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ABSTRACT 

The CORDIC algorithm provides a rich set of operations necessary for digital 

signal processing. The algorithm is analyzed for the fixed- and floating-point data 

implementations. The analysis includes: required number of iterations, lookup 

table size and noise analysis of CORDIC. Based on the above considerations, a 

general purpose, floating-point CORDIC processing element (PE) is presented. 

Simulation results and hardware details of the PE are also presented. The PE 

is to be incorporated in a triangular systolic array. The triangular systolic array 

design for the spectral decomposition of a matrix based on the QR algorithm is 

proposed here. The proposed array is capable of evaluating the eigenvectors and 

the eigenvalues of a given matrix. 
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Chapter 1 

Introduction 

The growing need for real time digital signal processing (DSP) has resulted in 

constant push for the development of faster computing structures. DSP typically 

requires operating on large volumes of data in a minimum amount of time. The 

use of a general purpose computer is not optimal for real time DSP processing. 

Parallelism is a viable approach to satisfy DSP requirements. Systolic or wave­

front array processing is a form of parallel computing with massive pipelining and 

reduced communication requirements. 

The CORDIC algorithm (COrdinate Rotation Dlgital Computer) provides the 

means of performing several elementary operations essential for DSP applications 

[1 , 2, 3]. Volder [1] developed the CORDIC algorithm, which was later generalized 

elegantly by Walther [2]. Walther shows that the implementation of a wide range 

of transcendental functions can be fu lly represented by a single set of iterative 

equations. An asperity of the CORDIC algorithm is the scale factor K . To obtain 

the correct result, one must divide the output by K. Several solutions to the scale 

factor problem were proposed in [2, 3, 4]. 

Naseem and Fisher [5] transformed the original sequential CORDIC algorithm 
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into a parallel one. The modified CORDIC algorithm is based on a large ROM for 

lookup. However, for a given set of inputs, a basic iteration has to be performed to 

extract the rotation directions. The authors were not able to convert this iterative 

step into a parallel one. 

The CORDIC algorithm has been proposed for several signal processing ap­

plications. Curtis [6] uses CORDIC to perform the laser trimming of hybrid mi­

crocircuit resistors. A software implementation of the algorithm was too slow, 

whereas the hardware implementation provides a speed advantage. Lee [7] de­

scribes a pipelined CORDIC processor for the computation of inverse kinematic 

position solution for robot arm motion. Despain [8] describes the pipelined proces­

sor array for implementing the fast Fourier transform. Ahmed describes the use of 

CORDIC algorithm in speech synthesis, adaptive equalization and digital filtering 

[9, 10, 11]. A bit-serial implementation of the CORDIC algorithm was proposed 

by Harber [12]. On the other hand Li and Jayakumar [13] presented a comparison 

between the serial and parallel implementation. 

Haviland and Tuszynski designed a CORDIC arithmetic processing chip [4]. 

This chip is based on a parallel architecture. A single byte format is used in a 

fixed-point data format. Vaudin reported a processing element using the CORD IC 

algorithm based on a parallel hardware architecture [14]. 

A number of hardware implementations for the CORDIC algorithm were pro­

posed or actually implemented. Ahmed [3] proposed a parallel implementation of 

three adders/subtractors and two shifters. The basic CORDIC butterfly opera­

tion is therefore performed simultaneously. Ahmed also suggested using an ALU 

that is composed of only one adder/subtractor and a shifter. He calls this design 

the parallel-serial implementation. These basic processing units are connected 
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in a pipelined fashion to perform the iterative CORDIC iterations. A pipelined 

CORDIC processor was proposed in (7). In this application the closed-form joint­

angle solution shows a limited amount of parallelism with a large amount of sequen­

tialism in the flow of computation. This leads to a cost effective pipelined CORD IC 

architecture for computing the inverse kinematic position. In other words the ar­

chitecture of the processor is application dependent. Other examples of pipelined 

CORDIC architectures were also reported in (15] and (16). 

For the laser trimming application of hybrid microcircuit resistors [ 6). The re­

sistors are formed by the deposition of patterns of resistive inks onto a circuit sub­

strate. Each resistor is then trimmed to the correct value by a computer controlled 

laser. The laser positioning system allows x, y coordinate translation, although 

any rotation adjustment must be done with software routines. This approach to 

rotation requires an excessive amount of computation time. A hardware approach 

was used to solve this problem. The author describes the design and implemen­

tation of a custom processor, which is built using off-the-shelf components, that 

provides rotational correction in laser trimming. 

The basic issues for the implementation of the CORDIC algorithm are: table 

look up requirements, scale factor, number of iterations and the processor architec­

ture. The goal of this thesis is to investigate each of the above mentioned factors, 

identify a suitable architecture and the implementation of the CORD IC algorithm. 

Chapter 2 of this thesis presents the background information on the CORDIC 

algorithm, number of iterations required to perform the fixed-point and floating­

point CORDIC operations and table lookup requirements. The result of the sim­

ulation of CORDIC hardware is also presented. 

Chapter 3 deals with the CORD IC processing element (PE) design, architecture 
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and system hardware implementation. Design specifications were determined at 

system level as well as at the processing node level. The actual design of the 

processing node along with the pin description and operation is also presented in 

this chapter 

Chapter 4 outlines the QR algorithm, mapping of the algorithm on to a sys­

tolic architecture, and its implementation by using the processing node designed 

in Chapter 3. This processing node form the bases of constructing such a sys­

tolic array. The technique for obtaining the eigenvalues and eigenvectors was also 

described. 

Chapter 5 summerizes the major contribution of this thesis. 
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Chapter 2 

The CORDIC Algorithm 

2.1 Introduction 

The acronym CORDIC stands for "Coordinate Rotation Digital Computer" . Its 

basic computing modes are rotation and vectoring. The rotation mode computes 

the new coordinates of a vector after rotation of the axes by a given angle. The 

vectoring mode computes the angle and magnitude of the vector given its coordi­

nates. 

In 1959 Volder [1 ] developed the CORDIC algorithm, which was later unified 

by Walther [2]. These algorithms represent an efficient way to compute a variety 

of functions related to coordinate transformation such as trigonometric functions , 

vector rotation, multiplications and square root calculation. Given the triplet 

(x, y, z ), where x, y and z are real numbers, let x and y correspond to the 

coordinates of the end point of a vector r as shown in Fig. 2.1. The number z will 

correspond to a clockwise rotation of the vector or equivalently moving the axes 

in an anticlockwise direction. The magnitude of the vector (R) and angle relative 
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to the x-axis ( 0) are defined, respectively, by: 

(2.1) 

(2.2) 

where the subscript c represents the circular CORDIC case. CORDIC allows us 

to extract the value of R by rotating r such that it coincides with the x-axes. 

Referring to Fig. 2.1, this is equal to a clockwise rotation by an angle 0c , the new 

values of x and y will be 

X 

y 0 

(2.3) 

(2.4) 

CORDIC also allows us to rotate our vector by an arbitrary angle z . If we 

rotate r clockwise by angle z, we get 

II 

X 

II 

y 

x cos z + y sin z 

ycos z - xsmz 

(2.5) 

(2.6) 

For this process a better representation, in the form of a block diagram is shown 

in Fig. 2.2. Where x, y, z are the three inputs, and the block itself is a CORDIC 

processor. 

Referring to Fig. 2.3, the linear CORD IC rotation forces the end-point of the vector 

r to move along a vertical line. The magnitude and angle of rare defined by: 

R1 b. ~ = X 

01 b. y 
X 

(2.7) 

(2.8) 
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If the vector r is rotated clockwise through an angle 01 to coincide with the x-axes, 

the new value of x and y will be 

I 

X X 

y 0 

If we rotate r clockwise by an angle z, we get 

II 

X X 

while from (2.8), we can write 

II II 

y y 
II 

X X 

II 

y y-xz 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

Referring to Fig. 2.4, the hyperbolic CORDIC forces the end-point of the vector 

r to move along a hyperbola. The magnitude and angle of rare defined by: 

0h t::,. tanh-1 '¥._ 
X 

(2.14) 

(2.15) 

If r is rotated clockwise, through an angle 0h to coincide with the x-axes then 

the value of x and y will be 

I 

X 

I 

y 0 

(2.16) 

(2.17) 



If we rotate i clockwise by an angle z, we get 

X x cosh z - y sinh z 

II 

y y cosh z - x sinh z 

8 

(2 .18) 

(2.19) 

Walther [2] showed that the algorithms for these functions could be described by 

a single set of equations parameterized by a quantity m . For a given vector i , as 

shown in Fig. 2.5, the magnitude R and angle 0 are defined as 

R J x2 + my2 (2.20) 

0 (2.21) 

where m = 1 for the circular case, m = 0 for the linear case and m = -1 for the 

hyperbolic case. 

In all three cases, if z is a variable by which one can show the accumulated 

rotation of the vector then 

where 

and 

{ 
+ 1 for counter-clockwise rotation of the axes 
-1 for clockwise rotation of the axes 

(2.22) 

If the initial vector i1 = (x0 , y0 ) is rotated through a sequence of angles 0i until 

i n = (xn, 0) then Zn will equal to the net rotation, provided it was initially equal 
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to zero. Therefore z is a useful quantity since after n rotations it accumulates the 

net rotation. 

n-1 

zo - L µ;a; 
i=O 

(2 .23) 

If the rotations of f' are made in such a way, which forces Yn to zero i.e. Yn ---+ 0 

then Xn and Zn result in one of the elementary functions. On the other hand more 

elementary functions are obtained when Zn ---+ 0. These relations are summarized 

in Fig. 2.6 for m = 1, m = 0 and m = -1, where each box depicts a function 

with three inputs on the left , which are the initial values of x , y, and z , while the 

outputs correspond to the final values of Xn, Yn, and Zn are shown on the right side. 

