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Abstract

Given a graph G=(V, E), a set of vertices S 1s irredundant 1if for no vertex vin S
1s the closed neighbourhood of v contained 1n the union of the closed neighbourhoods of
the vertices in S-{v} The irredundant Ramsey Number s(m, n) 1s the least value of p
such that for any p-vertex graph G, either G has an 1irredundant vertex subset of at least n
vertices or its complement G has an irredundant vertex subset of at least m vertices The

existence of these numbers 1s guaranteed by Ramsey's theorem We prove that s(3, 3) =
6, s(3,4) =8, s(3, 5) = 12, and s(3, 6) = 15
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Chapter 1

Introduction

In 1930, Frank Ramsey proved a remarkable result which has been the subject
for a great amount of research A special case of Ramsey's theorem can be stated as
follows "Given two positive integers, m and n, there exists a minimum 1integer p, such
that any p-vertex graph either contains an independent vertex subset of size n, or 1ts
complement contains an independent vertex subset of size m " The number p 1s called a
Ramsey number and 1s denoted by r(m, n) These numbers have proved very difficult to
evaluate and only seven nontrivial values have ever been calculated A generalization of
the definition, by Chvdtal and Harary[10], has provided a fruitful area of research in
which many results have been published The purpose of this thesis 1s to present a new
generalization of these numbers and calculate four nontrivial values

We generalize the definition to "Given two positive integers, m and n, there
exists a mmimum 1nteger p, such that any p-vertex graph either contains an irredundant
vertex subset of size n, or 1ts complement contains an wrredundant vertex subset of size
m" We call p the irredundant Ramsey Number s(m, n) The existence of these numbers
1s guaranteed by Ramsey's theorem The property of irredundance which generalizes
independence was first introduced 1n 1976 by Cockayne, Hedetniemi, and Miller[15] A
set of vertices S 1s irredundant 1f for each vertex v 1n S, the closed neighbourhood of v 1s

not contained 1n the union of the closed neighbourhoods of the vertices in S-{v} Since



wrredundance 1s a more complicated property than independence, we anticipate that these
numbers will also be very difficult to evaluate

In Chapter 2, background material on graph theory, urredundance, and Ramsey
theory 1s given and we survey known results 1n (1) independence, domination, and
uredundance, (11) Ramsey theory, and (111) generalized Ramsey theory

In Chapter 3, we calculate the first three nontrivial irredundant Ramsey numbers
We prove that s(3, 3) = 6, s(3, 4) = 8, and s(3, 5) = 12 The number s(3, 3) =6
follows directly from Ramsey theory We prove s(3, 4) = 8 and s(3, 5) = 12 by
contradiction The construction used for these proofs 1s similar However, the
construction proves too complicated to calculate s(3, 6) In Chapter 4, we prove s(3, 6)
= 15 using a new technique

We feel that irredundant Ramsey numbers can be calculated for all values for
which classical Ramsey numbers are known The numbers calculated so far have proved
some what more difficult to calculate than the corresponding Ramsey numbers Each

evaluation appears to be a new and challenging problem



Chapter 2

Preliminaries

21 - Graph Theory

The purpose of this section 1s to provide an overview of the basic graph theory
used 1n this thesis  If more detail 1s required, the reader 1s refered to Bondy and Murty[6]
or Harary[26]

A graph G 1s an ordered pair of sets (V(G), E(G)) V(G) 1s called the set of
vertices The elements of E(G) are unordered pairs of distinct vertices and are called
edges When the graph 1n question 1s clear from context, we will drop the G and simply
write (V, E) For the remainder of this section let G and H be graphs

If u and v are vertices of G, an edge {u, v} € E 1s said to be incident with the
vertices u and v The vertices u and v are called the ends of the edge We will write uv
to denote such an edge We also say u and v are incident with an edge e

Two vertices u, v 1n V are said to be adjacent 1if there exists an edge with which
both vertices are incident Vertices u and v are nonadjacent 1if no such edge exists A
vertex v 18 adjacent (nonadjacent) to a set of vertices T 1f every vertex 1n T 1s adjacent
(nonadjacent) to v

We let p(G) and q(G) denote the number of vertices and edges in G,
respectively Again we will drop the G and write p, ¢ when the graph 1s clear from

context

A subgraph H of G, wntten G D H, 1s a graph whose vertex set 1s a subset of



V(G), and whose edge set 1s a subset of the edges of G which have both ends 1n V(H)
Suppose T 1s a nonempty subset of V(G) The subgraph of G whose vertex set
1s T and whose edge set 1s the set of edges of E(G) with both ends 1n T, 1s the called the

subgraph of G induced by T, denoted by G[T] We say G[T] 1s an induced subgraph of
G

The union of G and H, denoted G U H, 1s the graph with vertex set V(G) U
V(H) and edge set E(G) U E(H)

A path of length n 1s a set of n+1 distinct vertices, say v(, Vi, , Vp, such that
vy 1s adjacent to vi41 for1=0, 1,2, ,n-1 We denote such a path by P, We say P,
18 a path from v tov,, A cycle or circuit of length n1s a set of n distinct vertices, say
Vi, ,Vp,such thatv,1s adjacenttov;4q for1=1,2, ,n-1 and vy 1sadjacentto vy
We denote such a cycle as C, If n 1s odd (even) we say C,, 1s an odd cycle (even
cycle) Given a cycle v, V], ,Vp,achord 1s any edge from v, to v; where -l # 1
mod n

A graph 1s connected 1f there exists a path from u to v for any two distinct
vertices uand v A connected graph with no cycles 1s called a tree

A complete graph G 1s a graph 1n which every two distinct vertices are adjacent
A complete graph on n vertices 1s denoted by K, A clique 1s a subgraph H of G such
that H 1s a complete graph An independent set (of vertices), T, 1n G 1s a set such that
G[T] contains no edges A independent set of edges 1s a set in which no two edges are
incident with the same vertex

G 1s called biparnite 1f the vertices of G can be partitioned 1nto two sets R and S

such that R and S are both independent sets Notice each edge must have one end 1n R

andoneendin S A complete biparnte graph 1s a bipartite graph where each vertex in R



1s adjacent to S If IRl = n and IS| = m then we denote the complete bipartite graph by
Kn,m The following 1s a well known characterization of bipartite graphs

Theorem 2 1 1 A graph 1s bipartite 1f and only 1f 1t contains no odd cycles

Two graphs G and H are called isomorphic 1if there exists a function f V(G) —
V(H) such that f 1s one to one, onto and f(u)f(v) € E(H) if and only 1f uv € E(G) An
1somporphism from G to itself 1s called an automorphism  The set of automorphisms of
a graph together with function composition forms a group called the automorphism group
of G A cyclic graph 1s one which contains the cyclic group Zp(G)asa subgroup of the
automorphism group of G

The complement of G, denoted G, 1s the graph with vertex set V(G) where uv
e E(G) 1f and only if uv ¢ E(G) Notice 1f T 1s a clique 1n G then V(T) 1s an independent
setin G G 1s called selfcomplementary if G 1s 1somorphic to G

The degree of a vertex v e V(G), denoted degi(v), 1s the number of edges 1n
E(G) with which v 1s incident  We will write deg(v) 1if the graph 1n question 1s clear from

context The following result 1s well known

Proposition 2.1 2 Let G be a graph
2 deg(v)=2q
ve V

Corallary 2.1 3 The sum of the degrees of vertices 1n G 1s even

A graph 1s k-regular 1f every vertex has degree k The minimum degree taken

over all vertices 1n G 1s denoted by 8(G) The maximum degree 1s denoted by A(G)




22 - Independence, Domination, and Irredundance

Let G be a graph The open neighbourhood of the vertex v denoted by N(v) 1s
given by N(v) = {ue Viuve E} The closed neighbourhood of v i1s N[v] = {v} U
N(v) More generally we define the closed neighbourhood of a subset X, V 2 X, by
N[X] = Uxe x N[x]

If X, Y are subsets of V, X dominates Y 1f and only 1f N[X] 2 Y If X
domunates V, then X 1s called a dominating set of G

A vertex x 1s called redundant in a subset X 1f N[X-{x}] 2 N[x] and a set X 1s
called irredundant 1f 1t contains no vertex which 1s redundant in X Thus, a set X 18
wrredundant 1f and only 1f for each x € X, N[x] has a vertex which 1s not 1n the union of
closed neighbourhoods of the remainder of X The private neighbourhood, 1(x, X) of x

in X 1s defined by

I(x, X) = N[x] - N[X-{x}]

We will use the following facts about rredundance which are immediate from the
defimition
(1) A set X1s wrredundant 1f and only 1f for each x € X, I(x, X) # &
(1) Any independent set Y 1s also irredundant since foreachy e Y,y €
I(y, Y)
(1) Any element x of an irredundant set X of G which 1s not 1solated in

