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ABSTRACT

Internal tides and wake vortices are key processes driving energy dissipation and
mixing in coastal environments. While internal tide generation over supercritical
slopes has been extensively studied in deep ocean settings, much less is known about
its behavior in shallow coastal systems, where barotropic tidal forcing is strong, and
non-linear effects dominate. This dissertation investigates the tidal energy pathways
and dissipation associated with internal tides and wake vortices in such environments,
using numerical simulations to explore isolated and complex three-dimensional to-
pographies.

A novel phenomenon of energy saturation in internal tide generation is identi-
fied, where the energy converted from barotropic tides ceases to scale quadratically
with tidal velocity under highly non-linear conditions. This study characterizes the
qualitative flow features associated with saturation, revealing that the flow resem-
bles approach-controlled flow. Saturation is found to occur when the mean speed at
the crest equals the mode-1 phase speed (Fr. = U./¢; = 1). Moreover, the results
challenge the conventional understanding that internal tides are not generated when
Fr. > 1; instead, they are generated but reach a saturation state.

In complex topographies featuring headlands, the energy partitioning between
internal tides and wake vortices is analyzed. We identify additional energy losses fed
to vortices, providing a systematic framework to estimate these losses using the bluff
body law. Our results highlight that ridge-constricted flow and the cross-sectional
area between the ridge crest and the top of headland yield reliable estimates. While
wake vortices consume most of the energy that was fed into locally, their presence
does not influence the dissipation or outward propagation of internal tide energy.
The dissipation and propagation pathways of both processes are quantified, offering
insights into their independent roles in coastal energy budgets.

These findings challenge theoretical scaling law and highlight the distinct dynam-
ics of tidal energy in shallow coastal systems. By improving our understanding of
tidal energy distribution and dissipation, this research contributes to refining param-

eterizations in ocean models and advancing knowledge of coastal mixing processes.
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MW). Although form drag losses are consistently weaker in in4

tensity compared to BT-BC conversion, both provide similai
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IFigure 3.13Time series of form drag D; and its power loss UyD;. Blud

estimates of the additional power loss

curves are for only R scenarios and orange for R+H scenarios
Dashed lines are tidally-averaged values (14.84 MW for only R
and 18.20 MW for R+H). The time series of form drag Dy revealg

that the presence of the headland enhances its magnitude by

approximately 1.2 times, while the phase relationship with U,

|remains consistent between scenariosl




IFigure 3.14Tidally-averaged depth-integrated turbulent dissipation. Left

column (a,c,e) shows horizontal dissipation rate, (¢3); and right

kolumn (b,d.f) shows vertical dissipation rate, (€,). Spatial dlS—I

tributions of energy in the x — y plane for the (a,b) only R and

c,d) R+H scenarios. The third row (e,f) shows the y-integrated

values for each scenario as line plots. Note that (e) and (f) havg

different vy values. (g,h) The cumulative integrals, represented

by dashed curves, are calculated by integrating symmetrically

|from x = 0, where contributions from x > 0 and x < 0, arei

combined into a single cumulative value at each step. The fi-

nal cumulative totals are annotated as text on the plots. Thd

Ipresence of the headland intensifies turbulent dissipation, WitH
vortices contributing about 3 MW (1.9 + 1.1 MW) compared td
2.4 MW (1.6 + 0.8 MW) from internal tides, and local vortex

dissipation exceeding that of internal tide-driven turbulence) .

IFigure 3.15Tidally-averaged yz-integrated baroclinic energy flux Fj.. . alongl

the channel. Blues are only R scenarios and oranges are R+H.

This baroclinic energy flux consists of two components: pressure

|Work UpePpe 8 dashed curves and energy advection uFy,. as dotte(i

curves. The baroclinic energy flux along the channel, a measure

of the energy carried by radiating internal tides, remains similay
|to which is without headlandl ...................
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IFigure 3.16Tidally-averaged volume-integrated baroclinic energy budget as

o function of Uy for different scenarios: (a) only R experiment

b) R+H experiment, and (c¢) the difference in conversion be-

tween R+H and only R. Green lines indicate conversion, orange

lines represent baroclinic energy flux divergence (radiation), purH

Iple lines show total dissipation (dashed light red for Verticall

dashed light blue for horizontal), blue lines are bottom drag

black lines correspond to the Knife-edge model (U2 scaling)

|brown lines are U? scaling, and gray x-mark lines show totaj

energy sink, including radiation, dissipation, and bottom drag

a) shows energy saturation (Uy > 16 cm/s), while (b) demon-

Istrates that headland addition removes saturation except for ra—l

diation. (c) highlights that the additional conversion caused by

the headland aligns with bluff body drag estimates using ridge-
constricted velocity U, (dash-dotted) but not Uy (dotted)

IFigure 3.17This figure is similar to Figure 15, except it examines the 1mpact|

of varying headland cross-channel size (b) and along-channel sizg

a), with subfigures showing energy budget differences compared

to the only R scenario. (a-d) correspond to increasing b, (e

h) to increasing a moderately, and (i-1) to highly streamlined

headlands. The additional energy loss caused by the headland

Eenerally aligns well with bluff body predictions, except Whed

the headland is highly streamlined (¢’ > 8a). For very sharp
headlands (6" = 1.6b), the energy loss is better estimated with
Ca=2] .
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Chapter 1

Introduction

1.1 Ocean mixing in the open ocean and its impor-

tance

Ocean mixing is important for local marine ecosystems as it helps move heat, nutri-
ents, and other materials vertically within the water column. This process supports
biological productivity by bringing nutrients to surface waters and distributing en-
ergy throughout the ocean layers. One of the most significant contributors to ocean
mixing is the mixing associated with internal waves. Internal waves are oscillatory
motions that occur in stratified fluids, propagating within the interior of the water
column. These waves often become unstable and eventually break, generating turbu-
lence and mixing. This topic has received extensive attention in the field, with recent
comprehensive reviews highlighting the diverse roles of internal-wave-driven mixing
(MacKinnon et al}, 2017; Whalen et all, 2020). Figure [L.1 provides a summary of the
various processes and contributions of internal-wave-induced mixing in the ocean.

In addition to its local effects, ocean mixing has a major impact on the global scale.
It plays a key role in maintaining global ocean circulation, which moves heat and salt
around the planet and helps regulate climate (Munk and Wunsch, [1998; [Talley], 2013;
de Lavergne et al), 2016; Kunze, 20174). Ocean mixing also helps balance the global
ocean energy budget by dissipating tidal energy and redistributing it across the ocean
(Wunsch and Ferrari,, 2004; Kunze, 2017b). These processes are critical for keeping
the ocean in balance and supporting its role in Earth’s climate system.

A key driver of internal waves is tides. Internal waves with tidal frequencies,

known as internal tides (Garrett and Kunzeg, 2007), are generated when tidal currents
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Figure 1.1: Schematic of internal wave mixing processes in the open ocean from
MacKinnon et al/ ( Ol?l)

flow over irregular seafloor features such as mid-ocean ridges and seamounts. These
internal tides transport energy across the open ocean and drive mixing far from their

generation sites.

1.2 The mixing in Coastal/Fjord environments

While ocean mixing is critical in the open ocean, coastal environments often exhibit
greater variability compared to the relatively uniform open ocean. Coastal regions can
range from highly stratified to well-mixed areas, influenced by factors such as wind,
dynamic freshwater input, and large horizontal gradients in salinity, temperature, or
flow. In this study, we focus on the influence of strong tides in shallow water depths
and complex topographic features on fundamental dynamics of tide-topography in-
teractions.

Fjords and narrow coastal inlets are typically deep and steep-sided, with tidal
currents channeled through constrained passages. These strong flows interact with
abrupt topographic changes, generating dynamic mixing phenomena. As tidal cur-
rents encounter the three-dimensional irregular topography, internal tides may form

vertically, while wake vortices can develop horizontally behind topographic features
(beyer and Signel]|, |199d; bohnston et alJ, fzmd; tKlymak and Gregﬁ, |200]J; IMcCabel

Lﬁzt al.|, l2006|; |MacCready and Pawlakl, lZOO]J; tPerfect et alJ, t20203|,; |Warner et alJ, tZOlﬂ).
Wake vortices are swirling flows of fluid that form in the lee of topographic features




such as headlands, capes, islands, or other bathymetric structures with abrupt lat-
eral changes. In fjord-like environments, internal tides can reach larger amplitudes
(Farmer and Armi, [1999h), while wake vortices add complexity by creating horizontal
flows behind obstacles. Both motions redistribute energy and momentum horizon-
tally and vertically, and creating localized zones of turbulence. In some cases, local
dissipation rates caused by wake vortices have been observed to exceed those gener-
ated by internal tides (Inall et al|, 2005; Klymak and Gregg, 2004). Together, these
two processes play a critical role in balancing the tidal energy budget within fjords.

Understanding the individual roles of internal tides and wake vortices in fjords
is therefore essential for deciphering energy pathways and dissipation mechanisms
in these environments. The enhanced mixing and dissipation in fjords may have
significant implications for nutrient availability, biological productivity, and energy

balance.

1.3 Knight Inlet as a Natural Laboratory

Knight Inlet, located on the west coast of Canada, is a long deep fjord extending 125
km into the mainland from the Queen Charlotte Strait (Figure ) It has a roughly
uniform width of 2 to 3 km, with vertical sidewalls (Farmer and Smith, 1980b), and
an average depth of 295 meters, with a maximum depth of 540 meters (Figure @)
The inlet is fed by the Klinaklini River and features two sills: the inner sill rises to a
depth of 63 m, 74 km from the head, and the outer sill rises to a depth of 67 m, 110
km from the head. The outer basin, enclosed by the inner and outer sill, has a depth
of up to 250 m, while the inner basin is deeper, reaching up to 540 m.

In summer, the density structure in Knight Inlet is typical of many fjords, with
a sharp pycnocline (greatest density difference in vertical direction) at around 5 to
10 m in depth along much of its length, separating nearly fresh river water from the
stratified and more saline fluid below (Pickard and Rodgers, 1959). In winter, there
is no distinct surface layer, with seasonal changes in density influenced by shortwave
radiation and seasonal runoff, which reaches a maximum in June due to snowmelt
(Pickard and Rodgers, [1959). Additionally, there is a horizontal density gradient
because the inner sill blocks salty ocean water from entering the inner basin (Pickard
and Rodgers, 1959).

Extensive observational studies of the inner sill have been conducted due to its

role in generating internal tides (e.g., Cummins et al) (2003, 2006); Farmer and Smith
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Figure 1.2: Geographic map of Knight Inlet from lFarrner and Armil (|1999b|)

(|1980b|); tFarmer and Armi| (|1999b|,H); tKlymak and Gregé (IQOO]J)) The mixing caused

by internal tides results in high biological productivity and diversity in the area

surrounding the sill (tRubidge et al.|, bOQd). Tidal mixing in Knight Inlet maintains

circulation, moving freshwater introduced by the Klinaklini River and tidally forced
seawater from the ocean.

The inlet’s topography includes relatively sharp headlands bracketing the sill.
On the south side, Prominent Point narrows the channel by 750 meters, while on
the north side, Hoeya Head extends almost as far, marking the boundary of Hoeya
Sound. Three-dimensional recirculation resulting from boundary separation in the
lee of these headlands creates dipole wake vortices (Figure @, tKlymak and GreggJ
()) The estimated volume-integrated potential vorticity in each eddy is 3400 kg
m~! s, forming in less than 0.75 hours (Klymak and Gregg, 2001).

Barotropic tides in Knight Inlet are dominated by the semidiurnal M2 tide (12.42

hr). Tidal currents over the inner sill can exceed 0.8 m s™! due to the inlet’s geometry

and large tidal range (3 to 5 m) (lFarmer and SmithL |1980:a|). Surface tidal energy

is lost at the sill, as evidenced by a sharp drop in the tidal phase, while the rest of
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Figure 1.3: Depth profile of Knight Inlet. The shallowest sill serves as the focus of
our study and distinctly separates the inner basin from the outer basin.

the inlet remains in phase (tFarmer and Armi|, |1999b|,@; tFreeland and Farmeri, |198d).
Barotropic energy loss has been estimated at 4 — 10 MW, with larger losses in the

summer due to increased stratification (lFreela,nd and Farmeli, |198d; IKlymak andJ

|Greggj, b004l; Btaceyl, |198ﬂ).

The parameter Nh/U ~ 10 for Knight Inlet provides insight into the charac-

teristics of the flow. Features observed in Knight Inlet include upstream blocking
(tKlymak and Greggl, }ZOOj), a hydraulically controlled jet over the crest, and a hy-
draulic jump in the lee of the sill (tFarmer and Armil, |1999b|; tKlymak and Gregﬁ,
lZOO]J, |2003|, |2004l). Once the flow is hydraulically controlled or alternatively called
crest-controlled (tLawrenceI, |1993l), it meets a criticality condition, with the composite

Froude number G? = u3/g'hy + u3/g'hy = 1 (, 1936).

The hydraulic conditions within Knight Inlet change depending on the season.

During winter, when tidal forcing intensifies and stratification weakens, the flow tran-

sitions from being crest-controlled to approach-controlled (t[lawrencé, |199ﬂ), resulting

in a supercritical region extending from the upstream control section to downstream
of the crest sill (|Cummins et al.|, bOOd; |Cummins and Armi|, lZOld; Etashchuk and|
|Vlasenko|, I‘ZOO?I). The approach-controlled scenario response to strong tidal forcing
also been seen in Strait of Gibraltar (bénchez—GarridO et al], b011|).

In this context, the terms “critical” and “supercritical” refer to the hydraulic

state of the flow, based on the composite Froude number condition (G* = 1). This

usage is distinct from the topographic steepness-based definition of criticality, which



Figure 1.4: Three-dimensional recirculation schematic diagram around sill and head-
lands (IKlymak and Greggj, lZOO]J)

is introduced later in the context of internal tide generation.
Only one-third of the barotropic energy loss is estimated to be dissipated near
the sill (|Webb and Pondl, |198d; IKlymak and Greggj, l2004|), with the remainder radi-

ating away as internal waves. Estimating the dissipation rates for breaking lee waves

and wake vortices is particularly challenging, as the analysis in tKlymak and Gregé

() is based on two-dimensional transect measurements, which limit accuracy.

The primary dissipative mechanism near the sill is breaking lee waves associated with

hydraulic jumps, accounting for roughly 10% of the energy loss (IKlymak and Gregﬁ,
). Bottom friction contributes 3 — 8%, while the residual (~ 15 — 20%) is pre-

sumed to be lost to wake vortices. Despite the limitations of these measurements, the

estimated contribution of wake vortices is consistent with parameterizations of flow
separation around bluff bodies (tKlymak and Greggj, b004|).

The remaining energy radiates away as low-mode internal tides, which can evolve

into other forms of internal waves, such as nonlinear solitary waves (NLIWs), partic-
ularly upstream of the sill (tFarmer and Armﬂ, |19993]; |Cummins et al.|, IQOOZi). These
NLIWs may form from the relaxation of the lee wave or the steepening of the internal
tide, as observed in the South China Sea (tFarmer et alj, }201]]; ILi and FarmeIL |201]J).

Radiating waves may propagate both seaward and landward, encountering bends that

potentially cause reflection or breaking. Estimates of the reflection coefficient vary
widely, ranging from 1% to 65 — 93% depending on the data used (|Webb and Pondl,
|198d; IFarmer and FreelandL |1983|; lFreelandL |1984l; IMarsden and GreenwoodL |1994l).

The limited data available make it challenging to establish a consistent understanding




of the reflections.

Not all internal tide energy dissipates before reaching the head of the inlet (Stacey
and Pond, 1992). This suggests partial reflection or breaking at the head, but the
details of these processes remain unclear. Understanding how these waves interact,
whether they reflect, break, or influence subsequent internal tide generation, is an
ongoing challenge. While these processes are crucial for understanding the fate of in-
ternal tides, they are beyond the scope of this study and will be discussed as potential

future research directions.

1.4 Internal Tide Generation, Dissipation, and Prop-

agation

1.4.1 Internal Wave Theory

Internal tides are internal waves of tidal frequency generated by the interaction of
stratified flow with bottom topography. Under linearization and hydrostatic approx-
imations, the governing equation for internal waves, following Kundu (2008), is:

2

0 S
@V%u—k (f - V)*w+ N*Viw =0, (1.1)

where w is the vertical velocity, f = 2Q sin ¢ is the Coriolis frequency, Q = 7.292x107°
rad s7!, ¢ is the latitude, N = (—‘;’%5) v is the buoyancy frequency, ¢ is gravitational
acceleration, and p is seawater density. This equation can be solved using plane waves
or by separating the solution into horizontal and vertical components for confined
conditions, where w = w(z)exp(i(kxz — wt)). This leads to an ordinary differential
equation (ODE) for :

W, +m?(2)w =0, (1.2)

N2(2)—w?
w2_F2 -

With boundary conditions w(0) = 0 and w(—H) = 0, this forms a Sturm-Liouville

problem with discrete solutions w, and corresponding eigenvalues m,,. Using orthog-

where m?(z) = k?

onality, the solution w can be represented as:

w =1, (2) [an exp(i(kz — wt))] (1.3)



For constant stratification, the vertical mode equation has a sinusoidal solution:

Wn = sin (%) n=1,23,... (1.4)

where n is the mode number. The condition for m? > 0 is typically satisfied
for [f| < w < N. Numerical solutions are needed for non-constant stratifica-
tion, which can be solved by discretizing w,, and representing Eq. in matrix
form. Klymak’s Python library (https://github.com/jklymak/pythonlib/blob/
master/vertmodes.py) has been used for these calculations.

i

k
continuity equation, indicating that when « is at its maximum, w is zero, and vice

Given w, the horizontal velocity component @, = tw;, can be derived from the

versa.

Plane wave solutions can also be represented as energy propagating along beams
w2—f2 1/2
N

for variable IV, the beams are bent (Figure ) This beam structure becomes sharper

as more modes are superposed (Figure @)

with an angle k, /k, = . For constant N, these beams are straight, whereas

DISTANCE km
40 60 - 80
6 1né

DEPTH km

Figure 1.5: The path of an internal tidal beam generated over the continental shelf
break in the Bay of Biscay. (Pingree and New, 1991)


https://github.com/jklymak/pythonlib/blob/master/vertmodes.py
https://github.com/jklymak/pythonlib/blob/master/vertmodes.py

Using the dispersion relation, we can calculate the phase speed for each mode.

Returning to Egs. () and (), we find:

N2 —w?  n?n?

2 _ 12
m-ka_fQ—HQ. (1.5)
Assuming N > w and w > f, we obtain:
K*N?  N?
2 _ _
m- = w2 = ?, (16)
where ¢ = 7 represents the horizontal phase speed. Thus, the phase speed is:
NH
nm

This result shows that the horizontal phase speed is inversely proportional to the
mode number n, meaning higher modes propagate more slowly. Note that this phase
speed c is for the case of constant N. For non-constant N, ¢ can be obtained using
the numerical method mentioned earlier.

In summary, mode 1 has the longest wavelength and fastest propagation speed,
with maximum velocities at the surface and bottom. Higher modes have shorter
wavelengths, slower phase speeds, and more zero-crossings. Internal waves propagate

along beams, which can also be represented by a superposition of vertical modes.

1.4.2 Internal Tide Generation and Dissipation Across Pa-

rameter Regimes

To examine the parameter space governing internal tide generation and dissipation,
we consider a barotropic horizontal tidal current U varying with frequency w, flowing
over bottom topography with height h and width 2% in a stratified water column with
buoyancy frequency N and depth H. Key non-dimensional parameters include the

relative steepness € = %, Nh/U and relative height % Here, kh represents the slope

of the topography, and o = % denotes the slope of the internal tide beams.

The relative steepness € determines whether the topography is subcritical, criti-
cal, or supercritical relative to the internal tide beams. Here, “critical” and “super-
critical” refer to the relative steepness of the topography compared to the internal
wave characteristic slope, rather than the hydraulic control condition based on the

Froude number. Internal tides are preferentially generated where the topographic



10

slope matches the beam slope (critical slope). For subcritical topography, the gener-
ated waves propagate primarily upward, while for supercritical topography, waves can
propagate both upward and downward. Internal tide generation in subcritical topog-
raphy can be modeled using linear theory under small amplitude bathymetry (,
|1975|; tBalmforth et al.|, bOOﬂ; ILlewellyn Smith and Youné, fZOOﬂ), whereas for supercrit-
ical topography the bathymetry is assumed to have an infinite slope (ILlewellyn Smithl
|and Youngj, lZOOSSI; bt. Laurent et a1.|, lZOOj).
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Figure 1.6: Snapshots of the horizontal current velocity (u), where white represents
negative values and black indicates positive values, illustrating superpositions with
an increasing number of modes. The vertical axis shows water depth, while the
horizontal axis represents distance in kilometers. The selected parameters are detailed
in k}erkema and Zimmermanl (IZOOQ) The more modes are superimposed, the sharper
the internal tidal beam becomes.




12

For subcritical topography, the steepness of the obstacle enhances the density gra-
dient, increasing nonlinearity and potentially leading to density overturning (Balm-
forth et al), 2002). Despite modest topographic slopes in the Brazil Basin, enhanced
turbulence at the ocean bottom accounts for approximately 30% of the dissipation,

driven by nonlinear wave-wave interactions (Nikurashin and Legg, 2011)).
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Figure 1.7: Scatter plots of the contribution (%) of each mode (y-axis) as a function
of delta (=2) (x-axis). Each panel represents mode-1 through mode-6. For example,
in the first subplot (Mode 1), the contribution increases steadily from 5% to 80% as
delta ranges from 0.2 to 0.6, then decreases to 50%. The colors of the scatter points
correspond to different h/H values.

