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ABSTRACT

This thesis provides several new calibration methods for the empirical log-likelihood
ratio. The commonly used Chi-square calibration is based on the limiting distribu-
tion of this ratio but it constantly suffers from the undercoverage problem. The finite
sample distribution of the empirical log-likelihood ratio is recognized to have a mix-
ture structure with a continuous component on [0,+oc0) and a probability mass at
+00. Consequently, new calibration methods are developed to take advantage of this
mixture structure; we propose new calibration methods based on the mixture distrib-
utions, such as the mixture Chi-square and the mixture Fisher’s F' distribution. The
E distribution introduced in Tsao (2004a) has a natural mixture structure and the
calibration method based on this distribution is considered in great details. We also

discuss methods of estimating the E distributions.
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Chapter 1

Introduction

The empirical likelihood method, introduced by Owen (1988, 1990), is a method for
conducting hypothesis test and constructing confidence regions. It is based on the
concept of the empirical likelihood, which is an extension of the concept of the para-
metric likelihood to a nonparametric setting. Similar to the parametric likelihood
ratio, the empirical log-likelihood ratio has a limiting Chi-square distribution. This
result holds under very weak conditions. In particular, it requires no assumptions
about the parametric form of the underlying distribution. Today, the empirical likeli-
hood method has become an important competitor to contemporary techniques such
as the parametric method and the bootstrap.

This chapter provides an introduction to the empirical likelihood method with

emphasis on the methods of calibration. In Section 1.1, we give a systematic review



of the empirical likelihood method, first for the population mean and then for other
parameters that can be expressed as a smooth function of the population mean or the
solution of an unbiased estimating equation. In Section 1.2, we discuss the advantages
and further applications of the empirical likelihood approach. In Section 1.3, we
discuss existing methods of calibration and the associated undercoverage problem.

We conclude this chapter with an overview of this thesis.

1.1 The Empirical Likelihood Method

1.1.1 The Nonparametric Maximum Likelihood

In this part, we begin by defining the empirical cumulative distribution function
and showing that this distribution function is a nonparametric maximum likelihood
estimate (NPMLE) of the underlying distribution Fp.

For a random variable X € R!, the cumulative distribution function (CDF) is the
function F(z) = P(X < z), for —oo < < +00. We use F(z—) to denote P(X < z)
and so P(X = z) = F(z) — F(z—). In the following definition, the notation 14(z)

represents the value 1 if the assertion A(z) is true, and 0 otherwise.

Definition 1.1 Empirical Cumulative Distribution Function (ECDF)

Let X3, ..., Xn be a random sample in R' from some distribution Fy. The empirical



distribution function (ECDF) for the sample is

1 n
Fn(I) . Z 1Xi$$=
B
for —oo < z < 4-00.

The nonparametric likelihood ratio is defined below by taking very literally the

notion that likelihood is the probability of observing the actual data values at hand.

Definition 1.2 Nonparametric Likelihood
Let X, ..., X, be a random sample in R' from some distribution Fy. The nonpara-

metric likelihood of the cumulative distribution function (CDF) F is

n

L(F) = [[(F(X:) - F(X:-)).

i=1
The fact that F, is the NPMLE was apparently first noticed by Kiefer and Wol-

fowitz (1956).

Theorem 1.1 Let X,,..., X, be a random sample in R' from some distribution Fy.

Let F, be their ECDF and let F be any CDF on R'. If F # F,, then L(F) < L(Fy).

Proof of Theorem 1.1:
Let Y3, ..., Y, be the distinct values observed among X3, ..., X,. The number of times
that Y; appeared in this sample is denoted as n; (n; > 1). Let p; = F(Y;) — F(Y;—)

and put p; = n;/n. By log(z) < z —1 and Zle p; < 1, we have



L(F)
o <L(Fn)

and so L(F) < L(F,).

)

IA

VAN

IA

Nonparametric maximum likelihood estimators of parameters can be found through

the nonparametric maximum likelihood estimate (NPMLE) of Fy. If the true un-

known parameter is 6y = T'(Fy(z)), where T is a real-valued function of the distribu-

tion function, and F is a NPMLE of Fy, such as F, in the i.i.d. case, then 6= T(F)

is the NPMLE of §. For example, the population mean is po = [ xzdFy(z). The

NPMLE of o is the mean of F,, [zdF,(z) = (1/n) >, X;, which is just X.

The concept of NPMLE can be generalized to multivariate settings. See Section

3.1 in Owen (2001) for details.



1.1.2 The Empirical Likelihood Ratio

In parametric likelihood theory, the hypothesis test and the confidence region are
based on the parametric likelihood ratio whose asymptotic Chi-square distribution is
employed to decide the critical value for calibration. Similarly, a empirical likelihood

ratio can be constructed and used as the basis for empirical likelihood inferences.

Definition 1.3 Empirical Likelihood Ratio

For a distribution function F, define empirical likelihood ratio as:

where F,, is the ECDF.

The empirical likelihood ratio of parameters is defined through the profile empir-

ical likelihood ratio function
R(0) = sup{R(F) | T(F) = 0, F(Xy; .. Xn) =1},

where F(Xy,...,X,) =1 is any distribution function supported on the sample.
Consider the population mean, u. Let w; be the weight that F' places on the

observation X;, where w; > 0 and ) . ,w; = 1. For the empirical distribution

function F,, w; is equal to 1/n for ¢ = 1,2,..., n. The profile empirical likelihood

ratio for the mean can be written as:

R(p) = max{ﬁnwi | iwiX,- =L, = O,iwi =1}. (1.1)
i=1 i=1 i=1



Correspondingly, the empirical likelihood confidence region for the mean p is in

the form of

Crn = {u:R(p) 2ro}

= {iw,-xi | ﬁnwi > 7o, w; > O,Xn:w,- = 1}, (1.2)
i=1 =1 i=1

where 7 is a constant that depends on the confidence level and method of calibration.
The following theorem gives the asymptotic distribution of the empirical log-

likelihood ratio.

Theorem 1.2 Empirical Likelihood Theorem (ELT)(Owen 2001)

Let X1,...,X, be independent random vectors in R* with a common distribution Fy
having mean po and finite variance covariance matriz Vo of rank ¢ > 0. Then the
empirical log-likelihood ratio —2log(R (o)) converges in distribution to a x; random

variable as n — 0.

We can use this asymptotic Chi-square distribution for calibration; based on The-
orem 1.2, at level «, the null hypothesis Hy : u = po should be rejected when
—2log(R(po)) > X31_a» and the 7 in (1.2) for a 100(1 — @)% confidence region is

eXP(_%XE.l—a)-



1.1.3 Extensions

In the Section 1.1.2, the empirical likelihood methods for the mean was discussed.
Here we describe two extensions. The first extension is to parameters that can be
written as smooth functions of finite-dimensional vector of means. For example, since
02 = E(X?) — [E(X)]?, ¢* is a smooth function of the mean of the random vector
(X, X?). Similarly, the correlation. coefficient between two random variables X and

Y,

_ E(XY) - E(X)E(Y)
VVar(X)Var(y)

is a smooth function of the mean of (X,Y, X2 Y2 XY).

In general, for a parameter 6y = h(pg), where py = E(X) and h is a smooth
function from RF to R7 for 1 < ¢ <k, 6 = h(X) is the NPMLE for 6, and the profile

empirical likelihood ratio function can be formulated as,

R(6) = mar{ fInwi | h(zn:wiXi> =0,w; > O,Xn:w,— — 1}. (1.3)
i=1 i=1 i=1

The empirical likelihood theorem also applies in this case through the following

theorem.

Theorem 1.3 (Owen 2001) Suppose that X, ..., X, are independent random vec-
tors with a common distribution Fy having mean po and variance covariance matric

Vo of full rank k. Let h be a smooth function from R* to RP for 1 < p < k, and



suppose that the k x p matriz G of partial derivatives of h(u) with respect to the

components of u has rank ¢ > 0 at p = pg. Define 6y = h(uo),

Cﬁ? = {Zwixi | Hnwi > o, Wi > O’Zwi = 1},
i=1 i=1 i=1
c8 = {h(p)|pecii},

rn

CE = {6+ G'(n—po) | peCH}.

Then, as n — oo

Pr(6 € C’T(Sﬂ)) — Pr(x%q) < —2log(r)),

and

sup ||h(u) — 8o — G'(1 — po)|| = 0,(n"'3).

peCi

The theorem does not say directly that the confidence region 7(2,2 which is of the
most interest, has an asymptotic Chi-square calibration. But the confidence region
® formed by linearizing h(y) around h(u) has a X; calibration, where g is the rank
of the @h(uo)/dp. The difference, o,(n~'/2), between these two confidence regions
is an asymptotically negligible fraction of the diameter O(n='/2) of the confidence
regions. And the stronger result Pr(f € C’#zn) - Pr(qu) < —2log(r)) holds under

somewhat stronger conditions (DiCiccio, Hall and Romano (1991)).
Another generalization is for parameters defined implicitly through estimating
equations. For a random variable X € RF, a parameter of X, f € RP, and a vector-

valued estimating function m(X,6) € R*, suppose E(m(X,6)) = 0. Then, # may be



estimated by solving
1 ¢ -
= m(X;,0) =0.
n<
i=1
This equation is called estimating equation. The empirical likelihood ratio function

for 6 is defined by

—max{Hnw,]Zw m(X;,0) =0 w1202wz—1} (1.4)

=1
Theorem 1.4 (Owen 2001) Let Xi,...,X, be independent random vectors in BE
with a common distribution Fy. For § € © C RP, X € R*, and m(X,0) € R®,
let 6 € © be such that Var(m(X;,6)) is finite and has rank g > 0. If 0y satisfies

E(m(X,6)) =0, then —2log(R(f)) — X} in distribution as n — oo.

The above theorem holds under very weak conditions, which does not even require
that § = T(F,) to be a good estimate of # = T(Fp). Qin and Lawless (1994) proved a

sharper version under stronger conditions that ensure 7°(F},) to be a good estimator. -

1.1.4 Computation Algorithms

In this section, we will discuss algorithms for evaluating the empirical likelihood ratio

of the mean. More often, we will use the log-likelihood ratio:

l(n) = —2log(R(n))

n n n
= max{— QZlog(nwi) | Zwin = p,w; >0, Zw,— =1} (1.5)
i=1 i=1 i=1
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By (1.5), to compute the empirical log-likelihood ratio at a given p is to maximize
—23°7"  log(nw;) subject to constrains Y ., w;X; = p, w; > 0, and 337, w; = 1.
This optimization problem can be solved by Lagrange multipliers method as follows:

Let
M= Zlog(nwi) - n/\'(Z wi(X; — @) + ’y(z w; — 1).

It can be shown that

1 1
W O — 1.6
and \ € R* has to satisfy k equations given by
1 ~— X, -1
0_;;———1+X(Xi_#>. (1.7)
Then, log R(p), can be written as
log R() = — ) _log(1+ N'(X; — ). (1.8)

i=1

Let H = H(Xi,...,Xy) be the convex hull of X;. When p is an interior point
of H, equation (1.7) has a unique solution (Owen 1990). A trivial case arises when
pu ¢ H. In this case (1.7) does not have solutions and by convention, we define
R(p) = 0 or I(u) = +oo. Under mild conditions, however, P(uy ¢ H)— 0 as n — oo,
where p is the true mean value.

The solution A for (1.7) could be found by a multivariate Newton’s algorithm,

which is commonly used for computing numerical solutions of nonlinear equations.
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To briefly describe this algorithm, let z = (z(), <y Z(my)T be an m-vector, and

suppose we wish to solve a system of equations.
filzx)=0 (1<i<m),

where fi,..., fm are known functions. Let f = (fi,...fm)T, HY = 0f;/0z(; and
H = (HY) (an m x m matrix). Given an initial approximation z(;) to the solution

z(g) of f(x) = 0, develop successive approximations z(; by iteration:
~-1 .
zi+1) = 2 — H(zy) ™ flzg), 721

If the initial solution z(y) is sufficiently close to z(g), and H is continuous in a neigh-
borhood of z(p) and nonsingular at (), then z(;y — z() as j — oc.

The solution to (1.7), A, may be found by other algorithms, some of which are
listed in Owen (1990). Algorithms for more complicated cases are discussed in Hall
and La Scala (1990) and Wood, Do and Broom (1994).

For computations and simulations in this thesis, we will be using a S-plus code
for computing the empirical likelihood ratio developed by Owen. The code is based

on the algorithm described above.

1.1.5 A Numerical Example

As an example of the empirical likelihood confidence regions for the mean, we con-

struct the confidence regions for the mean vector of a “ bi-variate” Chi-square random



vector, X = (X1, X5), where X; and X, are independent xj random variables.

12

A sample of 20 values of X were simulated, which is showed in Table 1.1. The

confidence regions based on this sample for nominal confidence levels 0.5, 0.9, 0.95

and 0.99 are plotted in Figure 1.1.

(XI’XZ)

(leXZ)

10

(0.08497, 1.28724)
(0.84066, 0.09249)
(0.53594, 2.39307)
(1.39065, 4.27176)
(0.21680, 0.04723)
(1.15714, 0.24674)
(0.00013, 0.85608)
(3.37054, 0.99508)
(0.67170, 0.02843)

(0.02440, 3.15762)

11

12

13

14

16

17

18

19

20

(0.01779, 2.34564)
(2.67303, 0.31460)
(0.14290, 1.00220)
(1.62709, 0.16095)
(0.02112, 0.65333)
(0.00552, 1.42659)
(1.32200, 1.84956)
(3.27765, 0.71281)
(0.44006, 0.76136)

(1.43427, 0.09708)

Table 1.1: Simulated “bivariate”

x> sample of size n = 20.

