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ABSTRACT 

In this thesis we study the analysis and design of the noise power spectral density for a 

randomized switching frequency pulse width modulation (RSFPWM) DC/DC converter 

based on the constant duty cycle scheme. We analyze the spectrum formulas of the 

controllable constant duty cycle scheme in order to control the power spectral density at a 

specified frequency. In some cases a null at the specified frequency is created. The effects 

of constraints on the switching frequencies are presented. 

Further analysis considering the control of the power spectral density over a band of 

frequency is addressed under the assumption that the switching intervals are equally 

spaced and with symmetric probability distribution. Practical constraints on the switching 

frequencies are considered using optimization methods. Simulation results verify the 

theory and illustrate the effectiveness of our analysis and conclusions. 
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Chapter 1 

Introduction and Thesis Outline 

A typical power electronic system such as shown in Figure 1.1 is designed to process and 

control the electronic energy into a desired output [ l], where the power converter is the 

basic component of the power processor. Switching mode converters are the most 

important systems in the power electronics fields . These have been accompanied with the 

fast development of silicon-based semiconductor switching devices and advances in 

microelectronics mainly due to the following reasons [1]-[4]: 

1. They have very high efficiency. 

2. They are cheaper to operate. 

3. They have flexible implementation topologies to satisfy various requirements. 

Power input Power 
p rocessor 

Power output 

lo 

control signals 
M easurements 

Contro ll er 
Reference 

Figure 1.1. A typical power electronics system. 
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The control of switching converters has been an active area of research and 

development during the last several decades in power electronics. Among these different 

methods, pulse width modulation (PWM) techniques seem to receive the most 

consideration [2]-[ 4] [ 17] [ 18]. PWM controls the output voltage by employing switching 

at some frequency fs and adjusting the on and off durations. The control signal, called 

the switching signal (switching function) [5] , is a time function with value 1 during the 

on state and value O during the off state as shown in Figure 1.2. A simplified PWM 

DC/DC converter is described in Figure 1.2-(a), while Figure 1.2-(b) shows the 

corresponding switching signal, with I', being the cycle duration. The start position of the 

on stage is considered to be the beginning of each cycle. The ratio of the duration of the 

on stage to the total cycle duration T, is called the duty cycle (duty ratio) : 

7--s(t) 

+ 
R 

Vo 

(a) 

S(t) '• 

0 '--- ------"------- -;:-
f--- to. ~,◄-to., -.I 
I◄- T,=1lf, · ~ 

(b) 

Figure 1.2. A simple example for PWM DC/DC converter (a) and its switching signal (b). 
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Regardless of the manner of operation, all the standard PWM techniques can be 

considered deterministic due to the uniqueness and invariability of the switching patterns 

over one cycle. The output is controlled by varying the duty cycle of the switching signal 

but the frequency of this signal is kept constant, so that the harmonic power of the output 

concentrates around a multiple of the switching frequency. This kind of switching-mode 

power conversion inherently causes unwanted harmonics and degrades reliability at the 

same time. The power spectrum content has been elaborated in [2] and it is clearly shown 

that there will be a harmonic spectrum at multiples of the switching frequency; these are 

known to be the main source of inverter acoustic noise and converter electromagnetic 

interference (EMI). There is also a risk of exciting a mechanical resonance due to the 

harmonics. 

Various techniques have been explored in order to suppress the harmonic spectrum 

in PWM converters. Faster switching devices have been developed to reduce or eliminate 

the acoustic noise in power converters. As PWM techniques and microprocessors 

matured in the 1980's, most efforts were devoted toward the optimization of PWM 

waveforms ("programmed switching"). But this method is complex itself and needs a 

complicated control system. Alternative random switching schemes were then recognized 

and developed quickly due to their simplicity and effectiveness. 

The principle of random modulation techniques can be traced back to 1960s in [6] 

from statistical communication theory. It is obvious that this kind of methodology did not 

receive appropriate attention in the power electronics field until references [19] [7] and 

[8] were published. Following these articles various random modulation schemes abound 

for both DC/DC converters and DC/ AC inverters and these schemes, called random pulse 
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width modulation (RPWM), drew considerable attention. In RPWM schemes some 

parameters are subject to randomization. The motivation for RPWM schemes comes from 

the fact that they spread the harmonic content of the power spectrum into a broad 

continuous power spectrum of small magnitude since the switching pattern is not 

repetitive. The harmonics are significantly reduced or ideally eliminated. RPWM 

techniques for DC/DC conversion can be divided into four types [5] [6] [8] [9] [10] 

according to which parameters in the switching signal are randomized. The four types are 

as follows: 

• Standard random pulse width modulation (SRPWM), which allows the pulse 

width to vary randomly within each cycle but holds the average duty cycle 

constant. The switching frequency is fixed. 

• Random pulse position modulation (RPPM). The position of the on-state within 

each switching cycle is randomized. The switching frequency is fixed. 

• Simplified aperiodic (randomized switching frequency) modulation, which is also 

called the constant duty cycle (CDC) scheme. CDC keeps duty cycle constant 

while randomizing the switching frequency. 

• Aperiodic (randomized switching frequency) modulation, which is also called the 

constant pulse width (CPW) scheme. In CPW the pulse width is constant while 

the switching frequency is randomized such that average duty cycle is maintained. 

In the existing technical literature tonal noise in inverter driven induction motors and 

EMI due to fast switching of semiconductors in DC/DC converters receive intensive 

attention. Although the implementation results are impressive and effective in practice, 

the existing theoretical analysis of RPWM literature is very limited and many aspects of 
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it need to be fully explored. Stankovic et al. presented the theoretical foundation and 

defined a unifying framework [5] [9], which is partly based on the results developed in 

communication theory [ 6] [ 16]. Also it gives a general formula for both discrete 

(harmonics) and continuous (noise) power spectra of the switching signal obtained by 

randomly dithering a nominally periodic switching signal. In fact some spectrum analysis 

efforts have been applied to this discipline, and they have received wide spread attention 

recently. It is now clear that it is necessary to study the theory behind randomization to 

produce efficient schemes. 

Our task in this thesis focuses on the analysis and design of randomized switching 

frequency modulation in DC/DC conversion, especially the CDC method. We develop 

and apply methodology developed in [5], [6] in analysis and design of the power 

spectrum in DC/DC converters in order to better control the continuous noise power 

spectrum for specified objectives. 

1.1 Statement of Problems 

The problems addressed and studied in this thesis are listed and described in this section, 

which relates mostly to the signal processing aspects rather than specific circuits. Our 

emphases in this thesis focus on the theoretical analysis and design of spectral 

characteristics of DC/DC converters using randomized switching frequency modulation. 

The techniques can be extended to DC/AC inverters. The inverse problems in switching­

mode conversion mainly include tonal noise, EMI and resonant vibration, which are all 

related to the frequency domain properties. 
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It has been shown that in RPWM it is easy to lower and disperse the harmonic power 

in output power spectra, but it is difficult to simultaneously control the continuous noise 

spectrum. It will be shown in a later section that the CDC scheme provides for 

specification of the shape of the continuous spectrum, localization of the switching 

harmonics and nulling the noise spectrum at given frequencies by designing the switching 

frequencies and their distribution. That is, we show that with certain segment widths or 

switching frequency source distributions the scheme produces a desired power spectrum, 

meeting specifications for the desired DC output, discrete components and various power 

spectral density criteria. 

The analysis problems in random modulation relate to the spectral characteristic of 

the switching signal and other related waveforms and to the probability law that governs 

the switching. The design problem is to synthesize a random switching pattern that will 

optimize the power spectrum according to some given criteria. 

We list the specific objectives studied in this thesis as follows: 

Objective 1 To present and analyze the closed form equation of the power spectrum 

(both discrete and continuous) of DC/DC converters utilizing the randomized switching 

frequency PWM techniques, CDC and CPW. This is the analysis problem. In the CPW 

scheme, pulses (from ground to level Ao volts) are fixed in duration while the switching 

rate has an average segment length which in tum yields the desired average DC level. In 

the CDC scheme segment lengths are randomized, but in each the duty cycle is constant. 

We will focus on studying the switching signal, a random pulse train, since all the other 

related waveforms in the conversion system can be obtained by simple relationships 

among random processes within linear systems. 
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Objective 2 To utilize the results of objective 1 to control the power spectral density at 

frequencies in a band or at discrete points. This is the design problem. Simultaneously the 

power that exists at the least common multiple fLcM of the switching frequencies 

(discrete harmonics) should be determined and placed at satisfactory points in frequency. 

Because it is easy to select switching frequencies to produce an fLcM , we concentrate 

instead on control of spectral density in this part of our study. Blind optimization 

methods are explored and studied under certain criteria. We utilize both conventional 

optimization methods and modern nonlinear methods. 

In meeting objective 1 we will first present and study the formulation for a general 

probability density function. Then we will consider some specific continuous and discrete 

distributions as examples. In meeting objective 2, although formulation shows that the 

CPW scheme allows a spectral zero to be placed as desired within the constraints of the 

minimum, maximum and average switching frequency allowed, CPW does not provide 

control of the duty cycle within each segment and is deemed "uncontrollable". This is 

because with some non-zero prqbability a long string of pulses with low or high duty 

cycles may momentarily cause unacceptable deviations from the desired output DC level. 

Thus we will focus our study on the formula for the power spectral density using the 

CDC method. In meeting objective 2 we use blind optimization to deal with switching 

frequency constraints since in practice a switching frequency that is too low will lead to 

large ripple in the output, and a switching frequency that is too high will result in more 

energy loss. 

Objective 1 is addressed in chapters 2 and 3. Objective 2 is addressed in chapters 3, 

4, and 5, which deal with different specific objectives and methodologies. 
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1.2 Main Contributions 

The main contributions of this thesis are: 

□ Presentation and study of the formulas of both the discrete and the continuous 

power spectra for the CPW modulation scheme. 

□ Presentation and study of the formulas of both the discrete and the continuous 

power spectra for the CDC modulation scheme. 

□ Design methods for nulling the power spectral density at one specified frequency 

and its harmonics. At the same time the least common multiple frequency f LcM of 

the switching frequencies can be designed as needed and the powers of fLcM and 

its harmonics are easily determined. Cases with constraints on switching 

frequencies are considered also, and examples explain how these constraints can 

limit the use of our methods. 

□ An analysis and design method for minimizing the power spectral density over a 

band of frequencies. Cases with constraints on switching frequencies are 

considered also. 

□ An optimization method for controlling the power spectral density. We first 

specify a suitable objective function and a set of constraints, and then we apply 

several optimization methods. Simulation results justify and demonstrate the 

effectiveness of the methods. 
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1.3 Outline and Contents 

A literature survey on the development of RPWM is presented in chapter 2. Some basic 

knowledge about DC/DC converters utilizing RPWM is also presented in chapter 2. In 

chapter 2, we present the closed expression for power spectra for both the CDC scheme 

and the CPW scheme. 

In chapter 3, we analyze the formulas obtained from chapter 2 for the CDC scheme 

and find the reasonable way to minimize the power spectral density at some specified 

frequencies. Also we study the situation when there are constraints on the switching 

frequencies. The design examples and Monte-Carlo simulation results verify the 

correctness and effectiveness of our methods. 

Next we focus our analysis and simulations on the formulas for the spectral density 

using the CDC scheme in chapter 4. Since in many cases power suppression over a band 

of frequencies is desired, we develop our analysis and design accordingly. 

In chapter 5 we formulate the power spectral density expression for the CDC scheme 

as an optimization objective function with corresponding constraints in closed form, and 

then we apply different optimization methods to this problem. Simulation results 

demonstrate the effectiveness. 

Chapter 6 summarizes the thesis results and provides suggestions for future research 

work. 

Appendix A presents the derivation of the denominator expression in chapter 3 for 

the formula of the CDC scheme under a uniform distribution. Appendices B and C 

contain the formulations of chapter 5 for optimizing the objective function with different 

constraints on the switching frequencies. 
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Chapter 2 

Synopsis of RPWM in Power 

Conversion and Inversion 

2.1 Fundamentals of Random Schemes in Converters 

The classification of random modulation schemes depends mainly on which parameter in 

the switching function s(t) is randomized, where the switching function can be defined 

as follows: 

s(t) = {~ 
when switch is 'on' 

when switch is 'off' 

In random modulation schemes the switching function becomes a random pulse train. A 

general waveform of s(t) is shown in Figure 2.1 with various parameters, where s(t) has 

two discrete states O and 1. 4 is the kth switching interval (the reciprocal of switching 

frequency) of the kth cycle. sk is the delay time of the kth pulse within the kth cycle. dk is 

the pulse duration (pulse width) within the kth cycle. The duty cycle of the kth cycle ak is 

equal to the ratio of dk to 4 . With the help of Figure 2.1, we can compare the 
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characteristics of different PWM schemes as follows. (note in any of the PWM schemes 

no overlap is allowed) 

S(t) 

1 

0 _.____.__..,_...__ __ "--_...,-~ 
k- 7i------.-- ½ --re-½ ➔ 

Figure 2.1 A general waveform of switching function s(t). 

Standard PWM 

In this scheme, all the parameters are kept constant during the power conversion process. 

Standard RPWM 

The switching interval Tk and on state duration &k are fixed. dk is randomized but holds 

the average duty cycle constant. 

RPPM 

RPPW is similar to the standard PWM with constant switching frequency except the 

position of each pulse within the interval is randomized. 

Randomized Switching Frequency PWM (RSFPWM) 

In this scheme, the switching intervals are not fixed and the waveform of the switching 

function is not periodic so it is also called aperiodic modulation. This scheme is 

subdivided: 
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• The Constant Duty Cycle Modulation. 

This scheme is also called random carrier-frequency modulation with fixed duty 

cycle (RCFMFD). Switching interval Tk and pulse width dk are randomized but 

keep the duty cycle constant. 

• The Constant Pulse Width Modulation 

This scheme is also called random carrier-frequency modulation with variable 

duty cycle (RCFMVD), which keeps the pulse width d* constant but randomizes 

the switching intervals. This results in the randomization of duty cycle. 

2.2 Literature Review 

This section contains a survey of the existing literature on random modulation strategies 

for both converters (DC to DC) and inverters (DC to AC), although our study objective 

will concentrate on DC/DC converters. Understanding the evolution of the modulation 

methods in power electronics is necessary for directing our own work and establishing 

the merit of our results. 

Some theoretical tools for analysis of random modulation schemes can be traced 

back to work on PWM in communication theory ([ 6] [ 16] [ 64 ]), but random modulation 

methods have been neglected by power electronics engineers until the recent 13 years. 

However it appears to have been mentioned for the first time in the power electronics 

field by Clarke in [12] in 1970, where the author studies a resonant type DC/DC 

converter. This paper is seldom cited in recent references except [5] . It suggests a series 

random dithering source which has a zero mean as the input of the analog comparator; 
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the experimental results show that the acoustic noise is attenuated and flat compared with 

random source shorted where some spikes are expected. It is also claimed that under the 

random operation the shielding problems become easier. No theoretical analysis is given. 

At that time people were interested in fast switching devices and then later soft-switching 

with the development of the microprocessor; so the random modulation idea was deserted 

in the power field until it resurged in 1987 [13] , and became a world-wide research topic. 

2.2.1 Development of RPWM in Modern Power Electronics 

Early Developments of RPWM in Inverters 

As an alternative method to the existing deterministic PWM techniques in the power 

field, randomized PWM was initially introduced in 1987 by Trzynadlowski, Legowski, 

and Kirlin [13] , [7], in the context of voltage-controlled power inverters in modern power 

applications. These papers present a microprocessor-based method that utilizes a pseudo­

random number sequence with a uniform probability density function to realize the 

randomization. The switching signal equals 1 or O according to the difference between 

the random number and the time varying (AC) value of the desired average switching 

function. A detailed theoretical analysis of the spectral density of the switching function 

is given, along with a block diagram and hardware implementation, and the experimental 

results are promising. These papers show that RPWM techniques prevent the generation 

of periodic ripple torque due to its non-repetitive switching patterns. A switching 

frequency ofup to 240kHz results in a high quality output current with a simple hardware 

realization. However, the method requires a very high switching rate leading to losses, 

and the scheme allows undesired long sequences without switching. 
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In [20] the same random modulation scheme as in [13] is applied in a hypersonic 

MOSFET-based power inverter and a microprocessor is utilized. Simulation and 

experimental results verify the theory and give a high quality output current due to the 

high switching frequency. In addition, the output voltage spectrum is flatter than that 

produced in [13] . In [21] The same authors give more detail on the RPWM's operation 

and utilize an optimal harmonic modulation function, which increases the fundamental 

components by 20% compared to the pure sinusoidal modulating function. Other details 

and results are quite similar to those in [20]. Random modulation is extended to the 

control of a delta inverter in [ 11] where again a uniform distribution is employed. This 

paper reports on measurement of the acoustic spectrum and shows that RPWM can 

reduce the acoustic noise effectively because it can transfer harmonic power into a wide 

band continuous spectrum. It is reported by Kryter and Pearson in [27] [28] that the 

subjective annoyance of a sound is greater for narrow band (harmonics) than wide band 

having the same power. A non-sinusoidal modulation function that allows a significant 

improvement in the output is studied in [23]. 

Although the above random techniques show good performance in overcoming the 

shortcomings of the deterministic PWM, they have only limited frequency and magnitude 

control range and cannot work well under lower modulation index since that will lead to 

a large current and torque distortion. A so-called advanced random modulation technique 

is presented in [22], which modifies the technique in [13] in order to alleviate the former 

mentioned adverse problems. New trapezoidal modulating functions and chopper 

techniques are added in order to improve the quality of output when the modulation index 
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is low. The problems of resonant torsional vibrations in inverter-supplied AC drive 

systems are discussed and the hardware implementation problem is described in detail. 

An application specific integrated circuit (ASIC) [33] [34] implements the RPWM 

scheme derived from [13]. A three-level inverter [33] supplying a small induction motor 

and a two-level inverter [34] has been presented. Experimental results are not 

straightforward since only time domain waveforms of outputs are shown. 

All the papers we have documented up to this point adopt the so-called standard 

RPWM method that holds the switching frequency constant but varies the pulse duration 

randomly within each switching cycle. 

Early Developments of RPWM in Converters 

It appears that Tanaka, Ninomiya and Harada [8] provide the first paper which 

applies RPWM schemes in DC/DC converters. DC/DC converters are often operated at 

higher switching frequencies (beyond the audible band), and then the EMI problem is of 

more concern than the acoustic noise. The authors give an analysis under some plausible 

hypotheses. They appropriately use the power spectrum as the quality measure since it 

makes more sense with RPWM. They give more attention to the high frequency 

harmonics which contribute to the EMI problems. They also rightly point out that if the 

power of the switching noise is dispersed in the frequency domain, the peak level of the 

switching noise spectrum should be reduced. They present two control circuits for step­

down (buck) DC/DC converters; one is the standard RPWM derived from 

communication theory [6] (the same as [7] [13]) and the other is so-called aperiodic 

modulation where the switching signal is no longer periodic. Block diagrams of the two 

strategies are shown in Figures 2.2 and 2.3 respectively. 
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lo 
~V_i____.,, Buck D CID C Converter Vo ...... ► .... I _L_o_a_d-----. 
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Figure 2.2. A simple block diagram for the standard RPWM DC/DC converter [8]. 

