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Abstract

We introduce the subclass P(j, A, a,n) of starlike functions with
negative coeflicients by using the differential operator D™ which was con-
sidered by Siladgean [11]. Coefficient inequalities, distortion theorems,
closure theorems, and some properties involving the modified Hadamard
products of several functions belonging to the class P(j, A, a,n) are ob-
tained. We also determine the radii of close-to-convexity, starlikeness,
and convexity for, and consider integral operators associated with, func-
tions belonging to the class P(j, A, a,n). Finally, we extend some of the
aforementioned distortion theorems to hold true for certain operators of

fractional calculus (that is, fractional integral and fractional derivative).
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1. Introduction

Let A(j7) denote the class of functions of the form:

f(Z)=Z+ Z akzk (J € N:= {172737"'})) (11)
k=j+1

which are analytic in the open unit disk
U={z:2€C and |z]| <1}

For a function f(z) in .A(j), we define

D f(z) = f(2), (1.2)
D* f(z) = Df(2) = 2f(2), (13)

and
D"f(z)=D(D"' f(z)) (neN). (1.4)

'The differential operator D™ was introduced by Salagean [11]. With the help of the differ-
ential operator D™, we say that a function f(z) belonging to A(j) isin the class Q(j, A, a, n)
if and only if

LR O
(1= D" f() + A D™ (3)

} >a (neNy:=NuU{0}) (1.5)

for some a (0 L a < 1) and A(0 £ A < 1), and for all z € U.
Let 7(j) denote the subclass of A(j) consisting of functions of the form:

o0
f(z)=2z- Z ay 2* (ax 2 0; jeN). (1.6)
k=j+1
Further, we define the class P(j,\, a,n) by
PU:Aayn) = Q(5, A, a,n) N T(j). (1.7)

We note that, by specializing the parameters j, A, @, and n, we obtain the following

subclasses studied by various authors.



(i) P(4, 2, 0,0) = P(j, A, @) (Altintag [1]);
(ii) P(1,0,a,0) = T*(a) and P(1,1,0,0) = P(1,0,a,1) = C(a) (Silverman [14]);
(iii) P(4,0,2,0) = To(j) and P(4,1,a,0) = P(j,0,a,1) = Ca(j) (Chatterjea [3] and
Srivastava et al. [20]);
(iv) P(4,0,a,n) = P(j,a,n), where P(j,a,n) represents the class of functions
f(2) € T(j) satisfying the inequality:

D" () Cocaet e
QR{W—}>O( - (neNy; 0Lax<l; EU); (1.8)

(v) P(4,1,a,n) = P(j,a,n + 1), where P(j,a,n + 1) represents the class of functions
f(2) € T(j) satisfying the inequality:

D™ f(2))’ C0<a<l 2
§R{ D (3 }>a (neNy; 0<a<l; zeld). (1.9)

The present paper aims at providing a systematic investigation of the various inter-

esting properties and characteristics of the general class P(j, A, a,n).

2. Coefficient Estimates and Other Properties
of the Class P(j,), a,n)

Theorem 1. Let the function f(z) be defined by (1.9).

Then f(z) € P(j,A, a,n) if and only if

i E'(k—a){l1+(k—DA}ar <1-a. (2.1)
k=j+1

The result is sharp.



Proof. Assume that the inequality (2.1) holds true. Then we find that

(1 =) z(D" f(2)) + Az(D™* f(2))"

C-ND" )+ A D f(z)
5> kn(k = 1){1+ (k — 1)A} ag|z[t-1
< k=it _
1— 3 k{14 (k- 1)A} axlz/t—
k=j+1
S B (k= D{Ll+ (k— 1A} a
< k= _
1— 2 k{14 (k-1
k=j+1
<l-oa.

This shows that the values of the function

(1= A) =(D" f(2))' + A=(D™* £(2))'
(1 =A) D" f(2) + A D™ f(2)

®(z) = (2.2)

lie in a circle which is centered at w = 1 and whose radius is 1 — a. Hence f(z) satisfies

the condition (1.5).

