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ABSTRACT

Energy conversion devices using solid-state magnetocaloric materials have the

potential to reduce energy consumption and mitigate environmental pollutants. To

overcome the limited magnetic entropy change of magnetocaloric materials, magnetic

refrigeration devices typically use the active magnetic regenerator (AMR) cycle. AMR

devices have demonstrated promising performance, however costs must be reduced

for broad market penetration. Although the magnet cost is of greatest importance for

commercialization, literature has decoupled magnet design from AMR optimization.

And while multilayered regenerators can improve performance without increasing

cost, a number of questions remain unanswered as a result of the prohibitive parameter

space.

This dissertation explores methods of improving AMR performance and decreas-

ing cost both at the subsystem level, namely the magnetocaloric regenerator, fluid

flow system and magnetic field source, and the device level by coupling the regenera-

tor and magnet design problems in a cost optimization framework. To improve AMR

performance, multilayered regenerators with second-order magnetocaloric materials

are experimentally and numerically investigated, yielding insight on how individual

layers behave and interact over a wide range of regenerator compositions and operat-

ing parameters. An efficient AMR modeling approach is presented where individual
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layers are treated as cascaded AMR elements, and simulations are in excellent agree-

ment with experiments. Insights from the computationally efficient model are used

to inform device modifications, and a no-load temperature span of 40 K is measured

in close proximity to the simulated optimum; one of the highest in literature.

To simultaneously decrease AMR costs, a permanent magnet optimization frame-

work is explored that is conducive to nonlinear objectives and constraints. This is

used to investigate the optimal design of permanent magnet structures with reduced

rare-earth permanent magnet materials. The regenerator and magnet design prob-

lems are then coupled in a permanent magnet topology optimization to minimize

the combined capital and operating costs of an AMR. The optimal magnetic field

waveform and the optimal means of producing this waveform are simultaneously ob-

tained. The lifetime ownership costs of the optimized AMR device are shown to be

in the realm of existing entry-level cooling devices. The presented cost optimization

framework is of interest to both scientists and engineers, and demonstrates the im-

portance of fast AMR models in identifying system designs, regenerator compositions

and operating regimes that increase AMR performance and decrease cost.
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Chapter 1

Introduction

According to the U.S. Energy Information Administration’s annual residential energy

consumption survey [4], 40% of residential electricity is consumed for refrigeration, air

conditioning and heating applications, where vapor compression devices have dom-

inated the marketplace for over 100 years. Other estimates for OECD countries

including North America and the European Union exceed 65% [5]. In the commer-

cial sector, approximately 42% of energy is consumed for these services [6]. The

Kigali agreement (2016), a recent ammendment to the Montreal Protocol, mandates

the phase-out of hydrofluorocarbons (R134A, R404A, R507A, R410A) in addition

to chlorofluorocarbons (R11, R12) and hydrochlorofluorocarbons (R22, R402A). Al-

though this terminates the production of materials with strong ozone depletion and

global warming potentials, the debate over refrigerant replacements is ongoing and

unresolved [7, 8].

Hydrocarbons such as propane (R290), propene (R1270) and isobutane (R600a)

are high-performance refrigerants with a low global warming potential [9, 5], however

they are highly flammable and pose explosive safety concerns in the case of leaks or

refrigerant contamination. Carbon dioxide has been reconsidered as a refrigerant, but

its low boiling temperature requires high operating pressures that translate directly

into increased costs [8]. Due to these concerns, hydrofluoroolefins (R1234YF) have

taken the spotlight as a drop-in replacement for R134A; however, they are flammable,

have higher global warming potential than hydrocarbons, are more expensive than

existing offerings and reduce refrigeration performance [10, 8, 5].

Energy conversion devices using solid-state magnetocaloric materials have been

attracting interest due to their potential to reduce energy consumption and mitigate

environmental pollutants. In constrast with harmful fluorinated refrigerants, mag-
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netic refrigeration devices can utilize water as a working fluid and operate in near

silence. Although magnetic refrigeration devices have demonstrated commercially

relevant performance, costs must be reduced for broad market penetration.

1.1 Magnetocaloric effect

Magnetic refrigeration utilizes the magnetocaloric effect; the reversible temperature

increase of a magnetocaloric material upon application of a magnetic field [11, 12, 13,

14]. The magnetocaloric effect is driven by the entropy change of the electronic spin

system as a function of the temperature, initial and final field, ∆s(T,Hi, Hf ). De-

pending on the thermodynamic process, the magnetocaloric effect can manifest either

as an adiabatic (isentropic) temperature change or an isothermal entropy change as

shown in Fig. 1.1.

Figure 1.1: Manifestation of magnetocaloric effect as adiabatic temperature change
or isothermal entropy change.

Consider first the isothermal entropy change. The differential of the free energy,

F can be written as [12]:

dF = −SdT − µ0MdH (1.1)

As the second derivative (∂2F/∂T∂H) is independent of the order of differentia-
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tion, the following Maxwell relation is found:

( ∂S
∂H

)
T

= µ0

(∂M
∂T

)
H

(1.2)

Integration leads to the entropy change upon application of a magnetic field:

∆S(T,Hi, Hf ) = µ0

∫ Hf

Hi

(∂M
∂T

)
H
dH (1.3)

The reversible, adiabatic (i.e. isentropic) temperature change, ∆Tad(T,Hi, Hf ),

can be found from the differential variation in entropy:

dS = 0 =
(∂S
∂T

)
H
dT +

( ∂S
∂H

)
T
dH (1.4)

Using the well-known thermodynamic relation:

(∂S
∂T

)
H

=
CH(T,H)

T
(1.5)

and the Maxwell relation above (Eq. 1.2) yields the adiabatic temperature change

along an isentrope:

∆Tad(T,Hi, Hf ) = −µ0

∫ Hf

Hi

T

CH(T,H)

(∂M
∂T

)
H
dH (1.6)

The magnetocaloric effect is driven by a magnetization change (∂M/∂T ) which is

greatest across the ferromagnetic-paramagnetic phase transition defined as the Curie

temperature. The adiabatic temperature change and isothermal entropy change can

be derived from magnetization measurements as a function of temperature and ap-

plied field [12]. Alternatively, the magnetization can be derived from molecular mean

field models. Further details on mean field theory (MFT) and the thermomagnetic

properties used in the present dissertation are outlined in Appendix B.
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1.2 Active Magnetic Regenerator

While the vapor-compression process creates considerable temperature spans, the

magnetocaloric effect is on the order of several degrees Kelvin. The rare-earth element

Gadolinium produces an adiabatic temperature change of only 3 K when the field is

increased from 0 to 1 T [15]. To overcome the limited magnetic entropy change,

magnetic refrigeration devices typically use the active magnetic regenerator (AMR)

cycle which was first proposed and patented by Dr. John Barclay and Dr. William

Steyert at Los Alamos National Laboratory in 1982 [16].

The AMR uses a magnetocaloric material as the solid matrix material in a thermal

regenerator, where each differential section of the regenerator undergoes independent

Brayton refrigeration cycles. A representative T-S diagram for a differential section

of an AMR is shown in Fig. 1.2 (a). The cycle starts with magnetization, where

increasing the applied field from Blow to Bhigh isentropically raises the solid tempera-

ture along all sections of the regenerator (∆Tad). The magnetization step is followed

by a cold blow, where fluid is displaced from the cold end towards the hot end of

the regenerator. In this process, the temperature is decreased in all sections of the

regenerator. Removal of the applied field (demagnetization) causes the solid temper-

ature to decrease to the corresponding isofield line (Blow). The subsequent hot blow

displaces fluid through the cooled solid matrix towards the cold end, resulting in a

refrigeration effect.

The AMR cycle is unique, however, in that each differential section of the regen-

erator undergoes independent Brayton refrigeration cycles. This is shown in Fig. 1.2

(b), where each differential section cools the previous section (x−) and rejects heat

to the following section (x+). The cycle-averaged heat rejection from a section is de-

termined from an energy balance (Q̇x0

H = Q̇x0

C + Ẇ x0

net), where the net work consists of

pump work from driving heat transfer fluid through a porous network and magnetic

work from magnetizing and demagnetizing a magnetic material. Energy conservation

between sections equates the heat rejection from a layer x0 to the heat absorption of a

following layer x+ (Q̇x0

H = Q̇x+

C ), illustrated in Fig. 1.2 (b), yielding cascaded magnetic

brayton cycles producing temperature spans several times the adiabatic temperature

change (∆Tad) of the magnetic refrigerant. While the AMR macroscopically oper-

ates as a conventional refrigerator (Fig. 1.2 (c)), absorbing heat from a cold thermal

reservoir (Q̇C , TC) and rejecting heat to room temperature (Q̇H , TH) while consum-

ing work (Ẇnet), it is a thermodynamically unique cycle with no direct analogy to
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vapor-compression cycles.

(a)

(b)

(c)

Figure 1.2: (a) Representative T-S diagram of magnetic Brayton refrigeration cy-
cle. (b) Interaction of each differential regenerator section performing independent
magnetic Brayton cycles. (c) AMR Macroscopic energy balance.
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To perform the AMR cycle, a device is required consisting of a switchable magnetic

field source, a fluid flow system and a regenerator consisting of porous magnetocaloric

material. The general AMR device is depicted in Fig. 1.3, however a large number

of configurations exist [17]. Having a general understanding of the AMR cycle, each

component is discussed in an effort to identify a path to improved magnetic refriger-

ation devices.

Figure 1.3: Generic depiction of AMR device showing magnetocaloric regenerator,
magnetic field source and fluid flow system.
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1.2.1 Regenerator

The regenerator consists of the magnetocaloric material in a porous structure in

which heat transfer fluid is displaced. Packed spherical particles and parallel plates

[18, 19], shown in Fig. 1.4 (a) and (c), are the most common regenerator matrices,

however screens [20], pins [21] and 3D printed lattice structures (Fig. 1.4 (b)) are

gathering increased interest. The best experimental results to date in regards to

temperature span [22], cooling power [23] and efficiency [24] have been reported with

packed spherical particles.

An effective regenerator is required to obtain high temperature spans. The passive

regenerator effectiveness is a measure of the rate at which heat is transferred between

the fluid and solid phases in a given blow. The hot-blow regenerator effectiveness is

defined as [25]:

ε =
Q̇HB

Q̇max

= 1− T̄HB − TC
TH − TC

(1.7)

Finite convection, heat transfer area and thermal mass result in regenerator inef-

fectiveness which manifests as a heat leak from the hot to the cold side [26] (Fig. 1.9

(c)). With small temperature spans, the heat transfer problem is less important

as AMR performance is driven primarily by magnetocaloric mass and magnetic field

strength. While the thermal-magnetic properties influence the effectiveness, it is over-

whelmingly a thermal heat transfer problem which has been studied extensively due to

regenerators broad application in catalytic reactors, cryogenics and energy storage ap-

plications. The dissertation of Trevizoli was dedicated to the development of thermal

regenerators for magnetic cooling applications [27]. Efforts to maximize magnetic re-

frigeration efficiency and performance must incorporate regenerator geometries, heat

transfer structures and operating parameters known to maximize regenerator effec-

tiveness.
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(a)

(b)

(c)

Figure 1.4: (a) Packed spherical, (b) 3-D printed lattice and (c) parallel plate re-
generator matrices. Heat transfer fluid occupies void region around magnetocaloric
material.
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Multilayering

The magnetocaloric effect in real materials is a strong function of temperature and,

as shown for gadolinium in Fig. 1.5, occurs only in a narrow region near the Curie

temperature. This gives rise to the concept multilayering, where a regenerator is cas-

caded with ferromagnetic refrigerants of sequentially decreasing Curie temperature.

Consider the illustrative example in Fig. 1.5, where a partitioned regenerator allows

two different magnetocaloric materials to be packed. If the cold layer is replaced with

a lower Curie temperature magnetocaloric material (e.g. replacing the red dashed

line with the solid blue line), the average magnetocaloric effect is increased.

Although multilayering is conceptually simple, a number of issues remain unre-

solved [12, 14]. In the illustrative example above, the 40 K temperature span (TC=

260 K, TH= 300 K) requires a 20 K span across each layer. It is not guaranteed that

the warm layer can produce this 20 K temperature span, and if it does not, the mul-

tilayered regenerator may under-perform the single layer regenerator. Furthermore,

for regenerators consisting of many layers, it is uncertain how layer lengths and Curie

temperatures should be distributed.

Multilayering requires numerical models capable of predicting the performance and

interaction of individual layers as a function of the device configuration (e.g. mag-

netic field strength, regenerator geometry, matrix parameters, parasitic heat leaks)

and operating parameters (e.g. device frequency, displaced fluid volume, heat rejec-

tion temperature). The ability to simultaneously optimize a regenerator composition

and AMR device for targeted applications remains an area of ongoing research, and

requires efficient AMR modeling tools capable of exploring the extensive parameter

space.
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Figure 1.5: Illustration of how the two-layer regenerator increases the average adi-
abatic temperature change over a single-layer regenerator. Adiabatic temperature
change of gadolinium with 0-1 T internal field variation shown.
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1.2.2 Magnetic field source

The AMR cycle requires application and removal of a magnetic field source. This

magnetic field can be created with permanent magnets or electromagnets, where

the latter typically use windings of superconducting materials. Traditionally, room-

temperature magnetic refrigeration devices with an emphasis on acceptable capital

cost use permanent magnets while large-scale liquefiers for hydrogen or natural gas

use superconducting magnets to attain higher efficiencies.

Permanent magnets

Permanent magnets are created by applying intense magnetic fields to crushed pow-

ders of elemental constituents [28] (e.g. Dy-NdFeB, SrFeO). Individual grains phys-

ically rotate until the magnetically preferred axis is aligned with the applied field,

producing a magnetization that persists after the applied field has been removed.

This is shown in Fig. 1.6 for a Dy-NdFeB permanent magnet, where in the absence

of an external field (H), a flux density of Brem remains. In high energy-product per-

manent magnet materials, this induced magnetization is stable. Intense fields can be

applied (moving left on the X axis), however as long as the magnetization does not

change direction (i.e. exceeding the polarization coercive strength, Hcj), the perma-

nent magnet will return back to the original remanence strength.

Hcj

Brem

Figure 1.6: B-H (black, right axis) and M-H (red, left axis) curves for NdFeB perma-
nent magnet material. Data from K&J Magnetics [2].
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Permanent magnets are arranged into variable-strength magnetic circuits [29, 30,

31], and while the C-shape or horseshoe magnet structures remain popular, the bench-

mark magnetic circuit for magnetic refrigeration applications is the cylindrical Hal-

bach array [28]:

(Brem,r, Brem,θ) = Brem(cos(pθ), sin(pθ)) (1.8)

where 2p is the number of poles, r and θ are the polar coordinate axis and Brem is

the magnitude of the remanent flux density. Analytical field solutions are known [32],

and the long dipolar Halbach cylinder (p = 1) produces a homogeneous field strength

of:

B = Bremln
(Ro

Ri

)
(1.9)

The remanence distribution and flux density of the dipolar Halbach array is shown

in Fig. 1.7 below with Brem = 1.28 T and Ro/Ri = 4 (Appendix C describes the

numerical simulation of Halbach arrays using a finite difference scheme). While useful

for design intuition and engineering calculations, real permanent magnet arrays must

be constructed from finite segments with homogenous magnetization directions [33,

34]. Optimization methods have been proposed for permanent magnet structures [35,

36, 37, 38, 39, 40, 41], and the dissertations of Rasmus Bjørk and Andrea Insinga were

dedicated to the development and optimization of permanent magnet field generators

for magnetic cooling applications [42, 43].

Although the costs associated with the permanent magnet structure have been

identified as the Achilles heel of magnetocaloric energy conversion devices [175, 70, 71],

magnet design has been decoupled from AMR operation and commercially oriented

magnetic field generators have not been optimized for cost. In addition, as permanent

magnet topology optimization has not constrained coercivity, the optimal design of

low-cost permanent magnet materials remains largely uninvestigated.
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[T]

Figure 1.7: Flux density of Halbach cylinder with Ro/Ri = 2 and Brem=1.28T corre-
sponding to a N42 grade permanent magnet. Black arrows show continuously varying
distribution of remanence direction
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Superconducting electromagnets

When a superconducting material is cooled below its critical temperature, the ma-

terial exhibits near-perfect electron mobility. This allows greater current densities

than traditional copper windings, which facilitates the generation of high magnetic

fields with near-zero losses. The most commonly used superconducting material in

active magnetic regenerative liquefiers is niobium titanium (NbTi) [44, 45, 46], as

it is ductile, may be drawn into long wires and has a critical magnetic flux density

exceeding 10 Tesla. NbTi is a low temperature superconductor (LTS) and is cooled

below 4.2 K in a liquid helium bath or with a low-temperature Gifford-McMahon

(GM) cryocooler. Fig. 1.8 below shows the NbTi superconducting solenoid and GM

cryocooler used in Chapter 5.

Superconducting 
NbTi solenoid

Cryocooler stage 1

Cryocooler stage 2

Open-air rhetort

Current leads

Radiation Barrier

Figure 1.8: Pacific Northwest National Laboratory superconducting magnet assembly.
NbTi solenoid conduction cooled below 3 K by cryocooler second stage. Regenerators
enclosed in open-air rhetort. Photo courtesy of Evgueni Polikarpov.

As natural gas and hydrogen liquefiers require substantial cooling powers near
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temperatures of 120 K and 20 K, respectively, many criticize the fact that a 4.2 K

cryocooler is required to operate the superconducting magnet. High temperature

superconductors (HTS) are emerging with promising performance, such rare-earth

barium copper oxide tapes (REBCO) [47, 48], however engineering challenges are

introduced that are accompanied with increased cost. Dr. Sangkwon Jeong’s group

has made a number of recent developments in high temperature superconducting

magnets for active magnetic regenerative liquefiers [49, 50, 51].

As cryogenic AMR development is inherently expensive and time consuming, the

field has not matured at the rate of room temperature magnetic refrigeration. The

majority of cryogenic AMR devices use small amounts of magnetocaloric material,

and a number of issues remain unsolved. AC losses in the windings and thermal

structures have only recently been investigated [51], causing magnet heating that is

exacerbated as systems scale towards commercial capacities [46].

1.2.3 Fluid flow control

To complete the AMR cycle, a fluid flow system is required to oscillate heat transfer

fluid in the porous regenerator. The piston-based flow control system has demon-

strated large temperature spans [52, 53], primarily due to the inherent flow balanc-

ing. The piston based system, however, is difficult to implement in an AMR device

with more than two regenerators. An alternative flow control system uses a pump

with valving to control the fluid blows. The most common configuration is the ro-

tary valve with interchangeable valve plates [54, 55, 56, 57, 58, 59]. More recently,

a series of cam-actuated poppet valves [60, 61] and solenoid valves [62] have been

used. Several of these devices have demonstrated successful performance, however

others have lower performance than prototypes with similar magnetic field strengths

and refrigerant masses. This is likely caused by flow unbalance [63, 59, 61], inlet

flow maldistribution [64, 65] and friction in the rotary valves [66]. Commercially ori-

ented AMR devices require a fluid flow system with high performance, scalability and

minimal lifetime maintenance.
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1.3 Performance metrics

The performance of an AMR is commonly reported in literature with the temperature

span vs. cooling capacity (Tspan vs. Q̇C) curve, shown in Fig. 1.9. The AMR develops

the maximum temperature span (Tspan = TH − TC) with zero net cooling capacity.

As load is applied, the temperature span decreases until the maximum cooling power

is obtained with no temperature span.

The relationship between the temperature span and cooling power is to a good

approximation linear when spatial variations in the magnetocaloric effect are mini-

mal. Due to this linearity, devices are often characterized in terms of the no-load

temperature span and zero-span cooling power [67]. Neither point, however, is com-

mercially relevant and in reality an AMR will operate with a specified load and span.

The exergetic cooling power (ĖxQ) describes the operating point with maximum re-

frigeration value and encapsulates the cooling power, heat rejection temperature (TH)

and temperature span [68].

ĖxQ = Q̇C

(TH − TC
TC

)
(1.10)

The impact of AMR device configurations on the performance curve are shown

conceptually in Fig. 1.9. The impact of applied field strength (and implicitly the

magnetocaloric effect) is shown in Fig. 1.9 (a), where both the temperature span

and cooling power are increased. The applied field strength, however, increases with

permanent magnet mass which strongly increases capital cost. The magnetocaloric ef-

fect is primarily increased through material science development (e.g. magnetocaloric

material discovery), however the average magnetocaloric effect for specific operating

points can be increased with multilayering.

Fig. 1.9 (b) illustrates how increasing the magnetocaloric material (MCM) mass

impacts the performance curve. While the cooling power is increased, the temperature

span is relatively unaffected. Increasing the refrigerant mass increases the required

high field volume, however, which increases capital costs from both the permanent

magnet material and magnetocaloric refrigerant.

As an AMR device is inevitably imperfect, thermal interactions with the environ-

ment decrease the net cooling power from the AMR cooling power. These parasitic

heat leaks can be modeled as a conductance between the hot and cold reservoirs

(Q̇parasitic = κHC(TH −TC)), reducing performance with increasing Tspan. Fig. 1.9 (c)

illustrates the impact of parasitic heat leaks (and implicitly the regenerator effective-
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ness) on the AMR performance curve.

(a)

(b)

(c)

Figure 1.9: Simulating the impact of: (a) applied field strength (permanent magnet
mass or magnetocaloric effect), (b) refrigerant mass (with constant utilization) and
(c) reduced parasitic heat leaks (increased regenerator effectiveness)

Increasing the cooling capacity as in (b) is trivially obtained by building larger
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machines. One of the challenges facing AMR device developers, however, is increas-

ing the temperature span with acceptable cost. Building AMR devices with high

temperature spans requires high performance magnetocaloric materials, effective re-

generation and sound thermal design requiring insight from experimental development

and modeling tools.

To be competitive with existing technologies, the efficiency must be considered

with the performance (Tspan, Q̇C , ĖxQ). The coefficient of performance (COP) is a

first-law metric and is the refrigeration equivalent of the thermal efficiency:

COP =
Q̇C

Ẇnet

(1.11)

COP measurements are commonly reported for vapor-compression refrigeration

devices and, as such, some literature reports COP numbers for direct comparison

with existing technologies. In the context of a design objective, however, the COP

increases without bound with decreasing temperature span; the maximum COP is

realized at the zero-span Q̇C which is not commercially relevant. A more meaningful

metric is the second law efficiency, defined as the ratio of the ideal work requirement

(ĖxQ) to the actual work requirement (Ẇnet) [68].

ηII =
Q̇C

Ẇnet

(TH − TC
TC

)
(1.12)

Again considering a design objective, ηII is maximized with large magnetic fields

(e.g. permanent magnet mass) and refrigerant masses. While the high efficiency

reduces operating costs, the associated capital costs may be prohibitively large.

The conflicting objectives of temperature span, cooling power and second law

efficiency can be addressed by considering a system-level thermoeconomic framework.

Thermoeconomics allots costs to streams with thermodynamic value or exergy. The

value streams yield a cost-rate balance where, for a refrigerator, capital and operating

costs are used to provide a cooling service:

ĊQ = Ż + Ċop (1.13)

in $/h where streams with exergetic value are denoted by Ċ. The ammortized capital

costs, Ż, typically consist of magnetocaloric material and either permanent magnet

material (room-temperature applications) or superconducting material (for cryogenic

applications), however the framework is highly flexible. Each cost rate is then decom-
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posed into the product of exergy flow and the cost per unit exergy, e.g. ĊQ = /cQĖxQ

(/c is used to distinguish costs from specific heat, c). Following the thermoeconomic

approach used by Rowe (2011) [69, 67], the cost per exergetic cooling, /cQ in $/kWh, of

a magnetic refrigerator consisting of permanent magnet and magnetocaloric material

can be expressed as:

/cQ =
CRF

ĖxQ

(
ZPMM + ZMCM

)
+ /ce

( 1

ηII

)
(1.14)

where ZPMM and ZMCM are the absolute capital costs of permanent magnet material

and magnetocaloric material in $, CRF is the capital recovery factor and /ce is the

cost of electricity in $/kWh. This balances the competing objectives of temperature

span, cooling power, second law efficiency and capital cost into a single metric. Con-

sidering that magnetic refrigeration has matured beyond proof-of-concept devices, it

is surprising that only a handful of works consider the combined capital and operating

costs of an AMR [67, 70, 71].
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1.4 Objectives

The objective of this dissertation is to improve the performance and lifetime cost

of AMR devices. A combined experimental and numerical approach is employed to

explore improvements at the component and the device scales, with a focus on the

interaction between subsystems. To enable the development of this research, the

following questions are investigated:

• How do fluid waveforms impact AMR performance, and why do similar AMR

devices with different fluid flow systems vary in performance?

