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We use the principles of non-equilibrium thermodynamics to rigorously formulate the
transport equations for granular systems consisting of oriented particles. The state
variables are taken to be the density, velocity, thermal temperature, granular temperature
(particles agitation) and the orientation tensor. The evolution of the state variables
is governed by the associated balance laws in terms of fluxes. The contributions of
the granular agitation energy and orientation to entropy are introduced into the Gibbs
equation. The balance of entropy is used to identify the entropy production as the
product of thermodynamics forces and fluxes. Using classical linear non-equilibrium
thermodynamics the fluxes are considered to be linear in the thermodynamic forces.
The Onsager—Casimir reciprocal relations and the representation theorem of isotropic
tensors provide further restrictions that simplify the formulation. The non-negative
entropy production requirement is satisfied by restricting the matrix of phenomenological
coefficients to be positive semidefinite. Similarly the boundary conditions are constructed.
The transport coefficients are then determined by comparison with available results from
the granular kinetic theory of spherical particles and other available results for oriented
particles. It is shown that not only these results are well captured, but also the formulation
provides a framework for further generalization. The significant contribution of this work
is the rigorous formulation of a physically admissible generalization to granular gases of
oriented particles which reveals the role of the orientation in the transport equations and
identifies couplings that might otherwise be omitted.

Key words: dry granular material, rheology

1. Introduction

Granular materials are assemblies of solid particles that interact through inelastic
collisions and contacts. The thermodynamic responses of granular materials have wide-
ranging applications due to their ubiquity in industry and nature, where the vast majority
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Figure 1. A granular gas of oriented particles depicting the density, velocity, thermodynamic temperature,
particle agitations and orientations.

consist of non-spherical particles. In industrial settings the efficient, accurate and safe
transportation, sorting and storing of granular materials are required. Also, all naturally
occurring granular flows (landslides, avalanches and bedload sediment) are composed of
non-spherical particles (sand particles, rocks or pebbles) where the prediction, prevention
and control of such flows are critical. Beyond natural and industrial relevance, granular
physics present a fascinating scientific challenge since it can exhibit complex responses
that can span from solids to gases that are governed by the microscopic interactions.
Therefore, the development of reliable granular thermodynamic models is essential.

Extensive research has been devoted to granular thermodynamics, ranging from gas
phase (Haff 1983; Mehta 2007), fluid phase (MiDi 2004; Jop, Forterre & Pouliquen
2006; Sun & Sundaresan 2011) to quasistatic solid phase (Alonso-Marroquin & Herrmann
2004; Garcia-Rojo et al. 2005). However, most existing studies neglect the additional
complexities introduced by the shape and orientation of non-spherical particles. For
instance, the kinetic theory of granular gases, where the interaction between particles is
built around binary collisions between hard spherical particles (Jenkins & Savage 1983;
Jenkins & Berzi 2010), does not account for the distinct responses arising from the shape-
and orientation-dependent collisions between particles.

Depicted in figure 1 is a granular gas consisting of identical oriented particles and
their relevant physical quantities. The figure highlights these quantities, including density
(showing regions of low and high density), velocity (arrows indicating velocity magnitude
and direction) and thermodynamic temperature (showing cold and hot particles), which
are standard quantities not unique to granular gases. For granular gases, the particle
agitation including both translational and rotational motions (showing low and high
particle agitation) is an additional physical quantity. The intensity of the agitations is
represented by a scalar quantity named granular temperature or velocity fluctuations. The
associated kinetic energy is an additional form of internal energy named granular energy
or kinetic energy fluctuations. In addition, for granular systems of oriented particles, the
orientation quantity represented by the orientation tensor, is the statistical distribution

1032 A23-2


https://doi.org/10.1017/jfm.2026.11359

https://doi.org/10.1017/jfm.2026.11359 Published online by Cambridge University Press

Journal of Fluid Mechanics

of particle orientations, ranging from isotropic to aligned configurations, as shown in
figure 1.

The physical behaviour of granular systems with densities below the critical density, i.e.
no long-term contacts between particles are established, is governed solely by particle
interactions through collisions, and such systems are therefore referred to as granular
gases. The frequency of the collisions is proportional to the granular agitation, that is,
the granular temperature. The macroscopic behaviour of granular gases is directly related
to the microscopic interactions between the particles, which involve multiple aspects.
During a collision, particles exchange momentum, thermal energy and granular energy.
For inelastic collisions, part of the granular energy is also transferred into thermal energy.
For oriented particles, these interactions are affected by the shape and orientations of
the particles. Consequently, collisions also lead to an exchange of orientation between
particles.

In granular gases, the particles’ thermal energy is typically not explicitly considered.
While the dissipation, which is the rate of transfer of granular energy into thermal energy
due to inelastic interactions, is explicitly considered in the balance of granular energy, the
balance of thermal energy is typically ignored since the duration of collisions is too short
to exchange thermal energy. However, this exchange of thermal energy cannot be neglected
for dense granular systems where long-term contacts are established.

In the following, we are interested in the macroscopic behaviour of granular gases
rather than the microscopic discrete behaviour. We adopt a continuum approach where
the discrete properties of the particles are replaced by continuum fields. However, the
continuum description is motivated by the underlying interactions between particles.

It is well known that the state of particle agitations, quantified by the granular
temperature, substantially influences the macroscopic response of granular gases and it is
an essential component in formulating the governing equations of such granular systems
(Jenkins & Savage 1983; Jenkins & Richman 1985; Garz6 & Dufty 1999; Goldhirsch 2003,
2008; Jenkins & Berzi 2012). Its significant role in granular systems of oriented particles
is also reported in Berzi et al. (2016, 2017) and Pol, Artoni & Richard (2023).

Here, we consider a system of particles with identical shape and size. Oriented particles
are particles with sufficient symmetry, such as cylinders, disks, rice, lentils and similar
shapes. A particle’s orientation is identified by an axis vector +k;, where the difference
between +k; and —k; is not detectable. Then, an oriented particle is defined as a particle
whose orientation can be fully characterized by the dyad k;k;, thereby removing the
arbitrariness associated with the sign of =£k;. Particles such as cones and pyramids are
not sufficiently symmetric, since there is a detectable difference between +k; and —k;,
making their orientation more complex, hence, the dyad k;k; may not be sufficient to
represent their orientation.

It is recognized that the shape and orientation of particles play a significant role in the
response of granular systems consisting of oriented particles. It is observed that orientation
is strongly affected by the flow which is coupled to the rheological properties that are
governed by the orientation (Berzi et al. 2016; Nagy et al. 2017; Nadler, Guillard &
Einav 2018; Trulsson 2018; Pol et al. 2023) using discrete numerical simulations. These
observations are also supported by experiments using advanced experimental techniques
that provide important insights into the flow, orientation and rheology. Image processing
and X-ray tomography were applied to measure more complex flows, such as split-bottom,
silo, hopper, down incline, bottlenecks and confined cylindrical domain (Stannarius et al.
2013; Borzsonyi et al. 2016; Guillard, Marks & Einav 2017; Parisi et al. 2018; Hidalgo
et al. 2018; Pol et al. 2022) clearly identifying a strong coupling between the orientation
and the flow. Studying inhomogeneous problems (Hidalgo et al. 2018; Pol et al. 2022;
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Berzi, Vescovi & Nadler 2025) revels the properties of orientation flux and orientation
boundary conditions (Amereh & Nadler 2022; Berzi et al. 2025).

There are many similarities between liquid crystals (Gennes & Prost 1993) and oriented
granular materials, particularly the treatment to the directionality. However, the underlying
physics of the two systems is fundamentally different. In granular materials, interactions
through collisions play a central role, while electromagnetic interactions that are essential
in liquid crystals are absent.

In (Leslie 1968) liquid crystal are taken as micropolar fluids (Ericksen 1961; Leslie
1966) where a director is identified with the preferred direction of the molecules. They
can be treated as anisotropic fluids (Hand 1962) with a symmetric second order-structural
tensor that can represent a more general orientation than a single director. The structural
state variable A; used here is equivalent to the Q-tensor appearing in the free energy
density of liquid crystals (De Gennes 1969; Mottram & Newton 2014).

We adopt the view of Truesdell & Noll (1965): ‘Of course, physical theory must be based
on experience, but experiment comes after, rather than before, theory. Without theoretical
concepts one would neither know what experiments to perform nor be able to interpret
their outcome’. This statement refers to phenomenological continuum approach which is
the direction we pursue in this work.

Therefore, before we consider the available data from discrete simulations and
experiments, we must first establish the theoretical framework for granular gases of
oriented particles. To this end, we use the principles of non-equilibrium thermodynamics
(De Groot & Mazur 1962) to rigorously formulate a general framework for such systems.
Only then, the framework is invigorated by determining the transport coefficients of
granular systems of oriented particles using the available data. It should be noted that even
the granular kinetic theory (Jenkins & Savage 1983; Jenkins & Richman 1985; Garz6 &
Dufty 1999; Soto 2004; Jenkins & Berzi 2012), which provides very important results
for spherical particles, must be phenomenologically adjusted to obtain good agreement
with discrete simulations and experiments of realistic granular systems. Furthermore, for
oriented particles due to the additional complexity, the phenomenological approach cannot
be avoided.