Our work focuses on the supercritical slopes at Knight Inlet, analogous to the
Hawaiian Ridge. Supercritical topography, with steep slopes acting as a knife-edge
barrier (St. Laurent et al), 2003), efficiently converts barotropic tidal energy into

baroclinic energy. The conversion rate is quantified as:

PO 1727272 h
C=-—U"N"h —, €], 1.8
puenies, () (19
where f, is a scaling factor dependent on % and e. The parameter % is important
as it determines the modes that are strummed. Lower modes dominate when %

approaches 1 (Figure @, also available on my GitHub).

The parameter Nh/U, sometimes referred to as the ”inverse Froude number”


https://github.com/jiaxuanchang/KnifeEdgeEnergyFlux/blob/8fb4fae3d69964eb7771ae5d7bdf0384f600433e/Internal%20tides%20at%20knife-edge%20ridge.ipynb
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Figure 1.8: (a) Linear lee waves when NT’;O < 1 and (b) non-linear lee waves when

%‘)‘) > 1 characterized with upstream blocking and non-linear hydraulic jumps (Legg,
2021))

(Durran, 1986; Legg and Klymak, 2008; Winters and Armi, 2012), is dynamical rel-
evant in both steady and oscillatory stratified flows over topography. In oscillatory
flows with Nh/U > 1, quasi-steady trapped lee waves form for sufficiently supercrit-
ical slopes. In this study, we use the Nh/U notation, consistent with Baines (11995),
while adopting F'r = U/(Nh) in Chapter a to align with conventions in wake dynam-
ics literature. For flow with Nh/U < 1, linear lee waves form, while for Nh/U > 1
non-linear lee waves form with upstream blocking, wherein upstream water cannot
cross the crest (Figure @) It can be viewed as a hydraulic-controlled jet forming
above the crest, with an internal hydraulic jump downstream (Figure @) (Farmer
and Armi, 1999h; Klymak et al), 2010b). The dynamics depend on the unblocked
flow velocity U, = %LU and effective topographic height heg = U /N (Klymak et all,
2010a). For Knight Inlet, Nh/U = 10, is significantly larger than the linear regime
(Nh/U < 1) but smaller than values observed at the Hawaiian Ridge (Nh/U ~ 100).
Numerical models indicate that for 8 < Nh/U < 20, lee waves scale with the obstacle
height, whereas for Nh/U > 20, the waves are relatively smaller Figure )

The turbulent mixing driven by internal tides on supercritical slopes with Nh/U >
1 is influenced by the trapping of specific vertical modes of internal waves. This can
be estimated by comparing the barotropic flow speed U, to the phase speed ¢, of the
waves. High-mode waves, with slower phase speeds, are more likely to be trapped
and dissipate locally, whereas low-mode waves dissipate farther from the generation
site (Figure ) (Klymak et al); 2012). The mode trapping threshold is given by:

_ NH
- qU,’

(1.9)

N
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Figure 1.9: Velocity field over the seamount (tKlymak and Greggj, lZOOﬂ), measured
using ADCP aboard R/V Miller during a transect from t=7.2 to t=7.9 hours (42
minutes) after high tide, with corresponding tidal fluxes (Q). Isopycnals were derived
from CTD measurements. A clock diagram highlights the time span.

assuming constant N and ¢, = ﬁ—g Since high-mode waves are more likely to be
trapped and break locally, the resulting dissipation can be estimated by integrating
from n,. to infinity, leading to a cubic scaling with flow speed, as discussed in Chapter
2. Shallow water reduces wave phase speeds and thus increases the number of trapped
modes. However, this has only been tested in experiments for H > 1300 m (Legg and
tKlyma,kI, IZOOQ; IKlymak et al.|, |2()10b|). While studies like those by btigebrandtl (|197d)

have explored internal tide generation in fjords, they have employed two-layer models

that may not fully capture the dynamics of continuously stratified systems.

In this study, we present a novel finding: internal tide generation in settings like
Knight Inlet reaches saturation under relatively strong tidal forcing. This behavior,
observed in our numerical simulations, represents the first reported instance of such
a phenomenon. Saturation occurs when the energy conversion from barotropic to
baroclinic tides achieves a limit beyond which additional forcing no longer significantly
increases internal tide generation.

To further investigate this behavior, we will examine the conditions under which

saturation arises, identify the parameters that govern this process and its implications.
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Figure 1.10: (a) Nh/U = 8.7 has larger lee wave vertical scale; (b) Nh/U = 86.7 has
smaller lee waves (Klymak et all, 2010b|)

1.4.3 Propagation and Far-field dissipation

The energy converted from the barotropic tide that is not dissipated locally is trans-

ported away by radiating internal tides ([Ray and Mitchum|, |1997|). There are many

possible sinks for this radiating energy, and indeed there are very few locations where
a tidal energy budget has been satisfactorily closed, including Knight Inlet. As they
radiate, internal tides may interact with other waves, evolve, and alter their dissi-
pative behavior. Although a detailed discussion of radiation pathways or far-field
dissipation is beyond the scope of this study, the generation around the 3D topog-
raphy provides sufficient content. Below are some examples of possible dissipative
processes.

Non-linear wave-wave interactions are a key dissipative process, redistributing

energy across scales and forming the Garrett-Munk spectrum (|Garrett and Munkl,
). One significant mechanism is parametric subharmonic instability (PSI), which
can drain 10% — 20% of tidal energy from the Hawaiian Ridge as it approaches 28.9°
latitude, where the local Coriolis frequency is half of the M2 tide frequency (
Let a1.|, l2007|; IMacKinnon et a1.|, }2013|).

Scattering from bathymetry also transfers energy from low-mode to high-mode
internal tides, which are more prone to dissipation (h\/h'iller and Xu|, |199j; IMiiller and|
, IZOOd; |Johnst0n|, bOOj; tKlymak et a1.|, |2013|). For example, the North Line Islands

ridge scatters approximately 40% of an incoming mode-1 internal tide, while small,
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Figure 1.11: A numerical simulation of internal tide generation, local turbulence,
low-mode propagation in tKlymak et al, (bOlﬂ)

rough topography south of the ridge scatters only 5% — 10% (|Mathur et al.|, l2014|).

When low-mode internal tides reach continental margins, they may reflect, dis-

sipate, or shoal. For supercritical slopes, reflection dominates (tKlymak et al.|, |2()1]J;

|Johnston et a1.|, hOlEj). For near-critical slopes, energy is transferred to high modes,
which then dissipate along the slope (tNash et al.|, l2004|; tLegg and Adcroftl, |2003|). For

subcritical slopes, internal tides can propagate into shallow waters, enhancing vertical

motion and shear, often leading to dissipation (, ) As they shoal, internal
tides may steepen into non-linear internal waves (NLIWSs) with greater amplitudes

and shorter periods. On the Washington continental shelf, about 30% of internal
tide energy flux transforms into NLIWs (tHamann et alj, b()léj)‘ In Luzon Strait,
semidiurnal internal tides evolve into NLIWs across the South China Sea, capturing
approximately 30% of energy flux from deep to shallow waters (Figure ) NLIWs

can also form from lee wave relaxation in fjords (ICummins et alJ, IZOOSSI; tFarmer andl

, 19994), and their high shear and strain result in intense mixing (

IMoumL I‘ZOOﬂ; ILamb and Farmel{, |201]J; IMa,cKinnon and Greggj, |2003|).
A final potential fate of radiating internal tides is reflection off remote slopes,

forming a lossy standing pattern. Despite their role in energy transport, few studies

have definitively accounted for the radiated energy.

1.5 Wake vortices and their effect on tides

Underwater topography, which is often three-dimensional, results in cross-flow veloc-

ities that influence tidal dynamics. When a headland or underwater sill is sufficiently
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Figure 1.12: Internal wave energy fluxes in the South China Sea. (|Alford et alL b015|)

sharp, flow separation can generate coherent vortices (beyer and Signel]|, |199d; tKly—I
Imak and Greggj, lZOO]J; |MacCready and Pawlakl, lZOO]J). These vortices can contribute

significantly to local dissipation, sometimes exceeding the dissipation induced by in-

ternal motions like hydraulic jumps and breaking internal waves (tKlymak and Gregﬁ,

2004).

Wake vortices can undergo complex behaviors, such as stretching, twisting, and

interacting with other vortices. If turbulence does not immediately dissipate them,
these vortices can persist and propagate. Vortices in proximity can merge or advect
each other, especially if they have opposite circulations. Near rigid boundaries, a

single vortex can behave similarly to two counter-rotating vortices, moving along the

boundary.
The evolution of vorticity (5 = (% — %) /%) is governed by:
Do o
F‘;}:(Q-V)U—Q(V-ﬁ)—FW—FVXFf, (1.10)

where vorticity can change due to tilting, stretching, baroclinic effects, and friction.

For example, lFarmer et alJ (}ZOOﬂ) observed vortices downstream of Stuart Island

gaining vorticity from baroclinic effects induced by horizontal density gradients in
Haro Strait. Wake flows behind obstacles are often characterized by the Reynolds
number, Re = ?, where U is the upstream velocity, D the obstacle scale, and

v the eddy viscosity. At low Re, flow remains symmetric without separation. As
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Re increases, steady vortices form downstream, eventually creating a "von Karmén
vortex street” and transitioning to turbulence.

Wake vortices lose energy through instabilities. Centrifugal instabilities ((/f <
—1) enhance turbulence, particularly in anticyclonic shear layers, leading to asym-
metric vortex structures (Dong et al), 2007; Gula et al), 2016; Srinivasan et al{, 2019,
2021). Barotropic instabilities transfer mean kinetic energy to eddy kinetic energy,
while baroclinic instabilities convert eddy potential energy into eddy kinetic energy
when the Rossby number (Ro) is around 0.1 (Dong et al), 2007). At Ro ~ 1, dissi-
pation becomes symmetric between cyclonic and anticyclonic regions due to vertical
shear instabilities (Srinivasan et alj, 2021). Observations in Palau and Taiwan’s Green
Island also report high vertical shear in wake regions (Chang et al), 2013, 2019; MacK-
innon et all, 2019).

In Knight Inlet, wake vortices often form dipoles in the lee of headlands due to
boundary layer separation (Klymak and Gregg, 2001)). However, the effects of baro-
clinicity, interactions, and dissipation mechanisms remain unclear. Side-wall friction
may also contribute to vortex dissipation.

Form drag is crucial in quantifying energy extraction by tidally-driven vortices
from barotropic tides. Vortices create form drag via flow separation, removing energy
at a rate given by P = UFj;. Near the Knight Inlet sill, headland vortices coexist
with internal tides (Klymak and Gregg, 2001). Studies of form drag induced by
internal waves and wake vortices are limited due to challenges in distinguishing these
contributions. However, research suggests wake-induced form drag can significantly
reduce barotropic energy. For example, at Three Tree Point (TTP), form drag from
vortices and internal waves was found to be 50 times greater than frictional drag over
a flat bottom (Warner et al), 2013; Warner and MacCready], 2014). In Palau, wake
vortices caused energy losses tenfold greater than lee wave drag or bottom drag acting
on the North Equatorial Current (Johnston et al), 2019). More robust methods are
needed to decompose these effects.

Our research aims to clarify the energy relationship between tides, wake vortices,
and internal tides through three-dimensional simulations, to understand how to par-
tition tidal energy between wake vortices and internal tides, and the contribution of

wake vortices to overall tidal dissipation.
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1.6 Existing Problems

Internal tide generation has been extensively studied in deep ocean environments, such
as over the supercritical slopes of the Hawaiian ridges, where Nh/U > 1. However,
much less is understood about these processes in shallow coastal regions, where tidal
forcing is stronger, and the dynamics become highly nonlinear.

This study reveals that internal tide generation does not continue to scale with
barotropic tidal velocity under extreme forcing conditions; instead, it reaches a satu-
ration point. This challenges traditional scaling relationships from deep ocean studies
and underscores the need for further investigation into highly nonlinear regimes in
shallow coastal systems.

When barotropic tidal currents interact with three-dimensional topography, part
of their energy is converted into internal tides, while another fraction forms wake vor-
tices. The partitioning of this energy and its subsequent pathways—Ilocal dissipation,

outward propagation, or interactions—are not yet well understood.

1.7 Research Objectives

The primary objective of this study is to advance our understanding of how tidal
energy is distributed and dissipated in shallow coastal environments characterized by
strong barotropic tidal forcing and complex topography. Specifically, this research

aims to address the following questions:

1. Energy saturation in internal tide generation:
o« What are the qualitative flow features observed when energy loss from
barotropic tides reaches saturation?

o How universal is this saturation across different settings of stratification

and topographic height?

o What parameter is associated with the onset and behavior of this satura-

tion?
2. The energetics partition between wake vortices and internal tides:

o How is tidal energy distributed between internal tide generation and wake

vortex formation in a three-dimensional coastal setting?
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o What are the dissipation and propagation characteristics of energy in each

process?

e Does the presence of wake vortices influence the local dissipation or out-

ward propagation of internal tide energy?

1.8 Structure of Dissertation

This dissertation is organized as follows:

Chapter 2 investigates internal tide generation over isolated topography, focusing
on the saturation phenomenon where energy transfer from barotropic tides ceases to
scale quadratically with tidal velocity. The chapter characterizes this saturation, in-
cluding its qualitative flow features associated to hydraulic control conditions and the
parameter space where it occurs. This work is currently under revision for submission
to the Journal of Physical Oceanography.

Chapter 3 explores the dynamics in complex three-dimensional topographies that
feature headlands, analyzing how tidal energy is partitioned between wake vortices
and internal tides. It further examines the dissipation and propagation for each
process. This chapter is in the final stages of preparation for submission.

Chapter 4 synthesizes the findings, presenting an integrated view of tidal energy
pathways and their implications for coastal mixing. The chapter discusses the broader

significance of the results and offers suggestions for future research directions.
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Chapter 2

Saturation of Internal Tide
Generation over Shallow

Supercritical Topography

Understanding the conversion of surface tides into internal tides and resulting turbu-
lence is important for oceanic mixing. This study investigates internal tide generation
over shallow supercritical obstacles in flows where Nh/Uy ~ O(1), with N is back-
ground stratification, h obstacle height, and U, far-field tidal velocity amplitude,
particularly relevant in shallow, fjord-like environments where tidal currents become
much faster. Previous work has focused on Nh/Uy > 1, showing that internal tide
generation roughly follows UZh?N, and local dissipation follows U$. Here, a faster,
linear stratified flow regime is investigated using idealized simulations. Tidal energy
conversion follows the U2 power law until crest-top Froude number Fr, = U,./c; = 1
(where U, = UyH /(H — h) is the barotropic flow speed at the crest, H is total water
depth and ¢; = ]\;—H is the mode-1 phase speed in the deep water), beyond which
internal tide generation stops increasing (saturates). Radiation saturates and local
dissipation no longer grows as quickly as U3. Qualitatively, the fully stratified flow
with Fr. > 1 at the crest resembles approach-controlled flow in two layers (Lawrence,
1993). Radiation from the crest transitions from relatively linear response with well-
defined internal tidal beams to strongly non-linear response with diffuse beam as
Fr. > 1. However, significant mode-1 internal tides are still radiated into the farfield,
contradicting the traditional dichotomy that basins with F'r. > 1 do not generate in-

ternal tides (Stigebrandt and Aure, 1989). Simulations with realistic or asymmetric
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stratification exhibit the same general characteristics as constant-stratification simu-
lations. This saturation conversion when F'r. > 1 should be considered when devising
wave drag parameterization used in the models, especially in fjord regions where large

F'r. are likely to be found.

2.1 Introduction

Internal tides, known as baroclinic tides, are internal waves with tidal frequencies,
generated by the interaction between tides and rugged topographic features. In global
models, the mixing induced by internal tides has a significant impact on the ocean
state and the Meridional Overturning Circulation in deep-sea regions (Melet et all,
2013h), as well as climate (Simmons et al|, 2004). In fjord environments, internal
tides can be a significant source of the mixing (Bourgault and Kelley, 2003; Farmer
and Freeland, 1983; Klymak and Gregg, 2004; Wang, 2006; Staalstrgm et al,, 2012;
Stacey], 2005) that can affect estuarine circulation (New et al), 1987) and facilitate
deep water renewal (Staalstrom and Rged, 2016).

The dynamics of tidal flow over topography are governed by key parameters:
tidal current speed in the deep water (Up), obstacle height (h), total water depth
(H), obstacle width (W), buoyancy frequency (NNV), Coriolis frequency (f), and tidal
frequency (wp) (Garrett and Kunze, 2007; Legg, 2021). In this study, we neglect rota-
tional effects (f) while we recognize the significance of rotation in subinertial internal
tides (Hughes and Klymak, 2019). These parameters lead to key non-dimensional
parameters, including the topographic slope (s = h/W), and the internal tide beam
slope (a = wy/N) under the condition f < wy < N. The tidal excursion parameter
(Uo/woW) represents the ratio of the horizontal displacement of water parcels over
a tidal cycle to the width of the obstacle, while Nh/Uj assesses the linearity of in-
ternal tides (Klymak et al), 2010b; Nikurashin and Ferrari, 2010). For infinitesimal
topography (6 = h/H < 1), Garrett and Kunze (2007) describe flow regimes based
on the tidal excursion parameter, but for finite amplitude topography (6 not small),
as in our study, Klymak et al) (2010b) demonstrate that the effective excursion pa-
rameter becomes equivalent to the relative steepness () due to upstream blocking of
the deeper parts of the flow. Therefore, the flows considered here can be thought of
as having large effective excursion parameters. We focus on the supercritical regime
(v > 1) and consider that § , Nh/Uy , and ~ sufficiently describe the flow properties

discussed below.
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The generation of internal tides at supercritical slopes can be analytically cal-

culated using the knife-edge model (ILlewellyn Smith and Youné, b003|; bt. Laurend
, ) Knife-edge theory is based on linear dynamics (i.e., neglects advection)

and assumes an infinite slope for predicting internal tide generation at supercritical

slopes in a finite deep ocean. Conversion is calculated by

Fknife = FO anlai’ (21)

n=1

where 12
1 N2 — w2) (w2 — f2
Fy— —p(( wy) (wg — f7)) U2H?, (2.2)
2m wo

n is the number of modes, a,, are the non-dimensional amplitudes of the modes, which

depend on (Et Laurent et al.|, lZOOﬂ), and p is seawater density. This prediction has

shown general agreement for steep topography with direct observations and numerical
models (tPapoutselliS et al.|, bOZSl; tRainville and Pinke]|, fZOOGI; bt. Laurent and Nash|,
). The relationship between U, and the conversion rate being proportional to

U2 has also been demonstrated not only for the work done by high-mode non-linear

lee wave drag (Klymak et all, 2010b), two-layer linear theory for fjords (

|and Aurel, |198q), and linear theory for subcritical slopes (lBel]I, |1975|; t[;lewellyn Smithl
|and Youné, IQOOﬂ), but also in recent studies of finite shelves of supercritical slopes
(bemskova et alJ, |2024b.

Fully stratified internal tide generation at supercritical obstacles has been studied

in the regime of Nh/Uy > 1, with particular application to large mid-ocean ridges
like Hawaii (IKlymak et alj, lZOOé) and Luzon Strait (|Alford et al.|, 12011|), and island
chains like Palau (|Voet et a1.|, bOZd). At this flow regime, there is blocked flow
up and downstream of the sill (tBaines and Hoinkal, |1985|), and at peak tidal flow,
an arrested, breaking non-linear lee wave manifests on the downstream side of the
obstacle with a vertical scale of approximately U/N (tKlymak et a1.|, IQOlOaI,; |Winter4
|and Armil, bOlﬂ). The asymmetric flow around the ridge crest can be analogous to
the internal hydraulic-controlled flow (lFarmer and Armi|, |1999b|; |Winters and Armi|,
lZOlﬂ; bemskova and Grisoua,rdL bOQ]J) and the non-linear lee wave can be analogous
to the internal hydraulic jump (tLegg and Klymakl, |2()08|).

In this flow regime, local dissipation can be associated with slow internal modes
that cannot escape the ridge (¢, < U.), where U. = UH /(H — h) is the barotropic

flow at the ridge crest-top. The dissipation scaling can be understood by considering
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the energy flux of internal waves. According to the knife-edge approximation, the

radiation flux into mode n scales as:
Following Klymak et al. (2010a), the modes with phase speeds slower than the mean
flow (¢, < U,) are trapped and eventually dissipate locally. The total dissipation can

be estimated by summing over the trapped modes, starting from the critical mode

ne, which is given by:

NH
wU "~

Integrating the energy flux from n,. to infinity:

~ Z i / —dn = LH : (2.5)

n=nc

(2.4)

Ne =

Substituting n. = NH/(nU), we obtain:

U
D~U*— 2.6
N (2.6)
This results in a dissipation scaling of:
D~ U (2.7)

Our study reveals a novel aspect of stratified internal tide generation at super-
critical topography for fjord-like environments, where the relationship between tidal
current speed and energy conversion diverges from the quadratic increase as discussed
above. The conversion stops growing as U once the flow is fast enough so that a
crest Froude number defined by Fr. = U./c; = 1, where U, is the flow velocity at the
ridge crest and ¢; = N H /7 is the mode-1 phase speed in the deep water for constant
stratification. The Froude number (Fr) is a key parameter in hydraulics, typically
used to compare the flow speed to the wave speed and assess whether the flow is
subcritical (Fr < 1) or supercritical (Fr > 1). Such Fr. ~ 1 conditions are more
likely to be met in fjords due to their typically stronger tidal currents and shallower
depths, leading to a higher likelihood of internal tide generation saturation compared
to the open ocean.

