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ABSTRACT

Lifelong learning is a setting of online learning where there is a sequence of tasks

and each task is an online learning problem. The lifelong learning algorithm is split

into two sections: the meta-level and the within-task level. In this thesis, we ex-

plore an online learning setting with a stochastically-constrained adversarial (SCA)

assumption. The SCA assumption is that there is not a singular representation that

works the best for each of the tasks in terms of minimizing expected losses, but that

there is a representation that will become better than all other representations on av-

erage over all tasks after enough tasks have been complete. We show that in the single

task setting, Decreasing Hedge with perturbed losses achieves best-of-both-worlds re-

gret bounds under the SCA assumption. In the lifelong learning setting, we propose

an algorithm with Decreasing Hedge in the meta-level and Squint in the within-task

level. Under the SCA assumption in the meta-level and the Bernstein condition in the

within-task level, this lifelong learning algorithm achieves best-of-both-worlds regret

bounds.
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Lifelong Learning Glossary

Notation Description

n Length of a task.

K The number of tasks.

G The set of representations.

g A representation.

g∗ The representation g ∈ G with the lowest average cumulative

expected losses over all tasks.

Pk The probability distribution over the set of representations G for

task k.

H The set of hypotheses.

h A hypothesis.

h∗,g
k The hypothesis h ∈ H with the smallest expected loss for the

representation-task pair (g, k).

ĥg
k The empirical risk minimizer (ERM) for the representation-task

pair (g, k).

Mg
a,k The probability distribution over the set of hypotheses H for the

representation-task pair (g, k) at timestep a.

τ ∗ The threshold of tasks to be completed for the stochastically-

constrained adversarial (SCA) assumption to hold.

∆G The sub-optimality gap between g∗ and all other representations

g ∈ G.
ℓg,ha,k The loss that hypothesis h suffered at timestep a for the

representation-task pair (g, k).

L̃g
k The summation of the average losses of the ERM over tasks

1, ..., k for the representation-task pair (g, k).

Lg,h
a,k A representation.
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Notation Description

Lg,∗
a,k The cumulative loss of h∗,g

k for the representation-task pair (g, k).

Rg
k(h) The true risk of hypothesis h for the representation-task pair

(g, k).

R̂g
k(h) The empirical risk of hypothesis h for the representation-task

pair (g, k).
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Chapter 1

Introduction

The ability to apply our accumulated knowledge to learn new things makes us in-

telligent beings. We would not consider robots who can only perform one action as

intelligent. The robots must be able to adapt to new situations and utilize knowledge

previously acquired. In traditional machine learning problems, we use multiple copies

of a learning algorithm to deal with different tasks, but in lifelong learning, we use

one learning algorithm on a sequence of tasks and leverage its gained knowledge as it

progresses through the sequence.

This way of learning is more in line with how humans learn new things. If we

were to learn how to skip for the first time, we would use our knowledge of walking

and jumping to aid in easing the learning process of skipping. We can apply this

thought process to image recognition. Imagine that a learning algorithm was to be

trained on identifying dogs from a set of images. It would be logical to think that we

could use the same features to identify cats in images or at least use these features

to benefit the learning algorithm instead of starting from scratch for this new problem.

Online learning is a framework where the data arrives sequentially. At each

timestep, the learning algorithm has to make a prediction based on the previously

seen data, and then Nature will reveal a loss vector. The learning algorithm will

suffer a loss based on their prediction and Nature’s loss vector, and then the learn-

ing algorithm updates their prediction strategy to try to minimize the future losses

accumulated. There are two main settings in online learning: the stochastic setting

and the adversarial setting. The difference between these two settings is that in the

stochastic setting, the losses are independent and identically distributed (i.i.d.) ac-
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cording to some distribution, whereas in the adversarial setting, no assumptions are

made about how Nature chooses the losses. In the stochastic setting, we typically

assume a sub-optimality gap so that one expert will always be better than the rest in

terms of expected losses. The difference in cumulative losses generated by the learn-

ing algorithm and the best expert is called regret and is the performance measure of

classical online learning that we will be focusing on in this work.

Lifelong learning is a setting introduced by Thrun [1995] to propose the idea of

blending how humans learn and how machine learning algorithms learn. The learning

algorithm is given a sequence of tasks. Each of these tasks is an online learning prob-

lem. The lifelong learning algorithm transfers knowledge from each task by means

of a set of feature representations that are applied on the tasks. The lifelong learn-

ing algorithm is split into two levels: the within-task level and the meta-level. The

within-task level handles each task individually and the meta-level takes information

generated from the within-task level to make decisions on the representations for the

future tasks. Similar to the single-task online learning problems of obtaining low

cumulative loss relative to the best expert, the lifelong learning algorithm is trying

to minimize its losses through a strategic selection of a representation to achieve low

regret.

Our previous image recognition example would be analogous to the lifelong learn-

ing algorithm going through a sequence of images. The learning algorithm is directed

to identify if the image is a dog. Once that sequence is done, the learning algorithm

has to go through another sequence of images and is tasked with identifying the cats.

After that sequence is complete, the learning algorithm gets another sequence of im-

ages to identify the rabbits. This sequence of sequences continues on. In the classical

stochastic setting with the sub-optimally gap assumption, there would be a single

representation that is the best for each task. Logically, it does not make sense that

one representation would be optimal for identifying dog, cats, rabbits, and more in

image recognition, so what if we relax this assumption of a single best representation

for all tasks? Assume that there is not a single feature map that works the best for

each of the tasks, but after learning on enough tasks, the learning algorithm finds one

representation that on average works the best. This best-on-average property for the

feature map is a more realistic idea than having a single mapping that simultaneously

is the best for all of the different animals that we task the image recognition learning
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algorithm to identify.

In this thesis, we will introduce a setting with a stochastically-constrained ad-

versarial (SCA) assumption. This assumption is based on the idea that there is not

a singular representation that works the best for each of the tasks in terms of min-

imizing expected losses, but that there is a representation that will become better

than all other representations on average over all tasks after enough tasks have been

completed. We introduce an algorithm for this setting that is able to achieve best-

of-both-worlds regret guarantees, which means that it can get near-optimal regret

bounds in both the stochastic setting and the adversarial setting. Wu et al. [2019]

produce bounds for the stochastic setting and the adversarial setting, but they use

a different algorithm for each setting instead of one algorithm for both settings. Wu

et al. [2021] establish a best-of-both-worlds algorithm, though their assumptions on

the sub-optimality gap of the representations is much stronger than our SCA assump-

tion. Our framework is similar to Alquier et al. [2017] in which the learning algorithm

updates at the meta-level (i.e., the representation) at the end of the task. Alquier

et al. [2017] proves a general expected regret bound for a general loss function, but

they do not prove any stochastic guarantees.

In Chapter 3, we detail the problem setting for this thesis and give the basis of

lifelong learning. We formally introduce the SCA assumption.

In Chapter 4, we prove a regret bound for the Decreasing Hedge algorithm in the

single task setting under the SCA assumption. We show results for both bounded

perturbed losses and bounded non-perturbed losses.

In Chapter 5, we introduce our best-of-both-worlds lifelong learning algorithm.

We map the results of Section 4.1 to the meta-level of the algorithm and prove a

complete lifelong learning pseudo-regret bound with the meta-level under the SCA

assumption and the within-task level under a relaxation of the sub-optimality gap

assumption (the Bernstein condition, see Section 3.4). We prove a worst-case regret

bound for the fully-adversarial setting.
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Chapter 2

Background

2.1 Decision Theoretic Online Learning

Decision theoretic online learning (DTOL) [Freund and Schapire, 1997], which is of-

ten referred to as the Hedge setting, is a setting where Learner makes predictions

based on the losses that each expert i ∈ [M ] suffered. In each timestep t = 1, 2, ..., T ,

Learner will play a probability vector vt over all of the experts i ∈ [M ].

Algorithm 1: Protocol of DTOL

1 for t=1,2,...,T do

2 Learner plays a probability distribution vt

3 Nature plays a loss vector ℓt

4 Learner suffers loss ⟨vt, ℓt⟩

In the Hedge algorithm, the probability is based on the weights assigned to each

experts and those weights are updated at the beginning of each timestep based on

the cumulative losses Li,t =
∑t

a=1 ℓi,a and a learning rate η > 0. For each expert,

these weights vi,t are changed based on the update rule

vi,t =
e−ηLi,t−1∑

j∈[M ] e
−ηLj,t−1

. (2.1)

The performance measure of DTOL is regret, which is the the difference in cu-

mulative losses generated by the Learner and the best expert. Regret RT is defined
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as

RT =
T∑
t=1

Ei∼vt [ℓi,t]− min
i∈[M ]

T∑
t=1

ℓi,t.

