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ABSTRACT

The main purpose of this dissertation is to investigate directional constraint qual-
ifications and necessary optimality conditions for nonsmooth set-constrained mathe-
matical programs.

First, we study sufficient conditions for metric subregularity of the set-constrained
system. We introduce the directional version of the quasi-/pseudo-normality as a
sufficient condition for metric subregularity, which is weaker than the classical quasi-
/pseudo-normality, respectively. Then we apply our results to complementarity and
Karush-Kuhn-Tucker systems.

Secondly, we study directional optimality conditions of bilevel programs. It is well-
known that the value function reformulation of bilevel programs provides equivalent
single-level optimization problems which are nonsmooth and never satisfy the usual
constraint qualifications such as the Mangasarian-Fromovitz constraint qualification
(MFCQ). We show that even the first-order sufficient condition for metric subregu-
larity (which is generally weaker than MFCQ) fails at each feasible point of bilevel
programs. We introduce the directional Clarke calmness condition and show that
under the directional Clarke calmness condition, the directional necessary optimality
condition holds. We perform directional sensitivity analysis of the value function and
propose the directional quasi-normality as a sufficient condition for the directional

Clarke calmness.
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Chapter 1
Introduction

This chapter introduces the main objects of our research. Comprehensive litera-
ture reviews on necessary optimality conditions, constraint qualifications and metric
subregularity are presented. The contribution is summarized. Finally, necessary

background materials are presented.

1.1 Research Objects

Our research mainly studies the following set-constrained mathematical program

min f(x)

(F) s.t. P(z) € A,

where f : X — Rand P : X — ) are continuous, A C )Y is closed and X', ) are finite
dimensional Euclidean spaces.

(P) is very general. It includes many classical optimization problems as special
cases. For example, when X := R™ Y := RP*Y P(zx) := (h(x),g(x)) with h : R* —
RP g : R™ — R? and A := {0} x R, (P) becomes the mathematical program with

equality and inequality constraints, which is also known as the nonlinear program

min f(z)
(NLP) st h(z) =0,
g(z) < 0.

When X is a finite dimensional Euclidean space, ) is the linear space of p X p

symmetric matrices and A consists of positive semidefinite matrices, (P) is called the



semidefinite program

min f(x)

(SDF) st. P(z) =0,

where A > 0 means A is positive semidefinite.

When X := R", Y := R™! and A := {(y,2)|z > ||y||2} is the so-called second
order cone/Lorentz cone/icecream cone, (P) is called the second-order cone program,
where || - ||2 denotes the Euclidean norm.

Our research can be applied to cases where A is nonconvex. Particularly, in
Chapter 2, we will study the Karush-Kuhn-Tucker (KKT) system (2.25) of NLP

and the cone complementarity system (2.21).

1.2 Literature Review on Metric Subregularity

When solving optimization problems numerically, round-off errors and noisy data
are often unavoidable. To study the influence of errors, it is meaningful to study the

following parameterized set-constrained system
P(z)+a €A,

where o denotes the perturbation parameter. A critical issue is the stability analysis of
the perturbed set-valued map F(«a) := {x € X|P(x)+«a € A}. We define F := F(0).

To make this chapter more readable, in the sequel, we present most of the classical
results in the case of NLP. Consider the constraint system of parametric NLP in the

form

g9(z) +v <0, (1.1)

where (u,v) € RPT? is the purturbation parameter.
The error bound property is an important tool to study the stability of the con-
straint system P(x) € A.

Definition 1.2.1 (Error bound property). We say that the local error bound property



holds for (1.1) at T if there exist K > 0, € > 0 such that
dist(z, F) < &(|[h()[| + ||lg+(2)]]) (1.2)

holds for Yz € T + eB, where F = {z|h(xz) = 0,g(x) < 0} and (gj)+(x) =

max{0,g,(x)} for j = 1,....q.
We say the global error bound property for (1.1) holds, if (1.2) holds for any x.

Generally, it is hard to calculate the distance between a point z and the solution
set F , but if error bound holds, we can majorize dist(z, F) by the error x(||h(z)| +
lg+(2)||), which is easier to compute.

In 1952, Hoffman [37] proved that the global error bound holds automatically for
linear constraint systems. We say (1.1) is a linear system, if h(x) := Az + by and
g(x) := Asx + by, with Ay, Ay being matrices and by, by being vectors.

For general nonlinear programs, error bound property does not necessarily hold
automatically and extra conditions are needed. For smooth NLP, there are two clas-
sical sufficient conditions for the error bound property. One is the so-called linear

independent constraint qualification (LICQ). Define the active index set Z, := {j =
L....qlg;(z) = 0}.

Definition 1.2.2 (LICQ). Let & be a feasible point of NLP. Suppose that h,g are
smooth. We say that LICQ holds at T if the set of vectors {Vh;(z),Vyg;(Z)|i =
1,....p, J € fg} are linearly independent.

The other is the Magasarian-Fromovitz constraint qualification (MFCQ).

Definition 1.2.3 (MFCQ). Let & be a feasible point of NLP. Suppose that h,g are
smooth. We say that MFCQ holds at Z if the set of vectors {Vh;(Z)|i = 1,...,p}

are linearly independent and there exists a vector d such that Vh;(z)d = 0 for all
i=1,...,p and Vg;(Z)d < 0 for any j € Z,.

One can easily find that LICQ is stronger than MFCQ. And MFCQ is equivalent

to the positive linear independence constraint qualification (PLICQ).

Definition 1.2.4 (PLICQ). Let T be a feasible point of NLP. Suppose that h,g are
smooth. We say that PLICQ holds at T if there exists no nonzero (A, ) satisfying

Vh(z)"A+ V(@) =0,
0<puLg(@). (1.3)



We give a brief proof for the equivalence between MFCQ and PLICQ in the
sequel. First, we need the following theorem. We define R"*™ as the set of all n by

m matrices.

Theorem 1.2.1 (Motzkin’s Transposition Theorem). (see e.g. [56]) Let A € R™*™ B €
R™2*™ gnd C' € R™*™ be real constrant matrices with A nonempty. Then either the
system

Ay <0, By<0, Cy=0

has a solution y € R™, or the system
MNAFNBHAC =0, A1 >0, \i #0, Ay >0

has a solution (A1, g, \3) € R™ 2% - hyt never both.

Proof. Assume PLICQ holds while MFCQ fails at z. This means either (i) the set
of vectors {Vh;(z)|i =1,...,p} are linearly dependent, or (ii) the system

Vhi(z)d =0, Vg;(z)d <0, i=1,...,p, j €L,

has no solution. For case (i), we obtain there exists 0 # A € RP such that (A, 0) satisfy
(1.3), contradicting PLICQ. For case (ii), letting A be the matrix whose columns
consists of {Vg;(z)|j € Z,}, by Motzkin’s transposition theorem, we can find nonzero
(A, 1) satisfying (1.3), which implies a contradiction. In summary, we obtain PLICQ
can imply MFCQ.

Conversely, we assume MFCQ holds while PLICQ fails. Then we can find nonzero
(A, ) satisfying (1.3). Multiplying both sides of the equation in (1.3) by the vector
d defined in MFCQ), we obtain

p
0>> NVh@)d+ Y p;Vg(x)d=0,
i=1 J€Ly
which is a contradiction. Hence, we obtain MFC(Q implies PLICQ. Thus, MFCQ is
equivalent to PLICQ. =
Robinson [67] proved that when the solution set F is bounded convex closed,
under Slater condition, the global error bound for NLP holds.

Definition 1.2.5 (Slater’s condition). There exists x° such that h(z°) = 0 and



g(z%) < 0.

For nonsmooth NLP, Ye and Zhang [90] proved that under the quasi-/pseudo-
normality condition, the local error bound property holds. Following is the definition

of quasi-/pseudo-normality for smooth NLP.

Definition 1.2.6 (Quasi-/pseudo-normality). [9] Let T be a feasible point of NLP.
Suppose that h,g are smooth. We say that quasi-normality holds at T if there exists
no nonzero (A, ) € R? x RY satisfying condions in (1.3) and such that there exists a

sequence {x*} converging to T satisfying

Nihi(z®) >0, forVie I :={i=1,...,p|\; #0}
1ig;(x%) >0, forVj € J:={j=1,...,qlu; > 0}.

And we say that pseudo-normality holds at T if there exists no nonzero (A, u) € RP x
RY satisfying condions in (1.3) and such that there exists a sequence {x*} converging
to T satisfying

M h(z®) + p"g(z%) > 0.

By definition, the above sufficient conditions for error bound have the following

relationship.
LICQ = PLICQ < MFCQ = pseudo-normality = quasi-normality. (1.4)

And when g(z) is smooth convex and h(z) := Ax — b with A € RP*" b € RP. We
have that MFCQ is equivalent to Slater’s condition.
The error bound property plays an important role in optimization. It serves as a

sufficient condition for exact penalty/Clarke calmness.

Lemma 1.2.1. [12, Proposition 2.4.3] Let f(x) be a Lipschitz function of rank K
over a set S. Let & € C C S. Suppose that f(x) attains a local minimum over C at
Z. Then for any K > K, the function flx)+ Kdist(a:, C) attains a local minimum

over S at T.

In Lemma 1.2.1 let S := R", C := F. Then the error bound property means
dist(z, F) < &(||h(x)]|+|lg+(z)|). By Lemma 1.2.1, one can easily obtain the following

theorem.



Theorem 1.2.2 (Clarke calmness). (see e.g. [12, Proposition 6.4.3]) Suppose that
f(zx) is Lipschitz continuous and T is a local solution to NLP. If the local error bound
property holds at &, then the Clarke calmness holds at T, i.e., there exists p > 0 such

that T is a local solution to the following program
min f(z) + p([[A(x)[| + [[g+(2)[])

for any p > p.

Besides, error bound property can serve as a sufficient condition for linear con-
vergence of certain first-order numerical algorithms, see e.g. [76]. Suppose that Z is
a solution to NLP and KKT condition (1.8) holds at z, equivalently,

V(@) + Vh(@) A+ V(@) =0,
p'g(x) = 0.
Denote by O the set of (x, A, p) satisfying (1.5). Generally, it is difficult to calculate

the distance of a point (x, A, i1) to the set O. But if error bound holds at (Z, A, i) for

(1.5), there exists positive scalars k,d such that
dist((z, A, 1), O) < & (|Vf(2) + Vh(2)" A + V(@) pll + [|(=0) ]| + llg(@) ]| + [l" g()]) ,

whenever ||(z, A, ) — (Z, A, ii)|| < €. Then, one can obtain a sequence (z, A, 1) — O
by making ||V f(z) + Vh(z)" A+ Vg(@)" ull + [|(=p)+ 1| + llg(@)+ || + 1" g(@)]| L 0.
When it comes to general set-constrained system

P(z) € A, (1.6)

the metric subregularity was introduced to play a similar role as error bound property
of NLP. In Chapter 2, we will focus on the study of the metric subregularity of the
set-valued map —P(x) + A induced by (1.6).



1.3 Literature review on optimality conditions

To solve an optimization problem, an important issue is to study its optimality
conditions. In this dissertation, we focus on studying first order necessary optimality
conditions of (P). And this section is dedicated to review classical results on this topic
for NLP.

For unconstrained optimization problems, it is well-known that if a function f(z)
attains a local extremum at a point = and f(z) is differentiable at Z, the Fermat’s
extremum theorem (Fermat’s rule) provides a necessary optimality condition V f(z) =
0.

Then consider constrained optimization programs with only equality constraints

min f(x)
s.t. h(z) =0,

where f : R" — R and A : R® — RP are continuously differentiable. Let Z be a locally
optimal solution. By the classical Lagrange multiplier theorem, if the Jacobian Vh(Z)
has full row rank, then there exists a unique A € R such that Vf(z) = Vh(z)T\.
For optimization problems with inequality constraints, the first result on describ-
ing the local minimizer of an optimization program is presented by Fritz John [45]
in 1948, where he studied NLP with inequality constraints only. The result is now
known as the Fritz-John necessary optimality condition and has been extended to
many other optimization programs. Following is the Fritz-John condition for NLP

given by Mangasarian and Fromovitz [56] in 1967.

Definition 1.3.1 (Fritz-John condition). Let & be a local optimal solution to NLP.
Suppose f,h,g are smooth. Then there erists a nonzero vector (X, A\, p) € R¥PTa
such that

MVE(Z) + V(@) A+ Vg(z)'pn =0,
A >0, 0<plLg(z) (1.7)

In (1.7), (Mo, A, i) is called the generalized Lagrange multiplier. We call (A, i) as
the normal Lagrange multiplier if Ay # 0 and abnormal Lagrange multiplier if A\ = 0.
Notice that if \g = 0, V f(Z) disappears and the Fritz-John condition provides

no information on f(x), so it fails to serve as an optimaliy condition. Hence, it is



meaningful to study optimality conditions where A\g # 0. If \g # 0, by normalization
we can obtain that there exists a Lagrange multiplier of the form (1, X', /). Then we
say that z satisfies the KKT condition.

Definition 1.3.2 (KKT condition). Let T be a feasible point of NLP. Suppose that
fyh,g are smooth. We say that KKT condition holds at T if there exists a nonzero
vector (A, u) € R? x RL such that

VF(Z)+ Vh(z)'N+Vg(@)Tu=0,

pLg(x). Y

The second line in (1.8) is called the complementary slackness condition. KKT
condition does not always hold at a local minimizer. Following is an example where

KKT condition fails at an optimal solution.

Example 1.3.1.

min x

s.t. 22 <0.

Obviously, T = 0 is the unique optimal solution to the above program. Define f(x) :=
z, g(z) := x*. We have f'(z) = 1, ¢'() = 0. There exists no u # 0 such that
() + png' (z) =0. And the KKT condition fails at T.

Remark 1.3.1. In Ezample 1.3.1, one can easily find that the feasible region can be
equivalently defined as x = 0. In this case, the KKT condition holds with A = —1.
This means that the fulfillment of the KK'T conditions also depends on how the feasible

set is expressed in terms of constraint functions.

Consequently, how to guarantee that the KKT condition holds at all the local
minimizers of a program becomes a critical problem. This introduces the study on
constraint qualifications.

A constraint qualification is a condition imposed on the constraint region of (P),
under which the KKT condition holds at any local optimal solution. Based on Fritz-
John condition, if there is no nonzero abnormal Lagrange multiplier, the KKT con-
dition holds. This is actually PLICQ or Basic Constraint Qualification (BCQ) for
NLP.



By (1.4), LICQ and MFCQ can both imply PLICQ. Hence, they can serve as

constraint qualifications.

Theorem 1.3.1. (see e.g., [8]) Let T be a local optimal solution to NLP. Suppose
that h, g are smooth. If LICQ/MFCQ holds at %, then KKT condition holds at .

For convex programs, we have Slater’s condition as a classical constraint qualifica-
tion. The proof can be obtained by taking into account the relation between Slater’s
condition and PLICQ.

Theorem 1.3.2. (see e.g., [8]) Let T be a local optimal solution to NLP. Suppose
that g is convex and h = Ax — b with A € RP*" b € RP. If Slater’s condition holds,
then the KK'T condition holds at .

Actually, the error bound property can also be used as a constraint qualification.

Theorem 1.3.3. Suppose that f(x) is Lipschitz continuous and T is a local optimal
solution to NLP. If the local error bound property holds at T, then KKT condition
holds at .

Proof. By Theorem 1.2.2, the Clarke calmness holds at z, i.e., there exists p > 0

such that z is a local optimal solution to the following program

min f(z) + p([[a(2)]| + [[g+(2)]])

for any p > p. Then by the Fermat’s rule and the calculus rules of limiting subdif-
ferential (see e.g. Proposition 1.5.1), there exist (A, u) € R? x RY with p; = 0 for
Vj ¢ I(z), satisfying that

p

V@) + > (PA)VAE) + Y oV (E).

i=1 j=1

One can easily find that KKT condition is satisfied. m

From the above theorem, all sufficient conditions for error bound property such

as the quasi-/pseudo-normality can be used as constraint qualifications.

Theorem 1.3.4. [9] Let & be a local optimal solution to NLP. Suppose that h, g are
smooth. If quasi-/pseudo-normality holds at =, then KKT condition holds at .
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The results presented above are for smooth NLP. However, general (P) may have
complicated structures and include nonsmooth data. To deal with nonsmooth (P),
there are two main challenges. First, we need to introduce generalized gradients such
as Clarke subdifferential and limiting subdifferential, for nonsmooth mappings. The
readers can refer to Chap 1.5 for definitions of various generalized gradients.

Secondly, those constraint qualifications derived for smooth NLP are no longer
useful. As we have discussed in Chap 1.1, (P) includes many classes of optimization
problems as special cases. Constraint qualifications for NLP have been extended to
many of these problems to deduce new constraint qualifications. For example, Ye and
Zhang [90, 86], Guo, Ye and Zhang [30] extended quasi-/pseudo-normality to non-
smooth (P) and introduced new constraint qualifications and optimality conditions
for (P).

And one can also study constraint qualifications for bilevel programs

(BP) min F(z,y)

x7y
st. y€S(x), Glz,y) <0,

where for any given =, S(z) denotes the solution set of the lower level program
(P) min f(z,y) s.t. g(z,y) <0,
y

and F,f :R"xR™ - R, G:R*"xR"™ — R? g:R" x R™ — RP are continuously
differentiable.
According to [90], one can equivalently reformulate (BP) using the value function

of the lower level program

(VP) min  F(z,y)

x7y

st fz,y) = V(z) <0, g(z,y) <0, G(x,y) <0.

where V(z) := min,{ f(z,y)|g(x,y) < 0} denotes the value function of the lower level
program. It has been shown that V(z) is usually not differentiable even if f, g are
smooth. Hence, (VP) is usually a nonsmooth program. And one can easily find that
if we let P(z) := (f(z,y) — V(2),G(z,y),9(z,y)) and A := R_ x R”" x R”? (VP) is
a special case of (P).

The following example shows that even if g(z,y) is linear, V (z) can be nondiffer-
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entiable.

Example 1.3.2.

min r — ¥,
y

st. —x+y—1<0,
r+y—1<0.

One can easily find that

which is not differentiable at x = 0.

There are two main challenges of solving (VP). One is that, many existing con-
straint qualifications are developed for smooth programs and one needs to extend
them to nonsmooth cases. The other challenge is, even when V' (z) is differentiable,
classical constraint qualifications such as MFCQ fail at optimal solutions to (VP).
Thus, it is necessary to study nonsmooth (P) and develop new applicable constraint
qualifications. And in Chapter 3, we will study differentiability of V(x) and derive
applicable constraint qualification for (VP).
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1.4 Main contributions

We summarize our contributions as follows.

In Chapter 2, we study the nonsmooth set-constrained system and derive a sufficient
condition for metric subregularity which is weaker than the first-order sufficient con-
dition for metric subregularity (FOSCMS) by adding an extra sequential condition.
Then we introduce directional versions of quasi-/pseudo-normality which are stronger
than the new weak sufficient condition for metric subregularity but weaker than clas-
sical quasi-normality and pseudo-normality respectively. Moreover we introduce a
nonsmooth version of the second-order sufficient condition for metric subregularity
and show that it is a sufficient condition for the new sufficient condition for metric
subregularity to hold. For the class of set-valued maps where the single-valued map-
ping is affine and the abstract set is the union of finitely many convex polyhedral sets,
we show that pseudo-normality and hence directional pseudo-normality holds auto-
matically at each point of the graph. Finally, we apply our results to complementarity
and Karush-Kuhn-Tucker systems.

In Chapter 3, we study directional optimality conditions of value function refor-
mulation of bilevel programs. We show that even the FOSCMS fails at each feasible
point of the bilevel program. We introduce the concept of directional calmness condi-
tion and show that under the directional calmness condition, the directional necessary
optimality condition holds. While the directional optimality condition is in general
sharper than the non-directional one, the directional calmness condition is in general
weaker than the classical calmness condition and hence is more likely to hold. We
perform the directional sensitivity analysis of the value function and propose the di-
rectional quasi-normality as a sufficient condition for the directional calmness. An
example is given to show that the directional quasi-normality condition may hold for

the bilevel program.

1.5 Backgrounds on variational analysis

In this section, we review the definition of some subdifferentials and some useful

calculus rules. For more detailed information on the subject, the reader is referred to
Mordukhovich [59], and Rockafellar and Wets [72].

Definition 1.5.1. (subdifferentials; see, e.g., [59]). Let f : X — [—00, +00] and T is
a point where f is finite. Then
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e the Fréchet (reqular) subdifferential of f at T is the set

FEen) — f@) - En |
] 20}

0f (z) = {s €X

lim inf
h—0
e the limiting (Mordukhovich or basic) subdifferential of f at T is the set

of(z) == {f € X|Jdzy — 7, f(z) = f(T), and & — & with &, € é\f(xk)},

When f(x) is Lipschitz continuous, the Clarke subdifferential can be equivalently
defined as
01 (3) 1= codf (2),
where coQ) := {ax + (1 — a)ylz,y € Q,a € [0,1]} denotes the convex hull of a set
Q. We give some useful calculus rules for the limiting subdifferential in the following
proposition.