G[X], has a private neighbour outside the set X

These 1deas can be 1llustrated by the following example Let a graph G represent



a radio broadcast network Let the vertices of G be cities and make two cities adjacent 1f
a radio signal can be sent from one city to the other Finally, let the set T represent the
cities containing a transmutter, all of which broadcast the same signal

All the members of T, plus any vertex adjacent to a member of T receive the
transmutted signal This 1s exactly what we called N[T] T 1s a dominating set if N[T] =
V, 1n other words, every city 1n the network receives the transmitted signal

A redundant element, t € T, 1s a city containing a transmutter such that when the
transmutter 1n t 1s turned off, all the cities which previously received the signal continue to
recewve 1t That 1s, N[T] 1s not reduced with the removal of t ( N[T - {t}] 2 N[T]) Tis
uredundant 1f no such transmutter exists

Consider the network 1n figure 1 We let the transmutters be located at vertices
{1,4,5} This 1s not a dominating set since {8} does not receive the signal To test
whether the set 1s irredundant we use the following scheme Construct a table with one
row for each member ve T On that row, list v together with N(v) The vertices which
appear 1n the table are all the elements of N[T] Cross out any element which appears
more that once Circle all the elements which appear exactly once Notice if vertex u
appears 1n the row associated with v, and u 1s circled, then v 1s not redundant Removing
v from T will remove u from N[T], since u appears in no other rows Therefore, T 1s
rrredundant 1f each row has at least one element circled The circled elements 1n the row
associated with v are precisely the private neighbours of v (I(v, T) ) We can see 1n our
example each vertex in T has at least one private neighbour; and hence, T 1s irredundant
Suppose we were to add {8} to T In our table we would add 8 together with N(8) = {2,
3} Now, 3 appears 1n both N(4) and N(8), thus, 3 must be crossed out At this point 4

no longer has a private neighbour Therefore, T U {8} 1s not an irredundant set



- - Vertices of T = [@]
| N(v)

1 8 7 6 ? %éCD

Figure 1 Example of an irredundant set

We notice uredundance 1s a generalization of independence If a set T 1s
independent, then each vertex v € T 1s not adjacent to any other memberue T 1e ve
N(u) Therefore, 1f we construct the table of private neighbours as we did in our
previous example, each vertex 1n T will be 1ts own private neighbour That 1s, 1n the row
corresponding to v € T, v will be circled since 1t will not appear 1n any other row Thus,
each vertex in T has a private neighbour and hence T 1s rredundant

Extremal independent, dominating, and urredundant sets are related by the

following well-known results

Proposition 221 (Berge[3]) If X 1s maximal independent, then X 1s minimal
dominating

Proposition 2 2 2 (Berge[4]) X 1s a maximal independent set 1f and only 1f X 1s
independent and dominating

Proposition 2 2 3 (Cockayne, Hedetniemi and Miller [15]) If X 1s minimal

dominating, then X 1s maximal irredundant



Proposition 2 2.4 (Cockayne, Hedetniem: and Muller [15]) A set of vertices 1s

uredundant and dominating 1f and only 1f 1t 1s a minimal dominating set

We now define six parameters concerning these types of vertex subsets

The lower (upper) independence numbers 1(G) (B(G)), domination numbers
Y(G) (I'(G)) and irredundance numbers 1r(G) (IR(G)) are respectively the smallest
(largest) cardinalities of maximal independent, minimal dominating and maximal
wrredundant sets of vertices of G

It follows from the above propositions that for any graph G

1r(G) £Y(G) £1(G) £B(G) £T(G) £IR(G)

A great deal of recent research has been done with these six parameters For an excellent
survey see Hedetniemi, Laskar, and Pfaff[27] We present a sample of well known
results

Bollobds and Cockayne[5] proved the following using the properties of I(x, X)

Theorem 22 5 Suppose that a vertex u 1s not dominated by a maximal irredundant set
X Then for some x 1n X
(@) I(x, X)1s contained in N(u), and
(b) forxq, x5 1n I(x, X) such that x1 # xp, either x1 and x are adjacent or for
1=1, 2 there exuts t; 1n X - {x} such that x, 1s adjacent to each vertex of I(t;,
X)
They also generalized a result of Allan and Laskar[2]

Theorem 2 2.6 For any graph G, y<2ir- 1
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The first results involving the parameter IR(G) were published by Cockayne,
Favaron, Payan, and Thomason [14]
Theorem 2 2 6 If a graph G = (V, E) has no 1solated vertices, then the complement V -
X of every urredundant set X 1s a dominating set
Corollary 2 2 7 For any graph G with p vertices, Y+ IR <p
Theorem 2 2 8 If a graph G has p vertices, none of which 1s 1solated, and y + IR = p,
then =T =1IR
Theorem 2 2.9 If a graph G has p vertices and minimum degree & = 2, then y + IR <
p-0+2
Theorem 2.2.10 For any bipartite graph G, p =T =1IR
Theorem 2.2 11 For any graph G, 1+ B < 2p + 25 - 2V(2pd)

They conjectured the following theorem which was later proved by O
Favaron[21]
Theorem 2.2 12 For any graph G, 1 + IR <2p + 28 - 2V(2pd)

For a vertex u which 1s not dominated by the maximal wrredundant set X, we
define X; = {x € X I N(u) 2 I(x,X) }
Theorem 2 2 13 Suppose IR > I" Then for all maximum 1rredundant sets X which
dominate the greatest number of vertices and each u not dominated by X, IX,;| =2

Cockayne, Favaron, Payan, and Thomason also presented a graph with all
unequal parameters (wr=2,y=3,1=4,=7,['=9,and IR =10)

Cockayne and Mynhardt[16] showed that for any sequence of 6 integers my,
mgsuchthat 1 <mj;<mp<  <mgand m) <2my, there exists a graph such that 1r =

mi,Yy=my,1=m3, 3 =my, ' =ms5,and IR = mg



11

2.3 - Ramsey Theory

One of first problems given 1n any graph theory course 1s the following "Given
any group of six people, prove either three people are mutual friends or three people are
mutual strangers " Let p be a person 1n a group of six people Partition the five
remaining people 1nto two sets Let F denote the set of friends of p and let S denote the

set of people with whom p 1s a stranger

Suppose the set F contains three or more people If all of these people are
mutual strangers, then we have a set of three mutual strangers On the other hand, 1f any
two members of F are friends, then these two together with p are a set of three mutual
friends

If F does not contain three or more people then S must contain at least three
people since ISI + IFl =5 If all the members of S are mutual friends, then a set of at least
three mutual friends exists On the other hand, if any two members of S are strangers,
then these two together with p form a set of three mutual strangers

We can use this result to solve a similar problem "Given a group of ten people
prove either four people are mutual friends or three people are mutual strangers " Let p
be a person 1n a group of ten people As before, let F be the friends of p and S be the
people whom p does not know Either F contains at least six people or S contains at least
four people, since IFl + ISI =9

Suppose F contains at least six people From our previous result, we know
either three people 1n F are mutual strangers or three people 1n F are mutual friends In
the latter case, p together with these three friends forms a set of four mutual friends

If F does not contain at least six people, then S must contain four If all the
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people 1n S are mutual friends then a set of four friends exists If two people 1n S are
strangers, then p together with these two forms a set of three mutual strangers

The following theorem generalizes these two situations
Theorem 2 3.1 Let my, mp, , my all be at least r, then there exists a smallest
integer

N=r(my, ,myg,71)

so large that 1f we have any set of N objects, and we partition all the r-subsets of this set
arbitrarily into k classes, C1, Cp, , Cy, then there are my objects all of whose
r-subsets are 1n class Cy, forsome x=1,2, ,k

This theorem was first proved in 1930 by Frank Ramsey[32] It was
rediscovered and popularized by Erdos and Szekeres in 1935[19] The integer N 1s
called the Ramsey number and denoted by r(my, , my, 1)

In the above examples, we proved 1(3, 3, 2) <6 and r(3, 4, 2) <10 Consider a
set, S, of people We partition the 2-subsets of S 1n the following fashion Letu,ve S
If u and v are strangers, then {u, v} 1s placed in C{ If u and v are friends then {u, v} 1s
placed in Cy Suppose ISI = N(m1, m», 2), Ramsey's theorem says either there exists a
subset of S of s1ze at least my, all of whose 2-subsets are 1n Cq, or there exists a subset
of S of size at least mp, all of whose 2-subsets are in C» 1e There are m{ mutual
strangers 1n S or there are mp mutual friends 1n S

Increasing the number of classes from 2 to m 1s equivalent to increasing the types
of relationships between people, from two ( friends and strangers ) to m