Conversely, assume that the function f(z) is in the class P(j, A, a,n). Then we have

" { (1=X)2(D" £(=))' + A=(D+ f(Z))’}
(T-ND" f(z)+ AD™¥ f(2)

1= 5 B{1+ (k= 1)\} ag 251 (2.3)
=% k=°]°+1 > a,
1- > k{1+(k=1)A}arzF?
=]+1

for some o (0 < a < 1), some A (A > 0), n € Ny, and z € Y. Choose values of z on the
real axis so that ®(z) given by (2.2) is real. Upon clearing the denominator in (2.3) and

letting z — 1— through real values, we can see that

1- i EPH1 4+ (k-1DA}ax > a (1 — i E™{1+ (k—1)A} ak) : (2.4)

k=j+1 k=j+1

Thus we have the inequality (2.1).



Finally, the function f(z) given by

_ l—a k
(k- a){1+ (k- 1A} -

flz2)== (kzj+1; jEN) (2.5)

is an extremal function for the assertion of Theorem 1.

Corollary 1. Let the function f(z) defined by (1.6) be in the class P(j,\,a,n). Then

1—o

%S w1l + (F= 1]

(k=5 +1). (2.6)

The equality in (2.6) is attained for the function f(z) given by (2.5).

Theorem 2. Let0< a1 a2 <1,0<)A<1,j€N, andn € Ny. Then

'P(j’A’alvn) _.3.. P(]7 Aa Olz,n). (27)

Proof. Let the function f(z) defined by (1.6) be in the class P(j, A, az,n) and let
a; = ag — 6. Then, by Theorem 1, we have

o0

D E(k—ar){1+(k—1)A}ar S1-ay (2.8)
k=j+1
and
n - < . .
Z {14 (k- DA} ax < +1_a2<1 (2.9)
k=j+1
Consequently,

i k(k — an){1+ (k — DA} az = i E(k — a){1+ (k — 1)A\} ax

k=j+1 k=j+1
> 2.10
+8 Y E {1+ (k-1 ax (2.10)
k=j+1
S 1-—- Q.
This completes the proof of Theorem 2 with the aid of Theorem 1.
Theorem 3. Let 0 a<1,0< ) <M <1,j€N, and ne Ny. Then

P(J? A1,01, n) 27)(.77 >‘27a7n)' (211)

]



Proof. 1t follows from Theorem 1 that

i E*(k—a){1+ (k= DAt} ax < i E™(k — a){1+ (k — DAz} ax
k=j+1 k=j+1

<l—-a
for f(z) € ’P(j,’\%a’n)'

Theorem 4. For 0 <a<1,0<A<1,je€N, and n € Ny,

P, A a,n+1) CP(4,A a,n). (2.12)

The proof of Theorem 4 follows also from Theorem 1.

3. Distortion Theorems

Theorem 5. Let the function f(z) defined by (1.6) be in the class P(j,\, a,n). Then,

for |z] =r < 1,

i l-a j+1
A s C T (e s s (31

and

i l-«a i
|D f(z)lsr+(j+1)"—"(j+1—a)(1+j,\)r+1 (3.2)

(zel; 0<i<n).

The equalities in (3.1) and (3.2) are attained for the function f(z) given by

6= 2= g Ifa) At =) (3.3)
Proof. Note that f(z) € P(j, A, a,n) if and only if
D! f(z) € P(j, \,a,n — 1)
and that
Dif(z)=2— i k' ay 2*. (3.4)

=j+1



By Theorem 1, we know that

GHD™G+1-a)14+50) 3 Far< 30 E(k—a){l+ (k—1)\) o

k=j+1 k=j+1 (3.5)
<1l- a,
that is, that
= ; l-a
Z kl ag S (36)

Mg G+D*G+1-a)(1+53)

The assertions (3.1) and (3.2) of Theorem 5 would now follow readily from (3.4) and (3.6).
Finally, we note that the equalities in (3.1) and (3.2) are attained for the function f (2)
defined by

i — l -« LI+l
P& = i G i—aa e (31

This completes the proof of Theorem 5.

Corollary 2. Let the function f(z) defined by (1.6) be in the class P(j, ), a,n). Then,
for |zl =r <1,

l—-a i1
’f(2)|2"—(j+1)n(j+1__a)(1+j,\)r+ (3.8)

and

lf) <r+ (j+1)"(jiIfa)(1+j,\) it (zel). (3.9)

The equalities in (3.8) and (3.9) are attained for the function f(z) given by (3.3).

