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A FAMILY OF MEROMORPHICALLY MULTIVALENT FUNCTIONS
WHICH ARE STARLIKE WITH RESPECT TO k-SYMMETRIC POINTS

JIN-LIN L1U, H. M. SRIVASTAVA AND YUAN YUAN

(Communicated by S. Hencl)

Abstract. In this paper, two new subclasses %, «(4,A,B) and .7, ;(A,A,B) of meromorphically
multivalent functions starlike with respect to k-symmetric points are studied. Distortion bounds,
inclusion relations and convolution properties for each of these classes are obtained.

1. Introduction, definitions and preliminaries
Thoughout this paper, we assume that
N={1,2,3,...}, keN\{l}, —-1=<B<0, BKA<—-B and A=1. (1.1)
For functions f and g analytic in the open unit disk
U={z:z€C and |z] <1},

the function f is said to be subordinate to g, written f(z) < g(z) (z € U), if there exists
an analytic function w in U, with w(0) =0 and |w(z)| < 1, such that f(z) = g(w(z)).
Let X, denote the class of functions of the form:

fle)=z7"+ ianz" (peN), (1.2)
n=p

which are analytic in the punctured open unit disk Uy = U\ {0}.
A function f € X, is said to be meromorphically starlike with respect to k-

symmetric points, if it satisfies
/
R { zf'(2) } -0,

- fp7k (Z)

where
2mi

1 k—1 )
Jou(z) = L Z g/’ f(glz) and £ = exp <7> _
j=0
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Let

iR =2+ anjd" €%, (j=1,2).
n=p

Then the Hadamard product (or convolution) of f; and f; is defined by

(fixf)(x)=z"+ i an,1a 27" = (f2x 1)(2)-
n=p

The following lemma will be required in our investigation.

LEMMA. Let f € X, defined by (1.2) satisfy

3 [an(1— B)+ p(1 —A)8, pillan] < p(A— B).

n=p
Then N TP .
— N A
p( )z Zf(Z)< +Az (e ),
pfp,k(z) 1+ Bz
where
2mi
fpk Z 1S pf ng & = exp (7)
and

0 (22 ¢N),
5n.,p,k:

1 (£ eN).

(1.3)

(1.4)

(1.5)

(1.6)

Proof. For f € X, defined by (1.2), the function f, s in (1.5) can be expressed as

fp,k(z) = Z_p + 2 5”7pvkanzn
n=p
with
0 (2 ¢N),

j(n+p) k
Pk = E =
e W
In view of (1.1) and (1.6), we see that
Ap5n,p,k+B/ln é B(?U’l _p6n,p,k) § 0 (I’l 2 p)‘
Let the inequality (1.3) hold true. Then from (1.7) and (1.8) we deduce that
p(1=A)zP=2zf"(z) _ 4
pfp,k(z)

_ prU-—A)zP—Azf'(2)
A—B=— 0

|Gt pBpad
p(A — B) + Z::p (Ap6n,p7k + B)Ll’l)anZnJrP

;o:p()tn+p6n,p,k)|an|
- p(A - B) + Z::p(APSn,p,k +B;Ln)|aﬂ|
<1 (]=1)

(1.7)

(1.8)



A FAMILY OF MEROMORPHICALLY MULTIVALENT FUNCTIONS 783

Hence, by the Maximum Modulus Theorem, we arrive at (1.4). [J
We now consider the following two subclasses of .

DEFINITION 1. A function f € X, defined by (1.2) is said to be in the class
Xy 1(A,A,B) if and only if it satisfies the coefficient inequality (1.3).

It follows from the Lemma that, if f € %, «(4,A,B), then the subordination rela-
tion (1.4) holds true.

