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Abstract

Quantum computing has the potential to surpass the capabilities of current classical com-
puters when solving complex problems. Combinatorial optimization has emerged as a
pivotal target area for quantum computers, as problems in this field are renowned for their
complexity and resource-intensive nature. Moreover, these challenges play a critical role in
various industrial sectors, including logistics, manufacturing, and finance. This thesis ex-
plores the integration of quantum computation into classical software tools as a means to
potentially address combinatorial optimization problems more efficiently and effectively.

This work introduces QPLEX, a Python software library that enables practitioners and
researchers to implement the general mathematical formulation of a given combinatorial
optimization problem once and execute it seamlessly on multiple quantum devices using
various quantum algorithms. This software solution automatically adapts a general opti-
mization model to the specific instructions utilized by the target quantum device’s SDK.
It offers a versatile execution workflow capable of running gate-based hybrid quantum-
classical algorithms for combinatorial optimization in a platform-agnostic manner. This
approach reduces the programming overhead required for modeling and experimenting
with combinatorial optimization solutions.

Within this manuscript, we address and introduce the various aspects associated with
the development of QPLEX in a clear and comprehensive manner. These aspects encompass
the quantum algorithms and quantum hardware available in the library, along with QPLEX’s
system design and implementation. Additionally, we provide a guide on how to use the
library and conduct a thorough evaluation of the software solution within a specific use
case as part of this thesis.
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Chapter 1

Introduction

Quantum Computing (QC) is a new computing field, where calculations are performed by
manipulating quantum bits (i.e., qubits) through the use of quantum mechanical proper-
ties such as superposition, entanglement, and interference [5]. Given the nature of these
quantum operations, QC has the potential to surpass the capabilities of current classical
computers when solving complex problems, including drug discovery and material design.
The notion of a quantum computer was first introduced in the 1980s by Richard P. Feyn-
man with the goal of developing a tool that could solve one of the most important prob-
lems in physics: simulating quantum mechanical systems [6]. During the following forty
years, scientists and engineers greatly advanced the field of QC by inventing novel quan-
tum algorithms [7], [8], [9] and building quantum computers capable of demonstrating
an advantage in specific tasks when compared to their classical counterparts [10], [11],
[12].

Nevertheless, today, there are still many technical challenges to overcome before quan-
tum computers can be widely used. As a matter of fact, the current state of the field
has been characterized as the Noisy Intermediate-Scale Quantum (NISQ) era [13], which
refers to the limitations in the applicability and functionality of contemporary quantum
devices due to their small number of qubits and a considerable amount of errors caused
by noise. Generally, the execution of most quantum algorithms requires far better hard-
ware resources than what is provided by NISQ devices. Nonetheless, the emerging field
of hybrid quantum-classical computing offers a promising solution to these challenges. By
using these limited quantum computers and incorporating classical resources into their
execution, this approach effectively addresses some of the shortcomings of the quantum
device, allowing the production of useful results. Hybrid algorithms are the prime candi-
dates for demonstrating quantum advantage for real-world applications, such as molecular
simulation [14].

The advantages of hybrid quantum-classical computing are particularly evident when
applied to the field of optimization [15]. This area has emerged as one of the key target
applications for QC, as problems found in this field are often computationally challenging
and play a critical role in many different industrial application sectors, such as logistics
[16], manufacturing [17], finance [18], among others. Recent advances in hybrid algo-
rithms have provided techniques for solving complex optimization problems using universal
gate-based quantum computers [2], [19], [20], [21]. Additionally, adiabatic computing,
another QC paradigm, has also proven to be a proper method for tackling these types of
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Chapter 1 Introduction

problems [22], [23], [24]. These techniques could potentially bring a speed up compared
to classical approaches while delivering higher quality solutions.

The development of hybrid quantum-classical solutions that effectively use computing
resources and are able to tackle large-scale real-world problems is one of the main goals
of Quantum Software Engineering (QSE). This developing area of research aims at using
knowledge from classical software engineering to bootstrap the transition from theoretical
QC to practical quantum applications. Many crucial aspects of implementing hybrid soft-
ware have begun to be addressed by QSE. These include the impact of QC on the classical
software development lifecycle and the new stages to be considered for such applications
[25], effective techniques for testing quantum software [26], and the evolution of classi-
cal development and operations practices to support quantum applications [27]. However,
QSE is still in a very early stage, offering immense opportunities for innovative solutions
and pivotal advancements. We believe that continuous development of quantum software
engineering solutions is crucial in order to fully realize the potential benefits of QC applica-
tions in the near future. In this thesis, we contribute to the growth of this field by exploring
the applicability of classical software engineering techniques for the formulation, modeling,
and platform-agnostic execution of quantum combinatorial optimization problems.

1.1 Motivation

Over the last ten years, a large number of QC use cases have been explored for solving
classically intractable computational problems. These use cases are aimed at providing
practical and efficient near-term solutions for industries such as finance, logistics, and
manufacturing. For instance, hybrid quantum-classical algorithms have been used as a
tool to find an optimal combination of assets to include in an investment portfolio over a
given period while considering market impact costs [28]. They have also been employed to
optimize the routing of delivery vehicles over different time windows for various logistics
scenarios [29]. Additionally, some QC approaches have shown to be an efficient option
for modeling and distributing complex, large-scale energy supply chains, which are crucial
for a range of industrial and civil operations [30]. This type of project, and the significant
investment in research and development in quantum computing applications by leading
companies, such as Bosch,1 Airbus,2 and BMW,3 has sparked a widespread interest in this
technology. According to Zapata Computing’s 2021 Annual Report on Quantum Comput-
ing Adoption,4 approximately 74% of enterprises have adopted or were planning to adopt
QC in 2022, highlighting the growing recognition of its potential to transform a variety of
industries.

With the imminent incorporation of quantum computing into most companies’ technol-
ogy stack, it is only natural that quantum combinatorial optimization applications begin to

1https://www.bosch.com/stories/future-of-quantum-computing/
2https://www.airbus.com/en/innovation/disruptive-concepts/quantum-technologies
3https://challenge.quantum.bmw.cloud/
4https://www.zapatacomputing.com/enterprise-quantum-adoption-2022/
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1.2 Problem Definition and Research Questions

be developed in-house to tackle industry-specific use cases. However, solving optimization
problems using quantum computers is a nontrivial task; a certain level of proficiency in
quantum algorithms and programming is necessary to develop such solutions. This adds
friction to the programming experience, making it considerably more difficult for a software
engineer to start experimenting with QC. Additionally, given the variety of QC providers
and algorithm implementations for solving optimization problems, some techniques exe-
cuted on certain devices may yield better results, achieve better performance, or be more
efficient than others for a given problem [31] [32]. Thus, testing different algorithmic
approaches and quantum processing units is essential in order to find the best alternative
for a specific use case. This is especially important if one intends to benchmark against
classical solutions.

Building on these insights, this thesis presents QPLEX, a software library that allows
developers to implement a general mathematical formulation once for an optimization
problem and execute it seamlessly on multiple quantum devices using a wide variety of
quantum algorithms. The proposed solution enables optimization software developers to
experiment with quantum resources selectively and assess performance improvements of
hybrid quantum-classical optimization solutions. This work also dwells on how to formu-
late optimization problems so they are amenable to the library, explores different algo-
rithms for quantum combinatorial optimization, and reviews the benefits and limitations
of multiple quantum providers currently available in the market.

1.2 Problem Definition and Research Questions

Quantum combinatorial optimization holds immense potential for various industrial appli-
cations. However, this technology is still in its early stages, leaving uncertainty about the
most suitable algorithms and quantum hardware for specific problems. Furthermore, the
accessibility and utilization of QC resources pose challenges for most software practition-
ers, hindering their ability to explore the technology’s potential and identifying practical
use cases. To promote the widespread adoption of quantum combinatorial optimization in
any industrial workflow, it is crucial to bridge the gap between non-quantum developers
and the rapidly expanding array of QC resources, which includes algorithms, techniques,
and platform providers. This requires the development of a software solution that facili-
tates the seamless interaction with these resources without imposing additional program-
ming overhead. Our work constitutes a significant effort towards achieving this ambitious
goal. This research aims to answer the following research questions:

RQ1: Which quantum algorithms are used for solving optimization problems, and what
are their strengths and weaknesses?

RQ2: What are the most prevalent quantum computing hardware implementations,
and how can the different offerings from platform providers be characterized to
make an informed decision when selecting where to solve a combinatorial opti-
mization problem?

3



Chapter 1 Introduction

RQ3: How can knowledge from classical software engineering be applied to develop a
software library for platform-agnostic quantum combinatorial optimization?

1.3 Contributions

The contributions of this thesis, are as follows.

C1: An assessment of near-term quantum algorithms employed for solving combinato-
rial optimization problems.

C2: A comprehensive review of the most prevalent quantum hardware technologies
and platforms. Including the description of characterization aspects employed
when selecting a platform offering.

C3: A programming library for the modeling and seamless execution of optimization
problems using different quantum computing platforms and optimization algo-
rithms.

1.4 Research Methodology

In order to answer the research questions outlined above, we developed a Python soft-
ware library for platform-agnostic quantum combinatorial optimization. This program-
ming language was selected to be the base of our implementation given that it is among
the most used in scientific research, more specifically the quantum computing field. We
went through the main stages of building a software product, starting with problem anal-
ysis and formulation. This includes reviewing quantum algorithms for optimization and
exploring the different quantum computing providers currently in the market, then moving
to the design of the library and finalizing with the implementation of the solution.

To begin this work, we performed an assessment of the current state of quantum com-
binatorial optimization and studied the different algorithms that can be used to approach
optimization problems. We analyzed their implementations and reported on their respec-
tive limitations. This stage helped us answer the first research question.

For the second research question, we described the three most well-known quantum
hardware implementations while highlighting their strengths and weaknesses. Also, we
reviewed three different quantum computing platform providers and their respective hard-
ware and software offerings: IBM Quantum, D-Wave, and Amazon Braket. With this se-
lection, we covered both QC paradigms (i.e., gate-based and annealing) and two different
hardware implementations, superconducting and ion trap. Additionally, a set of character-
ization aspects is presented to aid potential users in making an informed decision when
selecting a quantum computer for the solution of a given problem formulation. These as-
pects include the scale of the quantum computers, quality of execution, time-to-solution,
and additional software features.

4



1.5 Thesis Outline

To answer the third research question, we took into account our findings and results
from RQ1 and RQ2 in conjunction with tools and knowledge from classical software en-
gineering (e.g., design patterns) to develop a platform-agnostic software library that ef-
fectively integrates QC into classical optimization workflows. To accomplish this goal, we
identified requirements for the library and proceeded to design and implement a solution
that addresses all of them. Finally, we proceeded to validate our software system by testing
its modeling and execution capabilities.

1.5 Thesis Outline

This chapter presents the motivation of this research, outlines the research questions we
addressed, and highlights the contributions of our work. The remaining chapters of this
thesis are organized as follows.

Chapter 2: explains key concepts of this research and describes the background and
state-of-the-art.

Chapter 3: introduces the concept of quantum combinatorial optimization and reviews
different quantum algorithms used for this purpose.

Chapter 4: presents a review of quantum computing hardware implementations and
popular quantum platform providers, while characterizing aspects for addressing
the applicability of a given device for a specific combinatorial optimization prob-
lem.

Chapter 5: elucidates the requirements, design, and implementation of QPLEX.

Chapter 6: presents the validation and testing of the proposed platform-agnostic soft-
ware library for quantum combinatorial optimization through a use-case.

Chapter 7: summarizes this thesis and discusses ideas for future work.
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Chapter 2

Background and Related Work

The integration of quantum computation into the field of combinatorial optimization is a
relatively recent endeavor within the scientific community. The widespread availability of
larger and more robust quantum computers, along with the continuously increasing com-
plexity of industrial problems, has facilitated the rapid development of this field. There
is a strong interest in utilizing quantum computers to expedite and enhance solutions for
complex industrial challenges, such as carbon fixation, ammonia synthesis, and battery
development. Merging these two intricate domains is a formidable task, necessitating a
profound understanding of both quantum computing (QC) and combinatorial optimiza-
tion (CO). This chapter aims to provide an overview of both QC and classical CO while
highlighting relevant work related to this thesis.

2.1 Quantum Computing

QC refers to a novel computational paradigm in which the units of information and the
logical operations significantly differ from those used in classical computers. As implied by
its name, quantum computing harnesses the principles of quantum mechanics to construct
a new foundation for information theory and computation. Its primary goal is to tackle
classically intractable problems that arise across various fields, with a particular focus on
simulating quantum mechanical systems.

Quantum computation is achieved by employing qubits instead of conventional bits
for storing and processing information. Qubits are the fundamental units of information in
QC, used to store data in the form of quantum states and perform calculations by exploiting
quantum phenomena. In contrast to classical bits, which have only two states (0 or 1), a
qubit cam be in a any state that is a complex linear combination of |0⟩ and |1⟩. It is worth
noting that the literature often employs Dirac notation to describe the possible quantum
states that a qubit can assume. This notation is relatively straightforward, as it represents
linear algebra elements, such as vectors and matrices, as well as operations like tensor
products and inner products. The following equations present the most basic states a qubit
can hold, represented in both Dirac and linear algebra notation.

Pure State 0 (Ket-Zero): |0⟩ =

[
1

0

]
(2.1)



2.1 Quantum Computing

Figure 2.1|: Bloch Sphere representing the state of a single qubit.

Pure State 1 (Ket-One): |1⟩ =

[
0

1

]
(2.2)

Superposition state (|ψ⟩): α|0⟩+ β|1⟩ = α

[
1

0

]
+ β

[
0

1

]
Subject to Born’s rule: |α|2 + |β|2 = 1 → α, β ∈ C

(2.3)

Two key quantum effects, superposition and entanglement, are harnessed to manipulate
qubits. Superposition allows a qubit to exist in a linear combination of pure states (e.g, |0⟩
and |1⟩). Entanglement enables two qubits to be directly connected and instantly react to
each other’s actions. To visualize the current state of a qubit, the Bloch Sphere is often
used, providing a geometrical representation of the state space of a two-level quantum
system (as depicted in Figure 2.1). Here, the two computational bases (or pure states) are
displayed in the Z axis, while superpositions of these states can be represented as a vector
rotated about any of the three axes. Equation 2.4, a variant of Euler’s equation, explains
how the rotation angles on each axis affect the overall superposition state.

|ψ⟩ = cos(
θ

2
)|0⟩+ eiϕsin

θ

2
|1⟩ (2.4)

To achieve complex quantum computations, it is necessary to have an array of qubits
organized on a single chip. This allows for the creation and manipulation of larger and
more intricate quantum states. The resulting chip is analogous to a classical CPU and can
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Chapter 2 Background and Related Work

be referred to as a Quantum Processing Unit (QPU). However, the QPU alone does not con-
stitute a complete quantum computer; it requires a large set of hardware and software com-
ponents to fully enable quantum computation. These components include sensors, classical
control logic, networking interfaces, and sometimes lasers or microwave emitters. When all
these parts come together, they form a fully-fledged quantum computer. Quantum comput-
ers can be implemented using different computational paradigms, such as gate-based and
adiabatic quantum computing. These paradigms determine how qubits are manipulated
and, consequently, how quantum computations are performed. The following subsections
will provide a more detailed explanation of both paradigms.