Proof. Taking i = 0 in Theorem 5, we immediately obtain (3.8) and (3.9).

Corollary 3. Let the function f(z) defined by (1.6) be in the class P(j, ), a,n). Then,
for |z] =r < 1,

NS T l-a i 31
fi(z)l =21 GG+ (3.10)
and
p l-« j ;
() <1+ Gr—Grioaany” (z e l). (3.11)

The equalities in (3.10) and (3.11) are attained for the function f(z) given by (3.3).

Proof. Setting i = 1 in Theorem 5, and making use of the definition (1.3), we arrive

at Corollary 3.



4. Convex Linear Combinations
In this section, we shall prove that the class P(5, A, a,n) is closed under convex linear
combinations.
Theorem 6. P(j,\, a,n) is a conver set.

Proof. Let the functions
fu(z)=2z— Z ay k 2F (avr 2> 0; v=1,2) (4.1)
E=j+1

be in the class P(j, A, @,n). It is sufficient to show that the function h(z) defined by

Wz =p i)+ (- fa(z)  (0<p<1) (4.2)

is also in the class P(j, A, a,n). Since, for 0 < p < 1,
hz)=z- > {paig+(1-p)as} 2%, (4.3)
k=j+1
with the aid of Theorem 1, we have
oo
o k(k—a){1+(k-DA {parp+ (1 —p)age} <1—a, (4.4)
k=j+1
which implies that h(z) € P(j, A, a,n). Hence P(j, ), a,n) is a convex set.
Theorem 7. Let fj(z) =z and

l1-a -
fi(z) =2z - k*(k — a){1 + (k- 1)A} i

for0<a<1land0< X< 1. Then f(2) is in the class P(j, A, a,n) if and only if it can

be expressed in the form:

F(2) =) e ful(2), (4.6)
k=j
where N
pe20 (k23) and ) =1 (4.7)
k=j



Proof. Assume that

f(2)= mk fil2)

k=3

(4.8)

> l—-a %

=z — E - Hk 2.

My k*(k —a){1+ (k— 1)}
Then it follows that
i k"(k—a){l-{-(k—l))\}_ l-a
My l—a Er(k—a){1+(E=1)A}

(4.9)

oo
= >, m=1-p<L
k=j+1

So, by Theorem 1, f(z) € P(j, A, a, n).
Conversely, assume that the function f(z) defined by (1.6) belongs to the class
P(j, A, a,n). Then

l-a

%S rTanraTy (k2L neN). (4.10)
Setting
= = a)1{1_4‘-1(k "D o (k241 neNy) (4.11)
and -
pi=1— Y pu, (4.12)

k=j+1
we can seen that f(z) can be expressed in the form (4.6). This completes the proof of

Theorem 7.

5. Radii of Close-to-Convexity, Starlikeness, and Convexity
Theorem 8. Let the function f(2) defined by (1.6) be in the class P(j, A, a,n). Then
f(z) is close-to-convez of order p (0 < p < 1) in |z| < ry, where

(1= p)k"~1(k — a){1 + (k — A}V

]l -«

= Tl(}"avnvp) = u’gf (k 27+ 1)' (5'1)

9



The result is sharp, the extremal function f(z) being given by (2.5).

Proof. We must show that
If,(z) - 1[ <1- P for Izl < Tl()" a,n7p)7

where r1(A, @, n, p) is given by (5.1). Indeed we find from the definition (1.6) that
F'(2)=1< D7 kaxlof
k=j+1
Thus
If'(z)-1<1-p

if

i (lfp) ag |2[F71 < 1. (5.2)

k=j+1
But, by Theorem 1, (5.2) will be true if

() bt < Bkl (oo
1-p l-a

that is, if

(1 — p)k™=Y(k — a){1 + (k — 1)A}] /¢~

l—a

2] < [ (k>j+1). (5.3)

Theorem 8 follows easily from (5.3).
Theorem 9. Let the function f(z) defined by (1.6) be in the class P(j, A, a,n). Then

f(2) is starlike of order p (0 < p < 1) in |z| < ry, where

O EE — o o YG-D
ro = ro(A,a,m, p) 1= iIlif [(1 p)k(gck_ p)()l{l—f;gk DA} (k2j+1). (5.4)

The result is sharp, with the extremal function f(z) given by (2.5).

