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Behavioural biometrics are unique non-physical human characteristics that can be used 

to distinguish one person from another. One such characteristic, which belongs to the 

Gait Biometric, is the footstep Ground Reaction Force (GRF), the temporal signature of 

the force exerted by the ground back on the foot through the course of a footstep. This is 

a biometric for which the computational power required for practical applications in a 

security setting has only recently become available. In spite of this, there are still barriers 

to deployment in a practical setting, including large research gaps concerning the effect 

of footwear and stepping speed on footstep GRF-based person recognition. In this thesis 

we devised an experiment to address these research gaps, while also expanding upon the 

biometric system research presented in previous GRF recognition studies.  

 

To assess the effect of footwear on recognition performance we proposed the analysis 

of a dataset containing samples for two different types of running shoes. While, with 

regards to stepping speed, we set out to demonstrate that normalizing for step duration 

will mitigate speed variation biases and improve GRF recognition performance; this 

included the development of two novel machine learning-based temporal normalization 

techniques: Localized Least Squares Regression (LLSR) and Localized Least Squares 



 iv 

Regression with Dynamic Time Warping (LLSRDTW). Moreover, building upon 

previous research, biometric system analysis was done over four feature extractors, seven 

normalizers, and five different classifiers, allowing us to indirectly compare the GRF 

recognition results for biometric system configurations that had never before been 

directly compared. 

 

 The results achieved for the aforementioned experiment were generally in line with 

our initial assumptions. Comparing biometrics systems trained and tested with the same 

footwear against those trained and tested with different footwear, we found an average 

decrease in recognition performance of about 50%. While, performing LLSRDTW step 

duration normalization on the data led to a 14-15% improvement in recognition 

performance over its non-normalized equivalent in our two most stable feature spaces. 

Examining our biometric system configurations we found that a Wavelet Packet 

Decomposition-based feature extractor produced our best feature space results with an 

EER average of about 2.6%, while the Linear Discriminant Analysis (LDA) classifier 

performed best of the classifiers, about 19% better than any of the others. Finally, while 

not the intended purpose of our research, the work in this thesis was presented such that it 

may form a foundation upon which future classification problems could be approached in 

a wide range of alternative domains. 
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Chapter 1  

 

Introduction 

 

Over the past several decades national security concerns and the need to deter 

increasingly sophisticated fraudsters have driven demand for a new generation of reliable 

person identification tools. Traditional identification technologies have been built around 

something a person has (such as an identification card) or something a person knows 

(such as a password), but, to improve reliability, newer technologies are increasingly 

including something a person is, the physical and behavioural characteristics that define 

an individual. As technology continues to improve, the automatic recognition of a person 

based on physical or behavioural characteristics, referred to as biometric recognition, 

seems destined to have a profound impact on physical and cyber security while we 

progress through the 21st century. 

 

  



 

 

2 

1.1 Context 

 

The first automated biometric system was a fingerprint identification tool developed in 

the 1970s. This tool, called AFIS (Automated Fingerprint Identification System), was 

used to assist with forensics investigations of criminal activities. Prior to the mid-1990s 

biometric devices were typically bulky and expensive, making them difficult to deploy; 

but with the recent rapid expansion in computing power it has become much easier to 

deploy biometric systems. The decreasing cost and size of biometric devices has now 

made it practical to install them for instant identification at everyday access points, 

whereas, formerly, these devices were reserved for law enforcement or high security 

environments. However, while technology has enabled wider use of biometrics, it has 

also made it easier to circumvent them. 

 

Well known biometrics based on physical characteristics, including fingerprints, facial 

features, and iris patterns, have shown vulnerabilities to spoofing attacks. The paper, 

"Biometric attack vectors and defences"  [1], by Chris Roberts, referenced a number of 

successful attacks targeting physical biometrics over the past 15 years. It was discovered 

that fake fingerprints made from gelatine, and taken from enrolled persons, were able to 

fool optical fingerprint devices with false acceptance rates as high as 68-100%. Even 

more alarming, one team of researchers discovered a technique to successfully "lift" 

residual fingerprints from scanners using graphite powder, tape, and enhanced digital 

photography; opening the possibility for easy access to sensitive biometric data. 

Meanwhile, facial recognition has been found vulnerable to spoofing attacks that 
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involved playing back images of a person's face. And iris scans have also been 

successfully spoofed, using high resolution photographs of an enrolee's iris. 

 

To address the potential for spoofing, Roberts suggested several techniques, with a 

primary focus on increasing complexity of the data collection process and capturing proof 

that an incoming data came from a living person. Such techniques include: requiring 

blinking, randomization of fingers asked for during a fingerprint scan, thermal 

measurements, and surface reflectivity among others. There is another category of 

biometrics for which a living person is often considered an implicit part of data. This 

category of biometrics is known as behavioural biometrics, and refers to the measurable 

characteristics of a person's actions. The strength of these biometrics comes from their 

dynamic nature (the relative ease of requiring variability during identification) and 

complexity required to reproduce, thus spoof, the actions observed. Such biometrics 

commonly include speech recognition, keystroke dynamics, and walking gait. Although 

recognition performance by behavioural biometrics is typically weaker than physical 

biometrics, this category of biometrics presents a major advantage regarding user 

acceptance, as they are often seen by people to be less intrusive than physical biometrics  

[2]. 
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1.2 Problem Statement and Research Objectives 

 

The ever increasing use of biometrics to enhance traditional security devices has come 

under increased scrutiny in recent years. Privacy advocates often make the argument that 

biometrics present a high risk in the case of a compromise, as they cannot simply be reset 

like more traditional identification mechanisms. Researchers have demonstrated that 

today's biometric tools may not necessarily be as secure as we might imagine. While 

many end users have shown resistance to the intrusive nature of biometric collection 

techniques, particularly those involving captured images. Biometrics structured around 

unique behavioural, rather than physical, characteristics have been suggested as a means 

to provide enhanced security with less risk and greater convenience to end users. One 

such biometric factor that has attracted a lot of attention over the past 10 years is the 

human gait.  

 

Gait biometrics refers to the unique aspects of human locomotion that can be captured 

and used for recognition purposes. Much of the recent research into gait biometrics has 

focused on extracting features from gait sequences captured on video. However, this 

technique raises similar concerns to those of physical biometrics over both intrusiveness 

and potential for forgery (via video playback attack). An alternative gait biometric 

technique that may be less objectionable and perhaps even more secure, involves 

extracting unique walking features from the force signatures generated as a person steps 

over floor plate sensors or sensor-loaded shoes. This footstep-based technique offers 

several potential advantages over the video approach: it does not require the capture of 

intrusive images; it is less susceptible to interference from obstructions (i.e. changes in 
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lighting or objects obstructing the view); and its interface requires a complicated transfer 

of force over a short period of time that, with today's technology, would be very difficult 

to reproduce in a spoofing attack. Nevertheless, this technique is still young and has only 

been studied by a small number of researchers  [3]. 

 

Previous attempts at performing footstep recognition have generally focused on 

comparing the recognition ability of well-known classifiers (the models that determine 

the likelihood of an identification match) and comparing the discriminative properties of 

footstep feature extraction approaches. Unfortunately, there is not yet any standard 

publically available footstep force signature datasets, and the studies behind these 

attempts used different datasets of varying quality, making it difficult to accurately 

compare the effectiveness of their chosen methods  [4]. Moreover, large research gaps 

remain regarding both the effect of data normalization on classification success and that 

of shoe type variation on recognition performance. 

 

The force metric examined by this thesis is the ground reaction force (GRF), a measure of 

the force exerted by the ground back on the foot during a footstep. The primary objective 

of the research presented in this thesis is to address the large research gaps regarding the 

effect of normalization and shoe type variation on footstep GRF-based recognition. A 

secondary objective is to expand upon the work of previous researchers with respect to 

the processes of feature extraction and classification.  
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Preliminary research suggests variations in shoe type will have a negative impact on 

recognition performance  [5], and that a relationship exists between stepping speed and 

force amplitude that could possibly be used to improve recognition performance via 

normalization  [6]. The experiment proposed in this thesis aims to verify both assertions. 

Furthermore, as previously noted, much of the existing footstep GRF recognition 

research has been devoted to feature extraction and classification techniques. It must also 

be noted that these techniques were not tested on a single dataset but rather on a different 

dataset for each study, making inter-study comparison difficult. The experiment proposed 

in this paper aims to compare some of the various techniques, together with a previously 

untested technique, on a single, high quality dataset to better assess their effectiveness. It 

is hoped that the research presented in this thesis will make a significant contribution to 

the present day understanding of footstep GRF-based recognition and pave the way for 

deployment in a real world system. 
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1.3 Summary of Contributions 

 

Contributions of this research can be described in the following points: 

 

Feature Extraction 

The research presented in this thesis contributes to the present day knowledge base for 

GRF feature extraction in two ways. Unlike previous studies, that extracted feature sets 

from data obtained using at most three GRF sensors, this study extracts a feature set from 

data obtained using eight GRF sensors. Additionally, the research presented in this thesis 

compares the feature extraction techniques, applied by previous studies across different 

datasets, on a single dataset to more accurately assess their relative effectiveness. 

 

Normalization 

There has been little-to-no previous research into the effects of feature set normalization 

on footstep GRF recognition. The research presented in this thesis contributes to the 

present day knowledge base by providing a detailed analysis of normalization based on 

stepping speed. No known previous research has provided such an analysis with regards 

to the impact of stepping speed as a means to normalize footstep GRF features. We 

introduce a novel regression-based approach to stepping speed-based feature set 

normalization and compare it with the amplitude-based normalization  [3] and stepping 

speed-based resampling normalization  [7] techniques used in previous footstep GRF 

recognition studies.  
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Classification 

Existing studies have deployed some of the strongest known classification techniques to 

perform footstep GRF recognition. The work presented in this thesis compares the best of 

these techniques using features obtained from the novel, normalized, eight-sensor feature 

set discussed in the previous two research contributions.  The research presented in this 

thesis also contributes to the present day knowledge base by performing classification 

using a classification technique that has not yet been used by any other footstep GRF 

study. 

 

Shoe Variation 

The final contribution that this thesis makes to present day research relates to variation in 

shoe type, which might be expected to affect a system performing footstep GRF 

recognition. To date, only a single study  [5] has attempted to assess the impact of 

differences between shoe types used to train a recognition system and those used to 

authenticate with a recognition system. The research presented here expands on that 

study, performing a detailed analysis of recognition results obtained from a dataset 

containing three different shoe types. 
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1.4 Thesis Outline 

 

The remaining chapters of this thesis are structured as follows: 

 

Chapter 2 

This chapter describes the field of gait biometrics and provides a historical overview of 

work that has been done in the field to date. It goes on to explain where the footstep GRF 

fits into the field of gait biometrics, and reviews the footstep GRF recognition literature 

that forms the basis for the research presented in later chapters.   

 

Chapter 3 

This chapter presents the experimental setup and introduces the methodology used to 

achieve the thesis objectives. It covers the selection of a development dataset containing 

data of a single shoe type and proposes a biometric system composed of feature 

extractors, normalizers, and classifiers to perform GRF-based person recognition. 

 

Chapter 4 

This chapter compares four different feature extraction techniques previously used for 

GRF-based recognition in other studies. Theoretical background is provided for each 

feature extractor together with a discussion of each implementation. Preliminary GRF 

recognition results are acquired using the development dataset and presented for the 

parameter optimization of each extractor. 
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Chapter 5 

This chapter demonstrates the performance of various normalization techniques on the 

extracted feature spaces from chapter 4. Two novel normalization techniques are 

introduced here and theoretical background is provided for these and several other well-

known existing techniques that are also examined. To determine the effectiveness of 

normalization the results from applying these normalization techniques are compared 

with the non-normalized results of the previous chapter. 

 

Chapter 6 

This chapter presents the theoretical background and implementation for five different 

classifiers that were selected for analysis in this thesis. Each classifier is tuned across the 

best-performing feature spaces acquired from development dataset in chapters 4 and 5. 

Finally, the feature extractor-normalizer-classifier combinations that achieved the best 

results are summarized for comparison with the results over the evaluation dataset in 

chapter 7. 

 

Chapter 7 

This chapter demonstrates the results obtained after applying the best footstep GRF-

recognition systems, outlined in chapter 6, to an evaluation dataset containing previously 

unseen data samples with different shoe types. 
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Chapter 8 

This chapter discusses the findings behind the GRF footstep recognition experiment. The 

effects of various techniques are compared, with practical implications and explanations 

for possible sources of error presented. Finally, the chapter concludes by examining 

techniques that could potentially be used to improve upon the results discovered in this 

thesis. 

 

Chapter 9 

This chapter provides a final summary of the research presented in previous chapters. The 

major findings are highlighted and remaining problems and areas for future work are 

discussed. 
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Chapter 2  

 

Background and Related Work 

 

The GRF, in the field of biometrics, is defined as the force of the ground pushing back on 

a person's foot while the foot is in contact with the ground. This force is equal and 

opposite to the force exerted by the foot on the ground and varies during motions like 

walking. The GRF is part of a greater study of human locomotion, referred to as gait 

biometrics. To better understand where the GRF fits into the overall field of gait 

biometrics, this chapter presents an overview of the field and identifies relevant research 

that has been done to date. The chapter concludes by examining research specific to the 

GRF biometric, and identifies the research gaps that inspired the novel research presented 

later in this thesis. 
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2.1 Authentication using the Gait Biometric 

 

The gait biometric is among the most recent biometric traits to be studied for use in 

human recognition systems, with the first studies beginning in the early 1990s  [8]. Gait 

is classified as a behavioural rather than physical biometric. Traditionally, biometrics 

based on unique physical traits, such as fingerprints, have been the focus of biometric 

recognition studies; however, with recent technology improvements we have begun to 

realize that certain aspects of our behaviour, like gait, may also be sufficient for 

recognition purposes.  

 

Biometric recognition using gait presents a number of advantages over traditional 

biometric traits: it is generally considered unobtrusive, as it can be measured in way that 

does not require a person to alter his or her typical behaviour; it does not require a person 

to present any more information than is already available to a casual observer; and studies 

have suggested it is very difficult to imitate  [9]. In his research, Cattin  [5] makes special 

mention of the ability of the gait biometric to perform a living person test. The test is 

described as the ability to determine whether the owner of a trait being observed is alive 

and physically present or not. Traditional biometrics, such as fingerprints, often fail this 

test as the traits observed can be faked with present day technology. The security of the 

gait biometric lies in the incredible difficulty required to spoof it, thus the living person 

test is considered intrinsic to the method. 

 

There are a variety of characteristics that define the human gait and a variety of 

techniques used to extract these gait characteristics. In a summary of research in the field 



 

 

14 

of gait biometrics, Derawi et al.  [10] suggest there are 24 different components that, 

together, can uniquely identify an individual's gait. The components examined and data 

extracted are largely restricted by the instrumentation used for measurement. The 

approaches used to accomplish gait recognition relate directly to the instrumentation 

needed to extract gait data, and fall into three categories: the machine vision approach, 

the wearable sensor approach, and the force plate approach. The following subsections 

examine these approaches and describe the research that has been done in each. The 

studies mentioned in these sections measure performance according to two modes of 

operation: verification and identification. In the identification mode performance is 

measured by the rate at which an identity can correctly be assigned to a data sample, 

while in verification mode performance is measured using the verification Equal Error 

Rate (EER), a measure of the error incurred when matching an identity to a given data 

sample. 

 

2.1.1 The Machine Vision Approach 

 

The machine vision (MV) approach to gait biometrics involves capturing gait information 

from a distance using video recorder technology. This is the most common approach to 

gait biometric recognition referenced in current literature  [9], having benefited from the 

availability of large public datasets such as the NIST MV gait database  [8]. Recognition 

via MV has been accomplished using two different techniques: model-free and model-

based recognition algorithms. The model-free technique, often referred to as the 

silhouette-based technique, involves deriving a human silhouette by separating out a 
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moving person from the static background in each video frame. Using this technique, 

classifiers are developed around the observed motion of the silhouette. The less 

commonly used model-based technique involves imposing a model onto human 

movement  [11]; this is often accomplished by extracting features, such as limbs and 

joints, from captured images and mapping them onto the structural components of human 

models for recognition  [12]. 

 

Over the past decade gait recognition using MV has been attempted by a number of 

researchers using a variety of methods with promising results. In 2003, Wang et al.  [13] 

developed a silhouette-based technique that used the feature space dimensionality 

reducing Principal Component Analysis (PCA) together with the Nearest Neighbour and 

Euclidean Nearest Neighbour classification algorithms. This approach achieved 

identification rates in the 70-90% range, varying on the dataset and acceptance criteria 

used. In 2005, Boulgouris et al.  [14] proposed a novel silhouette-based system for gait 

recognition using Linear Time Normalization (LTN) on gait cycles. The system 

demonstrated an 8-20% improvement in its identification rates when compared with 

existing methodologies at the time. Another study that same year by Lu et al. [15] 

achieved an identification rate of 92.5% using a Genetic Fuzzy Support Vector Machine 

(GFSVM) classifier; this result improved upon the results of the Nearest Neighbour and 

standard Support Vector Machine (SVM) tested against the same dataset. 

 

In 2006 Cheng et al.  [12] introduced a gait recognition system that used a Hidden 

Markov Model (HMM) and, unlike previous systems, was designed to perform 
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recognition on subjects walking down different paths. It accomplished this by first 

recognizing the walking direction, then applying an appropriate identifier to the 

determined path; identification rates achieved by this system varied in the 80-90% range 

across differing datasets and acceptance criteria. Another silhouette-based study in 2006, 

by Liu and Sarkar  [16], used a generic population HMM (pHMM) to normalize gait 

dynamics, then used PCA to reduce the feature space and a Linear Discriminant Analysis 

(LDA) classifier to perform classification; the use of a HMM for normalization was 

unique to this study and demonstrated how normalization could be used to improve upon 

recognition performance. In 2009 a study by Venkat and De Wilde  [17] took a different 

approach and attempted to reduce the computational intensity of silhouette-based 

recognition techniques by examining sub-gaits, defined as smaller localized frames, 

rather than entire gait images. This technique yielded an identification rate range of about 

75-90% across various datasets and acceptance criteria. However, when vision or motion 

obstructing factors such as carrying condition and, particularly, clothing condition were 

considered the identification rate dropped to as low as 29%. 

 

Few researchers to date have studied the effects of the various factors that can obstruct 

human gait recognition; however, a real world gait recognition system would most likely 

need to be designed to handle such events. To address the issue of gait variability and 

obstructions, also known as covariate factors, Bouchrika and Nixon  [18] proposed a 

model-based system to extract human joint positions and model gait motion using elliptic 

Fourier descriptors. Their 2006 study successfully extracted 92.5% of the heel strikes 

observed in a dataset containing both visible joints and joints occluded by clothing, 
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demonstrating that key features of motion analysis could still be tracked in the presence 

of covariate factors. A follow-up study in 2008  [19] examined the effects of footwear, 

clothing, carrying condition and walking speed, and, using the model-based approach to 

joint extraction together with a K Nearest Neighbour (KNN) classifier, achieved an 

identification rate of 73.4% against a database containing variations of these covariate 

factors.  

 

Two further studies attempted to mitigate the weaknesses of the MV approach to gait 

recognition by fusing it with a secondary biometric factor. In 2002, Cattin  [5] developed 

a system that fused the data from a video sensor recognition system with a force plate 

footstep recognition system to recognize an individual walking in a monitored room. The 

results of his study were promising with a verification EER of 1.6%. In 2006, Zhou and 

Bhanu  [20] developed a different multifactor biometric technique that combined an MV 

gait recognition system with a facial recognition system. This system had the benefit of 

only requiring a single sensor for capturing video and achieved an identification rate of 

91.3%. 

 

All studies discussed so far have dealt with recognition using images captured from a 

video sensor, one unique study, which, however, was not based on visual data but best 

falls under the MV category, proposed audio-based footstep recognition. In 2006, Itai and 

Yasukawa  [21] took a wavelet transform technique, widely used in feature extraction for 

speech recognition, and applied it to feature extraction for audible footsteps. Using this 
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technique an identification rate of 80% was achieved, suggesting this could be an exciting 

new realm for study in the field of gait recognition. 

 

2.1.2 The Wearable Sensor Approach 

 

Biometric recognition using wearable sensors (WS) is a new approach to gait biometrics 

that aims to use sensors attached to the human body to perform recognition. Much of the 

early research into gait-aware wearable sensors came from medical studies that focused 

on their usefulness for detecting pathological conditions  [22]. Research into the 

usefulness of the WS approach for biometric recognition has been, at least partly, held 

back due to the lack of large publically available datasets  [10]. However, the WS 

approach to biometrics presents a number of advantages, including the ability to perform 

continuous authentication, which would not always be possible with sensors fixed to a 

physical location. Over the past 10 years a number of studies, using a variety of 

techniques, have investigated the feasibility of the WS approach.  

 

In 2006, Gafurov et al.  [23] developed a WS biometric recognition system using an 

accelerometer sensor attached to the lower leg. This study first collected test subject data 

then uploaded it to a computer, rather than performing real time classification. The 

experiment achieved a verification EER of 5% when recognizing individuals using a 

histogram similarity classification technique. Another study in 2006, by Huang et al.  

[24], presented a recognition system based on sensors embedded in a shoe. The sensors 

used included a pressure sensor, tilt angle sensor, gyroscope, bend sensor and 
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accelerometer. This system was developed to transmit gait data from the shoe to a 

computer in real time, and used the PCA feature reduction technique together with a 

SVM classifier to accomplish a 98% identification rate on a small sample dataset. A 

follow-up study by Huang et al.  [25] in 2007 applied a Cascade Neural Network with a 

Node-Decoupled Extended Kalman Filtering (CNN-NDEKF) classifier to the shoe-based 

WS system and achieved a 97% identification rate.  

 

One major weakness of the WS approach is the potential inconvenience or discomfort 

that may be caused by attaching sensors to the human body. For this reason WS research 

has tended to focus on one of two unobtrusive WS techniques: shoe-based monitoring 

techniques, like  [24] and  [25] described in the previous paragraph, and phone-based 

monitoring techniques. Both techniques make use of equipment that is already a part of 

daily life and require no alterations to typical behaviour. In the last few years the 

increasing computational power and wider use of smart phones has sparked a number of 

studies into feasibility of phone-based monitoring techniques. 

 

A study in 2009, by Spranger and Zazula  [26], described a biometric recognition system 

that worked with a feature set consisting of cumulants of accelerometer data captured by 

a mobile phone attached to a person's hip. The system achieved a 93.1% identification 

rate on a small dataset using PCA for feature dimensionality reduction and a SVM 

classifier. A separate study in 2009 by Fitzgerald  [27] demonstrated a system, designed 

for possible future use in mobile phones, that worked with accelerometer and gyroscope 

data captured by a Nintendo Wii controller. Gait cycles captured by the system were 
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normalized with respect to time. User recognition for the system was examined using 

KNN, Naive Bayes and Quadratic Discriminate Analysis (QDA) classifiers, with the 

KNN classifier performing best, achieving an identification accuracy of about 95%. In 

2010, Derawi et al.  [28] collected data from accelerometers attached to a belt on the legs 

of 60 volunteers, generating a much larger dataset than used in the other WS studies 

described in this chapter. This study focused on cycle length as a metric and, using a 

Cross Cyclical Rotation Metric (CRM), achieved a verification EER of 5.7% for person 

recognition. Although the device used by the study was not a mobile phone, the 

application of this system for use in mobile phones was noted as an important area for 

future research. In 2011 Nickel et al. used a HMM classifier on accelerometer data from 

commercially available mobile phones to perform person recognition and achieved a 

verification EER of about 10%. The study worked with a relatively large dataset of 48 

subjects and was particularly promising for the field of WS-based authentication, because 

it proved that even a standard, commercially available mobile phone could now be used 

for gait recognition purposes. 

 

2.1.3 The Floor Sensor Approach 

 

The floor sensor (FS) approach to gait biometrics involves recognizing people based on 

the signals they generate as they walk over sensor-monitored flooring. Data captured by 

floor sensors typically falls into two categories: binary image frames of the foot while it 

is in contact with the ground, and single dimensional force distribution plots, which 

describe the force exerted by the foot over time. Most FS technology was developed for 
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the study of biomechanical processes; particularly for improving performance in athletics 

and discovering the effects of pathological conditions such as diabetes  [29]. The first 

studies using FS technology for gait recognition began in the late 1990s  [3]. Over the 

past 10 years a small but increasing number of studies have examined the FS approach to 

gait biometrics. Some, like  [5] by Cattin, described in machine vision section of this 

thesis, combined the FS recognition approach with another gait recognition approach, 

such as the MV approach, to improve recognition accuracy; however, most have focused 

on using the FS approach for single factor recognition. 

 

Open research into using footsteps as a biometrics dates back to a 1997 study by 

Addlesee et al.  [30]. In this study, load cell floor sensors were used to capture partial 

GRF data for 15 volunteers and, using a HMM classifier, a 91% footstep identification 

rate was achieved. Three years later, Orr and Abowd  [31] outfitted a floor tile with a set 

of force sensors to capture the GRF profile for 15 volunteers. In the study, ten features 

were extracted and normalized, then passed to a Euclidean Nearest Neighbour (ENN) 

classifier for recognition; the result was a 93% identification rate. Another study in 2005, 

by Suutala and Röning  [32] used a floor sensor called ElectroMechanical Film (EMFi) to 

capture the GRF for ten volunteers. The primary focus of this study was to compare 

various classifiers, combine various classifiers, and examine the effects of rejecting 

unreliable data samples from classifier training. The study found that the SVM and 

Multilayer Perceptron Neural Network (MLP) classifiers performed best; the strongest 

corresponding identification accuracy on their most complicated dataset was around 92%, 

which increased to 95% when the most unreliable 9% of sample set was rejected. A later 
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study in 2007 by Moustakis et al.  [7] captured the GRF for a larger dataset of 40 

volunteers. This study used a feature extraction technique built on Wavelet Packet 

Decomposition (WPD) to detect the transient characteristics and distinguishing features 

of the GRF, then applied a SVM classifier to the feature set; the result was a 98.3% 

identification rate.  

 

In 2009 Ye et al.  [33] presented a unique technique for FS-based gait biometrics: instead 

of performing recognition on a footstep, like most previous studies, they developed a 

system that could recognize a person by upper-body movements performed while 

standing on a force plate. The study obtained the center of pressure for the foot, and 

monitored its movement as instructed actions were completed by a person on a force 

plate. The study achieved its best results using a Neural Network classifier, with a 

verification EER in the 1-12% range. Two other studies, one in 2008  [34] and another in 

2011  [35], also took a different approach to FS-based gait biometrics, opting to perform 

gait recognition using binary images of footsteps, rather than GRF force signatures. The 

2008 study by Suutala et al.  [34] examined the shape and pattern of individual footstep 

image frames, as well as the displacement between feet during footsteps; it achieved a 

maximum identification rate of 84%, using a Gaussian Process classifier. The 2011 study, 

by Yun  [35], focused primarily on subjects in bare feet and also extracted features from 

individual footstep frames together with footstep displacement. Using a MLP classifier, 

trained with the extracted features, the study achieved a 96% identification rate.  
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Figure 2.1: This graph demonstrates the force-time series representation of a footstep 

commonly used for FS-based recognition. 

 

Research focused on the FS approach to gait biometrics, like the WS approach, has been 

disadvantaged due to the lack of any publically available datasets. The lack of a 

publically available dataset makes it difficult to compare results across studies. To 

address this issue, one group at the University of Wales Swansea set out to develop such 

a dataset. In 2007, Rodríguez et al.  [3] published a study of a FS-based recognition 

system and introduced a dataset of footstep force signatures covering 41 persons and over 

3000 footsteps; the intended purpose was to verify the data and make the dataset 

available at some future point. In their process, they presented a holistic and geometric 

feature set, and, using an SVM classifier achieved a verification EER of 11.5% for person 



 

 

24 

recognition. A later study  [4] in 2008, dealt with a dataset expanded to 55 persons and 

more than 3500 footsteps. Using the same classifier as the previous study, but, 

additionally normalizing and optimizing the feature set, a verification EER of 13% was 

achieved; the small increase in error rate was attributed to the larger dataset. The database 

in the 2008 study was said to have been made publically available, but, at the time of 

writing, no longer appears on the project website  [36]; nevertheless, the project web site 

has indicated a larger dataset is currently being packaged for future release.  

 

 

Figure 2.2: Binary Footstep Frame. This diagram demonstrates a single frame of a footstep 

on a pressure sensitive sensor array. The darker region represents locations where the 

footstep is detected as being in contact with the floor. The series of frames produced by a 

single footstep can be used for FS-based footstep recognition. 
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2.2 Recognition using the Footstep Ground Reaction Force 

 

This section examines the components that make up the GRF and the research that has 

been put toward using footstep GRF for recognition purposes. The studies covered here 

form the foundation for the research presented in later chapters. The previous section 

demonstrated how gait biometrics can be categorized into three different approaches, two 

of these approaches can be used to capture the GRF: the GRF can be obtained using the 

FS approach with force plates, or, less commonly, using a shoe-based WS approach. At 

the moment most research has dealt with GRF captured via force plate sensors, but there 

are projects, including the work of Plantiga  [37], that are examining incorporating GRF 

recognition into a shoe-based wearable sensor. Research demonstrated in this thesis deals 

specifically with GRF data collected via force plate. 

 

The footstep GRF, shown according to the Kistler force plate coordinate system in figure 

2.6, is represented by a three component force vector, with each component reflecting a 

different aspect of the footstep. The vertical force component of the footstep, shown as Fz 

in figure 2.6, represents the vertical acceleration of the body, and is larger when the body 

is accelerating upward and smaller when the body accelerates downward. The time series 

vertical GRF (Fz) of a single footstep is shown in figure 2.3; it has two distinct peaks that 

correspond first to the phase in the step where the foot impacts the ground, and then to 

the phase where the foot pushes up off the ground. The anterior-posterior force, shown as 

Fy in figure 2.6, represents the horizontal friction between the foot and the ground. This 

component, shown in the time series in figure 2.4, is largely responsible for horizontal 

motion and its peaks and troughs correspond to forward acceleration and impact 
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breaking, respectively. Lastly, the medial-lateral component of the footstep, shown as Fx 

in figure 2.6, represents friction forces perpendicularly to the direction of motion; these 

forces, shown in the time series in figure 2.5, reflect the rotation of the ankle during a 

footstep. Most researchers have tended to focus on the vertical component of the GRF for 

recognition; however, studies have indicated the anterior-posterior and medial-lateral 

forces contain valuable subject specific information  [5]. 

 

 

Figure 2.3: This figure demonstrates the GRF vertical force for a footstep. 
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Figure 2.4: This figure demonstrates the GRF posterior-anterior force for a footstep. 

 

 

Figure 2.5: This figure demonstrates the GRF medial-lateral force for a footstep. 
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Figure 2.6: Kistler Force Plate Coordinate System  [38]. The force labelled 'F' represents 

the stepping force vector. The force plate translates this into its vertical (Z), anterior-

posterior (Y), and medial-lateral (X) components. 

 

Since the footstep GRF was first proposed as a biometric in 1997  [4], only a small 

number of researchers have examined it for its stand-alone recognition capability. The 

results of some of the key GRF recognition studies are shown in table 2.1 below. Most of 

these results were previously discussed in section 2.1.3, but this table makes it possible to 
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compare the studies in areas relevant to this thesis. One caveat in comparing different 

studies is that most use different datasets, and factors like the size and quality of the 

dataset can have a significant impact on performance. It must also be noted that the 

results demonstrated often come only from the dataset used for development, and, when 

evaluation datasets are used, performance tends to decrease. This decreases in 

performance was demonstrated by Rodríguez et .al in  [3] and  [4], with an increase in 

verification EER of 21% and 330% respectively when evaluation datasets were used 

instead of development sets. Furthermore, while some studies measured performance as 

the ability of a classifier to identify a person using footstep profiles, others were based on 

the ability of a system to verify a person's identity given credentials and a footstep. 

 

 

Table 2.1: This table compares different approaches to GRF footstep recognition. Results 

refer to those obtained using a development dataset. Step cycles refer to the combination of 

the right and left footsteps that make up a walking cycle. 
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From the results shown in table 2.1, it seems that the GRF is capable of producing 

similar, or perhaps better, recognition performance than achieved using the MV-based 

recognition approach. While GRF features appear to be less susceptible to covariate 

factors than gait features captured by video  [5], there still is a potential for factors like 

varying shoe type or stepping speed to reduce GRF recognition accuracy. Of the 8 studies 

examined, only 4 attempted recognition using datasets that included multiple shoe types 

for a single person. Likewise, normalization, a natural technique to reduce the impact of 

variance such as disparities in measured stepping speed, was also only applied in 4 

studies. The following subsections expand upon the discussion of how GRF research to 

date has addressed the two primary emphases of this thesis, shoe type variance and 

stepping speed normalization, as well as the important secondary emphases: features and 

classification approaches. 

 

2.2.1 Feature Extraction 

 

The first step in building a biometric recognition system involves identifying the most 

discriminative features that can be extracted from raw data. Ideally, features used for 

recognition should appear consistently for all persons tested, yet show enough variance 

such that there is no overlap in feature space between two or more persons. In reality, 

finding such features can be a difficult task, particularly for behavioural biometrics, and 

there is usually at least some degree of overlap in feature spaces. In the studies referenced 

in table 2.1, four different types of features are presented: geometric features  [31, 7, 32, 
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3, 4], holistic features  [3, 4, 39, 30], spectral features  [5, 32], and wavelet transform 

features  [7]. 

 

Geometric features refer to a feature set that is determined using well-recognized 

geometric attributes like max and min points, as well as statistical attributes like mean 

and standard deviation. Most studies into GRF recognition have used geometric features 

as either a primary feature set for classification, or as a comparison feature set to assess 

the effectiveness of an alternative feature extraction technique. In  [31], a biometric 

recognition system was built using the mean, standard deviation, area under the curve, 

and extrema (min/max) points for a footstep GRF graph; it was noted in the study that the 

mean and standard deviation appeared to show the highest discriminative power. An 

attempt to optimize the geometric feature set was made in  [4]. In this study the geometric 

feature set for the footstep GRF graph contained extrema points, the distances between 

extrema points, the area under the curve, the norm, the mean, the length, and the standard 

deviation. To determine the best features an exhaustive search was performed, searching 

for the combination of features that minimized the verification EER on a development 

dataset. The result was a reduction in feature dimensionality from 42 features to 17. The 

optimal features included 11 extrema point features, 2 area features, 2 norm features, and 

2 standard deviation features, for which a 27% increase in performance was noted. While 

the optimized geometric features showed a significant improvement in performance,  [3, 

4] and  [7] demonstrated comparatively better results with different feature extraction 

approaches, and  [32] found that combining the geometric feature set with a set from 

another feature type produced a significant increase in performance.  
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Holistic features have appeared as a promising alternative to geometric features in several 

GRF recognition studies. The holistic approach to feature extraction generally involves 

dividing the raw data into some arbitrary number of equally spaced points (or samples) 

then allowing the most discriminative points to reveal themselves to a classifier. The 

simplest technique, used in  [30], involves passing the data directly into a classifier. This 

approach can run into problems, as it tends to lead to incredibly large feature space 

dimensionality, but there are solutions. In  [39] the dataset was simplified using 

representative histogram. Yet, the most effective simplification technique was 

demonstrated in  [3], where the raw holistic feature set originally contained 4200 features 

but was simplified using the PCA approach. The use of PCA made it possible to generate 

a reduction in dimensionality while retaining as much information about the original data 

as possible. Applying PCA demonstrated that the first 80 principal components contained 

96% of the original information, while reducing dimensionality by 98%. When 

performance of these 80 holistic features was compared against the performance of a 

geometric feature set, a 46% increase in performance was observed.  

 

Another alternative to the geometric feature set was proposed in  [7]. This approach 

performed feature extraction by first translating GRF data to the time-frequency domain 

using a wavelet packet transform, then extracting the 100 most discriminative features 

from the data using a form of optimized wavelet packet decomposition. Converting data 

to the time-frequency domain allowed the complex information and patterns associated 

with the GRF to be represented in a simpler form. This characteristic proved very 

advantageous for classifying footstep GRF samples with walking speeds that differed 
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from those the system was trained on; in these instances the increase in performance, 

compared with the recognition results from a 16 feature standard geometric set, was as 

high as 66%. When training and testing data came from the same walking speed range the 

increase in performance over the alternative geometric feature set was also around 66%. 