2.1.1 Gate-based Quantum Computing

This paradigm is the most prevalent among QC companies due to the simplicity of its
computational model based on linear algebra. As implied by its name, quantum operations
are performed on a QPU using quantum gates, much like classical operations are executed
on CPUs through logical gates [5]. Each of these gates is represented by a unitary matrix,
which applies a transformation in the form of a rotation to a vector containing the state
of the current computation. Quantum gates can be applied to single or multiple qubits
simultaneously. Below, a list of the most important quantum gates is presented, both in
Dirac and matrix notation. Single-qubit gates are represented as 2x2 matrices, while two-
qubit gates are 4x4 matrices.

Pauli-X: |X⟩ =

[
0 1

1 0

]

Pauli-Y: |Y ⟩ =

[
0 −i
i 0

]

Pauli-Z: |Z⟩ =

[
1 0

0 −1

]

Hadamard: |H⟩ = 1√
2

[
1 1

1 −1

]

Phase: |S⟩ =

[
1 0

0 i

]

Controlled-NOT: |CX⟩ =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0



(2.5)

Within this paradigm, quantum operations are expressed using quantum circuits. These
circuits consist of the qubits to be manipulated and a sequence of quantum gates to be
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Figure 2.2|: Two-qubit quantum circuit. Generated using the Qiskit Circuit Composer.

applied to each of them. Since the information stored in qubits ultimately needs to be
measured as classical bits, quantum circuits also include classical registers. In Figure 2.2, a
simple two-qubit quantum circuit is depicted, where each horizontal line represents a qubit
and lists all the quantum gates applied to it. In the case of qubit 0 (q[0]), a Hadamard gate
is applied, while both qubit 0 and qubit 1 (q[1]) are subject to a controlled-NOT gate. At
the bottom of the circuit, the classical registers (c2) are shown as a double horizontal line;
these registers are used to record the measured information.

Larger sets of quantum gates can be employed within quantum circuits to construct
quantum algorithms. These algorithms have specific inputs, outputs, and well-defined
objectives. In comparison to classical algorithms, the scientific community recognizes a
relatively small number of quantum algorithms. Among the most popular and influen-
tial are the Quantum Teleportation algorithm [33], the Deutsch–Jozsa algorithm [7], the
Bernstein–Vazirani algorithm [34], and the Quantum Phase Estimation algorithm [35].
The field of quantum algorithms is still in its early stages of development, with signifi-
cant potential for the creation of pivotal gate-based algorithms that could potentially offer
substantial quantum advantages.

2.1.2 Adiabatic Quantum Computing

Similarly to GBQC, adiabatic quantum computing (AQC) is also a universal paradigm for
quantum computation and it started as an approach to solving optimization problems [36].
This approach consists of encoding the solution of computational problems into the ground
state of a time-dependent quantum Hamiltonian [37]. In this context, a Hamiltonian can
be treated as a cost function that determines the energy of a given system, in this case, a
quantum state. Unlike GBQC, AQC does not utilize quantum gates to perform computa-
tions. Instead, it leverages the quantum adiabatic theorem to decode the solution from the
Hamiltonian. This theorem states that if a quantum system starts in the ground state of
a time-dependent Hamiltonian H(t) at time t = 0, and gets evolved slowly enough to a
different Hamiltonian H1 at time t = n, the ground state of the evolving Hamiltonian will
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remain in its ground state [38], allowing us to find the desired solution. To fully harness
this mechanism for quantum computation, specialized hardware systems, such as quan-
tum annealers, can be implemented. These machines have the capability to map problem
Hamiltonians onto the underlying architecture of the QPU, enabling the constructed quan-
tum system to converge toward the desired solution through a time-dependent evolution.
The specifics of how annealers work are discussed further below.

2.2 Hybrid Quantum-Classical Computing

This branch of QC aims to address the hardware limitations present in current quantum
computers. The lack of error correction, the short coherence times (the duration for which
a qubit can maintain its quantum properties), and the low gate fidelity make it difficult,
and sometimes impossible, to obtain useful results of complex computations performed on
near-term quantum computers [39]. Quantum circuits with a high number of qubits and
quantum gates are especially challenging to address with present-day quantum hardware,
heavily restricting the applications that these devices can be used for. By incorporating
aspects of classical computation into quantum computing workflows, researchers have been
able to implement hybrid quantum-classical solutions capable of addressing larger and
more intricate problem instances [40]. This is especially relevant for this work as the main
focus of these solutions is complex quantum simulations and combinatorial optimization.
The following subsections introduce the two most important aspects involved in hybrid
quantum-classical solutions: algorithms and systems.

2.2.1 Hybrid Quantum-Classical Algorithms

Hybrid algorithms combine quantum circuit execution and a classical optimization routine.
This workflow is possible because these types of algorithms take advantage of variational
quantum circuits, which are parameterized quantum circuits with a low number of quan-
tum gates (shallow circuits). These circuits are easy to prepare and, in most cases, are short
enough to not be considerably affected by decoherence times or low gate fidelity. In this
context, "parameterized" means that the circuit contains rotation gates with a variational
parameter corresponding to its rotation angle. The main idea of this approach is to find
the best combination of angles so that a previously defined cost function is minimized. In
most cases, the energy of the quantum system is used for this purpose. The process of
finding these angles is performed through a classical optimizer, which, at each iteration,
generates a new set of parameters to be evaluated with the cost function. When the op-
timization process has converged, it is safe to say that the optimal parameters have been
found. This variational principle is employed by state-of-the-art hybrid quantum-classical
algorithms such as the Quantum Approximate Optimization Algorithm (QAOA) [15] and
the Variational Quantum Eigensolver (VQE) [14].
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Figure 2.3|: Execution workflow for a variational algorithm on a classical system.

2.2.2 Hybrid Quantum-Classical Systems

Hybrid systems provide hardware infrastructure and software components to enhance and
optimize the execution of hybrid algorithms. In a typical execution of a hybrid algorithm,
the quantum section of the algorithm runs on a remote QPU, with results transmitted back
to the local system. Subsequently, a classical optimization routine is performed, and this
process repeats until the loss function converges. Due to the variational nature of these
algorithms and the high number of iterations typically required to solve complex problems,
any latency in communications or time spent in the execution queue of the provider’s cloud
can lead to considerable processing delays. The improvement offered by hybrid systems is
realized by placing classical and quantum hardware in close proximity, virtually eliminating
latency caused by data transfers. Furthermore, these systems feature software that allows
for bundling multiple program executions into a single session, enabling users to maintain
a queue priority until the entire workflow is completed. These two features alone provide
a significant advantage over traditional execution workflows on non-hybrid systems. Fig-
ures 2.3 and 2.4 illustrate the main differences in the execution workflow for hybrid and
classical systems.

At the present time, only two quantum providers enable execution on hybrid systems:
IBM Quantum and Amazon Braket. The former does it through Qiskit Runtime,1 while the
latter uses Braket Hybrid Jobs.2 Nevertheless, other quantum companies, such as Rigetti,3

are planning to develop similar systems to provide an advantage to their customers.

1https://qiskit.org/ecosystem/ibm-runtime/
2https://docs.aws.amazon.com/braket/latest/developerguide/braket-jobs.html
3https://www.globenewswire.com/news-release/2022/02/16/2386276/0/en/Rigetti-and-Ampere-

Announce-Strategic-Partnership-to-Develop-Cloud-native-Hybrid-Quantum-Classical-Computers.html
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Figure 2.4|: Execution workflow for a variational algorithm on a quantum-classical hybrid
system.
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2.3 Combinatorial Optimization

Combinatorial optimization (CO) is a sub-field of mathematics, with its main purpose be-
ing to find an optimal object from a finite set of objects [41]. These objects are often
represented as variables involved in an objective function. These variables are discrete (in-
cluding binary) and contain all potential combinations of a finite set of possible options. It
is expected that only a subset of the possible variable values would yield a feasible solution
for the optimization function. In some cases, the variables within the objective functions
can have higher-order interactions, such as binary or ternary, which increases the complex-
ity of the problem. CO has been of great interest to the scientific community as numerous
real-life problems can be formulated as abstract CO problems [42]. For instance, problems
such as portfolio optimization and bin packaging, can be mapped to a knapsack formula-
tion. This is a major advantage, as addressing the subset of abstract CO problems directly
facilitates solutions for a broader range of specific formulations. The formal establishment
of CO as a distinct subject occurred only around 70 years ago with the rise of operations
research and linear programming. However, problems of this kind have been studied since
the previous century in mathematics (e.g., the Traveling Salesman problem and the four
colour theorem)[43]. As the field of operations research developed, there was a grow-
ing interest in characterizing a subfield that exclusively dealt with discrete problems, as
opposed to the continuous problems typically encountered in linear programming.

CO problems are commonly heterogeneous, differing in their underlying structure, ob-
jective functions, constraints, solution techniques, and, most importantly, their computa-
tional complexity. Some can be efficiently solved by algorithms in polynomial time (i.e.,
belonging to the complexity class P) using traditional computational resources such as
CPUs and GPUs. In contrast, others prove to be particularly challenging, sometimes falling
into the NP-complete complexity class, implying that no algorithm can solve the problem
in polynomial time. These problems can also be referred as classically intractable, as there
is no classical algorithm that provides an efficient solution. A comprehensive description
and analysis of most NP-complete combinatorial optimization problem formulations is pro-
vided by Karp in [44], where he demonstrated that each of these problems can be reduced
to a Boolean satisfiability problem, previously proven to be NP-complete by Cook [45]. A
few examples of these challenging problems include the Knapsack problem, Max-cut, Job
Sequencing, and Vertex cover, among others [46].

As polynomial or "efficient" methods for solving NP-complete combinatorial optimiza-
tion problems are yet to be discovered, multiple heuristics and techniques that yield ap-
proximate solutions have been developed to address them. Among the most prevalent
methods are Simulated Annealing, Genetic Algorithms, and Tabu Search. These meth-
ods are commonly implemented within high-performance solvers that are accessible to the
general public for solving their own problem formulations. Notable solvers such as the
Gurobi Optimizer, IBM-CPLEX, MIPCL, and FICO Xpress are state-of-the-art software solu-
tions currently utilized by many businesses and researchers. Access to these tools is typi-
cally provided through programming libraries that are straightforward to integrate into any
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optimization workflow. For example, DOcplex is a Python programming library developed
by IBM that provides access to the IBM-CPLEX solver.

The following subsections provide a more detailed description of two main types of
combinatorial optimization problems: unconstrained and constrained.

2.3.1 Unconstrained Optimization

Unconstrained combinatorial optimization problems are formulations for which there are
no infeasible solutions. All possible combinations for the problem’s variables result in a
valid solution; however, not all solutions correspond to a global minimum (or maximum)
[41]. Problems such as max-cut, graph coloring, or the partition problem are just a few
instances of unconstrained combinatorial optimization formulations. The general mathe-
matical formulation for these types of problems is presented in equation 2.6, where hi is
the corresponding linear term for the variable xi.

minimize: f(x) =
∑
i

hixi (2.6)

A special case of unconstrained optimization that is relevant to our work is quadratic
unconstrained optimization (QUBO) problems. These types of formulations involve pair-
wise or quadratic interactions between the function variables, increasing the search space
and, therefore, the computational complexity of the problem. Equation 2.7 provides the
details of how the objective function of these problems is formulated. The parameter hi is
called the bias on the i-th binary variable, xi ∈ {0, 1}, and Jij is called the coupling between
binary variables i and j. The hi and Jij therefore define the problem to be solved. Given
the similarity of QUBOs to the Ising model from ferromagnetism [47], QUBOs are a crucial
part of quantum annealing and, consequently, gate-based variational quantum algorithms,
including VQE and QAOA. The specific details about how QUBOs are involved in these
algorithms are described in chapter 3.

QUBO(x) =
∑
i

hixi +
∑
i>j

Jijxixj (2.7)

2.3.2 Constrained Optimization

Contrary to the previously described type, constrained combinatorial optimization formu-
lations do possess infeasible solutions, implying that only a subset of all potential solutions
is considered when evaluating the maximum or minimum of the given objective function.
Problem formulations of this nature frequently arise in fields such as finance or logistics,
where objective functions are constrained by factors such as returns, costs, fuel, or physical
space. Among the most pertinent use cases are portfolio optimization, vehicle routing, and
bin packing. The usual mathematical formulation for these types of problems is presented

14



2.4 Related Work

in equation 2.8, where f(x) is subject to one or more equality or inequality constraints. For
the provided equation, ci corresponds to the constraint value for variable xi, and cmax is
some upper or lower bound for the associated constraint.

minimize: f(x) =
∑
i

hixi

subject to:
∑
i

cixi ≤ cmax

(2.8)

2.4 Related Work

At the moment of writing this thesis and to the best of our knowledge, there is no other
software solution specifically tailored to modeling and executing combinatorial optimiza-
tion formulations through different quantum platform providers and quantum algorithms.
Classical optimization packages such as the ones previously described have to integrate any
support for quantum technologies. A limited set of features tailored for combinatorial opti-
mization is available in IBM’s quantum development kit (Qiskit) through their optimization
module (Qiskit Optimization).4 They provide software features to model combinatorial
optimization problems, convert them into formulations amenable to gate-based quantum
computers, and allow access to a library of pre-made combinatorial optimization solutions.
However, there is still a large amount of work needed to orchestrate a complete workflow
for solving the modeled problem, including setting up the algorithmic solution and the
parsing of the results. Additionally, Qiskit Optimization only supports backends from IBM
Quantum and not from other quantum computing providers. Other quantum software so-
lutions, such as T|ket⟩ [48] from Quantinuum and PennyLane [49] from Xanadu, provide
platform-agnostic capabilities that enable the execution of any quantum algorithm on dif-
ferent quantum devices. Nonetheless, these libraries are for general purposes and do not
provide custom functionalities for modeling combinatorial optimization problems, adding
a great amount of overhead for executing and experimenting with quantum combinatorial
optimization solutions.

2.5 Chapter Summary

This chapter describes the background and the relevant related work for this thesis. First,
we provided a comprehensive description of the field of quantum computing and then de-
scribed the most important aspects within the field of combinatorial optimization. Finally,
we presented a brief review of related work in order to have an overview of the current
quantum combinatorial optimization software ecosystem.