• What is the impact of regenerator composition on system performance? How do

individual layers operate and interact, and can simplified modeling tools predict

these complex behaviors?

• How do permanent magnet properties influence magnet design? What is the

magnetic field waveform that minimizes AMR cost, and what is the optimal

way to produce this field waveform?
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1.5 Overview

The dissertation is outlined as follows, with a brief description of the main contribu-

tions. Each chapter is a peer-reviewed journal article that describes a performance

improvement or cost reduction in AMR devices.

• Chapter 2 presents a cam-actuated valvetrain for controlling the waveform of

regenerative fluid blows. This flow control device has numerous advantages over

the friction-sealed rotary valve commonly found in literature, and the maximum

exergetic cooling power is improved by tuning the fluid waveforms. (Interna-

tional Journal of Refrigeration, http://doi.org/10.1016/j.ijrefrig.2016.10.001)

• Chapter 3 describes a performance investigation of a two-layer AMR with sec-

ond order magnetocaloric materials. An instrumented assembly identifies the

performance of each layer as a function of the regenerator composition (i.e.

Curie temperature spacing) for a number of operating parameters. (Applied

Thermal Engineering, http://doi.org/10.1016/j.applthermaleng.2016.06.029)

• Chapter 4 proposes a new, highly efficient AMR modeling framework which is

validated using the experiments in Chapter 3. Insights from the model are used

to make device modifications and a no-load temperature span of 40 K is mea-

sured in close proximity to a simulated optimum; one of the highest in literature.

(Applied Thermal Engineering, http://doi.org/10.1016/j.applthermaleng.2017.

09.082)

• Chapter 5 identifies a passive structure to balance the force waveform of a

multilayer AMR device with a conduction cooled superconducting solenoid

for cryogen liquefaction. Using a genetic algorithm, nearly ideal balancing

characteristics are obtained which increases both the efficiency and maximum

attainable magnetic field. (Journal of Magnetism and Magnetic Materials,

http://doi.org/10.1016/j.jmmm.2017.11.002)

• Chapter 6 presents a permanent magnet topology optimization to maximize

the flux density of a Halbach cylinder subject to finite coercivity (i.e. avoiding

permanent magnet failure). The numerical tool is used to assess the efficacy

of reduced-rare-earth and rare-earth-free permanent magnet materials in liter-

ature. A number of formulations are investigated that explore the tradeoff be-

http://doi.org/10.1016/j.ijrefrig.2016.10.001
http://doi.org/10.1016/j.applthermaleng.2016.06.029
http://doi.org/10.1016/j.applthermaleng.2017.09.082
http://doi.org/10.1016/j.applthermaleng.2017.09.082
http://doi.org/10.1016/j.jmmm.2017.11.002
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tween permanent magnet design sophistication and manufacturability. (Journal

of Applied Physics, https://doi.org/10.1063/1.5026862)

• Chapter 7 presents a permanent magnet topology optimization to minimize

the combined capital and operating costs of an AMR. The methodology si-

multaneously produces the optimal magnetic field waveform and the optimal

means of producing this waveform in a framework for recycling rare-earth per-

manent magnet material. (Journal of Magnetism and Magnetic Materials,

http://doi.org/10.1016/j.jmmm.2017.06.039)

Appendix A lists all publications, Appendix B presents the material properties

used in this dissertation and Appendix C describes the numerical simulation of Hal-

bach arrays using a finite difference scheme.

The work in this dissertation was performed by Reed Teyber; however, it should

be noted that the 1-D numerical AMR model used in Chapter 3 was developed by

Dr. Paulo Trevizoli [27]. This model was employed to analyze the two-material

experiments, however the model is not a contribution in this dissertation.

https://doi.org/10.1063/1.5026862
http://doi.org/10.1016/j.jmmm.2017.06.039
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Chapter 2

Experimental performance

investigation of an Active

Magnetic Regenerator subject to

different fluid flow waveforms

International Journal of Refrigeration 74 (2017), 38-46.
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Abstract

A flow control mechanism based on cam actuated valves is designed and implemented

on an active magnetic regenerator test apparatus. The objective is to overcome the

brief low field period of the nested concentric Halbach array by decreasing the fluid

blow width; displacing fluid only when the magnetic field is close to the minimum and

maximum values. Flow waveforms are simulated to evaluate varying blow durations

with the same displaced volume. AMR experiments are performed where the largest

exergetic cooling power of 1.62 W is obtained with VD = 13.90 cm3 and a diversion

ratio of δ = 0.41, demonstrating an 11.2% increase over the sinusoidal waveform.

Figure 2.1: Graphical abstract of chapter 2, focusing on AMR fluid flow waveforms.
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Nomenclature

Roman
A area [m2]

Dp regenerator sphere diameter [m]

ExQ exergetic cooling power [W]

f frequency [Hz]

K minor head loss [-]

L length [m]

ṁ mass flow rate [kgs−1]

NTU number of transfer units [-]

P pressure [Pa; bar]

Q̇c cooling capacity [W]

r radius [m]

T temperature [K]

t time [s]

t∗ non-dimensional time [-]

U velocity [ms−1]

V̇ volumetric flow rate [m3s−1]

VD displaced volume [cm3]
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Greek
ε porosity [-]

δ diversion ratio [-]

µ viscosity [kg m−1 s−1]

η∗ weighted cooling capacity [-]

ω angular velocity [rad s−1]

ρ density [kg m−3]

τ cycle period [s]

χ valve stem displacement [m]

Subscripts and Superscripts

bed subscript of regenerator bed

C subscript of cold reservoir or cold side

D subscript of Diversion flow

f subscript of fluid

H subscript of hot reservoir or hot side

HT subscript of heat transfer

m subscript of magnetic work

P subscript of pump work

R subscript of Regenerator flow

span subscript of temperature span
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2.1 Introduction

A large number of active magnetic regenerator (AMR) configurations can be created

from the available combinations of magnetic field generators, fluid flow systems, re-

generator geometries and magnetocaloric materials [13, 17]. The AMR prototypes

developed at the University of Victoria [72, 52] use nested concentric Halbach cylin-

ders as a magnetic circuit and a piston to sinusoidally drive fluid in the regenerator

matrix. Although nested concentric Halbach arrays consisting of NdFeB magnet seg-

ments can generate magnetic flux densities exceeding 1.7 Tesla [73, 74, 75], when

operating at constant angular velocity the magnetic field waveform has a brief low

field period which reduces AMR performance.

Trevizoli et al. (2014) [76] showed numerically that changing the nested Halbach

waveform to a sinusoidal or step change field waveform can increase the maximum

cooling capacity by over 20% and 50%, respectively. Bjørk and Engelbrecht (2011)

[77] found that increasing the ramp period of the magnetic field waveform by 10%

decreased the temperature span and cooling capacity up to 20%. Plaznik et al.

(2013) [78] investigated different thermodynamic cycles with an AMR by altering the

magnetic field and fluid flow waveforms, measuring a 10% increase in temperature

span by displacing fluid both in the high field and the ramp period. The displaced

volume, however, was not fixed in the experiments and the magnetic ramp period was

small relative to the high field period; dissimilar to the nested Halbach waveform.

In the present work, the performance of an AMR with nested Halbach cylinders

subjected to different fluid flow waveforms is experimentally investigated. The idea

is to change the fluid flow waveform to displace fluid when the magnetic field is

near the maximum and minimum values. This increases the average magnetic field

change during the blow period at the expense of increased thermal losses due to the

no flow period. With this objective, a new flow control system is implemented on

the PM II test device [52], in which cam-actuated valves selectively divert fluid from

the regenerators to a secondary loop. The diverted flow profiles are simulated with

a simple pressure drop model to obtain waveforms with varying blow widths (the

cycle duration in which fluid is displaced) but equal displaced volumes (or utilization

factor). The performance is then evaluated based on Tspan Q̇C and ExQ which are

experimentally characterized at a fixed frequency of 0.8 Hz and rejection temperature

of 298 K for several displaced fluid volumes.
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2.2 Methodology

2.2.1 AMR test apparatus

The Permanent Magnet Magnetic Refrigerator (PM II) device is an AMR test appa-

ratus developed at the University of Victoria [52]. The device contains two cylindrical

regenerators housed in the bore of two nested concentric Halbach arrays which are

de-phased by 180◦. The mechanical drive system synchronously rotates the Halbach

arrays and a double effect piston which sinusoidally drives fluid in the regenerator

beds. In operation, warm fluid is pumped to the hot end where heat is released,

and cold fluid is pumped to the cold end where heat is absorbed [16]. Outside the

regenerator, a system of check valves creates unidirectional flow through the hot and

cold heat exchangers. The hot heat exchanger is controlled by thermal bath, while a

heater, controlled by an external power supply, provides a thermal load at the cold

heat exchanger.

Each regenerator housing, made of Ultem polyetherimide, has dimensions of 22.4

mm ID, 24.2 mm OD and a total length of 65 mm yielding a mass of 130 g per

regenerator (260 g total). The magnetocaloric matrix consists of packed Gadolinium

spheres with an average particle diameter of 500 µm and a porosity of 0.36. The heat

transfer fluid is a mixture of water and ethylene glycol (90/10 %vol).

2.2.2 Cam-actuated valving system

The piston-based flow control system has demonstrated large temperature spans,

primarily due to the inherent flow balancing. The existing piston based system,

however, has a fixed blow width which is difficult to investigate Halbach field ramping

or implement in an AMR device with more than two regenerators. An alternative

flow control system uses a pump with valving to control the fluid blow width. The

most common is a rotary valve with interchangeable valve plates [54, 55, 56, 57,

58], and more recently a series of cam-actuated poppet valves has also been used

[60]. Several of these devices have demonstrated successful performance, however

some have demonstrated reduced performance compared to prototypes with similar

magnetic field strengths and refrigerant mass, possibly due to flow unbalance [63],

inlet flow maldistributions [64] and friction in the rotary valves [66].

In an effort to change the fluid flow profiles with the existing piston-based flow

system in PM II, a secondary loop is implemented which diverts flow from the re-
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generators to control the blow width as shown in Fig. 2.2. A total of four one-way,

normally closed valves are used (Clippard MJV-2 Valve and MBA-1 Actuator); two

of which modulate flow to the regenerator (R1-R2) while the other two modulate each

direction of the diversion blow (D1-D2) [79].

Figure 2.2: Modified PM II test apparatus schematic with the secondary fluid loop
and cam actuated valves.

Flow is diverted from the regenerators when the diversion valve stems (D1-D2)

are depressed by the diversion cams (DC), creating a static period of no fluid flow in

the regenerators. The fluid blow begins when the regenerator valve stems (R1-R2)

are depressed by the regenerator cams (RC) and the diversion valves close; shown
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in Fig. 2.3 for a single blow (t∗=0-0.5). t∗ = t/τ is the non-dimensional cycle time,

defined as the ratio between the actual time t and the cycle period τ , ranging from 0

to 1. The valves are actuated by individual cams with a harmonic ramp profile.

t* 0.50

D1- D2
R1- R2

RC

DC

O
ff

O
n

O
n

O
ff

Figure 2.3: Schematic of valve operation and valve stem displacement.

A total of six fluid waveforms with varying blow widths are experimentally char-

acterized, each requiring a new set of four regenerator (RC) and diversion (DC) cams.

To facilitate changing fluid flow waveforms, the camshaft is designed with a focus on

cam manufacturing and replacement. In the present work, cams are machined from

6.35 mm thick low friction Acetal plate as shown in the bottom right of Fig. 3 and

mount on a central shaft for concentricity. Four threaded rods penetrate the cams

into the camshaft flanges to transmit torque and axially clamp the assembly. To

change the fluid blow width, the existing cams are removed from the shaft, shown in

the top right of Fig. 2.4, and a new set of cams is installed. To change the peak fluid

velocity, the piston stroke is adjusted in fixed increments of 5 mm.

The camshaft is directly driven by the piston-crank gear, which meshes with the

geartrain driving the magnets. The direct coupling insures repeatable alignment of the

cams with the fluid flow and magnetic field waveforms, however torque fluctuations

in the magnet affect all driven components.
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Piston Crank

Cams
Regenerator (RC)
Diversion (DC)

Valves
Regenerator (R1-R2)
Diversion (D1-D2)

R2

D1

D2

R1

Central Shaft

Figure 2.4: Camshaft prototype.
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2.2.3 Simulation of fluid flow waveforms

As shown in Fig. 2.3, a valve transition period exists between discrete states where

fluid flows entirely through the secondary loop or through the regenerator loop. The

transition period occurs over an angular window of 22.5 degrees, where the valve

stems are displaced from one position to another. The flow is simulated with a

simple pressure drop model and results are used to design cam profiles which yield

fluid waveforms of constant displaced volume.

The modified PM II schematic in Fig. 2.2 is modeled as two fluid loops in parallel:

the diversion (secondary) loop (D) containing a single control valve, and the regen-

erator loop (R) treated as a control valve in series with a packed bed of spherical

particles. Fluid flow through the porous media is modeled with the one-dimensional

Ergun equation [80] and each valve is treated as a minor head loss which varies with

the valve stem position [81]:

Kvalve =
∆P

1
2
ρU2

(2.1)

where ∆P , ρ and U are the pressure drop, fluid density and fluid velocity, respectively.

The minor head loss is experimentally characterized by measuring the pressure drop

and the fluid velocity through the valve for ten stem depressions ranging from fully

closed to fully open. The pressure drop across the valve is low relative to the packed

bed until the valve abruptly closes. Assuming an incompressible fluid and temperature

independent properties, the pressure drop for the regenerator and diversion loops are,

respectively:

∆PR = Kvalve(xR)
ρ

2A2
valve

V̇ 2
R + Lbed

[
150µ(1− ε)2

D2
pε

3Abed

V̇R +
1.75ρ(1− ε)
Dpε3A2

bed

V̇ 2
R

]
(2.2)

∆PD = Kvalve(xD)
ρ

2A2
valve

V̇ 2
D (2.3)

where V̇ is the volumetric flow rate, µ, ε, Lbed and Dp are the fluid viscosity, bed

porosity, bed length and particle diameter, respectively. A stands for the flow area of

the piston, bed or valve. xR and xD are the valve stem displacement waveforms, as

in Fig. 2.3. Assuming constant angular velocity (ω) and applying mass conservation:
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V̇R + V̇D = rcrankωApistonsin(ωt) (2.4)

Although the flow changes with time, inertial effects are assumed negligible, allowing

implementation of pipe network relations. This presents a middle ground in numer-

ical sophistication between the resistive network approach presented by Eriksen et

al.(2016) [63], which assumes linear scaling between pressure drop and flow rate, and

solving the Brinkman-Forchheimer equation for momentum transfer in porous media

[82]. In a pipe network, the pressure drop across across parallel branches is balanced

(∆PR = ∆PD). The system of equations is solved at each time step, yielding the sim-

ulated flow rate in the valve transition period. The solution is repeated in a binary

search to identify the cam profiles which yield decreasing blow widths of equal dis-

placed fluid volume. The resulting fluid waveforms are characterized by the displaced

volume through the regenerator (VD) and the diversion ratio (δ), which is the ratio

between the diverted fluid volume (VD,δ) and the total displaced volume (VD,total):

δ =
VD,δ

VD,total

(2.5)

where larger values of δ correspond to larger diverted fluid volumes and shorter blow

widths.

The simulated waveforms are shown on the left of Fig. 2.5(a) for a fixed displaced

volume of VD= 13.90 cm3. The dashed line corresponds to the simulated PM II

magnetic field waveform. The diversion ratio increases with the piston stroke to

displace the same volume of fluid through the regenerators, i.e., at the same utilization

factor. At the same time, increasing δ increases the flow weighted average magnetic

field change (∆H) during the regenerator flow period, which is defined in Eq. (2.6)

[83]. The values of ∆H for the non-diverted and diverted waveforms are also presented

in Fig. 2.5(a) for the simulated cases, where it is clear that ∆H increases as δ increases.

∆H =
1

VD

(∫ 1

0.5

|HV̇ |dt∗ −
∫ 0.5

0

|HV̇ |dt∗
)

(2.6)

Still in Fig. 2.5(a), the secondary loop is preferential in the transition period

until the diversion valves are nearly closed, causing an abrupt transition between the

simulated blow and no-blow states. This indicates the valve transition period has a

small impact on the displaced volume.

The experimental pressure waveforms are shown in Fig. 2.5(b), where some dif-
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Figure 2.5: Fluid flow waveforms characterized by the pressure drop as a function of
the dimensionless time: (a) Simulated; (b) Experimentally measured.

ferences between the simulated and measured pressure waveforms are observed. The

measured waveforms show a more continuous variation in pressure than the simu-

lations; likely caused by air entrapment or tubing deformation, which is difficult to

model. Additionally, torque interactions between nested Halbach cylinders influence

the gear train and piston crank, introducing a medium frequency torque oscillation

from Halbach segment attraction and a stronger, low frequency torque from the ten-

dency of cylinders to align [84, 27]. This stronger alignment causes the blow time in

one direction (t*=0-0.5) to be greater than the blow time in the returning direction

(t*=0.5-1).

2.2.4 Operating conditions

The experiments described here are performed with a fixed rejection temperature

(TH) of 298 K and operating frequency (f) of 0.8 Hz. Higher frequencies increase

the rotational inertia, attenuating the torque fluctuations in the fluid waveform. The

frequency and regenerator length are chosen to ensure a suitable number of waveforms

are evaluated within the maximum design pressure of 10 Bar. The thermal load (Q̇C)

applied to the cold heat exchanger heater is varied from zero (no-load) up to 80 W,

depending on the displaced fluid volume, in steps of 20 W. Table 2.1 summarizes

the tested displaced volumes, cooling capacities and diversion ratios. The average

ambient temperature in the present tests is 294 K.
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Table 2.1: Summary of tested fluid waveforms and thermal loads.

Stroke (cm) VD (cm3) Q̇C δ

0.5 3.48 0-20 0
1 6.95 0-40 0, 0.54, 0.74

1.5 10.42 0-60 0, 0.46, 0.59
2 13.9 0-80 0, 0.41, 0.54

2.5 17.44 0-80 0
3 20.85 0-80 0

The results are evaluated based on the thermal load, regenerator temperature

span (Tspan) and exergetic cooling power (ExQ). The presented temperature spans

are the average of the two regenerator spans over 30 seconds after reaching periodic

steady-state. This criterion is determined when the average span changes less than

0.04 K over 12 minutes, which is reached within 2 hours of operation for each data

point. The exergetic cooling power is defined as:

ExQ = Q̇C
Tspan

TC

(2.7)

The experimental procedure is repeated for several operating conditions with a

reproducibility within 0.3 K. The experimental uncertainties, evaluated according

to [85], for Tspan and Q̇C are estimated to be 0.8 K and 2.5%, respectively. The

uncertainty of ExQ in the range of interest is between 0.12 and 0.17 W.

2.3 Results

Tspan and ExQ as a function of Q̇C are shown in Fig. 2.6(a) and (b), respectively, for a

range of displaced volumes with non-diverted waveforms (δ=0). These curves are the

benchmark to evaluate diverted fluid waveforms. A maximum no-load temperature

span of 18.4 K is obtained with a displaced volume of VD= 6.95 cm3 and a span of

4.0 K is developed with a displaced volume of VD= 17.44 cm3 at the largest tested

load of Q̇C= 80 W. Regarding the exergetic cooling power, ExQ increases with load

up to a maximum value for each displaced volume. The maximum ExQ also changes

with the displaced volume. The peak ExQ found is 1.45 W for Q̇C = 60 W and VD =

13.9 cm3. The no-load temperature span, thermal load and exergetic cooling power

are sensitive to changes in the displaced volume, therefore demonstrating the need

to fix VD (which means fixing the utilization factor) when investigating the diverted
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fluid waveforms.
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Figure 2.6: AMR performance for non-diverted waveforms (δ=0) for different dis-
placed volumes: (a) Tspan as a function Q̇C; (b) ExQ as a function Q̇C.

Tspan and ExQ as a function Q̇C are shown for the diverted fluid waveforms in

Fig. 2.7. Each window compares the performance of two diverted fluid volumes (δ > 0)

to the non-diverted waveform (δ = 0), all at a fixed displaced volume. To better

visualize the results, the x-axis range varies with the displaced volume. The smallest

non-zero δ universally outperforms both δ = 0 and the largest δ, and the performance

improvements increase with load. The performance is reduced with the largest δ, in

particular for the smaller displaced volume.

2.4 Discussion

The idea of using fluid waveforms with different no-blow periods is to increase the flow

weighted average magnetic field change as in Fig. 2.5. Several performance limiting

effects, however, are observed:

• (i) as δ increases, the superficial velocity (or average mass flow rate) increases

to displace a fixed volume of fluid over a reduced blow duration. As a result,

the NTU decreases with the increasing average flow rate. In addition, the axial

dispersion and viscous dissipation increase with mass flow. These effects reduce

the regenerator thermal effectiveness and, consequently, the AMR performance;
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Figure 2.7: AMR performance for non-diverted and diverted waveforms (δ > 0) for
different displaced volumes. The top windows show the Tspan as a function Q̇C curves;
and the bottom windows show the ExQ as a function Q̇C curves.

• (ii) unbalanced flow effects.

Comparing the diverted and non-diverted waveforms in Fig. 2.7, the lower δ case

outperforms the δ = 0 curve, especially with high thermal loads for each displaced

volume. With no applied load, no performance improvement is found even for the

lower δ cases. This is mainly attributed to the increased effect of NTU losses (item

(i)). NTU is defined as [86]:

NTU =
hAHT

ṁcf

(2.8)

where h is the convective heat transfer coefficient obtained from the Wakao and

Kaguei (1982) [87] Nusselt correlation, AHT is the interphase heat transfer area for a

packed bed of spheres [82], ṁ is the mass flow rate averaged over the fluid blow and

cf is the fluid heat capacity. As the volumetric flow rate (or ṁ) increases with the

increasing δ, for a fixed VD, the NTU exponentially decreases as presented in Fig. 2.8.

This is more visible for VD of 6.95 cm3 where the NTU reduces from 19.3 at δ = 0

to 9.6 at δ = 0.74. A smaller NTU results in a smaller heat transfer effectiveness,
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which is directly linked to the AMR temperature spans. Hence, the combined effects

described in items (i) and (ii) are relevant for the largest δ curve, which is universally

inferior to the benchmark δ = 0 curve. It is observed from the presented results

that an optimal diversion ratio exists which balances the gain in the flow-averaged

magnetic field variation with the increased effect of NTU losses.
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Figure 2.8: NTU as a function of the volumetric flow rate.

Regarding item (ii), the largest values of δ exhibit an unbalanced displaced fluid

volume, which helps explain the reduced performance. Unbalanced flow is when

the hot and cold streams through the regenerator have different displaced volumes,

causing a net circulation of flow [63]. The unbalanced displaced volume occurs when

a brief change in rotational velocity coincides with the valve transition period.

