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ABSTRACT
In this thesis we refute the eqhi&alence of the Weyl line mass
solution of "length" 2‘%‘? to the exterior Schy:arzschild
" solution. Equivalently, this work is a refutation of the inter-
" pretation, accepted for over fifty years, that the Weyl line
mass solution of this critical "length" is spherically symmetric.
This refutation is approached in three ways. .
Firstly, the refutation is based on a examination of metric-
coordinate interdependence. Specifically the role of a coordinate'
‘truncation im determining a metric geometry is examined.
Secoﬁdly, the refutation is based on the intrinsic, phys{b-'
al differences between the bounaaries of the two solutions. In

this approach intrinsic singularities of the Weyl solution are
R

examined through analysis of the scalar ﬁE Xgys and

application of the elementary flatness criterion.l
Thirdly, tHe symmetries of the two solutions aré shown to
be intrinsicélly different using Killing vector analysis. It is
shown conclusively thét_the Weyl line mass solution of "length"
&Q@g is not a spherically symmetric solution,
Some of the works in the literature, which rely on the

representation of a point mass by a line mass of characteristic

267
"length" <2 and which must be consequently modified in light

of our reinterpretation, are discussed.
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' CONVENTIONS AND NOTATIONS

-

The term‘"SchWérzschild" is used in referring to the
form of the Weyl line.mass solution for "length" 2%"
commonly interpfeted as being the bona fide Schwarzschild
solution. Quotation marks indicate the authors contention
that this form of the Weyl solution is not in fact the
Schwarzschild solution.v
Greek and Latin indices for vectors and tensors are used
in accordaﬁce with the following convention{ Greek for the
four dimensions of space-time; lower case Latin for the
three spatial dimeﬁsiﬁns of épace-time; upper case Latin
for the tetrad components of tensors in the differential
forms section, Consequently the Greék indices run over
A71,2,3,4 (witg/z=h the temporal component); the lower
case Latin indices run over (=1,2,3; and the upper case
Latin indices rian over'Aéi,Z,B,L.
Einstein summation convention is used throughout. For
example, A A%z AR+ AR +AA+AAY
Ordinary derivatives are denoted by! :
JAX o pu
Fxe '@

The covariant'derivat%;e of a vector or tensor is denoted in

similar fashion with a semi-colon replacing the comma. For

examnle, the ,éovariant der‘ivative' of a vector, ﬁ‘f is /)‘f(o
In the differential forms treatment of sections 5.2 and

5.3, A/U refers to the exterior diffefentigl'of a form /1.



Elsewhere a(/l refers to the ordinary differential. The
: . «@ 4
covariant differential of a vector, A , is denoted by Dﬂ .

The wedge product of differential forms is denoted by

the symbol /\ .



CHAPTER 1

INTRODUCTION

Bach and Weyl in their now famous paper (Bach and Weyl,
1922) demonstrated phét the Weyl (or Levi-Civita) metric
(Weyl, 1918, 1919 and ﬁévi-Civita, 1919) for a line mass of
"length" equal to thé Schwarzschild fadius could be trans-
formed by means of a conformal mapping into "Schwarzschild"
form. In the intervening fifty years the literature has
" accepted this transformation and its ramifications unquest-
ioningly. The solution to the line mass of this particular
length ( ff%" ) hés consequently come to be interpreted as
the exterior Schwarzschild solution or, equivalently by
Birkhoff's theorem (Birkhoff, 1923), the most general spher-
ically symmetric solution in vacuum, This thesis shall be an.
attempt at a refutation of this argument. The hope is that
in refutaﬁion of the traditional afgument certain of its un-
appealling and bewildering conseguences éhall be removed
from the relativity theory of Einstein and that consequently
intuition and theory will be in more harmonious accord.

As Weyl (1952) so aptly put it: "Symmgtry, as ﬁide or
as narrow as you may define its meaning, is. one idea by
which man through the ages has tried to comprehend and create
order, beauty, and perfection”. fhis functional aspect of
symmetry in comprehending the order‘of reality is epitomized
in general relativity theory by spharicalusymmetry. Corisid-

ering that one of the ultimate criteria for the validity of



2

a theory is its ability to make correct predictions, one may
go so far as to say general relativity's acceptability has
developeﬂ in parallel with investigétions into spherically
symmetric space-times. In fact three of the four primary tests¥*
of the theory are based on the Schwarzschild exterior solution
(Schwarzschild, 1916), the only spherically symmetric solution
in vacuum, |

Inaéed after over fifty years the ramifications of this
spherically symmetric solution are far from exhausted. Spec-
ulatién over the controversial phenomena of black holes and
gravitational collapse, whose foundations lie in the Schwarz-
schild solution, keep this solution in the forefront of dis-
cussions of relativity. |

Spherically symmetric space-times, in addition to being
an integral part of general relativity theory, also are in
the vanguard of relativistic-cosmology. For example, the cos-

mological space-times of the Einstein, de Sitter, and Friedmann

*The tests referred to are: the gravitational red shift, the
anomalous perihelion rotation of Mercury, the deflection of
light in a gravitational field, and the Shapiro radar test.
The latter three are based on the'Schwarzséhild exterior sol~
ution, although one should point ouﬁ that Schiff (1960) has
claimed the deflection of light can be explained using only
special relaﬁivity, the principle of equivalence, and geo-

metrical optics.



- uniVerseé are spherically symmetric. The Friedmann model is
of special interest since it is believed to include the real
universe as a special case. Given the importance of spherical-
ly symmetric space-times in relativity, it would be extremely
unnerving to find a rémpant anomaly confronting one's basic
understanding of the concept of spherical symmetry.

Such an anomaly occurs in the tfaditional analysis of the

‘ a6M
Weyl solution for a line mass of "length" ’Eﬁ . The trad-

1

itional interpretation™ of this solution as a spherically

symmetric space-time conflicts with one's intuition on two

accounts. Firstly, the general realitivistic spherically sym-
metric solution is obtained from the cylindrically, but not

spherically, symmetric Newtonian potential of a line mass.

(The details of the manner in which the Newtonian potential
. enters in the Weyl formalism will be giveq“in @hapter 3.)
Secondly and most irreconciliably, this anomalous behaviour
occurs gg;i at the particular "lengfh" i?? .

';In general relativity theory, coordihates are treated as
labels identifying different events in space-time, They are
merely a practical conveniehce and are ggg, in general, imbued-
with':the intrinﬁic meanings which are given them in Euclidean
geometry. For example, in general re;ativit}_the generalised
cylindrical polar coordinates r,z,@.are not in general quant-
ities which one can measyre with a ruler as they are in Euclid-
ean geometry. With this understanding one can attempt a re-
| conciliation between intuition and tﬁp traditional interpret-

L)

M
ation of the line mass solution of "length" -EL as a spher-
‘ c*

L mach and Weyl (1922), Bergmann {1942), Synge (1966},
Robertson and Noonan {1968}, and Takeno (1952;1966).
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ically symmeﬁric solution, Since the genera}ized cylindrical
polar coord&nates r, z,?’appearing in the relativistic solution
do not retain their Euclidean meaning, the mass distribution

in the general relativistic case may well not be the same as .
in the corresponding Newtonian case. Therefore, the symmetries
in the two cases need not be the same.

Let us, however, sﬁbjéct this argument to more careful
scrutiny.‘The argument goes that, although the Newtonian po- -
tentizl ﬁsed in the Weyl formaliém-was obtained using constant
mass density, the generalized cylindrical coordinates r and z
lose their Euclidean meaning when placed in the general re-
lativistic context and, consequently the general relativistic
line maés, corresponding to the Newtonian constant mass density
line mass, may have variable mass density. The argumeﬁt is
tractable but the connotation that this variable mass density
can expléin a spherical symmetry is not. As shall be demon-
strated in Chapter 5,'the liﬁe mass undef consideration has a
non-zero mass density throughout its length. That a line mass
having non-zero mgsé density over the totality of its length,
albeit variable, can produce an exactly spherically symmetric
field is beyond the constructional capacity of the imagination.
Intuition, experience, and Newtonian gravitational theory all
support the cbnviction that an exactly spherically symmetric
field can be produced only by a spherically symmetric body. *

*# One could envisage a Newtonian potential having symmetries
other than cylindrical losing the extra-cylindrical symmetries
on introduction into the general relativistic Weyl formalism as
a consequence of the differing mass density argument. Indeed,
an example of this will be given in Chapter 6, the Weyl single
mass center solution.
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The rejoinder that intuition, experience, and Newtonian
| mechanics can only be invoked in the'clgssical limit and that
‘transcendent phenomena may explain the anomaly is precluded
by the second and most disturbing point of the traditional
interp;etation of the weyl line mass solution. The anomaly
of obtaining a spherically symmetric relativistic solution
from a Newtonian non-spherically symmetric solupion is ex-
hibited only for the characteristic "length" zg':"_‘ . Contrast
this to quantum mechanics. We know that in the limit in which
characteristic distances and momenta involved in describing
the motion of a particle are small enough so that the un-
certainty principle becomes significant, the résults of quant-

um mechanics diverge from those of Newtonian mechanics. Cur

intuitive concepts of the continuity of nature, based on the

prejudice of macroscopic experience, must be supplanted.

In relativity theory; too, anomalies are ehcounted when
one trespasses beyond the classical limit. One such anomaly
is the phenomenon of the black hole {Oppenheimer and Shyder,
1939). As an object under goes gravitational collapse beyond
the dimensions of a'critical.surface known as the event hor-
izon, all its characteristics except mass, charge, and aﬂg-
ular momentum are obliterated. fertubatiéns from sphericity,
in the form of multipole moments, are radiated away decreasing
exponentially with time ({Doroshkevich, Zel'dovich, and Novikov,
1965, 1966). To an outgide observer, details of the gravitation-

al field, symmetry included,'becoﬁe obliterated after a transient



M
period of the order of 2:?5 .

‘One must note, ?owever, an important_common factor in
the quantum mechanical and general relativistic phenomena
‘cited. They are both "1imit" phenomena, that is, after a
certain limit has been passed they not only continue but
become meore exaggerated. Thﬁs, since the anomaly with which-we
are concerned exhibits itself only at a characterisitic length,
we cannot hope to explain it in the spirit of these transcend-
ent phenomenon.* Another explanation must be sought.

A final attempt can be made at reconciling intuition with
‘the construction of a general relativistic spherically symmet-
ric solution from a non-spherically symmetric Newtonian_pot- .
ential. One can claim that, although Newtonian potentials
of line masses are used in their development, the Weyl solutions
corresponding to these potentials are not line mass solutions
at all. For the characteristic length, for example, the Weyl
- solution is the solution of a sphere. However in this argument
one replaces a conceptual.difficulty with an even more grievous
one. For if one accepts this explanation, one must abandon
the most natural correspondence between the Newtonian and
reiativistic gravitation theories. Care mﬁst be exercised in

not reading too much into this statement. Tt does not mean any

% The black hole phenomenon was introduced as an illustrative
example of relativistic "limit" phenomenon. It could never
hope to find application in our problem since the Weyl line
mass solution has no event horizon. :
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correspondence—is precluded by the explanation given. Such
an explanationwoula violate one of tﬁe major criteria for
the validity of a felativistic theory. The oﬁjection to the -
explanation is rather one based on the grounds of aesthetics
and simplicity. Such an argument is'pgt_tq bg s%ighteq singe
it has ample precedent in physics and one of the foundations
of relativity theory, the Priniple of General Covariance, is
based on just suéh an argument.

With the failure of the above explanations to satisfact-
orily reconcile intuition and the curiosity of a general
: reiafivistic spherically symmetric soluﬁion generated by a
Newtonian non-spherically symmetric ﬁotential, we are logically
led to question the hypothesis of spherical symmetry of the
general relativistic solution. In this thesis we shall proceed
with the investigation df-this question in three ways:

i) By investigatiné the interrelationship of a metric
and its coordinates. It shall be attempted to show
heuristically that the coordimates in the "Schwarz-
schild" form of the Weyl line mass solution of
"length" %gg' do not correspoﬁd to those in the
bona fide sspherically symmetric Schwarzschild
solution. ‘

ii} By demonstrating that the intrinsic singularity of
the line mass solution and that of the bona fide
Schwarzschild solution do not correspond under
mapping. This shall be attempted by the computation

and analysis of characteristic scalars and .by the
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appliéation of the elementary flatness criterion.
iii) By employing the techniques of Killing vector
analysis to test directly whether or not the
symmetry group of the Weyi line mass solution of
Ml ength"” gf?g is indeed the spherical.symmetry
group.

The first two approaches to the question are plausibility
arguments. Théir main value is in crystallizing one's doubts
as to the validity of the traditional interpretation of the
Weyl line mass solution of "length" €%§g'and indicating wherein
lies the source of misinterpretation. The third approach is
.conclusive and independent of conjecture.

In Chapter 2 the genefal‘relativiftic formalism necessary
for our work is developed. In Chapter 3 the specific solution
of the Einstein gravitational theory on which our work focuses,
the Weyl line mass solution, is constructed. The three subsequent
.chapters refute the traditional interpretation of the Weyl
solution for a line mass of "lehgth“ %52? . In Chabter L the
refutation is centered about the ﬁetric-coofdinate interdepend-
ence of non-Euclidean geometry. In Chapter 5 the argument |

focuses on intrinsic singuléritiés. In Chapter:6 Killing vector
analysis is employed to demonstrate that the symmetries of the
bona fide Schwarzschild solution andlthe characteristic-line

mass solution do not correspond. Chapter 7 is a summary of the

work and &.discussion of some of its ramifications.



CHAPTER 2

-

A HEURISTIC DEVELOPMENT OF GENERAL RELATIVITY IN VACUUM

' 2.1 Introduction

Einstein's general relativity theory'has (unjustly) been
labelled anything ranging from very difficult to incompre-
hensible. Indeed it is often claimed that the theory has been
understood only by six people in the world since its inception.
This reputation is extremely unfortunate since-it acts as a
psychological barrier to prospective.students of the théory.
The fact is that th& basic ideas of the theory can be explainea
using only simple mathematical concepts and heuristic argu-
mentation, Once the foundation of basic concepts has been laid,
"the mathemetical formalism, usually a major deterrent in the
study of the theory, actuélly aids in the crystallization,
-refinement ang extension of these basic ideas. In this éhapter
a heuristic development of the elements of general relativity
theory necessary for our work will be attempted. Stress will be
laid on ideas. The mathematics encoﬁntered shall be simple and
minimal, serving the utilitarian purposes of illustrating ideas
and solidifying heuristic arguments into mathematical express-
ions. In section 2.2 the reasons for a non-Euclidean, metric
geometry will be probed. It shall be demonstrated that one is

led in a natural way to postulate a Riemannian geometry for

relativity space-times. In section 2.3 the Einstein, field

equations, the formalism for relating the geohetry to the.

material content of space, are developed.
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2.2. Curvature of Space and the Riemann Metric.