If we set the learning rate to be η =
√

8 log(M)
T

, then the Hedge algorithm has a

regret bound of Cesa-Bianchi and Lugosi [2006]

RT ≤
√

T log (M)

2
.

2.1.1 Decreasing Hedge

The next algorithm to discuss in the DTOL setting is Decreasing Hedge [Auer et al.,

2000]. We will be using Decreasing Hedge in the single-task setting in Chapter 4 and

as the meta-level algorithm in Chapter 5.

The feature that makes Decreasing Hedge different from Hedge is that it uses a

time-varying learning rate ηt =
√

8 log(M)
t

.

In online learning, there are different ways that Nature can assign the losses:

stochastic and adversarial. In the stochastic setting, the losses are drawn i.i.d. In

the adversarial setting, the losses are either assigned before the game begins, which

means Nature is an oblivious adversary, or the losses are assigned in reaction to the

Learner’s actions, which means Nature is an adaptive adversary.

In the stochastic setting, we use pseudo-regret as a performance measure:

RT := E

[
T∑
t=1

Ei∼vt [ℓi,t]

]
− min

i∈[M ]
E

[
T∑
t=1

ℓi,t

]
.

Mourtada and Gäıffas [2019] prove a pseudo-regret bound for Decreasing Hedge

with a learning rate of ηt = 2
√

log(M)
t

and a sub-optimality gap ∆ between the best

expert in hindsight i∗ and all other experts in terms of expected losses, such that

E [ℓi,t − ℓi∗,t] ≥ ∆. They show that under these conditions, the pseudo-regret of
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Decreasing Hedge is upper bounded by

RT ≤
4 log (M) + 25

∆
.

2.1.2 Squint

Squint [Koolen and Van Erven, 2015] is a self-tuning online learning algorithm from

the Hedge setting. We will be using Squint as the within-task algorithm in Chapter 5.

We define the regret after timestep T compared to expert i as

Ri
T =

T∑
t=1

(⟨vt, ℓt⟩ − ℓi,t) .

Squint has a second-order regret bound, which means that we are able to reduce

the T in Hedge’s regret to the variance, V i
T =

∑T
t=1 (⟨vt, ℓt⟩ − ℓi,t)

2.

Squint has a prior distribution on the experts, π(i), and a prior over the learning

rate, γ(η), with η ∈ [0, 1
2
]. With these two priors, Squint’s update rule is

vi,t+1 = π (i)
Eη∼γ [exp (ηR

i
t − η2V i

t ) η]∑
j∈V π (j)Eη∼γ

[
exp

(
ηRj

t − η2V j
t

)
η
] .

For this thesis, we will assume that the prior over the experts is a uniform distri-

bution and that the prior over the learning rate is an improper prior in the form of

γ(η) = 1
η
. With these two priors fixed, Squint achieves a second-order regret upper

bound of

Ri
T ≤

√
V i
TK

i
T +Ki

T ,

where KT = O
(
− ln( 1

M
) + ln lnT

)
.

2.2 Lifelong Learning

Lifelong learning, also known as online-within-online lifelong learning, is setting where

Learner is given a sequence of tasks to learn on and each task is a sequential deci-

sion problem [Thrun, 1995]. The algorithm is split into two levels: the meta-level
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and the within-task level. The within-task level works with one task at a time and

provides the meta-level with the necessary information from that task. The meta-

level manages a distribution over a set of feature representations shared by every task.

The first paper that derived a regret bound for this online-within-online lifelong

learning setting was Alquier et al. [2017] who considered the adversarial setting. Be-

fore this paper, the main theoretical achievements were for the learning-to-learn set-

ting in Baxter [2000], where the tasks are presented simultaneously, or for the batch-

within-online lifelong learning setting in Pentina and Lampert [2015] and Pentina and

Urner [2016], where the tasks come in sequentially, but each task is a batch learning

problem. In Alquier et al. [2017], and later on in Denevi et al. [2019], they separate

the regrets of the two levels, meta and within-task, by only updating the meta-level

at the end of each task and using a task-average regret. Alquier et al. [2017] propose

an exponentially weighted aggregation for lifelong learning (EWA-LL) algorithm in

the meta-level. EWA-LL updates at the end of each task based on the average losses

accumulated by the within-task algorithm. Alquier et al. [2017] bounded the expected

regret in the adversarial setting.

A different approach in which the meta-level is updated on every timestep of

the tasks was introduced by Wu et al. [2019] to tackle the problem of requiring a

large number of tasks to achieve small regret. Wu et al. [2019] prove a conditional

expected regret bound1 in the adversarial setting. They use the Hedge algorithm up-

date rule (2.1) for both the within-task level and the meta-level. They modify their

algorithm for the stochastic setting by using the adversarial setting algorithm as an

“exploration” phase, then they commit to a single representation in the “exploita-

tion” phase. They prove a pseudo-regret bound in the stochastic setting.

Wu et al. [2021] use the same framework for updating the meta-level as Wu et al.

[2019], but propose a best-of-both-worlds algorithm. In this paper, they explore life-

long learning in the branching experts problem setting [Gofer et al., 2013]. In the

branching experts problem for lifelong learning, the full set of representations and the

full set of hypotheses are not initially given. As time progresses, new representations

and hypotheses branch off of already revealed representations and hypotheses in a

tree structure. Their algorithm uses a variant of the Prod algorithm [Cesa-Bianchi

1See equation (3.1) for the definition of conditional expected regret.
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et al., 2006] in the meta-level and a variant of Decreasing Hedge in the within-task

level. Wu et al. [2021] prove a pseudo-regret bound in the stochastic setting and a

conditional expected regret bound in the adversarial setting. In the stochastic setting,

Wu et al. [2021] use a strong assumption that there is a single representation that is

the best in terms of minimizing expected loss for each task uniformly. In this thesis,

we relax that assumption and assumes that there is a representation that is the best

on average over all tasks.

Table 2.1 highlights the differences between the lifelong settings of the papers

referenced above.

Within-task
Batch Online

Meta
Batch Baxter [2000] —

Online
Pentina and Lampert [2015]
Pentina and Urner [2016]

Alquier et al. [2017]
Wu et al. [2019]

Denevi et al. [2019]
Wu et al. [2021]

Table 2.1: Batch vs Online in the meta and within-task levels.
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Chapter 3

Problem Setup

3.1 Lifelong Learning

Lifelong learning is an online learning setting where the learner is given a sequence of

tasks to learn on. We will be in the more specific setting of online-within-online life-

long learning: the tasks are given in a sequence and each task corresponds to making

a sequence of decisions. We denote tasks as k ∈ [K]. At the meta-level, the algorithm

deals with a set of representations G and at the within-task level, the algorithm deals

with a set of hypotheses H. For this thesis, we assume that every task shares a com-

mon set of hypotheses. We also assume that every task will be the same length, n.

At each timestep within a task, a = 1, 2, ..., n, the learner will play a representation

and hypothesis. The within-task level deals with each task individually like a tradi-

tional online learning problem and provides a loss for both the within-task and meta

algorithms based on the learner’s selection of representation g ∈ G and hypothesis

h ∈ H.

There are two main ways in online learning that the losses are played: the stochas-

tic setting and the adversarial setting. In the stochastic setting, losses are independent

and identically distributed (i.i.d.) according to some distribution. In the adversarial

setting, the adversary could be either oblivious or adaptive. An oblivious adversary

will choose and fix the loss vectors beforehand, whereas an adaptive adversary can

select a loss vector to play at each timestep based on Learner’s previous decisions.

For this thesis, when we are working in the stochastic setting for lifelong learning,

all the within-task losses will be bounded ℓg,ha,k ∈ [0, 1] and i.i.d., where ℓg,ha,k is the loss



10

Algorithm 2: Simple Protocol of Lifelong Learning

1 for k = 1 to K do
2 for a = 1 to n do
3 Learner plays a representation and hypothesis pair, (g, h), where

g ∈ G and h ∈ H
4 Nature plays loss vector ℓa,k ∈ [0, 1]|G|×|H|

5 Learner suffers ℓg,ha,k

6

Algorithm 3: Protocol of Lifelong Learning in Hedge Setting

1 Initialize probability vector over representations P1

2 for k = 1 to K do
3 Initialize probability vector over hypothesesMg

1,k for all g ∈ G
4 for a = 1 to n do
5 Learner plays a joint distribution by drawing g ∼ Pk, then h ∼Mg

a,k

6 Nature plays loss vector ℓa,k ∈ [0, 1]|G|×|H|

7 Learner suffers Eg∼Pk

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
8 UpdateMg

a+1,k for all g ∈ G
9 Update Pk

that hypothesis h suffered at timestep a for the representation-task pair (g, k). Across

tasks, we only assume losses to be independent, so that the tasks could have different

distributions.