The impact of unbalanced flow is evaluated based on the regenerator temperature

distribution; formed from each regenerators hot, middle and cold end temperature

readings. More details on the internal thermocouple is available in Ref. [1]. Fig. 2.9

shows the cycle averaged temperature profile along the AMR bed for different values

of δ with a fixed displaced volume of VD = 13.90 cm3 and an applied load of Q̇C =

60 W.
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Comparing the three cases in Fig. 2.9, as δ increases a displacement in temper-

atures between Regenerator 1 and 2 is observed. This displacement is greatest for

δ = 0.54, where ∆ shows a deviation in the cold end temperature readings. This

suggests a net influx of warm fluid from the hot reservoir into Regenerator 1. The

internal temperature reading is even more sensitive to unbalanced flow conditions,

which is in agreement with simulation results from Eriksen et al. (2016) [63].

Due to the loss mechanisms effecting the diverted fluid waveforms, the maximum

temperature spans are not improved with a no-flow period. For all displaced volumes,

however, the smallest δ waveform presents a significant improvement in exergetic

cooling power over the non-diverted case. The largest ExQ of 1.62 W is obtained

with VD = 13.90 cm3 and δ = 0.41, which represents an 11.2% increase over the non-

diverted waveform. The improvement of ExQ is of the same order as the improvement

from multilayering recently reported by the present authors [1].

Although the diverted waveforms increase the exergetic cooling power, the effi-

ciency is penalized with the increased pressure drop. We propose the following figure

of merit (η∗), which relates the exergetic cooling capacity to the pump work (Ẇp).

η∗ =
ExQ

Ẇp

(2.9)

where Ẇp is calculated as follows, assuming a sinusoidal V̇ profile for each fluid

waveform:

Ẇp =
1

τc

∫ τc

0

V̇∆Pdt (2.10)

Fig. 2.10 shows the behavior of ExQ and η∗ as a function of δ. A fixed temperature

span of 10 K is considered, in which the values of ExQ and Ẇp are obtained by

interpolation. ExQ is maximized with the smallest non-zero value of δ. In the case

of 6.95 cm3 , the largest δ presents a negative value of ExQ and is not shown. η∗,
on the other hand, always decreases with δ, showing that the increase in exergetic

cooling capacity is small relative to the increase in pump work.
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Figure 2.10: Exergetic cooling power (right y-axis) and η∗ (left y-axis) as a function
of δ for different displaced volumes at a fixed temperature span of 10 K: (a) 6.95 cm3;
(b) 10.42 cm3; (c) 13.90 cm3.
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2.5 Conclusions

The PM II AMR test apparatus uses nested concentric Halbach cylinders which have

a brief low field period. In the present work, the sinusoidal fluid velocity waveform

is modified with a no-blow period to displace fluid when the change in magnetic field

is highest. To accomplish this, a cam-actuated valvetrain is developed which diverts

fluid from the regenerators to shape a user-defined fluid blow. The fluid waveforms

are simulated to evaluate waveforms of varying blow widths with equal displaced

volumes. Six diverted fluid waveforms are experimentally characterized and compared

to sinusoidal fluid waveforms. The smallest diverted fluid volume develops the largest

exergetic cooling power for each displaced volume, showing that the performance of

an AMR with nested Halbach arrays can be improved with a small no-flow period

when the magnetic field variation is greatest. Future works will focus on reducing

unbalance effects to determine the optimum diversion ratios.
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Abstract

Magnetic heat pumps and cooling systems typically use a magnetocaloric material

in an active magnetic regenerator (AMR) cycle for application near room temper-

ature. One method of improving AMR performance is to layer regenerators with

spatially varying Curie (or transition) temperatures. To study the impact of layer-

ing on AMR performance, four regenerator compositions comprised of two-layers are

experimentally tested with interface temperature measurements. Each regenerator

uses Gd as the layer with the highest Curie temperature; the second layer uses Gd

and three compositions of Gd1-xYx. The four regenerators are the same size and are

tested using three different rejection temperatures and displaced volumes. Numerical

simulations are in good agreement with the experimental results. The two-layer re-

generators present the largest performance improvements for the no-load conditions

and, in general, develop the peak exergetic cooling power for almost all operating

conditions.
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Figure 3.1: Graphical abstract of chapter 3, focusing on multilayered regenerator
operation.
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Nomenclature

Roman
c specific heat capacity [J/kg-K]

D|| longitudinal thermal dispersion coefficient [-]

Exq Exergetic cooling power [W]

h convective heat transfer coefficient [W/m2-K]

k thermal conductivity [W/m-K]

Pc Perimeter [m]

q̇csg Regenerator casing heat transfer [W/m3]

Q̇c cooling capacity [W]

t time [s]

T temperature [K]

u superficial (Darcy) velocity [m/s]

VD Displaced volume [cm3]

z axial coordinates [-]

Greek
β surface area density [m2/m3]

ε porosity [-]

ρ density [kg/m3]

Subscripts and Superscripts

amb subscript of ambient

C subscript of cold reservoir or cold side

eff superscript of effective

f subscript of fluid phase

H subscript of hot reservoir or hot side

Int subscript of layer interface

Reg subscript of regenerator

s subscript of solid phase

wall subscript of the regenerator wall properties
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3.1 Introduction

Magnetic heat pumps use a solid-state magnetocaloric material as the working me-

dia. Applications near room temperature typically use an active magnetic regenerator

(AMR) cycle due to the limited magnetic entropy change over a narrow temperature

range. Several AMR prototypes have been reported in recent years, however the

pathway to commercialization requires reducing costs and size, while increasing effi-

ciency and temperature spans [88, 13]. To reach these objectives, high performance

AMRs should use low magnetic fields (smaller permanent magnet field generators)

and inexpensive magnetocaloric materials [70, 17].

AMR performance can be improved by layering regenerators with spatially varying

Curie (or transition) temperatures [16]. Richard et al. (2004) [89] compared a Gd

single-layer regenerator to a Gd-Gd0.74Tb0.26 two-layer regenerator and found the

latter produced larger temperature spans up to a critical cooling capacity. Zimm et al.

(2006) [54] drew similar conclusions comparing a Gd single-layer regenerator to a Gd-

Gd0.94Er0.06 two-layer regenerator. Rowe and Tura (2006) [90] presented the impact

of operating parameters on the performance of a three-layer regenerator. The authors

also carried out interface temperature measurements to investigate individual layer

operation inside the multilayered regenerator. Engelbrecht et al. (2011) [91] compared

a Gd regenerator to La(Fe,Co,Si)13 single and two-layer regenerators. Tusek et al.

(2014) [92] compared a Gd single-layer regenerator to a La(Fe,Co,Si)13 regenerator

with two, four and seven-layers. Although the best performance was found for Gd, the

four-layer La(Fe,Co,Si)13 regenerator outperformed the other compositions. Jacobs

et al. (2014) [23] presented the performance of a six-layer La(Fe,Co,Si)13 regenerator

that demonstrated 2.5 kW of cooling power at a span of 11 C. Campbell et al. (2014)

[93] describe experiments using layered regenerators consisting of three, six, and eight

layers of MnFeP1-xAsx. Multiple layer lengths are tested and results show significant

increases in span with additional layers.

Numerical results of multilayered regenerators have been reported, and optimized

parameters such as regenerator layer compositions and spatial distribution have been

proposed but not experimentally tested to date [94, 95, 96]. Given the broad range

of parameters affecting the performance of multilayer regenerators, a specific exper-

imental study on the Curie temperature spacing in a two-layer regenerator can aid

in the development of layered AMRs. In addition, measurements of the interface

temperature (i.e., between the two layers) provide valuable information to evaluate
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the performance of each layer and to validate AMR mathematical models.

In the presented work, four Gd-Gd1-xYx regenerators are evaluated with x = 0,

0.025, 0.05 and 0.075, resulting in a Gd (TCurie = 17 C) single-layer and three Gd-

Gd1-xYx two-layer beds (TCurie = 13, 10 and 4 C). Experiments are carried out using

a permanent magnet test apparatus (PM II) [52], in which the heat rejection temper-

ature, pumped fluid volume and heat load are varied at a fixed operating frequency of

0.5 Hz. The temperature distribution and exergetic cooling power for each operating

condition are reported as a function of the net cooling capacity. Finally, numerical

simulations using the AMR model presented in Ref. [27] are performed and numerical

predictions of interface temperature are compared to experimental values.

3.2 Experimental methods

The PM II device shown in Fig. 3.2(a) is a second generation AMR test apparatus

developed at the University of Victoria [52]. The device contains two cylindrical

regenerators housed in the bore of two nested concentric Halbach arrays which are

de-phased by 180◦. The magnetic field intensity increases from 0.06 T to a peak field

strength of 1.45 T as the outer Halbach cylinder rotates around the stationary inner

cylinder. The mechanical drive system synchronously rotates the Halbach arrays and

a double effect pump which oscillates fluid in the regenerator beds. Outside the

regenerator, a system of check valves creates unidirectional flow through the hot and

cold heat exchangers. In operation, warm fluid is pumped to the hot end where heat

is released, and cold fluid is pumped to the cold end where heat is absorbed.

The heat transfer fluid for the experiments described here is a mixture of water

and ethylene glycol (70/30 %vol). A temperature-controlled circulator sets the tem-

perature of the hot heat exchanger, while a heater, controlled by an external power

supply, provides a thermal load at the cold heat exchanger. The average ambient

temperature in the present tests is 20 C.

The regenerator housing, made of Ultem polyetherimide, is divided into hot and

cold layers in which two different materials can be assembled as shown in Fig. 3.2(b).

The housing has dimensions of 22.4 mm ID, 24.2 mm OD and each layer is 65.0 mm

long (130 mm total length). The magnetocaloric matrix consists of packed spheres

with a particle diameter of 300-600 µm (450 µm average) and a porosity of 0.36. The

total mass of magnetocaloric material ranges from 120 to 130 g per layer (500 to 520

g total), since the Gd1-xYx alloys have a slightly lower density than Gd. Temperature
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measurements are performed at the hot and cold ends of the bed to characterize

the regenerator temperature span. In addition, an interface thermocouple is inserted

between the layers.
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Figure 3.2: (a) PM II schematic showing (1) hot heat exchanger, (2) cold heat ex-
changer, (3) regenerator, (4) nested Halbach cylinders, (5) double effect pump, (6)
check valves, (7) drive system; (b) Regenerator assembly for testing two-layer beds
of packed spheres with interface temperature measurements. The thermocouple runs
through the hot layer matrix.
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As presented in Table 3.1, four different regenerator configurations are tested. In

all the tests, the hot layer is composed of the same Gd matrix while the four Gd1-xYx

alloys are alternated in the cold layer. Gd1-xYx has a similar magnetocaloric effect

to Gd with shifted Curie temperatures [95]. Throughout the paper, the regenera-

tors will be referred to by the naming convention given in the Table. R1 indicates

two Gd layers (single material regenerator), and R2 -R4 represent the Gd-Gd1-xYx

regenerators where the spacing between Curie temperatures grows for each.

Table 3.1: Multi-layered regenerator compositions.

Parameter
Regenerator Compositions

R1 R2 R3 R4

Hot layer material Gd Gd Gd Gd
Hot layer TCurie (C) 17 17 17 17
Cold layer material Gd Gd0.975Y0.025 Gd0.95Y0.05 Gd0.925Y0.075

Cold layer TCurie (C) 17 13 10 4
TCurie spacing (C) 0 4 7 13

The experiments are carried out using the operating conditions presented in Ta-

ble 3.2. Operating frequency is fixed at 0.5 Hz while the displaced volume, hot side

temperature and heat load are varied. The largest displaced volume (13.9 cm3) is

chosen to ensure that the absolute pressure remains below the maximum design pres-

sure of 10 bar. The heat rejection temperatures are set between 15 and 25 C, which

are above and below the Curie temperature of the hot (Gd) layer. The applied heat

load is changed from 0 (no load) to 40 W, in steps of 10 or 20 W depending on the

operating conditions. In some cases, the maximum load of 40 W is larger than the

maximum cooling capacity so these tests are not performed.

Table 3.2: Experimental conditions for each regenerator.

Displaced Volume (cm3) Heat Load (W) Hot side temperature (C)

6.95 0, 10, 20 15, 20, 25
10.42 0, 10, 20, 30 15, 20, 25
13.9 0, 20, 40 15, 20, 25

For all the displaced volumes, the experiments start with no applied load at a

rejection temperature of 25 C. After reaching periodic steady-state, the data are

recorded and the hot reservoir temperature is changed (e.g., to 20 C) for the same

no-load condition. This procedure repeats for each applied load after the three hot

heat exchanger temperatures are complete. Periodic steady-state is assumed when
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the average temperature span changes less than 0.09 C over 12 minutes. This criterion

is reached within three hours and introduces a maximum error of 0.65 C with the

smallest displaced volume of 6.95 cm3 and the largest hot side temperature of 25 C.

3.3 Mathematical formulation

The numerical simulations are performed using the one-dimensional numerical model

in Ref. [27]. The mathematical model is composed of the one-dimensional Brinkman-

Forchheimer equation for momentum transfer in porous media coupled with energy

balance equations for the solid (Eq. 3.1) and fluid (Eq. 3.2) phases.

The solid phase energy equation is [82]:

ρscs(1− ε)
∂Ts

∂t
= hβ(Tf − Ts) + (1− ε)keff

s

∂2Ts

∂z2
(3.1)

where the term on the left accounts for thermal inertia in the solid, and the terms on

the right are due to interstitial heat convection and axial heat conduction, respectively.

Tf is the fluid temperature and Ts is the solid temperature, ρs is the density of the

solid, cs is the specific heat capacity of the solid and keff
s is the effective thermal

conductivity of the solid phase.

The fluid phase energy equation is given by [82]:

ρfcf

(
ε
∂Tf

∂t
+ u

∂Tf

∂z

)
= hβ(Ts − Tf) + ε

[
κeff

f + ρfcfD||
]∂2Tf

∂z2
+

∣∣∣∣∣u∂P∂z
∣∣∣∣∣+ q̇csg (3.2)

where the term on the left is due to inertial effects and the terms on the right are,

respectively, the interphase heat transfer calculated via a convective heat transfer

coefficient (h), longitudinal advection term, axial conduction term and viscous dissi-

pation term. ρf is the fluid density, cf is the specific heat capacity of the fluid, keff
f

is the effective thermal conductivity of the fluid phase and D|| is the longitudinal

thermal dispersion.

In addition, q̇csg is the casing heat transfer loss term:

q̇csg = −hwall
Pc,Reg

Ac,Reg

(Tf − Twall) (3.3)

where hwall is the internal wall heat transfer coefficient [97, 87], Pc,Reg is the regener-
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ator internal perimeter, Ac,Reg is the regenerator cross sectional area and Twall is the

internal wall temperature. Twall is calculated by solving the two-dimensional transient

conduction equation for the regenerator wall and the air gap between the regenerator

housing and the magnet. The regenerator housing wall thickness is 0.8 mm and the

air gap thickness is 0.1 mm. The Ultem polyetherimide housing has a thermal con-

ductivity, density and specific heat capacity of 0.22 W/m-K, 1270 kg/m3 and 2000

J/kg-K, respectively. The magnetic circuit is assumed to be in thermal equilibrium

with the external environment at room temperature. Eq. 3.1, Eq. 3.2 and Eq. 3.3

are coupled and solved in a iterative loop. More details about the mathematical

formulation, boundary conditions and solver procedure can be found in Ref. [27].

The discrete implementation of the adiabatic temperature change is used and de-

magnetizing losses are included [98]. The rectified sinusoidal waveform, characteristic

of nested Halbach cylinders, is used for the time varying magnetic field [52, 76] and a

sinusoidal fluid flow waveform is simulated. Experimental magnetocaloric and ther-

mophysical properties of Gd (density, thermal conductivity and specific heat) are used

for all of the Gd1-xYx layers by shifting the transition temperature. This is a first ap-

proximation to evaluate the performance of Gd1-xYx alloys in a multilayer regenerator

[95], and as will be discussed later, is reasonable for low Yttrium contents and when

the experimental magnetocaloric and thermophysical properties are unavailable.



53

3.4 Results

3.4.1 Experimental results

The temperature span as a function of cooling capacity for each regenerator composi-

tion (R1 -R4, see Table 3.1) is shown in Fig. 3.3. Each window presents a combination

of displaced volume (VD) and hot reservoir temperature (TH), and each curve indicates

a different regenerator composition. The total temperature span arises from contri-

butions by each layer - the blue bars indicate the cold layer span and the red bars

indicate the hot layer span. The calculated uncertainty is 2% for the applied thermal

load (cooling capacity), evaluated from the resistance and voltage uncertainty in a

Fluke multimeter, and 1.5 C for the temperature span, which includes the two ther-

mocouple errors of 0.5 C and the steady state error. The uncertainties are evaluated

according to Ref. [85].

Preliminary inspection of Fig. 3.3 reveals how the hot and cold layers can develop

different temperature spans. Depending on the operating conditions, the cold layer

can have a larger temperature span than the hot layer (and vice-versa). For example,

for TH = 15 C and VD = 6.95 cm3 R4 gives the largest no-load temperature span

(≈ 12 C). In this case, the cold layer span is close to 8.5 C versus 4.5 C for the hot

layer. In some cases, the total and hot layer temperature spans are positive while the

cold layer span is negative - see case R4 for TH = 25 C, VD = 6.95 cm3 and 10 W

cooling capacity. A negative cold layer span means that the temperature measured

at the interface between the layers is lower than the temperature at the cold end. In

this situation, the temperature distribution in the regenerator is nonlinear between

TH and TC. Finally, in some cases the total temperature span is negative (i.e., TC >

TH) even with positive layer spans, see cases R3 -R4 for TH = 20 C and VD = 6.95

cm3, for 20 W cooling capacity.

For a fixed hot side temperature (e.g., 15 C) and fixed temperature span, the

cooling capacity increases with VD. The maximum temperature span also increases

with VD, and a maximum is found at 13.9 cm3. For a fixed displaced volume (e.g., 13.9

cm3) and fixed cooling capacity, the temperature span increases with TH for the tested

conditions. This can be explained by better activation of the hot-layer given the Curie

temperature and the range of TH values considered, as can be observed following the

red bars in Fig. 3.3. The cold layer span tends to decrease as TH increases, especially

for load tests and for the Gd1-xYx cold layer cases (R2 - R4 ).
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Figure 3.3: Temperature span vs. cooling capacity curves for different operating
conditions and different regenerator configurations: (i) R1 - Gd single-layer; (ii)
R2 - Gd-Gd0.975Y0.025 two-layer; (iii) R3 - Gd-Gd0.95Y0.05 two-layer; (iv) R4 - Gd-
Gd0.925Y0.075 two-layer.

Fig. 3.4 shows the experimental average temperatures as a function of the cooling

capacity for all operating conditions. The different symbols identify regenerator com-

positions (R1 - R4 ). Blue and red symbols represent cold and hot side measured

temperatures, respectively, while black symbols are the temperatures measured at the

interface. In addition, the colored horizontal lines show the transition temperatures

for each material, as described in the legend of Fig. 3.4.

From the results in Fig. 3.4, it is clear that the highest spans are developed when

the local transition temperature is between the hot and cold temperatures of a layer.
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All four regenerators (R1 to R4 ) show that at a given cooling capacity, the hot

layer span is minimized when producing the maximum overall temperature span. For

example, in Fig. 3.4, see TH = 25 C, VD= 10.42 cm3 and 0 W cooling capacity. In

this case, the largest temperature span is obtained for R3 which has the smallest

hot layer temperature span of R1 to R4. In almost all of the maximum temper-

ature span cases, the hot and cold layer spans are similar creating a nearly linear

average temperature gradient. Comparing the results for R3 and R4 from Fig. 3.3

and Fig. 3.4, in general, regenerator R3 outperforms R4 even for the maximum

temperature span (0 W). This result can be explained by R3 operating closer to its

transition temperature than R4.
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Figure 3.4: Temperature vs. cooling capacity curves for different operating con-
ditions and different regenerator configurations: (i) R1 - Gd single-layer; (ii) R2
- Gd-Gd0.975Y0.025 two-layer; (iii) R3 - Gd-Gd0.95Y0.05 two-layer; (iv) R4 - Gd-
Gd0.925Y0.075 two-layer. Blue and red symbols refer to cold and hot side measured
temperatures, respectively, and the black symbols are the temperature measured at
the interface.
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An alternative representation of performance is possible based on the exergetic

equivalent cooling power (ExQ), defined as:

Exq = Q̇C

(
TH

TC

− 1

)
= Q̇C

Tspan

TC

(3.4)

Fig. 3.5 shows the exergetic cooling power as a function of the cooling capacity.

It is important to note that the range of the x-axis varies when comparing results for

different displaced volumes. In general, the maximum exergetic power increases with

displaced volume and hot side temperature. Comparing the different cases (R1 to

R4 ), the Gd1-xYx regenerators perform best at the intermediate cooling capacities

for almost all cases. For instance, R3 presents a peak of 0.8 W for TH = 15 C, VD =

13.9 cm3 and Q̇C = 20 W, while for TH = 25 C, VD = 13.9 cm3 and Q̇C = 20 W the

peak is found for R2. The single material regenerator (R1 ), however, presents the

highest exergetic cooling power of 1.3 W, for TH = 25 C, VD = 13.9 cm3 and Q̇C =

40 W.

3.4.2 Numerical results

Fig. 3.6 compares the numerical (solid lines) and experimental (symbols) results for

the temperature span as a function of the hot reservoir temperature. The different

symbols and line colors stand for the different cooling capacities defined in the figure

legend. Each row of figures represents a particular regenerator (R) and each column

represents a displaced volume. It is important to note that the numerical results

include the heat leaks through the regenerator casing (as explained in Section 3.3), but

other external heat leaks, such as in the cold side tubing and the cold heat exchanger

thermal mass, are not included in the simulations. Gd experimental properties are

assumed for the Gd1-xYx regenerators (R2 - R4 ) where the temperature dependence

of properties are assumed to scale by the Curie temperature of each composition

(Table 3.1).

In general, the simulations align with the experimental results with a systematic

over-prediction of performance. For example with case R1 and VD= 6.95 cm3, the

numerical results for temperature span are about 10 W higher than experimental

results, i.e., the numerical 10 W curve coincides with the experimental 0 W curve,

while the numerical 20 W curve coincides with the experimental 10 W curve. This

offset is observed for all of the results. Furthermore, the numerical and experimental

differences are more pronounced at the lower displaced volumes. This behavior can
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Figure 3.5: Exergetic cooling power vs. cooling capacity curves for different oper-
ating conditions and different regenerator configurations: (i) R1 Gd single-layer;
(ii) R2 Gd-Gd0.975Y0.025 two-layer; (iii) R3 Gd-Gd0.95Y0.05 two-layer; (iv) R4 Gd-
Gd0.925Y0.075 two-layer.

be explained by heat leaks to the cold side heat exchanger which will tend to be more

significant at smaller mass flow rates [27, 83]. Finally, as the amount of Yttrium

increases (cases R3 and R4 ), the differences between numerical and experimental

results are more visible. This suggests that the properties of Gd1-xYx are not well

represented by shifted Gd properties as the Yttrium content increases.



59

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

0 W
20 W
40 W

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

0 W
10 W
20 W
30 W

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

0 W
10 W
20 W

R1 - Gd (17 C)
VD = 6.95 cm3 VD = 10.42 cm3 VD = 13.90 cm3

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35
R2 - Gd0.975 Y0.025 (13 C)

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35
R3 - Gd0.95 Y0.05 (10 C)

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35

Hot temperature [C]

Te
m

pe
ra

tu
re

sp
an

[C
]

15 20 25-10

-5

0

5

10

15

20

25

30

35
R4 - Gd0.925 Y0.075 (4 C)

Figure 3.6: Comparison of numerical and experimental results for the temperature
span as a function of the hot reservoir temperature for different regenerator compo-
sitions and operating conditions.
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Fig. 3.7 compares the numerical and experimental results for the cold and hot

layer spans as a function of the hot reservoir temperature for a fixed pumped volume

of 10.42 cm3 and different cooling capacities. The first column is the total span,

the middle column is the warm layer span, and the final column is the cold layer

span. While not shown, similar trends appear for the other pumped volumes. The

numerical and experimental hot layer spans are in very good agreement especially for

cases R1 and R2. The cold layer spans show more significant differences, which can

be attributed to uncertainty in properties and increased heat leaks due to the cold

layer operating significantly below ambient temperature. In terms of the different

regenerator compositions (R1 to R4 ):

• The hot layer span increases as TH increases for all the applied loads and regen-

erator compositions.

