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Abstract

Let f be a holomorphic self-map of the unit ball in C*. In this
note, we give information about relative positions of zeros and interior

fixed-point sets of f, and the point f(0).

1. Introduction

Let f(z) be a holomorphic mapping from the unit ball in C" into itself. Our interest
is in finding information about locations of the fixed-point sets and the zero-sets of f(z).
When f(z) is a holomorphic function from the unit disk in C into itself, C. Craig, Jr. and
A.J. Macintyre [2] obtained several relations of positions of inner fixed points, zeros and
the value f(0). In this note, we will extend the results of Craig and Macintyre to the space
C". Combining these results, Wé will get more precise information concerning zero-sets

and fixed-point sets.

2. Definitions and Preliminaries

The space C" is the n-dimensional vector space of ordered n-tuples z := (21, -+, 2z,)

of complex numbers with the inner product

n

(zw) =Y 7w, (zwelh),

and the associated norm denoted by

Izl == +V/(z,2)  (#€C").

1



Let B, be the open ball in C"* with radius v and center 0, i.e.,

B, = {zeC": 2] <4},

and let B := B;. As usual, B, and B, denote the boundary and the closure of B.,
respectively.

Let £(B) be the family of holomorphic mappings from B to B.

For an f € £(B), we will denote the fixed-point set and the set of zeros of f by

F(f):={2€B: f(z) = 2}
and
z(f):={2€B: f(z) = 0},

respectively. Then the fixed-point set F'(f) is affine ([3], p. 166, Theorem 8.2.3).
For a € B, let us put

{ 28} (a#0)
0 (a=0),
Qa:=I—P, (I: theidentity), sq:=+/1— [al?,

and

a—Piz—35,Q,2
1—{z,a)

$a(z) :=

Then the following theorem holds:

(z € B).

(n

g:.‘
t\l
Qay

Theorem A ([3], p. 26, Theorem 2.2.2). Let a € B. Then the following relation
true:
(i) 4a(0) =a; ¢ala)=0;
) 1= (6u(e) du(u) = GRS (e B
(iii) 1—||da(2)|? = (1- Il;ll ()Z(¢11)|”z” ) ( ¢ B):
(iv) da(da(2)) = z;

(v) a4 a homeomorphism of B onto B and an automorphism of B.

The following Schwarz lemma plays an essential réle in our investigation.
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Theorem B ([3], p. 163, Theorem 8.1.4). Let f € £(B) and a € B. Then

¢ (F)II < ldal2)l (2 € B).

3. The Main Results

Theorem 1. Let f € E(B). If f(0) # 0, then f(z) does not have zeros in By syy- If
f(z) is an automorphism, then f(z) has a zero on the boundary OB (o)) -

Proof. By Theorem B, we get

160) (FCI < do(2) = N12]]-

Thus, if f(z) has a zero at z = zg, then, by Theorem A(i), we have

17O = 11450 (O] < [l=o]l-

Therefore, f(z) does not have zeros in B (o)
If f(z) is an automorphism of B, then, by Theorem 2.2.5 in [3], f(z) has a representa-
tion

f(z) =Uga,

where a = f(0) and U is a unitary transformation. So, by Theorem A, f(z) has a zero on

B £(0))-

Example 1. Let |a] < 1. In C?, let us put

s

f(z1,22) = (21 — o> .

1"&21’

Then f(z) € £(B), f(0) = (—a,0), 2(f) = (a,22) (|z2] < /1 —|a|?), and f(z) is not an
automorphism of B. This example shows that the converse of Theorem 1 does not hold

true.

Theorem 2. Let f € E(B). If F(f) # 0, then f(z) has no zeros in the set U,ep(s) Eq,

where

E, = {z EB: |22 + |{z,0)]* — ((z,0) + (z,a)) < O} .
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If f is an automorphism of B, then f(z) has a zero on the set E,.

Proof. For any a € F(f), by Theorem B, we have

1670 (F) < N pal2)]l-

Thus
6a (F())I < lldal2)]-

If there exists a point éo € Z(f), then we get
162 (F(za)) Il = 6a(O)]| = lla]l < l|$alz0)ll-
Therefore, by Theorem A (iii),

2 o _ (L= llal®)A = [lzo]*)
lall* <1 11 = (20, a) ]2 :

From this we obtain

lz0l|* + (20, a)|* — ({20, a) + (20,a)) > 0.

Thus f(z) has no zeros in the set

E, = { €B: 2] +1(z,a)] — ({z,0) + (5, a)) < 0} .

When f(z) is an automorphism, we put f(z) = U ¢,(z) and ¢,(z) has a unique fixed point
a/(1+s) ([3], p- 34, Theorem 2.4.7). Thus f(z) has a zero on the boundary 0B.,.

Remark. For any a € C (a # 0), the set

{zec™: |2 +1( 0 - ({2,0) + [0)) < 0}

is an elliptic surface through a and 0. Consequently, E, is a non-empty set.

Theorem 3. Let f € E(B). If f(0) # 0, then f(z) does not have fized points in the
ball B, where

VA Sl PO
17Ol '
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IfF(f)#0, then

F(f)c {z B |1~ (= f(O)] < VI-[FO)}.
Proof. By Theorem B,

16 70) (FDI < lIgo(2)] = l=Il-

Thus, if F(f) # 0 and z, € F(f), then we obtain

160 (£ (zo)Il = 1650y (20)l < l}2o]l.