The boundary of each confidence region is given by: {u : —2log R(i) = c}, where,

by the Chi-square calibration, ¢ is x3,_, for & = 0.5, 0.1, 0.05 and 0.01. The log-

likelihood ratio, —2log R(u), is evaluated using the S-plus code by Owen.
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Figure 1.1: The empirical likelihood confidence regions for the mean of a “bivariate”

X3 distribution.
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1.2 Advantages and Extensions of the Empirical

Likelihood Method

1.2.1 The Shape of Empirical Likelihood Confidence Re-
gions

Now we review the construction of the parametric likelihood confidence region for the
mean of a bivariate normal distribution MV N (pg,X) where ¥ is unknown. Suppose
Xi,...,X, is a random sample from this distribution. Let X be the mean and S be
the variance covariance matrix of the sample. Then a 100(1 — )% confidence region

for po based on the normal assumption is
{p:n(X —pwTSHX —p) <T*(1-a)}, (1.9)

where T2 is the Hotelling’s T2 distribution whose (1 — a)th quantile is determined by
that of the F' distribution through equation

T%(1—a) = %Fk,n_k(1 ~a).

The normal assumption based confidence regions (1.9) are often used even when the
underlying distribution is unknown, and for such cases (1.9) is justified asymptotically.

Also, recall that the empirical likelihood confidence region is:

{n: —2log R(k) < Xi 1o} (1.10)
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0 - v -
(o] o
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Normal theory contour Empirical likelihood contour

Figure 1.2: The normal theory confidence regions (Left) and the empirical likelihood

confidence regions (Right) for the mean of the “bivariate” x? distribution.
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Figure 1.2 shows both empirical likelihood and normal likelihood confidence re-
gions based on a random sample of 20 “bivariate” x} observations. The figure on the
left column represents normal theory based confidence regions {y : n(X —p)7S “}(X -
1) < c} where c is decided by P(38/18F;13 < ¢) = 0.90 and 0.99, respectively.
The figure on the right column represents the empirical likelihood confidence regions
{1 : —2log R(i) < c} with ¢ calculated by P(x3 < ¢) = 0.90 and 0.99, respectively.

Note that the shape of empirical likelihood confidence regions is quite interesting
because it is determined by the data automatically. The regions reflect the emphasis
in the observed data set. This attractive feature is not shared by the normal theory
based regions, which are in a predefined ellipsoidal shape that implies a nonexistent
ellipsoidal symmetry. In practice, only relatively complex bootstrap methods can give
regions which emulate this property of “letting the data determine the shape of the

region” (Hall and La Scala 1990).

1.2.2 Other Advantages and Extensions

Besides the shape of confidence regions, another key advantage of the empirical like-
lihood ratio is that it is Bartlett correctable. That is, a simple mean correction to
the likelihood ratio reduces the coverage error from order n~! to order n=2. On the
other hand, similar improvement of the coverage accuracy of other methods such as

bootstrap call for large increase in iterations, which requires expensive computations.
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Empirical likelihood confidence regions are also range preserving and transformation
respecting. For variances, the confidence regions contain no negative values; for prob-
abilities, they are between 0 and 1; and for correlations, they fall into interval (—1,1).
For transformations in the form of n = g(6), if the empirical likelihood confidence
region for @ is (6;,6,), then that for n is {n : n = g(6),0 € (61,62)}. The empirical
likelihood method requires less conditions to apply. It. does not require a pivotal
statistic. On the other hand, the parametric method is not applicable to the circum-
stances where pivotalness is difficult to achieve. Lastly and most importantly, the
empirical likelihood inferences enjoy comparable accuracy as those based on other
nonparametric approaches, such as the delta method, the jackknife and the simpler
bootstrap methods.

Owen (1991) studied cases where the random variables are not independently
and identically distributed, and gave a modified empirical likelihood theorem that
applies to such cases. Owen (1992) also considered estimating equations derived
from certain projection pursuit models. Hall and Owen (1993) provided an empirical
likelihood theorem for kernel density estimates. This can be used to form pointwise
confidence intervals and simultaneous confidence bands for density functions. Owen
(1995) constructed empirical likelihood based confidence bands for the univariate
empirical cumulative distribution function.

Chen and Hall (1993) considered empirical likelihood for quantiles, and discussed
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Bartlett correctability and smoothing for this problem. Qin and Lawless (1994) stud-
ied the case where the number of estimating equations exceeds the number of pa-
rameters. This can be thought of as knowing a number of prior constraints that
the parameters must satisfy. Qin (1994) considered problems in which parametric
likelihoods on one sample may be combined with empirical likelihood on another.
Empirical likelihood method can also be extended to the problem such as re-
gression, smoothing, biased sampling, censored and truncated data, time series, etc.

Major developments have been summarized in the recent book by Owen (2001).

1.3 Calibration Methods of the Empirical Likeli-

hood Ratio

1.3.1 The Chi-square Calibration and the Undercoverage

Problem

Since the exact distribution of the empirical log-likelihood ratio is usually unknown, to
construct an empirical likelihood confidence region, we need to approximate quantiles
of this unknown distribution. This is typically handled by using the Chi-square
calibration which refers to the method of approximating quantiles of the exact finite

sample distribution of the empirical log-likelihood ratio with that of its limiting Chi-
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square distribution, much like what we do in parametric likelihood inferences.

However, the Chi-square calibration tends to suffer from an undercoverage prob-
lem in that the actual coverage level of Chi-square calibrated empirical likelihood
confidence region tends to be lower than the nominal level. Numerical evidence of
this problem can be seen through many examples in the literature. See, for example,
Owen (1988), Hall and La Scala (1990) and Qin and Lawless (1994).

By definition, the finite sample distribution of the empirical log-likelihood ratio is
in general a mixture distribution with a continuous component supported on [0, +00)
and an atom at +0o. The later is the probability that the convex hall of the sample
‘H does not contain the true mean. As the sample size increases, the atom will vanish
and the continuous component will approach the Chi-square distribution. However,
when the sample size is not large, the atom can be substantial. That the Chi-square
distribution cannot accommodate an atom at the tail can have serious impact on the
accuracy of the Chi-square approximation. Because of the atom, the upper percentiles
of the finite sample distribution tend to be larger than the corresponding percentiles
of the Chi-square distribution and consequently, in practice, the Chi-square calibrated
confidence regions usually suffer from an undercoverage problem.

As an example from Tsao (2004a), Figure 1.3 shows the shape of the estimated
cumulative distribution of —2log(R(uo)) based on random samples of size n = 20

and 30 from a MV N(uo,X), where uo € R* and T is the 10 x 10 positive definite
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matrix. Fm,m(x) is the estimated cumulative distribution function for the empirical
log-likelihood ratio —2log(R(ue)) for the case where n = 20 and Fios0(z) is that for
the case where n = 30. The cumulative distribution function Fyg(z) of the correspond-
ing limiting distribution x%, is also shown. Here, F 10.20(z) and F 10,30(z) are estimated
by the quantiles of large samples of size m = 500, 000 from the corresponding distri-
butions, respectively. The asymptotes of the F 10.20(z) and 13‘10,30(3) are y = 0.5 and
y = 0.96928, respectively and that of Fio(z) is y = 1. The distance between each
asymptote and y = 1 is the value of the atom. Not surprisingly, Floygo(l') is closer
to the limiting Fip(z) than F 10.20(z) and they both position substantially lower than
Fio(z). It suggests, for example, using the 0.9th quantile of Fig(x) will result in a

coverage level significantly less than 90%.

1.3.2 Other Calibration Methods

There are other methods of calibration based on Fisher’s F' distribution, the Bartlett
correction and the bootstrap. In the present section, we describe these methods and
discuss their advantages and disadvantages.

Details of the proof of the empirical likelihood theorem suggest that the critical

value x ,_, should perhaps be replaced by,

(n—1)k

———F'n—‘ —a; :
oy T (1.11)

which represents the critical values of the Fisher’s F' distribution.
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To see this, through Taylor’s expansion,

~210g R(o)=n(X — o) VH(X — o) = T2+ 0 (), (1.12)

where

V=1/n Z(Xi — 110)(Xi — o).

i=1

This shows the leading term converges to Hotelling’s 7 distribution. Based on this
asymptotic equivalence, it would seem to be appropriate to calibrate empirical log-

likelihood ratios with critical values of Hotelling’s 7. Since

(n—1)k

TZ,(1-a)= WD

Fk,n—k(l - a)1

the quantiles of 7 distribution can be easily computed using that of the F' distribution
and hence (1.11). As n goes to +oo the Chi-square and Fisher’s F' calibrations
become equivalent and the F-based calibration usually gives better coverage levels in
simulations.

Another calibration method employs a Bartlett correction, which replaces xi ;_,
by

(1 F %)—IX%J—Q:

where the appropriate value for a dependents on higher moments of the underlying
distribution. Bartlett correction can reduce the coverage error to O(n=2) from the

typical level of order O(n™!) of the Chi-square or F calibration. The parameter a
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can be replaced by its sample version calculated through sample moments, and the
asymptotic rate O(n2) still holds.

Bootstrap is another effective calibration method. For example, we sample n
observations from the empirical distribution F,, for B = 1000 times and record the
n observations as X7 ..., Xz for b = 1,...,B. Compute C** = —2log (R**(X))

where
R*Y(X) = max{Hnw,- | Zw,—(Xi*b - X)=0,w; > O’Zwi =1}.
i=1 i=1 i—1

The R**(X) is the empirical likelihood ratio calculated using the b bootstrap
sample at the sample mean. Define the order statistics of C: CM) < C®? < ... < 08,
Then the bootstrap-calibrated 95% confidence region is given by {6 | —2log R () <
C®0}. See Owen (2001) for further discussions on these alternative methods of
calibration.

Simulation shows these alternatives are more accurate than the Chi-square cal-
ibration. However, these methods still have their own drawbacks. For the method
based on Fisher’s F, it is easy to implement but the improvement is limited. For
Bartlett correction, it can be easily applied to cases like the mean, but it can be too
complicated for other parameters because the correction factor has to be derived for
each individual case. The bootstrap provides the most accurate numerical results
compared with the other two since it takes into consideration the atom of the finite

sample distribution, but the coverage properties of the bootstrap calibration are not
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well understood and the process is very time consuming.

1.3.3 Overview of the Thesis

A distribution which can better approximate the finite sample distribution of the em-
pirical log-likelihood ratio may need to have a similar mixture structure with an atom
at the infinity. There are few known mixture distributions of this kind but we can
define some new ones by combining a proper point mass at the infinity with distrib-
utions such as the Chi-square and F distribution. We also have identified one with
the mixture structure naturally. It is the finite sample distribution of the empirical
log-likelihood ratio for the multivariate normal mean, which is called E distribution
by Tsao (2004a). The rest of this paper is organized as follows: in ChapteAr 2, the
mixture distributions based on a x? and an F distribution will be examined. Nu-
merical results will be provided to show the improvement of the calibration methods
associated with these new distributions. In Chapter 3, we will revisit the E distribu-
tion and E calibration. Some new convergence properties of £ random variables will
be discussed. We will then compare several calibration methods numerically in this
chapter. In Chapter 4, we will discuss methods of estimating the quantiles of the E

distribution.



Chapter 2

New Calibration Methods Based

on Mixture Distributions

There is a need for more studies on new calibration methods since the current methods
are inaccurate (e.g. the Chi-square calibration) or inefficient (e.g. the bootstrap
method). In this chapter, we propose two methods which will improve the accuracy
of the Chi-square calibration yet still retain its computational simplicity. We have
noted that the inaccuracy of the Chi-square calibration is mainly due to its inability
to accommodate an atom at the infinity. Based on the fact that the distribution of
the empirical log-likelihood ratio is a mixture distribution with a probability mass at
the positive infinity, we define two new mixture distributions, E¢ and Ep, by moving

a certain amount of probability mass from [0,+o0) of the Chi-square distribution
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or the Fisher's F distribution to +o0o. The resulting mixture distribution should
provide better approximations to the finite sample distribution of the empirical log-
likelihood ratio. Details such as computing the critical values of the new distributions
and the properties of the new distributions will be presented. Simulation results are
provided to show that calibration methods based on these mixture distributions are
more accurate than the Chi-square calibration, especially for small sample situations.

In Section 2.1, we discuss atoms of the empirical log-likelihood ratio. In Section
2.2, we first define new distributions, Ec and Ef, by incorporating an atom of a proper
size into the Chi-square and Fisher’s F distributions, and then study properties of
these new distributions. In Section 2.3, calibration methods based on these two
new distributions will be developed and their accuracy will be examined by both

theoretical considerations and several simulation examples.

2.1 The Atom of the Distribution of the Empirical

Log-likelihood Ratio

We have commented in Section 1.1.4 that a trivial case exists when computing ().
Recall equations (1.5) and (1.7). If u ¢ H, then by convention, we define R(u) = 0
or I(p) = +oo. Moreover, if p is on the boundary of H, some w; will be 0 and thus

R(p) =0, (1) = +oo as well. Since there is a positive probability that the true mean,
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Lo, will not be in H, the finite sample distribution of the empirical log-likelihood ratio
at the true mean, [(u), will have an atom at the positive infinity.

Now we consider the empirical log-likelihood ratio defined for a general parameter
6 through estimating equations; see equation (1.4). Consider the convex hull of
m(Y;,6p), denoted by H(m(Y1,6p), m(Yz2,0),...,m(Yn,0)). Just like the case for a
mean Lo, [(6y) = —2log(R(6)) will be finite if and only if 0, which is the origin in
RE, is in the interior of the convex hull H(m(Y1,6p), m(Y2,60), ..., m(Yn,6o)). In other
cases where 0 is not in the convex hull, {(6;) is equal to infinity, and this leads an
atom at the positive infinity for the distribution of I(6,) as well.

It follows that no matter which distribution the data comes from or which pa-
rameter is of interest, the empirical log-likelihood ratio has, in general, a mixture
distribution with a continuous part on [0,+0c) and a probability mass at +oco. Fig-
ure 2.1 illustrates the mixture distribution with a continuous density function which
has a Chi-square-like shape on [0, +00) and an atom at infinity.