Non-equilibrium thermodynamics (De Groot & Mazur 1962) is a continuum approach
that systematically formulate the theory in terms of transport equations, in balance law
form, and phenomenological transport coefficients. The first step is to choose the state
variables which are the relevant continuum quantities describing the state of the system.
For simple gas, these are typically the mass density, velocity and thermal temperature
(Struchtrup 2024). For granular gases the granular temperature is an additional state
variable (Garz6 & Dufty 1999; Jenkins & Berzi 2012). For granular gases consisting of
identical spherical particles, the mass density, velocity, thermal temperature and granular
temperature are sufficient to describe the state of the system. For granular gases consisting
of identical oriented particles, the orientation tensor (Nadler et al. 2018) is an additional
state variable.

The conservation laws for mass and linear momentum describe the evolution for the
density and velocity fields (De Groot & Mazur 1962). The balance of internal energy
is decomposed into the balance of thermal energy and the balance of granular energy,
where energy exchange occurs through inelastic interaction between particles. For oriented
particles, the balance of the orientation tensor is postulated. The conservation and balance
laws include non-convective fluxes and productions for which constitutive relations must
be determined to close the system of equations.

The challenging task of formulating these constitutive laws is done systematically in
non-equilibrium thermodynamics (De Groot & Mazur 1962) by considering the balance
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of entropy and the second law of thermodynamics. The formulation of the fluxes and
productions must satisfy the second law of thermodynamics as well as the objectivity
requirement (Truesdell & Noll 1965). A careful consideration of the balance of entropy
and the Gibbs equation (Miiller 1985) provides the expression for the entropy flux and
production. For granular gases of oriented particles, the Gibbs equation is extended
to include the contributions of the granular energy and orientation to entropy. The
entropy production, which appears as the product of thermodynamical forces and fluxes,
allows us to identify the thermodynamical forces, i.e. the deviations from equilibrium,
and the associated fluxes that drive the system towards equilibrium. Since the second
law of thermodynamics requires that the entropy production must be non-negative and
vanish at equilibrium, phenomenological relationships for the fluxes in terms of the
thermodynamical forces are established.

The formulation becomes systematic using classical linear non-equilibrium thermody-
namics (De Groot & Mazur 1962; Struchtrup 2024) where the fluxes are considered to be
linear in the thermodynamic forces. The Onsager—Casimir reciprocal relations (Onsager
1931a,b; Casimir 1945) provide further restrictions that simplify the formulation. Finally,
constitutive laws for the fluxes using the representation theorems (Wang 1969) that satisfy
the second law of thermodynamics are formulated in terms of the phenomenological
transport coefficients that can be a function of the state variables.

Only now when the theoretical framework, which is derived from basic physical
principles, is established, it is ready to correlate with available results and experimental
data from physical experiments or discrete microscopic simulations. This approach
provides guidelines to what is required, allowed and, even more important, what is not
allowed, when formulating constitutive laws for granular gases of oriented particles. Next,
the phenomenological transport coefficients are determined to obtain satisfying agreement
with results from the granular kinetic theory and experimental data.

Finally, the closed set of transport equations can be applied to solve initial-boundary
valued problems typically using numerical methods to solve the resulting system of partial
deferential equations. However, solving relevant initial-boundary value problems is left to
future work as it is not the focus of this work.

The outline of the paper is as follows: § 2 defines the state variables and formulates
the associated conservation laws, balance laws and the second law of thermodynamics.
The constitutive laws are presented in § 3. In § 4 the initial and boundary conditions are
formulated. Applications to granular systems of oriented particles and comparison with
results available in the literature are presented in §5. Section 6 is a summary of the
governing equations. Finally, conclusions are presented in § 7.

Throughout the paper, we use index notation to represent tensors. Scalars (tensors of
order zero) have no indices, vectors (tensors of order zero) have one index, second-order
tensors have two indices, etc. Symmetric pairs of indices are denoted by parentheses, (),
antisymmetric pairs of indices by brackets [], and symmetric and traceless pairs of indices
by angle brackets (), so that, e.g.

—

lIll'(jklm)n = E (lpijklmn + lI/imkljn), (L.
1

il jkimn = 5 (‘Ifijkzmn - imkzjn), (1.2)
1 1

Yi(jkimn = B (‘I’z‘jklmn + lJ’imkzj'n) 3 ipkipnSjm (1.3)

where the summation convention, a summation over the range of an index that appears
twice in a term, is implied unless otherwise indicated. Also, nested brackets are evaluated
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from the inside outwards. The concise notation for powers of second-order tensors

Aj = Ai Ay, A= AitAimAnj (1.4)
is used. The common notation
0Y;
Y, i = — 1.5
N o (L.5)

for spatial partial derivatives is used.

2. State variables, conservation law, balance laws and the second law of
thermodynamics

It is sufficient for a system consisting of a single isotropic material to take the density p,
velocity v; and thermodynamic temperature 6 as the state variables to fully describe the
state of the system (De Groot & Mazur 1962; Struchtrup 2024). For granular systems of
oriented particles, we must extend the state variables to include the granular temperature
T and the orientation tensor A;;, both of which are essential to characterize the equilibrium
and non-equilibrium states (Vescovi, Nadler & Berzi 2024).

The evolutions of the state variables

{p,vi,0,T, Ay} 2.1)

are governed by the conservation of mass and momentum, and the balance laws for the
thermal energy, granular energy and the orientation, which are discussed next.

2.1. Balance laws of oriented granular gases
A balance law is a partial differential equation that has the general form

ol +vii=r, (2.2)

where I is a state variable, I' =9I /0t + v;I",; denotes the material time derivative, y;
is the non-convective flux of I" and f is the production. If the production F vanishes
identically for all processes it is a conservation law rather than a balance law.

2.1.1. Conservation of mass and linear momentum

The governing equations of the evolution for the density, p, and the velocity, v;, are the
standard (De Groot & Mazur 1962; Struchtrup 2024) conservation laws for mass and linear
momentum

P+ pv =0, (2.3)
pv;i +ti1 =0, (2.4)

where #;; is the symmetric pressure tensor, satisfying the balance of angular momentum.

2.1.2. Balance of internal energy

The specific internal energy, E = u + U, is decomposed to thermal energy, u, and granular
energy, U. The thermal energy is the internal energy of the solid particles taking the
standard form

u=cyb, (2.5)
1032 A23-6
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where ¢, is the specific heat. The granular energy, U, represents the kinetic energy
associated with the particle velocity fluctuations
U > T 2.6

- 2 ) ( * )
where the coefficient (5/2), as opposed to the classical (3/2), used for spherical particles,
captures the contributions of the five active degrees of freedom (three translational and
two rotational) using the equipartition principle that energy is shared equally between all
degrees of freedom, similarly to diatomic gases (Nagnibeda & Kustova 2009). The rotation
about the particle’s symmetry axis is considered negligible, as it is activated primarily by
surface friction rather than by collisions.

We take the granular temperature as a scalar quantity that characterizes the overall
magnitude of the granular energy that includes the translational and rotational fluctuations.
This is justified by the argument that, for oriented particles, both types of fluctuations
contribute to interparticle collisions and energy exchange. This contrasts with spherical
particles, for which only translational velocity fluctuations lead to collisions.

Also, the solid particles are taken to be rigid, and thus deformation energy is neglected.
The thermodynamic temperature, 6, (hereafter referred to as ‘temperature’), and the
granular temperature, T, are expressed in energy unit for convenience, i.e. with dimensions
of velocity squared, (length/ time)z, hence the specific heat, ¢, is dimensionless.

In non-equilibrium states, thermal and granular energies are transported through their
respective fluxes, driving the system towards equilibrium. Additionally, energy exchange
occurs between granular and thermal modes due to inelastic interactions between particles,
as well as through internal mechanical power.

The balance of thermal energy and granular energy are

pu+q=r, 2.7)

oU + Q11 = —r — tinv(i.m), 2.8)

where ¢; is the thermal heat flux,  denotes the rate of energy exchange from granular
to thermal energy due to inelastic particle interactions, Q; is the granular heat flux and
tmV(,m) 1s the internal mechanical power.

2.1.3. Balance of orientation
The statistical microscopic distribution of particle orientations (Hand 1962; De Gennes
1969; Mottram & Newton 2014; Nadler et al. 2018) is represented by a second-order tensor

1
Aj= ?gz f ()kikjda — 255, 2.9)
N

where A; is a symmetric traceless second-order tensor, s? denotes a unit sphere, f (k)
is the probability density function in the direction k with fqyz f(k)da =1, and k; are the
components of the axis vector k. The orientation tensor represents the deviation from
a uniform (isotropic) distribution, f (k)= 4r) '~ A;j =0, which is taken to be the
equilibrium state. The limit state away from the equilibrium occurs when all particles
align in a single direction, say k°, such that fk)=56(k — ko) = A= k?k? —1/368;,
in which case the eigenvalues are {2/3, —1/3, —1/3}. It follows that the eigenvalues of
Aj; are bounded by [—1/3,2/3]. The linear invariant of the orientation tensor vanishes
identically, A;; =0, and the two nonlinear invariants (Wang 1969) can be defined as

i1 =3/2A7, i2=9/24;, (2.10)
1032 A23-7
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which are scaled such that they vanish at isotropic distribution and attain the maximum
value of one under perfect alignment with i1 € [0, 1] and i» € [—1/8, 1].
The balance of orientation is given by

PAjj+ G = Py, (2.11)

where A; = A[j + Ajivy,j) — vii,n Ay is the objective Jaumann—Zaremba material time
derivative (Noll 1968), G is the non-convective orientation flux and P is the orientation
production. The orientation flux G and the orientation production P; are constrained to
ensure that the eigenvalues of the orientation tensor remain within their bounds.