Graph theory 1s a powerful tool for examining Ramsey's theorem when r 1s two
If we let the objects of our set, S, be the vertices of the complete graph Ky, then the

2-subsets of S are the edges of the Ky Partitioning the 2-subsets of S 1s equivalent to
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partitioning the edges of Ky 1nto m classes Quite often we call this partitioning an
edge-colouring of K,

A k-colouring of the edges of a graph G 1s a function f E(G) — (1,2, ,k}
Ramsey's theorem says there exists an integer N such that whenever the edges of Ky are
k-coloured arbitrarily, a complete subgraph of m; vertices, all of whoses edges are colour
1, exists for some 1 When r 1s two, we will simply write the Ramsey number as r(mf,

» M)

In this thesis we will be intrested 1n the case when k =2 Our previous examples
can be stated as follows "If the edges of K¢ (K1) are coloured red and blue arbitrarily,
either a set of three vertices forms a red K3 or a set of three (four) vertices forms a blue
K3 (K4) " Hence, 1(3,3) <6 and r(3,4) < 10

A natural correspondence exists between a graph G on n-vertices and a
2-coloured K;, Let the edges of G be the red edges 1n the K, and the edges of G be the
blue edges in K;; Now a red chique 1n K, 1s a clique 1n G, which 1s an independent set
nG Similanly, a blue clique 1n K, 1s an independent set n G 1e achque n G

We may now define Ramsey numbers 1n terms of independence The number
r(m, n) 1s the mimmum 1nteger p such that any graph on p vertices either has B(G ) > m
or B(G) > n To 1llustrate with our two examples, given a graph G on six (ten) vertices,
either G contains an independent set of size at least three ( four ) or G contamns an
independent set of size at least three

The problem of computing exact values for r(m, n) has proved to be very
difficult For a survey of known results and bounds see Chung and Grinstead[8] In

1955, Greenwood and Gleason[25] calculated four nontrivial values ( One can easily

verify r(1, n) = 1 and r(2, n) = n ) Since that time, only three more values have been
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computed Table 1 contains all known values together with upper and lower bounds for
some other numbers Trivially, r(m, n) = r(n, m)
Only one three colour Ramsey number has ever been calculated Namely, r(3, 3,

3) = 17 by Greenwood and Gleason[25]

m 3 -+ 3 6 7 8 g
n
3 6 9 14 18 23 28/29 36
4 18 25/28 34/44
5 42/55

Table 1 All known 2 colour Ramsey numbers, r(m,n ), and
some bounds

The problem of computing a Ramsey number, r(m, n) involves two steps
Farstly, a lower bound for the number 1s obtained by contructing a graph G on p1 vertices
with B(G) < m and B(G) < n and hence r(m, n) > p; G 1s called a (m, n)-graph
Secondly, one must show that every graph on pp vertices must have either B(G)=mor
B(G) 2 n This establishes r(m, n) < pp In the event that p; + 1 = pp, a Ramsey
number has been calculated

While no general method exists for constructing graphs to obtain lower bounds,
the study of cyclic graphs has been very useful Cyclic graphs attain the lower bound for
r(3,3), r(3,4), r(3,5), 1(3,9) and r(4,4) In other cases however, no cyclic (m,n)-graph
exists on r(m, n) - 1 vertices See Chung and Grinstead[8]

The advantage of using cyclic graphs 1s that the number of graphs which must be
examined 1s greatly reduced, making a computer search feasible New lower bounds for

r(4,7), 1(4, 8), 1(4,9), 1(5, 7) and 1(5, 8) were recently established by Radziszowsk1 and
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Kreher[31] using computer searches
The following result due to Erdos and Szekeres[19] and Greenwood and
Gleason[25] has been useful for computing upper bounds of r(m, n) when m and n are
small It appears that upper bounds too large are produced when m or n gets large
Theorem 2.3 2 For any two integers m = 2, n = 2,
r(m,n) <r(m,n-1)+r(m- 1, n)

Furthermore, 1f r(m, n - 1) and r(m - 1, n) are both even, then strict inequality applies

Much better upper bounds can be produced when m = 3 using techniques
developed by Graver and Yackel[24] and by Kalbfleisch[29]

For v € V, denote the graph induced by the set of vertices adjacent to v by Hy(v)
and the graph induced by the set of vertices nonadjacent to v by Ha(v) We say the
vertex v 1s preferred

If G 1s a (m, n)-graph and v 1s a preferred vertex, then Hj(v) and Hp(v) are
(m-1, n) - and (m, n-1) - graphs respectively
Lemma 2 3 4 (Graver and Yackel [24]) If G 1s a (m, n)-graph on p vertices, then
r(m-1, n)-1 1s the maximum possible degree for any vertex of G and p - r(m, n-1) 1s the
minimum possible degree for a vertex of G

Given a (3, n)-graph G with preferred vertex v, H{(v) must be an independent
set, hence, the maximum possible degree in Gisn -1 This implies every edge must be
in Hy(v) or be incident with exactly one neighbour of v Let Z(v) denote the sum of the
degrees of the neighbours of v

This implies 1n any (3, n) - graph G wath preferred vertex v, q(G) = Z(v) +

q(Hp(v)) If we had a lower bound on the number of edges 1n (3, n - 1) -graphs (1¢
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H»y(v) ), we would have a lower bound on q(G) - Z(v) If we knew something of the
degrees of vertices 1n Z(v), we could maximize q(G) - Z(v) In the event this maximum
value 1s less than the lower bound for q(Hy(v)) calculated above, we would have a

contradiction to show G 1s not a (3, n)-graph See Kalbfleisch[29]
A great deal of work has also been done on asymptotic values for r(m, n)

Using the recurrence inequality,

r(m,n) <r(m-1,n) + r(m,n - 1)

r(m, n) < (m+n-2 )
m-1 :

r(m, m) < ¢ 4M m-1/2

we can conclude,

This implies

for some constant ¢ Graver and Yackel [24] proved that
1(3,n) <c (112 log log n) / (log n)
In general,
r(m, n) < ¢ (nm-1 log log n)/ (log n),
where the constant ¢ depends on m For fixed n > 3 they conjectured that r(m, n) =
mn-1+¢ asymptotically 1n m, where ¢ 1s a constant  Very recently Ajta1, Komlés and
Szemerédi[1] have shown

R(3,n) <cn?/logn

Erdos used an existence argument to construct the following lower bound
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Theorem 2 3.6 (Erdos [17]) If

n
OERC
then r(n, n) >t
Using Stirling's formula,
r(n,n) >n 22 [1/ (e V2)+o(1)]

where o(1) 1s some term such that imy _ye 0(1)/n =0

The proof of this theorem does not construct an explicit graph, but uses a
probabilistic argument to show there exists an (n, n) - graph on t vertices

The lower bound can be improved by a factor of 2 using the Lovdsz Local

Theorem (see Spencer [35])

Theorem 2.3 8 (Lovasz Local Theorem [18]) Let G be a finite graph with
maximal degree d and vertices 1, ,m Let A1, ,Ap beeventsin a probability space
such that A, 1s independent of {AJ {1J€E(G) } Assume P(A))<pfor1<i<m If
4dp < 1 then

PAA] Ap)>0

When m and n are distinct, the following result of Spencer [35] generalized
Erdos' argument

Theorem 2 3.7 If for some p,0<p <1,

(rth(g)Jf(r:l)(l (G <1

then



18

r(m, n) >t
Erdos proved using the probabilistic method when m =3
(3, n) = ¢ k%/ (log k)2

Notice this 1s very close to the upperbound of Ajtai, Komlés, and Szemerédi[1]

24 - Generalized Ramsey Theorey

The new results 1n this thesis are a generalization of the Ramsey numbers above
In this section we will sample the results of another generalization For an excellent
survey of this area see Burr [7]

Let Gy, ,Gp be graphs The (generalized) Ramsey number 1(G1, , Gp)
1s the least number n such that when the edges of K, are coloured arbitrarily with m
colours, there exists an 1 such that the 1th coloured subgraph contains a G; Although
very few Ramsey numbers are known, a remarkable number of generalized Ramsey
numbers have been calculated

The classical Ramsey numbers are produced when each of the G,'s are complete
graphs Since a complete graph on n vertices contains any graph on n vertices as a
subgraph, the classical Ramsey numbers are upper bounds for generalized Ramsey
numbers Hence, generalized Ramsey numbers are finite

The simplest result 1n generalized Ramsey theory 1s 1(G, K9) = n, where G 1s
any graph on n vertices Colour the edges of K, red and blue If no blue edges exist,
then G 1s a subgraph of the graph induced by the red edges, since all the edges are red
and G must be a subgraph of K, If a blue edge exists 1n the colouring, then a blue K7
exists To establish the lower bound, colour a K;;_1 red Neither a red G nor a blue Ky