Although it is in general difficult to compute the size of the atom of the empirical
log-likelihood ratio, for important cases, such as the empirical log-likelihood ratio for
the mean of a multivariate normal distribution, a formula for the atom is available. It
can be shown that the value of this atom equals the probability that a random sample
of size n from the uniform distribution on the unit sphere all lie on some hemisphere.

Denote this probability by a(k,n). Wendel (1962) proved the following formula, for
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Figure 2.1: Illustration plot of the density function and the atom of the empirical
log-likelihood ratio of a standard multivariate normal mean. Dimension k = 3 and

sample size n = 10.
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any n > k,

a(k,n)={( n ) 5 ( n ) PR ( n )}2—("-1>. (2.1)

Formula (2.1) holds for all cases where the underlying distribution are symmetric.
Tsao (2004b) also suggested that the atom of the empirical log-likelihood ratio for
the multivariate normal mean, a(k, n), is the smallest among all members of A », the

collection of distributions of all possible [(fy) based on estimating equations (1.4).

2.2 The E- and Er Distributions

The mixture nature of the distribution of the empirical log-likelihood ratio motivates

us to consider the following mixture distributions, E¢ and EF.

Definition 2.1 Denote by x3 a Chi-square random variable with k degrees of freedom.

An Ec random variable with degrees of freedom k and n 1s:

X:  with probability 1 — a(k,n),

Ec(k-,’n) = (22)

+oo  with probability a(k,n).
The above construction is quite natural since the Chi-square distribution is the
limiting distribution of the empirical log-likelihood ratio. Also, recall from Chapter

1 that Fisher’s F' distribution provides an alternative method of calibration and it is

usually more accurate than the Chi-square calibration. Therefore, we could replace
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X} in Eg with Fisher’s F, or more precisely, k(n — 1)/(n — k)F n—, according to

(1.11). This leads a new mixture distribution, Ef.

Definition 2.2 Denote by F}.,, an F random variable with k and n degrees of freedom.

An Er random variable with degrees of freedom k and n is:

Elr:‘_;,:)Fk'n_k with probability 1 — a(k,n),
Ep(k,n) = (2.3)
+00 with probability a(k,n).

Both E¢ and Er depend on the sample size n and the dimension of the random
vector k. By convention, we call k the first degree of freedom and n the second degree
of freedom. For convenience, the notation Ec and Efr are used to represent both the
random variables and the corresponding distribution functions, and where and when
they represent the random variables or the distribution functions should be clear from
the context.

For any random vector Y and o € (0,1), denote by Y(a) the a critical value

((1-a)th quantile) of Y. The following theorem provide an easy way for computing

critical values of E¢(k,n) and Ep(k,n) through that of xi and Fj n_.
Theorem 2.1 For any « € (a(k,n), 1),

Ec(k,n,a) = Xxi (%), (2.4)

Ep(k,n,a) = E(;LTZ;;I{})Fk,n_k (-l—lT_(kan—)) . (25)
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Proof of the Theorem 2.1:

Note that, by law of totally probability, at any z € [0, +00),

P[Ec <z] = P[x}<z]x P[Ec=x}]+ Pl[+oo < z] x P[Ec = 4],
= P[x; < 2] x P[Ec = X,

= (1-a(k,n))P[x; < z].

To find the « critical value of E¢, Ec(k,n,«), for some a(k,n) < a < 1, by the above

equation, we have
1—a = P[Ec < Ec(k,n,a)] = (1 — a(k,n))P[xi < Ec(k,n,a)].

Thus

< 4 = —-:
P[Xk = EC(I"an;a)] 1— a(k,n)

This gives the relation between the critical values of E¢ and that of the x?:

Ec(k,n,a) = X (%) -

It can be derived similarly that the critical values of the Ef distribution relates to

that of the Fisher’s F' distribution through:

;. _k(n—-1) l—a
Ep(k,n,a) = P Fk,n_k (1—a(k,n)> .
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Dimension k =1 Dimension k = 2 Dimension k£ = 3
n\a | 020 0.10 0.05 0.01 [ 020 0.10 0.05 0.01|0.20 0.10 0.05 0.01
5 211 422 400 400 | +00 400 +co0 +o0 [ o0 400 400 +00
10 | 165 273 391 7.02(338 500 694 +oo |58l 11.11 +oo +oc
15 | 1.64 2.71 3.84 6.64|3.23 462 6.03 940|470 6.39 811 13.57
20 | 1.64 2.71 3.84 6.64|3.22 461 599 922|465 626 7.83 11.42
30 | 1.64 2.71 384 6.63|3.22 461 599 921|464 625 7.81 11.35
X? | 164 271 384 663|322 461 599 921|464 625 781 11.35
Table 2.1: Some critical values of the E¢ distributions
Dimension k =1 Dimension k = 2 Dimension k =
n\a | 0.20 0.10 0.05 0.01 {020 0.10 0.05 001 |020 010 0.05 0.01
5 |295 760 4+oo +oo | oo +o0 +o0 400 | o0 00 +00 400
10 [ 1.90 3.32 5.06 1087|453 7.30 1128 +4oo [ 9.56 2441 +oo  +oo
15 [ 1.80 3.07 455 870 |38 583 799 1236 |6.22 895 12.06 24.62
20 | 1.76 297 4.35 810 | 3.69 547 738 12.71| 569 7.99 1041 16.71
30 | 1.72 2.88 4.17 7.56 | 3.52 5.16 6.87 11.17| 530 7.33 942 14.53
Xz | 1.64 271 384 663 322 461 599 921 |464 625 781 11.35

Table 2.2: Some critical values of the Er distributions



33

Equations (2.4) and (2.5) give the computation methods for the critical values of
Ec and Ep. Following these formulae, we generate tables of critical values which is
presented in Table 2.1 and Table 2.2. At fixed o and k, the critical values of Ec and

Er converge to that of the limiting x% as n approaches infinity.
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Figure 2.2: Plots of the cumulative distribution functions of Chi-square, E¢ and EF.

Dimension k£ = 5 and sample size n = 10.

To see how E- and Ef look like in relation to the Chi-square distribution, we
plot the cumulative distribution functions of the three distributions for £ = 5 and

n = 10 in Figure 2.2. The shapes of the cumulative distribution functions of E¢- and
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Er are quite similar to that of the Chi-square distribution but they are lower due
to their atoms. The cumulative distribution function of the Er is even lower than
that of the E, especially when z is not large. When z approaches infinity, Ec and
Er begin to merge and coverage to the same value of 1 — a(5,10) = 0.5. If n goes
to infinity, the atom will vanish and the continuous parts of Ec and Er will move
up and converge to the limiting Chi-square distribution. The observations that the
cumulative distribution function of Ef is lower than that of F¢ has beén confirmed
by numerical computations at different z values and n and & combinations. But a

theoretical proof of this point has eluded us so far.

2.3 The E- and Er Calibrations

2.3.1 Theoretical Considerations

The E¢ and Ef calibrations refer to the method of using critical values of E¢ and Er
distributions to approximate that of the distribution of the empirical log-likelihood
ratio, respectively.

As approximations of the distribution of empirical log-likelihood ratio, Er and E¢
may not be always accurate. Nevertheless, because of their mixture structure, they
should be more accurate than the Chi-square or Fisher's F based approximations,

and should lead to better empirical likelihood inferences. First of all, the asymptotic
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behaviors of E- and Er agree with that of the distribution of empirical log-likelihood
ratio, all approaching the Chi-square distribution as n approaches infinity. Con-
sequently, these two new calibrations will provide consistant coverage probabilities
just like the Chi-square calibration. Secondly, the critical values are enlarged by the
correction made through incorporating the atom at the infinity, and the larger crit-
ical values improve the coverage level. For example in Table 2.1, for « = 0.2 and
k=3, x30, = 4.64. However, E¢(3,10,0.2) = 12.71, which is almost three times as
large. It is clear that an 80% empirical likelihood confidence interval calibrated with
Ec(3,10,0.2), {6 : —2log(R(#)) < 12.71}, will provide a higher coverage probability
than that calibrated by x3,,, {6 : —2log(R(f)) < 4.64}. Thirdly, the size of the
atom incorporated is the true size for the distribution of [(y) for the case of symmet-
ric distributions. Therefore, in the case of symmetric distributions, the distribution
function of E¢, EFr and l(uo) are expected to behave alike at least at the tail, so E¢
and Ef calibrations are expected to give accurate coverage probability for high signif-
icant levels. Lastly, the atom of Ex and Ef are the smallest among all distributions
of empirical log-likelihood ratio with the same dimension and the same sample size.
This implies that the E- and Ef calibrations provide the minimum adjustment to
the Chi-square calibration as far as the atom is considered. So E¢ and Ef calibra-
tions tend to undercover when the underlying distributions are not symmetric. These

points will be illustrated in the simulation results in the next section.
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2.3.2 Simulations Results

Figure 2.3 shows the cumulative distribution functions of five distributions together:
the Chi-square, Fisher’s F, E¢, Er and the estimated finite sample distribution of
the empirical log-likelihood ratio of the mean for the multivariate normal distribution,
the last of which will be referred to as the distribution of ELR for now. They all have
the first degree of freedom k = 5 and the second degree of freedom n = 10. The left-
hand plot shows the functions over the range of (0, 50), whereas the right-hand shows
the functions over the range of (0,20),which gives a closer look of the intersection in
the plot. The size of atoms of three mixture distributions, E¢, Er and ELR are all
0.5. According to formula (2.1), the size of the atom is always 0.5 when the sample
size is twice as the dimension. The atom is indicated by the difference between the
asymptote, y = 0.5, of the mixture distributions, and the asymptote, y = 1, of the
Chi-square or Fisher's F distribution. When z becomes large, the Chi-square and
Fisher’s F converge to 1; E¢, Er and ELR converge to 0.5. Due to the way that
Ec and Efp are constructed, Ec inherits the shape of the Chi-square distribution
and Ef inherits the shape of the Fisher’s F distribution, but both are lower than
their respective “parent” distribution. At the same probability level, E- and Er
provide larger critical values which implies a better coverage for the Er and Ep
based calibration methods.

The closer the candidate distributions are to the true distribution of the empirical
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Figure 2.3: Plots of the cumulative distribution functions of Chi-square, Fisher’s F,

Ec, Er and ELR. Dimension k = 5 and sample size n = 10.
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log-likelihood ratio, the better the corresponding calibrations will be. Base on this
observation, the best calibration is the one based on the Ef distribution. The Chi-
square calibration is the worst since the cumulative distribution function of the Chi-
square is the furthest from that of the distribution of ELR. E¢ and Fisher’s F' are
ranked in the middle. Two interesting points are showed in Figure 2.3. First, for
small z, Ep is even lower than ELR which indicates the possibility of overcoverage by
Ep calibration. But this does not contradict to our previous observations that the Er
calibration tends to undercover in general. This overcoverage does not usually occur
in practice when the ratio of n/k is large. It is also interesting that E¢ and Fisher’s
F intersect each other at some point between 5 and 10 as seen from the right plot in
Figure 2.3. Before the intersection, E¢ is closer to the ELR distribution. However,
after the intersection, the Fisher’s F is closer. So there is no general conclusion
on the advantage of Ec over Fisher's F, which depends on the range of coverage
level considered and has to be decided case by case. Fortunately, the intersection
can be obtained by numerical computations since the distribution functions for Ec
and Fisher’s F are not difficult to evaluate. For practical applications, Er based
calibration should be better since Er provides a more accurate approximation to the
distribution of ELR at the tail, where is of the most interest in making inferences.
Figure 2.4 shows the cumulative distribution function of E¢ and Ep with different

combinations of degrees of freedom. Each single plot contains both E¢ and EF at the
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same degrees of freedom. When n is increasing (see plots in the same column), they
are getting closer to each other and both moving closer to the Chi-square distribution.
As the ratio of n/k becomes smaller, like the case k = 3 and n = 10, the difference of
the shape of cumulative distribution function between Er and Ec are significant for
z not large. As z goes to +oo, they eventually merge to one another and approach
the common horizontal asymptote. Not surprisingly, the curve of EF is always lower
than that of E¢, thus the Er based calibration provides a consistently larger coverage

probability than the E¢ based calibration.
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Figure 2.5, Figure 2.6 and Figure 2.7 report the simulated coverage probability of
calibration methods based on the Ec and Ef distribution along with methods based
on the Chi-square and Fisher’s F distribution for different underlying distributions.
The coverage probability is calculated as follows: First, generate a random sample
from a underlying distribution of interest and evaluate the empirical log-likelihood
ratio at the true mean by Owen’s S-plus code. Then, repeat this process for m = 5000
times, record the number of times m’ that the evaluated empirical log-likelihood ratio
is smaller than the critical value from the candidate method. Then, m'/m is the sim-
ulated coverage probability which is reported in these plots. In each plot, we display
both the coverage probability at selected sample size and the trendline formed by
connecting neighboring points. The coverage probability is only observed for sample
sizes n = 10,15, 20,25 and 30. The trendline gives an indication of coverage proba-
bilities for sample sizes between these numbers. All coverage probabilities obtained
by different methods for the same predefined nominal level 1 — o and fixed dimension
k are reported in the same plot. The three plots in each row correspond to nominal
levels 0.8,0.9,0.95, respectively, and the levels are indicated by the horizontal lines
above all trendlines. Each column contains plots for different underlying distribution:
N(0,1), x? and T5, respectively, from top to bottom. Each figure contains coverage
results for samples with the same dimension. In Figure 2.7, when k£ = 3 and n = 10,

the atom is greater than 0.05 and the calibration value is not available for E- and
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Er, So the trend lines start at n = 15.