These constraints can be formulated in terms of the eigenvalues using the spectral
representation of the orientation tensor

=1

where {A!} are the eigenvalues and {uf} are the associated orthonormal eigenvectors such

that u;ul’ = §;;. The eigenvalues have the properties 21321 Al=0and A’ € [—1/3,2/3].
The evolution of an eigenvalue is then expressed by

pA" = (Pin = Ginn,n) ujity,, (2.13)

with no summation over the superscript i. The restriction requires that when an eigenvalue
reaches its minimum value —1/3, its time derivative is non-negative, or equivalently, when
an eigenvalue reaches its maximum value 2/3, its time derivative is non-positive. This can
be formulated as
i i
[ Pt G,,,,,mulum]Ai:_l/3 >0. (2.14)
Since the orientation flux and production are independent, each term must satisfy the
restriction, individually

| P 0, (2.15)

| .=
Al=—1/3
Gl ity | <0. 2.16
[ Imn,nUWjlU, Aie1/3 X ( )

These constraints must be considered when constructing the constitutive laws from the
orientation flux, G;j and production P;.

Equations (2.3)—(2.11) form the governing system of equations for the evolution of the
state variables. To close the system, constitutive laws for the fluxes and productions must
be developed. For this, we apply the principles of linear irreversible thermodynamics.

2.2. Entropy of oriented granular gas

The collisions between particles leads to exchange of momentum and energy resulting
a collective behaviour of the granular system which is described by few macroscopic
quantities. Such a collective behaviour is entropic as it is driven by processes that
maximize the entropy.

The fluxes, which depend on the system and the non-equilibrium state, must be provided
for closure of the balance laws. We use the term ‘flux’ broadly to refer to any quantity
that drives the system towards equilibrium including the standard fluxes {g;, Q;, ;j, Gjx}
and productions {r, P;}. The second law of thermodynamics states that entropy can only
be created, ensuring directionality of irreversible processes. We introduce the balance of

1032 A23-8
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entropy
ps+¢ =% >0, (2.17)

where s is the specific entropy, ¢; is the entropy flux and X' is the non-negative entropy
production.

The processes considered here are such that local interaction between particles through
collisions are sufficiently frequent that local equilibrium is obtained at much shorter time
scales than global equilibrium. It follows that it is required that collisions are weakly
inelastic, that is, small deviations from elastic collisions. Hence, we assume a separation
of time scales such that processes are in local equilibrium but in global non-equilibrium.
The global non-equilibrium state must be maintained by external excitation.

Entropy is an additive quantity, such that at local equilibrium the differential form of
the Gibbs equation is universal in the sense that it holds without specifying the equations
of state. The dependence of entropy on the variables is given through the Gibbs equation
(Struchtrup 2024), which we write for granular gases by extending the standard Gibbs
equation to include the additional granular contributions, granular energy and orientation,
to the entropy as

ds = —pdp/(Tp?) +du/8 +dU/T — cApy dApn. (2.18)

Here, p is the pressure and the last two terms are the additional granular contributions.
The last term accounts for the dependence of the entropy on the granular orientation,
which we propose to be quadratic in the orientational tensor A; similarly to the first term
equation (2) in De Gennes (1969). Indeed, entropy (2.18) must be concave and maximum
at equilibrium, where A;; =0, which required that ¢ > 0. Due to the chosen temperature
scale, the entropy is dimensionless, hence the parameter c is dimensionless as well, but it
could depend on the state variables. We emphasize that such state dependence is restricted
by the requirement that the Gibbs equation (2.18) be an exact differential, i.e. an entropy
function exists. In the present work, we consider constitutive choices for which these
integrability conditions are satisfied, a specific case of which is taking c to be constant.

Substitution of (2.3)—(2.11) into the Gibbs equation (2.18) yields

ps=(r—qi1)/0 — (r + Qui — thwam) /T — cAim(Pim — Gimn.n), (2.19)

where the viscous stress is defined as
tl; = pdjj — tjj. (2.20)

Constructing the divergence terms
q11/0 =(q1/0).1 —q(1/6) 1, (2.21)
Q11/T=(Q1/T); — 0i(1/T), (2.22)
AlmGlmn,n = (GlmnAlm),n - GlmnAlm,n» (2-23)

and substitution into (2.19) results in the entropy balance law of the form (2.17)
ps +(qi/0+ Qi/T — cAmGimi) ; = (1/6 = 1/T)r +qi(1/0) 1 + Qi(1/T),
+ 1 Vtmy/ T = ¢ Aim Pim — ¢ Aim nGimn,  (2.24)

from which we can identify the entropy flux and production.
By (2.24) the entropy flux is

$i=4qi/0+ Qi/T — cAmGimi, (2.25)
1032 A23-9
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with contributions related to thermal energy, granular energy and orientation fluxes. And
the entropy production is

S=(1/0—1/T)r +q(1/6) 1+ Qi(1/T) 1 + 11 0am)/ T = A Pim — cAzm,nGszz,6
(2.26)
which includes the standard entropy productions due to thermal heat flux and viscous
irreversibility (De Groot & Mazur 1962; Struchtrup 2024), as well as non-standard
contributions arising from granular-—thermal energy exchange, granular heat flux,
orientation production and orientation flux.
The second law of thermodynamics requires non-negative entropy production, X >
0, which is used in the next section to construct constitutive laws for the fluxes

{r.qi, Qi. 1, Py, Giu}.

3. Constitutive laws

Equation (2.26) expresses the entropy production as the sum of products of forces and
fluxes. The forces F, represent deviations from equilibrium and the fluxes J, drive the
system towards equilibrium, a state of maximum entropy. Hence, the non-negative entropy
production imposes the requirement that

=Y Fudu>0. 3.
o
From (2.26) the forces and fluxes are identified as
Fo=[1/6 —1/T,(1/6);, A/T) i, v j), —cAjj, —cAji]. (3.2)
Jo =1 ai, Qis 13/ T, Py, Gip], (3.3)

respectively. At equilibrium, all forces F, vanish, hence the associated fluxes 7, must also
vanish to preserve the equilibrium state. We follow the procedures of classical linear non-
equilibrium thermodynamics (De Groot & Mazur 1962; Struchtrup 2024) where fluxes are
linear functions of the forces with coefficients that depend on the local state. These linear
relations ensure preservation of equilibrium and can be constraint to satisfy non-negative
entropy production for all processes.

The linear relations are written as

Jou=Y_ LapFp. (3.4)
B

where Lgg is the matrix of phenomenological coefficients representing the constitutive
properties of the system. Since both forces and fluxes are Galilean-invariant (objective),
the matrix of phenomenological coefficients must also be Galilean-invariant, thus can only
depend on objective state variables

(0,6, T, Ay}, 3.5)

hence, excluding, v;, the velocity. These coefficients must be determined from microscopic
theories or from data obtained from microscopic simulations or physical experiments.
Substituting (3.4) into (3.1), the entropy production reads

=3 Fudu=)_ Y FaLapFp>0, (3.6)
o o B
which implies that Lyg must be a positive semidefinite matrix.

It should be noted that the Curie principle, stating that fluxes and forces of different
tensorial orders do not couple (De Groot & Mazur 1962), only holds for isotropic systems,
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and does not hold here due to the anisotropy property, A;, which introduces coupling
between tensors of different orders. Furthermore, the unusual dual role of Aj; as both a
state variable and a force introduces additional complexity.

Considering all possible couplings between tenors of different orders, the general form
of the phenomenological matrix is

- - 7 [ B 0 o B, B, 0 " 1/6—1/T 7
gi 0 G, ¢ 0 0 C, (1/6).
o | | o by by o0 0 D}, (1/T),
/T || EL 0 0 EL, El. Ebu V,m) ’
Pjj Fj 0 0 F;.lm Fl.j.lm F;;,mn —CAim
L Gk | 0 Hiy, Hi, Hpg. Hiww Hgn ] —CAimn

(3.7)
where the phenomenological coefficients are functions of the state variables (3.5). The
vanishing terms are due to the unavailability of a vector and a third-order tensor with the
required symmetry that could link the corresponding terms.

Additional simplification can be obtained by utilizing the Onsager—Casimir reciprocal
relations (Onsager 1931a,b; Casimir 1945) stating that macroscopic equations are invariant
under time reversal. Although the microscopic dynamics of granular gases are not time-
reversible due to inelastic collisions, the particles considered here correspond to small
deviations from elastic collisions. In this limit, it has been shown (Garz6 2019) that
reciprocal relations hold exactly for elastic collisions and remain a good approximation
for weakly inelastic systems. On this basis, their use is justified as an approximation, not
as a fundamental requirement. In what follows, the reciprocal relations are adopted as an
approximation that significantly simplifies the structure of the phenomenological transport
coefficients.

The reciprocity relationship (De Groot & Mazur 1962) implies that Lyg = Lgg, if Fy
and Fg exhibit the same transformation under time-reversal, otherwise Lo = —Lgq.
Specifically, by consideration of (3.2), only F4 = vy ;) transforms under time-reversal,
hence, Log = Lgy except Lyg = —Lao. Applying the reciprocal relations to (3.7) yields
the final from of the phenomenological coefficient matrix

-, 7 [ A o0 0o B, B, 0 S 16— 1T 7
ai 0 By By 0 0 Cliym (1/0).
Qi | | 0 By By 0 0 Clum (/7).
/T =By 0 0 G, —Cihii Dl V(m) ’
Py B 0 0 Ch, C. Dl —cAim
Gije |0 Cllijk Cijz'kl _Di}klm ,Dii'klm Eijkimn | L —CAim.n

(3.8)
since the velocity gradient, v; ;, and the viscous stress, tg , are the only force and flux,
respectively, that reverse under time reversal.