There is a substantial literature on two-layer flow over topography. An internal
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hydraulic-controlled flow occurs when internal Froude number is equal to one at the
crest and greater than one downstream (Armi, 1986). The flow exhibits lee wave
phenomena similar to the deep-ocean case discussed above (Baines and Hoinka, [1985;
Farmer and Armi, 1999b) where the crest of the sill is deemed a “critical” hydraulic
flow with asymmetric interface across the crest. The lee wave can be thought of
as analogous to a downstream hydraulic jump to match the condition where inter-
nal Froude number further downstream returns to being less than one. At faster
flow speeds the control point moves upstream in what has been termed “approach-
controlled flow” (Lawrence, 1993). In the subsequent discussion, to avoid confusion,
we will use the term “crest-controlled flow” (Lawrenced, 1993) interchangeably with
the commonly employed “hydraulic-controlled flow.” Approach-controlled flow has
the internal Froude number greater than one from upstream and over the crest and
is thus characterized by relatively flat isopycnals across the ridge crest followed by a
sharp plunge downstream of the crest (see Fig. 7b,c of Lawrence, [1993). Approach-
controlled flow has been observed over coastal sills (Farmer and Denton|, 1985; Murray
et all, 1984), and our simulations not only show the presence of a similar flow pattern
when F'r, > 1 but also associate it with the onset of saturation in tidal conversion.

Fjord sill dynamics in two-layer systems have been distinguished between “wave
basins” and “jet basins” based on Fr. (Stigebrandt, 1976; Stigebrandt and Aure,
1989; Stigebrandt, 2012). Wave basins with Fr. < 1 are where internal tides are
produced, and jet basins with F'r. > 1 are where tidal jets are formed and internal
tides were believed to not be possible. However, internal tides have been observed
in basins that would be categorized as “jet” basins, such as Loch Etive (Inall et al.,
2004; Stashchuk et al), 2007), and this study indicates that even for Fr. > 1 internal
tides are generated, although they can be very non-linear.

A two-layer analytical hydraulic model by Arneborg et al| (2017) has indications
of internal tide generation saturating as Fr. approaches or exceeds 1. This study
focused on the energy budget at lower Fr., and did not discuss the specific details
within higher F'r. regime.

Our study examines the saturation of internal tide generation in stratified flows
within fjord-like environments, focusing on the energetics of approach-controlled flow
and wave/jet basin classification. Using non-hydrostatic numerical simulations over
a two-dimensional Gaussian ridge in a rectangular channel, we maintain constant
stratification and exclude rotational effects for simplicity. We will address varying

stratification in subsequent sections. We present a qualitative analysis of flow char-
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acteristics (Section @), a comprehensive evaluation of the baroclinic energy budget,
and the criteria for tidal conversion saturation (Section @) Additionally, we study
realistic non-linear stratification simplified from Knight Inlet (Klymak and Gregg,
2003) and typical estuary asymmetric stratification, which lead to asymmetric lee
waves on either side of the sill (Klymak and Gregg, 2003). Finally, Section @
discusses hydraulic control conditions and internal tide generation in the regime of
Fr. > 1. We consider implications for the parameterization of topographic wave drag
in barotropic tide models. These typically employ a linear drag approach, leading to
quadratic energy conversion (Arbic et all, 2004; Arbic and Scott, 2008; Blakely et all,
2022; Egbert et all, 2004; Jayne and Laurent, 2001), which may be unsuitable in re-
gions with strong tidal currents, such as coastal fjords. This is increasingly relevant
as rising sea levels, attributed to climate change, are anticipated to induce significant
tidal amplitude changes in coastal areas throughout the 21st century, as highlighted
by the IPCC (Bindoff et al), 2019).

2.2 Methods

2.2.1 Model configuration

The MITgem (Marshall et al), [1997) was used to simulate stratified tidal flow over
a Gaussian obstacle to investigate internal tide generation and near-ridge dissipa-
tion across a range of flow regimes. For the diagnosis of energy budgets, an online
barotropic—baroclinic energy decomposition (Kang and Fringen, 2012; Klymak et al,,
2016; Hughes and Klymak, 2019) was used. MITgcm has been demonstrated to ac-
curately capture internal waves, which are crucial in understanding the dynamics of
tidal flows over obstacles (Khatiwala, 2003; Musgrave et al{, 2017).

The simulations were conducted in a 120-km-long, 3-km-wide channel and aimed
to loosely resemble the characteristics of Knight Inlet, including a sill height (h) of
140 m, water depth (H) of 200 m, and a sill width of approximately 2.5 km. Knight
Inlet was selected for our study due to its reputation as a natural observatory for
studying internal tides on supercritical slopes (Cummins et al., 2003, 2006; Farmer
and Smith, 1980h; Farmer and Armi, 1999b; Klymak and Gregg, 2003).

The simulations employed a Cartesian coordinate system (x) centered at the mid-
dle of the two-dimensional Gaussian sill. At the scales considered here, the energetics

of three-dimensional simulations were identical to those of two-dimensional simula-
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Figure 2.1: Model configuration near the ridge. The black curves represent Gaus-
sian ridges with heights from 70 m to 140 m. The colored dashed curves show the
internal tidal beam slopes for different stratifications, with stratification from light
blue (N = 0.006s7!) to darker blue (N = 0.024s7!), and a green curve representing
realistic stratification. The right panel displays the density profile used in the asym-
metric stratification experiment, with the seaward side having N = 0.01s7 !, and the

landward side featuring an upper layer (65 m) with N = 0.01s~! and a lower layer
(135 m) with N = 0.005s7".

tions (see Appendix A), so this paper uses two-dimensional simulations to efficiently
cover a wide range of parameters.

The sill profile was defined by the Gaussian function h = hgexp ;—EQ, with hg
ranging from 70 to 140 m and a = 700, corresponding to a sill width of approximately
2.5 km (see Figure @) The lateral resolution of the model was set to 25 m along the
channel (dz,,;, = 25 m), with grid cells beyond the central region (—15 km < z < 15
km) expanding by 2.7% per cell until reaching a maximum size of dz,q, ~ 1225 m.
The vertical resolution was fixed at 5 m, resulting in a total of 40 vertical grid cells.
Non-hydrostatic simulations were used because there are differences in the energetics
for strong forcing states (Fr. = g—l > 2) if the hydrostatic approximation is used.

The initial stratification of the model begins with constant N, selecting a value
of 1.2 x 1072 rads™! as base runs to compare to weaker (6 x 1072 rads™!) and
stronger (2.4 x 1072 rad s~ ') stratifications (Figure @ and Table @) Realistic non-
linear N was also examined and the profile was derived from landward profile near
the Knight Inlet sill in summer (Klymak and Gregg, 2003) with an average value
of approximately 1.138 x 1072 rads™!. Additionally, we conducted experiments with
asymmetric stratifications, mimicking the higher stratification in the seaward basin of
Knight Inlet (Klymak and Gregg, 2003). On the landward side, two layers of constant
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Runs a | hm]| H [m] Nlrads™] Up [ems™] U, [ems™
base run | 700 | 140 | 200 0.012 18,12,16,24,32,48.64 | ~ 13— 213
h70 70 8,12,20,36,48,56,64,72,84 | ~ 12 — 129
h110 110 8,12,16,24,32,48,64 ~ 18 — 142

h120 120 8,12,16,24,32,48,64 20 — 160
N/2 140 0.006 9.4,8,12,16,24,32 ~T7—107
2N 140 0.024 8,16,24,32,48,64,72 ~ 27 — 240
real N 140 N,, = 0.01138 4812,16,2024,32.36 | ~ 13 — 120
asymmetric N 140 Ny = 0.01 (upper 65m) 4,8,12,16,20,24,32 ~ 13 — 107

, Nog = 0.005 (lower 135m)
N, = 0.01

Table 2.1: Summary of parameters for simulations.

stratification were employed; on the seaward side, one constant stratification was used
throughout the water column (Figure @) The density was simulated using a linear
equation of state: p = po (1 — ayh’), where py = 999.8 kgem 3 and ay = 2 x 107 K.

To drive the tidal currents and density variations in our simulations, nudging
boundary conditions were applied at the west and east boundaries. A sponge layer
with relaxation timescales of 100 and 1000 s was implemented at the outer and inner
edges, respectively, to minimize reflection of internal waves. The tidal forcing was
introduced using a sinusoidal function with a period corresponding to the M2 tidal
period (T = 44,640 s, so w = 2 &~ 1.4 x 107* s7') and a magnitude (Up) ranging
from 4 to 80 cms™! (Table @) The walls and bottom of the model domain were set
to a free-slip condition. The additional bottom friction is incorporated as quadratic
bottom drag (with C;y = 1 x 1073). The time step (dt) of 1.24 s was chosen to satisfy
the Courant-Friedrichs-Lewy (CFL) stability criterion, so that C' = u% < 1. The
simulations were run for a duration of 12 tidal cycles.

Viscosity v, and diffusivity x, were parameterized based on regions of density
overturns (Klymak and Legg, 2010) and were assigned low background values (kj =
v, =2x 1072 m?s7 !, Kk, = v, = 107° m?s7!) to maintain numerical stability. We
tested the sensitivity of the results to different background diffusivity and viscosity.
We found that varying these parameters primarily affected the calculated horizontal
dissipation term in the energy budget, while other components remained largely un-
changed. Based on these tests, we selected s, = v, = 1072, as this choice provided
dissipation values that resulted in the most closed energy budget. The presence of
second-order flux-limiting temperature advection scheme (tempAdvScheme = 77; see
the MITgem manual) introduced some numerical diffusivity and dissipation, as noted
in Klymak and Legg (2010).
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2.2.2 Barotropic-baroclinic energy decomposition

Decomposition of barotropic and baroclinic energy (Kang and Fringen, 2012) is used
to determine the baroclinic energy budgets and dissipation in our simulations. This
decomposition is carried out online in our simulations (i.e., not post-processing) to
capture the energy in real-time. A depth-integrated, tidally-averaged energy equation
is used in the analysis. In a steady, tidally forced system, the barotropic tidal energy
is either dissipated in the bottom boundary layer or converted into baroclinic en-
ergy. Baroclinic energy can further leave the system as an internal wave energy flux,
dissipate in the interior, or dissipate at the bottom boundary layer. The vertically

integrated energy budgets becomes

%AE+VH-<F_0> = —(C) — (& + Dy),
o B ) (2.8)
TAE’+VH'<F/> =(C) - (¢ + D',

where E is tidal energy, F' is tidal energy flux, C' is conversion from barotropic (BT)
to baroclinic (BC) energy, € is turbulence dissipation and D is bottom boundary layer
dissipation. Barotropic and baroclinic components are denoted by subscript 0 and
prime, respectively. The overbars denote depth integrals, while the angle brackets
implicate tidal averages.

We decompose barotropic and baroclinic motions by defining the depth-average
properties as barotropic motion for ease of online calculation. This approach can lead
to temporary misallocations between barotropic and baroclinic components, especially
under conditions of large surface tides, particularly in the estimation of pressure fields
because barotropic pressure includes a depth-dependent component due to surface
heaving effects (Kelly et al), 2010). However, the misallocated energy is reallocated
back after over a distance less than a mode-1 wavelength in our simulations.

In this paper, we focus on the conversion term C, which plays a central role in

connecting the energy budgets of barotropic and baroclinic energies, as
C = pgW — ¢.W + Ao (2.9)

(Kang, 2011, Eq. 5.102). The first term is the dominant component of conver-
sion as the linear, hydrostatic part. Here, p’ represents a density perturbation, and
W (z) is the vertical velocity arising from the convergence or divergence of horizontal

barotropic flow between the seafloor and depth z. The second term represents the
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non-hydrostatic contribution to the conversion, ¢ is the non-hydrostatic part of the

pressure. The third component is the non-linear term as

Ah() = po(UvH : u’Hu’ + VVH . u}{v/), (210)

where uppercase, lowercase, and primed velocities refer to the barotropic, complete,
and baroclinic components, respectively, and the subscript H pertains to the hori-
zontal component.

Following conversion, baroclinic energy undergoes two processes: local dissipation,
which we integrate over a 10-km wide control volume centered on the ridge, and
propagation out of the system. The component that leaves the system is described
by the depth-integrated baroclinic flux, denoted as F/ = u/p/ + uFE’, where p’ is
baroclinic pressure perturbation (Kang, 2011, Eq. 5.102). We neglect the diffusive
components of F’ as they are negligible.

The dissipation at the bottom boundary layer is divided into barotropic and baro-

clinic components, represented as

DO = pOC’duH(uU + UV),

, ) ) ) (2.11)
D —poCdHH(UU +vv +w )

This decomposition is non-unique, so we follow the convention used by Carter et al.
(2008), Kang and Fringer (2012) and Hughes and Klymak (2019) for consistency.

Turbulent dissipation due to vertical shear €, is obtained from the modeled vertical

e (2 (2)). .

and horizontal dissipation is calculated as

viscosity as

e, = pove (Vg - Vguy). (2.13)

2.3 Phenomenology: increasing tidal forcing

Before examining the response of the flow to different tidal forcings, we will first
focus on how the flow behaves over a single tidal cycle under relatively strong forcing
(Nh/Uy ~ 7, Figure @) While there are similarities to well-studied tidal-driven

non-linear trapped internal lee waves (Klymak et al), 2010a; Winters and Armi, 2012;
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, ) — where lee waves form downstream of the ridge crest during both flood
and ebb tides, deepen as tides strengthen (Figure @b—c,f—g), and collapse before slack
tide (Figure @d,h), this experiment here appears even more non-linear. Isopycnals
exhibit increased non-linear structures, such as bores and seesaw patterns. We still
observe features characteristic of the lee wave regime (Nh/Uy > 1), such as upstream
blocking and breaking lee waves analogous to hydraulic jumps. These breaking waves

occur more dramatically, accompanied by several undular bores trailing the breaking
waves (Figure @c,d,g,h).

Nh/Uy=7.0 Up=24 cm/s, Ny=0.012/s
G (b) (d)
W 6
_50 4 4
-100 4
-150 1 r2
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-200 L— , : : , : : , , : , ,
0
08 (f) (9) (h)
-50 1 J -2
. \\ﬁw
00 )
-1501
200 6.50 6.62T 6.88 6
-25 00 25 -25 00 25 -25 00 25
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Figure 2.2: Snapshots of velocity and density over a tidal cycle when Nh/Uy = 7,
where Uy = 24 cms™, N = 1.2 x 1072 rads™!, and h = 140 m. (a,e) is during slack
tide and (c,g) is during peak tide. Density contours are uniformly spaced in depth
(every 20 m), which, due to constant stratification, also results in uniform spacing in
density. Green dash curves in (c,g) are the slope of internal tides beam.

The changes in flow due to varying tidal forcing are noteworthy because they
reveal key differences in the flow dynamics and control conditions (Figure @) First,
under strong forcing, the flow is less blocked, allowing more water climb up the
ridge crest (Figure @d—f). Second, the nature of the control at the crest changes as
forcing increases. The isopycnal plunges across the ridge crest (Figure @a,b) — the
feature of a crest-controlled flow — are pushed farther downstream, becoming sharper
and sharper (Figure @d—f). This isopycnals become relatively flat and symmetric

across the ridge before plunging abruptly downstream, characteristics that resemble

u/Ug
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approach-controlled flow in two layer (t[lawrencel, |1993|). As the isopycnal plunge

becomes sharper and more pronounced, the following hydraulic jump becomes more
dramatic, often accompanied by large-amplitude undular bores. It is important to
note that here is 2D simulation, and the undular bores may not be as prominent in
a three-dimensional flow. Third, the accelerated flow is no longer attached to the
ridge as a strong downslope flow and a horizontal jet (Figure @a,b); instead, it is

concentrated above the crest near the surface and near the base of the isopycnal
plunge (Figure @d—f).

Asymmetric plunge
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Figure 2.3: Snapshots of velocity and density at peak flood tide (t=6.25 cycle) as
tidal forcing Uy increases from 8 to 48 cms™! for h = 140 m, N = 1.2 x 1072 rads™L.
Density contours are uniformly spaced in depth (every 20 m), which, due to constant
stratification, also results in uniform spacing in density. Nh/Uy, Fro = Uy/c; and
Fr.="U./c also are indicated. Flow resembles two stages, from (a-c) crest-controlled
flow to (d-f) approach-controlled flow.

As tidal forcing is increased, the flow undergoes a transition from crest-controlled

to approach-controlled flow (Figure @) Weaker tidal forcing exhibits crest-controlled
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flow (Figure @a—c), while stronger forcing has approach-controlled flow (Figure @d—
f), with a transition around 7 < Nh/Uy < 10.5. The transition from crest-controlled
to approach-controlled occurs when the flow speed at the top of the crest (U. =
U(H — h)/H) is approximately equal to the mode-1 phase speed in the deep part of
the channel (¢; = NH/7), meaning Fr. ~ 1. A more precise quantification of the

transition can be found in later results, since here is qualitative.

a) Nh/Ug= 4.2 (b) Nh/Uo= 1.8 c) Nh/Uo= 1.3

Fro=0.3
Fr=0.4

-2 -1 0 1 2
X [km]

Figure 2.4: As in Figure @, except h = 70 m. Tidal forcing Uy increases from 12
to 84 cms™!. Flow also resembles two stages in this lower ridge, (a) crest-controlled
flow and (c) approach-controlled flow.

We test this with lower ridges (§ = 0.35) and observe similar patterns of transition
from crest-controlled to approach-controlled flow (Figure @), indicating the change
of control is not exclusive to high ridges. The transition for this lower ridge occurs
around different forcing, and different Nh/U, (~ 1.8) (Figure @b) The isopycnals
plunge farther downstream (Figure @c) Notably, the crest-top flow speed U, also
approximates mode-1 phase speed ¢; when the transition occurs. The crest-top Froude
number Fr. = U./¢; ~ 1 criterion for detecting the control changes seems to be
reinforced by testing different ridge heights.

Simulations with the stratification doubled and halved show the same change in
response at crest-top Froude number (F'r.) of approximately 1. While plots of these
flow changes are not included in this subsection, the corresponding energy budgets

are discussed below.
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2.4 Baroclinic energy budgets

In this section, we examine the energetics of the flow as it transitions from crest-
controlled to approach-controlled by increasing the tidal forcing as shown in the pre-
vious section. We do this by calculating the rate that energy is put into the baroclinic
tide (or the conversion term), and assess the fraction that is locally dissipated due
to turbulence versus the fraction that radiates away as baroclinic waves, where “lo-
cally” is a 10-km long control volume centered on the obstacle (Equation (@)) The
results at weaker forcing follow previous literature, where conversion scale propor-
tionally with UZ, but as forcing increases and F'r. > 1 the conversion and radiation

terms in the energy budget saturate.

2.4.1 Dependence on tidal amplitude

The saturation of barotropic to baroclinic conversion can be seen in a pair of simula-
tion suites that have the same stratification (N = 1.2 x 1072 rad s™!), ridge heights of
140 or 70 m, and a variety of velocity forcing from 0.06 to 0.84 ms™! (Figure @) The
knife edge prediction for the conversion rate scales as UZ (black lines). The simulated
conversion, (C) (Figure @, green curves), follows the knife-edge prediction at small
velocities, but saturates as the velocities increase in both simulation suites. For the
lower ridge, the conversion even experiences a decline.

Baroclinic radiation from the 10-km control volume, V - (F”) (Figure @, orange
curves), follows a trend similar to the conversion, shifting from a nearly quadratic
increase under weak tidal forcing and plateauing as tidal forcing strengthens. The
radiation falls off somewhat more strongly because dissipation continues to increase
for both topographic heights. The vertical dissipation rate, (¢,) (Figure @, red
curves), dominates the dissipation terms, and increases slightly faster than cubically
with tidal forcing and then less quickly when the baroclinic conversion saturates. For
the lower ridge (Figure @b, d) dissipation even drops as the saturation condition is
reached.

The enhanced turbulent dissipation at strong tidal forcing reduces the stratifica-
tion near the ridge, but only by 15% (Figure @e,f). This is not sufficient to account
for the reduced conversion, as indicated the modified knife-edge model (in the linear
relationship with stratification, gray lines).

The fraction of energy dissipated is approximately 10% for the weaker flows, and

increases to over 40% of the conversion for stronger flows, and exceeds the fraction that
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radiates (Figure @C,d). These fractions resembles the energy distribution observed
in various locations: Knight Inlet, where 67% of energy is radiated away, and 33%
is dissipated near the sill (Klymak and Gregg, 2004); Hawaiian Ridge, 15% (Klymak
et al), 2006); Mendocino Escarpment, 28% (Musgrave et all, 2016); Luzon Strait,
40% (Alford et al), 2015), but differs from Oslo Fjord, where it ranges from 60 to 90%
(Staalstrgm et alj, 2015). In mixing parameterization of global models, the fraction
of energy dissipated locally is often chosen to be 30% (St. Laurent et al), 2002).