The quantity k is the scale factor as given in equation (2.40). 

2.1.1 Derivation of Circular CORDIC Equations 

For the circular case one can derive the initial equations, similar arguments are true 

for the linear and hyperbolic cases. Assuming vector r is to be rotated clockwise 

by a positive angle 0. The resulting components x' and y' of the rotated vector 

are given by the relations 

X 

y 

x cos 0 + y sin 0 

y cos 0 - x sin 0 

(2.24) 

(2.25) 

In order to realize the above equations, four multiplications and two additions are 

required. The above equations can be simplified by dividing both sides by cos 0 to 

yield 

I 

II 

X 
X 

cos0 
x + y tan 0 (2.26) 



II y 
y = -- = y - x tan 0 

cos 0 

For convenience the above equations can be written as 

II 

X = X1 

II 

Y = Y1 

x + y tan 0 

y - x tan 0 

(2 .27) 

(2.28) 

(2.29) 

the values of x' and y' can be obtained from x
11 

and y
11 

by multiplying by cos 0. 

The angle 0 can be decomposed into an arbitrary number of angles such that 

(2 .30) 

(2.31) 

where µi is equal to ±1 and there are limits on the maximum value of 0 [17]. 

n-1 

l0maxl = I: ei (2.32) 
i =O 

The accuracy or the resolution of rotations is determined by the smallest angle in 

the set 0i. 

Now the vector components at step i are given by 

Each 0i is chosen as 

0 t -1 2-i 
i = an 

(2.33) 

(2.34) 

(2.35) 

(2.36) 
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where i = 0, 1, 2, · · · , n - l 

We can express the X i+i and Yi+l components such that 

Xi+l Xi+ µ i y i2-i (2.37) 

Yi+i Yi - µ i X i 2-i (2.38) 

Zi+l t -1 (2-i) Zi - µi an (2.39) 

The values of X i+i and Yi+l may be obtained by two shift and add operations. 

The expressions for xi+1 and Yi+l are not perfect rotations, since the magnitude of 

the vector increases at each step by the value _!_
0

. The two choices of direction 
cos i 

produces the same change in magnitude. This increase in magnitude may be 

considered as a constant , which is given as 

n-1 1 n-1 

I< = IT - = IT ✓1 + m2-2i 
i=O COS 0i i=O 

(2.40) 

Since I::~ 0 Oi = I::~0 tan-1 2-i = 100°, a rotation of any angle of up to ±100° may 

be achieved by adding or subtracting each Oi in turn. A detailed discussion on the 

convergence properties and the range of convergence of the rotations is given in [3] , 

[4] . To cover the whole range for 0 an alternative method is considered in [18]. 

2.2 Number of Iterations 

An important parameter in the CORDIC algorithm is the number of iterations 

required to achieve a final result. The number of iterations is expected to depend 

on the number of bits used to represent the data and whether fixed- or floating­

point formats are employed [17] . In what follows we derive the number of iterations 

for the fixed- and :floating-point cases. 
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2.2.1 Fixed-point Case 

The most common fixed-point data formats are the integer and fractional formats. 

In integer format the radix point is fixed to the extreme right of the least significant 

bit, while in the fractional format it is located to the left of the most significant 

bit. For the fixed-point iterations, we assumed sign and magnitude notation with 

the radix point at the extreme left position, excluding the sign bit, as shown in 

Fig. 2.7(a). The number of bits in a word is assumed n + 1. The x variable at 

iteration i is given by: 

(2.41) 

The second term on the right hand side of the above equation is y shifted i times 

to the right. At iteration n , y is shifted n positions to the right. The value of y2-n 

would be zero and (2.41) becomes 

(2.42) 

Therefore, it is concluded that after n iterations the value of x will not change 

from its previous value. Further iterations will not affect the value of x . A similar 

argument applies to they and z variables. Therefore, the total number of iterations 

is equal to n. 

2.2.2 Floating-point Case 

The floating-point data format is shown Fig. 2. 7(b ). For floating-point data, it is 

not immediately obvious how the number of iterations is related to the number of 

bits in the mantissa or exponent parts. The difficulties in analyzing this case stem 

from two reasons: 
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1. Addition or subtraction of two inputs makes the exponent of the result equal 

to the exponent of the larger input number. 

2. At each iteration the CORDIC butterfly operation is performed. This oper­

ation will make the output exponent value for x and y approximately equal. 

This is true even if the input exponent values of x and y differ greatly. 

There are three possibilities for the relative values of x and y. The value of 

x could be greater than, less than or equal to the value of y. Assume that in 

:floating-point data format the mantissa part is equal to m + 1 bits including the 

sign bit and the exponent part is equal to k bits. The value of the exponent parts 

for the x and y inputs are denoted by ex and ey, respectively. The value of ex could 

be greater than, less than or equal to the value of ey. 

Figures 2.8 and 2.9 are graphical representations of the exponent magnitudes 

of the data at iteration i. The figures show only the relative magnitudes of the 

exponents, e, of the input data and output data. The horizontal axes of each figure 

represent the iteration number i and i + 1. The vertical axes represent the value of 

the exponent of the input and output variables. We consider the basic CORDIC 

operation at iteration i when: (a) i::; m and (b) i > m >. 

Case i::; m 

This case deals with the situation when the amount of shift at iteration i is less 

than m. The amount of changes in the output value in relation to the input value is 

graphically shown in Fig. 2.8. otice that the CORDIC butterfly operation starts 

by first performing a shift ( which is exponent subtraction) followed by addition 

or subtraction of the mantissas. At the start of iteration i the difference between 

the two exponents at the input is equal to din· Figure 2.8( a) shows the situation 

when din < m. Since x is greater than y, after performing the CORDIC butterfly 
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operation, the value of ex is not affected. The value of ey is increased such that 

d aut lies between the limits set in (2.43) . 

(2.43) 

Figure 2.8(b) shows the situation when the difference between two exponents 

din is more than m. Again the number having the larger exponent, ex, emerges 

without much changes whereas the input with the smaller exponent, ey, is changed 

to a greater extent and is given by (2.44) . 

dout = i (2.44) 

From the above discussion it is concluded that the input number having the 

larger exponent emerge without much change. The input with the smaller exponent 

is changed to a greater extent. The amount of change in the output value of the 

exponent depends on i and the exponent difference din· 

Case i > m 

This case deals with the situation when the amount of shift at iteration i is greater 

than m . The amount of changes in the output value in relation to the input value 

is graphically shown in Fig. 2.9. Similar to the previous figures these figures shows, 

on the vertical axes, only the relative magnitudes of the exponents of the input 

data and output data and on horizontal axes the iterations. Figure 2.9( a) shows 

the case when d in < m . The number with the greater exponent e x will not change. 

The number with the lesser exponent ey is also unchanged. 

Figure 2.9(b) shows the case when din > m . The number with the greater 

exponent ex is not affected by the CORDIC butterfly operation. The number with 

the smaller exponent ey is increased such that the output value d aut lies between 

the limits in (2.43). 
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It is concluded that the input number having the larger exponent emerge with­

out much change. The input with the smaller exponent is either unchanged or it 

changes very little as compare to the larger exponent value. The amount of change 

in the value of dout depends upon the iteration number i and the difference between 

the two input exponents value din. 

From the above discussion it is concluded that: When i > m ( case Fig. 2.9(6) 

), a CORDIC butterfly operation will not affect the larger of the input data, the 

smaller of the input data will become insignificant irrespective of its input value. 

Therefor, having i > m does not affect the output result . 

In conclusion, the number of CORDIC iterations for the floating-point case 

should be equal to the number of bits in the mantissa m. This result is similar to 

the fixed-point case. When the value of i is greater or equal to m, the value of the 

inputs having the bigger exponent, and z, will stop changing. Further iterations 

will have no effect, where as the value of the x and y inputs having the smaller 

exponent will be insignificant. 

2.3 Table Lookup Requirements 

The CORDIC algorithm requires a lookup table for the values of tan-1 2-i where 

0 ::; i < n [17] . It is noticed that when 0 is small then 

thus we have 

03 
tan-1 0~0--_ 3 (2.45) 

(2.46) 
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with an error equal to 2
~

3
;. 

Therefore, it is possible not to store all the values of tan-1 2-i after a certain value 

of i . 

For fixed-point arithmetic the size of the table k is decided by the inequality 

2-3k 
< 

3 

2-3k < 

3k >b 

k > 

2-b 

2-b 

b 
-
3 

(2.4 7) 

(2.48) 

(2.49) 

(2.50) 

where b is the number of bits for the given format. Thus for 32-bits fixed-point 

data format 11 entries are sufficient . 