. One of the main features of general relativity is its
contenﬁion that space is curved, or non-Euclidean. This idea
is a source of mystification for many'a'npvibe'but if "approach-
ed correctly it is in fact gquite simple. D.W.Sciama (1961)
offers an approach to understanding which is beautiful in
its simplicity. Consider a physicist interested in a disc

claimed to be circular. He decides to check whether it is
--indéed circular by measuring its circumference and radius to
see if they are in the right relation, that is, whether their
ratio is 27, He is careful to use a ruler small enough that
error introduced in épproximating'the circle by the finite
_ segments formed by the rulers is negligible. Despite this
precaution, he finds the ratio much less than 2%, .He is abeut-
to:reljeetsthe ednterntiohithat the.disg is circular,w@en he
realizes the sun had been shining unevenly on the disc, and
its central portion which happened to be in shadow, was cold-
er than the edge. Consequently, the rulers expanded less when
measuring the radius than when measuring the circusference.
The. physicist now corrects his measurements for the temper-
ature distribution of the disc and arrives at the conclusion
that the disc is indeed circular, "¢ viat <9 th- ¢ omic

-But what if the physicist chose to reéard the rulers as
basic standards which never need to be corrected? He would
find the ratio of circumference to radius does not have the

Euclidean value Zff. However, the disc would still be circular
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in the sense that every point on its edge would be the same
distance from its center (assuming the disc to be heated
symmetrically). Hence the physicist would have discovered

that a disc which is a circle, in the sense of all its radii |

being equal, can have a non-Euclidean circumference to radius

ratio. He would be led to postulate a non-Euclidean geometry.
Of.course the physicist would never choose this approach.

He would rather choose to correct his rulers for thermal dis-

tortion partly to avoid_the need to learn non-Euclidean gecmetry.

" However the preference is based on more solid grounds than sloth.
Supvrose the physicist were to measure the ‘disc with -

several rulers made of different materials. If he were to

adopt the non-Euclidean geometry approach to the problem,

considering his rulers.as standards, he would find the amount

of non-Euclidean geometry exhibited- (déviationlof-the.ratiolof

circumference to radius from A7 ).would depend on the rulers

he used. Thus the geometry of the disc would not be an intrinsic
property of its thermal state. The physicist would be strongly
advised to abandon this non-Euclidean approach here.

Consider measﬁring the geometry of space. The main dis-
torting agent nowlis gravitation and we know from Galileo's
experiment and the principle of equivalence that all bodies
are equally affected by gravitation. If in ahalogy to our .
épproach with the disc we choose to ignore gravitational dis-
tortion by making no corrections of our rulers, we get a non-

Euclidean geometry. But this time the amount of non-Euclidean



12

geometrynwill bé‘independent of the rulers used,.in other
words, the geometry of space is an intrinsic property of its
gravitational state. {In practice the distance between two
points in space is determined by measuring the time taken

by light or radio waves to travel from one poiht to the other.
Thus these would be our "rulers" in measuring space). It was
this line of reasoning that led Einstein to adopt'a ﬂon-Eu-
¢lidean view of sSpace-time ¥:and to seek a theory which relates
the curvature of space (deviation from Euclidicity) to grav-
itation. Many authors claim that this non-Euclidean view is

a matter of choice and that, in analogy witﬂ‘the dise, one
could choose the alternate approach of Euclidean geometry and
measurements corrected for the effects of gravitation. However
this choice, as pointed out by Eddington (1959), is precluded
by the fact that the process of correction assumes the pre-
existence of a space whose proverties cannot be ascertained

by experimenﬁ - a metaphysical space assigned Euclidean prop-
erties a priori! This differs markedly from a space whose

only distortions arise from thermal effects since, in that

case, Euclidean properties are exhibited experimentally in

regions of uniform temperature distribution.
Having been led to adopt the non-Euclidean view of space-

time, we now seek the particular non-Euclidean geometry to

* The argument given here is for a non-Euclidean gpace. How-
ever, since Einstein realized his relativity theory would
have to be constructed in a four-dimensional space-time, he
made the obvious extension. " :
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base a theory on. If we wish to incorporate the notions of

vi;_v 2

dlstance and angle in our theory, a metric geometry is the
proper choice. The question is now reduced to: What kind of
metric geemetry is appropriate for a relativity theory? _
Euclidean metric geometry is characterlzed by the three-
dimensional invariant 11ne element (metrlc)
a/s ’d'ét -/—ﬂ% +a(z
where x,y,z are standard Cartesian coordinates. If one:traes-

forms to non—Carte51an.Foordlnates,
7‘ - ’(?k,ﬁu

(1//#/2)

14 ¢’ (%/;z,z)

one obtains the 11ne element P
rg
i ¥ "4’
where the ﬁ« are functions of 75/% % . Thus a Euclidean

space can be disguised as an apparent curved space by the use

of curvilinear coordinates. An obvious extension is suggested.

Intrinsically curved metric geometries can be given most simply

' K
z’};&ﬂk 6faftﬂi;f

However this three-dimensional extension of the Pythag-

by the expression

orean expressioq for distance in Euclidean geometry to non-
Euclidean geometry is doomed to failure by the results of the
Michelson-Morley experiment. This experiment demonstrated that
standards of length must change according to circumstances of
motion. Thus the invariance of the-three—dimensional_line element
which corresponds to invariance of length is a' fallacy. One is

forced to seek another invariant to base metric geometry upon.
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The simplest and most obvious choice is a four-dimensional

line element, . o A
o5 s Tnp ox Ax
An important point must be made here. It is often sug-
gested that the introductién of the fourth dimension (time)
is only a mathematical artifice. Nothing could be further
from the truth. Time, the fourth dimension, is united with the
 three spatiél dimensions in an intrinsic way. As Eddington,
(1959} points ou@lin the external world the four dimensions
‘are united. It is in the process of relation to an individual
that_the order falls apart into the distinct manifestations
of space and time. An individual is representd.by an elong-
ated form in four-space of considerable extension in time and
iﬁsignificant-extension in space. It is when the world is re-
lated to such an indivual and his own asymmetry introduced
in the relation that the order of events parallel to his own
track appears in his experience to be differentiated from all
Iophef-orderg of events. This may be considered as a modified
Arfstovlian argument. Attreehbhasr noinherent:lengthoor:iduratton
(only four dimensional extent);.it is the observer who imbues
it with these qualities. (An excellent illustration of the,
"reality" of the fourth dimensiém is given in the discussions
of "foreshortening" by Eddington (1959) and Rindler (1969)).
The choice of a Riemannian metric geometry
As'? ug olx et
can be established unbontestably if one acceots special re-
lativity and the.pfinciple of equivalence as true. The princ-

iple of equivalence states that we can locally abolish grav-
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itational fields by attaching ourselves to a free falling body.

Hence there exists a transformatidn of coo;dinates'(actually
an infinity of transformations} which makes a curved space-
time metric‘equal the metric of gravipation-free space at a
point. From special relativity we know this "flat" space metric
is of the "pseudo-Euclidean" form,
a/szgcz.”z_ /éz/"—éz-dz‘z

These observations enable us to invoke the theorem that any
metric which corresponds locally to a "pseudo-Euclidean™
ﬁetric muSt"be.Riemannian at the point of correspondence.

Having discovered -the metric formalism of reiativity
theory, we now seek the mecﬁanism which relgtes the geometry
of svace-tifie to the material:content:of .space. |

2.3. The Einstein Field Equations.

Newtoﬁ's first law states that a body on which no forces
act will move with a constant speed in a straight line (Law
of Inertia}. On subjection to secrutiny, this law runs into
serious difficulties from the start. One of the fundamental
criteria for any law is that it suprly. within its framework,
the possibility of experimental verification or rebuttal, It
is here thaE-the rlausible sounding Law of Inertia encounters
irreconciliable difficulty,for one can remove‘all forces act-
ing oﬁ a body except gravitation. . Newton suggested that
one can isolate a body from gravitational fofces by removing
it sufficiently far from all other bodies. This countef fails
for two reasons. Firstly, we know from astronomical evidence
thét we live in a povulated universe'and.thus-cannot remove

a body indefinitely far from all other objects in the universe.



16

1
Secondly and more fundamentally, even if it were possible to
establish the standard motion of ﬁewton's-first law (stfaight3
line, constaﬁt speed trajectory in absence of forces) out beyond
the regions of galactic matter, it would be of no use to the
experimental physicist. The éxperimentalist wants the stand-
ard in his laboratory where he can use it.

Thus we are led to reformulzte Newﬁon's first law. Instead
of the definition that standard motion is the motion exhibited
by a body in the absence of forces, we adopt the definition

that a body exhibits standard motion when all abolishable

.'forcés have been elimated. Therefore gravitation ceases to be
regarded as a force and now combines with ineftia in defining
standards of motion.i(TheﬂstandardSrof,métibn are now, .ofi!: .
“course, much more ¢omplicated than the straight-line, constant-
speed standards of Newton's first law).
Givenithat gravitation can be abolished locally, we see
‘that the intrinsic part of the gravifational field (that which
can not be abolished) is the part exhibited by the relative
acceleration of freely falling bodies. (Free falling bodies
. are now taken to be those on which no forces other than gravity
acﬁ). . -
In the neighborhood of any given event ﬁ% , The Newtonian
gravitational field car-l. be E.iven by:"
. £ 4+ o

where J, is the gravitational field at £

-5
. and ADE; is de-

fined by the above ‘equation. Since JE can be abolished by go-

ing to a local inertial frame attached to a freely falliﬁg
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body, the tidal field, Aﬁ, must be the intrinsic part of the °

gravitational field. (The appelation; tidal field, originates
_in the fact that tides on éarth are caused by Jjust this sort

of field). Considering Einstein's famous elevator, it is this
tidal field which cauéeé two free particles on a common hor-
izontal to accelerate towards each 6ther and eventually coll-
ide at the earth's center. Thus we cén deterﬁine experimentally
the existence or non-existence of an intrinsic gravitational
field by the observation of two neighbouring free test part-
iéles. In this spirit we seek a reformulation of Newtonian

gravitation in terms of the intrinsically measurable part’ of

the gravitational field. -

Every Newtonian gravitational field J? is derivable from

a potential 9’ :
‘ f . o
i’ %
The relative acceleration of two test particles, which

is the criterion for the existence of an intrinsiec gravitat-.

ional field, is. given by: y" 4., ( )
22 f s -2 2./
- ar* ‘ ox'dy?

where/z?‘is the small connecting three-vector between the two
particles. Thus it is the second derivatives of thelpotential
that.indicate'an intrinsic field. We recall .that the field is
related to its sourc;s by Poisson's equation:

g ?{-{. Tz 4’;76—(0
This.is the field equation of Newtonian gravitational theory.
For' thé-problem treated in this work, we shgll-be interested in
only vacuum fields (%”)so Poisson's equation reduces to Laplace's

equationy
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2’%.‘.:0- (2R)
iz 2 :

However, we immediately notice defects in our "new"
Newtonian gravitation theory. One defect has already been
mentioned. The graviﬁational "field" has an infinite velogity
of propagation contrary to the edicts of special relativity
which place an upper bound of the ﬁelocity Sf light on such
propagations. Another defect arises from the Newtonian energy
concept for gravitation. Consider a sphere of qfss M and
radiué EL Its self energy is a multiple of ?5 , @ gquantity
which is clearly unbounded astﬂapproaches zero. Thus by shrink-
ing the sphere we get out as much energy as we please. Hence
Newtonian gravitational theofy is inconsistent with a meaning-
ful energy concept. Yet another objection tc Newtonian gravit-
ational theory 'can be made on aesthetic grounds. in a complete
theory, in addition to the field equation, we need a conserv-
ation law dealing with the permanency of source. In our Newtonian
theory this would require'an additional statement whereas in
an elegant theory like Maxwell's, conservation of-sources
follows directly from the structure of the equations. We are
thus led to seek an alternate theory.

-In developing an alterate gravitational theory, one of
the primary postulgtestinstein invoked was that free falling
particles follow geodesics, lines of minimal length between
any two points of curved four-space. The common sense of this
proposal is‘borne out by considering an analogy with classical
mechanics. In classical mechanics, free test particles confined
to a smooth curved surface, and in the absence of external

forces, trace out geodesics in three space. This analogy also
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jllustrates why in a relativily theory we must consider geo-

desics in four-space. Geodesics in three space are uniquely

determined by an initial digection, whereas we know gravit-
ational orbits depend on both initial direction and initial
velocity. Finally,_speoial relativity theory provides a.pre-
cedent for.using geodesics in four-space to describe free -
particle trajectories.

According to the deflnltlon of thetterm"%egecdesi&itbhe
mathematlcal statement for a geodesic line is obtained by

extremizing ~f>{?

One finds (Landau and Lifshitsz, 1962)

y
d"x ‘W a’% 70 (‘?'34)
=z yr o£s As |

A
where /.;, (Christoffel symbol] is given by,

frer 48 fiif:w/w-"’f*""f/ 434)

§ r i v ¥

and CZ!%2;%§)is the parametric representotion of the coord-
inates of the test particle in terms of its proper time S .
As in the development of the Newtonian gravitation theory
we wish to consider the relative acceleration of two neigh-
bouring test particles in a gravitational field. Since geod-
esics descrlbe the trajectories of test particles, we consider
two nearby and almost parallel geode31cs. Letting 22 be the
vector joining them and orthogonal to both we cobtain the equat-

. ion of "geodesic deviation',



D% “) - (Rvem?sf;”)” ()

OA% af s [4A 4
&t -5
and, “ =' l_, [,Q' [;Jthwr
R 1700-" s vw' éf?r ?? ve TTv wvp
(For details of derivation see Synge,nl966.) B '
: DA% . : s «
The tensor &E is called the absolute derivative of,ﬂ
and the tensor- R:;‘orls called the R:Lemann curvature tensor.

One now makes the observation that in a local inertial

' 0 on“.
frame where the Christoffel symbols f—‘va_vanlsh,
2yl

reduces to o:(;)f- . Also AS is approximately equal to cdf

for the "classical” limit of slow velocities. Thus comparing

(2.1) with (2.4), we see that R ve ra{( @( /lorresponds
i
dxtdx ¥
space-time is:

R yuf-o

‘VF.M.

to - » Hence the analogue of Laplace s equation in

If this is to hold for arbitrary é{“z, then

/?vfa = Rv(o =0 (253,

The tensor I?V? , defined by the above equation, is called the
Ricel tensor. The field equations {(2.5) are the famous Einstein

field ecuations in vacuum (Einstein, 1915).

Using the definitions of the Ricci tensor and Riemann

curvature tensor one finds RAV : RV«
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so that-ﬁhere are ten independent empty space field equations.
At first this ma} seem as an overdetermination since there
are also only ten independent metric tensor componets (;7,(‘3
is symm-etric in % & .}, the implication being the ;ﬂ‘ﬂ are
uniquely determined. This would conflict with the Principle
of Covariance which states we should be‘able to changé coord-
inates at will in space-time thus transforming the metric.
For‘consistency with the Principle of Covariance we would
like four degrees of freedom corresponding to the four arb-
itrary coordinates %4‘7 Q[M('X") which specify a trartis-
formation. Fortunately, tgena are four differential :ident-
jities- (Bianchi Identities) which the field equations satisfy
and thus four degreeé of freedom in the determination of the

g‘f,, as desired.

The metric tensor compontents,gaip, determined from the
field equations are the analogues of the potential, f’,
Newtonian theory. Their role as potentials can be readily
seen by comparing the expression for"acceleration" in Max-
wellian theory (Edenoting the four-vector potential)

P “f/ /“'/

st . € /{ pﬁ/
with the expression for "acceleration™ in general relativity
theory (2°3}. The ﬁ,;p’Sclearly are in the roles of potent-
ials and general relativity can be formally regarded as a
gravitational field theory with tensor potentials.

Viewing the metric tensor components as potentials we
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e seé,from the definition of /fzy;that‘the field equations are '
'hf;'fff”f?secoﬁdworder differential equations in analogy with Laplace's
;;}i;equationm(2.2) in-Newtonian theory.