In each plot, all coverage probabilities approach the nominal level as n increases,
including that of E; and Ep calibrations. Thus the Er and Ep based methods
are equivalent to the Chi-square method for large sample sizes. In general, Ep and
Fisher’s F have better coverage probabilities than E- and the Chi-square method
since their trendlines are constantly higher. Er appears to be the best method so far,
because it shows the largest coverage probabilities for any combination of dimension
and sample sizes. Er and Fisher’s F' give almost the similar coverage levels for sample
sizes larger than 15, but for small sample sizes like 10, Er and E¢ based methods
have substantially better accuracy. As we expected, all methods perform the best for
samples from Normal distribution, the second best for samples from the symmetric
T5 distribution and perform the worst for samples from Chi-square distribution.

There is a strange trend in Figure 2.7 where k = 3. The coverage probabilities of
Er and E¢ for n = 10 are close to or even bigger than that for n = 15, which seems
to be inconsistent with our intuition that the larger sample size will lead to better
accuracy. This abnormality may be caused by the large size of the atom. For the
Chi-square method, the critical value does not change with n. When n increases, the
empirical log-likelihood ratio is more Chi-square like and the proportion of simulated

empirical log-likelihood ratio value falling into

{6 : —2log(R(9)) < Xia}
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increased and it approaches (1 — @)100% when n — +o0. But for intervals based on

FE¢ and Er calibration,
{6 : —2log(R()) < C;, 1(a)} (2.6)

where Cj () is the appropriate critical values of B¢ or Ep distribution. Cj (a)
changes with n. From n = 10 to n = 15 in Figure 2.7, the drop in C* value is
too large resulting in a smaller portion of the simulated empirical log-likelihood ratio
values falling into confidence region (2.6). For example, the E¢(3,10,0.9) = 31.28 but
the E¢(3,15,0.9) = 12.84, which is significantly smaller. This explains the abnormal
behavior of the plot of E¢c and Ep in Figure 2.7. But this abnormality is of little

importance because it only happens at small n/k which is rarely the case.
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are Normal, Chi-square, and T3, respectively. O represents results by the Chi-square
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represents results by the E¢ calibration method and x represents results by the Ep
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Chapter 3

The E Distribution and the FE

Calibration

The calibration methods discussed up to this point are based on either the limiting
Chi-square distribution, such as the Chi-square and the E¢ calibration, or based on
the asymptotic considerations, such as the Bartlett correction, the Fisher’s F' or Ep
calibrations and the Bootstrap calibration. In this chapter, we will study the exact
finite sample distribution of the empirical log-likelihood ratio. In particular, we will
study the E distribution (Tsao 2004a), which is the distribution of the empirical
log-likelihood ratio for_ the multivariate normal mean. We will also study the E cal-
ibration, a method of calibration based on the E distribution. The E distribution

depends on only the sample size n and the dimension k of the underlying multivariate
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normal distribution. It is a mixture distribution, consisting of a continuous component
on [0,4+00) and an atom at the positive infinity. The E calibration provides accu-
rate empirical likelihood confidence regions for the normal mean. Moreover, it can
be applied to calibrate general empirical log-likelihood ratios and to provide robust
confidence regions against the undercoverage problem associated with the Chi-square
calibration.

In Section 3.1, we discuss the definition and properties of the E distribution.
Section 3.1.1 gives the definition of the E distribution and presents several known
facts about this distribution. Section 3.1.2 introduces several properties related to
the E distribution and shows that the E random variables converge to the limit-
ing x”? random variable at a rate of Oy(n™"'). Using a result by Diciccio, Hall and
Romano (1991), we also derive the rate of convergence of the E quantiles to the Chi-
square quantiles. Details on the application of the E calibration, its advantages and

disadvantages are discussed in Section 3.2.

3.1 The E Distribution Family

The general empirical log-likelihood ratio is a statistic of a random sample. Never-
theless, for any given sample, the log-likelihood ratio has to be computed numerically
and cannot be expressed as an analytic function of the sample. Thus the exact finite

sample distribution of the empirical log-likelihood ratio is not available, even when
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the underlying distribution of the population is given. It is in general difficult to study
the finite sample distribution of the empirical likelihood ratio. For the multivariate
normal mean, however, the problem of the lack of the analytic expression for its cu-
mulative distribution function can be bypassed by generating random samples from
the finite sample distribution of the empirical likelihood ratio. With such large ran-
dom samples, the cumulative distribution function or quantiles can be approximated

accurately.

3.1.1 Definition of the FE Distribution

The E random variable is the empirical log-likelihood ratio for the true mean of the

standard multivariate normal distribution.

Definition 3.1 The E random variable
Let X, Xo,--+,X, be independent copies of a random vector X in RF, where n >
k > 1 and X has a standard multivariate normal distribution, MV N(Q,I). Here I
denotes the k x k identity matriz and 0 denotes the origin in R*. Then

n

E=1(0)=2) log{l+ "X}, (3.1)

i=1

where \ is determined by the non-linear system:

i(l + M X)X =0 (3.2)

1=1
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The E random variable is univariate, positive and continuous on [0, +00). We will
refer to k and n as the first and the second degree of freedom, respectively. Also, the
condition n > k is necessary. Otherwise the sample X3, X5, -+, X,, does not form a
convex hull in R* and the empirical likelihood is not defined.

As a special case of the general empirical log-likelihood ratio random variables,
the E random variable has the atom a(k,n) at the positive infinity. Because of
this, none of the moments of E exists. Equation (2.1) gives an analytic expression
for calculating this atom. Based on this expression, we can show that a(k,n) is a
strictly monotonically decreasing function of n and a strictly monotonically increasing
function of k.

For convenience, we denote the E distribution with first degree of freedom k& and
second degree of freedom n as Ej ,,. We may also use Ej ,, to represent the E' random
variable when we wish to emphasis the degrees of freedom. We also use Fj,(z) to
denote the cumulative distribution of the Ej, random variable. That is, for any
z € (0,+0), Frn = P(E < z). In view of the atom of Ej, at the positive infinity,

we have,

lim Fyn(z)+a(k,n)=1, or lm Fyu(z)=1-a(k,n).

T—-+00 T—+00

The line y = 1—a(k, n) is a horizontal asymptote for F} ,(z), since F () is a strictly

increasing function.
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The pth quantile of Ey ,, &(p, k,n), is given by,

inf{z : p < Fyn(z)} foranype (0,1—a(k,n)),
&(p, k,n) =
+00 for p > 1 —a(k,n).
For any o € [0, 1], e(a, k,n) is used to represent the 100a% critical value of the Ej ;.
We have

e(a, k,n) =€(1— a,k,n).

The pth quantile ¢(p, k, n) of a random sample of size m from the Ej ,, distribution
may be used as the (sample) quantile estimate of the critical value e(a, k,n). Table
3.1 contains estimated critical values é(a, k,n) for k < 3 at selected n values. The
value 3.81 in the second row and second column is the estimated value €(0.1,1,10).
This value is the 0.90th quantile ¢(0.90,1,10) of a random sample of size 50000
from the E) o distribution. The estimated value €(0.01,2, 10) at the first row and
eighth column is +o00, indicating that the atom of the Ej ;o distribution is more than
1%. The last row contains the corresponding Chi-square critical values. We make
two observations from this table: [1] The estimated critical values é(a,k,n) in each
column converge to the value of x% at the bottom. [2] The estimated values converge

monotonically in that they are strictly decreasing as n increases.
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Dimension £ =1 Dimension k = 2 Dimension k£ =3

n\a | 0.20 0.10 0.05 0.01 |020 010 0.05 0.1 | 020 010 0.05 0.01

5 347 9.06 +4o0 400 | 400 +00 400 400 | o0 +oo  +oo +o0
10 (210 3.81 6.02 14.74 | 549 969 17.16 +oo | 1274 36.14 +oc  +0o0
15 | 191 326 481 959 |425 653 942 1943 | 7.26 11.22 16.57 46.97
20 | 1.84 310 4.47 831 |3.84 574 7.88 1437 | 6.15 891 1211 22.38
25 | 1.78 295 425 7.78 | 3.69 544 734 1248 | 5.64 7.98 10.53 18.03

30 | 1.75 295 420 7.52 |3.56 524 6.97 11.53 | 541 7.55 9.74 15.42

x2 | 164 271 384 6.63 |322 461 599 921 | 464 625 7.81 1135

Table 3.1: Some estimated critical values é(a, k, n) of the Ej , distributions.

3.1.2 Properties of the E Distribution

By definition, the E distribution is the exact finite sample distribution of /(0), the
empirical log-likelihood ratio for the mean, 0, of the standard multivariate normal
distribution. For a general multivariate normal distribution, Tsao (2004a) proved
that the empirical likelihood ratio for the mean g, I(uo), is a pivotal quantity with

the same distribution as [(0).

Theorem 3.1 (Tsao 2004a)
If X ~ MVN(po,X), where po is the mean and ¥ is a non-singular variance-
covariance matriz, then the distribution of l(uo) s Exn, regardless of the values of i

and X.
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Theorem 3.1 says that the true distribution of [(xo) for a general multivariate
normal mean is in fact an E distribution as well. In other words, the distribution of
1(0) for the standard multivariate normal mean and the distribution of {(y) for the
general multivariate normal mean are identical.

At any fixed k, the Ej, random variable converges to x,% in distribution as n
goes to infinity. This is a direct consequence of the Empirical Likelihood Theorem
(Theorem 1.2) applied to the case of the standard multivariate normal distribution.
In fact, this rate of convergence can be proved to be O,(n") and we will show this
proof in this section. Besides, in order to compute quantiles of the E distribution, we
are also interested in finding the rate at which quantiles of the E' distribution converge
to that of the Chi-square distribution since a better understanding of the rate may
lead to better models for computing the quantiles. Using a result from DiCiccio, Hall

and Romano, we show that the rate of convergence of quantiles is O(n™?).

Theorem 3.2 Let Ey, be the E random variable with first degree of freedom k and
second degree of freedom n, and xi be the Chi-square random variable with k degrees
of freedom. Then,

B =2 +0,(3) (3.3)

In order to prove Theorem 3.2, we first present some lemmas. For a random vector

X in R*, we use || X|| to denote the Ly-norm of X.
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Lemma 3.1 Let X;, X, ..., X, be independent copies of a random vector X in RE

where X is the standard multivariate normal random variable. Then,

w1 = 0). (34)

Proof of Lemma 3.1.

Let Y; = || X;||°, then Y; are independently and identically distributed random vari-
ables. Since X; are multivariate normal random vectors, the Y; have absolute moments
of any order. Denote by py the mean of Y;.

By the Strong Law of Large Numbers,

So,
L=y v -oq)
" z Tl i=1 l .

i=1

O

Lemma 3.2 Let X1, Xs, ..., X, be independent copies of a random vector X in R*
where X is the standard multivariate normal random variable. Let Z, = mazxi<i<y || Xil|-

Then Z, = o(n/?)

Proof of Lemma 3.2.
Since X; are multivariate normal vectors, E(||X;||*) < oc. Lemma 3.2 follows from

the Lemma 11.2 in Owen (2001)(Page 218, Chapter 11).
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Definition 3.2 Let Xy, Xo,..., X, be independent copies of X in R* with common

distribution N(uo,X). Define random variable Ly, as:
Liyn = (X = p0)S™H(X — po),
where X =1/n) 1 X and S =1/n) " (Xi — po)(Xi — o).

Lemma 3.3 Let X1, Xo,.... X, be independent copies of X in R* with common
distribution N(po,Xx). Then the random variable, Ly, converges to X with rate

Op(n71), i.e.

il
Lk,n = Xi + Op(;) (35)
Proof of Lemma 3.35.

Recall S defined in Definition 3.2:

S= %Z(Xi — o) (Xi — o).

i=1

Let ¥ be the sample variance covariance matrix:

We first prove
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Since
S::%f%x—X+X—mﬂx—X+X—m)
::%if&—Xm&—ﬁ+li¥&—XﬂX—m)
+% : (X — po) (Xi — X) + %i;()? — o)'(X — pto) (3.7)
:%ﬁjx—Xﬂx—Xhéij—mﬂX—ml (3.8)

i=1 i=1

From (3.7) to (3.8) is because the sum of those two cross product terms in (3.7) are

in fact 0.

The Central Limit Theory implies:

So
%g()—( - ﬂo)’()—( - /10) = Op(%)@ﬂ(%) = Op(;)f
and therefore

S:z+o4%)

or equivalently,

1
-1 __ =
EST =1+ Op(n).
Again by Definition 3.2

Lin = n(X — po)S™(X — po)
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= (X — po)SBS X — po)

= (X - )z (14 op(%))()‘( = i}

— (X = po)S MK — o) + 0,,(%)

= i+ 0, (%) (3.9)

With these lemmas, now we can prove the convergence rate stated in Theorem
3.2
Proof of Theorem 3.2.

Let Y; = N(X; — o), where X is the solution to equation (1.7). Using Y;, equation

(1.7) becomes

n

X —
= _Zl+)\' = _Z 1+Y

= L X = o)(L — Y+ ¥2)/(1 + ¥)

i=1

n

¥ 1 (Xi — po)Y?
= X —po S/\+n; o (3.10)

By (3.10) we find:
A=S"HX — po) + B,

where

1 (X — o) YE
— 1= i
p=3 nZ 1+Y;
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Because Lemma 3.1,
1 n
=37 1X: = koll® = Ou(D)
i=1

Using standard arguments in Chapter 11 in Owen (2001), we can show that
IAll = Op(n™"/2).
Thus, 3 has a norm bounded by

1 -
B = E;S—l“Xi—#0||3||/\“2|1+yi| 1

= 0p(1)0p(1)0p(n")0p(1) = Op(n ") (3.11)
By Lemma 3.2,
max [Yil = max [X(X — o)l = Opln)op(n'/%) = 0p(1)  (312)

Since Y; is a small quantity, we may write:
1 s
log(1 +Y;) =Yi — 5Y" +m,
where for some finite B > 0

Pr(ln| < BlYi’,1<i<n)—1,

as n — oQ.