If f is convex, then
0f () = 0f(7) = 0°f(3) = {€ € X|f(3) + (£, v — 7) < f(x),Va}.

Furthermore, if f is continuously differentiable,

~

0f(r) = 0f(z) = °f(z) = {V[f(2)}.

We present the limiting subdifferential of two frequently used functions.

Omax{0,x} = 0,1], ifx =0,
0oy =4 (0], ife B, ifx=0.

0, ifz<0, o
waz{ﬁ?’ﬁx*Q
1, if x> 0.

In the following, we review some useful calculus rules of limiting/Clarke subdif-

ferentials.
Proposition 1.5.1. (Calculus Rules of limiting subdifferential)(see e.g. [72])

(1) Let f : X — R be Lipschitz near T and g : X — R U {400} be lower semi-

continuous (l.s.c.) and finite at . Let o, be nonnegative scalars. Then

Iaf + Bg)(x) C adf + B0g(T).
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(2) Let ¢ : X — Y be Lipschitz near T and f : Y — R be Lipschitz near ¢(z). Then

ofod)xc |J o))

£edf(9(2))

(8) Let f: X — R be Lipschitz near T and C be a closed subset of X. If T is a local
minimizer of f on C, then 0 € df(Z) + No(T).

We denote by co(£2) the convex hull of set €, i.e., co(Q2) := { Az + (1 — N)y|z,y €
Q, 0 <X <1}. And @o(Q2) denotes the closure of co(f2).

Proposition 1.5.2. (Calculus Rules of Clarke subdifferential)(see e.g. [12])

(1) Let f,g: X — R be Lipschitz near T. Let a, B be scalars. Then
O(af)(x) = ad"f(2), 0°(af + Bg)(T) C adf + BO°g().

(2) Let ¢ : X — Y be Lipschitz near T and f : ) — R be Lipschitz near ¢(z). Then

(foo)(z) Cco ( U 56(&@(@“)) :

geo°f(o(z))
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Chapter 2

Directional
quasi-/pseudo-normality as
sufficient condition for metric

subregularity

In Chapter 1.2, we reviewed error bound properties for NLP and its sufficient
conditions. When it comes to the stability analysis of the set-constrained system
(1.6), error bound property is generalized as metric subregularity.

This chapter is mainly dedicated to the study on sufficient conditions for metric
subregularity of (1.6). All work in this chapter has been published as a journal
paper, see [4]. Recently, Benko et al. [6] also studied the directional quasi-/pseudo-
normality condition with application to a more general class of disjunctive constraint
systems, which includes the complementarity system as a special case. In particular,
for disjunctive constraint systems, they reformulated the directional pseudo-normality
condition into a much simplified form and derived second-order and higher-order
sufficient conditions for it. Similarly, they studied the so-called ortho-disjunctive
constraint system, for which they simplified and derived a second-order sufficient

condition for the directional quasi-normality condition.
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2.1 Introduction

In this chapter, we study the stability analysis of the system (1.6). Throughout the
chapter, unless otherwise specified, we assume that ) is an m-dimensional Euclidean
space with inner product (-, -) equipped with the orthonormal basis & = {ey, ..., en}.
Without loss of generality, throughout this chapter for any y € ) we denote (y, ¢;)
by yi,i=1,...,m.

Since the set A is not required to be convex, the system represented by P(z) € A is
very general and many systems can be formulated in this form. In particular, various
variational inequalities/complementarity systems can be reformulated in this form.

For example, consider the cone complementarity system defined as
K> ®(z) L¥(x) €Kk,

where K is a convex cone in Y, &, ¥ : X — ), and y L 2 means that (y, z) = 0. Then
the cone complementarity system can be reformulated in the form (1.6) by defining
P(z) := (®(z), ¥(z)) and the complementarity set

A={(y,2) e YxYK>3y LzeK}

Note that although K is convex, the complementarity set is not convex.

Denote by G(x) := P(x) — A, a set-valued map induced by the system P(x) € A.
An important stability issue to study is the metric subregularity. We say that the
set-valued map G is metrically subregular at (z,0) € gphG, where

gphG = {(z,y)ly € G(z)}
is the graph of G, if there exist k > 0 and a neighborhood U of T such that
d(xz,G71(0)) < kd(P(x),A) Vz €U,

where d(x,C) denotes the distance between a point x and a set C' and G~ '(y) =

{z|y € G(x)} denotes the inverse of G at y. By convention, we have d(x, ) = +oo.
The concept of metric subregularity was introduced by Ioffe [39] using the termi-

nology “regularity at a point.” The terminology “metric subregularity” was suggested

by Dontchev and Rockafellar in [15, Definition 3.1]. This property is also referred to
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as an error bound property since it enables us to estimate the distance from a point
x near T to the set of solutions to the system (1.6) by its residue d(P(x), A), which is
much easier to deal with; see, e.g., [18, 77, 78, 79, 16, 64] and the references therein
for related results and applications. Metric subregularity is a weaker condition than
the more familiar property of metric regularity, which requires the existence of k > 0

and U, V, neighborhoods of z, 0, respectively, such that
d(z,G"(y)) < wd(P(x) +y,A) Ve eUyeV,

and strong metric subregularity (see, e.g., [14]) which requires the existence of kK > 0
and U, a neighborhood of z such that

|z — 7| < kd(P(z),A) Vz €U

It is well known (see, e.g., [15, Theorem 3.2]) that the metric subregularity of a
set-valued map is equivalent to the calmness of its inverse map, which means that
there exist x > 0 and neighborhoods U of z and V' of 0 such that

Gl y)NU CGH0) +xllyB VyeV,

where || - || and B denote the norm and the closed unit ball in ), respectively. The
concept of calmness was first introduced by J. J. Ye and X. Y. Ye in [84, Definition

7

2.8] under a different name, “pseudo-upper-Lipschitz continuity,” and the terminol-
ogy of “calmness” was coined by Rockafellar and Wets in [72]. Note that the calmness
property is part of the property required in the notion of pseudo-Lipschitz continuity
introduced by Klatte [48]. As suggested by the name “pseudo-upper-Lipschitz conti-
nuity,” the concept of calmness is weaker than both the pseudo-Lipschitz continuity
(or Aubin continuity) introduced by Aubin [2] and the upper-Lipschitz continuity
introduced by Robinson [68, 69, 70]. Analogous to the fact that a set-valued map is
metrically subregular if and only if its inverse map is calm, it is well known that the
metric regularity of a set-valued map is equivalent to the pseudo-Lipschitz continuity
of its inverse map (see [59, Theorem 1.49]).

Metric subregularity /calmness plays an important role in optimization. It serves
as a constraint qualification and a sufficient condition for exact penalty; see e.g., [11,
39, 38, 40, 49, 75, 81, 84]. As pointed out in [41], metric subregularity /calmness is also

an important tool in the subdifferential calculus of nonsmooth analysis. More recently,
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it has been discovered that it serves as a sufficient condition for linear convergence of
certain numerical algorithms [50, 76] and quadratic convergence of the Newton-type
method [17].

Although the metric subregularity/calmness/error bound condition is very im-
portant, it is by no means easy to verify. For a long time, there have been only
two major verifiable sufficient conditions: one is derived by Robinson’s multifunction
theory and the other is by Mordukhovich’s criteria. By Robinson’s multifunction
theory [70], if the linear constraint qualification (linear CQ) holds, i.e., P(x) is affine
and A is the union of finitely many polyhedral convex sets, then the set-valued map
G(z) = P(x) — A must be a polyhedral multivalued function and so is its inverse map
G~!. Hence the set-valued map G~! must be upper Lipschitz and hence calm. Recall
that in optimization we call a multiplier abnormal if it is a multiplier associated with
an optimality system where its component corresponding to the objective function
vanishes. Assuming P is continuously differentiable (C'), if the no nonzero abnor-
mal multiplier constraint qualification (NNAMCQ) holds, i.e., there is no nonzero

abnormal multiplier ¢ such that
0=VP(x)"¢, (€ Nx\(P(x)), (2.1)

where N(+) is the limiting normal cone, VP denotes the Fréchet derivative of P,
and * denotes the adjoint, then Mordukhovich’s criterion for metric regularity (see,
e.g., [72, Theorem 9.40]) holds and so does metric subregularity. These two criteria
are relatively strong since they are actually sufficient conditions for stronger stability
concepts. And therefore there are many situations where these sufficient conditions
do not hold but the systems are still metrically subregular. In general metric subreg-
ularity is weaker than NNAMCQ but for the case of a differentiable convex inequality
system, which is (1.6) with each component function of P convex and differentiable
and A a nonnegative orthant, Li [53] has shown that all the following conditions
are equivalent: metric subreguality, Abadie’s constraint qualification [1], the Slater
condition and the MFCQ (which is equivalent to NNAMCQ in this case).

Over the last fifteen years or so, some results for characterizing metric subregu-
larity /calmness for general set-valued maps have been obtained; see, e.g., [33, 34, 35,
36, 92]. Recently the concept of a directional limiting normal cone which is in general
a smaller set than the limiting normal cone was introduced [29, 21]. Based on the

result for general set-valued maps in [21], Gfrerer and Klatte [25, Corollary 1] showed
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that metric subregularity holds for system (1.6) at & under the FOSCMS: assuming
P(x) is C, if for each nonzero direction u satisfying VP(Z)u € Ty(P(Z)), there is no

nonzero ¢ such that
0=VP(@)(, (€ NA(P(@);VP(T)u),

where T)(+) and Nj(y;d) are the tangent cone and the limiting normal cone at y
in direction d (see Definition 2.2.2). Moreover, if P(x) is continuously differentiable
and twice directionally differentiable and A is the union of finitely many polyhedral
convex sets, it was shown in [22, Theorem 4.3] that metric subregularity holds at
(,0) under the following second-order sufficient condition for metric subregularity
(SOSCMS): for each nonzero direction u satisfying VP (Z)u € Txh(P(Z)), there exists
no ¢ # 0 such that

{ 0=VP(x)¢, € N\(P);VP(x)u),
(¢, P"(z;u)) >0

where P”(Z;u) denotes the second-order derivative of P(x) at Z in the direction wu.
Some sufficient conditions for the metric subregularity/calmness/error bound condi-
tion for special complementarity systems based on the FOSCMS have been obtained
in [27, 87).

Another direction in the effort of weakening the NNAMCQ is to add some extra
conditions to (2.1). In the case where P is continuously differentiable at z, we say
that quasi-normality and pseudo-normality hold at z if there exists no ( # 0 such
that (2.1) holds and

A(a*, %, ¢*) = (2, P(2),¢) st. ¢F € Na(s*) and G(Pi(a*) — sf) > 0 (; #0,

El(xk,sk,g“k) — (z,P(2),¢) st. (Fe Na(s") and <C,P(:1:k) — sy >0,

respectively. It is obvious that pseudo-normality implies quasi-normality. For a sys-
tem with equality and inequality constraints where all constraint functions are C1*
which means that the gradients are locally Lipschitz, Minchenko and Tarakanov [58,
Theorem 2.1] showed that quasi-normality implies the existence of a local error bound
or equivalently metric subregularity/calmness at z. In [90, Theorem 5], this result
is extended to systems with continuously differentiable equality constraint functions

and subdifferentially regular inequality constraint functions and a regular constraint
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set. Quasi-normality /pseudo-normality for the general system in the form (1.6) was
introduced by Guo, Ye and Zhang [30, Definition 4.2] and proved to be a sufficient
condition for error bound/metric subregularity/calmness in [30, Theorem 5.2] under
the Lipschitz continuity of P and the closeness of the set A only.

The main purpose of this chapter is to combine the two approaches of weak-
ening the NNAMCQ , i.e., to replace the limiting normal cone by the directional
normal cone as in FOSCMS and SOSCMS and to add extra conditions as in quasi-
/pseudo-normality and prove that our weaker sufficient conditions are still sufficient
for verifying the metric subregularity /calmness.

Our assumptions are very general. We only assume the continuity of the mapping
P(z). Indeed, it is natural to study the case where P(z) is only continuous, since
it will widen the range of applications of formation (1.6). For example, consider the
recovery of an unknown vector x € R™ (such as a signal or an image) from noisy data

b € R™ by minimizing with respect to x a regularized cost function

F(ZL’, b) = f(:(],b) + /lg(x>a (2'2)

where typically f : R* x R™ — R is a data-fidelity term and g : R* — R is a
nonsmooth regularization term, with g > 0 a parameter. One usual choice for the

data-fidelity term is
flw,b) =Y lafw— b
i=1

with a; € R™ and p in the range (0, 00]; see, e.g., [62, 65, 66]. Apparently when p
takes a value in the interval (1,2), the optimality condition of minimizing function
(2.2) with respect to x can be described by 0 € V,f(z,b) + dg(x), where dg(x)
denotes a certain subdifferential of g at x, which can be reformulated as P(x) € A
where P(x) := (x,V,f(z,b)) is continuous and A := gphdg is a locally closed set.
Therefore, thanks to the equivalence between calmness of different reformulations
established in [27, Proposition 3|, our results can be used to study the calmness of the
optimality condition system of minimizing (2.2) without imposing an unnecessarily
stronger condition.

We organize this chapter as follows. First, we summarize some preliminary results
in Section 2.2. In Section 2.3 we propose the weak sufficient condition for metric
subregularity and show that it is sufficient for metric subregularity. In Section 2.4,

we propose the concepts of directional quasi-/pseudo-normality and show that they
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are stronger than the new sufficient condition for metric subregularity. Moreover, in
this section it is shown that the SOSCMS implies pseudo-normality. In Section 2.5,
we apply our results to complementarity systems and Karush-Kuhn-Tucker (KKT)

systems.

2.2 Preliminaries and preliminary results

In this section, we gather some preliminaries on variational analysis and nons-
mooth analysis that will be used in the following sections. We only give concise
definitions and results that will be needed in this chapter. For more detailed infor-
mation on the subject, the reader is referred to Mordukhovich [59], and Rockafellar
and Wets [72].

First, we give the definition of tangent cones and normal cones.

Definition 2.2.1. (tangent cones and normal cones; see, e.g., [72, Definition 6.1]).
Given a set Q C Y and a point iy € €, the tangent cone to ) at y is defined as

The derivable cone to Q) at y is defined as
To(y) :=={d € |Vt L 0,3dy, — d s.t. §+ tpdy € Q Vk}.

A set Q is said to be geometrically derivable if the tangent cone coincides with the
derivable cone at each point of Q, or equivalently if limy o t~1d(y + tu, Q) = 0.

The reqular normal cone and the limiting normal cone to Q) at y are defined as

ly =l —

Y

and
No(y) = {C € y‘ﬂ e 2 1, (¢ such that G € No(y) Vk}

respectively, where y LN iy means yr — Yy and for each k, y € 2.

Recently a directional version of limiting normal cones was introduced in [29,

Definition 2.3] and extended to general Banach spaces in [21].



22

Definition 2.2.2 (Directional Normal Cone). (/29, Definition 2.3] or [21, Definition
2]). Given a set Q CR", a point T € Q and a direction d € R™, the limiting normal

cone to ) at T in direction d is defined by

Nq(z;d) = {C eR"

It is obvious that Nq(Z;0) = Nq(Z), No(Z;d) = 0 if d & To(z) and Nq(Z;d) C
Nq(z). It is also obvious that for all d € To(Z) \ Tpaa(Z), one has Nqo(z;d) = {0}.
Moreover when € is convex, by [24, Lemma 2.1] the directional and the classical

normal cone have the following relationship
No(z;d) = No(z) N {d}*  Vd e To(z). (2.3)

Proposition 2.2.1. [87, Proposition 3.3] Let ) := Q X - -+ x Q;, where Q; C R™ are
closed fori=1,...,l and n =ny + --- 4+ n;. Consider a point § = (y1,...,4) €
and a direction d = (dy,...,d;) € R™. Then

To(y) € To,(7h) x --- x To, (1),
No(y;d) € No, (g1;dy) x -+ x No, (g5 dy).

The equality holds if all except at most one of ) for v = 1,...,1 are directionally
reqular at y; in the sense of [87, Definition 3.3].

Recently based on the concept of the directional limiting normal cone, the follow-

ing directional version of the limiting subdifferential was introduced in [7].

Definition 2.2.3. (directional subdifferentials; see [7]) Let f : X — [—o0, +0o0] and
Z be a point where f is finite. Then the limiting subdifferential of f at T in direction
(u,¢) € X x R is defined as

0F (& (u,0)) = {5 e X\atk L0, s, 5 G € o € F(@) 4l = S+ ),
& edf(z —I—tkuk)}.

Remark 2.2.1. Let f be continuously differentiable at T. Then Of(Z; (u,C)) # 0 if
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and only if ¢ = V f(Z)u, in which case

0f(7; (u, Q) = 9f(z) = {V[f(2)}.

Definition 2.2.4. (graphical derivatives; see, e.g., [14]) For a set-valued map G :
X =Y and a pair (x,y) with y € G(x), the graphical derivative of G at x fory is the
set-valued map DG (z|y) : X = Y whose graph is the tangent cone to gphG at (z,y):

v e DG(zly)(u) < (u,v) € Tyna(z,y).

Thus, v € DG(x|y)(u) if and only if there exist sequences ux — u, vy, — v and 1 } 0
such that y + v, € G(x + TRuy) for all k.

For a single-valued mapping P : X — ), its graphical derivative at = for y = P(z)

18

il ~P
PPt = {f‘atk 10,4, — ust. lim (@ + tiur) (z)
k—+o0 tk

- g} L (24

Moreover if P(x) is Hadamard directionally differentiable at x, then its graphical

derivative is equal to the directional derivative: for any u € X,

DP(x)(u) = P'(x;u) := lim Ple+t) - P(:z:)

t}0,u/ —u t

The following sum rule extends the sum rule in [14, Proposition 4A.2] by allowing

P(x) to be only continuous.

Proposition 2.2.2. Let G(z) := —P(z) + A and P(z) € A, where P(x) : X — ) is
a continuous singled-valued map.
Then either
DG(#(0)(u) € ~DP(#)(u) + Ta(P(#)) 2.5)

or there exists ( # 0 such that
¢ € DP(z)(0) N Th(P(x)).

If either P(z) is Hadamard directionally differentiable at & or A is geometrically
derivable, then (2.5) holds as an equality.
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Proof. By definition, v € DG(Z|0)(u) if and only if (u,v) € T pne(Z,0). It follows
from the definition of the tangent cone that there exist sequences (ug,vyx) — (u,v)
and 75, | 0 such that (z,0) 4+ 7% (ug, vx) € gphG, which means that there exists s, € A
such that vy = —P(T + Tug) + S

Case (i) ({2E)=P@ ig hounded). Then without loss of generality we may

Tk B 3
assume that limy_; o %}W = £. Therefore we have

P(z — P(z - P
v= lim v, =— lim (7 + mi) () + lim il (z)
k——+oo k——+oco Tk k——+oco Tk
Since s € A, we have
. sy — P(7) _
lim ————= € T)(P(x)).
k——+o0 Tk

Hence v € —DP(Z)(u) + TA(P(Z)).
Case (ii) ({%}W} is unbounded). Without loss of generality, assume that

i NPE@E+mew) - P@)| _
k—-+o00 Tk

Define t, := || P(Z + myux) — P(Z)]|.

Since
{P(az + Tpug) — P(T) } _ { P(Z + muy,) — P(Z) }
is bounded, we may without loss of generality assume limkﬁﬂo{%:)_m} = (.
By definition of DP(z)(0) and the fact that limj_. ¥ = 0, we have
P(z — P(z P(x +tp(Eug)) — P(x
0#¢= lim @tnw) - P@ _  PETUGwW) ~ PE) € DP(z)(0).
k—+o00 [ k—+4o0 tr
Since v, — v and limy_, o :—: =0, we have
P(z — P(x — P(x
0= lim Evk = — lim (Z + miuy) (z) + lim Sk ) (z)
k—oo T} k—+o00 i k—-+o0 tr
_ P(z
=—(+ lim Sk—(x)
k—-+o00 tk

Therefore ¢ = limy_, 400 =2 which implies that ¢ € Ty(P(z)).