• The trend for the cold layer span, with respect to TH, changes depending on the

applied load and the regenerator composition. For example, the cold layer span

at 0 W for regenerator R4 increases with TH, while for 20 W the cold layer

span decreases as TH increases. This depends on if the cold layer temperature

moves towards (R1 ) or away (R4 ) from the layer Curie temperature with a

change in TH or applied load.

• Increasing the Curie temperature spacing increases the sensitivity of the cold

layer span to cooling capacity, while the load sensitivity of the hot layer span

decreases.
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Figure 3.7: Numerical and experimental results comparison for the layer temper-
ature span as a function of the hot reservoir temperature for different regenerator
composition and VD= 10.42 cm3.
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Fig. 3.8(a) presents the average temperature gradient along the regenerator, for

the dimensionless positions 0 (cold side), 0.5 (interface) and 1 (hot side). Two different

scenarios are evaluated with a displaced volume of 6.95 cm3: (i) the red square symbols

and red solid line stands for R1 and TH = 15 C; (ii) the blue round symbols and

blue solid line stands for R4 and TH = 25 C. In the first scenario, TH is less than

ambient temperature (20 C) while in the second scenario TH is greater than ambient.

For scenarios (i) and (ii) the experimental data is for a cooling capacity of 20 W,

whereas for the purpose of comparing heat leak effects, the numerical data are for

the maximum cooling capacity of 22.5 W for (i) and 24.2 W for (ii). As such, the

following observations are made:

• For scenario (i), although the hot layer span is negative (TH < Tint) and the

cold layer span is positive (Tint > TC), the regenerator span is negative (TH <

TC) as seen in Fig. 3.6;

• For scenario (ii) the hot layer span is positive (TH > Tint) while the cold layer

span is negative (Tint < TC), however, the regenerator span is positive (TH >

TC);

For both scenarios, the average temperature gradient along the regenerator is non-

linear, in which the interface temperature tends to be drawn to Tamb. This behavior

is observed in the experimental and numerical results and can be directly associ-

ated with the heat leaks/gains through the regenerator housing. Fig. 3.8(b) presents

scenario (i) again, but compares the simulations with (red solid line) and without

(dashed black line) heat leaks through the regenerator housing. For the no loss re-

sults, a nearly linear average temperature profile along the regenerator is found, but

as the heat leaks are included, the interface temperature tends to Tamb which is in

agreement with the experimental measurements.
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Figure 3.8: Comparison of numerical and experimental results for the average tem-
perature gradient along the regenerator, for the dimensionless positions 0 (cold side),
0.5 (interface) and 1 (hot side). Two different cases are considered. (a): (i) the red
square symbol and red solid line stands for R1 regenerator and TH = 15 C and (ii) the
blue round symbol and blue solid line for R4 case with TH = 25 C. For scenarios (i)
and (ii) the experimental data is evaluated for a cooling capacity of 20 W, while the
numerical data stands for the maximum cooling capacity (22.5 W for (i) and 24.2 W
for (ii)). (b) comparing the simulations performed with (red solid line) and without
(dashed black line) the heat leaks through the regenerator housing for R1 and TH =
15 C.
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3.5 Discussion

All Gd1-xYx regenerators (R2 to R4 ) develop higher maximum temperature spans

than the single-layer Gd regenerator (R1 ). This improvement arises for multilayer

regenerators when appropriate Curie temperature spacing is used. In R1, the MCE

decreases when operating at temperatures away from the Gd Curie point. Hence,

replacing the Gd cold layer (R1 ) with Gd1-xYx (R2 to R4 ), it is possible to increase

the MCE when the cold layer temperature range is in the vicinity of the transition

temperature of the Gd1-xYx cold layer material. Conversely, as the cooling capacity

increases and the temperature span decreases, the regenerator operating range moves

towards the Gd transition temperature. As a result, R1, in general, developed the

highest temperature span at the largest cooling capacity, as in Fig. 3.3 and Fig. 3.4.

The largest performance improvements for multilayer regenerators are obtained

for the no-load conditions and, in general, the peak exergetic cooling power is found

for the layered regenerators. Compared to the Gd single material regenerator (R1 ),

the multilayer exergetic performance improvements are small. This is mainly due

to three factors. First, the exergetic cooling power is calculated using the applied

load, where the actual heat transfer through the regenerator is the gross power which

includes parasitic heat leaks. By using the applied load to calculate exergy, the re-

generator is penalized for system problems [83]. This somewhat masks the benefits

of the layered cases at the larger spans where there is in fact a load, but it is due

to the parasitic heat leaks. Improving thermal isolation will more clearly show the

benefits of the layered regenerators where they provide higher spans. Second, the

MCE slowly decreases for second-order materials as temperature deviates from the

Curie point. One could expect a much higher improvement when first-order materi-

als are layered. Finally, discontinuous thermophysical properties between the layers

introduces irreversibilities.
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3.6 Conclusions

To study the impact of multilayering on AMR performance, four regenerator compo-

sitions are compared: one single-layer Gd (TCurie = 17 C) (R1 ) and three two-layer

regenerators Gd-Gd1-xYx (TCurie = 13, 10 and 4 C) (R2 - R4 ). In all the cases, the

hot layer material is fixed (Gd) while the cold layer is changed to different Gd or

Gd1-xYx alloys. The experimental tests are carried out in the PM II apparatus with

interface temperature measurements for different rejection temperatures (15 to 25 C),

displaced volumes and heat loads (0 to 40 W) at a fixed operating frequency of 0.5 Hz.

A maximum no-load temperature span of 24.7C is found with Gd-Gd0.95Y0.05 (R3 ),

while a maximum exergetic cooling power of 1.28 W is obtained for the Gd single layer

(R1 ) at TH = 25 C and VD= 13.9 cm3. Numerical results are in good agreement with

the experimental results. The two-layer regenerators present the largest performance

improvements for the no-load conditions and, for almost all operating conditions, R2

and R3 develop the peak exergetic cooling power.
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Abstract

The active magnetic regenerator (AMR) cycle has the potential to reduce energy con-

sumption and mitigate environmental pollutants. While layering regenerators with

spatially varying Curie (or transition) temperatures has been shown to significantly

increase AMR performance, layering strategies have yet to be developed. A central

issue is the need for a modeling tool capable of efficiently screening the problems pa-

rameter space. A semi-analytic AMR element model is developed and validated with

experiments over a broad range of operating conditions and regenerator compositions

using second-order magnetocaloric materials. An optimization is performed and a

temperature span of 40 K is measured in close proximity to the simulated optimum.

Figure 4.1: Graphical abstract of chapter 4, focusing on the simulation and optimiza-
tion of multilayered regenerators.
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Nomenclature

Roman
B magnetic flux density [T]

c specific heat [J kg−1 K−1]

ĖxQ exergetic cooling power [W]

f operating frequency [Hz]

m mass [kg]

nreg number of regenerators[-]

ND demagnetization factor[-]

Q̇c cooling capacity [W]

R thermal mass ratio [-]

s entropy [J kg−1 K−1]

T temperature [K]

V Volume [m3]

Greek
ε regenerator porosity [-]

κ effective thermal conductivity [-] or thermal conductance [W/K]

Φ utilization [-]

ρ density [kg m−3]

σ specific magnetization [A m2 kg−1]

µ0 permeability of free space [H m−1]

ζ reduced magnetocaloric effect [-]
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Subscripts and Superscripts

ad adiabatic

AMR Active Magnetic Regenerator

app applied

OC ambient-to-cold

C cold reservoir or cold side

Curie Curie or transition temperature

D displaced

f fluid

H hot reservoir or high field

HC hot-to-cold

I interface

int internal

L low field

M magnetic

p constant pressure, pump or parasitic

s solid

span temperature span
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4.1 Introduction

Magnetic heat pumps using solid-state magnetocaloric materials (MCM) have the

potential to reduce energy consumption and mitigate environmental pollutants [13].

Applications near room temperature typically use an active magnetic regenerator

(AMR) cycle to overcome the limited magnetic entropy change of magnetocaloric

materials [16]. While AMR systems still face technical challenges [17, 22], performance

can be improved by layering regenerators with spatially varying Curie (or transition)

temperatures [12].

Jacobs et al.(2014) [23] presented the performance of a six-layer La(Fe,Co,Si)13

regenerator demonstrating 2.5 kW of cooling power at a temperature span of 11 K.

Govindappa et al.(2017) [99] investigated MnFeP1−xAsx multilayer regenerators and

measured a no-load temperature span of 32 K. While experimental [89, 54, 90, 55,

91, 100, 92, 101] and numerical [102, 95, 103, 104, 105, 106, 107] multilayering studies

have shown promising performance improvements, optimum layering strategies for

specific performance goals have not been developed. Simplified modeling tools can

play a role by efficiently identifying promising regions in an extensive parameter space.

Solutions to the reduced problem can then be further refined using more sophisticated

modeling tools and AMR devices.

The present work continues the analysis of multilayered AMRs using second-

order magnetocaloric materials previously described using experimental and numer-

ical methods [1, 79]. A flexible and computationally efficient modeling tool is devel-

oped and validated with four regenerator compositions tested over a wide range of

operating parameters. The validated model is coupled with a hybrid optimization

algorithm to analyze design modifications. An optimized design vector maximizing

the no-load temperature span is then implemented and tested in a subsequent exper-

imental investigation.

4.2 Model description

The following sections present the energy balance equations for the semi-analytic

AMR element model and the constitutive relations describing magnetocaloric material

properties. The model is implemented in Python using the open-source SciPy package

[108].
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4.2.1 Semi-analytic AMR model

State-of-the-art AMR models numerically solve the coupled energy equations for the

solid and fluid phases [18, 109, 110, 111, 112]. Using this methodology, Tusek et

al. (2011) [113] optimized the displaced volume, frequency and sphere diameter of a

gadolinium AMR. Park et al. (2015) [103] optimized a multilayer regenerator compo-

sition for a specific cryogenic device, and Bjørk et al. (2016) [71] found the geometry,

Halbach cylinder and operating conditions of a gadolinium regenerator that minimized

cost for a defined operating scheme. Using a new methodology, Aprea et al. (2017)

[114] trained an artificial neural network with experimental data to control frequency

and displaced volume. While these works identified performance improvements, the

convergence time of numerical AMR models using readily available computational

hardware limits the parameter space that can be explored. Furthermore, the neces-

sity of training data limits the scope of machine learning algorithms. Non-linearities

and the complexity of coupled phenomena can also complicate the interpretation of

simulated results.

Rowe (2012) [115, 116] proposed the use of analytical expressions to describe

the magnetic work and cooling power in an AMR. These expressions were obtained

under the assumption of local thermal equilibrium between the solid and fluid phases

in the regenerator matrix, which results in a single differential energy equation for the

porous media [82]. An effective conductivity incorporating finite convection accounts

for non-equilibrium between solid and fluid. In addition, an effective specific heat

and reduced adiabatic temperature change are used. The derived magnetic work and

cooling power expressions yield a fast solution and have been validated with a number

of experimental devices. Using the formulation presented by Burdyny et al (2014)

[117], the cooling power of a material undergoing an AMR cycle is:

Q̇C,AMR = mscsfζTC

(Φ

R

)[
1−

( Φ

2R
+
(Φζ

Rκ

)−1
)(TH

TC

− 1
)]

(4.1)

where ms is the mass of magnetocaloric material, cs is the effective solid specific

heat, f is the operating frequency, TH and TC are the hot and cold temperatures on

the boundaries of the regenerator and ζ is defined as the effective reduced adiabatic

temperature change (∆Tad/T ). Utilization (Φ) is a measure of the displaced fluid

volume in a regenerative blow and is defined as the ratio of the fluid to solid thermal

mass:
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Φ =
mdcp

mscs

(4.2)

where md is the mass of displaced fluid and cp is the average fluid specific heat. The

term semi-analytic stems from a modification proposed by Burdyny et al (2014) to

include the thermal mass ratio (R):

R = 1 +
mfcp

mscs

(4.3)

where mf is the entrained fluid mass in the pores. κ is the effective thermal conduc-

tivity which contains a contribution from thermal diffusion and a degradation factor

to account for finite convective heat transfer. Further implementation details can be

found in Ref. [117].

The net work input, Ẇnet, is the sum of the magnetic and pump work, where the

latter is based on the average pressure drop. In the case of particle beds, pressure

drop is numerically estimated using Ergun’s relation (1952) [80]. The semi-analytic

expression for magnetic work is given by:

ẆM = mscsf
(∆T

T

)[R− 1

R
∆T ad +

Φ

R
(TH − TC)

]
(4.4)

4.2.2 Property implementation

In the semi-analytic AMR expressions, the solid phase specific heat and the adiabatic

temperature change are determined using material properties for discrete low and high

magnetic field strengths (B̄H , B̄L) defined by the average magnetic field over each blow

period. Demagnetization effects produce a lower internal field, Bint, relative to the

applied field:

Bint(x) = B̄app − µ0ρsNDσ(T (x), B̄app) (4.5)

where µ0 is the permeability of free space, ρs is the refrigerant density, ND is the

average demagnetization factor and σ is the specific magnetization of the refrigerant.

The demagnetization expression for a bed of packed spherical particles (ND,geo=1/3)

with a cylindrical regenerator geometry subjected to a transverse field is [118, 119]:

ND = 1/3 + (1− ε)(ND,csg − 1/3) (4.6)



73

where ε is the regenerator porosity.

In this work, magnetocaloric material properties such as specific heat, specific

magnetization and adiabatic temperature change are determined via mean field theory

(MFT) [118, 120]. Gadolinium-yttrium alloys are modeled as fictitious second-order

materials with Gd properties shifted to the respective Curie temperature. This was

shown to be a reasonable assumption in Refs. [95, 1].

Fig. 4.2 illustrates the determination of material properties for an individual layer.

Boundary temperatures are specified and the assumed linear temperature distribution

shown in the upper left window (a), is used to determine the average internal fields

of the layer, shown in the upper right window (b). The magnetocaloric properties

are then evaluated between the average internal fields, where the lower left window

in Fig. 4.2 (c) shows the spatially varying reduced MCE (∆Tad/T ). The adiabatic

temperature change is approximated using:

∆Tad(T,BL,int → BH,int) = ∆Tad(T, 0→ BH,int)−∆Tad(T, 0→ BL,int) (4.7)

The reduced adiabatic temperature change, ζ, is defined as the minimum value

over a layer, as indicated by the point in Fig. 4.2 (c).

ζ = min
[∆Tad

T

]
layer

(4.8)

The specific heat evaluated at the low and high internal field strengths is shown

in the bottom right window of Fig. 4.2 (d). In the derivation of the semi-analytic

equations, it is assumed that ∆T/T = ∆s/cs,H. As such, cs is evaluated as the average

high field specific heat over a layer (red dashed line in Fig. 4.2 (d))

cs = mean
[
cs(T,BH,int)

]
layer

(4.9)
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(a)

(c) (d)

(b)

Figure 4.2: Evaluation of semi-analytic properties as a function of the non-
dimensional regenerator length (x∗): (a) assumed linear temperature profile; (b)
applied and internal (high and low) magnetic fields; (c) reduced MCE (∆Tad/T );
(d) specific heat capacity as a function of high and low internal field.
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4.2.3 Multilayer AMR element model

The multilayer AMR element model is proposed by dividing a single regenerator into a

number of AMR elements, where each element can assume the properties of a different

magnetocaloric material [121]. The approach is conceptually analogous to 1-D finite-

element methods in solid mechanics, where the partial differential equations describing

a loaded member are replaced by a network of discretized elements. Rather than

finding the nodal displacements satisfying a force balance, the nodal temperatures

are solved satisfying an energy balance using the semi-analytic AMR expressions.

The schematic of a two-layer AMR element model is shown in Fig. 4.3.

Figure 4.3: Two layer AMR element model. Dotted lines show control volume for
layer energy balance.

The heat rejection from each AMR element, Q̇AMR
H,i , is solved from a layer energy

balance:

Q̇AMR
H = Q̇AMR

C + ẆM + ẆP (4.10)

Heat leaks external to the regenerator include the effects of imperfect insulation

between the cold side and environment, κOC, and between the hot and cold side of the

device, κHC. κHC manifests primarily as a heat leak through the permanent magnet

structure which thermally interacts along the regenerator length [1]. This effect is

captured via an energy exchange at the interface node, yielding the following energy

balance:

Q̇AMR
H,1 + Q̇P,2 = Q̇AMR

C,2 + Q̇P,1 (4.11)

where the signs assume that TH > TI > TC.
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Assuming the same κHC for each layer, the interface node energy balance can be

expressed as:

Q̇AMR
C,2 − Q̇AMR

H,1 + κHC(2TI − TC − TH) = 0 (4.12)

where Q̇AMR
C,2 and Q̇AMR

H,1 are functions of TI. An iterative root-finding scheme deter-

mines the interface temperature satisfying the energy balance in Eq. 4.12.

The net cooling power is obtained from an energy balance at the cold node and

multiplied by the number of regenerators in the system as follows. Note that the

useful refrigeration effect is reduced by both κHC and κOC.

Q̇C = nreg

[
Q̇AMR

C,1 − κOC(TO − TC)− κHC(TI − TC)
]

(4.13)
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4.3 Experimental methods

The multilayer AMR element model is validated using the PM II AMR test appa-

ratus [52] with two-layer performance data [1]. The device contains two cylindrical

regenerators housed in the bore of two nested concentric Halbach arrays with a peak

field strength of 1.45 T. Validation requires nodal temperature measurements that are

obtained with an interface temperature sensor for each composition. In all tests, the

hot layer is composed of a fixed gadolinium (Gd) matrix while the cold layer material

is varied using Gd and Gd1-xYx alloys. R1 is the single material regenerator, e.g. Gd

in the cold layer, while R2 to R4 correspond to Gd1-xYx alloys. The Gd1-xYx Curie

temperatures are: TCurie = 286 K for R2 ; TCurie = 283 K for R3 ; and TCurie = 277

K for R4.

The magnetocaloric matrix consists of packed spheres with a particle diameter of

300-600 µm (450 µm average) and a porosity of 0.36. The mass of magnetocaloric

material ranges from 120 to 130 g per layer (500 to 520 g for the entire device), as the

Gd1-xYx alloys have a slightly lower density than Gd. Experiments are conducted at a

fixed frequency of 0.5 Hz while the rejection temperature (TH), displaced fluid volume

(VD) and applied load (QC) are varied for each regenerator composition as shown in

Table 4.1 [1]. The reported measurement uncertainties of the temperature span and

cooling power are 1.5 K and 2 %, respectively. Further details on the operating

conditions, experimental apparatus and interface temperature measurements can be

found in Ref. [1].

Table 4.1: Experimental conditions for each regenerator composition [1].

Displaced Volume [cm3] Heat Load [W]) Hot side temperature [K]

6.95 0, 10, 20 288, 293, 298
10.42 0, 10, 20, 30 288, 293, 298
13.9 0, 20, 40 288, 293, 298
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4.4 Results

Fig. 4.4 shows temperature span versus cooling capacity curves for the Gd single-

material regenerator (R1 ). A comparison between the experimental (symbols) and

two-layer AMR element model (solid line) is presented. Red squares indicate the hot

layer, blue triangles indicate the cold layer and black circles indicate the total tem-

perature span. Each window corresponds to a combination of rejection temperature

and displaced fluid volume.

Fig. 4.5 shows temperature span versus cooling capacity curves for different re-

generator compositions (R2 to R4 ). In this figure, operating frequency (0.5 Hz) and

displaced fluid volume (13.9 cm3) are fixed. Each window corresponds to a combina-

tion of Curie temperature spacing and rejection temperature. The symbols and lines

follow the same description as Fig. 4.4.



79

Figure 4.4: Experimental and two-layer AMR element model results for Gd single-
layer regenerator (R1 ). The results are presented as the temperature span versus
cooling capacity at a fixed frequency of 0.5 Hz with increasing rejection temperature
(top to bottom) and displaced fluid volume (left to right).
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Figure 4.5: Experimental and two-layer AMR element model results for Gd-GdY
two-layer regenerators (R2 to R4 ). The results are presented as the temperature
span versus cooling capacity at a fixed frequency (0.5 Hz) and displaced volume (13.9
cm3) with increasing rejection temperature (top to bottom) and Curie temperature
spacing (left to right).
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4.5 Discussion

Fig. 4.4 and Fig. 4.5 demonstrate the capabilities of the two-layer semi-analytic AMR

element model regarding the contribution of each layer to the total temperature span

for a range of cooling capacities, operating conditions (displaced volume and rejec-

tion temperature) and regenerator compositions. Furthermore, the two-layer AMR

element model converges in milliseconds on a desktop computer. The rapid solution

time and good predictive capabilities make the model a robust tool for screening

operating conditions and regenerator compositions.

A parametric study of the parasitic heat leak reveals that increased spans on the

order of 5-10 K are possible with a 50% decrease in κOC. κOC in the PM II device is

experimentally reduced by removing the cold-side heat exchanger and redesigning the

magnet support structure using a thermally insulative material. κHC is reduced using

a regenerator housing with a smaller diameter (22.4 mm to 21.4 mm) minimizing the

transverse heat leak from the permanent magnet structure [83, 112]. As a penalty,

however, the matrix mass is reduced from Ref. [1] by 25 grams per regenerator re-

sulting in a total device mass of 0.45 kg.

Fig. 4.6 shows the experimental (symbols) and simulated (solid lines) temperature

distribution before (from Ref. [1]) and after the experimental modifications. R4 is

used with a frequency of 0.5 Hz, a rejection temperature of 298 K and a displaced

volume of 13.9 cm3. While the original heat leak conductances are based on exper-

iments [83], the modified values in Table 4.2 are obtained by fitting simulations to

nodal temperature measurements. Following the initial simulations, the temperature

span with zero applied load is improved by 7.2 K when the parasitic heat leak is

reduced as specified in Table 4.2.

Table 4.2: Modified AMR parameters, where mreg is the mass of a single regenerator
and κHC is the heat leak for each layer.

mreg [kg] κOC [W/K] κHC [W/K]

Original 0.25 0.5 0.4
Modified 0.225 0.25 0.3

With the modified device validated, the system is further optimized to maximize

the temperature span with zero applied load and a constraint on the total pressure

drop. The optimization problem is formulated as:
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Figure 4.6: Averaged temperature profile along the dimensionless length for R4 be-
fore and after the device modifications. The symbols indicates experimental measure-
ments while the solid line represents simulations with the two-layer AMR element
model using the heat leaks conductances given in Table 4.2.

Maximize Tspan(TH,∆VD, f,mreg,∆TCurie)
∣∣
Q̇C=0

s.t. ∆P (Tspan, TH,∆VD, f,mreg,∆TCurie) ≤ 7 Bar
(4.14)

with bounds on the design variable of:


288

3.45

0.25

0.05

0

 ≤


TH[K]

VD[cm3]

f [hz]

mreg[kg]

∆TCurie[K]

 ≤


318

27.8

1.5

0.225

16

 (4.15)

The bounds on VD , f and mreg are based on limitations of the PM II device,

while the Curie temperature spacing governing the cold layer ordering temperature is

constrained to the available compositions (R1 to R4 ). With a fixed bed diameter, the

matrix length scales with regenerator mass. The pressure drop constraint investigates

if shorter beds with high fluid capacity outperform longer matrices with reduced f -VD

combinations.