By (1.5) and (1.6):

—2log R(o) = —2) _ log(nw;)
i=1
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= Z log(1+Y;)
i=1

= Zzn:Yi—zn:Yf"”Qim
i=1 i=1 i=1

= 2nA(X — po) —nXNSA+2D

i=1

= (X — po)STHX — po) —nB'STIB+2) i

i=1
By Definition 3.2, the lead term n(X — yo)'S™ (X — po) = Lin. By equation
(3.11):

nB'S™'8 = n0y(n™)0,(1)0y(n"") = Op(n™?)

and

n
Z i
i=1

where, by the central limit theorem,

< BIAPY 11X — poll* = Op(n™*2)0p(n'/?) = Op(n ),
i=1

D 11X — pol® =n(1/n ) [1Xi — noll®) = nOp(n~1%) = Op(n'’?)
i=1 i=1

It follows that

Egn=Lgn+ Op(%) =x:+ Op(%).

To study the convergence of quantiles, we need the following result:

Theorem 3.3 ( DiCiccio, Hall and Romano 1990 )

Let Fy..(z) be the cumulative distribution function of the Ey, distribution and let
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Gi(z) be the cumulative distribution function of the xi distribution. Then,

Fin(z) = Gi(z) + O(%) (3.13)

Theorem 3.4 The pth percentile £(p, k,n) of Ey, converges to the pth percentile xi‘p

of X3 with rate O(1/n) as n — oo, i.e.

&(p,k,n) =Xk, + 0(%)

Proof of Theorem 3.4.
By Theorem 3.3, we know

Fin(z) = Gi(z) + 0(%).

For simplicity, let zp = Xi,p’ the pth percentile of the Chi-square distribution and

z, = &(p, k,n), the pth percentile of the Ej , distribution, then
Gi(zo) = p,
Eyn(zn) = p, and
Gin(zn) +O(1/n) = p. (3.14)
The Taylor’s expansion of right-hand side of the equation (3.14) at xp is :
Gr(zo) + Gi.(m0)(Tn — T0) + Gr(Tn — T0)?/2+ ...+ O(1/n) = p,
p+ Gi(zo)(z — zo) + o(z, — 7o) + O(1/n) = p, and

Gi(zo)(zn — o) + 0(Tn — o) + O(1/n) = 0.
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For the Chi-square distribution, the density function Gj.(zo) will not be 0, so

(zn — xo) + 0(zy — o) = O(1/n),

(zpn —20) = O(1/n).

Thus

Zp =xy + O(1/n):

Another important property about the E distribution is the monotonically de-
creasing property of the quantiles with respect to n. Although we cannot prove it
theoretically, it is supported by both simulation evidences and similar behavior of
other distributions. Tsao (2004c) formulated this property with the following conjec-

ture:

Conjecture 3.1 Monotone Property of Quantiles
For any z € (0,00) and a > a(k,n+1), it is assumed that the cumulative distribution

Fyn(z) and the critical value ey n of the E distribution satisfy that:

Fin(z) < Finia(z), or equivalently eqrn > €aknti-
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3.2 The E Calibration

3.2.1 Theoretical Considerations

The E calibration refers to approximating quantiles of the finite sample distribution
of the empirical log-likelihood ratio with that of the E distribution for the purpose of
making empirical likelihood inferences. The E calibration can be used to construct
empirical likelihood ratio confidence regions or conduct empirical likelihood based
hypothesis testing. This method is conceptually different from the Chi-square cali-
bration in that a real finite sample distribution of the empirical log-likelihood ratio
is used for calibration. It alleviates the undercoverage problem of the Chi-square
calibration.

By Theorem 3.1, when making empirical likelihood based inferences on multivari-
ate normal means, the F calibration is exact because the distribution of the empirical
log-likelihood ratio in this case is exactly the E distribution. So the E calibration
can be r’egarded as the exact calibration method for the normal sample means.

For the empirical likelihood inference for the mean, , of a symmetric distribution,
let {(u) be the empirical log-likelihood ratio for p. It is known that the size of the
atom of the E distribution equals that of the atom of I(x). Using the E distribution
to calibrate the finite sample distribution reduces the calibration error in that the E

distribution and the finite sample distribution are the same at the far tail. The only
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difference occurs in the continuous component of the distributions and the cumulative
distribution functions of the two distributions have the same asymptote (the same
size of atom ), so they are close to each other at the far right tail. Based on these
observations, the F distribution is more attractive than the Chi-square distribution
(which cannot accommodate an atom to the infinity) for calibrating I(u).

The applications of the E calibration are not limited to the normal or symmetric
distributions. Let # be a parameter of interest for a random variable X. Let 6, be
the true value and m(X,#) be an estimating function such that E(m(X,6,)) = 0,

consider the empirical log-likelihood ratio:

R(6o) = max{ ﬁnwi | iwim(X,-, 6p) = 0,w; > O,iwi = 1}. (3.15)
i=1 i=1 i=1

Now let [(fy) = —2log R(6,), and let Ay, denotes the collection of distributions of all
possible [(f,). Here, 6 does not have to be a mean and the underlying distribution
of X does not have to be normal. It is clear that Ej, € A, but Xi & Akno Asa
member of the Ay, family, E behaves more like the distributions in A, than the Chi-
square does. On the other hand, the Ej, distribution has the smallest atom among
distributions in Ay ,. If we measure the distance between a distribution in Ay, and
the x? distribution by the size of atom of the former, the Ej, distribution will be
the closest to the x? distribution. Other distributions are further away in that their
atoms are larger. So the E calibration, which uses the E distribution to approximate

all other distributions in Ay ,, provides a “minimum” amount of correction to the
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Chi-square calibration. Because of this, the E calibration also tends to have an
undercoverage problem but the extent of this problem is far less serious than that of
the Chi-square calibration.

E distributions are the empirical likelihood equivalent of Hotelling’s 72 distri-
butions for the parametric likelihood. They are both exact finite sample distribu-
tions when the underlying distributions are multivariate normal; the E distribution
is the exact finite sample distribution of the empirical likelihood ratio whereas the
Hotelling’s T2 distribution is the exact finite sample distribution of the parametric
likelihood ratio. From this standpoint, the E calibration is very much an extension
of T? calibration (parametric inference) in the context of the empirical likelihood

inference.

3.2.2 Simulation Results

To compare the E calibration with other methods of calibration, from Figure 3.1
to Figure 3.4, we show the plot of cumulative distribution functions of E, E¢, EF,
Fisher’s F and Chi-square for n = 10 and k = 1, 3,4, 5. Recall that the undercoverage
problem of the Chi-square calibration is caused by the under estimation of the quan-
tiles of the finite sample distribution of the empirical log-likelihood ratio. To correct
this problem, the estimated quantiles need to be larger. When k = 1, the advantage of

E distribution is not obvious since all curves (cumulative distribution functions) are
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very close. The quantile estimates based on the four methods will also be very close.
For example, the horizontal line in the first plot in Figure 3.1is y = F(z) = 0.8. The
intersections between this line and the four cumulative distribution curves represent
the 0.8th quantile estimates provided by these four methods, and they are not much
different from each other. When k is large, for instance, k = 3,4, 5, the difference is
significant between E and the Chi-square because of the large atom. For k£ = 1,3,4,
E is the lowest curve in each plot so that it provides the largest quantile estimate
at any level. It reveals that the E calibration is not only better than the Chi-square
calibration, but also better than E¢, Er and Fisher’s F calibrations. As k increases,
the cumulative distribution of Ep distribution becomes lower. When k = 5, it moves
under the cumulative distribution of E. So in this case, it is possible that Er based
calibration method may perform better than the E calibration.

Comparing the five calibration methods, the Chi-square calibration stands at one
extreme in that it does not take into consideration the atom of the distribution of
the empirical log-likelihood ratio. From the cumulative distribution plots, we see
that it consistently gives smaller estimates for the quantiles of the distribution of
the empirical log-likelihood ratio. At the other extreme we have the Er and FE
calibration, which take into consideration the atom of the distribution of empirical
log-likelihood ratio and give consistently larger estimates of the quantiles than other

methods. The E¢ and Fisher’s F calibrations are methods between the two extremes,
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and their corresponding cumulative distribution functions are located between that

of the Chi-square and E or Ef distribution.

Dimension k£ = 1 Dimension k = 2 Dimension k =

n=10 | 80% 90% 95% 80% 90% 95% 80% 90% 95%

x? 0.7488 0.8466 0.9022 | 0.6602 0.7594 0.8240 | 0.5384 0.6334 0.6940
Er 0.7830 0.8854 0.9366 | 0.7656 0.8722 0.9288 | 0.7662 0.8900  NA

E 0.8052 0.9016 0.9494 | 0.8018 0.9026 0.9530 | 0.7988 0.8986  NA

n=20| 80% 90% 95% 80% 90% 95% 80% 90% 95%

X2 0.7720 0.8778 0.9286 | 0.7376 0.8496 0.9052 | 0.6910 0.8022 0.8728
Er 0.7854 0.8926 0.9446 | 0.7870 0.8902 0.9392 | 0.7734 0.8840 0.9382

E 0.7944 0.8968 0.9462 | 0.7972 0.9000 0.9472 | 0.7956 0.9020 0.9546

n=230 | 80% 90% 95% 80% 90% 95% 80% 90% 95%

x2 0.7776 0.8840 0.9374 | 0.7654 0.8686 0.9276 | 0.7428 0.8426 0.9054
Er 0.7896 0.8978 0.9472 | 0.7920 0.8960 0.9476 | 0.7938 0.8932 0.9476

E 0.7930 0.9000 0.9478 | 0.7960 0.8972 0.9488 | 0.7960 0.8956 0.9506

Table 3.2: Simulated coverage probabilities of the Chi-square calibrated, Er cali-
brated and E calibrated empirical likelihood confidence intervals for the mean of the

N(0,1) distributions.

To evaluate the performance of the E calibration in terms of coverage probabilities,
we conducted a simulation study on confidence intervals based on the Chi-square

calibration, the E calibration and the Ef calibration. We only consider this three



Dimension k =1 Dimension k = 2 Dimension k£ = 3

n=10| 80% 90% 95% 80% 90% 95% 80% 90% 95%
x2 0.6924 0.7842 0.8362 | 0.5494 0.6458 0.7036 | 0.4094 0.4934 0.5448

Ep 0.7236 0.8186 0.8792 | 0.6518 0.7518 0.8172 | 0.6132 0.7392 NA

E 0.7424 0.8358 0.8944 | 0.6842 0.7860 0.8488 | 0.6424 0.7492 NA

n=20| 80% 90% 95% 80% 90% 95% 80% 90% 95%
x? 0.7284 0.8292 0.8862 | 0.6760 0.7756 0.8390 | 0.5940 0.6990 0.7712
Er 0.7406 0.8462 0.9056 | 0.7202 0.8196 0.8808 | 0.6740 0.7838 0.8482
E 0.7480 0.8508 0.9084 | 0.7294 0.8302 0.8894 | 0.7294 0.8302 0.8894

n=30| 80% 90% 95% 80% 90% 95% 80% 90% 95%
x> 0.7430 0.8402 0.9036 | 0.7044 0.8188 0.8806 | 0.6642 0.7690 0.8446
Er 0.7518 0.8530 0.9144 | 0.7334 0.8484 0.9066 | 0.7168 0.8278 0.8922
E 0.7548 0.8572 0.9146 | 0.7380 0.8490 0.9076 | 0.7380 0.8490 0.9076

70

Table 3.3: Simulated coverage probabilities of the Chi-square calibrated, EF cali-

brated and E calibrated empirical likelihood ratio confidence intervals for the mean

of the x? distributions.
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Dimension & =1 Dimension £ = 2 Dimension k£ = 3

n=10| 80% 90% 95% 80% 90% 95% 80% 90% 95%

8 0.7220 0.8268 0.8870 | 0.6436 0.7408 0.8038 | 0.5148 0.6138 0.6792
Er 0.7566 0.8692 0.9238 | 0.7484 0.8528 0.9208 | 0.7598 0.9010 NA

E 0.7788 0.8868 0.9406 | 0.7826 0.8892 0.9480 | 0.7948 0.9096 NA

n=20| 80% 90% 95% 80% 90% 95% 80% 90% 95%

x2 0.7686 0.8632 0.9202 | 0.7188 0.8354 0.8982 | 0.6752 0.7900 0.8600
Er 0.7818 0.8842 0.9360 | 0.7664 0.8824 0.9392 | 0.7576 0.8700 0.9286

E 0.7894 0.8894 0.9384 | 0.7798 0.8910 0.9472 | 0.7842 0.8944 0.9454

n=230| 80% 90% 95% 80% 90% 95% 80% 90% 95%

x2 0.7730 0.8694 0.9252 | 0.7378 0.8482 0.9044 | 0.7082 0.8292 0.8982
Er 0.7824 0.8806 0.9356 | 0.7698 0.8768 0.9340 | 0.7726 0.8836 0.9390

E 0.7868 0.8824 0.9358 | 0.7718 0.8792 0.9346 | 0.7762 0.8870 0.9436

Table 3.4: Simulated coverage probabilities of the Chi-square calibrated, Er cali-
brated and E calibrated empirical likelihood ratio confidence intervals for the mean

of the T distributions.
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because from the above discussion, we know that the coverage probabilities of the
E¢ calibration and the F calibration will be somewhat in between that of the Chi-
square and the E or Er calibration. E quantiles used in the calibration are obtained
from the E Table in Tsao (2004c). Table 3.2, Table 3.3 and Table 3.4 show the
coverage probability for the mean of the N(0,1), xi and T distribution, respectively.
Not surprisingly, for all sample size and dimension combinations we considered, the
E calibration offers better coverage probabilities than the Chi-square and the Eg
calibration. For example, in the normal case (Table 3.2) when k£ =1 and n = 30, the
simulated coverage probability based on the Chi-square method of the 90% confidence
interval is 0.8840. The Er method improves this probability to 0.8978, and the E
calibration gives the exact probability of 0.9. The same phenomena happens at the
90% confidence interval of k = 2 and n = 20 for the normal case. Naturally, for the
case of the x? and the T; distribution, the coverage probabilities offered by the £
calibration are not as accurate as those for the case of the normal distribution, but
they are still much more satisfactory than the other two methods. For example, in
the case of k = 3 and n = 10, for the 90% confidence interval for the mean of the
X3 distribuion, the Chi-square method only yields a coverage probability of 0.4934,
but E produces a coverage probability of 0.7492, which represents an increase of 0.25.
Overall, the improvement brought by the E calibration (to the Chi-square calibration)

ranges from 0.0104 to 0.2958. However, the improvement in the coverage probability
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when compared to the E calibration is not substantial in general but can be as large

as 0.0554 (the case of k = 3 and n = 20 for 80% confidence interval in Table 3.3).