The horizontal dissipation (€,) and bottom friction dissipation (D’) have mini-
mal contributions to the local dissipation (Figure @a,b, purple and blue curves),
with quadratic growth (i.e., similar slope with black lines) before saturation and the
nearly parallel trend with vertical dissipation after saturation. Our energy budget
has a residual of approximately 10 to 15% of the conversion term in all scenarios
(Figure @c,d, gray x), potentially arising from numerical dissipation (Klymak and
Legg, 2010), consistent with other studies employing a similar methodology (Hughes
and Klymak, 2019).

2.4.2 Saturation criteria

Given the parameters of the problem, h, H, N, and U, we seek a parameter that
collapses the response of the conversion so we can predict when saturation will be
reached for a given flow. Barotropic to baroclinic conversion is calculated with differ-
ent ridge heights and background stratification (Figure @) Conversion saturation
occurs across all tested simulations, as each curve is initially straight (proportional
to UZ), then progressively bends (Figure @a). However, the specific point at when
saturation occurs depends on N and h.

To compare different simulation scenarios, we normalized each simulation by the
expected conversion from the knife edge model, which predicts internal tide generation
on supercritical ridges as discussed in Section El! After normalizing each simulation
by the expected conversion from the knife edge model, the most non-dimensional
similarity of the saturation was achieved by using Fr. (Figure @d) Other nor-
malizations (Figure @b,c) showed a wider spread, particularly for different obstacle
heights, indicating that the barotropic speed over the obstacle was an important fac-
tor. The saturation curves are not perfect, even when normalizing by Fr., and the
shortest obstacle, h = 70 m in particular has an apparent resonance near Fr, = 1.

However, most of the simulations start to saturate at about F'r. ~ 0.5 —0.7.
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The onset of saturation corresponds with the qualitative occurrence of approach-
controlled flow, as indicated by their Nh/Uy and F'r. values presented in our plots
(Figure @ and Figure @) For instance, for the 140-m tall ridge, the simulation
with Fr. > 0.7 (Nh/Uy < 10.5, Figure @C) is approximately when the conversion
starts to saturate (Figure @b,d). In that simulation, and the ones with stronger
barotropic forcing, the isopycnals over the top of the ridge can be seen to become
flat, with a sharp drop on the downstream side. The same phenomena — shifting
control condition (Figure @) corresponding to conversion saturation — happens for
the shorter ridge, but at a higher velocity (pink curve, Figure @a), lower Nh/Uy
(< 2, pink curve in Figure @b) and similar Fr. (Figure @d)

The full suite of simulations has relatively similar responses for the radiation
and dissipation across the range of F'r, (Figure @), with the fraction of dissipation
increasing as F'r. increases (Figure @d) The radiation (Figure @a) response follows
a growth pattern proportional to U2 when tidal forcing is weak, reaching a saturation
point as Fr. > 1. Dissipation (Figure @b) shows a power-law dependence on Uj.
For higher ridges (blue curves), the dissipation transitions from a faster-than-expected
cubic decay to a nearly square behavior when Fr. > 1. For lower ridges (the pink
to purple curves), the dissipation reaches nearly constant when F'r. > 1. The curves
with the same stratification (pink to purple curves and middle blue one) do not
collapse as in radiation (Figure @a), with the lowest ridge having proportionally

larger dissipation, likely due to its larger absolute value of Uj.

2.4.3 Realistic stratification

Having shown the saturation phenomenon in the constant stratification simulations,
we now demonstrate that the same phenomena occurs for realistic non-linear strat-
ifications. First, we use the simplified summer landward density profile from the
Knight Inlet observation (Klymak and Gregg, 2003). The density profile exhibits a
sharp pycnocline and a weak (~ 2 x 1073 rads™!) and uniform bottom stratification
within about the bottom 50 m, with an average stratification of 1.138 x 1072 rads™!
and mode-1 speed of 0.8471 ms~!.

The changes in the control of the flow observed in realistic stratification exper-
iments are the same as those observed in constant stratification experiments (Fig-
ure @) Non-linear trapped internal lee waves are seen when the tidal forcing is

weaker (Fr. < 1,Figure @a). When Fr. > 1, the flow becomes symmetric over the
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sill, indicate of approach-controlled flow (Figure @C) The sharp isopycnal drops of
Figure @c and Figure @e, both exhibiting the same F'r., are similar. Isopycnals
show more overturns on both the upstream and downstream sides than the one with
constant N. The upstream blocking is easier to overcome than constant N due to
the weaker stratification at the bottom.

These simulations exhibit the same saturation of energy conversion (green curve,
Figure @) as constant stratification simulations. The knife-edge model under the
realistic stratification requires consideration of WKB-stretching for h,i, and Ugyisp.
Accordingly, (H — h)yrp = fEHJrh Ndz/Ng, = 122.06 m, 80 Syrp = hwrs/H = 0.3897.
Next, Fynife/Fo = 220:1 n~'a?, where a, are non-dimensional coefficients of each
mode determined by § (St. Laurent et al|, 2003). Consequently, Fynir./Fo = 0.802.
From Fy = %pUOQ,wkaQ((N‘%”*wQ)(”z*fz))o'sLy and Upwiy = Up(Nay/N)3, we can obtain

w

Finife- The conversion (green curve) closely aligns with the knife-edge model when
Fr. < 1; , saturation is observed for higher F'r. in the realistic simulations. The
results of baroclinic radiation (orange curve) and dissipation (red curve) are similar
to those of constant stratification, with both showing saturation at F'r. > 1, but the
realistic stratification exhibits slower growth of radiation when Fr. < 1, as the slope
of the orange curve is less than quadratic (compared to the UZ relationship seen in
constant stratification (orange curve, Figure @a)). This reduced growth is linked
to greater dissipation, which is greater than the dissipation in constant stratification
(red curve, Figure @a). This increased dissipation can be seen as more zigzags in

isopycnals (Figure @) compared to Figure @

2.4.4 Asymmetrical stratification

A similar saturation of the energy terms occurs when the stratification is unequal
in the basins on either side of the obstacle. This situation is typical of estuaries,
where denser seawater flows into the estuary and less dense freshwater flows from the
landward basin. The size of the lee waves formed either side of the sill is shown to
be different under such asymmetric stratification (Klymak and Gregg, 2003). The
stratification used here is shown in Figure @ Seaward side density is always greater
than landward side density at every depth level. We calculate the energy budget
still in the 10-km long control volume centered on the obstacle, even acknowledging
baroclinic energy behaves differently on either side of the sill. We use the density

of the seaward side for potential energy calculations in MITgem to avoid potential
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energy changes caused by intruding water on the landward side. The knife-edge model
is also computed using the seaward side stratification.

Despite the asymmetric response of flow on either side of the sill during flood
and ebb tides due to asymmetric stratification, the transition of flow control (Fig-
ure ) and energy saturation (Figure ) still occurs at F'r, ~ 1. The asymmetry
is consistent with Klymak and Gregg (2003), where lee waves reach deeper on the
side with weaker stratification. Denser water intrudes landward (Figure b—f), in-
dicated by the green curves. The conversion closely aligns with the knife-edge model
when F'r. < 0.8 but is slightly lower due to the choice of the seaward side for calcula-
tions (green curves, Figure ) Afterwards, the conversion and baroclinic radiation
start to saturate (orange curves), similar to the constant and realistic stratification

experiments. Vertical dissipation (red curve) shows an overall nearly quadratic trend.
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Figure 2.5: Left panel is h = 140 m and right panal is h = 70 m. (a,b) Baroclinic
energy budgets within 45 km for N = 1.2 x 1073 rads™! and (c,d) the fraction of
the baroclinic energy budgets to conversion versus the tidal forcing Uy. Green curves
are barotropic-baroclinic energy conversion (C), orange ones are the divergence of
baroclinic energy flux V-(F’) (or baroclinic radiation), red ones are vertical dissipation
(€,), purple ones are horizontal dissipation (€,), blue ones are bottom friction (D’).
Black lines are knife-edge prediction in a square relationship to Uy (Bt Laurent et al.|,
@) (e,f) are the scaled mean stratification near the ridge (away from sill 2 to 5
km). Modified knife-edge solution by the mean stratification in (a,b) as gray lines.
A plateau is shown in both conversion and radiation when strong tidal forcing, what
we called conversion saturation.
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Figure 2.6: (a) Barotropic-baroclinic conversion versus the tidal forcing Uy and nor-
malized conversion by knife-edge prediction versus (b) Nh/Uy, (¢) Nh/U., and (d)
Fr. = (C]—lc, where U, is the barotropic flow speed at crest and c; is the internal tide
mode-1 speed, in different experiments. The blue series represents experiments with
differing stratification intensities, with darker shades of blue indicating increased
stratification. Conversely, the pink to purple spectrum represents experiments with
varying ridge heights, where deeper hues correspond to higher ridges. The best col-
lapse of the saturation was achieved using F'r. while most of the simulations start to

saturate at about F'r. ~ 0.5 —0.7.
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Figure 2.7: (a) Baroclinic radiation and (c) its fraction to conversion, and (b) ver-
tical dissipation and (d) its fraction to conversion versus Fr, = (cj—f, where U, is the
barotropic flow speed at crest and c¢; is the internal tide mode-1 speed, in different
experiments. The blue series represents experiments with differing stratification in-
tensities, with darker shades of blue indicating increased stratification. Conversely,
the pink to purple spectrum represents experiments with varying ridge heights, where
deeper hues correspond to higher ridges.



42

a) Nayh/U= 12.9 (b) Nayh/U= 6.5 c) Nayh/U= 4.3

0 I ! I1lhll | [l y

i 1
-25 )

II ¥

-125

-150

-175 Fro=0.1 J‘[/\,\ Fro=0.3 Fro= 0.4
Fre=0.5 Fre=10.9 Fre=1.4

-200
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1
X [km] u/Uo

-5 0 5

Figure 2.8: Snapshots of velocity and density at peak flood tide with a realistic,
non-constant stratification at flood tide as tidal forcing Uy increases from 8 to 36
cms~! for h = 140 m. Initial stratification N is the simplified N profile from Knight
Inlet (IKlymak and Gregg, bOOSI). Contours are uniformly spaced in depths (20 m
per layer) on initial density but appear non-uniformly spaced in density due to non-
constant stratification. Nh/Uy, Fro = Uy/cy and Fr. = U./c; also are indicated.
The control of the flow also changes in this realistic N experiments, resembling (a)
crest-controlled and (c¢) approach-controlled flow.
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Figure 2.9: Baroclinic energy budgets within £5 km and the fraction of the baroclinic
energy budgets to conversion for h = 140 m with a realistic, non-constant stratifica-
tion versus F'r, = U./c;. The colors indicating different energy components are the
. Black lines are knife-edge prediction in a square

same as those used in Figure

relationship to Uy (bt Laurent et al.|, 2003). Conversion saturation also occurs at

Fr. ~ 1 in realistic stratification.
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Figure 2.10: Snapshots of velocity and density from the simulation with the unequal
stratifications on either side of the obstacle at flood (upper) and ebb (lower) tide as
tidal forcing increases from 8 to 24 cms™! for h = 140 m. Asymmetric stratification
is typical of estuaries: seaward with denser water (left side), and landward with
less dense freshwater (right side). Contours are non-uniformly spaced in density but
uniformly spaced in depths (20 m per layer) on initial seaward density. Green curves
are the densest isopycnals for the landward side. Nh/Uy, Uy/c; and U./c; also are
indicated. The control of the flow also can be seen with this specific stratification;
resembling (a,d) crest-controlled and (c,f) approach-controlled flow.

U/Ug
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Figure 2.11: Baroclinic energy budgets within 4+ 5km for A = 140 m with the
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unequal

stratifications on either side of the obstacle versus Fr. = U./c;. The colors indicating

different energy components are the same as those used in Figure R.5. Bla

ck lines

are knife-edge prediction in a square relationship to Uy (bt Laurent et al

, 2003).

Conversion saturation also occurs at F'r, ~ 1 in asymmetric stratification.
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2.5 Summary and discussion

As flow velocity increases, in a strongly non-linear parameter space explored in this
study, the corresponding range of Nh /Uy declines from O(10) to O(1), altering the
flow dynamics near ridges from typical lee waves to a distinctive pattern with sym-
metric flow near the ridge crest, followed by sharply rapid isopycnal plunging down-
stream and dramatic hydraulic jumps further downstream. This pattern resembles

7

“approach-controlled flow.” Upstream blocking may be entirely overcome at higher
flow velocities. From an energy perspective, the conversion from tidal to internal tide
energy no longer adheres to knife-edge theory, rather saturating with flow velocity
instead of quadratic scaling when Fr. = U./c; > 1. This affects the subsequent
baroclinic energy radiation and local dissipation, with radiation saturating and local
dissipation growing at a slower rate than cubic to flow velocity, still leading to an
increasing dissipation ratio of up to 40%. All of these features can be seen in the

simulations with constant, realistic, asymmetric stratification.

2.5.1 Evaluating hydraulic controls

In our investigation of tidal dynamics, we identified a correlation between the crest
Froude number (F'r.) nearing or exceeding 1 and the emergence of flow characteris-
tics resembling approach-controlled flow, which coincides with the saturation of tidal
energy conversion. This subsection further examines the hydraulic conditions using
the two-layer composite Froude number (G) and the undisturbed composite Froude
number (Gy).

The two-layer composite Froude number G is given by:
G?> = F} + Fj — eF?F7, (2.14)

where e = (py — p1) /p2, F1 = u1/g’h1, Fo = us/g'he, p1 and py are the seawater
densities of the upper and lower layers, respectively, and u; and wuy are the depth-
averaged flow velocities of the upper and lower layers, respectively. The undisturbed

composite Froude number G is defined as:

q
= i —nmys (219)

where ¢ is the flow rate and r = ¢3/q and ¢» is the flow rate of lower layer (Lawrence,
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1993). Note Gy is meaningful far away from the ridge, representing the undisturbed
state. To classify the flow, we use Lawrence (1993)’s method, which compares Gg
with critical values. The lower critical Gy (Figure e—h, lower gray dashed line)
represents the threshold for approach-controlled flow, while the higher one (Fig-
ure e—h, higher gray dashed line) corresponds to supercritical flow. The thresh-
old for approach-controlled flow mainly varies with the obstacle height (Figure 8 in
Lawrencd, 1993), being approximately 0.45 for 6 = 0.35 (Figure g,h7 lower gray
dashed line) and 0.15 for 6 = 0.7 (Figure e,f, lower gray dashed line), whereas
the threshold for supercritical flow remains constant at 1 (Figure e—h, higher gray
dashed line). This indicates that the approach-controlled flow regime is more likely
for higher obstacles (with a G range of 0.15-1) compared to lower obstacles (0.45—
1). Additionally, while transforming a continuously stratified flow into a two-layer
system, we find that G is sensitive to the choice of layer interface. However, G is
not affected much by this choice.

The trend of G along z-axis illustrates the difference in hydraulic control con-
ditions between flow resembling approach-controlled and crest-controlled flow (Fig-
ure ) In the case of crest-controlled flow (Figure a,c), G exhibits a sharp
peak (G,q,) with the value approaching or exceeding 1 at the crest (orange curves in
Figure e,g). Conversely, for approach-controlled flow (Figure b,d), G presents
a wider spatial extent near the ridge crest, with GG values surpassing the value away
from ridge (orange curves in Figure f,h). While the choice of isopycnal affects the
absolute value of GG, our focus is on identifying threshold behavior. We found that
selecting the isopycnal near the middle of the water column—just above the ridge
and close to the jet—produced the highest G,,.. , making it the most suitable for
assessing the threshold. In contrast, choosing an isopycnal closer to the bottom or
surface resulted in lower G,,qz-

Lawrence (1993) classification method, which compares Gy with critical G, values
(as shown by the blue curves and gray dashed lines in Figure e-h, respectively),
is generally consistent with the flow behaviors and our F'r.-based analysis. In sce-
narios where F'r. was significantly less than 1 (Figure a,c), Gy (blue curves,
Figure e,g) remained below the lower critical threshold (lower gray dash line)
indicative of crest-controlled flow. For cases around Fr. ~ 1 (Figure b,d), Gy
(blue curves, Figure f,h) exceeded the lower critical value (lower gray dash line),
suggesting approach-controlled flow conditions. The higher critical threshold (higher

gray dash line), associated with supercritical flow, will only be exceeded in cases with
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Figure 2.12: Snapshots of velocity and density at flood tide (a-d) and corresponding
composite Froude numbers (e-h) for different cases: (a,e) Fr. = 0.3, Nh/Uy = 21,
(b,f) Fr. = 1.0, Nh/Uy = 7, (¢,g) Fr. = 0.2, Nh/Uy = 7 , (d,h) Fr. = 1.0,
Nh/Uy =1.8. The green curves in (a-d) are the selected two-layer interface in order to
calculate their corresponding composite internal Froude number G (orange curves in
e-h), and the undisturbed composite Froude number Gy (blue curves in e-h calculated
by Equation (E)) The lower critical threshold for approach-controlled flow is
shown by lower gray dash lines, and higher threshold for supercritical flow is shown by
upper gray dash lines. The threshold for approach-controlled flow varies with obstacle
height, being approximately 0.45 for h/H = 0.35 (g,h) and 0.15 for h/H = 0.7
(e,f) (values obtained from Figure 8 in t[lawrencel, |1993|), while the supercritical flow
threshold remains constant at 1.

even stronger forcing or weaker stratification (see Equation ())

For our case of the lower ridge with Fr. ~ 1 (Figure m d), the flow does not
yet display the perfect alignment with the typical patterns of approach-controlled
flow. At Fr. = 1, the characteristics still qualitatively lean toward crest-controlled
flow (Figure @b), whereas at Fr. ~ 1.1, the flow appears to be in a transitional
state (not shown). By Fr. ~ 1.3, the approach-controlled flow features qualitatively
become much more pronounced (Figure @c) Despite this, at Fr. ~ 1, the Gy
method already shows values exceeding the critical Gy, suggesting a consistency with
the onset of tidal energy conversion saturation. Therefore, while F'r. is a quite robust
criteria for identifying saturation, Gy computation could provide an additional means,

even though the question of why changes in hydraulic control conditions lead to tidal
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energy saturation remains. This is particularly relevant when observation of internal
tides near lower ridges might not clearly indicate approach-controlled characteristics;
in such cases, both Fr. and Go could be helpful in discerning whether conversion

saturation has occurred.

2.5.2 Internal tide generation in the regime of Fr. > 1

In the fjord-related literature, it has been believed that basins with F'r. > 1, often
referred to as tidal jet basins, do not generate internal tides (Stigebrandt, [1976;
Stigebrandt and Aure, 1989). This subsection revisits this regime, proposing that
internal tides can indeed form under these conditions. Our findings, showing near-
field flow pattern that align with those observed in other studies, where internal tides
were detected despite F'r. > 1, support this, along with evidence of far-field wave
propagation in our simulations.

Our analysis of near-field flow patterns, although not directly indicative of internal
tides, shows similarities to those observed in studies where internal tides were detected
in the far-field (Inall et al., 2004, 2005; Stashchuk et alj, 2007). These characteristics
include a jet attached along the slope that flattens downstream, similar to the typical
lee waves generated when the flow is crest-controlled (Fig. 8 of Stashchuk et al.
(2007) v.s. Figure @a at 50 m < z < 80 m and 0 < x <~ 2 km). As the flow
strengthens (Fig. 9 of Stashchuk et al) (2007)), the isopycnals above the ridge crest
become flatter, with surface flow intensifying, and then abruptly plunging downstream
until reaching the ridge surface. The hydraulic jump further downstream is also
evident. After the jump, the jet continues horizontally. These similarities align
with the characteristics of approach-controlled flow, which are very analogous to our
simulation results (Figure @c at 0m < z <80 mand 0 <z < 0.5 km).

In the far-field, our simulations directly indicate that internal tides radiate, though
their character becomes more and more non-linear (Figure ) The presence of
mode-1 waves extending away from the ridge at high F'r. values, aligning with the
concept that internal tides can indeed be generated in such flow as F'r, > 1. [nall
et al) (2004) and Stashchuk et al| (2007) reported mode-1 internal tides downstream,
ranging from 2 km to 15 km when F'r, > 1 in Loch Etive. In our case, the perturbation
with tidal frequency are shown across all the temporal snapshots in Figure m even to
a downstream distance of 38 km with Fr. ~ 2 (Figure i). As F'r. increased, there

is a transition in the wave train from a more linear and sinusoidal form to a non-linear
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pattern. Comparing our results to Loch Etive observations at 2 km downstream (Fig
10 in Stashchuk et all, 2007), both the observations and our simulations identified

short steep troughs and longer flatter crests at subsurface depths, as depicted in

Figure b,c.

Energy  MW] | C V.- F € D’ V-F' + et+D’

Bkm 11.63 | 9.07 (78 %) | 1.32 (11 %) | 0.02 (0.1 %) | 10.41 (89.5 %)

Fr=05| 38km | 11.53| 7.82 (68 %) | 1.49 (13%) | 0.97(8 %) | 10.28 (89.1 %)
Agsstomsomy | -0.09 -1.25 40.16 +0.95 -0.13

Skm 59.27 | 20.09 (69 %) | 6.58 (22 %) | 0.11 (0.4 %) | 26.78 (915 %)

Fr=10| 38%km | 28.77 | 16.06 (56 %) | 7.60 (26 %) | 2.52 (9 %) | 26.18 (91.0 %)
Agssiomsim) | 0.51 -4.03 41.02 42.41 -0.60

5km 54.64 | 26.18 (48 %) | 21.32 (39 %) | 0.54 (1 %) | 48.05 (87.9 %)

Fr=21| 38km  |5435|19.98 (37 %) | 24.18 (44 %) | 3.74 (T %) | 47.90 (88.1 %)
Agssiomsim) | -0.29 -6.21 4+2.86 +3.20 2015

Table 2.2: Baroclinic energy budgets at © = 5 km and x = 38 km for Fr. = 0.5,
Fr.=1.0, and Fr.=2.1.