We will be working in the Hedge setting, which is also referred to as decision-

theoretic online learning [Freund and Schapire, 1997], for both the within-task and

meta algorithms. Instead of playing a single representation and hypothesis at each

timestep, our learner will be playing a distribution Pk over the representations and a

distribution Mg
a,k over the hypotheses. The algorithm will update Mg

a,k at the end

of each timestep and update Pk at the end of each task.

Our performance measure is regret. Regret measures the amount of loss that our

learner suffers compared to using the representation and hypotheses with the small-

est losses in hindsight. Our main goal is to minimize the amount of regret that our

algorithm incurs.
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The following is the regret based on the simple protocol (Algorithm 2), where ga,k

and ha,k are the representation and hypothesis that the algorithm plays in round a of

task k:

R̃K :=
K∑
k=1

n∑
a=1

ℓ
ga,k,ha,k

a,k − min
g∈G

h1,h2,...,hK∈H

K∑
k=1

n∑
a=1

ℓg,hk

a,k .

The next notions of regret will be based on the Hedge version of the protocol

(Algorithm 3). The first one is similar to the previous form of regret, but deals with

the conditional expectation of the losses with respect to the probability distributions

played. We define conditional expected regret as:

RK :=
K∑
k=1

n∑
a=1

Eg∼Pa,k

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
− min

g∈G
h1,h2,...,hK∈H

K∑
k=1

n∑
a=1

ℓg,hk

a,k . (3.1)

In the stochastic setting, we work with expected regret and pseudo-regret instead

of the previous forms of regret due to the losses being i.i.d. and we take an expectation

over the losses to handle the randomness. The following definition is the expected

regret:

E [RK ] := E

 K∑
k=1

n∑
a=1

Eg∼Pa,k

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
− min

g∈G
h1,h2,...,hK∈H

K∑
k=1

n∑
a=1

ℓg,hk

a,k

 .

The last notion of regret is pseudo-regret. In plain terms, this is the regret based

on the expected losses, unlike the normal notion of regret, which uses the actual loss:

RK := E

[
K∑
k=1

n∑
a=1

Eg∼Pa,k

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]]
−min

g∈G

K∑
k=1

min
h∈H

n∑
a=1

E
[
ℓg,ha,k

]
.

A key relationship between the regrets is that the expected regret is always an

upper bound on the pseudo-regret, i.e., RK ≤ E [RK ].

We will bound the pseudo-regret in the stochastic setting (Theorem 2) and con-

ditional expected regret in the adversarial setting (Theorem 3).
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3.2 Stochastically-Constrained Adversarial Assump-

tion

In the stochastic setting, we will be assuming the stochastically-constrained adver-

sarial (SCA) assumption. The SCA assumption is that there is a clear “best” expert

or representation after a certain time threshold has passed. After this threshold is

passed, there is a single expert or representation with the smallest average expected

loss. We will define the SCA assumption for the single-task setting and the lifelong

learning setting.

For the lifelong learning setting, we define g∗ to be the representation with the

lowest average cumulative expected losses over all tasks when the hypothesis with the

lowest expected losses is used for each task, h∗,g∗
k . We assume that there exists some

number of tasks, τ ∗, such that after our learning algorithm completes that number of

tasks, there exists a strictly positive sub-optimality gap ∆G between the cumulative

losses of the representation g∗ and some representation g ̸= g∗ when using h∗,g
k for all

representation-task pairings (g, k).

The SCA assumption is a weaker version of an assumption from Wu et al. [2019]

and Wu et al. [2021], where g∗ is the representation with the smallest expected loss

for each individual task. The SCA assumption is inspired by prior work in single-

task online learning. In particular, it is motivated by the ““adversarial with a gap”

assumption of Mourtada and Gäıffas [2019], which defines the sub-optimality gap in

terms of cumulative losses rather than cumulative expected losses.

Recall that we assume that the within-task losses are i.i.d. and bounded ℓg,ha,k ∈ [0, 1]

and that the meta-level losses are independent.

Assumption 1 (SCA assumption). In the meta-level, assume that there is some

representation g∗ ∈ G and τ ∗ ≥ 1 and ∆G > 0 such that, for all g ̸= g∗ and k ≥ τ ∗,

the following holds:

E [Lg,∗
k ]− E

[
Lg∗,∗
k

]
≥ k∆G,

where Lg,∗
k =

∑k
b=1

∑n
a=1

ℓ
g,h

∗,g
a

a,b

n
and h∗,g

k = argminh∈H E
[
ℓg,ha,k

]
, for all a ∈ [n].
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The strict g∗ sub-optimality gap assumption fromWu et al. [2019] implies the SCA

assumption with τ ∗ = 1. For a fixed representation g ∈ G and for task k = 1, ..., K

and for all a = 1, ..., n, the strict sub-optimality gap assumption is:

E
[
ℓ
g,h∗,g

k
a,k

]
− E

[
ℓ
g∗,h∗,g∗

k
a,k

]
≥ ∆G. (3.2)

When we take a summation over all tasks and within-task timesteps, we recover

the SCA assumption with τ ∗ = 1, since

k∑
b=1

n∑
a=1

E
[
ℓ
g,h∗,g

k
a,k

]
− E

[
ℓ
g∗,h∗,g∗

k
a,k

]
≥

k∑
b=1

n∑
a=1

∆G

n
(
E [Lg,∗

k ]− E
[
Lg∗,∗
k

])
≥ kn∆G

E [Lg,∗
k ]− E

[
Lg∗,∗
k

]
≥ k∆G.

For the single-task setting, we define the cumulative loss of expert i as Li,t =∑t
a=1 ℓi,a, where i ∈ M and M is the set of experts. For the SCA assumption, we

define i∗ ∈M to be the expert with the lowest average expected cumulative loss over

all timesteps t = 1, ..., T . We assume that there is a strictly positive sub-optimality

gap ∆ between the average expected cumulative loss of expert i∗ and all other experts

i ̸= i∗ after the learning algorithm has learned on at least τ ∗ number of timesteps.

We assume the losses are bounded ℓi,t ∈ [0, 1] and independent, for all i ∈M and

t = 1, ..., T . We now formally present the SCA assumption for the single-task setting.

Assumption 2 (SCA assumption for single-task). In the single-task setting, assume

that there is some expert i∗ ∈ M and τ ∗ ≥ 1 and ∆ > 0 such that, for all i ̸= i∗ and

t ≥ τ ∗, the following holds:

E [Li,t]− E [Li∗,t] ≥ ∆t. (3.3)

Our goal is to achieve best-of-both-worlds regret bounds, meaning that we want

a single lifelong learning algorithm that achieves low regret in the adversarial setting

and low pseudo-regret in the stochastic setting under the SCA assumption.



14

3.3 Within-task Gap

An assumption that is made in Wu et al. [2021] is that when using representative g∗,

there will be a sub-optimality gap ∆h between the best hypothesis and second best,

∆h := min
k

min
h̸=h∗,g∗

k
h∈H

(
E
[
ℓg

∗,h
a,k

]
− E

[
ℓ
g∗,h∗,g∗

k
a,k

])
, (3.4)

where h∗,g
k := argminh∈H E

[
ℓg,ha,k

]
and a is some arbitrary within-task timestep.

The above is a very strong assumption, especially with our relaxation of the g∗

assumption. Since our g∗ is not guaranteed to be best representation for every task

individually, as it is under the strict g∗ sub-optimality gap assumption (3.2), it is a

strong assumption to assume that each task has a within-task gap for every represen-

tation.

Instead of using this sub-optimality gap assumption in the within-task level, we

will assume that every representation-task pairing satisfies the Bernstein condition,

which is a relaxation of the sub-optimality gap assumption.

3.4 Bernstein condition

The Bernstein condition [Bartlett and Mendelson, 2006] is a generalization of the gap

assumption, which relaxes the strictness of the ∆h assumption.