A final,,extremely important observation is that the

.fiela equations (2.5} are nbn—linear, gontaining'products of
thé g's and their derivatives. This is an~essenﬁiél chéracﬁ-
| erisﬁic if the field equations are_té take into account mass-
energy dependence. For there is a gravitational "hinding energy?i
"~ which in a manner similar to nuclear "binding energy", causes
"mass defect”. A body exerts a gravitational foérce equal to
' its constituent parts minus the mass eqﬁivalent of the energy
necessary to‘separate the parts} In é lineair theory the grav- '
itational force of the whole would be equal to that of its
constitueﬁt parts by virtue of the "superposition" of solut-

ions in linear theory.
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CHAPTER 3

4

THE WEYL LINE MASS METRIC

3.1. Introduétion

In chapter 2, we developed the formaiism, the Einstein
field equations, for relating the geometry of curved space-
time to the material content of space. In this chapter we
shall develop the particular geometry of the upiversé of a
line mass.

~ The VWeyl axially symmetric formalism (Weyl, 1917, 1919) .
shall. be developed in section 3.2 and particularized to the
problem of the line mass in section 3.3. Also, thé transform-
ation-of the line mass metric to "Schwarzschild" form will

be given in section 3.3.

3.2. The Weyl Static Axially Symmetric Solutions. :

In the development of any metric corresponding go a
physical problem the first step is to make maximal use of
the symmetries of the problém in order to reduce the metric
to its 51mplest form. The Weyl solutions corresvond to problems
in which the metric is assumed to be:
1) stationary (the field produced by the body is a
constant)
2) rotationally symmetric
- 3) invariant under reversal of time (‘L‘ » "t)
and 4) invariant under reversal of angle (_P"'?} P

being the azimuthal angle .)
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H(Condltlons l) and 3} are often rephrased as. the conditions

. for a statlc fleld.) leen thls set of conditions we can now

'proceed to reduce the complexlty of the metric.

‘ Mathematically, assumption 1) 1mp11es that the metric is
1ndependent of the tlme coordlnate, ; Assumptlon 3) implies
the metric form, d." , contains a.’z‘only as a square. Thus,

o Jxs # fa’p(é)

S P €0
- Physically, assumptions 1) and 3), the static field c5nditions,
imply that the body producing the field is fixed in the réfer-_
ence fréme in.whicﬁ the metric potentiais are independent of
the time coordinate. Consequently bo£h directiOQS;of timé'are'
equivélent. |

Assuﬁption 2), rqtatioﬂal symmetry, implies that with a
proper choice of cordinate system the field is independent of
azimuthal angle, Z. Thus,

" Gus # Jup (7]

Bhy51cally assumptlon L) means that we are dealing with
non—rotatlng matter. Mathematlcally it implies that the metric

form, t{? , contains 45?7 only as a square. Thus,

21378237 F03 7 |
Synthe5121ng the results obtained so far, the line element can
be written as:

—/ste j// (@/fzﬂ;féxa@zfj;z@") fﬁawjﬁy/m
wﬁere the g's are functlons of (€¥} ,)and where Zf 78 and X7 Zf
Call . 4 Ei//(&g/zv‘iyﬁ%’&z"/g; @

' We now note that]except for the‘conditioh ;hat they must

. = b -t P N . - b r -

e [ L oas - FA— n 3
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be in the meridian plane p Iandx are two completely arbit-
rary variables. Thus we have the freedom to impose two coord-
inate conditions corresponding to our freedom of preforming
coordinate transformations in this plane. We choose

Zu “912 4K J;220.

Thenf’assumes the isothermal form:
p = [ )]
,(being a function of (’X;ﬂ"’j. Our line element now as-sum;as
the form : 2
_,.d/’- x%@}’&@y‘}ﬂfﬁ’{@’yf’yzmﬁ (.'7/)
where (dJ ﬁ)y) are functions of(ﬂ.’;-t’ﬂ,*'
If one nowlcalculates the components of tne Ricei tensor,

one' finds that the only non-vanishing terms are:

f = () (3) + G * y,»«z(gu;) «fgf,m))

[las = (%u) (ﬁxz 4 PL&,&’iz *.ah(/ﬁu* "‘fﬁ?”*zﬁzlg;_
ﬁag " EQ} 1’1 . !‘;[/ ’) 531 Jr;?), |
ﬁ [4/3*-' (Pf""'/”'r’)f . (3.2)

ﬂy‘yﬁ ,Zz {AY‘IL v (F,Y ‘:”(’z}'»)f

where the subscrlpts on the expressions on the right of uhe

/
equalities denote partlal derivatives with respect to X and

&
¥ ,and
AB= /"U‘*ﬁn AY =Yt

We note that

*The ingenious argument which follows for reduc1ng the rumber
of unknowns from three to two was first developed by Weyle(lQl?l

T
-
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We are 1nterested in vacuum solutlons where A&V-a Thus,
A (w 0. |
This ﬁleans that Fb’ is a harmonic function of '@;Z’}wh'ich we
denote b ‘
y gy p(w/vY. (3.3)
From the theory of Complex Variables we know that there
must exist a conjugate harmonic function 2(15,1{), such that
/z.,wz s F (¥ %ix?)
- where f is a an analytlc function. We new make the. transformation
('1// ") 9 (A’Z) . |
~ This transformatlon is conformal by v1rtue of £ being analy-
tic, hence it preserves the isothermal character of a quad-

ratic form, Thus,

2
&Ly }s,c/x/yz)” Ay 42
where A is a functlon of {r, z) But from {3:3);nwé.haves 5§vé

| Y

X
and sc»&{§ of (3.1) becomes a form 1nvolv1ng only two arbit-

rary functions:

o3
-As? = ,i’(aéz‘.z;/ﬂ?'q#/a 7 d/z - yue?
-where (QQYO are redeflned functionsg of (r,z).

"If we change notatlon from (3930 to (“ vﬂby the relat-

ions A A - ‘ )
: V- - -
x=e "\, BrreT, Ve
the metric becomes c2.) 2)

. -
'a/f""—'«é_(V% ”/7.)’1/2" ap-c '

3 y) .

b X
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Prom rcFI‘Om,,<3 2)we find - ‘

f (R Ris) = AY - (4}")’)*) J .
4 (Ri=Ks) 7 X REES Y

¢
/z’ 2Mhy z

R’-/?yz --"' (‘5/\4' )) |
R;-}ﬂy =a,

In vacuum7 where /EMV-Othese equations are equlvalent to

PP R/
iz A (4 J,’), AEZINN .(J'ﬂ")
Ay + NN 0 (3.5¢)

Note that (3.5c) is implied by (3.5a) and (3.5b}.

Thus to obtain a Weyl vacuum solution we choose a A
satisifying (B;Sa), substitute its first derivatives into
(3.5b), and integrate the resulting expressions in (3.5b),
-solving for Y. The functions ¢fand.kthu§ obtained are sub-
stituted into (3.4}, giving the metric solutions.,

If we write out equation (3.5a} explicitly

z
AN a’ =
¢ =0
X A4
we immediately notice that it is Laplace s equatlon in cylind-

rlcal polar coordinates for a functlon,,A R 1ndependent of & .
Thus we come to the rather startling conclusion that.A satis-
fies the same equation (Laplace's equation) as does the vacuum _

gfavitational potential in Newtonian theory. Hence we can
geperate general. relativistic solutions givgn Newtonian potent=

s

ials,f. The procedui'e is cleary We first choose /]7_—:'-( the

factor of‘éais introduced in order that,A be dimensionless)



28

* and then follow the prescription given above to determine 1~
and subsequently the metric. We shall now apply this pro=s
" cedure to the problem of a line mass. |

3.3. The Wevl Line Mass Solution.

The Newtonian potential for a line mass of constant mass
density is given by
| #2L
f z .Q’_/_MA /?.’..__-—--’”?"_
Y ﬁ’,m,-b!
where ‘
R o (z-/} v‘/z

(»,2)
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Applylng the procedure given in section 3.2 we choose ;
: A L -‘é; and integrate (3.5b) to find 1f' ,ootaining -
3 “ 4 KRy = 2L
< — A ———————— . :
74 /(’gf'ﬁ;,f.z,é :
- | (3-¢)
2 2
,V.. /(ﬂ)z /, (A‘;"‘/@-) - ¢
v s [ e __-——-—!""'-
2 L.e WA
where 4z ‘.’.’.’1 (Robertson and Noonan, 1968; sed also Bach
c*
and Weyl, 1922), Thus the Weyl line mass metric is given
by (3.4) where the ¥ and p) appearing in the metric are
given by (3.6). ‘ : .
The special case [:4:—' % constitutes the focal
point of this work. Written out explicitly this line ele-

ment (metric) is

dsts R4 g . (R524)" (o r0d )

. - RiRtia SR (3.7
R _ /;)l,L/ez%M/&za{¢z .
R}‘!‘K;"Z’“

- u;'here c=/
'If we now transform to coordinates given by
o MR, fRu
F = e
2
- K,
5‘"; = ﬂ’ 4 ..
¥4
the line element (3.7} is transformed into
4 | (3.?)

‘where the A?coordinate is onl}} defined for F>,Z((,
1 ' {




It is in the interpretation of this last expression :
{3.8) that this work differs ifreconciliably from the

\literature-(cf; footnote p.3 ). The standard interpre-

tation is that (3.8) is the spherically symmetric Schwarz-
schild exteridr. _solution. Thus, since the particular line
mass solution (3.7) is t‘ransformable.into (2.8), it is
furﬁher claimed that (3.7) must be spherically symmetric.
The remainder of this work shall be an attempt at the

refutation of these latter statements,

30
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' INTERPRETATION OF THE "SCHWARZSCHILD" METRIC;

L.l, Metric-Coordinate Interdependence.

In Chapter 2, it.was shown that given the material content
of space, one could determine the corresponding metric potent-
ials,é?;“g, through the use of the Einstein field equations. It
was further shown that once the metric c(“"=o7«rschr°<o&xﬁ

was thus determined the geometry of the four-space was completely

defined. But the metric does more than define the geometry of
space, it also describes all the geometrical properties of the
jcoordinates which are used in its own expression. Consider the
" two-dimensional metric ast = 55)!.,14'7‘,10&!;1-
The metric expression not only tells us that our two-dimension-
al space corresponds to a flat surface¥* but also that the coord-
inates X, and 5 are the familar coordinates A2 and & .
Howefer, one must not be mislead by the simplicity of the
two-dimensional example given above. Although it is still true
that the metric describes all the geometrical properties of
the coordinates in four-space, characterizing the coordinates
can be a difficult task. Consider as an illustrative example

the Schwarzséhild metric

2 2z 2 / ?.ﬁ L, b 2 -3 2
ast= (1= F)t '-(,'Z'zZ«)’? G G
| , e (4.1)

% It should be noted that the metrical relations on a plane are
not altered if the plane is rolled into a.cylinder- the measures
being confined to the two dimensional world. A truly two-dimens-
ional being could not distinguish between a plane and a cylinder
{except at the joining of the edges}.
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One can show. that all the information necessary for character-

erizing the coordinates is contained in the metric. If there
s / /s 'Y
exists another set of coordinates ((7, ﬁ, @ ¢ ) which
can be used equally well for the ‘coordinates ((’, &, 47,5(')
in (4.1}, that is, which can preserve the form of the metric,
then transformation from ((’;4 z, f)to ‘ ((d:ﬁ/lf;f’)gives
’r 3, sy s%.
st (17 )2 - 0 i vy
. 5 - f/ /-% f /
10’ ‘?ZZ)

The only continuous family of transformations which trans-
form (4.1} into (4.2) are the time translations Z‘/‘: Z-“'Lzl'o
and 49‘7 transformations corresponding to rigid rotations of
-the spandard sphere. Thus it is demonstrated that the '
(‘0’, &), z.‘ ) in- (4.1) aI;e defined even more uniquely .by
the metric (4.1) than the rectangular coordinates of the
Minkowski space (flat space).

Although the above argument demonstrates that the.coord-
inates (f’,ﬂ,ﬁ, Z.‘_) are characterized implictly by the
metric {4.1), it does not provide an algorithm for computing
these coordinatés at some physically defined space-~time event,
Except for a few simple cases, algorithmé for operationally
measuring the coordinate values of a given metric have not

been devised. Such algorithms would have doubtful practical-

ity anyway since an observer doesn't measure coordinate

values but invariants. Thus the theorists' coordinate systems
are merely intermediary practical aids in arriving at the

physically significant invariants.
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The important point to be stressed in the above dls-
cu351on is that although the coordlnates of a metrlc are
defined- 1mp11c1ty (to within a well=defined group)bbytthe
metric itself, the characterization of the coordinates
- must be approached with extreme c5utign.,‘F _ _ _ o
in section 4.2 it shall be demonstrated that the coord-
inates of the Schwarzschild solution (4.1) do not correspond
- to those of the "3Sphwarzschild" form of the line mass of
- "length" A& (3.8)uas one would be tempted to claim on a
cursory investigation of the metric (3.8).

L.2. The "Schwarzschild" Metric.

" In Chapter 3 it was found that the line mass metric
" for a "length" pya (3.7) could be transformed into
"Schﬁarzschild" form

L’(/'Zg)ﬂff‘/.m‘? f’” ('Mzﬂdf ()

, where F is defined only for values ¢0> 24 .

The traditional view claims that this metric corres-

ponds exactly to the spherically symmetric Schwarzschild

solution,
ﬂ/f,” (/,Jf)ﬂi'/:_f_“ //‘*"f“l//ﬁftmvﬂ/f’- [“!)
H .

in the region p>1-“.
T

However, since it is the metric‘itself which charact-
erizes the coordinates (to within a well-defined group),
one must exercise caution s0 as not to be misled into erron.e-
ous conclusions as a result of e‘cufsory investigation. One

must consider the metric statements in their totality.
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Upon closer 1nvest1gat10n of the metrics (3.8) and

: (l;. 1) we note an intrinsic dlsparlty. In (3.8) the append-

ing condition, where P is defmed only for values p>21¢

is a statement about the intrinsic propertles of the coords
“inate .1tselff. On the other hand the appending condition of

(h l) in the region 407135( is merely a statement as to the

reglon of.space=timeiwe: aré 1nterested .in: It does not state
anything about the coordinate: ‘0 . In fact for the metric
(4.1) the coordinate c’ is defined for values (0>0 ,
'except for e ¥/ . Thus the es in (3.8) and {4s l)
do not have: the ‘samer spatlal‘ range.<intra ol Puri Pow
: Ohe may’ obJect that-the definitiofi of the- e coordinate .-

given implicitly’a.by a metric.expression is only unique to
within 3 group of transf.'ormat'i ons .- It may be suggested, that
the truncation of t.he evames in (3.8) is a result of the
transformation ‘0 €+ ZA where the primed (0 is
the e appearing in (3.8) while the unprimed one is the p
appearing in {4.1). However it is immediately evident that

the metric form is changed by such a transformation and thus

such a e ,does not correspond to the e characterized by the
Schwarzschild metric. Indeed there is no hope for any sim‘ilar
argument since, as we have shown in section L.1, the (‘0,9) @, L")
coordinates are defined by the Schwarzschiid metric to within
the tr;ansfermations t‘/'-' Z‘w‘ ‘C‘a and transformations correspond-
ing to rigid rotations of the standard sphler'e. Neither of
these .transformations can explain .a truncation of (0 value,
Further we notice f‘ront the development of the metric (3.8)

in Chapter 3 that the degenerate surface f:Z,u (a c@nstant)
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corrésponds physically to the line mass. Thus we are led to
abandon association of surfaces of constant (’;to surfaces
of constant physical distancé‘from the center of our source.