 

Additionally, spectral features, features extracted from the frequency domain, have 

proven useful in two previous GRF recognition studies. In  [5], a feature set, derived from 

the windowed Power Spectral Density (PSD) function of the derivative GRF, was 

suggested to provide stronger recognition ability than could be achieved with a geometric 

feature set. The PSD function is particularly useful because it shows the strength of 

energy variations as a function of frequency. By identifying the frequencies at which 

variations are strong, this function could make it easier for a classifier to identify the most 

important features. To capture a low dimensionality feature set from the PSD function a 

novel Generalized PCA (GPCA) technique was used, and it was found that the first 10 

Principle Components contained more than 90% of the dataset variance. The technique 

produced a reasonably strong verification EER of 9.4%, however, no equivalent 

geometric feature set was tested on the dataset, so it was not possible to make a direct 

comparison between the two techniques. In  [32], two holistic feature sets, derived from 

the frequency domain of the GRF and its derivative function, were combined with a 

geometric feature set. While, on their own, these spectral feature sets performed worse 

than the geometric set in this study, when all three sets were combined the resulting 

performance was 36% better than the best standalone result. 
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Not only did the studies in table 2.1 vary in their approaches to feature extraction, but 

they also varied in the components and quality of data collected. In  [31],  [32],  [3] and  

[4], an averaged GRF was obtained and examined, rather than one split into its three 

vector components. In  [5],  [30], and  [39], only the vertical component of the GRF was 

used for final classification analysis; both  [5] and  [39] regarded it as the best 

discriminator. The only study that used all three components of the GRF for classification 

was  [7]. No study examined GRF classification for more information rich data samples 

involving the output from 4 or more GRF component output signals, opening the 

possibility for further study into GRF feature extraction using higher quality data. 

Furthermore, since previous studies did not share the same dataset, a better relative 

comparison of feature set performance could be achieved by comparing the feature 

extraction techniques of different studies on the same dataset. 

 

2.2.2 Normalization 

 

It is very difficult for a person to perform the same action twice with no measureable 

difference between the two attempts. When collecting a feature set for the footstep GRF, 

differences in walking speed can have a large impact on the timing and amplitude of the 

extracted features. Unfortunately walking speed, and by extension stepping speed, appear 

to be extremely difficult to regulate with high precision, even in a controlled experiment. 

One technique that can be used to account for natural variation in data is normalization. 

Normalization assumes that some sort of relationship exists between two or more 
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variables, and, by using this relationship, variables can be projected onto the same 

reference point for a more accurate comparison. 

 

Of the studies referenced in table 2.1, only 4 applied normalization to their dataset; two 

of these were from the same research group  [3, 4]. None of the studies covered their 

chosen normalization techniques in detail, and it appeared that only simple normalization 

techniques were used. In  [31], data normalization was mentioned, but no detail was 

given regarding the technique used or the target of the normalization. In  [7], data was 

normalized around the weight of test subjects so, when loads of 5% and 10% of the 

subjects body weight were added during testing, it was possible to adjust the feature set to 

a common weight reference point. The study also used a simple resampling-based Linear 

Time Normalization (LTN) technique to address differences in step sample length 

(duration); however, the feature extraction technique also focused on capturing features 

less sensitive to walking speed variation and no non-normalized results were presented 

for reference. Finally, in  [3] and  [4], feature sets were normalized with respect to the 

absolute maximum value of the GRF footstep profile; this simple approach would appear 

to account for variations in stepping force but not step duration. 

 

While no study dealing directly with GRF for recognition examined the actual effects of 

using normalization to address differences in walking speed, there is evidence from other 

related studies that suggests such an approach may achieve better recognition results. A 

study examining gait using the MV approach found that applying LTN to feature data 

improved identification performance over non-normalized feature sets by 8-20%  [14]; 
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this result implied the existence of an identifiable relationship between walking speed and 

observable gait characteristics. The impact of walking speed on GRF was also examined 

in  [6] as part of a human kinetics study that analyzed its relationship with the vertical 

GRF component. The study examined the difference in the amplitude of the vertical GRF 

across three different walking speeds for 20 volunteers and found: the maximum 

amplitude increased by 2% when walking at a normal speed compared to a slow speed, it 

increased by 6% when walking at a fast speed compared to a normal speed, and by 9% 

when walking at a fast speed compared to a slow speed. The identification of such a clear 

relationship between walking speed and GRF supports the need for further investigation 

into utilizing this relationship to improve recognition results.  

 

2.2.3 Classification Approaches 

 

In biometric recognition, classifiers are the algorithms that take a feature set as input then 

attempt to either assign it an identity, or verify that it corresponds to a provided identity. 

Classifiers can be categorized according to two different models: generative models and 

discriminative models  [40]. Generative classifiers involve first estimating an input 

distribution, then the modeling of class conditional densities, and finally calculating the 

posterior class probability via Bayes rule (this being the probability that a set of features 

corresponds to a given class); for instance, to learn the posterior class probability function 

P(X|Y), where X is a class and Y is a feature, a generative classifier would first need to 

estimate the a priori probability for each class P(X) and class conditional probability 

P(Y|X), then apply Bayes rule to get the intended result. Conversely, discriminative 
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classifiers are based on decision boundaries that minimize the classification error loss 

over the true class conditional probabilities and model posterior class probabilities 

directly or learn a direct map to class labels  [41]; using the previous example, a 

discriminative classifier might attempt to determine P(X|Y) directly. Of these two 

approaches, discriminative classifiers have generally proven best for footstep recognition  

[32]. In the studies presented in table 2.1, 9 different classifiers were tested and the most 

successful methods were identified in the classifier column. In these studies, only 3 

generative classifiers (Maximum Likelihood (ML), LDA, HMM) were attempted, while 

the remaining 6 were discriminative (KNN, SVM, MLP, Radial Basis Function (RBF), 

Learning Vector Quantization (LVQ), C4.5). In most studies a single classifier was 

trained to make decisions across the full feature space. However, in  [32], three different 

instances of a chosen classifier were trained using three distinctive regions in the feature 

space, and the posterior probabilities returned by the three classifiers were fused into a 

single probability using combination rules; the result was a 46% decrease in error by the 

strongest classifier. 

 

The most commonly used classifiers in the studies of table 2.1 were variants of the KNN 

classifier. The KNN classifier is a simple algorithm that assigns a feature set to the 

closest known identity (class), measured as the distance between a known feature set and 

the input feature set being classified. Variants of this classifier include the histogram 

similarity approach described in  [39], and the Euclidean distance approach described in  

[5]. In  [31], a relatively high identification rate of 93% was achieved using simple KNN, 
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but, in  [7],  [32], and  [3], other classifiers were compared with KNN and showed better 

recognition performance.  

 

After KNN, the next most widely used, and most successful GRF classifier in table 2.1, 

was the SVM classifier. The SVM classifier is a supervised learning method that 

constructs a hyperplane or set of hyperplanes in a high dimensional space, making the 

separation of complex classes easier. In  [7],  [3], and  [32] this classifier generally 

demonstrated the strongest performance when compared against a number of other 

classifiers, with a performance increase ranging from 6% to 60% over the standard KNN 

classifier. However, in  [7], LDA, a classification technique that searches for the linear 

combination of features to best separate two or more classes, demonstrated similar 

performance to the SVM classifier when large feature sets were tested. Also, in  [32], a 

MLP classifier demonstrated only slightly weaker identification rates than that of the 

SVM classifier. None of the remaining classifiers covered by  [32] and  [7] (RBF  [32, 7], 

LVQ  [32], ML  [7], C4.5  [7]) performed much better than the KNN classifier, while the 

HMM classifier, attempted in  [30], has not appeared in more recent GRF recognition 

research. 

 

Clearly the choice of classifier plays a strong role in GRF recognition performance, but 

classifiers must be trained and the number of samples used for training can also affect 

performance. In the studies of table 2.1, the number of samples used for training ranged 

from 1  [39] to 40  [3, 4] GRF samples per person. However, only  [3] attempted to find 

an optimal number of footsteps for classifier training. In this study, recognition was 
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tested across 1 to 63 training steps and performance was demonstrated to increase 

substantially until about the 40th step, after which it levelled off. While 40 training steps 

appeared optimal for this particular study, it is important to note that, since each study 

used a different dataset, the optimal number of training samples for one study cannot be 

expected to be equivalent in another.   

 

The number of footsteps used per single classification attempt is another factor that can 

affect recognition performance. Only two of the studies in table 2.1 examined multi-

footstep classification. In  [5], training and classification were done using two step cycles 

(the right and left steps that form a walking cycle). In  [32], multi-footstep classification 

was compared directly with single footstep classification; a 76% increase in performance 

over single step classification was observed using 2 step classification, while a 95% 

increase in performance was observed with 4 step classification. The study also applied a 

sample-rejection strategy to ignore unreliable data samples from training and testing. 

Then, using 3 footstep classification, with the most unreliable 1% of the dataset rejected, 

the study achieved a 100% identification rate.  

 

One final classification consideration regards best practices when demonstrating 

classification results. In  [3] and  [4], the separation of test data into a development and 

evaluation set was emphasized. When building a classifier, the development dataset is 

used to optimize the algorithm to the chosen feature set, while the evaluation set contains 

previously unseen data, and is used to confirm the results of the development set. Many 

of the studies demonstrated in table 2.1 did not use an evaluation dataset, so, for purpose 
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of making better comparisons, all results demonstrated in the table referred to those 

obtained using a development dataset. Furthermore, because footstep GRF recognition is 

such a new field of study, most research has been restricted to relatively small datasets 

compared to more traditional biometrics. 

 

Classification algorithms fall into a broader field of machine learning, and have received 

extensive research over the past few decades. Recognition using the GRF has clearly 

benefited from the development of classifiers in related biometric research, and, it is 

apparent from the studies in table 2.1 that most of the strongest known classifiers have 

already been attempted by existing research. However, this area of research is constantly 

evolving and there is always room for testing previously untested classification 

algorithms for GRF recognition. Moreover, since most datasets previously used in GRF 

recognition were built on limited, low resolution sensors, it is possible that some 

algorithms may show an increase in performance and/or a lower training cost given a 

more descriptive dataset. 

 

2.2.4 Shoe Type 

 

Even with a highly discriminative normalized feature set and a strong classification 

algorithm, there will always be some level of variability in human gait that makes 

footstep GRF recognition difficult. One such source of variability can arise from the use 

of a different shoe for classifier training than was used for identification or verification. 

Unlike stepping speed variance, which can be calculated directly from a GRF step time 
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series, there is no way to determine that an individual is wearing a new shoe type based 

on the footstep GRF signature alone, therefore normalization by shoe type does not seem 

possible without further environment information. Of the 8 studies in table 2.1, only 4 

examined a sample dataset containing more than one shoe type. 

 

The effect of variable shoe type on classification performance is debatable. In  [31], 

multiple shoe types were captured for classification and it was concluded that shoe type 

has little effect on the ability to perform footstep GRF identification. However, this study 

never indicated whether the multiple shoe types were used for the same person or simply 

across the whole test group, nor did it provide any information as to whether a different 

shoe type was used for training than for testing. Conversely, in  [5], a more detailed 

analysis revealed that testing with shoe types unknown to the classifier could potentially 

have a very negative effect on recognition performance. Poor performance was 

demonstrated by a Euclidean distance classifier when new shoe types appeared in test 

data, however, when multiple shoe types were used for both training and testing there 

was a considerable improvement in performance. Finally, the remaining two studies,  [3] 

and  [4], both mentioned that two or more shoe types per person were included in their 

datasets, yet no analysis was done to study effects of these shoe types on classifier 

performance. Neither study had poor enough results to suggest that using multiple shoe 

types was having a very negative impact on classifier performance, though not enough 

information was provided to completely rule it out. 
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So, while a small group of researchers have studied footstep GRF recognition using 

datasets with multiple shoe types, only a single study,  [5] by Cattin, went into any detail 

regarding the effect of shoe type on recognition. Moreover, even in  [5], critical pieces of 

information were missing from analysis. For instance, Cattin found that classification 

performance was weaker in a multi shoe type dataset than in a single shoe type dataset; 

however, he did not specify whether the choice of shoe type altered stepping speed (a 

factor that could potentially be mitigated by normalization). Furthermore, Cattin only 

examined the effect of shoe type on classification using a Euclidean distance classifier. 

He discovered that training the classifier with multiple shoe types could increase 

recognition performance across a multi shoe type dataset, but that may not always be an 

option in a real world environment. It remains to be seen whether a stronger classification 

algorithm, different feature set, and stepping speed normalization could potentially 

mitigate the performance decrease that appears when performing classification on a 

footstep with a shoe type unknown to the classifier. 
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2.3 Summary 

 

This chapter presented an overview of the field of biometric gait recognition and 

described where GRF footstep recognition fits into the field with respect to previous 

research. While the first half of this chapter provided a historical overview of research 

into gait recognition, the second half focused primarily on the footstep GRF biometric. 

Footstep recognition using the GRF was shown to be achievable using two of the three 

primary approaches to implementing gait recognition: the WS approach and the FS 

approach. However, all research, to date, appears to have been based around using the FS 

approach to perform GRF recognition. 

 

In assessing research relevant to GRF recognition, 8 different studies were identified and 

compared according to the set of criteria in table 2.1. Upon review, research was found to 

be lacking with regards to footstep speed normalization and shoe type analysis, while the 

research areas of feature extraction and classification also left room for new 

experimentation. None of the listed studies attempted to assess the impact of normalizing 

the GRF features as a function of stepping speed. Only a single study examined the effect 

of shoe type on GRF recognition in any detail, leaving a lot of room for further analysis. 

Feature extraction and classification were more thoroughly covered by existing research, 

but could still benefit from the use of a more descriptive dataset, a better cross 

comparison of approaches, and the trial of a previously untested classifier type. The next 

chapter proposes a novel experiment to address the identified shortcomings and expand 

upon the work of previous footstep GRF recognition researchers. 
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Chapter 3  

 

Experimental Design and Dataset 

 

GRF datasets tend to be large and contain a high degree of variability, making potentially 

important patterns difficult to assess visually. Discovering a process that is able to isolate 

and exploit these patterns to best assist in distinguishing of one individual from others is 

at the core of GRF recognition-based research. Previous research has suggested that 

machine learning techniques, algorithms that specialize in the extraction and prediction of 

patterns, are well suited for accomplishing this objective. These techniques have been of 

particular interest in the areas of feature extraction and classification, but could also 

potentially be extended to be used in the normalization of data via regression analysis.  

 

This chapter presents an experiment that applies some of the most powerful feature 

extraction, classification, and normalization algorithms available to address the 

difficulties in performing GRF recognition. The objective is to provide a more 

comprehensive comparison of previously used recognition techniques while also 

demonstrating novel methods to increase recognition performance. With respect to the 

demonstration of novel recognition methods, this chapter aims to establish an optimized 

framework to verify the correctness of the two problem statement assertions: that 

variation in shoe type between training and testing data can have a negative impact on 

recognition ability, and that a potentially useful relationship exists between stepping 

speed and the GRF force signature. 
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3.1 Experimental Design 

 

The objectives of this work depend on the ability to accurately collect and compare 

performance metrics for a variety of GRF recognition techniques. These performance 

metrics can be obtained using a biometric system, a two stage system that consists of an 

enrolment and challenge phase. During the enrolment phase the system is provided with 

data to learn the biometric signatures of enrolled individuals. During the challenge phase 

new data samples are provided to the system and recognition is performed. Biometric 

systems can operate in one of two modes (described in section 2.1): verification mode or 

identification mode. For the purpose of this thesis, a GRF biometric system has been 

developed with all results acquired in verification mode. This novel experimental 

biometric system has been setup to allow for multiple configurations of feature 

extraction, normalization, and classification techniques. The relative strength of each 

biometric system configuration can be compared in verification mode according to the 

Equal Error Rate (EER) generated during each configuration’s challenge phase. The EER 

identifies the rate at which a biometric system’s False Acceptance Rate (FAR) is equal to 

its False Rejection Rate (FRR), when given some input dataset. This metric can be 

visually observed using a Detection Error Trade-off (DET) curve as shown in figure 3.1. 

 

𝐹𝑅𝑅 =  
𝑁𝐹𝑅
𝑁𝑆𝑅

× 100 𝐹𝐴𝑅 =  
𝑁𝐹𝐴
𝑁𝑆𝐴

 × 100 

Equation 3.1: 𝑵𝑺𝑹 and 𝑵𝑺𝑨 refer to the total number of rejected and accepted samples by 

the biometric system, while 𝑵𝑭𝑹 and 𝑵𝑭𝑨 refer to the number of samples incorrectly 

rejected and accepted, respectively. 
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Figure 3.1: This figure demonstrates an example of a DET Curve with an EER around 

10%. 

 

The following subsections describe the design of the GRF biometric system implemented 

to achieve our research objectives and explain the limitations and assumptions imposed 

on the system.  

 

3.1.1 Recognition Techniques 

 

The experiment performed by our GRF biometric system facilitates novel research that 

addresses some of the previously identified GRF-recognition research gaps. In the area of 

GRF normalization two new GRF normalization techniques were designed for our 

research: Localized Least Squares Regression (LLSR) and Localized Least Squares 
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Regression with Dynamic Time Warping (LLSRDTW). These techniques are compared 

with the L
∞
 normalization and LTN techniques used in previous GRF recognition studies 

in addition to the popular L
1
, L

2
, and Z-Score normalizers. Unlike previous studies, the 

research in this thesis also compares normalized to non-normalized GRF recognition 

performance. Furthermore, it increases the GRF classification knowledge-base by 

extending the list of classifiers applied to GRF recognition to include the promising new 

Least Squares Probabilistic Classification (LSPC) classifier, a novel discriminative 

classification technique first proposed by Sugiyama in 2010  [42]. Additionally, as 

demonstrated in table 3.1, the experimental research presented in this thesis, for the first 

time, compares the GRF recognition performance of the wavelet packet feature extraction 

technique to the spectral and holistic techniques, the holistic feature extraction technique 

to the spectral, and the MLP to the LDA classifier. 

 

As well as expanding upon previous GRF recognition techniques, the biometric system 

presented here also makes it possible to compare the impact of variations in shoe type 

against each technique (chapter 7). With such information it should be possible to 

identify the recognition techniques that best mitigate any of potentially negative effects 

that variation in shoe type might have on GRF recognition. Details regarding the 

optimization of this experiment are presented through the following three chapters, 

results are collected in the chapter 7, and an assessment of the acquired results is 

presented in chapter 8. 
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Table 3.1: This table provides a comparison of GRF-recognition techniques examined 

across previous GRF-recognition studies with those examined in this thesis. 

 

3.1.2 Experimental Biometric System 

 

The design flow of the system, demonstrated in figure 3.2, made it possible for two high 

level experiments to be carried out, one on a development dataset and another on an 

evaluation dataset. For each of these datasets, the system was setup so that every possible 

configuration of feature extractor, normalizer, and classifier could be tested. The 

processing of the development dataset in figure 3.2 includes an additional optimization 

step during enrolment prior to training. This additional step involves using the 

development dataset to discover normalizer, feature extractor, and classifier parameters 

that correspond to optimal recognition results for the respective dataset; with the hope 

these parameters will also optimize for any unseen evaluation data. Once optimization is 

complete, enrolment in either dataset is accomplished by first passing the training 

samples through a normalizer (optionally) and feature extractor to acquire a feature set, 
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and then feeding the resulting sample feature sets to a classifier so that appropriate 

subject boundaries can be learned. The enrolment phase is considered complete once the 

system is fully trained. Later, during the challenge phase, the testing subset is 

transformed again using the chosen normalizer and feature extractor, then all possible 

combinations of correct and incorrect verification requests from the testing subset are run 

against the trained classifier.  

 

The classifiers in this system are configured to return the probability that a verification 

request is correct; in classifiers that do not naturally return a posterior probability this 

probability is estimated using the un-scaled output values (described in chapter 6). The 

generated probability reflects the likelihood that a provided sample matches the given 

verification request; this makes it possible to set an acceptance threshold, with every 

returned verification probability greater-than-or-equal to the acceptance threshold 

accepted by the classifier, and those less-than the threshold rejected. Comparing the 

accepted and rejected verification requests with the expected results exposes the FAR and 

FRR, and, with a variable acceptance threshold, it is possible to tune the results in such a 

way that the difference between the FAR and FRR is minimized and the EER can be 

approximated. Finally, using a technique known as K-fold cross validation  [43], the 

whole process is repeated against all other possible training and testing subset pairs with 

dimensions matching those of the initial pairs. The final experimental result returned by 

this biometric system contains the EER that was found by adjusting a single acceptance 

threshold to simultaneously minimize the difference between the FAR and FRR across 

each of the dataset’s cross validation sample spaces.  
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Figure 3.2: GRF-Recognition Biometric System Design. This diagram demonstrates the 

normalizers, feature extractors and classifiers used by the GRF Biometric System. The 

datasets are split into two subsets and processed in two phases with final classification 

results returned in verification mode. The evaluation set is only run against development 

set-optimized configurations to give results with reduced bias and explore alternative data 

formations. The process uses a cross validator for increased accuracy. 
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Figure 3.3: This diagram demonstrates how an EER can be obtained by adjusting the 

classifier acceptance threshold. In this case the EER is found when the acceptance threshold 

is set to about 50%. 

 

The implementation of the experimental biometric system used in our research was 

accomplished using a Microsoft Visual Studio 2010 C# solution consisting of four 

projects. The solution includes one external library and incorporates code from a number 

of different sources, referenced in chapters 4 through 6. The experimental data used by 

the system, detailed in section 3.2, consists of a series of pre-collected GRF stepping 

force data files. The high level project structure is demonstrated in figure 3.4. The tester 

project is responsible for reading in data files, training the system, and evaluating 

configurations of the system using cross validation. The feature generator applies the 

techniques used to normalize the data prior to feature extraction (chapter 5), as well as 
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those used to actually extract the features (chapter 4). The normalization generator takes 

features extracted from the feature generator and formats them appropriately for use in a 

classifier. To complete the classification process, the formatted features extracted from 

the normalization generator, are passed into a chosen classifier contained within the 

classification generator project (chapter 6). This setup allows for various biometric 

system configurations to be compared on a single platform, reducing the potential for bias 

in experimental results. 

 

 

Figure 3.4: This figure demonstrates a high level project implementation for the GRF 

biometric system. 

 

 

 

3.1.3 Experiment Scope 

 

The analysis performed in this thesis is based on several assumptions. First, the 

experimental results presented in this thesis are applicable only under assumption that an 



 

 

53 

individual’s footstep GRF remains consistent throughout its entire recognition use period. 

In practical applications this assumption may fail due to injuries, impairment, or 

significant differences in footwear. It has also been suggested that an individual’s gait is 

likely to change as he or she ages  [44]. Furthermore, this thesis defines a footstep as 

beginning from a heel-plant and progressing in a rolling motion to a toe push as shown in 

figure 3.5; other variations of footstep are not considered. Moreover, footsteps, for the 

purpose of this thesis, are assumed to come from walking persons rather than running 

persons. When a person is walking there will always be at least one foot on the ground, 

however, during a running motion both feet will be off the ground for a period of time. 

This is important because the type of motion has a dramatic effect on the shape of the 

resulting GRF signature, as demonstrated in figure 3.6. 

 

The research in this thesis also has been limited to a dataset containing only 10 different 

individuals. During the biometric system enrolment phase, information from each 

individual is used to train the system. Additionally, the data collected for this research 

was obtained from cooperative participants landing clean footsteps on a force plate. 

Therefore, it can be assumed that any results obtained came under nearly ideal 

conditions, and, in practice, with the potential for non-cooperative and non-enrolled 

participants weaker performance should be expected. 
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Figure 3.5: This diagram demonstrates the three primary stances during a heel-to-toe 

footstep. 

 

 

Figure 3.6: This figure provides a comparison of the walking to the running vertical GRF 

component in the same individual. 
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3.2 Experimental Data 

 

The dataset used in this thesis is represented as two smaller sets, the development and 

evaluation datasets. The set used in the following three chapters to train and optimize 

GRF recognition techniques is referred to as the development dataset. In chapter 7 the 

performance of the various GRF recognition techniques and impact of shoe type variation 

is measured on previously unseen data in the evaluation dataset. Both datasets contain 

footstep samples from the same 10 subjects, but vary in the shoe type used during sample 

collection. The development dataset consists of 10 footstep samples per subject, taken 

with all subjects wearing Asics runners, whereas the evaluation dataset consists of two 

sets with 10 footstep samples per subject, one with all subjects wearing Orin runners and 

the other with all subjects wearing Verona runners. 

 

The experimental data specifications, demonstrated in table 3.2, were built around data 

samples provided by the University of Calgary Faculty of Kinesiology. The provided data 

samples came from 10 different male athletes ranging in age from 21 to 30 years old. 

Each individual was asked to achieve a walking speed of approximately 1.5 m/s and 

make a clean step over a Kistler Force Plate  [38] apparatus. The Kistler Force Plate is 

rectangular and contains sensors on each of its four corners. Using different combinations 

of these sensors the apparatus returns 8 different output signals: two representing the 

GRF anterior-posterior component, two representing the GRF medial-lateral component, 

and four representing the GRF vertical component. The research presented in this thesis 

makes use of all 8 output signals covering all three of the GRF components, which, in 
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contrast to the previous studies shown in table 3.3, allows the GRF dynamics to be 

examined in greater detail.  

 

 

Table 3.2: This table demonstrates the experiment data specifications. The 8 output signals 

used in this experiment are shown according to the GRF component they belong to; there 

are 4 output signals belonging to the vertical component, 2 in the anterior-posterior 

component, and 2 in the medial-lateral component.  

 

 

 

Table 3.3: This table provides a comparison of data samples components used by previous 

research groups. 
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Figure 3.7: This figure shows the data representation returned by the Kistler Force Plate, 

including a synchronization footstep followed by the footstep used for the research in this 

thesis. 

 

The raw output of a single sample collected from the force plate is demonstrated in figure 

3.7. The sample is approximately 20 seconds long and contains two distinct force spikes. 

Of these two force spikes, only the second spike contained useful footstep GRF 

information, while the first was used for an unrelated synchronization purpose. As shown 

in the diagram, data from the 8 different output signals was collected with a 0.417 

millisecond sampling frequency and varied between positive and negative values. The 

output signals labelled F1X1 through F1Z4 represent the breakdown of the three GRF 

components. The readings between the two force spikes were not entirely smooth, but 

rather, appeared to reflect small frequent vibrations from the floor. 
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To effectively analyze the various proposed GRF-recognition techniques, it was first 

necessary to isolate the desired footstep signature from the remaining extraneous data. 

The process of footstep extraction presented several challenges: first the footstep 

extractor needed to know when to start extracting the footstep, next the extractor needed 

to know when to stop extracting the footstep, and finally the extractor needed to extract 

only the second foot step rather than the first synchronization force spike. To satisfy these 

conditions for footstep extraction a simple process was devised. 

 

To develop the step extractor process it was first necessary to examine the sample data in 

closer detail. After examining the start and end points of several footsteps in the sample 

sets it was clear that all samples shared similar characteristics. It also became apparent 

that the force on signals labelled F1Z1 through F1Z4 remained positive and amplified for 

the entire duration of a footstep. Using this finding, it was determined that the signals 

F1Z1 through F1Z4 would be easiest to use to establish a threshold for starting and 

stopping the extraction process.  

 

The start and end points of a sample footstep are demonstrated in figure 3.8 below. While 

the start of the footstep shows a sudden well defined force spike in the Z-labelled signals, 

the end of the footstep is marked by a slow decline in amplitude, resulting in it being 

more susceptible to error from environmental noise. Experimental trials showed that 

starting the extraction of the footstep when the force in any of the Z-labelled signals 

exceeded a threshold of 15N was sufficient for capturing footstep data while also 

generally ignoring any noise between steps. However, ending the extraction when any of 
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the Z-labelled signals fell below the 15N threshold was more problematic, as the signals 

would often bounce back above the 15N threshold shortly after, resulting in the extractor 

falsely believing that a new step had occurred. To account for this residual trailing noise 

it was determined through experimentation, that, once all Z-labelled signals fell below the 

15N threshold and all failed rise above the threshold after 15 sampling intervals, the 

extraction process could be safely terminated. 

 

 

Figure 3.8: This figure provides an example of the beginning and end of the footstep GRF 

 

The footstep extraction process applied in this experiment is described below. During 

experimentation one sample was found to have random brief spikes of force, so an extra 

step, step 3, was added to discard data when these occurred. 

 

1) Loop through every row in the provided data sample. For each row if any FZ 

output signal is greater than 15N then start recording. 

2) While recording, if all FZ signals have remained less than 15N for 15 iterations 

then stop recording. 
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3) Discard any recording that ends up less than 100 rows long (these are likely due 

to error and actual steps will be around 1600 rows long). 

4) Two recordings should remain at the end of the process: the first representing the 

synchronization force spike and the second representing the actual footstep force 

spike. Discard the synchronization recording and we are left with only the data 

from the desired footstep sample. 

 

After applying the above process to the experimental dataset, the extracted footsteps were 

labelled according to their owner’s age, with a numeric qualifier appended to the end of 

the label to distinguish different persons belonging to the same age group (i.e. m22_2). 

The extraction process was able to successfully extract footsteps in all but one of the 300 

available data samples. The unsuccessful sample, the 10
th

 Orin sample for the m22_1 

subject, was determined to contain an incomplete footstep.  

 

 

Table 3.4: This table shows the available footstep data and predetermined training subset 

size for this experiment. The numbers under each person refer to the number of sample 

footsteps acquired for that person for the corresponding shoe type. 

 

To perform recognition analysis, the dataset must be broken up into training and testing 

subsets. While, to avoid potential bias, the size of the training set should be the same for 
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all tests run. In this experiment it was decided that a training set of 5 samples per person 

would be sufficient for assessing the impact of various recognition techniques. 

 

3.3 Summary 

 

This chapter introduced the concept of the biometric system and presented an 

experimental design for a system with the objective of performing footstep-based GRF 

person recognition. The system was designed to incorporate varying combinations of 

feature extractors, normalizers, and classifiers. Among these components were the novel 

LLSR and LLSRDTW normalizers developed in our research (discussed in chapter 5), 

and the LSPC classifier, a classifier never before used for the purpose of footstep GRF 

recognition (discussed in chapter 6). This chapter also presented the methods to be used 

for measuring recognition performance in the remainder of this thesis, selecting the 

verification EER as the metric of choice, and, to clarify assumptions and limitations with 

regards to the problem domain an experiment problem scope was covered. 

  

Having presented the experimental design, the chapter continued on to describe the 

dataset for which our chosen biometric system was configured to work. Following best 

practices, the dataset was split into a development dataset, to be used in the optimization 

and analysis of each biometric component, and a mutually exclusive evaluation dataset to 

be used in obtaining results less influenced by training bias. The three chapters that 

follow build on the high level methodology introduced here by demonstrating the 

theoretical backgrounds, optimization techniques, and implementations applied for each 
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of the feature extraction, normalization, and classification components used in the 

formation of our biometric system.  
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Chapter 4    

 

Feature Extraction 

 

Discovering the footstep GRF characteristics that have a unique range in values for any 

given person would make it possible, in the absence of spoofing, to perform recognition 

with perfect accuracy using even the simplest of classifiers. When dealing with data 

samples containing thousands of recorded values (also referred to as dimensions), leaving 

the identification of these characteristics to classifiers alone can be computationally 

expensive and potentially lead to classifier overfitting, which occurs when undesirable 

characteristics, such as noise, are misinterpreted as being significant during training. One 

way to address these issues is to preprocess the data using a technique known as feature 

extraction.  

 

Feature extraction aims to represent the characteristics that best distinguish the original 

dataset in a reduced dimensional space. The objectives of feature extraction are closely 

aligned with those of data compression. However, the data compression requirement that 

enough information be retained to be able to reconstruct the original dataset to some 

chosen degree of accuracy does not apply to feature extraction. For the purpose of 

footstep GRF recognition the goal is to extract a feature set that minimizes the degree of 

feature space overlap between any two people. This chapter presents the principles 

behind our four chosen GRF feature extraction techniques and explains how each was 

configured to accommodate our dataset. Additionally, the work demonstrated in this 
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chapter examines a number of methods used to optimize each extraction technique for 

better recognition performance, building upon work done in previous research.  

 

4.1 Geometric 

 

A number of previous studies  [31, 7, 32, 3, 4] have identified spatial and statistical 

footstep GRF characteristics that can be extracted to form a feature space. These 

heuristically derived characteristics are referred to as geometric features. Spatial features 

include specific data measurements such as the position of local maxima or displacement 

between two points of interest, while statistical features reflect the properties of the 

dataset taken as a whole and include measurements like the mean GRF value. The sample 

shown in figure 4.1 demonstrates the force values of the 8 output signals over the course 

of a footstep and has identified the points of interest, the local minima and maxima 

determined to be consistent enough to be used as features. 

 

Using the points of interest identified in figure 4.1 together with the geometric features 

proposed in  [4], our research was able to identify 538 potential geometric features across 

the 8 output signals. Of these features, 506 were spatial characteristics and 32 were 

statistical characteristics. The spatial features included time and force values for all 22 

extrema points identified in figure 4.1, the 231 displacements in time between every pair 

of extrema points, and the 231 displacements in force between every pair of extrema 

points. The statistical features were restricted to force measurements only and included 

the mean values, areas under the curve, standard deviations, and norms for each of the 8 

output signals. A breakdown of the features is shown in table 4.1. 
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Figure 4.1: This diagram demonstrates the set of heuristically derived points of interest 

across our 8 GRF signals. Each point is identified with a dot and given a descriptive label. 
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Table 4.1: The three sub-tables above demonstrate the spatial and statistical features 

examined in our research. Features measured in force refer to measurements in Newtons, 

while time features refer to measurements in Seconds. Displacement features were too 

numerous to display in this table and therefore were represented as sets using the binomial 

coefficient notation to express set membership. For example, set of distances between every 

2-feature combination from the four F1X1 Force point features would be represented as 

𝑫
(𝑭𝟏𝑿𝟏 𝑭𝒐𝒓𝒄𝒆𝟐  )

. 

 

Having identified the geometric features of interest, the next challenge was to construct 

an algorithm capable of extracting these features from the GRF curves. The greatest 

difficultly in this regard involved locating desirable local extrema points on a signal 

containing a substantial level of noise. To acquire these points, two procedures were 

developed: a local maxima locator and a local minima locator. Initially the procedures 

were setup to accept some initialization point from the GRF data series and iterate 

forward from that point until the values began to either decrease, when looking for a local 

maxima, or increase, when looking for a local minima. The point at which the values 

started to increase or decrease was returned as the local minima or maxima, respectively. 

This procedure proved problematic as incorrect extrema points were often returned due to 

noise in the data and footstep imperfections. To address this problem the procedure was 

redesigned to accept two additional parameters: one to make the algorithm less sensitive 
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to undesirable small peaks or troughs in the data, and another to “smooth” the data to 

more accurately determine the exact location of each extrema point. 

 

The pseudo-code for the local maxima locator procedure is demonstrated in figure 4.2. 

The minima procedure is almost identical but the inequality on line 5 is reversed. This 

procedure tracks the maximum value as the force values increase along the ridge, but 

when the values start to decrease, rather than immediately returning the last maxima 

found, the procedure continues iterating until the sensitivity threshold is reached. If the 

sensitivity threshold is reached then the maximum value recorded before the threshold 

counter began would be the largest value found so far and therefore would be returned as 

the local maxima. While the sensitivity threshold returned the greatest value as the local 

maxima, the value returned often turned out to be a single-record spike in force due to 

noise, rather than the actual visual top of the force ridge. To reduce the impact of noise a 

previous gait-based study by Derawi et al.  [28] imposed a weighted moving average on 

the data. For our research, a simple moving average was determined to be sufficient for 

noise reduction. When data smoothing is used, rather than looking for the single value 

maxima, the procedure looks for an averaged multi-value maxima and large spikes in 

data are smoothed into a more level plane; this increases the likelihood that any maxima 

found by the procedure will indeed be the actual top of the ridge. 
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Input:  Initial GRF Index (Xinit, Yinit), Integer threshold, Integer smoothing 
  N = Sample Size 
Output: The Next Local Maxima (Xmax, Ymax) 
 
1 smooth(Ypoint) ← Average(Ypoint– smoothing/2 … Ypoint + smoothing/2 

2 Ymax ← Yinit 

3 cnt ← 0 
4 for Ycurrent = Ysmoothing … YN 
5  if smooth(Ycurrent) > Ymax 

6   Ymax ← Ycurrent 
7   Xmax ← Xcurrent 

8   cnt ← 0 
9  else 
10   cnt ← cnt + 1 
11   if cnt > threshold 
12    return (Xmax, Ymax) 

13   end 
14  end 
15 end 
16 return (Xmax, Ymax) 

 

Figure 4.2: This figure demonstrates the pseudo-code for the algorithm we used for the local 

maxima locator. 