Fix a representation g ∈ G and a task k ∈ [K]. For a fixed B ≥ 0 and κ ∈ [0, 1],

the (B, κ)-Bernstein condition is satisfied if there exists an hypothesis h∗,g
k ∈ H, such

that for all other h ∈ H, h ̸= h∗,g
k for all a ≤ n:

E
[(

ℓg,ha,k − ℓ
g,h∗,g

k
a,k

)2]
≤ BE

[
ℓg,ha,k − ℓ

g,h∗,g
k

a,k

]κ
(3.5)

We will focus on the case of the Bernstein condition where κ = 1.

Koolen et al. [2016] give an example of when the (B, 1)-Bernstein condition holds

is under the within-task sub-optimality gap assumption (3.4) when B = 1
∆h

. For a
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fixed representation g ∈ G and task k = 1, ..., K, we have:

E
[(

ℓg,ha,k − ℓ
g,h∗,g

k
a,k

)2]
≤ 1

=
1

∆h

∆h

≤ BE
[
ℓg,ha,k − ℓ

g,h∗,g
k

a,k

]
.

3.4.1 Bernstein’s Inequality

In this thesis, we use a one-sided Bernstein inequality, specifically, equation (2.10)

from Boucheron et al. [2013].

Lemma 1. Let X1, .., Xn be independent random variables such that, for some b > 0,

Xi ≤ b almost surely for all i ≤ n.

For any ϵ > 0,

Pr

(
n∑

i=1

(Xi − E [Xi]) ≥ ϵ

)
≤ exp

(
− ϵ2

2
(∑n

i=1 E [X2
i ] +

bϵ
3

)) . (3.6)
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Chapter 4

Single Task

In this section, we show the pseudo-regret bound for Decreasing Hedge under the

SCA assumption. This chapter will focus on the single-task setting. In Chapter 5,

we will create a mapping between the single-task setting and the meta-level of the

lifelong learning setting. This mapping will allow us to use the results proven in this

chapter and extend them to the meta-level.

The SCA assumption is similar to that addressed by Mourtada and Gäıffas [2019],

where they bound the regret of the Decreasing Hedge algorithm in their “adversarial

with a gap” assumption. They define their sub-optimality gap between the best

expert for their setting and all other experts in terms of the average loss suffered by

the respective expert, given that the learner has completed more than τ ∗ timesteps.

Their “adversarial with a gap” setting is as follows. Assume the losses are bounded

ℓi,t ∈ [0, 1], and define the cumulative loss of expert i as Li,t =
∑t

a=1 ℓi,a, where i ∈M

and M is the set of experts. At timestep t, assume that there exists ∆ > 0 and an

expert i∗ ∈M such that for all i ̸= i∗ and all t ≥ τ ∗, the following holds:

Li,t − Li∗,t ≥ ∆t.

This means that after some time threshold of τ ∗, there will be an expert i∗ that

is optimal in the average losses by at least some gap, ∆.

We extend the results of Mourtada and Gäıffas [2019] by allowing for the losses to

be stochastic and making the assumption be in terms of expected losses. We further

expand on the results by bounding the pseudo-regret when the the losses seen by the
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algorithm are perturbed. We show the results of Decreasing Hedge under the SCA

assumption without perturbed losses in Corollary 1.

We use two lemmas from Mourtada and Gäıffas [2019] in our proof of Theorem

1 (presented below). We will use a version of Hoeffding-Azuma’s maximal inequality

from Mourtada and Gäıffas [2019] [Proposition 5] and their Lemma 1.

Lemma 2 (Hoeffding-Azuma’s maximal inequality). Let (Zt)t≥1 be a sequence of

random variables adapted to the filtration (Ft)t≥1. Assume that Zt is a martingale

difference sequence. We have a Ft−1-measurable random variable At, such that

At − 1 ≤ Zt ≤ At + 1.

We define Sn :=
∑n

t=1 Zt. For every n ≥ 1 and q ≥ 0,

Pr

(
sup
m≥n

Sm

m
≥ q

)
≤ e

−nq2

2 .

Lemma 3 (Lemma 1 of Mourtada and Gäıffas [2019]). For every α > 0,

∑
t≥1

e−αt ≤ 1

α
(4.1)

∑
t≥1

e−α
√
t ≤ 2

α2
. (4.2)

4.1 Single task with Noisy losses

This section will show the pseudo-regret bound for Decreasing Hedge under the SCA

assumption (Assumption 2) with perturbed and bounded losses.

The perturbed losses that we are working with are the losses suffered by the

learner plus some bounded noise, which is defined as ℓ̃i,t = ℓi,t+νi,t, where νi,t is noise

added. We are dealing with perturbed losses because when we extend these results

to the meta-level in the lifelong learning setting, the meta-level algorithm receives

information that is analogous to perturbed losses.
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Algorithm 4: Decreasing Hedge with perturbed losses

1 t← 1
2 Set probability vector vi,t =

1
|M | for every expert i ∈M

3 Li,0 ← 0 for every expert i
4 while t ̸= T do

5 ηt = 2
√

log(|M |)
t

6 Update probability vector vi,t =
e−ηtL̃i,t−1∑

j∈M e−ηtL̃i,t−1
for every expert i

7 Learner plays probability distribution vt

8 Nature plays perturbed losses ℓ̃i,t = ℓi,t + νi,t, for every expert i

9 Learner suffers ⟨vt, ℓ̃t⟩
10 Update cumulative perturbed losses L̃i,t = L̃i,t−1 + ℓ̃i,t for every expert i
11 t← t+ 1
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Theorem 1. Assume that the SCA assumption (Assumption 2) holds. Assume that

all losses are perturbed with added noise of νi,t ∈ [−ϵST , ϵST ], such that ℓ̃i,t = ℓi,t+νi,t.

Let 0 ≤ ϵST < ∆
4
.

Under these conditions, Decreasing Hedge (run on perturbed losses) with a learning

rate of ηt = 2
√

log(|M |)
t

has a pseudo-regret bound of

RT ≤ O
(√

τ ∗ log (|M |) + log (|M |)
∆− 4ϵST

+
log (∆−1)

∆

)
.

Proof. First, we must define our perturbed cumulative losses for this setting, L̃i,t =∑t
b=1 ℓ̃i,b.

We define t0 to be the smallest integer t ≥ 1, such that:

|M | exp

(
−∆

√
t log(|M |)

2

)
≤ ∆. (4.3)

We rearrange to get t0 = ⌈
2 log2( |M|

∆ )
∆2 log(|M |)⌉ ≤

2 log2( |M|
∆ )

∆2 log(|M |) + 1.

We want to show that the probability that, after some timestep, the cumulative

perturbed losses of the best expert i∗ and all other experts are close together is very

low.

We define τ = sup{t ≥ 0,∃i ̸= i∗, L̃i,t − L̃i∗,t ≤ ∆t
2
}, which is the last timestep in

which we do not have a large enough positive gap between the best expert i∗ and any

other experts.

Since we are dealing with bounded noise, we can upper bound this probability by

either taking the minimum or maximum value that the cumulative perturbed losses

could be, which gives us an upper bound of

Pr

(
∃t ≥ c, L̃i,t − L̃i∗,t ≤

t∆

2

)
≤ Pr

(
∃t ≥ c, (Li,t − tϵST )− (Li∗,t + tϵST ) ≤

t∆

2

)
= Pr

(
∃t ≥ c, Li,t − Li∗,t ≤

t∆

2
+ 2tϵST

)
,

where c ≥ τ ∗ is some arbitrary timestep.
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We assign Xt = Li∗,t − Li,t and Zt = (Xt −Xt−1) − E [Xt −Xt−1], for some ar-

bitrary expert i ∈ M , and X0 = 0. These terms will allow us to set up a bounded

martingale difference sequence, so we are able to use Hoeffding-Azuma’s maximal

inequality (Lemma 2).

We work backwards to go from Hoeffding-Azuma’s maximal inequality (Lemma

2) to the form of Pr
(
∃t ≥ c, Li,t − Li∗,t ≤ t∆

2
+ 2tϵST

)
, where c ≥ τ ∗ is some arbitrary

step. This will allow us to solve for the term q and then get the probability bound

Pr

(
sup
t≥c

1

t

t∑
b=1

Zb ≥ q

)
= Pr

(
sup
t≥c

1

t

(
t∑

b=1

(Xb −Xb−1)− E [Xb −Xb−1]

)
≥ q

)

= Pr

(
sup
t≥c

1

t

(
Xt −X0 −

t∑
b=1

E [Xb −Xb−1]

)
≥ q

)

= Pr

(
sup
t≥c

1

t
(Xt − E [Xt]) ≥ q

)
≥ Pr

(
∃t ≥ c,

1

t
(Xt − E [Xt]) ≥ q

)
= Pr

(
∃t ≥ c,

1

t
Xt ≥ q +

E [Xt]

t

)
= Pr (∃t ≥ c,−Xt ≤ E [−Xt]− qt)

≥ Pr (∃t ≥ c,−Xt ≤ t∆− qt)

= Pr (∃t ≥ c, Li,t − Li∗,t ≤ t∆− qt) .