For the floating-point numbers, the table size k is decisive from the amount 

of error at iteration k. At the kth iteration , the smallest angle that could be stored 

is 0k = tan-1 2-k. Thus the error at this stage could be given by 

!2-3k 
3 

< 2-b(tan-1 2-k) (2.51) 

!2-3k 
3 

< 2(-b+k) (2.52) 

3k > b+k (2.53) 

k 
b 

(2.54) > -
2 

where b is the number of bits for the given format. Thus for 32-bits floating-point 

data format when the mantissa is 24-bit wide, about 12 entries are sufficient . 
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2.4 Simulation of CORDIC algorithm 

To simulate the CORD IC algorithm operation , only adder/subtractor shift register, 

accumulator and mux are required. To simulate each of the above mentioned 

hardware blocks, a software program was developed. The CORDIC hardware is 

simulated using 32-bit fixed-point format. The results are then compared with 

those obtained from simulation by using double precision floating-point format on 

the SUN work station. The difference between the two simulations results (relative 

error) is shown in Fig. 2.10. It is observed from the figure that the relative error 

is oscillating in nature and grows very fast as the iteration number tends to fixed­

point data format bit size. 

Similar simulation were run for 32-bit floating-point format. The result of this 

simulations were compared with the computer precision simulation results. The 

resultant relative error versus the iterations is shown in Fig. 2.11. It is observed 

that the relative error is negligible in this case and independent of the number 

of iterations. 

2.5 Noise performance of CORDIC 

In this section we consider only the noise performance of the CORDIC algorithm 

for fixed-point data. For fixed-point data, noise is introduced during the right-shift 

operation due to truncation. o noise is generated during addition or subtraction 

operations. 

Assuming the binary point to lie at the extreme right for our data, then at 



iteration i, the amount of noise introduced is given by 

At iteration i, we can write 
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(2.55) 

(2.56) 

(2.57) 

When noise is present, we assume our input data at iteration i to be given in 

the form 

(2.58) 

(2.59) 

where Ef is the total error in the variable X at iteration i and Er is similarly defined. 

Substituting the above equations in (2.56) and (2 .57) we get 

(2.60) 

(2.61) 

We are now able to write an iteration for the amount of noise introduced at 

each iteration as 

where the values of Ea and E6 are equal to zero. 

(2.62) 

(2.63) 
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In matrix form the above equations become 

(2.64) 

A software simulation program was written to simulate the above noise equa­

tions . For the purposes of simulation, the value of µi at each iteration was taken 

equal to +l. The result of simulation of fixed point format is shown in Fig. 2.12. 

The x axis represents the number of iterations and the y-axis represents noise. 

The 'noise' is equal to the 'total error' normalized by the maximum ' truncation 

error' (which is unity in this analysis). Maple software package was used for simu­

lation purpose [19]. As seen from the figure, the noise magnitude is approximately 

proportional to the number of iterations . 
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Figure 2.1: For the given triplet (x, y, z) , the coordinates of the end point of a 
vector, where R (circu lar case) is roated in a clock-wise direction. 
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Figure 2.2: Block diagram of CORDIC processor, (a) shows the vectori ng mode 
and (b) shows the rotation mode, for t he circular case. 
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Figure 2.3: For the given triplet (x, y, z) , the coordinates of the end point of a 
vector, where R (linear case) is roated in a clock-wise direction. 
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Figure 2.4: For hyperbolic rotation the triplet (x, y, z) is similar to the circular 
and linear cases. 
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Figure 2.5: For a given vector p(x, y ), Walther unified algorithm for three functions 
( circular, linear and hyperboli c) parameteri zed by a quantity m. 
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There are many design options associated with the hardware design of any data 

processing system. Some of these design issues are (a) testability strategy (b) 

the design of each PE, (c) choice of data communication protocol, (d) memory 

allocation and ( e) control strategy. In this Chapter we discuss our design of a 

systolic array processor or network for matrix algebra operations. 

In recent years various kinds of PEs have been developed. For example CAP 

( cellular Array Processor) [20] is a multi-bit SIMD processor with a fault -tolerant 

design that allows the use of 16 active processors on a chip, whereas the actual 

number of processors is 20. Thus, up to four of the processors can fail and the fail­

ure will be transparent to the user . Each processing element has a 4K x 1, on-chip 

memory. An external memory can also be multiplexed with this on chip memory. 

The major functional blocks of each CAP processor are ALU, memory/ common 

bus and 1/0. Each block is controlled independently so that different functions 
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may run concurrently. 

NCR's GAPP (Geometric Arithmetic Parallel Processor) chip (21] is composed 

of a 6 x 12 arrangement of single-bit processing elements (PE's) . Each of the 72 

PE's contains an ALU, 128 bits of RAM and bidirectional communication lines 

connected to its four nearest neighbors. Each instruction is broadcast to all the 

PEs, making the array perform like a SIMD machine. Many GAPP chips can be 

cascaded on a board to build an arbitrarily large array of processors in 6 x 12 

increments. The GAPP array can be programmed using low level, macro assembly 

type language or by using NCRs GAL language. GAL (GAPP algorithm language) 

is a high-level language designed to enhance the development of GAPP programs. 

The INMOS Transputer (22] processor is designed to be the processing element 

in a mesh connected array, which provides a very high performance building block 

for parallel computing systems. The IMS T800 has a floating point unit, a central 

processing unit, 4KB on-chip memory and four serial links to communicate with 

its four nearest neighbors. In addition to these links, there is a memory interface 

and an 8-bit bidirectional peripheral interface. The memory interface unit can be 

used to extend the on-board memory. Occam language is used to program the 

transputer array. 

The MPP (massively pipelined processor) [23] is composed of 128 x 128 bit­

serial processors configured in a square array. The PEs of the MPP have a number 

of interesting features, including a variable-length programmable shift register, a 

full adder, multiplexed neighbor inputs and a data structure allowing overlapped 

array and I/O operations. Eight such processors are integrated on a custom circuit 

interfaced to high-speed, high-density 11( x 4 bits RAM. Because of the high speed 

of the custom circuits, memory access time dominates operations. The MPP is a 
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good example of large-scale SIMD computers designed to process satellite images 

at high rate. 

An example of a systolic array processor is the Warp machine [24] . The Warp 

array is a programmable linear systolic array with identical cells called Warp cells, 

synchronized by a single global clock issued by the interface unit. During compu­

tation, data, addresses and controls all flow between neighboring cells and there 

is no global communications at all. Each Warp cell has its own program memory 

and sequence controller. The data path of a cell consists of two floating point 

processors: one multiplier and one ALU, a 64K word memory, a sequence for X 

and Y communication channels, a register file to buffer data for each arithmetic 

unit. A boundary processor may be attached to one end of the Warp array. The 

boundary processor has bidirectional links to the interface unit, the first cell and 

to the last cell in the array. This ring connection makes it possible to recirculate 

data around the Warp array without involving the host. The Warp processor array 

may be configured to operate as a SIMD os as a MIMD machine. 

The Connection machine from Thinking Machine Corporation [25] is a binary 

array processor consisting of a matrix of identical PEs operating in SIMD mode. 

It has a large number of very small processor/ memory cells connected by a pro­

grammable communication network. Each cell on the connection machine contains 

a 41{ x 1 bits memory and a simple serial arithmetic logic unit. Sixteen cells are 

connected in a 4 x 4 grid with a router unit on a custom CMOS chip. The router 

is responsible for routing messages between the chips. Within the chips each pro­

cessing cell can communicate directly with its four neighbors without involving 

the router. All processors execute instructions from a single stream (SIMD mode) 

generated by a microcontroller under the direction of a host computer. 
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3.2 System Requirements 

Digital signal processing and scientific applications demand high performance ca­

pability, for-example in matrix algebra operations [26], [27] a large dynamic range 

and sufficient accuracy are required to reduce computational noise. In image pro­

cessing applications a huge amount of data has to be processed in a short amount 

of time. The basic operations used in the above applications are not confined to 

the simple multiply/ accumulate operations. 

Most signal processing algorithms have parallelism as an inherent property. 

This can be used to advantage in designing a processor array. However the pro­

cessing elements (PEs) in these arrays have to be capable of performing several 

elementary functions in floating-point format. 

From the above two broad requirements, it was decided to have the PEs in our 

processing array capable of implementing the CORDIC algorithm in floating-point 

format. The versatility of the CORD IC algorithm [Chapter 2] allows trigonometric 

operations as well as multiplication and division to be performed. Typical processor 

array structures are shown in Fig. 3.1. The linear systolic array of Fig. 3.1 (a) is 

useful for several applications such as convolution [28], filtering and matrix-vector 

multiplication [29]. The triangular systolic array of Fig. 3.1 (6), a special case of 

the mesh connected square array, is useful for solving system of linear equations 

and for matrix decomposition. 

From the above discussion the system specifications are as follows: 

1. The PE must be programmable and the PE interconnection must be config­

urable. 
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2. The PE must be capable of working in 32-bit, floating-point format . 

3. The PE must be capable of doing the basic CORDIC algorithm operations. 

4. The PE must be testable. 

5. The PE must be capable of communicating with its nearest neighbors in a 

bit-serial fashion to conserve the number of chip pins. 

6. In order to reduce processor communication and control complexity, each PE 

should be designed to operate as independently as possible. 

3.3 Design Approach 

In addition to the system design considerations discused in Section 3.2, VLSI sys­

tem design options are affected by more design choices . These extra design choices 

are system complexity, chip area requirements, pin-out and CAD tools availability. 

In order to cope with the complexity of the system, a highly structured design 

methodology is needed. Figure 3.2 shows the design steps necessary for VLSI 

implementation of a design. Our design process is comprised of three concur­

rent design operations, behavioral design, structural design and physical design. 