 

To locate the full set of point features on each output signal the local minima and maxima 

locator procedures were chained together with the point located by the one locator 

forming the initialization index for the next in the chain. For example, in the Z-labelled 

output signals, the process would start at the first data record in the footstep then move 

forward through the records to locate the first local maximum. Next, the first local 

maximum would be assigned as the initialization index for the local minima locator, 

which, in turn, would locate the next local minimum. Finally, the local minimum returned 

by the local minima locator would be passed back into the local maxima locator as the 

initialization index, and the process would terminate with the locations of the first local 

maximum, the first local minimum, and the second local maximum all identified. When 

applied to the development dataset, this process was able to correctly locate the point 
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features in all but one output signal in a single footstep sample, using sensitivity 

threshold parameter values in the range of 200-300 intervals for the Z/Y-labelled signals 

and 30 intervals for the X-labelled signal together with a smoothing parameter value of 5. 

 

 

Figure 4.3: This figure demonstrates the triangle approximation for missing point features. 

The points that maximized the area of the inscribed triangles were approximated as the 

expected position of the missing local extrema features. 

 

A visual inspection of the sample with the missing point features revealed that its F1Z2 

output signal did not contain a maximum point where the expected first maximum would 

typically occur. Consequently, the minimum value point was also undefined. However, 

the graph, shown in figure 4.3, still demonstrated a well-defined convex curvature in the 

region where the first local maximum would be expected and concave curvature where 
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the following local minimum would be expected. Thus, rather than leaving these features 

out, we decided to estimate the points of maximum convex and concave curvature, then 

use these points to approximate the expected positions of the local maxima and minima in 

the case that the initial locator process failed. Our estimation approach was based on a 

study by Castellanos et al.  [45] that aimed to estimate the corner of the L-curve. In their 

work, they estimated that, given three points on a curve forming a triangle, the point of 

maximum curvature would be the position at which the middle of these three points had a 

minimum angle value. In our implementation we used a slightly different approach and 

searched for the three points, evenly spread across a 200 record-wide region of the graph, 

which maximized the area of the triangle formed by connecting each point. Again, the 

middle of these three points was taken as the approximate point of maximum curvature, 

as demonstrated in figure 4.3. The points that resulted from applying this technique to 

missing features-sample yielded a local maximum of (355, 307) and local minimum of 

(1012, 394). The estimated maximum point appeared relatively close to its average 

position of (368, 397) for the subject M22_1, while the estimated minimum point 

displayed significant error when compared to its average position of (736, 322). Because 

this missing feature showed up in only 1 of 300 data samples, the error was considered 

acceptable. 

 

Having captured the full set of spatial point features for each sample, capturing remaining 

displacement and statistical features was relatively simple. The displacements were 

captured by finding the difference in time and force between the pairs formed by every 

combination of points, as listed in table 4.1. The mean, Euclidean norm and standard 
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deviation were acquired by applying their respective statistical formulas to the set of all 

force recordings in the sample space, while the area under the curve was approximated by 

applying the trapezoidal rule to the sample space (equation 4.1). 

 

∫ 𝑓(𝑥)𝑑𝑥 ≈  
1

2

𝑏

𝑎

∑(𝑥𝑘+1 − 𝑥𝑘)(𝑓(𝑥𝑘+1) + 𝑓(𝑥𝑘))

𝑁

𝑘=1

 

Equation 4.1: This equation demonstrates the trapezoidal approximation of an integral 

using the Trapezoidal Rule. 

 

When the values for individual features in our 538 geometric feature space were 

compared, it became apparent that some features were much better discriminators than 

others. Furthermore, some features contained so much variability that using them for 

classification would likely lead to overfitting and decrease recognition performance. In  

[4], Rodríguez et al. suggested an optimization technique to remove undesirable features 

from the geometric feature set. To accomplish this they used an exhaustive search 

process. The process started by identifying the stand-alone feature that produced the 

smallest EER during classification, then searched for the feature that, when combined 

with the initially discovered feature, produced the smallest feature pair EER. This process 

continued until the full feature set was sorted such that, when grouped with all the 

features ahead of it, each feature in the sorted set produced better performance than any 

of the features behind it. Using this process Rodríguez’s team found that, with only the 

17 best of their initial 42 geometric features, they were able to reduce their EER by 22%. 
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Building upon the work of  [4], our research incorporated k-fold cross validation into the 

original process. In our case, rather than sorting features based on the best EER for a 

single training/testing subsets pair, the EER was calculated by taking the EER produced 

across all 10 possible training/testing subsets in our development dataset. Our approach 

also differed in that we performed the optimization using a weighted KNN classifier (see 

chapter 6), rather than the SVM classifier used in  [4]. In this optimization, as well as all 

our other feature extraction optimizations and analysis, the K parameter was set to an 

arbitrary value of 5. The final optimization process functioned as follows: 

 

1) Let O be an empty set that will contain all geometric features ordered from most 

to least discriminative. Let G be the full geometric feature space. 

2) Take a feature from G that is not currently in O and add it to O. 

3) For each training/testing subset in the development dataset calculate the EER. 

4) Find the EER across every training/testing subset, and then remove the feature 

that was added in Step 2. 

5) Repeat Step 2-4 for every feature not in O. 

6) Add the feature with the best averaged EER (Step 4) to O then repeat Step 2 until 

O contains every feature in G. 

7) Take the first N features that best reduce the EER and feature space 

dimensionality. These features will form the optimized geometric dataset. 
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Figure 4.4: This graph compares the number of optimized features to the EER they 

produced. The count of features starts with the best performing single feature, then the best 

performing two features and continues with the features added resulting in smaller 

increases in performance as the size of the feature set grows. 

 

The optimization process, when run on the original 538-feature geometric feature space 

using the development dataset, resulted in a significant improvement in recognition 

performance. The change in EER for the 110 initial optimization iterations is shown in 

figure 4.4. The diagram demonstrates a sharp drop in the EER up to the point when the 

optimal feature set contains 21 features, after which the EER flattens and even begins to 

increase as the optimal feature set grows in size. This suggests classifier overfitting 

begins to hinder recognition in large geometric feature spaces. Consequently, for the 

purpose of this thesis, the first 36 optimal features were chosen to form the optimal 
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geometric feature space. This optimal feature space contained 6 spatial point features, 26 

displacement features, and 4 statistical features, roughly corresponding to the frequency 

of each feature type in the original space. Furthermore, the measurement units for the 

optimal feature space consisted of about as many time features as there were force 

features. While, compared with the original geometric feature space, the optimal feature 

space decreased the cross validated development dataset EER from 8.48% to 1.33333%, 

equivalent to an 84% increase in performance. Additionally, the 36-feature optimized 

geometric feature space represented a 93% decrease in dimensionality over the full 

geometric feature space and a 99.7% decrease over the roughly 12800 record full footstep 

GRF data space. 

 

Figure 4.5: This diagram presents a visualization of the 3 best ranked optimized geometric 

features taken from footsteps belonging to the ten test subjects and projected into a 3d 
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frame. Five footsteps per person are shown in this diagram and the footsteps belonging to 

each subject are distinguished by variations in the marker symbols used. For better 

visualization the range for each feature has been standardized as [0,1]. 

 

 

Table 4.2: This table demonstrates the best 36 features in the feature set remaining after the 

geometric dataset was optimized. Point features are identified by the output signal name 

and extrema point type, while displacement features are identified with a ‘D’ and a 

subscript containing the two point features that formed the displacement.  Each feature is 

categorized as either a measure of force (Newtons) or time (Seconds). 
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Table 4.3: This table compares the performance of geometric feature spaces on the 

development dataset. 
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4.2 Holistic 

 

Feature extraction techniques defined by heuristics, including the geometric technique 

described in the previous section, can be powerful data discriminators, but rely on expert 

knowledge to identify the most valuable characteristics in a dataset. When datasets are 

complex or have not been thoroughly studied, heuristic-based techniques can suffer. The 

alternative to heuristic-based feature extraction approaches involves using machine 

learning techniques to discover important data characteristics. These techniques do the 

work of identifying the most statistically significant characteristics in a dataset, according 

to some pre-defined learning model. For the purpose of this thesis, the non-heuristic 

techniques have been categorized into those that only perform feature extraction after a 

transformation of the data domain has occurred and those that only work with the data in 

its original domain. We refer to the latter category of feature extractor as holistic 

techniques following the usage of the term in  [3, 4], and in our case the raw data being 

processed is represented in the time domain.  

 

As noted in the previous chapter, several existing footstep GRF recognition studies  [3, 

39, 4, 30]  have implemented holistic feature extraction solutions. In its simplest form, 

the holistic approach involves no feature extraction at all; instead entire data samples are 

passed as-is for classification and the determination of important characteristics is left to 

the classifier. Unfortunately, with each of our data samples consisting of approximately 

12800 records, passing the raw data to a classifier would be computationally undesirable 

and would likely lead to massive classifier overfitting and very poor recognition 

performance. To address this problem we have based our holistic feature extraction on 
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the dimensionality reducing holistic technique proposed by Rodríguez et al. in  [3]. In 

their work they proposed a way to reduce the dimensionality of the original dataset using 

Principal Component Analysis (PCA). Using PCA, Rodríguez’s team discovered 80 

features, from 4200 in their original dataset, accounted for 96% of the dataset’s original 

information (variance). When running PCA on a dataset with multiple persons and 

without a high level of variation between samples of a single individual, because variance 

represents variability in the dataset, we would expect to see the features with the greatest 

variance across the entire dataset also represent the features with the greatest disparity 

between individuals; the discovery of such distinguishing features would be important to 

achieve strong recognition performance. 

 

PCA involves transforming the original feature space, in our case the approximately 

12800 record holistic sample space, into a new feature space where the new features, or 

Principal Components (PCs), are uncorrelated and ordered according to the amount of 

variance they represent  [46]. The greatest challenge when implementing PCA comes 

from the need to generate a transformation that is able to represent data in the PC feature 

space. Once this transformation has been generated, any given sample can be projected 

into the new PC feature space and dimensionality can be reduced by extracting only the 

small group of PCs that account for the majority of the original feature space’s variance. 

A five step process to generate the needed PCA transform is described by Lindsey Smith 

in  [47]. The process begins by calculating the mean for each feature in the training 

subset, and then proceeds to subtract the calculated means from the respective features in 

each training sample; the end result is a dataset whose mean is zero. Next, the covariance 
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matrix for the zero-mean dataset is calculated according to equation 4.2.  Once we have 

the covariance matrix, we need to calculate its eigenvectors and eigenvalues; these can be 

found by first solving for the eigenvalues (equation 4.4) then substituting each eigenvalue 

back into equation 4.3 to solve for the eigenvectors. When all eigenvalues and 

eigenvectors have been calculated, we will find the size of the eigenvalues corresponds to 

their respective degrees of variance in the original dataset; with this knowledge we can 

extract a small set of eigenvectors that accounts for the majority of the variance in the 

original dataset to form our PCs. Finally, when we want to project data samples from our 

original feature space into the new smaller PC feature space we can do so using this small 

set of eigenvectors and applying equation 4.5.  

𝐴𝑛×𝑛 = (𝑐𝑖,𝑗, 𝑐𝑖,𝑗 = 𝑐𝑜𝑣(𝐷𝑖𝑚𝑖 , 𝐷𝑖𝑚𝑗)) 

Equation 4.2: In this equation A represents the n×n covariance matrix, where Dimx 

represents the x
th

 dimension. 

 

𝐴𝑥 =  𝜆𝑥 

Equation 4.3: To find the eigenvectors we must find all values of x that, when multiplied 

with our covariance matrix A, result in some scalar multiple λ of x. The vector solutions x 

form the eigenvectors, while the respective scalar multiples λ form the eigenvalues. If the 

n×n matrix has eigenvectors there will be n of them  [47]. 

 

det(𝐴 −  𝜆𝐼) = 0 

Equation 4.4: With A being the n×n covariance matrix, I the n×n identity matrix, and λ the 

nx1 eigenvalue matrix, if the covariance matrix has eigenvectors this equation will be 

applicable. This allows us to generate a characteristic polynomial equation to solve for the 

eigenvalues, which can then be substituted back into equation 4.3 to solve for the 

eigenvectors. 
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𝑌 = 𝑊𝑇 × 𝑋𝑇 

Equation 4.5: In this equation, X is a 1×n input vector to be projected into PC-reduced 

feature space of size m. Each feature in X is assumed to have had its respective training 

subset-mean value subtracted from it. W is the n×m PC-reduced eigenvector matrix, which, 

when transposed contains the eigenvectors in the rows. Multiplying W
T
 with X

T
 we get Y, the 

m×1 projection of X into the reduced feature space. 

 

The implementation of the PCA feature extraction technique in our biometric system was 

accomplished through integration with the Accord.NET PCA library developed by César 

Souza  [48]. This library featured several improvements over the process described in the 

previous paragraph. Rather than calculating the eigenvalues and eigenvectors directly, a 

task that can be computationally intensive, Souza acquired both sets using the 

computationally efficient Singular Value Decomposition (SVD) algorithm  [49]. Souza’s 

library also gave the option of using a correlation matrix instead of the covariance matrix 

when generating the PCs; an important option because the use of the correlation matrix 

can generate better performance when features have broad differences in their variances. 

 

Before we could run PCA on our development dataset, we first needed to standardize the 

size of each data sample. Variations in stepping speed meant sample length and therefore 

the number of features per sample did not match up across the dataset. This was 

problematic for PCA, which expects a standard number of features to be present to both 

generate and carry out the feature space transform. To address this problem we followed 

the approach taken in  [4], where an arbitrary number of records, large enough to 

represent full footsteps, were captured for each output signal. For our dataset, we 

determined that 2000 records per output signal, for a total of 16000 records per sample, 
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were sufficient to obtain all information of value in any given footstep. To ensure each 

sample contained the same number of records, extra zero-valued records were appended 

to signals with less than 2000 records. We refer to this approach as the point-based 

holistic approach. 

 

Having established the process to perform PCA, when we wanted to perform 

classification using the dimensionality-reduced holistic feature extraction technique we 

did so through the following steps:  

 

1) Perform PCA on the training data subset (i.e. 5 samples per person for all enrolled 

persons), and pick the best PCs to form the dimensionality-reducing feature space 

transform. 

2) Project the training data subset into the new PC feature space. 

3) Train the chosen classifier using the transformed training data samples. 

4) Project a data sample from the testing subset into the new PC feature space. 

5) Perform classification on the transformed testing data sample using the classifier 

from step 3. 

 

The results from running the point-based holistic feature extraction technique on our 

KNN classifier are shown in figure 4.6. To better assess the accuracy of the point-based 

holistic approach, cross validation was performed with a unique PCA transform 

generated for every training/testing subset; the results in figure 4.6 reflect the average 

performance achieved across the 10 iterations of cross validation needed to cover our 
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entire development dataset. The best point-based holistic performance was found to occur 

when using the covariance matrix during PCA, and the optimal point-based holistic 

feature set contained the first 15 PCs accounting for approximately 98.7% of the dataset 

variance with an EER of 3.42%. 

 

 

Figure 4.6: This figure demonstrates the performance of the point-based holistic approach 

using both covariance (cov) and correlation (cor) matrices during PCA. The PC set size is 

shown as a function of the EER it produces and the approximate dataset variance it 

represents. 
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Figure 4.7: This figure demonstrates an example of the GRF data from one of our output 

signals divided into 8 regions. Using our area-based approach, the areas for each region 

would be calculated and stored as a new sample space. 

 

In addition to the point-based holistic approach, during our research we developed a new 

approach for standardizing the size of footstep GRF sample space passed in for PCA. 

This new approach, which we refer to as the area-based holistic approach, involved 

dividing each sample into a standard number of temporally equal proportional regions 

and forming a new dataset with the set of regional areas. The graph in figure 4.7 shows 

how this would work on a single output signal with the dataset divided into 8 regional 

areas; in practice we would want far more regions for better resolution when performing 

PCA. Equations 4.6 through 4.9 demonstrate the process used to generate the new area-

based sample space. To achieve a standard sample size for all available samples it is 
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important that the number of area regions is smaller than the number of points in the 

smallest expected sample; in our dataset no samples were less than 1400 records in 

length. 

 

𝑫 = ((𝑡0, 𝑓0), (𝑡1, 𝑓1),… (𝑡𝑁−1, 𝑓𝑁−1))  

Equation 4.6: Define the original data sample, of size N, as a series of records where ti 

represents the time the sample occurred at and fi represents the force value at ti.  

 

𝑆(𝑥) =
𝑁

𝑀
 × 𝑥  

Equation 4.7: With N being the size of the origin sample space (D) and M being the size of 

the new area-based sample space,  the function S returns the start of a given region x. 

 

𝑅𝑖 =
1

2
(⌈𝑆(𝑖)⌉ − 𝑆(𝑖))(𝑡⌈𝑆(𝑖)⌉ − 𝑡⌈𝑆(𝑖)⌉−1)(𝑓⌈𝑆(𝑖)⌉ + 𝑓⌈𝑆(𝑖)⌉−1)  

         + 
1

2
∑ (𝑡𝑗+1 − 𝑡𝑗)(𝑓𝑗+1 + 𝑓𝑗)
⌊𝑆(𝑖+1)⌋−1
𝑗= ⌈𝑆(𝑖)⌉   

         + 
1

2
(⌊𝑆(𝑖 + 1)⌋ − 𝑆(𝑖 + 1))(𝑡⌊𝑆(𝑖+1)⌋+1 − 𝑡⌊𝑆(𝑖+1)⌋)(𝑓⌊𝑆(𝑖+1)⌋+1 + 𝑓⌊𝑆(𝑖+1)⌋)  

Equation 4.8: The area, Ri, for a given region i, is calculated using the sum of a set of 

trapezoidal approximations. Because area regions may start and/or end in the space 

between the records of the original sample, the equation was divided into three parts: the 

first part finds the approximate area for any partial region preceding the first original 

dataset record (t, f) in Ri, the second part calculates the approximate area for the set of 

original dataset records falling within Ri, and final part approximates the area for any 

partial region following the last original dataset record in Ri. 

 

𝑹 = (𝑅0, 𝑅1, … 𝑅𝑀−1),𝑀 < 𝑁  

Equation 4.9: To get the new area-based sample space we simply calculate Ri for i = 1:M. 
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Figure 4.8: This figure demonstrates the performance of the area-based holistic approach 

using both covariance (cov) and correlation (cor) matrices during PCA. 

 

To use the area-based holistic approach we first needed to decide on the number of area 

regions into which the original sample space should be divided. After testing the 

performance at 50-region intervals, from between 1000 regions per output signal and 50 

regions per output signal, we found the number of regions had relatively little impact on 

performance and settled on 500 regions per signal for a new total sample space of 4000 

area features. The results from running the area-based holistic feature extraction 

technique on our KNN classifier are shown in figure 4.8. As was the case when assessing 

the point-based feature extraction technique, the results shown here were also obtained 

via cross validation. In contrast to the results obtained from the point-based holistic 
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technique, when the area-based holistic technique was used there was a significant 

difference in performance between the covariance matrix and the correlation matrix-

based approaches, with the covariance-trained system achieving an optimal EER of 3.0% 

and the correlation achieving an optimal EER of 2.55%.  

 

Comparing the point-based holistic approach to the area-based holistic approach, we 

found both approaches resulted in a dimensionality reduction of about 99.8%. We also 

found that the area-based approach achieved better recognition performance; however, 

neither approach performed as well as the optimized geometric approach in the previous 

section. This may be a consequence of the variations in stepping speed between samples. 

Differences in stepping speed meant the sample space features passed for analysis via 

PCA were not being assessed on a single standard scale, but rather multiple scales 

depending on the step duration. In  [3, 4], the point-based holistic feature extraction 

approach achieved better performance than the optimized geometric approach. Part of 

this may be due to the fact that these studies used a much larger training dataset than ours 

to generate their PC features. But these studies also used a data normalization technique 

to ensure the different samples were compared on the same scale. To address this issue, 

we explore various normalization techniques in chapter 5.  
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Figure 4.9: This diagram presents a visualization of the 3 best area-based holistic PC 

features taken from footsteps belonging to the ten test subjects and projected into a 3d 

frame. Five footsteps per person are shown in this diagram and the footsteps belonging to 

each subject are distinguished by variations in the marker symbols used. For better 

visualization the range for each feature has been standardized as [0,1]. 

 

 

Table 4.4: This table compares the performance of holistic feature spaces on the 

development dataset. 
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4.3 Spectral 

 

Important features are not always apparent in the time-domain and occasionally may 

become more apparent when a data sample is analyzed in the frequency domain. Two 

previous footstep GRF recognition studies  [32, 5] have suggested techniques for 

extracting features from the frequency domain; we refer to these features as spectral 

features. In  [32], Suutala and Röning proposed that features be extracted from the 

magnitude of the GRF and GRF-derivative frequency spectra; while in  [5], Cattin 

proposed that features be extracted from another representation of the magnitude spectra 

called the Power Spectral Density (PSD), with only the derivative of the vertical GRF 

component examined. Both studies used PCA-based dimensionality reduction techniques 

to assist in the discovery of a smaller optimized spectral feature space. In our research, 

we decided to test both the magnitude spectra and PSD approaches, while also 

incorporating our PCA technique from the previous section. 

 

To apply the two spectral approaches and accurately assess their effectiveness we 

extended our holistic approach to include two more steps. Prior to performing PCA, we 

add a filter which converts the dataset to the frequency domain then return either its 

magnitude spectra or PSD. Additionally, to stay consistent with the work presented in the 

previous GRF spectral feature studies, we have included an optional filter to obtain the 

GRF-derivative before the transformation to the frequency domain. And, as was the case 

for holistic feature extraction, the process begins by generating either a standardized 

point-based sample space or one based on regional areas of the GRF. The resulting 
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spectral features extraction process is shown in figure 4.10, while an example comparing 

the GRF to the GRF derivative is shown in figure 4.11. 

 

 

Figure 4.10: This figure represents the process used to generate the spectral feature space. 

Taking the derivative of the GRF before processing is optional, but the method chosen for 

training PCA must also be used for testing.  
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Figure 4.11: The graph on the left represents the regional area-based features in Newton-

seconds at the time interval they were measured, while the graph on the right represents its 

derivative. 

 

Transforming finite data series to the frequency domain is accomplished using the 

Discrete Fourier Transform (DFT) (equation 4.10). When this transform is performed it 

returns a series of complex numbers that can be processed to determine spectral phase 

and magnitude. We find the spectral magnitude of this series by calculating the square 

root of the sum of the squares for each of its real and imaginary parts (equation 4.11). 

Calculating the PSD is a little more challenging and requires finding an estimation called 

a periodogram. For the purpose of this thesis, we have implemented our periodogram and 

DFT using the code presented by Press et al. in Numerical Recipes  [50]. In their 

application, they used a Fast Fourier Transform (FFT) to optimize the derivation of the 

frequency domain and included several optional non-rectangular window functions to 

counter spectral leakage during the calculation of the periodogram. Spectral leakage 

becomes a problem when a signal does not end at its periodic interval, which results in 

the unwanted “leakage” of any incomplete periodic cycles at the signal’s boundary into 

nearby frequency bins. In our sample space, leakage was not found to be a major issue, so 
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in our implementation we opted for the rectangular-windowed calculation of the 

periodogram (equation 4.12). 

 

𝐶𝑘 = ∑ 𝑐𝑗𝑒
2𝜋𝑖𝑗𝑘

𝑁𝑁−1
𝑗=0          𝑘 = 0,… ,𝑁 − 1  

Equation 4.10: The DFT; cj contains the GRF or derivative GRF record at the j
th

 interval, k 

is the index of frequency spectral lines, and N represents our sample size. 

 

|𝐶𝑘| =  √𝑅𝑒(𝐶𝑘)2 + 𝐼𝑚(𝐶𝑘)2  

Equation 4.11: The magnitude of the frequency spectrum at index k; Re represents Ck’s real 

term and Im its complex term. 

 

𝑃(0) = 𝑃(𝑓𝑐) =  
1

𝑁2
|𝐶0|

2   

𝑃(𝑓𝑘) =  
1

𝑁2
[|𝐶𝑘|

2  +  |𝐶𝑁−𝑘|
2 ]              𝑘 = 1, 2, … (

𝑁

2
− 1)  

 𝑃(𝑓𝑐) = 𝑃 (𝑓𝑁
2

) =  
1

𝑁2
|𝐶𝑁

2

|
2

  

𝑓𝑘  ≡  
𝑘

𝑁∆
= 2𝑓𝑐

𝑘

𝑁
             𝑘 = 0, 1, … 

𝑁

2
  

Equation 4.12: The periodogram estimate of the power spectrum at N/2 + 1, as defined by  

[50]. In this equation fk is defined only for zero and positive frequencies. 
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Figure 4.12: This figure provides a comparison of the spectral magnitude between the area-

based GRF and area-based derivative GRF using the sample in figure 4.11.  

 

 

Figure 4.13: This figure provides a comparison of the PSD between the area-based GRF 

and area-based derivative GRF using the sample in figure 4.11. 

 

The spectral magnitude and PSD that resulted from transforming an area-based sample 

footstep GRF and its derivative are shown in figures 4.12 and 4.13, respectively. As 

demonstrated in these figures, our spectral sample space is derived by performing the 

frequency domain transformation separately on each output signal rather than on any 

combination of signals; however, when PCA is performed, all 8 extracted frequency 

domains are concatenated into a single space for analysis. The above frequency domain 

representations showed little in the way of visual characteristics since they tended to be 
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heavily dominated by the strength of a small number of lower frequency bins. Yet the 

performance of these spectral feature sets, shown in the figures below, turned out to be 

similar to the performance achieved using the holistic extraction technique. 

 

 

Figure 4.14: This figure compares the performance of our four spectral magnitude feature 

spaces. 
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Figure 4.15: This figure compares the performance of our four spectral PSD feature spaces. 

 

The combination of the area/point-based approaches and derivative/non-derivative 

representations gave us four different spectral feature spaces to analyze. The results from 

performing classification on our development dataset with these four spectral feature 

spaces in terms of both spectral magnitude and PSD are shown in figures 4.14 and 4.15. 

All demonstrated results were achieved using the covariance PCA configuration, which 

performed better than the correlation configuration. And, once again, we used our KNN 

classifier to acquire the EER, with an area-based space composed of 500 area regions per 

output signal and point-based space composed of 2000 points per output signal. In both 

the spectral magnitude and PSD feature spaces, the best performance came from the area-

based GRF derivative features. Furthermore, while each extractor reduced feature space 
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dimensionality by 99%, the spectral magnitude feature spaces clearly performed better 

than the PSD feature spaces, with an optimal spectral magnitude EER of 2.02% versus an 

optimal PSD EER of 3.68%. However, it should be noted that while our analysis found 

that features extracted from the spectral magnitude sample space performed better than 

those extracted from the PSD feature space for a single footstep, a direct comparison 

could not be made with the PSD method used in  [5] since the work in that paper 

performed recognition using a multi-footstep sample space and a generalized variation of 

PCA.  

 

Figure 4.16: This diagram presents a visualization of the spectral magnitude PC features, 

obtained using the area-based derivative sample space taken from footsteps belonging to the 

ten test subjects and projected into a 3d frame. Five footsteps per person are shown in this 

diagram and the footsteps belonging to each subject are distinguished by variations in the 
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marker symbols used. For better visualization the range for each feature has been 

standardized as [0,1]. 

 

 

Table 4.5: This table compares the performance of spectral feature spaces on the 

development dataset. 
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4.4 Wavelet Packet 

 

In the previous section we explored the idea that important GRF characteristics may be 

found in the frequency domain. Analysis of frequency given a time domain-based dataset 

has traditionally been done via the application of the Fourier transform (the approach 

used in our spectral feature extractors). However, when the Fourier transform is applied, 

significant information regarding the location of particular frequencies will be lost  [51]. 

In  [7], Moustakidis et al. proposed an alternative form of GRF frequency analysis based 

on the Wavelet Packet (WP) transform. While the domain obtained by the Fourier 

transform is characterized by basis functions consisting of sine and cosine functions, the 

domain obtained by the WP transform is characterized by basis functions that are 

localized over a finite space and called wavelets. This space-localization property of the 

WP transform makes it possible to effectively analyze frequencies that occur over a 

particular period of time; consequently, the domain resulting from the WP transform is 

often referred to as the time-frequency domain. In the research presented in this thesis we 

refer to the features extracted in the WP time-frequency domain as wavelet features, and 

we have based our analysis of these features on the work done in [7, 52]. 

 

The feature extraction technique described in  [7] was based on a proposal by Li et al.  

[52] to improve the classification of biomedical signals. In their proposal they outlined a 

two stage process for extracting features; the first stage involved performing a WP 

transform, while the second stage used fuzzy sets to identify the most discriminant 

features in the new WP space. The application of fuzzy set-based feature identification 

technique was significant. Unlike the PCA-based approaches, which identified important 
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characteristics with no prior knowledge of the subjects used in training, the fuzzy set 

technique was made fully aware of the subjects attached to each training sample and used 

this knowledge to construct a ranking of discriminative features. In machine learning 

these class-aware algorithms are known as supervised learning models, and, by including 

this approach in our research, we were able to compare and contrast its performance with 

that of the unsupervised PCA approach; albeit, the comparison is done across differing 

domains.  

 

As mentioned in the previous paragraph, the fuzzy WP feature extraction technique is 

divided into two stages. The first stage involves performing Wavelet Packet 

Decomposition (WPD) on the sample space for each of our training samples. During 

WPD, each studied sample is passed through a filter bank defined by a chosen wavelet 

function; this filter bank consists of a high and low pass filter, and divides the sample 

space along the center of its frequency spectrum producing one subspace representing the 

upper half of the original sample space’s frequency spectrum and the other representing 

its lower half. Next the resulting frequency subspaces will each be passed back through 

the wavelet filter bank producing four subspaces, and this process of further dividing the 

frequency subspaces will continue until a specified level of decomposition is completed 

or the Nyquist limit for the sample space is reached. The end result of the WPD can be 

represented as a tree with exactly two nodes per branch.  

 

In the second stage of the fuzzy WP feature extraction technique, we search the WPD tree 

for its most discriminative characteristics. To do this we first want to find the most 
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discriminative set of WPD nodes covering the entire sample space frequency spectrum 

such that there is no overlap between the spectra of individual nodes. This is done to 

ensure no redundant information is used in analysis and this representation is called the 

optimal WPD. To find the optimal WPD we need to rank each WPD node for its 

discriminative ability. In  [52] node ranking was accomplished using a function based on 

fuzzy c-means clustering (equation 4.13). For each WPD node, this function examines all 

training samples and determines a degree to which the WPD coefficients in the given 

node correspond to their mean value for the subject they represent; these values are 

summed up for all coefficients in the node and the higher the resulting total, the better the 

discriminative ranking assigned to the given node. Unfortunately, this process can suffer 

when the dataset contains coefficients that produce poor degrees of membership; in this 

case a single poor coefficient or small group of poor coefficients may contribute to a 

significant reduction in node ranking for nodes that contain strong discriminators and 

otherwise would rank strongly. To counter this condition, Li’s team proposed the 

application of exclusion criterion (equation 4.14) to remove samples with poor 

discriminative ability prior to calculating the optimal WPD. Additionally, to prevent any 

single coefficient from having an undesirably large or small impact on the node rankings 

Li’s team normalized each coefficient by its standard deviation.  

 

𝑢𝑖𝑘 = [∑ (‖𝒙𝒌
′ − 𝒗𝒊

′‖
𝜎′
2 /‖𝒙𝒌

′ − 𝒗𝒋
′‖
𝜎′

2
)

1

𝑏−1𝑐
𝑗=1 ]

−1

  

𝐹(𝑋) =  ∑ ∑ 𝑢𝑖𝑘𝑘 ∈ 𝐴𝑖
𝑐
𝑖=1   

Equation 4.131: This equation demonstrates the fuzzy membership criterion (F(X)) used to 

rank nodes in the WPD tree, where X is the feature space for a single node, c represents the 
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number of classes (subjects), and Ai represents the set of training data samples belonging to 

class i. Numerical scores are generated by uik, the fuzzy c-means objective function, which 

determines the degree to which the wavelet coefficient vector for training sample k (𝒙𝒌
′ ) in 

node X belongs to class i. In this function the prime symbol represents vectors reduced 

using the exclusion criterion (equation 4.14) and σ represents the normalization of 

coefficients by their standard deviation; 𝒗𝒊
′ represents the vector containing the wavelet 

coefficient means of class i, and b the fuzzifier that modifies the shape of the membership 

function. In assessing the fuzzy WP feature extraction technique we set b = 2, and applied 

the two boundary conditions identified in  [52]: if 𝒙𝒌
′  = 𝒗𝒊

′, then uik = 1, and, if 𝒙𝒌
′  = 𝒗𝒋

′, i ≠ j, 

then uik = 0. 

 

𝐷(𝑗) =  
𝑚𝑎𝑥{𝑣𝑖𝑗|𝑖=1

𝑀 }−𝑚𝑖𝑛{𝑣𝑖𝑗|𝑖=1
𝑀 }

2𝜎𝑗
< 𝑟  

Equation 4.14: For a given feature j, the exclusion criterion (D(j)) is calculated taking the 

maximum distance in mean values (vij) for the given feature and class i = 1…M,  dividing it 

by twice the standard deviation of the given feature, then comparing it against the retention 

threshold r. If D(j) < r, then feature j is excluded from the feature space. 

 

For our research, we have used the optimal WPD technique described above, but also 

included the additional step of transforming the original sample space into either a 

dimensionally standardized point-based or area-based sample space (see section 4.2) 

prior to performing the WPD. We have also differentiated our GRF wavelet feature 

research from the work done in  [7] by performing the WPD with two previously untested 

wavelet functions, Legendre 04 (lege04) and Legendre 06 (lege06); the performance of 

these two was compared with the two best wavelet functions in  [7], the Coiflet 06 

(coif06) and Daubechies 04 (daub04). Figure 4.17 illustrates an optimal WPD for the 

F1Z4 signal, calculated using the area-based dimension standardization approach with a 

coif06 wavelet function.  
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Figure 4.17: The optimal WPD tree for the F1Z4 output signal. Subspaces are represented 

as S(j, k), where j represents the decomposition level and k spectral position of the node. The 

score ranking for each node is shown and the optimal decomposition is highlighted in bold. 

 

Finding the optimal WPD gives us the wavelet feature space, but the application of 

dimensionality reduction to this space requires an additional step. In  [7, 52], 

dimensionality reduction was accomplished by calculating the fuzzy membership 

(equation 4.15) for each individual wavelet feature, sorting the feature indices by the 

membership values returned, then forming the dimensionally-reduced feature set as the 

first N indices, where N is less than the total number of dimensions. The membership 

function reflects on the discriminatory power for each feature and therefore features at 

the start of the sorted list should be the best suited for classification. To find the best set 

of features for classification the choice of N can be optimized in the same way the 

number of PCs for holistic features was optimized, by plotting the size of the feature set 

against the EER it produces. 

 



 

 

103 

𝑢𝑖𝑗(𝑥𝑘𝑗) =  [∑
(𝑥𝑘𝑗− 𝑣𝑖𝑗)

2

(𝑥𝑘𝑗− 𝑣𝑚𝑗)
2

𝑐
𝑚=1 ]

−1

  

𝐹(𝑗) =  ∑ ∑ 𝑢𝑖𝑗(𝑥𝑘𝑗)𝑘∈𝐴𝑖
𝑐
𝑖=1   

Equation 2: This equation demonstrates the fuzzy membership feature ranking score (F(j)) 

for feature j. In this equation i represents the class, c the total number of classes, Ai the 

training samples belonging to class i, xkj the feature j in sample k, vij the mean for feature j in 

class i, and uij the fuzzy membership score for feature j in class i. 