We set t∆− qt = t∆
2
+ 2tϵST and solve for q, which gives us q = ∆

2
− 2ϵST .

With this q term, we will go back to the definition of Hoeffding-Azuma maximal

inequality and use this term in the upper bound

Pr

(
sup
t≥c

1

t

t∑
b=1

Zb ≥
∆

2
− 2ϵST

)
≤ e

−c(∆
2 −2ϵST )

2

2 .

We have an upper bound of Pr
(
∃t ≥ c, Li,t − Li∗,t ≤ t∆

2
+ 2tϵST

)
, which means

that we also have an upper bound of Pr
(
∃t ≥ c, L̃i,t − L̃i∗,t ≤ ∆t

2

)
. We take a union
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over all experts i ̸= i∗ to get Pr

( ⋃
i ̸=i∗
∃t ≥ c, L̃i,t − L̃i∗,t ≤ ∆t

2

)
, which is equivalent to

Pr (τ ≥ c). This is because if there exists an expert i ̸= i∗ and a timestep t ≥ c that

satisfy L̃i,t− L̃i∗,t ≤ ∆t
2
, then τ must also be greater than c since τ is the largest t that

satisfies L̃i,t − L̃i∗,t ≤ ∆t
2

for some i ̸= i∗. Now, we can upper bound the probability

that τ ≥ c by

Pr(τ ≥ c) = Pr(
⋃
i ̸=i∗

∃t ≥ c, L̃i,t − L̃i∗,t ≤
∆t

2
)

≤
∑
i ̸=i∗

Pr(∃t ≥ c, L̃i,t − L̃i∗,t ≤
∆t

2
)

≤
∑
i ̸=i∗

Pr

(
∃t ≥ c, Li,t − Li∗,t ≤

t∆

2
+ 2tϵST

)

≤ |M |e
−c(∆

2 −2ϵST )
2

2 .

By using an exponential tail bound, we can take this probability bound and upper

bound the expectation of τ . We define γ to be some arbitrary timestep, γ ≥ τ ∗. The

expectation of τ is upper bounded by

E [τ ] =

∫ ∞

0

Pr (τ ≥ c) dc

=

∫ γ

0

Pr (τ ≥ c) dc+

∫ ∞

γ

Pr (τ ≥ c) dc

≤ γ +

∫ ∞

γ

|M |e
−c(∆

2 −2ϵST )
2

2 dc

= γ + |M |

(
−2(

∆
2
− 2ϵST

)2 e−c(∆
2 −2ϵST )

2

2 |∞c=γ

)

= γ + |M | 2(
∆
2
− 2ϵST

)2 e−γ(∆
2 −2ϵST )

2

2 .

We tune γ to minimize the bound given above. We will refer to the optimal non-

constrained tuning as γ∗, where we have γ∗ = 2 log(|M |)

(∆
2
−2ϵST )

2 . Since we have the constraint

of γ ≥ τ ∗, we must take into consideration the scenario that γ∗ < τ ∗. For this sce-

nario, we can see that as we set γ > γ∗, the first term of the above bound becomes

dominant as the second term grows smaller. Due to this, we can set an upper bound
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on the expectation of τ when using γ = τ ∗ to be E [τ ] ≤ 2τ ∗. We set γ = max{τ ∗, γ∗}.

Now that we have tuned γ, the expectation of τ is at most

E [τ ] ≤ max

{
2τ ∗,

2(
∆
2
− 2ϵST

)2 (log (|M |) + 1)

}
. (4.4)

For this to hold, we must set a bound on ϵST , such that ϵST ≤ ∆
4
.

We decompose the pseudo-regret into two sections: the “bad” and the “good”.

The “bad” section is up to timestep σ + 1, where σ = max {τ ∗, τ, t0}. In the “bad”

section, the algorithm suffers the worst case regret due to the cumulative losses of i∗

and all of the other experts being too close. This means that the algorithm has not

passed timestep τ , the algorithm is not passed timestep τ ∗ yet and the SCA assump-

tion has not been satisfied, or the algorithm has not passed t0.

We expand the regret into two sections, up to and after timestep σ + 1, which

gives us the following decomposition of the pseudo-regret

RT =
T∑
t=1

E
[
ℓ̂t

]
− min

i∈[M ]

T∑
t=1

E [ℓi,t]

= E
σ

[
E

[
T∑
t=1

ℓ̂t −
T∑
t=1

ℓi∗,t|σ

]]

= E
σ

[
E

[
σ+1∑
t=1

ℓ̂t −
σ+1∑
t=1

ℓi∗,t +
T∑

t=σ+2

ℓ̂t −
T∑

t=σ+2

ℓi∗,t|σ

]]

= E
σ

[
E

[
σ+1∑
t=1

ℓ̂t −
σ+1∑
t=1

ℓi∗,t|σ

]]
+ E

σ

[
E

[
T∑

t=σ+2

ℓ̂t −
T∑

t=σ+2

ℓi∗,t|σ

]]
.

Now, let us look at the “bad” case, which is if t ≤ σ + 1. Since we are using

Decreasing Hedge as our algorithm, we will use the worst case regret of Hedge,
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Rσ+1 ≤ E
σ
[E [Rσ+1|σ]]

≤ E
σ

[√
(σ + 1) log (|M |)

]
.

We use Jensen’s inequality to bring the expectation inside of the function

E
σ

[√
(σ + 1) log (|M |)

]
≤

√(
E
σ
[σ] + 1

)
log (|M |)

=

√(
E
σ
[max {τ ∗, τ, t0}] + 1

)
log (|M |)

≤
√
τ ∗ log (|M |) + E

σ
[τ ] log (|M |) + t0 log (|M |) + log (|M |)

≤
√
τ ∗ log (|M |) +

√
E
σ
[τ ] log (|M |) +

√
t0 log (|M |) +

√
log (|M |).

We use the upper bound on Eσ [τ ] (4.4) and get an upper bound for the “bad”

section of the pseudo-regret:
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≤
√
τ ∗ log (|M |) +

√√√√max

{
2τ ∗,

2(
∆
2
− 2ϵST

)2 (log (|M |) + 1)

}
log (|M |)

+

√√√√√
 2 log2

(
|M |
∆

)
∆2 log (|M |)

+ 1

 log (|M |) +
√

log (|M |)

≤
√
τ ∗ log (|M |) +

√√√√(2τ ∗ + 2(
∆
2
− 2ϵST

)2 (log (|M |) + 1)

)
log (|M |)

+

√√√√√
 2 log2

(
|M |
∆

)
∆2 log (|M |)

+ 1

 log (|M |) +
√

log (|M |)

≤
√
τ ∗ log (|M |) +

√
2τ ∗ log (|M |) +

√
2 log (|M |)
∆
2
− 2ϵST

+

√
2 (log (|M |))
∆− 4ϵST

+ 2
√

log (|M |)

+

√
2 log

(
|M |
∆

)
∆

.

Next, we will look at the “good” case, which is when t > σ + 1. Initially, we fix

some arbitrary timestep t such that T ≥ t > σ+1. The instantaneous regret for this

timestep t is upper bounded by
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ℓ̂t − ℓi∗,t = ℓ̂t − ℓi∗,t

=
∑
i ̸=i∗

vi,t (ℓi,t − ℓi∗,t)

≤
∑
i ̸=i∗

vi,t

=
∑
i ̸=i∗

e−ηt(L̃i,t−1−L̃i∗,t−1)

1 +
∑

j ̸=i∗ e
−ηt(L̃j,t−1−L̃i∗,t−1)

≤
∑
i ̸=i∗

e−2
√

log(|M|)
t

∆(t−1)
2 (4.5)

≤ |M |e−∆
√

(t−2) log(|M |)

≤ |M |e
−∆

√
(t0) log(|M|)

2 e
−∆

√
(t−2) log(|M|)

2 (4.6)

≤ ∆e
−∆

√
(t−2) log(|M|)

2 (4.7)

≤ ∆e
−∆

√
(t−2)

2 .

