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By using a certain linear operator defined by a Hadamard product or
convolution, several interesting subclasses of analytic functions in
the unit disk are introduced and studied systematically. The various
results presented here include, for example, a number of coefficient
estimates and distortion theorems for functions belonging to these
subclasses, some interesting relationships between these subclasses,
and a wide variety of characterization theorems involving a certain
functional, some general functions of hypergeometric type, and
operators of fractional calculus. Some of the coefficient estimates
obtained here are fruitfully applied in the investigation of certain

subclasses of analytic functions with fixed finitely many coefficients.

1. INTRODUCTION AND DEFINITIONS

Let 4 denote the class of functions of the form

8

a zn+1 (al = 1)

(1.1) f(z) = nel

1§ o~1

n=0

which are analytic in the unit disk ¥ = {z: lzl < 1}. Then a function £(z)

belonging to & is said to be in the class U(a) if it satisfies the inequality

(1.2) Re{zg%%%l} > -0 (z €Y

for o > -1. On the other hand, a function £f(z) belonging to 4 is said to
be in the class (o) if it satisfies the inequality

(1.3) Re{l . %;%%%l} > -a (z € 1)

for o > -1. It is easily observed that

(1.4) £(z) eP(a) = z£(2) e T(0); V() < P(a).



Throughout this paper, it should be understood that functions such as
z£(2)/f(z) and zf”(z)/f (z), which have removable singularities at z = 0,
have had these singularities removed in statements like (1.2) and (1.3).

Let uj (j =1,...,p) and Bj (j =1,...,9) be complex numbers with

Bj #0, -1, -2, ...; j =1, ..., q.

Then the generalized hypergeometric function qu(z) is defined by (cf. [16,
p. 33])

(1.5) qu(z) = PFq(ul,...,ap; Bl,.c.,B 3 Z)

© (al)n . (up)n iy

om0 (B - (sq)n}n‘

(p=q+ 1),
where (X)n is the Pochhammer symbol defined by

1, if n=0
(1.6) ), =

A+ ... (A+n-1), if nef = {1,2,3,...}.

We note that the _F_ series in (1.5) converges absolutely for |z] <« if

p<q+1, and for z ey if p =q + 1. Furthermore, if we set

9 P
(1.7) w= Y B.- ) a.,

j=1 3 =1
it is known (see, e.g., [16, p. 34]) that the PFq series, with p=q + 1,
is absolutely convergent for lzl =1 if Re(w) > 0, and conditionally
convergent for |z| =1 (z#1) if

-1 < Re(w) = 0.

For the functions fi(z) (i =1, 2) defined by

n+1
a. z
i,n+1

(1.8) £,(z) =

n~18

n=0



let fl * fz(z) denote the Hadamard product or convolution of fl(z) and
fz(z) , defined by

_ o n+1
(1.9) £« £,(2) = ) 21 n+1 22,041 ©
n=0
Now define the function ¢(a,c) by
»© (a)
(1.10) o(a,ci) = I gt r (c #0,-1,-2,...5 2 1),
n=0 n

so that ¢(a,c) is an incomplete Beta function with [cf. Equation (1.5)]
(1.11) ¢(a,c3z) = z 2F1(l,a;c;z).

Corresponding to the function ¢(a,c), Carlson and Shaffer [2] defined a

linear operator J(a,c) on & by the convolution [2, p. 738, Equation (2.2)]
(1.12) La,0)f = ¢(a,c) » £

for f(z) ed. Clearly, L(a,c) maps £ onto itself, and £(c,a) is an

inverse of f(a,c), provided that
a #0, -1, -2,

Furthermore, JZ(a,a) is the identity operator, and

(1.13) U(a) =L£(1,2)7 () (a > -1)
or, inversely,

(1.14) V() =L, 00 (a > -1).

A function £(z) belonging to 4 is said to be in the class 9 (a,c;o)
if £L(a,c)f 1is an element of ¥ (a) for o > -1. Further, a function f£(z)
belonging to 4 is said to be in the class V(a,c;0) if zf’(z) is an
element of ¥ (a,c;a) for o > -1. Then it is easily verified that [cf.
Equations (1.13) and (1.14)]



(1.15) V(a,c;0) =£(1,2)0(a,c;0),

(1.16) T(a,c;0) =£(2,1)0(a,c;0),

(1.17) V() =U(a,a;0) =ZL(1,2)7(a,a;0),
and

(1.18) T(0) =T (a,a;0) =L£(2,1)¥(a,a;0).

A single-valued function f£(z) is said to be univalent in a domain %
if it never takes on the same value twice, that is, if f(zl) = f(zz) for

A-set & 1is said to be starlike with

Zys 2, € 7 implies that 2 = Zge

respect to W, € & if the line segment joining w, to every other point

0
w el lies entirely in &. If a function f£(z) maps 7 onto a domain that

is starlike with respect to w then f£(z) is said to be starlike with

0’
respect to w,. In particular, if v,

is a starlike function in %. Further, a set § is said to be convex if the

is the origin, then we say that £(z)

line segment joining any two points of & 1lies entirely in &. If a function
f(z) maps 7 onto a convex domain, then we say that f(z) is a convex
function in Z.

Now let § denote the class of all functions in ¢ which are univalent
in the unit disk %. Then a function f(z) belonging to § is said to be

starlike of order o if and only if

4
(1.19) Re{2E (2L (z ¢ U
£(z)
*
for some o (0 = a < 1). We denote by & (o) the class of all functions in
tarlike of order «a.