For isotropic gases the phenomenological coefficients are constructed from the
Kronecker delta, §;;, and the Levi-Civita symbol, €;;, and can only depend on the objective
scalar quantities {p, 6, T}, which significantly simplifies the mathematical structure.
However, the presence of the orientation tensor, A;, introduces anisotropy that cannot
be neglected. This anisotropy yields directional dependency in all fluxes, that is, thermal,
granular, viscosity and orientation. It follows that the phenomenological coefficients are
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constructed from {§;;, €;;x, A;;} and, using the Cayley—Hamilton theorem, are functions of
objective scalar state variables {p, 0, T, i1, i>}, where i1 and i, are the two invariants of the
traceless orientational tensor, A;;. The explicit representations of the phenomenological
coefficients (3.8) up to second order in A; are given in Appendix A, which is not the most
general representation but sufficient for our purpose.

4. Initial and boundary conditions

Complete solutions of the transport equations require an appropriate set of initial and
boundary conditions. Initial conditions define the initial state of the system, that is, the
initial values of the state variable fields throughout the domain. Boundary conditions relate
the fluxes at the system’s boundaries to the properties of the boundaries and the state of
the system in direct contact with them.

To construct the boundary conditions, we start with the formulation of the balance laws
at a singular surface & with unit normal 7; and velocity v7, which separates bulk regions
of different properties denoted as + and —. Specifically, we denote the granular system by
+ and the boundary by —. The general form of a balance law across & is expressed as a
jump condition for a quantity I" given by (Miiller 1985)

[pl'v 4yl =F*, 4.1)

where [f]= fT — f~ denotes the jump of f across &, the superscript refers to the
limits at the singular surface in the direction of 7;, the relative velocity v; = v; — v} is
the velocity of the medium with respect to & which moves with v?, y; is the flux of the
property I", and F * is the production at &.

By specifying the general jump (4.1) for the variables in the balance laws, we find the
jump conditions for the conservation of mass (2.3) as

[ovln; =0, 4.2)
the conservation of linear momentum (2.4) as
[oviv + tilln; =0, (4.3)
the balance of thermal energy (2.7) as
Lout; + g/l =r*, (4.4)
the balance of granular and kinetic energy (2.8) as
[o(U + vuvm/2)0 + Q1 + tvp Iy = —r°, (4.5)
the balance of orientation (2.11) as
[A;v + Gyln =0 (4.6)

and the balance of entropy (2.17) as
Losvi+qi/0 + Q1/T — cApunGuumiIng = x>0, 4.7

where the properties of the boundary are indicated with overbar. The jump conditions for
energies (4.4) and (4.5) include the exchange granular energy to thermal energy, r°, across
&. The entropy jump condition (4.7) includes the non-negative production term X* .

The boundary is modelled as a singular surface, hence, the jump conditions (4.2), (4.3),
(4.4), (4.5) and (4.6) subject to the entropy condition (4.7), can be applied to formulate
the boundary conditions. For an impermeable wall, where v;n; = 0, the mass jump (4.2) is

1032 A23-12


https://doi.org/10.1017/jfm.2026.11359

https://doi.org/10.1017/jfm.2026.11359 Published online by Cambridge University Press

Journal of Fluid Mechanics

automatically satisfied. The remaining jump conditions reduce to

g = tjny, (4.8)

qiing = qig +1°, (4.9)

Qi) + tygumity = Quity + tygOmity — r°, (4.10)
Gy = Gyin. 4.11)

Substitution of these relations to eliminate the boundary fluxes {t_,-j, qi, 0i, (_?,-jk} in the
entropy jump (4.7) yields

> =qin(1/0 —1/0) +r°(1/6 — 1/T) + Qi;(1)T — 1/T)
+ tnilﬁl/fﬁ; + Gt c(Apn — Amn) 20, (4.12)

where (1/60 — 1 /9_)_ is the temperature jump, (1/7 — 1/T) is the granular temperature
jump and (A; — Aj;) is the orientation jump between the grains and the wall. The
tangential velocity jump, also called the tangential slip velocity, is v =v; — v; where
v/n; = 0. Interestingly, the term (1 /60 —1/T) does not represent a jump, but rather
indicates the difference between the thermal and granular temperatures at the wall,
governing the exchange of granular energy into thermal energy, denoted by r°. The fluxes
into the system include heat flux, ¢;n;, granular heat flux, Q;n;, linear momentum flux,
ti;, and orientation flux, G jn;.

The wall temperature, 0, is a well-defined property, but the granular temperature, T,
and the orientation, A;;, of the wall need to be defined. By considering the wall as
being constructed of the same type of particles as those in the system, the effective
granular temperature and orientation of the wall can be defined as those of the particles
composing it.

By the second law of thermodynamics, the non-negative entropy production across the
singular surface, given in (4.12), is the sum of products of boundary forces and fluxes

=) FaJi>0. (4.13)
o
From (4.12) , we identify the forces and fluxes as
Fa=[1/6-1/6,1/6 — /T, 1/T —1/T, 3}, c(A; — Ay)]. (4.14)
Ta = ani, r®, Quny, thny /T, Gy, (4.15)

respectively, where the forces vanish at equilibrium.

Since the boundary fluxes J; associated with irreversible processes (De Groot & Mazur
1962) must be proportional to the boundary forces, F,, they are taken as linear functions
of the boundary forces

Te= LTy, (4.16)
p

where Lzﬂ is the matrix of phenomenological coefficients that characterizes the
constitutive properties of the boundary interactions. To ensure non-negative entropy
production, consistent with (3.6), the matrix Lé 8 must be positive semidefinite. Invoking
the Onsager—Casimir reciprocity principle (Onsager 1931a,b; Casimir 1945), the force-flux
relations are
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i ] [ A A A H B[ 1/0-1/8]

re A A A W B 16— 1yT

Q| = A A A W B yr—-yT . (4.17)
thiy /T M M -HD OB Gim o

Gjjin L Bl-6j B; Blgj —Giji Ci?lm_ | Aim — Aim |

The phenomenological coefficients in L, s depend on the objective state variables of the

system {p, 6, T, A;;} and on the properties of the boundary {6, T,n;, Aij}. As such, the
phenomenological coefficients are constructed using (Wang 1969) the following additional
tensors {7;, A;;} and the additional objective scalar invariants

. - - . 2 - - . - . = . 2 =
i3 = ARy, i4 = ANy, 5 = ApmAm, i6 = AimAj,, i1= A}, Am,

- 2 12 . i == 2. 2= 3

ig = Ay, Ay 19 = Ay, 110 = Ajy, i1 = Ay, iy, i12 = Ay, (4.18)

where {i3, i4, i5, ig, i7, ig} are additional invariants of the orientation field at the boundary
and {iv, i10, i11, i12} are invariant properties of the boundary. Hence, the objective scalar
state variables and boundary properties are

{0,60,T,6,T,ii_12}. (4.19)

It is worth noting that the tacit consideration in taking the fluxes to be linear functions
of the forces in (4.17) is that the non-equilibrium state is a small deviation from the
equilibrium state, where, 0 ~0, T ~T and A;~ Aj, hence, the boundary properties
0, T, Aij} are typically not considered explicitly in the phenomenological coefficients
taken at equilibrium state. However, we do not make this assumption here, allowing the
formulation in (4.17) to be, potentially, applicable farther from equilibrium.

5. Applications to oriented granular gases

The general constitutive laws (3.8) are limited by taking the fluxes (3.3) to be linear
functions of the forces (3.2) but otherwise general functions of the objective state variables
(3.5). The phenomenological coefficients for the bulk and the boundaries as presented
in Appendices A and B involve a total of 292 transport coefficients to be determined.
Clearly, this level of generality, while theoretically comprehensive, is impractical for direct
application and is best regarded as a reference framework for future generalization of the
constitutive laws, if needed.

Next, we demonstrate that available results in the literature of granular materials
(Jenkins 2007; Vescovi et al. 2024; Berzi et al. 2025) are simplified cases of the general
framework developed here. To obtain a simpler and physically interpretable model,
we introduce significant simplifications by systematically neglecting what we consider
secondary effects. In particular, we eliminate most of the off-diagonal coupling terms in
the force-flux relations, retaining only the dominant contributions

-, 7 [A 0 0 0 0 0 r1/6—1/T
qi 0 B, 0 0 0 0 (1/60),
Q | | 0 0 B, O 0 0 (/7). 5.
T 0 0 0 ¢, —Chi 0 V(Lm) T
Py 0 0 0 Ch €3 O —cAm
LGkl Lo 0 0 0 0  Ejgmn L —CAmn
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and similarly for the boundaries

Qi A2 0 0 0 07[1/6—1/6]
re 0o A 0 0 o0 1/6 —1)T
Qg =0 0 A 0 0 ||1yT—1/T]|. (5.2)
thiy/T 0 0 0 B, 0 oF
Gjin (00 0 0 Ch| | Am—Am |

This simplification reduces the number of transport coefficients to 153, hence more
simplifications are required. Simplification is obtained by comparison with results
available in the literature for spherical and non-spherical particles to identify some of
the transport coefficients. In the absence of such results we propose simple generalization
by including dependency of the coefficients on the orientation.