Io v; v; ...... ►---~ 
~-~--- Buck DC/DC Converter 

O I Load I 
To main switch .. J7JLJLf7_ .. 

r - - -- - - - -
I 

Comparator Error Amp 

~ 

------------, 

Voltage 
Reference 

Sawtooth-wave •◄◄--.... 11 Noise Generator II 
Generator _. ·. 

I - - - --------- ---------------------------

Figure 2.3. A simple block diagram for the aperiodic RPWM DC/DC converter [8] . 

There is no theoretical analysis given for these two methods, although experimental 

verification is provided. This paper also indicates that the second control circuit has 

advantages over the first since it is more effective at smoothing and reducing the 
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switching noise spectrum. In fact we will generalize the second circuit and give 

theoretical details in chapter 3, where it is called the CDC modulation scheme. 

Papers [ 14] [ 15] also by the authors of [8] give some rudimentary theoretical analysis 

for the switching noise power spectrum of their earlier proposed strategies. A correct 

general formula is presented in [14] for the power spectrum of a randomly modulated 

impulse train but without the positive constraint on the time increment. The analysis is 

somewhat ad hoc, and the same results can be found in earlier communication literature 

[16], [6]. The authors use random switching with the normal distribution as an example 

and give a quantitative explanation about the relationship between the noise spectrum and 

the standard deviation of the distribution, but it is apparently not practical since it allows 

for both arbitrarily long switching intervals and negative intervals. However, the 

experiments show good accordance with theoretical analysis. 

Developments in the RSFPWM Method 

After introduction of random modulation into modem power electronics systems, 

different randomization schemes have been explored in both inverter and converter 

contexts. In this section, we survey these schemes but not in a strict chronological way. 

Handley, Johnson and Boys, reference [24], present a randomization scheme for a 

chopper (DC/DC converter) supplying a DC motor system. Their approach differs from 

standard RPWM in that they dither (randomly vary) the switching frequency between a 

lower and an upper frequency bound while holding the average switching frequency and 

duty cycle constant. It means that the switching cycle duration is changing randomly 

from one cycle to the next cycle. Two distribution functions, uniform and square law, are 

considered. This appears to be the first paper which studies the effects of the probability 
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density function (PDF). The dithering scheme block diagram is shown in Figure 2.4. The 

authors give no theoretical analysis, but show experimental results and point out the 

difficulties of theoretical analysis. This method is similar to that of Figure 2.3 and has 

resulted in replacing tonal noise with wide-band noise. 

d(t) 
random 
dither 

JOl..lt/lU 

Af 

+ 
Voltage 
Controlled 1-----• 1-----

.h Sawtooth 
1115tvitvie,,u Oscillator Comparator 

Duty Cycle _. __ ....., 
Reference level 
(0-1) 

Dithered 
PWM 
signal 

Figure 2.4. The block diagram for random switching function generation [24]. 

Reference [25] further develops the method presented in [24] and extends it into a 

three-phase inverter for AC drives. The implementation problems are elaborated, and the 

space vector modulation (SVM) with a dithering in switching frequency from one cycle 

to the next is used. Experimental results show that this technique reduces the noise 

annoyance in both converters and inverters even though the overall sound pressure level 

(SPL) is unchanged when compared to deterministic modulation. The authors conclude 

from the experimental results that a uniform distribution is the best choice for dithering. 

An approximate theoretical analysis for the random modulation technique presented 

in (24] and (25] is developed by one of the same authors and others in (26] and (29], 

where the derivation of the voltage power spectral density is realized by dividing the 
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spectrum into different bands directly related to the harmonics present in the 

deterministic PWM waveform. But it is reported that the spectrum estimation theory 

deviates from experimental results, especially in the lower order bands. Paper [30] 

presents improvement for the above estimation methods by giving an improved auto­

correlation function. Implementation and measurement problems for this random 

modulation strategy are presented in [31] and [32]. 

An important paper [35] by Habetler and Divan in random modulation considers a 

standard three-phase inverter with analog implementation of a triangular carrier-based 

modulator. This modulator maintains the advantage of standard PWM including real-time 

control and linear amplification. The authors assume the random modulation is band 

limited since a band limited noise is applied as dithering. Some inexact theoretical 

analysis is given. The experimental results are promising and the clear absence of tones 

in the spectrum of the acoustic noise generated by the machine can be observed. A study 

of similar random schemes in a specific boost (step-up) converter is found in [63] by 

Mihalic et al. The simulation and experimental set up are elaborated and results confirm 

the theory. 

RPPM and Other RPWM Methods 

A gray noise PWM randomizes the PWM pulse position in a DC/ AC inverter within 

each switching interval while at the same time holding the switching frequency constant. 

In this paper only two positions are utilized (leading-edge or lagging-edge), which can be 

viewed as a specialized RPPM in terms of communication theory [ 6]. The authors apply 

random switching to the standard space-vector PWM for inverter control. The output 

spectrum contains both a continuous part and a pronounced discrete part (harmonics) . 
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The power spectrum for this scheme is studied in [37] [38] and [39]. These papers build 

their analysis on theory from communications. Closed form formulas for both continuous 

and discrete spectra are presented. Experimental results confirm the theory very well. 

In [ 40] Wang and Sanders present an application of a programmed random 

modulation technique combining programmed PWM with random dithering in a DC/DC 

converter which results in a good quality output in terms of spectral shaping. The 

optimization procedure is applied in the programmed switching sequence in the sense of 

minimizing the peak spectral components within the constant duty cycle. The same 

authors optimize the deterministic PWM scheme in [ 41]. 

Two types of microprocessor-based (mathematical and logical) random PWM 

schemes are presented and compared in a series of papers [ 42] [ 43] [ 44] by the same 

authors, Hui et al. It has been argued that for a logical approach, the number of bits is a 

crucial factor in determining the shape of the RPWM waveform and 10 bits is the lowest 

acceptable number. All the methods can be implemented in real time. 

Interesting methods for converting the acoustic noise from a PWM inverter into 

music or useful information are considered by Ueda et al in [45] , where the control is 

entirely digitized. 

In [ 46] Shrivastva et al study a standard RPWM technique where a binomial 

distribution governs the randomization. The simulation results show that the harmonics 

can be almost entirely deleted. Reference [ 47] compares the continuous noise of the 

above random scheme with RPPM and finds that it is inherent in both schemes that 

continuous noise induces low-frequency voltage ripple. Kabu, Miyashita and Sone [62] 

revise the Standard RPWM in a similar way but use a normal distribution instead of the 
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binomial distribution. All these papers show the advantages over the conventional 

random scheme using a uniform distribution in the sense of suppressing the harmonics. 

The output spectra (voltage, current and acoustic noise) of RPPM and RSFPWM are 

compared to experimental results in (57]. The authors also conclude that the latter scheme 

gives fewer discrete harmonics but increases the risk of exciting mechanical resonance. 

In (60] the same authors compare the fixed switching frequency random modulation 

schemes with a RSFPWM scheme and find that in lower frequencies they can get almost 

the same performance, although the latter achieves better results in the high frequency 

part. 

2.2.2 Theoretical Analyses of RPWM 

Before 1987 virtually all studies were mainly based on ad hoc methods and experimental 

confirmation with little theoretical analysis. Since then the situation bas changed and 

many efforts include theoretical work. The emphasis has been the spectral characteristics 

of switching functions governing the power switch of a converter. Now we give an 

overview of the existing literature that develops theoretical analysis for both converters 

and inverters although our own work is with converters. 

Apparently Trzynadlowski, Legowski and Kirlin [13] initiated in 1987 design and 

analysis research based on theoretical aspects of random modulation in DC/ AC inverters. 

Papers [37] (38] ((39] present theoretical analyses of the power spectra of RPPM 

schemes with only two possible pulse positions in each switching cycle, the derivation 

being partly based on communication theory [6] (64]. Closed form equations are given 

and are verified by simulations and experiments. The authors also suggest a blind 
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optimization procedure which may be carried out using this formulation. The analysis of 

the RPPM scheme is considered in another series of papers [5] [9] [65] in a more general 

form. 

A good review paper [ 49] covers the work on random modulation through 1994. It 

discusses RPWM strategies, power spectrum calculations and implementation issues on 

the converter-fed AC drive systems. 

In [50] [52] the same authors of [37] have analyzed the random-width, minimum-loss 

space vector (RWMLSV) PWM strategy (introduced in [56]) when the switching 

frequency can vary randomly in a constrained range. An optimization procedure is 

presented to calculate the desired probability density function for the switching 

frequencies such that the continuous spectrum is maximized and the amplitude of the 

discrete harmonics is minimized. Although a large number of available switching 

frequencies can eliminate the harmonics in the output spectrum, in general only a limited­

pool is applied in practical applications. A simulation example shows that only the 

minimum and maximum switching frequency should be used with equal probability from 

a limited pool of switching frequencies. In [ 51] the experimental results are addressed. 

However the authors realize the necessity of further studies on minimizing power in the 

discrete spectrum since the example also shows that the harmonic power is increased 

compared to the results using a uniform distribution of all the available switching 

frequencies. 

References [54] , [55] derive the harmonic components of the power spectrum for the 

RSFPWM scheme. Also the optimization procedure to eliminate the higher harmonics is 
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explored and the experimental results confirm the conclusion that two equiprobable 

widths with a non-integer ratio are the best choice. 

Trzynadlowski et al [ 61] present a new optimization method for RSFR WM, the 

maxirnin optimization criterion, which is based on defining a common multiple deviation 

function. Compared to former methods this method effectively reduces the discrete 

harmonics. The experimental results verify the theory. 

Another important theoretical analysis of random modulation techniques is a thesis 

[5] by Stankovic and a series of related papers [9] [65] etc. These references build a 

unified mathematical framework based on [6] for theoretical analyses of random 

modulation on which various DC/DC converters can be analyzed. A number of specific 

schemes have been studied on these general formulas and verified by experiments. The 

author in [5] also presents synthesis problems of random modulation (for DC/DC 

converters) with prescribed spectral criteria. 

Based on the works mentioned above, the authors in [ 1 OJ set their focus on the 

effects of the continuous noise spectrum in DC/DC converter performance. They give 

analyses on the standard RPWM and RPPM power spectra and conclude that for DC/DC 

converters the RPPM method offers much better output-voltage performance than the 

standard RPWM method since it has smaller output-voltage ripple. 

A comparative investigation on the use of random modulation for DC/DC converters 

is given in [48] [53]. In these papers four schemes, RPPM, standard RPWM, RCFMFD 

and RCFMVD are analyzed, and expressions for their power spectra are verified by 

experiments, but the authors only consider a uniform distribution in these modulation 

schemes. 
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More general formulas are derived for a RSFPWM modulation scheme for DC/DC 

converters in a technical report [ 66], and our own analysis will base on that report. We 

will summarize the methods and conclusions of [ 66] in section 2.3. 

A methodology for true comparison of analytical and measured frequency spectra in 

RPWM is addressed in [58] [59]. 

2.2.3 Summary 

The review of relevant literature has shown that random modulation techniques can 

extend some power from harmonics to a wide band spectrum and reduce the amplitude of 

harmonic power. After much effort was put to the development of various randomization 

schemes, researchers realized the importance of theoretical analysis of RPWM. Some 

papers have been published in this area since 1987 and analytical expressions have been 

derived to explain and design the frequency characteristics, but those results are far from 

exhaustive. There is still an urgent need for fully developing and exploring the spectral 

theory. 

2.3 The Power Spectrum of the RSFPWM Technique for 

DC/DC Converters 

In this section we summarize the results of [66] which follows Middleton [6] and gives 

power spectrum formulas for two specific schemes: CPW and CDC, which are based on 

the formulations for the harmonic powers and the power spectral density of the aperiodic 

modulation scheme developed in [6]. 
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In the CPW scheme, the pulses (from ground to level Ao volts) are fixed in duration 

while the switching rate has an average segment length which in tum yields the desired 

average DC level. In the CDC scheme, segment lengths are randomized, but in each the 

duty cycle is constant. 

Section 2.3 .1 gives general spectral formulations for the randomized switching 

frequency modulation strategy. Section 2.3.2 gives a formulation for the CPW switching 

scheme. Section 2.3.3 gives a formulation for the CDC switching scheme. 

2.3.1 Methodologies and General Formulas for RSFPWM 

In the general aperiodic non-overlapping random pulse train with random amplitudes, the 

termination of one pulse segment ( or switching interval) or pulse group segment is the 

beginning of the next, while their durations and amplitudes are randomized. This 

stochastic process has its/ member shown in Figure 2.5 where one pulse per segment is 

assumed. 

T/ 2 

Figure 2.5. The general aperiodic non-overlapping random pulse trains. 
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To find the intensity spectrum and discrete tones of the pulse trains we begin by 

considering a member of the truncated ensemble containing exactly 2N+ 1 pulses in the 

principle interval (-T/2, T/ 2), as defined below: 

(2.1) 

where u(t) is the characteristic pulse shape with umax = 1 , y~n is the amplitude of the nth 

pulse, r~Jl is the segment duration, </J!1l is the pulse duty cycle and s~i l is an epoch 

which marks the start of nth pulse. Both r~1> and s~n are randomly selected from their 

respective independent identical distributions (iid). Also y~n and </J,\1l can be either 

deterministic values or selected from an iid distribution. 

After some algebraic manipulations, the general formulation for power spectral 

density is 

where Su(f;r,</J) = e-J,rM sin(efr</J). 
ef 

The DC voltage component of the pulse train is obtained from the following 

equation, wherein random variables r
11

, y
11 

and </)
11 

are statistically independent from 

sequence to sequence. 

E(yS,, (O;r ,</J)) 
DC=----­

r 
(2.3) 
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2.3.2 Formulation of the CPW Scheme 

For this switching scheme the switching pulses are rectangular, of constant duration, r 0 , 

while the spacing r -r0 between pulses varies randomly and independently from pulse to 

pulse according to the switching frequency, which is selected from the set 

{.fs1 ,fs1 , ... ,fsM} based on a known PDF, ~ ; . The pulse amplitude (initial DC level) is 

assumed to be a constant equal to Ao. A sample of the l member of the ensemble is 

shown in Figure 2.6. 

T/ 2 

Figure 2.6. Constant pulse width switching scheme. 

The resulting power spectral formulas are shown to be: 

One-sided spectral density (watts/Hz) 

W .(f) = &Ag sin2(efr o) (1 + 2 Re[ E(eJ2efr ) ]) E: = {1, / = 0 (2.4) 
y., rn2/ 2 l-E(e12efr ) ' 2, />0 

Power at discrete frequencies (watts) 
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(2.5) 

2.3.3 Formulation of the CDC Scheme 

This second technique represents a switching scheme with random pulse duration and 

constant duty cycle ¢>=a = constant . The random variable , is statistically independent 

from pulse to pulse and the switching frequency is selected from the set {!,,, f,
2

, ••• , f,M } 

having a given PDF. The pulse amplitude (initial DC level) is assumed to be constant and 

equal to A0 • A sample of the switching scheme is shown in Figure 2.7. The parameter} 

stands for the sample number. 

T/ 2 

Figure 2.7. Constant duty cycle switching scheme. 

The resulting power spectral formulas are shown to be: 

Power at discrete frequencies (watts) 
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(A0a)2, 1• = 0 

P(f• ) = Sy(/•) = 2Ag 
2 

\E{sin(naf•r)e-J"af'r}\
2 

(ef.r) 

= 2Ag jE{l- e-121raJ'r }j2, 1• > 0 
(2ef·r)2 

One-sided spectral density ( watts/Hz) 

£A 2 E{ sin(1ra/r)e1efr } 
( 

[( . )2 ]J 
W ,(f) = _ z° 2 E{sin

2
(1ra/r)}+2Re { lef } , 

Y rn f 1- E e1 r 

{
1, f = 0 

where s -
- 2, f > 0. 

2.4 Summary 

(2.6) 

(2.7) 

Although various random modulation schemes are documented and theoretical analyses 

are studied by different researchers and the results are promising, we must notice some 

adverse aspects of these schemes such as the risk of resonance being increased 

accompanying the use of randomization. For example, if we know the drive's natural 

frequency at which there will exist a large mechanical vibration, we need to minimize the 

power at this frequency. This requires a tight control of the continuous noise spectrum 

and a careful choice of probability density function governing the random switching. 

Research in this area is important. This is the motivation of this thesis. 
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Since the importance and necessity of the synthesis problems are realized by 

researchers, which means to design and construct a switching function with desired 

properties, our purpose in this thesis is to study the synthesis problems in DC/DC 

converters based on the analysis of the power spectra formulas. We therefore in the next 

chapter analyze the formulas for the CDC scheme. 
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Chapter 3 

Single Frequency Spectrum Design 

Problems 

3.1 Introduction 

The problems addressed in this chapter are the analysis and design of power spectra for 

RSFPWM DC/DC converters. In chapter 2 we have already summarized the formulas of 

power spectra for two kinds of RSFPWM: CPW and CDC. Several papers have argued 

the inherent advantages of these schemes such as efficiently reducing acoustic noise and 

EMI, but it becomes more and more important to tightly control the continuous noise 

spectrum. For instance we should put nulls at frequencies at which the load has 

resonance. Proper design of the switching frequencies and their PDF includes some 

control over the converter's output noise power spectral density at a specified frequency 

or a band of frequencies whose value we want to minimize. 

Stankovic, Verghese, and Perrault [ 67] were the first to address the DC/DC converter 

problem of random switching design for spectral control of harmonic powers and 

cumulative power in specified bands, which is also our eventual intention. They used 2 
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switching frequencies selected at random, but with Markov statistics such that long 

sequences of one switching frequency were discouraged. They found the method 

ineffective for wide-band (a band of frequencies) control but successful for narrow-band 

(one specified frequency or harmonics). Our approach is quite different, designing only a 

stationary multiple switching frequency distribution, and entirely working from the 

formulation in the frequency rather than the time (auto-correlation) domain. We will also 

consider specification of a minimum switching frequency to control worst case ripple for 

the low probability case of continual selection of the same switching frequency, and we 

consider specification of a maximum switching frequency to control switching 

inefficiency and other circuit losses. In addition we give new and powerful analysis and 

design results for the powers of the harmonics related to the distribution of the switching 

frequencies. 

This chapter is concerned with utilizing the results of analysis to attempt to control 

the power spectral density (PSD) at one specified frequency. Also the power that exists at 

the least common multiple fLcM of the switching frequencies should be determined and 

f LcM should be placed at satisfactory points in frequency. Because it is easy to select 

switching frequencies to produce a desired fL cM , in this chapter we concentrate on the 

spectral density. 

Although formulation shows that the CPW scheme allows a spectral zero to be 

placed as desired within specific constraints on switching frequency [ 66], CPW cannot 

control the duty cycle within each segment. It is deemed "uncontrollable" since it is 

possible that a long string of pulses with low or high duty cycles may momentarily cause 
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unacceptable ripples on the output voltage. Thus we further restrict our study here to the 

formula for the spectral density using the CDC method. 

This chapter consists of 3 parts. Part 1 deals with the theoretical analysis of the 

formulas for the CDC scheme. Part 2 compares results of simulation experiments with 

prediction from spectral designs. Part 3 summarizes the findings. 