In fact we are strongly inclined to regard surfaces of cons-
tant (0 physically as ellipsoids centered at the center of
our source with their major axes lying along the line mass.
This is to be contrasted with the bona fide Schwarzschild
solution (4.1) whose'constant f’ surfaces correspond to sur~
faces of constant physical distance from the center of the
source, ¥

Thus since the e in the metric (3.8) does not belong to
the group of egtiefined by the Schwarzschild metric, the metric
(3.8) can not be éonsidergd as the Schwarzschild form of the |
spherically symmetric vacuum solution. Further since the metric
potentials, ;Liﬁ in (3.8} and (4.1} have exactly the same funct-
ional form, the metrics (3.8) and (4.1) can not be considered
equivalent. For any attempt at establishing such an équivélence
by transformation from the Schwarzschild f?. to the P in (3.8}
will be invalidated by the consequent change in functional form
of the metric potentials. Thus the two metrics must'describe

intrinsicaliy different space-times,

An important by-product has been obtained in our discussion
of the metrics (3.8) and (4.1). Thgldiscussion clearly illustrates
that if one is to preserve the metric-coordinate interdependence
of non-Euclidean geometry, one must include any aﬁpending condit-
ions which deal with intrinsic properties of the coordinates in
one's criteria for judging whether two metiics are the séme.

* This does not assume that 1s a true radial distance. In fact

it is not. Radial distance is here given by f(7-%) idp.
[Integration carried out between the two events of constant 6]
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CHAFTER 5

SINGULARITIES. R

5.1, Intfoduotion.
| The subject of singularities is one of the least under-
- stood and most speculated on topics of .the géneral theory=of
relativity. In large part, the difficulty of obtaining con-
sensus of oplnion regarding statements about 51ngular1t1es
originates in their very definition. A singularity is defin-
-ed aé an irfegular % regioh of the meﬁric field. Thus the
meaning of such statements as iéolated singularities follow
geodesics is unclear since duantities dealt with in a field
theory, such as geodesics, are defined only for regular points’
of the field. | | -

A Another basic difficulty encounteréd in dealing with'sing-
‘ularities is the determination of whether they are intrinsic

or coordinate singularities, An intrinsic singularity is one

which can not be removed by coordinate transformation.'It is

a physical property of the metric geometry and corresponds to :
a non-vacuum region of space-time (T “V%o) Y coordinate
singularity, on the other hand is one due entirely to the

choice of ‘coordinate system.

% An irregular region of the metric field is one 1n which one

or more of the metric components .and are
not differentiable, j"é ﬁ
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The practical difficulty in determining the natuif'e_of" “
a singjularityr' is-‘ élearly illustrated by the histo"ryh of t.hé
Schwarzschild singu]:arity at @ =2 { . If one considers
the ééhwarzscﬁild solution (2,,',1)‘ . one immediately nﬁtiqes
thaﬁ the metric field is singular at P SOand at P’" 2w
From 1916, when Schwarzschild published his famous solution
(4.1) , until 1933 it was believed that the € 7;-“-
singularity was an intrinsic one. Finally, Le Maitre (1933)
unmasked the fallacy of the then traditional interpretation
by showing that the f": A& singularity is merely due to
a particular choice of coordinate system. In Le Maitre's
form of the spherically symmé.tric vﬁa‘cuum 501ution, i
Astz a7 2 AR~ p" (o OF panicly’]
where 2 "
e [PFrm]
"ﬁ;g only singularity occurs at T ?R which corresponds to'
the origin. * |
The Schwarzschild singularities also effectively illust-
rate the ghvsical difference between a coordinate and intrin-
sic singularity. An observer in a small, freely fallipg cabin
would pass through the € £ A4 coordinate simgularity with-
out noticing anything special about'it, whiie any observer
would clearly recognize the non-vacuum characteristics at the

intrinsic singularity @ 50 .

* Actually Eddington [1929) first transformed ‘the Schwarz-
schild metric into a form not singular at .@ ¢34 but the
implication went unnoticed.



.Since. the transformatlons to remove coordlnate 51ng- -
"ularitles are not in general readlly determlnable one must
‘seek alternate tests of the nature of singularities. There -
are two such tests in common use. The first consists in
calculating the invariants of the éufvatufe'teﬁsef,<fefipé;:-.
The curvature ténsor corresponds to tide-producing field
.gradients (cf. Chepter 2). Thus a coordinate independent
combination of the components of this tensor becomihg-in-

- finite in a particular region of space-time implies thet

this region is intrinsically singular. Note however that

the converse of this statement igglg'neceseerily true. Hence,
unfortunately, this_test will eot always give conclusive
results, ’ |

The second test commonly used in determining whether
a given region of space-time is intrinsically singular or

not is the elementary flatness criterion. In-essence it is

- the application -of the criterion that in a vacuum region

(TH.V © ) the local characteristics of the space are
M—:a;nkowskian'." ‘THis ‘test shall' be’digéiissed in Tiére -détail’in
“section 5.4. - ‘

In this chapter we undertake an indirect proof that

the exterior regions of the bona fide Schwarzschild solutioﬁ
ane the "Schwarzschild" form of the Weyl line mass solution
do not correspond under transformation. We first show that
the boundary of the exterior-ﬁeyi'line mass (the line itself)
corresponds to an intrinsic singularity. Consequently the

surface ‘0 £ Q4 which corresponds to this boundary under
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the mapping preceding (3.8) differs physically from the merely

coordinate singular surface (J='1“ of the exterior-Schwarz-

échild solution. We then invoke the argument that if the bound-
aries of regions of space-time do not éorrespond physically
under transformation then the regions themselves do not corres-
pond physically under the given transformation. Assuming the
validity of this argument, the proof is complete and we have
reduced the demonstration of non-correspondence between the
Schwarzschild solution and the "Schwarzschild" férm of the Weyl
line mass to the demonstration of the intrinsic singularness

of the boundary of the Weyl line mass solution.

The intrinsic singularness.of the boundafy of the exter-
jor Weyl line mass solution will be investigated using the two
methods discussed above: analysis of thé curvature invariants
and applicatisn of. the elementary flatnéss criterion.

In section 5.2 we develop Briefly the powerful different-
Cial forﬁs approach to Riemannian geometry. In section 5.3 this
approach will be used to analyze the invariants formed from
the curvature tenéor in an attempt to locate the intrinsic sing-
ularities of the Weyl line mass solution. In sectioh 5.4 the
"elementary flatness criterion shall be introduced and its-use
illustrated by a historic example. In section 5.5 the eleﬂent;
ary flatngss criterion will be applied to the Weyl line mass
solution of "length' L¢& in order to investigate the intrinsic

singularness of the line itself.

5.2. Differential Forms
In this sectiori, the differential forms approach to

Riemannian geométry will be developed. In the interest of
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brevity definitions of operations and the algebra of diff-

erential forms will be presupposed here. The reader unfamiliar
with the operations and algebra of differential forms is
referred to Appendix A for a cursory introduction.*

A differential form is a multilinear scalar function
associated with a tensor which is effectively completely

~ skew-symmetric. For example, if -Zzﬁ is a second-order tensor,

gl ) £ 2! Tuy a"ey”

is a differential form of degree two (a 2-form}. The square

then

brackets enclosing a set of indices indicate anti-symmetriz-
- / ol : o«
I () (da"dly P - ctyPely ).

Note that the anti-symmetrization of the square bracket oper-

ation,

ation effectively sifts out the skew part 77' of the

[v g7
. original tensor.

The traditional approaéh,to Riemznnian geometry relies
heavily on the use of Christoffel symbels (2.3b) . The curv-
ature of four-space is described by the Riemann tensor R?;—J
which is in turn described entirely in terms of the Christ-

offel symbols and their derivatives. This apﬁroach has two

important drawbacks. Firstly, the Christoffel symbols have

*Those desiring more than an operative knowledge of the sub-
ject are referred to "Differential Forms in General Relativity"
by W. Israel and "Differential Forms with Apvlicaticn to the
Physical Sciences" by H. Flanders,
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no invariant significance and secondly, they are extrémely

cumbersome to work with. The differential forms- approach to

Riemannian geometry allows the Riemann tensor components to

_be expressed in terms of invariants and their first partial
dérivatives. As shall be demonstrated later, this elegance
not only resolves the first problem of the traditional 2 ;:mza
aprroach but leads to computational facility thereby re-
solving the second.

Consider N linearly independent vector fields _g‘(,,,u;,am
in a Riemannian M =space. Because of their linear independ-
ence, thesevvector fit¥ds formiaccombittevvettortbasis (frame}
at each point in the Riemannian Aﬂrspéce. The Riceci rotat-
ion coefficients }’BC associated with the vector fields

“f'f"*’ are a set of /V3 numbers, scalars under coordinate
transformations, which give the components with respect to
the frame of the covariant derivatives of the 'ﬁgﬂﬁ) . It
isiknown from the classical theory of Ricci rotation co-
effickents that the Riemann tensor is expressible in terms
of the )’;2 and their first partial derivatives. The diffa-
erential forms apvrcach to Rlemannian geometry 1is a modified.
version of the Ricci rotation éoefficient formalism'in which
attention is shifted from the basis vectoré, Ricci rotastion
coefficients, and;Riemann tensor components to-sets of forms
associated with them.

Cons:_[der' N linearly indepe.'ndent vector fields :‘gm) (xa)
in-a Riemannian ﬁ/'space. Oﬁe defineé the."frame”componentsﬂ

(tetrad components in four dimensions) of any ténsor :c;ﬂ by



B . o T e e B et s,
L X - - a3 .‘.1 N o . . - . . , T d \A\ﬁ t- ’ ] "’m‘«r.:(:-'!'
where th-e,&a)are the contravariant components of the basis

". vector .60,)

We introduce the matrix of scalar products of the -

basis vectors o o
Pas £ Koy O

.y _
ﬁﬁs - gdp’é(ﬂff’{w@ (521
It is clear from (5.2.1) thatﬁﬂﬁ, are=the fréme components of

the metric tensér.

Now since the ..3(5.) are lmearly 1ndenendent the matrix

Qﬂs has a symmetric 1nverseg such that ﬁ ;Agw 3 '
. , . T4
Defining the dual basis %“as
' o
£ 29 /"(a}

it is readlly apparent that

A
: -—ﬁ l(e) = d g
so that ﬁ&’ and 'e(E)‘s are inverse matrices.

We now introduce the l-forms

A, (R} , &« (5224
4 “u o (A)

assoc:.ated with the dual ba 1is vectors j . Solving for
0(45 one obtains
A ‘;4 (5:4.36) )
Since the é .for'm a complete vector basis, the &
form a basis for all l-forms. Explicitly one can expand any

l-form.-as a linear combination of the 9 thus:

' A
Ad 0(’.'6“ o A‘-Zm)“y @) c Aﬁ g.
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for‘m a.basis for all 2-forms. Explicitly one can expand any.

Bimiiarif

[ ¢; 44 6’5 ’\2

21-form.';as a llmear combination of the i /’9 thus:
. . ;%,/E;p aévZH’ £’==/E;6'_ ‘145’?-

From (5.%.1} and (5.2;2:)’the'méiric:tensérfAf Riemann~
ian geometry' )
S ? jdﬁ @‘é’ﬂ
becomes
das *2 946 09"

" In a curv111near coordlnaL e .system the ordmary dlffer-—

ential of a vector A“ dA j ) is hot a vector since 0(14
is the dlfference of vectors located at’ different points
in space. If re deflne a dlfferentlal.ﬂcq as the change in
the vector /q“due to an infinitesimal parallel displacement.
of A from X to}(-fd% the 1nf:|.n1tes:r.ma1 :
DA z a A% ofA”

is a vector 51nce it is the difference between two vectors
located at the same point. The differential,[hg, is called
the covariant differential of /q

;Consider'the covariant differential of the vector;f;su’
' D&(B) .l Since by construction it is a vector, it

can be expressed as a linear combination of the base vectors;

' < '
D2, °wgLe, (5:23)

. A
Taking the scalar product of both sides of (5.2.3) with fg

we obtain : A

(A :
gy =L Oecg) . (’”’:’_”




L
_. : (A)
Now take 'the covariant differential of Jﬂ -'-f ‘.6(5) )

I

o A

i ' O(Jg):a
glso, |

) < (A . - in n
g (Jg) = 0@”";5(5))% 'af(m*f(w oe”,

So, |
| (A)
£ 0% R P2

From (5, 2 h) and (5.2.5) we obtaln

(ﬂ)go (3’,2.{)

(A) (A)
w ~a='—f 04/5) 7N 08
P '(4) y m) (4? a) (524}
- L B; V’@’(B) (D g

| | . A
The definition of thé Ricci rotation coefficients, YﬁC’I

s Z/ N B
Yse R, y 2 () £c) (527

From (5.2.2), (5 2.6) and (5 2.7) we have

C
Ar/a" }/id (5:.3,9)

. A
Thus we have found the "connection l-forms", A/ -z

associated wit'h the Ricci rotation coefficients, ch .
From (5. 2 6) we infer
A _ A, (A
0,@ S - gL
o - b4
or, using (5.2.7), the expanded version
(R) A (B (c)

—em =Ygl gl ,. (572.9)
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‘Now let us take the differential * of both sides of
?Aa ® £ '~%} ‘-

dﬁna 7 00‘?#/3 ? fcm O¢/sy "'503) az(ﬂ)

l_
¢

2 —~(¢) 0’ ’L‘zos) % /e )Y 4.
8

If we agree to raise and lower capital Latin induces

. ‘ a0 .
. with the lmatr1lces j and jﬂa respectively, then

4 )

- Let us now evalute t.he exterior dlffere]ntlal of ¢ —ﬂﬁé/
| A ol
4/’9 - ( ) ﬂg (See Appendlx :x)
R @ , (&) Ly, #l ~
-& ch M e (from 5.2.9)
“ I‘- s - YBC ﬂ A é ] {See Appendix A}
But from!'(5.2.8), /M/'Z: Y:c fc, S0

- A A
WM E Y Y AS

Equatlons {5.2.11) are referred to as the "flrst equatu-

(5.7

ions of structure"

*Here it is 1mmaterlal whether we interpret differential as
the covariant, ordinary, or exterior differential since gﬂB
is a scalar and thus there is no.distinction. between -the

different diff|'erent ials.
|
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|
Equatlons (5.2. 10) and (5.2. ll) complet.ely determine

the connection 1-forms, A 1; In practice one usually
chooses an ortp.onormal frame for which gﬂﬁ is a constant
matrix;'Equation.(5.2.10) then becomes triviéllyAZ/ P
~and we are essentlally left w1th only (5.2.11) to solve..

| In the same spirit in whlch we found the connection
between the Ricci rotation coefficients and the exterior
- differentials !of the l-forms_, ﬁ? we proceed to find the
connection betﬁeen the Riemann tensor and the exterior

dlfferentzals Lof the connection l-f‘or'ms, 4“/ 13
|

By deflnltlon (See Appendix A}, the exterior differ-

,w,; ch-@ Y//L’Y (.9":./1)

dahy o2l (Vied) g dd ") san)
|

But the Riemann tensor is defined by the .I.-elation;
(R) _ « (4) -
L Rord "R 55,7, (5:2.49)
From (5.2.9),
(A )
< igivs ? -(Yc4

is

® 4 o (8)
)J.e chﬂr.fﬁ/ (53.15)
- Changing.dummy indices in the last term of (5.2.15)

and again using (5.2.9}, expression-{5.2. 15) becomes)
(A) A () m) @1 4 (0 (8
£ "'(yﬁc )J yﬁ/t‘ey}/ﬂo'e‘/-lp.