Proof. 1t is sufficient to show that

z f'(z)
f(2)

- 1! <1—-p for |z] <re(A,a,n,p),

10



where r2(), @, n, p) is given by (5.4). Indeed we find, again from the definition (1.6), that

5 (k- 1) ak o

z f'(2) l k=j+1
2 1< —
f(z) 1-— ) Z+1 ag |2kt
=j
Thus
|zf'(z)v *11 <1,
| fz 1777
if -
3 (k = ”) a |zF1 < 1. (5.5)
k=j+1 1 P

But, by Theorem 1, (5.5) will be true if

(t_e) 21 < E™(k — a){1+ (k — 1)/\},
1-p l-a

that is, if

(1= p)k™(k — a){1 + (k — YA}/
(k=p)(1 - a)

Theorem 9 follows easily from (5.6).

2] < [ (k2 +1). (5.6)

Corollary 4. Let the function f(z) defined by (1.6) be in the class P(j, \,a,n). Then
f(2) is convez of order p (0 < p < 1) in |z| < r3, where

(1= k" 2k — a){1 + (k — YA} /7
(k—p)(1-a)

The result is sharp, with the extremal function f(z) given by (2.5).

r3 = r3(\, a,n, p) = iI’:f (k>j+1). (5.7)

6. Modified Hadamard Products

Let the functions f,(z) (v = 1,2) be defined by (4.1). The modified Hadamard product
of fi(z) and f3(2) is defined by

(fixfa)(z) =2 - i ayk ok 2. (6.1)

E=j+1

11



Theorem 10. Let each of the functions f,(z) (v = 1,2) defined by (4.1) be in the
class P(j, \,a,n). Then

(fl * f2)(z) € P(]a Aaﬁ(jﬂ\,o‘,n))n)a

where

G+D"A+50) -G +1) <]+1-—a)2A

G143 - (555)

B, A, ayn) =

7"

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [13],we need to
find the largest 8 = B(j, A, o, n) such that

i E*(k— B {1+ (k—-1)A}

a1 a2k < 1. (6.3)
k=j+1 1-8
Since
2 kM- a){1+ (k—1))
y a)l{_ E-DY < (6.4)
k=j+1 o
and
2 k(k=a){l+(k=1)\
e L (6:5)
k=j41 o
by the Cauchy-Schwarz inequality, we have
=~ kMk—a){1+(k—1)A
Z ( a)i{_ ( ) } 1/a1,k az,k _<__ 1. (66)
k=7+1 @
Thus it is sufficient to show that
kM (k—-p k™ (k — i
—%:’ﬁ—'a kazk-ﬁﬂm (k=2j7+1), (6.7)
that is, that
k—a)(l-~ :
Va1,k a2k S El Z;((k g; (k>j+1). (6.8)
Note that
l—-« .
< > . .
VaREES pa Ty oDy P2 (69)

12



Consequently, we need only to prove that

l—a <(k—-a)(1—ﬂ)

kr(k—a){1+(k—DA ~ 1—-a)k—B) (k>j+1),

or, equivalently, that

B R %gg-)

N
Loyl
v
s,
+
ek
N

=y

k{14 (B =1} — (.,1_5%

Since
{4 (k-0 — & (R2)
{1+ (k— 1))} — (-,1;5%)2

is an increasing function of k (k > j + 1), letting k = j + 1 in (6.12) we obtain

A(k) =

G+1m+iN -G+ (fe2)]

GHOm+in - (75%)

BSA(G+1)=

which proves the main assertion of Theorem 10.

Finally, by taking the functions

=z— 1-« 2t v =
A R RS ey R s

we can see that the result is sharp.

Theorem 11. Let
fi(z) € P(4,A\,a,n) and  fa(z) € P(4, A, 7,n).

