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In Memory of Henry Dye

and  S{N} the r¢

¥: S(M) -+ S{N} be a apectrum preserving surjective
linear map. It is shown that »(A) = v{A) Tor all A & 8(M) where ¥ ig a

k~igomorphism or a %-anti-isomorphism of ™M onto N.

1. INTRODUCTION. In [4] Jafarian and Sourour characterized spectrum preserving
linear maps between the real linear spaces S(H]/ and S{H,) of self-adjoint
operators on the (real or complex) Hilbert spaces H, and H,. They showed
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that such a map ¥ is either of the form UAQU where
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I is a unitary operator and & igs the transpose with respect to some Tixe

orthonormal basis. In the proof of their theorem for complex Hilbert spaces

they used the fact that every self-adjoint operator is a real linear combination
of a finite number of projections and also a result of Fillmore and Longstaff
[3, Theorem 1] characterizing isomorphisms between the lattices of closed

subspaces of infinite dimensional complex normed linear spaces Our

von Neumann factors parallels this development with the following

orthoisomorphism theorvem of Dve [1, Theorem 1, Cor
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the Fillmore-Longstaff result:

THREOREM., Tet M be a W -algebra with no direct svmmands of type I.. Then
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projection orthoisomorphism of M on a W -alpgebra N is implemented by the

direct sum of a ¥-igomorphism and a *¥-anti-isomorphism.

Z. HNOTATION AND TERMINOILOGY.

A von Neumann algebra M is a weakly closed, self-adjoint algebra of

bounded linear operators on a complex Hilbert space H containing the identity
operator I. The set ZM = {S = M‘ST = TS for all T e M} 1is called the
center of M. If ZM = {AI|x» € €} then M is called a factor. By a

projection we mean a self-adjoint idempotent. A projection orthoisomorphism

between von Neumann algebras M and N is a one-one mapping 6 of the set of
projections in M on that in N which preserves orthogonality in the sense

that PG = 0 iff se(Ple(d) = 0.
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let o(T) be its spectrum. If and N are von Neumann algebras and S(M),

-

the real linear gpaces of all self-adjoint opsrators in M and N

respectively, we say that a surjective map ¥: 5(M) - S(N) is spectrum

presevving 1f o(P(A)) = o(A) for each A € 3(M).
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is part of [4, Lemma 1]. The proofl is included for

completeness.



Lemma 1. Let ¥ S(M) o &

o
e

be a surjective gspectrum preservi
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g map

where M and N  are von Neumann algebras. Then

¥ is one-—-one

{iii) »#(P) is a projection iff P is a projection

{iv) If P and Q are projections in M ‘then PG = ¢ 4ff
PPYP(Q) = 0.
Proof: (i} If ¥(&) = 0 then {0} = oc{¥(a)) = o{A). Since A 1is self-

ig a self-adjoint operator whose spectrum is o(I) = [1}.
i e . L . -1
(1ii) Since ¥  is one-one it ig immediate that ¥ iz also spectrum
preserving. A self-adjoint operator is a projection iff its spectrum is a
subset of {0,1}, hence the result.

(iv) If both P and Q are projections, then P + Q is a projection

iff PG = 0. Since ¥{FP+Q) = 2{P) + v{Q} the result follows from (iii).

Lemma 2. Let ¥ be as in Lemma 1 and assume that M has no direct

summands of type I.. There exists amap ¥ of M onto N which coincides
with ¥ on the projections of M and which is the direct sum of a

~igomorphism and a ¥-anti-isomorphism.

Proof: This is Dye’s theorem applied to the projection orthoisomorphism ¥.

THEOREM. Let ¥: S{M) -+ S{N) be a surjective spectrum preserving map where M
N oy o~

15 a O v{A) where ¥ is a *¥isomorphism or a

* M oonto H In particular, N is a L

¥-igomorphic or ¥-anti-isomorphic to M.



Froof: We divide the proof into two cases

Case 1. M is a faclor of tvpe {i.e. Mz M (C), the 2 2

matyrices over £). S{M} is thus a four-dimensional real space and, therefore,

theory for von Neumann algsbras, N ig either a

£

factor of type I,, or N is the direct sum of four one-dimensional algebras.

In the lat N would be shelian so if P and Q¢
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projections in N we would have o(P'+Q*) < {0,1,2}. But if F = iO N and

L

Q-1 o(P(P+Q)) = o(r(P)+P(Q)) = o(P'+Q") 2

Iz
0,1,2 The result now follows by the
Jafari:

Case 2. M iz not a factor of type I,. Since M is a factor there are

b

no central projections, save O and I, so that Lemma 2 implies the existence

of a map ¥ which is either a *-igsomorphism or & *%-anti-isomorphism of M onto

poXe 1
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N  and such that »(P) = ¢(P) on the projections of M. If M is a Factor of
type 1, the finite-dimensiocnal spectral theorem implies that each zelf-
adioint A € M is the real linear combination of projections. This is also

te von Newmann algebra by [5]. It was proved in [2]

or any
that any operator in a factor of type Iil ig a finite linear combination of

projections so that any self-adjoint operator in such a factor is a finite ye

linear combination of projections Tht

for all A e S(M).
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