A function f£(z) belonging to § is said to be convex of order o if

and only if
(1.20) Re{l + Ef’;%%l} > o (z €U

for some o (0 = a < 1). We denote by J(a) the subclass of all functions in

S which are convex of order a.



*®
We note that f(z) €% (o) if and only if zf’(z) € d (a). We also have

(1.21) §*(a) < 5*(0) = 5*,
(1.22) Ty <¥(o) =%,
and

(1.23) L@ <8 (@ <6,

for 02 a <1,

The classes pS'*(on): and # (o) were first introduced by Robertson [11],
and were studied subsequently by Schild [13], MacGregor [7], Pinchuk [10],
Jack [4], and others (cf., e.g., [9]). Indeed from the above definitions of

the various subclasses of ¢ it follows readily that

(1.24) $ () <98 <o
and
(1.25) F() <¥(B) cd

A

B.
Finally, let J be the subclass of 4 consisting of functions of the

for 0==o0<1 and -1 < -a
form

(1.26) £(z) = a_ .z (2, =1;a ,, =0, ¥nelk),

n+l

where f = {1,2,3,...}, and denote by Wo(a) and %}O(a) the classes obtained,
respectively, by taking the intersections of ¥ (a) and ¥(o) with 7; that is,

(1.27) Voled =7() ng (@ > -1)
and

(1.28) Z/;O(a) =P nT (@ > -1).
Also let

(1.29) Tolascs0) =T (a,c50) 0T (a > -1)

and



(1.30) @b(a,c;a) =¥(a,c;0) ng (a0 > -1).

*
Silverman [14] studied the subclasses 7 (@) and §(a) of § defined

by
(1.31) 7@ =8 (@ nT (0=a<l)
and
(1.32) ) =% () nT (0 =a<1),

so that, upon comparison with the definitions (1.27) to (1.30), we have

(1.33) T (@) < ya,2:8) = T,(8) <
and
(1.34) 8 (@) <V,(a,a:8) = U,(8) <

for 0 =a <1 and -1< -a = B.

In the present paper, we prove a number of coefficient estimates and
distortion theorems for functions belonging to the various subclasses of
defined above, and derive some interesting relationships involving these
subclasses. For these subclasses we also give a wide variety of character-
ization theorems and numerous other applications involving a certain functional,
some general functions of hypergeometric type, and operators of fractional
calculus. By using some of the coefficient estimates obtained in Section 2,
certain further subclasses of analytic functions with fixed finitely many

coefficients are studied systematically.

2. COEFFICIENT ESTIMATES

The various coefficient estimates (given by Theorem 2.1 to Theorem 2.4
below) lay the foundation of our systematic study of the subclasses of 4

defined in the preceding sectiomn.



THEOREM 2.1. Let the function f£(z) be defined by (1.1). If

(2+0) | (@),

(2.1 @ [T

W ~18

a
n+l

for a > -1, then f£(z) e J(a,c;0). The result (2.1) is sharp.

PROOF. We need to prove that (2.1) implies

(2.2) Re{zgggz:2%§%z§] } > -0 (z e ¥)

for o > -1. And, in order to establish the inequality (2.2), it is sufficient
to deduce from (2.1) that

(2.3) Z%Ezgggg] 1l <1+a (z e %)
for o > -1.
since
© (a) +
L,08) = [ mha (a, = 1),
n=0 n
2ff(a,c)£(2)]’ _ 15
- L(a,c)f(z)
= (a)n
nzl n.(c) n+l
= =1+ aq,
® 1(a)
1- 1 (c)n n+1l
n=1
d that
® (a)n © (a)n
nzl n (c)n Anep| = (F) |1 - nzl TET; Fnell |’




which is equivalent to (2.1).

Clearly, the result (2.1) is sharp for the functions given by

(1+a)n (C)n n+l

(2.7) f(Z) =Z+WZ (1’1 E,/V),

which completes the proof of Theorem Z.1.

COROLLARY 2.1. Let the function £(z) be defined by (1.1). If

@ (2+a)
(2.8) n

A
fu—

n=1 (1+oc)n “n+l

for o > -1, then f£(z) e ¥(a). The result (2.8) is sharp for the functions
given by

(1+e)

+  ————
(2+a) |

(2.9) f(z) = z n+l

N

(n e ﬂﬁ.

REMARK 2.1. In its special case when -1 < o = 0, Corollary 2.1 yields
*
the corresponding result for the class & () due to Silverman [14, p. 110,
Theorem 1].

THEOREM 2.2. Let the function f(z) be defined by (1.1). If

 (2), (2+0)
M, v

(@),

(2.10) N

=

a
n+1

=]
o~
—

for o > -1, then f(z) € ¥(a,c;a). The result (2.10) is sharp.

PROOF. Since f£(z) e ¥(a,c;0) if and only if
2£ (z) =£(2,1)f(2) € ¥(a,c;a),

we have the theorem if we replace a_,; Iin Theorem 2.1 by [(2)n a .1

Further, the result (2.10) is sharp for the functions given by

1/(1) -



(l)n (1+a)n (C)n n+l
@, (), @, ° (n e k).