By :
(572./¢)
J

A
Mult1ply both sides of (5.2. 16) by a&x a% and

.. T i
e w4 i mw e . . b !
.
CR . . [

.
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consider the left and right hand sides of the resulting

expression separately.

For the left hand 51de

M[rﬂ?/l.'

,éZ {9:?3'
Ch) B ‘xarr' 7
= £ @;[vr1 ﬂ?

T
e Ry ooy

E‘rom: (5.2.1.4)]

[élnce R% Gyd‘ -Rdtfr]

' For the right hand side noting the definition of the'

" wedge p}oduct (Appendix A), (é 2.12} and (5.2.13) we obtain

J(m"‘ +,w Wy )e "3(;

Equatlng the left and rlght hand expre531ons,

@nl

' Now if we define the curvature 2-forms as

9

N g ity = Gy b ey (52

A iR, ee0

then by virtue of the definition of the wedge product

(Appendlx A) and (5.2. 18), expr6531on (5. 2 17)
44.

becomes

C3‘a /79)

The equatlons (5.2.19) are referred to as the "second 21 :

equations- of structure". All frame components

-R‘;CD of the

Riemann tensor:can be recovered from the 2-forme/42; by ex-
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l; panding them in terms of the basis é? /469 and comparing
o with (5.2.18).

In summary, Riemannian geometry has been reexpressed,d
in the invariant formallsm of differential forms. We have
;fgalned the elegance of 1nvar1ance and the flex1b111ty of o
an arbltrary choice of vector frame AE A(The traditional
approach is recovered if we tie the frame to the coordinate

“ (A p B . .
net: ,‘g/ = grad X .) By choosing the reference frame such
. that" 3»48 "2(4)' ,Z-(g) is a con-stant‘ the connection " -
1-forms have the property #j, 7 4y, (cf 5. 2 10}. Thus

there are only six nontrivial ,WZ in a four space as

’ opposed'to forty Christoffel symbols.'The computation of

" - the Rlemann tensor is thus greatly. 51mpllf1ed

LPrd .
5.3, Zg Zi’ggrd" and the Intrinsic Singularity of the

Line Mass.

In this section we shall use the powerful differential
. forms formallsm built up in section 5.2.to analyze the

“are;

non-f;nlte regions of the invariant, f? Aip,g( formed
from the Riemann curvature tensor. We treat the general case
of a line mass of arbitrary length and then specialize to,
the particular "length" 2.4¢. Only sufficient highlights
;of the development to illustrate the use of the differential
forms formalism are 1ncluded here., Details of the computations
1nvolved can be found in Appendix B.

.The Weyl line mass element given by (3.4) and (3. 6) cah

be expressed in terms of the coordlnates §u deflned by
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R+ Rz A cwed §
S (F3.1)

R-R, = Zere |

| Wr)m £ (mf) i)
xwy,mtr) Wlariand
# sinh *Sum R ol g2 T (%32
where Vv—,-/f,‘ :
Ch0051ng our basis l forms as
s Clanh £) e g
4 .,Z(wau)”wf)" i’ o) ¥ ot
-t
6’3"/@#{‘)@#&4{) Wf*f“" ) Tz

2 £ (coihf) ¥ osind § aen' 70 2 (’.’"”

the line element (5.3.2) becomes
= B) 3 (892 -(6%°- (5%}
~ Thus the frame components of the metric tensor are
AR T LA N (R

all other _ 9‘45 co. (’q fﬂ)

Also,
A8 _

g 77 (5357

Noticing the ;ABIS are constants we have from (5.2.10)

WAB:- 84 -
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Taking the exterior differentials of (5.3;3),~-.expressing‘
thesé in terms of the bas-ig- 2-forms 9’4/7 6’8 and compar- .
ing the expre531ons to (5 2.11) we obtain a unigue set of
connection l-forms A&V ;3 (See AppendixB}).

We then form the exterior differentizls of the connect-
ion l-forms WﬁaJthe wedge products v : A ig , and

" combine these exnr9551ons to obtaln
o

/& B~ 0(4013*”:""’” 4]

(The second equations of structure).

If we then express these curvature 2-forms /l; in
‘terms of the ba31_s 9 6’0 and compare the resultln_g
" expressions td (5.2.18}, we obtain the frame components of
the Riemann tensor, /? Co (See Appendix B). |

L

Now, as we would expect,

Rn‘ ors 5-‘1' e 7§ /lz/f, | e(v) (R (E) )
¥ - VREN — ) /t
‘4 5‘? (’(mm((’f
ﬂA&'ﬂ 4'ef r 5/
Ay an eE owv
j g g J Rynew Raseo

ABco

- ﬁ /F,qcco.

But from (5.3.4) and (5.3.5}, we make the additional

observation that

"R dﬂ?//?

Aaco .
4’(’)’/ - ﬂ RABGD

G8 H¢ (0

=2 ? 7 ?AF Rcm. /i’,m
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J

X3) _—
Thus, since ﬁ /? is composed entirely of the
“Gys -

sum of squares of certain frame components and we consider

“AY7, i seo s
only real numbers, R ,f/ﬂ"/ approaches 1nf1n1ty if and

only'if at least one of théese frame components approaches

infinity.

Consider the Riemann frame ccmponent R 23’

' y(yﬂ-/)m X o N
¥ " g ; Wﬁu;ﬂ ,w* V4!
23/ f -
(2 ) } dank§tan )
For ¥ # o, /, this frame component is clearly infinite
when .
. r _ .

M i o,

or, |

§=o.
From-(5.3.1) we see that Lz0 corresponds to

M FR, = L.

'I‘hls is the expression for the locus of the line mass. Thus, .

from the argument  following (5.3.6)), we have shown that for
, “a¥ys ‘
'y/'{ e,/ the invariant ﬁ /?‘ﬂr/ ~is infinite in

2 V(R )R+ (R ) 4Ry,
| *(ﬁ;ﬂv)z‘f (/";23')1"" (ﬁ’;w) :f “:3';') ’

, ] 3 2 .
+(RYIVH(R, VI (r1e)

oy‘
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the region corresnondlng to t.he llne mass., Consequently, -

the 1“ﬁ!eyl llne mass element (5 3.2) has an intrinsic smg- '
ularity along the line mass for f o,/ (as expected)
For Y=o the frame component RZH > © as is true for

all Riemann frame components

A -
ﬁ Beo * 9. " (See Appendix B.)
This again corresponds'to our intuitive feelings since Y=o
corresponds to a "line mass" of zero mass density and space
in the absence of matter has an identically vanishing
Riemann tensor. |

For ¥ ¥/ the determination of the non-finite regions’

of K‘M’,ﬁdd,./ is not so simple. For as V approaches.il
and § approaches 0 certain frame components of the Riemann
tensor (such as /ezy ) become 1ndeterm1nates of the form -g-;
One can argue. that these frame components are infinite at’
§%0since upon the addition to er subtraction from ¥z /ot
an infinitesimal density € -these' Riemann. components .become
infinite at ffO.Appealing ﬁo a.continuity argument this
would imply these frame components are also infinite at ¥=/
fonffﬂ. Thtzs_we are strongly inclined to ‘claim that there
exists an intrins.icrsingularity at f’ Q@ , that is, 'along
the line mass, for any non-zero density 7 including the
"Schwarzschild” line mass density ¥2/ . We shall prove
nhe correctness of this inclination using the elementary

flatness criterion.
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5.4+ The Elementary Flatness Criterion.

The elemantary flatness criterion, succinctly stated,

is the condition that for any infinitesimally small space-

'1ik€ circle the ratio of circumference to radius shall be

27y » in resions where Tago(vacuum). This is rﬁerely a
mathematical statement that locally the.characteristics of
space are Minkowskian in vacuum.

. Pogsibly the most important apvlication to date of the
elementary flatness criterion is that of Einstein and Rosen
(Einstein and Rosen, 1936} to the Silberstein two mass center
solution (Silberstein, 1936){ Silberstein had used the Weyi
formalism developed in Chapter 3‘to arrive at a solution for
two static ﬁass centers. Specifically he found that, for.
this problem, i:he A satisfying Laplace-'s equation and appear-.

ing in the Wevl metric {3.4) is

—L' ‘], 3—
- -— Lol '9.’)
| NI R
where ].“L’_ are constants and

Rt (2@

4:-;/&"4 Cz-é):

the a and b being constants (See figure.below).
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By an ingenieus argument he was able to determine the v

appearlng in . (3.4),

‘V’ -A (z, 1,},”[. [(, ), /_-] (542)

where 0 ﬂi‘é £ distance separatlng the two mass centers.,

431-

‘Silberstein noticed that the only explicit singularities
in his solution (3.4), (5.&.,1)., (5.4.2} occur at/;” = ¢ and
Ry =0 , thet is, at the mass centers themselves. H-e con=
cluded ( incorrectly) that these wepe:sthe:s;ﬂ\_xesingularities
in his solutlon and that consequently there was a complete
absence of matter and stress everywhere in his solution except
at 't,he mass centers. This condition that, in the absence of

any intervening medium, two mass points are fixed relative
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to ‘each other, inétead of falling towards each other, "flag-
(_lqantly'ppgpradigg§ man's most ancient, ppiﬁitive experience,
(Silberstein, 1936)%" Thus Silberstein concluded that either
the Eipistein field equations are incorrect or one cannot
consider "material particles" (mass points) as singularities
. of the field. | N

Einstein and Rosen's refutation of Silberstein's cond
clusion was based on the elementary flatness criterion. For
. convenience they introduced the angle L formed by the two
radius-vectors A,,and 23 ,

AN, Aem Kz Oy » (543)

Expression {5.4.2) then becomes

AC)" +_z~ 42“&["&4« (] (£.49)

Einstein and Rosen noted that according to Silberstein's
development thé square root iswalways taken to be positive.
Howevér this leads to dist_:ontinuoué derivatives for ¥ on
the sur_facekafgg in violation of the conditions of regular-
ity. After further investigation, Einstein and Rosen found
the correct solution did not contzin the ambiguity in sign
and the corrected equation (5.4.4) could be written with the

L7
bracketed expression as

[eax -1] - (594)

Now applying the elementary flatness criterion to an in-
finitesimal circle in the plane t= const',ant-,Z': constant,

with center at 22 O one obtains {using 3.4)
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Circunference ' & f ds = fdﬁ-AQ( P

) - g
S 1,‘,2,/)- sconstant t",.z,ﬂ constant

- =Z.f)’/«‘v€-ﬁ

and S - o
. . Radius Sfds = ﬂ '
) ‘2 ¢ Zconstant T &P ° constant

-2 W'”/L.

Thus the ratio of circumference to radius_‘_’,-is
. ) -r ) .
%-.- 278 (545)

This satisfies the criterion % s A7 only if ﬁofor-/!=0-
But from (5.4.#'),Y30f0r/z=oonlx‘if X=z0o . From
the‘definition of & this corresponds physically to the
portion of the axis defined by the mass centers (z-axis)
cutside the segment joiﬁing- the two centers. Fc‘)r the segment
joining the two mass centers, € =2’ , But here ‘Vfo and
hence the eleméntéry flatnéss criterion is violated. One
is thus forced to conclude that this region corresﬁopds to

an intrinsic singularity and hence there exists matter (or

stress) in this region, Silberstein's conclusion i§ refuted.

5.‘5. Application of the Elementary Flatness Criterion to

the Problem.

For the metric (3.7) we again, ,as in séction 5.4,

consider the z-axis. Considering an infinitesimally small



circle in the plam#!constant,Z'a'constant_ and. centered at

A %0 we obtain for the ratio of circumference to radius

Lo o2pe’V (5%9)

where

(RR) = (5.57)
8, R,

[Expression (5.4.5) was developed in section 5.4 for the

V= 4
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Weyl element (3.4) in general when considering an infinit-

esimally small circle in the plane'f = constant,Z# constant
and centered at B 2o .- The particularV (5.5.1) for our
problem was obtained by setting L24 in (3.6) j

Thus for the Weyl line mass of ;'length" 2é  the
elementary flatness criterion is satisfied (for22¢ ) only

if L /. (5‘4_&)1‘ Yu*

This implies that

CR#R )P - 5u* = TRR,
R2R} -RR Ry Yut
o+ (ﬁ'.ﬁ’.) = 24 (55.2)

The only regions where condition (5.5..2) is met are on
the z-axis outside the line mass. Thus the region of the
line mass itself violates the eleé_nentary flatness criterion
and consequently must be an intrinsic singularity of the

Weyl line mass solution for "length", 2/—0



.. CHAPTER 6

™

GECMETRICAL STRUCTURES, SYMMETRY AND KILLING VECTORS.

6.1. Introduction.

- For ages geometry's relationship to experimental sciemce
has been a bone of contention for philosophers, mathematicians,
and scientists. Historically, Euclidean geometry had its in-
ception as an experimental science with the Egyptians and
Babylbnians. Latet,=it was codified by, Euclid and consegquent-
ly was deveioped into a subject of pure‘thought. By the time
of Immanuel Kant's "Critique of Pure Reason", the historic
erigins of geometry had been foréotten and Euclidean geometry
was accepted as one of the a priori categories of thought.

However, not long after Kant, mathematicians develaped
non-Euclidean geometries. Noteworthy among these is that of
Bolyai and Lobatshegsky'(1829), a non-Euclidean geometry deve-
loped'by'modifying the parallel postulate. The.geometries.d
developed insthe ensuihg years were not experimental but did
demonstrate that Euclidean geometry was not the only conceivz
able one. u

Tt took the genius of Einstein t6 reinstate geometry as |
an experimental science in his general theory of‘relativity.
Einstein in his famous principle of equivalence stated that
it is impossible to distinguish locally, by an experimeﬁtalw

observation, between a uniform gravitational field and a



uniformly accelerated frame of reference in the absence of >
a;field: Thué one can.describe gravitational effects either
in terms of a flat space-time with a gravitational field
present, or in terms of a curfed four-dimensional $pace-

time without a gravitational field. The second alternative

is the foundation for the geometric intérpretation of grav-
ity and directly reinstates geometry'to its former role as

an experimental science. It is this interppetation that led
'to the elegant theory of general relativity.

The goals of this chapter are to show the relationship
between physical sbjects and geometric structures, to show how
the imposition of geometrical structure on a space selects
a characteristic symmetry subgroup for the space, and finally
to show that the éymmetry subgroups of the Schwarzschild
-solution and the Wéyl line mass solution-are not the same
even for the critical "iengthﬂ j?xx, . The plan follows.

In section 6.2 weshall review some basic topological and
geometrical concepts necessary.for this work. Alsowe will
Iattempt to show heuristically how geometric structures

corresponding to phvsical objects are superimposed on basic

topological svaces to give them gecmetries.
| In séctiOn 6.3 intrinsic symmgtries of_geometrical
objects will be formulated in mathematical terms and Kill-
ing's equation will be developed;
In section 6.4 simvle applicationscéfi{EKillingvettor
analysis forttheﬂdeterminationQSfiiétfinéicssymmetﬁies-Will

be demonstrated.
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In section 6.5 Killing vector anaiysis will be appliéd
to the Wéyl axi-symmetric statuiéolution of a line mass with
"length" 'ilac .The intrinsic symmetry will be demonstrated
to be nén-spherical in contrast to the Schwarzschild sclution.