Our simulation results challenge the traditional dichotomy of tidal jet and wave
basins based on F'r.. Contrary to previous classifications, our findings suggest that
supercritical flow conditions (F'r. > 1) do not inhibit the generation of internal tides.

Further into the far-field, we observe different patterns for both when F'r. < 1 and
Fr.> 1 (Figure and Figure ) For F'r. < 1, the far-field flow exhibits typical
internal tide propagation, with internal waves radiating outward at a constant phase
speed. This is evident from the Hovmoller diagrams, where the phase propagation
appears as a straight diagonal line (Figure a), indicating that the waves travel
at a steady speed over time. Additionally, there is a consistent phase relationship
between the off-ridge (i.e., where background tides move away from the ridge) and
on-ridge (i.e., where background tides move toward the ridge) components of the flow
(also can see from x — z snapshot Figure a,d,g).

As Fr, exceeds 1 (Figure b and Figure b,e,h), we begin to observe varia-
tions in the phase propagation speed, and the phase relationship between the off-ridge
and on-ridge components becomes more distinct. By Fr. ~ 2 (Figure C), these
differences become very pronounced. On the right-hand side of the ridge, the phase
with westward velocity in the upper water column tends to exhibit a shorter wave-
length compared to the one with eastward velocity (Figure C and Figure C,f,i).
Additionally, the phase propagation speed varies significantly between flood and ebb
tides (Figure c). These patterns indicate a distinctive and noteworthy hydrody-

namic mechanism in regimes where Fr. > 1, in contrast to linear propagation seen
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in F'r, < 1. A full exploration of these mechanisms, however, lies beyond the scope
of our study.

Nonlinearity significantly increases as F'r. > 1, characterised by a more diffuse
tidal beam and pronounced undulations in the isopycnals (Figure b,c,e,f,h,i),
when comparing the less non-linear flow (Fr. < 1) in Figure a,d,g. The dis-
sipation also grows with increasing F'r. (red curves, Figure —l). Despite this, the
tidally-averaged baroclinic energy flux still shows approximately 37% radiating away
at 38 km (orange curves in Figure 1 and Table @), indicating that a notable
amount of waves propagating even at this distance when Fr. ~ 2. These flux are
mostly mode-1 waves by observing one zero-crossing in Figure and Figure
and modal energy flux distribution (not shown). As mentioned in Section B.2, the
energy flux along the channel (orange curves in Figure 1) is showing temporary
misallocations between 5 km and 40 km due to the way we decomposed the barotropic
and baroclinic components (Kelly et al), 2010), it returns back to neutral position
around 38km, over the span of one mode-1 wavelength. The outstanding question of
where these mode-1 waves dissipate remains in this strong non-linear scenario.

The evidence presented strongly suggests that the regime where F'r, > 1 not only
supports the generation of internal tides but also introduces complexities in their

formation and propagation that needs further investigation.



Z[m]

52

Nh/Uo=3.5,Frc=2.1 X=2.0km
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Figure 2.13: Temporal snapshots of the baroclinic flow (a,d,g) Fr. = 0.5, (b,eh)
Fr. = 1.0 and (cfi) Fr. = 2.1 at (a,b,c) X = 2 km, (d,e,f) X = 5 km, (g,h,i)
X = 38 km. The simulations are based on the same setup as the previous base
runs, with modifications to achieve higher spatial resolution in the far-field region.
The resolution increases from dz,,;, = 25 m at —35 km < X < 35 km, expanding
by 2.37% per cell until reaching a maximum size of approximately 600 m. The
perturbation with tidal frequency is shown in all cases even when Fr. > 1 and far
away from the sill, suggesting internal tides are still generated when Fr. > 1.
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Figure 2.14: Hovmuller diagram of the surface baroclinic flow (a) Fr. = 0.5, (b)

Fr.=1.0 and (c) Fr. = 2.1. The simulations are based on the same setup as the

previous base runs, with modifications to achieve higher spatial resolution in the far-
field region. The resolution increases from dz,,;, = 25 m at —35 km < X < 35 km,
expanding by 2.37% per cell until reaching a maximum size of approximately 600 m.

Phase speeds become more non-constant and phase differences between off-ridge and

on-ridge become more obvious as F'r increases from panels a-c.

surface u'/UO
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Figure 2.15: Snapshots of the baroclinic flow (a,d,g) Fr. = 0.5, (b,e,h) Fr. = 1.0
and (c,fi) Fr. = 2.1 at (a,b,c) t=6.04T, (d,e,f) t=6.21T, (g,h,i) t=6.38 T. Tidally-
averaged cumulative energy budgets for (j) Fr. = 0.5, (k) F'r. = 1.0.and (1) Fr. = 2.1
with colors representing different energy components as in Figure R.5. Vertical lines
are the reference position for calculate energy budgets in Table P.2. Nonlinearity
significantly increases as Fr. > 1, characterised by more diffusive tidal beam and
pronounced undulations in the isopycnals. The tidally-averaged baroclinic energy
flux (orémgrige curves in (1)) still shows approximately 37% radiating away at 38 km
)

(Table , indicative of a notable waves propagating even at this distance when
Fr.~2.
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2.5.3 Concluding remarks

Knife-edge theory provides predictions for tidal conversion on supercritical slopes
that are consistent with our simulations at small flow velocities. The validity of
the knife-edge solution has been discussed under the condition Nh/U > 7 when
f < w (Llewellyn Smith and Young, 2003). These predictions follows a power law
that exhibits a quadratic relationship with U, and a linear relationship with A and
N. However, as flow velocities increase beyond Fr. = U./c; > 1, a deviation from
this quadratic scaling is observed — a saturation of energy conversion. In our simula-
tions, this deviation begins at different Nh /U, values depending on the ridge height
(Figure @b): for h=140 m, the deviation occurs when Nh/Uy drops below 10, while
for h=70 m, it starts when Nh/Uj is below 2. This suggests that F'r. is a more
consistent indicator of when the knife-edge model starts to break down.

Our findings are in line with two-layer model of Arneborg et al| (2017), which
shows a reduction in normalized conversion as F'r. approaches 1 (their Figure 9 and
10), similar to the curves in our Figure @d. Both studies use barotropic tidal ampli-
tude as the control variable, and both indicate that tidal conversion growth slows as
F'r. approaches 1. This bending trend, noted but not deeply analyzed by Arneborg
et al| (2017), is what we interpret as conversion saturation. The fact that the two-
layer flow computations also suggest such saturation indicates this saturation may be
intrinsic to flows with Fr, > 1.

We present evidence that there exists a regime between crest-controlled flow
(Fr. = 1 at the crest) and fully supercritical flow (F'r = Uy/c; > 1 everywhere)
where energy continues to be transferred from barotropic to baroclinic motion, albeit
at a diminishing rate. This transfer may persist until the flow becomes fully super-
critical, at which point a reversion to predominantly barotropic motion is expected.
However, the behavior of the system under fully supercritical conditions lies beyond
the scope of our study.

As tidal forcing increases in the tidal non-linear lee wave regime (Nh/Uy > 1),
the scaling relationships between energy conversion and turbulent dissipation must
reconcile; otherwise, dissipation, scaling with U3 , would exceed conversion, scaling
with U2, which is physically unreasonable. This indicates that a new scaling relation-
ship or regime must emerge to maintain physical consistency at higher forcing before
the system returns to the linear regime (Nh/Uy < 1). This study delineates the limit

of that regime, providing a framework that can guide future research in tidal energy
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Figure 2.16: (a) Conversion and (b) drag are the function of U./c;. Blues curves are
the energy and drag of h = 140 m and oranges are h = 70 m. Solid curves with
markers are the our simulation results, dash curves are knife-edge model and solid
curves are the quadratic drag Cyu? and dissipation Cyu® due to bottom friction.

Due to the requirement for wave drag parameterization in forward, global, barotropic
tide models, current models primarily utilize a linear topographic wave drag param-
eterization of U, and h and N within a tensor C for representing dissipative forces
arising from tidal conversion (h3uijsman et al.|, l2015|; |Grifﬁths and PeltieIL lZOOd; |Green|
|and Nycanderi, bOlﬂ). Accordingly, the relationship between energy conversion and

U is quadratic. There is a need for improvement, especially in cases involving super-

critical slopes, shelf and coastal regions (IBuijsman et al.|, l2015|; Etammer et al.|, }20141;
bulzbach et al], lZOQ]J), where the relative errors may reach 16% (Btammer et a1.|, bOlé\l).

Prior research has concentrated on tuning the C' tensor, often leaving the linear U

component unadjusted. As an example, breen and Nycanded (bOlﬂ) introduced a

threshold for the C' tensor as a means of mitigating errors. Our study reveals that
when Fr. > 1, the conversion reaches saturation. For higher ridges, it approaches
nearly linearity (blue circle marker curves, Figure a), while for lower ridges, it ap-
proximates a constant value (orange triangle marker curves, Figure a). Drag (con-
version divided by Up) for higher ridges remains about constant (blue circle marker
curves, Figure b), whereas for lower ridges, it follows nearly power-law decay
with an exponent of -1 (orange triangle marker curves, Figure b). If tidal forcing
continues to increase, bottom friction quadratic drag (solid curves, Figure )) can
take over at Fr. = 1.5 for h = 70 m, and at Fr. ~ 4 for h = 140 m. In summary,

from Fr. < 1, linear wave drag is effective; from F'r. > 1 up to a certain threshold
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dependent on ridge heights, wave drag should transition to a power-law decay to U
or no dependence to Up; and when F'r. > 1, bottom friction quadratic drag becomes
dominant. This suggests a method for improving wave drag parameterization, at least
in shallow water, by introducing a threshold for U where F'r, > 1, deviating from a
linear wave drag.

While our study offers important insights into tidal conversion and saturation
for Fr. > 1 flow, it is essential to acknowledge the limitations due to the idealized
setup of our model. First, our simulations are two-dimensional, and previous studies
have shown that three-dimensional variations in topography can reduce internal wave
generation in the open ocean (Nikurashin et al), 2014). Second, we do not include
rotation or atmospheric forcing, both of which can be important for generating near-
inertial waves (Alford et al., 2016), whose non-linear interaction with internal tides
can be significant in coastal regions (Xing and Davies, 2002). However, we note
that while inertial waves can be resonantly generated in idealized two-dimensional
simulations with rotation (Nikurashin and Ferrari, 2010; Zemskova and Grisouard,
2021), the fjord-like geometry in our study would not permit the amplification of
such waves. Finally, by using only a single tidal constituent, we may have limited the
potential interactions between different tidal components that could lead to energy
transfer near the topographic features (Robertson, 2011). These factors could be

addressed in future studies.

2.6 Appendix

2.6.1 Validation of Two-dimensional Simulations

In the three-dimensional simulations, all settings mirror those of the two-dimensional
experiments, with the exception of the y-direction resolution (dy = 25 m, ny = 120),
the Coriolis parameter f = 107* s ~! corresponds to a latitude of approximately 50°,
and hydrostatic mode. There is a significant degree of similarity between the two-
dimensional and three-dimensional models, particularly with regard to tidal conver-
sion and radiation. Although the two-dimensional simulations exhibit more vertical
dissipation since there is no extensive horizontal dissipation, the combined vertical
and horizontal dissipations in both dimensions are comparable. In spite of the visual
differences on plots, the alignment in bottom friction is supported by its negligible

magnitude.
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Figure 2.17: Baroclinic energy budgets of the base run with Ny = 0.012s7%, h = 140m
and H = 200 m, with colors representing different energy components as in Figure 2.5,
from (a) 3D simulations and (b) 2D simulations, which is the same with Figure R.5a.
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2.6.2 Baroclinic Energy Budgets over all 2D simulations

This appendix provides an overview of the baroclinic energy budget from our suite
of experiments. The upper panels display a series of experiments with varying ridge
heights compared to the base run, while the lower panels depict variations in strat-
ification relative to the base run. Each subplot encapsulates the detailed energetics
corresponding to varying tidal forcing Uy in each experiment. Notably, a saturation

of energy conversion is observed consistently throughout all experiments.
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Figure 2.18: Baroclinic energy budgets for the base run with (e) Ny = 0.012 s~! and
h = 140 m and a series of experiments changing h, where (a) h = 70 m, (b) h = 110
m, (c) h = 120 m; and a series of experiments changing Ny, where (d) Ny = 0.006 s~
and (f) No = 0.024 s~!. The colors indicating different energy components are the

same as those used in Figure R.5. Knife-edge model for each experiment are shown
in black lines.
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Chapter 3

The Role of Wake Vortices in
Modulating Tidal Energy Balance

in Stratified Flows over Headlands
and Adjacent Sills

Wake-induced mixing behind three-dimensional obstacles, involving both wake vor-
tices and internal waves, is a critical sub-grid process in ocean models due to its
significant contribution to form drag and local dissipation. This study examines the
role of headland-generated wake vortices in internal tide dynamics over a supercrit-
ical sill (with the slope steeper than internal tidal beam) in a 3D stratified tidal
channel (depth H = 200 m, width L = 3 km) driven by an M2 tide. In this setup,
0(0.1) < Ro=Uy/fD < O(1) and Fr =U/Nh < 1, with Uy as the current magni-
tude, f as the Coriolis frequency, N as the buoyancy frequency, D as the headland
width, and h as the sill height. Previous research has mainly examined internal tides
and wake vortices independently. Our study isolates the vortex component by com-
paring the dynamics of a setup with both ridges and headlands (R+H) to one with
only ridges (only R). We show that wake vortices modifies lee wave structures and
disrupts approach-controlled flow. Dipole vortices form during both flood and ebb
tides behind the headlands, each persisting only until the next vortex of the same
phase forms and advects, giving them a life cycle of less than or approximately one
tidal cycle. These vortices cause additional tidal energy loss, beyond that used for

internal tide generation. This extra energy dissipates largely within the vortices’ ad-
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vection distance over their life cycle, likely due to shear instabilities, as the vortices
are situated in vertical shear zones. Meanwhile, the radiation of internal tides re-
mained unaffected by the generation and dissipation of wake vortices, likely due to
the dominance of mode-1 internal tides, which have longer wavelengths and are less
prone to breaking. This result held true across different tidal forcings and headland
shapes, where the additional energy loss due to the headland could be estimated
using a simple bluff body law, with the velocity enhanced by ridge-constricted flow
U, = UO%. This finding has important implications for sub-grid mixing parame-

terization of wake-induced turbulence in ocean models.

3.1 Introduction

Real underwater topography is typically three-dimensional, leading to cross-flow ve-
locities that significantly influence the overall dynamics of ocean flows, transport,
and mixing (Chang et all, 2019; Farmer et all, 2002; Geyer, 1993; [noue et al), 2024;
Klymak and Gregg, 2004; MacKinnon et al), 2019; Pawlak et al}, 2003b). Cross-flow
velocities can involve both horizontal and vertical directions, when the topography
involves both direction of variations. Specifically, sharp horizontal variations often
lead to the formation of lateral lee vortices due to flow separation, while vertical vari-
ations can generate internal gravity waves (Geyer and Signell, 1990; Johnston et al.,
2019; Klymak and Gregg, 2001; McCabe et al., 2006; MacCready and Pawlak, 2001};
Perfect et al), 2020a,b; Warner et al), 2013). In this study, we will focus on the dy-
namics and tidal energy balance when both wake vortices driven by headlands and
internal tides generated by underwater sills coexist.

Before considering the effects of wake-induced mixing, it is essential to first un-
derstand internal tides, particularly regarding their generation, local dissipation, and
energy radiation patterns. Internal tides are generated as tidal flows interact with
underwater topographic features, forming internal waves that draw energy from the
tides. The energy conversion process can be predicted by established theories (Bell,
1975; Llewellyn Smith and Young|, 2002, 2003; St. Laurent et al), 2003), which show
that the converted energy is proportional to the square of the tidal current speed (UZ).
However, our previous study revealed that this conversion reaches saturation—failing
to grow further with UZ—when the flow speed relative to mode-1 internal wave phase
speed (U, /c1) exceeds unity. This saturation phenomenon, associated with the onset

of approach-controlled flow when U, /c¢; > 1, is particularly relevant in shallow coastal
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and fjord regions, where tidal currents are strong. Note that U, = UO% represents
the flow accelerated due to the ridge. In Chapter E, this was denoted as U.; however,
here it is referred to as U, because this chapter incorporates the presence of both a
headland and a ridge, where the flow at the crest is simultaneously constricted by
both features.

Once the energy is converted, a portion of conversion energy dissipates near the
generation site, contributing to local dissipation, while the remaining energy radiates
outward. The proportion of energy dissipated locally varies depending on the charac-
teristics of the topography. For sharp and steep features, such as the Hawaiian Ridge,
the majority of tidal energy is converted to low-mode waves, with only about 15%
lost to local dissipation (Klymak et al|, 2006). Conversely, in areas with flatter but
widespread roughness, such as the Brazil Basin, approximately 30% of the tidal en-
ergy contributes to local dissipation (St. Laurent and Garrett, 2002), likely resulting
from nonlinear wave-wave interactions (Nikurashin and Legg, 2011)).

While internal waves have been the primary focus in ocean mixing studies (Melet
et al), 2013a, 2014) especially confined to two-dimensional ridges (St. Laurent and
Garrett], 2002; Llewellyn Smith and Young|, 2003; Klymak et al), 2010a), wake-induced
mixing behind three-dimensional obstacles, which may involve both wake vortices and
internal waves, is an important sub-grid process due to its significant contribution to
form drag and local dissipation and thus needs accurate parameterization in models.
For instance, at Three Tree Point (TTP) in Puget Sound, both tilted headland vortices
and internal waves have been observed, with form drag caused by these phenomena
being 50 times greater than frictional drag over a flat bottom (Edwards et al{, 2004;
Warner et alj, 2013; Warner and MacCready], 2014). In Palau, wake vortices on the
North Equatorial Current result in 10 times more energy loss compared to lee wave
drag or bottom drag (Johnston et al), 2019). In Knight Inlet, local dissipation due
to wake vorices exceeds that caused by internal motions such as hydraulic jumps and
breaking internal waves (Klymak and Gregg, 2004).

An important question is whether the presence of vortices not only increases local
dissipation but also affects the amount of energy radiating away with internal waves
from the generation site. In Knight Inlet, although the local energy dissipation due to
vortices is significant, the total energy dissipated locally is still less than that radiated
away by internal tides, approximately one-third compared to two-thirds (Klymak and
Greggl, 2004). However, recent studies on seamounts suggest that wake-related dissi-

pation can surpass the energy carried away by radiating internal waves (Perfect et al,,



63

2020a; Puthan et alf, 2022a). If significant energy radiation still occurs, identifying
where this energy dissipates remains an outstanding question.

Stratified oceanic wake dynamics under varying flow conditions with different
wake behaviors are quantified by parameters, Froude number (Fr = Uy/Nh) and
Rossby number (Ro = Uy/fD), where f is the Coriolis parameter, Uy is the undis-
turbed current magnitude, NV is the stratification, and D is the horizontal scale of the
obstacle (Perfect et al|, 2018, 2020a,b; Srinivasan et al), 2019). The Froude number
is the ratio of inertial to buoyancy forces while the Rossby number is the ratio of
inertial to Coriolis forces. For Fr < 1 and Ro < 1, fluid below a critical depth can
pass a topographic feature, allowing vortex shedding (Perfect et al., 2018, 2020a,b).
For Fr > 1 and Ro < 1, a Taylor cap or steady wake forms under geostrophic bal-
ance (Srinivasan et al|, 2019). For Fr < 1 and Ro > 1, a lee wake, vortex shedding,
lee waves, and hydraulic control can coexist (Puthan et al), 2020). We will explore
regimes similar to those studied by Puthan et al) (2020); however, while their focus
was on wake dynamics under varying tidal frequencies and mean flow (tidal modu-
lated flow), our research examines wake dynamics under single pure tides, specifically
investigating the impact of wake vortices on tidal energy balance.

Pure tide studies on oceanic wakes (Black and Gay, 1987; Pingree and Mad-
dock, 1979; Signell and Geyer|, 1991; Wolanski et al,, 1984, 1996) mainly focused on
the formation of transient vortices, often in very shallow and homogeneous waters,
where bottom friction plays a significant role in vortex development. The Keulegan—
Carpenter number (K¢ = Uy/wD) is the ratio of advection to the local acceleration
term, where w is angle frequency of tides. As K¢ increases, advection becomes more
dominant, eventually leading to flow separation. Alternatively, K¢ can be viewed as
the ratio of tidal excursion to the headland length.

The life cycle of vortices potentially impacts mixing processes (Pawlak et all,
2003a,b). Vortices may act as barriers to particle transport within their cores (Proven-
zald, [1999), or multiple vortices may interact and change the residual flow direction
(Pawlak and MacCready, 2002). For dipole vortices, they can self-advect and have
been studied in the context of “tidal flushing” between straits or into inlets. Strouhal
number (St = f;D/Uy) is traditionally used to describe the natural shedding fre-
quency (fs) of vortices in steady flows, such as Karmén vortex streets. In the context
of tidal flushing, St is defined as St = D/UyT, where T is the tidal period, repre-
senting the ratio of the headland length to tidal excursion, which is the inverse of
the K¢ as defined eariler. When St < 0.13, the tidal jet detaches before the tides
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change direction, allowing successive vortices to interact and potentially extend their
life cycle beyond one tidal period (Vouriot et al|, 2018; Wells and van Heijsti, 2003).
At TTP, the drift-tracked vorticity decay times indicated a vortex life cycle shorter
than one tidal period (Pawlak et al), 2003a,h). This suggests that the conditions for
vortex detachment were likely not met, although no explicit St was estimated.