3.2.3 Problems of the E Calibration

It is clear from Table 3.2, Table 3.3 and Table 3.4 that the E calibration also suffers
from an undercoveage problem. There are three possible causes for this. [1] The
underlying distribution is not symmetric such as xi so the atom of the distribution
of the empirical log-likelihood ratio will be larger than that of the E distribution.
[2] Even when the underlying distribution is symmetric, the continuous part of {(4o)
could be different from that of the E distribution. [3] The empirical log-likelihood
ratio is not for the mean but for other parameters, such as the correlation coefficient.
The first two cases are already seen from the above tables. To see the last one, we
revisit an example first considered in Tsao (2004a).

Consider the distribution of [(6y) where 6, is the parameter vector of a bivariate
normal random vector (X,Y)T; 8y = (ux, py,0%,0%,0xy)’. Let 6o = (0,0,10,17,7)T
and formulate R(fp) through an estimating function which may be found on page 42
in Owen (2001). Table 3.5 gives the simulated critical values of the distribution of
I(6o), the corresponding critical values of the E distributions and the corresponding
critical values of the limiting Chi-square distributions. At n = 20,a = 0.25, the

simulated critical value of [(6p) is 23.78, which is still much larger than the quantile
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n  Distribution =05 04 03 025 02 015 0.1 0.05 0.01
15 1(60) 1621 338 400 +o0 40 4o +oo  +o0 400
Es 15 832 10.69 1431 1745 2233 3148 6231 H4oo 400

20 1(6o) 9.5 1298 1859 23.78 31.82 50.70 +oo Hoo  +00
Es 29 6.52 7.77 9.64 10.90 12.68 15.23 19.20 28.20 +oo

30 1(60) 630 7.86 9.66 11.01 1243 15.50 19.52 30.23 88.81
Es 30 525 633 7.71 860 9.63 11.08 13.02 17.12 26.78

+o0 X2 435 513 6.06 663 729 812 9.24 11.07 15.09

Table 3.5: The critical values of the finite sample distribution of I(6p), the critical
values of the corresponding F ,, distribution and the critical values of the asymptotic

X: distribution.

of Es20 = 10.90. The undercoverage is obvious for other n and o combinations as
well.

Incidentally, the E calibration based empirical log-likelihood ratio confidence in-
terval may overcover as well in that the actual coverage level is higher than the nomi-
nal level. Consider the empirical log-likelihood ratio at the true mean of Xj, ..., X,
where X; has an univariate uniform distribution, U(—1, 1). Denote this empirical log-
likelihood ratio by Hj 0. Figure 3.5 shows that the cumulative distribution function
of Hy 1o is lower than that of E 1. In this case, using the critical value of the E) o
distribution will result in an overcoverage problem. It may happen to other cases

as well. Consider the empirical log-likelihood ratio at the true mean of X,,..., X,
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where X; has a conditional normal distribution on [—2,+2]; that is the density func-
tion of this distribution is 5@%, where ¢(z) and ®(z) are the density and the
CDF of the standard normal distribution, respectively. Denote this empirical likeli-
hood ratio by T} 10. Figure 3.6 shows that the cumulative distribution function of the

Ti.10 is also lower than that of the Ejj0. The E) o calibration will overcover in this

case as well.
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Figure 3.5: Overcoverage Example 1: Plots of the cumulative distribution functions

of the El.lO and the Hl,lO-
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Figure 3.6: Overcoverage Example 2: Plots of the cumulative distribution functions

of the E1’10 and the T1‘10.



Chapter 4

Estimation of the F Distribution

Although the E calibration is an attractive method, in order to apply it we need to
have its quantiles. The definition of the E random variable involves a set of nonlinear
equations (3.2), which has to be solved numerically. Consequently, there is no analytic
expression of the E random variable in terms of the random sample from MV N(0, /),
and this makes it impossible to find the exact cumulative distribution function of the
E distribution. Nevertheless, large random samples from an E distribution can be
easily generated and such random samples can be used to approximate the quantiles
of the E distributions.

Building on our discussions in Chapter 3, in the present chapter, we consider four
different methods for estimating (the quantiles of) the E distribution. The four meth-

ods that will be considered are: [1] Sample quantile estimation; [2] Nonparametric

78
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smoothing technique; [3] Linear model; [4] Linear model combined with nonparamet-
ric smoothing. This chapter consists of four sections, each of which covers one of the

four methods.

4.1 Sample Quantile Estimation

The most straightforward way to estimate quantiles of the E distribution is to use
the sample quantiles of the large random sample. To obtain rg.ndorn samples from
an FE distribution, first generate a random sample of n independent observations
from MV N(0,1) in R*. Then compute A by solving equation (3.2) numerically and
calculate [(0) in equation (3.1). We record this {(0) as E;, and E) is then a random
observation from FE},. Repeat this process for i = 1,2,...,m and each time record
1(0) as E;. Let EM < E® < ..., < E™) be the order statistics of the E; and E(m?)
be the pth sample quantile, where [mp] is the smallest integer greater than or equal
to mp. The method of sample quantile estimation uses E(MPD) as the estimate for
&(p, k,n). For example, for m = 10000, E5%) is the 0.95 sample quantile and is the
estimation of £(0.95, k,n).

Glivenko-Cantelli Theorem implies that sample quantiles will be close to the true
quantiles if the sample size m is large enough. Recall Fj ,(z) is the cumulative

distribution of the continuous component of the Ej , distribution and define F; as
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the corresponding empirical distribution:
FE ) = 3" (@),
i=1
then
P{Stip |Fi(2) = Fia(2)| — 0} =1,
as m — +0oQ.

This indicates that, for large m, the sample quantile estimates should be accurate.
Nevertheless, the sample quantile estimation method suffers an inconsistency problem
as pointed out in Tsao (2004c). Recall the monotone property that we discussed at
the end of Section 3.1. We expect quantiles of the E distributions, (1 — a, k,n)
or e(a, k,n), to decrease monotonically for fixed a and k as n increases. In Figure
4.1, the left column contains plots of sample quantile estimation of £(0.5,1,n) and
£(0.1,3,n) of the E distributions, respectively. The n value ranges from (k + 1)
to 200. Both plots show clear overall decreasing trend. The right column contains
plots of the tail sections of the corresponding left curves for n between 100 and
200. The downward trend is still visible but the sample quantiles fluctuate and do
not decrease monotonically. If we adopt the sample quantiles as our estimates for
&(a, k,n), then our estimates will not have the monotone property. We refer to this
problem as the inconsistency problem of the sample quantile estimates. Now, let us see
why this inconsistency problem occurs. As n approaches infinity, £ distributions are

expected to converge to the limiting Chi-square distributions. Therefore the quantiles
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of the E distributions are close among themselves for large n values. In such cases,
the variances of the quantile estimators are considerable relative to the differences
between the values of the quantiles and hence result in the inconsistency problem.
Increasing the sample size can alleviate the inconsistency problem by making it less
frequent among quantiles for small n but will not solve it for large n values.
Furthermore, the sample quantile method is only applicable to the E distributions
ffom which we have large random samples. And the process of generating these large
random samples is quite time consuming. So this method may be appropriate if we
want to estimate the critical values of one particular E distribution, but it cannot
be easily extended to handle the estimation problem of many E distributions. So
the sample quantile method is not suitable for computing comprehensive E quantile

tables. This calls for a better method of estimation.

4.2 Nonparametric Smoothing Technique

The most serious problem of the quantile estimates is the inconsistency problem.
One way to deal with it is to smooth out the fluctuations of the sample quantiles
and thus highlight the decreasing trend. Nonparametric smoothing technique may
be appropriate here since it can model the trend by a smooth function without any
assumption or prior knowledge of this underlying trend. As in Tsao (2004c), for fixed

« and k, we refer to the functional relationship between the critical value e(a, k,n)
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and the second degree of freedom n as the critical value curve. We write this curve as
e(a, k,n) = g(n). The sample quantiles in Figure 4.1 can be regarded as observations
of the true critical value curve plus random noise. The task in this section is to
smooth out the noise in a nonparametric way and to recover the underlying critical
value curve.

Nonparametric regression is one of the most common nonparametric smoothing
techniques. It fits a curve to the data points locally. Any point (z,y) on the smoothed
curve is a weighted average of some observations in z's neighborhood and the weights
are determined by a kernel function. Mathematically, nonparametric regression is
based on the model:

yi=g(z)+e, t=1,.,n,

where g(z) is a smooth function and the ¢; are independently and identically distrib-
uted random errors.

Specifically, we call the estimation of g(z), g(z), the nonparametric regression
function. Let h (h > 0) be a bandwidth (smoothing parameter). Typically, g(z) is
the weighted average of observations whose z-coordinates are in [z — c(h), z + c(h)],
where c(h) is a function of h. The fitted curve g(z) reduces the variability of the
original observed responses and §(z) is smooth if the kernel function employed is
smooth.

The local mean estimator as a simple type of nonparametric regression will be
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applied in this section. Here, we will simply provide the functional form of the local
mean estimator without reviewing mathematical details (refer to Bowman (1997) to

see how it is derived):

- _ 21;1 w(zs —; h)y
g(z) = T (4.1)

where the kernel function w(z, h) is a probability density function and the variance of
the corresponding distribution is controlled by the bandwidth (smoothing parameter),
h. It is often convenient to use for w(z,h) a normal density function with A as
the standard deviation. With this choice of w(z,h) and h, observations over an
effective range of 4h in the covariate axis will contribute to the estimate of g(z) in
that observations outside of [z — 2h, z + 2h] will receive little weight.

For the present discussion, let ¢(1—a, k,n) be the quantile estimate of the critical
value curve e(a, k,n). With nonparametric smoothing, we wish to estimate e(a, k,n)

through the following model without assuming any functional form,
q(1 —a,k,n) =e(a,k,n) + €.

First we consider the case of d = 1 and @ = 0.5. Since the underlying rela-
tion between n and e(0.5,1,n) needs not to be assumed, the only step and the key
step in model selection is the determination of the smoothing parameter h in (4.1).
Smoothing parameter h is of the most importance since it controls the range where
the kernel function has effect, and hence the degree of smoothness of the resulting

nonparametric fit. If a small smoothing parameter is applied, the fitted curve will
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track data closely and it may even inherit the ups and downs of the raw observations
(quantile estimates). If a large smoothing parameter is applied, the estimator may
lose most fine details of the curvature of the underlying curve and it will only cap-
ture the big trend. Clearly, there is a trade-off between the local characteristics and
the degree of overall smoothness and trend. An ideal h would allow the fitted curve
to capture important local characteristics of the true underlying curve yet achieve a
certain degree of smoothness. There are several criteria available in the literature for
choosing a suitable h. However, they are only applicable for continuous covariates.
In our case, the covariate n is discrete. Thus we follow two simple rules to identify
the proper h. The first rule requires that the appropriate h must lead to a small sum
of squared residuals (SSR) and a small maximum absolute residual (MR). This is to
ensure that the resulting curve fits the data well. The second rule requires that the
resulting curve is strictly decreasing. This ensures that the monotone property of the
critical value curve is not violated.

The top plot in Figure 4.2 shows the result of fitting 0.50th sample quantiles for
k =1 and n < 200 using the local mean estimator (4.1). Note that the curve starts
at ny, = 3, the smallest n for which e(a, 1,7) is not infinity. The value h = 21 is the
smallest h to yield a monotonically decreasing fitted curve é(a, k,n). Unfortunately,
for small n, the fitted curve é(a, k,n) is not very satisfactory. The plot shows the

resulting curve does not follow the first 3 observations at all and it overestimates for
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Figure 4.2: The estimated critical value curves €(0.5,1,n) by nonparametric smooth-

ing with constant bandwidth (a) and variable bandwidth (b).
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Type h Seg MR SSR

Fixed h 21 198 0.4955 | 0.3742

Variable h | (2,5,21) | (10,20,168) | 0.3940 | 0.1942

Table 4.1: Nonparametric smoothing by constant and variable bandwidth for k = 1,

a=0.5and 3<n <200

the range of 4 < n < 50. This is because the relatively large smoothing parameter
h (h = 21) has been used for the entire data range. Note that a spike appears
for small n in the sample quantile data in that the values of observations for small
n decrease significantly and the first few of them are obviously larger than those
observations for large n. For example, the first observation ¢(0.5,1,3) = 1.1584581
and the fiftieth observation ¢(0.5,1,50) = 0.4924798. Taking average of a large
number of observations will smooth out the spike at the beginning. So for small n,
we do not prefer a large smoothing parameter. But h cannot be less than 21 either.
Otherwise, the monotone property will be violated. This suggests that the constant
bandwidth is not desirable and variable bandwidth should be applied to improve the
estimation, where we use a small bandwidth for small n to preserve the spike at the
beginning and a large bandwidth for large n to ensure the fitted curve is monotonically
decreasing.

Based on the shape of the sample quantile plots, the underlying curve can be

separated into three segments, the steep drop, the concave part and the flat tail. The
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first segment calls for relatively small bandwidth. A small value of h like 2 would be
enough to obtain the smooth downward curve. The second segment needs a moderate
h like 5 to catch the trend and also remove the roughness. The rest of the points form
the tail with a slow decreasing pattern, and a larger h suffices to clarify the decreasing
trend. To summarize, the following steps will be taken to apply local mean estimator

with variable bandwidth:

1. Apply the local mean estimator for the entire data range and find the smallest
smoothing parameter h that will give a monotonically decreasing fit. Record

this h as hg and it will be used for the smoothing at the tail.