Behavioral design refers to the decomposition of the initial design specification 

into simpler sub-designs and sub-specifications. This decomposition process is of­

ten referred to as top-down design technique. Using the top-down and bottom-up 

approaches, objectives at higher level become the design specification for the lower­

level design. The structural design is defined as the realization of a logic block or 

structure through the interconnection of more primitive structures. At some point 

in the project, a mapping from the behavioral design onto the structural design is 
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necessary. This mapping will be referred to as the logic design process. Behavioral 

and timing specifications can be verified using computer simulation at any stage 

of the design depending on the CAD system available. The VTI CAD package 

available from VLSI Technology Inc., was used to design our CORDIC processor. 

This CAD package gives us the ability to drive simulators and to generate complete 

test programs. We use VTI test language (VTL) to create a modular description 

of the physical characteristic, timing, stimuli patterns and expected response val­

ues of the device under development. The physical design operation refers to the 

actual realization of a structure in a given technology. This physical design utilizes 

a bottom-up design approach by combining lower-level physical design to realize 

higher-level ones. 

3.4 Processor Level Design 

An icon for the node is shown in Fig. 3.3. A detailed block diagram of this icon 

for the floating point CORDIC node as derived from the above mentioned speci­

fications is shown in Fig. 3.4. This section specifies the logic functions, the signal 

connections (I/O and control lines), the component test modes, and the timing di­

agrams. As shown in Fig. 3.1 the PE is to be incorporated into a mesh-connected 

array capable of performing the matrix algebra algorithms essential for DSP ap­

plications. The pin-out for each PE is defined in Table 3.1 and explained below. 
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Pin Name Type Function 
SIO 0 1/0 Serial data North side 
SIO 1 1/0 Gated clock North side 
SIO 2 1/0 Port status North side 
SIO 3 1/0 Serial data West side 
SIO 4 1/0 Gated clock West side 
SIO 5 1/0 Port status West side 
SIO 6 1/0 Serial data South side 
SIO 7 1/0 Gated clock South side 
SIO 8 1/0 Port status South side 
SIO 9 1/0 Serial data East side 
SIO 10 1/0 Gated clock East side 
SIO 11 1/0 Port status East side 
PIO [15:0] 1/0 Parallel port for testing 
address[2:0] Input address bus for PIO block 
control bus[9:0] Input control bus to read and write 

the address/ data into appropriate registers 
Clock Input external clock input in testing mode only 
Reset Input Force PE to a known state 
SCK Input System clock signal 
Test Input Place in test mode 

Table 3.1: Function and description of the PE pins. 
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3.4.1 Pin Description 

SIO[ll:0] 

The serial 1/0 pins (north, west, south and east) allow the PE to communicate syn­

chronously with its four nearest neighbors. Each serial data pin may be configured 

as either input or output to transmit or receive program or data information. 

PIO(16:0] 

The 16-bit wide parallel port is used to feed in the test vectors and to receive test 

results. The test vectors, are generated externally and test the different internal 

blocks. The PIO bus is also used for loading the initialization program for each 

PE in the mesh connected array. 

address[2:0] 

In the test mode the PE internal controller will be disabled. Address[2:0] is used 

to select one of the eight internal registers of the PIO block. Out of these sixteen 

registers, two registers are reserved for PE internal address bus, two for data bus 

and four for the control bus. 

control bus[9:0] 

The control bus is used to control the operation of PIO block. 
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Clock 

This clock input is used to load the input data to the PIO block during the test 

mode operation. 

Reset 

This input is a direct hardware reset for the processor. When reset is asserted , the 

processor is initialized and placed into a known state. Reset is typically applied 

after power up when the PE is in a random state. Asserting the Reset causes the 

processor to terminate execution and forces the program counter to zero. Reset 

also will affect all the registers and status bits. After the reset, the processor 

execution begins at location HOO, which normally contains a jump statement to 

the first instruction in the initialization routine. 

Clock (SCK) 

This is where the system or global clock (SCK) is input to the PE. The processor 

will generate the local clock </> to control the operation of I/O block, datapath and 

control sections. 

Test 

The test pin places the PE m test mode. the testing strategy 1s explained in 

section 3.5. 
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3.4.2 Functional block diagram 

The functional block diagram of the PE shown in Fig. 3.4 outlines the major blocks 

and datapaths within the processor. The PE is a 32-bit floating-point , multiple 

bus processor designed specifically for real time matrix algebra operations for DSP. 

Further details of each block and the buses are provided below. 

Address Bus 

The address bus allows the control unit to provide access control over all major 

blocks. 

Data bus 

Local data movement within the PE occurs over one 32-bit bidirectional bus. Ex­

ternal data movement occurs through one of the four serial Input /Output Blocks 

(SIO) or the parallel I/O block (PIO). 

Control bus 

The control bus is used to carry the control signals generated by the control section 

of the PE. 

Flag bus 

The flags generated by the different sections of the PE will be sent back to control 

section on the flag bus. 
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Pin Name Type Function 
PIO[l6:0] I/O parallel I/O bus 
address bus[2:0] Input address bus 
control bus[9:0] Input control bus 
clock Input external clock signal 

Table 3.2: Function and description of inputs and outputs to the PIO block. 

Datapath Block 

The datapath is a 32-bit floating-point unit capable of performing the CORDIC 

algorithm operations. It consists of two add/subtract units. One add/subtract 

units handles the mantissa part of the data and the other unit handles the exponent 

part of the data. Further details of the datapath are discussed in section 3.6. 

Parallel Input/Output Block (PIO) 

Table 3.2 summarizes the function of each pin of the PIO icon. The parallel 

input/output block is provided to facilitate testing of the PE. When the test pin 

is asserted, the PE will go into test mode. In the test mode all the internal blocks 

will go into a tristate mode. The parallel I/ 0 block is used to provide external 

control of the PE through the PIO[16:0j bus. The PIO block consists of two 16-bits 

internal buffer registers for each internal data bus and address bus. Where as the 

internal control bus has four 16-bits buffer register. In one clock cycle the even 

data is latched on to the buffer register from the PIO[16:0] and in next clock cycle 

the odd data is latched. 

The input address to the PIO block is latched on the falling edge of the input 

clock signal. A timing diagram for the read and write cycle of PIO block is shown 

in Fig. 3.6. The address[2:0] is used to load the address and data contents from 
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PIO[l6:0] bus into the appropriate register inside the PIO block. Figure 3.6(a) 

shows the timing of loading the address and data into PIO register from the PIO 

bus, while (b) illustrate the timing of the data from the data register of 'PIO block ' 

on to PIO bus. To perform each of the above defined operation and other decision 

making operation, inside the PIO block, are controlled through the control bus[9:0]. 

Serial Input/Output Block (S10 ) 

An icon for the SIO is shown in Fig. 3.7. Table 3.3 summarizes the function of each 

pin of the SIO icon. There are four I/O blocks corresponding to the four (north, 

west, south, east) communication directions. All the data transfer between the 

processor and outside world is being done through the serial I/O blocks. The serial 

data pin allows the PE to communicate synchronously with its nearest neighbors. 

A timing diagram of the port protocol for transmitting and receiving data is shown 

in Fig. 3.9. Each serial data pin may be configured as either input or output to 

receive or transmit the control or data, respectively. 

Serial data transfer is synchronized by use of a gated clock. In this way the bit 

synchronization is accomplished. There are four gated clock pins for each north , 

west, south, east serial data pins. This pin is active when data is being transferred 

between this processor and its neighbor and the direction of this pin is the same 

as the serial data pin. The port status signal indicates the state of the I/O of the 

neighboring processor to which it is connected. This is a kind of handshaking by 

which the processor can know the state of the other processor's port , i.e. whether 

it is ready to accept the data or it is busy. The direction of PS signal is opposite 

to that of the serial data and Gated clock signals. Thus if the PE is sending data 

to a neighboring PE, it checks the state of the PE signal to see if the receiver is 
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Pin Name Type Function 
SD 1/0 Serial data 
CK 1/0 Gated clock 
PS 1/0 Port status 
D[31:0] 1/0 Parallel data 
A[3:0] Input Address bus 
Control Bus Input Control Bus 
Flags Output Flag bus 
¢ Input Internal clock signal 

Table 3.3: Function and description of inputs and outputs of the SIO block. 

ready to receive the data. Once the data has been sent, the PE is again checked 

to make sure that the data was successfully received. 

The flags generated by the 1/0 blocks are sent to the controller on the flag bus. 

By using these flags the controller will know the status of the port. The register 

containing this information is known as status control register (SCR). The SCR 

and other 1/0 block register are shown in Fig. 3.10. Similarly the flags generated 

by the header register are sent back to the controller on the flag bus. 

The operation of each serial 1/0 block is similar to each other and independent 

of the operation of the datapath unit. Each 1/0 block provides a half duplex port 

for serial communication to other processors. A timing diagram for the serial 1/0 

block read and write cycles is shown in Fig. 3.8. 

Control Block 

An icon for the controller is shown in Fig. 3.11. The controller generates the 

address of the next instruction, controls the datapath as well as data movement 

between the IOBs and the program/data RAM. Table 3.4 summarizes the function 

of each line at the periphery of the controller icon. The control block is a microcode 
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Pin Name Type Function 
Data bus data bus 
Control bus output control bus 
Flag bus input flag bus 
Reset Input place the PE in a known state 
Test Input place the PE in test mode 
¢> Input clock signal 

Table 3.4: Function and description of inputs to the Control block. 

based controller , implemented with the AMD 2910A. 