4https://qiskit.org/ecosystem/optimization/
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Chapter 3

Quantum Combinatorial Optimization

Combinatorial optimization problems such as the Knapsack problem or the Traveling Sales-
person problem play an essential role within the current industrialized world. Optimizing
how to load a cargo plane, finding the best route to deliver packages, and even predicting
how an RNA strand will fold are just a few examples of how these problems impact our
everyday lives. As mentioned in the previous chapter, many instances of combinatorial op-
timization formulations are known to be NP-complete, limiting or even making it unfeasible
to solve large-scale problems through classical resources. The evergrowing complexity and
scale of industrial, financial, and logistical processes have pushed the field of optimization
to adopt heuristics to solve such problems; more often than not, these solutions tend to
be mere approximations or incomplete answers to the original formulation. With these
limitations in mind, QC researchers have been able to employ the particular properties
of quantum mechanics to successfully develop quantum algorithms and techniques that,
in principle, address these shortcomings. Among the most fundamental and innovative
QC algorithmic solutions for combinatorial optimization are Quantum Annealing, the Vari-
ational Quantum Eigensolver (VQE), and the Quantum Approximate Optimization Algo-
rithm (QAOA). Even though there are still quantum hardware limitations, these techniques
have shown, in some instances, to provide an advantage compared to classical solutions.
The proposed software solution for this thesis integrates the aforementioned algorithms
and allows the user to select the most appropriate for the given problem formulation.
Hence, it is crucial for the reader to fully grasp the inner workings of these approaches.
This chapter describes the three approaches to solving a combinatorial optimization prob-
lem with a quantum computer while highlighting their benefits and limitations.

3.1 Quantum Annealing

Quantum Annealing (QA) is a technique developed with the goal of finding the ground
state of a given problem Hamiltonian with high accuracy in a short amount of time [50].
This method was inspired by a classical optimization heuristic called Simulated Anneal-
ing (SA), which uses thermal fluctuations to push a system towards its global minimum
[51]. Analogously, QA uses quantum tunneling processes to help converge the optimiza-
tion process. More specifically, this method employs the principle of adiabatic evolution,
described in section 2, to optimize an energy function. This function is given in the form of



3.1 Quantum Annealing

Figure 3.1|: The effect of quantum tunneling of Quantum Annealing at finding the global
minimum compared to the adiabatic evolution of Simulated Annealing.

a problem Hamiltonian (Hp) whose ground state encodes the solution to the combinatorial
optimization problem.

QA presents a clear advantage over SA in being able to find the lowest energy level
for the specified function. In many cases, the thermal jumps from the adiabatic evolution
performed in SA cannot surpass large barriers presented in the energy landscape, causing
the algorithm to get stuck at local minima. Meanwhile, the quantum tunneling effects or
fluctuations from QA can penetrate these barriers if they are thin enough, allowing this
method to reach the better solution for a given problem formulation [52]. This process is
illustrated in Figure 3.1.

The practicality of QA towards solving multiple types of combinatorial optimization
problems comes from the ability of these types of problems to be represented as QUBO
formulations, which in turn can be used to find a corresponding Ising Hamiltonian that
can be used as Hp. More specifically, any given cost function C(x1, ..., xN ) in the form of a
QUBO formulation can be expressed as a Hamiltonian Hc in Ising form [1]:

EIsing(Z1, ..., ZN ) =

N∑
i,j=0

JijZiZj +

N∑
i=0

hiZi (3.1)

where Zi corresponds to discrete spin variables, subject to Zi ∈ {−1, 1}, ∀i ∈ N . Addition-
ally, Jij and hi define the quadratic and linear coefficients of the function, respectively.
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This mapping process has allowed QA providers, such as D-Wave, to develop user-friendly
SDKs that allow for the definition of QUBOs for optimization problems that are then auto-
matically converted into Ising Hamiltonians and fitted into the QPU without any program-
ming overhead for the user. Due to the simplicity of this approach, numerous studies and
publications have extensively applied QA to various fields and application areas, such as
bio-informatics [53], manufacturing [54], logistics [55] and machine learning [56].

Besides offering a more straightforward and intuitive approach to solving combinatorial
optimization problems, QA possesses additional advantages that contribute to its status as
the most widely employed quantum algorithm for optimization. One of these benefits is
the ease of scalability for quantum annealers, compared to their gate-based counterparts,
enabling the implementation of larger systems capable of handling more complex and siz-
able problem instances [38]. However, the limited connectivity between the qubits in a
quantum annealer presents a limit to the size and types of problems that can be addressed
with these machines. Another advantage is the reduced scaling of the execution time for
the size of the problem instance, which arises due to the time evolution process being reg-
ulated by a constant annealing time (t) provided by the user [24]. This means if the size of
the problem doubles the increase in execution time is not going to be doubled but increased
in a smaller factor, specified by the user to maintain the quality of the solution.

Nevertheless, there are still some drawbacks that affect QA and, in some cases, limit its
usability. Firstly, most QA providers have a customized and restrictive implementation of
the technique, allowing users to modify only a limited set of characteristics, such as the
number of shots and annealing time. This constraint can limit the experimentation and
evaluation of QA for complex use cases. Additionally, certain studies [1] have demonstrated
that QA applied to large and complex problems may encounter challenges in finding the
global minimum of the energy landscape compared to classical methods. Consequently,
this can lead to the generation of sub-optimal results. This situation is illustrated in Figure
3.2.

Overall, QA is a highly practical and powerful approach to solving optimization prob-
lems. It stands as the most widely employed and researched quantum technique for ad-
dressing these types of problems. However, like any other quantum computing solution, it
has flaws. Some progress is still needed before it can be extensively utilized for real-world,
large-scale industrial applications.

18



3.1 Quantum Annealing

Figure 3.2|: Solution quality of multiple optimization techniques when solving a 5,387
decision variables problem. It is shown that QA is not able to converge toward
the best-known solution. Taken from [1].
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3.2 Variational Quantum Eigensolver

The Variational Quantum Eigensolver (VQE) is a hybrid quantum-classical algorithm de-
signed explicitly for gate-based quantum computers. Its primary objective is to approxi-
mate the eigenvalue of a given eigenvector by computing the lowest energy of the system
[14]. This eigenvalue represents the ground state energy of a system, which corresponds
to the most optimal configuration of that system. The VQE approach is inspired by the vari-
ational principle of quantum mechanics. Which states that the ground state energy (Eϕ)
of an observable described by a Hamiltonian Ĥ and a trial wave function |ψϕ⟩ is always
higher than or equal to the ground state energy (E0) of the same Hamiltonian evaluated
using an exact wave function |ψ0⟩ [57], as defined in equation 3.2.

E0 =
⟨ψ0|Ĥ|ψ0⟩
⟨ψ0|ψ0⟩

Eϕ =
⟨ψϕ|Ĥ|ψϕ⟩
⟨ψϕ|ψϕ⟩

fulfilling Eϕ ≥ E0 (3.2)

Hence, the goal of VQE is to find the viable parameterized trial state that minimizes the
ground state energy of the system. It is possible to characterize the VQE optimization
process as described in equation 3.3. Where |ψϕ⟩ is expressed as a parameterized unitary
U(θ) applied to an N-qubit initial state (|0⟩⊗N) [58]. U(θ) is also known as an Ansatz or an
informed guess for the trial state, and it is composed of different parameterized quantum
gates that will be updated by computing new parameters through the multiple iterations of
a classical optimization algorithm.

EV QE = min
θ

⟨0|U †(θ)ĤU(θ)|0⟩ (3.3)

The complete algorithmic approach for VQE is described in Figure 3.3. The pseudo-
code describes how the QPU and the CPU interact with each other to approximate the
minimum eigenvalue of the operator Ĥ. It is important to note that a crucial step before
executing the algorithm is to define the variational Ansatz (U(θ)); this step is analogous to
designing the architecture of a neural network, as the structure of this trial state is going
to determine the performance and accuracy of VQE. Choosing the correct Ansatz is not
an easy task; many papers have studied how different choices affect the results, and some
have even proposed certain ansatz for specific types of problems. For instance, Liu et al. [2]
present a layered Ansatz that has proven to be adequate when dealing with combinatorial
optimization problems; the specific structure of the quantum circuit is presented in Figure
3.4. Nevertheless, understanding and selecting the most appropriate trial state for different
variational quantum algorithms is still a very active area of research [59] [60] [61].

The chosen Ansatz is used in the quantum subroutine of the algorithm to compute the ex-
pectation value (E(θ)) of Ĥ evaluated on U(θ), as described in equation 3.4. This value
is of utmost importance as it characterizes all the possible outcomes of a measurement
weighted by their probabilities, which gives a sense of how well the calculation of the
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Figure 3.3|: Pseudo-code for the VQE algorithm.
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Figure 3.4|: Structure of a 6-qubit layered Ansatz suited for combinatorial optimization on
noisy quantum computers. Extracted from [2].

minimum eigenvalue approximates the ground truth. In a sense, this step can be seen as
the computation of the cost for the current configuration of θ evaluated on the Ansatz.
Once E(θ) has been calculated, the classical subroutine of the hybrid algorithm is in charge
of updating θ, so equation 3.4 will be minimized. This hybrid process between the two
devices is repeated iteratively until either the expectation value stops changing or the max-
imum number of iterations is achieved; this approach is depicted in Figure 3.5. When the
algorithm has finished its execution, the optimal values for θ are then used to do a final
evaluation of E(θ). The result of this computation is going to be the lowest approximate
eigenvalue of our problem, Hamiltonian.

E(θ) = ⟨U(θ)|Ĥ|U(θ)⟩ (3.4)

Since its inception, VQE has been primarily applied to quantum chemistry applications.
However, numerous publications have utilized this approach for solving combinatorial op-
timization problems and have reported promising results [2] [31] [62]. VQE’s applicability
to these types of problems stems from the same procedure employed in Quantum Anneal-
ing (QA) for optimization. More specifically, the ability to map an optimization problem
expressed in QUBO form to a corresponding Ising Hamiltonian Ĥ, which ultimately will
become the operator whose minimum eigenvalue is to be calculated. Similar to QA, the
approximated ground state energy obtained from VQE also encodes the solution to the
formulated optimization problem.

VQE is an algorithm known for its remarkable flexibility and wide applicability across
various domains, as mentioned earlier. One of its key strengths lies in its high level of
customization. The choice of Ansatz can be tailored and adjusted to suit specific use cases
or problem characteristics. Furthermore, the classical optimization routine within VQE can
be implemented using various optimization algorithms, such as COBYLA, ADAM, and SPSA,
among others [63], providing further flexibility. Another significant advantage of VQE is its
hybrid nature, enabling its utilization on near-term quantum devices while still producing
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Figure 3.5|: Overview of the variational approach followed by VQE.

valuable results. Additionally, leveraging specialized hardware, such as GPUs or TPUs for
faster gradient computation, can accelerate the parameter optimization process, presenting
an opportunity to gain efficiency from the classical side. Furthermore, the availability of
a more extensive selection of gate-based devices from quantum providers, in comparison
to Adiabatic Quantum Computing (AQC), offers more options to experiment with different
hardware implementations [64]. This enables researchers to evaluate and identify the most
suitable hardware configuration for specific problem domains, enhancing the exploration
of potential quantum solutions.

When considering the limitations of VQE, two factors currently constrain its applicability
and accuracy. Firstly, the scale of most general-purpose quantum computers restricts the
size of problems that can be effectively addressed using VQE. Many optimization problems
involve a significant number of variables, often reaching the order of hundreds or thou-
sands, rendering VQE feasible for only a small subset of problem instances. Furthermore,
the presence of high levels of noise in near-term devices, coupled with their limited qubit
connectivity, negatively affects the algorithm’s accuracy. Secondly, the variational approach
employed by VQE is prone to becoming trapped in local minima, leading to suboptimal so-
lutions. While specific papers [65] [66] have proposed potential improvements to alleviate
this challenge, it remains an ongoing issue that has yet to be resolved entirely.

In conclusion, VQE is a foundational and groundbreaking quantum algorithm; its hybrid
approach paved the path towards practical near-term quantum computing. It has multiple
benefits that make it useful for a wide array of problems, including combinatorial opti-
mization. However, being a relatively new algorithm, VQE is not without its limitations,
particularly when it comes to scaling up to more significant and more intricate problem
instances. Further research and development are imperative for VQE to fully realize its
potential and offer tangible advantages in the field of optimization.
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3.3 Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm (QAOA) is a hybrid quantum-classical
algorithm specifically designed to produce approximate solutions to combinatorial opti-
mization problems [15]. QAOA follows a similar approach to VQE, as it also works by
searching for the eigenstate that minimizes the eigenvalue of a given system in the form
of a Hamiltonian Ĥ. The ground state energy of Ĥ is also approximated by evaluating the
operator on a parameterized Ansatz and optimizing the set of parameters in a variational
fashion. Figure 3.6 presents the pseudocode of this algorithm. It could be said that QAOA is
a more specific version of VQE, as the main difference between these two algorithms is that
QAOA uses a problem-specific Ansatz. This parameterized quantum circuit is constructed
using an initial N-qubit superposition state (|+⟩⊗N) and on two layers, a cost layer, which
encodes an approximation of the problem Hamiltonian (HC), and a mixer layer, which
represents a transverse field Hamiltonian (HM), similar to the one used in QA. Both of
these layers are repeated a p number of times to improve the level of approximation of the
algorithm. The use of a large value for p comes with a trade-off as this increases the circuit
depth and, therefore, the execution time. This Ansatz structure is depicted in Figure 3.7.

A crucial step in the QAOA algorithm is the encoding of the problem Hamiltonian into
the cost layer. This process is performed by exponentiating HC ; this operation allows the
discrete spin variables from the Ising formulation to be mapped into quantum gates that
can be appended to our layer. For a given problem Hamiltonian HC , its corresponding
exponentiation is given by equation 3.5.

HC =

N∑
i,j=0

JijZiZj +
N∑
i=0

hiZi

e−iγHc =

N∏
i,j=0

RZiZj (Jijγ)

N∏
i=0

RZi(hiγ)

(3.5)

By examining the equation, we can observe that the quadratic terms of the problem Hamil-
tonian are encoded in the cost layer through the application of RZZ rotations. Similarly,
the linear terms are represented by RZ gates. Each of these gates relies on variational
parameters (γ) and a corresponding coefficient derived from either the quadratic or linear
terms of HC .