2. Divide the data from ns to 200 into three segments, and write the numbers of

observations contained in three segments as Seg = (ny, ns, n3).

3. Apply the local mean estimator for the three segments with bandwidth 2,5, ko
respectively. For convenience, we use h = (2,5, hy) to represent the set of
bandwidth used. In the case of the constant bandwidth, it is understood that

h is a scaler, for example, h = 21 in the case of k = 1 and o = 0.5.

Consider the case of £ = 1 and a@ = 0.5 again. In this case, the three segments
will contain 10, 20, and 168 (200 — ns — 10 — 20) observations (quantile estimates),
respectively. So with h = (2,5,21), we would use a bandwidth of 2 for the first 10

observations and 5 for the next 20, and 21 for the remaining 168. The fitted curves
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a | ns h Seg MR SSR MR(ns +2) | SSR(ns + 2)
05 | 3 |(2521) | (10,20,168) | 0.3940 | 0.1942 0.0334 0.0216
0.8 | 4 | (2,5,18) | (15,25,157) | 1.6060 | 2.9357 | 0.0755 0.1540
0.9 | 5 |(25,24) | (20,30,146) | 2.2931 6.2841 0.1070 0.3705
095| 6 | (2,5,25) | (25,35,135) | 3.7449 | 16.2722 0.1776 0.9216
0.99 | 8 | (2,5,45) | (30,40,123) | 17.2266 | 314.2057 0.5570 6.2616

Table 4.2: Nonparametric smoothing summary by variable bandwidth for k& = 1.

are shown at the bottom of Figure 4.2. The maximum absolute residual (MR) and
the sum of squared residual (SSR) are reported in Table 4.1 together with those of
the constant bandwidth fitting as a comparison. The curve now fits most of the
data well except for the first two observations. In particular, for most small n, the
fit is quite improved. Although the largest residual has not decreased significantly
(0.4955 for the constant bandwidth vs 0.3940 for the variable bandwidth), the sum
of squared residuals has decreased a lot from 0.3742 to 0.1942, which indicates an
overall improvement.

Tables 4.2 and 4.3 show the fitted results by local mean estimator with variable
bandwidth for the case of k = 1 and k = 3. Several critical value curves are studied
such as a = 0.50,0.20,0.10,0.05,0.01. Again, ny represents the smallest n for which
the critical value is not infinity, A is the bandwidth combination applied and Seg

indicates the data ranges that different bandwidths are applied to. Maximum absolute
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a | ng h Seg MR SSR | MR(ns +2) | SSR(ns + 2)
05 | 7 |(25,11) | (10,20,164) | 0.2420 | 0.1412 0.0843 0.1217
0.8 | 9 |(2,5,13) | (15,25,152) | 4.9381 | 27.5377 0.1254 0.4329
0.9 | 10| (2,5,9) | (20,30,141) | 5.1076 | 72.4308 0.2569 0.9465
0.95| 12| (2,5,9) | (25,35,129) | 5.2158 | 67.3522 0.2933 1.8877
0.99 | 15 | (2,5,14) | (30,35,121) | 5.9807 | 109.0530 0.7285 9.3171

Table 4.3: Nonparametric smoothing summary by variable bandwidth for k = 3.

residual (MR) and sum of squared residuals (SSR) are calculated twice; once by using
the whole data range and another time by excluding the first two observations, i.e.
starting at ng + 2.

Although the values of the maximum absolute residual (MR) and the sum of
squared residuals (SSR) for the entire data range are relatively large, for example
S’SR = 09.0530 for &k = 3,a = 0.99, the first two data points are responsible for a
large portion of these errors. Removing the first two points, we see that the maximum
absolute residual MR(n; + 2) and the sum of squared residuals SSR(n, + 2) are quite
reasonable, for example SSR reduces to 9.3171 in the last case. This implies that the
smoothed curves fit the data well except for the first two points. Consider the number
of data points involved, which is 183 in this case (k = 3, = 0.99), this SSR(n = 2)
is relatively small and represents a good fit.

We now consider the selection of the combination of bandwidth h and Seg. In our
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method, the first and second components 2 and 5 are the pre-chosen numbers and
the third component are different depending on the critical value curve considered.
However, the division of the corresponding segments can have many possible choices
and hence the combination of h and Seg. To keep it simple and to lessen the degree
of arbitrariness, the number of observations assigned for each segment is chosen to
be a multiple of 5 only (such as 5,15, 20, 25, ...). Consequently, Seg can only be, for
example, (5,10,7) or (10,30, r), where r is the remaining of observations. Different
fitting divisions were tried and some were eliminated since they did not yield strictly
decreasing curves. Others were compared using the maximum absolute residual (MR)
and the sum of squared residuals (SSR) and the best combinations are reported in
Tables 4.2 and 4.3 here.

In this section, we performed the nonparametric regression for estimating the
critical value curve, using the quantile estimates as the data. The smoothing method
with variable bandwidth is of the most interest. Because the nonlinearity of the
critical value curve is not yet fully understood, a parametric model is not available.
The nonparametric regression with variable bandwidth provides a valuable means
in such situations by displaying the underlying trend of the data and producing a
smooth monotonically decreasing fit without the need for a parametric model.

However, this nonparametric regression method has several problems. First of

all, in despite of providing good fit to most data points, for the first several points,
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in particular, the first two points, the method under-fit in that the fitted values
tend to be smaller than the observations. A way to improve this is to analyze the
data more carefully. We can divide the data range into more intervals and apply
a very small h like 0.25 for the first 2 or 3 data points. Then gradually increase
h for the remaining data points. Secondly, the selection of the bandwidth vector
h and the data ranges are based on mostly empirical considerations and is, to a
certain degree, subjective. Different bandwidth and/or different segment selections
will lead to different fit. There can be a large number of possible combinations of
bandwidth and segments, and the optimal combination could be very complicated to
identify. Thirdly, we examined the monotone property for the fitted curve through
calculating the difference between the adjacent fitted values, i.e., §(i + 1) — g(i) for
i = ng,ns +1,...,200. If all the differences are negative, then we regard the fit
as a monotone decreasing fit. However, the fitted curve g(t) is also defined at non-
integer t values and it is possible that g(¢) is not strictly monotonically decreasing
but this is of little concern as we are only interested in the monotone property of
the set {g(¢),7 = ns,ns + 1,...}. Finally, there are few diagnostic and inference tools
available for this nonparametric method. Also since our covariate n is not a continuous

variable, it is more difficult to do model-checking.
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4.3 Linear Models

Since the information of the convergence rate is available for E quantiles, it is also
possible to build parametric models for sample quantiles to obtain better estimations.
As proved in Chapter 3 that the quantiles of the Ej, distributions, i.e., e(a,k,n),
converges to the corresponding quantiles of Xﬁ,l—a at the rate of 1/n. It suggests that

for large n values, E quantiles can be modeled in the following form:
5 b
e(a! k’ n) = Xk,l—oz + _7:7,— +€ n & N, (42)

where b and ng are the parameters of the nonlinear model and the last term € is
a small random error normally distributed with mean 0 and a constant variance
not depending on n. The suitable value for ny will depend on « and k. For some
combination of a and k, the asymptotic effect as represented by model (4.2) applies
to n as small as 10, in which case ng = 10. For other combinations, the asymptotic
effect is not present until much later, in which case ng is much larger.

Let z = 1/n and x5 = 1/ng, model (4.2) can be transformed into the linear form:
é(a,k,z) =Xp1 atbxz+e z <0 (4.3)

Note that the intercept term xj, , is the limiting value of e(a,k,n) as n —
+00. Therefore, as n — +oo or equivalently as z — 0, the model conforms to
E(é(c, k,n)) — Xi1_o Thus the model has taken into consideration the limiting

behavior of e(a, k,n). Further, we also require that b > 0. With this condition,
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X#.1—o T b/ is monotonically decreasing with respect to n and thus the model (4.2)
has also incorporated the monotone property.
Consider the same case used in the last section, which is k =1 and a = 0.5. The

resulting linear model for (0.5, 1,n) is:
€(0.50,1,n) = 0.8024 x n~' 4+ 0.4549 for n > 10 (4.4)

Note that the model starts at 10 where the asymptotic effect starts. This is
verified by looking at if the constant variance assumption and the linear structure are
appropriate. For the above case, the constant variance assumption of (4.3) cannot
be met if the observations for n < 10 are included. The value of ng is usually larger
than the original n, for the data and we will describe the determination of ng later.

Figure 4.3 shows different plots for model checking. The residual plot and QQ-
plot show that the equal variance and normal assumptions of the linear model are
reasonable. These suggest that ng = 10 is a proper starting value. The left plot
in the second row shows the fitted regression line superimposed on the scatter plot
of the transformed data, i.e. e(a,k,z) against z. Data points are aggregated to
the left, because most of them has small z-coordinates after the 1/n transformation.
Nevertheless, the overall strong linear relationship is visible. In right plot of the same
row, data points are spread evenly because the z-coordinates changes to n from 1/n.
The fitted curve is seen to have provided a good fit to the data.

The standard summary statistics for the regression model are also quite satis-
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Figure 4.3: Linear model for €(0.5,1,n). The left top plot is the residual plot. The
right top plot is the QQ plot. The bottom left plot is the transformed data with the
linear regression line and the bottom right plot is the sample quantile data with the

fitted curve obtained through the conversion of the regression line.
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factory. The R? statistics is 0.7428. In other words, by using 1/n as a predictor,
we have explained nearly 74.28% of the variability in ¢(0.5,1,n). And as we would
expect with such a high R-squared value, the estimated value of the coefficient b is
significantly different from zero: its t-statistic is greater than 23, with 189 degree of
freedom, which leads to a p—valuelof essentially 0. The residual sum of square of the
model is 0.0223, which is very small considering that the fit involves 190 data points.
Also, the maximum and minimum values of the residuals are also small. These are
0.0348 and —0.0269, respectively.

We now discuss the step of determining ng. The ng has to be determined for every
a and k to make sure the model (4.3) is appropriate for the particular combination.
For each combination, we begin by setting ng to 10 and fit a linear model. By
examining the residual plot and the goodness-of-fit of this model, we can determine
if ng = 10 gives a good fit. If it does not, we repeat the above process for ng =
20, 30, ...,100 to look for the proper ng. The search is not as time consuming as it
might seem because in all cases examined thus far the appropriate ng values are all
less than 100. We only need to examine a small number values to find the final value
ng so that model (4.3) fits the sample quantiles well.

Tables 4.4 and 4.5 show the fitted results for k = 1,3 at « = 0.5,0.8,0.9,0.95, 0.99.
The tables contain the estimated equations, the domain for the equations, maximum

absolute residual (MR), sum of squared residuals (SSR) and the R? values. Based on
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o Estimated Critical Value Curve | Domain | MR SSR R?
0.50 | e(a,1,n) =0.8024 x n=' +0.4549 | n > 10 | 0.0348 | 0.0223 | 0.7428
0.20 | e(a,1,n) =2.8808 x n=! +1.6423 | n > 30 | 0.0682 | 0.1381 | 0.6347
0.10 | e(a,1,n) =4.9297 x n=!1 +2.7055 | n > 30 | 0.1087 | 0.3240 | 0.6844
0.05 | e(a,1,n) =7.4049 x n=! +3.8415 | n > 30 | 0.1868 | 0.8608 | 0.6481
0.01 | e(a,1,n) = 16.4009 x n=! +6.6349 | n > 40 | 0.4565 | 5.5754 | 0.4951

Table 4.4: Linear model for k =1

o Estimated Critical Value Curve Domain | MR SSR R?
0.50 | e(a,1,n)=7.1179 x n~1 +2.3660 | n > 30 |0.0826 | 0.1133 | 0.9282
0.20 | e(a,1,n) = 14.0136 x n~! +4.6416 | n > 60 | 0.1314 | 0.3496 | 0.8691
0.10 | e(a,1,n) =19.7654 x n™! +6.2514 | n>70 | 0.1790 | 0.6761 | 0.8445
0.05 | e(a,1,n) =27.5035 x n~! 4+ 7.8147 | n>70 | 0.2572 | 1.4655 | 0.8291
0.01 | e(a,1,n) =50.2390 x n~1 +11.3449 | n > 70 | 0.6580 | 6.3774 | 0.7882

Table 4.5: Linear model for £k = 3
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the small MR, SSR and large R? values, model (4.3) works quite well. As a increases,
the value of R? reported in the table tends to decrease. This is because when a is
larger, the asymptotic behavior is present later, i.e., for a larger n. If we simply
increase the corresponding value of ng, the value of R? will rise up. The linear model
" (4.3) incorporates important information such as monotone property, the limiting
value and the convergence rate of e(a, k,n), and produce more efficient estimations of
the E quantiles. Note that we could have fitted the non-linear model (4.2) as in Tsao
(2004c). The advantage of the linear model (4.3) is that computation and inference
for model parameters are easier to handle. One drawback of both (4.2) and (4.3) is

that they cannot be used for estimation of e(c, k,n) for small n, where n < ny.

4.4 Combining Linear Model with Nonparametric

Smoothing

Neither nonparametric smoothing technique nor linear model is a problem-free solu-
tion for estimating E quantiles. For the nonparametric smoothing method, we have
to deal with the selection of the smoothing parameters. And being a nonparametric
method, it does not make use of information such as the limiting value and con-
vergence rate of the quantiles. On the other hand, the linear model does not have

these problems but it cannot be used for small n values. To draw strength from both
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methods, we can combine these two ways together to produce better estimations for
the whole range of n, both small and large. That is, we use linear model to obtain
estimations for the tail first and then applying nonparametric method to smooth
observations not at the tail.

The following three steps may be used to build final E quantile estimations:

1. Fit the linear model (4.3) for a properly chosen large n and keep the fitted

values.