(2.11) £(z) =z +

COROLLARY 2.2. Let the function £(z) be defined by (1.1). If

= (2), (2+)
M, @),

A
—

(2.12) b a .1

for o > -1, then £(z) € #(e). The result (2.12) is sharp for the functions

given by

Dn Y o (e )

(2.13) f(Z) =z + m Z

REMARK 2.2. If, in Corollary 2.2, we assume that -1 < a = 0, we shall
obtain the corresponding result for the class # (o) due to Silverman [14,
p- 110, Corollary].

For the classes Wo(a,c;a) and @b(a,c;a), we next prove Theorem 2.3

and Theorem 2.4 below.

THEOREM 2.3. Let the function f£(2z) be defined by (1.26). Then

f(z) € Wo(a,c;a) if and only if

: (2+0) ) (a),
n=1 (1+a)n (C)n

(2.14) a .1

for o > -1, where (a)n/(c)n > 0. The result (2.14) is sharp.

PROOF. Assume that (2.14) holds true. Then it follows immediately from
Theorem 2.1 that f(z) € Wo(a,c;a),

Conversely, assume that £(z) € Wo(a,c;a). Then, by definition,

z[f(a,0)£(2) ]’
(2.15) Re{ AL }



10.

= (2, (@

————— A
n=0 (1)n (C)n n+l
= Re = (2 > -0
z n a Zn+l
n=0 (c)n n+1

n+l
A

for a > -1 and z € 9. Choose values of 2z on the real axis so that

zff(a,c)£(2) ]’
L(a,c)f(z)
is real. Upon clearing the denominator in (2.15) and letting z - 1, we
get
= (2) ) (a)
n n
(2.16) 1 - ) = |a
n=1 (1)n (C)n n+l
© (a)
n
ol J —2la | -1,
n=1 (C)n n+l
which implies (2.14). Further, by taking the functions defined by
(1+a)  (c)
_ n n n+l
(2.17) f(z) =z - CENOR z (nef)

we can prove that the result (2.14) is sharp.

COROLLARY 2.3. Let the function f(z) defined by (1.26) be in the class
Wo(a,c;a) with (a)n/(c)n > 0. Then.

(1+e) (),

(2.18) ém’ (l'l e_/ﬁ.

’an+1

The result (2.18) is sharp for the functions £(z) given by (2.17).

COROLLARY 2.4. Let the function £(z) be defined by (1.26). Then
f(z) € Wo(a) if and only if

©  (2+a)

(2.19) o
n=1 (l+a)n

a
n+l

for o > -1. The result (2.19) is sharp for the functions given by




11.

(1+a)

n+l
- (2+“)n vA (nelf).

(2.20) f(z) = 2z

REMARK 2.3. For o constrained by -1 < o = 0, Corollary 2.4 cor-
*
responds to a result for the class 7 (o) proved by Silverman [14, p. 110,
Theorem 2].

THEOREM 2.4. Let the function f(z) be defined by (1.26). Then
f(z) € %b(a,c;u) if and only if

» () (2+0) | (2),
L, @, @

IIA

(2.21)

a
n+l1

for a > -1, where (a)n/(c)n > 0. The result (2.21) is sharp.

PROOF. The proof of Theorem 2.4 is much akin to that of Theorem 2.3,
and we skip the details involved. Equality in (2.21) is indeed attained by

the functions given by

(1), A+ (&, n4
@, o @,

(2.22) f(z) = z -

(nel.

COROLLARY 2.5. Let the function f(z) defined by (1.26) be in the class

@b(a,c;a) with (a)n/(c)n > 0. Then

W, A (),
=@, e, @,

(n ejﬁ.

(2.23)

a
n+l

The result (2.23) is sharp for the functions f(z) given by (2.22).

COROLLARY 2.6. Let the function £(z) be defined by (1.26). Then
f(z) e @b(u) if and only if

= () (2+0)

(2.24) ——— T
n=1 (1)n (1+a)n

=
an+1 =1

for o > -1. The result (2.24) is sharp for the functions given by




12.

(1)n (1+a)n n+1

(2.25) f(Z) = Z - W Y/

(nef).

REMARK 2.4. Corollary 2.6 corresponds, for -1 <o = 0, to a result
for the class ¥ (a) given by Silverman [14, p. 111, Corollary 2].

3. DISTORTION THEOREMS

With a view to determining the extreme points of the classes Wo(a,c;a)

and @b(a,c;a), we first prove

LEMMA 3.1. The class Wo(a,c;a) with. (a)n/(c)n > 0 1is closed under

linear combinations.

I

PROOF. Let the functions fi(z) (i
(1.8)]

1, 2) defined by [cf Equation

n+1

(3.1) fi(z) = ai,n+1Z (a, =1; a
i,l

=0,
ne0 =0, V¥nelf)

i,n+1
be in the class Wo(a,c;a). Then we need only prove that the function

A £ (D) + (1-0)E,(2) (0 = A

IIA

1)
is also in the class Wo(a,c;a). Note that

(3.2) A fl(z) + (1—A)f2(z)

° ) n+l
=z + nzl [X 2 nl + (1—A)a2’n+lJz R

which, by virtue of Theorem 2.3, yields

(3.3) + (1-X)

21 n+l 37, n+l

: (2+0) | (a) {
n=1 (1+u)n (c)n

)



13.