The inclusion of a transverse field Hamiltonian, represented by HM , is crucial in enabling
QAOA to converge towards the global minimum of the system. This Hamiltonian plays a
similar role to the "easy" Hamiltonian used in quantum annealing as it provides a known
ground state to begin the exploration process. To incorporate HM into the Ansatz, a similar
exponentiation process as with HC is performed, but this time using single-qubit Pauli X
operators to represent the Ising formulation:
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Figure 3.6|: Pseudo-code for the QAOA.

HM =
N∑
i=0

Xi

e−iβHM =
N∏
i=0

RXi(2β)

(3.6)

Similarly to the previous exponentiation, Equation 3.6 demonstrates that the mixer Hamil-
tonian is encoded by applying parameterized RX gates to each qubit in the Ansatz. These
rotations also depend on variational parameters (β) that are distinct from the ones em-
ployed in the cost layer.

QAOA is often regarded as the gate-based counterpart to QA, employing a similar ap-
proach to approximate the optimal solution of a combinatorial optimization problem. In-
spired by QA, QAOA requires the discretization of the time-dependent evolution of HC to
accommodate gate-based hardware [67]. This discretization process is possible thanks to
the Trotter-Suzuki formula [68], a fundamental component of quantum simulation, it al-
lows to approximate the exponential of a sum of non-commuting operators (e.g., Â and B̂)
into a discrete number of steps (M), usually present during adiabatic evolution. As shown
in equation 3.7.

eÂ+B̂ = lim
M−→∞

(e
Â
M e

B̂
M )M (3.7)

As an algorithm primarily developed for solving combinatorial optimization problems,
QAOA has been widely studied and tested across various application areas [32] [69]
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Figure 3.7|: Variational Ansatz for QAOA, depicting the problem and mixer layers.

[70]. This extensive research has been instrumental in gaining insights into the limi-
tations of QAOA and has motivated the development of improved versions of the algo-
rithm to achieve better approximations. For example, the Quantum Alternating Operator
Ansatz (QAOAnsatz) [71] allows for alternation between more general families of opera-
tors: phase-separation operators, which depend on the objective function to be optimized,
and mixing operators, which depend on the problem’s domain and structure. This flexi-
bility allows the Ansatz to go beyond the constraints of parameterized unitaries for a fixed
local Hamiltonian, making it better suited for optimization problems with hard constraints.
Another notable improvement from the base implementation is the Warmstart QAOA [72].
This approach enables the algorithm to leverage a pre-trained set of parameters obtained
from the classical solution of a relaxed version of the optimization problem. The main idea
behind this method is that starting QAOA from a better initial point can lead to faster con-
vergence with fewer iterations. The expectation is that the time saved during the execution
of the algorithm outweighs the time spent on pre-calculating the optimal starting point.

QAOA has multiple benefits that make it a prime candidate for demonstrating quantum ad-
vantage for combinatorial optimization problems with near-term devices. One of its most
significant advantages is its ability to adapt to specific problems. As mentioned before,
QAOA utilizes an Ansatz that encodes the cost function of the optimization problem and
provides the option to use more general operators. This flexibility allows QAOA to handle
complex constraints and problem structures, making it well-suited for a wide range of opti-
mization problems. Another advantage of QAOA is its hybrid nature, which allows for the
optimal utilization of current limited quantum computing resources in combination with
classical optimization subroutines. As quantum computers continue to improve exponen-
tially year after year, the performance of the algorithm is expected to undergo significant
improvements. This means that as better hardware becomes widely available, the speed
and accuracy of QAOA will naturally increase, leading to improved optimization results.

This algorithm, being very similar to VQE, also shares many of its limitations. Mainly, it
is affected by the current state of gate-based quantum devices in terms of scale (number
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of qubits), quality (level of noise), and connectivity. These factors have led to a subpar
performance of QAOA compared to QA and even classical heuristics when studying it for
large problem instances [73]. Additionally, as the name of the algorithm indicates, this
method provides an approximation for the optimal solution. It is not guaranteed that
QAOA will find the optimal solution for a problem. Even if the level of accuracy can be
controlled by increasing p, it would be necessary to have infinite iterations in order to
produce a perfect approximation to the true solution.

Finally, QAOA is a promising quantum algorithm that has gained significant interest and
witnessed rapid advancements since its initial proposal. Its applicability to various fields of
high interest has motivated active research aimed at overcoming limitations encountered
when applying QAOA to large-scale and complex optimization problems. Moreover, the
evolving landscape of quantum computing hardware provides promising prospects for the
future development and application of QAOA. As a result, it is crucial to continue investing
resources and efforts into research associated with this approach to further enhance its
capabilities and explore its full potential.

3.4 Chapter Summary

This chapter describes in detail the three most important quantum algorithms and meth-
ods for quantum optimization: QA, VQE, and QAOA. We presented the motivation, im-
plementation, and mathematical foundations for each of these. Additionally, the benefits
and limitations of each approach are highlighted, taking into account their applicability for
large-scale optimization problems and the current state of quantum hardware and software
platforms.
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Chapter 4

Quantum Computing Hardware and
Platform Providers

The current ecosystem of quantum hardware is extensive, with over 20 quantum comput-
ing companies (i.e., quantum platform providers) offering access to their quantum com-
puters. These devices vary in terms of qubit implementations, computing paradigms, and
even SDKs, posing a challenge when selecting the most suitable platform for specific ap-
plications, particularly in the case of complex applications like quantum combinatorial op-
timization. This chapter aims to provide a comprehensive description of the most preva-
lent quantum hardware implementations and discuss a set of aspects that can characterize
quantum computing platforms, allowing for a more informed evaluation of their capabil-
ities. Finally, the three quantum providers available in QPLEX will be described, and the
main characteristics of their devices will be presented. Similar to Chapter 3, a deep and
clear understanding of the technologies and approaches described in this section of the
thesis is paramount to fully exploiting the platform-agnostic capabilities of QPLEX.

4.1 Hardware implementations

The invention of quantum computing hardware is one of the most remarkable achieve-
ments of the last century. The ability to interact and perform computations on subatomic
quantum mechanical systems is genuinely extraordinary. However, the development of
quantum machines is a complex and challenging endeavor. It took scientists and engineers
over 20 years to realize a functional prototype. Motivated by this significant milestone
and driven by the pursuit of the most optimal way to build a quantum computer, multiple
hardware implementations have been developed, each with unique characteristics and po-
tential advantages. These implementations refer to the methods used to represent qubits
within the quantum processing unit (QPU). The three most common qubit implementations
are superconducting qubits, ion traps, and photonic qubits. The following subsections will
describe and analyze each of these implementations in detail.



4.1 Hardware implementations

Figure 4.1|: Superconducting qubit circuit diagram. (a) Charge qubit. (b) Flux qubit. (c)
Phase qubit. Taken from [3].

4.1.1 Superconducting

Superconducting quantum computing (SQC) is the most popular implementation of quan-
tum computing hardware. Companies such as IBM, D-Wave, Rigetti, and Google are heav-
ily investing in developing large-scale quantum computers based on this technology. This
choice is driven by the complexity of building physical qubits from quantum particles (e.g.,
electrons and photons), as their small scale makes classical manipulation of these systems
difficult. To overcome this challenge, SQC proposes using macroscopic systems that can be-
have as quantum particles and be easily manipulated for computations. The original idea
for this method was presented back in 1999 [74], where the authors proposed the use of a
superconducting circuit called a single-Cooper-pair box, in combination with a Josephson
junction—a sheet of insulating material positioned between two superconducting plates.
This setup creates an artificial two-level system capable of exhibiting superposition, also
known as a charge qubit. Building upon the original implementation, two other types of
superconducting qubits were developed: flux qubits [75] and phase qubits [76]. These
three archetypes can be characterized by their method of controlling the transition be-
tween quantum states [3]. The charge qubit achieves this by controlling a voltage Vg, the
flux qubit performs the transition by changing the bias flux Φ, and the phase qubit achieves
it by adjusting the bias current Ib in the circuit. These implementations are depicted in
Figure 4.1.

Within these qubit archetypes, there are more specific implementations that address differ-
ent limitations of the original designs. Some notable examples include the Transmon qubit
[77], the Fluxonium qubit [78], and the recently discovered Unimon qubit [79]. Regardless
of the qubit type, all these quantum systems must interact with classical devices to receive
instructions. Microwave pulses typically facilitate this interaction in superconducting quan-
tum computers (SQC). These pulses are applied to the qubits using specialized devices that
are coupled to the circuit, allowing for the manipulation of the system’s state. When it
comes to measuring the quantum states or performing qubit read-out, different approaches
can be employed. Standard techniques include charge measurement, flux measurement,
and inductance measurement. However, the most widely used process is dispersive read-
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out. This method involves measuring the transmission coefficient of a readout resonator,
which is also coupled to the circuit through capacitance or inductance [3]. By analyzing the
changes in the transmission coefficient, the qubit’s state can be detected and read out.

SQC offers two main advantages compared to other quantum hardware implementa-
tions: its fabrication process and the method of interacting with qubits. Firstly, SQC utilizes
a macroscopic solid-state electrical circuit as its qubit implementation. This similarity to
classical semiconductor microfabrication processes allows faster development and greater
scalability. Secondly, using microwave pulses to manipulate the quantum state of the sys-
tems is highly advantageous. Commercial microwave equipment can be readily employed
for this purpose, eliminating the need for specialized hardware development. This reduces
costs and accelerates the implementation of more complex quantum systems. Nonetheless,
a significant drawback poses a constraint on this type of implementation: the requirement
to maintain these systems at extremely low temperatures to preserve the superconduct-
ing properties of the materials used in the circuits. To achieve and sustain the necessary
temperature, the systems must be installed within a dilution fridge, a large and expensive
apparatus explicitly designed for this purpose. Including this additional hardware sig-
nificantly increases the implementation cost and complexity of superconducting quantum
computers.

4.1.2 Trapped Ion

Even though Trapped Ion Quantum Computing (TIQC) is not as common as Superconduct-
ing SQC, it presents a promising and practical approach to building quantum computing
hardware. Two major players, IonQ and Quantiniuum, are actively developing TIQC de-
vices. These companies have successfully realized working QPU implementations using
ion trap technology and provide access to these devices through cloud services like AWS
Braket. This technique for building qubits was first proposed in 1995 by Ignacio Cirac and
Peter Zoller. They demonstrated that a collection of cold ions manipulated with laser light
and confined in a Paul trap, an electromagnetic confinement device, could serve as a real-
istic physical system for realizing a quantum computer [80]. However, not all ions can be
used as qubits. The energy levels that characterize the ion determine the practicality and
feasibility of preparing and manipulating a quantum state within itself. Generally, ions in
Group II of the periodic table are good choices for qubit development due to the multiple
states of the valence electrons in their atoms [81]. This flexibility allows for various qubit
implementations within ion traps, such as Zeeman qubits, hyperfine qubits, optical qubits,
and fine-Structure qubits. Each of these implementations specifies a way to represent the
computational basis of the qubit and defines the methods for manipulating the quantum
states.

Optical qubits and hyperfine qubits are two popular implementations of trapped ion
qubits due to their efficiency and practicality. While both schemes utilize the ground state
(|g⟩) and excited state (|e⟩) to represent the computational basis, they differ in the meth-
ods of transitioning between these states and applying quantum gates. Both approaches
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Figure 4.2|: Representation of state transition in Optical and Hyperfine qubits. Extracted
from [4].

are illustrated in Figure 4.2. In the case of optical qubits, the transition from |g⟩ to |e⟩ can
be achieved directly by exciting the system with a photon. The energy difference between
the ground and excited state corresponds to a laser frequency of 729nm, which can be gen-
erated using an infrared laser [4]. Similarly, a single resonating laser can apply quantum
computing gates to optical qubits. On the other hand, hyperfine qubits cannot make the
same jump, as the energy difference between the states is minimal; instead, an auxiliary
state (|aux⟩), reachable by an infrared laser, is used to transition the system to a higher
energy state, in that point the coherence time of |aux⟩ is short which causes the system to
converge to |e⟩. This setup allows for longer coherence times compared to optical qubits.
Additionally, the execution of quantum gates on hyperfine qubits can be performed through
microwaves or laser light, allowing for more flexibility for the hardware implementation.

Overall, TIQC is a promising technology for implementing quantum computers. Using
quantum physical systems such as ions presents several advantages compared to other
techniques. One advantage is the robustness of ion energy levels, which contributes to
longer qubit coherence times. This improved coherence allows for the application of more
sequential operations to these systems. Additionally, TIQC enables the implementation
of single and two-qubit gates with high fidelity, thanks to the precision of lasers and the
confinement of ions within the linear electromagnetic trap. However, a critical limitation
of this approach is the slow time for applying quantum gates to the qubits. According to
[81], two-qubit gates implemented on trapped ions have been demonstrated to be as fast
as 1.6µs, while two-qubit gates performed in superconducting qubits are in the order of
nanoseconds.

4.1.3 Photonic

Photonic Quantum Computing (PQC) has seen a significant increment in research and
development over the past decade. More specifically, Linear Optical Quantum Computing
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(LOQC), a specific implementation of PQC, has become the most promising option for
implementing a fully scalable and fault-tolerant quantum computer. Research labs and
leading QC companies such as Xanadu and PsiQuantum are investing many resources to
realize this ambitious vision. Xanadu, in particular, has produced multiple papers and
reports showcasing their advancements [11][82], in addition to already providing cloud
access to their state-of-the-art X-series nanophotonic chip [83].

The fundamental idea behind PQC is encoding qubits on single photons; given that this
quantum particle does not easily interact with its environment, it makes for a very robust
system. The encoding process itself can be achieved through many methods, including
polarization, time bin, and path [84]. This is advantageous as one-qubit gates can be easily
applied; for instance, a polarization-encoded qubit can be rotated through wave plates to
execute a quantum gate. However, photons’ non-interacting nature makes it difficult to
implement entanglement operations, such as multi-qubit gates, which hinders the building
of a universal quantum computer. Two formulations for universal quantum computation
with these devices were proposed as a tool for overcoming this limitation: LOQC using the
KLM protocol and Continuous-variable quantum computation (CVQC).

In 2001, Knill, Lafamme, and Milburn proposed the KLM protocol, which demonstrated
that it is possible to implement reliable quantum algorithms using single photon sources,
passive linear optics, and photo-detectors [85]. They achieved this by using ancillary pho-
tons, beam splitters, and photon detection to create a controlled-NOT gate. This first result
was fundamental for establishing linear quantum optics as a feasible framework for achiev-
ing efficient quantum information processing. However, it has since been shown that this
technique would require a large number of ancillary photons for large-scale quantum de-
vices, making the system more complex and driving up fabrication costs. Following the
contributions of KLM, four years later, Braunstein and van Loock explored the applicabil-
ity of continuous-variable (CV) approaches for quantum information processing through
the use of Gaussian states and operators [86]. The proposed implementation differs from
traditional LOQC methods in that the qubits are encoded using the continuous quadrature
amplitudes of the quantized electromagnetic field present in light rather than using single
photons. This allows for an efficient implementation of all the necessary steps in quantum
protocols, such as state preparation, manipulation, and measuring. Additionally, the entan-
glement process for CV qubits can be produced using squeezed light and linear optics. One
major limitation of this approach is the low fidelity of multi-qubit gates, caused by the finite
limit for squeezing light; after a few steps, this process destroys the information present in
CV qubits [87]. Given the constraints present in both formulations, many photonic quan-
tum hardware companies adopt a hybrid approach that leverages the advantages of each
approach while mitigating their respective limitations.