The second law of thermodynamic requires that the tensors {A!, B;’m, Blsm,Ci';’.lm,

C;lm, Eijkimn) and (A2, A, B?m,Cglm} be positive semidefinite imposing constraints
4

on the transport coefficients, however, no such restriction applies to the tensor Clﬂm.
The phenomenological coefficients must depend on the objective scalar state variables
{p,0,T,iy,i2}, and at the boundaries they must also depend on the coupling invariants
{iz_¢} and on the boundary properties {0, T, i7_12}. In addition, the bounds of the
orientation tensor provide further restrictions, (2.15) and (2.16), on the admissible range
of the transport coefficients.

5.1. Determination of the transport coefficients of oriented granular gases

In this section the transport coefficients are determined by comparison with results
available in the literature for spherical and non-spherical particles (Soto 2004; Jenkins
2007; Vescovi et al. 2024), as well as by proposing simple extensions when such results
are not available. For granular gases, the relevant particle properties include geometry,
mass and the response to collisions. In the granular kinetic theory of spherical particles,
the key properties are {p,, d), e}, where p,, is the solid particle density, d), is the particle
diameter and e, is the coefficient of restitution. Collisions are elastic for e, = 1, inelastic
for e;, € [0, 1) and perfectly plastic for e, = 0. For oriented particles, the deviation from
spherical shape can be measured by the aspect ratio r, = (I —d)/(l 4+ d), where [ is the
length along the particle axis and d is the diameter. Hence, r), € [—1, 1], where ), > 0 are
prolate particles and r, < 0 are oblate particles. The equivalent particle diameter d), can
be defined as the diameter of a spherical particles of similar volume. It should be noted
that, in granular gases, elastic properties do not play any role as particle interactions are
dominated by collisions rather than long-term contacts. Similarly, the boundary property
ey is the coefficient of restitution between the particles and the boundary.

While an extensive body of work exists for spherical particles, studies addressing
oriented particles remain limited. By taking spherical particles as a special case, where
Ajj=0 and r, =0, our general formulation, incorporating the orientation, should reduce
to the established results for spherical particles while allowing generalization to oriented
particles. Motivated by findings from the granular kinetic theory for spherical particles,
where A;; =0, such as those presented in Jenkins (2007) and by recent extension to
oriented particles presented in Vescovi et al. (2024), we propose forms for some of the
phenomenological transport coefficients.
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For granular materials, it is convenient to define the dimensionless solid volume
fraction by

0=p/pp, (5.3)

as it plays an important role.

5.2. Transport coefficients of granular gases of oriented particles

The transport coefficients from granular gases of oriented particles (5.1) are proposed by
generalization of available results for the granular kinetic theory of spherical particles and
other available results for oriented particles. Finally, a summary of the system of transport
equations is provided in § 6.

5.2.1. Thermal and granular energies
The granular kinetic theory of spherical particles provides explicit expressions for the
transport coefficients associated with granular energy. However, the thermal transport
coefficients are not addressed explicitly since the thermal energy is considered to be much
smaller than the granular energy.

However, we retain an explicit consideration of the thermal energy in order to provide
a more general and self-consistent thermodynamic framework. This allows the theory to
be applied to situations where thermal effects, such as heat transfer, are relevant, and it
also permits the transport coefficients to depend on the thermal temperature, for example
through a temperature-dependent coefficient of restitution. In the limit where thermal
effects are negligible, the formulation naturally reduces to the commonly used granular
models.

The exchange of granular energy into thermal energy due to inelastic collisions (5.1) is

r=AY1/6 —1/T). (54

When taking 7 >> 6, which is relevant to most granular gases, and adopting a result from
the granular kinetic theory of spherical particles (Jenkins 2007), A;; = 0, it simplifies to

r=A‘(1/9)=%px\/ﬁ (5.5)
P

where x (o) is the radial distribution function given in Jenkins (2007). We propose a simple

generalization of (5.5) to oriented particles by introducing a scalar correction factor oy > 0

which depends on the orientation and aspect ratio as

24(1 —ep)
Jrd,

which satisfies the non-negative requirement. The precise form of o (i1, i2, ) remains

an open question for future investigation.
The granular heat flux (5.1) is given by

Qi =B(1/T),, (5.7)

Al = a1 (i1, ia, 7)) oxV T30, a1 >0,a1(0)=1, (5.6)

where the granular heat conductivity tensor B?j is taken to be linear in the orientation (A3)

B =bsdjj+ bsAj, bs >0, —3/2 < bs/bs <3. (5.8)
1032 A23-16
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We adopt a result from granular the kinetic theory of spherical particles (Jenkins 2007),
Ajj=0, as

4d
S p
Qi =B;(1/T), =ﬁprﬁT,,- (5.9)
where the functional form of M is given in Jenkins (2007). We propose a simple
generalization of (5.9) to oriented particles by introducing a scalar correction factor 85 > 0
which depends on the orientation and aspect ratio. It follows that

4d
bs = Bs(i1, iz, rp>7§pr¢ T3,85>0, B5(0) =1, (5.10)

where the explicit forms of B(iy, i2,7,) and 55 remain open questions for future
investigation.
Next, the thermal heat flux is given by

qi =B3(1/0),. (5.11)

Thermal heat conduction typically plays a minor role in granular gases, as 7' > 6, and it
is not addressed in the granular kinetic theory, hence, this phenomenological coefficient is
not available from granular gases. However, taking a linear dependence on the orientation
tensor (A3), the thermal heat conductivity is

Bj =b38;+b3Aj, b3 >0, =3/2 < b3 /b3 <3, (5.12)

where determining the transport coefficients b3 and b3 as functions of the objective scalar
state variables (3.5) requires further investigation.

The transport coefficients b3 and bs represent the anisotropy in the thermal and granular
heat conductivities, respectively, induced by the orientation tensor. While no qualitative or
quantitative data is currently available, it is intuitive that particle alignment can induce
anisotropic conductivities, i.e. positive values of these coefficients increase conductivity
along the alignment direction and reduce it perpendicular to the alignment. Conversely,
negative values of these coefficients reduce conductivity in the alignment direction and
increased conductivity perpendicular to it.

5.2.2. Stress and orientation production
The phenomenological coefficients in (5.1), which govern the coupled viscous stress and
orientation production, are fourth-order tensors. The viscous stress is given by

15/ T = CyV(im) + CipyijAm: (5.13)

and the orientation production is
Py =Cp0im) — €Cpl Al (5.14)
Following Vescovi et al. (2024), the forms of Cglm, C;}lm and Cglm are determined for

cylindrical particles and no further generalizations are proposed here.
The phenomenological coefficient Cgkl given in (AS) is expressed using five terms

C;lm =3, 8;i81m + €3,8(i(10m) j) + €3,8;jAim + C3, Aiibim + 3381 Am) j)» (5.15)

where the coefficients are related to three transport parameters {4, i, n} as
c3, =4/T,c3,=2u/T, ¢3, =—-2un/(3T), ¢3, = —2un/T, é3, =3un/T.  (5.16)
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Here, 4 and p are the bulk and shear viscosities, respectively, and n represents
the anisotropic effect of orientation on the shear viscosity. The positive semidefinite
requirement for C;kl is satisfied for

A=0,1>0,5el0, 1], (5.17)

hence, n represents the reduction in shear viscosity along the alignment direction. As
shown in Vescovi et al. (2024), for frictionless cylinders, n =1, and it decreases with
increasing surface roughness of the particles.

The bulk and shear viscosities are adopted from the granular kinetic theory of spherical
particles (Jenkins 2007)

4d,(1 +e p) T JT.
=0 = 5.18
WG n=3 fpx (5.18)

The pressure p is found to be independent of the orientation and aspect ratio and in
good agreement with the granular kinetic theory of spherical particles (Berzi et al. 2016),
and takes (Jenkins 2007) the form

p=pd+4)T. (5.19)

It is somewhat expected that pressure is independent of orientation due to its isotropic
nature.
It is important to note that the term Cclmz]Alm in (5.13) is neglected in Vescovi et al.

(2024) when considering steady-state shear flows. While further 1nvest1gat10n is needed,
it is expected that for sufficiently fast shear flow, where c3 V(i m) > cC? . Ajm, the stress
response is dominated by the term Cl mV(.m)- However, the role of the term cC* A
becomes important as v, ;) — 0, such as granular agitation in confined volumes.

We proceed by identifying the phenomenological coefficients C;}kl and Cgkl governing

ijlm Imij

Imij

the orientation production. In Vescovi et al. (2024), Cf}kl is expressed as a combination of
four terms (A6) involving a single transport coefficient

Citim = €48(i1m) j) + €4y AySim + Cay A(i1my j) + 4, A A, (5.20)
with the coefficients taken to be
Cq4 = 2/3p¢v 541 = _2/3p¢a 542 = 2p¢9 é4-1 = _210¢ (521)

It should be noted that the non-negative entropy production in (5.1) imposes no
restrictions on ¢ (rp), however, as argued in Nadler et al. (2018) and confirmed via discrete
simulations in Vescovi er al. (2024), ¢ (rp) € [—1, 1] and ¢ (—rp) = —(r)p).