P rogram /Data RAM block 

The random access memory block stores the sequence of operations to be performed 

by the PE. It also stores data, as well as coefficients for the CORDIC algorithm. 

Data may be transferred between the datapath, the program/ data RAM and the 

IOBs by the controller. A timing diagram for the RAM read and write cycle is 

shown in Fig. 3.12. 

Microcode Cont rol ROM Block 

The control ROM is the memory where the controller microcode is stored. 

Clock Generator 

The local clock ¢>, used in the I/ 0 block, controller and datapath is generated 

locally in the PE based on the system or global clock (SCK) . 



46 

3.5 Testing Strategy 

To test the hardware of each internal block of the PE, a test pin is provided along 

with external 3-bit address bus, 16-bit bidirectional bus and a 10-bit control bus. 

When the test pin is not asserted all connections between the PIO and the PE 

internal buses are tri-stated. The PE is operating in the normal mode. When the 

test pin is asserted the PE is in test mode. All connections between the PIO block 

and the PE internal buses are established. The connections between the control 

block and internal address and control buses are tri-stated. When the PE is in 

normal operation, the SCK signal provides the clocking information for the PE. 

When the PE is in test mode, the pin "clock" provides the clocking information of 

the PE. 

The PIO block is used to load the PE with the test inputs and to extract the 

PE responses. A block diagram of the PIO block is shown in Fig. 3.13. The 

PIO[15:0) bus is used to load and retrieve the test vectors from the PIO registers. 

The address[2:0) bus is used to select one of the eight 16-bits internal registers of 

the PIO block. The control bus[9:0] determines direction of flow of data and the 

loading of the PIO registers. 

To test any block of the PE the test vectors will be loaded through the PIO[15:0) 

bus to the eight internal PIO registers. Once all the information are loaded in these 

registers , the pin "clock" will activate the operation of the PE. The response of the 

PE will be captured through loading the PIO registers from the internal control 

bus, flag bus and data bus. Once the response is captured, the PIO bus is used to 

send the data to the outside world. This output response can be compared with 

the desired response. 
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Pin Name Type Function 
D[31:0] I/0 Data Bus 
Address bus Input Address bus 
Control Bus Input Control bus coming from the controller 
Flags Output Flag output lines 
DPS Input Datapath Select 

<P Input Internal clock signal 

Table 3.5: Function and description of datapath buses and I/0 pins. 

3.6 Datapath Block 

The datapath icon is shown in Fig. 3.14. The functions of all I/0 pins of the 

datapath are summarized in Table 3.6. 

The major connections, with outside world , on the periphery of the data-path 

block are as follow: 

Data Bus (D[31 :0]) 

The data bus is used for the movement of bidirectional data from the datapath to 

the RAM block or from the RAM to the datapath block. 

Address Bus 

The address bus is used to select one of the four datapath registers as a destination 

for the data loaded from the program/ data RAM. 

Control Bus 

The control bus is used to control the operation and mode of datapath block. 

After loading the registers, the controller will send the proper signals to perform 
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the required operation of the datapath. 

Flag Bus 

The flags generated by the datapath block is sent back to the controller on the 

flag bus. By using these flags the controller knows the status of the results of 

arithmetic operations. 

Datapath Select (DPS) 

This input pin is used to select the datapath block for the data movement between 

the datapath and program/ data RAM. 

3.6.1 Datapath Design 

The specifications governing the design decisions for the datapath are as follows: 

1. It should be optimized to handle floating-point data of 24-bits mantissa and 

8-bits exponent parts. 

2. It must be capable of supporting bit shifts , mantissa justification, and addi­

tion/ subtraction operation. 

3. It must be capable of recursive data flow . 

Based on these specifications a datapath was designed. The datapath functional 

block diagram is shown in Fig. 3.15. The datapath design is based on two functional 

units , one each for the mantissa and the other for the exponential components of 

the floating-point data. The logic blocks in Fig. 3.15 were designed using the VTI 

tool-set. The datapath is capable of performing any basic operation within one 
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clock cycle. For example, within one clock cycle, one could add or subtract two 

operands and perform a one-bit shift operation on the result. The output of the 

datapath is connected to the data bus by a noninverting tri-state buffer. 

The operation of the datapath in brief is as follow: On the falling edge of the 

clock, the appropriate control signals from the controller are stable. The data from 

the data bus will be loaded to one of the scratchpad registers. A timing diagram 

for loading the input registers from the data bus and operation of the datapath 

is shown in Fig. 3.16. In one clock cycle the first operand will be loaded to an 

input register. In the following clock cycle the second operand will be loaded to 

another scratchpad register . Upon completion of an operation, the output can be 

loaded back to the registers by enabling the tristate gates at the next clock cycle. 

Alternatively, the resulting data can be written into the RAM using the data bus. 

3.6.2 Add/Sub Units 

The add/sub unit has inputs a and band carry input GIN. The control input 

"add/ sub" is low, the cell performs the addition operation. When the control 

input is high, the cell performs the subtraction operation. As described earlier, 

there are two add/ sub units used in datapath unit . One is used for the mantissa 

and other is used for the exponential part of the data. Both add/ sub units are 

similar in operation but the size is different. Mantissa add/sub units is 24 bits wide, 

whereas exponent add/ sub unit is 8-bits wide. Each Add/sub has four scratchpad 

registers . These registers latch the input data at the rising edge of the clock. 

The input multiplexers route the data from the scratchpad register to the a and 

b inputs of each add / sub unit. Both multiplexers also have an inhibit capability; 

i.e., no data is passed, this is equal to a "zero" source operand. This mode is used 
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as zero operand to the one of the input of add/sub unit. Referring to Fig. 3.15 

the multiplexer at the input a of add/sub has the output of all the four registers 

connected as inputs. Likewise, the multiplexer at input b has the input of all of 

the registers. This multiplexer scheme gives the capability of selecting one of the 

four inputs as a source operands to the add/sub unit. 

The hardware for the mantissa part on a cell level bases was designed and 

simulated using the VTI tool-set. A diagram of this mantissa block is shown in 

Fig. 3.17. Each cell shown in the diagram is 24-bits wide. All the "data-in" inputs 

are directly connected to the data bus. Referring to the Fig. 3.18, the loading of 

the input latches is done by enable 11[3:0) line, depending upon the latch to be 

loaded. 

3.6.3 Shifter 

At the output of the add/sub cell a zero detect circuit and an up/down one-bit 

shifter with control is connected. The shifter unit is a single bit shifter cell with 

the two control lines, control[l:O). The control[l] input, when high, causes data to 

shift up, when low, causes data to shift down. The control[O) input disables the 

shift when low, so no shift occurs. The control[O) input overrides the control [1) 

input. This shifter unit is connected to the output of the mantissa stage only. The 

exponential part has no shifter at the output. The zero detect unit at the output 

of the add/sub unit, will set a flag if output of the add/sub unit is zero. This flag 

along with the "carry out" and "over flow" flags will be checked by the controller 

for the conditional operations. 
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PE 

(a) 

PE 

PE 

PE 

PE 

(b) 

Figure 3.1: Mesh connected processor arrays. (a) shows a linearly connected and 
(b) triangularly connected processing element (PE), where each PE is a float­
ing-point CORDIC processor. 
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Figure 3.2: The flow diagram of design decisions and modifications associated with 
the system design. 
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SIO[ll:0] Test 

PIO[15:0] SCK 
PE 

address[2:0] Reset 

control[9:0] clock 

Figure 3.3: A processing element (PE) icon, showing different buses and control 
lines at its periphery. 
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Figure 3.4: A proposed block diagram for floating-point CORDIC processing element (PE) . 
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control[9:0] rilllll---
----il~clock 

Figure 3.5: The PIO icon, showing different buses and control lines at its periphery. 
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Clock input ___ __.f f 

contol[9:0] - x valid X™ 
address[2:0] ~ valid X™ 
D[16:0] - x valid ~ 

(a) 

Clock input ___ __.f i __ t 
contol[9:0] - x valid X™ 
address[2:0] ™™>< valid X™ 
D[16:0] ~ valid ™ 

(b) 

Figure 3.6: A timing diagram for the read and write cycle of the PIO block. 
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Figure 3.7: The SIO icon, showing different buses and control lines at its periphery. 
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Figure 3.8: A timing di agram for the SIO block read and write cycles. 
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Figure 3.9: Timing diagram of port protocol for transmitting and receiving data 
(8-bit example). 
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Figure 3.10: The status control register (SCR) and the function of each bit in SCR. 
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Control 
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Figure 3.11: The controller icon, showing different buses and control lines at its 
periphery. 
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Figure 3.12: Timing diagram for the RAM (a) read and (b) write cycles. 
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Figure 3.13: A proposed block diagram for PIO block to facilitate the test of the 
PE. 
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<j> Control Bus [29:0] i.....~-

Figure 3.14: The datapath icon, showing different buses and control lines at its 
periphery. 
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Figure 3.16: Timing diagram for latching the input data at datapath registers . 
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Figure 3.17 A 24-bit cell based block diagram for mantissa part of the <la.La pa th. 
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An Application of CORDIC 
Processor Arrays 

4.1 Introduction 
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The spectral decomposition of a matrix (i.e. evaluating its eigenvalues and eigen­

vectors) is of central importance in many scientific and engineering applications . 