4.2 Characterization aspects

The task of determining which quantum computing provider is the most appropriate for a
specific use case or application is very complex. There are many factors that play an impor-
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tant role in this selection process. Some of these are related to hardware characteristics,
while others are subject to software features. Currently, there is no one metric or test that
can provide a definitive solution to this situation. However, a large number of papers have
discussed techniques for evaluating different aspects of quantum hardware, providing help-
ful insight for arriving at a final decision. This chapter will introduce and describe three
different characterization aspects to provide guidelines for evaluating the feasibility of us-
ing a given quantum provider for a specific combinatorial optimization problem. This will
allow practitioners to minimize the experimentation time and reduce the cost generated by
trial and error approaches.

4.2.1 Scale

As previously discussed, the basic unit of computation for quantum computers is the qubit.
Hence, the scale of these machines is determined by the number of qubits present in their
QPUs. Naturally, the more qubits a quantum computer has, the better it is equipped to
solve larger and more intricate problems. In fact, it is common to measure the progress
and success of a quantum platform company by the number of qubits its largest quantum
computer has. Most quantum computing providers possess a wide array of machines, each
with a different number of qubits and other hardware specifications. However, for the pur-
pose of this chapter, we will only concern ourselves with the quantum computers that have
an equal or larger number of qubits than the ones needed to represent a given combina-
torial optimization problem. This condition is essential because if the problem cannot be
encoded into the QPU, other hardware characteristics, such as gate fidelity or decoherence
time, are irrelevant as they will not be used.

The number of qubits needed for encoding a problem instance is given by the total
number of variables needed to construct its corresponding QUBO formulation. If the com-
binatorial optimization problem is composed of only binary variables and does not have
any constraints, then building a QUBO that represents it is straightforward. This is the case
as each item (i.g., vertices, edges, etc.) in the problem can be represented by a single vari-
able, and their properties and relationships are captured in the QUBO matrix itself. This
is not the case when working with constrained combinatorial optimization problems or in-
stances where discrete or continuous variables are present. For these types of problems,
encoding techniques are needed to transform constraints into penalties and non-binary
variables into binary. More often than not, this process requires the use of extra qubits in
order to represent the additional information. Many encoding techniques are present in
the literature, each with different advantages and limitations [88][89]. However, at the
moment of writing this thesis, QPLEX uses one-hot encoding for handling non-binary vari-
ables and constraints. Therefore, it is advisable that when applying this approach to the
characterization of a quantum computer, this specific encoding method is used to find an
approximation to the total number of qubits needed.
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4.2.2 Quality

The quality of the results from a quantum computer is objectively the most relevant metric
from these devices. Even if the quantum machine is capable of executing an algorithm
10 times faster than a classical computer, it is not useful if the results are not accurate
or if it cannot successfully solve the formulated problem. This is a major problem since,
as previously stated, near-term quantum computers have a limitation when it comes to
producing quality results for complex quantum circuits, usually needed when executing
variational quantum algorithms. Intrinsic aspects of the QPU’s hardware implementation,
such as decoherence time, gate fidelity, and measurements fidelity, are essential properties
that need to be evaluated when selecting a quantum provider and, more specifically, a
quantum computer [90].

The aforementioned properties can be considered low-level, as these are directly re-
lated to the lowest layer in the QC stack. For instance, decoherence time refers to the time
a given qubit in a quantum computer can preserve its state without losing any informa-
tion. On the other hand, gate fidelity concerns with the closeness between the state of a
physical qubit after applying a quantum gate and the ideal theoretical case. Similarly, mea-
surement fidelity is related to how close the physical qubit’s measurement is to the ideal
outcome. Generally, a gate and measurement fidelity above 99% is necessary to achieve
fault-tolerant quantum computing. It is possible to go up in the abstraction level of the
quantum computing stack and use metrics that encapsulate the properties in the lower lev-
els. One such metric is quantum volume; it quantifies the largest random circuit of equal
width and depth that a quantum computer can successfully implement [91]. This evalua-
tion method is designed to strictly depend on the lower-level characteristics of a quantum
device. Hence a machine with a higher decoherence time, gate fidelity, and measurement
fidelity is expected to achieve a larger quantum volume. This metric is currently used as an
industry standard to measure the performance of gate-based quantum devices and to track
the overall progress toward fault-tolerant quantum computing.

One evident limitation of the quantum volume metric is that it can only be used for
assessing the performance of gate-based devices. Consequently, it cannot be utilized for
drawing comparisons between other QC paradigms, such as annealing. One can address
this situation by moving even higher into the QC stack and getting into the realm of quan-
tum applications. At this level, the complete capabilities of a quantum computer and all
its attributes are evaluated on how accurately the machine can solve a given problem.
Some proposals from the literature are to use quantum chemistry [92] and optimization
[93] applications to benchmark different quantum devices, regardless of their paradigm or
hardware implementation. These studies have shown promising results; however, setting
up a complete application in order to determine the better quantum device for a specific use
case completely defeats the purpose of the described systematic approach. Instead, it is pos-
sible to constrain the benchmark to only the underlying quantum computation performed
by both quantum chemistry and combinatorial optimization applications, the computation
of the expectation value of a given Hamiltonian and a quantum state, as described in [94].
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This method allows for a fast and low-cost alternative when characterizing the accuracy of
a quantum computer.

4.2.3 Time-to-solution

The time it takes a quantum computer to solve a given problem is one of the main selling
points for quantum advantage. Especially in the realm of combinatorial optimization in
an industrial setting, where achieving a valid solution for a classically untractable problem
formulation faster than a competitor can translate into a massive increase in revenue for
a company. Hence, it is important to understand how to differentiate quantum devices in
terms of how quickly they can arrive at a valid solution. Similarly to the previous charac-
terization aspect, it is necessary to make the distinction between quantum annealers and
gate-based computers, as their execution time depends on different properties and param-
eters.

On the one hand, quantum annealers’ time-to-solution primarily depends on the annealing
time selected for the execution. As mentioned before, this parameter determines how long
the system’s adiabatic evolution will take, and hence, it also controls the quality of the
results. This is why the annealing time has to be considered a trade-off between speed and
quality. It can not be dialed way down as it will affect the quality of the solution, and it
shouldn’t take a large value since we desire our execution time to be faster than solving
the problem on a classical computer. Additionally, the annealing time is independent of
the size of the problem, meaning that solving a problem formulation with 50 variables
should take the same time as solving one with 200. Nevertheless, since the formulation
with more variables creates a more complex energy landscape, it is possible that a larger
annealing time is needed to achieve the most optimal solution. This leads us once again to
the aforementioned trade-off. Generally, newer generation annealers, such as the D-Wave
Advantage machines, require an overall lower annealing time to find an optimal solution
than their predecessors. Allowing for quicker computations without losing any quality in
the results.

On the other hand, general-purpose gate-based quantum computers derive their time-to-
solution directly from lower-level physical characteristics of the QPU, for instance, gate
speed. Also, this time is directly correlated with the complexity of the combinatorial opti-
mization problem at hand. Contrary to annealers, gate-based computers take more time to
compute a valid solution when more variables and/or constraints are present. It is possible
to determine which gate-based quantum computer will execute a given problem formula-
tion faster and, therefore, have a lower time-to-solution by employing a single metric that
encapsulates the hardware characteristics responsible for the speed of computation. This
metric is called "Circuit Layer Operations Per Second" (CLOPS) and is analogous to the
FLOPS metric in classical computers. It was developed by IBM and measures how many
parameterized quantum circuits with the same width and number of layers can be exe-
cuted by a QPU per unit of time [90]. Commonly, a larger number of CLOPS would mean
a faster time-to-solution for the problem at hand. More modern quantum computers with
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faster gate speeds and better connectivity possess a higher number of CLOPS, making them
preferable for time-sensitive industrial applications.

When assessing which quantum computer to select in terms of its time-to-solution
within the context of solving a large-scale industrial problem, it is advisable to experi-
ment with both annealers and gate-based devices before committing to a single quantum
computing paradigm. A more pragmatic approach is needed for this characterization aspect
since the time-to-solution for a problem can vary significantly with regard to its formula-
tion. Nonetheless, some general suggestions are to begin the exploration with a quantum
annealer to take advantage of the constant time complexity given by the annealing time. In
case the annealer does not satisfy the time or quality requirements for the solution, gate-
based devices should be used, prioritizing computers with a larger number of CLOPS.

4.3 Supported Providers

As previously mentioned, QPLEX is a hardware-agnostic programming library that allows
the seamless execution of combinatorial optimization problems on a wide variety of quan-
tum platform providers without adding any programming overhead to the user. Each of
these providers has different quantum hardware offerings and unique features that must
be fully understood to properly use the library and achieve the best results possible for a
given problem. Therefore, this section will thoroughly describe all the available quantum
computing providers within QPLEX while highlighting their benefits and limitations.

4.3.1 IBM Quantum

IBM Quantum is IBM’s quantum computing division. In 2016 they decided to release the
IBM Quantum Platform with the goal of offering public access to IBM’s quantum computing
devices. Along with the platform, IBM developed Qiskit, a Python library for programming
and experimenting with their quantum computers. This platform also provides a visual
quantum circuit composer (IBM Quantum Composer) as well as an online IDE (IBM Quan-
tum Lab) for faster and simpler development of quantum solutions. Initially, only a few
quantum devices were available to the public; these possessed a low number of qubits and
had multiple limitations, including high noise levels and low coherence times. However,
over 24 quantum computers, including their most advanced and powerful devices, are cur-
rently available in the IBM Quantum Platform.

IBM offers three different types of access to these devices1: Open plan, Pay-As-You-Go,
and Premium. The Open Plan access is available for anyone who registers on the platform.
This is the most basic level of access, and it only allows one to interact with the smaller
quantum devices (usually up to 7 qubits). Additionally, since most people have this level of
access and only a few computers are available, the execution queues are long. For the Pay-
As-You-Go model, the user has to pay for the number of seconds their quantum programs

1https://www.ibm.com/quantum/access-plans
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take to execute in exchange for getting access to the newer and larger devices (up to
127 qubits). Since this is a paid service, there are fewer users, which makes the execution
queues considerably shorter, allowing for a quicker workflow. This plan also includes access
to exclusive features such as Qiskit runtime. The last level of access is the Premium, and
it is only available for selected users, including research labs and specialized companies.
Among the premium features is access to exploratory devices that haven’t been released to
the public (currently up to 433 qubits), queue priority for any device, and hands-on support
directly from IBM. Regardless of the access, all users require an API token to interact with
IBM’s cloud successfully.

The complete IBM quantum hardware line-up is based on superconducting qubits.
Nonetheless, they differ in their chip architecture. Currently, only five architectures are
available to the public on the IBM Quantum Platform: Falcon, Hummingbird, Eagle, Os-
prey, and Egret. Each of these has its own set of features and unique properties, although
more often than not, the newer devices borrow many characteristics from the previous gen-
erations. The end goal of each new architecture is to increase at least one of the previously
described characterization aspects, in other words, the number of qubits, the quantum vol-
ume, and the number of CLOPS. Each architecture can have different versions and can be
implemented into one or more quantum computers. For instance, the Falcon architecture
has seven different versions (i.e., r4t, r5.11H, r4P, r8, r5.11, r5.10, r5.11L) and has been
implemented into 16 different quantum devices. Table 4.1 presents the main metrics of the
flagship quantum computer for each chip architecture.

Table 4.1: Main metrics of some IBM Quantum’s backends.

Backend Chip Architecture Qubits Quantum Volume CLOPS Open Plan
ibmq_belem Falcon r4T 5 16 2.5K Yes
ibmq_manila Falcon r5.11L 5 32 2.8K Yes
ibmq_perth Falcon r5.11H 7 32 2.9K Yes

ibmq_guadalupe Falcon r4p 16 32 2.4K No
ibmq_mumbai Falcon r5.10 27 128 1.8K No
ibmq_algiers Falcon r5.11 27 128 2.2K No
ibmq_ithaca Hummingbird r3 65 N/A N/A No

ibmq_sherbrooke Eagle r3 127 32 904 No
ibmq_seattle Osprey r1 433 N/A N/A No

IBM Quantum is at the forefront of quantum hardware development. At present time,
they own the largest gate-based quantum computer on the market, the IBM Seattle, with
433 qubits, and are planning on almost tripling this size by the end of 2023 with their brand
new Condor architecture. Additionally, IBM has also come up with significant innovations
in the software realm, such as Qiskit runtime and Dynamic Circuits, both of which enable
an optimized and higher-quality execution of quantum programs on the aforementioned
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devices. The constant roll-up of features and the clear software and hardware roadmap2

that IBM possesses make it a key player in the quantum industry. However, their limited
access to the larger and more powerful devices, along with the long execution queues for
the open access users, limits in a great manner the experimentation and applicability to
large-scale use cases. This makes it necessary to upgrade to a paid plan in most cases when
dealing with combinatorial optimization problems.

4.3.2 D-Wave Systems

D-Wave Systems is a Canadian full-stack quantum computing company. It was founded in
1999 and was the first company to develop and sell functional quantum computers. In
contrast to most quantum hardware manufacturers, D-Wave does not develop gate-based
computers. Since their conception, the construction of quantum annealers was their main
objective. Nonetheless, they recently announced that developing general-purpose gate-
based devices is within their plans. D-Wave allows public access to their annealers through
Leap, the company’s cloud platform, and enables the development of quantum solutions
with the OceanSDK, a software development kit that provides all the necessary tools for
building, executing, and testing programs. The software stack provided by D-Wave is one
of the most user-friendly in the market, as it abstracts complex functionality from the user,
such as problem encoding and hybrid workflow execution.

To gain access to Leap, a user has to be registered to one of the three available plans3 in
the platform: Free Developer access, Commercial access, and Research & Education access.
The first plan is free of cost. It provides limited access to D-Wave’s resources, more specif-
ically one minute of execution time per month, and requires that all software developed
under the plan is publically available to the open-source community. The remaining two
plans are paid, and D-Wave assesses their cost on a case-to-case basis. For both plans, there
is no obligation to open source projects or code, and there is direct support from the com-
pany. The main difference between these two plans is, on the one hand, that the Research
& education plan has limited access to computational resources. This level of access is su-
perior to the one provided by the free plan, but it is constrained by the agreement between
the two parties. On the other hand, Commercial access does not have any limitations, and
instead, it is charged in a pay-as-yo-go manner. All aforementioned plans have access to the
same devices, and an API token is required in order to interact with them through Leap.