6.2. Topolopical and Ceometrical Concepts.

The task of the physicist is to construct models or
theories that correspond to the physical world. Of all models
used, the most successful to date are tﬁe ones employing the
space-time concept. Indeed most physicists accept a theory
as fundamental only if it does make explicit use of the space-
time concept.

The foundation of all space-time theories is the use of
ﬁﬁe space~time pointl(event). It cbrresponds to where and
when a physical event takes place. The distinguishing feature
of a space-time point is that it has no distinguishing féatures;
all points of space time are assumed equivalent.

In orderto be of use, however, space-time must be more
-than just a collection of points. In physical theories, it is
endowed'with a number of properties. Of prime importance are
its topological properties. The topological properties of a
svace are those which are unaffected by arbitrary continuous
deformations of the space. The common example given is that
of the topologies of a sphere and a torus. They are topolog-
ically unequivalent since it is impossible to deform a torus:
into a srhere.

Common to all space-time theories to date is the assump-

tion that locally the topology of space-time is that of a
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' Buclidean four-plane., Note that this is a local statement.,
The global topology of space-time is noﬁ entirely at our
disposal but is restricﬁed by the type of geometry we wish
to impose. Ih contrast to the time of Kant, when Euclidean
geometry was sacred, now even the contention of local Eu-
clidean topology is being conteéted.

Wheeler and Misner have constructed models for electric
charge by actually introducing non-Buclidean manifolds, con=
taining worm holes. We shall however assuﬁe Fuclidedn top-
ology. As a consequence it is possible to map points of any
'small -but finite region of space-time onto the points of a
" corresponding region of the Euclidean four-plané in a one--
to-one bicontinuous manner. This is equivalent to assuming
tﬁat the noints of space-time constitute a space-time mani-
fold. This is a local vroperty, however, and it may well be
impossible to map the whole manifold onto a single Euclidean
four-plane.

As we will make extensive use of coordinates and mapp-
ings it may be wise to stress a few ideas of import here.
Coordinate systems are merely an aid in calculating. Intrinsic
geometry is independent of the coordinate system used. In
pfinciole there are no grounds for the preferehce of one
coordinate system over any other*, (Frinciple of General
Covariance. ) | |

Once we have coordinated the space-time manifold ‘it

* In practice coédordinate svstems which exhibit the symm=
etries of one'S'spaceTtime are preferable,
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Qis'possible to characterize a mapping of this manifold onto
itself.JBy a mapping we shali'méan eéch point of the manifold
is assoéiated with some other point of the manifold. |
/x"‘-p ?1/’“ = X “(x)
We shall limit ourselyeslto_dnefpofone_biqgﬁtiﬁu9u§
mappings. |
Up to now we have talked only about a bare space-time

manifold. This is an empty concept as far as describing
physiéai sfstems. In order to develop a world picture we
must introduce the notion of a geometrical object. Euclid,
in developing his geometry characterizea geometricaliobjects
in a purely axiomatic way, thereby emph351z1ng the geometrlc-
al nature of the objects defined. This method however, doesn't
lend itself to analytic techniques. Therefore we shall approach
geometrical objects in terms of their transformation propert-
ies, - . _
.We shall demand of a geometrical object, 'g , which under-
goes transformation to an object, dﬁ ’, that it satisfy the
: following conditions:
. (1) .If & 1is transformed to # by a mappmg K ““ln)
and "é is transformed 1ntoﬁ by a mapping ?( ('x)then
will be transformed 1nt0¢g “ by the mapping ’X”'“(%,“(‘x)). ,
that is, the product mapping. ' _

(2) éz is transformed into itself by:ﬁhénidentﬁty
mappirg. .

(3) If # is transformed ‘intoa‘zkby a given mapping,
then Eg' will be transformed.into é{ by the inverse of this

mapping.
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The phy51cal grounds for these stlpulatlons on the -

geometrlcal obJects is to ensure that all the intrinsic
properties (phy51cs) of these objects and all relations
between them are preserved under mappings.

The most familiar géometrical onects to physicists
are those belénging to the lineayj homogeneous transform-
ation class. These are tensors {quantities obeying the

transformation law
T/o-.-ﬂ. - = aers Jy ..‘.lyzr.‘..- T -...eu. )
.tl.v.g. xﬁ fx r « O®es s
and tensor densities (auantitles obeying the transform-

ation law

LR b U AR S 5

Il v O A

These are geometrlcal objects which are a55001ated w1th
actual physical structures (e.g. the association between
the antiéymmetric electromagnetic tensor and the electro-
magnetic field). Their introduétion imbues our space with
some geometric struéture but not enough. The difficulty
larises in the fact that we have no geometrical means for
deciding how a tensor field changes as it moves over the
'manlfold The mathematical b3515 for this problem is that
the ordinary derivatives of tensors and tensor densities
do not form geometrical objects in gene}al. (' One cannot
add or subtract tensor at different points of the manifold,
an operation necassary to construct a derivative.)'This sit;
uation can be rectified by the introduction of the notion of
parallel transport of a tensor which in turn leads to the

construction of an affine geometry,



. . | . ey
.1 N
leen a vector field . [q (%), - the components of /9
" A’-

at X 1"” are related to the components atx by

a4xrax) s AN 4 oA “(x)
= A%+ 9 Az’

.Tklle dﬁ‘: being the difference of two vectors at different "
points of the manifold,do not constitute a geometrical ob-
ject. In curvilinear coordinates, in order to obtain a diff-
" erential of a vector which behaves like a geometrical object,
it is necessarfﬁtne tworvectors to be subtracted from one
another be located at the same point. One of the vectors must
be "parallelly" transleted to the peint where the second is -
1ocated, allowing us to determine the difference of the two

vectors at the same point in space. We deflne the vector at

x et o X , parallel to A%x) o ve A “ao+ TAZ ).
The O(A is not a vector but the difference d/q“(x)"grﬁ

clearly 1s, being the difference of two vectors at the same

“(x)

point. In order that our generalization of parallel transport
correspond to our ordinary notions.of parallel transport in
Euclicdean geometry we require that C{)q vanish when either
d-?( or A(«)vanlshes. This is accompllshed most easily
by requiring //‘i (‘*’ to be-bllinear in /qa(*) and ‘QV“
that is, '

[A?%),, - /;i (%) A F(ét) x a-

“

The quantities f' - (x) constitute thé components of

‘?

'a new geometrical:object called the affine connection. The

- components are almost completely arbitrary but.once they are
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L nglven our manlfold is endowed with an afflne geometry. U51ng

- the afflne connectlons we can. construct a- new derlvatlve, the

coderlvatlve A“'V of a contravarlant vector A“(’x)
' ! A% ( “rd “
- A%xidx)= (4% 4A%)
Ay 3 ki
: - &4

- Rt TS

The transformat1on properties,
/""‘_ dx’ a’x(a’x /v Jx o’z

g x4 I I c’x“ a’x"‘/x
are 1mmed1ately derlvable from the imposition that 61?4 004
transform like a contravarient vector.

:If'we impose the conditions that the coderivative of a |
scalar eqgual the ordinary derivative and the product rule of
differentiation hold for covariant differentiation, we can

‘rey

construct the coderlvatlve of an arbitrary tensor T , ,
“Hu a,,,,

" s TA T [ T g,
Tvese™ DygeT loe 707 “lep Do T
dnce‘we‘have imbued our manifeld with an affine gedmetry

throtgh the iptrodﬁction of-the affine connections, we can
construct an important family-of curves known as the affine
geodesics. We define these curv.es thus: Given a point Flying '
on'tﬁe curve, take any vector proportional to the tangent to
the curve at P and transport this vector parallel to itself
along the curve to another point P,on the curve. If: the
parallel-transported vector is préportional to the tangent

to the curve at F 'for every point P,ahd every starting

point f’ , the curve is an affine geodesic. The affine geo-



desic'betweendthe two points is thus the "straightest" lineé'6
.ﬁbetween the two points. Alrebralcally, if the coordlnates of
p01nts lylng on the curve are glven parametrlcally as

Az ‘fdt<hu) '
where Tﬁ is any continuous parameter defined along the curveP
the only restriction being ¢ must increase monotonically

LY

as one.proceeds along the curve‘in a fixed direction, then

«@ Lt (
There ex1sts a parameter, JY?Q such that the equation of

the geodesic becomes ' .
Cad i /"" Af Cat £,
D IS 5
This affine parameter, I(fﬁ, can be used to define the length

of a segment of the.geodesic between pomts fand P as fa’.r
However we cannot compare lengths of segments belonglng to diff-
erent geodesics because this affine parameter is not unique.

(If Sis an affine parameter then so is 4S+4, where & and § are
‘arbitrary constants.)

One of the fundamental'assumptions of general relativity is
that a free particle will move along a geodésic in four-dimens-
ioﬁal space-time. Using affine geometry we were able to construct
afflne geode51cs but these in themselves are not enough to des-
cr1be the geometry of space. As mentioned above affine geometry
in itself is not enough to compare distances alongﬁdlfferent
| geodesics. A mechanism must be developed for_assigning invariant
distances between points in space. A metrical geometry must be
constructed which will add the concepts of distance and angle
] to that of parallelism developed in the affine geometry.

A metrical structure is given to a manifold by assigning
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to each pair of ﬁéighbouring points X“ and “X“ﬂt d’x“' a
. distance 0($ . This distance, dgf,_will in gerieral depend
on ’)(uand afx“ . In order to sati i}'our phyﬁical intuition, XS
should vanish when d%‘{"o; Since the distance, &§ , is
a localldistance, homdgenéity of degree 1 in G"(ais suggest-
ed. There are still an infinity of metric geometries avail-
able but if we use simplicity as a cfiterion we are led to
the choice made by Riemann,

ds’= gm(")ahc“ahf(’
which is analogous to the Pythagorean expression for distance
in Euclidean geometry.

If we impose the natural requirement that the distance,
5(5'; between two neighbouring points remain unchanged under
'mapping.(dg a scalar), then we categorize the ﬁ,‘p as a
covariant tensor of second rank. We further assume that the

39‘5 is symmetric since antisymrr;etric components can't
contribute to ’(5". Thus the metritc tensor has ten independ-
ent components,

It is a natural question to ask at this point if there is
any relationship between the m.et,ri:c tensor jgp ,.describing
distance-éngle relationships,'and the affine connections
describing the concept of parallel transport. There is if we
require that the affine geodesic,lrelated to the concept of
the "straightest line", be equal to the metric geodesic, re-
lated to the concept of shortest dis#ance.petween two points.

The equation for the curve of shortest distance between two
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<p01nts in a space is obtalned by extremlzlng the llne ele-

ment (des 0) . For the Riemannian metrlc, - ?

o($§ -'?..ﬁdp':‘f’x‘j"(’x'@ ¢/ one gets
' 0( x ax <-a
7 T ff’ (% Zr'e:

where f ,} is known as the Chrlstoffel symbol and is’
defined as ‘ )
{474 “( 3v;=o—*§°""r Jeerr

- Comparing this with the affine geodesic equation we
get £he desired correspondence between the affine geodesic
and the line of shortest distance if

F LA
 Thus the entire geometrlc structure of general relat1v1ty
is contained in the ten components of the metric tensor.

In synopsis,'the imposition of various. geometric obi
Jects on a base manlfold superimposes a geometric struct-
_ure on the manlfold, a geometry. In general relativity the
~geometric structure is contained in the metric tensaréid@ .

6.3, Intrinsic Symmetry and Killing's Equation.

The concept of symmetry is so‘deeply inbred and inter-
- woven with experience that it is difficult to explain its
meaning in words which convey more than the word itself.
Even a child has an intuitive understaﬁding of what is

meant by a statement like a ball is round., However intuition
has its limitation'and so the mathematicién and physicist
must translate the concept into mathematical terms. We shall
construct the mathemétical statement for the symmetry prop-
erties of space ip.a-systematic-manner starting with the

. bare manifold and showing how the introduction of geometrical
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‘Structure affects the possible symmetry properties of space.

As stated previously the distinguishing feature of the

'bare manifold is that it has no distinguishing features.

There are no geometric signposts to aid one in distinguish-
ing one point of the-manifold from another. Thus under a

. - ’ ’ -
mapping of a-point FPto a point P y the topology at P being
replaced by the topology at P, there is no change on the
manifold. The bare manifold alléows the most general topolog-
ical transformation possible, Thus its symmetry is that of
all possible topological transformafions. Analyticably if

our Sspace is coordinatized with the point P assigned the

. _ ’ . /v}
coordinates f““} andPassi’gned r’x we can express

the entire mapping or transformation by
‘M K f V;)
NP 2 G F A7)

For a bare manifold any set of four functions ‘x'“(ffxvf)
generates a topological transformation, -

Iﬂge can represent an infin‘itisimal mapping by a vector
field over the manifold. The elements of the vector field
are formed by connecting each point F to the infinitisimally

¢ ’
displaced point P with a short arrow from P to r.
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We then use this vector field as a generator of thé pﬁssible'
group of motions. Of course fof a bare maniféld any vector field
generates a possibie motion. |
‘Now if we impose a geometric structure such as an éffinity
or metric tensor, on our space what happens to its symmetry
properties? The imposition of a geometric structure as;ignsUsign—.
posts" throughout our manifold. We compare these for all points
before and after a mapping. Only if the& compare exactly can we
'say that the mapping representg a symmetry of the space. This
parallels our intuitive approach to symmetries. Given a cylind-
er, for example, one observes that upon rotating it about a
certain axis (its axis of sjmmétry) its shape appears unaltered
while if one rotates it about some other axis its shape appears
altered (surface elements at a given poiﬁt change). Thus the
first motion corresponds to a symmetry group while the second .
does not,
It is clear that the imposition of geometric structure on
- a bare maniflod reduces the symmetry group from all topological
transformations to some subgroup. Since in general relativiﬁy
one deals with a metric geometry characterized by the metric
tensor, jaV’ we shall develop mathematical conditions that a
mapping must satisfy in order to leave thé mgtric structure
and thus the geometry of our space unghanged. Since évery finite
transformation can be built up from a sequence of infinitésimal
transformations, there will be no loss of generality if we cons=:
ider only the case of infinitesimal motions of points into new
points.

The vector field which carrieé the point @ with coord-
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inates fx“;twer into the point £ with coordinates )

“ " )
{z‘-{f f‘(ﬂf)}is.given by £ . (Refer to description of vector
field above). Since the metric characterizing our geometry,

is a second rank covariant tensor, it transforms as

dxl
g““" afzcu :;frffﬂ‘

Here the 4 “# are the coordlnates of the pomt P so
XU U (x).

Since the‘f'S‘ are infinitésimal guantities, the inverse trans-
formation is . x‘“‘: x"“ -f”(%')
Thus to first order in the infinitesimals, §'“, the mefric assign<

ed to P 'is -

ﬁ/{v g,av- flf :V pr(,a (63”

where all quantities on the right hand side of the equation are
to be evaluated at the point [P . _

The orginal metric at point P'can be expressed in terms of
quantities at point P by making~ a Taylor series expansion of the
metric about the point P :

g,ar(x“’tfq) -;‘ (‘1’) +;.ay,‘o § ({3 2)
to first order in the infinitesimals s"“

The necessary and sufficient condition'that the motion

generated by fgx)leave the geometry unchanged is that the two

metrics given by (6.3.1) and (6.3.2) be the same, that is,

yav jﬁff j‘o'lf f)“ ;&V +jﬂy‘o f‘o
za f)lr jf’" )q -;,ar fpo ({33)

This eauatlon is known as Killing's equatlon and the vector

or

fields satisfying it as Killing vector flqlds.