123

Conversely, let v € —DP(Z)(u) + TA(P(Z)). Then there exist £ € DP(z)(u) and
¢ € TA(P(z)) such that v = —=§ + (.
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If P(x) is Hadamard directionally differentiable at Z, then the limit

£= lim P(z +tu') — P(x)

t}0,u/ —u t

exists and there exist sequences 74 | 0, sj 5N P(Z) such that

— P(x
¢ = tim 2@
k—+oc0 Tk
Define
o P&+ muy) — P(2) LSk P(x)  —P(T+ mug) + s
b Tk Tk B Tk ‘

Then limg_,o, vy = v and v € —P(Z + Tpug) + A for all k. Hence v € DG(Z|0)(u).
Now suppose that A is geometrically derivable. Let 75, | 0, up — u be sequences

such that P Pz
¢ = lim (T + Tpug) — (a:)

kloo Tk

Since A is geometrically derivable , there exists s, € A such that

Define

P(Z + mpug) — P(T) N sy — P(Z)  —P(Z+ mpug) + s
Tk Tk Tk '

Then limy_,o vy = v and 7,0, € G(T + Tpuy) for all k. Hence v € DG(Z|0)(u). =
Definition 2.2.5. (coderivatives and directional coderivatives; see [7] and [59, Defi-
nition 1.32]) For a set-valued map G : X = Y and a point (Z,y) € gphG := {(z,y) €

X x Y|y € G(z)}, the Fréchet coderivative (precoderivative) of G at (Z,y) is a mul-
tifunction IA)*G(:E, y) : Y = X defined as

~

D6 3)(©) = {1 € &|in.~0) € Bpcta.) |

the limiting (Mordukhovich) coderivative of G at (Z,y) is a multifunction D*G(z,y) :
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Y = X defined as

D*G(z,9)(C) := {n € X|(n, =C) € Ngpnc:(T,9)} -

The symbol D*G(z) is used when G is single valued. The limiting coderivative of G
at (Z,y) in direction (u,&) € X x Y is defined as

D*G(z,5; (u, €))(C) = {n € X|(n, =€) € Nopna (7, 43 (u,€))} -
Similarly the symbol D*G(z; (u, €)) is used when G is single valued.

Remark 2.2.2. In the special case when P : X — Y is a single-valued map which
is Lipschitz continuous at &, by [59, Theorem 3.28], the coderivative is related to the

limiting subdifferential in the following way:
D*P(z)(¢) = 0(P,()(z) for all( €.

By [7, Proposition 5.1], if P is Lipschitz near T in direction u, then D*P(z; (u,&))(() #
0 if and only if £ € DP(Z)(u), in which case

D*P(7; (u,£))(C) = O(P, () (%; (u, (£, ()))-

Let P : X — Y be C*. By [7, Remark 2.1], one has DP(z)(u) = VP(Z)u and
thus D*P(z; (u,&))(C) # 0 if and only if £ = VP(Z)u, in which case

D" P(#: (u,€))(¢) = D' P(2)(¢) = VP(z)"C.

To state our main results, given P : X — ) and A C ), we define the extended

linearized cone as

L(z):={(u,&) € X x Y|£ € DP(z)(u) NTx(P(x))}. (2.6)

It is easy to see that the projection of Z(x) onto the space X is the linearized cone de-
fined by L(z) := {u € X|3¢ s.t. £ € DP(x)(u) NTA(P(z))}. When P is differentiable
at x, DP(z)(u) = VP(x)u and hence in this case

L(z) ={(u, VP(z)u) : 0 € =VP(x)u+ Th(P(x))}.
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Proposition 2.2.3. Let P : X — Y be continuous and A C Y. Then
L(z) ={(0,0)} = DG(z|0)7"(0) = {0}. (2.7)
Proof. By virtue of Proposition 2.2.2, when £(z) = {(0,0)}, one must have
DG(z|0)(u) € =DP()(u) + Ta(P(2)).

Suppose that v € DG(z|0)7(0). Then equivalently, 0 € DG(Z|0)(u). Hence 0 €
—DP(z)(u) + Tx(P(Z)) or equivalently DP(z)(u) N Ty(P(z)) # 0. Since £(z) =
{(0,0)}, it means that Vu # 0, DP(x)(u) N Tx(P(z)) = 0. Hence we must have
u=0 m

Proposition 2.2.4. Let P: X — ) be continuous and A C Y be closed near T € X.
If £(z) = {(0,0)}, then G(z) = P(z) — A is strongly metrically subreqular at (z,0).

Proof. By [14, Theorem 4C.1], G is strongly metrically subregular at (z,0) if and
only if DG(z|0)~1(0) = {0}. The result then follows from applying Proposition 2.2.3.
|

2.3 Weak sufficient condition for metric subregu-

larity

In this section we will derive a sufficient condition for metric subregularity of the
system P(x) € A where P(z) : X — ) is a continuous single-valued map and A C Y
is locally closed. Recall that no ¢ satisfying condition (2.10) alone is the FOSCMS,
as established by Gfrerer and Klatte in [25, Corollary 1] for the case where P is
smooth and extended to the nonsmooth but calmness case in [7, Proposition 2.2].
Our sufficient condition in Theorem 2.3.1 improves the FOSCMS in [7, Proposition
2.2] in two aspects. First, we allow P(x) to be only continuous instead of being
calm. Secondly, even in the case where P(z) is calm, our condition is weaker in that
the extra condition of the existence of sequences (ug, vk, () — (4,0,¢) and t; | 0
satisfying (2.11) and (2.12) is required.

We will derive our result based on the following sufficient conditions for metric

subregularity for general set-valued maps by Gfrerer in [23].
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Lemma 2.3.1. (see [23, Corollary 1 and Remarks 1 and 2/) Let G : X = Y be a
closed set-valued map, and take a point (z,y) € gphG. Assume that for any direction
u € X, there do not exist sequences ty, | 0, ||(ur,ve)l| = 1, ||yill = 1 with ||ug| —
L, |lu|lukx = u, vy =0, x5 — 0 satisfying

(ZL‘]:, _yZ) € nghG(x;my;c)? I;f € G_l(g)

and .,
lim (Vi Y — Y)

I
koo |y, — 9|

Y

where T, =T + tyug, # T, Yy, = Y+ tyvp # Y. Then G is metrically subregular at
(z,9).

Note that as commented in [23, Remark 2], if the condition ), ¢ G~!(y) is omitted
then the resulting sufficient condition is stronger but may be easier to verify. However,

in [61, Example 1], it was shown that sometimes these kinds of conditions can not be

omitted in order to show the metric subregularity.

Lemma 2.3.2. Let P be a single-valued map from X to Y and A be a subset of Y.
Define G(z) := P(z)—A, y = P(x)—s for some s € A. Then (z*, —y*) € ]Vgphg(az, Y)
implies that

€ D*P(x)(y"), y* € Na(P(z) —v).

~

Proof. Since (z*, —y*) € Nypna(x,y), by definition for any € > 0,

(2", 0" —x) + (=y" 9 —y) < e|l(@ =2,y —y)| (2.8)

for any (2',y") € gphG which is sufficiently close to (x,y). Let ¢/ := P(x)—5', s € A.
Then when s is close to s, ¥ = P(x) — s’ is close to y = P(x) — s. Hence, fixing

2’ = x in (2.8) we obtain that for any € > 0 and any s’ € A sufficiently close to s,
(—y,s=5) <ells =5 &y, —s) <ells = 5.
This means that y* € ]/\}A<S) = ]VA(P(:JC) —9).
On the other hand, let 2’ € & and ¥/ := P(2') —s. Then y' € G(2') and when

(', P(2")) is close to (z, P(z)), (2,y’) is close to (z,y). Hence, by (2.8) we have

(a2 —x) + (=y", P(2') — P(x)) < €| (2’ — z, P(z") = P(x))],
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for any (2/, P(z")) which is close to (z, P(x)). This means that
(2", —y") € Ngpnr(z, P(2))
or equivalently xz* € l/j*P(:z:)(y*) The proof of the lemma is therefore complete. m

Applying Lemmas 2.3.1 and 2.3.2, we obtain the following sufficient condition for

metric subregularity.

Proposition 2.3.1. Let P : X — Y be a single-valued map and A C Y be closed.
Let G(x) := P(z) — A and P(Z) € A. Assume that G(x) is a set-valued map which is
closed around T and suppose that for any direction u € X, there do not exist sequences
te 4 0, ||(uk,ve)|l = 1, |lyill = 1 with ||ug| — 1, |Jul|jux — u, vx — 0, zp — 0
satisfying

~

I‘Z < D*P<.’E + tkuk)(y;;), yz € ]/\}A(P(.f + tkuk) — tkvk), P(.’E + tkuk) ¢ A

and

lim i) (2.9)
k—o00 ||UkH

Then G is metrically subregular at (Z,0).

Note that by [59, Theorem 1.38], when P is Fréchet differentiable but not neces-
sarily Lipschitz continuous, we have D*P(z)(y*) = {VP(z)*y*}.

Theorem 2.3.1. Let P : X — Y be continuous and A C Y be closed at T € X.
Suppose that the weak sufficient condition for metric subregularity (WSCMS) holds
at T, i.e., for all (0,0) # (u,§) € Z(:Z’), there exists no unit vector (, sequences
(U, Vi, Ge) — (1, 0,C) and tg | 0 satisfying

0€ D"P(z; (u,§))(C), ¢ € Na(P(2);9), (2.10)
(p € NA(Sk), S = P(f + tkuk) — Tr, P(f + tkuk) Q/ A, (2.11)
lim (G, —2 ) = 1. (2.12)
koo [|ug |

Then G(x) = P(x) — A is metrically subregular at (Z,0).

Proof. If £(z) = {(0,0)}, then by Proposition 2.2.4, G is strongly metrically sub-

regular and hence metrically subregular at (z,0). We now prove the result for the



30

L(z) # {(0,0)} case by contradiction. To the contrary, suppose that P(z) — A is not
metrically subregular at (z,0). By Proposition 2.3.1, there exist u € X and sequences
te 40, ||(ug,ve)|l = 1, |lygll = 1 with |Jug|| — 1, ||u|lux = w,vr — 0, z} — 0, such
that

~

(@7, —Yr) € Ngphpr (T + teug, P(T + trug)), yj, € NA(P@ + tug) — tyoy) (2.13)

and (3.45) holds.

Since we have |lyi]| = 1, |[(ug,vr)|| = 1, and vy — 0, passing to a subsequence
if necessary, we assume that limg_,oo y; = ¢, limg_0o up = u for certain [ju|| = 1. It
follows that ||C|| = 1.

Case (1) ({E2Hsu)=PE)Y ig hounded). Then without loss of generality we may

ti

assume that limy_, %:)_P(f) = £. Thus letting &, == %:)_P(j)’ we have

P(Z + tyur) = P(Z) + tx&. Combining with (2.13) we get

~

(@5, —y5) € Nopnp((Z, P(Z)) + t(ur, &),y € Na(P(T + tyug) — tyog).

Since (ug, &) — (u, &) as k — oo, we have

(07 _C) € nghP(<j>P(j)); (uvg))ac S NA(PCZ‘)ag)

Also from the proof of Proposition 2.2.2, we see that £ € DP(z)(u) N TA(P(z)) and
hence (u, &) € L(7).
In summary for Case (1), we have obtained a nonzero vector ¢, a nonzero vector

(u,§) € E(f), and sequences (ug, vg, y5) — (u,0,¢) and ¢x | 0 such that

0€ D"P(z; (u,€))(C), ¢ € Na(P(7);)
yz € NA(Sk>, S = P(i’ + tkuk) — tkvk,

. « Uk
11120(%7 m> =1,

which contradicts the assumption in (WSCMS). Thus P(z) — A is metrically subreg-
ular at (z,0).

Case (2) ({%}f)_mf)} is unbounded). Without loss of generality, assume that
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limy 4 oo HP@H’“?:)_P(E)H = 00. Define
tru
7= s + | P(E + i) = P, o= =,
k
T+T1ul ) —P(Z t
Sk e P(+kT:) P( )’ U;f = —kvk
Tk

Since ty /1, < tg/||P(Z + trur) — P(Z)||, we have t; /7 — 0 and hence v;, — 0 and

uj, — 0. Since {{} is bounded, taking a subsequence if necessary , we have
= li .
€:= Jim &
Then with tyuy = 7pu), and P(Z + truy) = P(Z) + &k, by (2.13) we get

(2%, —y;) € Nonp((z, P()) + (1}, &), vt € Na(P (T + Totly) — 70}).

Since s = P(ZT + mpuy,) — T,vy,, we know that

i S* P(z) ~ lim P(z + mpul) — mpvp, — P(Z)
k—o00 Tk k—o00 Tk
~ lim P(z + myu),) — P(Z) ¢
k—o0 Tk

Thus, & € DP(%)(0) N Ty (P(%)), which means (0,¢) € £(z). With z} — 0, we have
0€ D"P(z;(0,6))(C), ¢ € Na(P(2);€).

By (3.45), we can easily obtain that

/

. « U
lim <yk> HU_ZH>

~ lim (g LUk
k—o0

)= lim (g}, ) =1

- k—o0 ks Htkka - k—o00 Hka

In summary for Case (2), we obtain a nonzero vector ¢, a nonzero vector (0,¢) €

E(a’:), and sequences (u}, vy, y5) — (0,0,¢) and 74 J 0 such that

0€ D*P(z;(0,8))(¢), ¢ € Na(P(2);6)

y,’; € NA<Sk), S = P(CE + Tku;) — TkU;g,
/

v
lim (y;, ——) =1,
ko0 | |
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which contradicts the assumption in (WSCMS). Thus P(z) — A is metrically subreg-
ular at (z,0). m

As an immediate consequence, if we discard the sequential conditions (2.11) and
(2.12) in WSCMS, we derive from Theorem 2.3.1 the following sufficient condition
for metric subregularity in the form of FOSCMS. The result improves [7, Proposition

2.2] in that P is only assumed to be continuous instead of being calm.

Corollary 2.3.1. Let P : X — Y be continuous and A C ) be closed at T € X.
Suppose that FOSCMS holds at z, i.e., for all (u,€) such that & € DP(Z)(u) N
TA(P(7)),

0€ D*P(z; (u,§))(C), ¢€Na(P(2):§) = (=0

Then G(z) = P(x) — A is metrically subregular at (Z,0).

2.4 Directional quasi-/pseudo- normality

As we mentioned in the introduction, quasi-/pseudo-normality are also sufficient
for metric subregularity. In this section we propose directional versions of the quasi-
/pseudo-normality and show that they are slightly stronger than the WSCMS. More-
over we show that the SOSCMS implies pseudo-normality. Our results are based on

the following observations.

Proposition 2.4.1. Let P : X — Y, (u*,v* (*) — (1,0,¢), & 1 0 with ||C]| = 1,
and s* = P(z + tyu®) — t,o*. Then the condition

. k Uk
Jim (¢, ||U,€||> =1 (2.14)
implies
G(P(T + tpuf) —sF) >0, Vi€ T .= {i: (; # 0} (2.15)

which 1mplies

(¢, P(Z + tu®) — s*) > 0. (2.16)
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Proof. Suppose that (2.14) holds. Since

2

H I ||vk||

gk Uk Ck Uk
< ) - >
I T 1T o™l
SR SR
Gt N 6 i i R |
2 vk
= - _<<k7 >7
ICHI ok
limy,_yo0 (CF, HZZH> = 1 and limy_,o ||C¥]| = ||| = 1, we have
ok
e - -0
e I o™l
Consequently, limy,_, ”z—z” 0 CH Thus when £ is large enough, for each i =1,...,m

with ¢; # 0, v¥ has the same sign as (;. This means
GuF >0 Viel:={i:¢+#0},
which implies (2.15). Since ¢ # 0, (2.15) obviously implies (2.16). =

We are now in a position to define the concept of directional quasi/pseudo-

normality.

Definition 2.4.1 (Directional quasi-/pseudo-normality). Let P : X — ) with P(z) €
A.

(a) We say that directional quasi-normality holds at Z if for all
(0,0) # (u, &) € L(Z) := {(u,&) € X x Y|¢ € DP(x)(u) N Ta(P(x))},
there exists no ¢ # 0 such that

0€ D*P(z; (u,§))(C), ¢ € Na(P(2);¢) (2.17)
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and

J(u*, s*, ¢*) — (u, P(z),¢)and t;, | 0,
s.t. CF € Np(s¥) and G(Pi(T + tyub) — s¥) > 0 if ¢ # 0.

(b) We say that directional pseudo-normality holds at Z if for all (0,0) # (u,§) €
L(Z), there exists no ¢ # 0 such that (2.17) holds and

A(u*, 5%, ¢%) = (u, P(2),¢) and t* 10,
s.t. CF € Na(s¥) and (¢, P(Z + trub) — s) > 0.

By virtue of Proposition 2.4.1, directional pseudo-normality is stronger than di-
rectional quasi-normality. And consequently from Theorem 2.3.1, they can provide

sufficient conditions for metric subregularity.

Corollary 2.4.1. Let P : X — Y, P(z) € A, where P(z) is continuous at T and A
1s closed near T. If either directional pseudo-normality or directional quasi-normality
holds at T, then the set-valued map G(z) = P(x)— A is metrically subregular at (Z,0).

By definition, directional quasi-/pseudo-normality is weaker than quasi-/pseudo-

normality, the following example shows that it is weaker than both quasi-normality

and FOSCMS.

Example 2.4.1 (FOSCMS fails but directional pseudo-normality holds). Consider
the constraint system defined by P(x) = (x, —2?%) € A, where

A= {(z,y)y <0o0ry <z}

The point & = 0 is feasible since (0,0) € A. We have

P() = (0,0), VP(@) = (_12) - (é) TA(P(@) = A

and the linearized cone L(z) = {u € R|0 € —=VP(Z)u + TA( (Z))} = R. Let u :=
—1€ L(z), ¢ :=(0,1) and (z*,y*) = P(z)+1VP(z)u = (—+,0). Then VP(z)"¢ =0
and for each k, ¢ € Ny(z* y*). Thus VP(Z)'¢ = 0 and( € Nu(P(z); VP(z)u).
Hence FOSCMS fails at x.

However, we can prove that directional pseudo-normality holds at . We prove it

by contradiction. Assume that directional pseudo-normality fails at T. Then there ex-
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ist 0 # u € L(Z), 0 # ¢ € NaA(P(Z); VP(Z)u), and a sequence {u*,s* (¥} converging
o (u, P(z),() and ty | 0 such that

VP(z)'¢ =0, Zc, (T + tub) — sF) > 0, ¢F e Ny(sh). (2.18)

Solving VP(z)T¢ = 0, we obtain ¢; = 0. Moreover since Ny(P(7)) = {0} x R, U
{(=r,r)|r > 0}, we have ¢ € {0} x Ry,. Since ¢¥ — ¢ and ¢* € Na(s%), we must
have ¢* € {0} x R,y and s* € {0} x Ry. Thus we obtain

Z G(Pi(2") = s§) = G(Pa(2") = s5) = A= (2")* = 55) <0,

where 2* := T+ tyu*. But this contradicts (2.18). Hence directional pseudo-normality
holds at .

We now consider the case where A is the union of finitely many convex polyhedral

sets in Y, i.e. A:=J/_, A;, where

—{y€y|( ij Y >_bij7 j:]_,...,mi}, izl,...,p,

with \;; € YV, b;; € Rfor j =1,...,m;, are convex polyhedral sets. As noted in the
introduction, by Robinson’s multifunction theory [70], we know that when P is affine
and A is the union of finitely many convex polyhedral sets, the set-valued map G™*
is upper Lipschitz continuous and hence calm at each point of the graph. What is
more, we now show that the pseudo-normality always holds. To our knowledge, this
result has never been shown in the literature before.

The following results will be needed in the proof. For every s € A, we denote by
p(s) :={i=1,...,p|s € A;} the index set of the convex polyhedral sets containing
s. Then we have from [22] that

U Ty, (s = () Na(s (2.19)

i€p(s i€p(s)

Proposition 2.4.2. Let P : X — Y. Suppose that P(x) is affine and A is the union
of finitely many convex polyhedral sets defined as above. Then for any feasible point

T satisfying P(z) € A, pseudo-normality holds.
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Proof. We prove the proposition by contradiction. Assume that pseudo-normality
does not hold at Z. Then there exists ¢ # 0 such that

0=VP(z)"¢, (€ Ny(P(z)),
El(xk,sk,(’“/)\ — (7, P(%),¢)
s.t. ¢ e Na(sh), (¢, P(2F) — s*) > 0.