= (2+a)  (2)

;o 1 © (2+a)_ (2a)
n=1~(1+a)n (c)n 1,n+l

A L
n=1 (l+<1)n (c)n 2,n+l

+ (1-X)

IIA
s

This evidently completes the proof of Lemma 3.1.
Since the class Wo(a,c;a) is convex, as we have shown in Lemma 3.1, it

does have some extreme points given by Lemma 3.2 and Theorem 3.1 below.

LEMMA 3.2. Let

(3.4) fo(z) =z
and
(1+a)_ (c)
(3.5) £.(2) =z - Ti:aji?—a;yi-zn+l, (nef)

with (a)_/(c)_ > 0. Then £(z) € 7 (a,c;a) if and only if it can be expressed
—_— n n —_— 0 Xp

in the form

oo

(3.6) f(z) = Xn fn(z),
n=0

where X =0, yn e f/ v {0}, and

(o]

(3.7) Yy oA = 1.

PROOE. We first assume that the function f(z) has the expression (3.6),
that is, that

© (l+a)_ (c)
n n

(308) f(Z) =7 - nzl m )\n Z

n+i

Substituting from (3.8) into the left-hand side of (2.14), we have

2 @), @, (e, (9,

n=l (l+a)n (c)n (2+cx)n (a)n .

~18
o}
[an]

(3.9) A =1-Ar. 51,

n=1
which (in view of Theorem 2.3) implies that £(z) € Wo(a,c;a).
For the converse, we assume that £(z) € Wo(a,c;a) with (a)n/(c)n > 0.

Making use of Corollary 2.3, we may write




14.

(2+0) | (a)

(3.10) )\n = m an+l (n € ‘/V)
and
(3.11) Ao=1- Y A

We thus have the expression (3.6).
The following result on the extreme points of the class Wo(a,c;a)

follows immediately from Lemma 3.2.

THEOREM 3.1. The extreme points of the class Wo(a,c;a) with
(a)n/(c)n > 0 are the functions fn(z) (nz 0) given by (3.4) and (3.5).

In précisely the same manner, we can establish

THEOREM 3.2. The extreme points of the class @b(a,c;a) with

v

(a)n/(c)n > 0 are the functions fn(z) (nz 0) given by (3.4) and

W, (+a), (O, 11 e

(3.12) fn(Z) =z - (Z)n (2+oc)n (a)n z

Corresponding to Theorem 3.1 and Theorem 3.2, we mow prove the following

distortion theorems for functions belonging to the classes Wo(a,c;u) and

Wo(a,c;a)-

THEOREM 3.3. Let the function f(z) defined by (1.26) be in the class
WO(a,c;a) with (a)n/(c)n >0 and a = c. Then

2
(3.13) 2] - 88 127 s (2] = |2] + tragg 12
for =z € ¥ . Furthermore, if either

|

a= 0 and c = min(za, a-1)

-1 <a<0 and c > -1,

then




2(1+a)c

(2+a)a e |2

|z] = lfltz)‘ =1+ (2+a)a

(3.14) 1 -

for z € 9. The results (3.13) and (3.14) are sharp.

15,

PROOF. We first note that the extremal function is one of the extreme

points. Since

(1+a)n (C)n n+l
[EDONIOR 2]

v

is a decreasing function of n, we have, for fn(z) (nz 0)

(3.4) and (3.5),

i

(3.15) fl(lzl) = \fn(z)l —fl(—lzl)

which readily yields the assertion (3.13) of Theorem 3.3.

To prove the assertion (3.14) of Theorem 3.3, we note that

’ (2), Qra) () o
(3.16) |£°(z)| 2 1 - nm:xﬂ{(l)n (Zvo) (@) |2l
and

' (2 (I+e) () n
(3.17) @l nmifr{cl)n COMORIE

for z €9 . Thus we need only prove that the function

(2, () (o),

(3.18) G(a,c,a,n,‘zl) = (l) (2+Ol.) (a)
n n n

|2

‘n
is decreasing in n (n e ). For [z| # 0,

(3.19) G(a,c,a,n,lz|) = G(a,c,a,n+1,izl)

if and only if

defined by

(z e ¥),



16.

(3.20) G, (a,c,a,nz|)

= (n+1) (n+2+a) (n+a) - (n+2) (n+l+a) (n+c)|z| =z 0.

Since Gl(a,c,a,n,lz‘) is a decreasing function of lzl for fixed a, c, a,

n, we have

v

(3.21) Gl(a,c,a,n,lzl) Gl(a,c,a,n,l)

(n+1) (a~c) (n+2+0) - a(ntc)

v

0,

provided that a, c, a are constrained to satisfy either set of the inequalities
preceding (3.14). Appropriate substitutions in (3.16) and (3.17) lead to the
assertion (3.14) of Theorem 3.3.

Finally, the bounds of (3.13) and (3.14) are attained by the function

(l+a) ¢ ZZ

(3.22) £(2) =z - Zra)a

COROLLARY 3.1. Let the function £(z) defined by (1.26) be in the class

Wo(a,c;a) with (a)n/(c)n >0 .and a = c. Then the unit disk I is mapped

onto a domain that contains the disk |w]| < Ty where T, is given by
- - re
(3.23) ry =1 - Zra)a

COROLLARY 3.2. Let the function f(z) defined by (1.26) be in the class
Wo(a). Then

A

(3.24) |z| - [1+“]lzlz = |[£(2)|

o)+ (311

for z € 3. Furthermore

22(1++C;) I z l

A

(3.25) e N IR

2 +

for z € 9l. The results (3.24) and (3.25) are sharp for the function




17.