Then
(fl *fZ)(z) € 'P(j,A,é(j,/\,a,'y,n),n),

where

G+D"(+i0 -G+ (752%5) (%)
G+or+n - (78%) ()

13

6(]‘7 A’ a77’ n) =

(6.10)

~~~
2]
j—
—
N

(6.12)

(6.13)

(6.14)

(6.15)



The result is the best possible for the functions

l-« :
=z— — , — 7t 6.16
fulz) == G+D"G+I-a)d+4N) (6.16)
and

1—vy j+1
=z — — - - . 6.17
RO =2 G- a (647

Proof. Proceeding as in the proof of Theorem 10, we get
EP {14+ (k—DA} -k (i=2) (1=

< ( ) (" ”) (k>j+1). (6.18)

Tk - - (=) ()

Since the right-hand side of (6.18) is an increasing function of k, setting k¥ = j+1 in (6.18),
we obtain (6.15).
This completes the proof of Theorem 11.

Corollary 5. Let the functions f,(z) defined by

fu(2)=2— Z av i 2 (v 20; v=1,2,3) (6.19)
k=j+1

be in the class P(j, A, a,n). Then

(.fl *f2 *fS)(z) € 'P(],)\,5(], A,a,n),n),

where 3
G+D7A+0 -G+ ) (7355
8(j, \, a,n) = (’“3 ) (6.20)
G+ 121+ 0) - (F52)
The result 1s the best possible for the functions
fol2) =z - 1« A () =1,2,3). (6.21)

G+D*G+1-a)(1+5N)

Proof. From Theorem 10, we have

(fl * f2)(z) € P(Js ’\716(js’\7a7n)an)’

14



where f is given by (6.2). Now, using Theorem 11, we get

(fl * f2 *f3)(2) € P(j7A36(j1/\7a’ n)a"’)v

where

G+D"1+i0 -G+ (35%) (725)
G+ 4352 - (,+1i'a) (jiffﬂ)

_ G4+ -G+ 1) (J+1-°')3

2 2 o)
G+1(1+54) - (j+1—a)
This completes the proof of Corollary 5.

8(j, A a,n) =

Theorem 12. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the class
P(4, A, a,n). Then the function

h(z)=z— Z (af i + a3 i) P (6.22)

k=j+1

belongs to the class P(j,\,n(j,\,a,n),n), where

G+ -2 +1) (752
G+r+in -2 ()

The result is sharp for the functions f,(z) (v =1,2) defined by (6.14).

104, A, e,n) = (6.23)

Proof. By virtue of Theorem 1, we obtain

i [k"(k —a){l+ (k- 1))\}]2 2,

i l-a

(6.24)

IN
et

l—a

3 [ S (k- a){l4 (=D }
<2
k=j+1

and

i [k"(k a){1+(k—1)A}] 2,

k=j+1 l-a

(6.25)

. 1-
=J+]_

S[i k"(k—a){1+(k—1)/\} } <

15



It follows from (6.24) and (6.25) that

= k" (k — a){1 4 (k- 1)A}
> 3

l1—-a

] (a1 +a3s) <1 (6.26)
k=j+1

Therefore, we need to find the largest n = n(j, A, @, n) such that

k™ (k — n)1{1_4;(k— 1),\} %[kn(k_a)fiz(k_ 1)/\}J (k>j+1),  (6.27)
that is,
B+ (k= 1A - 2k (f2) |
n< - (k2 j+1). (6.28)
{1+ (k- 12} -2 (k=2)
Since '
{1+ (k- 1A} — 2k (1=2)”
Q(k) = i E-DA -2 (k‘“)z (6.29)
Er{1+ (k- 1A} -2 (4=2)
is an increasing function of k£ (k > j + 1), we readily have
D)1+ 5A) -2 1 :
nSQ(j+1)=(]+)( Nt )(’+1 a) , (6.30)

G+ 40 -2 (752

and Theorem 12 follows at once.

7. A Family of Integral Operators

Theorem 13. Let the function f(z) defined by (1.6) be in the class P(j, A, a,n), and
let ¢ be a real number such that ¢ > —1. Then the function F(z) defined by

F(z )_c+1

/ £UfE)dt (> —1) (7.1)
0
also beongs to the class P(j, A, a,n).

Proof. From the representation (7.1) of F(z), it follows that

Fz)=z~- Z by, 2%,

k=j+1

16



where

by, = ctl a
P \err)
Therefore, we have