€x1sts
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We now present five generalized Ramsey theory results

Theorem 2.4 1 (Gerencsér, Gydrfds [22]) If m = n, then

1(Pm, Pp) =m+[n/2] - 1
Theorem 2 4 2 (Rosta, Faudree, Schelp [33, 34, 20]) If m > n, n odd, and (m, n) #
(3, 3), then

1(Cpy, Cp) =2m-1

If m > n, m, n even, and (m, n) # (4, 4), then

1(Cm, Cp)=m+n/2-1
If m > n, modd, n even, then

r(Cp, Cp) =max(m+n/2-1,2n- 1)

Finally,

1(C3,C3) =1(Cyq, Cqg) =6

Theorem 2 4 3 (Chvidtal, Harary [12])

r(Kp, 2K2)=n+2
If G has n points and 1s not complete, then

1(G, 2K9) =n +1

(Here 2K7 denotes Ko U Ky This notation generalizes 1n the obvious way )

Theorem 2 4.4 (Chvatal [9]) If T 1s a tree on m points, then

(T, Kp) = (m-1)(n-1) + 1

Theorem 2 45 (Cockayne [13]) Let T be a tree on m points which has a point of

degree one adjacent to a vertex of degree two Then



(T,Kyp)=m+n-2,
provided one of the following four conditions holds
m=0,2(modm-1)
m#1(modm-1) aman(m-3)2
m#1l(modm-1)andn=1 (mod m - 2)
or

n=-1(modm-1)andn>m-2

20
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Chapter 3

Irredundant Ramsey Numbers

In this chapter we define the irredundant Ramsey numbers, s(m, n), and prove s(3,3)=6,

s(3,4)=8 and s(3,5)=12

3.1 - Defimtion of Irredundant Ramsey Numbers

In the previous chapter we presented results 1n Ramsey theory and generalized
Ramsey theory In both cases, the results always have the same form If the edges of a
sufficiently large complete graph are partitioned 1nto k classes and the subgraph induced
by each class 1s examined, we are guaranteed to find a predetermined structure 1n one of
the subgraphs In the case of classical Ramsey numbers, the structure 1s an complete
graph (or alternativly an independent set) of predetermined size In the case of
generalized Ramsey numbers, the structure 1s a predetermined subgraph

We can define anlogous numbers for irredundance Informally, if we partition
the edges of a sufficiently large complete graph into two classes, and hence produce two
subgraphs, an 1rredundant set of size m must appear 1n the first subgraph or an
wrredundant set of size n must appear 1n the second subgraph, where m and n are positive
integers Again, partitioning the edges of a complete graph on p vertices 1nto two classes
1s equivalent to selecting an arbitrary graph on p vertices -- one class representing the

edges of the graph, the second class representing the edges of the complement of the
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graph The problem 1s to evaluate how large the complete graph must be 1n order to
guarantee the desired structure We define this number formally The irredundant
Ramsey number s(m,n) 1s the least integer p such that any p-vertex graph G satisfies
IR(G) 2 mor IR(G) > n

Since IR(G) = B(G) for all G, 1t follows that s(m, n) £r(m, n) 1e, any graph
with B(G) > m or B(G) = n must also have IR(G) 2 m or IR(G) 2 n The same
recurrence 1nequality which holds for Ramsey numbers also holds for irredundant

Ramsey numbers The proof 1s analogous and 1s omutted

Proposition 3 1.1 For all positive mtegers m = 2, n 2 2,
s(m, n) < s(m-1, n) + s(m, n-1),

with strict mnequality when s(m-1, n) and s(m, n-1) are both even

The 1nequality for classical Ramsey numbers proved very useful in the
calculation of r(3,3), r(3,4), r(3,5) and r(4,4) (See Greenwood and Gleason [25])
However, the upper bounds for s(3,4), s(3, 5), and s(3, 6) given by the inequality are
larger than the exact values We have developed new methods for the calculation of these
numbers

For ease of explanation we will abbreviate IR(G), IR(G) to IR, IR, etc and will
refer to the edges of G as red edges and the edges of G as blue edges, respectively
Denote by C(vy, ,vp) the cycle of G with vertex sequence vi, ,vp Extensive use

will be made of the following result

Lemma 3.1.2 The graph G has an wrredundant set of size 3 1f and only 1f there 1s a red
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K3 or there 1s a red 6-cycle C(vy, vo, , vg) and the edges v{v4, vpvs, and v3vg are
blue
Proof LetX = {x,y, z} be uredundant in G There are three cases to consider
(1)  Xisindependent in G and hence forms a red K3
(1) G[X] has exactly one 1solate x 1n G and thus Xy, xz are red and yz
1s blue Since y, z must have private neighbours 1n G, say y1 and
z1 repectively, xy1 and zyq are red, making xzy| ared K3
(1) ﬁ[X] has no 1solates Then 1n G, X, ¥, z have distinct private
neighbours x1, y1,z1 1n V- X It follows that xyq, xz1, yx1,
yz1, zx1, and zyp are all red, while xx1, yy1, zz1 are blue
Therefore C(x, y1, z, X1, ¥, Z1) 1S the required cycle

The converse 1n obvious M

3.2 - Calculation of s(3, 3), s(3, 4), s(3, 5)

Theorem 3.2.1 s(3, 3) =6
Proof Furstly, s(3,3) <1(3,3) = 6 and secondly, the graph C5 has neither an induced
K3 nor a 6-cycle Therefore by lemma 312, IR(C5) <2 Since C5 1s
self-complementary, IR(C5) <2 and hence s(3,3) >5 |

Using lemmas 32 2,32 3, and 3 2 4, we now prove that there 1s no 8-vertex
graph G with IR < 4 and IR < 3 In each of these lemmas, G 1s an assumed
counterexample to this statement We remark that the non-existence of G could also be
extablished by showing that each of the three §-vertex graphs which have B(G) <2and
B(G) <3 (see [30], p 363), have IR(G) =4 However, instead we will 1llustrate the
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use of lemma 312

Lemma 322 Each vertex of G has degree 2 or 3
Proof If G has a vertex u with degree at least four, consider the set U = {uy, up, u3,
ug} where N(u) D U If U 1s independent 1n G, then U 1s irredundant in G and IR > 4,
otherwise some u,u; 1s red, uuuy 1s ared K3 and by lemma 3 12 R>3

If G has a vertex u of degree one or less, then there 1s a set U of six vertices
which are not adjacent tou Since r(3,3) = 6, either U contains a red K3 (1mpossible by
lemma 3 12 ) or a blue K3 In the latter case the blue K3 together with u constitutes a

blue K4 whose vertex set 1s irredundant in G W

Lemma 3 2 3 G does not have adjacent vertices of degree 3
Proof LetV ={1, ,8}and]l,?2 be adjacent vertices of degree 3 Since there 1s no
red K3, N(1) " N(2) = & and we take N(1) = {8, 7} and N(2) = {3, 4} It follows that
34 and 78 are blue, as are all remaining edges jomning 1 and 2

Case 1 Suppose 56 1s red

Vertex 5 1s adjacent to a vertex of {3, 4}, otherwise {1, 3, 4, 5} 1s a blue K4
We assume 45 1s red Siularily, to avoid the blue K4 {2, 5, 7, 8} we take 57 red
Vertex 6 must send a red edge to {3, 4} to avoid the blue K4 (1, 3,4, 6} If 46 1s red,
then{4, 5, 6} forms a red K3, hence, 46 1s blue and 36 1s red Simularily 68 1s red and
67 1s blue To avoid red K3's, we deduce 38, 35, and 47 are blue

There 1s now a red 6-cycle C(1, 2, 3, 6, 5, 7) and by lemma 3 1 2 we deduce
that 16, 25, and 37 cannot all be blue, otherwise IR =3 Hence 37 1sred In future uses

of this 6-cycle structure with lemma 3 1 2, we will abbreviate the previous sentences to
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"By C(1, 2, 3, 6, 5,7), 37 1sred" In fact, the next deduction 1s of this type By C(1,
2,4,5,6,8),48 1sred Every vertex 1in G 1s now saturated (1 e has degree 3) and by
lemma 3 2 2 no more red edges may be added However, the set X = {1, 2, 3, 7} 1s
irredundant in G The private neighbours are as follows 8 € 1(1,X), 4 € 1(2, X), 6 €
1(3, X), and 7 € I(7, X) This ends case 1