DEFINITION 2. A function f € X, defined by (1.2) is said to be in the class
Ty k(A,A,B) if and only if it satisfies

Y n[An(1—B)+ p(1—A)8,,illan| < p*(A—B). (1.9)
n=p
For f € X, defined by (1.2), we have
/ oo
2r 4 LD oy 3 2,
p n=pP
which implies that
. . p, 2@
feZ(A,AB) ifandonlyif 2777+ € Zpx(A,A,B). (1.10)
p
If we write
An(l1=B)+p(1 —A)0, px n
oy = = and B,=-0, (n=p), (1.11)
p(A—B) p n2p)
then it is easy to verify that
o _ndon o OB _n00 g 9P _nd% .,
dA  p dA JA p dA 0B p dB

Thus we have the following inclusion relations. If
ISAMSA, —1£SB<B<0, B<AZL-B and ALA S -B
then
T k(A AB) C By (A, A,B) C Zpi(M,A1,B1) C Zpi(1,1,—1). (1.12)

Therefore, by the Lemma, we see that each function in the classes %, x(A,A,B) and
Ty k(A,A,B) is meromorphically starlike with respect to k-symmetric points. Mero-
morphic (and analytic) functions which are starlike with respect to symmetric points
and related functions have been extensively studied by several authors (see, e.g., [1, 2,
3,6,7,8,9] and [12] to [15]; see also the recent works [10] and [11]).

There are several papers which study the convolution properties of functions in dif-
ferent function classes, and sometimes these questions might turn out to be very difficult
(see, e.g., [5] and the references therein). Also, many authors investigate the distortion
bounds of functions in various function classes (see, e.g., [4] and the references therein).
In the present paper, we obtain distortion bounds, inclusion relations and convolution
properties for each of the above-defined classes %, x(1,A,B) and .7, y(A,A,B).
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2. Distortion bounds

THEOREM 1. Let 2719 € N and suppose that either
(@1—-Bz2p(l—A)and A 21 or
(1-4)
Then, if we denote
A—B

e YT Ea

we have the following:

Q) If f € Zpr(A,A,B), then for z € Uy,
77 =Cilz]P = |f )] = [z 7P+ Cilz]”
(i) If f € T,x(A,A,B), then for z € U,
p(P =alP ) SIF @IS p (P + Gz,

The bounds in (2.1) and (2.2) are sharp.

(2.1)

(2.2)

Proof. Let %EN.Fornzp and HT” eN,wehave n=p+k(m—1) (meN),

On,pi = 1, and so

An(1—B)+p(1—A)8, 4 . A(1—B)+1-A
»(A—B) =" aA-B

For n 2 p and HTP ¢ N, we have 0, )t = 6,11,k =0 and

Jn(1=B)+p(1=A)dupi - Alp+1)(1-B)
p(A—B) =" pa-B)

If either (a) or (b) is satisfied, then

Alp+1)(1-B) _A(1-B)+1—A
p(A—B) - A—B '
) If
f(Z) =z 7+ Z anzn € ‘%p,k()t’vA7B)7
n=p
then it follows from (1.3) and (2.3) to (2.5) that

A1

—B)+1-A L
<1.
A-B ,,;,'a"‘_

Hence we have

A—B

F@IZ 1277+ 17 Y lan| < |77 +
n=p

p
A0-B)+1-a"

(2.3)

(2.4)

(2.5)



A FAMILY OF MEROMORPHICALLY MULTIVALENT FUNCTIONS

and
A—B

(1—-B)+1—

F@IZ 277 = 12l” Y, lan] Z 12|77 - 1 417> 0
n=p

for z € Uy.
(1) If
f@) =27+ Y and" € Tpx(X,A,B),
n=p
then it follows from (1.9) and (2.3) to (2.5) that

Al —
p(

B 1-A &
JTLZA S el <1,
A_B) n=p

This leads to (2.2).
Furthermore, the bounds in (2.1) and (2.2) are sharp for the function
A—B

A(1-B)+1—-A

f@)=2"+
THEOREM 2. Let 2719 € N and suppose that
1—-A
(1-B)<p(1—A)  and 1§z<3%3¥,

and let

f@) =27+ a7
n=p
Then, if we denote
_PA—B)—p(A(1-B)+1-A)|a)

©= 2(p+ D)(1-B) ’

we have the following:

Q) If f € Zpx(A,A,B), then for z € Uy,
277 = lap|[z]P — CaloP* S ()] S [l 77 + |apl|z” + CalzP+

(i) If f € T,x(A,A,B), then for z € U,

2 € T,x(AAB) C Bpi(A,AB). O

785

(2.6)

2.7)

p(l2 7 =lapll2P = ColzlP) S 1 @) S p(l2] P+ apllePt + ColzlP) . (2.8)

The bounds in (2.7) and (2.8) are sharp.