The dissipation mechanisms that lead to vortex decay include several key pro-
cesses. Centrifugal instabilities occur at high Re and Ro numbers, relaxing high

vorticity values to near-inertial levels (Dong et alf, 2007; Srinivasan et al,, 2019).

Ro
Fr

Bu quantifies the ratio of rotational effects to stratification effects. A low Bu indi-

Baroclinic instabilities can arise as the Burger number (Bu = (£2)?) decreases, where
cates the vortex size approaches the baroclinic deformation radius, leading to vortex
decay (Dong et all, 2007). Shear instabilities, such as those observed in tilted vortices
at Palau, also contribute to vortex decay (Wynne-Cattanach et al), 2022). Elliptic
instabilities, driven by a strong strain field, can distort and weaken vortices (Canals
and Pawlak, 2011), while zigzag instabilities affect vortex pairs or arrays, particularly
when the Froude number is much less than 1 (Billant and Chomaz, 2000). Addition-
ally, tilted vortices maintained by baroclinic effects may decay when the alignment
of density and pressure fields diminishes as tidal forces weaken (Canals et al), 2009;
Pawlak et al), 2003b).

Our research is motivated by observations in Knight Inlet, where a narrow chan-
nel with contractions in the north and south walls coincides with an underwater sill
with a width of 2 km and a height of 140 m. Knight Inlet is a stratified tidal es-
tuary with an average depth of 295 m and a width of 3 km (Farmer and Freeland,
1983). Observations have shown three-dimensional recirculating dipole vortices in
the lee of the contraction (Klymak and Gregg, 2001) and nonlinear lee waves behind
the sill (Farmer and Armi, 1999h). Local dissipation due to wake vortices was esti-
mated at 2 TW, surpassing the 1 TW dissipation from breaking internal tides and 1
TW from bottom friction (Klymak and Gregg, 2004). However, the estimated local
dissipation was found to be lower than the calculated Bernoulli drop, suggesting a
potential underestimation of total dissipation. These estimates were derived from
limited measurements (one along-channel transect and two cross-channel transects),
highlighting the need for more comprehensive three-dimensional modeling to better
estimate the individual contributions of internal tides and wake vortices to the total
energy dissipation.

Therefore, to isolate the effects of wake vortices, we will include a control ex-
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periment with only the ridge (to generate only internal tides) and compare it to
experiments with both the ridge and headland present, allowing us to address the
aforementioned questions (Section @) We will examine the spatial and temporal
fields where internal tides and wake vortices are co-generated, identifying the distinct
contributions of vortices to the overall flow dynamics (Section ) This includes
analyzing their life cycle and dissipation mechanisms. Our broader goal is to un-
derstand the individual roles of internal tides and wake vortices in the tidal energy
balance and to develop a power law parameterization for these contributions (Sec-
tion @) Additionally, we will test the effects of varying tidal forcing magnitudes
and different aspect ratios of headlands on these dynamics. The regime we consider
here is characterized by weak rotation and strong stratification, with F'r ranging from
0.024 to 0.286, Ro from 0.22 to 2.68, K¢ from 0.01 to 1.92, St from 0.08 to 20 and
Bu from 0.22 to 88.

3.2 Method

3.2.1 Model configuration

To investigate the concurrent generation of internal tides and wake vortices, the
three-dimensional MITgem with an online barotropic—-baroclinic energy decomposi-
tion (Kang and Fringer, 2012; Klymak et al), 2016) is employed to simulate the strati-
fied tidal flows interacting with idealized topography, including both Gaussian-shaped
sills and parabolic headlands (Figure El!) The chosen dimensions and oceanographic
parameters are loosely based on the sill in the Knight Inlet, with the headlands in-
spired by the features of Hoeya Sound and Prominent Point. We use a Cartesian
coordinate system with both the x and y axes centered at the middle of the sills in an
120-km-long, 3-km-wide channel. Gaussian-shaped sills are defined by h = hg exp _L—gf,
where hg is the maximum height of the sill, and L represents the length scale of the
sill. The parabolic headlands have the cross-channel extent given by x(x) = b— (%)2
where b is the maximum extent at the centerline (x = 0), and a determines the
width of the headland across the channel. The headland extends laterally from the
centerline up to the points where the extent drops to zero x(z) = 0, providing the
boundaries of the headland: z = +a/b, thus total cross-channel width of each head-
land is D = 2av/b. Different values of the parameters b and a are used to define the

headland geometries, resulting in various along-channel widths ranging from approx-
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imately 1.78 km to 35 km (See Table Table @) The aspect ratio A = % ranges from
0.014 to 0.28. The sharpest headland () = 1.6b), accelerates the flow the most, with
the narrowest constricted width of 3-1.6=1.4 km, compared to the base headland,
which has a constricted width of 3-1=2 km, while the total channel width remains

constant at 3 km.
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Figure 3.1: Model configurations for (a) only R and (b) R+H scenario. (a) shows
the 2D Gaussian ridge topography used in the only R scenario, while (b) depicts the
R+H scenario, which includes additional headlands on the north and south sides of
the ridge. Both setups are within a 120 km long, 3 km wide channel. The integrated
volume range of energy budget and the forcings are also indicated. While the exper-
iments include the different widths and extents of the headlands (see Table B.1)), this
figure only illustrates the scales in base experiment.

The simulations are conducted on an f-plane with a Coriolis parameter f =
10~%s7 1, representative of mid-latitude oceanic conditions. The stratification is de-
fined by a buoyancy frequency N = 1.2 x 1072 rads~!. The model uses a horizontal
grid resolution of 25 m in the central portion of the domain, with grid cells expanding
by 2.7% per cell beyond the central region to a maximum size of 1225 m. The vertical
resolution is fixed at 5 m, resulting in a total of 40 vertical grid cells.

To simulate tidal currents and density variations, we applied nudging boundary
conditions at the western and eastern boundaries of the model domain. A sponge

layer with varying relaxation timescales was implemented to minimize the reflection
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Runs afm] [ bm]|Dkm]|N=2%)|H [m]|hm|N Uy Ro(=Uy/fD) | Fr(=Uy/Nh) | Ke(=Uy/wD) | St(= D/UyT) | Bu(=
[rads7|][cms~1] (%2)
R+H (base run) 40 500 1.789 0.280 200 140 | 0.012 | 4-48 0.22-2.68 0.024-0.286 0.16-1.92 1-0.083 88.20
R-+H 1.28b 35.35 | 640 1.789 0.320 200 140 | 0.012 | 4-32 0.22-1.79 0.024-0.190 0.16-1.28 1-0.125 88.23
R+H 1.6b 31.62 | 800 1.789 0.354 200 140 | 0.012 | 4-24 0.22-1.34 0.024-0.143 0.16-0.96 1-0.167 88.22
R+H 1.4a 56 500 2.503 0.200 200 140 | 0.012 | 4-32 0.16-1.28 0.024-0.190 0.11-0.91 1.40-0.175 45.00
R+H 4a 160 500 7.155 0.070 200 140 | 0.012 | 4-36 0.06-0.50 0.024-0.214 0.04-0.36 4.01-0.445 5.51
R+H 8a 320 500 | 14.311 | 0.035 200 140 | 0.012 | 4-32 0.03-0.22 0.024-0.190 0.02-0.16 8.01-1.002 1.38
R+H 20a 800 500 | 35.777 | 0.014 200 140 | 0.012 | 4-32 0.01-0.09 0.024-0.19 0.01-0.06 20.04-2.505 | 0.22
R+H h070 40 500 1.789 0.280 200 70 ] 0.012 | 24-64 1.34-3.58 0.286-0.762 0.96-2.56 0.17-0.063 22.05
only R h140 - - - - 200 140 | 0.012 | 4-64 - 0.024-0.286 - - -
only R h070 - - - - 200 70 0.012 | 24-64 - 0.095-0.667

Table 3.1: Summary of parameters for simulations including both Ridges+Headlands
(R+H) and Only Ridges (only R) for comparison. The nondimensional numbers
Ro (Rossby number), Fr (Froude number), K¢ (Keulegan-Carpenter number), St
(Strouhal number), and Bu (Burger number) are also provided for R+H runs.

of internal waves: 100 seconds at the outer edge and 1000 seconds at the inner edge.
The tidal forcing was introduced using a sinusoidal function corresponding to the
M2 tidal period (T = 44,640 s, so w = 2 ~ 1.4 x 10* s~') with magnitudes (Up)
ranging from 4 to 80 cms™! (Table @) The tidal velocity follows U = Uj sin(wt),
where t = jT (integer j) represents slack tide. Flood tide occurs between t = 5T and
t = (j + 0.5)7, with flood peak tide at t = (j 4+ 0.25)7". Similarly, ebb tide occurs
between t = (j+0.5)T and t = (j + 1)7T", with ebb peak tide at ¢t = (j +0.75)T. The
walls and bottom in the model domain were set with free-slip conditions. Additional
bottom friction was incorporated as quadratic bottom drag (with C;; = 1x1073). The
simulations generally employed a time step (At) of 1.24 seconds to ensure compliance
with the Courant-Friedrichs-Lewy (CFL) criterion (C' = u{% < 1). However, for cases
with sharper headlands (1.6b and Uy = 24cms™!), the time step had to be reduced
to 0.62 seconds to maintain numerical stability and satisfy the CFL condition. The
simulations were run for a duration of 12 tidal cycles.

To maintain numerical stability, viscosity v, and diffusivity x, were parameterized
based on regions of density overturns (Klymak and Legg|, 2010). Following the results
of sensitivity tests in Chapter 2, we adopted the background horizontal viscosity and
diffusivity x;, = v, = 1072, which provides a well-closed energy budget without signif-
icantly altering other terms, while vertical values were set to s, = v, = 107° m?s7 1.
A second-order flux-limiting temperature advection scheme (tempAdvScheme = 77;
see the MITgem manual) was utilized, which introduced some numerical diffusivity
and dissipation (Klymak and Legg, 2010).

The ranges of those relevant nondimensional parameters (Ro, Fr, K¢, and Bu), as
summarized in Table @, were selected to span a broad spectrum of realistic oceanic

conditions by varying tidal forcing U, and spatial length of headlands.
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3.2.2 Decomposition into two-dimension versus three-dimensional

and barotropic versus baroclinic Components

Considering the two-dimensional nature of the ridge in our experiments (i.e., no vari-
ation in the y-direction), the internal tide generated by the tides over the ridge is
expected to be two-dimensional (2D). However, with the inclusion of the Coriolis
force, the internal tidal flow acquires three-dimensional (3D) components. The main
contribution to the 3D flow, though, comes from the vortices generated by the head-
lands. Additionally, while the internal tide motion is definitively baroclinic (BC, i.e.,
varying in the vertical direction), our analysis later in this paper will show that the
vortex motion is not purely barotropic (BT). To examine the contribution of vortices
and assess the role of headlands in generating 3D flow structures, we decomposed the
flow field into two categories: 2D versus 3D, and BT versus BC components.

The total velocity (u) is first separated into BT (ug;) and BC (uy.) components:

0
udz

Upy = ff— (3.1)
f_H dz

Upe = U — Upy (3.2)

Here, uy; represents the depth-averaged velocity, and wu. represents the deviation
from this average, corresponding to the baroclinic component.
The kinetic energy (KE) associated with the flow can be decomposed similarly.

For the BT and BC components, the kinetic energies are:

1
KEubt = éugt (33>
_ 1 2
KEubc — éubc (34)

Next, the velocity field is further decomposed into 2D (ug4) and 3D (ugq) compo-
nents:
U = Ugqg + Uzq (35)

The 2D component us, is obtained by averaging the velocity across the channel
width L:
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L
f CLudy
Uyg = —F—— (3.6)
f - L dy
The 3D component usg is then defined as the residual:
Usg = U — Usq (3.7)
The kinetic energy associated with the 2D component is:
1,
KEUQd = §u2d (38)
And for the 3D component:
L,
KEU3d = §u3d (39)
Note that KE,,, is distinct from the KEy; = / %szy, as the former is specifically

related to the 2D velocity component, whereas the latter represented a mean kinetic
energy across the channel width.

Finally, the overall kinetic energy (KE) is expressed as:

KE = KE,,, + KE,,, + tsqtisq (3.10)

Further decomposition of the 2D component yields:

KE = KE,, + KE,,, + ety (3.11)

This decomposition allows us to isolate the contributions from 2D motions and
the 3D components, which are particularly relevant in the presence of headlands. By
cross-comparing the results from the R+H experiments with those from the only R
experiments, we can identify the role of vortex generation in modifying the overall

flow and energy distribution in the system.

3.2.3 Barotropic-Baroclinic Energy Decomposition

In this study, we employ the BT and BC energy decomposition method (Kang|, 2011
Klymak, 2018; Hughes and Klymak, 2019), to analyze the energy budgets and dissi-

pation processes in our simulations. This decomposition is performed online during
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the simulations, allowing for real-time energy capture and analysis.

The decomposition is based on a depth-integrated, tidally-averaged energy equa-
tion. In a steady, tidally forced system, the barotropic tidal energy is either dissipated
in the bottom boundary layer or converted into baroclinic energy. The vertically in-

tegrated energy budgets are described by the following equations:

1 — _ _

TAEbt + Vi (Fy) =—(C)— (& + D),

1 L B (3.12)
?AEI)C + vH ' <Fbc> - <C> - <€_bc + Dbc> s

where FE is the tidal energy, F'is the tidal energy flux, C' is the conversion from
BT to BC energy, € is the turbulence dissipation, and D is the bottom boundary
layer dissipation. BT and BC components are denoted by subscripts bt and bc,
respectively. The overbars denote depth integrals - = [ dz, while the angle brackets
indicate tidal averages () = 7 [ dt.

The conversion term C' plays a central role in connecting the energy budgets of
BT and BC energies:

C = pgW — ¢.W + Apo, (3.13)

where p’ represents a density perturbation, W(z) is the vertical velocity, ¢, is the

nonhydrostatic part of the pressure, and Ay is the non-linear term, expressed as:

Apo = po (Ut Vi - Wpe mpe + 00tV i - Woe, 1 Upe) (3.14)

where the subscript H refers to the horizontal component.
Baroclinic energy, after conversion, undergoes dissipation or leaves the system as

an internal wave energy flux, described by:

Fye = WpePpe + uEpe, (3.15)

where the contribution is from pressure work w,.pp. and energy advection ufy.. Details
can be seen in Kang (2011) Eq. (6.16).

Turbulent dissipation in vertical direction ¢, is obtained from the modeled vertical

e (2 (2)). -

viscosity as
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and horizontal dissipation is calculated as

€beh = Povi (Ve - Ve i) - (3.17)

3.3 Phenomenology

3.3.1 Velocity and Density Field

The flow along the current direction exhibits nonlinear trapped lee waves that are
similar to those usually observed in flows over supercritical ridges (Figure @ e-h).
As the tide strengthens, the lee waves grow until they reach a peak (Figure
e-g), after which they collapse when the flood tide subsides. As the tides reverse
(Figure @ h), the remaining bore is released to the opposite side of the ridge. This
evolution is akin to the typical behavior of nonlinear lee waves as oscillating flow
over supercritical ridges (Klymak et al), 2012; Legg and Klymak, 2008; Winters and
Armi, 2013), with the additional presence of a vertical confined strong flow trailing
the lee wave (Figure @ g). Near the headland, smaller lee waves are also observed,
though they are less pronounced (Figure @ a-d). As we will see in the vorticity plots
later, these less pronounced lee waves coincide with the locations where vortices are
generated.

In the cross-channel transect, the presence of the headland introduces a distinct
flow structure characterized by a central jet flanked by regions of negative flow near
the north and south walls of the channel (Figure @ i-p). This jet forms as the tides
strengthen, but it does not extend to the bottom, reaching a maximum depth of
about 120 m (Figure @ j,k,0). As the tidal flow weakens during the transition to
flow reversal, the jet migrates towards the right-hand side wall, due to the effects of
rotation (Figure @ s to q and t). This shift is also accompanied by a reduced depth
of jet, with tilting occurring below 100 m (Figure @ p).

The last jet formed under the previous tidal direction persists and gradually dis-
sipates after the flood tide (top view of the flow, Figure @ q,r). Subsequently,

the overall flow pattern becomes more symmetric around the central axis (Y = 0,

Figure @ s).
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Figure 3.2: Temporal evolution of flow and density structures over a half tidal cycle
where Ro = 0.89, F'r = 0.095. The first two columns (a-d, e-h) show along-channel
transects at Y = 0.9 km and Y = 0 km, respectively. The third and fourth columns
(i-1, m-p) display cross-channel transects at X = 0.9 km and X = 2.0 km. The
fifth column (qg-t) presents top-view snapshots at a depth of Z = —7.5 m. Rows
correspond to specific tidal phases at 6.08, 6.25, 6.42, and 6.58 cycles, with arrows
in the first column indicating tidal forcing magnitude. Velocity (U) is represented
by shaded contours, while overlaid contours depict density fields, ranging from light
blue to dark blue, indicates increasing density. Density contours in the contourf plot
are uniformly spaced in depth, with an interval of 25 m (e.g., at depths of 2.5, 27.5,
52.5, ..., down to 177.5 m). In the top view snapshots (g-t) at 7.5 m, only the light
blue isopycnal, originally at 27.5 m, is visible, indicating significant water uplift. The
evolution near the ridge is akin to the typical behavior of nonlinear lee waves as
oscillating flow is over supercritical ridges, with the additional presence of a vertical
confined strong flow trailing the lee wave.
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A distinct vertical confined strong flow trails the lee wave (Figure @g,Figure @C),
closely resembling the flow observed in IKlymak and Gregé (IZOOJJ, Plate 7b) . This

feature can be seen more clearly when compared to the experiment without headland

(only R, Figure @ ad,cf), as seen in both along- and cross-channel views. The verti-
cal confined strong U flow is directed northward at Y > 0 and southward at ¥ < 0,
though both are much weaker than the east-west flow (Figure @ c,f). In the presence
of headland vortices, the horizontal wavelength of the lee waves is stretched signifi-
cantly, from approximately 100 m to over 1000 m (0 < X < 1 km, Figure @ a,c).
Consequently, the lee waves take a smoother, more undular form, contrasting with
the sharper and steeper waves seen in the absence of vortices, where a group of isopy-
cnals plunges almost attached to each other, forming abrupt jumps (0 < X < 500 m,
Figure @ a,b).
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Figure 3.3: Flow and density structures 1.6 hrs after the flood peak tides (t = 6.38
cycles). The top row (a-c) shows along-channel transects at Y = 0 km, while the
bottom row (d-f) presents cross-channel transects at X = 1.5 km. The first column
(a, d) corresponds to the only R experiment, the second column (b, e) to the R+H 20a
experiment, and the third column (c, f) to the R+H experiment. Shaded contours
represent the U-velocity, with overlaid contours indicating the density fields. While
isopycnal structures under wide headland scenario remain largely similar to the only
R case, and both resemble the approach-controlled flow structure, in the presence of
headland vortices, the horizontal wavelength of the lee waves is stretched significantly.

Above the ridge crest, the flow is resembling supercritical symmetric structure
more than only R case (-200 m < X < 200 m, Figure @ a,c), although it is not fully

supercritical. However, it is unclear whether this is solely due to the faster flow above
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the ridge, caused by the headland constriction. In another experiment with a much
wider headland (R+H 20a, Figure @ b), with the same level of being constricted
by the extent of headland (b), but with no flow separation or vortex formation, the
isopycnal structures under wide headland scenario remain largely similar to the only
R case (Figure @ a,b), and both resemble the approach-controlled flow structure
reported in our prior study. This suggests that the flow above the ridge leaning
more to supercritical flow in the R+H case may not be solely due to the headland
constriction. Instead, it might be influenced by upstream residual vortices, which are
visible in the subsequent vorticity plots, and cause isopycnal perturbations (—3 <
X < —1 km, Figure @ c).
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Figure 3.4: Flow and density structures 1.6 hrs after the flood peak tides (t = 6.38
cycles). This figure is similar to Figure B.3, but shows V-velocity instead of U-velocity.

3.3.2 Vorticity Field

In this subsection, vorticity (( = % — g—“) is shown to illustrate the temporal and
y
spatial of vortex evolution. Vortices are generated in the lee of the headlands around
both peak ebb and flood tides. Vortices generated during flood tides are referred
to as flood vortices and are always located at x > 0 in our experiment, while those
generated during ebb tides, referred to as ebb vortices, are located at x < 0. The
vortices transition from barotropic during generation to baroclinic during develop-
ment /advection, return to barotropic when trapped, and become baroclinic again

due to tilting upon release.
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The surface vorticity field is almost symmetric when vortices are generated at the
tip of the headlands during peak tides (Figure @ r). These flood vortices initially
form as symmetric dipole structures (for Y = 0 axis) at the surface, with negative
vorticity on the right-hand side and positive vorticity on the left-hand side relative
to the flow direction. Vertically, the vertical confined structure of these vortices
suggests predominantly barotropic motion during their initial formation (Figure @])
However, deeper in the water column, the vortices with positive vorticity on the left-
hand side become narrower and tilt rightward at depths below 80 m, introducing

some asymmetry and baroclinicity in the deeper layers.
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Figure 3.5: Temporal evolution of normalized vertical vorticity % and density struc-
tures over a half tidal cycle. This figure is similar to Figure B.2. The vortices transition
from (second row) barotropic during generation to (third row) baroclinic during de-
velopment /advection, return to (fourth row) barotropic when trapped, and (first row
see upstream) become baroclinic again due to tilting upon release.