As s* — P(z) when k — oo and s € A = |JI_, A;, by virtue of (2.19), taking a
subsequence if necessary, there exists ¢« € {1,...,p} such that for k sufficiently large,
s* € Ny, P(z) € Aiy, ¢F € Ny, (s¥). Define J(s*) := {j = 1,...,m;[{(\;j, s*) = b;;}
and J(P(z)) :={j =1,...,mi|(\ij, P(Z)) = b;;}. Since ¢* # 0, s* is not an interior
point of A; and hence the index set J(s*) is not empty. Since s* — P(Z), we have
J(s*) C J(P(z)) when k is sufficiently large. Hence without loss of generality, we can
find a nonempty set J C J(P(Z)) such that J(s*) = J for all k large enough. Define
C :={\;|j € J}. Then we have ¢* € cone(C), where

cone(C) := {Z cjhijle; > 0 V5 € J}

jeg
denotes the conic hull of C. It follows that ¢ € cone(C'). Since when k large enough,
for each j € J, (\ij, P(Z) — s*) = b;; — bij = 0, we obtain (¢, P(Z) — s*) = 0. Thus

for sufficiently large k, we have
0> (¢,s" = P(a")) + (¢, P(z) — ")
= (¢, P(z) — P(z"))
= (¢, VP(2)(z — 2")),

which contradicts the condition that 0 = VP(z)*¢. Thus pseudo-normality holds at

x. |

For a single-valued mapping P : X — Y which is C' at  and u € ), we define

its second-order graphical derivative of P(x) at Z in direction u as

D*P(z)(u)

- kY _ p(s) _ =\, K
= {l € Y|t |0, uf s ust l= klim P+ tu?) = P(z) = 4 VP(2)u } .
—00

1,2
§tk
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In [22, Theorem 4.3|, a second-order sufficient condition for metric subregularity
(SOSCMS) is presented for a split system in Banach spaces where one of the system is
metrically subregular. Specializing the result in [22, Theorem 4.3] to our system (1.6),
we may conclude that if P(z) is C' and directionally second-order differentiable, A is
the union of finitely many convex polyhedral sets and SOSCMS as stated in Theorem
2.4.1 holds, then the system is directionally pseudo-normal. In Theorem 2.4.1, we
extend this result to the case where P(z) is C' and VP(z) is directionally calm at
Z in each nonzero direction v lying in the linearization cone which means that there

exist positive numbers €, 9, L, such that
IVP(z +tu') — VP(Z)| < L,||t'|| forall 0 <t <e|u —ul <é.

Moreover we show that SOSCMS implies directional pseudo-normality.

Theorem 2.4.1. Let P(T) € A, where P(x) is C*, A is the union of finitely many
convex polyhedral sets in Y and VP(x) is directionally calm at T in each direction
0 # u such that VP(Z)u € TA(P(Z)). Suppose SOSCMS holds at &, i.e., for all 0 # u
such that VP(Z)u € Th(P(Z)), there exists no ( # 0 such that

VP(z)*¢ =0, ¢ € NA(P(2); VP(Z)u),
Jl € D?P(z)(u) s.t. (¢,1) > 0.

Then x s directionally pseudo-normal at .

Proof. We prove that SOSCMS is stronger than directional pseudo-normality by
contradiction. Assume there exist 0 # u such that VP(z)u € Ty(P(z)) and ¢ # 0
such that

VP(z)"( =0, (& Nx(P(x);VP(Z)u)
J(u, 8%, ¢*) — (u, P(7),¢) and t; | 0
s.t. CF e Ny(sh), o, G(PAT + trub) — s¥) > 0.

Notice that (P(x), e;), where e; is in the orthogonal basis &, is a function on X'

By the mean value theorem, for each j and k, there exist 0 < c;? <ty such that

(P(z+txu") — P(T),e5) = (VP(Z 4+ uf)(Z + tpu" — 7), ;) = (VP(Z + Su®)tpu®, e)).
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Thus

<P(a‘: + tpuf) — P(z) — t, VP (Z)u” . >
T -
_ 2% ((P(f—l—tku’;)k— P(z),¢e;) <VP(a:)u"f,ej>)

VP(Z + EuF)ur, e; g
:%<< @+ - WL ,ej>>

- %«vp@: +Guyut,e;) = (VP(@)u", e5)).

Since VP(z) is directionally calm at Z in direction w, there exists L, > 0 such that

for each 7 and sufficiently large k,

%((vp(ﬂcfuk)ukaeﬁ _ <VP(f)uk,€j>)H

2L, || 7 + cuF — z||][u”])
<
< :
o 2t
< 2]

= 2Lu||uk||2.

P(Z+tpu®)—P(3)—1, VP(z)u*
1.2
1t
2k

This implies that the sequence {( .e;)} is bounded. Conse-

F+tpu”)—P(2)—t, VP(z
142
27k

quently, the sequence {P( )“k} is bounded. Taking a subsequence if

necessary, there exists [ such that

= kY _ Pl _ =\
! = lim P(z + tyu®) — P(z) — t; VP(Z)u

142

€ DZP(JT:)(u).
It follows that

0 < (¢ P(T+tu®) — ")
= (¢, P(Z + tyu®) — P(Z) + P(z) — s")

= (¢, ty VP(Z)u" + %z +o(t2)) + (¢, P(z) — s&). (2.20)

By assumption, VP(z)*¢ = 0, which means (¢, VP(z)u*) = 0. And since
sk — P(x) as k — oo, taking a subsequence if necessary, there exists j € {1,...,p}
such that for k sufficiently large, s* € A;, P(z) € A;, ¢F € Ny, (s*). Since A; is

convex polyhedral, similar to the discussion in the proof of Proposition 2.4.2, we have



39

(¢, P(z) — s*) = 0. Thus for k large enough, by (2.20) we have

0 < (¢, VP(@)u" + %l +o(t2)) + (¢, P(z) — s*)
<B4 o).

Then we obtain that 31 € D?P(z)(u) such that ((,I) > 0. But this contradicts
the assumption of the SOSCMS. The contradiction proves that the SOSCMS implies

directional pseudo-normality. =

Since directional calmness is obviously weaker than calmness, the following corol-
lary follows immediately from Theorem 2.4.1. We say that P(z) is C'¢ at z if P(z)
is C! at z and VP(r) is calm at Z, i.e., there exist £ > 0 and a neighborhood U of
such that |VP(z) — VP(z)|| < kl|lz — z|| for all z € U.

Corollary 2.4.2. Let P(z) € A, where P is CY¢ and A is the union of finitely many
convex polyhedral sets in Y. Suppose SOSCMS holds at . Then T is directionally

pseudo-normal.

In summary, we have shown the following implications:

SOSCMS = directional pseudo-normality = directional quasi-normality

—> WSCMS = metric subregularity.

2.5 Applications to complementarity and KKT sys-

tems

In this section we apply our results to complementarity and KKT systems. When
directional quasi-/pseudo-normality are applied to these systems we derive expres-
sions that are much simpler and moreover can be directly compared with classical
quasi/pseudo-normality.

First we consider the complementarity system formulated as follows:
(CS) H(z)=0, 0<®(z)L ¥(z)>0, (2.21)

where H(z) : R* — R, &, ¥ : R® — R™. For simplicity of explanation, we omit

possible inequality and abstract constraints and moreover we assume that all functions
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are continuously differentiable. The results can be extended to the general case in a
straightforward manner.
Define Qpc = {(a,b) € Ry x R;|ab = 0}. For any set C' and any positive integer

m we denote by C™ the m-Cartesian product of C. (CS) can be rewritten as

(H(z), (®1(2), T1(2)), ..., (P (@), Tin(2))) € {0} x Q.

To derive the precise form of the directional quasi-/pseudo-normality, we review the
formulas for the regular normal cone, the limiting normal cone, the tangent cone and

the directional limiting normal cone of the set Qgc.

Lemma 2.5.1. [2/, Lemma 4.1] The Fréchet normal cone to Qgc is

v =20, if0=a<b
NQEC(a’b): _(’7’”> 72071/20, ’ifCLIbIO )
v =0, ifa>b=0
the limiting normal cone is
Nope(a,b if (a,b) # (0,0
Ne,.(a,b) = pe ( ). f( ) # (0,0) |
{=(v,v)|either v > 0,v >0 or vv =0}, if (a,b) =(0,0)

and the tangent cone is

d1:O7 ZfO:CL<b
TQEC(CL,b) = (dl,dg) (dl,dg) S QEc, ZfCL =b=0
dy =0, ifa>b=0

For all d = (dy,dy) € Ta,.(a,b), the directional limiting normal cone to Qpc in

direction d s

Now (@, d) = { Noge(a,b)  if (a,b) # (0,0) }

NQEc(d1>d2>7 if (au b) = (070)
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Let & be a feasible point of the system (CS). We define the index sets

I()() = [Oo(lf) = {Z|q)z(1_]> = O \If ( ) = 0},
]0+ = I()_,_(ZZ‘) = {Z|(I)Z( ) = O v, (ZZ‘) 0},
Lo = Lo(7) :== {i[®s(z) > 0, ¥;(z) = 0},
and define the linearized cone as
0=VH;(Z)u i=1,....,d,
0 — Vq)l T I )
L(7) = uecR" (@) PE for
0=V, (Z)u i€l

Given u € L(z) we define

Iio(u) :={i € Ioo|VP;(Z)u > 0 = V¥, (Z)u},
Iny(u) :={i € Ioo|VO;(Z)u = 0 < V¥, (Z)u},
IOO(U) = {Z € Ioo|vq)l(.f)u =U= V‘I&(f)u}

Let = be a feasible point of (CS). By Definition 2.4.1 and Proposition 2.2.1, since
the complementarity set Qgc is directionally regular, (CS) is directionally quasi- or
pseudo-normal if and only if for all directions 0 # u € L(Z) there exists no (n,y,v) # 0
such that

0=VH(z)'n—Ve(x)'y— V\I/( ) v, (2.22)
H(Uk,hk,qﬁk,@bk,nk,vkw’“) ( ( ), ( ) W(z),m,7,v), 1, 4+ 0

1" € Nygya(h*), =(2f, vf) € ( UF) i=1.,m,
such that ?f i 7 0, mi(Hi(@ + i) = f) (2.24)

if v # 0, 7i(Pi(T + ) — ¢F) <

if v; # 0, v(V (7 + tub) — PF) < O

or

" (H(Z + tgu®) = 1) = yT( (T + tyu®) = ¢F) = v (V(T + tu®) — 9) > 0
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respectively.

By the formula for the directional limiting normal cone in Lemma 2.5.1, (2.23) is
equivalent to (i) in the following definition. Since n* € Nyga(h¥), we have h* = 0.
Suppose 7; # 0. Then for sufficiently large k, v # 0. Since —(7F, vF) € N, (6%, ¥F)
we must have ¢f = 0. Similarly if v; # 0, we must have ¥ = 0. Based on these
discussions, directional quasi-normality for (CS) can be written in the following form

which is much more concise.

Definition 2.5.1. Let T be a feasible solution of (CS). T is said to be directionally

quasi- or pseudo-normal if for all directions 0 # u € L(Z) there exists no (n,~y,v) # 0
such that

(i) 0= VH(@)y - V() Ty — V(@) Tv;

(i) v =0, i € [1oUIg(u); v; =0, i € loy Ulyy(u); eihter v; > 0, v; > 0 or
YiVi = O, 7 S ]00<u),'

(iii) I — u and ty | 0 such that

if i # 0, ;i H;(T + tpuF) >0
if v # 0, %P:(T + tpu®) <0,
if v # 0, v;0;(T + tu®) < 0.

or
" H(z + tu®) — v @ (7 + tpuf) — 1 (Z + tuf) > 0
respectively.
Remark 2.5.1. In Definition 2.5.1, if we only require that there exists no (n,~y,v) # 0
satisfying condition (1), then it reduces to the linearly independent constraint qualifi-

cation (MPEC-LICQ) (see [73]). If we only require that there exists no (n,v,v) # 0
satisfying condition (i) and change (ii) to

v =0,1€ 9 v,=0, 1€ lyy, eihtery; >0, 1, >0 or vv; =0, 1€ Iy

then it reduces to MPEC-NNAMCQ [82, Definition 2.10]. If we omit (iii), then
it reduces to FOSCMS. If we take u to be any direction, then it reduces to the
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MPEC quasi-/pseudo-normality first given in [47, Definition 3.2] and extended to
the Lipschitz continuous case in [86, Definition 5. Since for the set Qpc and any
0 # d € Tg,.(0,0), the directional normal cone Ng,.((0,0);d) is strictly smaller
than the limiting normal cone Nq,.(0,0), if there exists some u € L(Z) such that
(VG(z2)u, VH(Z)u) # (0,0), then directional quasi-/pseudo-normality will be strictly

weaker than standard quasi-/pseudo-normality.

We now consider the following KKT system of an optimization problem with

equality and inequality constraints:

V.L(z,pu,\) =0,
p=0, g(x) <0, (g(z),m =0, (2.25)
h(z) =0,

where f: RP - R, g: RP - R™, h:RP — R" are twice continuously differentiable,
peR™ XNeR" and L(z, u, \) := f(x) + uTg(z) + ATh(z) is the Lagrange function.
Denote the feasible set of the KKT system by Fxrr. We say that the error bound
property holds at (z*, u*, \*) € Figr if there exist a > 0 and U, a neighborhood of
(x*, p*, A*), such that

Ay (T, 1, A) < amax{|[Vo Lz, p, A) ||, [2(@)]], || min{p, —g(=)}}, V(2,0 A) € U.
(2.26)

It is easy to see that this error bound property can be derived from the metric sub-
regularity /calmness of KKT system and hence directional quasi-/pseudo-normality is
a sufficient condition. Such an error bound property is crucial to the quadratic con-
vergence of the Newton-type method (see [17]). The classical sufficient conditions for
the error bound property are either MFCQ combined with the second-order sufficient
condition (SOSC) or requiring g, h to be affine and f to be quadratic (see e.g., [71]).
These sufficient conditions were weakened in [19, 32] but still require SOSC. Recently,
weaker sufficient conditions have been proposed including the existence of noncritical
multipliers, a concept introduced by Izmailov for pure equality constraint in [42], ex-
tended by Izmailov and Solodov [43, Defnition 2] to problems with inequalities and
further extended to a general variational system by Mordukhovich and Sarabi [60,
Definition 3.1]. Note that as shown in [43, Proposition 3|, the existence of noncriti-

cal multipliers is equivalent to a stronger type of error bound property: existence of
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a > 0 and U, a neighborhood of (z*, u*, A*), such that
[z = Z|| + dme) (1, A) < amax{|| Vo L(z, g, )|, [|A(2)], [ min{p, —g(x)}H[}  V(z,p,A) €U,

where M(Z) := {(u, A) : 0 =V, L(Z,pu, \), n >0, (g(z), ) =0} denotes the set of
multipliers. Obviously this is a stronger error bound property than the error bound
property (2.26).

The KKT system is a special case of (CS) with

H('Z‘Hu7 )‘) = (VZUL(:L‘7M7 )‘)’h(l‘))7 (I)(ZL’,M,/\) = —g(l’), \Ij(l‘nuv )‘) =M

Let (Z, 1, \) be a feasible point of the KKT system. We define the following index

sets:

Ioo = Too(%, i, A) := {ilgi(z) = 0, fi; = O},
Ioy = Ioy (7, 1, A) = {ilg:(%) = 0, j; > 0},
I+0 = I—i—O(i'nav 5‘) = {Z| - gz(f) > 07 i = O}

The linearized cone for the KKT system is

( 0= V2, L(z,u,v)u” + Vg(z)"u" + Vh(z)Tu?, )
0 = Vh(z)u",
L(Z, 0, = u=(u",u",u*)| 0= Vg (Z)u, i€ Ioy,
0=ul, i € Lo,
\ ut > 0,Vg(Z)u® <0 and ut'Vg;(T)u® = 0, i€l |

Given u € L(Z, i, A) we define the index sets

]+0(u) = {Z € [00‘ — ng(:f)ux >0= Uf},
[0+<'LL> = {’l S ]Oo\Vgl(f)ux =0< Uf},
Too(u) :={i € Ino|Vgi(T)u® =0 = ul'}.

Then by Definition 2.5.1, we propose the following definition of directional quasi-

normality for the KKT system.

Definition 2.5.2. Let (z,ji, ) be a feasible point of the KKT system. (Z,fi,\) is
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said to be directionally quasi-/pseudo-normal if for all directions
0#a:= (a*,a", ") € L(T, [, \)

there exists no (§,(,n) # 0 such that

(i) 0= V2, L(Z, i, ¢ + Vh(Z)Tn + Vg(z)7¢;

(ii) Vh(z)€ = 0;

(ZZZ) CZ = 0, 1€ ]_H]UI_H)(E),’ ng(f)g = 0, 1€ ]0+UI()+<’L_L>,' either CZ > O, ng(ff)f >
0 or szgz(.f')f = 0, 1€ [00(’11),’

(iv) Fuy, := (uf,ul,up) = @ and ty, | 0 such that

if & # 0, &V Li((Z, i1, A) + tyug) > 0,

if ni # 0, nihi(Z + tpug) > 0,

if G #0, Ggi(T + truf) > 0,

if (Vg(2)€)i #0, (Vg(@)&)i(u; + tr(uy)i) <O,

or
ENVLL((7, 1, A) + trug) + 0" h(Z + tul) — (Vg(2)E) T (a + tpul) > 0

respectively.

Remark 2.5.2. Let (Z, ji, \) be a feasible point to the KKT system. By [43, Definition

2], (, A) € M(Z) is a critical multiplier associated with T if there exists (€, (,n) with
& # 0 satisfying that

(0= V2,L(Z, 1, A+ V() ' + Vy(2)'C,
)

0 = Vh(Z)E,
0= Vg(7)§, i € Ioy
0=, 1€ Ly

Note that from Definition 2.5.2, we can see that even if (fi, \) is a critical multiplier

with &, it is still possible for directional quasi-normality to hold. In particular let
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(&,C,m) satisfy Definition 2.5.2 with £ # 0. Suppose that for i € Iy(u), it is not

possible to have ¢; > 0, Vg;(z)¢ > 0. Then (i, \) € M(Z) is a critical multiplier

associated with T.
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Chapter 3

Directional necessary optimality

conditions for bilevel programs

In Chapter 1.3, in the proof of Theorem 1.3.3 we proved that, given a local
optimal solution Z to NLP with Lipschitz continuous objective function, under the
Clarke calmness at z, KKT condition holds at z. Hence, sufficient conditions for
Clarke calmness can imply KKT conditions. In Chapter 2, we introduced the di-
rectional quasi-normality condition as a sufficient condition for metric subregualrity
weaker than FOSCMS. As an application, in this chapter, we apply the directional
quasi-normality to bilevel programs and derive sharp optimality conditions. In partic-
ular, first, we derive directional optimality conditions for nonsmooth NLPs under the
directional quasi-normality. Secondly, we present upper estimates for the directional
subdifferential and directional derivative of the lower level value function V' (z).

All the content of this chapter has been submitted as a journal paper, see [3].

3.1 Introduction

The motivation for studying bilevel optimization originated in economics under
the name of Stackelberg games [74] since 1934. In economics, it is used to model
interactions between a leader and its follower of a two level hierarchical system and
hence is referred to as leader and follower games or principal-agent problems. In recent
years, bilevel programs find wider range of applications (see e.g. [13, 46, 55, 63] and
references within). In particular, bilevel programs have been used to model hyper-

parameter selection in machine learning (see e.g. [51, 52]) in recent years.
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In this chapter, we consider the following bilevel program

(BP) min F(z,y)

x7y

st. yeSx), Glx,y) <0,
where for any given x, S(z) denotes the solution set of the lower level program
(P:) minf(z,y) st g(z,y) <0,
y

and F, f :R" X R™ - R, G:R*"xR™ — R? ¢g:R" x R™ — RP are continuously
differentiable. Throughout this chapter, for simplicity we assume S(z) # () for all
x. To obtain an optimality condition for (BP), one may reformulate it as a single-
level optimization problem and apply optimality conditions to the single-level prob-
lem. There are three approaches for reformulating (BP) as a single-level optimization
problem in the literature. The earliest approach is the so-called first order approach
or the Karush-Kuhn-Tucker (KKT) approach by which one replaces the constraint
y € S(x) by its first order optimality conditions and minimizing over the original
variables as well as the multipliers. The resulting single-level optimization problem
is the so-called mathematical program with equilibrium constraints (MPEC), which
was popularly studied over the last three decades; see e.g. [55, 63] for the general
theory and [81, 84, 28] for the optimality conditions derived by using this approach.
The value function approach (see e.g. [88]) replaces the constraint y € S(x) by
f(z,y) = V(x) <0, where V(z) := inf, {f(z,y)|g(x,y) < 0} is the value function of
the lower level program (P,). And the combined approach ([90]) not only replaces
the constraint y € S(z) by f(z,y) —V(x) < 0 but also adds the first order optimality
conditions. The first order approach is obviously only applicable if the first order op-
timality condition is necessary and sufficient for optimality; e.g. when the lower level
program is convex and certain constraint qualification holds. Both the KKT approach
and the combined approach suffer from the drawback that the resulting MPEC may
not be equivalent to the original (BP) if the local optimality is considered; see e.g.
[83] and the reference within for further discussions on this issue.