 

When applying the described WP feature extraction technique to GRF data, 

Moustakidis’s team calculated the optimal WPD for each of the GRF components 

separately, then performed feature ranking on the space derived from combining every 

optimal WPD. We used a similar approach in our wavelet feature extractor, but rather 

than calculating the optimal WPD separately for each GRF component we calculated it 

separately for each of our 8 GRF output signals. Using this approach, the incorporation of 

WP feature extraction technique into person classification was achieved through the 

following steps: 

 

1) Standardize the dimensionality of each subset using the area-based or point-based 

approaches in section 4.2. Then compute the WPD for each output signal in the 

training data subset. 

2) Use the WPDs calculated in step 1, together with equations 4.13 and 4.14, to 

calculate the optimal WPD; then transform the output signals of each training data 

sample into their respective optimal WPD space. 
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3) Combine the optimal WPDs for each output signal to form the full wavelet feature 

space and then use equation 4.15 to apply a fuzzy membership rank to each 

feature. 

4) Sort the features by rank and take the first N best features to form the new 

dimensionally-reduced wavelet feature space. 

5) Transform each training data sample into the reduced wavelet feature space. 

6) Train the classifier using the transformed training samples. 

7) Transform a data sample from the testing subset into the reduced wavelet feature 

space. 

8) Perform classification on the transformed testing data sample using the classifier 

from step 6. 

 

To implement the WP feature extractor, we first converted Christian Scheiblich’s JWave  

[53] into C# and used it to perform the WPD, then integrated it with our own fuzzy 

membership-based C# solution for finding the optimal WPD and wavelet features. To 

find the reduction in dimensionality that best optimizes the WP feature extractor’s 

performance, we plotted the 100 best features for various extractor configurations against 

the EER produced as each feature was successively included in the feature space; optimal 

feature sets larger than 100 dimensions were not considered competitive with the 

alternative feature extraction techniques and thus ignored. Once again, classification 

results were measured using our KNN classifier and cross validation was performed to 

improve accuracy. To remove bias, in each cross validation iteration a new WP feature 

extractor was generated. Our tested configurations included four wavelet functions 
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(coif06, daub04, lege04, and lege06), the wavelet decomposition depth (L = 4) and 

retention threshold (r = 0.3) used in  [7], as well as both our point and area-based 

dimension standardization approaches. The point-based standardization (2048 

dimensions) and area-based standardization (512 dimensions) were set as powers of 2 to 

facilitate any level of decomposition. The results from running these wavelet packet 

extractor configurations are shown in figure 4.18. 

 

 

Figure 4.18: This figure demonstrates a comparison of the performance between different 

wavelet feature extractor configurations. In this diagram ‘pt’ represents point-based 

approaches while ‘ar’ represents area-based approaches. 

 

Analyzing the results in figure 4.18, it is apparent that the WP feature extractor 

performed much worse when run on the point-based sample spaces. This may be a 
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consequence of the differing sample space sizes; while the point-based approach 

produced a sample space of 16384 dimensions for reduction, the area-based approach 

consisted of only 4096 dimensions.  Given such a large number of point-based 

dimensions, the extractor may have assigned a high ranking to a number of features that 

performed well individually, but shared redundant information with their high ranking 

peers, and contributed to no increase in performance when grouped into a feature set. 

Another possibility may be that the WP feature extraction technique is not well suited for 

identifying GRF features when substantial differences in feature space alignment are 

present, as was the case for the point-based approaches. In  [7], samples were discretized 

into 700 dimensions per GRF component, producing a total of 2100 dimensions and a 

proportional sample space similar to the one produced by our area-based approach. 

Classification performance in  [7] was relatively close to the performance achieved using 

our area-based WP feature extractor, yet, unlike the results of  [7], our best performance 

came when WPD was run using the Legendre 04 wavelet function. 

 

Using the area-based WP feature extractor with the Legendre 04 wavelet function, we 

achieved a best EER of 1.28% for a feature set of 80 dimensions (a 99.3% decrease in 

dimensionality). One interesting by-product of the WP feature extractor was the grouping 

of features according to their corresponding output signals. This is demonstrated in figure 

4.19, where the 80 best features are labeled with their output signal and measured by their 

fuzzy membership ranking and position in the wavelet feature space. We discovered that, 

in the first cross validation of our development dataset, 45 of our best wavelet features 

were derived from the anterior-posterior GRF component, 14 were derived from the 
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vertical GRF component, and 21 were derived from the medial-lateral GRF component. 

This finding was particularly interesting, because it contradicted the conclusion in  [7] 

that the GRF vertical component is best suited for subject recognition. 

 

 

Figure 4.19: This figure demonstrate the 80 best features derived using the area-based 

dimensionality standardization approach with a WP feature extractor based on the lege04 

wavelet function. The fuzzy membership score in the y-axis refers to the feature ranking 

scores returned by equation 4.15, while the wavelet coefficient index refers to the index of 

the feature in the optimal WPD feature space.  
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Figure 4.20: This diagram presents a visualization of the 3 best wavelet features, obtained 

using the area-based sample space taken from footsteps belonging to the ten test subjects 

and projected into a 3d frame. Five footsteps per person are shown in this diagram and the 

footsteps belonging to each subject are distinguished by variations in the marker symbols 

used. For better visualization the range for each feature has been standardized as [0,1]. 

 

 

Table 4.6: This table compares the performance of wavelet feature spaces on the 

development dataset. 
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4.5 Summary 

 

This chapter presented the concept known as feature extraction as a means to transform 

large noisy data sample spaces into smaller useful feature spaces, ideally retaining only 

the information most relevant to the data analysis objective. In our case the underlying 

objective was to extract the features from the footstep GRF best able to discriminate one 

individual’s GRF from another’s, and, to achieve this objective, we analyzed and 

implemented four different feature extraction techniques. In our research the terms 

“feature” and “dimension” were used interchangeably while the process of reducing the 

size of the feature space was often referred to as dimensionality reduction. Furthermore, 

it was shown that feature spaces can be described as being either heuristically selected or 

discovered via machine learning techniques. In our research both methods for 

establishing feature spaces were presented, with the geometric space being heuristically 

defined, and the holistic, spectral and wavelet spaces defined via machine learning. 

 

To optimize each feature extractor so that they best conformed to our GRF data we 

performed an optimal value search by calculating and comparing the EER for varying 

configurations. In each case the EER was calculated using the KNN classifier from 

chapter 6 with the value of K set to 5. After running these results for each feature 

extractor we found the wavelet feature space to be the most performant followed by the 

geometric, spectral and lastly the holistic space. In this chapter we distinguished machine 

learning feature extractors as being either supervised or unsupervised, an important 

distinction when interpreting the results. In this case the wavelet extractor was shown to 

be supervised and as such may have benefited from a positive bias in its results due to its 
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underlying exposure to the boundaries between subject samples. Moreover, the geometric 

feature extractor, while not a machine learning extractor in direct feature discovery, could 

also be considered supervised in that it used a supervised brute force optimization 

approach to limit the geometric features applied only to those producing the best 

performance. Conversely, the holistic and spectral feature extractors were developed with 

no understanding of the underlying subject divisions and thus could be considered 

unsupervised. Our top results for each of the aforementioned feature spaces are 

demonstrated in table 4.7. In the next chapter we explore the use of dataset normalization 

as a means to improve upon these results by assisting the feature extractors in selecting 

features better able to differentiate GRF subjects. The next chapter places a particular 

emphasis on finding and exploiting the relationship between stepping speed and GRF 

curve signature to help assess the second of our problem statement assertions. 

  

 

Table 4.7: This table compares the best GRF recognition performance achieved across 

feature spaces extracted using various extraction techniques. 

 



 

 

111 

Chapter 5   

 

Normalization 

 

Using a feature extraction technique can assist in the discovery of discriminant features, 

and, in datasets containing sources of intra-subject sample variability, feature extraction 

techniques may identify discriminant features not affected by such variability. However, 

when it is possible to identify these sources of variability it may also be possible to use 

normalization to expose important features that would otherwise be hidden due to 

differences in the conditions at the time of sample collection. To determine the variance 

that can be accounted for by normalization we must find the sample space attributes that 

both appear consistently across the sample space and correlate to the conditions 

experienced during data capture. With regards to footstep GRF recognition, three 

previous types of inter-subject sample variability have been used for normalization in 

existing studies: the observed GRF curve amplitude  [3, 4], the step duration (the length 

of the time the foot is on the ground during a step)  [7], and the weight of the studied 

subject  [7].   

 

For the purpose of our research, we have based our recognition model around the 

assumption that nothing is known about either the subjects or conditions experienced 

during data collection, leaving only the GRF signature to analyze. In the absence of 

additional information regarding the conditions experienced during sample collection, 

normalization could still be accomplished by scaling and/or shifting the GRF force 



 

 

112 

signatures such that they line up according to some standard set of graphical and/or 

statistical data properties. Alternatively, for the GRF, normalization could also be 

accomplished by modeling the relationship between step duration and the GRF force 

curve then transforming the location of each feature to the location it would be expected 

to be located at were sample space step durations aligned. The normalization research 

presented in this chapter distinguishes our work from previous studies, in that we are, to 

our knowledge, the first to do an in depth analysis on the impact of step duration model-

based normalization on GRF recognition. In the following sections we begin our analysis 

by examining normalization based on simple traditional linear scaling and shifting 

operations, and then we introduce two new normalization techniques built around the 

modeling of the relationship between step duration and the shape of the GRF force curve. 

To demonstrate the impact that each normalization technique had on GRF recognition we 

normalized our development dataset with every normalizer and passed the results to our 

best feature extractors, again using the simple KNN classifier produce our recognition 

results. 
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5.1 Scaling and Shifting 

 

The simplest category of normalization involves the application of a single scale and/or 

shift operation to transform all samples in a dataset to a chosen common scale. Ideally, 

after each sample has been transformed to the new scale, all intra-subject variability 

would be removed with only the inter-subject variability remaining; this would allow for 

perfect subject recognition. For instance, if the GRF force signature shape was unique for 

each subject, but the amplitude of the signatures in the dataset varied with respect to a 

constant across samples, then by scaling the samples such that each was standardized to a 

common maximum amplitude, all intra-subject variance would be removed exposing the 

remaining inter-subject variance. While it is very unrealistic to expect such an ideal 

scenario in highly variable data like the GRF force signature, these techniques can still 

often result in some degree of variance reduction. For the purpose of our research, we 

examined the impact of five such normalizers on GRF recognition performance: the L
∞
 

normalizer, the L
1
-normalizer, the L

2
-normalizer, Linear Time Normalization, and Score 

normalization. 

 

The L
∞
, L

1
, and L

2
 normalizers are the most basic of our chosen normalizers. Using these 

techniques, normalization is accomplished by scaling each GRF force signature in our 

dataset via the inverse of either its L
∞
 norm (equation 5.1), L

1
 norm (equation 5.2), or L

2
-

norm (equation 5.3), respectively. Of these three, only the L
∞
 normalization technique 

has been previously used to normalize the footstep GRF for recognition purposes; 

however, the L
1
 and L

2
 normalization techniques have been used in a number of image-

based recognition studies  [54, 55, 56], and, in  [57], it was found that, by performing L
1
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or L
2
 normalization after PCA compression, facial recognition rates increased by as much 

as 5%. Our application of these three normalizers used the combined feature space for all 

8 GRF force signals to calculate their norms. In the case of the optimal geometric feature 

space, the optimal features were recalculated using the normalized data and normalization 

was only applied to the force values with no alterations made to statistical or temporal 

feature values. The results achieved after applying these normalizers to our development 

dataset and best performing feature extractors are demonstrated in table 5.1. Both the L
1
 

and L
2
 normalizers led to a significant increase in GRF recognition performance over the 

equivalent non-normalized results when combined with our best holistic feature extractor; 

however, all other uses of the L-type normalizers demonstrated a large reduction in 

recognition performance. 

 

 

Table 5.1: This table demonstrates the change in performance achieved by the L-type 

normalizers against the best performing feature extractors from chapter 4. 
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‖𝑦‖∞ = max𝑖∈𝑁(|𝑦𝑖|)  

Equation 5.1: This equation presents the L
∞
 norm, where N is the data sample length. 

Scaling the dataset by the L
∞
 norm will result in every data sample having maximum 

absolute amplitude of 1. 

 

 

‖𝑦‖1 = ∑ |𝑦𝑖|𝑖∈𝑁   
 
Equation 5.2: This equation presents the L

1
 norm, also known as the Manhattan norm, 

where N is the data sample length. Scaling the dataset by the L
1
 norm will result in every 

data sample having a unit area of 1. 

 

‖𝑦‖2 = √∑ 𝑦𝑖
2

𝑖∈𝑁   

Equation 5.3: This equation presents the L
2
 norm, also known as the Euclidean norm, 

where N is the data sample length. Scaling the dataset by the L
2
 norm will result in every 

data sample having a unit length of 1. 

 

While the L-type normalizers involved aligning data samples according to their 

amplitude-based norms, data can also be normalized with respect to its temporal 

properties. One method for performing temporal normalization, previously used for 

footstep GRF recognition in  [7], is Linear Time Normalization (LTN). LTN refers to the 

process of linearly aligning the phase of data samples with differing durations into a 

standard reference frame such that the samples’ proportionate temporal properties can be 

directly compared. Its performance depends on the assumption that signal duration bears 

no influence on signal amplitude.  Figure 5.1 demonstrates an ideal example of the 

transform performed by LTN to temporally align two different-duration data samples 
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from the same subject. Under the ideal scenario, performing LTN will result in the phase 

and amplitude of any same-subject samples lining up at a position different from that of 

any other subject. 

 

 

Figure 5.1: This figure demonstrates the scaling of the samples ending at t1 and t2 by LTN to 

a common length of 1. Under the ideal scenario shown here the samples line up perfectly 

when compared in the same phase. 

 

The method of implementation used to perform LTN depends on the type of feature set 

being normalized. If the features to be normalized have a full or partial temporal 

component, LTN can be accomplished via scaling them by the ratio of a chosen 

standardized signal duration (i.e. 1 second) to the duration of the signal being normalized 

(i.e. 0.71 seconds). Whereas, if the features to be normalized represent the amplitude 
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records of varying length time series recorded at a standard sampling rate, then LTN can 

be accomplished by resampling each signal to a standard number of records  [58]. In our 

analysis, this meant using the ratio-based scaling LTN method to normalize the time and 

area features in our geometric extractor, and the resampling LTN method to normalize 

the input to our machine learning-based feature extractors. As the area-based sample 

representation used on the input for all of our best feature extractors already performed 

resampling in its derivation, to accomplish LTN for our non-geometric feature spaces we 

simply took the set of aligned areas produced by the approach and re-scaled each sample 

so to remove the time component from each of the representation’s area features.  

 

The results of LTN on the applicable normalizers are shown in table 5.2 below. LTN was 

not applicable for the spectral derivative magnitude feature set, as taking the derivative of 

the set already negated the time dimension. Looking at our results, the LTN technique 

achieved better recognition performance for each of the applicable feature extractors. 

This appears to suggest that, by removing the influence of step duration via 

normalization, we can increase GRF recognition performance. 

 

 

Table 5.2: This table demonstrates the change in performance achieved by the LTN 

normalizer against the best performing feature extractors from chapter 4. 
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An alternative to the previously described scaling normalizers is a category of 

normalization known as Score normalization. These normalizers are widely used in 

statistics and have also found their way into biometric applications such as speech 

recognition  [59]. For the purpose of our research we have applied the standard score (or 

Z-score) normalizer (equation 5.4) to our development dataset. This normalizer shifts and 

scales the data such that every sample in the dataset will have a mean value of zero and 

standard deviation of one. The Z-score normalizer was previously applied to the training 

samples in the calculation of the PCA correlation matrix for our holistic feature 

extraction technique in chapter 4; however, in this section the feature extractor is left 

unaware of the normalization and the Z-score normalizer is applied to all data samples 

prior to its derivation. The result obtained after applying the Z-score to our development 

dataset, shown in table 5.3, showed a slight decrease in recognition performance when 

the normalizer was applied to the holistic area-based feature extractor and a substantial 

decrease in recognition performance for all other feature extractors. 

 

𝑥𝑖∈𝑁 = 
𝑥𝑖− 𝜇

𝜎
  

Equation 5.4: This equation demonstrates how the Z-score is applied to each feature xi in a 

sample of length N with a mean of µ and standard deviation of σ. 

 

 

Table 5.3: This table demonstrates the change in performance achieved by the Z-Score 

normalizer against the best performing feature extractors from chapter 4. 
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Looking back at tables 5.1 through 5.3, we demonstrated that by performing 

normalization we could increase the GRF recognition performance in three of our feature 

extractors. Yet our results varied greatly and only the LTN normalizer was able to 

achieve improved performance for each of its applicable feature extractors. It should be 

noted that these normalizers modeled our dataset in a way that allowed each sample to be 

compared in a common scale, but none of them were capable of actually modeling the 

suggested relationship between the step duration and the shape of the 8 GRF signal 

curves. In  [6] it was suggested that such a relationship exists, and, if this were the case, 

then by using a normalizer capable of learning and modeling this relationship we may be 

able to significantly improve the GRF recognition performance for our chosen feature 

extractors. In the next section we examine this relationship and its application in GRF 

normalization. 
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5.2 Regression 

 

To discover and apply the proposed relationship between step duration and the GRF 

signal curves, we developed a new normalization approach based on the derivation of 

regression models. In this new approach, which we refer to as Localized Least Squares 

Regression (LLSR), we derived a set of models able to predict the position that each 

feature in the dataset would be expected to occupy were the underlying sample step 

durations aligned. The ability to convincingly and consistently demonstrate an increase in 

GRF recognition performance using this technique would, together with the results of our 

LTN in the previous section, support one of the two primary assertions of this thesis: that 

a relationship, useful to recognition, exists between the step duration and the GRF force 

signature. 

 

The LLSR normalization technique draws from an area of data analysis known as 

analysis of covariance (ANCOVA)  [60]. Using ANCOVA, the effect of the covariate, a 

variable that has a predictable influence on a data sample being analyzed, is removed 

from a set of analyzed samples. This is accomplished by aligning each sample according 

to the linear relationships that model the location of sample features with respect to the 

examined covariate. In our GRF dataset we treat the step duration, the total time recorded 

from the instant the heel first touches the force plate to the time the toe exits the force 

plate, as the covariate. In the ideal scenario, as shown in figure 5.2, if we knew of a 

perfect linear relationship between the step duration and the amplitude of a GRF feature, 

then removing the differences in step duration between the set of samples for any given 

subjects would result in the complete removal of intra-subject variance leaving only the 
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inter-subject variance remaining. However, in a practical scenario, given our GRF data, 

the covariate alignment would simply be expected to result in a proportionate decrease of 

intra-subject variance with respect to inter-subject variance. 

 

 

Figure 5.2: This figure demonstrates the ideal application of a linear model to normalize the 

features for four samples with respect to step duration. 

 

To derive the proposed relationship between the step duration covariate and our data 

samples, shown in equation 5.5, we use a regression estimation approach known as Least 

Squares regression (equation 5.6). This technique obtains an estimate of the linear 

relationship between two or more variables by solving for the vector (𝜷) that minimizes 

sum of the residuals (or shortest distances) between itself and the locations of the 
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examined features. In our LLSR normalizer, we solve for the linear relationship between 

each feature and the step duration using pooled within group regression  [60]; this 

approach treats differences in slope (𝛽2) between subjects as insignificant and pools the 

samples from all subjects into the single group for regression analysis. Although pooled 

within group regression can lead to the loss of subject specific information and, ideally, 

we would have calculated individual regression slopes for each subject, in a typical 

biometric scenario we would not have enough training samples per subject to generate 

statistically meaningful results from a subject specific approach.  

 

𝑦𝑖𝑗 = 𝑓(𝑡𝑖𝑗) −  𝑓(min𝑘∈𝑁𝑖( 𝑡𝑖𝑘))              𝑥𝑖𝑗 = 𝑡𝑖𝑗 − min𝑘∈𝑁𝑖( 𝑡𝑖𝑘),       

𝒚 =  𝑿𝜷 ,   where       𝒚 = [

𝑦11
𝑦12
⋮
𝑦𝑚𝑛

],     𝑿 =  [

1 𝑥11
1 𝑥12
⋮ ⋮
1 𝑥𝑚𝑛

] ,         𝜷 = [
𝛽1
𝛽2
] 

Equation 5.5: This equation demonstrates a linear estimate of the relationship between total 

step duration tij and the amplitude of a given feature f(tij) for a given subject i and trial 

sample j, where Ni represents the set of trial samples for subject i. The linear estimate of the 

relationship between y and X in our development dataset is modeled by 𝒚 =  𝑿𝜷, where 

𝜷𝟏represents the y-intercept and 𝜷𝟐the linear slope. 

 

𝜷̂ = (𝑿𝑻𝑿)−1𝑿𝑻𝒚   

Equation 5.6: To solve for the least squares approximation of the intercept and slope 

(represented in the vector 𝜷̂) the linear representation from equation 5.5 can be 

rearranged as shown above.   

 

Prior to performing our regression, to reduce the potential for undesirable data 

representations being introduced due to the inclusion of multiple subjects in our 
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regression analysis, we adjust the sample features such that the sample with the shortest 

step duration for each subject has its features shifted to the coordinate (0, 0). Next, we 

use the same shifting transform to shift all features in each of the other samples belonging 

to respective subject so they end up in the same relative position with respect to the zero-

centered sample; this can be thought of as a type of calibration (see figure 5.3). Finally, 

after we have calculated the regression vector for a feature and its covariate, we can then 

‘remove’ the influence of step duration on that feature by normalizing all samples 

containing the feature to the training dataset’s mean step duration, as per equation 5.7.  

 

 

Figure 5.3: This figure demonstrates how a relationship between step duration and feature 

force becomes more apparent after “calibrating” the data so that the shortest step duration 

for each subject is placed at point (0,0) and all other feature samples for that same subject 

are scaled around it. In this case we find the force amplitude for the given feature has a 

tendency to decrease as step duration increases. 
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𝑦̂(𝑥) =  𝛽̂1 + 𝛽̂2𝑥 ,                 𝑦̂(𝜇) =  𝛽̂1 + 𝛽̂2𝜇 

𝑦̂(𝜇) − 𝑦̂(𝑥) =  𝛽̂1 + 𝛽̂2𝜇 − (𝛽̂1 + 𝛽̂2𝑥)   

𝑦̂(𝜇) =  𝑦̂(𝑥) + 𝛽̂2(𝜇 − 𝑥)   

Equation 5.7: Given the relationship derived in the previous two equations, we can model 

the expected location of a feature 𝒚̂(𝒙) for a given step duration x using the y-intercept 

𝜷̂𝟏and slope 𝜷̂𝟐. If we know the location of a feature and step duration for the sample 

the feature was recorded in, then, for the dataset’s mean step duration 𝝁, we can find 

the expected position of its respective feature using the above relationship. 

 

Having demonstrated how regression can be used to normalize an individual feature, our 

LLSR normalizer can be described as the application of this process to every feature 

across our entire dataset feature space. We first calculate the set of regression slopes 

modeling the relationship between the amplitude of each individual feature and step 

duration. Then we use the discovered slopes together with our feature position modeling 

function in equation 5.7 to derive our amplitude warping function (equation 5.8). Finally, 

step duration-based normalization can be accomplished by simply passing our samples 

directly into the amplitude warping function.  

 

𝑆𝑖 = {𝑠𝑖1,  𝑠𝑖2, 𝑠𝑖3…𝑠𝑖𝑁} ,            𝑠𝑖𝑘 ≈  𝐴1𝑘 + 𝐴2𝑘𝑡𝑖,               𝑆𝑖𝜖 𝑆 

𝜓(𝑆𝑖) =  {𝑠𝑖1 + 𝐴21(𝑡𝜇 − 𝑡𝑖),  𝑠𝑖2 + 𝐴22(𝑡𝜇 − 𝑡𝑖)  …  𝑠𝑖𝑁 + 𝐴2𝑁(𝑡𝜇 − 𝑡𝑖)}  

Equation 5.8: This equation demonstrates the step duration-based amplitude warping 

function (𝝍) for an N-dimensional sample i with a total step duration ti and amplitude 

regression slope 𝑨𝟐𝒌 for feature k. The sample belongs to a sample set S with a mean step 

duration tµ.  
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For LLSR to be effective each sample in the dataset must have the same number of 

features and these features must be roughly proportional with regards to their positions in 

phase of the GRF curve. When features are not aligned according to phase the regression 

calculation and amplitude warping function will reflect undesirable phase information. 

Our geometric features were heuristically selected such that the geometric features for 

each sample lined up according to phase; but, in the case of our holistic, spectral and 

wavelet feature spaces, only the area-based resampling approaches provided an 

approximate alignment across samples (samples were roughly aligned by resampling to a 

set of areas prior to extraction). However, this limitation did not pose a problem when 

assessing the performance of our LLSR normalizer because our best performing feature 

spaces all used the area-based resampling approach.  

 

The results of running the LLSR normalization with our best performing feature 

extractors are demonstrated below in table 5.5. Examining these results we can see that 

the application of the LLSR normalizer to the optimization of the geometric feature set 

produced an 85.1% reduction in the EER when compared with the non-normalized 

optimal geometric feature extraction results. Figure 5.4 demonstrates a visualization of a 

subset of this new feature space formed with best 3 LLSR-normalized optimal geometric 

features, while table 5.4 demonstrates the complete list of optimal geometric features that 

make up the space. By comparison, each of our non-geometric feature extractors 

performed poorly when used in conjunction with the LLSR normalizer. It was previously 

noted that the alignment of features with respect to sample phase was implicit in the 

geometric feature extractor but approximated by a form of resampling in our other feature 
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extractors. If we consider the shape of the GRF phase to be something that can vary 

between different subjects and even between samples of the same subject (when taken at 

different walking speeds) then our LLSR regression normalization technique will end up 

generating its step duration-to-feature amplitude warping function models using a 

distorted feature alignment, even if all samples were resampled to the same number 

dimensions. To address this potential source of error, in the next section we present an 

extension of the LLSR normalizer which performs an additional alignment step prior to 

the generation and application of the regression models. 

 

 

Figure 5.4: This figure demonstrates the three features in the geometric feature set that, 

when combined, result in the best GRF recognition performance. For visualization purposes 

we have scaled each feature to fall within the range of 0 and 1. When compared with our 

non-normalized optimal geometric features these three features demonstrated a 39% 

increase in recognition performance. 
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Table 5.4: This table demonstrates the geometric features that were determined to be 

optimal for GRF recognition using the notation presented in the geometric feature 

extraction section of chapter 4. 
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Table 5.5: This table demonstrates the change in performance achieved by the LLSR 

normalizer against the best performing feature extractors from chapter 4.  
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5.3 Dynamic Time Warping 

 

In the previous section we found that the LLSR normalization technique was less 

effective on our non-geometric feature spaces than it was on our geometric feature space. 

To improve upon the LLSR-normalized GRF recognition performance in our non-

geometric feature spaces we adapted the technique to perform a non-linear sample 

alignment prior to the generation and application of our regression models. This new 

technique, which we refer to as Localized Least Squares Regression with Dynamic Time 

Warping (LLSRDTW), uses the two-sample Dynamic Time Warping (DTW) alignment 

technique together with the multi-sample center star alignment algorithm to accomplish 

the desired regression alignments. The LLSRDTW normalizer generates two sets of 

regression models, one reflecting the effect of step duration on the GRF curve amplitude 

and the other reflecting its effect on the GRF curve phase. These regression models are 

generated using a center star aligned training dataset, and, during sample recognition, 

tested samples are mapped against the center star-aligned training dataset using DTW. 

The resulting mapping is in turn used to produce phase and amplitude warping functions 

for the given samples, and the LLSRDTW normalization process is completed by first 

transforming the samples using the amplitude warping function then passing the 

amplitude-warped sample through the phase warping function to produce our normalized 

sample.  

 

To understand the LLSRDTW it is important that we first understand the DTW algorithm 

that sits at the core of both its warping functions and center star alignment algorithm. The 

DTW algorithm used in this thesis takes two samples and derives the non-linear scaling 
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(or path) for each that minimizes the distance between the two. To do this, we first map 

every feature in one of the samples to every feature in the other and mark each of the 

mapped feature pairs with the cost generated by the pair’s global cost function (equation 

5.10). After mapping an n-dimensional sample to an m-dimensional sample we would get 

an n×m grid like the one shown in figure 5.6.  In general, a low cost implies that there 

exists a path to the given pair with strong sample phase alignment. To calculate the 

optimal DTW path there are four constraints that we take into consideration: the path 

cannot go backwards in time (to smaller feature indices), each feature index must be 

included in the path at least once, for any given feature position in the DTW path the next 

position must come from an immediate neighbouring feature index pair, and the cost of a 

feature pair must reflect its local cost as well as its global cost.  

 

 

Figure 5.5: These graphs compare the non-aligned signals from figure 5.6 to those aligned 

using the derived DTW path. Although the alignment is rigid, it is guaranteed to be 

minimum cost. 
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𝑑(𝑖, 𝑗) =  |
𝑓1(𝑖)

max(|𝑓1(𝑥)|)
− 

𝑓2(𝑗)

max(|𝑓2(𝑥)|)
|  

Equation 5.9: This equation demonstrates the local DTW cost function for the pair of values 

at index i of sample 1 (f1(x)) and index j of sample 2 (f2(x)), where sample 1 and sample 2 

are to be aligned via DTW. 

 

𝐷(𝑖, 𝑗) = 𝑑(𝑖, 𝑗) + min {

𝐷(𝑖 − 1, 𝑗 − 1)

𝐷(𝑖 − 1, 𝑗)       

𝐷(𝑖, 𝑗 − 1)      
}  

Equation 5.10: This equation demonstrates the global DTW cost function for the pair of 

values at index i/j of samples 1 and 2, respectively. The cost function is initialized at i, j=0, 

and the value returned for a given i/j reflects the cost of the best alignment to the pair. 

 

 

Figure 5.6: This chart demonstrates how the indices of two samples can form a grid of index 

pairs. It also demonstrates the optimal path between the two samples, discovered after 

calculating the global costs for each index pair.  This chart also demonstrates the Sakeo 
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Chiba Band, which can be used to constrain the allowable deviation of the optimal path 

from the linear path. 

 

 

In figure 5.6 we demonstrated an optimal warping path between an n-dimensional and m-

dimensional sample. This path was derived by stepping through the index pairs with the 

minimum global cost from position (0,0) to position (n,m). The resulting DTW path 

derivation accounts for differences in scale and/or sample length by repeating the path 

indices for one of the samples in regions where its phase becomes misaligned with the 

other. When the process is finished, the set of DTW feature pairs can be split into a new 

sample space, with both samples approximately aligned according to phase, as shown in 

the graph on the right in figure 5.5. To guide the alignment of our sample GRF signals, 

we used the absolute difference function as our local cost function (equation 5.9), and, to 

improve both the speed and alignment performance of DTW, we used a global path 

constraint known as the Sakoe-Chiba Band  [61]. The Sakoe-Chiba Band marks the 

maximum degree to which the DTW path can deviate from a linear path between the two 

samples, thus reducing the number of costs that need to be calculated and the potential for 

warping paths that are too distorted to be useful. As a final point, using a technique 

suggested in a study of DTW for speech recognition by Wang and Gasser  [62], our 

implementation also decreased the potential for path distortions that could arise due to the 

variation of the sample amplitude by applying the L
∞
 norm (sup-norm) during the cost 

calculation. Consequently, our DTW path is calculated as though the samples used to 

generate it were aligned according to maximum amplitude when, in fact, the algorithm’s 

output samples do not have their amplitude scaled to any degree. 
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To this point we have shown how DTW algorithm can be used to align any two samples, 

but to generate our LLSRDTW regression models we required the alignment of multiple 

samples. Multi-sample alignment can be accomplished with a form of generalized DTW  

[63]; however, such an alignment would incur an exponential time complexity penalty 

making it infeasible for our purpose. Instead, for the purpose of our research, we 

implemented a polynomial time approximation of generalized DTW known as the center 

star algorithm  [64]. Using the center star algorithm, if we were given a sample set S of k 

samples, S1, S2, … Sk, the first step in the algorithm would be to determine the pairwise 

alignment costs for every possible combination of samples. In our case these costs are 

found by calculating the DTW cost grid for every possible sample pair and identifying 

the pairs with the DTW global cost found at the end point of each alignment. A tabulation 

of these costs shown in figure 5.7 demonstrates how, after calculating these pairwise 

costs, we can expose the single sample Sj with the minimum cost to all others. For the 

second step of the algorithm, we create a new aligned sample set S’ by first adding our 

minimum cost sample to position S1’. The third and final step of the center star algorithm 

then involves iteratively aligning and including the remaining samples in the aligned 

space. For each iteration i from 1 to k, where i ≠ j, we calculate the DTW alignment 

DTW(S1’,Si) to get the two aligned samples S1’’ and  Si’; we then repeat the indices of all 

samples Sr>1’ currently in S’ at any position for which a S1’ index was repeated in the 

generation of S1’’; finally, we set S1’ to S1’’, add Si to S’, and repeat the process for i ≤ k. 

The set S’ that results from completing this process represents the center star algorithms 

approximate alignment of S and we refer to the final value for S1’ as the aligned set’s 

center star template. 
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        ∑ 𝐷(𝑆1, 𝑆𝑖)𝑖=1…5 = 54.23973 

        ∑ 𝑫(𝑺𝟐, 𝑺𝒊)𝒊=𝟏…𝟓 = 51.37646 

         ∑ 𝐷(𝑆3, 𝑆𝑖)𝑖=1…5 = 118.003 

         ∑ 𝐷(𝑆4, 𝑆𝑖)𝑖=1…5 = 90.92532 

         ∑ 𝐷(𝑆5, 𝑆𝑖)𝑖=1…5 = 61.05241 
 

 
Figure 5.7: This figure demonstrates the tabulation of global costs between a set of example 

samples (S1 to S5). The sum of the costs from any given sample to all other samples in the 

sample set is demonstrated to the right of the table. In this case we can see that the sample 

S2 has the minimum cost in relation to all others. 

 

As previously mentioned, the LLSRDTW normalizer uses the center star approximation 

to align our training dataset prior to the generation of our step duration-to-phase and step 

duration-to-amplitude regression models. While this alignment could potentially be done 

across the entire GRF sample feature space, we instead determined it would be more 

effective to apply the center star approximation toward the alignment of each of our 8 

GRF signal subspaces individually. The generation of our regression models over the 

resulting aligned training sample space produces 16 phase/amplitude regression models 

and 8 center star templates, all of which the LLSRDTW normalizer retains to use later in 

the derivation of its phase and amplitude warping functions. An example of the center 

star alignment for three of our GRF signals is shown in figure 5.8, while the 

corresponding regression models and center star templates are shown in figure 5.9. At 

this point we must revisit the step duration-to-phase regression models. Unlike our LLSR 

normalizer which generated its models under the assumption that the modeled sample 

space was already aligned according to phase, our LLSRDTW was able to determine the 

degree to which the phase of each sample was misaligned by comparing the phase 
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distortions required to align them. The original training sample set, which we pass to the 

center star algorithm, must be of the same format of that used by the LLSR normalizer, a 

dataset for which all samples have been resampled to a common length. The alignment 

will, by repetition of indices, alter the relative position of each original feature index with 

respect to the position of the same feature in the other samples. Consequently, we can use 

the center star aligned sample space to derive the Least Squares amplitude and phase 

regression vectors A
p
 and θ

p
, which model the effect of step duration on both amplitude 

and phase, respectively, as demonstrated in equation 5.11. For computational efficiency, 

as a final step in our implementation, the regression models (𝐴2
𝑃, 𝜃2

𝑃) and center star 

templates are resampled to the dimensionality of the original dataset. 