3.2 Analysis of the Formulas for CDC RSFPWM 

In this section we discuss issues involved in choosing the proper switching frequencies 

and their probabilities for control of the discrete frequencies having non-zero power and 

for minimization of the power spectrum at a desired null frequency fo. Both design 

goals are oriented toward keeping spectral power away from frequencies known to be 

harmful to either the environment or to the loads on the converter. It is assumed that the 

designs can be updated in an adaptive fashion by monitoring the load dynamics. 

We first concentrate on the expression in equation (2.7) which is rewritten here: 

sAJ ( . 2 [(E{sin(1r:afr)ejefr })
2

]) 
~ s (f) = _ 2 2 E{ sm ( 1raf r)} + 2 Re { .2ef } 

rnf 1-Ee1 r 

(3.1) 

h {
I, f = O · d 1 d . h . 1 f . h' fr w ere c = , a 1s uty eye e an r 1s t e rec1proca o sw1tc mg equency. 
2, f >0 

Because of the complexity we first consider each term in (3 .1) separately for minimizing 

or avoiding peak. Later we will determine if both terms might simultaneously be 

manipulated. Blind minimization will be considered as a last resort in chapter 5, but we 

hope to find reasoning behind our approaches. 
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3.2.1 Method 1: Nulling E{sin2(nafr)} and E{sin(nafr)ejef, } atfo 

Because a null can generally be repeated periodically on the frequency axis, we direct our 

attention to the lowest possible frequency that can be nulled given the constraints on the 

range of switching frequencies. Therefore we begin by noting that the first term 

E{sin 2(nal-r)} in (3 .1) is always non-negative, but it may have nulls if for the given a 

the random variables -r; are selected such that the values of sin(nal -r;) are always zero at 

the lowest I = l o . The numerator of the second term in (3 .1) is nulled if 

( E { sin( nal-r )e1
iifi- } r is nulled. Although this term 1s generally complex, it nulls 

simultaneously with the first term if the argument of the sine function is a multiple of n 

other than zero. Thus writing l o = /3],, where J;,. is the average switching frequency and 

f3 is a positive scale factor, we can see that for a null at lo (and all its harmonics) the 

relationship that the switching frequencies fs . = 1 / -r ; must have to J, is 
I • 

af3fs I fs . = k, k = 1,2, ... , Ns 
I 

(3.2) 

or 

af3fs afo r,. =--=-,k=l, 2, ... ,N,., 1
'' k k . 

(3 .3) 

assummg N ., is the maximum number of switching frequencies used. (Note that the 

indexes i or k are denoting the rank order of the switching frequencies rather than their 

progression from small to large.) Because the f ,, are also constrained to lie in 
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[fsmin, f smax] and the largest must be greater than the average, the largest ls; = fsl in (3 .3) 

is constrained by 

(3.4) 

Similarly, the smallest f s = ls is constrained by 
' N, 

(3.5) 

Limitations on Jo, the Null Frequency for E { sin 2 
( nafr)} and ( E { sin( nafr )ejefr }) 

2 

If the constraints (3.4) - (3.5) cannot be met, then no design can give a pure null in 

both terms of(3.1). In fact, (3.4) - (3.5) jointly give limits on the lowest frequency of null 

or 

fsmin s f s = afo I NS :::; f , s l sl = afo s f smax 
N, 

(3.6) 

The relative locations of these frequencies are shown in Figure 3 .1. 

f , min f ,,,, = .fJ._ 
a a N, a 

Figure 3.1. Relative placement of practical minimum f s min and maximum f smax 

switching frequencies and constrained minimum f, N, and maximum fs
1 
switching 

frequencies such that a null appears at f = fo . 

f 
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So there are combinations of null frequency and duty cycle for which the lowest null 

cannot be placed ·at a frequency as low as desired for some given acceptable switching 

frequency range. Placing nulls at higher frequencies is not as difficult, because the 

frequencies of nulls are periodic, and we may choose any frequency /ifo to null as long as 

fo satisfies the above expressions. The lowest switching frequency can easily satisfy 

(3 .6) if f s min is far away from f s max. 

3.2.2 Method 2: Maximizing l-E{ej2Tflr } 

The magnitude of the second term in (3.1) at frequencies other than those nulled by (3 .6) 

is dominated by the denominator expression, 1 - E { e12efr } , which can approach zero and 

cause the density not only to become large but perhaps to become infinite. To preclude 

that, we can force 1 - E { e12efr } to have maximum magnitude at a desired frequency 

fo' = /3fs as above, except that we are denoting f 0 ' as the frequency at which we would 

like to maximize 1 - E { e12efr} . (It remains to be determined whether or not we can have 

fo' = fo . ) This maximization will minimize the maximum of the term because the 

magnitude of the numerator of this term is bounded by unity except the constant scalar; 

although the numerator may null, there are constraints preventing doing that. 

We will now investigate the conditions for which the maximum 1 - E { e12iifi- } = 2 

occurs. Note that the maximum magnitude of this expression is reached when it is also 

real, and that occurs when ( for a disctete distribution of r ) 
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N_, 

E{ej2,ifr } = LP;ej2efr; = -1. 
i=I 

Every exponential in the distribution can equal -1 if 

2ef0 '/ f s; = (2k + I)n , k = 0,1,2, ... ,Ns 

Thus we have that 

2f3fs 2fo' 
f's = --- = --'---, k = 1,2, ... ,Ns 

•j 2k-1 2k- l 
(3.7) 

where again the indices k and i indicate rank order of the switching :frquencies rather than 

progression to higher :frequencies. As before the minimum and maximum swithing 

:frequencies are constrained according to 

- -
f s ~ f s

1 
= 2f3fs ~ f smax (3.8) 

(3.9) 

Now we remark that equations (3.3) - (3.5) are similar to equations (3.7) - (3.9) except 

that the factor a in (3.3) - (3.5) has been replaced by 2 in (3.7) - (3.9), and k andN., in 

(3.3) - (3.5) have been respectively replaced by 2k-l and 2 N s-1 in (3.7) - (3 .9). Further 

we note that apparently (3.3) - (3.5) are most important for minimizing the maximum 

value of (3.1). Although the numerator of the second term in (3.1) may null, in practice 

there is no straightforward visible means of effecting that when the maximum and 

minimum constraints are set on the swtiching :frequencies, as we show in the later design 

examples. If there is a choice to be made between the first term minimization and 

constraining the magnitude of the second term (and indeed the whole density), sometime 

minimizing the maximum of the second term is the most important due to practical 

considerations. That is because the second term is the source of strong peaks in the PSD. 
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Limitations on / 0 ', the Maximizing Frequency for 1- E { e12efr } 

The constraints imposed by minimum, maximum and average switching :frequencies 

on the :frequency of the maximum of the denominator factor 1- E { e12efr } are similar to 

those imposed by the term E{sin2(naf-r)}. By rewriting (3.6) while replacing a with 2 

(3.10) 

These bounds, together with those of Figure 3.1 for equation (3.6), are marked on the 

frequency axis in Figure 3.2. 

(£ZS lnrun f's min f ,\' f s max hrmx 
2 a 2 2 a 

Figure 3.2. Relative placement of practical minimum hmin and maximum hmax 
switching :frequencies and constrained minimum fs and maximum ls switching 

Ns I 

frequencies such that 1 - E { e12efr } is maximized at f = f 0 ' while also 

E { sin 2 
( naf-r)} and ( E { sin( naf-r )eNr } ) 

2 

are nulled at f = f 0 • 

f 

Note that to meet the criterion of maximizing 1- E { e12efr } , J, s; f s1 = fo' s; /.,max 
2 2 2 

bounds the lowest possible f
0

' both above and below, and fs min s; f sN, = fo' limits 
2 2 (2Ns -1) 
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the number of switching frequencies that can be used. These findings are quite limiting. 

Almost certainly in practice, sub-optimality is going to result. 

3.2.3 Comparison and Conclusion of the Methods for 

Controlling the Two Terms 

If we combine the inequalities of (3.6) with those of (3.10) we have as shown in Figure 

3.2 (NS 2'.'. 2 ), 

(3 .11) 

It is clear that both objectives cannot be met simultaneously because for O ~ a ~ 1 

we cannot have is, = J
0
and fs1 = fo' equal to each other. By our forgoing arguments, we 

a 2 

must minimize the magnitude of the second term in (3.1), and this is accomplished 

through the equations (3.7) - (3.9). Clearly an overall or global optimum might be found, 

and that is the another approach, functional minimization to constraints, which we shall 

subsequently consider in chapter 5. 

However it is easily shown analytically that when harmonics of the lowest nulling 

frequency of E { sin 2 
( nafr)} and ( E { sin( naf-r )eJefr }) 

2 
fall on harmonics of the frequency 

of non-zero discrete power, that the result is a null in the PSD. That is, 1 - E { e12efr } is 

zero when f = kfLcM, causing frequencies of infinite power density, but the zero in the 

. fl f kf numerator at harmomcs o -' = fo may fall exactly on = LCM . At such frequencies, 
a 



3. Single Frequency Spectrum Design Problems 40 

a spectral null results. But at such frequendies we must consider the effects of disctete 

power, it is not desirable. 

From Figure 3.2 we may clearly observe that method 1 is suitable for controlling the 

PSD at higher frequencies but method 2 is suitable for controlling the PSD at lower 

frequencies, assuming the same switching frequency constraints. 

3.2.4 Further Analysis of l-E{e'°2ef•} and a Design Procedure 

In this subsection we investigate the behavior of the denominator expression 

1 - E { e12ef,} as a function off We note that for discrete distributions of 't that the 

expectation E { e12rr.fr} can be written 

(3.12) 

The term for i = k gives the positive real value P; since the exponential is unity then. If 

the P; is near unity, 1 - E { e 12
"
1
••' } ~ 0 and a large spectral magnitude results. Further, 

when the switching frequencies are all in a narrow band 1- E { e12 "1'} ~ 0 for 

frequencies near ls and its multiples. This phenomenon has been seen clearly in 

experimental work, and it is obvious that this factor is responsible. 

Arbitrarily we now investigate the expression 1-E{e12iif' } as a function off, fsmin 

and lsmax for a continuous uniform distribution of -c . The algebra for this case, shown in 

appendix A, results in 
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The reason for the 1/f-scaled root-sinusoidal magnitude with period f smax - f smin 

/sminfs max 

(3.13) 

Hz is 

that the spread of the argument in e12efr is in the range [ 
2ef , 2ef ] . For any particular 
hmax hmin 

f this range may be small or large with respect to a cycle (21t). If the range is small, 

E { e12efr } is approximately a constant with nearly unity magnitude. This situation may 

be favorable or unfavorable in the expression 1- E { e12efr } depending on the angle 0 , 

whose expression is shown in appendix A. If the range [1.2ef , J.2ef] is large (many 
s max -< mm 

cycles), E { e12efr} is approximately a constant with nearly zero magnitude, and this is a 

satisfactory value, because 1 - E { e12efr } ~ 1 , but this is not optimal for that f For ranges 

not small but not an integer number of cycles, E{e12efr} will oscillate withf Laboratory 

results have shown that for larger f the peakiness in the spectral density diminishes 

considerably except near fLcM and its harmonics. The design implications are that to 

keep the spectral density from peaking near some f = f 0 it is sufficient that the uniform 

distribution of 't must be such that the argument range R
0 

is a whole number of cycles, 

an integer multiple of 2n rad: 

[ 
2ef 2ef] - ,- = [cp-(2k-l)n,q> + (2k- l)n ], k = 1,2, ... 

f s max frmin 
(3.14) 
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for some average principal angle <p, resulting in a zero mean for the exponential. An 

alternative is as previously, when we wanted E{ ej
2
efr }to equal - 1, i.e., it would be 

desirable if 

(3.15) 

where 8 is small so that E{ ej
2efr} ,; -1. For some /this may be possible, and in fact for 

any lsmin and fsmax there are/ such that (3.15) is realized, although/ may be small. In 

Figure 3.3 is a general set of plots for the cycle-normalized angle range 

Ra = [ 2ef - 2ef ] / ( 2n) cycles indicated in (3 .15), but rewritten so that _[__ 1s a 
Is~ ls= ls= 

function of R
0 

: 

R +_l_ 
fs max 

8 

fs max =----
f smin f 

(3.16) 

f rmax 

Figure 3.3 allows design of fvrrun and fvmax to give an argument range that is either a 

small part of a cycle or a whole number of cycles at some particular frequency f Suppose 

we want lsmax/ lsmin to be smaller than 2. Then looking at Figure 3.3 (b), we are confined 

to a small region near the bottom of the plots. 

If further, we want spectral flattening near a small f I ls max , the solution point is 

further confined to the lower curves, say curves for 1 or 2 whole cycles of argument 

range. 
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f/fmax, minimum angle/(2*pi} f/fmax, minimum angle/(2*pi} 

(a) (b) 

Figure 3.3. f smax I !min for continuous uniformly distributed fv in [ lsmin , h max ] VS 

f I f smax , plotted for several a) fractional (0.02, 0.05, 0.1 , 0.2) and b) integer (1 , 2, 5, 

10, 20) cylcles of argument range Ra . 

Also for a given hmin there is an/ below which even one whole cycle of argument 

can not be obtained. For that situation the spectral density near that/ may get quite large 

because the angle span of ej2
efr is no longer uniform over a cycle. Directing our attention 

to the curves in Figure 3.3 (a) we see that the minimum angle 2ef / .f.nax rad (horizontal 

axis) is approaching zero as f gets smaller. The joint effect of both the small minimum 

angle and the narrow angle range is that the average exponential E { ej2trfr } will have 

magnitude near+ 1 causing 1- E { e j 21rfr} to approach zero and W(f) to approach infinity. 

Of course the solution to the problem is to allow lower switching frequencies so that we 

can have a uniformly distributed argument of e 12
ef, at the desired/ . 
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It is also desirable to yield a spectral density with magnitude constrained to some 

least upper bound, over a band of frequencies. A design to this effect might be 

implemented with numerical optimization techniques. 

3.3 Design Experiments and Simulation Results 

The equation analyses of the last section and the experiments of this section show clearly 

that when we want to null a frequency's power the most effective term to utilize is 

E{sin2(efar)}. When this term is zeroed, both terms in equation (3.1) are set to zero. 

That is to say, a sharp null appears in the PSD at frequencies for which this term is zero. 

On the other hand when a singularity of the PSD (a frequency having real power) 

appears in the spectrum, the cause is the denominator factor 1- E {e121ifT} . At frequencies 

for which 1- E {ej2ir.fi-} becomes zero, the PSD becomes infinite. Further there are other 

frequencies where [l - E{ej2efr}r becomes unacceptably large and causes a peak in the 

PSD. When we want to minimize the PSD within the constraints of the average and finite 

range of switching frequencies, the most important factor is 1- E {ej2iifr}. This is because 

we cannot null E { sin 2 
( ef ar)} at an arbitrary frequency when we limit switching 

frequencies to range such as from 55 kHz to 75 kHz, which are the practical constraints 

used in our examples. 

We have also found that even without the limitation on switching frequencies 

sometimes the term E { sin 2( efar)} cannot be simply nulled if the frequency of desired 

null coincides with a harmonic of the least common multiple f LcM of the set of discrete 
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random switching :frequencies since then we need to consider the discrete power. This 

can be seen clearly in Figure 3.11 and the analysis can be found in experiment 1.3. 

Thus in our following experiments we give most attention to the term 1- E{ej2iifr} . 

Through maximizing 1- E{ej2efr } we can shift the PSD maximum away from a specified 

:frequency. Although we cannot eliminate the peak, we will see in chapter 5 that we may 

well minimize it by choosing the switching :frequencies and their distribution. In this 

section we only study the switching frequencies with uniform distribution. 

3.3.1 General Description of Experiments in This Section 

Experiment 1 consists of three parts. Experiment 1.1 demonstrates that when we choose 

the switching frequencies freely, but with caution, such that the constraints are satisfied, 

there will be a peak appearing at frequency / 0 = 62.5 kHz. The result is shown in Figure 

3.4. In addition, in experiment 1.1 we try different constant duty cycles and verify that 

the reason for the peak is that the denominator term 1- E{e12efr} tends to zero. The plot 

of the analytical result is in Figure 3.7, where we can find the composed vector lies near 

the positive real axis. That is to say, the numerator of equation (3 .1) tends to zero, so a 

significant peak appears at 62.5 kHz. 

In experiment 1.2 we maximize the term 1- E{ej2efr} within the constraint that 

switching frequencies range within 55 kHz to 75 kHz. Maximization of 1- E{ejirrt,} 

minimizes the peak at the desired frequency. The peak has been reduced by almost 50dB. 

The result is shown in Figures 3. 9 and 3 .10. 
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In experiment 1.3 we null the term E { sin 2 
( efa-r)} at the specified frequency but 

demonstrate a conflict in design. In theory there should be a sharp null appearing at the 

desired / 0 = 62.5 kHz, but in fact there is a narrow peak appearing as shown in Figure 

3.11. This peak is due to the fact that / 0 is a harmonic of the f LcM . We analyze this 

phenomenon in detail and give a general conclusion. 

In experiment 2 we try to maximize the term 1 - E { e12efr} without any constraints on 

the switching frequencies. The result in Figure 3.13 shows that the peak has been reduced 

to-37 dB. 

In experiments 3.1-3.5 we null or 1rumm1ze the PSD at the desired 

frequency / 0 =62.5kHz while satisfying the constraint that the average switching 

frequency equals 62.5 kHz. We use two, three and four switching frequencies 

respectively. 

In experiment 3 .1 we illustrate an interesting method of producing a sharp null at the 

desired frequency, although the switching frequencies are outside the specified band. In 

experiment 3.2 we maximize 1- E{e12iifr} with 2 frequencies considerably outside the 

specified band. In experiment 3.3 we maximize 1-E{e12efr} with 2 other frequencies. In 

experiments 3.4 and 3.5 we maximize 1- E{e12iifr } at / 0 =62.5 kHz with 3 and 4 

frequencies respectively, using a numerical search method to find multiple solutions. 

All of the methods yield positive results, verifying that we have considerable control 

over the PSD at a specified frequency, particularly if the switching frequency band 

constraint is not too narrow and if a null is not desired at a frequency too low. 
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The following are our experiments and results with and without the constraints on the 

switching frequencies. Note that in all our experiments we have only tried to minimize or 

null the spectral power at a single specified frequency, / 0 = 62.5 kHz. This frequency, the 

average fs, is the one most difficult to null within the constraints provided by Xantrex1
• 

In these experiments we have used a constant 50% duty cycle to illustrate the method, but 

the method accommodates any arbitrary constant duty cycle. 

3.3.2 Experiment 1: Comparison With and Without 

Constraints 

This experiment includes three cases: 

a) Constrained maximum and minimum switching frequencies. 

b) Constrained switching frequency range and mean. 

c) No design constraints on the switching frequencies. 

The experiment switching scheme's parameters are given in Table 3.1. 

Experiment 1.1. Constrained maximum and minimum switching frequencies 

In addition to the parameters shown in Table 3 .1, we demonstrate the effect of duty cycle 

in three different figures. We do this because we want to verify that the peak appearing is 

due to the denominator of the second term of equation (3.1); we will verify that the 

frequency of peak does not correlate to changes in duty cycle. 

1 the constraints of Xantrex are as follows: the switching frequency ranges from 55kHz to 75kHz, and the 
average switching frequency is 62.SkHz. 
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From Figure 3.4 we can see that the first major peak of the PSD is-21.7dB at/= 

62.5 kHz. Keeping the other parameters the same as above while changing only the 

constant duty cycle from 50% to 80% and then 30% gives the results shown in Figures 

3.5 and 3.6 respectively. We find that the peak still appears at f = 62.5kHz, verifying that 

the frequency of peak is not affected by the duty cycle. 