For the section of regret during the “good” case, we are able to use the fact that

with t > τ , we have L̃i,t − L̃i∗,t >
∆t
2

which allows us to get (4.5). For (4.6), we use

the fact that t − 2 ≥ t0, since t > σ + 1. We use the definition of t0 (4.3) to get the

next bound (4.7).

The next step is to sum these instantaneous regrets to get the full “good” case

regret, which gives us

T∑
t=σ+2

(
ℓ̂t − ℓi∗,t

)
≤

T∑
t=σ+2

∆e
−∆

√
(t−2)

2

≤ ∆
∑
t≥1

e
−∆

√
(t)

2

≤ ∆
2(
∆
2

)2 (4.8)

=
8

∆
,

where we use Lemma 3 to get (4.8).
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We bring both sides of the regret decomposition together and finalize our regret

for Decreasing Hedge in the single task setting under the SCA assumption to get

RT = E
σ

[
E

[
σ+1∑
t=1

ℓ̂t −
σ+1∑
t=1

ℓi∗,t|σ

]]
+ E

σ

[
E

[
T∑

t=σ+2

ℓ̂t −
T∑

t=σ+2

ℓi∗,t|σ

]]

≤
√

τ ∗ log (|M |) +
√

2τ ∗ log (|M |) +
√
2 log (|M |)
∆
2
− 2ϵST

+

√
2 (log (|M |))
∆− 4ϵST

+ 2
√

log (|M |)

+

√
2 log

(
|M |
∆

)
∆

+
8

∆
.

We show the pseudo-regret bound for the case of non-perturbed losses, when

ϵST = 0, under the SCA assumption in the following corollary.

Corollary 1. Assume that the losses are bounded ℓi,t ∈ [0, 1] for all i ∈M and t ≥ 1.

Assume that there exists ∆ > 0 and an expert i∗ ∈M , such that for all i ̸= i∗ and all

t ≥ τ ∗, the stochastically constrained assumption (SCA) holds:

E [Li,t]− E [Li∗,t] ≥ ∆t. (4.9)

Under these conditions, Decreasing Hedge with a learning rate ηt = 2
√

log(|M |)
t

has

a pseudo-regret bound of

RT ≤ O
(√

τ ∗ log (|M |) + log (|M |)
∆

+
log (∆−1)

∆

)
.
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Chapter 5

Lifelong Learning

In this chapter, we will introduce a lifelong learning algorithm and prove that it has

best-of-both-world regret bounds. The single task setting results of Theorem 1 will

be used as the foundation for the analysis. We will introduce a mapping from the

single task setting to the meta-level to handle the deviation of the losses to ensure

that what the meta-level receives from the within-task level is informative.

5.1 Algorithm

In lifelong learning, we work with two levels of the algorithm and make them cohesive:

the within-task level and meta-level. The within-task algorithm is set up in a black

box style in relation to the meta algorithm, such that within-task algorithm gets the

task’s data, learns on it, then outputs a single loss output for the meta algorithm to

use. With this setup, we could use any online learning algorithm for the within-task

algorithm. For this thesis, we will use Squint [Koolen and Van Erven, 2015] as the

within-task algorithm since our goal is to minimize the regret and we get to experi-

ence fast rates while using Squint due to the Bernstein Condition assumption at this

level. Fast rates means that the algorithm’s average regret converges at a rate in the

order of O
(
1
n

)
.

Algorithm 5 is sectioned into two levels. At the meta-level, we are using Decreasing

Hedge and at the within-task level, we are using Squint. At the start of each task

k ∈ K, the algorithm updates the distribution Pk over the set of representations G
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Algorithm 5: Lifelong Learning with Delayed Meta-Update

1 Initialize P1
k for all g ∈ G

2 Set L̃g
0 = 0 for all g ∈ G

3 for k = 1 to K do

4 Lg,h
0,k = 0 for all h ∈ H and g ∈ G

5 Update Pg
k for all g ∈ G

6 InitializeMg,h
k,1 for all g ∈ G and h ∈ H

7 for a = 1 to n do
8 for all g do

9 UpdateMg,h
a,k for all h ∈ H

10 Suffer Eg∼Pg
k

[
Eh∼Mg,h

a,k

[
ℓg,ha,k

]]
11 Update Lg,h

a,k = Lg,h
a−1,k + ℓg,ha,k for all g ∈ G and h ∈ H

12 L̃g
k = L̃g

k−1 +
minh∈H

∑n
a=1 ℓ

g,h
a,k

n
, for all g ∈ G

based on the meta-level algorithm. For the current task and for every representation

g ∈ G, at each timestep a = 1, ..., n, the algorithm updates the distributionMg
a,k over

the set of hypotheses H based on the within-task algorithm and suffers a loss. At the

end of the task, the empirical risk of the ERM for every representation is given to the

meta-level as the losses of task k, then a new task starts.

5.2 Regret Analysis

What we pass from the within-task level to the meta-level should be informative. We

will bound the probability that the empirical risk of the ERM is (ϵ+ ϵ
′
)-within of the

true risk of the true risk minimizer, where ϵ is an error term that is related to the

distance between the true risk of the ERM and the true risk of the true risk minimizer

and ϵ
′
is the error term related to the distance of the empirical risk of the ERM and

the true risk of the ERM.

For the following lemma (Lemma 4), we will drop the g superscript and k subscript

from the notation to show a more general result.

Lemma 4. Let B > 0 and ϵ ≥ 0. For all hypotheses h ∈ H, assume that the losses
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are i.i.d. and bounded, ℓha ∈ [0, 1]. We have the true risk of a hypothesis as

R(h) = E

[
1

n

n∑
a=1

ℓha

]

and the empirical risk as

R̂(h) =
1

n

n∑
a=1

ℓha.

We define two sets: the “good” set, H≤ϵ := {h ∈ H | R(h)− R(h∗) ≤ ϵ}, and the

“bad” set, H>ϵ := {h ∈ H | R(h)−R(h∗) > ϵ}, where h∗ = argminh∈H R(h).

The probability that the true risk of the ERM is not within ϵ of the true risk of

the true risk minimizer, h∗, is

Pr

(
argmin

h∈H
R̂(h) ∈ H>ϵ

)
≤ |H>ϵ|2 exp

(
−nϵ

2B + 2
3

)
.

Proof. We will bound the probability that the ERM has a true risk, for some ϵ, that

is greater than the true risk minimizer’s risk.

We bound the probability that the ERM is in the set of hypotheses whose true

risk is ϵ more of the true risk of the true risk minimizer, which is the bad case

Pr

(
argmin

h∈H
R̂(h) ∈ H>ϵ

)
.

To upper bound this probability, we use that the probability that the smallest

empirical risk of the “bad” set is less than or equal to the smallest empirical risk of

the “good” set satisfies

Pr

(
argmin

h∈H
R̂(h) ∈ H>ϵ

)
≤ Pr

(
min
h∈H>ϵ

R̂(h) ≤ min
h∈H≤ϵ

R̂(h)

)
.
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From there, we can introduce the ERM of the “bad” set, ĥϵ = argminh∈H>ϵ
R̂(h),

Pr

(
min
h∈H>ϵ

R̂(h) ≤ min
h∈H≤ϵ

R̂(h)

)
= Pr

(
R̂(ĥϵ) ≤ min

h∈H≤ϵ

R̂(h)

)
≤ Pr

(
R̂(ĥϵ) ≤ R̂(h∗)

)
.

= Pr
(
R̂(ĥϵ)− R̂(h∗) ≤ 0

)
.

We can re-express the last line of the math display above to be able to use Lemma

1, Bernstein’s inequality. For ease of reading, let us denote X̄h = R̂(h) − R̂(h∗) for

the following:

Pr
(
X̄ĥϵ
≤ 0
)
= Pr

(
X̄ĥϵ
− E

[
X̄ĥϵ

]
≤ −E

[
X̄ĥϵ

])
≤ Pr

(
∃h ∈ H>ϵ : X̄h − E

[
X̄h

]
≤ −E

[
X̄h

])
≤
∑

h∈H>ϵ

Pr
(
X̄h − E

[
X̄h

]
≤ −E

[
X̄h

])
=
∑

h∈H>ϵ

Pr
(
E
[
X̄h

]
− X̄h ≥ E

[
X̄h

])
.

We set Yh = −X̄h to get∑
h∈H>ϵ

Pr
(
E
[
X̄h

]
− X̄h ≥ E

[
X̄h

])
=
∑

h∈H>ϵ

Pr
(
E [−Yh]− (−Yh) ≥ E

[
X̄h

])
=
∑

h∈H>ϵ

Pr
(
Yh − E [Yh] ≥ E

[
X̄h

])
.