2+a

(3.26) £(z) = z - [““)zz.

REMARK 3.1. In its special case when -1 < a = 0, Corollary 3.2 yields
*

the corresponding distortion theorem for the class 7 (o) proved by Silverman
[14, p. 111, Theorem 4].

Applying the above technique mutatis mutandis, we can prove

THEOREM 3.4. Let the function f(z) defined by (1.26) be in the class
@b(a,c;a) with (a)n/(c)n >0 and a2 c. Then

2

(3.27) 2] - e 1207 = (20 | = 2l + gy 1l
for z ef,. Furthermore

(3.28) 1 - _—”E;Z%; lz] = |£(2)| =1« ___.-g:z%; |z

for z €9,. The results (3.27) and (3.28) are sharp for the function

(1+a)c 2

(3.29) f(Z) = Z - m Z

COROLLARY 3.3. Let the function £(z) defined by (1.26) be in the class

Wb(a,c;a) with (a)n/(c)n >0 and a = c. Then the unit disk # is mapped

onto a domain that contains the disk [w| < T where T, is given by

(1+a)c

(3.30) T, = - m .

]
o)

COROLLARY 3.4. Let the function £(z) defined by (1.26) be in the class
@b(a). Then

(.51 2] - 2o 1217 = 16| = [zl + gy 12l

for z e Y. Furthermore

(3.32) 1 - B:‘cﬂlz\ s |F ()] =1+ {““)\z\



18.

for z € §. The results (3.31) and (3.32) are sharp for the function

1 + o 2

(3.33) f(Z) =7 - m

4, STARLIKENESS AND CONVEXITY

For -1 < a £ 0, the classes ¥ (a) and #(a) become, respectively, the
class of starlike functions of order o and the class of convex functions of
order ao. Naturally, therefore, we are interested in the starlikeness for
functions belonging to the class Wo(a,c;a) and the convexity for functions

belonging to the class ?}'O(a,c;a)° We begin by proving

THEOREM 4.1. Let the function f(z) defined by (1.26) be in the class
Wo(a,c;a) with (a)n/(c)n > 0. Then £(z) 1is starlike of order §

(0 =8 <1) in the disk izl < Ty, where

‘ (1-5)(2+a)n(a)n—1l/n
(4.1) r,) = nlsz -8 (+)_(0) |

PROOF. It is sufficient to prove that

z£’ (2)
(4.2) -—f(z—)—-l’<l—5
for |z| < r,. Note that
< n
fl() Elnan‘*'l lzl
Z Z < = < -
(4.3) o - 1‘ = - —51-8
1 - nzl a1 Izl
if and only if
(4.4) 21 (n+1-6){a_ (|2 =1 -3
n=

By means of Theorem 2.3, we need only find the values of |zi for which
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(1-8) (2+a)_(a)

n <
= ) (v _(9)

(4.5) |z | ek,

which obviously completes the proof of Theorem 4.1.

COROLLARY 4.1. Let the function f(z) defined by (1.26) be in the class
Wo(a). Then f(z) is starlike of order & (0 = 6 < 1) 1in the disk Izl < Tg,

where

1/n

. (1-6) (2+a)
(4.6) T, = nlzfr -8 (Tva)

Similarly, by applying Theorem 2.4 instead of Theorem 2.3, we have

THEOREM 4.2. Let the function £(z) defined by (1.26) be in the class

@b(a,c;a) with (a)n/(c)n > 0. Then £f(z) is convex of order ¢

(028§ <1) in the disk Izl < T, where T, is given by (4.1).

COROLLARY 4.2. Let the function £(z) defined by (1.26) be in the class
@O(a). Then f(z) is convex of order & (0 =6 < 1) in the disk lzl < Tqs

where Ty is given by (4.6).

5. FURTHER APPLICATIONS OF THEOREM 2.3 AND THEOREM 2.4

We deduce several interesting relationships between the various subclasses

of 4 as further consequences of Theorem 2.3 and Theorem 2.4. We first state

THEOREM 5.1. Let (a)n/(c)n > 0. Then

(5.1) Vy(a,cse) c“/JO{a, ¢ - o u].

The Tesult is the best possible.

PROOF. Let the function f(z) defined by (1.26) belong to the class
Wo(a,c;a) with (a)n/(c)n > 0. Noting also that



-+
(2)n(2+a)n 3+ a

>-2) (v, © [ }
1 - -

Iy
=]

for o > -1 and n e f, we thus find that

2
w [2 T3 a) (),
n

(5.3) 21 .
i [1 T 3w a] (C)n
n

= () (2+0) (a)
RSO NEDNONR "“ml

a
n+l

A
—

by Theorem 2.4. This implies that

JORTAEE ——2——]

3+ 0

and, since the result is the best possible for the function f(z)

.given by
(3.29), we have completed the proof of Theorem 5.1.

COROLLARY 5.1.

(5.4) Vo) < WO[- -—-2-—}

3+ q

The result is the best possible for the function f(z) given by (3.33).

THEOREM 5.2. B&_(a%#(dn:>0. Then, if a z c,
(5.5) NCRSTRLNOF

and, if a < ¢,

(5.6) Wo(a,c;a) > Wo(a).

1Y

PROOF. Note that (a)n/(c)n is an increasing function of n if a

and is decreasing in n if a < c. By using Theorem 2.4 and Corollary 2.6,

we complete the proof of Theorem 5.2.