The phenomenological coefficient C;lm is expressed (A7) using a single term and a
single transport coefficient

Coln = €581 18m) ) (5.22)

ijlm
where the positive semidefinite requirement of ccglm is satisfied for ¢5 > 0. Furthermore,
Vescovi et al. (2024) proposes the following form:

cs=v(0. rp)d, ' pVT, ¥(o,rp) 20, (5.23)

where ¥ (o, 7)) is of order one, and ¥ (0, —rp) = ¥ (0, rp).

It is shown in Amereh & Nadler (2023) that for (5.20), (5.21) and (5.22), the restriction
(2.15) is satisfied, where the coefficient ¢4, corresponding to the quadratic term in (5.20)
is essential to enforce orientation bounds in the case of highly aligned particles.
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5.2.3. Orientation flux
By (5.1) the orientation flux is

Gijk = _CgijklmnAlm,n- (5.24)

In the absence of meaningful data to guide the form of these coefficients, we adopt the
simplest form, where the orientation flux Gy is aligned with the orientation gradient and
depends on a single transport coefficient. By inspecting (A10), we retain only one term,
e3 = pk, leading to

c&ijktmn = PkS(i18myj)Skn, k > 0. (5.25)

More specifically, since transport coefficients in the granular kinetic theory (Jenkins
2007) are proportional to the collision frequency, we propose

sz(Q? il’i27rp)dpﬁ7lc>oa (526)

where k is proportional to /7, similar to (5.10) and (5.18). However, no explicit
form for the dimensionless coefficient k (o, i1, i2, rp) is currently available. The positive
semidefinite requirement of c&;jxim, is satisfied, and it is shown in Amereh & Nadler
(2023) that also (2.16) is fulfilled.

5.3. Boundary conditions of oriented granular gases

The boundary conditions for granular gases of oriented particles (5.2) are proposed
by generalizing results from the granular kinetic theory of spherical particles, when
available, to describe the exchange of granular energy into thermal energy due to inelastic
interactions with the boundary, granular heat flux, thermal heat flux, momentum flux and
orientation flux from the boundary.

5.3.1. Boundary energy exchange and heat fluxes
The exchange of granular energy into thermal energy due to interactions with the boundary
(5.2) is given by

r®=A(1/60 —1/T), (5.27)

where the non-negative requirement is satisfied for A% > 0. Equation (5.27) indicates that
due to the interaction of the particles with the wall, when T > 0 granular energy transfers
to thermal energy, when 6 > T thermal energy transfers to granular energy, and when
0 =T the transfer between granular energy to thermal energy vanishes. In the relevant
limit where T > 6, a result from (Jenkins 2007) the granular kinetic theory of spherical
particles, A;; =0, is

rszAS(l/Q_):‘/Z/n(l—ew)p(1+4x)\/ﬁ, (5.28)

where ey, is the coefficient of restitution between a particle and the wall. We generalized
it to oriented particles by multiplication with a correction factor that accounts for the
orientation and aspect ratio yielding

A5 = as(i1_g, rp)y/2/m (1 — ew)p(1 +4x)VT30, a5 > 0, as(0) = 1. (5.29)

The form of a5(i1—g, ) is an open question that requires further investigation.
The granular heat flux at the boundary is

o =A"(1/T —1)T), (5.30)
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which is proportional to the granular temperature jump. In Soto (2004), the granular
kinetic theory is used to evaluate this flux for a vibrating wall in contact with spherical
particles, in term of the amplitude A and the frequency w of vibrations, in the limit of
small amplitude A — 0 and high frequency w — oo such that the product Aw remains
finite. The granular temperature of the wall is 7 = (Aw)? and the inward granular heat
flux from the wall becomes

4
0] = ngﬁ, (5.31)

which does not explicitly account for the granular temperature jump. To remain consistent
with the second law of thermodynamic where, depends on the granular temperature jump,
allowing both inward and outward fluxes, it is considered in Soto (2004) that 7 > T so
the granular heat flux is directed into the granular system, hence

Qi =A"(1)T) = gpfﬁ, (5.32)

which is valid for spherical particles. Hence, we propose a generalization to oriented
particles as

4
Al =az(i1-g, 1) spTVT? a7 20, a7(0) = 1, (5.33)

where the form of a7(i1—g, rp) remains an open question. However, due to the isotropic
nature of this effect, a strong dependence on orientation is not expected, instead, the
dependence is expected to be primarily on particle shape a7(rp), but this must be
investigated.

The boundary thermal heat flux governed by the phenomenological coefficient A? is
not addressed in the granular kinetic theory and generally plays a minor role in granular
gases. This transport coefficient can be a function of all objective state variables and the
boundaries, subject to the requirement

A(p,0,T,0,T,i_g) >0, (5.34)

however, no explicit expression is currently available.

5.3.2. Boundary traction and slip velocity
The relationship between the tangential boundary traction and the boundary slip velocity
(5.2)is

thi /T = B o7 . (5.35)
Taking (B4) to be linear in the orientation yields
Bj = bobjj + byAj, by >0, =3/2 < by /by < 3. (5.36)

It is reasonable to consider that the orientation of both the boundary and the particles
contribute equally, which can be simply incorporated by

v

b _ .
Bg :b95ij + ?9(14,] + Aij), bg >0, —3/4 < bg/bg < 3/2. (5.37)

However, since the coefficient by is unknown and we are considering small deviations
from equilibrium where A; ~ Ay, it is sufficient to use (5.36). We adopt a result from
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(Jenkins 2007) the granular kinetic theory of spherical particles, A;; =0, where

- = 9 ~ ¢? -
thiy /T =B} = E(l +4x)pN T}, (5.38)
where, the boundary bumpiness { measures the average maximum penetration of
flow particles into the boundary asperities. It follows that a generalization to oriented

particles is

bo = Bo(i1_g, rp) —— <1+-4x>p~f_ T, B9 =0, Bo(0) =1, (5.39)

«/_

where the forms of the transport coefficients Sy and bo remain open questions and require
further investigation.

5.3.3. Boundary orientation flux
The orientation flux from the boundary (5.2) is given by

G i1 = Cly(Atm — Am). (5.40)

suggesting that particles tend to align with the boundary. Here we consider the orientation
of a wall as the orientation of the particles constructing it, where these particles are taken
to be identical to the oriented particles of the system.

This provides a clear definition for the orientation of a flat wall when the system consists
of oblate particles, hence A;; = n;n; — 8;;/3. However, this definition becomes ambiguous
for prolate particles since the boundary is formed by in-plane particles whose specific in-
plane orientations are undefined. As such, A;; is not fully defined for prolate particles, but
rather, the only know property is A;;ii; = —1/3#;, which indicates that no particles at the
wall are oriented normal to it.

In the absence of any definitive data, similar to (5.25), we adopt the simplest form, where
the orientation flux is proportional and aligned with the orientation jump. From (B7), this
yields

Chim = C618(:8m) j) + €671 ) 1 im)- (5.41)
For oblate particles in contact with a flat wall, this is
- 1
c6, = pku, c6, =0, Ajj=n;n; — 56,‘1‘, (5.42)
while for prolate particles it is
61 =0, c6, = pku, Aty = —1/3i;. (5.43)

Following the same argument as in (5.26), we take the transport coefficient as

kw = Kw (0. i1-8. rg)dy, 'NT, kyy > 0. (5.44)

The form of the coefficient «, is an open question requiring further investigation.

6. Summary of the transport equations of oriented granular gases

We derived a set of the governing equations for anisotropic granular gases that can be
used to solve initial-boundary value problems. In granular gases, it is typically taken
that 7 > 6 making the thermal energy negligible, thus, it is not explicitly considered.
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The conservation and balance laws for the state variables {p, v;, T, A;} are

P+ pvi; =0, (6.1)
pvi + 1, =0, (6.2)
5.
'OET + Qii = —r — v, ), (6.3)
pAjj+ Gijik = Py, (6.4)

which are closed by constitutive laws.
The balance of linear momentum (6.2) is closed by the constitutive law for the stress

tij = pdij — U, (6.5)

where the pressure p is given in (5.19) and the viscous stress is

2
ti = A8 + 21 <U(i,j> —n (U(i,l)Alj + Ajvgjy — 3 (vt myAim) 51}))
2
+SeooT (A — Afoy +342 = 344y), (6.6)

with the viscosities 4 and w are defined in (5.18), and ¢ > 0 is a phenomenological
transport coefficient.

The balance of granular energy (6.3) is closed by the constitutive laws for the exchange
of granular energy into thermal energy as

24(1
r=g¢i i/— xV T3, ¢1>0. (6.7)
17

The granular heat flux is

4d
Tgpr¢T3<aiz +92A0)(1/T) 1 92>0,-3/2< 21 <3,  (6.8)
which yield an anisotropic granular heat conductivity.

The balance of orientation (6.4) is closed by constitutive laws for the orientation
production

Qi=mym

% =¢ (% (vii, jy — V1A — vi.m AmSij) + vin A + Aiva, jy — 2(Ul,mAlm)Aij)
—yd,'VT A ¢ >0, (6.9)
and the orientation flux is
Gijx = —prdyNT Ajj g, k > 0, (6.10)

which is taken to be isotropic with respect to the orientation gradient.