Let us rewrite X̄h in terms of losses, such that X̄h = 1
n

∑n
a=1

(
ℓha − ℓh

∗
a

)
and define

Xa,h = ℓha − ℓh
∗

a , so that X̄h = 1
n

∑n
a=1Xa,h.
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Now we can apply Bernstein’s inequality (3.6) on

∑
h∈H>ϵ

Pr
(
Yh − E [Yh] ≥ E

[
X̄h

])
≤
∑

h∈H>ϵ

exp

 −nE
[
X̄h

]2
2
(
1
n

∑n
a=1 E

[
X2

a,h

])
+

2E[X̄h]
3


≤
∑

h∈H>ϵ

exp

 −nE
[
X̄h

]2
2BE

[
X̄h

]
+

2E[X̄h]
3

 (5.1)

=
∑

h∈H>ϵ

exp

(
−nE

[
X̄h

]2
E
[
X̄h

] (
2B + 2

3

))

=
∑

h∈H>ϵ

exp

(
−nE

[
X̄h

]
2B + 2

3

)

≤ |H>ϵ| exp
(
−nϵ

2B + 2
3

)
.

We get (5.1) because we are assuming the (B, 1)-Bernstein condition is satisfied.

Using (3.5), we can upper bound this second moment by

1

n

n∑
a=1

E
[
X2

a,h

]
=

1

n

n∑
a=1

(
E
[(
ℓha − ℓh

∗

a

)2])
≤ 1

n

n∑
a=1

(
BE

[
ℓha − ℓh

∗

a

])
= BE

[
X̄h

]
.

Let us write the risk and true risk for the meta-level setting now, such that the

true risk for hypothesis hg
a,k ∈ H, R

g
k(h) = E

[
1
n

∑n
a=1 ℓ

g,h
a,k

]
and the empirical risk

R̂g
k(h) =

1
n

∑n
a=1 ℓ

g,h
a,k.

Lemma 5. Let n ≥ 1. For a fixed representation g ∈ G, a fixed k ∈ [K], the

probability that the risk of the ERM ĥg
k ∈ H is not close to its true risk is

Pr
(
|Rg

k(ĥ
g
k)− R̂g

k(ĥ
g
k)| ≥ ϵ′

)
≤ |H|2 exp

(
−2n (ϵ′)

2
)
,

for all ϵ′ ≥ 0.
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Proof. For a fixed task k, representation g, and hypothesis h ∈ H, we use Hoeffding’s
inequality with 0 ≤ ℓg,ha,k ≤ 1 to get a bound of

Pr
(
|Rg

k(h)− R̂g
k(h)| ≥ ϵ′

)
≤ 2 exp

(
−2n (ϵ′)

2
)
.

Now, we use a union bound over all hypotheses, which gives us

Pr
(
∃h ∈ H : |Rg

k(h)− R̂g
k(h)| ≥ ϵ′

)
≤ |H|2 exp

(
−2n (ϵ′)

2
)
.

Using Lemma 4 and Lemma 5 to map the results of Theorem 1, we are able to

get an upper bound on the pseudo-regret of Algorithm 5.

Theorem 2. In the meta-level, assume that there is some representation g∗ ∈ G,
τ ∗ ≥ 1, and ∆G > 0 such that for all g ̸= g∗ and k ≥ τ ∗, the following holds:

E [Lg,∗
k ]− E

[
Lg∗,∗
k

]
≥ k∆G,

where Lg,∗
k =

∑k
b=1

∑n
a=1

ℓ
g,h

∗,g
a

a,b

n
and h∗,g

k = argminh∈H E
[
ℓg,ha,k

]
for all a ∈ [n].

In the within-task level, for all representations g ∈ G, tasks k ∈ [K], and timesteps

a ∈ [n] for n ≥ 1, assume that the losses are i.i.d. and bounded ℓg,ha,k ∈ [0, 1] and that

each task satisfies the (B, 1)-Bernstein condition. For any 0 ≤ ϵ+ ϵ′ ≤ ∆G
4

and ϵ, ϵ′ ≥
0, under the above conditions and with probability 1−K|G||H|

(
2 exp

(
−2n (ϵ′)2

)
+ exp

(
−nϵ

2B+ 2
3

))
,

Algorithm 5 has a pseudo-regret bound of

RK ≤ O

(√
τ ∗ log (|G|) + log (|G|)

∆G − 4(ϵ+ ϵ′)
+

log
(
∆−1

G
)

∆G
+K|G| (B + 1) (ln (|H|) + ln lnn)

)
.

Proof. We decompose the lifelong regret into two pieces: the meta-level and the

within-task level. Our regret breakdown involves one intermediate step, which is to
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introduce the Eg∼Pk

[
E
[
ℓ
g,h∗,g

k
a,k

]]
term like in the following:

K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
E
[
ℓg,ha,k

]]]
−

K∑
k=1

n∑
a=1

E
[
ℓ
g∗,h∗,g∗

k
a,k

]
=

K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
E
[
ℓg,ha,k

]]]
−

K∑
k=1

n∑
a=1

E
[
ℓ
g∗,h∗,g∗

k
a,k

]
+

K∑
k=1

n∑
a=1

Eg∼Pk

[
E
[
ℓ
g,h∗,g

k
a,k

]]
−

K∑
k=1

n∑
a=1

Eg∼Pk

[
E
[
ℓ
g,h∗,g

k
a,k

]]
=

K∑
k=1

n∑
a=1

E
[
ℓ
g,h∗,g

k
a,k

]
−

K∑
k=1

n∑
a=1

ℓ
g∗,h∗,g∗

k
a,k︸ ︷︷ ︸

Meta regret

+
K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
ℓg,ha,k

]
− ℓ

g,h∗,g
k

a,k

]
︸ ︷︷ ︸

Within-task regret

.

The within-task regret focuses on the difference caused by the hypotheses for each

representation-task pairing,

K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
E
[
ℓg,ha,k − ℓ

g,h∗,g
k

a,k

]]]
. (5.2)

The meta regret compares the representations based on the losses from the best

hypothesis in expectation for each representation-task pair,

K∑
k=1

n∑
a=1

Eg∼Pk

[
E
[
ℓ
g,h∗,g

k
a,k

]]
−

K∑
k=1

n∑
a=1

E
[
ℓ
g∗,h∗,g∗

k
a,k

]
. (5.3)

We begin by establishing a bound on the meta regret (5.3). We use Lemma 4 and

Lemma 5, which allows us to extend the guarantees of Theorem 1 from the single-task

setting to the meta-level.

The extension to the meta-level setting is made possible by identifying a mapping

that aligns elements of the meta-level setting with their corresponding elements in

the single-task setting. With this mapping, the representations g ∈ G play the role of

the single task experts i ∈M and tasks k ∈ [K] correspond to the time steps t ∈ [T ].

The sub-optimality gap in the single task is denoted by ∆ and in the meta-level, we

denote it as ∆G. For the losses used in the update rules, we define the meta-level

losses as ℓ̃gk =
minh∈H

∑n
a=1 ℓ

g,h
a,k

n
for each task-representation pair and the single task

losses as ℓ̃i,t = ℓi,a + νi,a for each expert at that timestep.
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In the single-task setting, we have non-perturbed losses ℓi,t and the equivalent

in the meta-level would be Rg
k(h

∗,g
k ). Since we are using the ERM from the tasks,

we are not guaranteed to have the smallest loss in expectation for that task and

representation, so we will account for the amount of deviation away from the true

risk minimizer by using Lemma 4 to give a high-probability bound on the distance of

the risk of the ERM to the risk of the true risk minimizer

|Rg
k(ĥ

g
k)−Rg

k(h
∗,g
k )| ≤ ϵ

and then using Lemma 5 to give a high-probability bound on the distance of the

empirical risk to the risk for both the ERM and the true risk minimizer

|Rg
k(ĥ

g
k)− R̂g

k(ĥ
g
k)| ≤ ϵ′.

This gives us a high-probability bound of the form

|R̂g
k(ĥ

g
k)−Rg

k(h
∗,g
k )| ≤ ϵ+ ϵ′.

This ϵ+ ϵ′ is the corresponding noise ϵST in the single-task setting.