As previously mentioned, all D-Wave devices are quantum annealers, which allows them
to have a larger amount of qubits compared to gate-based devices. As of the present day,
the largest D-Wave QPU possesses over 5000 qubits, over ten times more than IBM’s largest
quantum computer. However, these qubits are not general purpose and can only be utilized
to execute quantum annealing procedures. This condition is given by the QPU’s architec-
ture or topology, more specifically, how the qubits are organized in a graph and how they
are connected through couplers. Currently, D-Wave supports devices with three different

2https://www.ibm.com/quantum/roadmap
3https://cloud.dwavesys.com/leap/plans/
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architectures: Chimera, Pegasus, and Zephyr4. The Chimera topology is the oldest one
among the three, and it consists of an interconnected lattice of unit cells (four horizontal
qubits coupled to four vertical qubits). Each unit cell is connected to another one through
an external coupler, while the qubits within the cell are coupled with internal couplers. For
the Pegasus topology, D-Wave borrowed many aspects from Chimera, including the inter-
nal and external couplers. However, this new architecture supports odd couplers, which
connect similarly aligned pairs of qubits to each other. This new feature enables a degree
of connectivity of 15, a significant increase compared to Chimera’s degree of six. Lastly,
Zephyr, the newest topology, uses a similar configuration to Pegasus but increases the to-
tal number of couplers per qubit from 15 to 20. This new architecture adds four more
internal couplers and one additional odd coupler. The higher connectivity allows the QPU
to support unit cells of dimensions up to eight by eight qubits, increasing the scale of the
annealer.

D-Wave’s current quantum computer lineup consists of three machines: the D-Wave
2000Q, the Advantage system, and the Advantage2 system. Each of these uses a different
chip architecture and has its own set of metrics. Table 4.2 summarizes this information.
Moreover, Leap provides access to hybrid solvers. These systems consist of quantum and
hybrid resources and allow users to execute large problem formulations that generally
wouldn’t fit on the raw QPUs. The solvers are categorized by the type of problems they
support, for instance, formulations with binary variables, with discrete variables, and with
constraints.

Table 4.2: Main metrics of D-Wave’s QPU lineup.

Backends Chip Architecture Qubits Connectivity Degree
D-Wave_2000Q Chimera +2000 6

Advantage_system Pegasus +5000 15
Advantage2_system Zephyr +5000 20

Due to the large scale of their devices, the ease of use of their SDK, and the high applica-
bility of quantum annealing to relevant industrial problems, D-Wave has cemented itself as
a top company in the quantum computing field. Furthermore, the usefulness and potential
of D-Waves’s devices have been demonstrated through the development of complex applica-
tions with multiple industry partners, such as Mastercard, Volkswagen, Deloitte, Lockheed
Martin, and Save-on-Foods. The excellent reputation achieved from these projects has
sparked the interest of many other companies in exploring quantum annealing for their
own use cases. Given the user-friendly approach of D-Wave towards quantum computing
and the free tier access to their top-of-the-line devices, it is very simple for any organiza-
tion and even individuals to develop custom quantum solutions and assess the benefits and
drawbacks of the service before committing to a paid plan.

4https://docs.dwavesys.com/docs/
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4.3.3 Amazon Braket

Similar to IBM Quantum, Amazon Braket is Amazon Web Services’(AWS) quantum
computing-as-a-service platform. However, unlike IBM, Amazon does not build its own
quantum computing devices; they collaborate with hardware partners to provide access to
their computers through the AWS cloud platform. This makes Amazon Braket a hardware-
agnostic provider, as different devices can be used to execute algorithms. Braket was made
available to the public back in 2020 with the goal of providing a fully managed AWS ser-
vice that allows for the design, development, and testing of quantum algorithms. In ad-
dition to enabling access to quantum hardware, AWS has built a complex software stack
with tools to support all the needs of developers. Among these tools are the Amazon
Braket SDK, AWS’ own quantum computing software development kit, Braket Hybrid Jobs,
a quantum-classical runtime for optimizing the execution of hybrid algorithms, and man-
aged notebooks, a complete quantum computing development environment in the cloud.
Additionally, Braket is seamlessly integrated with other AWS services, such as S3 for storing
execution results, CloudWatch for monitoring the execution of quantum jobs, and EC2 for
the execution of hybrid workflows. This makes it very simple for a cloud practitioner to
start working with this quantum service.

As is expected from any AWS service, Braket also operates through a freemium access
model. There is a free tier that only allows one hour of execution time on available quantum
simulators per month. The use of any other service or quantum device will incur extra costs.
If the free tier resources are surpassed, a pay-as-you-go model will be used for charging
users. The pricing for each device and service are clearly laid out in the AWS portal5, and
depending on which is being used, a different unit is employed for calculating the total cost
of use. In the case of quantum computers, the number of tasks and the number of shots
for a given algorithmic execution will be employed for the pricing. For simulators, Hybrid
Jobs, and Managed Notebooks, the number of minutes the execution of a task takes is the
chosen cost unit. To gain access to the service, it is necessary to have an AWS account and
to generate a development key pair. Then, these credentials have to be configured into the
AWS CLI so the Amazon Braket SDK can successfully use the resources in the cloud.

Four quantum computing hardware providers are currently partnered with AWS to pro-
vide access to their machines: Rigetti, Oxford Quantum Circuits (OQC), IonQ, and QuEra
Computing. Each of these companies brings to the table different qubit implementations,
architectures, and metrics. In the case of Rigetti, one gate-based superconducting quantum
computer is provided, the Aspen M-3. This device has 79 qubits and implements Rigetti’s
latest chip architecture for enhanced readout and better circuit fidelity. OQC also offers
access to a gate-based superconducting device through Lucy, their latest quantum system.
Lucy possesses eight qubits, and it’s built using a brand-new type of qubit, the Coaxmon,
which allows the QPU to have increased simplicity, flexibility, ease of engineering, and scal-
ability6. Regarding IonQ, this company supplies ion-trap quantum processors capable of
implementing gate-based solutions. At present, there are three IonQ devices available in

5https://aws.amazon.com/braket/pricing/
6https://aws.amazon.com/braket/quantum-computers/oqc/
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Amazon Braket: the Aria1, Aria2, and Harmony. The first two share the same Aria archi-
tecture and have a total of 25 qubits. These are IonQ’s latest devices and feature improved
gate operations as well as reduced 1-qubit and 2-qubit gate errors. The latter device sup-
ports 11 qubits and provides an efficient execution for shallower circuits and smaller-scale
proof of concept work7. QuEra’s Computing has a particular offering as it provides ac-
cess to a neutral atom-based quantum computer, Aquila, which functions under the Analog
Hamiltonian Simulation paradigm. This is the company’s first generation QPU, and it pos-
sesses 256 qubits in analog mode, enabling long lifetimes and increased scaling. Table 4.3
contains a summary of the aforementioned quantum backends.

Table 4.3: Main metrics of Amazon Braket Quantum backends.

Backend Provider Chip Architecture Qubits
Aspen-M-3 Rigetti Aspen 79

Lucy OQC Coaxmon 8
Aria-1 IonQ Aria 25
Aria-2 IonQ Aria 25

Harmony IonQ Harmony 11

Amazon Braket is an excellent quantum computing provider for users who do not want
to commit to a single hardware vendor or a single paradigm and are already familiar with
AWS’ cloud offering. Additionally, the aforementioned software features give added value
as they make the overall development experience so much easier for novel users and enable
them to optimize the more complex workflows commonly employed by quantum experts.
The pricing model employed for Braket allows the exploration of the platform and the ser-
vice without paying upfront. However, if one wants to interact with real quantum devices
and benefit from more advanced software features, it would be necessary to pay for the
resources used.

4.4 Chapter Summary

In Chapter Four, the three most prevalent quantum hardware implementations (SCQ, TIQC,
PQC) were described in a clear and approachable manner for anyone who is not familiar
with this technology. Three characterization aspects for quantum providers were presented
with the goal of helping users reduce guessing and allowing them to shortlist the most ap-
propriate options for quantum hardware. Finally, a thorough examination of the offerings
from the quantum platform providers supported by QPLEX was provided.

7https://ionq.com/quantum-systems/harmony
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Chapter 5

QPLEX: System Design and
Implementation

Taking as a foundation the knowledge about quantum algorithms and quantum platforms
compiled from chapters 3 and 4, the current chapter aims to discuss the conception of
QPLEX in detail. The following sections present the specified requirements for the QPLEX
programming library, its system’s architecture, and its main components. We also provide
a description of how to use the main system features of QPLEX.

5.1 Requirements

Following traditional software engineering practices, we collected a set of functional re-
quirements for the QPLEX system. These helped guide the design and implementation
phases of the software solution. The requirements formulation was directly influenced by
the motivation and the problem statement previously discussed. This section outlines the
chosen requirements for the implementation of QPLEX.

Requirement 1: The system allows the modeling of complex combinatorial optimiza-
tion formulations through a declarative API.

Requirement 2: The solution has support for the platform-agnostic execution of com-
binatorial optimization problem formulations on different quantum computing de-
vices.

Requirement 3: The system has the capability to be a customizable and extensible soft-
ware solution for supporting multiple quantum algorithms and quantum platforms.

5.2 System Overview

Given the nature of the problem at hand and the requirements above, the conceived solu-
tion is a complex and intricate software system. To allow the reader to fully understand the
inner workings of QPLEX, the following section presents the intended functional workflow
as well as describe each of the main modules that make up the larger system.



5.2 System Overview

5.2.1 Workflow

Following requirement one, we decided to design QPLEX as an extension for DOcplex, a
widely used classical combinatorial optimization library written in Python. This would
enable the simple modeling of a combinatorial optimization problem formulation while
providing a familiar interface for optimization practitioners and researchers. DOcplex is
a complete software library, and it allows for the construction of many different types of
formulations, including unconstrained and constrained (i.e., equality and inequality con-
straints) problems, with the possibility of using binary, discrete, and continuous variables.
The "Model" class of this library allows the user to specify all the details about the problem,
such as name, variables, constraints, and the objective function. Additionally, as a built-in
feature within DOcplex, there is a high-performance classical solver named CPLEX, which
allows a simple execution of the formulated optimization problems on your own computer
or in the cloud.

To maintain the benefits of both the "Model" class and the classical solver, we decided
to create a wrapper class that would extend the already existing behavior of DOcplex while
enabling the desired quantum platform-agnostic execution. This new workflow is depicted
in Figure 5.1, where a new class named "QPLEX Model" (QModel) represents the wrapper
or superclass for the DOcplex model, and it provides all the functionalities for the "quan-
tum" branch of the execution workflow to work properly. The new QModel allows the user
to choose which type of execution will be used to solve the problem formulation, either
classical or quantum. If classical is chosen, the CPLEX solver is used; otherwise, supported
quantum solvers will be employed with the help of a solver factory. Furthermore, within
the quantum execution, there is the option to specify which quantum provider will be used.
At the end of the execution, the user should expect the exact same structure for the solved
model as they would expect from the base DOcplex library, no matter which solver was
employed.

5.2.2 Modules

The proposed software solution is organized into three main modules (i.e., Solvers, Algo-
rithms, and Commons) to allow for a cohesive code base while ensuring low coupling and
few dependencies within the system. Figure 5.2 presents the general overview of the mod-
ules and the dependencies among them. The respective details of the three modules are
discussed in the following subsections.

Solvers

The Solvers module is in charge of managing solver classes. Each class corresponds to a
quantum provider (e.g., IBM Quantum, D-Wave, or Amazon Braket), and they abstract vital
functionalities for the platform-agnostic execution of optimization models. For instance,
the parsing of a problem formulation into a format amenable to the provider’s SDK, the
necessary instructions for executing the problem, the function for reading and interpreting
the results sent back from the QPU, and the logic for selecting a physical backend for the
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Figure 5.1|: Execution workflow for a combinatorial optimization problem using QPLEX.

Figure 5.2|: System design overview of QPLEX.
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Figure 5.3|: Class diagram of the Solvers module.

execution. All the instructions within a Solver class are SDK-specific, meaning they only
work for their corresponding quantum platform provider. This would be the case with
Qiskit and IBM Quantum. To enforce that all Solver classes have the same functionality, a
"Solver" software interface is present in the system, as shown in Figure 5.3. The interface
specifies the common behavior among all solvers, but it allows each Solver class to have its
own attributes as needed, such as annealing time in the case of the D-Wave solver and the
number of shots for the others.

Algorithms

This module has the responsibility to provide the algorithmic specification for all the gate-
based quantum algorithms supported by QPLEX (i.e., VQE and QAOA). Each class in the Al-
gorithms module provides a template, represented by a parameterized OpenQASM3 string,
for implementing the corresponding algorithm. In a similar manner as the Solvers module,
a software interface is also present in the Algorithms module with the goal of enforcing
all quantum algorithms to have the necessary methods for execution. These include the
logic for updating the parameters and the definition of the cost function for the classical
optimization subroutine. In addition, each Algorithm class can have custom attributes de-
pending on the underlying algorithmic implementation. For instance, VQE has a layers

attribute while QAOA has a p attribute. This feature allows for a high level of experimenta-
tion as the users can explore different configurations for each algorithm without incurring
extra development time. The corresponding class diagram for the described module is
depicted in Figure 5.4.

Commons

The commons module is not as homogeneous as the previous ones. Here, different classes
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Figure 5.4|: Class diagram of the Algorithms module.
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Figure 5.5|: Model execution using the D-Wave solver.

that support the platform-agnostic execution of quantum algorithms are present. Cur-
rently, there are only two classes in this module: the Solver Factory and the Generalized
Gate-based Algorithms Execution Manager (GGAEM). However, each of these plays a fun-
damental role in the system. On the one hand, the Solver Factory handles the instantiation
of Solver classes for when the user is required to solve a problem formulation with quantum
resources, as shown in Figure 5.5. On the other hand, the GGAEM enables the workflow
for seamlessly executing gate-based hybrid quantum algorithms on gate-based devices and
classical computing resources. It is worth mentioning that QModel directly depends on
functionality from the Commons module, specifically the Solver Factory. Also, this module
has two dependencies, one created by the GGAEM class and another one by the Solver
Factory. More specifically, the former requires access to the gate-based quantum algorith-
mic specifications within the Algorithms module to enable the platform-agnostic nature of
the system, and the latter has to interact with the Solvers module to return the necessary
instances for the execution. We will dive deeper into implementing both the Solver Factory
and the GGAEM classes in the following sections.