The bulk phenomenological transport coefficients {c, n, ¢, ¥, «, @1, 2, U2, Kk} are
functions of the objective scalars {g, i1, i2} and particle properties. For spherical particles,
where r, =0 and A; =0, (6.4), (6.9) and (6.10) are not needed, and the coefficients
¢1—2 = 1 and {J¢, «} are not used.
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The boundary conditions at impermeable wall with inward normal n; are

r° = g3v/2/ (1 — ew)p(1 + 4V T3, g3 >0, 6.11)
Qi = 904%1,07_\/7 — osv/2/m (1 — en)p(1 + 4OV T3 + 57t i, 4.5 >0, (6.12)
thing = @657_",0(1 +4x)«/7(8i1 + z?éAil)ﬁf, w6 >0, —3/2 < ¢ < 3, (6.13)

Gty = —kwdy, ' pNT [Ajlly,, 100 > 0, (6.14)
1

[Ajllr,<0=Aj — gﬁiﬁj,

1 _ _ _ 1 _ _ 1_ _ 1
[Ailr,~0= 3 (Agiunj +n;Ajing) — 3 (M1 Apmiim) 8 + 3N = §5ij :

The boundary phenomenological transport coefficients {¢3, ¢4, @5, @6, D¢, K} are
functions of the objective scalars {p, ij—¢}, the particle properties and the boundary
properties. For spherical particles, where r, =0 and A;; =0, (6.14) is not used and the
coefficients ¢3_¢ = 1.

7. Conclusion

In this paper, we apply non-equilibrium thermodynamics, specifically the principles of
linear irreversible thermodynamics, to construct a general framework for oriented granular
gases. The state variables considered in (2.1) include the density, velocity, thermodynamic
temperature, granular temperature and orientation tensor. The corresponding balance laws
are the conservation of mass (2.3), conservation of linear momentum (2.4), balance of
thermal energy (2.7), balance of granular energy (2.8) and balance of orientation (2.11).
These balance laws require closure through constitutive relations for the associated fluxes,
that is, exchange of granular energy and thermal energy, thermal heat flux, granular heat
flux, stress, orientation production and orientation flux.

The entropy balance (2.17) and the Gibbs equation (2.18) are used to derive the entropy
production. From the entropy production expression (2.26), the thermodynamic forces
(3.2) and fluxes (3.3) are identified. Taking the fluxes to be linear functions of the
forces introduces the matrix of phenomenological coefficients (3.4). By applying the
Onsager—Casimir reciprocal relations, we obtained the general form of the matrix of
phenomenological coefficients (3.8), that must be positive semidefinite to satisfy the
second law of thermodynamics. The representation of the elements of the matrix of
phenomenological coefficients as functions of the objective state variables are given in
Appendix A.

The boundary conditions are constructed by considering the conservation of mass
(4.2), conservation of linear momentum (4.3), balance of thermal energy (4.4), balance
of granular energy (4.5), balance of orientation (4.6) and balance of entropy (4.7), at
the boundaries. The entropy production is used to identify the boundary thermodynamic
forces (4.14) and fluxes (4.15). Again, taking linear flux-force relations and applying the
Onsager—Casimir reciprocal relations lead to the boundary phenomenological coefficient
matrix (4.17), which must be positive semidefinite by the second law of thermodynamics.
The representation of elements of the boundary phenomenological coefficient matrix as
functions of the objective state variables are given in Appendix B.

This yields a general formulation which is then reduced by neglecting what may be
considered secondary effects. The reduced formulation is compared with available results
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from the granular kinetic theory of spherical particles and available results for oriented
particles. It is shown in § 5.2 that the reduced formulation well captures these results by
recovering the associated transport coefficients. A summary for the governing equations
of oriented granular gas is given in § 6.

The complete set of governing equations can be applied to solve general initial-
valued problems of oriented granular gases. The generalization developed here includes
the additional effects raised by oriented particles. Such effects include orientational
dependency of energy exchange between thermal and granular, anisotropic granular
heat flux, anisotropic shear viscosity, orientational production and flux at the bulk and
boundaries.

The most significant contribution of this work is the rigorous formulation of a physically
admissible generalization to granular gases of oriented particles which is consistent
with the second law of thermodynamics. The rigorous formulation reveals the role
of the orientation in the transport coefficients and identifies coupling that may be
omitted otherwise. Specifically, the identification of the required coupling of the viscous
stress, ¢, and the orientation, Aj;, through Cf}klm in (3.8) is neglected in the literature
(Berzi et al. 2016; Hidalgo et al. 2018; Nadler 2021; Vescovi et al. 2024) as these
generalizations suggest adding correction terms that are based on intuition rather than
rigorous formulation.

To the best of our knowledge, these transport coefficients remain largely unknown.
Therefore, this framework provides direction for future work to determine these
coefficients either from microscopic theories or by extracting them phenomenologically
from discrete microscopic simulations or experiments.
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Appendix A. Representation of the bulk phenomenological coefficients
The phenomenological coefficients in (3.8) consist of tensors of order zero {A'}, two

{Bilj_5 }, four {Ci}l;f }, five {Dl.lj;jm} and six {&;jkimn}. Their representations depend on
the objective scalars {p, 6, T, i1, i2} and are constructed by combination of the tensors
{0j, €jjk, Ajj}. Their tensor structures must also account for the properties, symmetry
and traceless, of the associated force (3.2) and flux (3.3). Although the tensorial
representations could include terms up to sixth order in the orientation tensor, e.g.
AitAjt Aks Ais Apr Apr for E;jrimn, we restrict the representations to quadratic terms in
orientation tensor, Aj;.

To clarify the notation, we use no overhead for coefficients independent of A;;, a check

accent [J for those linear in Ajj, and a hat accent [J for those quadratic in Aj.

A.l. Tensor of order zero
The zero-order tensors are scalars that can depend only on objective scalar state variables
(3.5), therefore, no tensorial representation is required.
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A.2. Tensor of order two
By (3.8), the second-order tensors l’j’l.lj’2 map a second-order tensor to a scalar and 83’4’5

map a vector to a vector. By (3.8), it follows that Bl.lj = B(l ) hence its structure is

Bj = b8+ bi Ay + b1 AT;). (Al)

By (3.8), it follows that Bl.zj = B<2i iy hence its structure is
By =byAy+ by AT, (A2)
which vanishes for A; =0. By (3.8), it follows that there is no requirement on 83’4’5,

hence their structure follow a similar form,
Bf =b,85+ by Aj+ b A7, x=3.4,5. (A3)
These are the most general representations of second-order tensors (Wang 1969), as
higher-order polynomials in Aj; are not required by the Cayley—Hamilton theorem.
A.3. Tensor of order four

By (3.8), the fourth-order tensors {Cykl} map a third-order tensor to a vector, and {CW }
map a second order tensor to a second-order tensor. By (3.8), it follows that the structures

of Cljkl C jk  are
Ciitt = €501 8Kyt + o Ai(j Oyl + Co0y0i(j Ak + Cory Sit A jk + oy Ai(j Akl
+ C1,Ai1A i + €8 Ak + CmA (k) Sil + c/tsA O, x=1,2. (A4)
By (3.8), it follows that Cijkl = C(ij) kD) hence its structure is

Cing = 3,80kt + 3,848 j) + 3, 85Ak1 + 3y A + C338Gx Ay )
+ 83, AjAu + 83, Ak A j) + E3385A 0 + E3,8Gk AD jy + C3s A0k (AS)

By (3.8), it follows that Cgkl =ct hence its structure is

(ij) (kD)
C;'-;d = c48(i(k01) j) + Cay Aijdki + Cay A (k1) jy + Cay AjjAr + Ca, Aik Al j)
+ a3 AT 181y j) + Cay ATy B (A6)

By (3.8), it follows that C = C<5i 7y (k1> hence its structure is

ijk

Cop = cs8 k1) jy + E5 Ay ) + 65, AjAu + 85, A Ay + 65383 Ap - (AT)

For the most general representation of fourth-order tensors, third-order terms such as
A2Akl and fourth-order terms such as A2A,%1 should also be included.

A.4. Tensor of order five

By (3.8), fifth-order tensors map a second-order tensor to a second-order tensor. Also by

(3.8) it follows that Dyklm D(”) klym® hence its structure is

Dijim = d18G €1y jym + A1 A ey jym + A1, AG ey jym + AL, Ak An € jyim
+ 6213 Ak Ar(i€j)tm + 314 AjArcenm + dA15 A Ajyk€rym + 316 A€k Alm
+ i, Ar ey i A jym + dig A ey e Aum- (A8)
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By (3.8), it follows that D2 D2 ) klym? hence its structure is

ijkim =
=dydi (k€1) jym + dzA (K€1) jym + d2| kfl n+ dzzAr kAN GEjyim

+ d23Ak1At( Vem + d24Az]At k€nem + d25At ) (k€Dm + dzﬁAm ye(kAlym

+ day Ag €y i A jym + dog A i (k€D jyt Arm- (A9)

For the most general representation of fifth-order tensors, third-order tensors such as
A%Akl should also be included.

t]klm

A.5. Tensor of order six

By (3.8), a sixth-order tensor maps a third-order tensor to a third-order tensor, it follows
that & jkimn = E(ij)k(m)n» hence its structure is

Eijkimn = €10k(i 8y (10myn + €28k (18m) (i jyn + €38(i (10m) j)Okn + €4€k (i 1€m) jin
+é1 Ak 3 15 n+ €2Aku8m) 8 jyn + €348k 15 n + €48k A jySmyn
+es58k A (8 n + e6Aimbii 5 n + €78k18m) —f—ég(Sk(i(Sj)(lAm)n
+é9A(i(13m)J)3kn + 6105<z<1Am>j Skn + 6115<z<z5m ])Akn
+ 18k AjyuAmn + €28k A jyn Alm + €381k A jy Amyn + €48k Amyn Ajj
+e58; lA IV Akn + €60k Amy (i A jyn + €1 Ak jy 1 Amyn + €8 Ak(18m) (i A jin
+e9A (j(18m) jy Akn + €10Ak | A 18 jyn + €11 Akt Am) 5 i+ €12AAim)Okn
+e13A;;Ak 15mn+€14Ak<iAj>(13 n+e15sAiqAm) 5kn+é16A%,‘j)8k(18m)n
+e17Ak :87)(18m) +é183k(iA§)(15m)n+€195k(15m)(i §>n5m>n+@2oA%lm)5k<i3j)n
+ 21 AR ) (18 jyn + 8228518 )1 Ay + €238118m) j) Al (A10)

which is not the most general representation as polynomial of orders three, four, five and
six of A; are available.