Experiment 1 1.1 1.2 1.3 

Switching frequencies 

kHz (uniform) 55, 75 74.9, 75 or 55, 55.1 15.6, 31.3 

Average switching 65 74.95 or 55.05 23.4 

frequency kHz 

Initial DC voltage 1 1 1 

Sampling frequency 1000 1000 1000 

kHz 

Bandwidth 500 500 500 

Constant duty cycle, 50 50 50 

% 

Periodogram Hamming Hamming window, Hamming 

characteristics window, 30 averages window, 

30 averages 10 samples overlap 30 averages 

10 samples 10 samples 

overlap overlap 

Table 3.1. Experiments 1.1, 1.2 and 1.3 parameters, duty cycle 50%. 

Examining the PSD of equation (3 .1) we find that the peak is due to the denominator 

of the second term, whose value does not change with duty cycle a . Thus the analytical 

and experimental findings agree and we can now direct attention to the second term's 

denominator. 
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PSD of switching scheme from formulation (CDC), output DC= 5.000000e-001 V 
0 .----r---r----r--~.:::.:::.:::.:::::r.:::.:::.:::.:::::r.:::.:::.:::.:::::r.:::.:::.:::.:::::r.:::.:::.:::.:::::::!.:::.:::-=-.--, 

-20 0 
Power spectral desity 
The peak appears at f=62.5KH 

-40 

-60 

-80 
PSD, dB 

-100 
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-160 

-180 '----'-__ ...._ _ __._ __ ...._ _ __._ __ ....._ _ __._ __ ....._ _ ___. __ _. 
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frequency , kHz 

Figure 3.4. Result of experiment 1. 1, frequencies [55, 75] kHz, and 50% duty cycle. 

PSD of switching scheme from formulation (CDC), output DC= 8.000000e-001 V 
0 .----r---..-----r---,:-..:.-_-_-_-...::-_-_-_-_-...::-_-_-_-..:.-...::-_-_-_-_-...::-_-_-_-_-...::-_-_--=,--. 

0 
Power spectral desity 
The Peak appears at f=62 .5KHz 

-50 

PSD , dB 

-100 

-150 .__ _ _._ __ ...._ _ _._ __ ...._ _ __.____._....__ .......... __ ...._ _ __._ _ ___, 

0 50 100 150 200 250 300 350 400 450 500 
frequency , kHz 

Figure 3.5. Result of Experiment 1.1 with 80% duty cycle. 
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PSD of switching scheme from formulation (CDC) , output DC = 3.000000e-001 V 
0 ~-~--~-~------,~----~--,:-~_-_-_-,,:-_-_-_-_-,,:-_-_-_-_-,_-_-_-_-_-,,:-_-_-__:;--, 

-20 

-40 

PSD, dB 

-60 

-80 

-100 

Power spectral desity 
o The Peak appears at =62.5KHz 

-1 2 0 ,__ _ __._. __ ..___ _ _._ _ ____..__ _ _._ _ ____..__ _ _,_ _ ___. __ _,_ _ ____. 

0 50 100 150 200 250 300 350 400 450 500 
frequency , kHz 

Figure 3.6. Experiment 1. 1, 30% duty cycle. 

General analysis of the term 1- E{ej2efr} for two switching frequencies 

We begin analysis and experimentation considering just two randomly selected 

switching frequencies. Only 2 are considered so as to simply present the method of 

design. We can calculate the two angles of the exponential terms in the expectation at 

peak frequency. These angles are 

emax = 2fn = 2 X 62.5n = 2.27n ~ 49• + 360• 
/smin 55 

e . = 2fn = 2 X 62.5n = l,677r = 300. 
mm I' 75 

J smax 

The complex vectors at these two angles are shown in Figure 3.7. 
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imag 

real 

Figure 3.7. Complex exponential vectors for the two switching frequencies . 

We can see that the vector composed of the two vectors lies near the positive real 

axis. That is to say, the numerator of equation (3.1) tends to zero, so a significant peak 

appears at 62.5 kHz. 

Experiment 1.2: Two frequencies near the maximum. 

If we want to flatten the spectral peak at / 0 = 62.SkHz, we will let the expected vector of 

the denominator E {ej2
irfr }at / = fo lie far away from the positive real axis, becoming 

as close to negative real as possible. Within the limitations of the switching frequencies 

we can only choose frequencies between the extremes. If we choose two frequencies near 

the maximum, that is [74.9, 75] kHz, the exponential terms are as shown in the first 

quadrant in Figure 3.8. The spectral plot, shown in Figure 3.9, shows that the value at f = 
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62.5 kHz has power density - 76.8dB, a great reduction from -22dB of experiment 1. 1, 

but the spectral peak has shifted to about 75 kHz. 

imag 

real 

Figure 3.8. Complex exponential vectors for experiment 1.2 for frequency 62.5 kHz. 

PSD of switching scheme from formulation (CDC) , output DC = 5 .000000e -001 V 
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Figure 3.9. Experiment 1.2, switching frequencies (74.9,75] kHz, to reduce the PSD at 

62.5 kHz, without lave constraints. 
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Next we change the switching frequencies to [55 55.1] kHz. The exponential terms 

are in the 4th quadrant of Figure 3.8, and the spectral result is shown in Figure 3.10. The 

value at/= 62.5 kHz is -71dB. So this experiment has clearly shown that we can control 

the spectral magnitude at a desired frequency by locating the switching frequency within 

the band constraints. However we have not yet satisfied the average frequency constraint. 

PSD of switching scheme from formulat ion (CDC). output DC = 5 .000000e -001 V 

0 r--,----,-----,----,- -~;::::==========;-i 
-20 

-40 

-60 

-80 

PSD, dB 
-1 00 

-120 

-140 

-160 

-180 

- peak appears at f= 55KH z 
O value at f=62 .5KHz 

-200 ~-_._.-~-~--~-~-~-~-~--~-~ 
0 50 100 150 200 250 300 350 400 450 500 

frequency , kH z 

Figure 3.10. Experiment 1.2, switching frequencies [55, 55.1] kHz, to reduce the PSD at 
62.5 kHz without lave constraints. 

Experiment 1.3 Conflicting design for nulls and harmonics of the /LCM: 

If we have no limitation on switching frequencies then we can null E { sin 2 
( efar)} at 

/ 0 = 62.5 kHz to give a PSD null at / 0 by selecting switching frequencies 

(3 .17) 

For the special case of 50% duty cycle we can choose k = I and k = 2 and obtain the 

switching frequencies 31.3 kHz and 15.6 kHz. Note that in this case that/LcM = 62.5 kHz, 
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which would be counter to our desire to null at 62.5 kHz. The simulation proves that 

actually there is a peak appearing at the desired frequency because of the coincidence of 

the /LcM which is half of / 0. The theoretical PSD value at / 0 = 62.5 kHz is - 172.6dB, 

but the simulation value is about - 45dB. The experimental result is shown in Figure 

3 .11. In fact this conflict will always occur when duty cycle a = _!_, _!_ , · · ·, _!_ , since then 
2 3 k 

we must add the discrete power to the PSD according to equation (2.6). Thus for this 

coincidental case we cannot use the nulling of E { sin 2 
( ef a-c)} to get a sharp null at the 

desired frequency. This fact indicates that the method that ideally nulls the spectral power 

at a desired frequency, but, will be limited in some very unlikely cases. Considering the 

above limitation on null placement, in experiment 2 we will verify the use of 

1 - E {ej2efr} for minimizing (but not nulling) the PSD at a specified frequency. First we 

conclude experiment 1. 

CDC, DC (formulation):5.000000 e-01V DC (simulation):5.016997 e-01 V 

-20 

-40 

-60 

PSD, dB-BO 

-100 

-120 

-140 

-160 

-180 ~---~---~----~---~---~ 
0 100 200 300 400 500 

frequency, kHz 

Figure 3.11. Experiment 1.3, switching frequencies [15 .6, 31.3] kHz. Dotted plot 
represents the result from equation. Solid plot represents the result from simulation. 
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The above design conflict arose due to our use of 50% duty cycle ( or 1/3 or 1/4 . .. ). 

However for another duty cycle we can still produce a sharp null at the desired frequency 

(62.5 kHz). We demonstrate this by changing the parameters shown as Table 3.2. With a 

duty cycle of 80%, the resulting PSD value at / 0 = 62.5 is -140.1 dB. The spectral result 

is shown in Figure 3.12. 

Switching frequencies 25, 50 kHz with equal probabilities 

The Average of switching frequencies 37.5 kHz 
Initial De voltage value 1 volt 

Sampling frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 80% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.2. Experiment parameters, duty cycle 80%. 

CDC , DC (formulation) : 8 .0e-01 V DC (simulation): 8.0 e-01 V 
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-200 
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Figure 3.12. Results for parameters as given in Table 3.2, duty cycle 80%. The dotted 
plot represents the theoretical result. The solid plot represents the result from simulation. 

Since the duty cycle is not 1/2, 1/3, ... , we have a perfect null at 62.5 kHz. 
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3.3.3 Experiment 2: Design for Avoiding Harmonics of the/LcM 

When we maximize 1 - E { e12iifr } to minimize the peak at / 0 = 62. 5 kHz according to 

equation (3.7), the switching frequencies for maximization are ideally 

_ 2f3fs _ 2fo ' 
f. - - , k = 1,2, .. . ,N_ . . s, 2k - 1 2k - 1 ' 

We thus calculate that the set of possible switching frequencies 1s {125, 41.7, 25 , ... } 

kHz. From this set we choose 25 kHz and 41. 7 kHz as our switching frequencies. The 

parameters shown in Table 3.3 give the spectrum in Figure 3.13. The resulting PSD value 

at / 0 = 62.5kHz is about - 37dB, a reduction of about 15dB from Figure 3.4. 
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-200 ~-~-____. __ ...__ _ _._ _ ____. __ ...__ _ _._ _ ____. __ _.__ _ _. 
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frequency, kHz 

Figure 3.13. Results for parameters as given in Table 3.3, duty cycle 50%. Dotted plot 
represents the result from equation. Solid plot represents the result from simulation. 



3. Single Frequency Spectrum Design Problems 57 

Switching frequencies 25, 41.7 kHz, equal probabilities 

The Average of switching :frequencies 33.4 kHz 
Initial De voltage value 1 volt 

Sampling frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 50% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.3. Experiment 2, for nulling while avoiding harmonics of the fLcM. 

The three PSD plots from experiments 1.1 , 1.2 and 2 are shown together in Figure 

3.14. The solid plot represents the switching scheme using f ,wi,clr = 55, 75 kHz, the 

dashed plot represents the switching scheme using f siviid, = 74.9, 75 kHz and the long 

dash dotted plot represents the switching scheme using f swiiclr = 25, 41.7 kHz. We also 

use'+','* ', and 'o' to mark the PSD values at / 0 =62.5 kHz respectively for the three 

methods. 

-160 

-180 

-200'---~----'-----''-----'-----'------'----'----'-----'--__J 
0 50 100 150 200 250 300 350 400 450 500 

frequency, k Hz 

Figure 3.14. Overlaid plots of the three cases. Solid: fs = 55,75 kHz;: dashed fs = 74.9,75 
kHz, long dash-dotted: fs = 25,41.7 kHz. Note the values at the "design" frequency of 

62.5 kHz. 
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The above experiments have not enforced the constraint that the average switching 

frequency I is 62.5 kHz. In the following experiments, we shall find the cost due to the 

I constraint for minimizing the PSD power at the selected frequency. 

3.3.4 Experiments 3: Design for Minimization Under the 

Constraint of Average Switching Frequency l ave = 62.5 kHz 

Without trying to null, we now try to minimize the PSD at / 0 = 62.5 kHz with the 

constraint that average switching frequency is 62.5kHz. This / 0 is a reasonable frequency 

to select for minimization because if there were no randomization, there would clearly be 

an infinite PSD peak at the average and only switching frequency. Also if the band of 

switching frequencies is narrow around the mean, we would expect the average 

frequency to have a large PSD value. In any case, we may consider / 0 = 62.5 kHz as a 

typical frequency to minimize. 

For simplicity we will experiment with only two switching frequencies, choosing 

them to have the desired mean, but also choosing in such a way that a null is placed at the 

mean. The two frequencies are related to each other due to the constraint on their mean, 

and this constrains the phases of the two terms in the expectation. We are able to satisfy 

the I constraint and place a null at the mean if we do not also have a max and min fs 

constraint. Analysis of the effect of this choice on the denominator's expectation in 

1 - E { e12efr} is shown in Figure 3 .15 . 
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Figure 3.15. (a) The average-constrained relation between the low and the high switching 
frequencies (kHz) (b) the corresponding relation of the two angles (degrees) . 

Experiment 3.1 Moderately spread frequencies with a specified null. 

The parameters for experiment 3.1 are as in Table 3.4. The frequencies chosen are a 

factor of 3 apart, both outside the Xantrex-specified band of [55, 75] kHz. 

Switching frequencies 31.3 , 93. 7 kHz, equal probabilities 

The Average of switching :frequencies 62.5 kHz 
Initial De voltage value 1 volt 

Sampling frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 50% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.4. Experiment 3.1. 
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The theoretical and simulation results are shown together in Figure 3.16. The spectral 

plot shows that the value at f = 62.5 kHz has measured power density -60.4dB, a great 

reduction from-22dB of experiment 1.1 (shown in Figure3.4) where the two frequencies 

were arbitrarily chosen to be the maximum and minimum allowed. 
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Figure 3 .16. Results for experimental parameters given in Table 3 .4, duty cycle 50%. 
Unconstrained f smin, hmax. The Dotted plot represents the theorectical result, 

while the solid plot represents the simulation result. 

Analysis of 1-E{e12efr } for experiment 3.1: 

We have nulled both terms in equation (3.1) at / 0 = 62.5 kHz (for 50% duty cycle) 

by using switching frequency 31.3 kHz, found by simply solving E{sin 2 (efa-r)} = O (or 

setting the sine argument equal to an integer multiple of n). The composite angle vector 
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from E{e12efr } is simply that of the (equally weighted) sum of the two switching 

frequencies' complex exponential. We calculate their two angles at f = / 0 : 

e max = 2fo7r = 2 X 62.5,r = 3.99,r ~ 718• 
hmin 31.3 

e min = 2fo1r = 2 X 62.5,r = 1.33,r ~ 240• 
hmax 93.7 

The complex vectors (half unit magnitude) associated with these terms are shown in 

Figure 3 .17. For equal probabilities the angle of the expectation is approximately 300 

degrees. That angle is not good for maximizing the denominator factor 1 - E { e12efr } . 

Thus in the next experiment we will not only null at / 0 = 62.5 kHz, but also we will 

maximize 1 - E { e12tr/' } . 

imag 

e max real 

emin 

Figure 3.17. Complex exponential vectors for experiment 3.1 for / 0 = 62.5 kHz. 
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Experiment 3.2. Widely spread frequencies that maximize 1 - E { ej2efr } 

Now we choose the two switching frequencies to be 18.3 and 106.7 kHz, very much 

outside the [55, 75] kHz band constraint. The two angles of the exponential terms in the 

expectation in the denominator term 1 - E { ej2rif' } at f = f 0 are: 

0 max = 
2

Jrc = 
2 

X 
62

·
5

1'C = 6.83rc ~ 1230° = 360 X 3 + 150° 
/,min 18.3 

0min = 2frc = 2 X 62.5rc = 1.17rc ~ 21 }° 

hmax 106.7 

The complex vectors associated with these terms are shown m Figure 3 .18. The 

experiment's parameters used are as in Table 3.5. 

unag 

0 max 

real 

0min 

Figure 3.18. Complex exponential vectors for experiment 3.2, maximizing the 
denominator at the constrained mean frequency 62.5 kHz. 
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Switching :frequencies 18.3, 106. 7 kHz, equal probabilities 

The Average of switching :frequencies 62.5 kHz 
Initial De voltage value 1 volt 

Sampling :frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 50% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.5. Experiment 3.2. 

The simulation and analytical results are shown in figure 3 .19. The PSD value at f
0 

= 62.5 kHz is - 34.6 dB, a reduction from - 22dB of experiment 1.1 (shown in Figure 3.4). 

Although we have not placed a null at f 0 as in experiment 3 .1 , the reduction by design 

from the arbitrary selection in experiment 1.1 is good. 

CDC, DC (formulation) : 5.000000e-01 V DC (simulation): 5.022364 e-01V 
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Figure 3.19. Results for parameters as given in Table 3.5, duty cycle 50%. Dotted plot 
represents the result from equation. Solid plot represents the result from simulation. 
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Experiment 3.3. Narrow frequency spread that maximizes 1- E{ e12efr} 

Now let us change the switching frequencies to 26.4 and 98.6 kHz, a narrower range than 

those in experiment 3.2. The two angles of the equal-probable exponential terms in the 

expectation E{ e12efr} at f = fo are: 

0max = 
2fn = 

2 
X 

62.57r = 4.73n ~ 852° = 360 X 2 + 132° 
frmin 26.4 

0min = 2fn = 2 X 62.5n = 1.27n ~ 228• 
hmax 98.6 

and their composite vector has angle 180 degrees. The complex vectors associated with 

these terms are shown in Figure 3.20. 

unag 

e max 

real 

0min 

Figure 3.20. Complex vectors in E{e12efr } for experiment 3.3. 
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Our experimental parameters are given in Table 3.6, and the experimental results are 

shown in Figure 3.21. The PSD value at / 0 = 62.5 kHz is-42.7dB, a reduction from - 22 

dB of experiment 1.1 . 

Switching frequencies 26.4, 98.6 kHz, equal probabilities 

The Average of switching :frequencies 62.5 kHz 
Initial De voltage value 1 volt 

Sampling frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 50% 

Periodogram characteristics Hamming window, 30 averages 
10 samples overlap 

Table 3.6. Experiment 3.3. 

CDC, DC (formulation): 5.000000e-01 V DC (simulation) : 5.034636 e-01 V 
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Figure 3 .21. Results for parameters as given in Table 3 .6, duty cycle 50%. Dotted plot 
represents the result from equation. Solid plot represents the result from simulation. 

This result is actually better than that of experiment 3.2, where the composite vector 

of E{e127!"/r } is actually smaller, which should make the denominator of the effective PSD 
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term larger. However, the numerator factor is being ignored, and its effect between the 

two experiments is not clear. We are led to yet one more experiment to illustrate the 

expansion to more switching frequencies. 

Experiment 3.4. Maximization of 1 - E { e12efr} with 3 frequencies 

Here we again try to minimize the spectrum at f 0 = 62.5 kHz with the constraint that 

average switching frequency is 62.5 kHz, but this time we use three switching 

frequencies. We have used numerical search methods to find sets of switching 

:frequencies whose corresponding exponential phase factors compose a vector along the 

negative part of the real axis (shown in Figure 3.22). More than one solution can be found 

and we label these experiments 3.4-a and 3.4-b. 

Experiment 3.4-a. Solution No. 1. 