 

𝑆𝑖
𝑐 = {𝑠𝑖1, 𝑠𝑖2… 𝑠𝑖𝑘… 𝑠𝑖𝑁},         𝑘 𝜖 𝐶𝑆(𝑆𝑖),        𝑁 = |𝑆𝑖|,          𝑆𝑖

𝑐𝜖 𝑆𝑐         

𝑠𝑖𝑘 ≈  𝐴1𝐾
𝑃 + 𝐴2𝐾

𝑃 𝑡𝑖,       𝑘 ≈  𝜃1𝑘
𝑃 + 𝜃2𝑘

𝑃 𝑡𝑖   

Equation 5.11: This equation demonstrates the step duration-to-feature amplitude 

regression vector A
p
 and step duration-to-feature phase regression vector θ

p
. In this 

equation A
p
 was derived by applying the least squares regression (equation 5.6) to the set of 

aligned feature values in the center star aligned feature set S
c
. While θ

p
 was derived by 

applying the least squares regression to the set of aligned feature indices k in the center star 

aligned feature set. We identify the step duration for a given sample feature set i as Si, with 

the assumption that each sample in the original sample space has already been resampled to 

N-dimensions. 
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Figure 5.8: This figure graphically compares the center star aligned feature sets to the non-

aligned feature sets for three different GRF signals in our 50 sample training dataset.  The 

large expansion of indices that appear in the center star aligned feature sets are indicative 

of the repetition of feature indices required to perform the alignment. 
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Figure 5.9: This figure demonstrates an example of the best center star template together 

with its corresponding amplitude and phase regression model (slope functions) 

corresponding to the 3 GRF signals alignments demonstrated in figure 5.8. 

 

The LLSRDTW normalizer uses amplitude and phase warping functions to normalize 

samples with respect to step duration. But, since these functions depend on our regression 

models and our regression models reflect the center star-aligned feature space, we cannot 
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directly use them in the derivation of our warping functions like was done for the LLSR 

normalizer (equation 5.8). Instead, to ensure regression models are correctly aligned 

when included in our warping functions, we perform several additional preprocessing 

steps during the normalization of a sample. First, we find the DTW path between each 

signal in the sample and its respective center star template (equation 5.12). Next, we 

resample our regression models for each signal to the length of the aforementioned DTW 

paths. Finally, we use the DTW path mappings and resampled regression models together 

with an averaging technique to map the regression models into the original sample space 

(equation 5.13). Having mapped the regression models into the original sample space, the 

LLSRDTW amplitude warping function for any given signal in the sample will be almost 

identical to the simple warping function used by the LLSR normalizer (equation 5.14). 

The LLSRDTW phase warping function is slightly more complicated (equation 5.15). It 

first uses the resampled regression models to determine the degree to which the phase of 

the feature set must be warped to align it with the mean step duration, next it applies L
1
 

normalization to the result, and finally it shifts the L
1 

normalized result such that the final 

result acquires a mean value of 1. These steps ensure the phase warping function only 

affects the shape of the curve but do not in any way alter its amplitude.  

 

𝑆𝑖 = {𝑠𝑖1,  𝑠𝑖2, 𝑠𝑖3…𝑠𝑖𝑁} ,      𝑆𝑖𝜖 𝑆 

𝑆𝑖
′ = {𝑠𝑖1, … 𝑠𝑖𝑗 , … 𝑠𝑖𝑁},        𝑗 𝜖 𝐷𝑇𝑊𝑆𝑐(𝑆𝑖),      𝑀 = |𝑆𝑖

′|        

𝑅 =  {(1,1),… (𝑗,𝑚)… (𝑁,𝑀)}      

Equation 5.12: This equation demonstrates the application of DTW to align a feature set Si 

with its respective center star template Sc. The resulting feature set 𝑺𝒊
′ represents feature set 
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formed by the DTW path and the relation R describes the mapping of indices between the 

N-dimensional original feature space and the M-dimensional DTW aligned feature space. 

 

𝐴2
𝑀 = {𝐴21

𝑃 , 𝐴22
𝑃 , 𝐴23

𝑃 … 𝐴2𝑀
𝑃 },         𝜃2

𝑀 = {𝜃21
𝑃 , 𝜃22

𝑃 , 𝜃23
𝑃 … 𝜃2𝑀

𝑃 }     

𝐴2
𝑁′ = {𝐴2𝑅(1)

𝑀̅̅ ̅̅ ̅̅ ̅̅ , 𝐴2𝑅(2)
𝑀̅̅ ̅̅ ̅̅ ̅̅ , 𝐴2𝑅(3)

𝑀̅̅ ̅̅ ̅̅ ̅̅ , … 𝐴2𝑅(𝑁)
𝑀̅̅ ̅̅ ̅̅ ̅̅ },          𝜃2

𝑁′ = {𝜃2𝑅(1)
𝑀̅̅ ̅̅ ̅̅ ̅̅ , 𝜃2𝑅(2)

𝑀̅̅ ̅̅ ̅̅ ̅̅ , 𝜃2𝑅(3)
𝑀̅̅ ̅̅ ̅̅ ̅̅ , … 𝜃2𝑅(𝑁)

𝑀̅̅ ̅̅ ̅̅ ̅̅ } 

Equation 5.13: This equation demonstrates how the P-dimensional step duration-based 

amplitude and phase slope functions (𝑨𝟐
𝑷 and 𝜽𝟐

𝑷) can be resampled to M-dimensions and 

then aligned to the N-dimensional  feature set Si from equation 5.12. In our implementation 

we resample the center star template, amplitude slope function and phase slope function to 

the dimensionality of the original dataset after generating our regression models  (P = N).  

 

𝜓′(𝑆𝑖) =  {𝑠𝑖1 + 𝐴21
𝑁′(𝑡𝜇 − 𝑡𝑖), 𝑠𝑖𝑘 + 𝐴22

𝑁′(𝑡𝜇 − 𝑡𝑖)… 𝑠𝑖𝑁 + 𝐴2𝑁
𝑁′ (𝑡𝜇 − 𝑡𝑖)}  

Equation 5.14: This equation demonstrates the step duration-based amplitude warping 

function (𝝍′) for feature set i with a total step duration ti, belonging to the sample set S with 

a mean step duration tµ. This amplitude warping function is derived by modifying equation 

5.8 to use the N-dimensional amplitude regression slope derived in equation 5.13.  

 

𝛿(𝑆𝑖) =  {𝜃21
𝑁′(𝑡𝜇 − 𝑡𝑖),  𝜃22

𝑁′(𝑡𝜇 − 𝑡𝑖)… 𝜃2𝑁
𝑁′(𝑡𝜇 − 𝑡𝑖)}  

𝛾(𝑆𝑖) =  
𝛿(𝑆𝑖)

‖𝛿(𝑆𝑖)‖1
  

𝜙(𝑆𝑖) =  𝑆𝑖  ×  (𝛾(𝑆𝑖) − 𝛾(𝑆𝑖)̅̅ ̅̅ ̅̅ ̅ + 1)  

Equation 5.15: The equation demonstrates the derivation of the phase warping function (𝝓) 

for feature set i with a total step duration of ti, belonging to the sample set S with a mean 

step duration tµ. The phase warping function should always be applied after the amplitude 

warping function, thus in our application our LLSRDTW normalizer can be described as 

the application of 𝝓(𝝍(𝑺𝒊)). 
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In our implementation, LLSRDTW normalization is performed on a given sample by first 

passing each of the sample’s GRF signals through the amplitude warping function, then 

passing the resulting amplitude-warped feature sets into the phase warping function. To 

improve the speed and performance of our LLSRDTW normalizer we tested its 

underlying DTW algorithm with a set of Sakeo-Chiba Band values from one to twenty 

percent of the DTW cost grid size and discovered optimal bandwidths of 5%, 1%, and 

10% for our best holistic, spectral and wavelet feature extractors, respectively. The 

results from the application of our LLSRDTW to our best non-geometric feature sets are 

demonstrated in table 5.6. Analyzing these results, we discovered that by better aligning 

our features we were able to achieve a modest increase in performance in all our feature 

extractors over the non-aligned LLSR normalization technique. However, only the 

LLSRDTW-normalized holistic and spectral feature spaces produced an increase in 

recognition performance over their non-normalized equivalents. The most notable 

outcome from performing LLSRDTW normalization was the performance increase 

achieved when it was applied to the spectral feature space. This technique achieved an 

increase in recognition performance where all other normalization techniques failed to 

increase performance. Consequently, our results suggest that by aligning each sample as 

though they were all taken with the same step duration we can improve GRF recognition 

performance in both heuristic and machine learning-based feature extractors, thus 

demonstrating the utility of the relationship between the step duration and the shape of 

the GRF curve. 
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Table 5.6: This table demonstrates the change in performance achieved by the LLSRDTW 

normalizer against the best performing feature extractors from chapter 4. 
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5.4 Summary 

 

This chapter demonstrated how normalization techniques could be used to improve the 

selection of features for footstep GRF-based person recognition. In this chapter we 

discussed how variation in intra-subject GRF sample scale could potentially lead to 

feature extractors missing important features on account of their inability to distinguish 

differences due to variations in scale from those due to distinctive inter-subject 

characteristics. To address this issue we re-examined our best feature extractors from the 

previous chapter but this time with various normalization techniques applied prior to 

feature extraction. The normalizers examined used various methods to transform our 

footstep samples to a common scale in terms of both step duration and amplitude, 

including well known uniform scaling and shifting operations and two new dynamic 

techniques developed for the purpose of this research.  

 

The two new normalization techniques introduced in this chapter (LLSR and 

LLSRDTW) were created to test our problem statement assertion that a potentially useful 

relationship exists between stepping speed (or step duration) and the GRF force 

signature. The LLSR normalizer attempted to model this relationship via the derivation of 

a series of individual regression functions, while the LLSRDTW was designed to 

improve upon the LLSR in machine learning-based feature extractors by using the 

technique known as DTW to align key sample data points prior to deriving the regression 

models. The best results obtained after applying these and the scaling and shifting 

normalizers to our top feature spaces in the development dataset are shown in table 5.7 

(again we used the KNN classifier to acquire these results). Although the LLSRDTW 
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normalizer was found to result in a clear improvement over the LLSR normalizer in all 

applicable feature spaces it only proved to be the most performant normalizer in the 

spectral feature space. On a whole normalization was shown to improve GRF recognition 

in all feature spaces, but with regards to the best normalizer our results were divided with 

no two feature spaces achieving their best results over a shared normalizer. However, it 

must be noted that we were able to improve the recognition performance over each 

feature space when using a normalizer that accounted for step duration, which would 

appear to support our assertion regarding the relationship between stepping speed and the 

GRF force signature. 

 

 

Table 5.7: This table compares the best GRF recognition performance achieved across each 

feature space when used in combination with a normalization technique. 

 

In this chapter and the one proceeding we examined two parts of the biometric system 

that could jointly be described as data preprocessing. The application of these techniques 

makes it easier to identify important characteristics but they do not have the ability to 

distinguish GRF subjects on their own. In the next chapter we explore the biometric 

system component that is responsible for learning the patterns within the preprocessed 

data and using them to perform footstep GRF-based recognition. 
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Chapter 6   

 

Classification 

 

The final step in our biometric system after preprocessing the data with normalization 

and feature extraction involves the application of a classifier to perform recognition over 

the transformed sample space. Although classification could theoretically be applied 

directly to the sample set with no prior preprocessing we opted against doing so because, 

in addition to exposing features to the classifier that might otherwise be missed by 

overfitting, the use of our preprocessors also reduced the dimensionality of the samples’ 

feature space to a size that could be effectively handled by all popular classifiers. Without 

needing to take computational efficiency into account, the goal of the classifier then 

became to find the boundaries in the transformed sample space that best separate the 

feature spaces of our subjects. Internally, classifiers use a number of tricks to discover 

these boundaries; however, classifiers are also subject to initialization parameters that can 

be adjusted to improve recognition performance. Knowing this, our classification goal, 

for any given classifier, can be addressed by solving an optimization problem; namely, 

discovering the classification parameters that optimize our recognition performance.  

 

In our discussion in Chapter 2 we described how classifiers can be categorized as being 

based on either generative or discriminative models. We could also further distinguish 

classifiers as being either instance-based (lazy learning-based) or eager learning-based  

[65]. In instance-based classifiers the training phase involves storing all training samples 
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to memory and all calculations needed for recognition are performed at the time of 

recognition. Conversely, in eager learning-based classifiers the training phase involves 

the derivation of a function that is able to transform any given subject/sample pair into a 

representation of a decision reflecting whether the given subject corresponds to the given 

sample. In the following sections we examine classifiers covering each of the two 

classifier models and learning strategies. For each classifier we discuss the parameter 

optimizations that were used to improve recognition performance, while, as a final 

assessment of our various GRF recognition strategies we cross compare the full set of 

classifiers with our best performing feature extraction and normalization strategies from 

chapters 4 and 5. 
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6.1 K Nearest Neighbour 

 

The most common category of classifier applied by previous GRF recognition studies  [5, 

39, 31, 7, 32, 3] was the K Nearest Neighbour (KNN)  [66] classification technique, the 

classification technique used in the two preceding chapters to assist with the optimization 

of our feature extractors and normalizers. The KNN classifier is an instance-based 

discriminative classification technique that uses the distances between a given sample 

and its K nearest training samples to determine the sample’s identity. The decision is 

based on a voting scheme under which the subject corresponding to the majority of the K 

nearest neighbours is identified as the owner of the sample. This technique comes in 

many variants and can be altered to perform recognition rather than identification by 

simply taking the expected identity as a parameter then accepting or rejecting the 

recognition requests based on the discovery of a matching identity in the majority of the 

K nearest neighbours. 

 

The KNN recognition algorithm in its most basic form is relatively straightforward. 

During its training phase the classifier simply stores all training samples to memory. 

Subsequently, when performing recognition on a tested sample the KNN classifier begins 

by calculating the Euclidean distance (equation 6.1) between the sample and every 

sample in the training set. The training samples are then ordered according to their 

distance from the tested sample and the samples with the K smallest distances are used to 

represent a voting set. Finally, the identity assigned to the sample would correspond with 

the owner of the majority of samples in the voting set, or, in the event of a draw, the 

owner of the samples in the voting set with the shortest distance to the tested sample. If 
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this identity matches the identity provided for recognition then the algorithm would 

accept it as a match, otherwise it would be rejected. A simple visualization of the KNN 

identification process for a 2-dimensional feature space is demonstrated in figure 6.1. 

Using this simple identification scheme, the KNN classifier can be observed as having a 

key advantage over non-instance-based classifiers in that it does not need to be retrained 

when new samples are added-to or existing samples removed-from its training set. 

 

 

Figure 6.1: This graph demonstrates the samples that would form the voting set in a 2-

dimensional feature space with the KNN K value set to 5. In this case only the subject 

m22_2 would be accepted as a recognition match for the given test sample. 
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𝑑(𝒑, 𝒒) =  √(𝑞1 − 𝑝1)2 + (𝑞2 − 𝑝2)2 +⋯+ (𝑞𝑛 − 𝑝𝑛)2 = √∑ (𝑞𝑖 − 𝑝𝑖)2
𝑛
𝑖=1   

Equation 6.1: This equation demonstrates the Euclidean distance calculation used by our 

KNN classifier. In this equation the vectors p and q would represent the feature sets for two 

different samples. 

 

In our experimental design we established that the verification EER would be used to 

assess GRF recognition performance, and that this value could be derived by first 

configuring our classifier to return posterior probabilities then scaling the classifier’s 

acceptance threshold to the point at which the FAR and FRR intersect. The basic variant 

of the KNN classifier described in the previous paragraph does not return a probability, 

but, rather, a true or false decision based directly on the results of the voting scheme. 

However, in  [32] Suutala and Röning demonstrated that posterior probabilities, which 

reflect the likelihood of a given subject matching a given sample, could be estimated by 

counting the occurrences of the given subject in the K nearest training samples for the 

given sample (equation 6.2). Unfortunately, the KNN posterior probability generation 

technique used in  [32] can be subject to undesirable biases from outlier points when 

either the number of training samples per subject is limited or the value chosen for K is 

small. To address this problem we used a form of weighted KNN  [66], for which the K 

samples in the voting scheme were given weights inversely proportional to their distances 

from the sample being recognized. Using this weighted KNN technique, we were then 

able to alter equation 6.2 to reflect the assigned weight values, as shown in equation 6.3, 

and thus acquire posterior probabilities less affected by small sample size-induced biases. 
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𝑃(𝑤𝑖|𝑥) =  
𝑝(𝑥|𝑤𝑖)𝑝(𝑤𝑖)

∑ 𝑝(𝑥|𝑤𝑗)𝑝(𝑤𝑗)
𝑐
𝑗=1

 ≈  
𝑘𝑖

𝑘
  

Equation 6.2: This equation demonstrates the posterior probability estimation based on 

occurrences for an unweighted KNN classifier. In this equation ki represents the number of 

occurrences of subject i in the k nearest neighbours to tested sample x and P(wi|x) is the 

estimate of the probability density function. 

 

𝑃(𝑤𝑖|𝑥) ≈  

∑
(𝑣𝑘𝑗

=𝑖)

𝑑(𝑢𝑘𝑗
,𝑥)

𝑘
𝑗=1

∑
1

𝑑(𝑢𝑘𝑗
,𝑥)

𝑘
𝑗=1

,           (𝑣𝑘𝑗 = 𝑖) = 1,          (𝑣𝑘𝑗 ≠ 𝑖) = 0  

Equation 6.3: This equation demonstrates the posterior probability estimation based on 

distances for a weighted KNN classifier. In this equation the occurrences of subject i are 

weighted according to the distance between the occurrence 𝒖𝒌𝒋  and the tested sample x. 

Only samples belonging to the tested subject i are counted in the numerator, as 

demonstrated through the values returned by the expression 𝒗𝒌𝒋 = 𝒊. 

 

There are two configurable inputs that must be accounted for when implementing the 

KNN classifier: the parameter K used to represent the size of the voting set, and the 

sample feature sets used in the training and testing of the algorithm. Examining our 

sample inputs we noticed that each of the features in the sample feature space was 

represented over a different scale reflecting the degree of absolute variance in the part of 

the feature space from which the feature was derived. Consequently, features represented 

in larger scales would gain a large influence on the classification result regardless of their 

discriminative ability. Ideally, each feature would be scaled in proportion to its 

discriminative ability. However, determining the correct proportions for such scaling is 

generally computationally infeasible, so instead we decided to use the approach taken in  

[32] and gave each feature equal influence in the recognition decision. We accomplished 
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this by finding the minimum and maximum values for each feature in our training 

dataset, setting these values to 0 and 1, and scaling all training and testing sample 

features with respect to these feature space boundaries. In addition to this input scaling 

we attempted to optimize the value of K to improve our recognition performance. To do 

so we used a brute force approach, comparing the cross-validated EER results returned 

for 10 different values of K across each of our best performing preprocessor 

configurations, as demonstrated in figure 6.2. 

  

 

Figure 6.2: This figure demonstrates the cross-validated EER achieved by our best feature 

extractors and normalizers for the values of K from 1 to 10. 

 

As we can see in figure 6.2, the KNN classifier tended to perform worse when the K 

value was greater than the number of samples used for training any given subject (5 in 
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our case). We also observed a tendency for our best results to occur when the K value 

was set to 5, though it must be noted that because our preprocessor optimization was 

done using a K value of 5 our results were positively biased toward this value of K. Yet, 

despite this bias we were still able to achieve better results in half of our preprocessors 

using other values of K, as shown in table 6.1. Comparing these findings with those in  

[3], the only previous GRF recognition study to identify an optimal K value, we found all 

but one of our K values represented a larger percentage of the number of samples used for 

training a single subject than that was found by Rodríguez et .al. Yet, the KNN classifier 

used in  [3] was not weighted, and, of the previous GRF recognition studies, only  [7] 

involved the use of a weighted KNN algorithm similar to the one used in this section 

(Fuzzy KNN  [67]]). Thus our KNN-specific findings could not be directly compared 

with any previous GRF studies.  

 

 

Table 6.1: This table demonstrates the best performance achieved by the KNN classifier for 

each preprocessing technique. The threshold shown is the threshold at which the EER value 

was calculated (a value between 0 and 1 derived from the raw posterior probability output) 

and the EER improvement represents improvement in recognition performance achieved 

by the K value optimization over the results calculated in the previous two chapters.  
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6.2 Multilayer Perceptron Neural Network 

 

In many classification problems the distributions of the classes being classified do not 

form the closely bundled symmetric clusters optimal for classification when using 

distance-based classifiers like the KNN. Instead the boundaries that separate the various 

classes (in our case subjects) may be irregular with sharp cut-off points as shown in 

figure 6.3. These boundaries can be difficult to define geometrically; however, they can 

usually be approximated to a high degree of accuracy using a machine learning structure 

known as an Artificial Neural Network (or Neural Network). Neural Networks derive 

from early attempts to model the problem solving abilities of the connected neurons in 

the human brain  [68], and have proven particularly useful in the field of pattern 

recognition  [69]. These networks are typically represented as a directed graph consisting 

of a set of interconnected processing units, or nodes (figure 6.4), with one subset of the 

nodes accepting input data and another output subset presenting the results of any 

processing that was performed as the input data passed through the network. The 

structure represented by the arrangement of these nodes can be categorized as being 

either feed-forward or recurrent. In feed-forward networks, information passes between 

the input nodes and the output nodes without ever passing through the same node twice, 

while in recurrent networks, processed output will end up getting passed back into nodes 

that have already seen the original input, allowing the network to become aware of state. 

For the purpose of our research, we based our GRF Neural Network analysis on a popular 

forward-feed network structure known as a Multiple Layer Perceptron (MLP)  [70], a 

structure which previously achieved strong GRF recognition performance in  [32]. 
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Figure 6.3: This figure demonstrates a sample “Tested Sample” that would be falsely 

attributed to the wrong class by the KNN classifier, but would be correctly matched were 

the identified class boundaries used during classification. 

 

 

Figure 6.4: This figure demonstrates an individual ANN node. The node accepts a series of 

weighted inputs including a bias input, which increases or lowers the net input of the 

activation function where needed  [71], transforms it using the activation function g, and 

returns the transformed output to any output connections. 
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The MLP classifier is an eager learning-based classification approach belonging to the 

discriminative category of classifiers. At its core is a feed-forward Neural Network with 

nodes arranged into three or more layers including an input layer containing all input 

nodes, an output layer containing all output nodes, and one or more hidden layers, which 

sit between the input and output layers. Within each layer every node is fully connected 

with all nodes in the neighbouring layers, but no connections are made between the nodes 

of a single layer or to nodes in non-neighbouring layers. All connections between nodes 

contain the product of output returned by the node feeding into the connection and a 

weight value, which is determined during the training of the network. Furthermore, aside 

from input nodes, which allow data input to pass directly through them, all other nodes in 

the MLP network sum and pass their input data through a non-linear activation function. 

For our research, we have chosen to assess the MLP architecture demonstrated in figure 

6.5. This architecture, which reflects the one used in  [32], contains three layers and uses 

the logistic sigmoid function (equation 6.4) as its activation function. Each node in the 

input layer corresponds with an individual feature from the feature space used to train the 

MLP, while each output node corresponds with a different subject from the training data. 

With this structure in place, the output for a particular subject node will be a value 

between 0 and 1, signifying the confidence for which the network has determined any 

given input features match those previously learned for the given subject. 

 

𝑔(𝑥) =  
1

1+ 𝑒−𝑥
  

Equation 6.4: The logistic sigmoid function used as our neural network activation function. 
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Figure 6.5: This diagram demonstrates our chosen 3 layer MLP architecture. The nodes in 

the input layer contain no activation function and pass any received data direct into the 

connection with the hidden layer, while the hidden and output nodes were configured to use 

a logistic sigmoid activation function. Each node is connected with every node in its 

immediate neighbours and all connections apply a weight to the data going into the 

following layer, as demonstrated on the edge connections. 

 

The MLP architecture described to this point gives us the means to learn how to identify 

subjects based on their features, but before it can perform any classifications it must first 

undergo a training process. As previously mentioned, the data passed between connected 

nodes in the MLP is multiplied by weight values. These weight values can be adjusted so 

to minimize the error rate produced by the classifier for a set of training input-output 

pairs via a process known as back-propagation  [72]. The back-propagation process is 

premised on the fact that the MLP network can be represented as a vector function 𝒉𝒘(𝒙) 

parameterized by its weights (w). So, if we had a pair of input features (x) and an output 
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subject set (y) with a value of 1 corresponding to subject nodes that match the input and 0 

for those that do not, then the vector of errors for our network’s output nodes would be 

represented as 𝑬 =  𝒚 − 𝒉𝒘(𝒙). Using this set of error values, it is possible to derive the 

network’s node deltas, which, for any given connection from node i to node j, would 

represent the effect of a change in the input to node j on the output of node i  [73]. At the 

output layer these node deltas can be calculated directly, while in the input and hidden 

layers they are computed by back-propagating the values of the deltas computed in the 

deeper neighbouring layer, as demonstrated in equation 6.5. These node deltas can also 

be used in conjunction with the computed output from the node feeding into the delta 

connection to derive the partial derivative (gradient) for each of the network’s weights 

with respect to the error value (equation 6.6). Consequently, to minimize the error value 

we can use the gradient descent method, which follows the contour of the error surface in 

the direction of steepest descent  [73].  

 

𝑬 = 𝒚 − 𝒉𝒘(𝒙)  

𝑖𝑛𝑖 = ∑ 𝑤𝑖𝑗𝑎𝑗𝑗 + 𝑏𝑖𝑎𝑠𝑖  

𝛿𝑖 = {
𝐸𝑖  ×  𝑔

′(𝑖𝑛𝑖)                       , 𝑜𝑢𝑡𝑝𝑢𝑡 𝑛𝑜𝑑𝑒𝑠                 

𝑔′(𝑖𝑛𝑖)  ×  ∑ 𝛿𝑘  ×  𝑤𝑘𝑖𝑘   ,   𝑖𝑛𝑝𝑢𝑡  / ℎ𝑖𝑑𝑑𝑒𝑛 𝑛𝑜𝑑𝑒𝑠
  

Equation 6.5: These equations demonstrate the derivation of the node deltas. In this 

equation the term ini represents the sum of the weighted outputs from node i to node j, 

which are to be passed back to the derivative of i’s activation function. The node deltas 

themselves for each node i are identified as 𝜹𝒊, wij represents the weight between nodes i and 

j, and Ei the portion of the error produced by a given output node i.  
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𝜕𝐸

𝜕𝑤𝑖𝑗
= 𝛿𝑖  ×  𝑎𝑗  

Equation 6.6: This equation demonstrates the gradient of the error with respect to the 

weight between nodes i and j, at the point for which the output of node j’s activation 

function is aj. 

 

The use of gradient descent in the back-propagation process involves iteratively adjusting 

the network weights via the weight update function shown in equation 6.7. This process 

will continue for a predefined number of iterations or until the returned error falls below 

some maximum threshold, at which point the network error term can be assumed to have 

been brought to a local minimum. In our chosen weight update function, the speed at 

which the error is minimized is subject to two constants, namely the learning rate (∈) and 

momentum (𝛼). The learning rate can be used to adjust the size of the step taken down 

the gradient for each weight update, while the momentum term prevents the weight 

updates from oscillating between opposing sides of a trough in the error contour by 

taking into account the trajectory of the previous iteration  [73]. Additionally, the weight 

update function can be altered so that it minimizes the error across multiple training 

samples during a single update by batching (summing) the gradients produced by each 

individual training sample (equation 6.8). It is this batching-based weight update function 

that represents the final piece of the process needed to train our MLP classifier with our 

multiple GRF feature-subject pairs. 

  

∆𝑤𝑖𝑗(𝑛 + 1) =  𝜖(𝛿𝑖  ×  𝑎𝑗) +  𝛼∆𝑤𝑖𝑗(𝑛)  

Equation 6.7: This equation demonstrates the standard weight update function, which is 

used to iteratively update the weights such that they minimize the network error term. In 
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this equation 𝝐 is a constant representing the back-propagation process’s learning rate, 

while 𝜶 is a constant accounting for momentum. 

 

∆𝑤𝑖𝑗(𝑛 + 1) =  𝜖 ∑ (𝛿𝑖𝑝  ×  𝑎𝑗𝑝)𝑝 +  𝛼∆𝑤𝑖𝑗(𝑛)  

Equation 6.8: This equation demonstrates the batched weight update function, a variant of 

the weight update function that allows the process to simultaneously reduce the error for all 

input-output pairs p provided at the time of training. 

 

 

Figure 6.6: This figure compares our best cross-validated EER values achieved with the 

optimization parameters used to achieve them for all of our best performing preprocessing 

techniques. For any given parameter value, optimization was carried out by testing the 

given parameter value with every possible value for the other two parameters and returning 

the EER for the best combination. 
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Our implementation of the MLP was constructed using the Encog Machine Learning 

Framework for C#  [74]. Following the typical convention for MLP weight initialization, 

we randomized our weights prior to performing back-propagation  [72], making use of a 

seeded randomizer with a standard seeding to ensure consistency between training runs. 

We also configured our training process to terminate after either completing 100,000 

iterations or when the network’s computed error term fell below a value of 0.0000001. 

This left four configurable inputs to be accounted for: the input features, the learning rate, 

the momentum, and the number of hidden nodes. As discussed in the previous section, 

undesirable bias in input features can be mitigated by rescaling each feature space to a 

common scale. For the KNN classifier this was accomplished by rescaling the input 

features to fall within the range [0, 1]. In our MLP classifier we instead went with a 

rescaling range of [-1, 1], as our chosen activation function, the logistic sigmoid function, 

expects input to be distributed around the zero mark. The use of the sigmoid activation 

function in our network also meant the results produced at our output nodes came out as 

values between 0 and 1, representing the network’s confidence as to whether or not any 

given input features matched the subject corresponding to any given output node. Thus, 

unlike in the KNN classifier, we were able to use the output directly in our EER 

calculations, rather than first needing to find posterior probabilities. Having established a 

means to calculate our EER values, the three remaining configurable inputs were 

optimized via exhaustive search, whereby we tested the system with every combination 

of 10 different learning rate and momentum terms (the 10 evenly spaced points from 0.1 

to 1.0) and 7 different hidden field sizes (the 7 evenly spaced nearest integers from 20% 

to 140% of input feature space size). In total, this meant testing 700 different 
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combinations of parameters for each of our best performing preprocessors. The best 

achieved GRF recognition results for each tested configuration of learning rate, 

momentum, and hidden nodes are demonstrated in figure 6.6.   

 

Looking back at the optimization results in figure 6.6, we found our best GRF recognition 

performance was achieved with MLP learning rate terms less than 0.5, momentum terms 

less than 0.8, and with the hidden nodes numbering over 60% the size of input feature 

nodes. The best of these results, broken down by feature extractor, are demonstrated in 

table 6.2. In contrast with the findings of  [32], in which the MLP classifier led to a 9.4% 

improvement in GRF geometric feature space recognition over the KNN classifier, we 

noticed a substantial decline in our recognition performance with the application of the 

MLP classifier to our optimal geometric feature spaces. Conversely, the performance 

increase we achieved with the application of the MLP classifier to our spectral features 

was in agreement with the findings of  [32]. The results, as a whole, showed a clear 

increase in GRF recognition performance when the MLP classifier was applied to feature 

spaces derived via unsupervised PCA, and a clear decrease in performance when it was 

applied to feature spaces derived using supervised learning approaches. A likely 

explanation for these discrepancies points to the nature of the feature extraction 

techniques derivation. Each feature space was optimized to some degree using the KNN 

classifier, leading to an inherent performance bias toward the KNN algorithm used for 

feature space optimization. This bias would have been far greater in feature spaces 

derived via supervised learning, thus outweighing any potential performance increases 

that would otherwise be achieved using the MLP classifier. Nevertheless, our MLP 
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classifier overcame this inherent bias in the unsupervised feature spaces, which would 

seem to suggest that the MLP would lead to better recognition performance than the 

KNN classifier if it were to be used in place of the KNN classifier for feature space 

optimization. 

 

 

Table 6.2: This table demonstrates the best performance achieved by the MLP classifier for 

each preprocessing technique. The threshold shown is the threshold at which the EER value 

was calculated (a value between 0 and 1 derived from the raw MLP output) and the EER 

improvement represents improvement in recognition performance achieved by the optimal 

MLP variant over the results calculated in the previous two chapters. 
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6.3 Support Vector Machine 

 

In the previous section we set out to demonstrate the claim that a MLP classifier could be 

used to derive class-separating boundaries not otherwise obtainable using a KNN 

classifier. The results obtained after applying the MLP classifier to our GRF data 

appeared to support this claim. However, research into MLPs has shown that they are 

prone to producing boundaries so tightly aligned with the specific characteristics of their 

training samples’ class distribution that they may be unable to produce the strong 

generalization of boundaries needed to account for variability in the unseen test samples  

[75, 76]. One classification model that, in literature, has often been found to produce 

better class boundary generalization is the Support Vector Machine (SVM)  [77]. The 

SVM-based classification technique was the second most widely used classification 

technique in our previously examined GRF-recognition studies  [7, 32, 3, 4], and in each 

of these studies it produced the best recognition performance when compared with all 

other studied classifiers. This discriminative classifier is an eager learner, in that it 

performs classification optimizations as part of a distinctive training phase; however, it 

could also be considered to have properties of an instance-based learning algorithm, in 

that it retains a subset of samples from the original training dataset to assist with the 

definition of boundaries during its usage. At the core of the SVM-based classification 

technique are one or more binary linear classifiers (SVMs), which, when grouped 

together, can be used to solve multiclass problems  [78]. Each individual SVM is derived 

via solving for the maximum-margin hyperplane separating a provided two-class training 

dataset.  
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To understand the SVM maximum-margin problem consider the linear separator dividing 

the samples from two different classes in the two dimensional feature space shown in 

figure 6.7. Although this linear separator could have been drawn in numerous locations 

and still have accomplished a separation of classes, the chosen location, which represents 

the maximum distance between the separator and nearest samples of either class, was 

selected because research has shown it often provides strong generalization boundaries  

[79]. Consequently, it follows that by solving for the line that forms this maximum-

margin separator we would have a high likelihood of acquiring a set of boundaries that 

separate the samples of our different GRF subjects better than was possible with the 

classification methods of the previous two sections. To solve for the maximum margin 

separator we first need to frame the problem such that our linear separator is defined with 

respect to our training samples, which we will refer to as the feature vectors xi for any 

sample i, and with respect to the labels of the two classes that we are attempting to 

divide, which we will identify as +1 for one class and -1 for the other (𝑦𝑖 ∈ {+1,−1}). 

Looking again at figure 6.7 we can see that we have bounded the linear separator 

(𝒘𝑇𝒙 + 𝑏 = 0) between the two parallel lines representing the margin boundaries 

(𝒘𝑇𝒙 + 𝑏 = 1 and 𝒘𝑇𝒙 + 𝑏 = −1) that run through the points sitting nearest to the 

separator for both classes and satisfy the constraints in equation 6.9. At this point we 

know the values for x as well as the values of 𝒘𝑇𝒙 + 𝑏 for the vector points that sit on 

the margin boundaries (referred to as the support vectors). If we were to calculate the 

distance from the separator to any point on either of the parallel margin boundaries we 

would find that the margin separating the two classes can be maximized by minimizing 

the Euclidean norm of our normal vector (‖𝒘‖), as demonstrated in equation 6.10. This 
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minimization problem, bounded by the constraints defined in equation 6.9, is typically 

referred to as the primal optimization problem for SVM. 

 

 

Figure 6.7: This figure demonstrates the separation of the samples for two different GRF 

subjects using the maximum margin hyperplane  𝒘𝑻𝒙 + 𝒃 = 𝟎. In this example, the samples 

are represented in a 2-dimensional feature space, yet the separator is defined such that it 

would still be applicable for a space containing any number of dimensions. 

 

𝒘𝑇𝒙𝒊 + 𝑏 ≥  1       𝑓𝑜𝑟    𝑦𝑖 = +1  

𝒘𝑇𝒙𝒊 + 𝑏 ≤  −1       𝑓𝑜𝑟    𝑦𝑖 = −1  

=>     𝑦𝑖(𝒘
𝑇𝒙𝒊 + 𝑏)  ≥ 1        𝑜𝑟     −𝑦𝑖(𝒘

𝑇𝒙𝒊 + 𝑏) + 1 ≤ 0     ∀𝑖  

Equation 6.9: This equation describes the constraints bounding the linear definition of the 

SVM margin in figure 6.7, where xi refers to the sample value vectors and yi refers to the 
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sample class labels for any training sample i.  Defining the class labels as 1 and -1 allows for 

the simplification of the two constraints into a single constraint. 