Appendix B. Representation of the boundary phenomenological coefficients

The phenomenological coefficients in (4.17) consist of tensors of order zero (A%}, one
{7—[1-1_3}, two {82_9}, three {Gji} and four {C6kl} Their representations are constructed
by combinations of the tensors {n;, §;, €;ik, Ajj, A,]} and must depend on the objective
scalars (4.19). Their tensorial structures must also account for the properties, symmetry
and traceless, of the associated force (4.14) and flux (4.15). Although the tensorial
representations could include terms up to fourth order in the orientation tensor, e.g.
AitAj Ars Ags for Cf}’-kz’ we restrict the representations to quadratic terms in A;.

To clarify the notation, we use no overhead for transport coefficients that are
independent of the orientation tensors Ay, [ for those linear in Ajj, and [ for those
quadratic in Aj.

For convenience in constructing these representations, we introduce the projection

Pj=6;—ninj, (B1)
which projects a vector to the plan with normal 7;.

B.1. Tensor of order zero

The zero-order tensors are scalars that can depend only on the objective scalar state
variables, therefore, no tensorial representation is required.
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B.2. Tensor of order one

By (4.17), the boundary tensors of order one, ’Hl.l 23, map a tangent vector to a scalar. To

eliminate any arbitrary component that does not contribute to the representations of such

mappings, they must satisfy the constraint #;7n; = 0. Hence, the structures of 7—[1 23 are

similar and are given by

Hz% = h?]P’ilAlmﬁm-l- hg]P’ﬂAlzmﬁm-i- EfPilAlmﬁm-F ]:/l;]pl’]AlmAmnﬁn + /jlgf]P)ilAImAmnﬁn
+ hg[]P)ilAlmAmnAnpﬁp + h%]P)ilA[zm mnfly + hz}{]P)ilAlmA%mﬁn + h% ilA%nAmnﬁn
+ hF Py A A2 g + WPy AL A2 iy + WPy AZ -+ hEPy AS, A2 iy,
+ ]:\lgPiIAImArzymA_npﬁp + h7 il (AA)lmﬁm+ thi[(AA)[mnm, n= {1, 2, 3} (B2)
It should be noted that these are the most general representations (Wang 1969) of such

first-order tensors, as higher-order polynomials in the orientation tensor are not required
by the Cayley—Hamilton theorem.

B.3. Tensor of order two
By (4.17), the boundary tensors 82’7’8 of order two map a second-order tensor to a scalar

and 33 maps a tangent vector to a tangent vector. By (4.17), it follows that B8 =TS8,

hence, their structure is similar and is represented by

B;zbﬂlgi]'+b%2142~ +b%3ﬁ i jy +b%4ﬁ1141<iﬁj> +bM5ﬁlA12<iﬁj)
+b%1Alj +b%2Al il +b%3n l”_ll + 5%4141 A m _ml +[;%5A_l A mAml

+b%6n i lAlmnm+ b},7 lAlmnm+ b},8 lAlmnm—F b%9 [AlmAmnnn
+ bt A lAlmAm,,nn+b,[l gy F b AT A 1+b%3Al A2,+b%4Al(lA]>l
Do A A jym At + D At A jym A2 + by A1 A jym A2 4 oy Ari A jym An An
+ by A1 A jym Apn A nz-l—b%gnlAl ) +b%10n1A1mA i) F by AT A jymitm
+ by AQ Ay it j) + Dot AT A i, 2= 16,7, 8). (B3)

By (4.17), it follows that B o1 =0and Blgiﬁl =0, hence, its structure is

B?j = b9, Pi1 AjPrj + bo, Pi1 A2 i + bo, Pi1 Apmitmitg ApPpj + bo, Piy AP
+ b9, Pt Al AnPrj + b9, Pit Aim A2, Pryi + b, Pit Ay Apn Anp P
+ bosPit Amitmitn AnpPpj + bo Pit Apmitmitn AupPpj + bo; it Amitmiin Ay, By
+ bogPit Al tmitn AnpPpj + bo, Pit Ay Pyj + b, Pit Afy A Pj + b0, Pit Aim A sy, P
+ bo, Py A7, AP + bo, Py Az, A2 P + bogPit A A2, Ay P
+ bo, Pyt AL fimitn AnpPpj + bogPit Amitmitn An,Ppj + bo,Pit A lmnmn,,Aﬁpij
+ bgmlP’llAlmnmnnA ]P’p] + b911 ]P’,lAlmAmnn,,npqu AqS]PpS
+ bglzlP’,-lAlmAmnnnnpqu Aqs]P’sj + b9]3IP’i1AlmAmnnnnpqu AysPsj
+ b9, Pit A Apniinii p A pg AgsPs; (B4)
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B.4. Tensor of order three
By (4.17), the boundary third-order tensor G;jx maps a second-order tensors to a tangent

vector, hence, it must satisfy G;jxn; = 0 in addition to the property Gjjx = Gi jk)-
Hence, its structure is

Giik = g1 Pudyjiiky + g2 Arjiiy + g3PilA[2<jﬁk) + gaPiy Apmitmit ik
+ g5Pu A7 imit k) + E1Pi A jitky + 2P Arg Arymiim + &3Pit Arj Akymiim
+ 8aPi A1 Ay it + EsPit AT Akymiim+ 86Pit A Am(j Atyniin
+ &P Amitmit jiiky + 88Pit AimAmnitnit gy + 9Pi1 Ay Amniinii ik
+ glo]P’zlAlmAmnnn jnky + gulP’zlAlmAmnnn jnky + ngPtlAlmAmnAnpnpn( k)
+ gl]P’zlAl gy + 8219’;1141 Agymitm + &3P Ay Ak N + 8419’;1141 Ak
+ g5P,1Al Ak Ny + g6P,1AlmA Ak nhn + g7IP’llA1mAm i Alyn Anpn[,
+ &8Pi1 AimAm(j Akyn Anpii p + 89Pi1 Al Am(j Aynr Anpii p
+ 810Pi1 At Am(j Ayn Anpit p + 80P AL it ik + 812Pi1 Ay At ik
+ 813Pi1 A Apn Apit pit (k) + 814Pit A AL 7indi ik + 815Pi1 Al AL it ik
+ 816Pi1 A AmnAnp A pgit gt jiiky + 817Pi1 A A2y A psiinit it jy
+ glgPllAlmAmnnn injy + glgP,zAlmAmnAnpA gMgN(in jy
+ 820Pi1 Aim ALy Anpit pit i1 . (B5)

It should be noted that this is (Wang 1969) the most general representations of third-
order tensors, as higher-order polynomials of A;; are not required by the Cayley—Hamilton
theorem.

B.5. Tensor of order four
By (4.17), the boundary fourth-order tensor, Cg.kl, maps a second-order tensors into a

second-order tensor and it has the property Cgkl = Cg. )ikl Hence, its structure is

Ci]6'k126615'k81 ) + C6,71(i 8 jy (k7 +C63 nj)ﬁ(kﬁ1>+6645(i(kfi[>j>
+C65At]n ki) Cogi (i A jy ity + Co, i (i jy Ak + Cog AjjAri
+ ¢y An(i8j) (k Anyn + Co,0 A (A Tl kit + Coy Anifi jy An el
+ €613 An(i8 jyk Alyn + oyt (i1 jy Anik Aryn + Co13 A An ity itn
+ C615 Ani A j) ki Tin + o171 i A )k AtynTtn + Coritn Anift jy At
+ o, A k81 jy + Cop At itry + Cosi i A jy ity + Co it jy Art + Cos A A
+566A 'kAl i +567AijAkl+568A idj) kAz +569A 9y (kAlyn
+ Coyoli (il jy A kAl + Co (i Ajin A kigy + CeppM i AJ) Ay iy
+ Coy3 An(i A jynit ity + Cory A An Ay +C615A iAjykAnn + CoigAnii A jyn Ak
+ Cop Ani A jyn Akt + Cog An(i A jyk Ann + Co An(i A jyik Ann + Cop AijAnic Ay
+562]A i; kA[ Ap,,+c622A idj kAl Apn+C(,23A i0j)(k —|—Al Anp
+ CopyTi (i1 ) An(kAl pApn + Copshi (il jyAp kAl)pApn + Coxl1(i A ) AnpAp(knl)
+ Copy (i A jyn Anp A piiitsy +C628n A nAnp A p iy +C629An<i1‘ij>pz‘§pnﬁ<kﬁl>
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+ Coso An(i A jy p A puitkitsy + Coy AijAri + Coy Atk Al jy + Cos8(i (k Ayn
+ Co, 11 (i A jynAn ity + Cos An(k Alyn Azl+f766A iAjykAnn + Coy Angi A Akl
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