Proof. Note that 1 S A < % implies that

A1-B)+1-A_ Alp+1)(1-B)
A-B = plA-B)

(2.9)
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() For f(z) =z P +ap’ +--- € Z,x(A,A,B), it follows from (2.3), (2.4) (used
in the proof of Theorem 1) and (2.9) that

A(1-B)+1-A Alp+1)(1-B) i an < 1.

|ap|
A—B p(A—B) i1
From this we easily have (2.7).
The bounds in (2.7) are sharp for the function
oy PAZB) i (0AB 2.10
f(Z) < +/l(p—|—1)(l—B)Z p,k( IEEY ) ( . )

(i) For f(z) =z P4 ap’ +--- € T, 4(A,A,B), from (2.3), (2.4) and (2.9) we
deduce that

Al —AB);l—A|ap| l(p;{—fll)(lB—B) 2 nlan < 1.
- p ( - ) n=p+1
Hence we have (2.8).
The bounds in (2.8) are sharp for the function
2
oy PAB) g AB). O 2.11
Q=" 2w ip-gy° € ThAB) 24D
THEOREM 3. Let 27” ¢ N. Then, if we denote
Cr A—B
3T A(1-B)’
we have the following:
W) If f e %p7k()~,A,B), then for z € Uy,
2|77 = Gslz]” = [ f(2)] = [2] 77 + Gslz)". (2.12)
(i) If f € Typi(A,A,B), then for z € Uy,
Pl =Gl ) SIF @IS p (I 7+ Gl ). (2.13)

The bounds in (2.12) and (2.13) are sharp.

Proof. Let 271’ ¢ N. For n 2 p and "JFTP ¢ N, we have 0, ,r = 6, px =0 and

An(1—B)+p(1 =A)8,px - A(1—B) (2.14)
(- .

p(A—B) - B

For n 2 p and HTP € N, we have

2
=t =k (2| 4m)=p>p (mem),
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and
An(l1—=B)+p(1—-A)6,px  A(1—B)+1—-A > A(1—-B)
p(A—B) A—B - A-B’
where [a] denotes the integer part of a given real number a.
() If f(z) =277 + X pand" € Ry 1(A,A,B), then it follows from (2.14) and
(2.15) that

(2.15)

M Z lan| <1,
A-B &=

which leads to (2.12).
) If f(z)=zP+ 2o—pan?' € Ty k(A,A,B), then (2.14) and (2.15) give

A(1-B) & -
P(A—B) r;)n\an] <1,

which yields (2.13).
Furthermore, the function f defined by

A—B
A(L—B)

shows that the bounds in (2.12) and (2.13) are best possible. [

fla) =z + € T, 1(AAB) C Zpi(L,A,B) (2.16)

3. Inclusion relations
In this section, we generalize the above-mentioned inclusion relation (1.12)
%JJ)L,A,B) C:@p7k(7t,A,B) 3.1)

as follows.

THEOREM 4. If —1 < D < B, then

%,k()‘vAaB) C‘@p,k(}tvc(l))?l))? (32)
where
C(D)=D+ (1_11))_([;_3). (3.3)

The number C(D) cannot be decreased for each D.

Proof. Since B< A< —Band —1 <D < B <0, we see that
2B(1 - D)
1-B
Let f € 9,k(A,A,B). In order to prove that f € %, x(A,C(D),D), we only need
to find the smallest C (D < C < —D) and show that it equals to C(D) such that
An(1—=D)+p(1—-C)6, px - n[An(1—B)+ p(1 —A)0, 4
p(C—D) - p*(A—B)

D<C(D)<D <_D.