In addition to providing a simple workflow for execution, the design of this system
greatly minimizes the coupling between the solvers, the algorithms, and the rest of the
system, as all the logic for each of these is contained within its own module and used
through common software interfaces. The Solvers module, in particular, provides a high
level of encapsulation. This is useful if a quantum provider decides to update how to access
their machines, as it would only be necessary to modify the corresponding solver class; the
remaining sections of code within the system are not affected by the change. This also
applies when a new provider has to be integrated into the library, as it is only needed to
create the new solver class with the necessary execution logic and instantiate it within the
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solver factory, heavily reducing the amount of time and complexity required to provide
access to a new quantum platform. The same is true for the Algorithms module. Adding
support for a new gate-based quantum algorithm is just as simple as creating a new class
that implements the common interface. Moreover, with the presented architecture, when a
new Solver is added, all the algorithms will automatically have access to it, and when a new
algorithm is supported, all the solvers can use it for executing a problem formulation.

5.3 General Combinatorial Optimization Model Adaptation

As previously stated, the QModel class from QPLEX allows users to build general combi-
natorial optimization models that any of the supported solvers can execute. However, the
user-specified formulation is not amenable to the quantum providers, and hence, it is nec-
essary to perform a number of transformations beforehand. First, the problem formulation
from the QModel has to be converted into a QUBO by encoding the non-binary variables
and converting constraints into penalty terms and slack variables. This process is handled
in our system automatically by Qiskit converters. Once the QUBO formulation is created,
it must be mapped to the target device. For gate-based solvers, this is handled by the
GGAEM. Here, the QUBO formulation is mapped to the corresponding parameterized cir-
cuit and then executed through the solver’s interface. In the case of other solvers, such as
D-Wave, the QUBO formulation is directly handled by the provider’s SDK, which then is
able to map the problem into the QPU and return the results, just as shown in Figure 5.5.
For any solver, the solution will always be given as the solved QModel.

5.4 Solver Instances Management

The different quantum solvers play a fundamental role within QPLEX, as they allow the
connection to the quantum providers and the eventual execution of the desired algorithm.
Therefore, it is paramount to manage them in the most efficient and structured way possi-
ble. This is accomplished in our system by the aforementioned Solver Factory class, present
in the commons module. It was implemented by following the software engineering Factory
design pattern, and it functions by instantiating the correct solver when a given quantum
provider is selected in the execution workflow. The UML diagram of the implementation
is depicted in Figure 5.6. This component is employed every time a QModel is created, as
it allows the system to understand which set of instructions has to be executed to solve
the specified combinatorial optimization problem. The Solver Factory can be directly used
within the QModel or through the GGAEM, depending on whether the selected provider
employs gate-based devices or not. If we are dealing with the latter case, then the instanti-
ation of the required solver only happens inside the GGAEM workflow. The specifics of this
process are described in the following section.
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Figure 5.6|: UML diagram of the Solver Factory implementation.
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5.5 Generalized Gate-Based Algorithms Execution Workflow

Contrary to annealers, which can use QUBO formulations directly to solve the underlying
optimization problem, gate-based devices are required to implement a quantum algorithm
in the form of a quantum circuit every time an optimization problem is addressed. Most
of the time, these implementations are provider-specific, which makes it necessary to have
multiple versions of the same approach when experimenting on different quantum com-
puters, making the process of adding support for more devices and quantum algorithms
cumbersome. Therefore, to enable the capability to run these gate-based quantum algo-
rithms on different platforms seamlessly, it was necessary to devise a novel algorithmic
execution workflow when building QPLEX, referred to as the Generalized Gate-Based Al-
gorithms Execution Workflow (GGAEW). All the logic for the workflow is contained within
the GGAEM class, and it’s divided into three main sections, which are described below. The
general overview of this logic is depicted in Figure 5.7.

5.5.1 Quantum Intermediate Language Compilation

QPLEX, and more specifically, the GGAEW, heavily relies on a quantum intermediate repre-
sentation language for building a common algorithmic representation that multiple quan-
tum providers can transpile into their platform-specific instructions. This representation
corresponds to a quantum circuit written using OpenQASM3 directives. The building pro-
cess of this circuit consists of the compilation of a set of quantum circuit specifications
provided by an algorithm instance, the problem-specific data given by the QUBO formula-
tion generated from the QModel, and a number of randomly chosen parameters that will
be optimized in the further sections of the workflow. More specifically, the specifications
are the different sections of the corresponding parameterized quantum circuit for the cho-
sen algorithm. For instance, if QAOA is selected, the QAOA Algorithm instance returns
the circuits for the problem Hamiltonian and the Mixer layers, built using parameterized
rotation gates. Additionally, the data from the QUBO formulation corresponds to the lin-
ear and quadratic terms needed for computing the angles of the aforementioned rotation
gates. The parameters are also used in the calculation of the angles. Once the rotation
angles are mapped into the circuits, and the final OpenQASM3 string has been compiled,
the workflow continues to the next section.

5.5.2 Platform-Agnostic Quantum Circuit Execution

To successfully execute the already compiled quantum circuit containing the problem for-
mulation on a quantum computer, this workflow uses the Solver Factory to retrieve the cor-
responding solver for the quantum provider requested by the user. Once the correct solver
instance is made available to the GGAEM, it proceeds to use the provided provider-specific
logic to parse the OpenQASM3 circuit into an object supported by the provider’s SDK for
its eventual execution. In the case of IBM Quantum, Qiskit’s qiskit.qasm3.loads(string)
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Figure 5.7|: Overview of the generalized gate-based algorithm execution workflow.
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function is used to generate a QuantumCircuit instance containing all the details from the
original problem formulation, which can then be executed as a regular Qiskit circuit. The
same process is performed for the Amazon Braket provider but using the Braket SDK. The
SDK-specific instructions for executing the parsed circuit are also provided within the solver
instance, making it only necessary for the GGAEM to call the corresponding method to be-
gin the execution. This method also includes the logic for finding the platform backend
with the least queue, in case the user did not specify one, and the steps for transforming
the results into the appropriate format to continue the next step of the execution workflow.
An example of how this transformation would work is converting the counts received by
an IBM machine, which are organized in the little-endian format, to the most common and
widely used, big-endian format.

5.5.3 Classical Optimization Routine

Given that the GGAEM was designed for the execution of hybrid quantum-classical algo-
rithms, such as QAOA and VQE, it was necessary to include an optimization routine within
the workflow for finding the best set of parameters for the variational circuits that rep-
resent the quantum section of the algorithm. This step takes place once the counts from
the circuit execution are retrieved and parsed into the designated format. For practicality
and future-proofing purposes, the Python library SciPy was integrated into QPLEX to gain
access to a large set of powerful classical optimizers that can successfully tune the circuit
parameters. In order to make use of the optimizers, it was necessary to define a cost func-
tion to minimize, which in the context of hybrid quantum-classical optimization algorithms
is the expectation value of the problem Hamiltonian evaluated on the quantum circuit.
This quantity can be easily calculated by computing the retrieved counts from the previous
step. Each optimization step finds a new set of parameters, which forces the workflow to
return to the second stage and execute the same circuit with updated parameters to obtain
the new expectation value, which hopefully would be smaller. As mentioned in Chapter
3, these types of algorithms are iterative and require multiple optimization steps for the
cost function to converge towards a global minimum. The maximum number of optimiza-
tion steps and the learning rate can be specific by the user before the algorithm execution
begins. When the expectation value has converged, the final results are mapped onto the
QModel, and it is returned to the user for verification, along with a report of the execution
metrics.

5.6 QPLEX Usage

QPLEX provides a user-friendly programmatic interface that allows practitioners and re-
searchers to model a wide range of combinatorial optimization problem formulations and
execute them seamlessly on quantum devices. In the following subsections, we show how
to go about modeling, executing, and retrieving results and useful information about the
system.
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Figure 5.8|: QModel implementation for a Max-cut problem instance.
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Figure 5.9|: QModel implementation for a Knapsack problem instance.

5.6.1 Problem Modelling

The QModel class provides all the necessary logic for the user to model the desired for-
mulation. To begin, this class has to be instantiated by providing a name for the current
problem instance. Then, the variables are added to the QModel object along with the ob-
jective function and constraints if the problem requires them. The objective function can
have both linear and quadratic terms. Figure 5.8 presents how to create a QModel to solve
a Max Cut problem formulation with linear and quadratic terms and without constraints.
Figure 5.9 shows how to create a QModel to address a Knapsack problem [95] in QPLEX,
with constraints and only linear terms.

5.6.2 Problem execution

The execution of the previously modeled problem formulation is achieved through the
QModel’s solve method. This function receives one required argument and, optionally, a
dictionary of keyword arguments (kwargs) for defining different execution properties. The
required argument determines which type of resources will be used to solve the problem;
it can be "classical" or "quantum". If the execution argument is not given by the user, then
the execution will default to use the CPLEX classical solver. Additionally, all the kwargs
have default values and can be modified by the user during the call to the solve method.
A complete list of all possible arguments for the solve method and their default values are
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Figure 5.10|: Execution of the solve method using keyword arguments.

presented in Table 5.1. Additionally, Figure 5.10 depicts how the solve method can used to
run a given problem.

Table 5.1: List of keyword arguments available for the solve method.

Argument Purpose Default Value
provider The quantum platform provider "d-wave"1

backend The specific quantum device Calculated
algorithm The quantum algorithm to use "qaoa"

ansatz The ansatz circuit for VQE Layered Ansatz
p The p value for the QAOA algorithm 2

layers The number of layers for the VQE algorithm 2

optimizer The classical optimizer "cobyla"
tolerance The tolerance value for the optimizer 1e− 10

max_iter The maximum number of optimizer iterations 1000

penalty The penalty constant used for the QUBO Calculated
shots The total number of shots 1024

seed The execution random seed 1

A few of the keyword arguments have dynamic default values, meaning that these are
calculated during the execution based on the information provided by the user, the problem
formulation, and the current state of the quantum devices in the cloud. In the case of the
backend, QPLEX selects the one with the shortest execution queue and enough qubits to
map the problem formulation. Additionally, the penalty constant value is calculated by the
Qiskit converters module based on the modeled problem.

1When the D-Wave API token is available.
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It is worth mentioning that for users to access the resources of a quantum provider,
it is necessary for them to provide the corresponding API keys or tokens to the library.
This can be achieved by setting an environment variable for each token. For instance,
DWAV E_API_TOKEN in the case of D-Wave and IBMQ_API_TOKEN for IBM
Quantum. If a user decides to use a backend from a provider for which its token wasn’t
provided beforehand, QPLEX will not allow the execution. This also affects the calculation
of the default provider, as the system will only consider the ones for which the user has
access. Hence, in case the DWAV E_API_TOKEN is not provided, the default value for
the provider now will be "ibmq".

5.6.3 Results and information

Retrieving the results of the problem execution in QPLEX is achieved in the same way as in
DOcplex. This means all code that currently retrieves solution information from DOcplex
models will work perfectly for QPLEX QModels. For instance, the information about the
overall solution can still be retrieved by calling qmodel.print_solution(), and attributes
such as qmodel.objective_value are also available to retrieve specific information about the
solution. The main difference is that QPLEX adds execution-specific information to provide
a better understanding of how the solution process was carried out. This information
includes the type of resources used, the quantum provider, the backend, and execution
time. An example output is shown in Figure 5.11.

QPLEX also provides a number of methods that can be used for retrieving information
about the library. This is a list of all the methods with their corresponding description.

qplex.info.providers: Prints a list of all the supported quantum providers.

qplex.info.backends(provider): Prints a list of all the accessible backends for a given
quantum provider.

qplex.info.algorithms: Provides a list of all the quantum algorithms currently sup-
ported.

5.7 Chapter Summary

This chapter described in detail the design and implementation details of QPLEX. Firstly,
the functional requirements of the system were stated to be used as guidelines for the
development of the library. Afterward, a system overview was presented to introduce the
workflow and main components of QPLEX. Additionally, every relevant execution aspect of
the library was described in its own section. Finally, we provided a guide on how to use
and interact with QPLEX.
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Figure 5.11|: Execution results for a solved QModel.
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Chapter 6

Validation and Discussion

The main purpose of this chapter is to present a formal methodology for validating the
research efforts undertaken in this work. The research questions formulated at the begin-
ning of the thesis in Chapter 1 serve as guidelines for structuring the validation process.
However, given the nature of both RQ1 and RQ2, it is not necessary to include them in
the validation framework presented here. Chapters 3 and 4 themselves provide all the
necessary information in a concise and organized manner to address these research ques-
tions. This leaves us with the more complex RQ3, which can be validated similarly to how
one would assess a traditional software system, given that our research methodology stip-
ulated that this research question would be addressed through the development of QPLEX.
Software engineering principles dictate that the validation of a software solution involves
reviewing the fulfillment of the functional requirements presented during the project plan-
ning phase. The set of functional requirements for QPLEX is outlined in Chapter 5 and their
validation is articulated in the following sections.

6.1 Functional Requirements validation

In software engineering, functional requirements play a crucial role in specifying the ex-
pected set of features and functionalities when delivering a software product to a client or
stakeholder. In the context of this thesis, these requirements determine the capabilities of
QPLEX. It is possible to assign one capability to each of the previously described functional
requirements and establish a method for validating their fulfillment as presented below.

Requirement 1:

Capability: Combinatorial optimization formulation modeling through a classical in-
terface.

Validation method: Select an optimization problem use case and utilize QPLEX to con-
struct an optimization model. Solve it with classical resources and verify its cor-
rectness.
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Requirement 2:

Capability: Platform-agnostic execution of optimization models.

Validation method: Employ the previously created optimization model and execute it
using all the quantum providers available in QPLEX. Verify the correctness of the
solutions by comparing them with the results of the classical execution.

Requirement 3:

Capability: Customizability and extensibility for quantum algorithms and platform
providers.

Validation method: Repeat the execution of the optimization model using quantum
resources three more times, employing different quantum algorithms and combi-
nations of execution keyword arguments.

The subsequent section outlines the specifics of each of the validation methods, includ-
ing the description of the selected use case as well as the combination of algorithms and
execution keyword arguments.

6.2 Validation Set-Up

This thesis describes the software tools to be used to realize the aforementioned valida-
tion methods and the combinatorial optimization problem to be addressed. First, an Ana-
conda development environment1 with the Python programming language (Version 3.10)
installed will be used for performing all the necessary executions on QPLEX (Version 1.0.0).
Regarding the selected use case, a large set of problems was reviewed, but the current one
was picked given its applicability to the industry and the relatively simple approach needed
for its modeling. This problem was proposed as one of the challenges for the Fall 2021 IBM
Quantum Challenge, and was titled "Battery Revenue Optimization"2.