oo . o0 . c+ 1
> k(= o){1+ (k= 1)A\}b = >k (k—a){1+(k—1)A}( )ak
- . c+k
k=j+1 k=j+1

< i En(k — o) {1+ (k — 1)A} ax
k=j+1

S 1- «,
since f(z) € P(j, A, o, n). Hence, by Theorem 1, F(z) € P(j, ), a, n).
Theorem 14. Let the function
F(z)y=2z~- Z ay z* (ax 2 0; j€N)
k=j+1

be in the class P(j, A, a,n), and let c be a real number such that ¢ > —1. Then the function
f(2) given by (7.1) is univalent in |z| < R*, where

n—1f1 A c 1/(k-1)
R e i [(k—a)k {1+ (k- 1)AX +1)} k24D, (12

(1—a)(c+k)

The result is sharp.

Proof. From (7.1), we have

_ 27z F(2)} _ = [c+k
flay =22 wz_k;(c“)akzk.

In order to obtain the required result, it suffices to show that
|f'(2) =1] <1 whenever |z| < R*,

where R* is given by (7.2). Now

If'(z) 1] < Z -@%C—}flak 2|51,
k=341

17



Thus |f'(z) — 1| < 1 if

i k(c+ k)

k-1
et 1 ag ]z] < 1. (73)

k=j+1
But Theorem 1 confirms that

5 qu_a¥izm-4)uakgl. (14)

k=j+1
~ Hence (7.3) will be satisfied if

k(c+k) 2[F1 < k*(k = a){1+ (k- 1)A}
c+1 l—a

that is, if

(k — a)k™ {1 + (k — DA} (c+ 1)1V *-D
(1—-a)(c+k)

Therefore, the function f(z) given by (7.1) is univalent in |z| < R*. Sharpness of the result

follows if we take

2| <

(k>j+1). (7.5)

(1 —a)(c+k) k

f(z) =2z~ Er(k — a){1 + (k- )X} (c+ 1) ‘

(k>j+1). (7.6)

8. Applications of Fractional Calculus

Many essentially equivalent definitions of fractional calculus (that is, fractional deriva-
tives and fractional integrals) have been given in the literature (cf., e.g., [2], [4, Chapter
13], [5], [6], [7], [9], [10], [12], [15], [16, p. 21 et seq.], [18], [20], [22], and [24]). We find it
to be convenient to recall here the following devinitions which were used earlier by Owa

8] (and, subsequently, by Srivastava and Owa [17]).

Definition 1. The fractional integral of order u is defined, for a function f(z), by

(9
MW Jo =QF

where f(z) is an analytic function in a simply-connected region of the z-plane containing

D:* f(2) =

¢ (u>0), (8.1)

the origin, and the multiplicity of (z — ()~ is removed by requiring log(z — ¢) to be real
when z — ¢ > 0.
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Definition 2. The fractional derivative of order p is defined, for a function f(z), by

1 d [T Q)
D)=t % ) g ® (0<k<1), (82)

where f(z) is constrained, and the multiplicity of (2 — ¢)~* is removed, as in Definition 1.
Definition 3. Under the hypotheses of Definition 2, the fractional derivative of order

n + p is defined by

n

DM F(2) = 3‘?; DEf(z) (0<p<1; neNo). (8.3)

Theorem 15. Let the function f(z) defined by (1.6) be in the class P(j, A, a,n). Then

1 (D f(s i P (1-a)T( +2)T(2+ p) i
P2 (OS2 {1~ GG e T ) (9
and '
—1 (Di f(z |zt (1-a)T(+2)T(2+ u) N
022 (0 1= s (4 GG = s Fa T ) 69
(L>0; 0<i<n; zel).
The result is sharp.
Proof. Note that
f(z) € P(j,\ a,n) & D' f(2) € P(j,\, o, — i)
and that -
Dif(z)=z— E k' ay, 2*. (8.6)
k=j+1
By Theorem 1, we know that