Using the definition of covariant'differentiation the



.Y compact form . B :” ‘ -
oSt “Swja =0 (¢:3.4)
can be shown'to be equivalent to (6:3:3).
0% = $uiv-~ Sy .
' . r. L
z "ja(,f,cv '?pvf,'a. (5“(5*"")
(’f"

B A R Il X W)
N B_@; Qe have defined /;Cifﬁfr(gﬂ,v "ja'v,a "qur) 5Q
0= 'j"‘(f;i' “Fer f,‘; -1 ga(o 7 f‘?jm\,v Lt
| "5)'/, ) fA - i', fv‘jfr(;d,»u"jmﬁ'jjgjafz.
BRRRERT W R A TA AL L
-4 I Grautdenr-gas e £

E 4'3*? £l '?fvf:z " Fur fA'.

The demonstration that the Killing equation can be
-éut into the form (6.3.4 . is motivated By much more
than compactness of formulation. Since equation. {6.3.4)
confains only geometrical objects (§” nd geometric oper-
ations (covariant differentiation;, it is a geometric equation

and is independent of coordinization. Thus the Killing vectQ

" ors, being the generators of infinitesimal invariant motions
of the space, determine the intrinsic symmetry properties of
the space. Conversely, the intrinsic symmetry'p:operties de=

termine the infinitésimal generators., -
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6.4. Illustrative Examples of the Application of Killing

Vector Analvsis.

On the introduction of a new set of coordinates
‘/”Sx (x-V) the Klllmg veétor transforms as
£ &> 5B £ .

Because of this transformation property it is clear that the
Killing vector may take on an infinity 6f forms depending on
the coordinate system used. Thus in order to make an unequiv-
ocal statement about intrinsic symmetry properties using
Kllllng vectors we must know the form of our coordinates.
In a metrlc geometry this 1nformat10n is contained in the
metric itself. Consider, for sake of simplicity, a metric'
geometry given by

ds?s ()t aeal) (o) (et
An observer taking a number of measures of the length ‘tﬁr
_between adjacent points (‘Y,,'Y;.) and (ﬁ?"ﬂ&’,?‘rz "Wz)
"and finding the above formula fits these measures will know
that his coordinate system is the usual polar coordinate -
system with ‘Y,,Yz being the numbers denoted by the polar
coordinates @,¢ . With this information we are ready to
examine the intrinsic symmetry of the metric. For this part-
icular metric the Killing equations (6.3.3) yield~ the

following ‘'system of equations,

/
for_,~,“=vsl, {H



Y R I e VL
- EE'QIT A :3,4&' i, ‘.dﬁi/xﬂf:; -MY’C@GXIfé 0

4

The sblution to th1s'system of equations is
£=A cmxz.temny‘
(¢..2)
§ z -;d‘y (Asuny -Bm:r9 40

where A,B,D are arbitrary constants.
We know the rotation group in three dimensions is given

in Cartesian forms as
Xpx 2z Yh 4 RS X°
where !’"ﬂ' ‘5'% otherwise arbltrary.
The ©illing vector characterizing.spherical symmetry is
thus giveﬁ in Cartesian forms as |
fa - eﬂfxs'
Transforming this to polar coordinates we obtain .

/3 2
f = €cospt € lung
/ /3 23
f 2_ -(,yt‘ﬂ ((" M7 '3 WF’*‘) (65’3)
3
fleo
We have already stated that we can make the identificat-
. ? .
ion- (’.’6,”-’(:): (s, @) , and since 6/, €23 are arbitrary
’ /
constants there is no prohibition on identifying 3 3 with
' 13 .
A and f with B. Thus because of the equality of (6.4.2)

and (6.4.3}, the metric {6.4.1) belongs to the spherical

symmetry group, that is, the three dimensional rotation group.
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A note of caution should be interjected here. Although

for a given intrinsic symmetry and a given coordinate system
the Killing vector structure is defined uniquely (indeed this.
is the property which allows us to analyze the symmetry group
of a metric), we must not assume that for a given intrinsic
symmetry the Killing vector structure is uniquely attached to
a certain coordinate system. In fact, for a given symmetry tn
there is an infinity of coordinate systems which have the
same Killing vector structure. The basis for this is that in
general relativity generalized coordinates are used. For in-
stance when one speaks of spherical polars the coordinates
(fbg Q%‘f ) are not 1nJgeneral quantities. one would measure -
with a ruler and proctractor. Only in the asymptotlc llmlt
do these quantities approach their usual meaning. It is
Heuristically evident that there can exist an infinity of =zay '
asymptotic approaches and thus an infinity of coordinates
which approach the standard forms. As an example consider-the
case of the Schwarzschild solution in regular and isotropic

form: 24
= /"%
regular | 34’/&‘3 0
. A
s » -4, P
and o - ff 2
| 94y =
isotropic '
Bwmc0o y
g - - (/* ) JA_‘

where the metric tensors have been glven in generalized
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Cartesian coordmates and N
P & )24 (x*) 4 (x )2

The transformation from the regular t.o isotropic form is
given by: P
(/4 ) x "t x x’?
where the primes refer to the 1sotroplc coordinates.

We note that here we have two different solutions to the
same physical problem whose coordinates differ markedly but
approach one anbther in the asymptotic limit (f’"" ) . What
about the Killing vector structures?

We know that in Cartesian forms the Killing vector struct-

p NS 4 ) ,4’:
ure associated with spherical symmetry is R SR § °

R2S_ sa : {
where & *-& . Looking at the §' component given by the
transformation law,
!
X ¢’
§ = ax v

we get J

(é./z 2p¢’ Ix 3) -,L (é' /

¢’
+‘&’§ (- & -e5x7)
Ix”’
Calling f:[("" )] and ;’(/1‘2?,'(:) * we obtain
{: [Ex/,) f'fjj(f‘ ,z’,_ Efixls')
./.[fx f](g oY, Xg)

/ /3 8132{’;_)'
+[ /3%‘](6 x”
" x/z_{_g/';?( ) -
] 2 2 I?x
= c"ﬂx te
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- We:see that‘: f' has the same strﬁeture as f + Similar-
‘filyethelother comvonents of she Killinélvector can be shown

x'.to haveiequibalent structures in the primed and unprimed
coordinases. Thus it is demonstrated that the Killing vector
structure is nos linked to one‘coo;dipapeksystem.but @o a %.
class qf generalizedscoordinates. ’ |
Finally for historical perspective we shall.applf Kill-
ing vector analysis to the Weyl solution for a singie mass
lcentef. (Silverstein, 1935). .
_ From~Chapteer'we'know“the?line element will.be-of'the
R PO R
' where_) is é solution of Laplace's equation and
ﬁ’([A: > A,‘:’Mw‘ 22, Al’fz) .
For a single mass-eenter the solution of Laplace's equat-
ion is: S L
AT e,
where (’z'-'/? t'f‘ z* .. We reidizly integrate f‘or Y~ obtaining
7= Fev.
The question of interest is this: does thlS line element
possess spherical symmetry? The Killing vector structure for

spherlcal symmetry in zenerallzed cylindrical polar coordinates
CRAADIE
] /3 23 .
§«= é-,SZCOV?'!'ez?zM ?’-6 /2604? 6 /W‘?)

gt € Z iy +EP 5 e, 0), (é%’)

Investigating whether this structure is consistent with
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rthe Weyl'splutien-for écsingléﬁm358mcenter;£we,applyvthp the
Killing equation test for/z=1’=;f.‘Thé condition for consist-
ency thus obtained is: o

~2g. 61 £ 20
where the f‘ "is given by (6.4.4).
Notlng that §'.r-° and "that for the metric considered
is diagonal, the condition reduces to
_yu e {‘r:a_

Explicity, since g” is independent of ¢ and ¢ ,

3&41"

cee;mz(-f emp el e

After some algebraic manifestation we obtain the necess-

ary condition 2
2L -'ZA /3
..%Ef RZE 6245 f” (’é' cod 1€ .4zfagr)

F

This condition is not vaiid in general.

Thus we see the Killing vector structure for spherical
symmetry is not consistent ﬁith the Weyl single mass solution.
Therefore we are forced to conclude this solution is not spher-
ically symmetric.* This conclusion at first seems troublesome

since we started with the Newtonian potential for a single mass

%*5ilberstein (1935) noticed that the single mass center solutw
ion could not be transformed into the Schwarzschild solution
and thus could not be spherically symmetric. Anderson {1967)
suggests the use of Killing vector analysis as a formal proof.
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point. But it must be borne in mind that even a point may

~

H;ye multipole structure which happens to be the case here.
Physically ‘this has its source in thé fact that the r and 2z
coordinates do not retain their Euclidean maening in general
relativity and thus mass distributions in the general relat-
ivistié case need not be the same as in the Newtonian case.

The imposition of'an axially symmetric structure via the
Weyl form of the Einstein field equations appears to be the
fundamental influence off the metric structure. Although the !
_ﬁap potential is both spherically and axially symmetric in
the Newtonian sense, it is only the axially symmetric ..:i-. -
attribute which is retained in the framework of the Weyl equat-
ions.

The important lesson here is that one cannot assume that
the symmetries of the Newtonian potential which ohe uses in
developing the Weyl solutions also apply to the general relat-
ivistic line element. | .

6.5. Application of Killing Vector Analysis to the Weyl Solution

of a Line Mass of "Length".,l£¢ .,

Having developed the téchiques of Killing vector analysis
and seen their application to simple problems, we now proceed
to use these techniques to determine if the Weyl solution of a
line mass of "length" 2«4¢ ( the Schﬁarzschild radius) is in
fact spherically symmetric as claimed throughout the literature,
We shall procéed in two ways:

i) Determining whether or not the Killing vector

structure for spherical symmeéry and this part-

-~

™ e T - - . -t 3 1 N 8 . v,
oA Ll R PO B R
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icular Weyl solution are compatible with each other;

_ii) Determining whether or not.the Killing'vector struct-

ure for the "Schwarzschild" form of this particular
Weyl éolution is that of spherical symmetry;

Both of the abové methods are equivalent since by definition
.intrinsic symﬁetry propérties are ungltered by transformation.
However the second method is included since it particularly
illuminates thé source of a possible misinterpretation of the ‘
symmetry of the pfoblem.

Proceeding in a manner analogous to that édopted in analy-
zing the Weyl single mass center solution in sectiocn 6.4, we
inquire if the Weyl line mass solution for "length"Z«is consis-
tent with fhe Killiﬂg vector structure for spherical éymmetry.
The Killing vector structure for spherical symmetry in general-
ized cvlnndrlcal polars is glven by (6.4.4). The metric for the
part1c&1ar heyl solution under con51derat10n is given by (3.7}.
We now apply the Killing equation test for e=V=¥¢

‘The condition for consiqtency thus obtained is:

29y, 514 “Fay, 0 §‘°-o - (6.5.1)
Since f 70, the condition reduces to . _
« ' P
. Guys § 0 . . (6.5.2)

- Note that the derivatives are with respect to the general-
ized cylindrical polars (i.e.
o o '
z Yy . . - .
F4y ;’ig*,ﬁm' g‘-:,’“zim"fs‘-’% ) vy 3’ ?}f")-
Thus, upon noting Fey is independent of @& fcf. (3. 7)] the

condition (6.5.2) can be wrltten out -explicitly as
Py § +j‘7‘?a =0 . (6.5.3)
Labelling * 9g, ﬁ?&) and noting fromj 'sform
R:



s

-. mg Sor condition (6.5. 3)

(3 7} that d/e ?ﬁ , We use‘ the chain rule obtain-
) . .

()co’k’. +,€ch',)§- +6cdfa “(dl?z.)f a (¢. S’-‘l)
Cancelllng the f{ﬂuna)from equation (6.5. h) *®, and also

observing from the definition of R, &, (p.28) that

T r)(t, . C)Rz, 2

. (28] . IRy _ (248
dz R ’ gz R,

we obtain the necessary condition .

.
+ [ =2 4(%)] = 0.
( R&)f R: . [ £
Insertlng the f“(é L.4) to be tested, 'the condition

becomes -
(R )(6"3 berag + 6 zm;v) + o (‘.5.-,)

Cancell:.ng the common fector ofﬂ, and noting since
3 23
f € are arbitrary thea.r coeff1c1ent‘§,w-must. separately equal
zero for condition (6.5.5) to be valid, we obtain the necessary

. 13 .
condition for the & “coefficient

Giyzenr - [ G2 g Jemg w0

Cancelllng the common, factor of cos 5&* and s:.mpllfylng we

obtain the necessary condition

£(% %)=

This in turn is only valid if

R""'-Rz_

a condition:true inrgeneral only.for“a line of zero-length@:c‘)-

¥ It 1s the general valldlty of (6.5. l) that is being tested
in this development. _
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Since we are consn.dermg the case =& ¥ qc'-ﬂ' , zero length -
implies zero mass. Thus the Weyl line mass solution for '"length"
oL £¢. 1is not compatible with the killing vector structure

for spherical symmetry except for the‘trival case of mass-less
space (fla£ space). The solution, therefore, does not possess
spherical sy&metry and cannot be considered as the Schwarzschild
solution which is the general relativistic solution for spher-
ical symmetry.

The only assumption used in the development above was that
the metric ( 3.7 } was in generalized cylindrical coordinates, '
This, however, is seen to be the case both from the development

of the metric (cf. Chapter 3 } and fr§m the fact that the Kill-

ing vector structure for cylindrical symmetry in general cylind-

rical polars §X¢= (0; e, ena o ) is compatible with the
Wéyl metric wﬁich is indisputedly cylindrically symmetric. If
the metric were given in any ‘coordinates ‘but generalized cylind-
rical polars the Killing vector structure would have tb corres-
rond to these coordinates and would be altered in form accord-
ing to

, -

Thus the Kllllng vector structure f (0,0 .E‘ 0) would no

“, 92 s

longer be compatible with the metrlc. %e see that if some sym-
metry properties of a metrlc are known a.ppiori,the.eriterion
for ~rcompatibility of metric and Killing vector structure can

be used to gain-information as to the character of the coord-

inates. We éhall make use of this in the second approach to

the analysis of the Weyl solution,
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The Weyl line mass solution for "length" Ze can be

transformed into "Schwarzschlld" form
a 2
:. (,__ 2‘“)# (- za)‘( (ﬂ(a’é #M&dy)
N €>2,«—
by the transformation ﬁrecediﬁg (3:8}); . The-Killing vector struct-

ure compatlble with' this metrlc is

ﬂ? Batn @ +tAn @, Bcﬁ‘@wqﬁ Aca!‘aom?!-o o)

where A,B and D are arbitrary constants., Herein lies the source
of possible misinterpretations. The structure is immediately
recognizable as that cérresponding to spherical symmetry in
genéi"alized spherical polar coordinates‘((o, 0, ?ft) . This

is a seeﬁing contradiction to the anélysié above whergin we
concluded that the p?rticular Wéy% solution undér consideration
was not spherically symmetric. Since transformations @an not
alter intrinsic symmetry properties it appears that we are in
avdilemma. However, one must note that the-Killing vector
structure compatible with the "Schwarzschild" form of the sol-

ution is that of spherical symmetry in generalized spherical

polar coordihates.’ Thus:the- proéf .6f- spherical symmetry hinges.

on whether or not the coordinates ((’,6‘; 4",'6) are generali.zed
spherical polars. As discussed in Chapter 4, serious intuitive
doubt is raised by the consideration that @ has an abridged
fange of possible values { .¢ <‘O < oo ) whereas the
spherical radial coordinate ranges from zero to infinity. We
can now, in addition, show analytically that our intuitive
doubt is well founded. We can show. that the coordinates ((,9,?’,6)

are not generalized spherical polars through the consideration
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of Killing veétor structures.
We have seen previbusly- that-the Killing vector structure
for spherical symmetry in generalized cylindrical polars (/“-.'2.931‘-‘)

is

§ - (f zcm¢+ezmr,-€3m=9' f”"““‘%
£ e”?m?'{'{ zm?,O)

But if in fact (f,a,?,f) were generallzed spherlcal polars
. obtained from peneralized cylindrical polars (#,=z,,¢) by the.
transformation:'breeédiﬁg {3:8)4hthenithisrKilling vector.struct-
ure'wouldchavettortransform to
“. (0, BM?*A@?,BM(’Q:?—4co¢6’,4m'q'+0,0)
where A,B8 are constants. |
Investigating the third component of the Xilling vector

: “ee _ o, R
after transformation (§ S‘. ) we obtain

s

=

This does not have the desired form
§/3 - 5%&&3? - /?MgM?‘f'o

urniless g€ = © (the trival case of a mass-less space) .
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Thus the assumption that (P,e,P,t) are generalized spherx
jcal polar coordinates is invalid and cOnsequentlf the basis

" for the claim that the "Schwarzschild" form of the Weyl solut-

jon is spherically symmetric is refuted.
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CHAPTER 7

SUMMARY AND CONCLUSIONS.