 

ℎ1:  𝒘
𝑇𝒙𝒊 + 𝑏 = 1,    ℎ2:  𝒘

𝑇𝒙𝒊 + 𝑏 = −1  

𝑑𝑖𝑠𝑡(𝒘𝑇𝒙𝒊 + 𝑏 = 0,  𝒙𝟎) =  
|𝒘𝑇𝒙𝟎+𝑏|

‖𝒘‖
 ,        𝒙𝟎 ∈  ℎ1   ∨    𝒙𝟎  ∈  ℎ2  

=>     𝑑𝑖𝑠𝑡(𝒘𝑇𝒙𝒊 + 𝑏 = 0,  𝒙𝟎) =  
|𝟏|

‖𝒘‖
  

=>     𝑑𝑖𝑠𝑡(𝒘𝑇𝒙𝒊 + 𝑏 = 1,  𝒘
𝑇𝒙𝒊 + 𝑏 = −1) =  

2

‖𝑤‖
  (SVM margin) 

Primal Optimization Problem (margin maximization): 

min𝑤,𝑏
1

2
‖𝑤‖2          𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜         − 𝑦𝑖(𝒘

𝑇𝒙𝒊 + 𝑏) + 1 ≤ 0          ∀𝑖  

Equation 6.10: This equation demonstrates the derivation of the SVM primal optimization 

problem. By calculating the distance between our two margin lines h1 and h2 under the 

constraints of equation 6.9, it can be seen that when the Euclidean norm of the normal 

vector is minimized the margin will be maximized (Note: minimizing half of its square can 

improve computational efficiency without changing the result). 

 

The equations above demonstrated how the SVM maximum-margin problem can be 

presented as the optimization of a function bounded by constraints; alternatively, the 

problem can be redefined using Lagrangian multipliers (𝜶) for the optimization of a 

single unbounded auxiliary function. Consider the Lagrangian auxiliary function defined 

in equation 6.11. If this function were to be maximized with respect to its Lagrangian 

multipliers then the resulting optimization would be found to produce an infinitely large 

value when the original constraints are not satisfied, but would produce a value 

equivalent to objective function (
1

2
‖𝑤‖2) when the original constraints are satisfied 

(demonstrated in equation 6.12). Knowing this, it can be shown that by minimizing the 
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function in equation 6.12 with respect to w and b (finding min𝒘,𝑏 ℒ𝑃(𝒘, 𝑏)) we end up 

with a problem with an equivalent solution to that of the primal optimization problem. 

This form of the optimization problem is often referred to as the Lagrangian primal 

problem, and, with a bit of extra derivation it can also be shown that there is a dual form 

representation of this Lagrangian problem which further simplifies the computation 

required to find the solution to the primal optimization problem  [80].  

 

ℒ(𝒘, 𝑏, 𝜶) =  
1

2
‖𝒘‖2 − ∑ 𝛼𝑖𝑦𝑖( 𝒘

𝑇𝒙𝒊 + 𝑏)
𝑙
𝑖=1 + ∑ 𝛼𝑖

𝑙
𝑖=1   

Equation 6.11: This equation demonstrates how Lagrangian multipliers (𝜶) can be 

combined with the function being minimized and the left side of the constraint inequality 

from the optimization problem defined in equation 6.10. In this derivation l represents the 

number of different samples being optimized. 

 

ℒ𝑃(𝒘, 𝑏) =

 max𝜶: 𝛼𝑖≥0 ℒ(𝒘, 𝑏, 𝜶) =  {
1

2
‖𝒘‖2      𝑖𝑓 𝒘 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠

    ∞             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                        
  

Equation 6.12: By maximizing the Lagrangian multipliers in equation 6.11 it can be shown 

that the part of the auxiliary function derived from the Primal Optimization Problem 

constraints may become infinitely large when the constraints are not satisfied (i.e. 

−𝒚𝒊(𝒘
𝑻𝒙𝒊 + 𝒃) + 𝟏 > 𝟎); however, when they are satisfied the maximum value for the 

constraint part of the auxiliary function will be 0, thus giving 𝓛𝑷(𝒘, 𝒃) the value of the 

function being optimized in equation 6.10. 

 

The dual form of the Lagrangian problem (or Lagrangian dual problem) derives from the 

concept of duality, whereby there exist two related optimization problems, a primal and a 

dual problem, with the solution to the dual problem forming the lower bound to the 
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solution of the primal problem. While the solution to the dual problem always forms the 

lower bound to the primal problem, in certain circumstances they may share a common 

optimal solution. In the SVM case, when the relationship between the primal (p
*
) and 

dual (d
*
) problems in equation 6.13 is considered, it can be shown that these problems 

satisfy the necessary conditions for equality in their solution  [80]. Thus solving the dual 

problem will also reveal the solution to the maximum margin separator of the primal 

problem. Moreover, because the auxiliary function that is being optimized (equation 

6.11) is convex with respect to w and b for any fixed value of 𝜶, by taking the partial 

derivatives of w and b at the optimal value it is possible to derive the properties shown in 

equation 6.14. Using the discovered properties, the SVM Lagrangian dual problem’s 

auxiliary function can be simplified such that it need only be optimized for the single 

variable 𝜶, as shown in equation 6.15. This reveals a form of the maximum margin 

problem that can easily be solved via quadratic optimization  [81]. From this point it is 

then possible to derive the value of b for the maximum margin separator as the midway 

point between the values it takes on the two parallel margins, as shown in equation 6.16.  

Finally, the derived parameters can be substituted into equation 6.17 to form the desired 

SVM binary classifier (the foundation of the multi-class SVM classification technique), 

and, because it is also possible to show that the SVM dual form problem satisfies the 

Karush-Kuhn-Tucker complementary condition  [77], it can also be shown that 𝛼𝑖 = 0 

for any training vector point xi that does not fall on the margin; thus, when performing 

classification via equation 6.17, classifier memory usage can often be optimized, as only 

support vectors (typically a small subset of training samples) are needed to derive the 

classification boundary and all other values are ignored. 
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𝑑∗ = max𝜶: 𝛼𝑖≥0min𝒘,𝑏 ℒ(𝒘, 𝑏, 𝛼)    ≤     min𝒘,𝑏max𝜶: 𝛼𝑖≥0 ℒ(𝒘, 𝑏, 𝛼)  =  𝑝
∗  

Equation 6.13: This equation demonstrates the intuitive relationship between the SVM 

primal and dual problems. It has been shown that, given the functions being solved in this 

case, the primal problem is in fact equal to the dual problem  [80] so 𝒅∗ = 𝒑∗. 

 

𝜕

𝜕𝒘
 ℒ(𝒘, 𝑏, 𝜶) = 𝒘 − ∑ 𝛼𝑖𝑦𝑖𝒙𝒊

𝑙
𝑖=0 =  0 => 𝒘 = ∑ 𝛼𝑖𝑦𝑖𝒙𝒊

𝑙
𝑖=0   

𝜕

𝜕𝑏
 ℒ(𝒘, 𝑏, 𝜶) =  ∑ 𝛼𝑖𝑦𝑖

𝑙
𝑖=1 = 0  

Equation 6.14: The relationships shown in this equation are derived by minimizing 

𝓛(𝒘, 𝒃,𝜶) with respect to w and b. The optimal minimum value occurs when the partial 

derivatives are equal to zero since the function 𝓛(𝒘, 𝒃,𝜶) is convex with respect to both 

parameters for any value of 𝜶. 

 

ℒ𝐷(𝜶) =  min𝒘,𝑏 ℒ(𝒘, 𝑏, 𝜶)   

=  
1

2
(∑ 𝛼𝑖𝑦𝑖𝒙𝒊

𝑙
𝑖=1 )

𝑇
(∑ 𝛼𝑗𝑦𝑗𝒙𝒋

𝑙
𝑗=1 ) − ∑ 𝛼𝑖𝑦𝑖(∑ 𝛼𝑗𝑦𝑗𝒙𝒋

𝑙
𝑗=1 )

𝑇𝑙
𝑖=1 𝒙𝒊 −  𝑏 ∑ 𝛼𝑖𝑦𝑖

𝑙
𝑖=1 +

 ∑ 𝛼𝑖
𝑙
𝑖=1   

= ∑ 𝛼𝑖
𝑙
𝑖=1 −  

1

2
∑ 𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝒙𝒊

𝑻𝑙
𝑖,𝑗=1 𝒙𝒋  

𝑑∗ = max𝜶 ℒ𝐷(𝜶)          𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜      𝛼𝑖 ≥ 0, 𝑖 = 1,… , 𝑙    𝑎𝑛𝑑    ∑ 𝛼𝑖𝑦𝑖
𝑙
𝑖=1 = 0   

Equation 6.15: This equation demonstrates the derivation of the simplified SVM 

Lagrangian dual problem obtained by substituting the findings from equation 6.14 into the 

auxiliary function of equation 6.11. Note that the function now requires only a single 

parameter be optimized. 

 

𝑏 =  −
max𝑖:𝑦𝑖=−1

𝒘𝑻𝒙𝒊 + min𝑖:𝑦𝑖=1
𝒘𝑻𝒙𝒊 

2
  

Equation 6.16: This equation demonstrates the derivation of b using the discovered values 

of w. In this equation the maximum value for points identified by 𝒚𝒊 = −𝟏 will sit on one 

margin while the minimum value for those identified by 𝒚𝒊 = 𝟏 will sit on the other, so by 
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taking one half of the combined b component for each margin it is possible to obtain its 

value at the separator. 

 

𝒘𝑻𝒙 + 𝑏 = (∑ 𝛼𝑖𝑦𝑖𝒙𝒊
𝑙
𝑖=1 )

𝑇
𝒙 + 𝑏 = ∑ 𝛼𝑖𝑦𝑖𝒙𝒊

𝑻𝑙
𝑖=1 𝒙 + 𝑏  

Equation 6.17: This equation demonstrates how the derived maximum margin separator 

can be used to perform classification for a given vector point x and training points 1 … l. If 

the resulting value is greater than zero then the vector x is classified as belonging to the 

class which was given the label 𝒚𝒊 = 𝟏, otherwise it is classified as belonging to the class 

given the label 𝒚𝒊 = −𝟏. 

 

The SVM classifier as it has been defined to this point has a couple of weaknesses that 

make it poorly suited to more complicated classification tasks, namely it depends upon its 

training data being linearly separable and it can be susceptible to undesirable influence 

from outlier points. To address these problems a slightly different variant of SVM known 

as soft margin SVM can be used. In soft margin SVM training samples are allowed to sit 

within the margin or even on the wrong side of the separator. This is accomplished by 

redefining the margin constraint as 1 − 𝜉𝑖, where the non-negative slack variables 𝜉𝑖 

represent the degree to which a given vector point xi is sitting on the wrong side of its 

class’s margin boundary. In this case the primal optimization problem becomes the 

simultaneous maximization of the margin separating the two classes and minimization of 

the degree to which training points are situated on the incorrect side of the margin to 

achieve the respective maximum margin. In the formal definition of the soft margin 

SVM’s primal optimization problem (equation 6.18) a new regularization parameter (C) 

is introduced, which allows for adjustments to the relative weighting given to the two 

problem components. From here, using an additional Lagrangian multiplier (𝛽 ≥ 0), the 
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Lagrangian function of equation 6.11 can be redefined to reflect the inclusion of the new 

slack variables as shown in equation 6.19. To get the dual form of this new problem the 

partial derivative of the new Lagrangian function can be taken with respect to 𝜉, in 

addition to the partial derivatives of w and b shown earlier in equation 6.14; this in turn 

results in a new dual problem (equation 6.20) that only differs from equation 6.15 in the 

definition of the constraint placed on 𝜶. Under this new problem definition the support 

vectors include not only the trial sample points that sit on the margins, but also trial 

samples that sit on the wrong side of the margins. Additionally, when using the soft 

margin form of SVM, the new technique shown in equation 6.21 must be used to solve 

for b, as opposed to the technique previously demonstrated in equation 6.16. Yet, having 

solved for its parameters, SVM classification can once again be accomplished using 

equation 6.17 via substituting in the new soft-margin solutions for 𝜶 and b. 

 

min𝒘,𝝃,𝑏
1

2
‖𝒘‖2 + 𝐶 ∑ 𝜉𝑖

𝑙
𝑖=1          𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜      − 𝑦𝑖(𝒘𝒙𝒊 + 𝑏) + (1 − 𝜉𝑖)  ≤ 0           ∀𝑖  

Equation 6.18: This equation demonstrates the soft margin SVM primal optimization 

problem. In this equation samples are allowed to sit on the wrong side of their margin 

boundaries; however, in doing so the degree to which each is misclassified (𝝃𝒊 ≥ 𝟎) incurs a 

penalty cost in the minimization of the objective function. The regularization parameter C 

is used to adjust the weight of which the penalty is applied. 

 

ℒ(𝒘, 𝑏, 𝝃, 𝜶, 𝜷) =  
1

2
‖𝒘‖2  +  𝐶 ∑ 𝜉𝑖

𝑙
𝑖=1  − ∑ 𝛼𝑖(𝑦𝑖(𝒘

𝑻𝒙𝒊 + 𝑏) − (1 − 𝜉𝑖)) 
𝑙
𝑖=1 −

 ∑ 𝛽𝑖𝜉𝑖
𝑙
𝑖=1   

Equation 6.19: This equation demonstrates the Lagrangian representation of the soft 

margin SVM objective function. It is similar to equation 6.11; however, it includes the 

addition of slack variables (𝝃) and their respective Lagrangian multipliers (𝜷). 
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𝜕

𝜕𝝃
ℒ(𝒘, 𝑏, 𝝃, 𝜶, 𝜷) =  −∑ 𝛼𝑖

𝑙
𝑖=1 + 𝐶 − ∑ 𝛽𝑖

𝑙
𝑖=1 => 𝛼𝑖 = 𝐶 − 𝛽𝑖        ∀𝑖  

𝛼𝑖 ≥ 0,  𝛽𝑖 ≥ 0  => 𝐶 − 𝛼𝑖 ≥ 0 𝑎𝑛𝑑 𝛼𝑖  ≥  0   =>    𝛼𝑖 ≤ 𝐶 𝑎𝑛𝑑 𝛼𝑖 ≥ 0  

ℒ𝐷(𝜶) =  min𝒘,𝝃,𝑏 ℒ(𝒘, 𝑏, 𝝃, 𝜶, 𝜷) =  ∑ 𝛼𝑖
𝑙
𝑖=1 −  

1

2
∑ 𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝒙𝒊

𝑻𝒙𝒋
𝑙
𝑖,𝑗=1   

𝑑∗ = max𝜶 ℒ𝐷(𝜶)          𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜      0 ≤ 𝛼𝑖 ≤ 𝐶, 𝑖 = 1,… , 𝑙    𝑎𝑛𝑑    ∑ 𝛼𝑖𝑦𝑖
𝑙
𝑖=1 = 0   

Equation 6.20: In this equation it is shown that the addition of the slack variable to the soft 

margin dual problem only has the effect of altering the constraint on  𝜶 from Lagrangian 

dual problem previously defined in equation 6.15. 

 

𝑏 =  
1

|𝑺|
∑ (𝑦𝑖 − ∑ 𝛼𝑖𝑦𝑖𝒙𝒊

𝑻𝒙𝒋𝑗∈𝑺 )𝑖∈𝑺   

Equation 6.21: This equation demonstrates the solution to b for soft margin SVM, with S 

being the subset of training points that form the support vectors (i.e. the points sitting on 

the margin boundaries together with those sitting on the wrong side of the margin 

boundaries). 

 

The application of soft margin SVM can be useful when solving problems that are nearly, 

but not quite, linearly separable, yet it will fail when applied to problems that are clearly 

not linearly separable, such as the one on the left side of figure 6.8. To get around this 

limitation SVMs use a technique known as the kernel trick, which is premised on 

transforming a non-linearly separable feature space into a higher dimensional feature 

space that can more easily be separated linearly (for instance the feature space on the 

right side of figure 6.8). Under the kernel trick the function ∅(𝒙) is defined as a function 

that transforms a sample x into a higher dimensional feature space. If this function were 

applied to the two sample points in the Lagrangian dual problem of equation 6.20 then, 

rather than searching for a linear separator in our original feature space, we would instead 

be searching for a linear separator in the high dimensional space defined by ∅. In doing 
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so the application of the dimension expansion function would result in the dot product of 

the original dual problem equation 𝒙𝒊
𝑇𝒙𝒋 becoming ∅(𝒙𝒊)

𝑇∅(𝒙𝒋), which in many cases 

can be efficiently computed without ever having to compute ∅ for 𝒙𝒊 and 𝒙𝒋 individually  

[77]. The function that accomplishes this simplified computation of the dot product over 

a higher dimensional space is known as the kernel function and is typically denoted as 

𝜅(𝒙𝒊, 𝒙𝒋). To use the kernel trick with soft margin SVM, the chosen kernel function 

would be substituted to replace of any dot products of the input samples 𝒙𝒊 and 𝒙𝒋 within 

the Lagrangian dual problem (equation 6.20), the calculation of b (equation 6.21), and the 

binary SVM classifier (equation 6.17). As for the definition of the kernel function itself, 

there are many valid forms its equation could take but research has shown that one kernel 

in particular, the Gaussian Radial Basis Function (RBF) kernel (equation 6.22), 

outperforms most others when applied to the GRF recognition problem  [4] 

 

 

Figure 6.8: The two figures above demonstrate how a dataset that cannot be linearly 

separated in 2-dimensions (the diagram on the left) can be transformed into a higher 

dimensional kernel space that can be separated linearly (the diagram on the right). 
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𝜅(𝒙𝒊,  𝒙𝒋) =  ∅(𝒙𝒊)
𝑇∅(𝒙𝒋) = exp (−𝛾‖𝒙𝒊 − 𝒙𝒋‖

2
)  

Equation 6.22: This equation demonstrates the Gaussian Radial Basis Function for kernel 

SVM. This equation takes two point vectors as input and produces output equivalent to that 

which would be produced if the dot product was taken after both points were transformed 

into a higher dimensional space. The shape of the transform can be tuned to optimize the 

strength of the SVM separator by adjusting the parameter 𝜸. 

 

Using a single soft-margin kernel-SVM gives us a powerful tool for classifying points in 

two-class problems; however, to perform SVM classification on any multi-class problem, 

including our GRF subject-recognition problem, we require multiple SVMs and a 

strategy to train them and evaluate their results. Two strategies are commonly used to 

accomplish multi-class classification with SVM: one-against-one and one-against-all. In 

the typical one-against-one strategy individual SVMs are first trained for each of the 

C(C-1)/2 training class pairs taken from the C training classes, then, during classification 

the class that each SVM selects is given single vote and the sample being classified is 

classified as belonging to the class that gains the most votes; this strategy was used for 

GRF-recognition in  [7]. A slightly different approach is taken in the typical one-against-

all strategy; rather than deriving SVMs for every class pair, in one-against-all a SVM is 

first trained for each class against a grouping of all the samples in every other training 

class, then during classification the class with the highest raw SVM output value is 

assigned to the sample being classified. In their common form neither of the two multi-

class SVM strategies output posterior probabilities, however, both can be manipulated to 

give such output  [78]. A common approach, implemented in the popular LIBSVM tool  

[82], uses a modified version of the one-against-one strategy to calculate posterior 

probabilities. In this case, rather than treating the SVM’s as binary classifiers with votes, 
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the unscaled raw output of each individual SVM output is passed into a sigmoid function 

(equation 6.23) to produce an estimate of the pairwise probabilities for each of the C(C-

1)/2 training class pairs. To estimate the values for A and B in equation 6.23 this 

implementation minimizes the negative log likelihood of the training data  [83]. And, 

having found the pairwise probabilities, the probability (pi) that a given tested sample x 

belongs to a given training class i can be estimated by solving for the optimization 

problem in equation 6.24, as discussed by Wu et al. in  [84].  

 

𝑟𝑖𝑗 ≈ 𝑃(𝑦 = 𝑖|𝑦 = 𝑖 𝑜𝑟 𝑗, 𝒙) ≈  
1

1+exp (𝐴𝑓𝑖𝑗(𝒙)+𝐵)
  

Equation 6.23: This equation demonstrates the sigmoid function that can be used to 

estimate the probability that a given sample x belongs to class i for the output of an SVM 

trained across classes i and j. The values for A and B are calculated separately by 

minimizing the log likelihood function  [83]. 

 

min𝒑
1

2
∑ ∑ (𝑟𝑗𝑖𝑝𝑖 − 𝑟𝑖𝑗𝑝𝑗)

2𝑘
𝑗:𝑗=1,𝑗≠𝑖

𝑘
𝑖=1    𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜   𝑝𝑖  ≥ 0, ∀𝑖 ,    ∑ 𝑝𝑖

𝑘
𝑖=1 = 1  

Equation 6.24: This equation demonstrates how the pairwise probabilities (r) calculated in 

equation 6.23 can be incorporated into an optimization problem to solve for the probability 

(p) that the sample used to generate the pairwise probabilities belongs  to each of the 

training data classes. 

 

To this point we have demonstrated the probabilistic multi-class soft-margin variant of 

kernel SVM previously used in  [32]. This is the configuration we decided upon using for 

our own implementation of SVM for GRF recognition, which we developed using the 

Encog  [74] wrapper of the popular LIBSVM tool  [82]. For our kernel function we opted 

for the Gaussian RBF function as this was selected as the kernel function in all of the 
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previously SVM-based GRF recognition studies. To effectively generate EER values 

using this technique we created an extension of the standard Encog SVM class, 

constructing it to initialize with the LIBSVM probability parameter flag set to 1. 

Furthermore, we altered the default LIBSVM probability generation behaviour, which, 

due to the pseudo-random cross validation used in its probability generation algorithm, 

effectively returned non-deterministic probabilities. In our implementation we had the 

LIBSVM code use deterministic probabilities by setting Encog’s SupportClass.Random 

value to use a seeded random number rather than the default pseudo-random number. 

Finally, we optimized our SVM classifier with respect to its input parameters: the 

features passed in for training and testing, the value of the regularization parameter (C), 

and the value of the kernel parameter (𝛾). First, to reduce the undesirable bias from any 

particular input feature we rescaled all our training and testing input features to fall 

within the range of [0, 1], as defined by the respective minimum and maximum values for 

each feature within the training dataset. Having rescaled our input features, the values of 

our two additional SVM parameters were then optimized via an exhaustive search of 

various parameter combinations similar to the approach used in our MLP optimization. 

By picking a reasonable distribution of arbitrary parameter values we were able to 

identify the range of values for each parameter that optimized the GRF recognition EER 

results when used with each of our preprocessor configurations (shown in figure 6.9).  
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Figure 6.9: This figure compares our best cross-validated EER values achieved with the 

SVM classifier to the optimization parameters used to achieve them for all of our best 

performing preprocessing techniques. For either given parameter value, optimization was 

carried out by testing the given parameter value with every possible value for the other 

parameter and returning the EER for the best combination. 
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In figure 6.9 we can clearly see that the regularization parameter is ineffective for GRF 

recognition when its value is below about 0.25, thereafter having little influence on 

performance when given larger values. Conversely, the optimization of the kernel 

parameter achieved its best performance when given a value below 1 and quickly became 

ineffective when given larger values. The combination of parameters that produced the 

best GRF recognition results across our best feature extraction configurations are shown 

in table 6.3. As was the case with our MLP classifier, the use of a SVM classifier led to a 

substantial decrease in GRF recognition performance when used in combination with our 

optimal geometric and wavelet feature spaces, likely owing to their relatively strong 

inherent performance bias toward KNN (a result of the use of KNN in our feature 

extractor optimization). However, as was also the case with our MLP classifier, the GRF 

recognition performance increased for our two feature spaces that were less subject to 

KNN bias (our holistic and spectral feature spaces). In fact the use of the SVM classifier 

together with our holistic and spectral feature spaces actually led to a significant increase 

in GRF recognition performance when compared with the MLP classification results, 

most notably in the non-normalized holistic and normalized spectral feature spaces. 

These findings, when accounting for the KNN bias, support the findings of previous GRF 

recognition studies  [7, 32, 3, 4], which found SVM improved recognition performance 

over the KNN classifier. Furthermore, our findings on the comparison of SVM with MLP 

reflected those of  [32], with SVM generally achieving comparable or better GRF 

recognition performance than MLP across a variety of different feature spaces.  
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Table 6.3: This table demonstrates the best performance achieved by the SVM classifier for 

each preprocessing technique. The threshold shown is the threshold at which the EER value 

was calculated (a value between 0 and 1 derived from the raw posterior probability output) 

and the EER improvement represents the improvement in recognition performance 

achieved by the optimal SVM variant over the results calculated in the previous two 

chapters. 
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6.4 Linear Discriminant Analysis 

 

In section 2.2.3 of Chapter 2 we discussed the categorization of classifiers as following 

either a generative or discriminative model for establishing whether a given sample 

belongs to a specific class. The classifiers we have examined so far were all categorized 

as being discriminative classifiers because their posterior class probabilities were derived 

directly from their optimized outputs, without regard for the underlying class conditional 

densities. In this section we explore the use of the eager learning classifier known as 

Linear Discriminant Analysis (LDA), which, despite its name, takes a generative 

approach to modeling posterior class probabilities. Traditionally, in its basic form, this 

classifier assumes each class has a Gaussian distribution of members with a common 

degree of variance across all classes  [85]. Under such assumptions posterior probabilities 

are derived by first finding the position of a tested sample with respect to each class’s 

conditional multivariate Gaussian probability density function (equation 6.25), then using 

Bayes rule (equation 6.26) to estimate the posterior class probabilities. This technique 

also comes in a reduced form which involves first using Fisher’s dimensionality 

reduction technique to project the training and testing samples down to some smaller set 

of dimensions maximizing the statistical separation of classes, and then using this more 

discriminative reduced feature space to perform the traditional LDA classification  [85]. 

Hastie et al. have suggested that the reduced form of LDA can produce better 

classification performance than the non-reduced form  [85]; however, it is also 

susceptible to a deficiency known as the small sample size (SSS) problem  [86], which 

occurs when the number of dimensions in the feature set being classified is greater than 

the number of data samples used for training. With regards to previous GRF recognition 
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studies, only  [7] previously used LDA for GRF recognition and no details were given on 

the actual variant of LDA used. For the purpose of our research we have elected to study 

the GRF recognition performance of a non-SSS susceptible variant of reduced LDA 

known as Uncorrelated LDA (ULDA)  [87] together with the kernelized variation on this 

technique known as KUDA  [88]. 

 

𝑃(𝒙 | 𝑦𝑖) ≈  
1

(2𝜋)𝑚/2|𝚺|1/2
exp (

1

2
(𝒙 − 𝝁𝑦𝑖)𝚺

−1(𝒙 − 𝝁𝑦𝑖))  

Equation 6.25: This equation demonstrates the multivariate Gaussian probability density 

function for estimating the likelihood of the vector sample x in a m-dimensional feature 

space, given the class labelled yi with a vector class mean µyi estimated using training data. 

Under LDA, a common covariance matrix 𝚺 is estimated using training data across all 

classes; this differs from Quadratic Discriminant Analysis (QDA)  [89], which replaces 𝚺 

with class-dependent covariance matrices (𝚺𝒊). 

 

𝑃(𝑦𝑖 | 𝒙) =  
𝑃(𝒙 | 𝑦𝑖)𝑃(𝑦𝑖)

𝑃(𝒙)
 =  

𝑃(𝒙 | 𝑦𝑖)𝑃(𝑦𝑖)

∑ 𝑃(𝒙 | 𝑦𝑗)𝑃(𝑦𝑗)
𝑘
𝑗=1

  

Equation 6.26: Using Bayes rule the probability estimated in Equation 6.25 can be used to 

derive the probability that the class yi corresponds to the given sample x; doing so requires 

an a priori estimate of the likelihood that a sample of class yi would appear as an input 

(𝑷(𝒚𝒊)) for all k classes. 

 

When examining the LDA class conditional probability definition in equation 6.25 it is 

apparent that the single discriminating factor in LDA is the squared Mahalanobis distance 

which forms its exponent term. When posterior probabilities are not required and the a 

priori likelihood of each class is considered to be equal, classification can be 

accomplished simply by using a maximum likelihood estimator of this distance  [87]. 

Yet, a consequence of this dependency on a single feature space-spanning distance metric 
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is the erosion of the LDA classifier’s discriminative ability when classification is 

performed on feature spaces with a significant number of weakly discriminant features; in 

this case the weak features would mask the stronger features, resulting in decreased 

classification performance. The reduced form of LDA mitigates this problem by reducing 

the dimensionality of the feature space using the supervised dimensionality reduction 

technique proposed by Fisher  [90]. This technique, which is often also referred to as 

LDA or Fisher Discriminant Analysis (FDA) when used for feature extraction  [91], is 

similar to PCA (section 4.2 of chapter 4) in that it uses Eigen Decomposition to derive a 

dimensionality reducing transformation matrix, but differs in metric around which the 

dimensionality reduction is optimized. Under PCA, the zeroed covariance matrix is taken 

as the optimization criterion and the dimensionality reducing transformation matrix is 

acquired by performing Eigen Decomposition on this criterion and extracting the subset 

of the eigenvectors corresponding to the largest eigenvalues returned by the 

decomposition; the result of this is a dimensionality reduction that preserves as much 

variance as possible. In contrast, the dimensionality reduction for reduced LDA is based 

around an optimization criterion known as the Fisher criterion (equation 6.28). Solving 

for this criterion allows for a reduction in dimensionality that maximizes the separation of 

class means (the between class scatter matrix Sb) while simultaneously minimizing the 

degree of variance across all classes (the within class scatter matrix Sw), thus producing a 

dimensionality reduction that preserves as much of a separation between each class’s 

Gaussian norms as possible. With a bit of work this criterion can be reformulated as a 

problem that can be solved via Eigen Decomposition (equation 6.29), having the 

transformation matrix G defined as the row appended eigenvectors corresponding to the 
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non-zero eigenvalues. Graphically, the discriminative properties provided by the Fisher 

technique over PCA become particularly apparent when the dataset variance runs 

perpendicular to the separation of classes, as demonstrated in figure 6.10.  

 

 

Figure 6.10: This figure compares the dimensionality reduction in PCA, which projects data 

into the dimension of highest variance, with the reduced LDA dimensionality reduction, 

which projects data into the dimension maximizing the distance between class distributions. 

In this case the projection into the LDA dimension produces a result that has the two classes 

separated, while the projection into the PCA dimension has the data from the two classes 

interspersed.  
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𝒄 =  
1

𝑛
𝑨𝒆, 𝒆 = (1,1, … , 1)𝑇 ∈ 𝑹𝑛    𝒄(𝒊) = 

1

𝑛𝑖
𝑨𝒊𝒆

(𝒊),    𝒆(𝒊) = (1,1, … 1)𝑇 ∈  𝑹𝑛𝑖    

𝑯𝒘 = 
1

√𝑛
[𝑨𝟏 − 𝒄

(𝟏)(𝒆(𝟏))
𝑇
, … , 𝑨𝒌 − 𝒄

(𝒌)(𝒆(𝒌))
𝑇
]  

 𝑯𝒃 = 
1

√𝑛
[√𝑛1(𝒄

(𝟏) − 𝒄), . . . , √𝑛𝑘(𝒄
(𝒌) − 𝒄)] 

𝑺𝒘 = 𝑯𝒘𝑯𝒘
𝑇 ,   𝑺𝒃 = 𝑯𝒃𝑯𝒃

𝑇  

Equation 6.27: This equation demonstrates the definition of the pooled within (𝑺𝒘) and 

between (𝑺𝒃) class scatter matrices that are essential to performing reduced LDA. As 

demonstrated here they can be represented as the square of two other matrices (their half 

forms), with A being the set of samples, Ai being the set samples associated with class i, c 

containing the mean vector for each feature across all k classes, c
(i)

 containing the mean 

vector across class i, n being the total number of samples, and ni being the total number of 

samples in class i.  

 

𝑾 = argmax𝑾 𝑡𝑟 (
𝑾𝑇𝑺𝒃𝑾

𝑾𝑇𝑺𝒘𝑾
)  

Equation 6.28: This equation demonstrates Fisher’s Optimization Criterion, which is based 

around finding the matrix W that maximizes the between class scatter matrix while 

simultaneously minimizing the within class scatter matrix.  

 

𝑑

𝑑𝑾

𝑾𝑇𝑺𝒃𝑾

𝑾𝑇𝑺𝒘𝑾
= 

𝑑

𝑑𝑾
(𝑾𝑇𝑺𝒃𝑾)𝑾

𝑇𝑺𝒘𝑾− 
𝑑

𝑑𝑾
(𝑾𝑇𝑺𝒘𝑾)𝑾

𝑇𝑺𝒃𝑾

(𝑾𝑇𝑺𝒘𝑾)2
  

=> argmax
𝑾

𝑡𝑟 (
𝑾𝑇𝑺𝒃𝑾

𝑾𝑇𝑺𝒘𝑾
) =  

(2𝑺𝒃𝑾)𝑾
𝑇𝑺𝒘𝑾−(2𝑺𝒘𝑾)𝑾

𝑇𝑺𝒃𝑾

(𝑾𝑇𝑺𝒘𝑾)2
 = 0  

=> 𝑾𝑇𝑺𝒘𝑾(𝑺𝒘𝑾)− 𝑾
𝑇𝑺𝒃𝑾(𝑺𝒘𝑾) =  0   

=> 
𝑾𝑇𝑺𝒘𝑾(𝑺𝒃𝑾)

𝑾𝑇𝑺𝒘𝑾
− 

𝑾𝑇𝑺𝒃𝑾(𝑺𝒘𝑾)

𝑾𝑇𝑺𝒘𝑾
 =   𝑺𝒃𝑾− 

𝑾𝑇𝑺𝒃𝑾

𝑾𝑇𝑺𝒘𝑾
(𝑺𝒘𝑾) = 0  

=> 𝑺𝒃𝑾 =  𝚲(𝑺𝒘𝑾)   𝑜𝑟   𝑺𝒘
−𝟏𝑺𝒃𝑾 =  𝚲𝑾,     𝑤ℎ𝑒𝑟𝑒     𝚲 =  

𝑾𝑇𝑺𝒃𝑾

𝑾𝑇𝑺𝒘𝑾
    𝑎𝑛𝑑    𝑮 =  𝑾𝒒  

Equation 6.29: To solve for the value of W that optimizes equation 6.28, the problem can be 

reformulated into one that is solvable via Eigen Decomposition. In this case W will be 
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formed by the eigenvectors associated with the q non-zero eigenvalues in the diagonal 

eigenvalue matrix 𝚲.  

 

Unlike PCA, which, prior to reduction, will produce as many dimensions as there are 

dimensions of variance in a dataset, the Fisher dimensionality reduction technique is 

bounded by the number of classes identified in its training dataset. This owes to the fact 

that a dataset with C unique classes will result in a matrix Sb having a rank with an upper 

bounding of C – 1, and therefore the Eigen Decomposition of equation 6.29 can only ever 

produce at most C – 1 non-zero eigenvalues  [87]. Moreover, in datasets containing fewer 

dimensions than classes this bound on the number of dimensions returned would instead 

be equal to the number of dimensions in the dataset, thus the upper bound on the number 

of dimensions produced for reduced LDA can be represented as the minimum of the two 

possible boundaries (equation 6.30). The lower boundary, in contrast, has no such 

restrictions and, in using this technique, any dataset could be reduced down to its single 

most discriminant dimension; however, for the purpose of our research the reduced LDA 

classifier is always assumed to use a dimensionality reduction equivalent to the upper 

bound shown equation 6.30 (note that for datasets with a large number of classes this 

reduction may not be small enough). With a chosen dimensionality reduction strategy in 

place, once the dimensionality reducing transformation matrix (G) has been found, the 

class conditional probability density function for reduced LDA classifier will take the 

form shown in equation 6.31. 
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𝑚 = max(𝑝, 𝐶 − 1)       𝑤𝑖𝑡ℎ   𝒙𝜖𝑹𝑝     𝑎𝑛𝑑     𝑮𝑇𝒙 ∈ 𝑹𝑚  

Equation 6.30: This equation demonstrates the upper bound for dimensionality reduction 

via the Fisher dimensionality reduction technique over a dataset with p dimensions and C 

different classes. In this equation, x represents a sample in the dataset while 𝑮𝑻𝒙 represents 

the transformation of x into the reduced dimensional space. 