G+ G +1-a)(145)) Y Ka
k=j+1
< i E*(k—o){1+(k—1)A}ax (87)
=j+1
S 1~ a,

19



that is, that

= l—-«
Z k'ap <
k=j+1

Let .
F(z)=T(2+p)z"" D;* (D' f(z))
e i T(k+ 1DI(2 + p)

ki k
Tk+1+p) = 7

k=141
7t

=z— Z U(k) k' ay ¥,
k=j+1
where
T(k+1)T(2 + p)
Tk +1+ p)

(k) = (k>j+1).

Since
L7+ 2)T(2 + p)

0< (k) <TG +1)= NCETE

Therefore, by using (8.8) and (8.11), we see that

IF(2)] 2 |2] = TG + D)l Y Ko
k=j+1

-G +2)T2+p)

S GHDGF1—a) (1450

_>_|Z|=—(

and

FE <+ 06+ D0 S Ko
k=j+1

(1-0)T(G+2)T(2+p)

JHDT I+ 1 - )1 +NT( +2+4)

< el +

which prove the inequalities (8.4) and (8.5) of Theorem 15.

The equalities in (8.4) and (8.5) are attained for the function f(z) given by

D7* (D' f(2)) =

G+ G +1-a)1+jNTG +2+p)

T T2+
or, equivalently, by

o 1-a 2
D' f(z)==2 G+ G +1=-a)(1+jA)

20

o - (1=a)T( + 20 4+ ) ,
GO G+ 1-a) L +i00G +2+4)

(8.8)

~~
oo
©
S

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)



Thus we complete the proof of Theorem 15.
Taking ¢ = 0 in Theorem 15, we have

Corollary 6. Let the function f(z) defined by (1.6) be in the class PG, A, a,n). Then

—u =l [ 1-a)T(G+2)T(2+p) i
D112 pa { GG FI-a)(1 400G +25m " } (8.16)
and
—u |2 H# (1 —a)T(j + 2)T(2 + p) ;
|DZ* f(2)| < F(2+y){ GF G F1=a)( TG 125 |2| } (8.17)

(p>0; z€ld).
The equalities in (8.16) and (8.17) are attained for the function f(z) given by

GrOG+i-a) AN~ (8.18)

fe) =z -

Theorem 16. Let the function f(z) defined by (1.6) be in the class P(j,\, a,n). Then

v (i e P (1 —a)T( +2)T(2 - p) i
DF P12 5 {1~ GG ] 69
and
i (i |2t —# (1= a)T(j +2)T(2 ~ p) i
|D% (D*f(2)) | < T {1 + GF 01— a0 TG T3 |2] } (8.20)
0<u<l; 0<i<n-1; zelU).
The result is sharp.
Proof. Let .
G(2) =T(2 - ) 2" D¥ (D' £(2))
-, — T(k+1I(2-p) ige ok
- kgj;-l Thti-p) @ (8.21)

oo
=z— Y O(k) kit a2k,
k=j+1
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where
_ T(B)T(2 ~ p)
Ok) = L(k+1—p)

It is easily seen from (8.22) that

(k>j+1) (8.22)

LG+ —p)

0<Ok)<OG+1)= TG +2-7%) (8.23)
Consequently, with the aid of ( (8.23), we have
G 2 1l G + Dl 3 kg
= (8.24)
> |2] — _(.1'—0‘)1“(]"*‘2)1_‘('2"#? |23+
G+ 0 +1-a)(1+ 700G +2 - p)
and o
G < lel+ 03 + D[ 3 kHay
k= (8.25)
<zl + (1—o)T(j +2)T'(2 - p) 12341,

G+ 0 +1=a)1+JN0(G +2— p)
Now (8.19) and (8.20) follow from (8.24) and (8.25), respectively.
Since the equalities in (8.19) and (8.20) are attained for the function f(z) given by

. Sk (1- )T( + 20 — p) j
D (D*4(2) = 5z = M{1—0+U“W+1—®O+ﬂﬁﬁ+%ﬂ0z} (8.26)

or for the function D? f(z) given by (8.15), the proof of Theorem 16 is thus completed.

Taking 2 = 0 in Theorem 16, we have

Corollary 7. Let the function f(z) defined by (1.6) be in the class P(j, A, a,n). Then

|D* f(2)| > Fl z|' {1 _ (1-a)T(G +2)T(2 - p) Izlj} (8.27)

(2—n) G+D"G+1-a)1+N0(G +2 - p)
and
n lzll" (1-a)T(G+ 12 - 48) j ;
D@ S 5= {1+ GI)Gril-a)(l+iNTG+2-5) } (8.28)

0<p<1; zeld).