(3.4)
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for all n = p, that is, that

1-D 1-B
(An+p&u pi)( ) S <n {(;Ln+p6n,17,k)( ) _ 5n,p,k} (n=p).

p(C—D) = p(A—B)
(3.5)
For n = p and nJer e N, (3.5) is equivalent to
1-D
C=2D+ =o@(n) (say). (3.6)

n(l-B)  n—p
p(A—B)  An+p

Noting that (1.1), a simple calculation shows that ¢(n) (n = p,A = 1) is decreasing in
n. Therefore

me{ P (en), .
o(n) < .
2 2
o (k([¥]+1)-p) (¥ en).
where [a] in (3.7) denotes the integer part of a given real number a.
For n = p and '”Tp ¢ N, (3.5) becomes
1-D
CzD+ T y(n) (say) (3.8)
p(A—B)
and
y(p+1) (Een),
w(n) < . (3.9)
v())  (2¢N).
Consequently, by taking
1-D)(A—B
c=o(p)=yip)=p+ T2 _cp) 3.10)
it follows from (3.4) to (3.10) that f € Z,, x(A,C(D),D).
Furthermore, for 27” €N and D < Cy < C(D), we have
A(1-D)+1-G A—B A(1—D)+1—C(D) A—B
. > ' - 17
Co—D A(1—B)+1-A C(D)—D A1-B)+1—A

which implies that the function f € .7, (A,A,B) defined by (2.6) is not in the class
Ry 1(A,Co, D). Also, for 27” ¢ N and D < Cy < C(D), we have

A(1-D) A-B _ A(1-D) A-B .
Co—D A(1—B)~ C(D)—-D A(1—B)

which implies that the function f € .7, (A,A,B) defined by (2.16) is not in the class
Ry 1(A,Co,D). The proof of Theorem 4 is thus completed. [
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4. Convolution properties

In this section, we assume that
—1<B;<0 and Bj<A;<—B; (j=1,2).
Furthermore, we denote by A4; the rootin (1,+eo) of the equation:
h(A) =ar*+bAi+c=0
where
—(1—=B)(1 —By),

b= (p—1)(1-=B1)(1—Bz)—p[(1—B1)(A2 — B2) + (1 — B2)(A; — B1)],

= p[(1 =A1)(1 —Az) + (A1 — B1)(A2 — By)].

We also denote

~ 1—B
A(B) =B+ 5
(/1+1)H,1A B Z,lA B+m
and ,
p(1—B) 4 Aj—B,
A(B) =B+ .
p+1)jli[1 I—Bj

THEOREM 5. Let
fjeﬁp,k(lvAjaBj) (]21,2)
with
2p

= eN and — 1< B < max{B1,B,}.

Then we have the following:
) If p(1—A))(1—Ay) = (1—B1)(1—By) and A 2 1, then

fl*fZ E%p,k(a’,g(B)?B)'
(i) If p(1—A1)(1 —A2) > (1 —=B1)(1 —By) and A = Ay, then
fl *fZ egp,k(l7:4v(B)7B)'

(lll)lfp(l —Al)(l —AQ) > (1 —Bl)<1 —Bz) and 1 é A < A, then

fl *fZ € %pk()’7A(B)7B)

789

4.1)

4.2)

4.3)

(4.4)

In all cases (1)—(iii) the numbers A(B) and A(B) are optimal in the sense that they

cannot be decreased for each B.

Proof. Suppose that —1 < B < max{B,B,} = B; (j = 1or2). It follows from

(4.1) and (4.4) that

1-B  Alp+1) {
AB)-B  p I1
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which implies that B < A(B) < —B. Also, (4.1) and (4.3) give that
1-B 2 1-B; & 2
——=(A+1 J
A(B)—B ( )]._l_llAJ B; ]Z‘ ),+1
1B, 2 1-B; &4 1-A; 2
=(A+1) / L~ Ll +——
EAj—Bj jl:llAj—Bj j:HlAj—Bj 2+1
2 2
1—B; 1—A; A—1
:)L J 4 J
EAJ—BJ jl;[lA,—Bj A1
2
1—B; 1-B
> L > ——>0
_.l:[lA,'—Bj_ 2B e
j— B
which implies that B < A(B) < —B.
LetZTPENand
fj(Z) = pr_|_ Z a"ajzn = ’@lﬁk()‘?AjaBj) (J = 172)
n=p
Then
i{ An(1—B;)+p(1 — A~)5n7p7k}
n=p | j= p(Aj—Bj)
2 [ & an(1 -|—p(1 Aj)d
<] P g, b <1 (4.5)
Also, f1* f> € Zpx(A,A,B) 1fand0n1y1f
> An(l— —A)§ k
D ( +p(1=4)d,, |an1an2| < 1. (4.6)

n=p (A B)