20.

C,
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Similarly, we have

v
0

THEOREM 5.3. Let (a)n/(c)n > 0. Then, if a
(5.7) Vy(a,cs) < ¥y(e),
and, if a <gc,

(5.8) V,(2,c50) > Wyl

6. SUBCLASSES OF Wo(a,c;a) AND @b(a,c;a) WITH FIXED

FINITELY MANY COEFFICIENTS

We introduce the subclasses Wk(a,c;a) and @k(a,c;a) of analytic
functions with fixed finitely many coefficients. In view of Corollary 2.3,
we denote by Wk(a,c;a) the subclass of Wo(a,c;a) consisting of functions

of the form

k . o
i+l n+l1
(6.1) f(z) =z - Y A, p. z - Y a .z (a_, 2 0),
jo1 ° i n=k+1 n+1 n+l
where
(1+a). (e _
(6.2) A = ITORONK 0=p, =1 (i =1, > k),
it™i
k
(a) /(c) >0, and 0= Z p, =1

5
B

1
£

In view of Corollary 2.5, we also denote by @k(a,c;a} the subclass of

V. (a,c;a) consisting of functions of the form
0 g

i+l
Z —

a zn+1 (a

(6.3) f(z) = z - el

v

0),

I~
=]
e

)
n=k+1 n+l

where



(1), (o), (e)y .
(6.4) B, = GNEORON 0=p =1 (i =1,
k
(a)n/(c)n >0, and 0 = 2 Py =1
i=1

Moreover, we define the classes Wk(a) and @k(a) by

(6.5) Wk(a) = Wk(a,a;a)
and
(6.6) b (@) =¥, (a,2;50).

THEOREM 6.1. Let the function f£(z) be defined by (6.1). Then
f(z) € Wk(a,c;a) if and only if

©  (2+a) (a) k
-7 n=k+1 (—1%—2-%_3 e ® izl Fi
The result (6.7) is sharp.
PROOF. Putting
(6.8) a. = A, p. (i=1,

22.

-» k),

., k)

in (2.14), we have (6.7). Further, the result (6.7) is sharp for the function

of the form

k .
(6.9) f(z) = z - 2 A, p. z

k
(1+o) () |1 - 1 P

Zn+1 (n
(Z+) (&)

COROLLARY 6.1. Let the function f(z) be defined by (6.1) with
Then f(z) ¢ Wk(a) if and only if

v

k+1).
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> (2%a)

k
(6.10) —(—ﬁaj—r'l‘ an+l =1 - Z pl.

n=k+1

The result (6.10) is sharp for the function

k (1+a). P i+1
(6.11) f(z) = z - iz ) .
k 3
(1vo) {1 - y le
i=1 n+1l > ¥
(Zva)_ z (n=zk+1).

THEOREM 6.2. Let the function f£(z) be defined by (6.3). Then
f(z) € @k(a,c;a} if and only if

» () (2+0) ()

(6.12) R ORCEONON a 1=

IIA
—
1
s
=]

The result (6.12) is sharp for the function

(6.13) f(z) = z -
i

Il 177
o
(=
4
ja

k
(1)nc1+a)n<c)nl1 . piJ
i=1

T ), z (nzk+1).

The proof of Theorem 6.2 is much akin to that of Theorem 6.1, and we

omit the details involved.

COROLLARY 6.2. Let the function £(z) be defined by (6.3) with a = c.
Then f£(z) € @k(a} if and only if

°(2), (2%,

k
(6.14) —(-I—)—;l-(—:[:a')‘; an+1 =1 - z Pl.

n=k+1

The result (6.14) is sharp for the function




(6.15) £(z) =

Z_

24.

ko (1), (1+a); py

i+1
jo1 (205 (2xedy
( k 3
(l)n(1+a)nll -1 PiJ
1=1 n+l
vA (nz k + 1).

GNEZON

With the aid of Theorem 6.1 and Theorem 6.2, we can find the extreme

points of the classes Wk(a,c;a)

detailed in Section 3.

and @k(a,c;a) by using the techniques

THEOREM 6.3. The extreme points of the class Wk(a,c;a) with
(a)n/(c)n > 0 are
K i+l
(6.16) £,(2) =2~ .2 A D, 2
i=1
and
(6.17 = § A 1+l
. ) n+l(z) = - . 1 pl Z
i=1
K .
(1+a) (c) (1 - i§1 Dy
- n+l
z (nz k + 1),
(2+a), (a)_
where A.l is given by (6.2).
THEOREM 6.4. The extreme points of the class @k(a,c;a) with
(a)n/(c)n >0 are
X i+l
(6.18) £,(2) =2 - ‘2 B, D, Z
i=1
and
£ i+l
(6.19) £ ,02) =2~ '2 B, p; Z
1=1
k
(1) (1+a) (e) {1 - izl p;
2L (nzk+1),

@ 2+ (a),
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where B.l is given by (6.4).

7. CHARACTERIZATION THEOREMS INVOLVING THE FUNCTIONAL ‘fs(f)

Let ‘fﬂ(f) denote a functional defined by

g+ 1

B
z

Z B-1
(7.1) Jo(£) = J to  £(t)dt
0

for f(z) ed and for a real number B > -1. The functional <fs(f)’ when
8 ¢ J/, was studied by Bernardi [1]. In particular, the functional fl(f)
was considered earlier by Libera [5] and Livingston [6].