In this chapter by the value function approach, we reformulate (BP) as (VP).
Under fairly reasonable assumptions, the value function V(x) is Lipschitz continuous
and hence a nonsmooth Fritz John type necessary optimality condition holds at a local

optimal solution. For a KKT type necessary optimality condition to hold, in general
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one needs to assume certain constraint qualifications. Unfortunately, it is known ([88,
Proposition 3.1]) that the nonsmooth MFCQ or equivalently the no nonzero abnormal
multiplier constraint qualification (NNAMCQ), a standard constraint qualification for
nonsmooth mathematical programs, fails to hold at any feasible point of (VP). For
an optimization problem with Lipschitz continuous problem data, it is known that
the necessary optimality condition holds provided that the problem is calm in the
sense of Clarke [12, Definition 6.41]. Ye and Zhu [88] introduced the partial calmness
condition for problem (VP) which means that a local solution of problem (VP) is also

a local solution of the partially penalized problem for certain p > 0

(VP), min  F(z,y) +p(f(2,y) — V(2))

T,y

st.  glx,y) <0,G(z,y) <0.

Since the most difficult constraint f(z,y)— V(x) is moved to the objective, the KKT
condition would hold under some constraint qualifications for the partially penalized
problem (VP) o It is easy to show that the full calmness implies the partial calmness
and the partial calmness plus the full calmness of the partially penalized problem
(VP), implies the full calmness condition for problem (VP). Some sufficient conditions
for partial calmness and its relationship with exact penalization were further discussed
in [88, 89, 91]. Unfortunately for problem (VP), the partial calmness or the full
calmness condition is still a fairly strong condition. And there are very few constraint
qualifications or sufficient conditions for partial calmness for (VP) in the literature.
Recently, [80] has extended the relaxed constant positive linear dependence constraint
qualification (RCPLD) to bilevel programs and has shown that it is a constraint
qualification.

Recently Gfrerer [21, Theorem 7| derived a directional version of the KKT type
necessary optimality condition for set-constrained mathematical programs under the
directional metric subregularity constraint qualification. The directional KKT condi-
tion is in general sharper than the nondirectional KKT condition and the directional
metric subregularity is weaker than the nondirectional one. Inspired by this approach,
in this chapter we aim at developing a directional KKT condition for problem (VP).
First we review the following concept of directional neighborhood recently introduced

by Gfrerer in [21]. Given a direction d € R", and positive numbers €, > 0, the di-
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rectional neighborhood of direction d is a set defined by
Ves(d) = {z € eB|||dl|z — ||| < dl|=]lldl|},

where B denotes the open unit ball and || - || denotes the Euclidean norm. It is easy
to see that the directional neighborhood of direction d = 0 is just the open ball eB
and the directional neighborhood of a nonzero direction d # 0 is a smaller subset of
eB. Hence many regularity conditions can be extended to a directional version which
is weaker than the original nondirectional one. We say that (VP) is calm at a feasible
solution (Z,y) in direction d € R™ if there exist positive scalars €, d, p, such that
for any o € eB and any (z,y) € (Z,7) + V.s(d) satisfying p(z,y) + a € R"P" with
p(z,y) = (f(z,y) — V(z),9(x,y),G(x,y)) one has,

It is obvious that when the direction d = 0, the directional calmness is reduced to the
classical calmness condition [12, Definition 6.41]. When d # 0, since the directional
neighborhood is in general smaller than the usual neighborhood, the directional calm-
ness condition is in general weaker than the nondirectional calmness condition. It is
obvious that if (Z,y) solves (VP), then under the calmness condition in direction d,

(Z,7) is also a solution of the following penalized problem

(DP)  min  F(z,y) + pdist(e(z,y), RIPH)

:E’y

st.  (x,y) € (Z,9) + Ves(d).

The directionally penalized problem (DP) is much easier to deal with than (VP)
since all the inequality constraints are moved to the objective function. By using the
nonsmooth calculus, one can then show that (z, y) satisfies a KKT condition provided
the value function is Lipschitz continuous. In fact we can achieve more. When d is
a critical direction, we can show that (Z,%) satisfies a directional KKT condition in
which a directional Clarke subdifferential (see Definition 3.2.4 and (3.1)) of the value
function V(z) at Z in direction d is used instead of the Clarke subdifferential. Since
the directional Clarke subdifferential is a subset of the Clarke subdifferential, the
directional KKT condition is sharper than the nondirectional one.

To make the directional calmness condition and the directional KK'T condition

useful, we have two issues to consider. First, under what conditions, the value func-
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tion is directionally Lipschitz continuous and directionally differentiable and how to
calculate the directional limiting subdifferential and the directional derivative of the
value function which will be needed in the directional KKT condition for problem
(VP). In this chapter, we have derived some formulas for the directional derivative
of the value function and an upper estimate for the Clarke directional subdifferential
of the value function V' (z). Secondly, how to derive a verifiable constraint qualifica-
tion which ensures the directional calmness condition of (VP)? It is known that the
FOSCMS (introduced in Gfrerer and Klatte [25, Corollary | for the smooth case and
[4, Proposition 2.2] for the nonsmooth case) is a sufficient condition for the metric
subregularity of the set-valued map ®(z,y) := ¢(x,y) — RPTIH!
the calmness of the problem (VP). FOSCMS is in general weaker than NNAMCQ
and hence it is natural to ask if FOSCMS would hold for (VP). Unfortunately in
Proposition 3.5.1, we show that FOSCMS also fails for problem (VP) in any critical

direction. We propose the directional quasi-normality as a sufficient condition for

which in turn implies

the directional calmness condition and give an example to show that the directional
quasi-normality is possible to hold for (VP).

Other than deriving a weaker constraint qualification and a sharper necessary
optimality condition for bilevel programs, we have also made contributions that are

of independent interest as summarized below.

e We introduce the concept of directional Clarke subdifferentials and derive some
useful calculus rules for directional subdifferentials; see Propositions 3.2.4 and
3.2.6.

e For an optimization problem with directionally Lipschitz continuous objective
function and directionally Lipschitz and directionally differentiable inequality
constraints, we derive a directional KKT condition under the directional calm-
ness condition; see Theorem 3.3.1. An example of a bilevel program is given
to show that the directional calmness is weaker than the classical calmness; see
Example 3.3.1.

e The classical results for the directional derivative of the value function are im-
proved with weaker assumptions: see Propositions 3.4.3 and 3.4.4 and Corol-
lary 3.4.1. Sufficient conditions for directional Lipschitz continuity of the value
function is given in Theorem 3.4.1 and the upper estimate of the directional

subdifferential of the value function is given in Theorems 3.4.2 and 3.4.3.
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We organize the chapter as follows. In Section 3.2, we provide the notations,
preliminaries and preliminary results. In Section 3.3 we derive the directional KKT
condition under the directional calmness condition for a general optimization prob-
lem with directionally Lipschitz inequality constraints. In Section 3.4, we study
directional sensitivity analysis of the value function. Finally in Section 3.5, we ap-
ply the previous results to (VP) and derive a verifiable constraint qualification and a

necessary optimality condition.

3.2 Preliminaries

We now review some basic concepts and results in directional variational analysis,
which will be used later on. For more details see e.g. [7, 10, 12, 14, 54, 59, 72].
Moreover we derive some preliminary results that will be needed. For any y € R? ,
define the active index set I, := {i = 1,...,p|ly; = 0}. One can easily obtain that
Ngr (y) ={C € RL|(; =0, i ¢ I,}. The property stated in the following proposition

will be useful.

Proposition 3.2.1. Let y,z € R” be such that I, C I,. Then Ngr (y) = Ngr (2) N

ly — 2]*.

Proof. The proof follows immediately from [72, Example 6.10]. =

When d = 0 the following definition coincides with the Painlevé-Kuratowski in-

ner/lower and outer/upper limit of ® as © — Z respectively; see e.g., [59].

Definition 3.2.1. Given a set-valued map ¢ : R® = R™ and a direction d € R", the

inner/lower and outer/upper limit of ® as x LN respectively is defined by
liminf ®(z) := {y € R™|Vt;, | 0,d" — d, W* — y s.t. y* € ®(T + t,d*)}
xi>§:
limsup ®(z) := {y € R™|3t; | 0,d* = d,v* — y s.t. y* € &7 + t,.d")},
d
T T

respectively.

Definition 3.2.2 (Directional Lipschitz continuity). (/7, Page 719]) We say that a

single-valued map ¢(x) : R™ — R™ is Lipschitz continuous at T in direction d if there
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exists a scalar L > 0 and a directional neighborhood V. s5(d) of d such that
l¢(x) = o) || < Lllw — 2’| Va,2" € T+ Ves(d).

Obviously, the directional Lipschitz continuity in direction d = 0 coincides with
the classical Lipschitz continuity. Note that [72, Page 386] also defines the directional

Lipschitz continuity, which however is different from the one presented in this paper.

Definition 3.2.3 (Directional derivatives). Let ¢ : R" — R™ and x,u € R". The

usual directional derivative of ¢ at x in the direction u is

o) o i O+ 1) = 002)

t10 t

when this limit exists.

It is easy to see that if ¢ : R™ — R™ is Lipschitz continuous and directionally
differentiable at z in direction u, then for all sequence {u*} which converges to u, we

have

& (z:0) = lim oz + tu®) — ¢(z)

k—oo tk

= D¢(x)(u).
We now recall the definition of some subdifferentials below.

Definition 3.2.4 (Analytic directional subdifferentials). [21, 29, 5/, 7] Let ¢ : R" —
R and T € domyp. The analytic limiting subdifferential of ¢ at T in direction v € R"
1s defined as

Oap(Tsu) == {€ € R™Fty, | 0,uF — u, & — € s.t. (T + tu’) — p(z), € € 590(5: + tpuf) Y.

It is easy to see that if u & Tyome(T), then 0,0(T;u) = 0.

Proposition 3.2.2. /54, Theorem 5.4] Given ¢ : R® — R, & € domy and a direction
u € R™, one has

Oap(T;u) = {€ € R Tty L 0,0 = u, &8 = € st p(T+tu’) = o(Z), & € dp(T+tu®)}.

Remark 3.2.1. When ¢(x) is calm at T in direction v and Dp(z)(u) = {C} is a
singleton, we have 0p(Z; (u, ()) = Oup(Z;w). By [7, Proposition 5.1], if ¢ is Lipschitz

continuous and directionally differentiable at T in direction u we have Dp(Z)(u) =
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{¢'(Z;u)} and
D (75 (u,€))(C) = 0a(C, ) (T u).

In this case 0p(Z; (u, @' (T;u)) = Oup(T;u); see [7, Corollary 4.1].

Furthermore, we define the directional Clarke subdifferential of locally Lipschitz

continuous functions, which is of its own interest.

Definition 3.2.5 (Directional Clarke subdifferential). Let ¢ : R" — R be locally Lip-
schitz continuous near x. The directional Clarke subdifferential of ¢ at x in direction

u is defined as
O%p(z;u) == co(0,0(T;u)). (3.1)

Proposition 3.2.3. Let ¢ : R® — R be Lipschitz continuous at T in direction u.

Then we have

O°p(z;u) = colimsup Op(x), (—p)(T;u) = —0%(T; u).
:ci>£

Proof. By Proposition 3.2.2, we have 0,¢(7;u) = lim sup dp(x). It follows that
xlh’c

0°%p(Z;u) == co(0,(T;u)) = co(limsup dp(x)) = co(lim sup 0°(x)),

T T
where the last equality follows from the fact that for any sequence of sets {A;} C Q2
where 2 C R™ is compact, we have lim sup,, co(Ay) C co(lim sup,, Ax). Indeed, for any
sequence ¥ % 7, let Ay = dp(2"*) and by the Lipschitz continuity of () and [72,
Theorem 9.13], there exists L > 0 such that {A;} € LB. And the second equality
follows directly from the first equality and the scalar multiplication rule of Clarke
subdifferential [12, Proposition 2.3.1]. =

Proposition 3.2.4 (Sum Rules for analytic directional differentials). Let f : R® — R
be Lipschitz at T in direction u and g : R — RU{+o00} be l.s.c., proper and finite at
Z. Let a,  be nonnegative scalars andu € R™. Then O,(af+L9)(Z;u) C ady f(T;u)+

B0ag(7;u).

Proof. Let £ € 0,(af 4+ Bg)(Z;u), by Proposition 3.2.2, there exist sequences tj |
0, u¥ — u, & — ¢ such that (af + B9)(T + tu*) — (af + Bg)(Z) and & €
O(af + Bg)(z + tyu*). Since f is Lipschitz continuous at Z in direction u, for all
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sufficiently large k, f(z) is Lipschitz continuous near 7 + tyu”* and hence Bg(z + t,u*)
is finite. It follows by the sum rule of limiting subdifferentials (see e.g., [72, Exercise
10.10]) that we have

Aaf + Bg)(T + tuF) C adf (T + tpu®) + BIg(zT + tru®).

That is, there exist £§ € 0f (Z+tu”) and £F € 9g(Z +txu*) such that ¥ = aff+ L.
By the continuity of f, f(Z + t,u*) — f(Z). Hence, Bg(z + tyu*) — Bg(Z). Since
f(x) is Lipschitz continuous near Z + t,u* with a Lipschitz constant K for all k large
enough, [|€f|| < K (see e.g., [72, Theorem 9.13]). Hence both {¢}} and {3¢f} are
bounded. Without loss of generality, we assume & := lim, &§, 5, := limy, BEF. we
have £y € Of(Z;u). If B =0, we have £ = a&; + 0 - &,. Otherwise if 5 > 0, we have
9(Z + txu*) — g(x). By Proposition 3.2.2, we have £, € 9,9(z; u) and £ = af; + B,.
For both of these two cases, we can obtain § € a0, f(Z;u) + £0,9(Z; u). By the choice

of &, the desired inclusion is proved. m

We now give the definition of directional metric subregularity.

Definition 3.2.6 (Directional Metric Subregularity). [21, Definition 2.1] Let ® :
R™ = R™ be a set-valued map and (Z,y) € gph®. Given a direction u € R", P
is said to be metrically subreqular in direction u at (z,y), if there are positive reals

€>0,0 >0, and kK > 0 such that
dist(z, @1 (7)) < kdist(g, ®(x)) Vo ez + V. s(u).

If w = 0 in the above definition, then the set-valued map ® is metrically subregular

at (Z,y) in the classical sense.

Proposition 3.2.5. Let C C RP be closed and ¢ : R® — RP. The set-valued map
O(z) := —¢(x) + C is metrically subregular at (z,0) in direction u if and only if the
set-valued map V(z, ) = epidc — (¢(x), ) is metrically subregular at ((z,0), (0,0))

in direction (u,r) Vr € R.

Proof. It is easy to verify that epidc = C x Ry and ¥~(0) = &~!(0) x R,. By the
equivalence of norms in Fuclidean space and the triangle inequality, we can find a

positive scalar p such that for any x, 2’ € RP, a, o’ € R, it holds p(||z—2'||+|a—d/|) <
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|(z, ) — (2, )| < ||z — || + |a — &'|. Therefore there exists p > 0 such that

p(dist(z, ®71(0)) + dist(a, Ry)) < dist((z, a), ¥ (0))
< dist(z, ®1(0)) + dist(a, R}). (3.2)

Similarly, there exists p’ > 0 such that

P (dist(0, ®(z)) + dist(a, R)) < dist(0, U(x, a))
< dist(0, ®(z)) + dist(a, Ry). (3.3)

Since W (z,a) is metrically subregular at ((z,0), (0,0)) in direction (u,r) if and

only if there exist positive scalars x, €, such that
dist((z, ), U71(0)) < kdist(0, ¥(x,)), Vo € T+ Ve 5(u),Va € 6B, (3.4)

and ®(z) is metrically subregular at (z,0) in direction u if there exist positive scalars
k', €, 0" such that

dist(x, ®1(0)) < #'dist(0, ®(x)), Vo € T + Ve g (u), (3.5)

by (3.2) and (3.3), it follows that (3.4) holds if and only if (3.5) holds and the proof

is complete. m

We now derive a chain rule for the analytic directional subdifferential of the com-

position function of an indicator function and a smooth map.

Proposition 3.2.6. Let ¢ : R* — RP be continuously differentiable and C' C RP be
closed. Suppose ¢(x) € C and the set-valued map ®(z) := —¢(x) + C is metrically

subregular at (z,0) in direction u. Then
0a(dc © ¢)(F; 1) € V()" No(6(z); Vo(T)u).

Proof. Define ¢(z) := dc o ¢(x). If u ¢ Tyom,(7) with domy = {z|¢(z) € C},
then 0,¢(7;u) = 0. And the proposition holds trivially. Otherwise if u € Tyom,(Z),
there exist sequences t;, | 0,u* — u with z + t,u* € domep. Then it follows that for
all such sequences we have (7 + t,u*) = 0 for all k. Hence, Dp(Z)(u) = {0}. By
Remark 3.2.1, we have 0,p(Z;u) = 0p(Z;u,0). Since the set-valued mapping ®(z)
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is metrically subregular at (z,0) in direction u, by Proposition 3.2.5, the set-valued
map given by ¥ (z,a) := epidc — (¢(x), ) is metrically subregular at ((z,0), (0,0))
in direction (u,0). Since ¢ is continuously differentiable by [7, Theorem 4.1] and

Remark 3.2.1 we have

0u(0c © §)(T;u) = 0(dc © )(T;u,0) C V()" 9dc(6(2); V(T)u).

The desired result follows from the fact that No(z;d) = 9dc(z;d) by virtue of [54,
Theorem 5.5|. =

3.3 Directional KKT conditions under directional

calmness condition

In this section we derive directional KK'T condition for the optimization problem

(P) min  ¢(z) st ¢(2) <0,
where ¢ : R® — R and ¢ : R" — R%.
The concept of (Clarke) calmness for a mathematical program is first defined by
Clarke [12, Definition 6.41]. We now introduce a directional version of the calmness

condition for (P).

Definition 3.3.1 (Directional Clarke calmness). Suppose z solves (P). We say that
(15) is (Clarke) calm at z in direction u if there exist positive scalars €,0, p, such that

for any o € €B and any z € Z + Ve s(u) satisfying ¢(z) + a < 0 one has,

0(2) = 9(2) + pllall 2 0.

We now prove that the directional metric subregularity implies the directional

calmness of problem (P) provided the objective function is directional Lipschitz con-

tinuous.

Lemma 3.3.1. Let z solve (P) and ¢(2) be Lipschitz continuous at Z in direction u.

Suppose that the set-valued map ®(z) : —¢(z) + RL is metrically subregular at (Z,0)

in direction u. Then (P) is calm at Z in direction u.
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Proof. Since ®(z) is metrically subregular at (z,0) in direction u, by Definition 3.2.6,

there exist positive scalars €, d, k such that
dist(z, ®71(0)) < rdist(¢(z), R%) Vz € 24 Ves(u).

Let Z be the projection of z onto ®~!(0). Since ¢(z) is directionally Lipschitz con-
tinuous, without loss of generality, taking €, small enough, there exists L > 0 such
that |p(2) — p(2')| < Lk|jz — 2/|| for any 2,2 € Z+ V. 5(u). Then we have for any
a € B satisfying ¢(z) + a < 0,

p(2) = (2) + Lellall = ¢(z) = ¢(2) + Lrdist(p(z), RL)
> p(2) — () + Lrdist(z, ®71(0))
= ¢(2) — ¢(2) + Lz — 2
> ¢(2) = 9(2) + Lkl[z — 2|
>0

where the third inequality follows from the optimality of ¢(z) at z and the last
inequality follows from the directional Lipschitz continuity of ¢(2) at z. Let p := Lk.
The proof is complete. =

Let z be a feasible solution to problem (P). We denote by Iy = 14(2) = {j =
1,...,q|¢;(Z) = 0} the set of indexes of active constraints at z. If ¢ is continu-
ously differentiable and ¢ is Lipschitz and directionally differentiable, we define the
linearized cone by L(2) := {u € R"[¢}(z;u) <0, € I4(2)} and the critical cone by

C(2) :=={u € L(2)|[Vp(2)u <0} = {u € R"[¢}(Z;u) <0,j € I4(2), Vo(z)u < 0}

The following definition lists some sufficient conditions for the directional metric

subregularity, hence are sufficient for directional calmness.
Definition 3.3.2. Let ¢(2) <0 and u € R™.

e Suppose that ¢ is Lipschitz at Z. We say that the NNAMCQ holds at Z if

0 € (¢, d)(2) and 0 < ¢ L ¢(2) = ¢ = 0.

e Suppose that ¢ is Lipschitz and directionally differentiable at Z in direction wu.
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We say that the FOSCMS holds at (z,0) in direction u if there exists no ¢ # 0
satisfying 0 < ¢ L ¢(z), ¢ L ¢'(Z;u) and

0 € 0,(C, d)(Z; u). (3.6)

e Suppose that ¢ is Lipschitz and directionally differentiable at Z in direction u.
We say that the directional quasi-normality holds at Z in direction u if there
exists no ( # 0 satisfying 0 < ( L ¢(2), ¢ L ¢'(z;u) such that (3.6) holds and

there exists sequences ty, | 0, u® — u satisfying

¢;(Z + tyug) > 0, if j € Iy and ¢; > 0. (3.7)

It is easy to see that for any given direction wu, if ¢ is Lipschitz and directionally

differentiable at z in direction u then the following implications hold:
NNAMCQ = FOSCMS in direction © = quasi-normality in direction w.