Therefore
A= [IFOI*)A = ll=ll*)

L OIC ) e e T O

< Jlzoll®.

From this, we get the inequality

1= (20, FON* < (1= [IFO)]).

Thus f(z) does not have fixed points in the ball

B, := {z EB:|z] < 1= v1- A0 } :

£ Ol
Example 2. In C?, let us put

1 1
flz1,22) = <Z L+0+8)al, 5 Zzzl) ,
(6 > 0 : sufficiently small).

Then

P = (5750), 2= (-1359).

and
1
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Theorem 4. Let f € £(B). Suppose that z is the point of B such that f(z) = Az
(A >0) end f(z) # x. Then f(z) does not have fized points on the opposite side of f(z)

with respect to the cylindrical surface
Se = {2 €C": 2(z,2) — (1 + [|z[*)] = (1 = [l=[*)} .

(The surface Sy is orthogonal to the radius Oz and through the point z.)

Proof. By Theorem B, we have

16 5¢2) (FDI < 1¢<(2)]]-
And, by the assumption,

18 (F)I* = l6xz (F()I?

_ g Q=X el - £
L=AfGsa)®

So, if f(z) has a fixed point zj, then we obtain

= Q=) = lzol*) o (L= A?2]?)(1 — [l20]*)

1= (z0,2)*  ~ 11— Azo,2)[?
Thus we get
1— |l=|f? 1 - Mlef”
11— (z0,2)|* ~ [1 = Mzo,2)}*’
and so

0< (1= M[2l*) 1 = (z0,2)1" = (1 = [|z]*) 11 = A0, z)?

= {(1+ V{20, 2" = (1 + Mzl*) ({z0,2) + (Z5;7)) + (1 + Nll2l*} (1= A).

Here we put

BA(X) := (L4 NIXP = (T+ A2]PUX + X))+ (1 + X)] =]

_ L+ Al |* (1 = [le)2)( = 32[e]?)
*(H’\)‘X— T+r | 14+ A '
Then ®5(X) — ®1(X) (A — 1), where
2|12 2 — lzl12)2
CI>1(X):=2|X—1+‘! Iy _a |5|2”)"

6



Thus S; can be represented as
S:={z€C": ®((z,z)) =0},
and, clearly, S; is orthogonal to the radius Oz, and the point z; satisfies the inequality

®5({(z0,2))(1 = A) > 0.

Here, there are two cases to consider:

Case I. A > 1. Thus ®,({2,z)) <0, and we can easily find that
{XeC:a,(X)<0}c{XeC:d(X)<0}.
Since f(z) € {z € C™: &;((2z,z)) <0}, the point zy lies on the same side as f(z) with

respect to S;.

Case II. 0 < A < 1. ®((20,2)) > 0 and
{XeC:a,(X)>0} Cc{X eC:d,(X)>0}.

And f(z) € {z € C* | ®1({z,x)) > 0} . Thus 2, lies on the same side as f(z) with respect
to S;.

Consequently, in both cases, f(z) does not have fixed points on the opposite side of
f(z) with respect to S;, and the proof of Theorem 4 is completed.

Theorem 5. Let f(z) € E(B). Suppose that there ezists a point z € B (z # 0) such
that f(z) = —Az (A > 0). If A > 1, then f(z) does not have fized points on the opposite
side of f(z) (same side as x) with respect to the hyperplane

H, ={z€C": R(z,z) =0}.

If1> X>0, f(z) does not have fized points in the domain

_ 1= M=l

Dx::{ZEB: (Z,CL’) —1:—5\——

<K},



where

K= V(1 =221 = A2]|2]|2)
1-2A

o

Proof. By the same way as in the proof of Theorem 4, if f(z) has a fixed point z,

then
1= o2 _ 122l
11— (20, 2)1% = |1+ Mzo,2)[?’

so, putting X := (zq, z),we get

EAX) = (1= NIXP = (1= Afz])(X +X) + 1= V=]* > 0.

If v > 1, then there are two cases to consider:

Case I: A =1. (X)) = —(1—||z[|*)(X + X). So

®1(X) 20 R(X) <0 <= R(z,2) <0.

Case IT: A > 1.
L= M=l2] ==l = X2=]?)
3 (X)=(1-NM|X - ﬂ
==y fx+ 120 -
1 — 2 _ 2 — )2 2
@mm20¢¢x+1\ﬂﬂ SVO|MQ$ B0

this implies 8X < 0 (i.e., R(zp,2) <0).

Thus, in Cases I and II, f(z) does not have fixed points on the opposite side of f(z)
with respect to the hyperplane H.,.

fo<A<1l,
B(X)=(1—A\)|X - 1‘:”;0“ e 1)(_1;/\ l=11*)
By (X ‘ 1= AP L VA= =P = X))
A(X)2 0= |X — | 2 - .

Thus f(z) does not have fixed points in D,.

Remark. In Theorem 5, in the case when 0 < v < 1, since

(1= M|

m < |l=l,
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the set

. (1= N)[l=]®
{z EB:R(z,z) > 21 = /\”23”2)}

is non-empty and contained in D;. Thus f(z) has no fixed points on the same side as z

with respect to the hyperplane

" A=Wl
{ZE(C .%(z,w)_———————w——Z(l_MlmHZ)}.
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