Due to the nonlinearity of the problem, a two-phase hybrid optimization approach

is implemented. First, the Python SciPY differential evolution metaheuristic is em-

ployed which stochastically breeds favorable configurations [108]. Differential evolu-

tion, a subset of the genetic algorithm, is well suited for finding global optimizers
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at the expense of computationally intensive convergence. A coarse convergence cri-

terion (20 iterations with a population of 25) returns the most favorable candidate

which is used as a starting solution for a gradient-based, constrained sequential least

squares quadratic programming method (SLSQP). The hybrid optimization returns

repeatable optimizers within minutes.

The optimized design vector is shown in Table 4.3. The frequency and regenerator

length should be maximized with the displaced volume satisfying the pressure drop

constraint. As the parasitic heat leak is reduced, the Curie temperature spacing

should be increased. R4 is the simulated optimizer for the modified experimental

device, while the maximum temperature span was previously measured with R3 [1].

Removing the upper bound of 16 K, an optimal composition of ∆TCurie = 18.3 K is

simulated yielding a 0.5 K improvement in total span. As most AMR research facilities

have a limited set of magnetocaloric materials available, the differential evolution step

of the presented two-phase algorithm can be configured to optimize discrete sets of

available materials in contrast to the continuous ∆TCurie investigated here.

Table 4.3: Optimized design variables.

Tspan [K] TH [K] VD[cm3] f [Hz] mreg [kg] ∆TCurie [K]

37.3 303 7.13 1.5 0.225 16

As discussed above, the objective of the AMR element model is to efficiently

screen a large parameter space to find candidate solutions for more sophisticated

methods. Thus, as a final step, the optimized parameters in Table 4.3 are used as a

starting point for an experimental investigation focused on maximizing the no-load

temperature span. Fig. 4.7(a) presents a sweep of TH in the vicinity of the optimal

vector summarized in Table 4.3. Open symbols (red squares: hot layer; blue triangles:

cold layer; black circles: total temperature span) are experimental measurements of

R4 with f = 1.5 Hz and VD = 6.95 cm3, the closest fixed increment to the optimized

VD . The solid diamond is the optimal temperature span from the data in Table 4.3.

Fig. 4.7(b) presents a sweep of frequency in the vicinity of the simulated maxi-

mizer. Again, open symbols are experimental measurements of R4with VD = 6.95

cm3 and TH = 306 K. While the model predicts a maximum Tspan at TH = 303 K and

the upper frequency bound of 1.5 Hz, a maximum Tspan of 40 K is experimentally

measured at 0.9 Hz and TH = 306 K.
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(a) (b)

Figure 4.7: Optimized operating point (diamonds) and experimental measurements
(dashed lines) as a function of (a) hot side temperature and (b) frequency.

4.6 Conclusions

A numerically efficient model based on a semi-analytic AMR element is developed and

used to predict multilayer Active Magnetic Regenerator performance. The two-layer

AMR element model demonstrates good predictive capabilities using experimental

data from [1] and new experiments reported in the present work. The validation is

performed over a broad range of operating parameters and regenerator compositions.

An optimization routine is developed and is proven to be a valuable tool for identifying

candidate solutions for experimental devices.

A maximum temperature span of 40 K is experimentally measured in close prox-

imity to the simulated optimum. This is one of the largest no-load temperature spans

from a permanent magnet based device reported in literature, and is accomplished

using a well documented AMR device. Future works will extend the AMR element

approach to larger numbers of layers for both second and first-order magnetocaloric

materials.
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Passive force balancing of an
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Liquefier
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Abstract

Active magnetic regenerators (AMR) have the potential for high efficiency cryogen liq-

uefaction. One active magnetic regenerative liquefier (AMRL) configuration consists

of dual magnetocaloric regenerators that reciprocate in a persistent-mode supercon-

ducting solenoid. Issues with this configuration are the spatial and temporal magneti-

zation gradients that induce large magnetic forces and winding currents. To solve the

coupled problem, we present a force minimization approach using passive magnetic

material to balance a dual-regenerator AMR. A magnetostatic model is developed

and simulated force waveforms are compared with experimental measurements. A

genetic algorithm identifies force-minimizing passive structures with virtually ideal

balancing characteristics. Implementation details are investigated which affirm the

potential of the proposed methodology.

Figure 5.1: Graphical abstract of chapter 5, focusing on the force interactions between
the magnetic field source and regenerator.
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Nomenclature

Roman
A area [m2]

B magnetic flux density [T]

F force [N]

H magnetic field strength [A m−1]

I solenoid winding current [A]

j current density [A m−2]

M magnetization [A m−1]

Q̇eddy Eddy current generation [W]

r radius [m]

t time [s]
↔
T Maxwell electromagnetic stress tensor [N m−2]

T temperature [K]

V volume [m3]

z spatial coordinate along solenoidal axis

Greek
δij Kronecker delta [-]

Γ geometric factor [-]

µ0 Permeability of free space [H/m]

ρ density [kg m−3]

ρe electrical resistivity [Ωm]

σ specific magnetization [A m2 kg−1]

Subscripts and Superscripts

C cold reservoir or cold side

coil superconducting magnet winding

Curie magnetic ordering temperature

H hot reservoir or hot side

m middle passive structure

magnet position of AMR relative to magnet

o outer passive structure
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5.1 Introduction

Although hydrogen (H2) has a gravimetric energy density several times greater than

common fossil fuels such as gasoline or diesel, the low volumetric energy density of

gaseous hydrogen has motivated research efforts on liquid hydrogen ([122]) and liq-

uefaction technologies [123]. The low process efficiency of state-of-the-art liquefiers

coupled with the added expense of long-distance transport in cryogenic tankers sig-

nificantly raise the cost of liquid hydrogen at distributed refueling stations.

The active magnetic regenerator (AMR) uses a magnetocaloric material (MCM)

as the matrix media in a thermal regenerator [16], and shows promise for high effi-

ciency distributed cryogen liquefaction [124]. In an AMR, each differential regenerator

section undergoes an independent Brayton refrigeration cycle consisting of: (1) adi-

abatic magnetization, (2) isofield heat rejection, (3) adiabatic demagnetization and

(4) isofield heat absorption. In operation, warm fluid is pumped to the hot end at TH

where heat is released and cold fluid is pumped to the cold end at TC where heat is

absorbed.

Room temperature AMR devices using permanent magnets have demonstrated

commercially relevant cooling powers [23], efficiencies [24] and temperature spans

[125]; however, costs must be reduced for market penetration [71, 22]. While room

temperature AMR devices are an active area of research, active magnetic regenerative

liquefiers (AMRL’s) are less mature and only a small number of cryogenic devices us-

ing superconducting magnets (SC) have been reported. Zimm et al.(1996) [126] mea-

sured a 35 K temperature span while rejecting heat to liquid nitrogen (LN2). Rowe

and Tura (2006) [90] measured a 50 K temperature span from room temperature using

a three material regenerator, and the device was later modified for cryogenic testing

[127]. The layered experiments were investigated in subsequent analytic and numeri-

cal works [115, 116, 26]. Kim et al. (2013) [45] presented a no-load cold temperature

of 24 K while rejecting heat to LN2 using 83 grams of magnetocaloric material. The

AMRL was recently retrofitted with a GdBCO high temperature superconducting

solenoid [50]. The device was numerically investigated and an optimized layering

composition was proposed [103]. While the temperature spans reported by Kim et

al. [45] approached the domain of a hydrogen liquefier, larger devices are required to

provide commercially relevant capacities.

Barclay et al.(2016) [128] and Holladay et al. (2017) [46] described a large-scale

AMRL with an ultimate goal of hydrogen liquefaction from room temperature. While
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a temperature span of 100 K was reported with 2.1 kg of a single magnetocaloric ma-

terial, the varying permeability in the solenoid core induced an electromotive force

across the copper superconducting stabilizer. This ultimately heated the supercon-

ducting winding towards the critical temperature, limiting the applied field strength

to 3.3 T. The magnet heating was found to increase with regenerator mass, applied

field strength and operating frequency.

Improved cooling capacities require increased regenerator mass which, to avoid a

magnet quench, decreases the magnetic field strength and consequentially the cooling

capacity; a challenge with reciprocating AMRL configurations. The magnetic field

from the coupled regenerator-solenoid system must be explored to reduce spatial and

temporal magnetization gradients. Barclay et al.(1986) [129] simulated force wave-

forms for reciprocating and rotary configurations. Rowe and Barclay (2002) [130]

used the centerline field of a static, air-bored solenoid simulation to evaluate magne-

tization and magnetic forces. An optimization routine found a flywheel configuration

minimizing the cycle RMS torque accounting for magnetic, pumping and inertial

loads. While forces were balanced at the drive input, a flywheel does not resolve the

magnetization gradients and coupled magnet heating problem.

Peksoy and Rowe (2005) [131] later performed magnetostatic field simulations to

investigate the variation of magnetization in a single and two-material AMR. Rowe

and Tura (2008) [132] continued this work by investigating ferromagnetic shims to

concentrate magnetic field lines in the regenerator, demonstrating that the influence

of magnetic material on the magnetic field distribution can be both the detrimental

and beneficial. Recently, Mira et al. (2017) [133] solved the magnetostatics problem

to investigate demagnetization in gadolinium (Gd) regenerators.

Arnold et al. (2011) [44] reported experimental measurements of the mechanical,

eddy and magnetic work in a reciprocating AMR device. Although large forces were

present, it was found that the thermodynamic cycle work was on the order of the

experimental uncertainty. This emphasized that while regenerator efficiencies can be

high, device efficiencies may be heavily penalized without force balancing.

While Peksoy and Rowe (2005) [131] and Mira et al. (2017) [133] solved the mag-

netostatics problem, several works have investigated magnetic forces with a simpli-

fied treatment of the magnetic field distribution (i.e. ~B = µ0
~H). Kamiya et al.(2006)

[134] analyzed the force waveform of a reciprocating AMR with two gadolinium doped

dysprosium aluminum garnet regenerators using a similar methodology as Rowe and

Barclay (2002) [130]. The authors reported a 60 % force reduction using magnetic
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material between regenerators. Allab et al.(2006) [135] simulated the magnetic force

on a Gd sample as a function of the local magnetic field strength, and presented force

waveforms for a magnetized and demagnetized regenerator. Balli et al.(2011) [136]

and Gama et al.(2016) [137] compared experiments and simulations of the force on

magnetic material using a similar formulation.

In the present work, a 2-D, axisymmetric magnetostatic model is developed to

study the interaction of a multilayered AMR and superconducting magnetic field gen-

erator. Magnetic forces are analyzed and compared with experiments on the AMR

device described by Barclay et al. (2016) [128] and Holladay et al. (2017) [46]. A pas-

sive, soft ferromagnetic structure is proposed to balance both spatial and temporal

magnetization gradients in an effort to simultaneously address the force balancing and

magnet heating problems impeding AMRL development. An optimization is formu-

lated to find passive geometries minimizing the force waveform of a dual regenerator

assembly. The optimized force waveform is discussed and implementation details such

as solution sensitivity and field distribution are investigated.
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5.2 Methodology

5.2.1 AMR configuration

Passive force balancing is investigated on the AMR configuration shown in Fig. 5.2

[128, 46]. A persistent-mode, conduction-cooled NbTi Cryomagnetics 70-650-010CF

superconducting solenoid is used to generate the magnetic field for two regenerators

mounted axially opposite to each other onto a common cold heat exchanger (CHEX).

The solenoid consists of two composite windings with the properties listed in Table

5.1.

Figure 5.2: Schematic of experimental AMR device. Actuator 1 drives regenerator
assembly inside stationary superconducting (SC) magnet while load cell measures
net force. Actuator 2 displaces pressurized helium through a temperature controlled
circulator at TH.
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Table 5.1: Superconducting magnet dimensions.

Winding Inner diameter [mm] Outer diameter [mm] Length [mm] Turns [-]

1 172.7 180.6 203.2 1708
2 180.6 232.9 203.2 17791

Each regenerator contains eight layers of magnetocaloric material which are sum-

marized in Table 5.2 and shown in Fig. 5.4. The layers consist of rare-earth gadolinium

and gadolinium alloys with yttrium, terbium, erbium, dysprosium and holmium with

compositions selected for a respective Curie temperature spacing of 20 K per layer.

Spherical particles of each refrigerant are prepared by AMES using a rotating disk

apparatus [46] and packed into monolithic regenerators with an approximate porosity

of 0.36 and mean particle size of 225 µm.

Table 5.2: Rare-earth alloys synthesized by AMES laboratory for eight-layer regen-
erator.

Layer Composition TCurie[K] Mass [g] Diameter [mm] Length [mm]

L1 Gd0.16Ho0.84 153 57 31.8 14.2
L2 Gd0.27Ho0.73 173 100 38.1 17.3
L3 Gd0.15Dy0.85 193 139 44.5 17.7
L4 Gd0.32Dy0.68 213 172 50.8 16.8
L5 Gd0.67Er0.33 232 202 57.1 15.6
L6 Gd0.3Tb0.7 253 235 63.5 14.7
L7 Gd0.91Y0.09 274 258 69.9 13.3
L8 Gd 293 268 76.2 11.6

A linear actuator drives the regenerator assembly with constant velocity, as shown

in Fig. 5.2, and a second actuator drives a double-acting piston displacing 2,520 cm3

of pressurized Helium. The two actuators are driven out of phase with equal displace-

ment times of 2 seconds, yielding a trapezoidal waveform with a cycle frequency of

0.125 Hz. A Futek LCM350 load cell measures the net assembly force with a calculated

uncertainty of 160 N. In practice, however, the sensor is able to measure the static

assembly weight within 10 N. The measured force waveforms are corrected for the

assembly weight of 0.33 kN. E-type thermocouples measure the temperature across

each layer with an approximate uncertainty of 0.5 K. Measurements are recorded with

a National Instruments CompactDAQ.
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5.2.2 Magnetostatics model

The superconducting winding is modeled in COMSOL Multiphysics using the AC/DC

magnetic fields interface in a 2-D axisymmetric domain. As the AMRL cycle period

generally exceeds 1 second, Maxwell’s equations reduce to:

∇× ~H = ~j (5.1)

∇ · ~B = 0 (5.2)

where ~B is the magnetic flux density in T, ~H is the magnetic field strength in A/m

and ~j is the current density in the winding cross section in A/m2. These are solved

numerically with the constitutive relation ~B = µ0( ~H+ ~M), where M is the magnetiza-

tion in A/m. Boundary conditions are imposed to satisfy magnetic flux conservation

(~n · ~B = 0).

The simulations described here consider gadolinium-like materials with molecular

mean field theory (MFT) [118, 120] generated magnetization data shifted to the

respective Curie temperature. The specific magnetization, defined as the ratio of

magnetization (M) to density (ρ), is shown as a function of temperature and field

(µ0H) in Fig. 5.3. The magnetization is then corrected for porosity and processed into

relative permeability curves. Fixed heat rejection and absorption temperatures of TH

= 280 K and TC = 120 K are considered, relevant for the first stage of a hydrogen

liquefier or natural gas liquefaction. As passive force balancing cannot reduce the

thermodynamic cycle work stemming from regenerative temperature perturbations,

a linear, field-independent axial temperature profile is assumed in each regenerator.

Magnetic forces are evaluated in COMSOL Multiphysics by numerically integrat-

ing the Maxwell electromagnetic stress tensor:

~F =

∮
S

↔
T · ~n ds (5.3)

where S is a surface in free space enclosing the considered body and ~n is a unit vector

normal to the integration surface. The Maxwell stress tensor,
↔
T , is defined for any

coordinate system as:

↔
T ij =

BiBj

µ0

− δij
|| ~B||22
2µ0

(5.4)
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Figure 5.3: Specific magnetization of gadolinium (σ), generated with MFT, illustrat-
ing a second-order, para-ferromagnetic phase change at TCurie=293 K. Magnetization
increases with field and decreases with temperature. σ is shown for fields (µ0H)
ranging from 0.1 to 8 T. Vertical dashed lines indicate layer operating range.

where δij is the Kronecker delta and || ~B||22 is the squared norm of the magnetic flux

density. Bjørk et al. (2010) [32] and Meessen et al. (2013) [138] used this formulation

to evaluate forces in permanent magnet assemblies using analytic field expressions

derived from Fourier series solutions of the governing partial differential equations.

If the flux density and magnetization are uniform over a material volume, and the

applied field and magnetization vectors reduce to components along the solenoidal

axis (z), the force can be described as:

Fz = µ0Mz
∂Hz

∂z
(5.5)

which is referred to the Kelvin force [139, 118]. Although the more-robust Maxwell

stress tensor formulation is used in the present work, the Kelvin force familiarizes

the physical mechanisms describing magnetic forces in magnetized bodies. Eq. 5.5

describes a force increase with field gradient and magnetization, which occur with in-

creased coil current and decreased magnetocaloric material temperature, respectively.
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5.2.3 Optimization formulation

Passive, soft ferromagnetic structures are proposed in the regenerator assembly to

minimize variations in magnetization. These passive structures fill the void regions on

either side of the regenerators in Fig. 5.2, and an optimization routine determines the

structure geometry (rm1, rm2, ro1, ro2) that balances magnetic forces. Fig. 5.4 shows

the parameterized outer radii, and only the top half of the assembly is shown. The

middle passive structure (rm1, rm2) has a fixed length of 127 mm with a 10 mm gap

on either side for the layer 1 (L1) housing and flow distributor. The outer structure

(ro1, ro2) has a fixed length of 85 mm, constrained by the superconducting magnet’s

bore, and is spaced 10 mm from layer 8 (L8). A fixed inner radius of 10 mm is

considered in both structures. The passive structure is composed of 1010 steel with

experimental B-H data provided by COMSOL Multiphysics.

The force waveform, F(zmagnet), is composed of static force simulations as the

regenerator assembly translates downwards with increasing values of zmagnet. An opti-

mization problem is formulated to find the structure geometry defined by (rm1, rm2,ro1, ro2)

that minimizes the l2 norm of the force waveform:

Min||F (zmagnet, rm1, rm2, ro1, ro2)|| =

√√√√ zmax∑
zmagnet=0

F (zmagnet, rm1, rm2, ro1, ro2)2 (5.6)

Due to the problems’ non-convexity, the optimization is performed in MATLAB

using a genetic algorithm. An initial population of 25 randomly generated configu-

rations are evaluated, and the 4 design candidates with the highest fitness (lowest

l2 norm) are cloned into the next generation. Remaining design candidates are pro-

created with a crossover fraction of 0.9 in a process mimicking biological evolution,

amalgamating the design traits of two favorable parents. The probability of a design

procreating into the next generation increases with fitness, and designs with high

forces are eliminated. Further implementation details are outlined in the MATLAB

documentation. With appropriate bounds on the design vector, the optimization

converges within 12 hours using an AMD FX-8350 CPU.
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Figure 5.4: AMR configuration (Reg 1 with 8 layers), composite superconducting
magnet and parameterized passive structures. Fixed dimensions have units of mm.
Figure shows axisymmetric domain, and due to symmetry only the top half of the
assembly is shown.
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5.3 Results

5.3.1 Validation

Two experiments are performed to validate the force waveform; one with regenerators

in the paramagnetic (PM) phase at µ0H = 3T (Icoil=33.4 A) and a second in the

ferromagnetic (FM) phase at µ0H = 4T (Icoil=44.2 A). µ0H refers to the magnetic

flux density in the absence of magnetic material. For the ferromagnetic test, the

assembly is cooled with saturated nitrogen vapor at atmospheric pressure (LN2 boil-

off). Fig. 5.5 shows the average temperatures of each layer over one cycle for the top

(red) and bottom (blue) regenerators in the paramagnetic (dashed) and ferromagnetic

(solid) phases. The Curie temperature of each layer is shown for reference.
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Figure 5.5: Measured temperatures for validation in paramagnetic (PM) and ferro-
magnetic (FM) phases.

Fig. 5.6 shows the measured and simulated force waveform using the experimen-

tally measured temperatures of each magnetic material as shown in Fig. 5.5. The force

waveform for the paramagnetic (PM) and ferromagnetic (FM) phases are shown in

Fig. 5.6 (A) and (B), respectively. The solid black line shows the simulated waveform,

while the red and blue dashed lines show experimental measurements with the linear

actuator moving in the positive (→) and negative(←) directions. After the regener-

ator is displaced in either direction, a double-acting piston drives heat transfer fluid

through the material matrix as shown in Fig. 5.2. The perturbed solid temperature

invokes a magnetization change in each layer of magnetic refrigerant, causing the off-
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set between red and blue curves. This manifests as the required thermodynamic cycle

work and serves as a limit to what can be attenuated with passive force balancing.

(B)

(A)

Figure 5.6: Validation of simulated waveforms (solid black) with measurements for
paramagnetic (A) and ferromagnetic (B) conditions. Red and blue curves correspond
to positive and negative linear actuator velocities, where the difference yields the
thermodynamic cycle work.

The model results are in good agreement with the magnitude of the measured force

waveforms, and the peak force location is predicted for both experiments. While the

simulated paramagnetic forces are nearly identical to measurements, the ferromag-

netic simulations are 12.5 % higher than measured. The discrepancy is likely caused

by a combination of simulated magnetization data and the magnetic alloy treatment.

The MFT data in Fig. 5.3 shows higher ferromagnetic magnetization at low field

strengths than experimental measurements [140]. Additionally, shifting gadolinium

magnetization data to the ordering temperatures of layers 1-8 causes properties to
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be referenced 140 K from the Curie temperature, where the impact of varying alloy

parameters (e.g. electron spin and orbital angular momentum) on magnetization is

most pronounced [118]. This error is expected to decrease in operation with a linear

temperature span from TH= 280 K to TC= 120 K, where materials operate in the

vicinity of the magnetic ordering temperature.

5.3.2 Force minimization

The optimization converged on a design vector of (rm1, rm2, ro1, ro2) = (25.45, 12.66,

16.41, 23.25) mm, shown in Fig. 5.4, for a winding current of 66.0 A (µ0H=6 T)

and temperature reservoirs of 280 K and 120 K. Fig. 5.7 shows the magnetic force

waveform of the top regenerator (solid red), bottom regenerator (solid blue), top

passive structure (dashed red), middle passive structure (dashed black) and bottom

passive structure (dashed blue). Forces on the middle passive structure are out of

phase with forces on the top and bottom regenerators. As such, the middle passive

structure is responsible for the majority of force cancellation while outer structures

(red and blue dashed lines) fine-tune the net waveform shape. Although the large

magnetic forces exerted on individual components requires detailed housing design,

the superposition or net assembly force (solid black) is effectively reduced to zero

throughout the AMR cycle.
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Balanced Waveform

Figure 5.7: Force contribution from each component at µ0H=6 T in optimized ge-
ometry. Reg denotes regenerator and Pas denotes passive magnetic material. Super-
position of forces demonstrates near-ideal cancellation (Balanced Waveform) at this
operating condition.
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5.4 Discussion

5.4.1 Solution sensitivity

The passive structures are optimized for TH= 280 K, TC= 120 K and µ0H = 6 T;

however, the impact of operating conditions on the force waveform with passive struc-

tures must be investigated. Fig. 5.8 shows contours of the maximum net force over the

waveform as a function of µ0H and cold side temperature for the optimized assembly,

while Fig. 5.9 shows contours of the maximum net force with two regenerators. The

contours illustrate the force variation during the transient cooling process at any field

strength.
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Figure 5.8: Contours of the simulated maximum net force as a function of the cold
side temperature and flux density. Passive structures are optimized for TC= 120 K
and µ0H = 6 T. Hot side temperature fixed at 280 K.