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The equalities in (8.27) and (8.28) are attained for the function f(z) given by (8.18).

9. A Generalized Fractional Integral Operator

We need the following definition of a generalized fractional integral operator given by

Srivastava et al. [23].

Definition 4. For real numbers p > 0, v, and 6, the generalized fractional integral

operator I&’:’E is defined by

#yY,6 zThT[F -1 ¢
L, f(z)=m/0 (z—=O)* F(#+’7,-‘5;N;1—;) f(¢)d¢, (9.1)

where f(z) is an analytic function in a simply-connected region of the z-plane containing

the origin, with the order

f(2)=0(lz°) (2 —0),

with € > max{0,y —é} — 1. Here F(a,b;c; z) is the Gauss hypergeometric function defined
by

S (O
F(a,b;¢; ).—g (s k (9.2)

where (A) is the Pochhammer symbol given by

._I‘(/\—}-k)__{l (k=0)

(A = IO T \AG 4D Otko1)  (he), (9.3)

and the multiplicity of (z — {)*~! is removed by requiring log(z — ¢) to be real when
z—(¢>0.

Remark 1. When v = —p, we have
B f(z) = D;* f(2),

where the fractional integral operator D;# is given by Definition 1.

In order to prove our result involving the generalized fractional integral operator I(’)‘, ’:’6,

we recall here the following lemma due to Srivastava et al. [23].
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Lemma 1. If y >0 and k >y — 6 —1, then

Iu,‘y,é 25 = F(’i + ].)F(fi - + 6 + 1) K=Y
0.2 M'e—v+1)T(k+p+6+1)

(9.4)

With the aid of Lemma 1, we now prove

Theorem 17. Let u >0, v <2, p+6 > -2, v =6 <2, y(p+68) < pu(j +2), and
j € N. If the function f(z) defined by (1.6) is in the class P(j,v,a,n), then
P2—v+8)z'™
IF'2—-v)I(2+p+96)

. {1 _ (1 - a)(2—7+6);(2); Izlj}
G+DPG +1=0)(A+5A)(2 = )2+ p+ 6);

12" £(2)] 2

(9.5)

and
[(2—v468)z'7

FrE2-yTr@2+p+9)

_{1+ (1 —a)(2 -7 +6);(2); Izlj}
G+ +1-a)1 45702 = 7)i(2+ u+6);

187° £(2)| <
(9.6)

for z € Uy, where

U (v<1)
U - {0} (y>1).

The equalities in (9.5) and (9.6) are attained for the function f(z) given by (8.18).

Proof. By using Lemma 1, we have

F(z -7+t 6) L1
T 1T+ r+9)

57 f(z) =

1<

(9.8)

~ D+ 1DTk—-7y+6+1) ke
- € Uy).
:‘,;1 Th—7t TG +ut ot ®>  (FEHh)

Lettin
; H(z)= L= DI+ u+8)
T2 -7+ 9)

2 I8 f(2)

o (9.9)
=z— Y E(k)axz*,

k=j+1



where
(2 -7+ 5)k——1 (2)k—1
(2= 7Ve-1(2+p+ )1

we can see that Z(k) is non-increasing for integers k > j + 1, and we have

=(k) =

(k>j7+1),

0 <E(k) SE(G+1) = 2 5 (“; ?L(i)g),-'

Therefore, by using (8.8) (with 7 = 0) and (9.11), we have
o0
H(2)| 2 |2] —EG + D) | > a
k=j+1
2 Izl _ (1 - a)(z — + 6)] (2)] |Z|j+1

G+ +1-a)1+50)2 - 7);(2+ 4 +6);
and
|H(2)| < |2 + 2G + 1) |7 DY ax
k=j+1

(1—a)(2-v+ 5)]' (2)1' |Z|j+1

R C T C R S G RN (PR R e

for z € Uy, where Uy is defined by (9.7). This completes the proof of Theorem 17.

(9.10)

(9.11)

(9.12)

(9.13)

Remark 2. Taking ¥ = —p in Theorem 17, we get the assertion of Corollary 6.
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