraging to see that the analysis in Section 7.1 confirms that the results

in this work are consistent with Dark Matter constraints, in the case where the X− is

the NLSP and decays to the LSP Dark Matter. This supports the fact that Catalyzed

Big Bang Nucleosynthesis may be in important part of early universe cosmology.
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Appendix A

Abbreviations and Symbols

Table A.1: List of Abbreviations and Symbols

Abbreviation Full Form

BBN Big Bang Nucleosynthesis
CBBN Catalyzed Big Bang Nucleosynthesis
SBBN Standard Big Bang Nucleosynthesis
SM Standard Model
SUSY Supersymmetry
CMSSM Constrained Minimal Supersymmetric Standard Model
mSUGRA Minimal Super Gravity
LSP Lightest Supersymmetric Particle
NLSP Next-to-Lightest Supersymmetric Particle
T Temperature
t Time
rms Root-mean-square
aB Bohr radius
RN Nuclear radius of nucleus N
I Ionization energy
EB Binding energy (equivalent to Ionization energy)
Eg Ground state energy (< 0)
Ry Rydberg energy, Ry = 1

2
Z2α2m

(NX−) Bound state between nucleus N and relic X−

τX− Lifetime of the X− particle
Yi Abundance of species i relative to some standard
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Appendix B

Physical Constants

Table B.1: Numerical Values of Physical Constants and Other Quantities

Quantity Symbol Value

Fine Structure Constant α 1/137.036
Boltzmann Constant kB 8.6173423× 10−11 MeV/K
Atomic Mass Unit amu or u 931.502 MeV/c2

Astrophysical Temperature Unit T9 1T9 = 109 K = 0.0861734 MeV
Planck’s Constant ~ 6.58211915× 10−22 MeV· s
Speed of Light c 2.99792458× 108 m/s
Planck Mass MPl 1.22× 1019 GeV
Reduced Planck Mass M∗ 2.436× 1018 GeV
h-bar c ~c 197.327 MeV· fm
Baryon-to-Photon Ratio η 6.116× 10−10

Newton’s Gravitational Constant GN 6.7087× 10−39 GeV−2
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