For the first of the 3-frequency solutions, we get [17, 48,122.5] kHz, and the 

corresponding equally likely exponential terms are shown in Figure 3.22. The three 

angles of exponential terms in the expectation at f 0 are: 

0
1 

= 2fn = 2 
x 

62·5n ~ 7.35n ~ 1323.5° = 360 x 3 + 243.5° 
/,1 17 

0
2 

= 2fn = 2 
x 

62
.5n ~ 2.6On = 468.75° = 360+108.75° 

fs2 48 

03 = 2fn = 2 x 62.5n ~ 1.02n ~ 183_7° 
/,3 122.5 
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Figure 3.22. The three equally likely complex exponential vectors for experiment 3.4-a at 

f= 62.5 kHz. 

Our experimental parameters are given in Table 3.7, and the experimental results are 

shown in Figure 3.23 . The theoretical PSD value at / 0 = 62.5 kHz is - 35.5dB, a 

reduction from - 22dB of experiment 1.1. 

Switching frequencies 17, 48 and 122.5 kHz (uniform) 

The Average of switching frequencies 62.5 kHz 
Initial De voltage value 1 volt 

Sampling frequency 1000 kHz 
Bandwidth 500 kHz 
Constant duty cycle 50% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.7. Experiment 3.4-a. 
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CDC, DC (formulation) : 5.000000e-01 V DC(simulation) : 5.013704e-01 V 
-20~---~---~---~~---~--- --,-

-60 

-80 
PSD, dB 

-100 

-120 

-140 

0 100 200 300 400 500 
frequency, kHz 

Figure 3.23. Experiment 3.4-a results for parameters as given in Table 3.7, duty cycle 
50%. The dotted plot represents the theoretical result, solid plot represents the simulation. 

Experiment 3.4-b. Solution No. 2. 

The composite vector angle criteria also gives a solution set of switching frequencies 

[43 .1, 56.1 , 88.3] kHz. The experimental parameters used are given in Table 3.8. 

Switching frequencies 43.1 , 56.1 and 88.3 kHz (uniform) 

The Average of switching frequencies 62.5 kHz 
Initial De voltage value 1 volt 

Sampling frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 50% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.8. Experiment 3.4-b. 
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The continuous power spectrum and its simulation are shown in Figure 3.24. The 

theoretical PSD value at / 0 = 62.5 kHz is - 28dB, is not as good as that in experiment 

3.4-a. 

COC, OC (forrrulation): 5.000000e-01V OC (sirrulation): 5.000000e-01V 
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Figure 3.24. Experiment 3.4-b results for parameters as given in Table 3.8, duty cycle 
50%. Dotted represents the theoretical result, solid represents the simulation. 

Experiment 3.5. Maximization of 1- E{ej2efr} with 4 frequencies 

Now we use the same composite angle constraint as in experiment 3.4 to choose 4 rather 

than 3 switching frequencies. We choose the solution (43.6, 50.8, 67.3, 88.3] kHz. The 

experiment's parameters are in Table 3.9. The PSD value at / 0 = 62.5 kHz is -27.2dB. 

The continuous power spectrum and its simulation are shown in Figure 3.25. Again, this 

level is not nearly as deep as an unconstrained design null, but the density has smoothed 
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out considerably since 4 frequencies are used instead of just 2 or 3. Peakiness appears at 

higher multiples of the switching frequencies however. 

Switching frequencies 43.6, 50.8, 67.3 and 88.3 kHz (uniform) 

The Average of switching :frequencies 62.5 kHz 
Initial De voltage value l volt 

Sampling frequency 1000 kHz 

Bandwidth 500 kHz 
Constant duty cycle 50% 
Periodogram characteristics Hamming window, 30 averages 

10 samples overlap 

Table 3.9. Experiment 3.5. 

COC, OC (formulation): 5.000000e-01V OC (simulation):5.048880e-01V 
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Figure 3.25. Results for parameters as given in Table 3.9, duty cycle 50%. The dotted 
plot represents the theoretical result while solid represents the simulation. 
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3.4 Conclusions 

We have shown in the preceding experiments that although there are constraints, we are 

able to exert considerable control of the PSD at any particular frequency in the PSD of 

CDC RSFPWM. A spectral null may be placed almost anywhere by choosing switching 

frequencies that are harmonically related, however, that freedom is not allowed by 

narrow bandwidth constraints. When pure nulls are not allowed, we still have control 

over the PSD level at a particular frequency by designing the composite phase of the 

denominator term I - E { e12efr} to cause it to maximize at the desired frequency. In most 

cases there are multiple solutions and we must sort through to find satisfactory switching 

frequency sets, as the denominator term is not the only term affecting the PSD level. 

A narrow switching band constraint severely limits our flexibility in design for PSD 

minimization at a desired frequency; we have demonstrated what can be gained by 

weakening the constraints. Further minimization can of course be accomplished by full 

numerical search of the frequency set members. Further study along those lines is 

suggested and further study of the flexibility of the discrete probability distribution is also 

warranted, but the most important factor affecting the PSD peaks is the denominator term 

1 - E { e12efr }, and its most important feature is the composite phase of the exponential 

terms to be averaged. 

The minimum and maximum switching frequencies specify the range of control of 

the individual phases. Experiments 1.1 and 1.2 illustrate the minimum and maximum 

phases offered by the switching frequency range extremes. Phases of the terms in 
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E { ej2efr } must lie in the range of the corresponding minimum and maximum switching 

frequencies, and therefore the composite phase of the mean of these is constrained. The 

phase range is a function of the chosen frequency for PSD minimization. 

When the PSD is minimized at a particular frequency, the chosen switching 

frequencies will necessarily cause peaking to move from the positions that existed with 

other designs in order to minimize at the fo specified. That effect may be undesirable, 

and more research on total spectral control is warranted. 
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Chapter 4 

Spectrum Design Problems for a Band 

of Frequencies 

4.1 Introduction 

We have studied the power spectrum design problems for a single frequency in chapter 3 

for the CDC RSFPWM, however it is sometimes important to suppress the PSD over a 

band of frequencies. In this chapter we will focus on the spectrum design problems for a 

band of frequencies . 

We will analyze the power spectrum equation (3.1) of CDC RSFPWM from another 

point of view in order to get a further understanding of the reason for peaks in the PSD 

and to find a reasonable way to control the PSD level over a band of frequencies. Again 

we will put our emphasis on the denominator in the second term of equation (3 .1) since 

we have found that to be the cause of peaks in the PSD. We factor the frequency domain 

expression into a "modulating function" and a "carrier function", and by design of the 

modulating function we effect suppression of the PSD over a band of frequencies. In our 

analysis we set a constraint on the switching intervals by forcing them "evenly spaced". 
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4.2 Theory and Formulation 

Both the first term and the numerator of the second term in the PSD expression m 

equation (3 .1) have maxima at multiple frequencies, however the maxima are at most 

unity, aside from the constant scale factors in the PSD expression. The only significant 

factor in the location and value of PSD peaks is the denominator expression 

1- E { e12"fr }, which derives from the infinite geometric series of delay factors in the 

auto-correlation function of the whole RSFPWM waveform. 

We write the denominator of the second major and complex term m the PSD 

expression (3.1) as follows: 

D(f) = 1-E {e J21rfr } 

Nr = 1- L p k e j21rfmk l fLcM 
(4.1) 

k=I 

N 
= 1- I p kzmk ' z = e j21rf / fLCM 

k= I 

where A are the corresponding probabilities, fLcM = mJ's , k = 1, 2, ... , N, , is the least 
k 

common multiple of the switching frequencies fs , the mk are associated integers and 
k 

N, is the number of switching frequencies . Note that the highest power of z 1s m1 

considering that the switching frequencies increase from J;.
1 

to fsN , therefore m1 is the 
r 

number of z-plane poles for this 2nd PSD term. The frequency JLCM acts much like a 

sampling frequency in sampled data, and the other frequencies can be considered to be 

normalized by JLCM , so that the unit circle in the complex z-plane marks the domain off 
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between de and fLCM . We can also think of the zeros of D(f) as poles of the function 

(3.1). There is a pole at z = 1, but the frequency response of 1/ D(f) is periodic and 

shows an infinite response magnitude at all harmonics of f LcM . At those frequencies, the 

expression for harmonic power and not density must be used. 

Now we further focus on the second term of (4.1), which if nearly unity causes a 

peak in the spectrum. We will determine how to predict and control such peaks. Thus, 

Suppose 

N, -
R(f) = I p kej21':f(m1-m)I .rlCM 

k=I 

then 

(4.2) 

where we have used m to express the average of the mk . In the last form of the 

expression ( 4.2), the summation R(f) can be interpreted as an envelope function on the 

exponential "carrier" function, ej
2

rrf<mlflrn > having _!!!_ cycles per Hz. What is required 
fL CM 

to cause ( 4.2) to approach unity is to have the phase of the "carrier" be a multiple of 2n 

and the (real) envelope to be nearly unity. This term can exactly equal 1 only when f = 

K f LcM for some integer K, but it is nearly unity whenever f is an integer multiple of 

fLcM I in , the average switching frequency, and the envelope magnitude is near unity. So 

next we will find frequencies for which the envelope magnitude is near unity. 
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Now we can see that the frequency envelope function is essentially the Discrete 

Fourier Transform of the "window" sequence of probability weights in "time" (switching 

intervals or periods): w(p) = (p , Pi, ···,PN ) where the "time delay" factors in the 
I r 

frequency domain are 

(! 211:f(m;- m )l f u:M = (! 211:f((m1-ffl) - (i - l )6.m) l f LCM 

' 

and we have assumed that the spacing 11m I f LcM between switching intervals is constant, 

as shown in Figure 4.1. 

• ;- T 

f(m, - in) I f LcM 

Figure 4.1. Switching intervals relocated to the origin by subtracting the mean in I fLCM 

and weighted by their probabilities. 

The DFT of the vector of probabilities spaced as shown in Figure 4.1 is an even and 

real function of f as long as the probabilities ar~ symmetric around the origin. That 

means if we want a real envelope, then switching intervals should have probabilities 

symmetric around the (or generally around in). We momentarily choose a real envelope 

for simplicity of analysis and to further our understanding. In this case the envelope can 

be written: 
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N, 
R(f) = LPkej2,rf((m1-ffl)-(k-l)6.,.) / JLCM 

k=I 

N, 12 

2 L Pk cos(21r f ((m1 - m)-(k - l)~m) I fL cM ), Nr even (4.3) 
k=I = (N,-1)/ 2 

PcN,+ii,2 + 2 L Pk cos(21r f ((Yni - m)-(k- l)~m) I !LCM), Nr odd 
k=I 

When the distribution of probabilities is not symmetrical or when the spacing of 

switching intervals is not constant, the envelope is complex but still has a magnitude 

similar to that in (4.3) . It also has a phase that is significant in determining at which 

frequencies ( 4.2) is close to 1 +jO. In general, we could write: 

(4.4) 

and 

1 1 
---
D(f) 1-( eJ2,rf(mlfLcM l R(f)) 

(4.5) 

Here we are mostly concerned with e12"Jcmi 1l l R(f) approaching l +jO. 

The general criterion for a nearly zero D(f) is that IR(/)I ~ 1 and the phase angle of 

e
12"1<m l JiCMl is the negative of the angle of R(f). 

Clearly it is easiest to design with symmetric probabilities and equally spaced 

switching intervals 't. Considering Figure 4.1 , we find that the frequency domain 

envelope has the same properties as any OFT of a window function. The envelope for 

equally distributed and weighted samples in time is the discrete equivalent of a sine 

function, but the sine function will be periodic with period in frequency equal to the 

reciprocal of the spacing ~m I fL cM . That is, there will be a peak in the envelope every 

multiple of fLcM I ~"' Hz. 
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4.3 Analysis and Results with Constraints on Switching 

Frequency Range 

Now we set limitations on the switching frequencies and let f r . be the lower bound and 
mm 

ls=• be the upper bound. These yield the following inequalities for any ls : 

m . > !LCM 
mm -

J,max 
(4.6) 

m < !LCM 
max -

fs llYn 

where mk are integer and have greatest common divisor (GCD) = 1. 

Since it is hard to control the least common multiple of a set of switching 

frequencies, we will not choose switching frequencies directly. On the contrary we will 

first choose a proper fLcM , which is large enough. Then we will choose a proper set of 

integers mk within the constraints according to equation ( 4.6) and calculate the 

corresponding switching frequencies. It is obvious that we need to note the following 

points: 

a) We should not choose a prime number as the /LCM . 

b) When we choose the mk we should make sure that their greatest common divisor is 

equal to 1. This constraint adds to those in expression ( 4.6). 

c) The resulting switching frequencies are probably not integers. 
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d) Due to c ), in practicality due to round-off error the true least common multiple of the 

resulting switching frequencies is probably not exactly f LcM . That implies that the 

process is not revertible. The true fL cM will be far larger than the selected f LcM in 

general, and that is actually desirable. However the design fLcM gives a PSD that is a 

very good approximation of the resulting PSD. 

4.3.1 Experiment 4.1: Three Switching Frequencies 

Suppose we choose f LcM =3300 kHz, and the upper and lower bound of switching 

frequencies are 50 and 75 kHz respectively. So the range of multiples according to 

expression ( 4.6) is 44 ~ m ~ 66. Suppose we choose to use three switching frequencies 

corresponding to the uniformly distributed set of 1/ fL cM multiples [53 56 59] for the 

intervals. The corresponding switching frequencies are [55 .9 58.9 62.3] kHz (accurate to 

one decimal place). According to (4.2) and ( 4.3) the envelope and carrier are: 

[1 + 2 cos(2n~ /)] = [1 + 2cos(2n -
3-J)] = [1 + 2cos(2n • 3 •_l_)] 

! LCM 3300 3300 

1 1 1 }2,r 56_[_ 
J2efm2/JLCM _ }2ef·56/3300 __ - e 3300 - e --e 

(4.7) 

3 3 3 

Figures 4.2 and 4.3 show the magnitude of the envelope R(J) and the magnitude of 

the 1 / D(J) respectively. From Figure 4.2 we find that there are 1).
111 

=3 cycles during the 

range [0, fLCM ], and in Figure 4.3 we see that there are m = 111.i =56 peaks in [0, fLcM ]. 

Also these peaks appear periodically at the multiples of JL~M =58.9 kHz. As with our 
m 

previous analysis, when the "carrier" e12
"fiii ' flCM has real value=l at the same frequency 
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as large envelope magnitude, there are values of the denominator D(f) that are nearly 

zero. We can observe that there appear sharp peaks around 58.9 kHz and 1119 kHz in 

Figure 4.3 just as predicted. 
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Figure 4.2. The magnitude of the envelope. 0 ~ f ~ j ~CM . 
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The simulation with parameters shown in Table 4.1 resulting in Figure 4.4 verifies 

our analysis, since we can find these peaks appearing at the same frequencies and 

approximate magnitude gains as predicted by 1/ D(f) in Figure 4.3. 

PSD of switching scheme from formulation (CDC), output DC= 8.000000e-001 V 
-15 ,----,---,-----.-- ---.-------.-----.---~--~-~ 
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frequency , kHz 

Figure 4.4. The PSD results. Duty cycle=80%. 

The multiples m of switching frequencies m, =53, m2 =56, and m3 =59 

The switching frequencies ls
1 
= 55.9,fs

2 
= 58.9,/,

3 
= 62.3 kHz 

The probabilities of switching 1 
frequencies P1 = Pz = A = 3 
flm m2 -m1 =m3 -m2 =3 

Least common multiple fLcM 3300 kHz 

Duty cycle 80% 

Table 4.1 Parameters for Figures 4.2, 4.3 and 4.4. 
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Now we widen the range of switching frequencies' intervals by using ~m=5. The 

magnitudes of envelope and 1 / D(f) are shown in Figure 4.5 and Figure 4.6 

respectively. The parameters are shown in Table 4.2. 

0.9 

0.8 

0 .7 

Emelope magnitude sampled at 25 Hz 

~ 0.6 
0 
Q) 

g> 0.5 

fl 
0.4 

0 .3 

0.2 

0.1 

o~-~~-~~-~--~~~-~~---'---'--'--' 
0 200 400 600 800 1000 1200 1400 1600 

frequency , KHz 

Figure 4.5. The magnitude of the envelope. O ~ f ~ f~ cM . 
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Figure 4.6. The magnitude of 1/ D(f), 0 ~ f ~ fL cM . 
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In Figure 4.5 we notice there are /),m =5 cycles over the range [0, fL cM ]. In Figure 4.6 

we can observe the sharp 1 / D(f) peaks around the frequencies for which !R(f)i peaks 

appeared in Figure 4.5 , in agreement with our analysis. Figure 4.7 is the corresponding 

simulation PSD using parameters of Table 4.2. 

The multiples m of switching frequencies m, =51, m2 =56, and m3 =61 

The switching frequencies ls
1 
= 54.1,fs

2 
= 58.9,f,

3 
= 64.7 kHz 

The possibilities of switching frequencies 
1 

P, = P2 = PJ =3 
/j,_m m -m,-~-m - 5 2 - 2 -

Least common multiple fLcM 3300 kHz 

Duty cycle 80% 

Table 4.2. Parameters for Figures 4.5, 4.6 and 4.7. 

PSD of switching scheme from formulation (CDC) , output DC= 8.000000e-001 V 
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Figure 4.7. The PSD results. Duty cycle=80%. 
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Now we narrow the range of these switching intervals to ~ "' = 1. The magnitudes of 

envelope and 1 / D(f) are shown in Figure 4.8 and Figure 4.9 respectively for simulation 

parameters shown in Table 4.3, and the simulation result is shown in Figure 4.10. Again 

these figures are consistent with our analysis. 

The multiples m of switching frequencies m1 =55, m2 =56, and m3 =57 

The switching frequencies f sl = 57.9,l.2 = 58.9,fsJ = 60 kHz 

The Probabilities of switching frequencies 
1 

Pi = P2 = p3 =-
3 

~m m2-rrli =m3- m2 =1 

Least common multiple fLcM 3300 kHz 

Duty cycle 80% 

Table 4.3. Parameters for Figures 4.8, 4.9 and 4.10. 
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Figure 4.8 . The magnitude of the envelope, 0:::; f::; fLcM . 
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factor magnitude sampled at 25 Hz 
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Figure 4.9. The magnitude of 1/ D(f) 0 ~ f ~ lLCM . 
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Figure 4.10. The PSD results. Duty cycle=80%. 
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4.3.2 Experiment 4.2: Five Switching Frequencies 

According to equations (4.2) and (4.3) the envelope and carrier are: 

[ 
/1 2/1 ] R(f) = l + 2cos(2n-m-f)+ 2cos(2n--m f) 

!LCM ! LCM 

= [1 + 2 cos(2n-
3
-f) + 2 cos(2n-

6
-f)] 

3300 3300 
(4.8) 

1 1 1 J2Tr ·56_l__ 
-ej2efm3I/ LCM = -ej2ef·56/ 3300 = -e 3300 , m3 =m 
5 5 5 

The magnitude of the envelope and the magnitude of the 1 / D(f) are shown in 

Figure 4.11 and Figure 4.12 respectively. From Figure 4.11 we find that there are !im =3 

cycles during the range [O, fLcM ]. Also these peaks appear periodically at the multiples 

of JL~M =58.9 kHz. We can observe that there appear sharp peaks around 58.9 kHz in 
m 

Figure 4.13 as we expect. The parameters are shown in Table 4.4. The total PSD is shown 

in Figure 4.13. 