In order to prove Theorem 5, it follows from (4.5) and (4.6) that we need only to find
the smallest A such that

An(1—B 1— 2 1—-A))3,
n( )+ p( ,pkgl—[ )+P( ) D,k (n=p).  (@4.7)
p(A—B) =1 P(AJ Bj)
For n 2 p and '“LTP € N, (4.7) is equivalent to
1-B
AZB+ (An+p , = @i(n) (say). (4.8)
H] 1A B Z] 1A +7Ln+p

It can be verified that ¢(n) (n = p,A = 1) is decreasing in n and so, in view of
2N
k B

1-B

(pl(n)é(Pl(p):B—i_ 1-B. 5 1-B; 5
(A+1) le B~ Xj—1 A-B; T 141

4.9)
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For n 2 p and 'HTP ¢ N, (4.7) becomes

AZB+o— 1_3 zwl(n) (say) (4.10)
ST 1A
and we have B
Wl(n) é Wl(p+1):B+ A(p+1) 142 1-B; 4.11)
THj:l Aj—Bj
Now
2 2 2 l(p—l—l B;
- g’ 7H‘1 p Jl;[lAJ B;
h(l)
4.12
P+ (A1~ B) (A —B)’ 12
where
h(A)=(p—A)(A+1)(1=B)(1—B2)—p(A+1)[(1—-B1)(A2—B>)
+ (1 =B2)(A1 —B1)] +2p(A1 — B1)(A2 — By)
= aA?+bA +c, (4.13)

—(1=B1)(1-By),
b=(p—1)(1=B1)(1-B2)—p[(1=B1)(A2 — By) + (1 — B2)(A1 — B1)],
¢ = p(1-B1)(1-B2)+2p(A1—B1)(A2—B2)—p|[(1-B1)(A2—B2)+(1—B2) (A1 —B))]
=pl(1 —A1)(1 —A2) + (A1 — B1) (A2 — By)].

Note that a < 0, h(0) =c¢ >0 and

h(1)=2(p — 1)(1 = B1)(1 — B2) = 2p[(1 — B1)(A2 — B2) + (1 — B2) (A1 — B1)]
+2p(A1—B1)(A2— Ba)
=2[p(1-A1)(1-A2) — (1-B)(1—-By)]. (4.14)

Therefore, if (i) or (ii) is satisfied, then it follows from (4.7) to (4.14) that (A1) < 0 for

Az, wi(p+1) S @i(p) =A(B), and fi+ f» € Zpi(A,A(B),B).
Furthermore, for B < Ay < A(B), we have

2 A;—B;
H)L )+1 —A; =1

J=1

2 A;—B;j
H j - A(1-B)+1 A
Ao—B 7L(1 —B; )+1—Aj A(B)

Hence the functions f; defined by

A(1—B)) +1—A,

P € Bpi(L,Aj,Bj) (j=1,2)
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show that fi * f> & %) x(A,A0,B).

(i) If p(1—-A;)(1—Ay) > (1—-B;)(1—B,) and 1 = A < A;, then we have h(A) >
0, ¢1(p) <wyi(p+1)=A(B),and fi*f> € Z,x(A,A(B),B). Furthermore, the number
A(B) cannot be decreased as can be seen from the functions fj(z) defined by

p(A;—B))

p+1 D, i
)(,(p+1)(1_Bj)Z G%PJC()L’A]’B]) (] 172)' U

fild)=2P+
THEOREM 6. Let
f1 € %p7k(7L,A1,Bl) and f> € %,k(l,Az,Bz)
with

2
7p €N and —1=B< max{By,B,}.

Also let A(B), A(B) and Ay be given as in Theorem 5. Then we have the follow-
. O If p(1-A1)(1—Ar) = (1 =B1)(1 —Bz) and A = 1, then
fixfr € T, 1(A,A(B),B).
(i) If p(1—A})(1 —Ay) > (1—By)(1—By) and A > Ay, then
fixfr € T, 1(A,A(B),B).
(iii) If p(1—A1)(1 —A2) > (1 =By)(1 —By) and 1 < A < Ay, then

fl *f2 € %,k(a‘aA(B)aB)

In all cases (1)—(iii) the numbers A(B) and A(B) are optimal in the sense that they
cannot be decreased for each B.

