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GENERALIZATION OF A RESULT OF E. LUCAS

1. Introduction. The following theorem has been known at least since the

time of E. Lucas, who gives it in [3], pp. 417-420.

Theorem. Let p be prime, and let

M = MO + Mlp + M2p2 P Mkp s 0 < Mr <p, 0sr=<k
N =N, +Np +N p2 + + N pk 0N <p, 0=r<k
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Then
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[m = O] (mod p) = (1)

N.J. Fine [1] gives a short and simple proof of this result. It is our object
to see what this result looks like if we replace the modulus p by the modulus
pr for arbitrary positive integer r. With the help of a recent result of

P.W. Haggard and J.0. Kiltenen, it has been possible to adapt Fine's method to

obtain a result corresponding to {(1).

2. Main Results

Lemma 1. For ¢q a prime, m and n positive integers with nzm - 1, and

for 0 <k < qn, we have
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Proof. This is the main result in [2]. L]
Lemma 2. Let T and m be positive integers. Then for prime
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q we have



Theorem. Let g be prime, and let r be a positive integer, and let

M= M +Mlqr + quzr b M}’qkr, 0 <M < q, 0<s <k,
Then
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Proof. From the binomial theorem and Lemma 2, we have
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Then line (1) becomes



where the inner sum is over all

But since

we find
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such that
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We note that, unlike the case r = 1, we need not have a unique k+l-
tuple. For example, with g =r =2 and N = 10, we have the potential
3-tuples (0,1,1), (4,0,1), (0,5,0), and (4,4,0). If we take M = 14,
we have ZMO =4, 2Ml =6, M2 = 0, and the result becomes (using only the
3-tuples (0,5,0) and (4,4,0))
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