In this thesis we ha#e refuted the alleged equivalence
of the Weyl line mass solution for "length" Zﬂﬁz%—f)and
the Schwarzschild solution.

In Chapter 4 this refutation was based on the inter-”
dependence of metric and coordinates in Riemannian geometry.
It was demonstrated that the coordinates of the "Schwarzschild"
form of the Weyl line mass solution for "length"42AK (3.8 )
" do not lie in the group characterized by thé bona fide Schwarz-
schild metric { 4.1 ). The argument was.made that since the
‘" two metrics ( 3.8 ) and ( 4,1 ) havg'the same functional
form but intrinsically different Qéf&abkes{Ccooﬁdinateé Jhthiey
must be non-equivalent. |

In Chapter 5 the refuiqtion was based on the assumption

that regions of space-time correspond under transformation

only if their boundaries correspond physically under the given
) L1174

transformation. The scalar R R‘{"df was analyzed using

differential forms and found to be indeterminate along the

line-mass for the Weyl line mass solution of characteristic

"length" A4¢, A continuity argument was invoked to suggest

xp&ﬁ?

that the scalar R «@ys 1is infinite along the line

mass, this implying directly that the boundary formed by the

line mass itself is a physical,. intrinsic singularity. This

claim, that the boundary formed by the line mass is a physical
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singularity, was subsequéntly démonstrated conclusively using

the eleméntary flatness criterion. Noting‘thatAthis boundary
transforms to the boundary surface (?=JMZ under the transform-
‘ation precedi-n_g {3.8) and also that -the €=2ﬂ boundary of the
Schwarzschild solution is not a physical, intrinsic singularity,
we were forced to conclude (re the assumption above) that the
exterior regioﬁs (’e)ZA] of (3.8) and (4.1) do not correspond.

The most direct and conclusive refutation of tﬁe claimed
equivalence of (3.8} and (4.1) was executed in Chapter 6. It
was shown through the use of Killing vector analysis that the
Weyl solution does not possess the same intrinsic symmetry
' (spherical symmetry) és the Schwarzschild solution (h;l).-Thusi
the solutions (3.8) and (4.1) are intrinsically different.

The refutation of the alleged equivalence of theIWeyi line
mass solution for "length" {& and the Schwarzschild solution:'is
important in jtself., It removes a conceptual difficulty due
. entirely to a misinterpretation imbedded in the literature for
over fifty years. With the fefutation, theory and intuition are -
reconciled on one of the basic grounds of expérience, symmetry.
As one would instinctively expect, a =lindéc mass is different-
iaBle from a spherical mass to an exterior observer;

The refutétibn in this work has fufther-consequence, how-
ever, thah aligning theory with intuition. Much work haé been |
built on the concept of a line mass of "length"jha.repreéenting
é single point particle. This must be appropriately modified

and the consequenthinterbretations altered.



The most obvious extension of the representation of a
single mass peoint by a line mass of “1engthmau,is the repre~’
sentation of-two'point rarticles by two such line masses |
(Bach and Weyl, 1922; Robertson and Noonan, 1968). In view of
the refutatién in this work, the resultant solution must now
be relegated to the realm of liﬁe mass solutions and the claim
‘that it is a solution of two point masses must be dismissed.
The actual two point mass solution is that given by Silberstein
(1936) and discussed in Chapter 5. ‘

i Similarly, the field of a collinear set of spherically
symmeﬁric masses (Isreal and Khan, 1964), derived assuming
that point masses can be represented by line maéses of "length"
A, must be reinterpreted as the field of a collinear set of
line masses..

In discussions of eravitational collapse it is invariabiy
stated that bodies lose their asymmetries as they collapse
through the Schwarzschild.evgnt horizon. However this has only
been proven for small perturbations from spherical symmetry
and a few highly‘simplifiéd cases of large departure from
spherical symmetfy. One would be tempted to.offer the line mass
solutions as'examples exhibiting this phenémenon. Under thé
traditional interpretation that the line mass of "length" 2
exhibits spherical symmetry, onercould-argue that as a line mass
collapses, in quasi-static stapes, to a critical "lengﬂﬁuuzit
becomes moré and more spherical.-Thus the line mass solutions
would offer a substSnFiation of the current view of gravitat- -
ional collapse,. Howeﬁer in this work we have demonstrated

that the traditional interoretation of the static line mass
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solution fof "length" 2<¢ as a spherically symmetric solution
is erroneous. Therefore the argument above would fail.

Israel (1967) in his discussion of possible instability
in the self-closure phenomenon in gravitational collapse assumes
the Weyl line mass solution for "léngth" L4 to be a disguised
form of the Schwarzschild metric. The analysis which follows
from the assumption must be altered or discarded.

Takeno {1952, 1966}, using his characteristic system for
the determination of spherical symmetry, is led to claim that
'the Weyl line mass solution for "length™ Asle is sﬁherically
symmetric. This thesis takes issue with the characteristic
_system in its present form. ot

Tantamount to the validity of Takeno's characteristic
system is the condition that any solution transformable to
the form '

o577 - Alpt)p™ By <E + c gty (70
where a(fa': 6(934-;4‘0;-;9'6(?", is spherically symmetric.*.
However, this is true onlf if the coordinates in (7.1) are
genefalized spﬁprical pélar coordinates. If in transforming a
metric to the form (7.1}, qualifications as to the intrinsic
properties of the coordinates must be introduced, it is
entirely conceivable that the coordinates in {7.1) may not be
generalized spherical polars. In Chépter L énd again in
Chapter 6 it was argued that the coordinates in the "Schwarsz-
schild" form of the line mass solution for "length" 2« are

not generalized spherical polars. Thus this particular solution

% The coordinate appearing here is denoted by the symbol,Tv,
in Takeno's work. .
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is an example of a metric transformable to the form (7.1) and‘
yet not spherically symmetric because of qualifications placed
on the coordinates (in this case an appending condition on the
‘range of the e coordinate).

The analyses in this thesis clearly illustrate the extreme
care which'must be exercised in interpreting the metric and its
coordinates. Further work is suggested in.pinpointing the role
‘which qualifications on coordinates play in a metric geometry.
Gedanken experiments exhibiting local differences introduced |
in metrics by coordinate qualifications seem a logical route
to follow. Specifically it is suggesﬁed.that such experiments
be devised to illustrate the differences, other than symﬁetry‘
discussed in this work, between the "Schwarzschild" form of

the line mass solutibn and the bona fide Schwarzschild solution.



AFPPENDIX A

BASIC DEFINITICNS, OPERATIONS AND ALGEBRA

OF DIFFERENTIAL FORMS.

A differential form is a multilinear_scalar'functidn -
associated with a tensor which is effectiﬁely skew-symmetric,
For example a differential form of degree one, or a l-form is

6(02'1!) = /’uél’“ | o (A)

where /%‘is the first order tensor with which the l-form, &,
is associated. A differential form of degree two, or a 2-form
is qéaa%'ﬁﬁJ 2_/jf ﬂér[}%% : | ;
hhere 65915 the second order tensor with which the. 23fonm,qb, is
associated. Higher order forms are defined similarly. The square
bracket notation used above indicates anti-symmetrization,

i 2 (4) Gty B by ) 2

The exterior product, or wedge product, of a p-form and

a g-form is the (p#q)-form obtained by taking the tensor prod-

uct of the associated tensors and antl-symmetrlzlng. For example

L ¥ ¢/u9-3 F a%(’a(z

The_ exterior dlfferentlal of a p -form is the (pfl)-form

obtained by taking the partial or covariant derivative of the

associated pth

oA i) = 3 Py B2
/ [< a8 ,¥]
= 3 ff:};o{ M%" Q’Z

order tensor. For example,

If .o, @ are forms of degree a,b respectively,
. ab ,
xAg = 0% @ax (1.3)
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A (XrB)= d"(/lﬁ +(-1) xXAdf . (a)
" From (A.3) if @ 1is an odd-fom,
éne = o.
From (A.4), if f is a scalar and /Ul any form,
() = Fdn + AN
Also since applying exterior differentiation twice in
succession involves the skew part of ‘9% #  which
P dXIx
‘vanishes, .
2. =
L*PEO

for any form /.

The frame components (tetrad components) of any tensor

T’fﬁ ce s o e _ are defined by

. _ _ ) )
7:43 ..... - 7:(‘3 'e(li) ,6(8) rewes
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™ U APPENDIX B

ocpwf

' DETAILS OF THE ANALYSIS oF R Rxgvs

In section 5.3 a syhopsis.of‘yhewega;yeis_gﬁ the scalar

R‘,qsl dﬁ,,d--was presented. Herein the detailed calculations .

- ' referred to in that section are given.
| The Weyl llne mass solution (5.3.2) can be written as
(9)2 (a;,) (93)1 gq)z.
1n‘terms of the l-forms : S .
o' W?)"a&t e
0 = (coth§) Yainki6)’ va‘m‘%) ‘o‘€ (5.53)
Cyl o)
it (coth £) Gaendes) ok 4 R 7) F el
g% £ (othl) ik gonn @

" Exterior differentiating the one forms (5.3.3),
o' ZWf)y}wA’.{ LEAl

. Pk ) oeh™S  gPno”
l(w%f)”wf)”w raenn) = laak§)

4 ,mé -f 9/19
2 o ) uink £ W’-ﬁm% ¥




' | - | -(}‘ﬂ)
o0 = ,é(c,oa{.f) et §) (’ ")éau‘ffm’n) -
X z,amnmn a(fzddf '

= | (/-V’),ém')z mf&. ‘la.aftg
| e f) i)V lpendhanin) B

da’-.- ;'/ V(cou £ )v'émi'f (an}{f) v@mk" *M‘iz)%? |
f ,g(aa{f) V‘M{) M&'WHM”) 7 dSydR
(Y3} .

+,((coa£f)"(4Mf) a-¥ V) lacnk’s taen'n) m)a(fwf |

el ¥ v
= E) (e §) (““""H‘“’“")

L h em——

£ .

 Jondi € i) )
, -f . | 2 3
- X .-I- Co'%i- ¥ tosh § W"f;._“,;‘,z) eNé

4 coco{{.amkf (/-?“)Mfco%f



6= —/4 ¥ (co¥h, £) leﬂ%fﬂ“m AP
| .;.,f(ad.f)"wo{fm}z AN AP
+,((ca%:§) ,am'{fa{ﬁz ANXNAF

¥ oiock S ainh § +Coth £ cosh§
2 a LA 6?46"/ :

£ (eoth )P Caoni §) 7 ook s 4 aciin) 5

- '

o+ __J;gif}? - ' N é?idéfq
(o4 L) foonds) ¥ mez}z} &

However, 51nce
A6 ""‘UB/’Q

we obtain, upon examination of the exterior differentials above,

(s.2.4)

Y atch’ S Y
iz 2 = ©
(mg) Améf) ok Frseit) T

+ A6 | |

440’2

X
w S
TR
5\
N>
W



!
w08
w =0
2_ (/ ¥2)acs Mol éz
,z(aoacf)Mf)"Wﬂmlz) =
+EG’
wi=F6’
' =68
- ¥ cack*§ ik § (uink St s05)

W,z { +coth £ VZMFM%M«;%) ; 93
+M§M§ (l-)“).aa;{fc«m{f
) DL
otk £ ) ot § ) oont s 1ainh) o

+ H&
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/¢¢;€'= T’
4 -}.’MUMHM’MF Y
Eead =l
Ll £) Y Gumits)” Mrfm’l) =
+Ko®
ot X2 | o?
M3 ® Metx f)” locadis) Y, Mf*ﬂ»h) _y
+ L 6’
. ¥ ‘
A y=.0
‘where A,B,***,L are, as yet, undeter_'mined‘ functibns of §,7,
Now, |

;_ g 2’—,«/,2_ (since 3‘.615 diagonal)
- H
- —; A4, lélnce 28> "“a (5 2.10]]
R S |

=g % [ron (5.3.4]]
:’j‘ 'WBI | (since 3Aeis diagonal)
. 2

e,

Similarly,’
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"-,wé (1-¥*oexcon | g
e " Aot f)VMf) Yok s tati’h) T

- Yeack S aund f@m}(‘fm-."n) ,
T g coth £ Yook Sfond ian’n) (€
+ coth £ anh § (1-¥ Jacnd £ eosk(

£ (‘”’“ £) " it s) ¥ et fmu‘/z) ¥




N 2 fM'fo coﬁfwdf N
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w gz " L (eothE) Ypoond §)¥ (acnd me‘h)u

U51ng the connection 1- forms /2/1;, above, we form the
curvature 2-Porms L
e it By
-We obfain ' '
-y T / .,L/a/"/l,ouz +,60’AM3
- ﬂlgo(,w‘-l-,&o,/l./x/; 2 i 3 !
tuwgrew?
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,Sim'ilarly,' ~ if @is a 1-form).

/z'ﬂ /Z,,
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A .
N.oting that /Z_AB =-"'2',' RBCO ac/' 90 {5.2.18) and

that the R:Lemann tensor is skew-symmetric in both index pairs,

A

we can obtain t.he RBCO by 1dent1flcat10n with the coefficients
of the approm"late 2-forms 9 A 9 in t.he/l A above,

. For examnle,

' Y (Y1) aceh’ § aenlt coq )z

Rz 20 (e £ )2 onk §)* (cnsi*froen’p)
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The RBtO are not llsted here expllclty due to thelr
extremely cumbersome form and the fact that any R% BeD
component derired can be immediately read from the appropiate
/Lﬂsf‘or_m. ,
Finally, the determination of the non-finite regions of
fz*pzugéa?d'can be reduced to a consideration of the non-finite
- regions of these R Bep (cf. 5. 3.6'and the argument follow1ng

thereafter).
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