Proof. Since [see Eq. (1.10)]

(@)

fi € Zpi(A,A1,By), 2277+ Kpi(A,A2,By)

and

fi(z) * <2z_p+ Zﬁ%) =27 P+ M (z € Uyp),

an application of Theorem 5 yields the theorem. [

Next, we denote by A, the rootin (1,+e<) of the equation:

hl(l) = allz—i—bll +c1 =0,
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where

(2P+1)(1—Bl)(1—32),
b1:( —2p—1)(1=B1)(1 —By) — p*[(1 = B1)(A2 — B2) + (1 — B2) (A1 — By)],
c1 = p*(1 = B1)(1 = B2) — p*[(1 = B1)(A2 — B2) + (1 — B2)(A1 — B1)]
—{—2p2(A1 Bl)(Az—Bz)
= p*[(1—A1)(1 —Az) + (A1 — B1)(Ay — By)].
(4.15)

We also denote
2 2

H A= (4.16)

p+1]1_1

Ai(B) =

THEOREM 7. Let
fi € Zpr(A,A1,By) and  fr € T, 1(A,A2,B7)
with 2
— €N and —1<B<max{B,By}.
@) If p*(1 = A1) (1 =A2) = 2p+1)(1 = B1)(1 — By) and A 2 1, then
fi% > € Zpi(AA(B),B).
(i) If p>(1 — A1) (1 —A2) > 2p+1)(1 = By)(1 —By) and A = Ay, then
fi# f» € By (X,A(B),B).
(i) If p>(1—A1)(1 —A2) > 2p+1)(1 = B1)(1 = By) and 1 £ A < Ay, then
fi*fr € Byy(A,A|(B),B).

In all cases (i)—(iii) the numbers A(B) and Ay (B) are optimal in the sense that
they cannot be decreased for each B.

Proof. 1t can be verified that

1-B A 1?2 1—B; 2 1—-B; 1—-B
T v 1 e
Al(B)—B p j:lAj_B‘ A B 2B

and so B <;\v1(B) < —B.

In order to prove Theorem 7, we need only to find the smallest A such that

An(l—B)+p(1—A)9
p(A—B)

—Aj)On p i

npk< H +p(1

4.17
@~ 17

forall n = p.



794 J.-L.L1u, H. M. SRIVASTAVA AND Y. YUAN

For n 2 p and 'HTP € N, (4.17) is equivalent to

1-B
A>B+ T , e 02(n)  (say). (4.18)
72 j=1A;=B; — ZJ 1A + An+p

Defining the function g(A,x) by

x(lx—kp)ﬁ 1-B;, x& 1-B;  x+p

g(A,x) = - (xZp:A 2 1),
pr iZ1Aj—B; p A Ax+p
then
dg(A,x) 2;Lx+p12[ 1-B; _li 1-B; p(A-1)
0x p* =iAj—Bj pSAj—B; (Ax+p)?
2 2 2
sz+1H1—B]_l HI—B]_ -4 1—12
p A —Bj p\;5Aji—B; 1Aj— B p(A+1)

2 ——=————=>0 (x2p;A21),
which implies that ¢, (n) defined by (4.18) is decreasing in n (n = p). Hence, in view
of 27” € N, we have
I—B
(A’—I_l)nj 1A B Z/ 1A B +/1L+1

For n 2 p and HT” ¢ N, (4.17) reduces to

1-B

AZB+— 5 =yn(n) (say)

HJIAB

and, in view of ZTP € N, we have

p
Now
2 2 2 2
1—-B; 1—-B 2 Alp+1) 1—-B;
?L—l—l J I J
;UlAJ B; j_z‘lAJ—BJ A+1 p? jl:IIAJ—Bj

(4.19)
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where i1 (1) = A% +bA +c; and a1, by, c| are given by (4.15). Note that a; < 0,
h1(0) =c¢; >0 and
(1) = [4p”=2(p+1)*)(1-B1)(1-B2)—2p*[(1—-B1) (Ay—B2)+(1-B2) (A1 By )]
+ 2p2(A1 - Bl)(Az — Bz)
=2[p*(1-A)(1—A2) = 2p+ 1)(1 - Bi)(1 - By)].
The remaining part of the proof of Theorem 7 is much akin to Theorem 5 and hence we
omit it. The proof of the theorem is completed. [
By applying Theorem 7, we can derive the following theorem immediately.