Case 2 Suppose 56 1s blue

Each vertex of {3, 4, 7, 8} sends a red edge to either 5 or 6 For example, 1f 35
and 36 are blue, then {1, 3, 5, 6} 1s a blue K4 which implies IR > 4 Further there 1s a
red edge between {3, 4} and {7, 8}, otherwise these vertices form a blue K4 We
assume without losing generality that 35 and 37 are red and deduce that 57 1s blue Since
7 sends a red edge to {5, 6}, the edge 67 1s red Now both 3 and 7 have degree 3,
therefore, all remaining edges to 3 and 7 are blue The set X = {4, 5, 6, 8} 1s
irredundant 1n G, since 2 € 1(4, X), 3 € I(5, X), 7 € 1(6, X), and 1e I(8, X) Notice
no edges added to the graph will destroy these private neighbours, since {1, 2, 3, 7} all

have degree three already This completes the proof W

Lemma 3.2 4 G does not have adjacent vertices of degree two

Proof Suppose the contrary and let 1 and 2 be adjacent in G with degree two Assume
18 and 23 are red It follows that all edges from {1, 2} to {4, 5, 6, 7} and the edges 13
and 28 are blue Let Q ={ ve VIv3and vl are blue } Since 3 sends at most two red
edges to {4, 5, 6, 7} and 1 sends no red edges to {4, 5, 6,7}, IQI =2 If there 1s a blue
edge q1q2€ Q, then {qq1, q2, 1, 3} 1s a blue K4 Hence Q 1s a red clique By lemma
312, nored K3 can exist 1n G, hence IQI <2 Thus IQI = 2 and we assume 34 and 35

are red, 36 and 37 are blue and deduce that 67 1sred Simularily, 8 sends exactly two red
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edges to {4, 5, 6, 7} and by lemma 3 2 2, edge 83 1s blue If both 48 and 58 are red,
then each vertex of Y = {1, 2, 3, 4, 5, 8} either has degree three in G or 1s adjacent to a
vertex of degree three in G Therefore by lemmas 3 2 2 and 3 2 3, no further red edges
may be added to vertices of Y This implies 6 and 7 have degree one 1n G, contrary to
lemma 322 The edges 87 and 86 cannot both be red and so we may assume without
losing generality that 87 and 85 are red while 86 and 84 are blue To avoid the blue K4
{2, 4, 6, 8}, we deduce that 46 1s red By lemma 3 2 3, all remaining edges joining
vertices of {4, 5, 6,7} are blue By C(3,4, 6,7, 8, 5), IR>3m

Theorem 3.25 s(3,4) =8

Proof Suppose the 8-vertex graph G has IR <3 and IR <2 Lemmas 322,323,
and 3 2 4 imply that G 1s bipartite with independent sets U and Uy, the sets of vertices
of degree two and degree three respectively Either U or Uy has at least four vertices
and 1s rredundant, which shows that IR >4 Therefore, no such G can exist and s(3, 4)
<8

The graph C7 has IR =3 and IR =2, hence s(3,4) >7 W

Theorem 3.2 6 s(3,5) =12
Proof As afirst step 1in showing that s(3, 5) < 12, we prove any counterexample, 1€ a
12-vertex graph G with IR < 5 and IR < 3, 1s regular of degree four Let v be a vertex 1n
G Suppose N(v) 2X = {v{,v2, ,vs} Either X 1sindependent, in which case IR 2
5, or some ViV) 1 red, 1n which case VViVy s a red K3,1¢e IR>3 by lemma 31 2

If v has degree at most three, thenlet Y =V - N[v] Since s(3,4) = 8 and 1Y >
8, 1t follows that IR((—}[Y]) 2 3 which implies IR >3, 0r IR(G[Y]) 24 In the latter case
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v together with an irredundant set of G[Y] forms an irredundant set of G,1e IR>5

Let V= {1, , 12} and without losing generality assume that N(1) = {2, 10,
11, 12} and N(2) = {1, 3, 4, 5} It follows that {2, 10, 11, 12} and {1, 3, 4, 5} are
blue K4's and that all edges joining {1, 2} to {6, 7, 8, 9} are blue The four vertices
{6, 7, 8,9} cannot be independent (otherwise {1, 6, 7, 8, 9} forms a blue K5) nor can
these vertices contain a red K3  Further, each vertex of {6, 7, 8, 9} sends at least one
red edge to each of the sets {10, 11, 12} and {3, 4, 5} to avoid blue Kg's If for
example, vertex 6 did not send a red edge to {3, 4, 5}, then {1, 3, 4, 5, 6} forms a blue
Ks Therefore, no vertex of G[{6, 7, 8, 9}] has degree three Hence, the induced (red)
subgraph 1s one of the following five shown 1 Figure 2 In all five cases, the edges 68

and 79 are blue and 89 1s red

9 8 7
(i} o————e ° #
(1) e ° ° »
(i  ee———— ety
(v) e ° ° @

Figure 2 Possibilines for G[{6, 7, 8, 9}]



28

Vertex 9 sends a red edge to {3, 4, 5} to avoid the blue K5 { 1, 3, 4, 5, 9}
Hence we assume 59 1s red and by a similar argument to avoid the blue K5 {2, 9, 10, 11,
12}, we may suppose 9 10 1s red The vertex 8 also sends a red edge to both {3, 4, 5}
and {10, 11, 12} but cannot have a red neighbour in common with 9, otherwise a red K3
results We assume, without losing generality, that 84 and 8 11 are both red and deduce
911,810,510, 4 11, 49, 58 are all blue

We next use C(1, 11, 8, 9, 5, 2) and C(1, 10, 9, 8, 4, 2) to deduce 5 11 and 4
10 are red

Two cases are now required to show that each of the possibilities of Figure 2 1s
mmpossible

Case 1 Suppose G[{6, 7, 8, 9}] 1s one of the graphs of Figure 2(1) or (11)

In G[{6, 7, 8, 9}] we know 89 1s red, 78 may be either blue or red and the
remaining edges are blue

If 9 12 were red, then C(1, 12,9, 8, 4, 2) implies 12 4 1s red which gives vertex
4 degree fourin G Then {1, 4, 6,7, 9} 1s a blue K5 and we deduce that 9 12 1s blue

Smmularly, 1f 39 1s red, C(2, 3, 9, 8, 11, 1) requires 3 11 red Now 11 1s
saturated and {2, 6,7, 9, 11} 1s a blue K5 Therefore 39 1s blue

Hence only the three red edges 59, 10 9, and 89 are incident with 9, contrary to
the 4-regular property established above

Case 2 Suppose G[{6, 7, 8, 9}] 1s one of the graphs of Figure 2(111), (1v), or
v) In G[{6, 7, 8, 9}] we assume 76 1s red, 78 and 96 may be either blue or red and
the remaining edges 68 and 79 are blue These assumptions cover all the three cases of
Figure 2(u1), (1v), and (v)

Vertices 7 and 6 must each send a red edge to {10, 11, 12} to avoid the blue
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Ks's {2, 10, 11, 12, 6} and {2, 10, 11, 12,7} Further 7 and 6 can not join the same
vertex of {10, 11, 12} with red edges, otherwise a red K3 results Therefore, there 1s a
red edge from {7,6} to {10, 11} and we assume 7 10 1sred It follows that 6 10 and 47
are blue 1n order to avoid the red K3's {6, 7, 10} and {4, 10, 7}

Vertex 10 now has degree four in G Hence 3 10 1s blue and C(2, 1, 10, 7, 6,
3) implies 63 1s blue Also, C(2, 1, 10, 7, 6, 5) implies that 65 1s blue We deduce that
64 1s red to avoid the blue K5 {1, 3,4, 5, 6}

Vertex 4 now has degree four in G and so 4 12 1s blue This requires 7 11 to be
blue by C(4, 10,7, 11, 5, 2) and 7 12 to be blue by C(7, 12, 1, 2, 4, 6)

We now deduce that 9 12 1s red to avoid the blue K5 {2,7,9, 11, 12} But this
1s impossible by C(4, 2, 1, 12, 9, 8) This completes the proof of Case 2 and hence
s(3,5) <12

The lower bound for s(3, 5) was established using a computer search on cyclic
graphs with the program 1n Appendix A The 11-vertex graph depicted in Figure 3 has
IR=4andIR =2, hence s(3,5)> 11 W

The proof methods for theorems 3 2 5 and 3 2 6 are obviously very similar If a
similar proof 1s used to calculate s(3,6), the number of cases to examine 1s much larger
For this reason a new proof technique 1s used to show s(3,6) = 15 Thus 1s presented 1n

chapter 4



Figure 3 An 11-vertex graph with IR=4 andIR =2

30
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Chapter 4

Calculation of s(3,6)