The multiples m of switching m1=50, m2 =53 , m3=56, m4 =59, 

frequencies m =62 5 

The switching frequencies 
fs

1 
=53 .2,/,

2 
=55.9,J:

1 
=58.9, kHz 

fs = 62.3, fs = 66 
4 5 

The probabilities of switching 1 
frequencies P1 = P2 = P3 = p 4 = Ps = S 
/im 3 

Least common multiple fLcM 3300 kHz 

Duty cycle 80% 

Table 4.4. Parameters for Figures 4.11, 4.12 and 4.13 . 
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Envelope magnitude s ampled at 25 Hz 
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Figure 4.11. Envelope R(f ) for equal probabilities, !::.m = 3 (indicating 3 cycles over (0, 

f lCM] ). 
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Figure 4.12. The magnitude of 1/ D(f) , 0 5: f 5: fL cM . 
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PSD of switching scheme from formulat ion (CDC), output DC= 8.000000e-001 V 
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Figure 4.13 . The PSD results. Duty cycle=80%. 

4.3.3 Experiment 4.3: The Effects of the Switching 

Frequencies' Probabilities on the Poles 

1600 

Suppose we use the same parameters as shown in Table 4.1 except that we change the 

probabilities into p 1=0.15, Pi=0.7 and PJ=0.15. The magnitude of the envelope is 

shown in Figure 4.14 and the magnitude of 1/ D(f) is shown in Figure 4.15 . These 

results show that tapering the probabilities produces worse results because R(f) is near 

unity over a broader range of f . The best we can do is to use uniform probability 

weights, producing the narrow sinx/x R(f) , dropping to zero quickly. Although the side-

lobes may be broader for the sine function, they are small with respect to unity and do not 

cause D(f) to be near zero. 
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En-.Elope magnitude sampled at 25 Hz 

0.9 - - - - ,_ - - - - ,_ - - - - ,_ - - - - ,_ - - - _,_ - - - _,_ - - - -• - - - - _, -

0 .8 - - - - ,- - - - - ,- - - - - ,- - - - -,- - - - - , - - - - -, - - - - -, -

I I I I I I 

0.7 - - - - ,- - - - - ,- - - - - ,- - - - - ,- - - - - , - - - - -,- - - -

,... 0.6 - - - - - - -
0 

I I I I I I - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Ql 

f? 0.5 - - - - ,_ - - - - - - - - , _ - - _,_ - - - _,_ - - - _ 1 _ - - - _ , - - - _, -

t2 
0.4 

0.3 - - - - ,- - - - - ,- - - - - .- - - - - ,- - - - -.- - - - -. - - - - -, - - - - -, -

I I I I I I I t 

0.2 - - - - ,- - - - - .- - - - - ,- - - - - ,- - - - - , - - - - - . - - - - -, - · - · -, -

0 .1 - - - - ,_ - - - - ,_ - - - - ,_ - - - - ,_ - - - - ,_ - - - _, - - - - -' - - - - _, -

0 '------''-------'----'------'------'------'-----'------'----' 
0 200 400 600 800 1000 1200 1400 1600 

frequency , KHz 

Figure 4.14. The magnitude of the envelope. 0 ~ f ~ fLcM . 
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Figure 4.15. The magnitude of 1/ D(f) 0 ~ f ~ fL cM . 
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4.3.4 Conclusions 

From the above three experiments, we find that: 

a) By comparing Figure 4.2, Figure 4.5 and Figure 4.8 we know that the wider the range 

of switching intervals, the narrower the envelope IR(f)i , thus D(f) ~ 0 over a 

narrower f range. 

b) The smaller the spacing between switching intervals, the greater the distance between 

repetitions of the modes of the envelope. 

c) The higher the average frequency ~ , the more often the envelope is sampled creating 
r 

more peaks in 1 / D(f) at harmonics. 

d) The equally weighted window gives the narrowest envelope (sine-function) R(f) , 

dropping quickly down to zero but having large but insignificant "side-lobes", 

whereas rounded windows give slower drops to zero and produce more large peaks in 

1 / D(f). We conclude that the uniform distribution gives the best results. 

4.4 Design Examples and Results Without Constraints 

on Switching Frequencies 

In this section, we attempt to minimize the PSD over a specified band of frequencies 

without any constraints on the switching frequencies. For this propose we make 

assumptions as follows : 

a) There are a finite number of switching frequencies; we choose three and five. 
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b) The interval probability distribution is symmetric and uniform such as P1 = p3 =p2 = 

1/3. 

c) The spacing of the switching frequencies' multiples is constant, ~m-

d) There are no maximum and minimum constraints on the switching frequencies . 

Equation ( 4.2) for three switching frequencies becomes: 

E{ej2efr}= t,pkexpU2efmk I fLcM)=½ei 2efm2tfLCM [1+2cos(2ef(m2 -m1)I fLcM)] 

= _!_ei2efm211LCM [1 + 2 cos(2n~ f)] 
3 ! LCM 

(4.9) 

In this case it can be seen that over the normalizing range [0, fL cM ) there are m = mi 

cycles of the earner factor ei21rJm l f w ,, and this is modulated by an envelope 

R(f) = [1 + 2 cos(2n~ /)] which has (m2 - m1) =~m cycles over the range [0, f LcM ). 
!LCM 

When the carrier ej2"1;11211LCM has large real magnitude that is coincident with large 

envelope magnitude, there will be peaks appearing at the PSD. 

Consider that we want to minimize peaks in the power spectrum over a band of 

frequencies whose average frequency is fo. We can achieve this goal by controlling the 

peak location of the cosine term in equation ( 4.9). We let the cosine term be zero at the 

average frequency of the band so we have: 

~ n 2efo _n_, = -+kn 
!LCM 2 

k = 0,1,2 .. · ( 4.10) 

From ( 4.10) we can get: 

( 4.11) 
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Example 1 

Suppose we design the lobe of R(f) at DC (k = 0 ), f LcM = l300kHz, !im = 5 and 

m1 =20. They obviously satisfy equation ( 4.11 ). From this set of data, we get the 

switching frequencies: 

ls = 43.3kHz, ls = 52kHz, ls = 65kHz 
I 2 J 

The corresponding power spectrum is shown in Figure 4.16. It is obvious that the PSD 

around lo = 65kHz resulting from the design set of switching frequencies is reduced 

dramatically from that of the arbitrary chosen switching frequencies. 

PSD of switching scheme from formulation (CDC), output DC= 5.000000e-001 V 
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Figure 4.16. Duty cycle 50%. Dotted trace: PSD with design switching frequencies [ 43 .3 

52 65] kHz. Solid trace: PSD with arbitrary switching frequencies [55 65 75] kHz. The 

second circle marks lo = 65 kHz. 
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Example 2 

Now suppose we want to control the band around 2*65=130kHz and again design for the 

de ( k = 0) lobe of R(f) and 11 m = 5 and m, =40. From equation ( 4.11) we can calculate 

f LcM = 2600/cHz . Then we get the set of switching frequencies fs
1 

= 52kHz 

fs
2 

= 57.7kHz and / ,
3 
= 65kHz. The corresponding power spectrum is shown in Figure 

4.17. The results of the design vs. arbitrary frequencies are that the original PSD around 

the desired frequency is a peak but after design it becomes a valley. 
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Figure 4.17. Duty cycle 50%. Dotted trace: PSD with design switching frequencies [52 

57.8 65] kHz. Solid trace: PSD with arbitrary switching frequencies [55 65 75] kHz. The 

second circle marks the location of fo = 130 kHz. 
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Example 3 

In this example we will utilize five switching frequencies. Five switching frequencies 

should narrow the R(f) lobe and DC, reducing peaks at multiples of fL<:_M compared to 
m 

three switching frequencies. We give the formulation of equation ( 4.2) for 5 switching 

frequencies; wherein 

(4.12) 

The analysis is similar to that of three switching frequencies. Again we try to control 

the power spectrum over a band of frequencies whose average :frequency equals to 

fo = 65k.Hz. We choose I). m = 5 and m1 = 15 . We again achieve our goal by minimizing 

the magnitude of envelope R(f) , and utilizing equation ( 4.11) we get fLcM = 1300kHz . 

The switching :frequencies set is: 

fs = 37.lkHzfs = 43.3kHzfs = 52kHzfs = 65k.Hzfs = 86.?kHz 
I '2 l 4 5 

The corresponding power spectrum is shown in Figure 4.18. Compared to example 1 's 

result shown in Figure 4.16, we see that there is a dramatic reduction in the 1st peak 

around 65 kHz. One reason can be seen clearly by comparing equations (4.9) and (4.12) 

where the scalars are 1/3 and 1/5, respectively. Also the .f-domain envelope falls to zero 

more quickly since a broader band of frequencies is used. The PSD over a band of 

frequencies centered at 65 kHz is much flattened compared to that before design. 
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PSD of switching scheme from formulation (CDC), output DC= 5.000000e-001 V 
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Figure 4.18. Duty cycle 50%. Dotted trace: PSD with design switching frequencies [3 7 .1 

43.3 52 65 86.7] kHz. Solid trace: PSD with arbitrary switching frequencies [55 60 65 70 

75] kHz. The second circle marks fo = 65 kHz. 

4.5 Summary 

In this chapter we have studied the control of PSD over a band of frequencies. We have 

factored the denominator of equation (3 .1) into a carrier and envelope R(f ) just as with 

amplitude modulation, and we can suppress the PSD by manipulating the R(f ) . Under 

the assumption of equally spaced switching intervals with a uniform distribution, we have 

carried out some design examples without constraints on the switching frequencies and 
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show that the resulting PSDs are satisfactory. In addition, we find from example 3 that as 

a broader band and more switching frequencies are used, a better PSD results. 

If we want to confine the switching frequencies within a band F., ~ fs ~ F;, from 

( 4.11) with k = 0 and three switching frequencies we have 

( 4.13) 

Equation ( 4.13) shows that it is hard to find a proper set of switching frequencies when fo 

is small. 



5. Application of Optimization Methods in Spectrum Design 97 

Chapter 5 

Application of Optimization Methods 

in Spectrum Design 

5.1 Introduction 

We have studied the power spectrum design problems for a single frequency in chapter 3 

and show that proper selection of the switching frequencies and their PDF gives control 

over the output noise PSD at a specified frequency, whose value we want to minimize. 

Also we have developed some design procedures for choosing the switching frequencies 

in order to minimize the spectral power at the specified frequency. These procedures are 

only partially effective under practical constraints on the switching frequencies. Since the 

related equation is so complex that there is no an obvious way for designing the . 
switching frequencies under all the constraints, we must resort to numerical optimization 

methods to perform the desired minimization at a general specified frequency fo. 

In this chapter we first use numerical optimization methods to find a constrained set 

of equally likely switching frequencies that will minimize the spectral power at a 

specified frequency. We formulate the minimization problem, apply optimization 
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methods and then give experiment results. Further we will study the use of numerical 

optimization methods to find a constrained set of switching frequencies and their 

probabilities to minimize the spectral power at a specified frequency. 

All our methods and experiments are based on the CDC RSFPWM scheme. The 

switching frequencies resulting from the experiments are constrained to lie between 55 

kHz and 75 kHz, and the average switching frequency is constrained to equal 62.5 kHz. 

We select the specified frequency fo = 62.5 kHz to minimize because it is presumed to be 

the most difficult frequency to minimize under the above constraints. 

5.2 Optimum Selection of Switching Frequencies 

In this section we use conventional optimization methods to find the best set of a 

specified number of switching frequencies having equal probabilities whicp. will 

minimize the spectral power at a specified frequency. We first formulate the objective 

function and then give simulation results. 

5.2.1 Formulation with Constraints on Switching Frequencies 

Range 

We have known that the power spectrum expression with constant duty cycle a 0 at the 

specified frequency fo (see chapter 2 equation (2.7)) is as follows : 

Ag [ . 2 [ ( E{ sin(na 0/ 0 r )eiefor }) 
2 

]] 
F(r 1,r 2 , .. ·,rm) = _ 2 2 E{sm (na 0for)}+2Re { .2efr } 

rn fo 1 - E e1 or 
(5.1) 
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We can formulate our minimizing problem from above equation as follow: 

A 2 

F( r I' r 2 ,.. ·,rm ) = m 0 

• ( f P; sin( ira 0.fo r; )e1efo ,, ) 

2 

LA sin 2 (na
0
.fo r;) + 2 Re _,=_I ---111------

i=I 

2A 2 
0 

LP;r;1r:
2f/ i= I 1- LP;ej21!fiir; 

i= I i= I 

(

Ill m )2 ¥; siri._1raofo r;)roi._ ifo r;) + j ¥; sir(naofo r;)sir( ifo r;) 
m m 

(l - LP roi._27fo r;))-/fp; sir(2ifo r;) 
i=I i=I 

( ( tp;{sin(na 0/ 0r, )cos(efo r; )} ) 

2 

-( t,P;{ sin(na 0fo r, )sin(ef0 r ; )} ) 

2

) 

=-----
x(l-tp;{cos(2ef0r ;)}) 

-2( tP;{ sin(1m 0fo r ; )cos(ef0r ;)} )( tP;{sin(na 0fo r; )sin(ef0r ;)} ) 
i= I 

x ( tP;{sin(2ef0 r; )} ) 

/ [(1 -"'IP; cos(2n/0 r; ))

2 

+ (f P; sin(2nfo r ; ))

2

] + "' A/ "'IP; sin 2 
(na 0/o r;) 

i=I i=I """' 2 I" 2 i= l L.P;r;n J o 
i=I 

(5.2) 

Subject to the switching frequency range constraints and usual probability constraints: 

1 1 
-sr,,r2,··,r111 s-, P1P2,··,P111 ~O, 
75 55 · 

Ill 

LP; = 1 
i=I 

(5.3) 

Obviously it is a constrained problem to minimize. We first try to transfer it into 

unconstrained problem then we will use optimization methods to minimize it. We let 
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1 1 - 2x -+-e I 

-r . = 55 75 ( - oo ~ x,. ~ +oo) and p,2 = p,. then we can get the unconstrained 
I 1 + e -2x1 

problem objective function as equation (B.3) derived in Appendix B. 

In section 5.2.2 we assume that the selection probabilities of the switching 

frequencies and therefore the switching intervals are equally likely. Under these 

conditions, we can simplify the objective function as (B.4) shown in Appendix B. Also 

we derive the gradient of the objective function in Appendix B. 

5.2.2 Application Experiments and Results 

Since we have the objective function and its gradient (see Appendix B) we can apply the 

conventional optimization method. We use the Davidon-Fletcher-Powell (DFP) and 

Broyden-Fletcher-Goldfarb-Shanno (BFGS) methods on the objective function. Without 

the loss of generality in all our experiments we use the constant duty cycle a 0=0.5 and 

the specified frequency fo = 62.5 kHz. The following two experiments differ only in 

starting points for the solution vector x. Results are summarized in Table 5.1. 

Comparison of the two methods follows. 

Experiment 5.1 

We first use the DFP method and the initial point x0 = [ 1 -1 -0.4 0 0.4], and tolerance 

epsilon= le-30. 
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Figure 5.1. The result of using DFP method to minimize the objective function. 

- 10.00081911377267 

-15.06467751479793 

The solution we get 1s x = -3 l.88936384654919 , and this corresponds to 

- 36.60269164957070 

- 28.43440749228487 

switching frequencies that are all 75 kHz. The optimization result is shown in Figure 5.1. 

From Figure 5.1 , we can see the value of the objective function reduces from - 17. 7 dB to 

- 180 dB and 39 iterations are required. 

Then as a comparison we use the BFGS method starting with the same initial point 

x0. The result is shown in Figure 5.2. The required iteration is 34. And it takes less time 

and fewer flops to obtain the same result as with the DFP method. 
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Figure 5.2. The result of using BFGS method to minimize the objective function. 

Experiment 5.2 

Here We use another initial point x0 = [0.8 -0.8 0 0.1 -0.1], and tolerance epsilon= 

le-30. First using the DFP method we obtain the optimization result shown in Figure 5.3. 

We can see that the value of the objective function reduces from - 17.7 dB to -183.6 dB 

-17.15372324131126 

- 8.632359877412405 

and 37 iterations are required. The solution we get is x = -24.63369478054297 , and 

-25.67311406786958 

-23.08727051129367 

this corresponds to frequencies that are all 75 kHz. 
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Figure 5.3. The result of using DFP method to minimize the objective function. 

0 

-20 

ID -40 "O 

N 
I -60 .::e. 
LO 
C\i -80 CD 

.!!. 
Q) 

£ -100 
ii, 
Q) -120 ::::, 

ni 
> 
C -140 0 

u 
C -160 .2 

-180 

-200 
0 5 10 15 20 25 30 35 40 

iterations, k 

Figure 5.4. The result of using BFGS method to minimize the objective function. 
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Then as a comparison, using the BFGS method starting with the same initial point 

x0, the result is shown in Figure 5.4. In this experiment the BFGS is almost the same as 

the DFP method and with the same number of iterations. 

5.2.3 Conclusions 

From the above two experiments and in Table 5.1 we can see the BFGS method is a little 

better than the DFP method in general since it uses fewer iterations to get the same 

results. 

DFP method s = le-30 BFGS method s = le- 30 

x· Xs No. Flops Xs No. Flops 
Iter Iter 

~ ~ 

-9.449261886 -
- -

1 - 8.750206121 

-1 -14.361818094 -13.212414044 

-0.4 -30.315690967 
39 251180 

-27.798591855 
36 237184 

0 -34. 773114461 -32.004767315 

0.4 -26.991931335 -24.996131534 
L. - ~ -

~ - - -
0.8 -17.153723241 -17.289026474 

-0.8 - 8.632359877 - 8.630545076 

0 -24.633694 780 
37 250677 

-24. 724440530 
37 251746 

0.1 -25 .673114067 -25.783892239 

-0.1 -23.087270511 -23.158517313 
L. - L. 

Table 5.1. A comparison of these two optimization methods. 
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However this optimization procedure only results in a set of switching :frequencies 

whose values are identical. This is not practical, and we require at least two different 

switching :frequencies to give a high fL cM . Therefore in the next section we add one more 

constraint to the variables in our objective function. 

5.2.4 Formulation with Constraints on Both Range and 

Average of Switching Frequencies 

In this section we consider the constraints on both switching frequency range and 

average. We add the average switching frequency ls = 62.5 kHz to the variables 

constraints. All derivations can be found in Appendix C. The new objective function is 
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A 2 
+ 0 

1 1 -2x 
m - + - e ' 
L _!_ 55 7 ~2x . n 2 J/ 
i=I m 1 + e ' 

1 1 -2x 
m 1 - + - e I 

"-sin2(na J; 55 75 ) 
.i...J O O l + - 2x, 
~ 1 m e 

(5.4) 

We notice that in the above function xm (or at least one of the X; ) is not a free 

variable. In fact it is determined by the other X; . Although the form of the objective 

function does not change we must get the new form of the gradient of the objective 

function, since now xm is a function of the other X; . The derivation of the gradient can be 

found in Appendix C. 

5.2.5 Application Experiments and Results 

Here again we test the two methods of optimization in objective function (5.4) with three 

experiments, each starting with a different initial guess at the vector x . Results are 

summarized in Table 5.2 and discussed in the following conclusions. The evolution of the 

PSD with optimization iteration index is also produced in the 3-D plots of Figures 5.6, 7, 

9, 10, 12, 13, 15, 16, 18, 19, 21 and 22. 