Proposition 3.3.1. Let ¢(z) < 0 and suppose that ¢ is Lipschitz and directionally
differentiable at z in direction u € L(Z). If the directional quasi-normality holds
at z in direction u for the inequality system ¢(z) < 0. Then the set-valued map

P(z) := —¢(z) + RL is metrically subregular at (z,0) in direction u.

Proof. Since ¢ is Lipschitz and directionally differentiable at z in direction u, we
have D¢(z)(u) = {¢'(z;u)}. By Remark 3.2.1,

D ¢(z; (u, ¢'(2:1)))(C) = 9(C, ) (2 (u, ¢ (2;1))) = Dul(, 0) (%5 u).

By equality (2.3), we have Nga (¢(2): ¢'(z;u)) = {p € RY0 < p L ¢(2), n L ¢'(z30)}.
For any sequences {¢*} and {s*}, if ¢; > 0 and NRZ (s%) > ¢f — ¢j, then for large
enough £k, C]’? > 0 and hence sé‘? = 0. Hence the condition (3.7) is equivalent to
the sequential condition in [4, Definition 4.1(a)]. Therefore the quasi-normality in
direction u € L(Z) means that there exists no ¢ # 0 such that

0€ D*¢(%; (u,¢'(Z;u))(C), ¢ € Nga(9(2);¢'(Z5u))

and there exist sequences t;, | 0, u* — u such that (3.7) holds.
From the proof of [4, Lemma 3.1 and Corollary 4.1] and [23, Corollary 1], one
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can easily obtain that the quasi-normality at z in direction w implies that ®(z) is

metrically subregular at (2,0) in direction u. m

In the following theorem, we derive the directional KKT condition under the

directional calmness condition.

Theorem 3.3.1. Let z be a local minimizer of (P). Suppose that () is continuously
differentiable at zZ and ¢(2) is Lipschitz and directionally differentiable at z in direction

u € C(Z). Suppose that the (P) is calm at z in direction u. Then there exists a vector

Ay € R? such that 0 < Xy L ¢(2), Ay L ¢'(Z;u) and
0 € Vo(2) + 0ulhor 6}z u).

Proof. Since (ﬁ) is calm at Z in direction u, there exist positive scalars ¢, d, p such
that
©(2) + pdist(p(2),RL) > p(2) Vz € 24 Vaes(u). (3.8)

Since u € C(Z), we have ¢(Z) + t¢'(z;u) € RZ and hence

- dist(¢(z + tu),R) < O(Z + tu) — P(2) — t¢d'(z; u)‘

- t t

0

is Z+tu),RY
Since Vip(2)u < 0, it follows that lim, g S0 EHE) ¢

Since z + tu € Z+ cl(V. 5(u)) for t sufficiently small, by (3.8),
©(Z + tu) + pdist(d(z + tu), RL) > p(2)

for all ¢ small enough. Together with Vp(Z)u < 0 we have

L p(E+ tu) + pdist(B(Z + ), RE) — p(2)

in t = 0. (3.9)

For each k = 0,1, ..., define oy, := 2(¢(Z+ ¢) + pdist(¢(Z+ ), RL) — p(2)). If 0, = 0,

then for each large enough k, by (3.8), z +  is a global minimizer of the function
)

),
QO(Z) + pdlSt(gb(Z)? Rt]—) + 52+CZ(V€,5(u (Z)
interior point of Z 4 cl(V,s(u))(u), by the well-known Fermat’s rule and the calculus

rule (see e.g., [72, Corollary 10.9]),

Since for each large enough £, z + 7 is an

u

0€ V(2 + %) + pA(distge 0 $)(2 + 2). (3.10)

o
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Otherwise, without loss of generality, we assume that for all k£, o, > 0. Then by

definition of o, we have for k sufficiently large,

(v . _ . u _
P(Z 4 )+ pdist(P(Z + ), RY) + 0z, o (2 + 1) < @(2) + 0.

>

ke 2ullr
that, || Z¥ —(z+ )|l < Ak, and (2 )+pdist(¢( )s RL) 4621w, ) (2) + 322 = (Z+ )

attains its global minimum at *. Since

Define A, := 2, /.oeke By Ekeland’s variation principle, there exists 3% satisfying

377 18 an interior point of cl(Ves(u)), there
exists 7 € (0,€/2) such that 5t +rB C cl(Ves(u)). It is obvious that the following

implication holds

z€cd(Ves(u),0 <a<1= az € cl(Vaes(u))

Hence (5pm + rB)=5 2l C cl(Ves(u)) and hence z + ¢ + 2”"”7“183 C (Z+ cd(Ves(u)))
and since o}, = o(3) by (3.9), #* is in the interior of Z+ cl(Ves(u)). Then by the

well-known Fermat’s rule, we obtain

ok, (3.11)

0 € Vip(zF) + pd(distge o ¢)(Z*) + 3
k

Since ¢ is Lipschitz continuous near z in direction wu, it is Lipschitz continuous at ¥
for k large enough. So by the chain rule for limiting subdifferential [59, Corollary
3.43], we have

d(distgs 0 ¢)(2") C Ugreadistya (6(4)9(C, ) (2").

Therefore by (3.10) or (3.11), 3¢* € ddistgs (¢(z + %)) or I¢* € Adistgs (¢(Z")) such
that

0€ V(24 2) + pd(ch, 8)(2 + 7). or 0 € Via(2¥) + pd(c*, 8) (1) + kB (3.12)

Nl s

A

Since distance functions are Lipschitz, by [72, Theorem 9.13], {¢*} is bounded. With-
out loss of generality, there exists ¢ := lim; (*. By the way, one can easily obtain
that limy(z+u/k —2) /1 = limy(ZF — 2) /1 = u. Since oy = o(3), limy, § S = 0. Taking
the limit of (3.12) as k — oo, by Proposition 3.2.2 we have

0 € Vo(2) + pda(C, d)(Z;u).
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Moreover by [7, Corollary 4.2], ¢ € 0O,distge (¢(2); ¢'(Z;u)) € Nga (¢(Z); ¢'(Z;u)).
The desired result holds by taking Ay := p¢ € Nga (¢(2); ¢'(Z;u)) = {{ € R0 <€ L
¢(2),§ Lo/ (zu)}. =

We now give an example of a bilevel program where the partial calmness and

calmness fail but the calmness condition holds in a nonzero critical direction.

Example 3.3.1. Consider the following bilevel program.:

(BP) min  F(x,y):= (x—y—1)3—1—4(x—|—y+1)g
s.t. -1<z<1,y€ Sx),

where for each x, S(x) is the solution set for the lower level program.:
min{f(z,y) = —(v +y)’ +2*(x+y—1),st. —y—ax—-1<0,y+2—1<0}.
y

It is easy to see that the solution mapping S(x) of the lower level problem is equal to

—r—1, x>0,
S(x) =< {-1,1}, =0, (3.13)
—r+1, <0

And the global optimal solution of (BP) is (z,y) = (0, —1). The constraints y+z—1 <
0 and —1 < x < 1 are inactive at (0,—1). The value function

V(z) = (3.14)

—1—-22% >0
-1 r<0

First, we prove that the partial calmness condition fails at (Z,y). For any scalar

p > 0, consider the partially penalized problem:

st. gi(zy) =—y—2—-1<0,g(z,y) =y +ax—-1<0,
-1 <z <1



63

Since =1 <z < 1,01(Z,9) =0, g2(Z,79) <0, by (3.13)-(3.14), the critical cone is

C(z,9)

(w, 0)[VF(Z,§)(u,v) <0, VF(Z,§)(u,0) = V(Z;u) = 0,V1(Z,7)(u, v) < 0}

{
{(u,v)|u+v =0}

Consider the sequence (z*,y*) := (=%, 1 — 1) which are feasible to (VP), and con-

ko k
verges to (Z,7). Since F(x* y*) = —(%)g, flaF y*) = -1 + k% and by (3.14),
V(zF) = —1, we have F(z*,y*) + p(f(z*,y*) — V(2¥)) = —(%)g + 22 Hence for

k sufficiently large, we have

F(a*,y*) + p(f(2*,y") = V(ah) < 0= F(z,5) + p(f(2,5) = V(@)).

This means that for any p > 0, (Z,y) is not a local minimizer of (VP),. Hence,
the partial calmness fails. Since the calmness condition is in general stronger than
partial calmness, the calmness condition also fails. In fact for this example since the
constraint functions for (VP), are all affine, the partial calmness is equivalent to
the fully calmness. Notice that (z*,y*) — (Z,9) in direction (—1,1) and so we have
shown that problem (VP) is not calm in direction (—1,1). Next, we prove that (VP)
is calm at (Z,y) in direction (1,—1) € C(z,y). Since the constraints g2(x,y) <0 and
—1 < 2z <1 are inactive at (z,y) = (0,—1), it suffices to show that there exists a
positive scalar p such that for any sequences ty, | 0, (u*,v*) — (4,v) := (1,—1), for

k sufficiently large,

F(z + tyu®, g + t0") + pdist(f(2 + tpu®, g + t0%) — V(2 + "), R)
+ pdist(g1(Z + tru®, 4+ t0"),R2) — F(z,5) > 0.
(3.15)

Suppose that g,(z + tyu®, i + txv¥) < 0, then for k sufficiently large, y + t,0* is a
feasible solution for (Pyyy.+) and hence f(T + tpuf, g + tF) — V(Z + tpu*) > 0 by
the definition of the value function. Moreover F(Z +tuk, y+ tpvk) > F(Z,7). Hence
(3.15) holds. Otherwise suppose that

1(Z + tpu®, g + ") = —tp(u” + %) > 0.

Hence ty(uF+v%) < 0. Together with u* > 0,t, > 0, we can verify that f(T+tpu®, y+
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tyo®) — V(7 + tuf) < 0. Also since ty, | 0, —(u® +v*) [ 0, we have

F(Z 4 tpuf, g + to") — F(Z,75) + pdist(g1(Z + tpu®, 5 + t,0"), R_)

5
=t7 (uF + V)5 — t(uF + 0F) > 0,

Hence, we obtain (3.15). Consequently (VP) is calm at (Z,y) in direction (u,v) =
(1,-1).

3.4 Directional sensitivity analysis of the value func-
tion

In this section we study the directional sensitivity analysis of the value function
of the lower level program (P,). Recall that S(z) denotes the solution set of (P;)
and V(z) is the value function. The results of this section could be of independent
interest.

First we give some preliminary results that will be needed. We first introduce
a directional version of the restricted inf-compactness condition which was first in-
troduced in [12, Hypothesis 6.5.1] with the terminology introduced in [31, Definition
3.8].

Definition 3.4.1 (Directional Restricted Inf-compactness). We say that the restricted
inf-compactness holds at T in direction u with compact set Q, C R™ if V(&) is finite
and there exists positive numbers € > 0,0 > 0 such that for all v € T + V. s(u) with
V(z) < V(Z) + €, one always has S(x) NQ, # 0. When u = 0 in the above, we say

the restricted inf-compactness holds at .

Next we introduce a directional version of the inf-compactness condition (see e.g.,
[10, Page 272]). It is not difficult to verify that the directional inf-compactness implies

the directional restricted inf-compactness.

Definition 3.4.2 (Directional Inf-compactness). We say that the inf-compactness
holds at T in direction u if there exist a compact set A, C R", and positive numbers
a > V(z), €, 0 such that for all x € T + Ves(u), one always has {y|f(z,y) <
a, g(x,y) < 0} # 0 and contained in A,. When u = 0 in the above, we say the

inf-compactness holds at .
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When f(z,y) satisfies the growth condition, i.e., there exists ¢ > 0 such that the
set
{y eR"|g(z,y) <, f(z,y) <M, o € 0B}

is bounded for each M € R, the inf-compactness holds at z. Similarly, if f(x,y) is
coercive or level bounded, the inf-compactness holds at Z.
The following definition gives a directional version of the classical inner semi-

continuity (see e.g. [59, Definition 1.63]).

Definition 3.4.3 (Directional Inner Semi-continuity). Given y € S(z), we say that
the optimal solution map S(x) is inner semi-continuous at (Z,y) in direction u, if for
any sequences ty | 0, uF — u, there exists a sequence yk € S(z+ tkuk) converging to

y. When u =0 in the above, we say that S(x) is inner semi-continuous at (Z,y).

Note that [54, Definition 4.4(i)] introduced a directional inner semicontinuity
which requires y* = 7 for some v. Since y* % ¢ implies that y* — 7, their di-
rectional inner semicontinuity is stronger than ours. Given a direction we define a
subset of the solution S(Z) as below. It coincides with the solution set when u = 0

and may be strictly contained in the solution set if the direction u is nonzero.

Definition 3.4.4 (Directional Solution). The optimal solution in direction u is the
set defined by

S(z;u) ={y € S(x)|Ftx | 0,u" = u,v* >y, yf e S(z +tkuk)}.

If y € S(z;u), then g is upper stable in direction u in the sense of Janin (see [44,
Definition 3.4]).

It is obvious that if the optimal solution map S(z) is inner semi-continuous at
(Z,7) € gphS in direction u, then § € S(T;u).
Denote the feasible map of the problem (P,) by

F(z) = {y € R"|g(x,y) <0}

and the active index set I,(z,y) :={i =1,...,plg:(z,y) = 0}.

Definition 3.4.5 (RCR regularity). (/57, Definition 1]) We say that the the feasible
map F(z) is relazed constant rank (RCR) reqular at (Z,y) € gphF if there exists
d > 0 such that for any index subset K C I,(Z,y), the family of gradient vectors
V,9i(x,y),j € K, has the same rank at all points (x,y) € Bs(Z, 7).
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The following lemma shows that the RCR regularity condition is slightly stronger
than the calmness of the feasible map F at (Z,y) € gphF and is needed in Proposition
3.4.3 and Theorem 3.4.2.

Lemma 3.4.1. (see [57, Lemma 5]) Suppose that the feasible map F(z) is RCR
reqular at (Z,y) € gphF. Then there exist § > 0,k > 0 such that for any x € Bs(Z)
and y € Bs(y) N F(x), there exists § € F(T) such that ||y — y|| < kllz — Z| and
9(z,y) < g;(Z,9) <0 for each j € Iy(z, ).

We now define a directional version of the Robinson Stability [26, Definition 1.1].

Definition 3.4.6 (Directional Robinson stability). We say that the feasible map F(z)
satisfies Robinson stability (RS) property at (z,y) € gphF in direction u € R™ if there

exist positive scalars k,€,0 such that
dist(y, F(z)) < kdist(g(x,y),R?) Vo €z + V.s(u),y € B(7). (3.16)

If RS holds at (Z,y) in direction u = 0, we say that RS holds at (z,7) ([26,
Definition 1.1]). Note that RS in direction u is equivalent to R-regularity with respect
to set T+ Ves(u) as defined in [57, Definition 2].

Proposition 3.4.1 (Sufficient Conditions for RS). If the system g(z,y) < 0 satisfies
one of the following conditions at (z,y), then RS holds at (Z,7).

e g(x,y) is the sum of a continuous function of x and an affine function of y,
with F(x) nonempty near T: g(x,y) = p(x) + q(y) with p(x) continuous and
q(y) affine.

e Partial linear independence constraint qualification: g is continuously differen-

tiable at (z,y) and the set {V,q:(Z,y)|i € 1,(x,y)} is linearly independent.

e Partial NNAMCQ: g is continuously differentiable at (Z,7y) and there exists no
nonzero vector A € RE. such that X\ L g(z,y) and V,g(z,5)" X = 0.

Note that the RS under the partial linear constraint qualification follows from
Hoffman’s lemma. One can refer to [57, 31, 26] and the references therein for more
sufficient conditions for RS. The following proposition shows that the directional RS

implies the directional metric subregularity.
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Proposition 3.4.2. Suppose that the feasible map F satisfies RS at (T, 1) € gphF in
direction w. Then the metric subreqularity of the system g(z,y) < 0 holds at ((Z,7),0)

in direction (u,v) for any v € R™.

Proof. Since RS for F holds at (z,y) in direction u, i.e., there exist numbers x >
0,e > 0,6 > 0 such that

dist(y, F(z)) < rdist(g(v,y), RY),
for all z € T + V. 5(u) and y € B.(y). Then we obtain
dist((x,y), g H(R?)) = dist((z,y), gphF) < dist(y, F(z)) < rdist(g(z,y),R"),

for all z € T + V. s(u) and y € B.(y). This means that the metric subregularity of
g(x,y) <0 holds at (Z,y,0) in direction (u,v) for any v € R™. =

Recall that the lower Dini directional derivative of the feasible map F(z) at a
point (Z,y) € gphF in direction u is defined as

Fz+tu)—y

D, F(%,7; u) := lim inf Y~ {u]30(t) st. §+tv + o(t) € F(z + tu)}.

10 t

Define the y-projection of the linearization cone of gphF at (z,y) in direction u, i.e.,
L(Z,5;u) == {v € R"|Vgi(Z, §)(u,v) < 0,7 € I,(Z, )}

By definition, one always has D, F(z,y;u) C L(Z, y;u). Since the directional MPEC
R-regularity introduced in [31, Lemma 3.3] is weaker than our directional RS and
(P,) is a special case of the problem studied in [31] when the equilibrium constraints

are omitted, the following results follow from [31, Lemmas 3.3, 3.5].

Lemma 3.4.2. [31, Lemmas 3.3, 3.5] Let y € F(Z). Suppose either the feasible map
F satisfies RS at (Z,7y) in direction w or DL F(Z,7;u) # 0 and F is RCR-reqular at
(z,y) in direction w. Then D, F(Z,y;u) = L(Z,y;u).

The following results will be needed in Corollary 3.4.1 and Theorem 3.4.1.

Lemma 3.4.3. Suppose that the restricted inf-compactness holds at T in direction u
with compact set Q,, and there ezists y € S(Z) such that F satisfies RS at (Z,y) in
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direction uw. Then Dy F(Z,y;u) = L(Z,5;u) # 0, § € liminf F(x) and S(T;u) # 0.
xl>£
And for any 1 > 0,3e,0 > 0 such that for Ve € T+ V. s(u), Jy € S(x) NQ, satisfying

dist(y, S(z;u) NQ,) < L.

Proof. Since RS holds at (Z,y) in direction u, by Lemma 3.4.2, D, F(z,y,u) =
L(z,y;u). Moreover by (3.16) there exist positive scalars k,€,d, such that for any
r €T+ Ves(u),

dist(y, F(z)) < wdist(g(z, 9), RY) < sllg(z, ) — 9(Z,9)|| < Lyrllz — 2|, (3.17)

where L, > 0 is the Lipschitz modulus of g(x,y) around z. Then for any sequences
tr L 0,u* — u, by (3.17) we can find a sequence y* € F(z+t,u”) such that ||j—y*| <
Lyk||T + txu” — Z||, which implies that y* — . By Definition 3.2.1, this means that

RS linli';r}f F(x). Since {%} is bounded, taking a subsequence if necessary, we

can find v € R™ such that v* := %:g converges to v. Since for each i € I,(Z,7),
gi(Z+tuf y*) <0, it follows that v € L(z, ij; u). We also have lim sup, V (Z+t,u*) <
limy, f(Z +tpu®, y*) = V(Z). Tt follows that since the restricted inf-compactness holds
at T in direction u, for each k large enough, there exists §* € S(z + t,u*) N Q,. By
the compactness of ,, the sequence {§*} is bounded. Without loss of generality,

assume § := limy, % € Q,. Since
f(,9) = lim f(@+tu, §%) = lim V(Z+tu) < lim f(@+tu®, g+t®) = f(2,9) = V(2)

and

9(z,§) = lim g(z + tyu®, ") <0,

we can obtain ¢ € S(z). Consequently, § € S(Z;u) N Q.

We prove the last statement by contradiction. Assume there exist [ > 0 and
for k large enough, = + tyu* € 7 + V%%(u) and g% € S(Z + tu*) N Q, such that
dist(g"%, S(7;u) NQ,) > 1. Taking the limit as k — oo, dist(7, S(Z;u)NQ,) > [, which
contradicts g € S(z;u) N€,. The proof is complete. m

In general there may not exist relationship between RCR-regularity and RS con-
dition. However under the inner semicontinuity of S(x), we can show that RCR-

regularity implies RS/R-regularity.