2. Replace the sample quantiles with the fitted values (for those where the fitted
values are available) produced by the linear model (4.3). The new dataset now
consists of observations not used in fitting the linear model and the fitted values.
This ensures in the next step the smooth estimates are available for the entire

data range.
3. Apply nonparametric smoothing to the new dataset.

Again, consider fhe case of k = 1 and a = 0.5, the proper ng for the linear model
is 10. The scatter plot of the new data obtained by following the Step 2 is depicted
in Figure 4.4. Now smaller h could be applied since the tail, where a large bandwidth
used to be needed, is already smooth. The curve in the plot is obtained by applying
h = 0.5 for the first 3 observation and h = 1 for the rest 194 observations and it

visually fits data very well. The maximum residual is 0.0348 and the sum of squared
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Figure 4.4: Linear model combined with nonparametric smoothing for €(0.5,1,n).

residual is 0.0237. Compared with results in Table 4.2 by the nonparametric method
only, they are both reduced substantially.

Tables 4.6 and 4.7 show the fitted results by the linear model combined with
nonparametric smoothing. Comparing these with Tables 4.2 and 4.3, the maximum
absolute residual (MR) and the sum of squared residuals (SSR) for every case de-
c;eased significantly. The estimated critical values by this combined method is also

available in Table 1 in the appendix.



a | ns | no h Seg MR SSR
0.5 | 3110/ (0.5,1) | (3,194) | 0.0348 | 0.0237
0.8 | 430/ (05, 2) | (3, 193) | 0.1682 | 0.2202
09 | 5|30 (05, 2) | (3,192) | 0.2030 | 0.4447
0.95| 6 [30] (0.5,2) | (3,191) | 0.3703 | 1.2686
0.99 | 8 |40 (0.25,2) | (3, 189) | 0.6076 | 7.7306

Table 4.6: Linear model combined with nonparametric smoothing for k = 1

T

Mo

h

Seg

MR

SSR

0.5

0.8

0.9

0.95

0.99

10

12

15

30

60

70

70

70

(0.5,2)
(0.5,2)
(0.25,4)
(0.25,4)

(0.25,3)

(3,190)
(3,188)
(10,180)
(8,180)

(10,175)

0.1307

0.4995

0.3300

0.4165

0.7027

0.1641

1.0226

1.1267

2.7981

11.1714

Table 4.7: Linear model combined with nonparametric smoothing for k = 3
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4.5 Concluding Remarks

Four different methods of estimating the E quantiles were considered in this chapter.
They are sample quantile method, nonparametric smoothing method, linear regression
method and the method based on the combination of nonparametric smoothing and
linear regression. Based on the previous discussion, the linear model combined with
nonparametric regression (the combined method) is the best way so far to model
sample quantiles of the E distribution. It can generate the comprehensive quantile
table of the E distribution, simply, accurately and systematically. Sometimes, the
sample quantile method can be used to generate the £ quantiles as well. It is a simple
and easy way when we just want to compute the critical values of one particular £

distribution.
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Appendix A

Table 1 contains commonly used critical values for E distributions with £ =1 and 3
and n < 80 by the combined method of nonparametric smoothing and linear models.
In Table 1, each column has a value marked with a *, indicating values below this value
were computed by the linear model and values above were smoothed by nonparametric

smoothing.

106



Table 1: Estimated critical values of Ej ,
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Dimension k =1 Dimension k =3
n\a 0.50 0.20 0.10 0.05 0.01 0.50 0.20 0.10 0.05 0.01
2 +00 +0o0 +00 +o0 +o00 NA NA NA NA NA
3 1.1528 +o0 +00 400 +oc NA NA NA NA NA
4 0.8686 5.3783 +oo +o00 +00 +0co +o0 +oo +00 +o0
5 0.7317 3.5922 8.7508 +0o0 +oc +00 +o0 +00 +00 +oc
6 0.6439 2.8721 6.3968 13.3352 400 +0o0 +00 +00 +00 +o0
7 0.6071 2.5218 4.9862 9.3301 +oc 7.2824 +o0 +o00 400 +o0
8 0.5802 2.3512 4.3241 7.3920 40.6302 5.6759 +o00 +0o0 +00 +o0
9 0.5592 2.2355 4.0371 6.4892 19.6858 4.6732 18.9767 +00 +00 +o0
10 0.5419 2.1421 3.8429 6.0700 15.3131 4.1719 13.3265  38.4067 +o00 +o0
11 *0.5297 2.0683 3.6782 5.7522 13.1470 3.8992 10.4834  21.2451 +00 400
12 0.5224 2.0099 3.5379 5.4676 12.2216 3.6888 9.2273 16.7099  38.6503 +00
13 0.5170 1.9635 3.4192 5.2265 11.3883 3.5082 8.5112 13.6151  21.9027 +00
14 0.5125 1.9276 3.3229 5.0355 10.6919 3.3579 7.9584 12.3782  19.1957 400
15 0.5087 1.9019 3.2510 4.8941 10.1487 3.2359 7.4896 11.2988 16.7097 53.4751
16 0.5053 1.8844 3.2022 4.7923 9.7383 3.1381 7.1011 10.2314 14.7302 33.9416
17 0.5023 1.8714 3.1695 4.7123 9.4151 3.0598 6.7874 9.8741 13.6272  29.4630
18 0.4997 1.8592 3.1425 4.6360 9.1305 2.9970 6.5412 9.3782 12.7739  24.1717
19 0.4973 1.8460 3.1123 4.5547 8.8577 2.9459 6.3511 9.1222 12.6736  25.6625
20 0.4952 1.8319 3.0768 4.4732 8.6014 2.9031 6.2010 8.8876 12.0230 21.7649
21 0.4932 1.8181 3.0406 4.4044 8.3828 2.8668 6.0754 8.6983 11.6997  21.5067
22 0.4915 1.8071 3.0108 4.3576 8.2166 2.8359 5.9636 8.5216 11.4003 20.1598
23 0.4899 1.8003 2.9904 4.3310 8.1005 2.8086 5.8615 8.3580 11.1257 18.5798
24 0.4884 1.7965 2.9768 4.3145 8.0219 2.7816 5.7685 8.2077 10.8759  17.4605
25 0.4871 1.7915 2.9651 4.2972 7.9632 2.7521 5.6847 8.0706 10.6499  17.0404
26 0.4858 1.7824 2.9523 4.2744 7.9033 2.7203 5.6109 7.9463 10.4459  16.7336
27 0.4847 1.7697 2.9387 4.2474 7.8264 2.6889 5.5468 7.8340 10.2615 16.4223
28 0.4836 1.7571 2.9257 4.2178 7.7318 2.6606 5.4901 7.7329 10.0945 16.1159
29 0.4826 1.7474 2.9125 4.1854 7.6311 2.6369 5.4378 7.6418 9.9427 15.8216
30 0.4817 *1.7410 *2.8979 *4.1505 7.5372 *2.6179 5.3885 7.5598 9.8044 15.5449
31 0.4808 1.7367 2.8826 4.1176 7.4582 2.6032 5.3434 7.4860 9.6785 15.2895
32 0.4800 1.7332 2.8692 4.0914 7.3997 2.5921 5.3038 7.4192 9.5639 15.0573
33 0.4793 1.7302 2.8591 4.0735 7.3626 2.5834 5.2700 7.3585 9.4601 14.8476
34 0.4786 1.7275 2.8522 4.0621 7.3403 2.5763 5.2418 7.3031 9.3663 14.6564
35 0.4779 1.7250 2.8472 4,0542 7.3191 2.5701 5.2191 7.2521 9.2818 14.4778
36 0.4772 1.7227 2.8430 4.0479 7.2864 2.5643 5.1995 7.2049 9.2059 14.3059
37 0.4766 1.7205 2.8392 4.0422 7.2386 2.5589 5.1796 7.1611 9.1378 14.1381
38 0.4761 1.7184 2.8356 4.0369 7.1819 2.5538 5.1574 7.1207 9.0768 13.9764
39 0.4755 1.7164 2.8323 4.0318 7.1274 2.5490 5.1351 7.0836 9.0219 13.8270
40 0.4750 1.7146 2.8291 4.0270 *7.0833 2.5444 5.1161 7.0501 8.9724 13.6963
xz 0.4549 1.6424 2.7055 3.8415 6.6349 2.3660 4.6416 6.2514 7.8147 11.345
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Dimension k =1

Dimension k = 3

n\a 0.50 0.20 0.10 0.05 0.01 0.50 0.20 0.10 0.05 0.01
41 0.4745 1.7128 2.8261 4.0225 7.0524 | 2.5400 5.1021 7.0198 8.9274 13.5876
42 0.4741 1.7111 2.8232 4.0182 7.0324 | 2.5358  5.0922 6.9925 8.8858 13.4990
43 0.4736 1.7095 2.8204 4.0140 7.0190 | 2.5319  5.0847 6.9674 8.8468 13.4235
44 0.4732 1.7080 2.8178 4.0101 7.0089 | 2.5281  5.0784 6.9436 8.8095 13.3515
45 0.4728 1.7065 2.8153 4.0063 7.0002 | 2.5245  5.0718 6.9204 8.7734 13.2745
46 0.4724 1.7051 2.8129 4.0027 6.9921 | 2.5210  5.0623 6.8969 8.7383 13.1875
47 0.4720 1.7038 2.8106 3.9993 6.9845 | 2.5177  5.0475 6.8730 8.7042 13.0916
48 0.4717 1.7025 2.8084 3.9960 6.9772 | 2.5145  5.0276 6.8486 8.6712 12.9934
49 0.4713 1.7013 2.8063 3.9928 6.9702 | 2.5115  5.0069 6.8242 8.6397 12.9023
50 0.4710 1.7001 2.8043 3.9898 6.9634 | 2.5086  4.9910 6.8004 8.6095 12.8265
51 0.4707 1.6989 2.8024 3.9869 6.9570 | 2.5058  4.9812 6.7776 8.5807 12.7692
52 0.4704 1.6979 2.8005 3.9841 6.9508 | 2.5031  4.9731 6.7563 8.5527 12.7281
53 0.4701 1.6968 2.7987 3.9814 6.9448 | 2.5005  4.9611 6.7368 8.5256 12.6963
54 0.4698 1.6958 2.7970 3.9788 6.9390 | 2.4980  4.9452 6.7194 8.4991 12.6663
55 0.4695 1.6948 2.7953 3.9763 6.9335 | 2.4956  4.9306 6.7040 8.4738 12.6332
56 0.4693 1.6939 2.7937 3.9739 6.9281 | 2.4932  4.9217 6.6910 8.4503 12.5958
57 0.4690 1.6930 2.7921 3.9715 6.9230 | 2.4910 4.9176 6.6804 8.4294 12.5568
58 0.4688 1.6921 2.7906 3.9693 6.9180 | 2.4888  4.9131 6.6722 8.4119 12.5205
59 0.4685 1.6913 2.7892 3.9671 6.9132 | 2.4868  4.9049 6.6663 8.3981 12.4902
60 0.4683 1.6904 2.7878 3.9650 6.9086 | 2.4847 *4.8935  6.6622 8.3878 12.4660
61 0.4681 1.6897 2.7864 3.9630 6.9041 | 2.4828  4.8820 6.6592 8.3800 12.4458
62 0.4679 1.6889 2.7851 3.9610 6.8997 | 2.4809  4.8727 6.6564 8.3735 12.4258
63 0.4677 1.6881 2.7839 3.9591 6.8955 | 2.4791  4.8661 6.6529 8.3668 12.4031
64 0.4675 1.6874 2.7826 3.9573 6.8914 | 2.4773  4.8613 6.6478 8.3585 12.3761
65 0.4673 1.6867 2.7815 3.9555 6.8875 | 2.4756  4.8576 6.6404 8.3475 12.3441
66 0.4671 1.6861 2.7803 3.9538 6.8836 | 2.4739  4.8542 6.6306 8.3335 12.3067
67 0.4669 1.6854 2.7792 3.9521 6.8799 | 2.4723  4.8510 6.6186 8.3168 12.2640
68 0.4667 1.6848 2.7781 3.9504 6.8763 | 2.4707  4.8479 6.6048 8.2981 12.2177
69 0.4666 1.6842 2.7770 3.9489 6.8728 | 2.4692 4.8449  *6.5902 *8.2784 *12.1708
70 0.4664 1.6836 2.7760 3.9473 6.8694 | 2.4677  4.8420 6.5757 8.2591 12.1275
71 0.4662 1.6830 2.7750 3.9458 6.8661 | 2.4663  4.8392 6.5619 8.2410 12.0912
72 0.4661 1.6824 2.7741 3.9444 6.8629 | 2.4649  4.8364 6.5495 8.2249 12.0632
73 0.4659 1.6819 2.7731 3.9430 6.8597 | 2.4636  4.8337 6.5387 8.2110 12.0427
74 0.4658 1.6813 2.7722 3.9416 6.8567 | 2.4622  4.8311 6.5297 8.1994 12.0279
75 0.4656 1.6808 2.7713 3.9403 6.8537 | 2.4609  4.8286 6.5223 8.1899 12.0165
76 0.4655 1.6803 2.7705 3.9390 6.8508 | 2.4597  4.8261 6.5161 8.1820 12.0069
7 0.4654 1.6798 2.7696 3.9377 6.8480 | 2.4585  4.8237 6.5110 8.1753 11.9982
78 0.4652 1.6793 2.7688 3.9365 6.8453 | 2.4573  4.8214 6.5067 8.1696 11.9898
79 0.4651 1.6789 2.7680 3.9353 6.8426 | 2.4561  4.8191 6.5029 8.1644 11.9817
80 0.4650 1.6784 2.7672 3.9341 6.8400 | 2.4550  4.8169 6.4994 8.1597 11.9737
xﬁ 0.4549 1.6424 2.7055 3.8415 6.6349 | 2.3660 4.6416 6.2514 7.8147 11.345
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