Without passive balancing material, the maximum net force increases weakly

with decreasing temperature and strongly with increasing field strength as shown

in Fig. 5.9. Fig. 5.8 shows the insensitivity of net force to field strength at the design

temperature of 120 K; the same passive structure balances forces at an applied field of

3 T (33.2 A) and 6 T (66 A). Furthermore, the peak net force is significantly reduced

for nearly all operating conditions with passive balancing material.
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Figure 5.9: Contours of the simulated maximum net force as a function of the cold
side temperature and flux density for dual regenerator system (no passive balancing).
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5.4.2 Field homogeneity

It is important to minimize the field strength during the demagnetized blow, as the

adiabatic temperature change scales with B2/3 for gadolinium alloys [12]. Fig. 5.10

shows the centerline field distribution for µ0H = 6 T with an air bore (black), with

magnetocaloric material (red) and with the optimized assembly (blue). The regener-

ator locations are indicated by vertical dashed lines.

Regen Regen

Figure 5.10: Centerline magnetic flux density for air, regenerators (MCM) and
the optimized assembly (Pas) showing a minimal increase in low field strength with
passive balancing material.

The magnetocaloric material compresses field lines in the solenoid bore, increasing

the high field strength. This phenomena was observed and exploited by Rowe and

Tura (2008) [132], however Fig. 5.10 demonstrates how the same mechanisms can

also be detrimental by increasing the flux density during the low-field fluid blow.

Fortunately, the increased low field strength is minimal with the addition of passive

balancing material.

5.4.3 Eddy currents

A consequence of the electrically conducting force balancing structure is the genera-

tion of eddy currents. The power dissipation from induced currents in an electrically

resistive medium act as a parasitic load into the cold side of the AMR. Kittel (1990)
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[141] derived analytic expressions for eddy current power dissipation in primitive ge-

ometries

Q̇Eddy =
ΓAV

32ρe

(dB/dt)2 (5.7)

where Γ is a geometric form factor, A is the area enclosed by the largest possible

current loop, V is the volume of material and ρe is the electrical resistivity. As

AMR performance increases with field strength and operating frequency, ΓAV/ρe

must be minimized. While ΓAV can be reduced with thin laminations of the 1010

alloy considered here, advanced soft magnetic materials with high electrical resistivity

deserve further investigation.
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5.5 Conclusions

A passive, soft ferromagnetic structure is proposed to balance both spatial and tempo-

ral magnetization gradients in an effort to simultaneously address the force balancing

and magnet heating problems found in large-scale, reciprocating AMRL devices. A

magnetostatic model is developed and validated with experimental force measure-

ments. A genetic algorithm is implemented to identify force-minimizing passive bal-

ancing structures with a cold side temperature and field strength of 120 K and µ0H

= 6 T, respectively.

The methodology produces a unique structure which decreases the net assembly

force by a factor of 100. The optimized structure is shown to be effective over a

wide range of operating conditions and has minimal impact on the effective magnetic

field change. Future works will focus on the experimental treatment of magnetization

properties, experimental testing of optimized passive structures and the minimization

of low field strength.
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arrays with finite coercivity
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Abstract

The supply chain risk of rare-earth permanent magnets has yielded research efforts

to improve both materials and magnetic circuits. While a number of magnet opti-

mization techniques exist, topology optimization literature has not incorporated the

permanent magnet failure process stemming from finite coercivity. To address this,

a mixed-integer topology optimization is formulated to maximize the flux density

of a segmented Halbach cylinder while avoiding permanent demagnetization. The

numerical framework is used to assess the efficacy of low-cost (rare-earth-free ferrite

C9), medium-cost (rare-earth-free MnBi) and higher-cost (Dy-free NdFeB) permanent

magnet materials. Novel magnet designs are generated that produce flux densities

70 % greater than the segmented Halbach array, albeit with increased magnet mass.

Three optimization formulations are then explored using ferrite C9 that demonstrate

the tradeoff between manufacturability and design sophistication, generating flux

densities in the range of 0.366-0.483 T.

Figure 6.1: Graphical abstract of chapter 6, focusing on the optimization of reduced-
rare-earth permanent magnet structures.
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Nomenclature

Roman
A area [m2]

B magnetic flux density [T]

Brem permanent magnet remanence [T]

H magnetic field strength [A/m]

Hcj polarization coercivity [A/m]

M∗ magnet efficiency [-]

n number of magnet domains [-]

R radius [m]

~x optimization design vector [-]

VM magnetic scalar potential [A]

Greek
µ magnetic permeability [T-m/A ]

ρ local material definition [-]

θ local remanence orientation [rad]

Subscripts and Superscripts

i inner (radius)

o outer (radius)

rem remanence
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6.1 Introduction

The increasing importance of permanent magnets in high-efficiency energy conversion

devices has strained strategic material supply chains [142, 143] and raised concerns

over state-of-the-art Dy-NdFeB permanent magnets. The US department of energy

(DOE) identified dysprosium and neodymium as the most important materials for

medium-term clean energy development and noted the supply risk of dysprosium as

critical [144]. In addition to exploring new material systems [145, 146, 147, 148, 149]

and rare-earth recycling [150], a number of groups are developing rare-earth-free per-

manent magnet electric machines [151, 152, 153] with a focus on low energy product

Ferrite (SrFeO) [154, 155, 156]. The outcomes are mixed; some studies report min-

imal decreases in efficiency using rare-earth free permanent magnet materials while

others report efficiency decreases exceeding 10%. In the latter case, the decreased

efficiency is directly correlated with finite coercivity [157].

While new high-energy product and rare-earth-free permanent magnet materials

are desired, research and development must also focus on improving magnetic circuits

to more efficiently use the materials available today [158]. Of the numerous magnetic

circuit designs available [29], Halbach arrays [28, 84, 74, 159] have received significant

attention due to their ability to produce a flux density exceeding the permanent mag-

net remanence. Cylindrical Halbach arrays are used in a number of applications, from

electric machines [160] and nuclear magnetic resonance [161, 162, 163] to magnetic

refrigeration [73, 164, 75, 22]. The distribution of remanence in a Halbach is defined

as [28]:

(Brem,r, Brem,θ) = Brem(cos(pθ), sin(pθ)) (6.1)

where 2p is the number of poles, r and θ are the polar coordinate axis and Brem is the

magnitude of the remanent flux density. In this work, we focus on the long, dipolar

Halbach cylinder (p = 1) that produces a field strength of [28]:

B = Bremln
(Ro

Ri

)
(6.2)

This potential to amplify flux with outer cylinder radius (Ro/Ri) is appealing for

lower-remanence permanent magnet materials, however the attainable induction is

restricted by finite coercivity [74, 165, 166].

Unlike the continuously varying Halbach array, real permanent magnet structures
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are constructed from segments with finite magnetization directions [33, 34] and a

number of optimization techniques have been successfully applied. Choi and Yoo

(2008) [35] discretized a permanent magnet into finite segments and optimized the

distribution of remanence orientations using a sequential linear programming algo-

rithm. The authors later presented differentiable density functions to simultaneously

optimize the magnet distribution and local remanence orientation [36]. Isoparametric

projection methods have also optimized problems of this nature with success [38, 39].

Bjørk et al.(2017) [41] performed a two-material topology optimization (permanent

magnet, soft magnetic material) with remanence orientations fixed to that of the

theoretical Halbach array to maximize the Λcool heuristic for magnetic refrigeration

applications. Insinga et al.(2016) [40] used the reciprocity theorem and the concept

of the virtual magnet to optimally design and segment permanent magnet structures

for a predefined desired distribution of magnetic flux. While these works have shown

promising performance improvements, literature on topology optimization has not

considered the permanent magnet failure process stemming from finite coercivity.

Instead of an endogenous constraint, it is considered retroactively. Topology opti-

mization that explicitly considers coercivity is needed to identify feasible structures

using reduced-rare-earth and rare-earth-free permanent magnet materials.

In the present work, various permanent magnet materials from literature are ex-

plored in a segmented cylindrical Halbach array. A mixed-integer topology optimiza-

tion is then formulated to maximize the flux density of a discretized Halbach cylinder

subject to finite coercivity. This computational tool is used to assess the efficacy of

low-cost (rare-earth-free ferrite C9), medium-cost (rare-earth-free MnBi) and higher-

cost (Dy-free NdFeB) permanent magnet materials. Three scenarios are simulated

using ferrite C9 with local remanence orientations: (1) fixed to that of the Halbach

cylinder, (2) constrained to the radial and tangential directions, and (3) included

as continuous variables in the optimization. The comparison explores the balance

between design sophistication and manufacturability in an attempt to exploit recent

advances in magnet manufacturing [167, 168].

6.2 Methodology

The magnetic field is numerically evaluated using COMSOL Multiphysics 5.2. The

magnetostatics, no current formulation is used in a two-dimensional domain allowing

use of the magnetic scalar potential (Vm) defined as ~H = −∇VM. Substituting the
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constitutive relation for permanent magnets ( ~B = µ ~H + ~Brem) into Gauss’s law of

magnetism (∇ · ~B = 0) yields the PDE governing the magnetic field distribution:

∇ · (µ∇VM − ~Brem) = 0 (6.3)

where µ = µ0µr, µr is the relative permeability and ~Brem is the remanence vector.

When the reverse component of the magnetic field vector, ~H, exceeds the po-

larization coercivity, Hcj, a permanent magnet is locally demagnetized. Eq. 6.4 is

evaluated throughout the domain and used to determine the required coercivity for

the simulated topology [74].

Hcj + ~H ·
( ~Brem

||Brem||

)
≥ 0 (6.4)

The optimization is performed in MATLAB using a mixed-integer genetic algo-

rithm, following the implementation of Teyber et al. (2017) [22]. Each optimization

is performed with a population size of 500, a crossover fraction of 0.4 and is repeated

until the objective evaluation fails to improve for three successive runs.
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6.3 Results

6.3.1 Material comparison

To establish a benchmark for the topology-optimized designs, rare-earth Dy-NdFeB

and SmCo along with rare-earth-free alnico, ferrite and MnBi are simulated in a seg-

mented Halbach array. The magnet grades, remanence, and coercivity are shown in

Table 6.1. The coercivity and operating temperature of Dy-NdFeB increase with dys-

prosium; the N42, N42SH and N42UH grades contain approximately 0, 5 and 8 per-

cent Dy by weight, respectively [143]. With ferrite, the coercivity can be increased by

substituting lanthanum and cobalt [169]. The commercial Dy-NdFeB, SmCo, Alnico

and C-grade ferrite properties are from Eclipse Magnets, the high-coercivity La-Co

free FB9HF ferrite properties are from TDK corporation and the MnBi properties are

from Poudyal et al. (2016) [170]. Although manganese-aluminum [146, 171, 148, 172]

and magnetic steels (e.g. FeC, FeN, FeCoCr) [145, 173] are promising low-cost per-

manent magnet materials, their properties are currently in the vicinity of C5 Ferrite

and Alnico, respectively, and thus not independently investigated here.

The maximum attainable flux density as a function of the outer radius (Ro/Ri)

is shown in Fig. 6.2 for a Halbach cylinder with a total of 24 annular segments.

The magnetic field (B̄seg
max) is averaged over the bore and the results are summarized

in Table 6.1. The symbols indicate the largest outer radius that can be constructed

before insufficient coercivity causes local demagnetization. As suggested by Insinga et

al.(2015) [165], materials with µ0Hcj/Brem < 1 (Alnico-5, Alnico-8h, NdFeB-N42, C5

ferrite, C8 ferrite and C10 ferrite) locally demagnetize for all Ro/Ri due to inadequate

coercivity. In reality, a Halbach cylinder with these materials will still produce a

magnetic flux density in the cylinder bore, however here we disregard any designs

with demagnetization.
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Table 6.1: Permanent magnet material properties. Maximum attainable magnetic
flux density (B̄seg

max) shown for each material with segmented Halbach cylinder before
local demagnetization.

Material Brem [T] Hcj [kA/m]
µ0Hcj

Brem
µr B̄segmax [T]

NdFeB-N42 1.28 955 0.937 1.05 ø
Dy-NdFeB-N42SH 1.28 1592 1.563 1.05 1.860
Dy-NdFeB-N42UH 1.28 1989 1.952 1.05 2.367
SmCo-26M 1.02 955 1.176 1.05 1.062
SmCo-26 1.02 1434 1.766 1.05 1.651
SmCo-26H 1.02 1990 2.451 1.05 2.415
Alnico-5 1.25 54 0.054 3.7 ø
Alnico-8H 0.72 152 0.265 2.0 ø
MnBi 0.6 493 1.032 1.2 0.526
ferrite-C5 0.38 199 0.658 1.05 ø
ferrite-C8 0.385 242 0.788 1.05 ø
ferrite-C9 0.38 320 1.058 1.05 0.347
ferrite-C10 0.4 284 0.892 1.05 ø
ferrite-FB9HF 0.405 400 1.241 1.05 0.437

2 4 6 8 10 12
Ro/Ri [-]

0.0

0.5

1.0

1.5

2.0

2.5

B 
[T

]

NdFeB-N42UH
NdFeB-N42SH
NdFeB-N42
SmCo-26H
SmCo-26
SmCo-26M
Alnico-5
Alnico-8h
MnBi
Ferrite-FB9HF
Ferrite-C10
Ferrite-C9
Ferrite-C8
Ferrite-C5

Figure 6.2: Maximum attainable flux density in 24 segment Halbach array before local
demagnetization. Each curve corresponds to a fixed remanence strength (e.g. N42-
1.28 T), and markers correspond to permanent magnet grades (e.g. N42, N42SH,
N42UH). Materials in legend that are absent from figure (NdFeB-N42, Alnico and
Ferrite C10, C8 and C5) have local demagnetization for all Ro/Ri; highlighting the
importance of coercivity in permanent magnet materials.
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6.3.2 Material optimization with fixed remanence orienta-

tions

The distribution of permanent magnet material is now optimized with remanence

orientations determined by the cylindrical Halbach array, however with each segment

assuming a homogeneous magnetization direction (Eq. 6.1 evaluated at the segment

center). This is achieved with the following optimization formulation:

Maximize B̄(~x)

s.t. H∗cj(~x) ≤ Hcj

(6.5)

where B̄(~x) is the average bore magnetic flux density, H∗cj(~x) is the required coercivity

to avoid permanent demagnetization (Eq. 6.4) and Hcj is the permanent magnet

coercivity. The design vector, < x1, ..., xi, ..., xn >, describes the local material at

each of n = 24 discretized domains, and in this section, xi can take integer values of

1 (air) or 2 (permanent magnet).

We investigate rare-earth-free ferrite C9 (Brem = 0.38 T, Hcj = 320 kA/m),

rare-earth free MnBi (Brem = 0.6 T, Hcj = 493 kA/m) and dysprosium-free NdFeB-

N42 (Brem = 1.28 T, Hcj = 955 kA/m) permanent magnet materials. The optimal

magnet designs with ferrite C9 are shown in Fig. 6.3. Average magnetic flux densities

of 0.417, 0.486 and 0.562 T are obtained for Ro/Ri = 4, 6 and 8, respectively. These

flux densities are a 20.1 %, 40.0 % and 61.9 % improvement over the 0.347 T field

produced by the fully segmented Halbach cylinder, as summarized in Table 6.2, albeit

with increased magnet mass. While the improvements with Ro/Ri = 8 are obtained

by removing material from the outer polar (outer top of domain) and inner equatorial

(inner right of domain) positions, nontrivial design features are produced with Ro/Ri

= 4 and 6.

The optimal magnet designs with MnBi are shown in Fig. 6.4. Average magnetic

flux densities of 0.652, 0.786 and 0.899 T are obtained for Ro/Ri = 4, 6 and 8,

respectively; a 23.9 %, 49.4 % and 70.9 % improvement over the 0.526 T induction

produced by the fully segmented cylinder (Table 6.1). Although the topologies for

Ro/Ri = 6 and 8 are identical, less coercivity is required for Ro/Ri = 6.

The optimal magnet designs with Dy-free NdFeB-N42 are shown in Fig. 6.5. Av-

erage magnetic flux densities of 1.127, 1.423 and 1.388 T are obtained for Ro/Ri = 4,

6 and 8, respectively. This affirms the potential of the methodology, as the fully seg-

mented Halbach cylinder demagnetized for all Ro/Ri with this material. Increasing
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Ro/Ri from 6 to 8 with NdFeB-N42 yields a decrease in magnetic flux density. This

is a consequence of the discretization, where the same number of domains (n = 24)

represent an increased area and, as such, is more susceptible to demagnetization.

As with the ferrite C9 and MnBi materials, this improvement is obtained by remov-

ing material from the outer polar and inner equatorial positions, however a number

of unique design features are present. The NdFeB-N42 topologies have significantly

less material in the outer-top region of the magnet design, likely a consequence of
µ0Hcj

Brem
< 1 as opposed to

µ0Hcj

Brem
> 1 with ferrite C9 and MnBi. Generally speaking,

the optimized designs tend to gradually bend lines of magnetic flux by taking the

approximate shape of an ellipsoid.
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Figure 6.3: Topology optimized Halbach cylinder with ferrite C9 magnet material.
Average magnetic flux densities of 0.417, 0.486 and 0.562 are produced for Ro/Ri =
4, 6 and 8, respectively. Color bar shows required coercivity.
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Figure 6.4: Topology optimized Halbach cylinder with MnBi magnet material. Av-
erage magnetic flux densities of 0.652, 0.786 and 0.899 are produced for Ro/Ri = 4,
6 and 8, respectively. Color bar shows required coercivity.
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Figure 6.5: Topology optimized Halbach cylinder with Dy-free NdFeB-N42 magnet
material. Average magnetic flux densities of 1.127, 1.423 and 1.388 T are produced
for Ro/Ri = 4, 6 and 8, respectively. Color bar shows required coercivity.
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6.3.3 Material optimization with radial and tangential rema-

nence orientations

We now focus entirely on ferrite C9 with Ro/Ri = 4 and constrain the remanence

orientations to the radial or tangential directions, as in Lee et al. (2017) [38]. This

is accomplished with the same formulation above (Eq. 6.5), however, with air, radial

and tangential permanent magnets corresponding to xi = 1, 2 and 3, respectively.

The optimal distribution of permanent magnet with two magnetization directions is

shown in Fig. 6.6. In addition to being a manufacturing-oriented design, the average

flux density of 0.366 T presents a 5.5 % improvement over the fully segmented Halbach

cylinder as summarized in Table 6.2. Constraining the remanence orientations to the

radial and tangential directions does, however, reduce the flux density from the 0.417

T produced in Fig. 6.3.

Figure 6.6: Topology optimized permanent magnet with ferrite C9 magnet material
and Ro/Ri = 4. Bulk remanence orientations are constrained to radial and tangential
directions to facilitate manufacturing. Average magnetic flux density of 0.366 T in
bore.
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6.3.4 Simultaneous optimization of material distribution and

remanence orientation

The required coercivity is correlated with the tendency of a magnet to bend lines of

magnetic flux. As such, the design vector is reformulated as ~x =< ρ1, ..., ρn, θ1, ..., θn >

to include the local remanence orientation as a design variable in the optimization.

ρi takes integer values of 1 or 2, corresponding to air and permanent magnet, respec-

tively, and θi is a continuous variable describing the remanence orientation of each

segment. The result is a mixed-integer optimization problem with 48 design variables

corresponding to 24 discrete domains. To accommodate the increased design space,

the genetic algorithm population size is increased from 500 to 10,000.

The optimal magnet design with ferrite C9 and Ro/Ri = 4 is shown in Fig. 6.7.

The design produces an average magnetic flux density of 0.483 T, which is a 15.8 %,

32.0 % and 39.2 % improvement over the 0.417, 0.366 and 0.347 T average fields pro-

duced by the optimized designs with Halbach orientations (Fig. 6.3), radial-tangential

remanence orientations (Fig. 6.6) and the benchmark Halbach cylinder (Table 6.1),

respectively, albeit with increased manufacturing complexity. This is summarized

in Table 6.2. The remanence orientations deviate most from the Halbach cylinder

(Eq. 6.1) at the outer polar and inner equatorial positions. While the final design

consists entirely of permanent magnet, it should be emphasized that the optimization

procedure iteratively improves upon a feasible design (i.e. a design satisfying the co-

ercivity constraint). This requires a large number of intermediate designs with void

fractions resembling the topologies presented above.

Table 6.2: Summary of magnet designs. Areas calculated with Ri=12.5mm
Material Formulation Ro/Ri B̄ [T] Amag [m2] M∗[−]
ferrite-C9 Benchmark (A) Fig. 6.2 2.8 0.347 0.00335 0.122
MnBi Benchmark (A) Fig. 6.2 2.7 0.526 0.00308 0.122
NdFeB-N42 Benchmark (A) Fig. 6.2 ø ø ø ø
ferrite-C9 Halbach (B) Fig. 6.3 4 0.417 0.00578 0.102
ferrite-C9 Halbach (B) Fig. 6.3 6 0.486 0.01424 0.056
ferrite-C9 Halbach (B) Fig. 6.3 8 0.562 0.02523 0.042
MnBi Halbach (B) Fig. 6.4 4 0.652 0.00595 0.097
MnBi Halbach (B) Fig. 6.4 6 0.786 0.01618 0.052
MnBi Halbach (B) Fig. 6.4 8 0.899 0.02931 0.037
NdFeB-N42 Halbach (B) Fig. 6.5 4 1.127 0.00402 0.094
NdFeB-N42 Halbach (B) Fig. 6.5 6 1.423 0.01035 0.058
NdFeB-N42 Halbach (B) Fig. 6.5 8 1.388 0.01600 0.036
ferrite-C9 Rad-tan (C) Fig. 6.6 4 0.366 0.00578 0.078
ferrite-C9 Continuous (D) Fig. 6.7 4 0.483 0.00736 0.108
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Figure 6.7: Magnet design with material distribution and remanence orientation opti-
mized using ferrite C9 permanent magnet material and Ro/Ri = 4. Average magnetic
flux density of 0.483 T is produced in bore.
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6.4 Discussion

While flux densities are improved using finite coercivity permanent magnet materials,

the required magnet area increases rapidly with field strength. The magnet efficiency,

defined as the ratio of magnetic energy in the high field region to the energy stored

in the permanent magnet material, is calculated as:

M∗ ≡ Abore
Amag

( B̄

Brem

)2

(6.6)

and is summarized for each design in Table 6.2. Although the proposed methodol-

ogy allows reduced rare-earth permanent magnet materials to be used in higher-field

applications, none of the magnet efficiencies exceed the cylindrical Halbach array.

For well-defined applications, the objective function can be reformulated to min-

imize cost subject to performance constraints. Teyber et al.(2017) [22] found the

magnet design minimizing the combined capital and operating costs of a magnetic

refrigerator. Unlike the present work, the implementation focused on higher-energy

product Dy-NdFeB permanent magnet segments with discrete remanence orienta-

tions. Alternatively, applications requiring a homogenous field can minimize standard

deviation subject to a predefined average magnetic flux density.

The optimized topologies maximize magnetic induction with rare-earth-free (fer-

rite C9, MnBi) and reduced-rare-earth (Dy-free NdFeB-N42) materials, however the

magnetization and assembly of individual segments can be costly. While the manu-

facturing complexity is reduced by constraining remanence orientations to the radial

and tangential directions, the flux density is increased by 32 % for the same outer

radius with spatially varying remanence orientations. New methods for 3D printing

permanent magnets are promising and would enable the optimal designs in the present

work [167, 168]. Arbitrary magnet shapes can be printed with minimal tooling and

near-zero material waste, however present state-of-the-art manufacturing methods

cannot produce monolithic magnet structures with the spatially varying remanence

orientations of Fig. 6.7.

Finally, it should be noted that the finite coercivity constraint is conservative in

that any design experiencing demagnetization is completely disqualified. It may be

more practical to penalize designs where, for example, an excess of 1% of the domain

demagnetizes. Additionally, future works should implement experimental hysteresis

curves for each material. Both of these suggestions, however, add a layer of iteration

and increase simulation convergence times.
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6.5 Conclusion

While the discovery and improvement of rare-earth-free permanent magnet materials

is imperative, the role of magnetic circuit design is becoming increasingly important.