In this chapter we show every graph on 15 vertices must have IR>3 or IR > 6
In the following G 1s an assumed counterexample 1¢ a 15-vertex graph with IR < 3
and IR <6 The calculation 1s finally completed by the presentation of a 14-vertex graph

withIR=2andIR =5

Lemma 4 1 Each vertex of G must have degree three, four, or five
Proof Suppose there exists a vertex v in G with degree greater than five Let N(v) 2 X
={vy,v2, ,vg} If Xcontamns ared edge, then a red K3 1s formed together with v
and hence IR >3  On the other hand, 1f X contains no red edges, then a blue K¢ exists
and we have IR 2 6

Suppose vertex v has degree two or less Let Y =V - N[v] Since s(3,5) =12
and Y1 > 12, we conclude IR(G[Y]) = 3 or IR(G[Y]) 25 In the latter case, we can add

v to any 1rredundant set in Y and get IR(G) =26 ®m

41 - Any counterexample contains no vertex of degree five
In this section using a sequence of lemmas we show that G has no vertex of
degree five Suppose to the contrary that G has a vertex v of degree five Let Y = N(v)

={a,b,c,d,e}andlet X =V -N[v]={1,2,3, ,9}
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Lemma 4 1.1 Suppose vertices v{, v, and v3 1n X form the vertex sequence of a red

P3 and v1, v3 both send red edges to Y Then v{ and v3 have a common red neighbour

mY
Proof Suppose to the contrary that v1 and v3 do not have a common red neighbour 1n
Y Assume vis and v3t are red, where s,teY By C(v, s, vq, v2, v3, t), we conclude
IR > 3 since vt and v3s are blue by assumption M

Notice Y 1s a blue K3, otherwise, a red K3 1s formed together with v Also,
every vertex 1n X must send a red edge to Y If a vertex u € X did not send an edge to
Y, then u together with Y forms a blue K¢, contrary to the assumption IR < 6
Therefore, every vertex 1n X sends ared edgeto Y Hence, lemma 4 1 1 1s applicable in
this case to all v, v2, v3 which form (in sequence) a red P3 1n X

We will use lemma 4 1 1 many times 1n this chapter and for ease of presentation,
we will write "By P3(v1, v, v3), v and v3 have a common red neighbour in Y "
Lemma 4 12 G[X] contains no 5-cycle
Proof Assume G[X] contains a 5-cycle Without loss of generality, let the red 5-cycle
have vertex sequence 1, 2, 3,4, 5 By P3(1, 2, 3), 1 and 3 must have a common red
neighbour n Y Assume la and 3a are red Similarily, 2 and 4 have a common red
neighbour n Y Notice this vertex must be different from a since 2 cannot join a
neighbour of 1, otherwise, a red K3 1s formed Assume 2b and 4b are red To avoid red
K3's 1b and 4a are blue By C(v, a, 1, 5, 4, b), we conclude IR>3 m

We now show using similar techniques that G[X] cannot contain a 7-cycle

Lemma 4.1 3 G[X] contains no 7-cycle

Proof Assume a red 7-cycle with vertex sequence 1, 2, 3, 4, 5, 6, 7 exists  As above,



33

assume la, 3a, 2b, and 4b are red Also by P3(3, 4, 5), 3 and 5 have a common red
neighbour in Y
Case 1 Suppose 6a1s red

Edge 3b 1s blue since 2b 1s red and 5a 1s blue since 6a 1s red, hence, assume 3¢
and Sc are red without loss of generality Now, C(v, a, 6, 3, 4, b) exists and 4a must be
blue since 3a1sred If 6b 1s blue, then by lemma 3 1 2, IR>3 contrary to our choice of
G

Therefore, 6b must be red By P3(7, 1, 2), 2 and 7 have a common red
neighbour n Y Both 2a and 2c are blue since 3 joins both a and ¢ Edge 7b 1s blue
since 6 joins b Therefore, assume 2d and 7d are red

Edge 7c must be blue to avoid C(v, ¢, 7, 1, 2, b) By C(v, ¢, 5, 6,7, d), 5d 1s
red Now, C(v, a, 3, 4, 5, d) exists with 3d blue, since 2d 1s red and 5a blue, since 6a 1s
red Therefore, IR>3 by lemma 3 12

Case 2 Suppose 6a 1s blue

By P3(1,7, 6), 1 and 6 have a common red neighbourin Y Since 2b 1s red, 1b
1s blue Assume 1c and 6¢ are red Simularily, assume 5d and 7d are red (Edges 7a and
7c are blue since 1a and 1c arered Edge 5b1s blue since 4bisred )

By C(v, a, 1, 7, 6, b), 6b must be blue By C(v, b, 4, 5, 6, ¢), we conclude 4c
1s red This implies 3c 1s blue Edge 2d must be blue to avoid C(v, c, 4, 3, 2, d) By
C(v,d, 7, 1, 2, b), 7b must be red Further, 3d must be blue to avoid C(v, c, 1, 2, 3,
d) By C(v, a, 3, 4, 5, d), 5a must be red Hence, C(v, a, 5, 6, 7, b) gives the

contradiction IR >3 W

Lemma 4 1.4 G[X] contains no 9-cycle
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Proof Suppose to the contrary that 1,2, , 9 1s the vertex sequence of a red 9-cycle
As before, assume without loss of generality that 1a, 3a, 4b, and 2b are red

Case 1 Suppose 8a 1s red By P3(5, 6, 7), 5 and 7 have a common red
neighbour n Y This vertex cannot be a or b since 8a 1s red, implying 7a 1s blue, 4b 1s
red, implying 5b 1s blue Therefore, assume Sc and 7c are red

C(1, a, 3,4, b,9) and lemma 4 1 3 imply that 9b 1s blue Since 1a 1s red, 2a 1s
blue Therefore, the common red neighbour of 9 and 2 1n Y cannot be a or b Suppose
2c and 9c are red Then 3c 1s blue and by C(v, a, 3,4, 5, ¢), Saisred Now, C(1, a, 5,
4, b, 2) implies IR>3 Therefore, 1t 1s not the case that both 2¢ and 9c are red Hence
we may assume that 2d and 9d are red

By C(1, a, 8, 7, d, 2) and lemma 4 1 3, 7d 1s blue By C(v, ¢, 7, 8, 9, d), 9¢
must be red and hence 2c must be blue Now, C(v, b, 2, 1, 9, ¢) implies 1R > 3,
contrary to our choice of G

Case 2 Suppose 8a 1s blue

By P3(1,9, 8), 1 and 8 have a common red neighbourin Y Assume 1c and 8c
are red

By C(1, a, 5, 4, b, 2) and lemma 4 1 3, 5a 1s blue Edges 5b and 7c are blue to
avoid red K3's Therefore, the common red neighbour of 7 and 5 1s not a, b, or ¢
Assume 7d and 5d are red By C(v, a, 3, 4, 5, d), 3d 1s red

By C(1, a, 3, 4, b, 9) and lemma 4 1 3, 9b must be blue Edges 9a, 9¢c, and 2d
are blue to avoid red K3's Therefore, the only possible common red neighbour of 2
and9mm Yise ByC(v,b,2,1,9,d),9d 1s blue Therefore, 7e 1s red by C(v, e, 9, 8,
7, d)

Now, C(1,c¢,8,7,e,2) and lemma 413 1mp1y_I_Ii 2 3, contrary to our choice
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of G Therefore, G[X] contains no red 9-cycle ®

Theorem 4.1 5 G contains no vertex of degree five

Proof Usmglemmas 312,412,413, and 414, we conclude G[X] contains no 3-,
5-,7-, or 9-cycles Since IX| =9 and G[X] contains no odd cycles, G[X] 1s bipartite
Therefore G[X] must have an independent set of at least size five This set together with

v forms a blue Kg and hence IR > 6 ®

42 - Any counterexample contains no vertex of degree three
At this point we know that the degree of any vertex 1n a 15-vertex graph G

having IR < 3 and IR < 6 1s three or four We now rule out the former case

Lemma 4.2.1 If u and v are vertices of degree three in G, then either u and v are
adjacent or N[u] "N[v] =&

Proof Suppose u and v are nonadjacent vertices of G of degree three such that N[u] N
N[v] #@ Since IN[v]l = IN[u]l = 4 and the two sets are not disjoint, IN[u] U N[v]I <7

This implies IV(G) - (N[u] U N[v])| = 8 Recall, s(3,4) = 8 and we chose G such that
IR(G) <3 Hence V(G) - (N[u] U N[v]) contains an irredundant set Z of s1ize 4 Then

Z L {u, v} 1s an irredundant set 1n G of size 6, contrary to our choice of G W

Theorem 4.2.2 G contains no vertex of degree three
Proof Suppose veV 1s a vertex of degree three Let N(v) = {a, b, c} and let X = V(G) -
N[v] Since IXI =11, 8(G[X]) =23 To see this, suppose xe X had degree two or less 1n
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G[X] and T = X - N[x] Notice ITI 28 Since s(3,4) = 8, either IR(G[T]) = 3 or G[T]
contains an irredundant set, Q, of size four In the latter case Q U {v, x} 1s an
wrredundant set of size six in G Both cases contradict our choice of G