Experiment 5.3 

We first use BFGS method and the initial point x0 = [10 -10 50 6] and tolerance 

epsilon= le-30. The optimization result is shown in Figure 5.5. 
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Figure 5.5. The result of using BFGS method to minimize the objective function. 

3240.2482340729 

-4561.9069459701 
The solution is x = which corresponds to switching frequencies 

12255.7711497748 

1746.7453399396 

[55 , 75, 55, 55 and 72.5] kHz and 40 iterations are required. The objective function 's 

value reduces from 0.182 to 0.007(-7.4dB to - 2 l .5dB). 

Now we give the sequential 3-D plot of the PSD vs. iteration index in Figure 5.6. 

Figure 5.7 is a detail of the PSD around fo = 62.5 kHz. 
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Whole power spectrum vs . iteration index 
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Figure 5.6. 3-D plot of the PSD vs. iteration index. 
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Figure 5.7. Detail of the PSD around fo = 62 .5kHz. 
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Using the DFP method with the same parameters and initial point, the result is shown 

in Figure 5.8. 
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Figure 5.8. The result of using DFP method to minimize the objective function. 

The solution 1s X= 

3243.4601122836 

-4566.6879751655 
, which corresponds to switching 

12268.3893463918 

1748.4238959882 

frequencies [55, 75, 55, 55 and 72.5] kHz, and 46 iterations are required. The objective 

function ' s value reduces from 0.182 to 0.007(-7.4dB to - 21.5dB). We give the sequential 

3-D plot of the PSD vs. iteration index in Figure 5.9. Figure 5.10 is a detail of the PSD 

around fo = 62.5 kHz. 
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Whole power spectrum vs . iteration index 
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Figure 5.9. 3-D plot of the PSD vs. iteration index. 
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Figure 5.10. Detail of the PSD around fo = 62.5kHz . 
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Experiment 5.4 

We use a different initial point x0 = [40 -40 50 10] and tolerance epsilon= le-30. 

The optimization result is shown in Figure 5.11. 
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Figure 5.11 . The result of using DFP method to minimize the objective function. 

The solution 1s x = 

7323 .5995286207 

-11105.062184213 
, which corresponds to switching 

8023 .3036894 773 

1802. 7645263504 

frequencies [55, 75, 55, 55 and 72.5] kHz and 61 iterations are required. The objective 

function's value reduces from 0.07 to 0.007(-1 l.5dB to - 21.5dB). We give the sequential 

3-D plot of the PSD vs. iteration index in Figure 5.12. Figure 5.13 is a detail of the PSD 

around fo = 62.5 kHz. 
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Whole power spectrum vs. iteration index 
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Figure 5.12. 3-D plot of the PSD vs. iteration index. 
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Figure 5.13. Detail of the PSD around / 0 = 62.SkHz. 
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Now we use the BFGS method with the same input and same parameters. The 

experiment result is shown in Figure 5 .14. 
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Figure 5.14. The result of using BFGS method to minimize the objective function. 

7246.1048860987 

-10987.334313555 
The solution is x = , which corresponds to switching frequencies 

7938.4707266985 

1783.6903716423 

[55, 75, 55, 55 and 72.5] kHz and 53 iterations. The objective value reduces from 0.07 to 

0.007 (-11.5dB to - 21.5dB). We give the sequential 3-D plot of the PSD vs. iteration 

index in Figure 5.15. Figure 5.16 is a detail of the PSD around fo = 62.5 kHz. 
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Whole power spectrum vs. iteration index 
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Figure 5.15. 3-D plot of the PSD vs. iteration index. 
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Figure 5.16. Detail of the PSD around fo = 62.5kHz. 



5. Application of Optimization Methods in Spectrum Design 11 5 

Experiment 5.5 

We use the different initial point x0 = [20 -20 50 5] and tolerance epsilon= le-30. 

First we use the DFP method. The optimization result is shown in Figure 5.17. The 

solution is x = 

l 6255.1611443584 

-26227.2903139028 
, which corresponds to switching frequencies [55 , 

32139.2267091684 

1406.2175570742 

75, 55, 55 and 72.5] kHz and 27 iterations are required. The objective value reduces from 

0.14 to 0.007 (-8.5 dB to - 21.5 dB). 
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Figure 5.17. The result of using DFP method to minimize the objective function. 

We give the sequential 3-D plot of the PSD vs. iteration index in Figure 5.18. Figure 

5.19 is a detail of the PSD around fo = 62.5 kHz. 
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Whole power spectrum vs . iteration index 

0 

-20 

-40 
(Il 
"'O 

-60 □-
Cl) 
Cl. -BO 

-100 

-120 
600 

30 

frequency, kHz 0 0 
iterations, k 

Figure 5.18. 3-D plot of the PSD vs. iteration index. 
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Figure 5.19. Detail of the PSD around / 0 = 62.SkHz. 
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Now we use the BFGS method with the same input and same parameters. The 

experiment result is shown in Figure 5.20. 
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Figure 5.20. The result of using BFGS method to minimize the objective function. 

The solution is x = 

13722.1639020688 

-22138.3898241159 
, which corresponds to switching frequencies 

27132.6179135244 

1187.6262410727 

(55, 75, 55, 55 and 72.5] kHz and 27 iterations are required. The objective value reduces 

from 0.14 to 0.007 (-8.5dB to -21.5dB). We give the sequential 3-D plot of the PSD vs. 

iteration index in Figure 5 .21. Figure 5 .22 is a detail of the PSD around fo = 62.5 kHz. 
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Whole power spectrum vs. iteration index 
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Figure 5.21. 3-D plot of the PSD vs. iteration index. 
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Figure 5.22. Detail of the PSD around / 0 = 62.SkHz . 
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DFP method BFGS method 

s = le-30 s = le -30 

x· Xs No. Flops Xs No. Flops 

Iter Iter 

-

- 10 -3243.460112283 - 3240.248234072 

-10 -4566.68797516 -4561 .906945970 

50 12268.38934639 
46 1003417 

12255.7711497 
40 569222 

6 1748.423895988 1746.745339939 - - - -

- 40- 7323.599528620- - 7246.104886098 

-40 -11105 .06218421 61 975167 -10987.33431355 53 742649 
50 8023 .303689477 7938.470726698 

10 1802. 764526350 1783.690371642 - - -

- 20 - 16255.16114435- 13722.163902068 

-20 -26227.29031390 27 292304 -22138.38982411 27 316312 
50 32139.226709168 27132.61791352 

5 1406.2175570742 1187 .626241072 - -

Table 5.2. A comparison of the two optimization methods under all constraints. 
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Comments summarizing comparisons in Table 5.2 and the experiments are given in 

the next section. 

5.2.6 Discussion on Experimental Results of Section 5.2.5 

If we translate all the solutions which are obtained from experiments 5.3, 5.4 and 5.5 into 

switching frequencies we can find that they all reach the same set of switching 

frequencies 55 , 75, 55, 55 and 72.5KHz. (Recall that only 4 of the solutions are 

independent; the fifth is dependent on the other 4). This is equivalent to saying that we 

3 1 1 
use only three switching frequencies 55, 72.5 and 75 with the probabilities 5, 5, 5 
respectively. The least common multiple of these three is 23.925xl06 Hz. 

From the experiments and Table 5.2 we can see that for this objective function the 

BFGS method is a little better than the DFP method. It usually needs fewer iterations and 

more robust than the DFP. 

We point out that a reasonable initial starting point must be chosen to assure 

convergence of the algorithm. In section 5.2.5 the numerical results of the optimization 

maybe complex. To eliminate that possibility we can use some alternative programming 

techniques. 

Note that up to now all the experiments in this chapter use switching frequencies that 

have an equally likely chance of being selected, that is to say all the switching 

frequencies have the same probability of selection. In next section we will consider the 

probabilities as variables to optimize together with the switching frequencies. 
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5.3 Optimum Joint Selection of Switching Frequencies 

and Their Probabilities 

In this section we apply nonlinear optimization methods to jointly find a constrained set 

of switching frequencies and their corresponding probabilities that will minimize the 

spectral power at a specified frequency. We consider both the switching frequencies and 

their possibilities as variables; that is to say we try to find the set of switching frequencies 

and their corresponding probabilities that minimize the objective function in equation 

(5.5). We formulate the problem, apply optimization methods and then give experiment 

results. 

5.3.1 Formulation 

We can formulate our minimization problem as follows: 

A 2 
0 =-----

m 

LP; -r ;'lr 2 lo 2 

i= l 

. ( f P; sin(ira,fo r; )i""'' )' 
LP; sin2 (naofo-r i) + 2 Re _i=_l ___ m _____ _ 

i= l 1- LP;ej2efo-r; 
i= l 
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m 

LP; sin2(na 0.for;) 
i=I 

=----m 

LAr;n2.fo2 +2:& 
i=I 

(

m m )2 
~A sin(na0.fo r; )cos(efo r ;) + j ~A sin(na0.fo r ; )sin(efo r;) 

m m 

(1- LA cos(2efo r;) )- j LA sin(2efo r ;) 

2A 2 

=---0~­
m 

LP;'t';n
2
fo 2 

i= I 

i=I i=I 

( t,P; 2 

{ sin(ira ,fo <; )cos(efo <;) }- t,P; 2 

{sin(ira,fo <; )sin(efo <;)} J 

x (1-t,p;{cos(2,ef,<;)}J 

-2( t,P; { sin(ira ,fo <; )cos(efo <;)} )( t,P; {sin(ira ,J, <; )sin(efo <;)} J 

x ( t,P; { sin(2efo < J} J 

(5.5) 

Subject to the constraints: 

1 1 
-:::;; !1,!2,· ·,rm :::;;-
75 55 
P1 ,P2,· ·,p,,, ~ 0 

m 

LA = 1 (5 .6) 

i= I 

m LP; =62.5 
i= I 't' ; 
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5.3.2 Application Experiments and Results 

Now we can apply the nonlinear numerical methods to the above objective function. 

Without loss of generality of method we use in all our experiments a 0= 0.5 and fo= 62.5 

kHz. This section consists of three experiments 5.6, 5.7 and 5.8. In these experiments we 

consider 2, 3 and 5 switching frequencies respectively. 

Experiment 5.6 

In this part we only use two switching frequencies and their probabilities as the 

variables to optimize. The following experiments differ only in starting points for the 

solution vector x, which is composed of the r ;, the inverses of the switching frequencies, 

and their probabilities. 

First we use the initial input vector x0 = [ri, r 2 , p 1,Pi]=[l/55 1/70 0.5 0.5] which 

corresponds to 55kHz and 75kHz switching frequencies having equal probability 0.5. We 

0.01818181818182 

0.01333333333333 
get the solution x = 

0
_
62499999997846 

, which corresponds to the switching 

0.3 7500000002154 

frequencies 55kHz and 75kHz with probabilities 0.625 and 0.375 respectively. The 

objective function value decreases from initial point 0.01023611641455 (-19.90 dB) to 

solution point 0.00638234397206 (-21.95 dB). The corresponding original and optimized 

PSDs are shown together for comparison in Figure 5.23. The detail is shown in Figure 

5.24. 
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Figure 5.23. The PSD results. The Dotted trace represents the initial trial. The solid one 
represents the solution. 
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Figure 5.24. The detail around fo = 62.5 kHz. 
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With an alternate initial input vector x0 = [1 /60 1/65 0.5 0.5] we get the solution 

0.01818181818182 

0.01333333333333 
, which corresponds to the switching frequencies 55 kHz and 75 

0.62500000096261 

0.37499999903739 

kHz with probabilities 0.625 and 0.375 respectively. The objective function value 

decreases from initial point 0.09309793273259 (-10.31 dB) to solution point 

0.00638234395145 (-21.95 dB). The corresponding original and optimized PSDs are 

shown together for comparison in Figure 5.25, and detail is shown in Figure 5.26. 

-20 
I ,, 

) \ 

-40 / \ 

-60 / 

-80 
PSD, dB 

-100 

-120 

-140 

-160 

I 
I 

) 

I ' , ' , ' , ' , ' 

-180 ~--'---~---'---'-----'~--'-----'----'----'-----' 
0 50 100 150 200 250 300 350 400 450 500 

frequency , kHz 

Figure 5.25. The PSD results. The Dotted plot represents the initial trial. The solid one 

represents the solution. 



-10 

-20 

PSD, dB 

-30 

-40 

-50 

5. Application of Optimization Methods in Spectrum Design 126 
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Figure 5.26. The detail around / 0 = 62.5 kHz. 

Experiment 5. 7 

In this test we change the number of switching frequencies and their corresponding 

probabilities from 2 to 3. The following experiments differ only in starting points for the 

solution vector x which is composed of the -r; and their probabilities. 

First we use the initial input vector x0 = [1/55 1/60 1/72.5 1/3 1/3 1/3]. We get the 

0.01818181818182 

0.01818181818182 

0.01333333333333 
solution x = 

0
_
31772999980909 

, which corresponds to the switching frequencies [55 

0.30727000023257 

0.37499999995834 

55 75] kHz with probabilities 0.318, 0.307 and 0.375 respectively. The objective function 

value decreases from initial point 0.01026506091250 (-19.90 dB) to solution point 
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0.00638234397074 (-21.95 dB). The corresponding original and optimized PSDs are 

shown together for comparison in Figure 5.27. The detail is shown in Figure 5.28. 
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Figure 5.27. The PSD results. The Dotted trace represents the initial trial. The solid one 
represents the solution. 
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Figure 5.28. The detail around fo = 62.5 kHz. 
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We choose another initial input vector x0 = [1/56 1/62 1/69.5 1/3 1/3 1/3]. We get 

the solution x = 

0.01818181818182 

0.01818181818182 

0.01333333333333 
, which corresponds to the switching :frequencies 

0.32338586603824 

0.30161413396123 

0.37500000000052 

[55 55 75] kHz with probabilities 0.323, 0.302 and 0.375 respectively. The objective 

function value decreases from initial point 0.01939332952049 (-17.1 dB) to solution 

point 0.00638234397162 (-21.95 dB). The corresponding original and optimized PSDs 

are shown together for comparison in Figure 5.29. The detail is shown in Figure 5.30. 
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Figure 5.29. The PSD results. The Dotted plot represents the initial trial. The solid one 

represents the solution. 
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Figure 5.30. The detail around fo = 62.5 kHz. 

Experiment 5.8 

In this test we use five switching frequencies and their corresponding probabilities as 

the variable to optimize. The following two experiments differ only in starting points for 

the solution vector x which is composed of the r ; and their probabilities. 

In this experiment we first use the input vector x0 = [1/55 1/58 1/60 1/65 1/74.5 1/5 

0.01818181818182 

0.01818181818182 

0.01818181818182 

0.01333333333333 

0.01333333333333 
1/5 1/5 1/5 1/5]. We get the solution x = , which corresponds to 

0.21148741908907 

0.20769456400499 

0.20581801690594 

0.18119613142584 

0.19380386857415 
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the switching frequencies [55 55 55 75 75] kHz with probabilities 0.211, 0.208, 0.206, 

0.181 and 0.194 respectively. The objective function value decreases from initial point 

0.01334280661044 (-18.7 dB) to solution point 0.00638234397161 (-21.95 dB). The 

corresponding original and optimized PSDs are shown together for comparison in Figure 

5.31. The detail is shown in Figure 5.32. 

Then we try another input vector x0 = [1 /56 1/58 1/60 1/62 1/76.5 1/5 1/5 1/5 1/5 

0.01818181818182 

0.01818181818182 

0.01818181818182 

0.01333333333333 

0.01333333333333 
1/5]. We get the solution x = 

0
_
20258077388015 

, which corresponds to the switching 

0.20878890107156 

0.21363032504874 

0.20820395666444 

0.16679604333511 

frequencies [55 55 55 75 75] kHz with probabilities 0.202, 0.209, 0.214, 0.208 and 0.167 

respectively. The objective function value decreases from initial point 0.0119116861775 

(-19.2 dB) to solution point 0.00638234397160 (-21.95 dB). The corresponding original 

and optimized PSDs are shown together for comparison in Figure 5.33 . The detail is 

shown in Figure 5.34. 



5. Application of Optimization Methods in Spectrum Design 131 

0 

-20 
I 

J 
J 

-40 , J , --, 
, , ...... _..,_,,, ,_ ... ___ , ... -- ...... __ ____ __ ..,_ 

J , 
-60 

PSD, dB 
-80 

-100 

-120 

-140 

-160 

-180 
0 50 100 150 200 250 300 350 400 450 500 

frequency, kHz 

Figure 5.31. The PSD results. The Dotted trace represents the initial trial. The solid one 
represents the solution. 
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Figure 5.32. The detail around fo = 62.5 kHz. 
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Figure 5.33. The PSD results. The Dotted trace represents the initial trial. The solid one 
represents the solution. 
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5.3.3 'Discussion of Results from Section 5.3.2 

From all the experiments in section 5.3.2 we have found that all the solutions actually 

converge to the same switching frequencies 55 kHz and 75 kHz with probabilities 0.625 

and 0.375 respectively. That is to say we have this optimal solution to the specified 

frequency / 0 = 62.5 kHz. However, we realize that some least common multiple 

frequency may not have been achieved, as it was not in the constraints. Some new 

constraints need to be found and added to the objective function to achieve better results 

in future study. 

The result of the objective function value (minimized dB level at 62.5 kHz) is a little 

better than that we achieved in section 5.2.5 . 
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Chapter 6 

Conclusions and Future Research 

6.1 Summary 

We have analyzed the power spectral density formula for the CDC RSFPWM scheme in 

DC/DC conversion, and present design methods to control the continuous noise 

spectrum. The corresponding optimization methods are studied and applied. Simulations 

verify all our conclusions. 

The background for this thesis is presented in chapter 2. We classify the RPWM 

schemes utilized in converters with conclusion on their characteristics in section 2.1. A 

survey of the existing literature on RPWM schemes is given in section 2.2, and 

RSFPWM is considered as the most successful. In section 2.3 , we summarize the 

formulas for both a general RSFPWM scheme and two specific schemes CPW and CDC. 

We conclude the CPW scheme in section 2.3.2 and the CDC scheme in section 2.3 .3. 

CDC allows controllability whereas CPW does not. A tight control of the continuous 

noise spectrum is more important in DC/DC converters than in DC/ AC inverters since the 

noise will result in ripples in the output voltage. 
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In chapter 3 we develop two design methods to control the PSD of the CDC 

RSFPWM at discrete frequencies. We give the related analysis and derivation in section 

3.2 and design examples with simulation verification in section 3.3. Method 1 can ideally 

put a null at any desired frequency, but we also point out the practical limitations of this 

method. Method 2 is a mild method since it cannot put a pure null at the desired 

frequency but avoids the peak appearing at that frequency, which is complementary to 

method 1. By combining methods 1 and 2 we are able to exert considerable control of the 

PSD at any particular frequency in the PSD of CDC RSFPWM, but we also present the 

limitation of these methods when there are practical constraints on switching frequencies. 

We demonstrate by experiments how a narrow switching band constraint severely limits 

our flexibility in design for PSD minimization at the desired frequency, and we also show 

what can be gained by weakening the constraints. 

Chapter 4 continues our study to control the PSD over a band of frequencies. We 

first factor the denominator of the PSD express into carrier and envelope R(f) in section 

4.2, and analyze it under the assumption that switching intervals are equally spaced and 

have a symmetric distribution. In section 4.3 we further study the resulting PSD with 

constraints on the switching frequencies, and follow with simulation verification. In 

section 4.4 we suppress the PSD over a band of frequencies by controlling R(f) without 

any constraints on the switching frequencies ; design examples confirm our method. 