Beamforming is a typical DSP algorithm that is very much suited for implementa­

tion using CORDIC processor arrays. A CORDIC processor is needed because the 

required arithmetic operations include multiplication, division and trigonometric 

functions. An array of such processors is required to speed up the response of 

the system. This type of parallel processor would be very beneficial to adaptive 

beamforming applications when the number of beam elements is large and speed 

of adaptation is essential. In beamforming the signals to or from the antenna ele­

ments are weighted. The optimal solution for the "weight vector" determines the 

best response of the antenna array. The optimal weight vector may be found using 

the QR decomposition method [28]. 

The QR decomposition of a matrix can be obtained by using either the Gram-



70 

Schmit orthogonalization procedure or an orthogonal transformation (Givens rota­

tions) . The method we are using is based on Givens rotations to find the eigenval­

ues and eigenvectors of a matrix. Matrix triangularization is an essential step for 

the QR algorithm. The process of triangularizing a matrix is usually done using 

Givens rotations since this is a stable technique. By using this technique one can 

transform the matrix into an upper or lower triangular matrix. The CORD IC algo­

rithm explained in Chapter 2 in conjunction with a proper systolic array explained 

in Chapter 3, can perform the triangularization operation and the QR algorithm. 

Systolic arrays have been proposed as a suitable approach for implementing 

specialized processors . Systolic arrays consist of several processing elements con­

nected in a nearest-neighbor fashion. Using massive pipelining, systolic arrays 

achieve high performance while keeping low I/0 requirements. The regularity of 

signal processing algorithms is reflected in the physical structure of the systolic 

array. 

The literature abounds with systolic array architectures to solve particular ma­

trix problems. For example, reference [30] deals with the solution of sparse linear 

systems . Reference [31] deals with matrix transposition. References [32] and [33] 

deal with matrix triangularization. References [34] , [35] and [36] deal with the 

eigenvalue extraction of a matrix. Reference [37] deals with the singular value 

decomposition of a matrix. Reference [38] deals with the least squares estima­

tion problem. References [39], [40] and [41] deal with Kalman filtering problems. 

References [29] and [42] deal with matrix multiplication. 

A systolic design for the spectral decomposition of a matrix based on the QR 

algorithm is proposed here. The basic feature of this technique is the evaluation 

of eigenvectors along with the eigenvalues. Only one type of processing elements 
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are used in the systolic array structure. The same systolic array is also suitable 

for solving systems of linear equations , least square estimation and matrix-matrix 

mult iplication. In addit ion, the array can be used to perform other useful, low-level 

operations such as: plane rotations, pre-multiplication and post-multiplication of 

a given matrix by an orthogonal transformation. 

It is crucial in the design of a systolic array to be able to handle matrices 

larger than the size of the hardware. A solution to this problem is partitioning. 

A large matrix is broken up into smaller ones matching the size of the systolic 

array. The partitioning strategy depends on the nature of the problem. The QR 

algorithm requires global communication of the data. This is handled by multiple 

passes of the partitioned matrix. Of course, performing the QR algorithm using 

hardware that does not match the size of the matrix incurs a performance penalty. 

The technique we use here could be termed systolic array emulation [35], [43]. In 

this technique, the systolic array represents a small segment of the larger virtual 

systolic array that matches the problem size. 

4.2 Preliminaries 

Givens Rotation 

The Givens rotation technique is used to annihilate a selected element of a matrix. 

The Givens rotation matrix Gpq (p > q) is shown in Fig. 4.1. The elements of the 

rotation matrix are the same as those of the identity matrix with the exception of 

the (p,p), (p,q), (q,p) and (q,q) elements, which are cos 0, sin 0, -sin0 and cos 0, 

respectively. It is easy to prove, that the rotation matrix Gpq satisfies the relation 

(4.1) 
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which is the defining property of an orthogonal matrix. Premultiplication of a 

matrix A, with the rotation matrix Gpq affects only rows p and q of matrix A. 

A' Gpq A (4.2) 

I 

i =J p, q ( 4.3) a .. a i j' SJ 

I 

apj cos 0 + aqj sin 0 ( 4.4) apj 

I 

-apj sin 0 + aqj cos 0 ( 4.5) aqj 

According to ( 4.5), the element a~1 is eliminated if the angle 0 is chosen such that 

a · 
tan0 = _22.. 

apj 
( 4.6) 

Postmultiplication of a matrix A, with the rotation matrix Gpq affects columns p 

and q of matrix A. 

A' A Gpq (4.7) 

I 

a . . 
SJ ai1 j =Jp, q (4.8) 

I 

aip aip cos0- aiq sin 0 (4.9) 

I 

aip sin 0 + a i q cos 0 ( 4.10) aiq 

According to ( 4.10), the element a:q is eliminated if the angle 0 is chosen such that 

tan0 = ( 4.11) 

The process of obtaining the angle 0 is called generating the rotation, and the 

process of obtaining the new rows in ( 4.4), ( 4.5) and columns in ( 4.9), ( 4.10) is 

called applying the rotation. 
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Matrix Triangularization 

Triangularization of a matrix into an upper triangular matrix involves reducing all 

the elements below the main diagonal to zero. Gaussian elimination can be used to 

factorize a matrix A to A= LU where Lis a unit lower triangular and U is upper 

triangular matrix. This technique requires pivoting however. To guarantee stable 

solutions, row reordering might be necessary. This is not very attractive from a 

systolic implementation point of view. On the other hand, the QR algorithm based 

on Givens' rotation [44] is stable and does not require pivoting [45]. For the QR 

algorithm 

A=QR (4.12) 

where Q is an orthogonal matrix and R an upper triangular matrix. The matrix 

QT is given by 

( 4.13) 

where Q P is the matrix to eliminate the elements (p + 1, p), (p + 2, p), . .. , ( n -

1,p), (n,p) of the matrix A. 

( 4.14) 

The upper triangular matrix R is obtained by pre-multiplying matrix A by a 

series of Givens ' rotation matrices G, to produce the upper triangular matrix A'. 

For example, the first column is reduced to the vector [a~i, 0, ··· ,Of by performing 

n - 1 rotations using Givens matrices Gii with i = 2, ... , n. The first four steps 

for zeroing the subdiagonal elements of the first column for a 5 x 5 matrix are 

shown in Fig. 4.2. Note that newly created zeros will not disturb the previously 

created zeros. For example in the first column, the zero in position (2,1) is not 
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disturbed by the transformation Gj1 ; where j > 2. The subdiagonal elements in 

the second column are zeroed by successive premultiplication with the matrices 

Gi2 , i = 3, 4, · · ·, n . The newly created zeros will not disturb the zeros in the 

first column since the elements involved are already zero. Triangularizing a matrix 

using this technique is direct, rather than iterative, because the triangularization 

is achieved in a known number of steps. 

Similarity Transformation 

If there exists a nonsingular matrix P such that p-1 AP = B, then B is said to 

be similar to A. Similar matrices have the same characteristic polynomial and the 

same eigenvalues. 

Suppose B is similar to A: 

B = p- 1 AP ( 4.15) 

if x is an eigevactor of A associated with the eigenvalue ,\ then the p-1x is an 

eigenvactor of B associated with the eigenvalue .\. 

4.3 The QR Algorithm 

The QR algorithm is used to find the eigenvalues and eigenvectors of symmetric 

or non-symmetric matrices. This method is based on triangular decomposition 

of a matrix which can be achieved by applying a series of Givens rotations [46]. 

A sequence of matrices A1 , A2 , • · · can be computed which converge to an upper 

triangular matrix. The first stage in the QR factorization is the decomposition of 

the matrix A= A1 , i .e. 

( 4.16) 
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where A1 is the original matrix, R1 is an upper triangular matrix and Q1 1s a 

orthogonal transformation matrix, given by 

Q'{ = ( Gn,(n-1) ) ( G n, (n -2)G(n-1),(n-2)) · · · 

(Gn,2 .. . G4,2G3,2) (Gn,1 ... G3,1G2 ,1) 

(4.17) 

where Gqp is Givens rotation matrix to eliminate matrix element a9p; (q > p) . A 

new matrix A2 is formed according to 

(4.18) 

Using 4.16 and 4.18 it can be easily proven that A1 and A2 are similar. 

The whole process is then repeated and the general equations for the QR algo­

rithm are: 

( 4.19) 

( 4.20) 

where s 

because 

1, 2, · · ·. In ( 4.19) each complete step is a similarity transformation 

So all the matrices have the same eigenvalues. 

Eigenvalues and Eigenvectors 

The eigenvalues and eigenvectors of a given matrix are defined by 

Ax = Ax 

( 4.21) 

( 4.22) 

( 4.23) 
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where A is a n x n matrix, >. is an eigenvalue and x an eigenvector. If the eigenvalues 

of matrix A are distinct then it has linearly independent eigenvectors. If we set 

( 4.24) 

and 

( 4.25) 

It is easily verified that the ( 4.23) is equivalent to the single matrix equation 

AX= XI\. 

[ A, 
[x1x2 • • x.) ; 

or 

where X is the eigenmatrix for matrix A. 

0 
>-2 
0 
0 

0 
0 

0 II 

After N iterations AN converges to an upper triangular matrix 

>-1 X X X 

0 >.2 X X 
AN= 

0 0 X 

0 0 0 >-n 

where i>-1! > i>-2! > · · · > l>-nl are the eigenvalues of A. 

AN is related to A1 by: 

( 4.26) 

( 4.27) 

( 4.28) 

( 4.29) 

( 4.30) 
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( 4.31) 

( 4.32) 

( 4.33) 

Where the similarity transformation matrix P is given by 

( 4.34) 

which is a similarity transformation. 