Note that at most one of {a, b, ¢} has degree three in G For 1f deg(a) = deg(b)
= 3, then a and b are nonadjacent vertices of G of degree three with a common neighbour
v, contrary to lemma 4 2 1 Further no vertex 1n X joins more than one vertex 1n {a, b,
c} because 8(G[X]) = 3 and A(G) <5 Suppose without loss of generality that N(a) N X
={1,2,3},N(b)nX ={4,5, 6}, Nc)nX > {7, 8}

To avoid an independent set in {1, 2, , 6} of size 5, G[{1, 2, , 6}] must
have two 1independent edges If this were not the case, we could remove the one vertex
to which all edges were incident The five remaining vertices would form a blue K5
Thus set together with v would give IR(G) 2 6 Without loss of generality say 14 and 25
arered By C(l,a,?2,5,b,4), 15 or 24 1s red, assume 15 1s red

If {1, 2, 3,7, 8} formed a blue K5, then 1ts union with v 1s a blue Kg Hence
{1, 2, 3,7, 8} contains a red edge Subsets {1, 2, 3} and {7, 8} have no red edges to
avoid red K3's If 71 1s red, then C(v, b, 5, 1, 7, ¢) exusts but 7b and 5c are blue
Similanily 72, 81, and 82 are blue Without loss of generality assume 83 1s red
Similarly, 76 or 86 1s red By C(v, b, 6, 8, 3, a), 86 1s blue and hence 76 1s red
Neither 7 nor 8 1s adjacent in G to any other vertices

If 3 1s adjacent to any 1€ {4, 5, 6}, then C(v, b, 1, 3, 8, ¢) implies IR > 3
Similarily, 6 1s nonadjacent to {1, 2, 3} Hence, {3, 6, 7, 8} all have degree one 1n
G[{1, 2, ,8}]

Now 1f ¢ 1s adjacent to a vertex 9 X, then to avoid the blue K4 {4, 5,7, 8, 9},

95 or 94 1sred Both cases are impossible by C(v, a, 1, 4,9, ¢) and C(v, a, 1, 5, 9, ¢),
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hence degg(c) =3

Let X -{1,2, ,8}={x,y,z} No vertex 1n {x,y, z} sends red edges to
vertices 1n more than one of the sets {1, 2, 3}, {4, 5, 6}, {7, 8} If for example 1x and
6x were red, then C(v, a, 1, x, 6, b) implies IR >3 However, 1t now follows that {3,

6,7, 8} all have degree two 1n G[X] which 1s impossible H

43 - Any counterexample 1s not 4-regular
In this section we use a set of lemmas similar to the ones used 1n section 1 In
fact, the proofs are extensions of the proofs already presented Once again, let G be a
15-vertex graph with IR < 3 and IR < 6 By sections 4 1 and 4 2, we may now assume
G s 4-regular Letv be a vertex in Gwith N(v) =Y ={a,b,c,d} and X=V(G)-Y
Notice that the proof of lemma 4 1 1 1s valid for these new sets X and Y, and

hence that lemma may also be applied to our current situation

Lemma 4 3.1 There are at most two vertices in X that do not send an edgeto Y If two
such vertices exist, then they are adjacent
Proof Since G contains no red K3's, Y 1s a blue K4 If two nonadjacent vertices in X
did not send edges to Y, then a blue K¢ 1s formed with Y This implies B(G) = 6, from
which 1t follows that IR(G) 2 6, contrary to our choice of G

Therefore, the set of vertices in X which do not send red edges to Y must form a

red clique The largest red chique allowed in G by lemma3121saKpy W

Lemma 4 3.2 G[X] does not contain a 5-cycle
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Proof Suppose X has a 5-cycle labeled 1, 2, 3,4, 5 Further, assume {1, 2, 3, 4} all
send red edges to Y This implies 1 and 3 have a common red neighbour 1in Y by P3(1,
2,3) Similarly, 2 and 4 have a common red neighbour in Y Waithout loss of generality
assume la, 3a, 2b, and 4b are red Both 1b and 4a are blue since 2b and 3a are red
respectively Now, C(v, a, 1, 5, 4, b) implies IR > 3

Therefore, (1, 2, 3, 4, 5} must contain two vertices which do not send edges to
Y Without loss of generality, let 4 and 5 be these vertices ( Recall two such vertices
must be adjacent )

Vertices 4 and 5 have degree four Also, the 5 cycle {1, 2, 3, 4, 5} can not
contain any red chords otherwise a red K3 1s formed Assume without loss of generality
46, 47, 58, 59 are red

As before, by P3(1, 2, 3), 1 and 3 have a common red neighbour in Y Assume
laand 3a arered Now, vertex a has degree 3 and therefore can join one more member
of X, but 1 must join a common neighbour of both 8 and 9 ( By P3(1, 5, 8) and P3(1,
5,9)) Therefore, assume 1b, 8b are red Simularily, 3 must join a red neighbour in Y
of 6 and 7 Assume 3c, 6¢ are red (As before a cannot join 6 and 7 Vertex b cannot
join 3 plus a vertex from {6,7} )

Now both 1 and 3 have degree four This implies 1¢ and 3b are blue By C(v,

b, 1, 2, 3, ¢), we conclude IR > 3 contrary to our choice of G W

Lemma 4 3 3 G[X] does not contain a red 7-cycle
Proof Suppose a red 7-cycle exists with vertex sequence 1,2, ,7 The cycle cannot
contain a chord otherwise a red K3, or C5 1s formed, each of which 1s impossible

Case 1 Suppose every vertex 1n {1,2, ,7}sendsanedgetoY
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The proof of this case follows directly from the proof of lemma 4 1 3 and 1s left
to the reader

Case 2 Exactly one vertex 1n {1,2, ,7} does not send ared edgeto Y

Without loss of generality let 7 be this vertex Vertex 7 must join two vertices 1n
{8,9, 10} with red edges since G 1s 4-regular Assume 78 and 79 are red

As before, assume la and 3a are red At least one of {8, 9} sends anedgeto Y
Let 8 be this vertex By P3(6, 7, 8), vertices 6 and 8 have a common red neighbour 1n
Y Assume 6b and 8b are red

By C(v, a, 1, 7, 6, b) and C(v, a, 1, 7, 8, b), erther 1b 1s red or 6a and 8a are
red In the latter case deg(a)=5 which 1s impossible We conclude 1b 1s red

Vertices 6 and 4 must have a common red neighbour in Y Because a has degree
3 and b has degree 4, this common neighbour cannot be a or b Assume 6¢ and 4c are
red Both 6 and 1 have degree 4 Therefore, 6a and 1c are blue By C(v, a, 1,7, 6, ¢)
we conclude IR > 3, a contradiction

Case 3 There are two vertices 1n {1, 2, , 7} which do not send red edges to

Without loss of generality assume these vertices are 6 and 7 In order for 7 to
have degree four, assume 78 and 79 are red Vertex 6's only possible remaining red
neighbour 1s 10 Therefore, 6 only has degree 3, contrary to Theorem 4 2 2

Bylemma 4 3 1, the above cases are exhaustive W

Lemma 4 3 4 G[X] contains no red 9-cycles
Proof Suppose a red 9-cycle exists with vertex sequence 1,2, ,9 We claim every

vertex 1n the 9-cycle sends a red edge to Y If some vertex u did not, then u must send
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red edges to two other vertices 1n G[X] 1n order for deg(u)=4 If u1s on a red chord of
the 9 cycle, then a red K3, Cg, or C7 1s formed Therefore, only one other vertex 1n
G[X] can join u

At this point we can use a stmilar proof to that of lemma 4 14 The details are

omitted MW

Theorem 4 3.5 G 1s not 4-regular

Proof By lemmas 312,432,433, and 4 3 4, G[X] contains no 3-, 5-, 7-, or
9-cycles Since [XI=10, G[X] 1s bipartite This implies B(G[X]) =5 Since v 1s
nonadjacent to X 1 G, we have B(G) 26 This gives IR > 6, contrary to our choice of

Gnm

Figure4 A 14-vertex graphwithIR = 2 andIR = 5
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Theorem 43 6 s(3,6) =15
Proof Lemma 4 1 and theorems 415,422,435 show that s(3, 6) <15 The graph
1n figure 4 1s an example of a 14-vertex graph with IR = 5 and IR = 2 found with a

computer search using the program in Appendix A W

4 4 - Further Results and Open Problems

The asymptotic results obtained for classical Ramsey numbers either follow from
the recurrence relation 1n theorem 2 3 1 or depend on the property of independence For
example, the probablistic results by Erdos[18] and Spencer[34] use the independence
graph for a set of probabilities, see the Lovdsz Local Theorem[18] Since the property of
wrredundance 1s not as strong ( or as simple ) as independence, similar results for
uredundance may be hard to derive