 

𝒙̃ =  𝑮𝑇𝒙,     𝝁̃𝒚𝒊 = 𝑮
𝑇𝝁𝒚𝒊 ,     𝑺̃𝒘  =  𝑮

𝑇𝑺𝒘𝑮     

𝑃(𝒙 | 𝑦𝑖) ≈  
1

(2𝜋)𝑚/2|𝑺̃𝒘|
1/2 exp (

1

2
(𝒙̃ − 𝝁̃𝒚𝒊)𝑺̃𝒘

−𝟏(𝒙̃ − 𝝁̃𝒚𝒊))  

Equation 6.31: This equation demonstrates how the class conditional probability density 

function can be adapted to be used with reduced LDA. To accomplish this, each dataset-

dependent input is multiplied with the transformation matrix G. 

 

One unfortunate weakness in the above formulation for reduced LDA is the strict 

requirement that the within-class scatter matrix be invertible. The introduction of a non-

invertible singular within-class scatter matrix is a common problem for datasets that 

contain more samples than dimensions (the SSS problem). To get around this limitation a 

number of techniques have been proposed including Regularized LDA  [92], Nullspace 

LDA  [93], and Penalized LDA  [94] among others. Of the proposed solutions the ULDA 

technique described by Ye in  [87] provides a convenient generalization to reduced LDA 

for situations with both singular and non-singular within-class scatter matrices. Under the 

ULDA technique the inverted term in the optimization criterion is reformulated using the 

pseudo-inverse, giving ULDA the valuable property of being equivalent to the standard 

reduced LDA technique when dealing with the case of a non-singular scatter matrix in the 

criterion’s denominator (in this case the pseudo inverse is equal to the actual inverse). 

Moreover, when dealing with the case of a singular scatter matrix ULDA acts as an 
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extension on reduced LDA, using the pseudo-inverse’s optimal inverse solution in the 

case for which an inverse could not be found using standard matrix inversion  [95]. The 

ULDA technique also takes advantage of the fact that the Fisher optimization criterion 

can be solved using an equivalent form that has the total scatter matrix (equation 6.32) in 

the place of the within-class scatter matrix  [96]. With these adaptations to the standard 

reduced LDA, the ULDA optimization criterion takes on the new form shown in equation 

6.33. 

 

𝑯𝑡 = 
1

√𝑛
(𝑨 − 𝒄𝒆𝑇),       𝑺𝑡 = 𝑯𝒕𝑯𝒕

𝑇  

Equation 6.32: This equation demonstrates the derivation of the total scatter matrix, with A 

being the dataset, c being the vector of dataset means, and e being the vector of 1s defined in 

equation 6.27. 

 

𝑮 = 𝑎𝑟𝑔max𝑮 𝑡𝑟((𝑮
𝑇𝑺𝒕𝑮)

+(𝑮𝑇𝑺𝒃𝑮))  

Equation 6.33: This equation demonstrates the ULDA optimization criterion. Note that, 

unlike the Fisher Optimization Criterion, this criterion has the total scatter matrix in the 

place of the within-class scatter matrix, and uses the pseudo-inverse in the place of the 

inverse. 

 

The efficient ULDA algorithm that Ye  [87] proposed is premised on solving for the 

matrix X that simultaneously diagonalizes the three different scatter matrices (Sb, Sw, and 

St). Ye was able to show that this could be done using only the half-between class scatter 

matrix (Hb) and half-total class scatter matrix (Ht); in Ye’s algorithm these half scatter 

matrices are assumed to have rows corresponding to dimensions and columns 

corresponding to individual data samples, the transpose of the form these matrices 
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normally take. The first step in the algorithm involves using SVD to decompose the half 

total scatter matrix into its orthogonal and diagonal components (equation 6.34); when 

accounting for the relationship between the scatter matrices it was shown that a large part 

of the SVD can be ignored and this step could simply be accomplished using the more 

efficient reduced (or economy) SVD technique  [97] (equation 6.35). Having solved for 

the reduced SVD of Ht, it was demonstrated that the relationship between the 

diagonalized total scatter matrix and the other two scatter matrices could be redefined as 

shown in equation 6.36. The next step of the algorithm involves a second SVD, this time 

the full SVD is computed on half of equation 6.36’s between-class component, allowing 

for the derivation of the between-class scatter matrix diagonalization shown in equation 

6.37. As a final step in the simultaneous diagonalization of scatter matrices, having 

discovered the diagonalization of the total and between-class scatter matrices, the 

orthogonal matrix P discovered in equation 6.37 can be multiplied with equation 6.36 to 

reveal the diagonalization of all three scatter matrices (equation 6.38); this results in the 

diagonalization matrix X demonstrated in equation 6.39. 

 

𝑯𝒕 = 𝑼𝚺𝑽
𝑇 ,     𝑤𝑖𝑡ℎ   𝚺 =  (

𝚺𝒕 0
0 0

),   𝚺𝒕 ∈ 𝑹
𝑡×𝑡 , 𝑎𝑛𝑑 𝑡 = 𝑟𝑎𝑛𝑘(𝑺𝒕),     

 𝑯𝒕 ∈ 𝑹
𝑚×𝑛, 𝑼 ∈ 𝑹𝑚×𝑚, 𝚺 ∈ 𝑹𝑚×𝑛, 𝑽 ∈ 𝑹𝑛×𝑛   

Equation 6.34: The full SVD of Ht, shown above, decomposes it into two orthogonal 

components U and V as well as a diagonal component 𝚺. Here the half scatter matrices 

defined previously have been transposed so that each row represents one of the m 

dimensions in the feature space and each column represents one of the n samples in the 

training dataset. 
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𝑺𝒕 =  𝑼𝚺𝑽
𝑇𝑽𝚺𝑇𝑼𝑇 = 𝑼𝚺𝚺𝑇𝑼𝑇 = (𝚺𝒕

𝟐 0
0 0

) , 𝑼 = (𝑼𝟏, 𝑼𝟐),   

 𝑼𝟏 ∈ 𝑹
𝑚×𝑡 𝑎𝑛𝑑 𝑼𝟐 ∈ 𝑹

𝑚×(𝑚−𝑡)   

(𝚺𝒕
𝟐 0
0 0

) =  𝑼𝑇𝑺𝒕𝑼 = 𝑼
𝑇(𝑺𝒃 + 𝑺𝒘)𝑼 =  (

𝑼𝟏
𝑇

𝑼𝟐
𝑇)𝑺𝒃(𝑼𝟏, 𝑼𝟐) + (

𝑼𝟏
𝑇

𝑼𝟐
𝑇)𝑺𝒘(𝑼𝟏, 𝑼𝟐)  

= (
𝑼𝟏

𝑇𝑺𝒃𝑼𝟏 𝑼𝟏
𝑇𝑺𝒃𝑼𝟐

𝑼𝟐
𝑇𝑺𝒃𝑼𝟏 𝑼𝟐

𝑇𝑺𝒃𝑼𝟐
) + (

𝑼𝟏
𝑇𝑺𝒘𝑼𝟏 𝑼𝟏

𝑇𝑺𝒘𝑼𝟐
𝑼𝟐

𝑇𝑺𝒘𝑼𝟏 𝑼𝟐
𝑇𝑺𝒘𝑼𝟐

)  

=> 𝑼𝑇𝑺𝒃𝑼 =  (
𝑼𝟏

𝑇𝑺𝒃𝑼𝟏 0
0 0

)   𝑎𝑛𝑑  𝑼𝑇𝑺𝒘𝑼 = (
𝑼𝟏

𝑇𝑺𝒘𝑼𝟏 0
0 0

)  

Equation 6.35: This equation demonstrates that reduced SVD, which involves only 

calculating the first t columns of U, can be used in the place of full SVD in modeling the 

relationship between the scatter matrices.  In this equation t continues to represent the rank 

of the total scatter matrix and fact that all matrices involved are positive semi-definite mean 

only the sum of 𝑼𝟏
𝑻𝑺𝒃𝑼𝟏 and 𝑼𝟏

𝑻𝑺𝒘𝑼𝟏 will be non-zero with a sum of 𝚺𝒕
𝟐.  

 

𝚺𝒕
𝟐 = 𝑼𝟏

𝑇𝑺𝒃𝑼𝟏 + 𝑼𝟏
𝑇𝑺𝒘𝑼𝟏  =>  𝑰𝒕 = 𝚺𝒕

−𝟏𝑼𝟏
𝑇𝑺𝒃𝑼𝟏𝚺𝒕

−𝟏 + 𝚺𝒕
−𝟏𝑼𝟏

𝑇𝑺𝒘𝑼𝟏𝚺𝒕
−𝟏  

Equation 6.36: This equation demonstrates how the relationship among scatter matrices, 

derived in equation 6.35, can be altered to get an identity matrix on one side of the equation. 

 

𝑩 = 𝚺𝒕
−𝟏𝑼𝟏

𝑇𝑯𝒃,    𝑤𝑖𝑡ℎ 𝑆𝑉𝐷   𝑩 = 𝑷𝚺̃𝑸
𝑇  =>  𝚺𝒕

−𝟏𝑼𝟏
𝑇𝑯𝒃 = 𝑩𝑩

𝑻  

=  𝑷𝚺̃𝑸𝑇𝑸𝚺̃ 𝑷𝑇 = 𝑷𝚺̃ 2𝑷𝑇 =  𝑷𝚺𝒃𝑷
𝑇  

Equation 6.37: In this equation the full SVD is taken over the value given to B. By 

substituting the result back in the between class component of equation 6.36 it can be shown 

that the orthogonal component Q disappears as its product simply becomes an identity 

matrix,  while the diagonal matrix becomes the square of itself.  
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𝑷𝑇𝑰𝒕𝑷 =  𝚺𝒃 + 𝑷
𝑇𝚺𝒕

−𝟏𝑼𝟏
𝑇𝑺𝒘𝑼𝟏𝚺𝒕

−𝟏𝑷 => 𝑰𝒕 = 𝚺𝒃 + 𝑷
𝑇𝚺𝒕

−𝟏𝑼𝟏
𝑇𝑺𝒘𝑼𝟏𝚺𝒕

−𝟏𝑷  

=> 𝑷𝑇𝚺𝒕
−𝟏𝑼𝟏

𝑇𝑺𝒘𝑼𝟏𝚺𝒕
−𝟏𝑷 =  𝑰𝒕 − 𝚺𝒃 = 𝚺𝒘  

Equation 6.38: By multiplying the relationship discovered in equation 6.36 with the 

orthogonal matrix P, the relationship between the scatter matrices can be reformulated as a 

relationship between diagonal matrices. 

 

𝑿𝑻𝑺𝒃𝑿 =  (
𝚺𝒃 0
0 0

) ≡ 𝑫𝒃,     𝑿
𝑻𝑺𝒘𝑿 = (

𝚺𝒘 0
0 0

) ≡ 𝑫𝒘,     𝑿
𝑻𝑺𝒕𝑿 =  (

𝚺𝒕 0
0 0

) ≡ 𝑫𝒕  

𝑿 = 𝑼(𝚺𝒕
−𝟏𝑷 0
0 𝑰

)  

Equation 6.39: Using the findings from equations 6.34 through 6.38, this equation 

demonstrates the definition of the diagonalization matrix X that simultaneously 

diagonalizes the three scatter matrices. 

 

Finding the solution for the ULDA transformation matrix (G) can be simplified when the 

diagonalization matrix (X) is available. In this case the optimization criterion from 

equation 6.33 can be reduced to the form shown in equation 6.40, by first substituting the 

scatter matrices for their diagonalized forms, and then simplifying using the cyclic matrix 

trace property together with the pseudo-inverse properties of equality. Under this new 

criterion the transformation matrix can be seen as being formed by the product of X with 

some unknown matrix (𝑮̃). In  [87] Ye presented a theorem which demonstrated how the 

maximization of this criterion need only depend on a truncated form of the 

diagonalization matrix, namely the sub matrix formed by first q columns in X (the 

columns representing the eigenvectors corresponding to Sb’s non-zero eigenvalues). In 

applying this theorem, it was shown that 𝑮̃ could be decomposed into two different 

components of which only one would have any effect on the maximization of the 
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criterion, the t×q dimensional matrix G1 (for the t rank total scatter matrix), and that this 

component could be decomposed further to a non-singular q×q matrix M via removing 

rows found to have no influence over the criterion. Consequently M could be used in the 

place of 𝑮̃ as the unknown criterion-influencing component, and, when combined with 

the truncated diagonalization matrix Xq, Ye’s theorem proved that the resulting 

generalized transformation matrix (equation 6.41) would be guaranteed to maximize the 

criterion given any non-singular value of M. In the specific case of ULDA the value of M 

is set to the identity matrix (Iq) so the transformation matrix becomes equivalent to Xq 

(equation 6.42), and the reduced dimensional space produces features that are 

uncorrelated from one another. Assigning the discovered value of G to the formerly 

described reduced LDA classifier then gives us our ULDA classifier. 

 

𝑮𝑻𝑺𝒃𝑮 =  𝑮
𝑇(𝑿−𝟏)𝑇(𝑿𝑻𝑺𝒃𝑿)𝑿

−𝟏𝑮 = 𝑮̃𝑇𝑫𝒃𝑮̃   

𝑮𝑻𝑺𝒕𝑮 =  𝑮
𝑇(𝑿−𝟏)𝑇(𝑿𝑻𝑺𝒕𝑿)𝑿

−𝟏𝑮 =  𝑮̃𝑇𝑫𝒕𝑮̃  

𝑮̃  =  𝑿−𝟏𝑮 =  (
𝑮𝟏
𝑮𝟐
)   𝑤𝑖𝑡ℎ   𝑮𝟏 ∈ 𝑹

𝑡×𝑞  𝑎𝑛𝑑  𝑮𝟐 ∈ 𝑹
(𝑚−𝑡)×𝑞   𝑓𝑜𝑟   𝑞 = 𝑟𝑎𝑛𝑘(𝑺𝒃)  

=> 𝑮 = 𝑎𝑟𝑔max𝑮 𝑡𝑟 ((𝑮𝟏
𝑇𝑮𝟏)

+
(𝑮𝟏

𝑇𝚺𝒃𝑮𝟏))    =

  𝑎𝑟𝑔max𝑮 𝑡𝑟 ((𝑮𝟏𝑮𝟏
+)
𝑇
𝚺𝒃(𝑮𝟏𝑮𝟏

+))  

Equation 6.40: This equation demonstrates how the diagonalization matrix X can be 

incorporated into the ULDA optimization criterion so the criterion can be represented in a 

diagonalized form. Note that with t equal to the total scatter matrix rank, the component G2 

does not contribute to the optimization. 
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𝑮 = 𝑿𝑮̃ =  𝑿𝒒𝑴,       𝑹
𝑞×𝑞   

Equation 6.41: This equation demonstrates a generalized form for the optimal, non-SSS 

susceptible LDA transformation matrix, with Xq being the first q (as defined in equation 

6.40) vectors in diagonalization matrix and M an arbitrary non-singular matrix of q 

dimensions. 

 

𝑮 =  𝑿𝒒  

Equation 6.42: In ULDA the q-dimensional identity matrix is selected as the choice for M 

from equation 6.41 as shown above. 

 

In  [98] Park et al. demonstrated that the relationship linking the scatter matrices to the 

reduced LDA optimization criterion could be reformulated so to allow for the 

maximization of the criterion over a higher dimensional kernel space. A follow up on this 

research was done by Wang et al.  [88], who showed that this new kernel-based 

optimization criterion could be used in the place of the non-kernel-based optimization 

criterion when performing ULDA for feature extraction; the resulting algorithm was 

termed KUDA. In its use for classification, the KUDA algorithm can be derived by 

simply replacing non-kernelized input with equivalent kernelized input (equation 6.43) 

during the training and classification phases. During the training phase the two half-

scatter matrices, Hb and Ht, would then be replaced with their kernelized forms, 𝑯𝒃(∅) 

and 𝑯𝒕(∅), to solve for the transformation matrix (G), while during the classification 

phase the within-class scatter matrix (Sw) and input sample vector (x) would be replaced 

with their respective kernelized equivalents, 𝑺𝒘(∅) and ∅(𝒙), to obtain the class 

conditional probability density functions. For computational efficiency, the KUDA 

classifier takes advantage of the kernel trick, a technique we previously discussed in the 
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formulation of the kernel-SVM classifier (section 6.3). The work done by Park et al.  [87] 

showed that all reduced LDA inputs could be reformulated as a grouping of dot products 

and these dot products could be replaced by kernel functions, which, in turn, would still 

produce dot product values, but this time between a projection of the inputs in a higher 

dimensional kernel space, moreover without actually needing to perform any 

computationally expensive feature space projections. Consequently, as was previously 

demonstrated for the SVM classifier, the samples of a dataset, when treated in the kernel 

space, may become separable where such separation would not otherwise have been 

possible using the non-kernelized version of the ULDA classifier. 

 

𝑲(𝒙𝟏, 𝒙𝟐… , 𝒙𝒏) =  [
𝜅(𝒙𝟏, 𝒙𝟏) ⋯ 𝜅(𝒙𝟏, 𝒙𝒏)

⋮ ⋱ ⋮
𝜅(𝒙𝒏, 𝒙𝟏) ⋯ 𝜅(𝒙𝒏, 𝒙𝒏)

] , 𝒙𝒊𝜖𝑨  

∅(𝒙)  =  [𝜅(𝒙, 𝒙𝟏), 𝜅(𝒙, 𝒙𝟐)…  𝜅(𝒙, 𝒙𝒏)], 𝒙𝒊𝜖𝑨  

𝒄∅ = 
1

𝑛
𝑲𝒆, 𝒆 = (1,1, … , 1)𝑇 ∈ 𝑹𝑛    𝒄∅

(𝒊)
= 

1

𝑛𝑖
𝑲𝒊𝒆

(𝒊),    𝒆(𝒊) = (1,1, … 1)𝑇 ∈  𝑹𝑛𝑖    

𝑯𝒕(∅) = 
1

√𝑛
(𝑲 − 𝒄∅𝒆

𝑇),    𝑯𝒃(∅) = 
1

√𝑛
[√𝑛1(𝒄∅

(𝒊)
− 𝒄∅), . . . , √𝑛𝑘(𝒄∅

(𝒊)
− 𝒄∅)]     

𝑺𝒘(∅) = 
1

𝑛
∑ ∑ (𝒙 − 𝒄∅

(𝒊)
)𝑥∈𝑲𝒊

𝑘
𝑖=1 (𝒙 − 𝒄∅

(𝒊)
)
𝑇

  

Equation 6.43: This equation demonstrates the derivation of the kernelized inputs required 

to perform KUDA with 𝜿(𝒙, 𝒚) being the kernel function. The scatter and half scatter 

matrices can be derived using the same process as was used for the non-kernelized ULDA 

but with the input data matrix 𝑨 ∈ 𝑹𝒏×𝒎 replaced by its Gram kernel matrix K. The kernel 

transformation function ∅(𝒙) projects the sample x into the kernel space with respect to the 

training data, and, to solve for the scatter matrices, a subset of kernelized samples Ki is 

obtained for each class i belonging to the k different classes. 
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For the purpose of our GRF research, we implemented both the ULDA and KUDA 

variants of the LDA classifier, using a C# port  [99] of the popular Jama matrix 

manipulation package  [100] to perform the required matrix decompositions where 

required. In our implementation, the Jama SVD algorithm was modified so to allow for 

the calculation of either the full or economy SVD when requested, as opposed the default 

Jama SVD behaviour that produces only the economy SVD. We also corrected for a 

deficiency in Jama whereby the SVD algorithm fails when calculated on matrices having 

more columns than rows. With regards to parameter optimization, the ULDA algorithm 

can run independent of external configuration parameters, whereas the optimization of 

the KUDA algorithm depends on the kernel function configuration used to run it. We 

decided to use the Gaussian RBF kernel (equation 6.22) for our KUDA classifier, leaving 

us with a single kernel parameter (𝛾) to optimize, with optimization being accomplished 

using an exhaustive search of values. Additionally, to remove any potential bias due to 

variations in feature scale, we rescaled all input data to these LDA-based classifiers to 

fall within the range of [0, 1]; while, using our knowledge of the potential subject-sample 

input distribution, the a priori probabilities (𝑃(𝑦𝑖) in equation 6.26) of all 10 subjects 

were considered to be equal at 0.1. Finally, unlike the previous classifiers discussed in 

this chapter, our LDA-based classifiers required no extra work be done to determine 

posterior probabilities and the classifier output (equation 6.26) was used directly in our 

EER calculations. 

 

Our initial attempts at running the ULDA and KUDA classifiers against our GRF data 

achieved relatively poor recognition results. We discovered that these poor results 
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resulted from two different problems with our chosen implementation. The first of these 

problems was related to our application of Bayes Rule to calculate posterior probabilities. 

In our initial implementation we neglected the fact that the distances in the exponent of 

the unscaled class probabilities may take on very large negative values, some so large 

that they result in underflow in a typical application. This led to cases where all class 

probabilities would end up being assigned value of zero and the scaled classifier posterior 

probability would come out as being undefined. To address this issue we added an 

additional step prior to applying Bayes Rules. The new step involves first computing the 

logarithms for each of the class probabilities, then subtracting a constant from each of the 

logarithms to assign a value of zero to the greatest logarithmic probability, and finally 

exponentiating the logarithmic terms (see equation 6.44). After applying this step we find 

that at least one of the unscaled class probabilities will always be assigned a value of one 

and the classifier’s posterior probability output will never be undefined. The second 

problem we encountered came as the result of our chosen LDA dimensionality reduction 

technique. What we discovered was that the ULDA-based dimensionality techniques had 

a strong tendency to overfit our training data. Consequently, our dimensionally-reduced 

training data class distributions, and, by extension our pooled within class covariance 

matrix, contained an incredibly small degree of variance, producing class boundaries that 

perfectly separated training samples by class yet proved poor for classification of testing 

data samples. In  [101] it was found that the ULDA transformation causes the samples of 

each class to converge to a single point per class under the mild condition (equation 

6.45), which typically leads to classifier overfitting. In that paper the regularized-LDA 

technique known as RLDA was suggested as an overfitting-resistant alternative. For our 
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research, we altered the handling of our ULDA output to assume a greater degree of 

variance in the calculation of our class probabilities. Taking into account the fact that the 

ULDA dimensionality reduction leads to features that are uncorrelated (producing 

diagonal covariance matrices with the variances of each feature represented down the 

diagonal) we replaced the transformed within-class scatter matrix of equation 6.31 with a 

number of different diagonal matrices and tested the classifier performance against them. 

In our work we found that by simply using an identity matrix in the place of the much 

smaller transformed within-class scatter matrix, the classifier was better able to 

generalize class boundaries, providing far better classification results. The new class 

conditional probability function used in our work is shown in equation 6.46, while the 

optimization of the kernel parameter for the KUDA algorithm under this new 

classification approach is demonstrated in figure 6.11. 

 

𝐿𝑦𝑖 = ln(𝑝(𝒙|𝑦𝑖)) + ln(𝑝(𝑦𝑖)) , 𝐿𝑖 =𝐿𝑦𝑖 − 𝐶𝑚𝑎𝑥𝑦𝑗
,    𝑗 = 1, …𝑘,       𝑃(𝑦𝑖|𝒙) =  

𝑒𝐿𝑖

∑ 𝑒
𝐿𝑗𝑘

𝑗=1

  

Equation 6.44: This equation demonstrates the logarithm trick we used to avoid numeric 

underflow in the calculation of our posterior probabilities. In this equation we calculate the 

logarithms for all our class probabilities (the conditional probabilities multiplied with the a 

priori class probabilities), then subtract a value equivalent to the maximum logarithm 

𝑪𝒎𝒂𝒙𝒚𝒋
 for all k classes. 

 

𝑟𝑎𝑛𝑘(𝑆𝑏) + 𝑟𝑎𝑛𝑘(𝑆𝑤) = 𝑟𝑎𝑛𝑘(𝑆𝑡)  

Equation 6.45: This equation demonstrates the mild condition, which occurs when the rank 

of the sum of the within and between scatter matrices is equal to that of the total scatter 

matrix. 
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𝑃(𝒙 | 𝑦𝑖) ≈
1

(2𝜋)
𝑚
2 |𝑬|

1
2

exp (
1

2
(𝒙 − 𝝁𝑦𝑖)𝑬

−1(𝒙 − 𝝁𝑦𝑖))   

=>  𝑃(𝒙 | 𝑦𝑖) ≈  
1

(2𝜋)
𝑚
2

exp (
1

2
(𝒙 − 𝝁𝑦𝑖)(𝒙 − 𝝁𝑦𝑖)) ,    𝑤ℎ𝑒𝑛   𝑬 =  𝑰𝒒  

Equation 6.46: In this variant of the class conditional probability definition the diagonal 

covariance matrix (E) is determined based on its ability to generalize class boundaries. In 

our implementation the identity matrix for this q-dimensional space was chosen, simplifying 

the calculations required. 

 

 

Figure 6.11: This figure demonstrates the impact of the kernel optimized parameter 𝜸 on 

the cross-validated EER calculated across our best performing feature preprocessing 

techniques. 

 

The optimal GRF recognition results for our implementation of the ULDA and KUDA 

classifiers over our best previously discovered feature spaces are demonstrated in table 
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6.4. We found that the kernelized KUDA classifier performed considerably better than 

the ULDA classifier on the wavelet and geometric feature spaces, but was generally not 

as strong at classifying the holistic and spectral feature spaces. Moreover, we found that 

these LDA classifier variants generally performed slightly worse than SVM classifier 

over the holistic and spectral feature spaces, yet performed noticeably better than any 

other in the wavelet feature spaces. Also, as was the case in our previous SVM and MLP 

classifiers, we found that our LDA variances performed worse than KNN in the 

geometric feature spaces, but, again, this may be explained by the training bias toward 

KNN. Our findings paralleled those of  [7] in that our LDA classifier achieved similar 

results to those of the SVM classifier; however, little detail was given in  [7] regarding 

the LDA variant used, and, to our knowledge, we are the first to use ULDA and KUDA 

for GRF recognition. Additionally, it must be noted that these classification results were 

idealized in that real a priori probabilities were actually known during computations, 

something that is often not the case in other classification scenarios. Nevertheless, our 

findings leave a lot of room for future improvement; for instance, classification 

performance could be improved by deriving class conditional covariance matrices 

(equation 6.46) that better reflect the variance of features in the reduced LDA space than 

our chosen identity matrix, or, alternatively, the powerful dimensionality reduction 

abilities of these techniques could be re-purposed to discover more discriminative 

features during feature extraction. 
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Table 6.4: These tables demonstrate the best performance achieved by the ULDA and 

KUDA classifiers for each preprocessing technique. The threshold shown is the posterior-

probability threshold at which the EER improvement was calculated and the EER 

improvement represents the improvement in recognition performance achieved by the 

optimal LDA variant over the results calculated in the previous two chapters. 

  



 

 

199 

6.5 Least Squares Probabilistic Classifier 

 

The results achieved by the LDA classifier described in the previous section 

demonstrated that generative classifiers can in fact be effective for the purpose of GRF 

recognition. The LDA classifier, however, has several drawbacks, including the fact that 

the previously discussed LDA algorithms required the use of intensive computations, 

such as SVD, on matrices that grow with the size of the training dataset, as can be seen 

from the derivation of the half total scatter matrix in equation 6.34. This problem could 

potentially be mitigated by using LDA as a binary classifier and performing classification 

through the one-against-one strategy previously used with the SVM classifier, but this 

would take away from the convenience of having a classifier that directly generates 

single dataset-wide probabilistic output values and might reduce recognition 

performance. An alternative classification technique proposed by Sugiyama in  [42] was 

designed to directly model posterior probability, but in a manner that would not require 

the performing of computations on any matrix with a dimensionality larger than the 

largest subset of class samples in the training data. This efficient algorithm, referred to as 

Least Squares Probabilistic Classification (LSPC), opts to solve for optimal posterior 

probability models via the least squares learning technique, as opposed to relying on the 

multivariate Gaussian modeling that forms the core of the posterior probability derivation 

in the LDA classification approach. To our knowledge the LSPC classification technique 

has never before been used for the purpose of GRF recognition, however, in his paper 

Sugiyama demonstrated that the algorithm could achieve strong classification 

performance and fast training times for complicated datasets including handwritten digits 

and satellite imagery. 
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The LSPC classifier is a discriminative eager learning-based classification algorithm that 

generates its probabilistic models by first deriving the class probability search spaces as a 

parameterized linear combination of training data-based basis functions, and then solves 

for this system of linear equations to discover the probability models that most closely 

reflect the true posterior class probability spaces. In LSPC the individual parameterized 

class models take the form demonstrated in equation 6.47, where the parameter α is 

optimized to correspond with the value it would take for the optimal probability 

representation of the training data. Having established the parameterized posterior class 

probability models, the LSPC optimization criterion, shown in equation 6.48, can be 

represented as the mean squared error between these parameterized probability models 

and the true probability values, which are established by the analysis of the training data 

as per equation 6.49. The resulting equation is convex and thus finding its global 

minimum, which occurs when its derivative is equal to zero, will reveal the value of α 

corresponding to the optimal probability model (equation 6.50). To avoid the potential for 

model overfitting the solution to α contains an additional L2 regularization term  [102], 

where the regularization input parameter λ is a scalar value that must be determined prior 

to training. 

 

𝑞(𝑦|𝒙;  𝜶) =  ∑ 𝛼𝑙∅𝑙(𝒙, 𝑦)
𝑏
𝑙=1 = 𝜶𝑇∅(𝒙, 𝑦),       𝑤ℎ𝑒𝑟𝑒     ∅(𝒙, 𝑦)  ≥  𝟎𝒃, ∀(𝒙, 𝑦)  

Equation 6.47: This equation demonstrates the probability model parameterized by α, 

which reflects the likelihood that a given sample x belongs to a given class y. This model is 

composed of a series of b basis functions ϕ corresponding to a sequence of sample pairs, 

each producing a value greater than zero. 
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𝐽(𝜶) =  
1

2
∑ ∫(𝑞(𝑦|𝒙;  𝜶) − 𝑝(𝑦|𝒙))

2
𝑝(𝒙)𝑐

𝑦=1 𝑑𝒙  

= 
1

2
∑ ∫𝑞(𝑦|𝒙;  𝜶)2𝑝(𝒙)𝑑𝒙 − 𝑐
𝑦=1

1

2
∑ ∫𝑞(𝑦|𝒙;  𝜶)𝑝(𝒙, 𝑦)𝑑𝒙𝑐
𝑦=1 + 𝐶𝑜𝑛𝑠𝑡  

= 
1

2
𝜶2𝑯𝜶 − 𝒉𝑇𝜶 + 𝐶𝑜𝑛𝑠𝑡  

Equation 6.48: This equation presents the optimization criterion for the LSPC classifier. As 

shown above, the optimization criterion is represented as the mean squared error between 

the true probability p(y|x) and modeled probability q(y|x; α) across samples from all 

training classes (c). 

 

𝑯 = ∑ ∫∅(𝒙, 𝑦)∅(𝒙, 𝑦)𝑇𝑝(𝒙)𝑑𝒙𝑐
𝑦=1   ≈   𝑯̂ =  

1

𝑛
∑ ∑ ∅(𝒙, 𝑦)∅(𝒙, 𝑦)𝑇 ,𝑛

𝑖=1
𝑐
𝑦=1   

𝒉 =  ∑ ∫∅(𝒙, 𝑦)𝑝(𝒙, 𝑦)𝑑𝒙𝑐
𝑦=1    ≈     𝒉̂ =  

1

𝑛
∑ ∅(𝒙𝒊, 𝑦𝑖)
𝑛
𝑖=1   

Equation 6.49: This equation demonstrates how the unknown probability densities 

components that form the values for H and h in optimization criterion can be estimated by 

computing the sample averages. 

 

𝜶̂ =  argmin𝜶𝝐𝑹𝒃 [
1

2
𝜶2𝑯̂𝜶 − 𝒉̂𝑇𝜶 +  𝝀𝜶𝑇𝜶]    

=> (𝑯̂ +  𝝀𝑰𝒃)𝜶 =  𝒉̂    =>  𝜶̂ = (𝑯̂ +  𝝀𝑰𝒃)
−1
𝒉̂   

Equation 6.50: This equation shows how the optimization criterion can be reformulated so 

to solve for the value that the parameter α takes when optimized (𝜶̂). Because the criterion 

is convex, this occurs when its derivative is equal to zero. 

 

In  [42] Sugiyama demonstrated that a final posterior class probability could be acquired 

by taking the aforementioned probability models, rounding any negative outputs to zero, 

and performing a normalization step; yet he went on to show that the solution could be 

found more efficiently when appropriate basis functions are chosen. Sugiyama chose to 

separate the basis input and output parameters (x and y) so that each was transformed by 
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a different kernel function, with the Kronecker delta kernel  [103] chosen to handle the 

output values. Having formed the basis from these two different kernel functions, the 

parameterized probability models can take the form shown in equation 6.51; or, 

alternatively, accounting for the effect of the delta function, the models could be 

computed separately in a class-wise manner as demonstrated in equation 6.52. From here 

Sugiyama went on to show that further simplification could be accomplished by choosing 

a localized kernel to handle the basis input parameter; a localized kernel being a kernel 

whose values are at their greatest nearest known class contributing training points and 

become smaller as you move further away from those points. In this case the kernels 

would make the greatest contributions to probability values in regions where kernels 

overlap and little-to-no contribution in regions with few or no training samples for a 

given class (see figure 6.12). Consequently, when using a localized kernel, such as the 

Gaussian kernel (the kernel used in the SVM and LDA classifiers), the class probability 

models could be reduced to the form shown in equation 6.53. In making this 

simplification, the maximum dimensionality of the matrix H would be reduced from a 

square matrix with a dimensionality equivalent to the number of samples in the training 

dataset (n) to a square matrix with a dimensionality only as large as the number of 

training samples for the examined class y (ny); this drastically decreases the 

computational work needed to solve for the optimal value of α, as shown in equation 

6.54. With this more efficient approach to computing the probability models, the final 

posterior class probabilities could be computed using Sugiyama’s negative value 

rounding and normalization approach (equation 6.55). 
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𝑞(𝑦|𝒙;  𝜶) =  ∑ ∑ 𝛼𝑙
(𝑦′)
𝐾(𝒙, 𝒙𝒍)𝛿𝑦,𝑦′

𝑛
𝑙=1

𝑐
𝑦′= 1 ,       𝛿𝑦,𝑦′ = {

 1      𝑖𝑓 𝑦 =  𝑦′

 0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  

Equation 6.51: In the above equation the basis function from equation 6.47 is split into two 

different kernel functions. With the sample input values (x) forming the parameters for 

some arbitrary kernel function and the sample output class labels (y) forming the 

parameters for the Kronecker delta function. In this case, n represents the number of 

samples in the training dataset and K the arbitrary kernel function. 

 

𝑞(𝑦|𝒙;  𝜶) =  ∑ 𝛼𝑙
(𝑦)
𝐾(𝒙, 𝒙𝒍)

𝑛
𝑙=1   

Equation 6.52: This equation shows the simplified form of the parameterized class 

probability model that results when applying the values of the delta function from equation 

6.51. 

 

𝑞(𝑦|𝒙;  𝜶) =  ∑ 𝛼𝑙
(𝑦)
𝐾(𝒙, 𝒙𝒍

(𝒚)
)

𝑛𝑦
𝑙=1   

Equation 6.53: This equation represents a further simplification on the parameterized class 

probability model that results when a localized kernel is chosen.  In this case the kernel 

function need only be computed over the ny samples belonging to the examined class y. 

 

𝐻̂
𝑙,𝑙′
(𝑦)
= 

1

𝑛
∑ 𝐾 (𝒙𝒊, 𝒙𝒍

(𝒚)
)𝐾 (𝒙𝒊, 𝒙𝒍′

(𝒚)
)𝑛

𝑖=1 ,   ℎ̂𝑙
(𝑦)
= 

1

𝑛
∑ 𝐾 (𝒙𝒊

(𝒚)
, 𝒙𝒍
(𝒚)
)

𝑛𝑦
𝑖=1

,    

𝜶(𝒚) = (𝛼1
(𝑦)
, … , 𝛼𝑛𝑦

(𝑦)
)
𝑇

,    𝜶(𝒚) = (𝑯̂(𝒚) +  𝝀𝑰𝒏𝒚)
−𝟏

 𝒉̂(𝒚)  

Equation 6.54:  With the simplified parameterized probability model from equation 6.53, 

the solution to the optimal value of α takes on the value demonstrated above. In this case α
y
 

must be calculated for each class y, but now the matrix (H) and vector (h) required for the 

optimization will only ever have a dimensionality equal to the number of training samples 

in the class being optimized.  
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𝑝̂(𝑦|𝒙) =  
max (0,   ∑ 𝛼̂(𝑦)𝐾(𝒙,𝒙𝒍

(𝒚)
)

𝑛𝑦
𝑙=1

)

∑ max (0,   ∑ 𝛼̂(𝑦
′)𝐾(𝒙,𝒙𝒍

(𝒚′)
)

𝑛
𝑦′

𝑙=1
)𝑐

𝑦′=1

  

Equation 6.55: Following the example in  [42] the parameterized class probability model is 

normalized by the sum of all other parameterized class probability models to produce the 

probability estimate. In the case where the parameters α take on negative values and result 

in a model returning a negative estimate, the returned values are rounded up to zero.  