Although our approach is successful, all our analysis and design examples are based on 

the assumptions of equally spaced switching intervals with a symmetric distribution. The 

more general analysis is recommended as future research. 
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Optimization methods are applied in chapter 5 to minimize the PSD at a specified 

:frequency under different constraints on the switching frequencies. The formulation 

details can be found in Appendix B and C. Although the solution provided by the 

optimization procedure reduces the PSD at the desired :frequency, it contains only two 

different switching :frequencies, which is not feasible in practice since the least common 

multiple switching frequency may not have been achieved and many peaks will appear in 

the PSD. Some new constraints need to be found and added to the objective function to 

achieve better results in future study. 

6.2 Suggestions for Future Work 

We hope the research addressed in this thesis contributes to better control of the 

continuous output noise spectrum in DC/DC converters using RSFPWM by optimal 

design rather than ad hoc methods for selecting the switching :frequency set and its 

distribution. At the same time we suggest the following directions as future research 

work: 

• Apply similar analysis procedure in DC/ AC inverters using the CDC RSFPWM. 

• Investigate the nonsymmetrical probabilities and unevenly spaced switching 

intervals in controlling the PSD over a band of frequencies. 

• Find a new objective function with more constraints for minimizing the PSD at 

discrete frequencies in order to obtain a set of switching frequencies whose least 

common multiples are large enough. 

• Explore more optimization methods for controlling the PSD over a band of 

frequencies. 
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Appendix A 

Evaluation of E{ejlnfr} for Uniform 

Distribution of r 

For uniform distribution of t in [ls min, ls max] we have the following algebraic 

development, ending in a magnitude-angle form of the result. 

E { ej2,rfr } = f II J, min 1 ej2,rfr dr 
1/ J,rnax 1 1 

lsmin lsmax 

= ri1,,,.. lsminf,max e 12irJr dr 
l l f , rnax /' - /' . 

J smax J smm 

= . f,minlsmax (e j2,rf! J,min -ej2,rf / f,rna, ) 

J27r f (ls max - / ,min) 

ls min ls max (cos(2ef / hmin) + j sin(2ef / ls min) ] 

- }2 ef(ls max - ls min) - cos( 2 ef / fs max ) - J sin( 2 ef / fs max ) 

2 ( ) 2 ( ) 1/ 2 
COS 2ef / ls min + COS 2ef / ls max 

ls min fs max - 2 cos( 2 ef / ls min) cos( 2ef / ls max ) 
= 

J2ef(lsmax - hmin) sin 2 (2ef / lsmin)+sin2 (2ef / lsmax ) 

- 2 sin( 2ef I ls min) sin( 2ef I ls max ) 
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= ,fi.Jsminhmax (1- cos(2ef; hmin )cos(2ef; hmax )]112 e10 
J2ef(fs max - ls min) - sin( 2ef / ls min) sin( 2ef / ls max) 

1/2 

1 _ _!_ (cos(2ef ls max. + ls min J + cos(2 ef ls max. - ls min JJ 
= ,fj_lsminh•max 2 lsmmlsmax lsmmls,nax (!0 

J
2 
ef (ls max - ls ,nin ) _ _!_ (cos(2 ef ls max. - fs min J- cos(2 ef ls max. + ls min JJ 

2 ls,mnhmax hmmlsmax 

(Al) 

where 

e = tan _1 ( sin(2ef I ls min)- sin(2ef I ls max )J 
cos(2ef I lsm;J- cos(2ef I ls max ) 

(A2) 

Finally, (A 1) reduces to 

E{ ei2efr } = . ✓2/smin~max (1- cos(2ef /.,.max - f smin ]]
112 

ei0 (A3) 
J2ef(fsmax hmin) f rminfsmax 
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Appendix B 

Formulation for Section 5.2.1 

Formulate our minimizing problem from equation (5.1) 

A 2 

F( r I' r 2 ,·.·,rm)= m 0 

• ( i:P, sin(ira,fo <, )e'"•'•) 
2 

LP; sin2 (na 0.for ;) + 2 Re -•=1
---,,,-----

LP;r;1r
2f/ i=t 1-LAej2efor; 

i=I i=I 

(

m m )2 
~P; sirl..._naofo r; )cni..:rfo r;) + /ff; sir(naofo r; )sirl..._efo r;) 

m m 

c1-Di CXY.(2rfo r; ))-jD; siri....2rfo r;) 
i=I i=I 

[ t, p, 

2 

{ sin(,ra0/ 0 r,) cos(n lo r,) }-t, P, 
2 

{ sin(na01o ,, ) sin(,r lo r, )} J 

2A/ 
=----

x(l- t,P, {cos(2nlor,)}) 

m 

LP/C;n:2J/ -2( tP; {sin(n:a0 / 0 r;)cos(n:for;)} r tP; {sin(n:a0for;)sin(n:for;)}) 

x( tP; {sin(2n:for;)}) 

i=I 

1[(1 - I, P; cos(2n: fo r ;) )

2 

+ (f P; sin(2n: fo r ,.) )

2

] + m Ao 
2 

I, P; sin 
2 

(n:a 0 for;) 
i=I i= I ~ 2 f' 2 i=I 

L,_P;r;n: JO 
i= I 

(B.1) 
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Pi,P2, .. ·,Pm 2 0 (B.2) 
m 

LP; =1 
i=I 

Transforming into an unconstrained minimization problem 

Obviously it is a constrained problem to minimize. We first try to transfer it into 

unconstrained problem then we will use optimization methods to minimize it. We let 

1 1 -2x -+ - e I 

r = 55 75 ( -oo ~ x,. ~ +oo) and p-,~ = p,. then we can get the unconstrained ; 1 + e -2x, 

problem as follow: 

1-" - 2 cos(2...r 55 75 ) 

{ 

1 1 1 1 } L.::-P; '!:lo 1 + e-2x, 

f, p .2 2 sin(na fr 55 + 75e-2x, )sin(efc 55 + 75 e-2x, ) ,_, 
L. I Q Q 1 + -2x1 Q 1 + -2x, ,=, e e 

- 2 ~ 152 sin(na fr 55 + 75e , ) cos(efc 55 + ?Se , ) 
[ { 

1 1 -2 x 1 1 -2x }] 

f:( I Q Q 1 + e -2x1 Q 1 + e-2X1 

[ { 

1 1 _ 1 1 }][ { 1 1 }] 
+ e 2x, + e-2x, + -2x . 

~ p .2 sin(na J; 55 75 )sin(efc 55 75 ) ~ 152 sin(2...r 55 75 e , ) 
L. I Q Q 1 + e -2x1 Q 1 + e -2x1 L. I l':f Q 1 + - 2x; 
1= 1 1=1 e 
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[ 

1 1 -2 x. 

/ 1- ~p- 2 cos(2,,..r 55 + ?Se , 
L.i I l':J O 1 + -2X; 
i=l e 

+ 
A 2 n _1 + _1 e -2x, ( m J 

0 - 2 . 2 55 75 - 2 

_1 + -1 e -2x, ~P, sm (na ofo l+e-2x, )+A 1-~P, 

I_p,2 55 7~ZX; 

i=l 1 + e 

(B.3) 

We assume that the selection probabilities of the switching frequencies and therefore 

the switching intervals are equally likely. Then under these conditions, we can get the 

specified objective function 

2A 2 

F(xi,X2 , .. ·,Xm) = m 1 0 

I - r,n2fo 2 
i=l m 

1 1 -2x 1 1 -2x 

1-L cos(2efo 55 7~2x; ) 

{ 

1 1 -2x 1 1 -2x } i=I m 1 + e 
f, _!_ 2 sin(na 1c 55 +75e ' )sin( ...r 55 +75e ' ) 
L.i O O l + -2x1 '':JO l + -2x; 
,. 1 m e e 
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[ ]
2 [ ]2 

1 1 -2x 1 1 -2x 

/ 1-f __!_ cos(2ef
0 

55 + ~ 2: , ' ) + f __!_ sin(2ef
0 

55 + ~ 2: , ' ) 
i=l m 1 + e i=l m 1 + e 

1 1 -2x. 
,1 2 ffl 1 - + - e I 

+ "-<> '°' -sin2(na r 55 75 ) 
1 l LJ OJ O 1 + -2x1 

~~ ~ m e 
ffl -+-e I 

L __!_ 55 7~2x, n 2 J/ 
i=l m 1 + e 

(B.4) 

Getting the gradient of the objective function. 

. oF oF or; fi d . h . Smee - =-- so we rrst enve t e expression, 
OX; O'r; OX; 

(
m1

2 
m 1

2 
] 

~ m {sin(na 0for;) cos(efor ;)}-~ m {sin(na 0for;)sin(ef0 r;)} 

x ( 1 - t, ! { cos(2 efo r ,)} J 

X 
( 

m 1 J( m 1 J -2 ~ m { sin(na 0fo r;) cos(efo r;)} ~ m { sin(na 0fo r;) sin(ef0 r ;)} 

( 
m 1 J x ~ m {sin(2efor;)} 

2A0
2 [na 0 f 0 . VU-UV'J + '" --sm(na 0for;)cos(na 0for;)+ 2 

'°'1 2 r 2 m V 
LJ - r;n Jo 
i=l m 

(B.5) 
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[( 
m 1 J

2 

( m 1 J
2

] V = I - ~ m cos(2efo -r i) + ~ m sin(2efo-r i) (B.6) 

(

m 1 2 . m 1 2 . . J 
~ m { sm( na ofo r;) cos( efo -r;)} - ~ m { sm( na 0.fo r;) sm( efo-r;)} 

U= 
( I- t, >os(2efo <, )} J 

( ml J(ml J - 2 ~ m { sin( na 0.fo -r i ) cos( efo -r i)} ~ m { sin( na 0.fo -r,.) sin( efo -r,. ) } 

(B.7) 

( 

m } • J ~ m {sin(2efo-r;)} 

[ 

m } • ] 
2 ; m sm(na0.fo-r,.)cos(efo-rJ 

U= 

x[ na;fo cos( na0fo r;) cos(',ifo -r i )-! sin( na0fo -r i) sin( efo -r,.)] 

-2[t, ~ sin(na,fo <, )sin(efo <,)] 
x(i-t,>os(2efor,)}J 

x[ na;fo cos( na0fo r,.) sin( efo -r,.) + ! sin( na0fo r J cos( efo -r J] 

2efc ( m } 
2 

m } 
2 J + ~ sin(2efo-r;) x ~ m { sin( na 0 .fo r;) cos( efo-r;)} - ~ m { sin( na 0 fo r i ) sin( efo-r i)} 

-2( ! [ na 0.fo cos(na 0.fo-r,.) cos(efo-r i )- efo sin(na 0.fo-r i )sin(efo-r i)]) 

x ( t, ~ {sin(ira 0fo <, )sin(efo < ,l} J( t, ~ {sin(2efo <, )} J 
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-2(! { na 0/ 0 cos(na 0fo i-;) sin(efo i-;) + efo sin(na 0fo i-;) cos(efo i-;)}) 

("'l )("'l ) x ~ m {sin(na 0foi-;)cos(efoi-;)} ~ m {sin(2efoi-;)} 

-2( t, ! { sin(ira,fo r ,)cos(ef, r; )} )( t, ! {sin(ira,fo r; )sin(efo r; )} ) 

(B.8) 

( 
2!° cos(2efo i-;)) 

V' = 2(1- I __!_cos(2efo i-; ))(
2

efo sin(2ef0 i- ; )) + 2(f J_sin(2efo i- ; ))(
2

efo cos(2efo i- ; )) 
,=1 m m ,=1 m m 

(B.9) 

-2 -2x . (l -2x. ) 2( 1 1 -2x ) -2x . - e ' +e ' + - +- e ' e ' 
oi-; 75 55 75 
OX; = (1 + e-zx, )2 (B.10) 



152 

Appendix C 

Formulation for Section 5.2.4 

First we change this new constrained problem into unconstrained. The transformation is 

as follows: 

The constraint can be written as: 

-
1
- = 62.5 x m-(-

1 
+-

1 
+···+-

1
-J 

't" m 't" I 't" 2 't" m-1 

(C.l) 

1 1 -2x - + - e ., 
Since -r = 55 75 we use it to replace the -r m of the above equation and get: 

m 1 + e-2x., 

1 + e -zx., ( 1 1 1 J 
l l = 62.5 X m- - +-+···+--

- + - e-Zxm 't" 1 't" z 'rm- I 

55 75 

( 62.5 x m-(-
1 

+-
1 

+· ··+ -
1 

JJ x-
1 

-1 
-2x 't"1 't" z 'rm- I 55 

e m =---------------
1 - -

1 
(62.5 x m - (-

1 
+ -

1 
+ • • • + -

1 
JJ 

75 'r 1 't" z -rm- I 

(62.5 x m -(-
1 

+ -
1 

+ . . . + -
1 

JJ x _l -1 
1 't" 1 't" z -rm- I 55 

x = --In ---------------

m 2 1- -1 (62.5 X m - (-1 + -1 + ·· •+ - 1- JJ 
75 -r 1 -r 2 -r ,,,_1 
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We can use this equation to replace the xm in the objective function. Then we delete 

the constraint by this way. Now our new objective function is as follows: 

1- L cos(2efo 55 7~2x, ) 

{ 

1 1 -2x 1 1 -2x } i = I m 1 + e 
-~ _!._2 sin(na r 55+75e , )sin(-" 55+75e , ) 

LJ oJo 1 + -2x, '':lo 1 + -2x, 
i= t m e e 

X 

[ ~ 
1 1 -2x. 1 1 -2x }] 

-2 ~ 1 sin(na fr 55 +75e , )cos(efc 55 +75e , ) 
LJ O O l + -2x1 0 l + -2x1 ~, m e e 

[ ~ 
1 1 -2x . 1 1 -h }] [ ~ 1 1 -2x }] ~ 1 sin(na r 55+75e , )sin(-" 55+75e ., ) x ~ 1 sin(2efc 55+75e , ) 

LJ oJo l + -2x, '':l o l + e -2x1 LJ m o l + e -2x1 
,=t m e ,=t 

/ 1 - f _!_ cos(2n/
0 

55 + ~
2
: , , ) + f _!_ sin(2ef

0 
55 + ~

2
: , ) 

[ 

1 1 _
2

x ]

2 

[ 1 1 _
2

x, ]

2 

i= l m 1 + e i= t m 1 + e 

A 2 
+ 0 

1 1 -2x 
m - + - e ' 
L __!__ 55 7~2x n2J/ 
i=t m 1 + e ' 

1 1 - 2x 
m 1 - +-e I 

"-sin2{naofo 55 7~ . ) ti' m 1 + e 2
x, 

(C.2) 

We notice that in the above equation xm is not a variable. In fact it is determined by the 

other X;. Although the form of the objective function does not change we must get the 
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new form of the gradient of the objective function, since now xm is a function of the other 

(
ml

2 
ml

2 J ~ m {sin(na 0for ;)cos(ef0r;)}-~ m {sin(na 0for ;)sin(efor;)} 

x(i-t.>os(2,efor;)}J 

( 
m 1 J( m 1 J - 2 ~ m {sin(na 0/ 0r;)cos(efor;)} ~ m {sin(na 0for;)sin(ef0 r ;)} 

x (t. ! {sin(2,efor;)} J 

naofo · 
-~ sm( na 0 / 0 r;) cos( na 0 / 0 r;) 

m 
na J; . ar + 0 0 sm(na 0/ 0r m)cos(na 0/ 0r,,,) x _ m_ 

m Br; 

VU'-UV' 
+---v2 

(C.3) 

(C.4) 
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(
m1

2 
m1

2 J ~ m { sin( na 0/ 0 r ;) cos( efo r; ) } - ~ m { sin( na 0fo r ;) sin( ef0 r; ) } 

U= 
(1-t,>os(2ef0r;)}J 

( 
m 1 J( m 1 J - 2 ~ m {sin(na 0/o r; )cos(efo r;)} ~ m {sin(na 0fo r; )sin(ef0 r;)} 

(C.5) 

(t. ! {sin(2efor;)}J 

[ 

Ill 1 , ] 
2 ~m sm(na 0for;)cos(efor ;) 

na ofo cos( na 0fo r;) cos( efo r;) - efo sin( na 
0
/o r;) sin( efo r ;) + 

m m 

U= 

x i 

( naofo cos(naofor m )cos(efo r Ill)- efo sin(naofo r m)sin(efo r m)) arm 
m m ar; 

[ 

Ill 1 , , ] 
-2 ~m sm(na 0for;)sm(efor ;) 

na ofo cos( na 0 fo r;) sin( efo r;) + efo sin( na 
0
fo r;) cos( efo r;) + 

m m 
x i 

na ofo ( I' ) . (,,.,./' ) efo . ( I' ) (,,.,./' ) arm -COS na 0; 0rm Slil '':for m +-Slil na 0; 0rm COS '':f or m --
m m ar; 

x (1 -t, ! {cos(2efo r; )} J 

(
2efo . (2,,.,./' ) 2efo . (2,,.,./' ) arm J + --sm '':f or; +-sm '':form -

m m ar; 

(
m l 2 . m l 2 . . J 

x ~ m {sm(na 0for;)cos(efor;)}-~ m {sm(na 0for;)sm(efor;)} 
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-21 

_!_[ na 0fo cos(na 0fo r; )cos(efo r ; )- nfo sin(na 0/o r; )sin(efo r; )] + 
m 

( _!_ [ na 0/o cos( na 0/o r m) cos( nfo rm) - n/0 sin( na 0/o r m) sin( n/0 rm) J) or m 
m or; . 

x ( t, ~ {sin(na 0fo r , )sin(efo r,)} )( t, ~ {sin(2efo r,)} J 

_!_{ na 0fo cos(na 0fo r; )sin(ef0r ;) + nfo sin(na 0fo r ; )cos(efo r; )} + 
m 

( _!_{ na 0 fo cos(na 0/o rm )sin(efo r 
111

) + n/0 sin(na 0fo r 
111 

)cos(ef0r 
111

) }) or 111 

m or; 
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x ( t, ~ {sin(na ,for , )cos(efo r, )} )( t, ~ {sin(2efo r, )} J 

( 

111 

1 J( 
111 

1 J - 2 ~ m { sin(na 0fo r;) cos(ef0 r ;)} ~ m {sin(na 0fo r; )sin(n/0 r;)} 

2
efo cos(2ef0 r ;) + 
m 

(
2efo cos(2efo r M )) 8-r 111 

m or; 

V' = 2(1- f _!_cos(2efo r ; )J( 2
efo sin(2ef0 r;) + (

2
efo sin(2efo rm)) or m J 

i=I m m m or; 

+ 2(f _!_sin(2efo r; )J(2
efo cos(2ef0 r;) + ( 

2
efo cos(2efo r m)) or m J 

i=I m m m or; 

1 

O'rm 

a;; = ( ( 1 1 1 JJ
2 

62.5 X m- - +- + .. •+--
1" I 'r 2 'r m- 1 

r .2 
I i=l,2 .. ·m-1 

(C.6) 

(C.7) 

(C.8) 
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i = 1,2 · · · m-1 (C.9) 

8F 8F 8r; 
-=-- (C.10) 
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