We take a union bound of Lemma 4 and Lemma 5 for all task and representation

pairs. For Lemma 4, this gives us

Pr

(
∃k ∈ [K] , ∃g ∈ G : argmin

hg
a,k∈H

R̂(hg
a,k) ∈ H>ϵ

)
≤

K∑
k=1

∑
g∈|G|

Pr

(
argmin

h∈H
R̂(hg

a,k) ∈ H>ϵ

)

≤ K|G||H>ϵ| exp
(
−nϵ

2B + 2
3

)
≤ K|G||H| exp

(
−nϵ

2B + 2
3

)
.

For Lemma 5, this union bound gives us

Pr
(
∃k ∈ [K] ,∃g ∈ G : |R(hg

a,k)− R̂(hg
a,k)| ≥ ϵ′

)
≤

K∑
k=1

∑
g∈|G|

Pr
(
|R(hg

a,k)− R̂(hg
a,k)| ≥ ϵ′

)
≤ K|G||H|2 exp

(
−2n (ϵ′)

2
)
.
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Now that we have our ERM for every representation and task pairing in the

within-ϵ set and, moreover, at the end of the task, all hypotheses will have their risk

close to their true risk. We can view the risk of the ERMs as the perturbed losses of

Theorem 1.

For all tasks k = 1, ..., K and with a probability of 1−K|G||H|
(
2 exp

(
−2n (ϵ′)2

)
+ exp

(
−nϵ

2B+ 2
3

))
,

we get a pseudo-regret bound for the meta-regret of

K∑
k=1

n∑
a=1

Eg∼Pk

[
E
[
ℓ
g,h∗,g

k
a,k

]]
−

K∑
k=1

n∑
a=1

E
[
ℓ
g∗,h∗,g∗

k
a,k

]
= n

(
K∑
k=1

Eg∼Pk

E
∑n

a=1 ℓ
g,h∗,g

k
a,k

n


−

K∑
k=1

E

∑n
a=1 ℓ

g∗,h∗,g∗
k

a,k

n

)

≤ O

(√
τ ∗ log (|G|) + log (|G|)

∆G − 4(ϵ+ ϵ′)
+

log
(
∆−1

G
)

∆G

)
.

Now we bound the within-task regret (5.2).

The pseudo-regret bound that we acquire from Squint is from Theorem 3 of Koolen

et al. [2016]. That theorem states that in any stochastic setting that satisfies the

(B, κ)-Bernstein condition, Squint achieves fast rates in expected regret in the order

of

R ≤ E [R] ≤ (1 + 4B)

(
Fn

4

) 1
2−κ

n
1−κ
2−κ + (5− κ)Fn,

where Fn = O
(
− ln(πh∗,g

k ) + ln lnn
)
and π = (π1, π2, ..., ) is the prior probability

mass function.

If we take κ = 1 and assume that the prior over the experts is the uniform distribu-

tion, then the Squint pseudo regret is of orderO (B (ln(|H|) + ln lnn) + ln(|H|) + ln lnn).

Now that we have bound both the meta-level regret (5.3) and the within-task

regret (5.2), we can add them together and get the complete regret for Algorithm 5.

With probability of 1−K|G||H|
(
2 exp

(
−2n (ϵ′)2

)
+ exp

(
−nϵ

2B+ 2
3

))
, the complete life-
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long learning regret for the SCA setting and each task satisfying the (B, 1)-Bernstein

condition is

RK ≤O
(√

τ ∗ log (|G|) + log (|G|)
∆G − 4(ϵ+ ϵ′)

+
log
(
∆−1

G
)

∆G

+K|G| (B + 1) (ln (|H|) + ln lnn)
)
.

Theorem 3. Assume the losses in the within-task level are bounded ℓg,ha,k ∈ [0, 1]. The

conditional expected regret of Algorithm 5 in the fully adversarial setting is

RK ≤ O
(
n
√
K log (|G|) +K

(√
Vn (ln(|H|) + ln lnn) + ln(|H|) + ln lnn

))
.

Proof. We will decompose the conditional expected regret into two pieces by intro-

ducing a intermediate term
∑K

k=1 Eg∼Pk

[
minh∈H

∑n
a=1 ℓ

g,h
a,k

]
, which gives us

K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
−min

g∈G

K∑
k=1

min
h∈H

n∑
a=1

ℓg,ha,k =
K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
−min

g∈G

K∑
k=1

min
h∈H

n∑
a=1

ℓg,ha,k +
K∑
k=1

Eg∼Pk

[
min
h∈H

n∑
a=1

ℓg,ha,k

]
−

K∑
k=1

Eg∼Pk

[
min
h∈H

n∑
a=1

ℓg,ha,k

]

=
K∑
k=1

Eg∼Pk

[
min
h∈H

n∑
a=1

ℓg,ha,k

]
−min

g∈G

K∑
k=1

min
h∈H

n∑
a=1

ℓg,ha,k︸ ︷︷ ︸
Meta regret

+
K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
−

K∑
k=1

Eg∼Pk

[
min
h∈H

n∑
a=1

ℓg,ha,k

]
︸ ︷︷ ︸

Within-task regret

. (5.4)

Firstly, we bound the meta-regret portion of (5.4). Since we use the empirical risk

of the ERM of each representation-task pairing as our losses in the meta level, we

will rewrite the meta-regret in terms of empirical risk

K∑
k=1

Eg∼Pk

[
min
h∈H

n∑
a=1

ℓg,ha,k

]
−min

g∈G

K∑
k=1

min
h∈H

n∑
a=1

ℓg,ha,k = n

(
K∑
k=1

Eg∼Pk

[
R̂g

k

(
ĥg
k

)]
−min

g∈G

K∑
k=1

R̂g
k

(
ĥg
k

))
.
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We can bound the expression above with the adversarial guarantee of Decreasing

Hedge [Mourtada and Gäıffas, 2019]

n

(
K∑
k=1

Eg∼Pk

[
R̂g

k(ĥ
g
k)
]
−min

g∈G

K∑
k=1

R̂g
k(ĥ

g
k)

)
≤ n

√
K log (|G|).

We bound the second part of (5.4) to get the within-task regret. This is Squint’s

regret in the adversarial setting (Koolen et al. [2016] [Theorem 3])

K∑
k=1

n∑
a=1

Eg∼Pk

[
Eh∼Mg

a,k

[
ℓg,ha,k

]]
−

K∑
k=1

Eg∼Pk

[
min
h∈H

n∑
a=1

ℓg,ha,k

]
≤ K

(√
VnFn + Fn

)
,

where Fn = O
(
− ln( 1

|H|) + ln lnn
)
.

Now that we have both pieces of our regret decomposition bounded, we combine them

to get our full lifelong learning regret in the adversarial setting,

RT ≤ O
(
n
√

K log (|G|) +K
(√

Vn (ln(|H|) + ln lnn) + ln(|H|) + ln lnn
))

.
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Chapter 6

Conclusion and Future Work

In this thesis, we presented the SCA assumption in both the single task setting and

the lifelong learning setting. Under the SCA assumption in the single task setting,

we proved a pseudo-regret bound for Decreasing Hedge with perturbed losses that

accumulates worst-case regret only until the algorithm passes timestep τ ∗. After

the algorithm passes timestep τ ∗, Decreasing Hedge only picks up a constant (in T )

amount of additional regret.

In the lifelong setting, we introduced a lifelong learning algorithm (Algorithm 5)

with best-of-both-world regret guarantees. Since Algorithm 5 uses the empirical risk

of the ERM of each representation-task pairing (g, k) to update the meta-level at the

end of each task, we created a mapping between the single task setting with perturbed

losses and this lifelong learning setting. This mapping bounded the probability that

for every representation-task pairing (g, k), the empirical risk of the ERM is (ϵ+ ϵ
′
)-

within the true risk of the true risk minimizer, since the true risk of the true risk

minimizer is the meta-level equivalent of the non-perturbed losses in the single task

setting.

Algorithm 5 uses a delayed-update procedure, where the meta-level is updated

only at the end of each task. Wu et al. [2019] and Wu et al. [2021] instead use algo-

rithms that update the meta-level at every timestep in order to reduce the number of

tasks needed to achieve small regret. Incorporating a more frequent update procedure

would be a promising direction for future work.

Another direction for future work is to reduce the computational complexity aris-
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ing from running |G| number of copies of the within-task algorithm for each task.

Dictionary learning could be used to reduce the dependency on the number of rep-

resentations. Alquier et al. [2017] used dictionary learning at the meta-level to deal

with the case of infinite representations. Another approach could be to use bandit-

feedback. Wu et al. [2019] proved regret bounds for the stochastic bandit setting and

the adversarial bandit setting, although with different algorithms for each setting.

The cost of using bandit-feedback would be an increase to the regret.
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