Eigenvector Evaluation 

If matrix A1 has an eigenvalue Ai corresponding to the eigenvector X i, then p-1 AP 

has the same eigenvalue as A1 but with eigenvectors p-1x i [44]. 

If EN is the eigenmatrix for matrix AN, then EN is given by 

b12 .. , bin I 
1 .. . b2n 

0 1 

( 4.35) 

where b· · = 1 · \/ 1 < i < n and b· · = O· i > 1· U ) _ _ 1J ) 

Each of the elements bii of the eigenvector b ; is evaluated according to the equation 

( 4.36) 

The eigenmatrix X 1 of matrix A1 is related to EN according to the equation [44]: 

( 4.37) 
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4.4 System Design and Operation 

Our objectives in this section are to derive a systolic architecture to implement 

the QR algorithm as summarized in ( 4.19) and ( 4.20). We also want to be able to 

use the same architecture to extract the eigenvectors of a given matrix. 

The QR algorithm can be written in a sequential program. The sequential 

program for QR algorithm is as follows: 

For k from 1 to N 

For i from k to N - l 

0 - tan-1
(~) 

ai ,k 

For j from k to N 

templ f-- ai,j cos 0 + ai+i,j sin 0 

temp2 - -ai,j sin 0 + ai+i,j cos 0 

ai,j - templ 

ai+l,j - temp2 

end For 

end For 

end For 

The signal flowgraph for the above QR algorithm is shown in Fig. 4.3 [28]. In 

Fig. 4.3 the scheduling of node activities is set by the scheduling vector s. We 

chose the scheduling vector s = [1 1 1]. The choice of the orientation of s is such 

that 

s .e > 0 ( 4.38) 

where e is any arc in the graph [28] . Inequality ( 4.38) ensures that casuality is 

enforced. For example, if node p depends on node q, then the time step assigned 



79 

for p cannot be less than the time step assigned for q. 

The assignment of the nodes in Fig. 4.3 to the processors in the systolic array 

is set by the projection vector d. We chose the projection vector d = [O 1 O]. 

The choice of the orientation of d is such that 

d.s > 0 ( 4.39) 

Inequality ( 4.39) ensures that the nodes on an equitemporal hyperplane are not 

projected to the same processing element. It is clear from the signal flowgraph 

that after projecting in the direction d a triangular array is obtained. 

The QR algorithm is implemented on the triangular array of Fig. 4.4. The 

array effects one step in the QR iterations. At each step in the QR iteration an 

input matrix is triangularized by premultiplication with a succession of Givens 

rotations. Each processor in the array performs one Givens rotation operation on 

the input matrix. 

In Fig. 4.4 the numbers labeling the processors represent the matrix element 

to be eliminated. Input data elements are fed from the left side of the array while 

the resulting output matrix leaves the array from the top. Each processor in the 

systolic array first generates the angle of rotation and then performs the rotation 

on the pertinent rows of the matrix. 

Note that the Givens rotation angles are extracted at each processor when the 

relevant elements arrive. For example, the processor labeled 21 in Fig. 4.5( a) ex­

tracts the angle 021 upon receiving the elements an and a 21 . After 021 is obtained, 

all the elements of the first and second rows are rotated by this angle. The timing 

scheme of Figs. 4.4 and 4.5 ensures the correct sequence of operations. Figure 

4.5( a) shows the sequence of arrival of elements to the first column of the systolic 
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array. At each time instant two elements are received and two outputs are pro­

duced. The rows are delayed two processing cycles relative to each other. There is 

a one cycle delay between the elements of the same row. Figure 4.5(b) shows the 

sequence of arrival of elements to the second column of the array. The sequence of 

element arrival to the second column is identical to that of the first column. 

It should be noted from Fig.4.4 that feeding in a matrix in a row-wise fash­

ion results in an output matrix equal to the input matrix premultiplied by the 

transpose of the transformation matrix stored in the array. The output matrix is 

obtained one column at a time. 

The proposed triangular array performs useful operations m addition to tri­

angularizing a matrix. These extra operations allow us to perform the spectral 

decomposition of the matrix as will be explained below. If a matrix A is fed to the 

array as in Fig. 4.4, the output matrix is R = QT A according to ( 4.16). Where 

QT is defined in (4.17). Feeding in a unit matrix to the systolic array allows us to 

obtain the orthogonal transformation matrix QT. 

After the first iteration, the systolic array output is matrix R 1 , where R 1 1s 

given form ( 4.17) as 

( 4.40) 

At iteration k the systolic array has to perform the following set of operations in 

sequence: 

1. Premultiply the input matrix by the transpose of the stored orthogonal ma­

trix according to 

( 4.41) 

This is achieved by feeding the rows of the input matrix in the fashion de-
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picted in Fig. 4.4. 

2. Postmultiply matrix Pk-i by the stored orthogonal matrix according to 

( 4.42) 

This is achieved by feeding the input matrix in a manner similar to Fig. 4.4 

except the input matrix is transposed first . Each processor receives one 

column of the input matrix. 

3. Postmultiply matrix Rk by the stored orthogonal matrix according to 

( 4.43) 

This is achieved by feeding the input matrix in a manner similar to Fig. 

4.4 except the input matrix is transposed first. Each processor receives one 

column of the input matrix. 

The above sequence of events is explained in Fig. 4.6. During the first iteration an 

orthogonal matrix Qi is generated. The output matrix Ri is obtained according 

to (4.41). 

There is a need to obtained the transformation matrix, Qi. Since, Qi is at 

present inside the array, a unit matrix is used to flush it out. This is done by 

feeding a unit matrix. The output matrix which is Qi is stored for future use . The 

matrix present in the systolic array remains as Q1 and is unaffected by the unit 

matrix multiplication. The matrix Ri which was obtained in the previous step is 

fed column-wise into the systolic array containing the transformation matrix Qi . 

Accordingly matrix A2 is obtained. 

Step 2 is similar to step 1 except for the fact that the input matrix is now 

A 2 instead of Ai. As in step 1, matrix A 2 is fed row-wise into the array to yield 
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the new matrix R 2 • The previously obtained transformation matrix, Q1 is now 

fed column-wise into the array to yield a product matrix Q 1 Q2 which is stored for 

use in future steps . Matrix A3 is generated by feeding matrix R 2 in column-wise 

fashion into the array. 

The above mentioned steps are repeated till the criterion for convergence is 

satisfied. At iteration N the diagonal elements of matrix RN are the eigenvalues 

of matrix A1 • 

It is however, to be noted that due to the intermediate procedure of multiplying 

and storing all the orthogonal transformation matrices, Q~s, we are finally left with 

the product PN = Q1Q2 . .. .. QN-I after N iterations. This product matrix is very 

helpful in estimating the eigenvectors corresponding to the eigenvalues obtained. 

This is evident from ( 4.37). Having found PN, matrix AN is fed and stored in 

the systolic array. The elements of AN are stored as shown in Fig. 4. 7. A signal 

flowgraph for obtaining the eigenvectors is shown in Fig. 4.8. The elements of 

the eigenmatrix EN associated with AN are evaluated according to ( 4.36). Once 

the values of all the bi/s are calculated, the value of X 1 is obtained from ( 4.37). 

Figure 4.9 shows the signal flowgraph for obtaining the matrix X 1 • 

For triangularization of matrices having dimensions larger than the size of the 

systolic array, the following procedure is used and is also graphically shown in 

Fig. 4.10. Assuming the size of the array to be m on a side. Such an array can 

triangularize a matrix of maximum dimension ( m + 1) x ( m + 1). To operate on 

larger matrices, the matrix is divided into m horizontal strips. These strips are 

fed in the order shown in Fig. 4.10. It should be noted that the last row in each 

strip is the nth row. In this way the zeros are created in the columns below the 

main diagonal. 
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column p column q 

l l 
1 . 0 

1 
row p --~►► cos 0 sin0 

1 

1 
rwo q ► - sin0 cos 0 

1 

0 1 

Figure 4.1: A Givens rotation matrix with nonzero off-diagonal elements at posi­
tions (p,p), (p,q) , (q,p) and (q,q). 
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XXXXXI IOxxxx 0 X X X X 

X X X X X I ► xxxxx ► 0 X X X X 

XXXXXI lxxxxx X X X X X 

X X X X X I lxxxxx X X X X X 

A GA GGA 
21 31 21 

X X X X X X X X X X X X X X X 

0 X X X X 0 X X X X 0 X X X X 

► IO xxxx ► 0 X X X X ► 0 0 X X X 

0 X X X X 0 X X X X 0 X X X X 

X X X X X 0 X X X X 0 X X X X 

GGGA G G G GA G A 
41 31 21 51 41 31 21 32 

X X X X X X X X X X X X X X X 

0 X X X X 0 X X X X 0 X X X X 

► looxxx ► 0 0 X X X ► 0 0 X X X 

0 0 X X X 0 0 X X X 0 0 0 X X 

0 X X X X 0 0 X X X 0 0 X X X 

G G A GGGA G A 
42 32 52 42 32 43 

X X X X X X X X X X 

0 X X X X 0 X X X X 

► IOOxxx ► 0 0 X X X 

0 0 0 X X 0 0 0 X X 

0 0 0 X X 0 0 0 0 X 

G G A G A 
53 43 54 

Figure 4.2: Premultiplication of a matrix A by a succession of Givens rotation 
matrices G, to make it upper triangular matrix. 
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Figure 4.3: A three dimensional signal flow graph for the QR algorithm. 
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R A 

~ 3 

A = R 0 
3 2 2 
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~ + 1 

A = R 0 
k+ 1 k k 

Figure 4.6: The operation of the system to find the eigenvalues and eigenvectors 
of a given matrix A. 
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Figure 4. 7: It is suppose that after the final iteration the upper triangul a r matri x 
is left inside the array. In a similar way the tri angular matrix can be fed ex tern all y 
as shown in the above figure. 
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SYSTOLIC PROCESSOR 
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A 

Figure 4.10: The partioning of a la rge square matrix to be triangularized on a 
systo li c array of smaller dimension . 
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Chapter 5 

Conclusions 

The objectives of the research were to study the CORDIC algorithm, design a 

CORDIC processor suitable for parallel computing and to investigate a typical 

DSP application requiring such an array. 