THEOREM 8. Let
fje%,k()LvAjaBj) (]:172)
with
2p

= eN and — 1= B=max{B},B»}.

Also let A(B), A((B) and M, be given as in Theorem 7.
@) If p*(1=A1)(1 —A2) < 2p+1)(1 = B1)(1 —By) and A 2 1, then

fixfr € T, 1(A,A(B),B).

(i) If p?(1—A1)(1—As) > 2p+1)(1 —By)(1 —B,) and A = Ay, then
fixfr € T,4(A,A(B),B).

(i) If p*>(1 —A1)(1 —A3) > 2p+1)(1 —=B1)(1 = By) and 1 £ A < Ay, then
fi*fr € T, i(A,AL(B),B).

In all cases (i)—(iii) the numbers A(B) and A,(B) are optimal in the sense that

they cannot be decreased for each B.

Finally, we denote by A3 the rootin (1,4oo) of the equation:
hy(A) = aaA* + by 4¢3 = 0,
where

ay=—(3p*+3p+1)(1-B1)(1—By),
by = (p*=3p*=3p—1)(1-B1)(1-B2)—p’[(1-B1)(A2—B2)+(1-B2) (A1 —B1)],
ey =p’[(1=A1)(1—A2) + (A; — B1) (A2 — By)].
(4.20)
We also denote

) '
A w2
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THEOREM 9. Let
fje%vk()‘vAjaBj) (]:1,2)
with

2
%EN and — 1< B< max{Bi,B,}.

() If pP(1 —A))(1—Ay) < 3p>+3p+1)(1—B))(1—By) and A = 1, then

fl *f2 € %p,k(a‘ag(B)?B)'

(i) If p>(1 — A1) (1 —A2) > 3p>+3p+1)(1 —By)(1 — By) and A = 23, then

fl *fZ € %p,k(lﬂz{(B)vB)'

(i) If PP (1= A1) (1 —=A2) > B3p*+3p+1)(1—B)(1 —B,) and 1 £ A < A3, then

fixf € '@p,k()tw;g(B)vB)'

In all cases (i)(iii) the numbers A(B) and Ay (B) are optimal in the sense that

they cannot be decreased for each B.

Proof. It can be seen that B < ;1; (B) < —B. In order to prove Theorem 9, we need

only to find the smallest A such that

An(1=B)+p(1=A)8,px _ (1> An(1=B))+p(1—A))8,
p(A—B) =(3) = a5

forall n = p.
For n = p and HTP € N, (4.22) can be written as

1-B
A

n2+p

anr
e pp? — LS A+

P’ JlA

Since @3(n) (n = p,A = 1) is decreasing in n and so

l—B
¢3(n) = ¢3(p) =B+ —
()L"i‘l)Hj lA B Z/ 1A +)L_
— A(B).
For n 2 p and "+p ¢ N, (4.22) becomes
1-B
AZB+ PP =wys(n) (say)

p> =1 A;-B;

=B+ — 7 =¢3(n) (say).

(4.22)

(4.23)
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and we have

V() S Ws(p+ 1) =B
P’ J=14;-B,
Now
(A+1)ﬁi—2 L-B; 2 _7L(p+l)3ﬁ 1-B;
iA—B; AA B A+ PP A —B;
hy(A)

T PA+1)(A—B)(Ar—B))’

where (1) = apA? +byA 4¢3 and ay,by, ¢, are given by (4.20).

We note that a < 0, h(0) = ¢, >0 and

ha(1) =2[p° (1= A1) (1 —Az) — (3p*+3p+1)(1 - By)(1 - By)].

The remaining part of the proof is similar to that of Theorem 5 and thus we omitit. [

5. Concluding remarks and observations

In our present investigation, we have introduced and studied several properties

of the two new subclasses %), x(A,A,B) and .7, (A,A,B) of meromorphically mul-
tivalent functions which are starlike with respect to k-symmetric points. Among the
various properties derived in this paper for each of these classes are obtained, we in-
clude distortion bounds, inclusion relations and convolution properties. Our results are
motivated by a number of recent works (see, for example, [1] to [15]).
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