Lemma 3.4.4. Lety € S(z) and S(x) is inner semi-continuous at (z,y) in direction
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u. Suppose that F is RCR reqular at (Z,y) in direction w. Then F satisfies RS at

(Z,y) in direction u.

Proof. We approve the lemma by contradiction. Assume RS does not hold at (z, )

in direction u. Then there exist sequences z* = Z and y* — ¥ satisfying that
dist(y", F(z")) > kdist(g(z*, y*), R?). (3.18)
Since S(x) is inner semi-continuous at (z,y) in direction u, we have

g € liminf S(z) C lim inf F(z).

Then for sufficiently large k there exists a sequence 3* € F(2*) such that §* — .
Let ¢* be the projection of * onto F(z*). We obtain

ly* — 7| < |ly* — 5| = 0 as k — oc.

Then following the proof of [31, Lemma 3.5] for the case when the number of com-

plementarity constraints is 0, we can find some scalar M > 0 such that
dist(y*, F(2*)) < Mdist(g(z", "), R?)

contradicting (3.18). Hence, the assumption is false and RS for F holds at (z,y) in

direction u. ®
Define the Lagrange function of (P,) by
L(z,y; N) = f(z,y) +g(z,y)" X

From now on in this section we assume that the functions f, g are continuously dif-

ferentiable. Then the set of Lagrange multiplier associated with y € F(x) is

Az, y) == {A €RPIV,L(z,y; A) =0, g(z,y)" A =0, X > 0}.

3.4.1 Directional derivative of the value function

In this subsection, we study the directional differentiability of the value function.

In the following proposition we derive the formula for the directional derivative of
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the value function. Our result improves the corresponding classical results in [57,
Theorem 5] and [31, Theorem 3.9] in that weaker assumptions are required and in

the formula the directional solution instead of the solution set is used.

Proposition 3.4.3. Let u be a direction such that S(T;u) # O and Dy F(Z,y;u) #
0 Yy € S(ZT;u). Suppose that the restricted inf-compactness holds at T in direction
u. Moreover assume that F(x) is RCR-reqular at each y € S(z;u). Then the value

function V(x) is directionally differentiable at x = Z in direction u and

V(Z;u) = min  min Vf(Z,y)(u,v) = min max V,L(Z,y;Nu. (3.19

( ) yES(T;u) vEL(Z,y;u) f( y>( ) yES(Z;u) AeA(Z,y) ( y ) ( )
Proof. Since for any given y € S(7;u), Dy F(Z,y;u) # 0, there is v € Dy F(T,y;u).
It follows that there exists o(t) such that y + tv + o(t) € F(z + tu) for ¢ > 0. Thus

we have

V(z +tu) — V(z) f(@+tu,y+to+o(t) — f(z,v)

Vi (Z;u) := limsup < limsup
tl0 t tl0 t
= V(@ y)(u,0). (3.20)

On the other hand, let ¢, | 0 be the sequence satisfying

V' (Z;u) := lim inf V(z +tu) — V() — lm V(Z + tru) — V(g:)
0 3 k—o00 tk:

By (3.20), for any € > 0 and any sequence t; | 0, V(Z + tyu) < V(Z) + € for k large
enough. Since the restricted inf-compactness holds at z in direction v with a compact
set €1, there exists a sequence y* € S (T +tpu) NQ, for k large enough. Without loss
of generality, define § := limy, y*. Then

f(z,9) = lim f(Z + tpu,y*) = lim V(Z + tpu) < V(2)
k—o00 k—o00
9(%,9) = lim g(z + tyu,y*) <0.
k—o0
This means g € S(z) N §2,. Moreover it is clear that § € S(z;u) N Q.
Since F is RCR regular at each y € S(Z;u) and D, F(Z,y;u) # (), by Lemma

3.4.2 we have
D F(z,y;u) = L(Z,y;u) Yy € S(T;u). (3.21)

Moreover by Lemma 3.4.1, for sufficiently large k, there exist x > 0 independent of k
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and a sequence §* € F(Z) such that

ly* — 7% < &[|Z + thu — 3|, g;(Z + tyu, v*) — g;(7,7%) <0, j € L,(Z,7).

Consequently, {ykt;gk} is bounded. Taking a subsequence if necessary, we assume that

B 1= limy_ye0 L2 and then y* = §* + 40 + o(tx). Thus, we obtain Vg;(z,7)(u,0) <

ty

0,i € I,(Z,9). This implies that © € L(Z,g;u). Furthermore, since §* € F(z), we

have

V(z + tru) — V(2)

V' (Z;u) = lim
k—o0 tk
o FE ) — ()
T k—oo tr
iy J@ B 0+ 8D+ o)) — (7, 57)
k—o0 tk
= V£(@,9)(u,v). (3.22)

It follows that

V' (Z;u) > Vf(Z,9)(u,0) > min inf  Vf(z,y)(u,v). (3.23)

yES(ZT;u)NQ0y vEL(Z,y;u)
Since (3.20) holds for any y € S(z;u) C S(7) and v € D, F(Z,y;u) = L(Z,y;u),
where the equality follows from (3.21), we have

Vi(z;u) < inf inf Vf(z,y)(u,v) < min inf Vf(z,y)(u,v).
HEu) < y€S(z3u) vEL(Z,yu) (@) v) YES(Z;u)N vEL(Z,y;u) F(@,y)(u, v)
(3.24)

(3.23) and (3.24) imply that

V' (z;u) > inf inf  Vf(Z,y)(u,v) >V (Z;u).
@z mf it Vi) 2 Vi)
Hence V(z) is directionally differentiable at Z in direction u with the first equality in
(3.19) holds. And the minimum with respect to y in (3.19) can be attained on the
set S(z;u) N€,. By the linear programming duality theorem, the second equality in

(3.19) holds and the minimum with respect to v can be attained. m

In Proposition 3.4.3, the sets S(z;u) and D, F(Z,y;u) are required to be both

nonempty. However by Lemma 3.4.3 this condition can be guaranteed if in addition F
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satisfies RS in direction u. Consequently we have the following corollary. It improves
the result of [31, Theorem 3.11] in that the NNAMCQ holding at each y € S(z) is

replaced by the directional RS which is in general weaker.

Corollary 3.4.1. Assume that F is RCR-reqular at each (Z,y) € gphS. Suppose
that the restricted inf-compactness holds at T in direction u and RS is satisfied at each

(Z,y) € gphsS in direction w. Then the value function is directionally differentiable in
direction u and (3.19) holds.

In general, according to Corollary 3.4.1, one needs to ensure both RS and RCR
regularity for the existence of the directional derivative. However thanks to Lemma

3.4.4, if the solution set S(z) is inner semi-continuous, only RCR-regularity is needed.

Proposition 3.4.4. Suppose that the solution set S(x) is inner semi-continuous at
(Z,y) € gphsS in direction u. Moreover assume that F is RCR-reqular at (z,y). Then

the value function V(x) is directionally differentiable at T in direction u and

) — - = & _ =

V'(z;u) = veH{I(l%’r;m) Viz,g)(uv) = Aé%%z},{g) V.L(Z,y; Nu.
Proof. Since S(x) is inner semi-continuous at (z,y) € gphS in direction u we have
that the restricted inf-compactness holds at (z,¥) in direction u holds and by Lemma
3.4.4 both RCR and RS holds at (Z, ) in direction u. By definition of the directional
inner semicontinuity of S(z), we can always choose § =  in the proof of Proposition
3.4.3. Hence the result follows from Corollary 3.4.1. =

3.4.2 Directional Lipschitz continuity of the value function

In this subsection we study sufficient conditions for the directional Lipschitz con-
tinuity of V().

The classical criterion for guaranteeing the Lipschitz continuity of the value func-
tion, is a combination of the uniform compactness condition and MFCQ holding at
each y € S(z), see e.g. [20, Theorem 5.1]. The following theorem gives sufficient
conditions for the directional Lipschitz continuity of the value function under weaker

assumptions. When u = 0, it recovers the result in [5, Theorem 5.5].

Theorem 3.4.1. (i) Suppose that S(z;u) # 0, the restricted inf-compactness holds
at T in direction u with compact set S, and the feasible map F(x) := {y|g(z,y) <
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0} satisfies RS at (Z,y) for each y € S(z;u) N§Y,. Then V(z) is Lipschitz con-

tinuous at T in direction u.

(ii) Suppose there exists y € S(T) such that S(x) is inner semi-continuous at (T, q)
in direction u, and the feasible map F(z) := {y|lg(z,y) < 0} satisfies RS at
(Z,9y) in direction u. Then V(x) is Lipschitz continuous at T in direction u.

Furthermore, if (i) or (i1) holds in direction u = 0 then V(z) is Lipschitz around

xZ.

Proof. Since RS is satisfied at each (z,y) for y € S(Z;u) NQ, in direction u, by the
compactness of €2, and Borel-Lebesgue covering theorem, there exist positive scalars
€,0, k such that

dist(y, F(z)) < kdist(g(x,y),R?) Ve e z+Ves(u),y € (S(x;u)N,) +€B. (3.25)

By Lemma 3.4.3, choosing €, J small enough, we have for any z,2" € = + V. 5(u),
there exist y € S(z) N Q,, vy € S(z') N Q, close enough to S(z;u) N Q,. Without
loss of generality assume z, 2" € T + V. 5(u) and v,y € (S(z;u) N€,) + eB. Then by
(3.25) we can find g € F(x), ¥ € F(2') such that

ly — 7'l < kllg(a’,y) — g(z,y)|| < 26| Vag(z, y)|l|lz — 2],
ly" =7l < &llg(@,y') — gz’ ¥)|| < 26[|Veg(@, y) ||z — 2.

Since V.g(x,y) is continuous and {Z + V.s(u)} x (S(z;u) N Q,) is bounded, by
Weirstrass extreme value theorem, there exists a positive scalar M such that 2x||V,g(x, y)| <
M for any (z,y) € {Z + Ves(u)} x (S(Z;u) NY,). Similarly, since V f(z,y) is contin-

uous, hence, locally bounded. Choosing M’ large enough, we have

1f @z, y) = £ 90 < M||(2,y) = (2, )| < M'(1+ M)l — 2|,
1f (. ) = £ ) < M|, 9) = (2, )| < M'(1+ M)l — 2.

Then since f(z,y) — f(2',y) < V(x) = V(2') < f(x,y) — f(2',y), we have
1V (2)=V (@) < max{|[f(z,y)—f" D) | f(2,9)—f", )} < M'(1+M)[|z—2"|.

This means V(z) is Lipschitz continuous at z in direction u and (i) is proved.

Next, we prove (ii). If there exists § € S(z) such that S(x) is inner semi-continuous
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at (Z,7) in direction u, § € S(T;u) # 0 and the restricted inf-compactness holds at
Z in direction uw. Then one can easily replace S(z;u) N, by {7} in the proof above

and obtain the Lipschitz continuity of V' (z) under RS at (Z, %) in direction u. ®

3.4.3 Directional subdiffentials of the value function

In this subsection, we study the analytic directional subdifferential of the value
function of (P,). First, we derive an upper estimate for the analytic directional
subdifferential of the value function in terms of the problem data. For any x,y, u,

suppose V'(x;u) exists. We denote by
S(z,y,u) = {v € L(z, y; )|V (z;u) = V f(z,y)(u,v)}. (3.26)

Theorem 3.4.2. Let u € R".

(i) Suppose that the restricted inf-compactness holds at T in direction u with com-
pact set . Suppose that V(x) is directionally differentiable at T in direction u. Then
S(z;u) # 0. Moreover suppose that the feasible map F(z) := {y|g(x,y) < 0} satisfies
RS at (z,y) in direction u for each y € S(z;u) N Q. Then V(x) is Lipschitz at T in
direction u and

0 # 0,V (Z;u) C O(T;u) (3.27)

-

(U @0+ Veg@DN| A, € A@.3) N {Vg(.3) (. 0)}" ]

gES(Zu)NQy  vEX(Z,G,u)
U U V@ 0) + Vag@ ) Al Ay € Az §) 0 {Ta(@,5)0,0)} }),
veX(Z,7;0)NS

(3.28)

(ii) Suppose that there exists y € S(Z) such that S(x) is inner semi-continuous at
(Z,9) in direction u and the feasible map F(z) := {y|g(z,y) < 0} satisfies RS at
(Z,9) in direction u. Suppose that V (x) is directionally differentiable at T in direction
u. Then V(x) is Lipschitz at T in direction u. And (3.27) holds with the union over
g € S(z;u) NQ, superfluous and § = 3.

(i11) Suppose that there exists y € S(Z) such that S(x) is inner semi-continuous

at (z,y) in direction u and F is RCR-reqular at (Z,y) in direction u, then V(z) is
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Lipschitz at & in direction u and

0#0.V(zuc |J {vxf<x,y>+vxg(:c,y>TAg A € AM@,5) N{Vg(z,7)(u,v)} }

vEX(T,7,u)

Proof. (i)Since V' (z) is differetiable in direction u, for any sequence ¢, | 0, we can find
a sequence t | 0 such that for k large enough, we have V(Z +tyu) < V(Z)+ €. Then
by the assumption of the directional restricted inf-compactness, for k large enough,
there exists §* € S(z + tpu) NQ,. Then {7*} is bounded. Without loss of generality,
there exists § = limy, §*. And we know that f(Z,9) = lim;, V(Z +t,u) < V(7). Hence,
g€ S(z;u) # 0.

Since the directional restricted inf-compactness holds at z in direction v and RS
is satisfied at (Z,y) in direction u for each y € S(z,u) Ny, by Theorem 3.4.1, V (z)
is Lipschitz continuous at z in direction u. Then by the well-known Rademacher’s
Theorem and [72, Theorem 9.13], 8,V (z;u) # 0.

Let ¢ € 9,V (Z;u). Then by definition, there exist sequences t; | 0, u* — u, ¢*¥ —
¢ such that V(Z+t,uf) — V(z) and ¢* € OV (Z +txu*). Tt follows that V(Z + tuk) <
V(z)+e for all k large enough and hence by the directional restricted inf-compactness,
there exists y* € S(7 + t,u*) N Q,. Passing to a subsequence if necessary, we may
assume that y* — . Hence, by the continuity of f(z,y), 7 € S(Z;u) N Q,.

For each k, since (¥ € OV (Z + tyu¥), there exists a neighborhood U* of Z + tyu*
satisfying

1
V(z) = V(z +tpu®) — (CF 2 — (7 + tu®)) + E||x — (z + tpu®)|| > 0 Vo € U
It follows from the fact V (x) = inf{f(x,y) + drr (g(z,v))} and y* € S(z + txu*), that
y d
1
fla,y) = (o = (@ + ) + 2o = (@ + )| + 3z (9(w, 9)) > f(@ + tiu®, "),
for any (x,y) € U* x R™. Hence the function

¢k(x’y) = f(x,y) - <Ckvx - ("E + tkuk» + %HZE - (f + tkuk)” + 5Rg(g(x,y))

attains its local minimum at (z,y) = (Z+tzu”*, y*). Thus, by the well known Fermat’s
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rule and the sum rule ([72, Exercise 10.10]),
1-
0€ VF(T+tu® o) — (¢*,0) + 7B x {0} + 9(0ge 0 g)(Z + tru®, y"). (3.29)

Now we consider two cases.

k_=5 . k_g . .
Case (a): {2} is bounded. Define v* := “=¥. Passing to a subsequence if necessary,
k 12

there exists v € R™ such that v* — v. Since y* € S(Z + t,u*), it follows that

f(@ + %) — f(z2,9) i V(z + tyuF) — V(2)

= V/ T
tk k tk ($,U>

V() (u.v) = lim

and Vg;(z,9)(u,v) <0, Vi € I,(z,7). This means v € X(Z,y;u). Since for each
k, ogr (g(T + txu®,y*)) = 0 = dgr (g(, 7)), taking limits as k — oo in (3.29), by

Proposition 3.2.2 we have

0 € VF(z,5) — (C,0) + 00 0 9)(T, G u,0).

Since RS is satisfied at (Z,7) in direction u, by Proposition 3.4.2, the metric sub-
regularity for the system g(z,y) € R” holds at (7,7,0) in direction (u,v), then by

Proposition 3.2.6, we have

Da(bxr © 9)(Z, 5 u,v) C Vg(z,7)" Ner (9(Z,9): Vg(z,7) (u,v)).

With (3.29), we obtain there exists A, € Ngr (9(Z,7); Vg(Z,7)(u,v)) with 0 € V, f(z, 9)+
V,9(Z,9)" A, such that ¢ = V. f(Z,9) + V.g9(Z,5)"'\;. The proof follows from

Ner (9(7,9); Vg(7,9)(u,v)) = {A € RP|0 < A L g(7,9), A L Vg(z,9)(u,v)}.

Case (b): {%} is unbounded. Without loss of generality, assume limy,_, %}C—g“ =
oo. Define 7, := ||y¥ —¢||. Then i—z 1 0. Since the sequence {yi—;y} is bounded, passing

to a subsequence if necessary, assume there exist v € S and a sequence v* — v such
that y* = § + 70", Define 0% := :—’Zuk Then 7 + tyu* =  + 7,a* and @* — 0. Since
y* € S(z + tpu”), it follows that

V(7 4 na*) = V(2) b _ lim f(@ + 10", § + mo*) — £(7,9)
ty ek Tk

= Vf(z,9)(0,v)

0 = lim
k
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and Vg;(z,7)(0,v) < 0, Vi € I,(z,y). Since V'(z;0) = 0, we obtain V'(z;0) =
Vf(z,3)(0,v). Hence, v € 3(z,7;0)NS. Taking limits as k — oo in (3.29), following

a similar process as in Case (a) we have

0€Vf(z,9) = ((,0) + 00 09)(2,4;0,v)
C V/(#,9) = (¢.0) + Vg(z,9)" Ner (9(2,5); Vg(Z,5)(0,0)).

So there exists A\, € Ngr (9(Z,9); Vg(z,9)(0,v)) with 0 = V, f(z,9) + V,9(Z,9)T )\,
such that ¢ = V,f(Z,9) + Vag(Z,5)" Ay. This completes the proof.

(ii)) When S(z) is inner semi-continuous at some point § € S(Z) in direction wu,
one can choose § = y. And the results follows similarly as the proof of (i).

(iii) Let ¢ € 9,V (z;u). As in the proof of (i) and taking into account the inner
semicontinuity of S(x) at (Z,y) in direction u, we obtain t; | 0, u* — u, ¥ — (,
y* € S(7 + tuk), y* — 7 satisfying (3.29). By Lemma 3.4.4 and Theorem 3.4.1, RS
holds at Z in direction w and V() is Lipschitz continuous at Z in direction w. Then
by Proposition 3.4.2 we have metric subregularity for the system g(z,y) € R” holds
at each k sufficiently large. Hence, by Proposition 3.2.6, for sufficiently large k, we
have

O(0gr 0 9)(T + tyu”, y*) C Vg(7 + tyu®, v*) Ner (9(7 + tpu®, yF)).

Hence

0 € Vf(+tyu®,y*) — (¢*,0) + %B x {0} + V(& + tyu®, y*)" Nyr (9(7 + tyu®, ")),

(3.30)

Since RCR-regularity holds at (Z,7) and y* € S(Z + txu*), by Lemma 3.4.1, for

sufficiently large k, there exist x > 0 independent of k and a sequence 3* € F(Z) such
that

||yk - gk“ < "{Hf +t/€uk - j”? gj(f + tkukvyk) < g](j)ﬂk)’ J € ]g(j7g) (331)
Then I,(Z + t,u*, y*) C I,(Z,5*) and by Proposition 3.2.1,

Nee (9(Z + tyu”, y*)) = Nee (9(2, 7)) 0 [9(2,5") — g(z + tpu, 4]

= Ner (9(2,7%)) N
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k_ =k

Define v* := . y* = g + 0" By (3.31), {v"} is bounded. Without loss of

generality, there exists v = lim; v*. Then limy, g(f+tk“k’f:)_g(f’9k) = Vyg(z,7)(u,v). By

(3.31), 4* — § and v € (7, §; u). Taking the limit in (3.30), we have

0 € Vf(z,9) — (C.0) + Vg(z,5)" (Ner (9(2.9)) N [Vg(,7)(u, v)] ).

We obtain the existence of A\, € Ngr (9(Z,9)) N [Vg(Z,§)(u,v)]" such that ¢ =
V. f(Z,9)+V.9(z,y)T ;. Furthermore, by Proposition 3.4.4, V'(z;u) = min{V f(z,y)(u, v)|v €
L(z,g;u)}, it follows from a similar process as (3.22), we have V'(z;u) = V f(Z,7)(u, v).