The major contributions of this thesis are as follow: 

a . The CORDIC algorithm and its three basic modes of operations, circular, lin­

ear and hyperbolic were outlined. Considerations for the implementation of 

the CORDIC algorithm such as table look up requirements, the number of 

iterations for the fixed-point and floating-point cases and the noise perfor­

mance were discussed. For table look up requirements, it was found that 

for 32-bits fixed-point data 11 table entries of the rotation angles are suffi­

cient. Similarly, it was found that for 32-bits floating-point data, 12 table 

entries are sufficient. The number of iterations for the fixed-point CORDIC 

case is found to be equal to the number of bits in the data format. For the 

floating-point case the number of iterations is equal to the number of bits in 

the mantissa. The results of hardware simulation were also presented. 

b. System requirements for the systolic processing element were identified. A 



94 

systematic approach to implement the system requirements was followed. 

Based on the system requirements, system specifications were identified. The 

VTI CAD package was used to design and test the datapath block of the 

CORDIC processor. The PE structure, at the block level, was explained. 

The pin connections and timing diagrams of the PE were also discussed. 

The PE node consists of six major blocks. The operation of each block was 

discussed. The PE can communicate with its four nearest neighbors through 

four serial I/O ports. The direction of data traffic of the serial port is under 

program control. A parallel I/O block was also provided to facilitate testing 

of the PE. 

c. A typical application requiring parallel processing was considered. Implementa­

tion of the QR matrix decomposition onto a systolic array was investigated. 

A signal flowgraph approach was used for the mapping of the QR algorithm 

onto the systolic array. The same systolic array structured allowed us to 

extract the eigenvalues and eigenvectors of matrix A. 

Suggestions for future research 

a. Investigate combining the CORDIC algorithm with other technique for faster 

evaluation of the elementary functions. 

b. More efficient hardware design is required to enhance the processing speed and 

to increase integration level. 

c . Several aspects of ystolic array design should be further investigated such as: 

Fault-tolerance, configurability, cont rol strategy, communication protocol, 

and system -level integration. 
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Appendix A 

Details of Datapath Design 

To design the datapath (DP) block from 2-micron standard cells, we need the 

standard cell library (pvsc010d) and the datapath library (vdpOlOd) on our search 

path. The pvscOlOd is the basic standard cell portable library. The vdpOlOd li­

brary contains all the specifications for the datapath netlist compiler: specification 

schematics, leaf cell netlists, the compiler code and the template. 

To create a datapath, first we must draw a schematic that specifies the func­

tional units needed and the connection between them. To do that use the VLSI 

Schematic Editor and the elements function in the vdpOlOd library. 

Inside the VLSI Schematic Editor the datapath specification schematic is a 

normal schematic except: 

• The schematic requires one instant peparameter which is the word width of 

our datapath, N. 

• Each element represents a functional unit that operates on N-bit data. The 

schematic we place is actually empty, it is just an indication to the compiler. 

• Each wire we draw represents an N-bit bus. 
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• Connectors created in the specification schematic imply N connectors in the 

final design. 

• We don't specify control connectors, they are implied by what functional 

uni ts we use. 

On the basis of above mentioned discussion the details of our datapath specification 

schematic and how it looks like is shown in Fig. 3.17. More details about the 

datapath compiler and VDP library can be found in "Datapath Library " manual. 

The datapath was designed and captured using the 2-micron CMOS VDPlO 

datapath library. The name of each cell, the area per bit and the power consump-

tion of each cell is given in the following table. 

Name Area/bit (k µm 2
) Power (µW/MH z ) 

1 Adder/ subtractor 30.4 156 
VDP3ASB001 

2 Shifter (11.5 + 1.12 * N + l) 156 
VDP3SHF001 

3 Zero detect 9.1 10 
VDP3ZDT001 

4 Mux 5.4 13.9 
VDP3MUX005 

5 D latch 11.25 28.5 
VDP3DFF003 

6 Bit swizzel NA NA 
VDPSSWZ00l 

7 Tri-state buffer 6.5 28.5 
VDP3TSB002 
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A.1 Datapath Verification 

VTI test description language gives us the abili ty to create simulation files and 

to generate complete test programs . We used VTI test language (VTL) to cre­

ate a modular description of clocking, input data, stimuli patterns and expected 

responses . A sample program used for the simulation of the datapath is shown 

below. 

#************************************************** 
# Datapath Test Program 

#************************************************** 

#cell2 * man_add2 tst * 2 any O v8r1 . 5 

# "19 :47 :35 GMT" mstariq * 

PINDEF; # define the input and output pins of the datapath . 

BEGIN 

END ; 

TESTPINS 70 ; 

datain [23: OJ 

control[17:0] 

flag[2 : 0] 

elk 

dataout [23 : O] 

# total number of pins of datapath 

: = 24 : 1 INPUT; 

:= 42 : 25 INPUT ; 

: = 45 :43 OUTPUT ; 

: = 46 INPUT ; 

: = 70 :47 output ; 

TIMEPARAM normal ; # setting the timing parameters 

BEGIN 

tsetup : = 20n, 30n, 40n; # min, nom, max 



END; 

trise : = 50n, 50n, 50n; 

tcontrol : = 10n, 20n, 30n; 

time := 100n,100n,100n; 

EDGETIME; # setting the input clock timing 

BEGIN 

tO := On ; 

clockrise :=trise .nom; 

setup :=trise .nom - tsetup .min; 

hold :=trise .nom + tsetup.min ; 

csetup :=tsetup.min; 

t_cycle :=time.nom; 

END; 

CYCLE reset;# resetting the inputs 

BEGIN 

# 

# 

END; 

elk 

datain 

control 

<- 0 © tO; 

<- 0 © tO; 

<- 0 © tO ; 

# defini ng the timing for the clock , input data and 

the control signal . 

CYCLE load1(aval, dval); 

BEGIN 

elk 

datain 

<- 1 © clockrise, 0 © t_cycle; 

<- dval © setup, 0 © hold; 
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control <- aval © csetup; 

END; 

MAIN; # the main module to test the datapath 

BEGIN 

DURATION t_cycle; 

VARIABLE llatchO, llatch1, llatch2, add, sub; 

105 

llatchO := 'H04000; #the generation of control signal to latch the data 

llatch1 := 'H08000; 

llatch2 'H10000 ; 

add := 'H01044; # to add two input numbers 

sub := 'H0104C; # to subtract two input numbers 

END ; 

normal; 

vlsisim "vec control[17:0J"; 

vlsisim "vec datain [23 : OJ"; 

vlsisim "vec dataout [23: OJ"; 

vlsisim "vec flag[2:0J"; 

vlsisim "watch (dis) control flag datain dataout"; 

load1 (llatchO ,'HOOOOOF); 

load1 (llatch1 ,'H000001); 

load1 (add, 0 ); 

#************ End of the test program************** 

The output report for the datapath of loading two input data at consecutive 

clock cycles and adding them is as follow: 
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#****************************************************** 

# The test output of the datapath * 

#****************************************************** 

VLSitest> load man_add2 

Parsing VLSitest description file 'man_add' 

VLSitest> simulate 

Redefining vector CONTROL 

Redefining vector DATAIN 

Redefining vector DATAOUT 

Redefining vector FLAG 

Time= 10:1 

Time= 11 : 1 

Time= 12:1 

VLSitest> quit 

Time= 13:1 

[1800 nsJ 

CONTROL 

DATAIN 

FLAG 

[1900 nsJ 

CONTROL 

DATAIN 

[2000 nsJ 

CONTROL 

DATAIN 

FLAG 

DATAOUT 

[2100 nsJ 

= 

= 

= 

= 

= 

= 

= 

= 

= 

'B000100000000000000 [+OJ 

'B000000000000000000001111 [+OJ 

'B100 [ +61. 1J 

'B001000000000000000 [+OJ 

'B000000000000000000000001 [+OJ 

'B000001000001000100 [+OJ 

'B000000000000000000000001 [+OJ 

'B000 [+45.2] 

'B000000000000000000010000 [+39J 

#************ End of the test output*************** 
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To simulate the datapath the following procedure was used. 

1. A VTI Test program is written using VTI Test as shown in section A.l. 

2. Load the cell to be simulated in "VTI sim". 

3. Inside the "VTI sim" window type "VTI Test" to enter VTI test mode. 

4. Use load "tst program" to load the VTITest program. The syntax errors will 

be flagged. These errors must be fixed before proceeding further. 

5. Use the command "output file name" to output the result of simulation. 

6. "quit" will return to VTI sim any time. 
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