About 1.6 hours after their formation, the flood vortices spread and shift slightly to
the right, with the vortex extending to around 120 m deep and advecting downstream
to approximately 3 km (Figure @ k,0,8). As the vortices continue to advect, they
further tilt toward the right-hand wall, especially noticeable in the positive vorticity

vortex below 100 m (Figure @ 0). However, when vortices become trapped within the
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wake region (flood vortices in Figure @ t), they regain a predominantly barotropic
nature. Since flood and ebb vortices share a consistent pattern of evolution, the
trapped stage observed for flood vortices (Figure @t) can also represent that of
ebb vortices, as seen in Figure @a,e,q. By examining flood vortices up to 6.57
cycles and returning to 6.08 cycles to observe ebb vortices, we effectively capture
the entire process without redundancy. Finally, when the trapped ebb vortices are
released (Figure @e,f,g), tilting once again reintroduces baroclinic contributions.
The surface vorticity appears to retract toward the center (z = 0) with some residual
positive vorticity persists at depths between 100 and 150 m (Figure @g,h). This
corresponds to some upstream isopycnal displacements mentioned in the flow field
(Figure @c), suggesting that while surface vortices may dissipate, deeper structures
tend to linger longer.

This dipole configuration complements the flow field discussed earlier, where vor-
ticity signals are observed in regions corresponding to the jet and vertical confined
flow. As shown in Figure @ g, the strong vertical confined flow is clearly aligned
with the wake vortices, and the edge of these vortices corresponds to the trough of
the lee waves. The more northern transect (Figure @ b) shows that the lee waves
coincide with the generation of vortices during flood tides, and these vortices con-
tinue to develop at the ridge crest (Figure @ ¢). The vortices with positive vorticitiy
contribute to the upward displacement of isopycnals at their core.

The life cycle of each vortex is approximately less than or equal to a full tidal cycle,
with remnants from each phase persisting until the next vortex of the same phase fully
replaces it. To illustrate the depth variation and life cycle of these vortices, we plotted
the depth-integrated vorticity over a complete tidal cycle (Figure @) and compared
it with the surface vorticity (Figure @ g-t). During peak tides, new vortices emerge
at the headland tip (Figure @ b), while remnants of vortices from the previous
half cycle are still detectable upstream. The depth-integrated vorticity reveals that
upstream vorticity can persist until the next vortex of the same phase forms.

For example, at peak flood tide (Figure @b), new flood vortices form at the
headland tip. These vortices advect downstream, tilt, and become trapped around
x = 2 km as the flow transitions towards ebb tides (Figure @c—e). By the time
the flow returns to flood conditions (Figure @a), the negative component of the
previous flood vortex has nearly disappeared, while the positive component persists
longer. This persistence is further evidenced in Figure @b, where a weaker residual

signal from older flood vortices is visible around z = 2.5 km, in addition to the strong



7

(a) t= 6.08 cycle (b) t= 6.25 cycle (c) t= 6.42 cycle
J o\
=0 ?& *
_1 /\
(d) t= 6.5é cyclé_- — (e) t= 6.75_;)‘/<;Ie (f)
: \/
>_ i
: Jak.

-2 0 2 4

-6 -4

2000

«

- 1000

- -1000

-2000

6 6 -4 -2 0 2 4 6 -6 -4
X Tkml X Tkml

Figure 3.6: Temporal evolution of depth-integrated normalized vertical vorticity %
over a tidal cycle. Arrows at bottom of the plots show the tidal forcing at that time.
The life cycle of each vortex is approximately less than or equal to a full tidal cycle,
with remnants from each phase persisting until the next vortex of the same phase
fully replaces it.

signal of newly formed flood vortices at the headland tip. However, once the new
flood vortex reaches the 2 km location (Figure @c), the older flood vortices have
fully dissipated, merged, or been replaced.

3.3.3 Vortex Decay and Mixing

The flow and vorticity fields indicate that the impact of vortices is primarily localized
within approximately -6 km to 6 km from the generation site, with most vortices
dissipating before the next vortices are generated. Here, we explore the key mecha-
nisms influencing vortex decay, focusing on centrifugal and shear instabilities. While
various potential mechanisms were discussed in the introduction—such as centrifugal,
baroclinic, elliptical, and zigzag instabilities—our analysis concentrates on centrifu-
gal and shear instabilities. Centrifugal instability typically occurs under conditions
of high Re and Ro, which align with the flow characteristics in our study area. Mean-

while, shear instability is particularly significant where strong velocity gradients exist,

especially within tilted vortex structures (|Wynne—Cattanach et al.|, lZOQﬂ).

Shear instability is suggested to be the primary mechanism influencing the decay
of this headland-driven vortex, as opposed to centrifugal instability. The time series of

maximum and minimum vorticity (not shown here) did not show signs of centrifugal

[$dz
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Figure 3.7: Snapshots of (a,b) vertical dissipation rate ¢, and (c,d) Ri (e,f) J, = w't/
at Y = 0 transect 1.6 hrs after the flood peak tides (¢ = 6.38 cycles). Left column
is from only R and right column is from R+H experiments. Enhanced turbulent
dissipation rates are in the region of the vertical confined flow where Ri = ];—22 < 0.25,
suggesting shear instability may the primary mechanism driving turbulence for these
headland wake vortices.

instability, such as the decay of high vorticity to inertial frequencies or asymmetric
positive and negative vorticity. Another possibility is that our MITgcm model is

hydrostatic, and centrifugal instability may require a non-hydrostatic mode to be

accurately simulated (tDewar et a1.|, b015|). Enhanced turbulent dissipation rates are

in the region of the vertical confined flow (Figure @b) where a Richardson number

Ri = ¥ < 0.25 (Figure B.3d), where N? = —22 and §? = (2)2 4 (2)2. Theso
results suggest that vortex-induced shear is an additional driver of turbulence and
instability beyond the traditional lee wave dynamics. Thus, shear instability is the

primary mechanism driving turbulence in headland wake vortices. This aligns with

the findings of Brinivasan et a1.| (bOQ]J), which indicate that at relatively large Ro, such

as in our case (Ro = 0.89), shear instability tends to dominate, whereas at small Ro,
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centrifugal instabilities are more prominent and contribute to stronger, asymmetric
anticyclones.
Next, we explore the contribution of vortex decay to the vertical mixing by exam-

ining the buoyancy flux J, = w't’, where 0/ = —gp;(fo

and w’ is the vertical velocity.
We find that regions of strong dissipation often correspond to areas with larger |J,|
magnitude. However, only the negative .J, values indicate the vertical mixing (i.e.,
heavy fluid parcels being transported upward and light parcels downward). These
negative J, regions are primarily located along isopycnal dipping zones.

Notably, in the headland case, additional negative .J, signals are observed not
only downstream, but also upstream of the ridge, where the water was lifted more
significantly than in the only R case. These enhanced upstream mixing signals are

clearly visible in the temporal evolution of buoyancy flux shown in the following figure.
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Figure 3.8: Temporal evolution of depth-integrated buoyancy flux J, over a tidal
cycle. Arrows at bottom of the plots show the tidal forcing at that time.

During the peak flood tide around cycle 6.25, strong negative J, signals emerge
both along the isopycnal dipping region downstream of the ridge and also in the
upstream region where the water lifted up. Following the flood peak, as the flow
continues in the flood direction and the vortex expands downstream, the J, signals
are observed trailing the vortex. However, once the flow reverses (transitioning from
flood to ebb), the buoyancy flux signal diminishes sharply. Despite the continued
presence of the flood-phase vortex (Figure @), very little J, remains. The same

pattern occurs during the ebb tide.
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3.4 Energetics

In this section, we explore the energetics of the stratified flow over a ridge-plus-
headland channel, by examining how kinetic energy is distributed, how much tidal
energy is converted into baroclinic motions, and how much these baroclinic energies
are either locally dissipated or radiated away. We particularly examine how these
processes are modified by the presence of headland-driven vortices by comparing two
scenarios: only R and R+H. Finally, we expand our analysis to different tidal forcings
and headland sizes to investigate how these energy processes scale with varying flow
speeds and headland dimensions, which could provide insights for sub-grid mixing

parameterization.

3.4.1 Kinetic energy

To understand the kinetic energy in the system, particularly in relation to vortices,

) and 3D (KE

we decompose the kinetic energy field into its 2D (KE,,, wsy) COMPO-
nents, as outlined in the methods section. This decomposition can be useful because

our ridge is a 2D feature, and by isolating the 3D kinetic energy K'F,,,, we can at-

3d
tribute this component largely to the vortices generated by the headland in the R+H
scenario. By performing the same decomposition for the only R scenario, we can
directly compare the kinetic energy distribution and partitioning between the two
configurations.

In the R+H scenario, our decomposition method for the 3D velocity component
(usq) effectively isolates the vortex-related kinetic energy, demonstrating its reliabil-
ity in capturing headland-driven dynamics. This is evidenced first by usq successfully
extracting the signal of strong vertical confined flow (Figure @b), consistent with the
headland-driven vortices previously described in Figure @c, which are absent in the
only R scenario (Figure @a). Second, the depth- and channel-integrated KEusg'
exhibits a clear advection pattern with tidal flow, extending up to T = +4 km (Fig-
ure @d . This signal aligns well with the vertical enstrophy (CQ Figure @f
confirming that KE

namics.

us, accurately represents the energy contribution of vortex dy-

The spatial distribution of tidally-averaged kinetic energy ((KE)) reveals a sig-
nificant enhancement in the presence of headlands, with the total volume-integrated
kinetic energy increasing by approximately 46 GJ in the R+H scenario, as annotated

in the kinetic energy map (Figure a,b). This increase is primarily driven by the
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Figure 3.9: (a,b) Snapshot of uz; near the ridge at y = 0 km and ¢ = 6.38 cycle.

Hovméller diagram of area-integrated (in y — z direction) (c,d) kinetic energy KEB,,,”

JR—
and (e,f) vertical enstrophy ¢? . Left column is from only R and right column is from
R+H experiments. Our decomposition method for the 3D velocity component (usq)
effectively isolates the vortex-related kinetic energy.

barotropic component (K E,,,), which accounts for 42 GJ of the total enhancement

(Figure c,d). In contrast, the baroclinic component (KF,, ) shows a more lo-
calized contribution of 4 GJ near the headlands, particularly around (z = (1 — 2)
km, y = F(0 — 500) m). The spatial map of (K E,, ) also reveals the propagation of
internal Kelvin waves along the right-hand side walls (Figure e,f).

The 2D kinetic energy field ((KE,,,)) remains consistent between the R+H and

U24

only R scenarios, confirming that the differences in 3D kinetic energy ((K' E,,,,)) arise

primarily from vortices in the R+H scenario. While we do not explicitly decom-
pose (K E,,,) into barotropic and baroclinic components, the barotropic dominance
is evident by comparing the separate maps of (KFE,,,) (Figure d) and (KFE,, )

(Figure f), which show that the former contributes more significantly to the total

2D field.
In the 3D energy field, (K E,, dv> in the only R scenario reflects contributions from
internal Kelvin waves generated by the ridge. Comparing (K Eu3dv> in the only R and

R+H scenarios isolates the additional vortex-driven energy in the R+H case, since
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only the latter includes headland-generated vortices superimposed on the internal
Kelvin waves. This comparison provides a framework for attributing the energetic
difference in the 3D fields to vortex activity.

The time series of volume-integrated kinetic energy K E” reveals the energy ten-
dency (45E) (Figure ), offering insights beyond the static reservoir analysis pro-

vided by kinetic energy fields. In the R+H scenario, while the enhanced KE'

(blue curve, Figure 3.1i) reservoir is dominated by barotropic energy (K Eubtv, or-

ange curve, Figure @), the temporal evolution shows that vortices are not purely
barotropic (Figure @ j,k,0). Instead, the time series highlights dynamic energy ex-
changes between barotropic and baroclinic components as vortices form, expand, and
advect, and ultimately become trapped or released during tidal reversals.

At the initial stages of vortex generation near the headland tip, the vortices exhibit
a largely barotropic character, consistent with the strong vertical confined flows ob-
served in the vorticity field (Figure @]) As vortices expand and advect downstream,
tilting mechanisms begin to introduce baroclinic contributions (Figure @k,o). The
time series shows that when barotropic kinetic energy (mv, orange curve in Fig-

. o : R
ure ) decreases, there is a corresponding increase in baroclinic (KF,, , green

Ubc

curve in Figure ) and 3D kinetic energy (K E,, dv) purple curve in Figure ),
reflecting energy transfer associated with vortex tilting and vertical structure. When

vortices become trapped and stabilize, they regain a predominantly barotropic nature
(upstream in Figure @e,f), but as the tides reverse and release the trapped vortices,

tilting reintroduces baroclinic and 3D components into the system (upstream in Fig-

ure @g,h).
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Figure 3.10: Tidally-averaged, depth-integrated kinetic energy distributions. Rows
show x — y spatial distributions for (a, b) total kinetic energy (K E), (c, d) barotropic
kinetic energy ((KE,,,)), (e, f) baroclinic kinetic energy (KFE,, ), (g, h) 2D kinetic
energy (K E,,,) ,and (i, j) 3D kinetic energy (K E,,,). Each volume-integrated energy
over -10 km < z < 10 km is shown as text. Left column is from only R and right
column is from R+H experiments. The spatial distribution of tidally-averaged kinetic
energy reveals a significant enhancement in the presence of headlands, mostly from

barotropic kinetic energy and 3D kinetic energy.
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Figure 3.11: Time series of volume-integrated kinetic energy K E'. (a) Blue curves
represent total kinetic energy K EV, orange for BT kinetic energy K Eubtv, green for

BC kinetic energy K Eubcv, (b) red for 2D kinetic energy KE,

3D kinetic energy KE,, dV. Solid lines indicate the only R scenario, while dashed
lines indicate the R+H scenario. The time series of volume-integrated kinetic energy

and purple for

2d )

KE' shows that vortices in the R+H scenario consume approximately 3.84 MW
more energy than in the only R scenario. This was estimated by analyzing the rate

of change in KE,,, over a quarter tidal cycle, converting the energy difference in
GJ to an average power input in MW.

Finally, we quantify the power input into vortices by analyzing the rate of change
in mv. Over a quarter tidal cycle (from 6.417 to 6.167 cycles), mv in the
R+H scenario increases from 55 GJ to 108 GJ, corresponding to an average power
input of 4.72 MW. In the only R scenario, m‘/ increases from 26.5 GJ to 36.4
GJ, corresponding to an average power input of 0.88 MW. The difference of m‘/
between R+H and only R scenarios gives us an estimate that the vortices in the R+H

scenario take approximately 3.84 MW of additional energy.

3.4.2 Baroclinic energy

After examining the kinetic energy field, the rate of change in KFE,,, dV provides an
average estimate of how much energy the vortices gain over time, 3.84 MW. Now, we
will look at the baroclinic energy balance and also compare the two scenarios: only

R and R+H, to tackle the energetics role of vortices.
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The conversion of tidal energy into the baroclinic motions (Cgp_pc) is enhanced
by the precence of the headland. The spatial distribution of conversion is concentrated
along the flanks of the ridge (Figure b,d) in both scenarios only R and R+H,
but the introduction of the headland amplifies the conversion. While the only R
scenario shows a fairly two-dimensional pattern deflected toward the right wall due
to rotation (Figure ﬂ b), R+H case introduces intensification near the inner faces
of the headlands where it connects with the ridge and broader along-channel range
(Figure 3.12 d). Integrating conversion across the channel (Czr_pe’ ), the range of
energy conversion is slightly broader in the presence of the headland than with only
R (Figure ﬂ f). This broader range of conversion, when integrated over the entire

volume (Cpr_ BCV), results in an increased total energy budget, adding an additional

3.7 MW in the R+H case.
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Figure 3.12: Tidally-averaged power loss and energy conversion distributions. Left
column (a,c) shows tidally-averaged power loss from form drag, (UyDy); and right
column (b,d) shows tidally-averaged depth-integrated BT-BC conversion (Cpr_pc).
Spatial distributions of energy in the 2 — y plane for the (a,b) only R and (c,d) R+H
scenarios. The third row (e,f) shows the y-integrated values for each scenario as line
plots, with volume-integrated values (integrated over y and z) annotated as text on
the plots. Note that (e) and (f) have different y values. The additional tidal power loss
caused by the headland is estimated from the power loss due to form drag (3.4 MW
= 18.2 - 14.8 MW) and barotropic-baroclinic (BT-BC) conversion (3.7 MW = 20.5 -
16.8 MW). Although form drag losses are consistently weaker in intensity compared
to BT-BC conversion, both provide similar estimates of the additional power loss.
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Another way to estimate how much tidal energy is lost in the presence of topog-
raphy is by calculating the power loss due to form drag (Df), which can be expressed
as UyDyg, where Dy = f f Pbot%dxdy. In order to make the consistent physical term
with (Cgr_pc), the term Pbot% is defined here as local form drag Diyca, and the
spatial distribution of tidally-averaged local energy loss from form drag as (UyDiocar)
is shown in Figure a,c. Overall, energy loss due to form drag occurs in similar lo-
cations to conversion but is consistently weaker in intensity (Figure ac vs bd). In
the only R scenario, the distribution of power loss due to form drag primarily occurs
on both flanks of the ridge. The y-integrated power loss (UyDpea’) (Figure e)
shows lower peak values compared to conversion (Figure f). The area-integrated
power loss (UyDy) estimates from form drag are consistently about 2 MW less than
the conversion (i.e., 14.8 v.s 16.8 MW in only R and 18.2 v.s 20.5 MW in R+H;
Figure e,f). Despite this difference, the additional tidal power loss caused by the
presence of headland (3.4 MW = 18.2-14.8 MW) is very close to the 3.7 MW increase
in conversion.

It is important to note that in this study, the headland is represented as a vertical
sidewall rather than a sloping topography. As a result, the headland itself does not
contribute explicitly to form drag calculations because its slope (% is infinity, making
Pbot% vanish. However, the presence of the headland still modifies the local pressure
field, creating a pressure difference between the upstream and downstream regions.
Furthermore, while the headland walls themselves do not generate form drag, they
are connected to the underwater ridge, where dh/dx is nonzero. This connection
suggests that some degree of headland influence on form drag may still be present.

The time series of form drag Dy reveals that the presence of the headland en-
hances its magnitude by approximately 1.2 times, while the phase relationship with
Up remains consistent between scenarios (Figure a). This enhanced magnitude
directly increases the power loss associated with form drag, which is also approxi-
mately 1.2 times greater in the R+H scenario (Figure b). In the only R scenario,
the time series of form drag D shows a weakening after reaching its peak (blue curve,
Figure a), which is likely linked to the approach-controlled flow, as discussed in
our previous research and also captured here (Figure @ a). Form drag manifests as
the pressure drop associated with the isopycnal depression on the downstream side of
the ridge. The isopycnals in approach-controlled flow respond differently compared to
crest-controlled flow. The addition of the headland amplifies the magnitude of form

drag without altering its phase, ultimately enhancing tidal power loss.
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Figure 3.13: Time series of form drag Dy and its power loss UyDys. Blue curves are
for only R scenarios and orange for R+H scenarios. Dashed lines are tidally-averaged
values (14.84 MW for only R and 18.20 MW for R+H). The time series of form drag
Dy reveals that the presence of the headland enhances its magnitude by approximately
1.2 times, while the phase relationship with Uy remains consistent between scenarios.

Turbulent dissipation is intensified by the presence of the headland, particularly
around the vortex formation and advection region (-5 km < x < 5 km). Horizontal
((€n)) and vertical ((€,)) turbulent dissipation show substantial differences between
scenarios. In the only R case, dissipation is concentrated along the ridge flanks, with
horizontal dissipation skewed by internal Kelvin waves and vertical dissipation ex-
hibiting a uniform 2D pattern (Figure a,b). In the R+H case, vortices generated
by the headland amplify dissipation near x = 0, spreading diagonally outward (Fig-
ure c,d). Integration along y (solid curves, Figure e,f) shows higher peak
dissipation values but also broader ranges of dissipation along x compared to only R.
Note that the vertical and horizontal dissipation plots have different y-axis limits due
to the large difference between peak values and the surrounding dissipation levels in
the vertical dissipation.