The following result will be required in our derivation of the charac-

terization theorems involving the functional fB(f):

LEMMA 7.1 (Jack [4]). Let w(z) be regular in the unit disk % with

w(0) = 0. Then, if |w(z)| attains its maximum value on the circle |z| =t
(0= r<1) at a point Zys W can write
’ —
(7.2) Zg W (zo) = m w(zO),
where m is real and mZ 1.

We now state our first characterization theorem involving the functional

().

THEOREM 7.1. Let the function £(z) defined by (1.1) be in the class

9(a,c;0). Then, for Bz a > -1, fB(f) is also in the class ¥ (a,c;a).

PROOF. Define the function w(z) by

zLZ(a,C)fB(f)]' 1 - (1+20)w(z)

(7.3) ﬂ(a’c)f[%(f) B 1 + wiz) [w(z) # -1].

Then it is clear that w(0) = 0.

Differentiating both sides of (7.3) logarithmically, we have



P a,0f (D17 + 2l(a,0f (D) 2l(a,0f (D]

-4 AVACROT M EINK EFACEOT e
B 2(1+a)z w’ (z)
T T ()T - (e2adw(z)]

Note that

(7.5) zlf(a,e)f (D)1 = (B+1L(a,0)£(2) - B L(a,0)f 5 (D),

which readily yields
(7.6) 2 a,0)f (017 = (8+1) zHi(a,0)£(2) )
- (B+1) 22, 0f (D).

Substituting from (7.5) and (7.6) into (7.4), we have

(7.7) (8+1) 2ff(a,E(2)]" _ (8D (a,c)£(2)
' 2[Z(a,c)f (D] Z(a, 0 (D

- 2(1+a)z w’ (z)
[1+w(2) J[1 - (1+2a)w(z)]

or, equivalently,

(7.8) (B+1)f(a,05(2) |2l(a, ()] 2B (O
' 2(a,0)f (BT | £@,c)E(2) [ACROY NG

N 2(1+a)z w (z)
T (@A - Q+20)w(z)]

It follows from (7.5) that

(7 9) (B+l)£(a,c)f(z) . 6 i}[ayc)fs(f)
' 2 (a,0)f g (BT 2 (2,0 ¢ (BT

_ (B+1) - (1+2a-B)w(z)
- I - (1+2a)w(z) ’

which, in conjunction with (7.8), yields

26,
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2[f(a,0)£() )" _ 1 - (1+20)u(2)
(7.10) ACOHO I

_ 2(1+a)z w' (2)
[1+w(z2) ] [(B+1) - (1+2a-B)w(z)] °

Assume that there exists a point z, e 7/ such that

max Iw(z)l = ‘w(zo)l =1 [w(zo) £ -1].
Izlé ZO

Then, by using Lemma 7.1, we can write

Z, w'(zo) =m w(zO) (m is real and m =z 1).
ieo
Applying Lemma 7.1 to w(z) at Zg» and putting w(zo) = e (i = V-1), we

observe that

zff(a,0)f(zp) 17 |- 1 - (1+20)w(zg)
(7.11) RV Z@oty | - R\ T 71z

o)

2(1+a)m w(zo)
T R T w ] [(BD) - (rZefaw(zy)]

= -a - %-(1+a)(8—u)(1 + cos 8,) = -a,

where, for convenience,

(7.12) A = [(B-a)(1l + cos O) + (1+2a-8)sin2 90]2

+ sin2 60[(B—a) - (1+2a-B)cos 60]2.

Clearly, (7.11) contradicts the hypothesis that £(z) € J(a,c;a). Hence
|lw(z)| <1 for z e, which implies that

zEf(a,fos(f)]' _ el (1+20)w(z)
Z@of (B [~ T 1w

(7.13) Re

> -a,
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that is, that ‘fB(f) € (a,c;a). This evidently completes the proof of Theorem
7.1.

COROLLARY 7.1. Let the function f£(z) defined by (1.1) be in the class

?(a,c;0). Then, for B2 a > -1,

(7.14) Lla,0)f () €8 and § (E(a,0E) < .
B B

PROOF. The first assertion in (7.14) follows easily from Theorem 7.1.
Noting that

(7.15) La,e)f g (0) = f, L, f@),

we have the second assertion in (7.14).

THEOREM 7.2. Let the function f£(z) defined by (1.1) be in the class
?(a,c;a). Then, for B = a > _l";B(f) is also in the class ¥ (a,c;o).

PROOF. Since

(7.16) f(z) € P(a,c3a) = zf (z) € P(a,c;a),

we need only prove that

(7.17) z[fs(f)]’ e J(a,c;a).

Indeed, with the aid of Theorem 7.1, we observe that

£f(z) e P(a,c;a) = z£(2) € P(a,c;a)

=’f8.(zf'(z)) € J(a,c;a)
= 2[f, (D] € T(a,c50),

which completes the proof of Theorem 7.2.



29.

COROLLARY 7.2. Let the function £(z) defined by (1.1) be in the class
Y(a,c;a). Then, for Bz a > -1,

(7.18) Zla,e)f y(f) ¢X and fgg(&cyﬂzﬂ ek.