Literature on topology optimization, however, has not incorporated the permanent

magnet failure process stemming from reduced coercivity. In this work, the flux den-

sity in the bore of a Halbach cylinder is maximized using rare-earth-free C9 ferrite,

rare-earth-free MnBi and Dy-free NdFeB-N42 magnet materials yielding flux densities

70% stronger than the benchmark Halbach array. Three scenarios are simulated with

C9 ferrite that explore the tradeoff between design sophistication and manufactura-

bility. While a magnetic flux density of 0.366 T is obtained with magnet segments

constrained to the radial and tangential directions, the induction is improved to 0.483

T by including local remanence orientations in the optimization.
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Permanent magnet design for

magnetic heat pumps using total
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Abstract

The active magnetic regenerator (AMR) is an attractive technology for efficient heat

pumps and cooling systems. The costs associated with a permanent magnet for near

room temperature applications are a central issue which must be solved for broad

market implementation. To address this problem, we present a permanent magnet

topology optimization to minimize the total cost of cooling using a thermoeconomic

cost-rate balance coupled with an AMR model. A genetic algorithm identifies cost-

minimizing magnet topologies. For a fixed temperature span of 15 K and 4.2 kg of

gadolinium, the optimal magnet configuration provides 3.3 kW of cooling power with

a second law efficiency (ηII) of 0.33 using 16.3 kg of permanent magnet material.

Figure 7.1: Graphical abstract of chapter 7, focusing on the topology optimization of
permanent magnet structures to minimize the cost of an active magnetic regenerator.
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Nomenclature

Roman
B magnetic flux density [T]

Ċ cost rate [$/h]

/c cost per unit exergy [$/kWh]

c specific heat [J/kgK]

cf capacity factor [-]

ĖxQ exergetic cooling power [W]

f frequency [Hz]

g air gap between cylinders [m]

H magnetic field strength [A/m]

id discount rate[-]

L length [m]

m mass [kg]

M∗ magnet efficiency [-]

ND demagnetization factor[-]

2p magnet poles [-]

P magnet utilization [-]

Q̇c cooling capacity [W]

r radius [m]

R thermal mass ratio [-]

RHC heat leak thermal resistance [K/W]

T temperature [K]

t time [s]

V Volume [m3]

V̇ volumetric flow rate [m3s−1]

VD displaced volume [cm3]

VM Magnetic scalar potential [A]

x coordinate of regenerator length

Ż ammortized capital costs [$/h]
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Greek
γ cost per unit mass [$/kg]

ε porosity [-]

µ magnetic permeability [H/m]

κ effective thermal conductivity [-]

Λcool magnet figure of merit [T2/3]

ηII second law efficiency [-]

Φ utilization [-]

Ψ topology design vector [-]

σ specific magnetization [Am2/kg]

τ cycle period [s]

θ angular coordinate [rad]

χ domain material [-]

ζ reduced magnetocaloric effect [-]
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Subscripts and Superscripts

ad adiabatic

app applied field

C cold reservoir or cold side

cj intrinsic coercivity

csg regenerator casing

D displaced

f fluid

FWA flow weighted average

geo geometry

H hot reservoir or hot side

int internal field

M magnetic work

MCM magnetocaloric material

PMM permanent magnet material

p constant pressure

reg regenerator

rem remanence

s solid

SMM soft magnetic material

span temperature span
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7.1 Introduction

Energy conversion devices using solid-state magnetocaloric materials (MCM) have

the potential to reduce energy consumption and mitigate environmental pollutants

[16, 12, 13, 17]. Although permanent magnet based active magnetic regenerator

(AMR) devices have demonstrated commercially relevant temperatures spans, cooling

powers and efficiencies [52, 53, 23, 174, 24], magnetic field generator and refrigerant

costs must be reduced for broad market penetration.

A previous assessment of an AMR cooling device showed that the permanent

magnet cost is of greatest importance to be competitive with existing air condition-

ing technologies [175]. The evaluation was based on the cost of cooling in $/kW,

where the device performance was evaluated from the material T-S diagram and the

magnetic field was generated using a theoretical Halbach cylinder. Compared with

the permanent magnet, the refrigerant cost was found to be almost insignificant when

using La(Fe1-xSix)13 with a cost of 8 $/kg. Using a similar methodology, Vuarnoz et

al. (2012) [176] investigated a magnetocaloric heat engine and found the technology

to be economically feasible for electricity prices between 0.1− 0.2 CHF/kWh.

Bjørk et al. (2011) [177] investigated the regenerator configuration, magnetic field

source and operating parameters that minimize the capital costs of a refrigerator using

a one-dimensional AMR model. A device is optimized for both a theoretical Halbach

cylinder and a theoretical magnet with maximum energy efficiency (M∗ = 0.25) [158].

M∗ ≡ Vbore

Vmag

(Bbore

Brem

)2

(7.1)

Tura and Rowe (2014) [70] considered both the capital and operating costs of a

dual-regenerator AMR with theoretical concentric Halbach arrays. An optimization

routine determines the geometry and operating conditions that minimize the total

cost of cooling using analytical expressions describing an AMR [115, 116]. With a

temperature span of 50 K and a cooling power of 100 W, the optimized design has

magnet and refrigerant capital costs of $100 and $40, respectively, using an ideal

refrigerant with an assumed cost of 150 $/kg.

More recently, Bjørk et al. (2016) [71] designed an operating scheme based on EU-

directive 1060/2010 and European A+++ standards to minimize both the capital and

operating costs of a magnetic refrigerator. A Halbach cylinder is used and the effects

of a finite length magnet are included. The simulated lifetime cost of $150− $400 is
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shown to be competitive with comparable vapor compression devices.

These works couple AMR models with economic assessment tools to optimize the

geometry and operating parameters of an AMR. Of the various magnetic circuits

available [29, 31], each study uses a Halbach cylinder [28, 74, 75] and concludes

that the permanent magnet material (PMM) dominates the capital cost of an AMR.

While optimization methods have been proposed for permanent magnet structures

[37, 35, 178, 179, 38, 39], none minimize the lifetime cost of an AMR. Instead, the

most widely used objective function for magnetic refrigeration field generators is the

Λcool parameter proposed by Bjørk et al. (2008) [74].

Λcool = (B
2/3
high −B

2/3
Low)

Vbore

Vmag

Pfield (7.2)

Λcool resembles Eq. 7.1, but reflects the scaling of the magnetocaloric effect with

applied field and the importance of minimizing the low field strength (Blow). Al-

though Λcool encapsulates important design parameters, it is not suitable as an ob-

jective function for design optimization: for a theoretical Halbach cylinder, Λcool =
r2in

r2out−r2in
(Bremln rout

rin
)2/3 which tends to infinity with increasing rin and decreasing cylin-

der thickness. This does not yield low cost refrigeration, as will be shown.

Bjørk et al. (2010) [164] addresses this shortcoming by defining the air gap size

a priori, and designs a state of the art magnetic field generator by maximizing Λcool

in a segmented adaptation of the nested quadrupolar Halbach array. The theoretical

remanence is defined as

< Brem,r, Brem,θ >= ||Brem|| < cos(pθ), sin(pθ) > (7.3)

where 2p is the number of poles, r and θ are the polar coordinate axis. The optimized

field generator is effective and efficient, however the optimized design uses sophisti-

cated magnet shapes with custom remanence directions that cost several times more

than their rectangular counterpart [180]. Bjørk re-investigates the nested Halbach

design [41] using a topology optimization to replace continuously oriented permanent

magnet material (as in Eq. 7.3) with soft magnetic material (SMM) over a contin-

uous domain to maximize Λcool. A high figure of merit is presented, however AMR

operation, magnet manufacturability and finite coercive strength are not considered.

Monfared et al. (2014) [181] reported that magnetic refrigeration can only reduce

environmental impacts if permanent magnet material is re-used, demonstrating how

manufacturability and the end-of-life recyclability must be considered with the capital
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and operating costs. An appealing solution is to use rectangular magnet segments,

as the production costs are significantly lower than magnets with custom shapes

or remanence orientations. Rectangular magnets are easily re-purposed, through

material recycling [142, 150, 182] or a consumer buy-back program where reclaimed

magnets directly supply production inventory.

In this paper, we propose a permanent magnet design methodology to minimize

the total cost of cooling for a magnetic refrigerator. A commercially oriented mag-

netic circuit is created by decomposing a sophisticated magnet design into a collection

of small, rectangular elements. Each element is assigned the properties of air, soft

magnetic material or permanent magnet material with discretized remanence orienta-

tions (north, east, south, west). A magnet topology is used to simulate the magnetic

field waveform for an AMR model. The performance and topology are used to eval-

uate the capital and operating costs based on a thermoeconomic cost-rate balance,

which serves as the optimization objective function. A genetic algorithm identifies

optimal topologies yielding novel magnet configurations oriented towards low-cost

refrigeration or heat pumping.
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7.2 Methodology

7.2.1 Cost of cooling

The objective of the topology optimization is to minimize the cost of a magnetic

refrigerator. A thermoeconomic approach is used, which allots costs to streams with

thermodynamic value or exergy. Applying a cost-rate balance to a cooling device,

where capital and operating costs are used to provide a cooling service, yields

ĊQ = Ċop + Ż (7.4)

in $/h where streams with exergetic value are denoted by Ċ. The ammortized capital

costs, Ż, consist of permanent magnet material (PMM), magnetocaloric material

(MCM) and soft magnetic material (SMM). Each cost rate is then decomposed into

the product of exergy flux and the cost per unit exergy, e.g. ĊQ = /cQĖxQ (/c is used to

distinguish costs from specific heat, c). The exergetic cooling power of a refrigerator

operating between finite thermal reservoirs is described as

ĖxQ = Q̇C
Tspan

TC

(7.5)

Following the thermoeconomic approach used by Rowe (2011) [69, 67], the cost

per exergetic cooling, /cQ in $/kWh, can be expressed as

/cQ =
CRF

ĖxQ · cf
(
γPMMmPMM + γMCMmMCM + γSMMmSMM

)
+ /ce

(Ẇnet

ĖxQ

)
(7.6)

where γPMM, γMCM and γSMM are the costs of NbFeB permanent magnet material,

magnetocaloric material and soft magnetic material in $/kg, m is the respective mass

in kg, /ce is the cost of electricity in $/kWh and the capacity factor, cf , is the oper-

ating duty cycle. The net work consumption (Ẇnet) and exergetic cooling power are

obtained from a coupled AMR model.

The capital recovery factor (CRF) discounts absolute capital costs into an annual

cost rate over the expected lifetime of N years at a rate id. The discounted annual

capital cost is then converted to an hourly value to work with familiar units of energy

(e.g. kWh)
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CRF =
id

1− (1 + id)−N
(7.7)

The AMR cooling power and efficiency increase with the applied field strength,

reducing the operating cost at the expense of increased permanent magnet mass.

The minimum value of /cQ describes the optimum balance of capital investment and

operating costs, and is the objective function in the present optimization.

7.2.2 Semi-analytic AMR model

The cost per exergetic cooling, /cQ, is a function of the exergetic cooling power and

power consumption which are obtained from an AMR model. State-of-the-art AMR

models numerically solve the coupled energy equations for the solid and fluid phases

[183, 109, 110, 98, 113, 184] and post-calculate the cooling power and work input

from the dynamic temperature distributions. Although these sophisticated modeling

tools have shown good agreement with AMR experiments [23, 18, 185, 1, 186], the

convergence time is prohibitively large for the proposed topology optimization which

required 106 simulations.

Rowe (2012) [115, 116] proposed the use of analytical expressions to describe the

magnetic work and cooling power in an AMR. These expressions were obtained under

the assumption of local thermal equilibrium between the solid and fluid phases in the

regenerator matrix, which results in a single differential energy equation for the porous

media [82]. An effective conductivity which includes finite convection accounts for the

imperfect regenerator having non-equilibrium between solid and fluid. In addition,

a constant reduced adiabatic temperature change is assumed along the regenerator

length. The derived magnetic work and cooling power expressions yield a fast solution

and have been validated with a number of experimental devices [26, 187].

Using the formulation presented by Burdyny et al (2014) [117], the semi-analytic

cooling power is:

Q̇C,AMR =
(mMCMcs

τcycle

)Φ

R
ζTC

[
1−

( Φ

2R
+
(Φζ

Rκ

)−1
)(TH

TC

− 1
)]

(7.8)

where mMCM is the mass of magnetocaloric material, cs is the cycle-averaged solid

specific heat, τcycle is the cycle period, TH and TC are the hot and cold reservoir tem-

peratures. Utilization (Φ) is a measure of the displaced fluid volume in a regenerative

blow and is defined as the ratio of the fluid to solid thermal mass:
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Φ =
mdcp

mMCMcs

(7.9)

where md is the mass of displaced fluid and cp is the average fluid specific heat. R is

the thermal mass ratio:

R = 1 +
mfcp

mMCMcs

(7.10)

where mf is the entrained fluid mass in the pores. κ is the effective thermal conductiv-

ity which contains a contribution from thermal diffusion [188, 189] and a degradation

factor to account for finite convective heat transfer. Further implementation details

can be found in Burdyny et al.(2014) [117].

ζ is the effective reduced adiabatic temperature change, which approximates the

spatially varying reduced magnetocaloric effect with an equivalent value. In the

present work, ζ is the integrated average over the regenerator length which was found

to work well with second order magnetocaloric materials [117].

ζ =
1

TH − TC

∫ TH

TC

∆Tad(T )

T
dT (7.11)

The net work input, Ẇnet, is the sum of the magnetic and pump work, where the

average pressure drop is evaluated according to Ergun (1952) [80]. The semi-analytic

expression for magnetic work is given by:

ẆM =
(mMCMcs

τcycle

)
ζ
[R− 1

R
∆T ad +

Φ

R
(TH − TC)

]
(7.12)

where ∆T ad is the average adiabatic temperature change. As shown in the AMR

energy balance in Fig. 7.2, heat leaks into the cold side are modeled with a thermal

resistance (RHC), reducing the delivered cooling power (Q̇C,net) from Eq. 7.8. The

cooling power is then multiplied by the number of regenerators in the system.

Q̇C,net = nreg(Q̇C,AMR −
Tspan

RHC

) (7.13)

7.2.3 MCE implementation

In the semi-analytic AMR expressions, the specific heat and adiabatic temperature

change are interpolated from discrete low and high magnetic field strengths. The
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Figure 7.2: Schematic of single AMR showing energy balance with assumed linear
temperature distribution. Heat leaks reduce delivered cooling power.

magnetic field waveform, however, is continuous. Instead of averaging the field over

the blow periods, the flow-weighted average field (FWA) is used [83].

∆BFWA =
1

VD

(∫ 0.5τcycle

0

|B(t)V̇ (t)|dt−
∫ τcycle

0.5τcycle

|B(t)V̇ (t)|dt

)
(7.14)

Demagnetization losses relating the applied field to the internal field are implemented

as:

Bint = Bapp − µ0ρsNDσ(T ,Bapp) (7.15)

where µ0 is the permeability of free space, ρs is the refrigerant density, ND is the

average demagnetization factor and σ is the specific magnetization of the refrigerant.

The following correlation has been proposed for a bed of packed particles [118]

ND = ND,geo + (1− ε)(ND,csg −ND,geo) (7.16)

where ND,geo = 1/3 for a spherical particle, ε is the regenerator porosity and ND,csg

is the demagnetization of the regenerator geometry [119]. The required specific heat,

specific magnetization and magnetocaloric effect are generated using the Mean Field

Theory (MFT) with Gd properties [118, 120]
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7.2.4 Magnetic field simulation

The magnetic field is numerically evaluated using COMSOL Multiphysics 5.2 [190].

The magnetostatics, no current formulation is used in a two-dimensional domain al-

lowing use of the magnetic scalar potential (Vm) defined as ~H = −∇VM. Substituting

the constitutive relation for permanent magnets ( ~B = µ ~H + ~Brem) into Gauss’s law

of magnetism (∇ · ~B = 0) yields the PDE governing the magnetic field distribution

in the permanent magnet material

∇ · (µ∇VM − ~Brem) = 0 (7.17)

where µ = µ0µr, µr is the relative permeability and ~Brem is the remanence vector.

Air and NdFeB magnets are modeled with a constant permeability of µr = 1 and

µr = 1.05, respectively. Soft magnetic material is modeled as 1018 steel, and satu-

ration effects are included with experimental data from the COMSOL Multiphysics

material library.

When the reverse component of the applied field exceeds the intrinsic coercivity,

Hcj, a permanent magnet is locally demagnetized. Eq. 7.18 is evaluated through-

out the domain and used to determine the required magnet grade for the simulated

topology [74, 75].

(
µHcj + µ ~H ·

~Brem

| ~Brem|

)
≥ 0 (7.18)
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7.2.5 Topology optimization

The design vector, Ψ(χ1, ..., χn), defines the topology and contains an integer valued

design variable, χ, for each of n domains. χ defines the material or magnet direction

for the corresponding domain as summarized in Table 7.1.

Table 7.1: Design variable definitions.

χ 1 2 3 4 5 6
Material air SMM PMM ↑ PMM → PMM ↓ PMM ←

As the objective function is non-differentiable with respect to the design variables,

a metaheuristic optimization algorithm (e.g. particle swarm, genetic algorithm, simu-

lated annealing) is required. The topology optimization is implemented in MATLAB

using the genetic algorithm based on its stochastic nature and ability to accommodate

integer-valued design variables.

The algorithm begins with an initial population of m = 100 randomly generated

topologies, [Ψ1, ...,Ψj, ...,Ψ100]. After evaluating the entire population, individuals

with the highest fitness (lowest /cQ) are selected as elite and are cloned into the next

generation. The number of elite individuals is 20% of the population size. With

non-elite individuals, children are produced by either perturbing a single parent (mu-

tation) or combining the topology of two favorable parents (crossover). Mutation en-

courages design diversity while parent crossover facilitates convergence. A crossover

fraction of 0.6 is used in the present work. Convergence is determined when the

optimal topology fails to improve for 2,000 generations, which is achieved in three

weeks with an AMD FX-8350 processor. Convergence can be accelerated by seeding

known designs into the initial population, however the likelihood of a local optima

is increased. Further genetic algorithm implementation details can be found in the

MATLAB documentation.

As AMR operation is highly sensitive to Φ (Eq. 4.2), the semi-analytical expres-

sions are evaluated over a range of displaced volumes in a sub-optimization loop to

identify the minimum cost for each magnet topology. A flow chart of the optimization

process is shown in Fig. 7.3.
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Figure 7.3: Optimization flowchart. Each population is a collection of magnet topolo-
gies. The associated cost is determined in the fitness function (blue), which is evalu-
ated for each individual.



139

7.3 Design configuration

We consider the magnetic field generator designed by Bjørk et al. (2010) [164, 56],

inspired from the nested quadrupolar Halbach array. The upper region of Fig. 7.4

shows the distribution of remanence with contours of magnetic flux density [32] for a

theoretical Halbach cylinder with p = −2 nested inside an outer Halbach with p = 2

as described by Eq. 7.3 above.
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Figure 7.4: Geometry of dual nested Halbach array with theoretical remanence dis-
tribution shown next to segmented adaptation for topology optimization. Red and
blue shading indicates the high and low field regions, respectively.

A fixed cylinder gap width of g = 25.4 mm, an inner radius of ri = 76.2 mm

and an external radius of ro = 165.1 mm are considered. Square 12.7 mm magnet

segments define a grid of 39 discrete domains that are assigned properties of steel,

air or permanent magnet as summarized in Table 7.1. Annular segments (AS) are

restricted to steel or air.

Currently, likely applications of permanent magnet refrigeration devices are those

requiring low temperature spans, high cooling capacities and quiet operation. As such,

we consider a fixed rejection temperature of TH = 30◦C and a cold side temperature

of TC = 15◦C (i.e. Tspan = 15◦C). A total of 32 annular regenerators with a 1 mm

casing thickness and a length of 76.2 mm fill the magnet air gap as shown in Fig. 7.4.
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The regenerator length and geometry are based on previous experiments [61] and

entropy generation minimization analysis [25]. To improve field homogeneity, the

magnet extends 6.4 mm beyond the regenerator on both ends.

Each regenerator consists of 0.13 kg of 300 µm Gd spheres (4.19 kg total), packed

with a porosity of ε = 0.36. A heat leak resistance of RHC = 10 K/W per regenerator is

used with a cycle operating frequency of 2 Hz and a sinusoidal fluid velocity waveform.

The resistive heat leak and frequency are based on Burdyny et al.(2014) [187] and

Engelbrecht et al. (2012) [56], respectively.

The cost of electricity, /ce, is 0.12 $/kWh based on the US residential average. A

capacity factor of 0.35 is assumed over a lifetime of N = 10 years with a discount

ratio of id = 5%, as in Tura and Rowe (2014) [70]. A magnetocaloric material cost of

γMCM = 20 $/kg is considered, as in [71], with a 1018 steel cost of γSMM = 5 $/kg. The

cost of magnetocaloric material reflects optimistic expectations of a mass-produced

refrigerant with comparable properties to Gadolinium. N42 grade NdFeB magnets

are considered with Brem = 1.3 T .

The magnet cost as a function of the required intrinsic coercive strength (Eq. 7.18)

is shown below in Fig. 7.5. The $10 increase in cost from N42 to N42SH magnet grades

is based on the 4% increase in Dysprosium content [180]. The price increase beyond

1592 kA/m is set arbitrarily high to penalize designs requiring premium magnet grades

(e.g. N42UH). Although the proposed methodology is well suited for reusing perma-

nent magnet material, capital recovery is not considered; following the conservative

approach in Bjørk et al. (2016) [71].
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Figure 7.5: Specific cost versus magnet grade and required coercivity. All grades have
a remanence magnitude of 1.3 T.
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7.4 Results

7.4.1 AMR Results

Fig. 7.6 shows the semi-analytical model results for cooling power (left) and second-

law efficiency (right) versus reference utilization (Φ evaluated using peak zero-field

specific heat) for a range of applied field strengths. The cooling capacity strictly

increases with applied field strength, while a maximum is observed with increasing

utilization (Φref). The second-law efficiency (ηII = ĖxQ/Ẇnet) also increases with

applied field, however benefits diminish beyond applied field strengths of 0.75 T.

Although large cooling powers can be obtained by increasing Φref and Bapp, the ef-

ficiency and capital cost are negatively impacted as a result of the increased pump

work and permanent magnet mass. This illustrates the competing cost objectives in

the objective function (Eq. 7.6).
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Figure 7.6: AMR performance versus displaced volume (Φref) for various applied field
strengths.
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7.4.2 Topology results

The final magnet topology is shown below in Fig. 7.7, presenting the cost-minimized

balance of magnet mass and AMR performance. Red segments indicate permanent

magnet material with remanence direction shown by the arrows, and gray segments

indicate 1018 steel. Streamlines of magnetic flux intensity are shown with a color

scale from 0-1.5 T. The optimized configuration has a cost per exergetic cooling of

/cQ = 0.61 $/kWh yielding a second law efficiency of 33% at a reference utilization

of 1.26. The resulting capital and lifetime operating costs are $1, 010 and $1, 500,

respectively.

[T ]

Figure 7.7: Cost-minimized magnetic circuit with streamlines of magnetic flux.

The resulting design is non-trivial and provides insight on: (i) the optimal amount

of permanent magnet material for the considered magnetic refrigeration application,

and (ii) the magnetic circuit that optimally distributes costly permanent magnet

material. Regarding point (i), the peak field strength is of the order reported by Tura

and Rowe (2014) [70], however the presented cost-minimized magnetic circuit makes

more efficient use of permanent magnet material.

Considering point (ii), several design traits are observed. Both the inner and outer

Halbach rings have magnets orthogonal to the air gap (west-east) and flux-focusing

magnets perpendicular to the air gap (north-south, south-north). In the inner ring,

the main magnets and flux-focusing magnets converge in a soft magnetic pole-piece
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that helps distribute the flux as preferred by the outer magnet arrangement. A similar

trend is seen in the high field region of the outer ring where the main magnet and

flux-focusing magnet branches form two parallel paths for magnetic field lines. The

soft magnetic pole-piece is not present, suggesting permanent magnet material is more

important in the exterior Halbach ring.