The recurrence relation from theorem 3 1 1 has always produced upper bounds
larger than the exact values of irredundant Ramsey numbers calculated so far, unlike the
first four classical Ramsey numbers calculated by Greenwood and Gleason[25] Perhaps
this relation can be 1improved by a constant term
Conjecture 4.4 1

s(m,n) <s(m-1,n)+s(m,n-1)-c¢

where c 1s a constant

A simple lower bound for s(m, n) can be contructed using the following lemma
Lemma 4 4.2 Let G and H be graphs IR(G U H) = IR(G) + IR(H) IR(G_Jﬁ) =
max (IR(G), IR(H))
Proof First we notice, IR(G U H) £ IR(G) + IR(H) Let S be an irredundant set in G U



42

H Since, no edges run between V(H) and V(G), the private neighbours of the vertices
of G 1n S must also be vertices of G, and the private neighbours of the vertices of Hin S
must be vertices of H Hence, the vertices of G 1n S form an urredundant set in G
Simularily, the vertices of H 1n S form an urredundant set in H Therefore, S can contain
at most IR(G) vertices of G and IR(H) vertices of H 1e ISI<IR(G) + IR(H) Second,
1if we let T be an irredundant set of G of size IR(G) and R be an irredundant set of H of
size IR(H), T U R 1s an mrredundant set in G W H Therefore, IR(G U H) = IR(G) +
IR(H)

Let S be a maximal irredundant set in G U H Notice all the edges between V(G)
and V(H) in G U H are blue Therefore, any set containing one vertex from G and one
vertex from H will dominate G U H and hence contain a maximal irredundant set  Thus,
IS £2,1f S contains vertices from both G and H The result follows whenever IR(G) >

2 or IR(H) =2 2 If both these are one, then IRRGU H)=11

Theorem 4 4 4 Let m and n be integers with m > 2 and n > 2 then
s(m, n) >max (s(m,1)-1+s(m,n-1+1)-1),

where the maximum 1s taken over valuesof1=2,3, ,n-1
Proof LetGq be a graph on s(m, 1) -1 vertices such that IR(-G—I) <m-1and IR(Gq) <1
-1 Let Gy be a graph on s(m, n - 1 + 1) -1 vertices such that IR(G_z) <m- 1 and
IR(Gp)<n-1

Consider the graph G = G1 U G By the above theorem, G 1s a graph on
s(m,1) -1 + s(m, n -1+ 1) -1 vertices with IR(G) <Sm-landIRG)<n-1 MW

This theorem gives bounds lower than the exact values for all numbers calculated

so far with the exception of s(3, 4) The graph Ky U Cj attains the lower bound for
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s(3,4)

Finally, we believe that irredundant Ramsey numbers can be calculated for all
values for which classical Ramsey numbers are known Perhaps a generalization to more
than two colours 1s possible Methods similar to the one used to calculate s(3, 6) may
help for s(3, n) when n =7 It appears however that each new evaluation will be a new

and challenging problem requiring further original methods
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APPENDIX A

*

* IR TEST Richard Brewster May 1988

*

{
{
{
{* Program to compute IR(G) of cyclic graphs
{* This program reads the first row of the

{* adjacency matnx of a cyclic graph IR1s

{* calculated for both G and its complement using

{* the backtracking procedure Check_IR

PROGRAM IR_TEST (input, output),
USES
Check_IR,

VAR
i,j integer,
first_row STRING,
subset set_type,
cls_nbhd set_type,
PN PN_type,
go_again char,

BEGIN

ShowText,

go_again ='y',

WHILE (go_again = 'y') DO
BEGIN

{*--- Read the number of vertices and ---%
{*--- and the first row of the adjacency ---*)
{*--- matrix ---*)
write('p ),
readln(p),
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write(' Enter the first row ),
readIn(first_row),

{*--- Compute the remainder of the adjacency
{*--- matrix using cyclic permutations of the
{*--- first row
FORi =1TO pDO
IF first_rowli] = '1' THEN

All, i] =true
ELSE
All, i] = false,
All, 1] =true,

FORi =2TO p DO
BEGIN
FORj =2TOpDO
Al jl =AL-1,j-1],
Ali, 1] =Ali- 1, pl,
Ali, i] =true,
END,

{*--- Set preliminary values of IR and subset---*
{*--- for use in Check_IR procedure ---%

IR =0,
FORi = 1TOpDO
subset[1] = false,
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{*--- Send a subset of a single vertex for ---%
{*--- for each vertex in the graph ---%
FORi = 1TO pDO
BEGIN

subset[l] = true,
FORj =1TOpDO
BEGIN
cls_nbhdlj] = Al, jl,
PN[1, j] = Alj, jl,
END,

{*--- Calculate IR using Check_IR ---*}
Check_IR(subset, 1, i, cls_nbhd, PN),
subset[i] = false,

END,

{*--- write results ---*}
writeln(IR =', IR 3),
writeln('Example of set '),
FOR1i =1TO p DO

IF Ex_IR[i] THEN
write(i 4),
writeln,

{*--- take the complement ---*}
FORi =1TOp DO
BEGIN
FORj =1TO pDO
Ali, j| = NOT AL, jl.
Ali, i] =true,
END,
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{*--- Compute IR as above ---*}
IR =0,
FORIi = 1 TOpDO
subset[i] = false,

FORi = 1TO pDO
BEGIN
subset[i] = true,
FORj =1TOpDO
BEGIN
cls_nbhd[j] = Al, jl,
PNI[1, j] = Ali, jl,
END,

Check_IR(subset, 1, i, cls_nbhd, PN),
subset[i] = false,
END,

writeln(IR bar =', IR 3),
writeln('Example of set '),
FORi =1TOpDO
IF Ex_IR[1] THEN
write(t  4),

writeln,

write('go again ? '),
readln(go_again),
END,
END
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{* This unit uses a recursive backtracking program )
{* to compute the largest irredundant set in a graph )

UNIT Check_IR,
INTERFACE
TYPE
set_type = ARRAY[1 20] OF boolean,
PN_type = ARRAY[1 20, 1 20] OF boolean,

VAR
IR integer,
Ex_IR set_type,
p integer;
A ARRAY[1 20,1 20] OF boolean,

* This procedure receives as input, an irredundant set *}
* of a graph The procedure tries to increase the size of *}

{
{
{* the set If the set is larger than any irredundant set *}
{* seen so far, the set and its size are stored *}
{

PROCEDURE Check_IR (subset set_type,
sub_size integer,
largest_el integer,
cls_nbhd set_type,
PN PN_type),

IMPLEMENTATION
PROCEDURE Check_IR,
VAR
i, j, k integer,
new_sub set_type,
new_nbhd set_type,
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IR_test boolean,

Saves PN boolean,
this_row boolean,
New_PN PN_type,

BEGIN
{*--- Test to see if we have a largest IR set ---*}
{*--- If yes, save set and its size ---%}
IF sub_size > IR THEN
BEGIN
IR = sub_size,

FORj =1TOpDO
Ex_IR[j] = subsetlj],
END,

{*--- Try adding elements to increase the set ---*}
FOR1i = (largest_el + 1) TO p DO
BEGIN

{*--- See if the new element has a PN ---*}
IR test = false,
FORj =1TOpDO
BEGIN
IR _test =IR_test OR (Ali, j] AND NOT (cls_nbhd][j]),
New_PN[sub_size + 1, j| = Ali, j] AND NOT
(cls_nbhd[j]),
END,
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{*--- See if the new element destroys any existing PN ---*}
Saves_PN = true,
j=1,
WHILE Saves_PN AND (j <= sub_size) DO
BEGIN
this_row = false,
FORk =1TO pDO
BEGIN
this_row = this_row OR (NOT Ali, k] AND PNJj, KI),
New_PN][j, k] = PNJj, k] AND NOT Ali, k]
END,

Saves_PN = this_row,
j=i+ L
END,

*--- In the event the new element has a private ---%

{
{*--- neighbour and it does not destroy any other ---*
{*--- elements private neighbour, call the procedure ---*}
{*--- recursively with the larger set ---%}
IF IR_test AND Saves_PN THEN
BEGIN
FORj =1TOpDO
BEGIN
new_sub[j] = subset|j],
new_nbhd[j] = cls_nbhd[j] OR A[, j],
END,
new_subli] = true,
Check_IR(new_sub, sub_size + 1, i, new_nbhd,
New_PN),
END,
END,
END,
END
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