8. APPLICATIONS OF THE FRACTIONAL CALCULUS OPERATOR QA

From among the various definitions of fractional calculus (that is,
fractional derivatives and fractional integrals) given in the literature
(cf., e.g., [3, Chapter 13], [12], [15, p. 28 et seq.], and [18]; see also

[9]), we choose to recall here the following definitions which were used
recently by Owa [8] (and by Srivastava and Owa [17]):

DEFINITION 8.1. The fractional integral of order A is defined, for a
function f£(z), by

-2 1 [* £
(8.1) D_"f(2) = J — dz,
z T g (g 12

where A > 0, f(z) 1is an analytic function in a simply-connected region of
the z-plane containing the origin, and the multiplicity of (z—g)}‘“l is

removed by requiring log(z-z) to be real when z - ¢ > 0.

DEFINITION 8.2. The fractional derivative of order XA 1is defined, for
a function f£(z), by

A 1 4 [* £
(8.2) D f(z) = ~—-:-—-——-J I8 g,
z T(1-A) dz 0 (Z-E)X

where 0 = A <1, f(z) is an analytic function in a simply-connected region
of the z-plane containing the origin, and the multiplicity of (z—g)-k is

removed as in Definition 8.1.above.

DEFINITION 8.3. Under the hypotheses of Definition 8.2, the fractional

derivative of order n + A is defined by
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n

(8.3) ™Ay = S pre(n),
z gzt ?

where 0= A <1, and n e f u {0}.

Following the lines of Owa and Srivastava [9], we introduce the linear

operator QX defined by

(8.4) Qs = F(Z—A)szif(z) O < 1)
for functions f£(z) belonging to the class 4. Note that

(8.5) Qe = £(2,2-0)F (< 1)

for functions f£(z) defined by (1.1). Further, we define

1

(8.6) of = Q' f = z2£°(z) = L2, )f
and
(8.7) Q'f - ety = e,nE ek,

with, of course, Qof = f(z). Then it is easily observed that
n+A n, A n A, N
(8.8) Q M=) =L 2, 0L(2,2-0)f = 07 (0 )

for A <1 and n e f.
We begin by proving

THEOREM 8.1. Let the function f(z) defined by (1.26) be in the class
W0(2,2—x;u) for A < 1. Then

R
: r‘c‘m{l - [H“}

(8.9) ‘Dif(Z)

and
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1-A
BN R £ T
= T(2Z-0) t?ﬂi z

for z ¢ 7. The results (8.9) and (8.10) are sharp.

(8.10) lDif(z)

PROOF. Since f(z) € WO(Z,Z—A;a), the definition of WO(Z,Z—A;a) and
(8.4) give

(8.11) 't = £(2,2-0;0F € (0.

Now the assertions (8.9) and (8.10) of Theorem 8.1 follow immediately from

(8.4) and Corollary 3.2.
The results (8.9) and (8.10) are sharp for the function

_ (1+0) (2-3) 2

(8.12) f(z) = z 7 (240)

Similarly, we have

THEOREM 8.2. Let the function f£(z) defined by (1.26) be in the class
@b(Z,Z-k;a) for X < 1. Then

) 7 1
(8.13) ‘sz(Z) = m 1l - m lZI
and
lz\l_x
A 1 +a
(8.14) ‘sz(z) = T [1 METerT) |zl)
for z e The results (8.13) and (8.14) are sharp for the function

(8.15) £(z) = z - il%%%§§§ll 22,

THEOREM 8.3. Let X < 1. Then

Q1+)\

(8.16) V(2,2-250) <P ().

PROOF. If f(z) € #(2,2-A;a), then
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QM= £(2,2-0;0)F € P(a) .
Hence we have
(8.17) ot P2, 2-0;0) < V(o).

Applying the linear operator Z(2,1) in (8.17), and using (1.4), we observe
that

(8.18) 22,000 U(2,2-250) < ¥ (w),
which implies (8.16).
COROLLARY 8.1. Let A < 1. Then

9'1+}\

(8'19) ?/}’0(2,2—>\;(X) CWO(C")'

COROLLARY 8.2. Let A < 1. Then

(8.20) ot

?]k(Z,Z—A;u) ka(a)-
Next we prove
THEOREM 8.4. Let A < 1, Then

(8.21) o Y,2-00) < T(0).

PROOF. Since f£(z) € ¥(1,2-A;a) implies that f£(z) e £(2-1,1)¥(a),

we have

(8.22) Y1, 2-00) < 9 L2-2, 1V ()
=£(2,2-0L02-2, 1Y ()
=L,V =T (),

by using the properties of the linear operator involved.



COROLLARY 8.3. Let X < 1. Then

(8.23) o @b(l,Z—A;a) c Wo(a).

COROLLARY 8.4. Let A < 1. Then

(8.24) Qx wkcl,z-x;a) c Wk(a).

Finally, we prove the following theorem involving generalized hyper-

geometric functions.

THEOREM 8.5. Let A < 1. Then

(8.25) 2,2; 1,...,1,2-2; 2)

y2 q+2Fq+l(2""’
)\ *
e 0T 0 7).
PROOF. Note that

(8.26) 32,23 1,0.0.,1,2-2; 2)

z q+2Fq+l(2""
=% 2, nL2,2-000,1;52)

+1+A
=Qq ¢(1,152),

where ¢(1,1;z) is defined by (1.10). It is easy to show that

(8.27) $(1,132) ¢S (1) n ¥,

which obviously completes the proof of Theorem 8.5.

33.
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