Further integrating the y-integrated dissipation cumulatively along z (dashed
curves, Figure e,f), in the R+H scenario, dissipation continues to increase past
where the ridge is located (x = 0-1 km), whereas in the only R scenario, dissipation
plateaus. In R+H scenario, horizontal turbulent dissipation (¢,") increases by ap-
proximately 1.1 MW (i.e.,, 1.9 MW in R+H compared to 0.8 MW in only R). The

additional 1.1 MW represents dissipation attributed to vortices, contrasting with the
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0.8 MW contributed by internal tides alone. This indicates that local dissipation due
to vortices can exceed that caused by internal tide-driven interior turbulence. Sim-
ilarly, vertical turbulent dissipation (€,") increases by around 1.9 MW (i.e., 3.5-1.6
MW). The total dissipation from vortices in this case amounts to about 3 MW (1.9
+ 1.1 MW), while dissipation from internal tides alone is 2.4 MW (1.6 + 0.8 MW).
These findings are comparable to Klymak and Gregg (2004), where breaking lee waves
were estimated to contribute around 1 MW to interior turbulence, compared to 2.2
MW attributed to vortices.
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Figure 3.14: Tidally-averaged depth-integrated turbulent dissipation. Left column
(a,c,e) shows horizontal dissipation rate, (€,); and right column (b,d,f) shows vertical
dissipation rate, (€,). Spatial distributions of energy in the x — y plane for the (a,b)
only R and (c,d) R+H scenarios. The third row (e,f) shows the y-integrated values
for each scenario as line plots. Note that (e) and (f) have different y values. (g,h)
The cumulative integrals, represented by dashed curves, are calculated by integrating
symmetrically from x = 0, where contributions from x > 0 and z < 0, are combined
into a single cumulative value at each step. The final cumulative totals are annotated
as text on the plots. The presence of the headland intensifies turbulent dissipation,
with vortices contributing about 3 MW (1.9 + 1.1 MW) compared to 2.4 MW (1.6 +
0.8 MW) from internal tides, and local vortex dissipation exceeding that of internal
tide-driven turbulence.
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Despite the noticeable increase in turbulence near the generation region in the
presence of the headland, the baroclinic energy flux along the channel, a measure
of the energy carried by radiating internal tides, remains similar to that in the case
without the headland (blues compared to oranges in Figure ) The baroclinic
energy flux is integrated along the y-direction to obtain a net flux at specific z-
transects; thus, the total radiating energy from the region is calculated by subtracting
the net flux values at two different x-locations. This baroclinic energy flux consists
of two components: pressure work up.py. (dashed curves) and energy advection uFEj.
(dotted curves). While both components are generally similar, there are differences
in uFEjp. around -4 < x < 4 km. However, this difference can neglect when considering
the total radiating energy leaving the region, as our energy budget focuses on flux
values at © = 410 km), where both scenarios yield similar values, with the R+H
scenario showing a slight reduction of approximately 0.3-0.4 MW. This does tell us
the impact of presence of headland-driven vortices on how much internal tides radiate
is minimal. For the total radiation of internal tides, we calculate 5.5 - (-5.5) = 11
MW at x = £10 km, which also aligns with 15 MW estimated by Klymak and Gregg
(2004).
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Figure 3.15: Tidally-averaged yz-integrated baroclinic energy flux Fp., along the
channel. Blues are only R scenarios and oranges are R+H. This baroclinic energy
flux consists of two components: pressure work wup.py. as dashed curves and energy
advection uFy, as dotted curves. The baroclinic energy flux along the channel, a
measure of the energy carried by radiating internal tides, remains similar to which is
without headland.
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The additional tidal energy loss in the presence of the headland was estimated
using several methods, all yielding similar results: 3.7 MW calculated from the energy
BT-BC conversion, 3.4 MW from form drag estimates, and 3.84 MW from the time-
averaged kinetic energy input in the time series. The consistency across these methods
provides strong support for our estimates. Turbulent dissipation measurements show
that approximately 3 MW of this additional energy is dissipated locally by vortices,
indicating that most of the extra energy drawn from the tides by vortices is lost
locally. Meanwhile, the amount of energy radiated outward by internal tides remains
largely unaffected by the generation, advection, and dissipation of vortices, with a

substantial 11 MW of energy continuing to radiate outward.

3.4.3 Power loss estimate from bluff body law

We hypothesize that the energy loss induced by the headland can be estimated using
the bluff body law, but careful selection of the flow velocity and cross-sectional area
is crucial. Initial calculations show that when using the flow velocity influenced by
the ridge and the exposed-only area, the estimated energy loss is very close to the
actual simulated value.

To estimate this additional power loss due to headland vortices, we apply the bluff
body formula D, = 0.5pCyU3A. Using a flow velocity Uy = 0.16 m/s, , we consider
two possible cross-sectional areas for A: (1) the full headland depth down to the
seafloor, giving A = 2 x 500 x 60 = 200,000 m? , and (2) only the exposed portion
above the ridge, where the height is 60 m, giving A = 2 x 500 x 60 = 60,000 m?.
The possible estimated power loss are (1) 0.4 MW and (2) 0.12 MW, which are both
significantly smaller than the observed difference in drag. This suggests that either
the drag coefficient or the effective flow velocity needs adjustment or bluff body law
is not applicable.

If we consider adjusting the flow velocity, a rough estimate shows that a two-
or three-fold increase in velocity would be required to match the observed power
3435 ~ 3 (34)3 &~ 2). Under ridge-induced constriction, the flow

0.12 04
velocity increases by a factor of 3.3. When further constricted by the headland, the

difference (i.e., (

velocity increases additionally by a factor of 1.5, resulting in a combined acceleration
factor of approximately 4.95. Here, the ridge-constricted velocity U, is defined as
U, =U %, where Uy is the undisturbed flow velocity, H is the total water depth,
and H — h represents the constricted depth. Applying the ridge-constricted only
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velocity and exposed-only area to our bluff body estimation, with U, = 0.533 m/s,
A = 60,000 m?, and assuming a drag coefficient C; = 1, energy loss is estimated
approximately 4.55 MW.

These calculations suggest that the energy loss induced by the headland, even
when lee waves are co-generated, may be reasonably estimated using the simple bluff
body law, provided that the flow velocity is appropriately adjusted to account for the
effects of topographic constriction and the appropriate cross-sectional area. We will

see this being tested later in this study to different tidal forcing and headland shapes.

3.4.4 Power law of baroclinic energy with U

Previously, we demonstrated how the presence of headland-driven vortices under a
tidal forcing of Uy = 16 cm/s affects the flow structure, vorticity, kinetic energy, and
baroclinic energy. Our analysis illustrates the role that headland-driven vortices play
in the system’s dynamics and energetics. To further explore this, we expanded our
experiments to cover a range of tidal forcings, as detailed in the methods section. This
expansion allows us to investigate a broader parameter space, crossing from Ro < 1
to Ro > 1, maintaining Fr < 1 and Bu = 88.2, and transitioning from K¢ < 1 to
Kc > 1, and from St = 1 to St <1. Notably, we also crossed the critical St = 0.13
that indicates vortex shedding (see Table @) Our focus here is to understand how
baroclinic energy scales with U, within these parameter ranges.

In our experiments, the energy conversion for the only R scenario, closely follows
the predictions of the Knife-edge model, up until Uy > 16 cm/s (Figure a).
The Knife-edge model is an analytical framework predicting energy conversion in
supercritical topography interacting with tidal flows, scaling with tidal forcing (oc UZ).
Beyond this, energy conversion begins to deviate and slows down, a phenomenon
we described in our previous work as conversion saturation associated to onset of
approach-controlled flow. However, in the R+H scenario, the presence of the headland
alters this saturation (Figure b), bringing the energy conversion back in line with
the Knife-edge model. This increased conversion mirrors our earlier results at Uy = 16
cm/s, where the addition of the headland caused the tides to lose more energy.

When we subtract the conversion in the only R scenario from that in the R+H sce-
nario, we find that the difference scales with U3 (Figure c). Extending the analysis
discussed previously, we hypothesize that the energy loss induced by headland-driven

vortices can be reasonably estimated using the bluff body drag law Dy, = 0.5pC,U3 A,
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Figure 3.16: Tidally-averaged volume-integrated baroclinic energy budget as a func-
tion of Uy for different scenarios: (a) only R experiment, (b) R+H experiment, and
(c) the difference in conversion between R+H and only R. Green lines indicate con-
version, orange lines represent baroclinic energy flux divergence (radiation), purple
lines show total dissipation (dashed light red for vertical, dashed light blue for hori-
zontal), blue lines are bottom drag, black lines correspond to the Knife-edge model
(U2 scaling), brown lines are U} scaling, and gray x-mark lines show total energy
sink, including radiation, dissipation, and bottom drag. (a) shows energy saturation
(Up > 16 cm/s), while (b) demonstrates that headland addition removes saturation
except for radiation. (c) highlights that the additional conversion caused by the
headland aligns with bluff body drag estimates using ridge-constricted velocity U,
(dash-dotted) but not U, (dotted).

provided that the flow velocity and cross-sectional area are appropriately selected.
This hypothesis aligns well with our earlier discussion, where the ridge-constricted
velocity U,., the exposed cross-sectional area and drag coefficient Cy = 1 were found
to yield power loss estimates closely matching our simulation result (see Figure c,
gray dash-dotted line).

Another intriguing finding is that, regardless of the presence of headland, the
energy radiated as internal tides remains nearly similar (orange curves in only R v.s
R+H; Figure a,b)‘ This result extends our earlier result, where the addition of a

headland had no significant impact on the radiated energy under one specific forcing.

3.4.5 Impact of headland size on baroclinic energy

To better understand the influence of headland size, we extended our analysis across

different headland sizes, varying both the cross-channel (b) and along-channel (a)
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lengths, with the aspect ratio 0.01 < A < 0.45. We altered parameters related to
headland along-channel size, such as Ro, K¢, St, and Bu, while the Froude number
(Fr) remained in a similar range to the base run, staying below 1 (Fr < 1). (see
method Table @)
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Figure 3.17: This figure is similar to Figure 15, except it examines the impact of
varying headland cross-channel size (b) and along-channel size (a), with subfigures
showing energy budget differences compared to the only R scenario. (a-d) correspond
to increasing b, (e-h) to increasing a moderately, and (i-1) to highly streamlined head-
lands. The additional energy loss caused by the headland generally aligns well with
bluff body predictions, except when the headland is highly streamlined (a’ > 8a). For
very sharp headlands (b’ = 1.60), the energy loss is better estimated with Cy = 2.

For sharper headlands (increasing b), the difference in conversion between the only
R and R+H scenarios consistently follows a Ug relationship and aligns well with the
bluff body drag power estimated using the ridge-constricted velocity U, and a drag
coefficient Cy = 1 (Figure a—d). For the sharpest headland (' = 1.6b), the best fit
is achieved with Cy = 2, which is logical since sharper obstacles typically have higher
drag coefficients. Conversely, for gentler headlands (increasing a, more streamlined),
the relationship with U3 gradually weakens (Figure e—k). In the extreme case of



96

a’ = 20a, the conversion nearly reverts to the saturation level observed in the only R
scenario (Figure k), where vortex generation is minimal or absent.

This scaling analysis provides valuable insights for sub-grid parameterization, par-
ticularly in coastal regions where complex three-dimensional topography, similar to
that in our experiments, is common. We have demonstrated a method for using bluff
body drag to estimate how much additional energy is lost by tides when a ridge is
surrounded by a headland.

Moreover, even with varying headland geometries, the radiated energy remains
unchanged for the same tidal forcing (orange curves in Figure ) One possible
explanation for this could be that, in our parameter space, the lee waves are generated
in a relatively shallow, strongly forced environment, resulting predominantly in mode-
1 internal tides, with only minor contributions from higher modes (e.g., modes 2-4).
The stability and robustness of mode-1 may shield it from the increased turbulence
caused by near-field vortices. However, in different environmental conditions where
higher vertical modes dominate, the interaction with vortex-induced turbulence could

have a more significant impact.

3.5 Summary

This study investigates the role of wake vortices in modulating tidal energy balance
while internal tides co-generated. Using an experimental design combining an un-
derwater sill and a headland, we reveal how wake vortices influence flow structure,
energetics, and turbulence in shallow coastal environments.

The simultaneous presence of headland-driven vortices influences the structure of
lee waves, stretching them horizontally in the channel’s middle section and generating
smaller lee waves near the headland. The tail end of the lee waves in the middle section
was connected with the vertical confined strong flow vortices structure. Residual
vortices from the earlier phase also impacted the upstream conditions, leading to the
absence of approach-controlled flow characteristics when wake vortices were present.

Wake vortices form, persist, and dissipate within a single tidal cycle, following
a consistent life cycle. At the start of the flood tide (or ebb tide), dipole vortices
with opposite directions form near the northern and southern headlands. These
vortices persist until the opposite tide (ebb or flood) generates its vortices. Over
time, the negative vorticity vortex diminishes rapidly, while the remaining positive

vortex lingers in deeper regions even after the next vortex cycle begins. After that,
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the residual vortex disappears when the new vortex grows into its position. The
vortices exhibit tilting and exist within shear zones in the flow field, where they meet
the criteria for shear instabilities, suggesting that these instabilities are responsible
for generating interior turbulence in the vortices.

In addition to their dynamic evolution, vortex decay also contributes to vertical
mixing, which is important for processes like phytoplankton growth and estuarine
exchange. Compared to the only R case, the headland induces more mixing both
downstream - by advecting the mixing region farther beyond the ridge - and upstream,
where the water is lifted more strongly. This enhanced mixing primarily occurs before
flow reversal, after which the buoyancy flux weakens.

Energetically, wake vortices cause tides to lose additional energy, most of which
dissipates locally within the vortices’ advection range. Importantly, internal tide
radiation remains unaffected, with consistent energy radiated outward, likely due
to the dominance of mode-1 internal tides. Estimating the energy loss caused by
wake vortices is challenging; therefore, we applied multiple independent methods,
including the power input to the 3D kinetic energy, the tidal power loss by form
drag, and the barotropic-baroclinic conversion term. Remarkably, all three methods
yielded consistent estimates of the tidal energy lost due to wake vortices, reinforcing
the robustness of our approach.

Expanding the study to a broad parameter space (Ro < 1 to Ro > 1, K¢ < 1
to K¢ > 1, with Fr < 1) by varying tidal forcings and headland shapes confirms
that the additional energy loss induced by headland vortices can be estimated using
a simple bluff body law. However, the velocity (U) and cross-sectional area (A) must
be carefully selected, ours with the velocity enhanced by the ridge-constricted flow
and exposed-only headland cross-section area. This approach provides a method for
quantifying tidal energy loss in coastal regions with complex topographies. Similar
results were observed under various tidal forcing and headland geometries, where the
internal tide radiation remained unaffected.

These results are particularly relevant in shallow coastal areas where internal
tide generation is dominated by low-mode waves (mode-1 or mode-2, with U /c; ap-
proaching 1) and pure tidal forcing, as discussed in our previous study. Under such
conditions, wake vortices and internal tides are co-generated with limited interac-
tions, allowing for a clearer separation of their respective energy pathways. However,
in the open ocean, such as around islands or seamounts, the presence of mean flows

(Puthan et alf, 2022h) and higher-mode internal tide generation could alter the dy-
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namics. In these environments, internal tides are often dominated by higher modes
(Klymak et alj, 2008), which are more susceptible to near-field turbulence induced
by vortices, potentially increasing interactions between the two phenomena. Future
work should incorporate these factors to extend the applicability of our results to
broader oceanic contexts.

In the open ocean, it has been observed that internal tides can propagate over
distances of 2,000 to 3,000 kilometers with minimal energy loss (Ray and Mitchum,
1997). This phenomenon is attributed to the stability of low-mode internal tides,
which are resistant to breaking. However, an outstanding question remains: where
do these internal tides eventually break? One plausible hypothesis is that they break
at the continental shelf or due to interactions with other topography, leading to mode
conversion and subsequent breaking. In our motivated study site at Knight Inlet,
a potential location for the breaking of propagating mode-1 waves could be the 90-
degree bend in the inlet, where reflection or breaking may occur before they continue
progressing toward the headland.

Another active area of research along the fate of low-mode internal tides is the
interaction between incident internal waves and pre-existing vortices ([to and Naka-
mura, 2023), which could be an important pathway in the oceanic energy cascade.
These interactions, distinct from the co-generation dynamics discussed in this study,
affect wave propagation, phase, and dissipation through mechanisms such as refrac-
tion (Chavanne et all, 2010), beam-like scattering (Dunphy and Lamb, 2014; Dunphy
et al), 2017), and wave trapping or reflection (Pereira et al), 2007).
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Chapter 4

Conclusion

4.1 Key Research Findings

Saturation of Internal Tide Generation

This study is the first to reveal the phenomenon of saturation in internal tide genera-
tion: when the barotropic tidal flow speed reaches a critical value where the barotropic
velocity over the ridge equals the mode-1 phase speed (Fr. = [C]—IC = 1). The inter-
nal tide generation ceases to increase with the square of the tidal flow speed (UZ);
instead, it exhibits saturation behavior. This discovery introduces a new parameter
for describing the regime of flows generating internal tides. The Fr.~ 1 or Fr. > 1
condition is more likely to occur in shallow water environments where the mode-1

phase speed is lower, and the tidal flow is stronger.

Internal Tide Generation at Fr, > 1

Traditionally, two-layer models of internal tide generation in fjord suggest that inter-
nal tides are not generated when Fr. > 1. However, this study finds that mode-1
internal tides can still be generated under such conditions, albeit at a saturated level.
These tides continue to propagate outward, challenging the conventional understand-
ing of internal tide generation in fjord-like regions and providing a revised framework

for interpreting the phenomenon.
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Additional Tidal Energy Loss Due to Wake Vortices

In topographic settings where wake vortices form in conjunction with internal tides,
the tidal energy loss is unsurprisingly enhanced due to the presence of additional
physical mechanisms. This study systematically demonstrates that this increased en-
ergy loss can be effectively estimated using the bluff body law, provided that flow
speed and flow area parameters are carefully selected. To the best of our knowledge,
this is the first study to comprehensively examine methods for estimating the ad-
ditional tidal energy loss caused by wake vortices in such scenarios. Notably, the
analysis yields reliable estimates when considering the ridge-constricted flow and the

cross-sectional area above the ridge crest.

Energy Dissipation of Wake Vortices

The tidal energy fed to generate wake vortices dissipates rapidly within one tidal
cycle, mostly within few kilometers from the generation region. This finding highlights
the role of wake vortices as an important pathway for tidal energy dissipation and

underscores their localized characteristics.

Energy Partition and Interaction Between Internal Tides and Wake Vor-

tices

The study shows that the presence of wake vortices does not significantly alter the
proportion of internal tide energy dissipation or the amount of energy propagating
outward. The dissipation and propagation characteristics of internal tides remain
stable regardless of whether wake vortices are present, suggesting weak interactions

between the two mechanisms.

4.2 Research Contributions and Significance

Filling Research Gaps

This study advances the understanding of internal tide saturation in a strongly non-
linear flow regime (Fr. ~ 1 and 10 > Nh/U > 1), where analytical solutions have
not been explored. The fact that internal tides are still generated and propagate into

the far-field in the flow regime of F'r. > 1 is groundbreaking, challenging traditional
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theories that predicted the absence of internal tide generation in such conditions. Ad-
ditionally, through innovative experimental design, this study overcomes challenges
in isolating the energy contributions of internal tides and wake vortices, systemat-
ically investigating their respective shares of tidal energy, the localized dissipation
characteristics of wake vortices and stability of mode-1 internal tides. These findings
deepen the understanding of tidal energy distribution and dissipation mechanisms in

shallow coastal regions.

Practical Applications

The findings hold significant implications for improving parameterization of internal
tides and wake vortices in ocean numerical models. This study’s results enhance
predictions of ocean energy distribution and mixing processes, providing a robust
scientific basis for model development and a valuable reference framework for future

research.

4.3 Research Limitations and Future Directions

In addition to the physical insights gained through this study, it is important to
consider the sources of uncertainty associated with the modeling approach. These
uncertainties, together with broader research limitations, arise primarily from the
idealized model setup, parameter selection, and the exclusion of certain real-world
physical processes. The following discussion outlines key factors that may influence
the generalizability of the results and identifies areas for improvement in future stud-

ies.

Sources of Uncertainty and Research Limitations

This study employs idealized model setups, which may not fully capture the complex-
ities of real-world ocean environments. For instance, it does not account for irregular
topographic features (e.g., asymmetrical ridges or headlands) or other dynamic fac-
tors such as wind forcing or mean flows. As MacKinnon et al| (2019) suggests, a
smaller mean flow than tides can lead to the downstream advection of wake vortices
with both positive and negative vorticity. In that way, it would prevent them from
dissipating near the generation region and potentially have more interactions with

internal tides as they both radiate further downstream.
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Additionally, the study’s parameter choices (e.g., ridge height, slope, channel
width, stratification strength, and Coriolis effects) may limit the generalizability of
the findings. Specifically, one limitation of this study is that the height of the ridge
was only tested at a single value in experiments involving wake vortices. This raises
the question of whether changes in ridge height could alter the dynamics observed.
Another potential limitation lies in the findings regarding internal tide radiation.
While our results suggest that the size of the headland does not significantly affect
internal tide radiation, the current setup features sharpest headlands with a cross-
channel length that leaves approximately 46% of the channel width available for flow.
If the cross-channel lengths of the north and south headlands were increased even
more, further constricting the flow area, it is unclear whether the same internal tide
radiation would persist. As the flow area decreases significantly with larger headlands,
it is plausible that internal tide radiation might be adversely impacted, a scenario

that warrants further investigation.

Future Research Directions

Inspired by the study area of Knight Inlet, this research lays the groundwork for future
exploration of mode-1 internal tide dynamics. Key questions for future investigation
include: When mode-1 internal tides propagate about 15 km from the generation
region and experience a 90-degree bending, how much energy is reflected or dissipated?
What proportion of energy continues toward the fjord head, and how much dissipates
there? Does the energy dissipation balance the energy budget? These questions
remain outstanding not only in enclosed basins like Knight Inlet but also in open
ocean settings. Knight Inlet’s enclosed nature offers an ideal environment for tracking

internal tide dynamics and addressing these challenges.
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