7.4.3 Alternative metrics

The proposed methodology is now applied on the figures of merit presented in Eqs. 7.1

and 7.2. The topology and magnetic field distributions with M∗ and Λcool as objective

functions are shown in Fig. 7.8. While the M∗ optimized topology resembles the cost-

minimized design in Fig. 7.7, the Λcool optimized magnet contains a single magnet

element.

The magnetic field waveforms are shown in Fig. 7.9, where Bapp is averaged over

the regenerator at each θ. The four designs, D1-D4, correspond to the theoretical

Halbach cylinder (Eq. 7.3) and the cQ, M∗ and Λcool optimized magnetic circuits,

respectively. The vertical line at θ = 22.5◦ divides the high and low field regions,

shown in Fig. 7.4. Although the theoretical Halbach (D1) generates the strongest

magnetic field of 1.4 T, the low-field strength is non-zero which reduces the effective

field change.

7.5 Discussion

The magnetic circuit and AMR performance results are shown in Tables 7.2 and 7.3,

respectively. At a glance, the M∗ optimized circuit appears to be more favorable

than the /cQ optimized circuit, as a 2.5% reduction in applied field strength brings a

10.5% reduction in permanent magnet mass. The required coercivity of 2150 kA/m,

however, is beyond what is commercially available with a remanence of 1.3 T and

cannot be manufactured with N42-series magnet material.

Table 7.2: Magnet results for three optimized topology strategies.

BH (T) BL (T) ∆BFWA (T) mmag (kg) Hcj (kA/m)
D1−HB 1.40 0.36 0.77 47.6 916
D2 − cQ 1.13 0.01 0.90 16.3 1450
D3 −M∗ 1.10 0.01 0.88 14.6 2150

D4 − Λcool 0.29 0 0.20 0.86 607
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Figure 7.8: (a) M∗ and (b) Λcool optimized magnet topologies.

Table 7.3: AMR results for three fitness functions.
Qc (kW) Wnet (kW) ηII

D1−HB 2.87 0.50 0.30
D2 − cQ 3.32 0.52 0.33
D3 −M∗ 3.23 0.52 0.32

D4 − Λcool 0.09 0.08 0.06
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Figure 7.9: Magnetic field waveforms.

While the /cQ optimized circuit contains more magnet mass than the alternative

metrics (D3-D4), it produces the greatest magnetic field variation (∆BFWA = 0.9

T), cooling power and second-law efficiency. This presents the ideal compromise of

raw material investment, operating cost and cooling power with the added advantage

that the /cQ optimized circuit can be manufactured with N42SH grade magnet material

costing 10 $/kg more than the base grade.

The three objective functions are shown in Table 7.4 along with the capital in-

vestment and net present value (NPV) of the operating costs. As described above,

the NPV is evaluated with a discount rate of id = 5% over ten years at a capacity

factor of 0.35. As the metrics are evaluated with the flow weighted average field

change (FWA), care must be taken when comparing the presented results with liter-

ature considering only the maximum field strength. Although the permanent magnet

mass of 0.86 kg makes the Λcool optimized circuit appealing, the 0.2 T effective field

change does not yield substantial cooling power. Even with reduced capital costs,

the cost per unit cooling is significant. Costs are not presented for the M∗ optimized

refrigerator, given that the required magnet grade is not commercially available.

The /cQ optimized circuit aligns with expectations for magnetocaloric heat pumps:

high initial investment with reduced lifetime operating costs. Consider an inexpensive,

one-ton (Q̇C=3.5 kW) air conditioner with an energy efficiency ratio (EER) of 11.

The NPV of the devices electrical consumption is $3,000 over the considered lifetime
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of 10 years. While not a direct comparison, the operating cost alone exceeds the

capital and operating cost of the /cQ optimized magnetic refrigerator.

Table 7.4: Comparison of metrics. Refrigerant capital cost is $84 for each metric.

/cQ ($/kWh) M∗ Λcool Capital ($) Operating ($)

D1−HB 0.96 0.042 0.010 1990 1420
D2 − cQ 0.61 0.065 0.048 1010 1500
D3 −M∗ ** 0.070 0.053 ** 1480

D4 − Λcool 4.7 0.059 0.34 284 217

Fig. 7.10 illustrates how the optimized circuit would be implemented in a cooling

device, where blue and red segments indicate magnet material in the main and flux

focusing circuits, respectively. Streamlines of magnetic flux show the high and low

field regions of the rotating regenerator wheel. To operate as an AMR, a pump-valve

combination [56] or a piston-based system [61] would be paired with Fig. 7.10 to

oscillate fluid in the regenerators.

Figure 7.10: Example magnetic refrigerator with optimized magnet topology.

/cQ has proven to be a valuable objective function, as a myriad of phenomena are

related to cost. Using insights from the cost-minimizing quantity and distribution of

permanent magnet material, future works will explore alternative discretizations of
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Fig. 7.4, incorporate the effects of a finite-length magnet, extend the methodology to

three-dimensions and explore a wider range of AMR operating parameters.

7.6 Conclusions

To improve the feasibility of a magnetic refrigeration device, a topology optimization

is applied on a magnetic circuit to minimize the cost of cooling. For each magnet

topology, capital and operating costs are evaluated from an AMR model and magnetic

field simulation. A genetic algorithm breeds favorable designs to converge on a cost-

minimized magnetic circuit.

The methodology produces a novel magnet design with the optimal distribution

and amount of permanent magnet material. The effects of finite coercivity are shown

to have a strong impact on the design feasibility and should be included for magnetic

circuits with discrete remanence directions. A refrigerator with the optimized mag-

net topology is able to provide 3.3 kW of cooling power at a temperature span of 15

degrees, using 16.3 kg of permanent magnet material. The result is $0.61 per deliv-

ered kWh of exergetic cooling, an improvement over alternative magnet optimization

metrics.
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Chapter 8

Conclusions

The objective of this dissertation is to improve the performance and lifetime costs

of active magnetic regenerators. To accomplish this, the active magnetic regenerator

is presented as a device comprised of a (1) magnetocaloric regenerator, (2) a fluid

flow system and a (3) magnetic field source. A combined experimental and numerical

approach is employed to explore improvements at both the subsystem and device

scale. This is illustrated in 8.1 below, where the contributions of each chapter are

associated with an AMR subsystem or subsystems. The circle diameter corresponds

to the relative importance, red text denotes increasing performance and blue text

denotes decreasing cost.

Fluid flow waveforms, multilayering and operating parameter optimization are

explored as the primary means to increase performance with acceptable cost. The

dissertation first focuses on fluid flow systems (Chapter 2), where the impact of fluid

flow waveforms on active magnetic regenerator performance is experimentally inves-

tigated. A parametric investigation of the regenerative blow duration with fixed

utilization yields an 11.2 % increase in exergetic cooling power over the sinusoidal

fluid flow waveform. Flow unbalance is shown to be detrimental to AMR perfor-

mance, and is identified by the measured regenerator temperature distribution. It is

hypothesized that numerous under-performing AMR devices in literature suffer from

unbalanced flow effects.

The focus shifts to two-layered regenerators and AMR operating parameters (Chap-

ter 3). A parametric investigation of the Curie temperature spacing reveals that while

multilayering increases no-load temperature spans, the benefits decrease rapidly with

applied load. Furthermore, the largest Curie temperature spacing does not produce

the largest temperature span and, using interface temperature measurements, it was
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Figure 8.1: Relation between chapter contributions and AMR subsystems. Red and
blue text denote objectives of increasing performance and decreasing cost, respec-
tively.

shown that the warm layer fails to fully activate the cold layer. Finally, nonlinear

temperature distributions are observed, and negative layer spans are measured while

maintaining positive regenerator spans.

The results suggest that while multilayering can improve AMR performance with-

out increasing cost, the large parameter space must be modeled in detail. This is

considered in Chapter 4, where a highly efficient AMR modeling framework is pre-

sented and validated with the aforementioned experiments. The macroscopic device

performance (temperature span, cooling power) and the regenerator temperature dis-

tribution is accurately predicted for a wide range of regenerator compositions, applied

heat loads, displaced fluid volumes and heat rejection temperatures. Insights from

the model are used to inform device modifications. Enabled by the models fast con-

vergence time, an optimization is performed and a no-load temperature span of 40

K is measured in close proximity to the simulated optimum; one of the highest in

literature. The modeling framework is shown to be effective in designing regenerator

compositions for targeted applications.

To decrease costs, the magnetic field source and its interaction with the regen-

erator is explored. First, a superconducting magnetic field generator is investigated

for cryogenic liquefaction applications (Chapter 5). Measurements reveal that regen-
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erator forces can exceed a thousand pounds, even though the thermodynamic cycle

work is small. To increase active magnetic regenerative liquefier efficiency and to

minimize the magnet heating problem impeding large scale devices, the distribution

of soft magnetic material is optimized and nearly ideal balancing characteristics are

simulated.

Chapter 6 focuses on cost reductions by investigating the potential of reduced rare-

earth permanent magnet materials. A topology optimization is formulated that con-

siders demagnetization as an endogenous constraint. The optimized magnet topolo-

gies give insight on magnet designs for reduced cost, reduced rare-earth permanent

magnet materials. Although inexpensive magnet designs are generated with ferrite

for flux densities in the vicinity of 0.4 T, the required magnet volumes suggest Dy-free

NdFeB may be an equitable compromise in the ongoing performance vs. material crit-

icality debate. Furthermore, compared to magnet segments constrained to the radial

and tangential directions, the maximum magnetic flux density is increased from 0.366

to 0.483 T by including the local remanence orientation as optimization design vari-

ables. While high energy-product, rare-earth-free permanent magnet materials are

desired, this highlights the importance of permanent magnet manufacturing advances

that enable optimized designs to be realized in commercial applications.

Finally, the regenerator and magnet design problems are coupled in a perma-

nent magnet topology optimization to minimize the combined capital and operating

costs of an AMR (Chapter 7). Square magnet shapes with discrete remanence ori-

entations are chosen to facilitate the deconstruction and reclamation of permanent

magnet materials. The optimization simultaneously produces the optimal magnetic

field waveform and the optimal means of producing this waveform. The lifetime op-

erating costs of the optimized AMR device are shown to be in the realm of existing

entry-level cooling devices. Although inexpensive permanent magnet structures with

low flux densities can be produced, the lifetime operating costs associated with the

decreased operating efficiency are shown to be prohibitive.

8.1 Recommendations for future work

The following studies, presented as additions to the Chapter 7 framework, are rec-

ommended to further the pursuit of AMR devices with increased performance and

reduced cost.
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• Caloric materials are a significant and uncertain component of system cost. For

this reason, a number of materials with first order transitions are of interest

as they are comprised of low-cost, rare-earth free constituents. Future studies

should replace the single material gadolinium regenerator with multilayered first

order magnetocaloric materials, and include the regenerator composition in the

optimization.

• The optimal magnet topology was found for a single regenerator geometry and

temperature span. Future studies should include the regenerator length and

thickness (i.e. gap between Halbach cylinders) as variables in the optimization,

and explore the impact of temperature span on the optimal design and lifetime

cost.

• Chapter 7 considers packed spherical particle beds, and the results indicate

that the pump work is a significant component of the lifetime cost. Future

studies should investigate regenerator matrix geometries (e.g. 3D printed micro-

structures) to explore the impact of increased porosity on the combined capital

and operating costs.

• The magnet optimization technique in Chapter 7 is robust and effective, however

it is intrinsically naive and inefficient. Future studies should investigate how to

couple the magnet optimization methodologies developed by Insinga et al. [43]

or Lee et al. [39] with the cost optimization framework of Chapter 7.

• Permanent magnets have yet to produce the flux densities required for high-

efficiency liquefaction applications. Future studies should extend the methodol-

ogy to superconducting magnets with temperature spans pertaining to cryogen

liquefaction.
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• Although the methodology in Chapter 7 is enabled by efficient AMR modelling

tools, the semi-analytic AMR model reduces the spatially varying field waveform

to average high and low field values. Future works should implement a 1-D

numerical AMR model (such as in Chapter 3) to improve the treatment of the

magnetic field waveform.

The following will enable these investigations:

• The AMR model must be validated with experiments before implementing first

order materials in the methodology of Chapter 7.

• More computational resources are required to increase the optimization design

space. The evolutionary optimization algorithm can be spread across many

cores in a clustered computing facility. If this is pursued, it is recommended

that the COMSOL Multiphysics permanent magnet simulation is replaced with

an open source finite-element solver (FEniCS, Elmer).
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Appendix B

Material properties
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Although the discovery, synthesis and characterization of low-cost, high-performing

magnetocaloric materials is imperative, the present dissertation decouples the de-

vice problem from the material problem by focusing entirely on second-order (i.e.

gadolinium-like) magnetocaloric materials with molecular mean field theory (MFT)

generated properties. The MFT model used here is described in the masters thesis

of Oliver Campbell [3]. The field and temperature dependent adiabatic temperature

change, specific heat and specific magnetization are shown in Fig. B.1.

Section 1.1 above outlines how the entropy change and adiabatic temperature

change are obtained from magnetization data. MFT simplifies the magnetization to

the average value of a non-interacting spin system as a function of field and temper-

ature [12]:

M(T,H) = NsgJµBBJ(α) (B.1)

where Ns is the number of spins per unit mass, g is the Lande factor, J is the total

angular momentum, µB is the Bohr magneton and BJ(α) is the Brillouin function.
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Figure B.1: Adiabatic temperature change, specific heat and specific magnetization
as a function of temperature and applied field (µ0H = 0, 0.25, 0.5, 0.75, 1, 1.25 and 1.5
T) produced with molecular mean field theory (MFT) [3].



161

Appendix C

Numerical Halbach simulation
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In the work above, COMSOL Multiphysics was used to evaluate magnetic fields.

Here, a numerical solution to the dipolar Halbach array is presented. In a theoret-

ical Halbach array [28, 74, 22], the remanence (e.g. permanent magnet orientation)

continuously varies as:

< Brem,r, Brem,θ >= ||Brem|| < cos(pθ), sin(pθ) > (C.1)

where 2p is the number of poles, ||Brem|| is the magnitude of the remanence, r and θ

are the polar coordinate axis. The distribution of remanence with p=1 is shown in

Fig. C.1 below.

B =0

B =0θ

r

  

B =0r

(2)

(1)

(3)

Figure C.1: Computational domain for Halbach array with p=1. Blue lines denote
geometry: inner air bore, permanent magnet and outer air. Boundaries denoted by
(1), (2) and (3) refer to the bottom, left and outer boundaries, respectively, with
conditions (1) Bθ = 0 , (2) Br = 0, (3) Br = 0.

Bjørk et al. (2010) [32] analytically solved the governing partial differential equa-

tion using a Fourier series solution for the simplifying case of constant permeability

(µr = 1). For the case of a constant permeability and p=1, the distribution of radial

(Br) and tangential (Bθ) flux density inside the magnet bore (region I) and inside the

permanent magnet material (region II) are given as:
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BI
r = Bremln

(Ro

Ri

)
cos(θ)

BI
θ = −Bremln

(Ro

Ri

)
sin(θ)

BII
r = Bremln

(Ro

r

)
cos(θ)

BII
θ = −Brem

(
ln
(Ro

r

)
− 1
)
sin(θ)

(C.2)

C.1 Mathematical Formulation

For magnetostatics, Maxwell’s equations reduce to:

∇× ~H = 0 (C.3)

∇ · ~B = 0 (C.4)

which implies that the magnetic field is irrotational. As such, a scalar potential

function must exist such that:

~H = −∇~VM (C.5)

where ~VM is the magnetic scalar potential. In a 2-D domain, the magnetic scalar

potential takes the form:

~VM =< 0, 0, VM > (C.6)

The constitutive relation for magnetic materials is:

~B = µ ~H + ~Brem (C.7)

where ~Brem is the remanence vector or local permanent magnet orientation and µ =

4π10−7 is the permeability of free space. Combining Eq. C.7 with Eq. C.4 yields the

governing equation:

∇ · (µ∇VM − ~Brem) = 0 (C.8)

In polar coordinates, the gradient and divergence are:
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∇VM =<
∂VM
∂r

,
1

r

∂VM
∂θ

> (C.9)

∇ · ~f =
fr
r

+
∂fr
∂r

+
1

r

∂fθ
∂θ

(C.10)

Expanding the gradient in the governing equation (Eq. C.8) yields

∇ ·
([ µ∂VM

∂r
−Brem,r

µ
r
∂VM
∂θ
−Brem,θ

])
=

[
0

0

]
(C.11)

and evaluating the divergence yields:

µ∂VM
∂r
−Brem,r

r
+

∂

∂r

(
µ
∂VM
∂r
−Brem,r

)
+

1

r

∂

∂θ

(µ
r

∂VM
∂θ
−Brem,θ

)
= 0 (C.12)

Applying a chain rule (µr and ~Brem can be spatially dependent) yields:

µ
∂2V

∂r2
+
µ

r2

∂2V

∂θ2
+
∂V

∂r

(µ
r

+
∂µ

∂r

)
+

1

r2

∂V

∂θ

∂µ

∂θ
=

1

r

(
Br,r +

∂Br,r

∂r
+
∂Br,θ

∂θ

)
(C.13)

where Brem,r, Brem,θ have been written as Br,r, Br,θ for brevity. Once the solution V

is known, the magnetic flux density is post-calculated as ( ~B = ~Brem − µ∇V ):

Br = Br,r − µ
∂V

∂r

Bθ = Br,θ −
µ

r

∂V

∂θ

(C.14)

C.2 Boundary Conditions

Boundary conditions are imposed to ensure conservation of magnetic flux lines (~n· ~B =

0). This implies that the vector ~B is tangent to all boundaries as shown in Fig. C.1,

except at the left anti-symmetric boundary (2) where the vector ~B is perpendicular.

Along the bottom boundary (1), Bθ = 0. The constitutive relation of Eq. C.7 with

the definition of the magnetic scalar potential yields Bθ = 0 = Br,θ−µ(∂V
∂θ

)/r. As the

remanence Br,θ = 0 is zero along boundary (1), the Neumann boundary condition is:

∂V

∂θ
= 0|(1) (C.15)
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Along the left boundary (2), Br = 0 which indicates that ∂V
∂r

= 0. This is satisfied

with the simple Dirichlet condition V = 1.

V = 1|(2) (C.16)

Along the outer boundary (3), Br = 0 yielding the Neumann boundary condition:

∂V

∂r
= 0|(3) (C.17)

C.3 Discretization

Eq. C.13 is solved using finite differences. A uniform grid is considered where the

spacing ∆θ is independent from ∆r to allow a finer grid in the radial direction where

a discontinuity exists in the remanence (boundaries between air and magnet). Each

of the terms in Eq. C.13 above are discretized as follows, where subscripts i and j

refer to r and θ, respectively:

µ
∂2V

∂r2
=

µi,j
∆r2

(
Vi+1,j − 2Vi,j + Vi−1,j

)
+O(∆r2) (C.18)

µ

r2

∂2V

∂θ2
=

µi,j
r2
i∆θ

2

(
Vi,j+1 − 2Vi,j + Vi,j−1

)
+O(∆θ2) (C.19)

Using centered differences for first derivatives:

∂V

∂r

(µ
r

+
∂µ

∂r

)
=
(Vi+1,j − Vi−1,j

2∆r

)(µi,j
ri

+
µi+1,j − µi−1,j

2∆r

)
+O(∆r2) (C.20)

1

r2

∂V

∂θ

∂µ

∂θ
=

1

r2
i

(Vi,j+1 − Vi,j−1

2∆θ

)(µi,j+1 − µi,j−1

2∆θ

)
+O(∆θ2) (C.21)

Since the remanence is defined a priori, the following can be grouped into a bulk

term (Pi,j) that is calculated before the numerical solution:

1

r

(
Br,r + r

∂Br,r

∂r
+
∂Br,θ

∂θ

)
= Pi,j = ...

...
1

ri

(
Br,r
i,j +

ri
2∆r

(Br,r
i+1,j −B

r,r
i−1,j) +

1

2∆θ
(Br,θ

i,j+1 −B
r,θ
i,j−1)

)
...

...+O(∆θ2) +O(∆r2)

(C.22)
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Substituting these discretized formulas into the governing equation (Eq. C.13)

yields the lengthy expression for the update term Vi,j:

Vi,j =
[ µi,j

∆r2

(
Vi+1,j + Vi−1,j

)
+

µi,j
r2
i∆θ

2

(
Vi,j+1 + Vi,j−1

)
+ ...

...+
(µi+1,j − µi−1,j

2∆r
+
µi,j
ri

)(Vi+1,j − Vi−1,j

2∆r

)
+ ...

...+
( 1

4r2
i∆θ

2

)(
µi,j+1 − µi,j−1

)(
Vi,j+1 − Vi,j−1

)
− Pi,j

]
...

...
(2µi,j

∆r2
+

2µi,j
r2
i∆θ

2

)−1

...+O(∆θ2) +O(∆r2)

(C.23)

Boundary conditions are directly enforced in Eq. C.23 above. Along the bottom

boundary (1), ∂V
∂θ

= 0 which indicates that Vi,j+1 = Vi,j−1. Along the left boundary

(2), V = 1 and along the outer boundary (3), Vi+1,j = Vi−1,j.

As with all cylindrical coordinate systems, a singularity exists at r = 0. While

possible treatments involve the use of L’hopital’s rule at the origin or forcing a nonzero

radius (r(0) = ε), in the present work the origin is treated as an axisymmetric line

(V = 1, as with boundary (2) in Fig. C.1 above). Br and Bθ are then post-calculated

as the mean of the neighboring elements.

C.4 Algorithm Description

An iterative finite difference scheme is used to solve the governing partial differential

equation. Given some initial guess V 0, an improved solution is obtained by solving

Eq. C.24 at each mesh point in the domain:

V 1
i,j =

[ µi,j
∆r2

(
V 0
i+1,j + V 0

i−1,j

)
+

µi,j
r2
i∆θ

2

(
V 0
i,j+1 + V 0

i,j−1

)
+ ...

...+
(µi+1,j − µi−1,j

2∆r
+
µi,j
ri

)(V 0
i+1,j − V 0

i−1,j

2∆r

)
+ ...

...+
( 1

4r2
i∆θ

2

)(
µi,j+1 − µi,j−1

)(
V 0
i,j+1 − V 0

i,j−1

)
− Pi,j

]
...

...
(2µi,j

∆r2
+

2µi,j
r2
i∆θ

2

)−1

(C.24)

This is repeated until the following criterion is satisfied:



167

e = max
i,j
|V 1 − V 0| < 10−6 (C.25)

C.5 Results

The numerical solution of V is shown below in Fig. C.2 for nr = 200 nodes, nθ =

100 nodes, Ri = 0.5, Ro = 2, ||Brem|| = 1.3 (corresponding to N42 grade NdFeB

permanent magnet) and µr = 1.

Figure C.2: Distribution of magnetic vector potential (V ) from numerical solution.

The magnitude of the flux density (i.e. ||B||2 =
√
B2
r +B2

θ ) is shown below in

Fig. C.3 (a) and the corresponding analytic solution using Eq. C.2 is shown in Fig. C.3

(b). Both numerical and analytic solutions indicate a homogenous high-field region

inside the cylinder bore with a flux density near 1.8 T. The distribution of ||B||2 is

more sophisticated inside the permanent magnet material (e.g. 0.5 < r < 2), however

the numerical and analytic solutions are in good agreement. Outside of the Halbach

cylinder, the magnetic flux density drops to 0.
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(a)

(b)

Figure C.3: (a) Distribution of magnetic flux density post-calculated from numerical
solution of magnetic vector potential. (b) Analytic solution.
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