The optimization challenge revolves around maximizing the revenue generated by
battery-based energy storage systems used in the integration of renewable energy sources
into power grids. This involves selecting the optimal markets for the battery’s energy sup-
ply within specified time windows to maximize returns. However, a critical consideration
is the degradation of the battery’s capacity over time due to charge/discharge cycles, which
impacts its overall lifetime performance. To optimize revenue, the challenge is to balance
market returns (value) based on price forecasts with the expected battery degradation
(cost) when selecting markets for energy supply in each time window. The problem setting
specified by IBM was extracted from [96] and is as follows:

1https://www.anaconda.com/
2https://github.com/qiskit-community/ibm-quantum-challenge-fall-2021/blob/main/content/challenge-

4/challenge-4.ipynb
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Considering two markets M1, M2, during every time window (typically a day), the battery
operates on one or the other market for a maximum of n time windows. Every day is
considered independent, and the intraday optimization is a standalone problem: every
morning, the battery starts with the same level of power, so we don’t consider charging
problems. Forecasts on both markets are available for the n time windows. We assume
known for each time window t (day) and for each market:

• the daily returns λt1, λ
t
2.

• the daily degradation, or health cost (number of cycles), for the battery ct1, c
t
2.

We want to find the optimal schedule, that is, optimize the lifetime return with a cost less
than Cmax cycles. We introduce d = maxt{ct1, ct2}.

We introduce the decision variable zt, ∀t ∈ [1, n] such that zt = 0 if the supplier chooses
M1, zt = 1 if the supplier chooses M2, with every possible vector z = [z1, ..., zn] being a
possible schedule. The previously formulated problem can then be expressed as:

max
z∈{0,1}n

n∑
t=1

(1− zt)λt1 + ztλ
t
2 (6.1)

s.t.
n∑

t=1

[(1− zt)c
t
1 + ztc

t
2] ≤ Cmax (6.2)

Upon reviewing the problem description, it becomes apparent that at its core lies a
knapsack problem, which can be readily modeled using QPLEX. To construct the knapsack
formulation, we need to identify the decision variables, their corresponding values and
costs, and the cost constraint. Equation 6.2 indicates that the vector zt will serve as our
decision variable vector. However, determining the values and costs for all variables isn’t
straightforward because the problem provides two sets of values or returns (λt1 and λt2)
and two sets of costs (ct1 and ct2). Therefore, it’s necessary to compute new cost and value
vectors that accurately represent the data in the problem formulation. In [X], the authors
propose transforming the data by introducing pt = (λt2 − λt1) and wt = (ct2 − ct1) and
rewriting the problem as:

max
zt∈{0,1}n

n∑
t=1

ptzt (6.3)

s.t.

n∑
t=1

wtzt ≤ C ′
max = Cmax −

n∑
t=1

ct1 (6.4)

Using this new formulation, it’s possible to construct the corresponding QModel for the
Battery Revenue Optimization problem in the form of a linear knapsack. One final con-
sideration for this setup is the number of qubits required to map the formulation onto a
quantum computer. The problem statement from the IBM Quantum Challenge suggests
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seven time steps (t = 7). Therefore, seven binary variables are necessary, each of which
can be encoded into a single qubit. If the formulation had no constraints, additional qubits
wouldn’t be necessary. However, the presence of the cost constraint necessitates the inclu-
sion of ancillary qubits and penalty terms. As previously mentioned, QPLEX manages this
transformation through Qiskit converters, employing one-hot encoding. Given that the cost
constraint for this specific formulation is 16, we can deduce that to represent this number,
an additional five qubits are required, bringing the total qubit count to 12 for this specific
problem instance.

The qubit count for this validation setup poses a limitation on execution using real
quantum devices. As demonstrated in Chapter 4, IBM Quantum provides free access to
quantum computers with up to 7 qubits; any devices with a higher qubit count require
a premium plan. Similarly, with Amazon Braket, executing on any quantum device falls
outside the free-tier plan. Moreover, due to the high demand for these large-scale quantum
devices, executing the aforementioned problem would take a large amount of time. Given
that one of the primary objectives of the validation process is to showcase QPLEX’s ability to
execute optimization models across different quantum providers, it was decided to utilize
the quantum simulators hosted by each provider in their respective cloud environments.
This approach still allows us to validate our solution while not incurring any costs and
receiving results within a reasonable timeframe due to less demand.

To showcase the customizability of QPLEX, a set of experimental executions will be
performed, Table 6.1 summarizes the characteristics of each of them, including quantum
providers, algorithms, and more specialized parameters. The source code for the experi-
ment setup is presented in figures 6.1-6.3. These include the combinatorial optimization
problem set-up, the QModel building process, and the list of experiments.

Table 6.1: Experiment set-up for validation

Execution # Provider Algorithm Parameters
E1 D-Wave Quantum Annealing N/A
E2 IBM Quantum QAOA p=6, shots=5120, max_iter=5000
E3 IBM Quantum QAOA p=8, shots=10240, max_iter=10000
E4 IBM Quantum VQE l=9, shots=10240, max_iter=10000
E5 Amazon Braket QAOA p=6, shots=5120, max_iter=5000
E6 Amazon Braket QAOA p=8, shots=10240, max_iter=10000
E7 Amazon Braket VQE l=9, shots=10240, max_iter=10000
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Figure 6.1|: Code snippet for the problem set-up.

Figure 6.2|: Code snippet for problem modeling using the QModel from QPLEX.
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Figure 6.3|: Code snippet for the experiment’s setup.
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6.3 Validation Results

The execution of the validation experiments was sequential, and key metrics and results
were recorded. These include execution time, the objective value achieved, and the re-
sulting decision variables. All this information was recorded in plain text files. Table 6.2
summarizes the results. Additionally, Figures 6.4-6.6 provide proof that with each execu-
tion, the cloud resources of the chosen provider are being utilized.

Table 6.2: Execution results for the validation experiments.

Execution # Execution time (s) Objective value Decision variables
Baseline 0.04 16 x0, x2, x3, x5, x6

E1 12.03 16 x0, x2, x3, x5, x6
E2 176.38 11 x3, x4, x5, x6
E3 273.71 16 x0, x2, x3, x5, x6
E4 4698.41 16 x0, x2, x3, x5, x6
E5 178.05 4 x1, x2, x6
E6 273.20 16 x0, x2, x3, x5, x6
E7 3948.51 16 x0, x2, x3, x5, x6

It is possible to identify that multiple experiments performed with quantum resources
achieved the target objective value with the correct combination of values for the variables
involved. Nevertheless, there is a large difference in execution time between the validation
cases. The details and explanation for these results are provided in the following section.

Figure 6.4|: Execution of the battery optimization problem on D-Wave’s cloud Leap.
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Figure 6.5|: Execution of the jobs associated with the battery optimization problem formu-
lation on the IBM Quantum cloud, using the openQASM simulator.

Figure 6.6|: Execution of the battery optimization tasks on the Amazon Braket cloud, using
the state vector simulator.
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6.4 Discussion and Limitations

Upon analyzing the execution results from the proposed experiments, we can confidently
conclude that all three functional requirements set for QPLEX have been successfully met.
Each of these requirements underwent one validation method, demonstrating the presence
of the expected capabilities within the developed software solution.

For Requirement 1, we can utilize both Figures 6.1 and 6.2, in conjunction with the results
from the baseline execution, to confirm that QPLEX enables the modeling of combinatorial
optimization formulations through its classical interface. The correctness of the solution
provided by the baseline execution confirms the proper modeling of the problem.

Requirement 2 has been validated through the successful execution and result retrieval
from different runs using the three supported quantum platform providers: D-Wave, IBM
Quantum, and Amazon Braket. Furthermore, it can be verified that these executions were
appropriately conducted within a cloud environment by reviewing the provided figures.
The retrieval of correct results from these executions establishes that the providers’ SDKs
and software tools are correctly utilized for addressing combinatorial optimization prob-
lems.

Finally, the satisfaction of Requirement 3 is confirmed through an evaluation of the variabil-
ity in execution results based on the algorithmic customization provided by the parameters
of each experiment. It is evident how the value of p for QAOA or the number of layers
for VQE, in conjunction with the number of shots and optimizer iterations, impacts the
final solution. While executions with larger values may require more time to reach a valid
solution, the resulting solutions tend to be of higher quality, as observed in E3, E4, E6,
and E7. The parameter configurations provided in E2 and E3, as well as in E5 and E6, are
especially relevant for validating this requirement. They demonstrate how using the same
provider and the same algorithm can yield substantially different solutions when a higher
level of customization for the specified algorithm is applied. The flexibility to customize
how the problem is solved allows the user to achieve more optimal results, as evident in
Table 6.2.

Even though all the requirements were achieved, it is evident that the proposed software
solution in its current state has some limitations. This becomes clear when comparing the
execution times using quantum resources as opposed to using a classical solver. There
are two main limiting factors within QPLEX that directly affect this execution time: lack of
more specialized quantum algorithms and the direct use of the QPUs without using a hybrid
system such as Qiskit Runtime or AWS Hybrid jobs. As previously mentioned, QPLEX only
supports two gate-based quantum algorithms, QAOA and VQE; however, these solutions
are not optimal for dealing with more complex optimization problems such as the one pro-
posed for validation. Other algorithms, such as the Quantum Alternating Operator Ansatz
(QAOAnsatz), provide a method for reaching valid solutions for constrained problems in a
shorter amount of time. However, the lack of such an approach will be addressed in future
iterations of the project. Also, the multiple executions performed by QPLEX to solve the
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provided problem formulation are not within a hybrid system session, causing the execu-
tion queue to reset every time a new execution is going to be performed, resulting in a
longer execution time. Given the current software architecture employed by QPLEX, it is a
complex task to integrate access to hybrid systems to boost the performance of the library.
Nonetheless, this is part of the future work. Additionally, the previously mentioned limita-
tions inherent to quantum devices are also present within the system; however, these are
out of the scope of our software solution.

6.5 Chapter summary

This chapter introduced the validation framework for QPLEX. It highlights the functional
requirements expected from the solution, describes the necessary software capabilities, and
outlines the validation methodology to be employed. Furthermore, it provides a detailed
overview of the validation setup, encompassing the description of the use case and the
formulation of the combinatorial optimization problem. The particulars on how to conduct
experiments are also provided. Finally, the results, accompanied by a thorough discussion,
are also presented, followed by a discussion of QPLEX’s limitations.

67



Chapter 7

Conclusions

This thesis represents a significant endeavor aimed at advancing the domains of quantum
software engineering and quantum combinatorial optimization. It accomplishes this by
seamlessly integrating quantum computation into optimization software through the uti-
lization of tools offered by classical software engineering. This ambitious task was success-
fully realized through the development of QPLEX, a Python programming library designed
for platform-agnostic quantum combinatorial optimization. The development process of
this solution adhered to the primary phases of the software engineering life cycle, includ-
ing analysis, design, and implementation. Each of these stages not only facilitated the
answer to the research questions at hand but also produced essential artifacts crucial for
the library’s development. The analysis phase, in particular, offered a profound under-
standing of the advantages and limitations of three distinct quantum algorithms tailored
for combinatorial optimization: Quantum Annealing, VQE, and QAOA. It also enabled a
comprehensive evaluation of the leading quantum platform options in the market, with a
focus on three prominent quantum providers: IBM Quantum, D-Wave, and Amazon Braket.
The design phase played a pivotal role in identifying the classical software engineering
concepts and tools that could be harnessed to achieve our objectives. It also yielded the
design artifacts that described the various modules and workflows. Lastly, the implemen-
tation stage provided a finalized product that was used for validating the correctness of
our software solution and, therefore, the successful integration of quantum computing into
combinatorial optimization software.

7.1 Contributions

This section restates the research questions and the contributions that address them.

Q1: Which quantum algorithms are used for solving optimization problems, and what
are their strengths and weaknesses?

C1: Chapter 3 describes in detail three different quantum algorithms utilized for solving
combinatorial optimization problems. It also highlights their implementation, their
benefits, and limitations.
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Q2: What are the most prevalent quantum computing hardware implementations, and
how can the different offerings from platform providers be characterized to make
an informed decision when selecting where to solve a combinatorial optimization
problem?

C2: Chapter 4 presents a comprehensive review of the most popular quantum hardware
implementations, analyzed the offerings of three different quantum providers, and
introduced various characterization aspects for evaluating the suitability of a spe-
cific quantum device for solving a given combinatorial optimization problem.

Q3: How can knowledge from classical software engineering be applied to develop a
software library for platform-agnostic quantum combinatorial optimization?

C3: Chapter 5, lays out the specifics of the architectural design and details about the im-
plementation of QPLEX and articulates which classical software engineering tools
and knowledge were used for conceiving our software solution.

7.2 Future work

This section discusses potential improvements to be further explored for extending this
research.

Wider variety of quantum algorithms for combinatorial optimization

As mentioned earlier, QPLEX currently supports three distinct quantum computing algo-
rithms for addressing combinatorial optimization problems. However, the literature re-
ports a wider array of algorithmic techniques that can be harnessed to achieve more op-
timized solutions for combinatorial formulations. Examples include Quantum walks [97],
the Quantum Alternating Operator Ansatz [71], and the CVaR VQE [98]. Expanding sup-
port to include these algorithms would offer additional options for experimentation and,
in some cases, may lead to improved results and reduced execution times for solutions.

Larger number of quantum providers

Expanding access to a broader array of quantum computing platform providers offers
greater flexibility for testing and exploring optimal solutions. Different providers offer
various hardware implementations with unique low-level optimization routines and dis-
tinct device metrics. This extended accessibility facilitates experimentation for algorithm
researchers, as they can seamlessly access a larger pool of QPUs through QPLEX.

Support for hybrid systems

Customizing QPLEX to use quantum-classical hybrid systems like Qiskit Runtime and Ama-
zon Braket Hybrid Jobs would grant access to provider-specific features that, in turn, could
enhance both execution speed and solution quality within the library. These features would
encompass various noise mitigation levels and access to execution sessions in the case of
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Qiskit Runtime. Likewise, Braket Hybrid Jobs would offer unified job execution and cloud
monitoring capabilities.

Reduction of Qiskit library dependencies

Our software solution currently leverages Qiskit to enable various essential functionalities
in the context of solving combinatorial optimization problems. Specifically, we employ
the ’converters’ module from ’qiskit-optimization’ to parse combinatorial model instances
into QUBOs, which can then be utilized by the supported algorithms. To enhance the
efficiency and robustness of QPLEX’s code base, it’s necessary to reduce these dependencies,
beginning with the development of custom converters designed for problem formulations
involving constraints and integer variables.
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