~

The proof is complete. =

[54, Theoerems 5.10 and 5.11] also gave an upper estimate of the value function
of constrained programs in terms of the coderivatives of the constraint mapping F
under a stronger version of directional inner semicontinuity [54, Definition 4.4(i)] of
S(x). Our result cannot be obtained from [54, Theoerems 5.10 and 5.11] and is in a
more explicit form.

The following theorem provides an estimate of the directional Clarke subdifferen-
tial of the value function which will be used in the necessary optimality condition for

bilevel programs. We give some notations. For any given (z,y, u,v) we define the set

W(z,y,u,v) = {fo(év,y) +Vag(2,9) A | Ag € Az, y) N {Vg(z,y)(u,v)} }
Theorem 3.4.3. Under the assumptions of Theorem 3.4.2(i), we have

OV(tu) Seo | (W ,u,0)UW (2,5,0,v) Vo€ S(z,,u),r € B(z,7,0)NS.

JES(T;u)NQy

Under the assumptions of Theorem 3.4.2(ii), we have
OV(zyu) C{u¢+ (1 — w0 < <1, ¢eW(z,g,u,v), £ €W(T,5,0,v)}

fOT Vv € Z(jag7u)ay S Z(Zf,g,()) ns.

Under the assumptions of Theorem 3.4.2(iii), we have
oV (z;u) CW(z,y,u,v), Yv & X(z,y,u).

Proof. Since 0°V(z;u) = c0d,V (Z;u), by Theorem 3.4.2, we only need to show that
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W(z,y,u,v1) = W(x,y,u,vy) for any vy, vy € 3(z,y,u). Let
Clz,y,u,v) == {N|Vy f (2, 9)+AVyg(z,y) = 0,0 < Ay L g(z,y),Ag L Vg(z,y)(u,v)}.

It suffices to show that C(x,y,u,v1) = C(z,y,u,ve) for any vy,ve € X(z,y,u). By

vV, [(Z,9) + V,9(Z,9)"\, = 0, we have /\gvyg(a:,y)vi = -V, f(z,y)v; for i = 1,2.
And since V,f(z,y)vy = V,f(z,y)vs = V'(x)(u) — Vo f(z,y)u, A\ Vyg(z,y)v =

s Vyg(z, y)va. Hence, N[V g(x,y)(u,v1) = A\ Vg(z,y)(u, v2). This implies C(z,y, u,v1) =
C(x,y,u,ve). W

3.5 Necessary optimality conditions for bilevel pro-

grams

The main purpose of this section is to apply Theorem 3.3.1 to problem (VP) and
the result of the directional sensitivity analysis of the value functions in Section 4 to
derive a sharp necessary optimality condition for (VP) under a weak and verifiable
constraint qualification.

We first try to answer the question on whether it is possible for FOSCMS to
hold at a feasible point of (VP). Given (u,v) € R"™™ define the set-valued map
M 0 R* x R™ = R x RP x R? by

Mu)(2,y) = (f(z,y)=V(2)+{u, =)+ (v,y—5)"~R_, g(z,y)—R”, G(z,y) —R).

Assume that the value function is directionally differentiable at z in direction wu.

Define the linearization cone of (VP) at (z,y) by

L(ii‘,g) = {(U,U)‘ Vf(f,g)(u71)) S Vl(!f,u), } |

Vgi(Z,9)(u,v) <0 Vi€ 1,(Z,9), VGi(Z,9)(u,v) <0 Vi€ Ia(T,7)

Note that although f(z,y) — V(x) < 0 is an inequality, it is in fact an equality
constraint by the definition of the value function. Hence under the Abadie con-
straint qualification, one always have V f(Z, y)(u,v) > V'(Z;u) for all (u, v) satisfying
Vi(z,9)(u,v) <014 € I,(z,y). Therefore if the Abadie constraint qualification holds,
in the linearization cone the inequality V f(Z,y)(u,v) < V'(Z;u) can be equivalently

replaced by the equality.
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Lemma 3.5.1. Let (z,9) be a feasible point of (VP). Assume that the value function
is directionally differentiable at T in any direction u and 0 # (u,v) € L(z,y). Then
My (x,y) is not metrically subregular at ((Z,9),(0,0)) € gphM, ) in direction
(u,v).

Proof. To concentrate on the main idea we omit the upper level constraint G(z,y) <
0 in the proof. To the contrary, suppose that M, ) (z,y) is metrically subregular at
((z,9),(0,0)) in the nonzero direction (u,v) € L(Z,y). Then by definition of metric
subregularity in direction (u,v), 3k > 0, for all sequences t;, | 0, u¥ — u, v*¥ — v,

we have for sufficiently large k

dist ((j: + bt g+ o), M (0, 0))
< k dist (0, My (7 + teu, g+ tkvk))
<K (dist(f(a_ﬁ + e, g+ ") — V(T 4 ) + G (u, w6 (v, 08 R)

+dist(g(Z + tyu”, § + tx0"), RY)) . (3.32)
Since (u,v) € L(z,y), we have ¢(z,y) + tsVg(Z,y)(u,v) < 0. Hence,

dist(g(z + tpu®, § + txo*), RY)

lim
k—o00 tk
= koo kY _ = = —ul%.
< Jim lg(z + tiub, § + tpoF) ?Vg(l‘,y)(u,v) @9l _,
—00 k

Similarly, since f(z,y) — V(z) = 0, we have V f(Z,y)(u,v) — V'(Z;u) <0,

, dist(f (7 + tru, § + tx0") — V(T + tu®) + 63 (u, u*)3 + 3 (v, v*)3 R )
im
k—o0 tk

= 0.

(3.33)
Since for every ¢, > 0 sufficiently small, we can find a point (zy,,y:,) € M(;,lv) (0,0)
satisfying (3.32), then

f(‘rtkﬂ ytk) - V<Itk) + <u7xtk - J_3>3 + <U7ytk - g>3 <0. (334)

And by (3.33), limy, |0 t,;1||(a’7 + tpu, g + tpok) — (@ yr, )| = 0.
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Since (u,v) # (0,0), by (3.34) we have for every k sufficiently large

0 > flag, ) — V(ey) + (w2, — )% + (0,1, — 1)°
= f(@e,y0,) — V(zy,) + <u T+ teu = 2)° + (0,7 + teo = §)° + o(t])
> (@, y) — Vi) + (||U||6 + [lvll)
> f(xtk’ytk) V(xtk>a

contradicting that V' (zy,) = ;__I(lf )f(xtk,y) < floy,yp,). N
ye .’Etk

We are now ready to give a negative answer on the question if the FOSCMS can
be satisfied by a feasible solution of (VP). Let (Z,y) be a feasible solution of (VP).
Denote the critical cone of (VP) at (z,y) by

C(z,y) = {(u,v) € L(z,9)|F(7,5)(u,v) < 0}.

Proposition 3.5.1. Assume that the value function is directionally differentiable

at T in any direction u and (u,v) € C(Z,y). Then there exists a nonzero vector
(A, v) € RYPT such that X > 0,0 < u L g(z,9), p L Vg(z,9)(u,v),0 < v L
G(z,y), v L VG(2,9)(u,v) and

0€ X0, (f —V)(z,7; (u,v)) + Vg(z,5) ' n+ VG (z,5) v (3.35)

Hence FOSCMS fails at any feasible solution of (VP) in any critical direction.

Proof. Since by Lemma 3.5.1, M(,.(,y), hence —M,,)(z,y), is not metrically
subregular at (z,7,0,0) in direction (u,v) and metric subregularity is weaker than
FOSCMS, FOSCMS for the inequality system

w(l}y) = (f(x7y) - V(JL’) + <U,LE - ‘f>3 + <va - §>3),g(:c,y), G(I,y)) <0

must fail at (Z,y) in direction (u,v). By the sum rule [54, Theorem 5.6] of analytic

directional subdifferential,

0u(f(2,y) = V(2) + (u,2 = 2)° + (v, = 9)°) (2, 7; (u,0)) = 0u(f = V)(Z,7; (u,0))).

Hence by Definition 3.3.2(2) the FOSCMS for the inequality system t(z,y) < 0 at
((z,9),(0,0)) is the same as the (3.35) which means that FOSCMS for (VP) at (z,y)
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in direction (u,v) fails. =

We now apply Lemma 3.3.1, Proposition 3.3.1 and Theorem 3.3.1 to (VP) and

obtain the following necessary optimality condition for the bilevel program (BP).

Theorem 3.5.1. Let (Z,y) be a local minimizer of (BP). Suppose that the value func-
tion V() is Lipschitz continuous and directionally differentiable near T in direction
u and (u,v) € C(Z,y). Moreover suppose that the directional quasi-normality holds
at (z,7) in direction (u,v), i.e., there exists no nonzero vector (o, v,, vg) € REPH

and

0 € aVf(z,7) — adV(T;u) x {0} + Vg(z,9) v, + VG(z,9) va,  (3.36)
vy L g(Z,9), vy L Vg(Z,9)(u,v), ve L G(Z,9), ve L VG(Z,y)(u,v)(3.37)

and there exists sequences ty, | 0, (u¥,v*) — (u,v) such that

alf(z + tpu®, g + tpo®) — V(T + tu?)) > 0, if a > 0, (3.38)
9i(T + tpuf, g+ t0%) > 0, if (vy); > 0, € 1,
Gi(z + tu®, g + t0%) > 0, if (vg); > 0,i € Iq. (3.39)

Then the directional KKT condition holds. That is, there exists (A\v, Ay, Ac) such that

0 € VF(z,9) + \2vVf(Z,9) — 2oV (z;u) x {0} + Vg(z,9)" N\, + VG(Z,9)" A,
Ay >0, 0< X, Lg(z,9), Ay L Vg(z,9)(u,v), 0 < Ag L G(Z,9), \¢ L VG(Z,7)(u,v).

Proof. Define ¢(x,y) := (f(z,y)—V(z),g9(x,y), G(x,y)) and Ay := (o, vy, V). Then
by assumption, ¢(x,y) is Lipschitz continuous and directionally differentiable at (z, 7))
in direction (u,v). Since (u,v) € C(z,y), we have Vo(z,7)(u,v) < 0. Then since
f(z,9) —V(z) = 0,9(z,y) < 0,G(z,y) <0, (3.37) means 0 < A\, L ¢(z,y) and
Ao L Vo(z,7)(u,v). Since

aa(f - V)<j7g7 <u7v)) = vf(j7g) + aa<—V)<.f;U) X {O}
C Vf(Z,9) + 0(=V)(T;u) x {0}
C Vf(z,7) — 0V (@) x {0},

where the first equation follows from [54, Theorem 5.6] and the second inclusion fol-



83

lows from Proposition 3.2.3, (3.36)-(3.39) imply that the directional quasi-normality
defined in Definition 3.3.2(3) holds. Applying Theorem 3.3.1, the proof is complete.
|

When the conditions in Corollary 3.4.1 and Theorems 3.4.2(i) hold, one can apply
the formulas of V'(Z;u) and the upper estimates for 9°V(z;u) obtained in section
4 and derive the directional KKT condition in terms of the problem data under the

directional quasi-normality as below.

Theorem 3.5.2. Let (Z,y) be a local minimizer of (BP) and u € R™. Suppose that
the feasible map F(x) := {y|g(z,y) < 0} is RCR-regular at each (Z,y) € gphS and
satisfies RS at each (z,y) € gphsS in direction u. Moreover assume that the restricted
inf-compactness holds at T in direction w. Then the value function V (x) is Lipschitz

continuous and directionally differentiable at T in direction u with

V(z;u) = min  max V,L(T,y;\u,
yeS(T;u) AeA(T,y)

2.V (z;u) C O(z;u),

where O(z;u) is defined as in (3.28). Suppose that the directional quasi-normality
holds at (Z,7) in direction (u,v) € C(Z,y) in Theorem 3.5.1, with O°V (Z;u) replaced
by co(O(z;u)). Then the directional KKT condition and Theorem 3.5.1 holds with
0V (z;u) replaced by co(O(Z;u)).

When the the solution map S(z) is directionally inner semi-continuous at the
point of interest, we can obtain the directional quasi-normality condition and the

KKT condition of (VP) in the following more verifiable forms.

Theorem 3.5.3. Let (Z,9) be a local minimizer of (BP). Suppose that the feasible map
F(x) is RCR-regular at (Z,y) and S(x) is inner semi-continuous at (z,y) in direction
w. Then the value function is Lipschitz continuous and directional differentiable at T
in direction u and V'(Z;u) = maxyeazg) V2 L(T,¥; A)u. Suppose that there exists v
such that (u,v) € C(z,y). Furthermore suppose that there exists no nonzero vector

(o, vg, Vi) satisfying

0€ (XVf(ZZ‘7g) - QW(IZ‘,Q,U,,’U) X {O} + v.g(i'ag)TVg + VG(j;7g)TVG7
a>0,0<vy, Lgzy),v, LVgz7y)(uv), 0<ve L GZ,79),ve L VG(Z,7)(u,v),
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where W(Z, 9, u,v) = {Vaf(Z,9) + Vag(Z,9) AN € M2, 9) N{Vy(Z,9)(u,v)} "} and
there exists sequences ty | 0, (uf,v*) — (u,v) such that (3.38)-(3.39) hold. Then

there exists a vector (Y, Ay, Ag, A) € RMPTIP sqtisfying

0=V, F(Z,7) = \'Veg(Z,9)" N+ Vog(2,5)" Ay + Vo G(Z, ) A,

0=V, F(Z,9) +\'V,f(Z,9) + Vy9(z,9) "\, + V,G(Z,9)" \a
A>0,0< ), Lg(@9), A\, L Vg9 (u,v),0 <A LG7,7), \a L VG(Z,7)(u,v)
0=V, f(@,9) +Vyg(z,9)" 2,0 <X L g(7,9), A L Vg(z,9)(u,v).

Proof. By Proposition 3.4.4, since F(x) is RCR-regular at (z,y) and S(x) is inner
semi-continuous at (Z,y) in direction u, V(x) is directional differentiable at Z in
direction u and V'(Z; u) = minyer(z,5.0) V f(Z, ¥)(u, v). Since (u,v) € C(Z,y), we have
Vf(z,y)(u,v) — V' (z;u) = 0. Hence v € 3(Z,y,u) = {v € L(z,y;u)|V'(z;u) =
Vf(xz,y)(u,v)}. Then by Theorem 3.4.3(iii), V(z) is Lipschitz continuous at Z in
direction u and 0°V(z;u) C W(Z,y;u,v). The rest of result follows from Theorem
351. =

The following example verifies Theorem 3.5.3. For this example, S(x) is not inner
semi-continuous at z but it is directional inner semi-continuous, the classical quasi-

normality fails but the directional quasi-normality holds.

Example 3.5.1. Consider the following bilevel program

min  F(z,y) == (V3z —y—V3)>+2+V3y+3

x?y

st. y e S(x):=argmin{l — (z —y)*: (z —1)>+¢y*—4<0,—V3z —y— V3 <0}
Yy

It is easy to verify that

(TGS —l<a<o,

) = 4 (VBB z-o, (3.0
—/4—(r—1)?2 0<z<3.
l—(z—4—(z—1)2)?% -1<z<0,

Viz) = ¢ -2, z =0, (3.41)
[ 1—(z+4—(z—1)?)?2 0<z<3.

Note that the value function is Lipschitz continuous at * = 0 but not smooth. The
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global optimal solution of the bilevel program is (z,7) = (0, —v/3). By (3.40), S(x) is
inner semi-continuous at y in any direction u > 0. Indeed, for any sequence r — %
in direction w > 0, S(x) — g. It follows that S(Z;u) = {y}. Note that since for any
sequence x — T in direction u < 0, S(z) 4 y, S(x) is not inner semi-continuous at

xZ.
Denote by f(z,y) == 1—(x—y)* gi(z,y) == (x—1)*+ 9> —4,95(z,y) := =3z —
y — /3. Then

vm,y):[;g], Vf(f,z?):[j/?] Vm@@:[_;jy V(2. 9) = [__ﬂ‘

It is easy to see that the rank of the gradient vectors {Vyg1(z,y), Vyg2(z,y)} is always

equal to 1 around (Z,y) and hence, RCR-regularity holds at (z,y). Since g1(Z,y) =
0792<j>g) = 0;

Az, 5) = {(A}, N e R2|2V3 — 2v/3A1 — A2 = 0},

Then by Theorem 3.5.3, V(x) is Lipschitz continuous and directionally differentiable

in direction u > 0 and

V'(z;u) =max{V,L(z,7; A\, \)u : (A, A\ € Az, )}
= max{(—2V3 — 2X* — V3XH)u|(\}, \?) € R%,2V3 — 2V3A! — X2 =0}
=max{(—2V3 + 4\ — 6)ul0 < A < 1}
=— (23 +2)u.

Moreover we can verify that this statement is correct by the expression (3.41). Now
we prove that the directional quasi-normality holds at (Z,y). The critical cone can be

calculated as

C(@,9) = {(u,0) VF(@,5)(u,v) < 0,V (,9)(u,v) = V'(@:u) = 0, Vg(z, 7) (u,) < 0}
= {(u,v)|u+v3v = 0,V3u+ v > 0}.

Let 4 = /3 and v = —1, we have (u,0) € C(7,7). Since g1(7,7) = g2(7,7) =
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07 vﬂl(‘fag)(ﬂaﬁ> = 07V92<f7g)<a> Q_]) = —\/gﬂ —v 7é 07 we have

W(z,5,4,0) = {Vof(7,9) + Veg(z,9) N Ay € A@,5) N {Vg(.9)(a,0)}"}
= {—2v3-2)\)|\) > 0,2V3 - 2V3)\) = 0}
= {-2v3-2}.

Since (u,v) € C(z,y), by (3.26) we have v € (&, y,u). Therefore by Theorem 3.4.3,
we have 0°V (z;u) C W(z,y,u,v). Since V() is a function of one variable, we can
verify by the expression of the value function (3.41) that

OV (5:) = Wz, 5,5, 0) = {~2V3 — 2},
Let o, v1, v be such that

0e a(VZf(j7g> - W<j7g7 'L_L, 6)) + Vlv:vgl(jvg) + V2V1g2<'f7 g)? (342>
0=aV,f(Z,y) + 1V (Z,9) + 1.V,y0(7,7), (3.43)
1.V g2(Z,9)(4,0) = 0,a >0, v1 >0, v, >0 (3.44)

and there exist sequences ty, | 0, (uf,v*) — (4,9), such that

F(Z 4 tpu®, g+ ™) = V(@ + ™) > 0 if a > 0, (3.45)
g1(Z + tu®, g+ to™) > 0 if vy > 0. (3.46)
G2 (T + tpu®, 5 + t0") > 0 if vy > 0. (3.47)

(3.44) implies that vy = 0 and (3.47) will not be needed. We now show the conditions
(8.42)-(53.46) can only hold if « = v, = v, = 0. By (3.43), 2v/3a — 231, = 0.
Hence o« = 1. To the contrary, assume o > 0. Then vy = a > 0. Let t; |
0, (uf v*) — (@,0) be arbitrary and suppose that (3.46) holds. Then g, (z*,y*) > 0
for (2% y%) = (T + b g + %), Tt follows that y* < —+/4— (zF —1)2. Since
V, f(@*, —/4 = (aF —1)2) = 2(z" + /4 — (2F = 1)2) > 0 and y* < —/4 — (zF — 1)2
we have f(z*,y*) < f(a*, —\/4 — (zF —1)2) = V(2¥), where the last equality follows
from (3.40). Hence (8.45) does not hold. The contradiction show that (a, vy, 1) =
(0,0,0) and directional quasi-normality holds at (z,y) in direction (u,v).

By now, the conditions in Theorem 3.5.3 are all verified and so the directional
KKT condition should hold at (z,y). That is, there exists a nonzero vector (A\yv, A, Ay) €
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RY2+2 such that

0=1—Ay(—=2x" = V3A?) —2); — V3\Z,
0=v3+A\2V3—2V3\] —
Ay A € MZ,9), Ag L Vg(2,9) (@, 0), A L Vg(z,9)(@,0).

Obuiously the vectors (A\v, X, Ag) == (3,(1,0), (1,0)) satisfies the above conditions.

As we have mentioned before, NNAMCQ and FOSCMS always fail for (BP). In
this example, the quasi-normality also fails at (Z,y). Indeed, let (o, v1,15) = (1,1,0).
We have (a,vy,15) satisfies (3.42) and (3.43). And choose (x*,y*) = (=1/k —
V4 — (1/k+1)2 — 1/k), which converges to (Z,y). By (3.40), we have

2

faF %) =1— (\/4 —(1/k + 1)2)2 >1— (1//<; + \/4 —(1/k + 1)2) = V(z),

gr(® ") = (1/k +1) (\/4 (1/k +1)° +1/k>2—4>0

By the definition of the classical quasi-normality defined in [30, Definition 4.2] (one
can refer to Definition 3.3.2 for the case uw = 0), this means that the quasi-normality

fails at (z,7).
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