 

 

Figure 6.12: This figure demonstrates how localized kernels could be combined to give the 

highest probability density estimate values in regions with many samples and lower values 

elsewhere. 

 

For the purpose of our research we initially implemented the efficient variant of the 

LSPC algorithm described above, making use of the C# port  [99] for the Jama matrix 

manipulation package to perform the α optimization step. Externally, this left us with 

three configurable inputs to be accounted for when performing classification: the input 

training feature values, the regularization parameter, and the kernel parameters. To 

mitigate any potential bias in the feature input values we went with the scaling technique 

used in our previous four classifiers and rescaled the input for each feature input to fall 

between the values of 0 and 1 prior to training and classification. The remaining input 

parameters were assigned by the LSPC classification algorithm to take some pre-

determined performance-optimizing values and thus required some tuning to achieve 
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desirable performance. Moreover, the LSPC classifier was designed such that it could be 

assigned any arbitrary localized kernel function. In our implementation we used the 

variant of Gaussian kernel previously used in the implementation by Sugiyama in  [42] 

(see equation 6.66), leaving us with a single kernel parameter σ. This allowed us to 

optimize our GRF recognition performance by performing an exhaustive 2-dimensional 

grid search over the regularization and kernel parameters using an analytically 

determined set of possible values for each.  

 

𝐾(𝒙, 𝒙′) = 𝑒𝑥𝑝 (−
‖𝒙− 𝒙′‖

2

2𝜎2
)  

Equation 6.66: This equation demonstrates the variant of the Gaussian kernel we used to 

perform LSPC classification. 

 

𝐸𝑚𝑎𝑥 = max𝑞(𝑦 | 𝒙; 𝜶)>0,   𝜶𝑙
(𝑦)
>0
(−

‖𝒙− 𝒙𝒍
(𝒚′)

‖
2

2𝜎2
),  

𝐿(𝑦|𝒙) =  
1

𝑒𝐸𝑚𝑎𝑥

max(0,   ∑ 𝛼̂(𝑦)𝑒𝑥𝑝(−
‖𝒙− 𝒙

𝒍
(𝒚)
‖
2

2𝜎2
)

𝑛𝑦
𝑙=1

)

∑ max

(

 
 
0,   ∑ 𝛼̂(𝑦

′)𝑒𝑥𝑝

(

 
 
−
‖𝒙− 𝒙

𝒍
(𝒚′)

‖

2

2𝜎2

)

 
 𝑛

𝑦′

𝑙=1

)

 
 𝑐

𝑦′

   

= 

max (0,   ∑ 𝛼̂(𝑦)𝑒𝑥𝑝(−
‖𝒙− 𝒙

𝒍
(𝒚)
‖
2

2𝜎2
  −   𝐸𝑚𝑎𝑥)

𝑛𝑦
𝑙=1

)

∑ max 

(

 
 
0,   ∑ 𝛼̂(𝑦

′)𝑒𝑥𝑝

(

 
 
−
‖𝒙− 𝒙

𝒍
(𝒚′)

‖

2

2𝜎2
  −   𝐸𝑚𝑎𝑥

)

 
 𝑛

𝑦′

𝑙=1

)

 
 𝑐

𝑦′

,      𝑝̂(𝑦|𝒙) =  {
 𝐿(𝑦|𝒙)  𝑓𝑜𝑟 𝐿(𝑦|𝒙) > 0

0          𝑓𝑜𝑟 𝐿(𝑦|𝒙) < 0 
  

Equation 6.67: This equation demonstrates the modifications we made to equation 6.65. In 

this case probability estimates will be assumed to have a value of zero when the sum of the 
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probabilities found across known classes is equal to zero and exponential terms are adjusted 

by the value Emax to avoid numeric underflow. 

 

 

Figure 6.13: This figure compares our best cross-validated EER values achieved with the 

LSPC classifier to the optimization parameters used to achieve them for all our best 

performing preprocessing techniques. For either given parameter value, optimization was 

carried out by testing the given parameter with every possible value for the other parameter 

and returning the EER for the best combination. 
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During our initial optimization analysis of the LSPC algorithm we encountered several 

problems regarding numerical edge cases and computational limitations. First of all, the 

original LSPC algorithm implicitly assumed that for any given input value at least one of 

the posterior class probability models will produce a value greater than zero. In practice, 

using our GRF training data, this assumption proved to be untrue and, as a result, 

undefined posterior probabilities were encountered. Furthermore, we found that the 

kernel exponent terms in the LSPC classifier function (equation 6.65) took on very large 

negative values to the point that we frequently encountered numeric underflow during our 

GRF recognition tests and were unable to assign non-zero posterior class probabilities. 

To address these issues we made several modifications to the original algorithm. With 

regards to the assumption of there being at least one non-zero posterior class probability 

we first calculated the sum of all class probability model outputs, and in the case of a zero 

value probability sum we assigned a value of zero for the requested posterior class 

probability. Thus in the case where only negative model probability outputs were 

encountered none of the trained GRF subjects (classes) would be accepted as the owner 

of the given input sample. To avoid the possibility of numeric underflow we used a trick 

similar to the logarithmic trick for avoiding numeric underflow discussed in section 6.4. 

In this case we adjusted the algorithm to search for an exponent by which to divide our 

kernelized samples to give our largest exponent term, corresponding to a positive α, a 

value of 1, while avoiding underflow by applying the law of exponents for merging 

division terms. To account for the fact that in some cases the largest positive exponential 

term corresponded with probability models that came out to be negative overall we 

modified our search for exponent denominator to ignore models with negative outputs. 
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Our new posterior class probability output function resulting from these changes is 

demonstrated in equation 6.67, while the best achieved GRF recognition rates for each 

tested parameter value over our modified LSPC classifier variant are demonstrated in 

figure 6.13. 

 

After running our results we found that the LSPC parameter optimization curves for our 

kernel (σ) and regularization (λ) parameters mirrored our observed findings for the 

performance of equivalent parameter optimizations with the SVM classifier (section 6.3); 

it can be seen that GRF recognition performance tended to be better for both smaller 

kernel parameter values (less than 1) and larger regularization parameter values (greater 

than 1). With regards to overall GRF recognition performance (table 6.5), the cross 

validated results that the LSPC classifier achieved were better than all other non-KNN 

classifiers on the geometric feature spaces, while it also consistently performed better 

than the KNN classifier on all non-geometric feature spaces. Of particular note was the 

strong recognition performance by the LSPC classifier when applied to the wavelet 

feature spaces, with the LSPC classifier achieving the best performance of all classifiers 

in the non-normalized wavelet feature space. This together with its performance for the 

geometric and LLSRDTW-normalized spectral feature spaces may suggest the LSPC 

classifier benefitted more than other classifiers when applied to feature spaces that were 

extracted using greater degrees of supervision during extractor training. Nevertheless, the 

GRF recognition results achieved by the LSPC classifier in this section have 

demonstrated that it can be competitive with other classifiers without the large training 
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dataset size-based performance penalty that would be experienced in many other 

algorithms that model posterior class probabilities such as the previously examined LDA. 

 

 

Table 6.5: This table demonstrates the best performance achieved by the LSPC classifier 

for each preprocessing technique. The threshold shown is the threshold at which the EER 

value was calculated (a value between 0 and 1 derived from the raw posterior probability 

output) and the EER improvement represents the improvement in recognition performance 

achieved by the optimal LSPC variant over the results calculated in the previous two 

chapters. 
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6.6 Summary 

 

This chapter covered the use of classifiers for the purpose of performing footstep GRF-

based person recognition. In the biometric system previously discussed in chapter 3, the 

classification component is the part responsible for learning patterns from the data and 

producing an output value that can be used to either accept or reject a data sample as 

belonging to a data class (in verification mode), or identify the class that most closely 

matches a sample (in identification mode). For the purpose of our research all results 

were collected in verification mode and returned in the form of an EER. Consequently, 

each classifier examined in this chapter was configured to accept a sample and a GRF 

subject label as input then output a single posterior probability representing the 

classifier’s confidence that the provided sample belonged to the provided subject. 

Through our introduction to the concept of classification we discussed how classifiers 

could be categorized as being either instance-based or eager learning-based in addition to 

following either a discriminative or generative model, with examples of each category of 

classifier being examined. In total five different powerful classification techniques were 

studied, four of which were examined in previous GRF-based recognition studies, and 

one (LSPC) that had never-before been tested for the purpose of GRF-based recognition. 

 

Theoretical background was provided as our chosen classifiers were examined, exposing 

areas in which each could benefit from the optimization of internal parameters. The best 

results obtained after performing these optimizations over each classifier, in combination 

with our top performing preprocessors from chapters 4 and 5, are demonstrated in table 

6.6. These results may appear to indicate that the normalized optimal geometric 
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preprocessor in combination with the KNN classifier performed best; however, as was 

mentioned in the proceeding sections, the results obtained from our development dataset 

were strongly biased in favour of the KNN classifier, on account of its use in optimizing 

the preprocessors. In the next chapter we take the top performing biometric system 

configurations from our experimental design, those discovered through this and the 

previous three methodology chapters, and apply them to a set of previously unseen data 

(our evaluation dataset). Having limited the bias toward any particular classifier or 

preprocessor, the aim of the next chapter is to gather the results needed to verify our two 

problem statement assertions and better assess our GRF-recognition performance. 

 

 

Table 6.6: This table compares the best GRF recognition performance achieved across each 

preprocessor when used in combination with our five chosen classification techniques. 
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Chapter 7  

 

Measured Performance 

 

In chapter 3 the concept of separating data into an evaluation and development dataset for 

optimization and testing was discussed. In the previous three chapters we used our 

development dataset to select the biometric system configurations that performed best 

when applied for GRF footstep recognition. This chapter puts those biometric 

configurations to the test by applying them to the previously unseen samples in our 

evaluation dataset. Using the evaluation dataset, this chapter aims to present a set of 

results not influenced by any of the biases introduced during the optimization of the 

development dataset.  

 

In the sections that follow our evaluation dataset results will be presented from three 

different perspectives. The first section presents a generalized assessment of our GRF 

recognition performance when applied over our entire evaluation dataset for our best 

performing classifiers from chapter 6, while the two sections that follow examine the 

effectiveness of stepping speed-based normalization and influence of shoe type, 

respectively. It is hoped that the findings obtained in this chapter will help verify our 

problem statement assertions and produce a more accurate representation of the GRF 

recognition performance that can be expected from our top biometric system 

configurations under real-world conditions. 
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7.1 Evaluation Dataset 

 

In chapter 6 we derived a set of biometric system configurations to achieve optimal GRF 

recognition performance when computed over our development dataset. Although these 

configurations demonstrated powerful recognition capabilities, the process of 

optimization has a tendency to overfit specific characteristics reflecting the dataset on 

which the optimization was performed. Consequently, the optimal configurations 

discovered in chapter 6 may be far from optimal when applied in a more general setting 

to previously unseen real world data. To better gauge the effectiveness of our biometric 

system configurations, in this section and the sections that follow we re-apply some of 

our best performing experimental biometric configurations to our evaluation dataset. 

 

Our evaluation dataset, as previously described in chapter 3, is made up of 199 samples 

from 10 different subjects, divided according to two different shoe types (100 collected 

with subjects wearing a Verona runner and 99 collected with subjects wearing an Orin 

runner). Samples were split evenly across shoe types with all but one subject having 10 

steps per shoe type; the remaining subject (m22_1) was missing a single Orin sample. For 

the purpose of our research we opted to use same k-fold cross validation and the EER 

metric as was used to assess our development dataset performance to assess GRF 

recognition performance over our evaluation dataset; however, the missing sample 

introduced some complexity to this approach. To account for the missing step and still 

use k-fold cross validation we would need to either ignore the training folds that lined up 

with the missing sample, pull in an additional sample from the testing set to replace the 
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missing sample when needed, or allow the subject with the missing sample to be trained 

with one fewer sample than his peers. For the purpose of our research we opted for the 

last option and once again went with 5 training samples per subject in our tests. Thus 

tests that included the Orin shoe type for training could be expected to perform slightly 

worse than those that were purely trained with the Verona shoe type, on account of one 

subject being trained on only 4 samples in some of the cross validation folds.  

 

When applying the biometric system configurations derived from our development 

system in the previous chapters we also faced a problem regarding which of the machine 

learning-based preprocessor transformations (i.e. PCA, WPD, LLSRDTW) to use in our 

evaluation testing. To this point a different transformation was computed for each cross 

validation fold over the development data and none of these stood out as a single best 

candidate to reuse in evaluation testing. Re-deriving these transformations with our 

evaluation dataset would introduce bias and thus defeat the point of having an evaluation 

set; instead, for the purpose of our evaluation testing, using the parameters acquired 

during the development optimization, we recomputed all required transformations across 

the full 100 samples of our development dataset and used these newly derived 

transformations in each of our tests as required. 

 

We performed two different experiments to provide a general assessment of the strength 

of our optimal biometric system configurations. For our first experiment we calculated 

the EER for each of our best performing normalized and non-normalized classifiers from 

chapter 6 over our entire evaluation dataset. This meant each of our tests involved 
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performing classification against both shoe types and in some cases our classifiers were 

trained with samples from multiple shoe types; as a result of this, we would expect 

performance to be slightly worse than might be expected were the training and testing 

performed with a single shoe type (see section 7.3 for more). The results obtained after 

performing this experiment are demonstrated in table 7.1. These results revealed a clear 

decrease in performance when compared with the results obtained over the development 

dataset; this decrease was particularly pronounced over our geometric and spectral 

feature spaces, suggesting a higher degree of preprocessor overfitting occurred in the 

optimization of these spaces. With regards to classifier performance, results were more 

varied; the LDA classifier performed best when compared to all others, while the SVM 

classifier was a bit weaker than would be expected, perhaps also owing to parameter 

overfitting on the development dataset. In figure 7.1 the differences in classifier 

performance can be seen more clearly with the DET curves for the best performing 

classifier configurations plotted against each other. 

 

 

Table 7.1: This table compares the EER percentages obtained for each of the best classifier-

preprocessor combinations from chapter 6, using the cross validated testing scheme 

described in this section. 
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Figure 7.1: This figure demonstrates the DET curves obtained in calculating the EER for 

the top performing classifier-preprocessor combinations from table 7.1. In this figure the 

KNN result appears to be cut-off; this was due to a sharp near-zero threshold, which made 

it difficult to get a smooth error rate curve when approaching a FRR of zero. 

 

In our second experiment we took the best feature space-classifier combinations from 

table 7.1 and trained them using a varying number of samples per subject. To continue 

using our chosen cross validation technique this experiment required that at least two 

steps be used during training, otherwise in some cross validation folds our subject m22_1 

would not be assigned any training samples, breaking the test; this training sample 

requirement also was bounded by our LDA classifier, which required at least two samples 

be present to correctly derive its inter-subject variance properties. Consequently, we 

tested the GRF recognition performance with the number of training steps starting at 2 
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and increasing to 10. When plotted (figure 7.2) the relationship between the number of 

training steps and the GRF recognition performance became obvious, with the classifiers 

achieving a sharp increase in performance up to around steps 4 through 6, with slower 

performance increases thereafter. This, together with the fact that some of our biometric 

system configurations may have overfit the development dataset, could open the 

possibility of significantly better GRF recognition results in larger development datasets 

(i.e. one with enough sample variety to mitigate optimization overfitting) and/or 

evaluation datasets with a greater number of training samples per subject available. 

 

 

Figure 7.2: This figure demonstrates how the EER for each of our best performing 

classifier-preprocessor combinations changes with the number of footsteps used to train the 

classifier. 
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7.2 Stepping Speed Normalization 

 

In our problem statement we set out to prove the assertion that a relationship useful for 

footstep GRF-based person recognition exists between stepping speed and the shape of 

the GRF force signature. In chapter 5 we introduced several normalizers (LTN, LLSR, 

and LLSRDTW) designed to transform samples with varying step durations to the forms 

they would be expected to take were they all captured on a common scale with regards to 

step duration. Two of these normalizers, the novel LLSR and LLSRDTW normalizers, 

went a step further than simply performing a common uniform transformation and 

attempted the acquisition of higher resolution temporal-force relationship models 

parameterized by the total step duration. The preliminary results calculated over our 

development dataset in chapter 5 indicated that the stepping speed-force signature 

relationship could indeed be used to increase recognition performance; however, as 

discovered in the previous section, our development results were subject to an 

optimization bias and conclusions might not hold for real world data. In this section we 

put these normalizers to the test against the previously unseen data of our evaluation 

dataset to better assess our problem statement assertion. 

 

For the purpose of this experiment we took the best biometric system configurations for 

each step duration normalizer/feature space pair and measured their performance across 

our entire evaluation dataset, once again implementing the cross-validated testing 

strategy described in the previous section. To avoid any potential optimization biases we 

stuck to only computing and comparing results using a KNN classifier with a K value of 
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5, as this was classifier for which all normalizers in chapter 5 were optimized. In this 

experiment we divided our results according to feature space and presented them in the 

form of DET curves. This representation of the results allowed us to better identify 

comparative performance in contrast with what could be identified from the EER alone; 

namely in some cases the point at which the EER is calculated may be distorted by 

anomalously high or low value spikes in values that would not be reflective of 

performance we would normally expect, a classifier with strong performance would be 

expected to have its DET curve generally fall under that of the others in addition to 

having a low EER value.  

 

The first set of results we calculated for the purpose of this experiment was a comparison 

of our step duration normalizers over the geometric feature space. It must be noted that 

the LLSRDTW normalizer was not applicable to the geometric feature space because the 

heuristically obtained geometric features required no additional alignment to perform 

regression comparisons. The DET curves that resulted from applying the remaining 

normalizer to the geometric feature space are demonstrated in figure 7.3. These results 

appear to strongly contradict our findings from chapter 5 where the same normalizers 

were applied to our development dataset and normalization led to a substantial increase in 

recognition performance over the non-normalized data. This might suggest a higher 

degree of development dataset overfitting occurred in the normalized spaces over the 

non-normalized spaces, but it could also suggest that the step duration-based geometric 

features played a larger role in discriminating subjects in the evaluation dataset.  
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Figure 7.3: This chart compares the DET curves obtained by performing KNN classification 

on our evaluation dataset over the normalized and non-normalized geometric feature spaces 

from chapter 5. 

 

Our second set of results was calculated by rerunning the aforementioned normalizer 

performance comparisons on our holistic feature space, this time with the applicable 

LLSRDTW normalizer. These results came out more in line with what we expected. The 

DET curves in figure 7.4 demonstrated a clear increase in GRF recognition performance 

when any of the step duration-normalized classifiers were applied. The fact that this was 

in contrast to our geometric feature space results may be due to the fact that the holistic 

feature set contained no features directly measuring the temporal properties of the data. 

These results also stood in contrast to the normalized holistic result from the previous 

section. In our general evaluation dataset analysis, normalization was performed using an 
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1
 amplitude normalizer, the best performing holistic feature space normalizer over our 

development dataset. The results obtained in this section would seem to imply that step 

duration-based normalizers can achieve better performance than amplitude scaling 

normalizers when applied in more complicated datasets like our evaluation set. 

 

 

Figure 7.4: This chart compares the DET curves obtained by performing KNN classification 

on our evaluation dataset over the normalized and non-normalized holistic feature spaces 

from chapter 5. 

 

The third set of results we collected was taken from our spectral feature space. In this 

case the LTN normalizer was not applicable as the time dimension upon which such 

normalization is applied gets negated when the derivative is acquired during the 

transformation to our spectral feature space. The DET curves that resulted from running 
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our cross validated test strategy on the remaining normalizers are demonstrated in figure 

7.5. As was the case for our general experiments in the previous section, the results 

obtained from our spectral feature space in this section proved to be far worse than the 

equivalent results on our development dataset. However, although none of our results 

were particularly strong, the results obtained when a step duration-based normalization 

technique was applied again proved to be substantially better than those when no 

normalization was applied. 

 

 

Figure 7.5: This chart compares the DET curves obtained by performing KNN classification 

on our evaluation dataset over the normalized and non-normalized spectral feature spaces 

from chapter 5. 
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For our final performance comparison we compared the performance of our normalizers 

when applied to our wavelet feature space. The results obtained, shown in figure 7.6, 

were considerably stronger than those obtained in other feature sets. Moreover, we once 

again found all of our step duration-based normalizers led to a significant increase in 

footstep GRF recognition performance when compared with the performance obtained 

when no normalizer was used.  

 

 

Figure 7.6: This chart compares the DET curves obtained by performing KNN classification 

on our evaluation dataset over the normalized and non-normalized wavelet feature spaces 

from chapter 5. 

 

In table 7.2 we did a side-by-side comparison of the EERs acquired from each of the 

examined feature space-normalizer combinations. Interestingly, while normalization was 
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of no help when applied to our heuristically derived geometric features, all of our step 

duration-based normalization approaches led to an improvement in performance when 

applied to our machine learning derived feature sets. These findings back for our 

assertion that normalizing for stepping speed can help improve GRF recognition 

performance, at least when done on a non-heuristically derived feature space, opening up 

the potential for further gains for normalization models that better fit the relationship 

between force signature and step duration. 

 

 

Table 7.2: This table compares the ERR percentages obtained for each of the feature space-

normalizer combinations tested in this section. 
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7.3 Shoe Type Variation 

 

When assessing the performance that might be expected of GRF-based footstep 

recognition in a real world scenario it would typically be unreasonable to assume that the 

people using the system never change their footwear. Instead we might expect footwear 

to change based on weather, formality of the occasion, or simply due to a normal shoe-

replacement cycle. In creating a biometric system for the purpose of footstep recognition 

it is important that we understand the implications behind working in an environment that 

may encounter people who enroll with the system using one shoe and later attempt to 

verify using a different shoe. In our problem statement we made the assertion that 

variation in shoe type will have a negative impact on recognition performance. In this 

section we test that assertion and aim to gain a better understanding of the biometric 

system configurations that best account for shoe variations. To accomplish this we have 

regenerated the results matrix from section 7.1 (table 7.1), but this time using four 

different subsets of the evaluation dataset. 

 

Our evaluation dataset was divided by shoe type, about half the samples were collected 

with subjects wearing a Verona runner and the other with subjects wearing an Orin 

runner. To provide a full assessment of the impact of shoe type across the dataset we 

devised the experimental test strategy illustrated in figure 7.7. Under this strategy we 

used the transformations previously acquired in our development dataset (with subjects 

wearing Asics runners) to perform all data preprocessing required for our evaluation 

testing. We already obtained the results combining both shoe types for training/testing 
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(Combined Results) in section 7.1, so for the remainder of this section we demonstrate 

the additional results obtained using subsets of the data across only a single shoe type 

(Verona Results and Orin Results) and those where the tested shoe type always differed 

from the trained shoe type (Verona-Orin Results and Orin-Verona Results). 

 

 

Figure 7.7: This figure demonstrates the test strategy used to obtain results for our various 

shoe-based result sets. Here we provide an example of a single cross validation with the 

training/testing samples identified according to their alignment to the evaluation samples. 
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The first results we collected involved classifiers trained with footsteps from the same 

shoe type as the type on which they were tested. In this experiment we reapplied the cross 

validated classifier-preprocessor calculations from section 7.1 to the 100 Verona samples 

(table 7.3) and 99 Orin samples (table 7.4) of our evaluation dataset; again, in the case of 

the missing Orin sample several cross validations included a subject trained with only 4 

rather than 5 samples. Due to the inclusion of cross validations with a missing Orin 

sample we could expect a slight negative bias in the results obtained from that shoe type. 

Our expectation was also that overfitting of preprocessors and classifier parameters 

would result in weaker recognition performance in these sample sets when compared 

with our development dataset results; however, as can be seen in our Verona results table, 

in the case of the Verona shoe type the normalized wavelet results actually appeared to be 

nearly as strong and, in some classifiers, stronger than our development results. 

 

 

Table 7.3: This table compares the EER percentages obtained for each of the best classifier-

preprocessor combinations from chapter 6 when applied to the Verona shoe type samples in 

our evaluation dataset. 
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Table 7.4: This table compares the EER percentages obtained for each of the best classifier-

preprocessor combinations from chapter 6 when applied to the Orin shoe type samples in 

our evaluation dataset. 

 

Having collected our results across single-shoe subsets, our next experimental results 

were obtained by training our classifiers with the samples from one shoe and testing them 

with the samples from the other. In this case the Verona-Orin result set (table 7.5) refers 

to results obtained by performing 10-fold cross validated training with 5 samples per fold 

in the Verona sample set, while running each trained fold against the entire Orin sample 

set to calculate our EER results. The Orin-Verona result set (table 7.6), on the other hand, 

refers to the opposite, with Orin samples used for training and Verona samples used for 

testing. Again the Orin sample set may have suffered a slight negative bias due to a 

missing training sample in several cross validations; however, in our findings the Orin-

trained results often proved better than the Verona-trained results, in comparison with the 

previous single-shoe results where the Verona-trained results were almost universally 

better. Our primary expectation was that, on a whole, the results obtained by these mixed-

shoe evaluation subsets would be worse than those obtained via the single-shoe 

evaluation subsets and this seems to have held true in these results. 
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Table 7.5: This table compares the EER percentages obtained for each of the best classifier-

preprocessor combinations from chapter 6 when trained with our evaluation Verona shoe 

samples and tested against our evaluation Orin shoe samples. 

 

 

Table 7.6: This table compares the EER percentages obtained for each of the best classifier-

preprocessor combinations from chapter 6 when trained with our evaluation Orin shoe 

samples and tested against our evaluation Verona shoe samples. 

 

The EER results from the tables presented in this section would appear to back our 

assertion that shoe type variation can have a negative impact on footstep GRF-based 

person recognition performance. To further demonstrate this, in figure 7.8 we plotted the 

DET curves for our normalized-wavelet recognition performance over the combined 

(section 7.1), single shoe, and cross shoe subsets. In this figure we have plotted the 
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results for each classifier type, with each appearing as a separate line identifying the shoe 

subset from which it was obtained. While there tended to be some overlap between these 

evaluation subsets results due to classifier differences, on a whole we see the solid line-

single shoe results tended towards lower EER values, the dashed line-cross shoe results 

tended toward higher EER values, and the double line-combined results tended to be 

somewhere in between. The position of the combined shoe type result curves would also 

support a finding in  [5], which suggested training with multiple shoes per subject can 

improve recognition performance. 

 

 

Figure 7.8: This figure compares the DET curves for each classifier-shoe subset pair for our 

normalized wavelet preprocessor. In this case each line represents a different set of 

classifier results with the line styling indicating shoe subset from which it came. 
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7.4 Summary 

 

This chapter examined the results obtained after taking some of the top performing 

biometric recognition system configurations from chapters 4 through 6 and applying 

them to our evaluation dataset. While many of our results proved weaker than those 

obtained from our development dataset (the set on which our preprocessors and 

classifiers were optimized) we still found that reasonably high GRF recognition rates 

could be obtained. This was particularly true for our wavelet feature space, which 

outperformed all other feature spaces. We also found that our geometric and spectral 

feature spaces generated results that were substantially weaker than those obtained from 

our development dataset, suggesting those two techniques were not very good at 

generalizing the recognition problem for more complicated previously unseen datasets. 

 

With regards to our two problem statement assertions, preliminary analysis of our results 

appeared to back both. We re-applied the step duration-based normalizers (LTN, LLSR 

and LLSRDTW) from chapter 5 to our evaluation data and found that, in all but our 

geometric feature space, each of these led to improved recognition results. Moreover, 

when comparing results obtained from testing against a classifier trained on samples from 

a common shoe type and those obtained from the same classifier tested against samples 

from a different shoe type, we found that the former generally performed better than the 

latter. In the next chapter we further explore the backing for these assertions, analyze how 

our results compare with those of related research, and discuss areas that may lead to 

future improvements in the field.  
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Chapter 8  

 

Experimental Analysis 

 

The problem statement in chapter 1 outlined two objectives for which we devised the 

experiment presented in the preceding chapters. Our primary objective was to address 

current research gaps regarding the effect of normalization and shoe type variation when 

performing footstep recognition via GRF signatures; we went on to refine this objective 

to refer to the goal of verifying the two assertions: that shoe variation can have a negative 

impact on GRF recognition performance and that stepping speed-based normalization 

could be used to improve GRF recognition performance. Our secondary objective was to 

expand upon the work done in previous GRF-recognition studies with respect to feature 

extraction and classification; in this objective we aimed to compare various previously 

untested footstep GRF-based biometric systems and obtain results that could be used to 

make comparisons with the results obtained in related work. It was hoped that this work 

would contribute to the present day understanding of GRF recognition and address some 

of the technical issues facing the deployment of such a system in a real world setting. 

 

In this chapter we begin by providing a breakdown of our findings as they related to our 

problem statement objectives. We continue on to discuss the implications behind these 

findings. Finally, we explore ways in which we may be able to improve upon the results 

discovered. 
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8.1 Findings 

 

The results collected in chapter 7 appeared to support our problem statement assertions. 

A closer inspection also reveals that many of our results were consistent with findings in 

related work, with a few exceptions. To meet our outlined objectives, in this section we 

further analyze these results and compare them with both our own experimental 

expectations and the findings of related research. We begin by presenting a more detailed 

look at how closely our results adhered to our problem statement assertions, and then 

identify the areas in which our recognition results supported or contrasted the results of 

related research, with special attention given to our never-before-evaluated GRF-based 

biometric system configurations. 

 

8.1.1 Shoe Type 

 

To help verify the assertion that variation in shoe type can have a negative impact on 

GRF recognition performance the previous chapter presented results for biometric system 

configurations trained and tested with the same shoe type, trained and tested with varying 

combinations of shoe types, and trained with one shoe type then tested against a different 

shoe type. Further analyzing these results the relationship between shoe type variation 

and GRF-recognition performance becomes clear. In table 8.1 we compare the averaged 

and best classifier performance achieved across our evaluation dataset for each of our 

shoe type training configurations. Looking at the demonstrated comparisons, on a whole, 

the same-shoe training/testing results were stronger than the other two, while the results 

that included combined shoe types during training generally outperformed those that 
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were obtained by always testing against a different shoe type from the one upon which 

the training was performed. A notable exception to this tendency was observed in the 

results over our geometric feature space, which demonstrated less performance variance 

across shoe types and was even shown to perform better in some cases when trained and 

tested across differing shoe types. This result was interesting because it is consistent with 

the findings of  [31], in which analysis was performed over a geometric feature space and 

it was concluded that differences in footwear did not significantly impact GRF 

recognition performance. 

 

 

Table 8.1: This table presents the EER percentages obtained by comparing shoe type 

variations in chapter 7 (with percent differences from the “same shoe” row results shown in 

the bold square brackets). The averaged results were collected across our 5 different 

classifiers and the “best” classifier result for “same shoe” and “combined” shoe refers to the 

average of the two best individual classifier results from the Orin and Verona shoe types. 
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In the related GRF recognition studies we found three other studies describing the use of 

multiple shoe types in their dataset. These studies included  [3, 4], which used multiple 

shoe types per person in their dataset but did not examine the influence of such variations 

on their results, and  [5], where it was suggested that variation in shoe type between 

training and testing would have a negative impact on GRF performance. In  [5] no direct 

measurement of GRF-recognition performance was used to assess the impact of shoe 

type, however, the conclusion that was reached would also appear to be consistent with 

our results; in that case results were acquired using a holistic feature extraction technique, 

a technique for which we observed a substantial decline in recognition performance when 

training/testing shoe variation was introduced. On average our recognition results across 

the full set of preprocessors and classifiers came out about 50% worse when tested across 

shoe types, and, while it may be possible to generate feature spaces less susceptible to 

shoe variation, like our normalized geometric feature space turned out to be, these spaces 

ended up producing results that were far worse than our better performing machine 

learning-based extraction techniques. In view of this we believe that our findings, in a 

general sense, do in fact verify the assertion that shoe type variation between training and 

testing will negatively impact GRF recognition performance, but with a noteworthy 

caveat that will be explored in subsection 8.2.1. 

 

8.1.2 Normalization 

 

In addition to providing a backing for our shoe variation assertion, chapter 7 also 

presented a set of results to help verify our second problem statement assertion regarding 
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stepping speed. In that assertion we predicted a relationship between stepping speed and 

the GRF force signature could be obtained and successfully applied to improve GRF 

recognition performance. This assertion had support from the work of a MV-based gait 

study  [14], in which the use of the LTN normalizer led to improvements in recognition 

performance from 8-20%. In our research we expected a similar normalization technique, 

this time based on step duration, could be used to increase performance. We tested four 

different normalizers including two novel ones developed for the purpose of our research 

(LLSR and LLSRDTW). The results obtained are shown in table 8.2. 

 

 

Table 8.2: These tables demonstrate a comparison of the EER percentages obtained after 

applying various step-based normalizers to our four feature spaces (with the percent 

differences from the non-normalized row results shown in the bold square brackets). 
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The improvement in recognition performance observed for many of our step-based 

normalizers was in line with the improvement in performance observed for the MV-based 

gait recognition in  [14]. Moreover, while no other previous GRF-based recognition 

studies examined the effect of such normalizers directly, in  [7] the dataset was broken up 

according to three categories of stepping speed (low, normal, and high) and experiments 

were performed to compare the effect of stepping speed on GRF recognition 

performance. What they found was a decrease in performance of about 9-15% when 

testing a wavelet feature space-SVM classifier biometric system configuration against 

different stepping speeds from those on which it was trained, and a decrease of about 39-

57% when running the same tests using a geometric feature space. Smaller decreases in 

performance were observed when training samples of mixed speeds were used during 

training, but the results in  [7] did appear to support the idea that there was room for 

improvement in GRF recognition if the relationship between stepping speed and the GRF 

signature could be modelled with some degree of accuracy. 

  

Although the results demonstrated in  [7] were acquired using a LTN normalizer, no 

direct comparison was made over non-normalized data so it is not known whether their 

application of normalization led to any improvements. In our own results we did observe 

an evaluation performance improvement across most of our feature spaces when LTN 

and other step duration-based normalizers were applied using our KNN classifier; this, 

however, was not the case for our geometric feature space, in which a decrease in 

performance was observed, likely owing to development dataspace overfitting. It must 

also be noted that, of all the normalization approaches examined, our new LLSRDTW 
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normalizer was found to deliver the best overall evaluation performance increase, leading 

to an increase in GRF recognition performance of about 14-15% in our better performing 

holistic and wavelet feature spaces. Unlike the LTN normalizer, which performed a 

simple linear scaling operation on the data, the LLSRDTW normalizer was designed to 

dynamically model the relationship between GRF force signature and stepping speed. 

Therefore, because it led to improved recognition performance over the LTN normalizer, 

we have come to the conclusion that a modeled relationship between step duration and 

the GRF signature can in fact be utilized to achieve better recognition results, satisfying 

the second of our problem statement assertions. 

 

8.1.3 Biometric System 

 

As a secondary objective in our problem statement we aimed to expand upon work done 

in previous GRF recognition studies with respect to feature extraction and classification. 

Back in section 3.1 of chapter 3 we presented a breakdown of our studied feature 

extraction, normalization, and classification techniques according to their use in previous 

GRF recognition studies. While many studies examined one or more of our chosen 

biometric system configurations, none of the previous research compared recognition 

performance over the entire set. In the previous subsection we demonstrated our findings 

with regards to the normalization component of our biometric system. While 

normalization was an area of focus in this thesis, we also uncovered some interesting 

findings when analyzing our various feature extraction and classification techniques. 
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Table 8.3: This table compares the features space-influenced EER percentage results 

averaged across our five different classifiers. The values in the bold square brackets 

represent the same-row percent difference between the two datasets. 

 

In table 8.3 a comparison of our various examined feature extraction techniques is 

presented for results that have been averaged across all tested classifiers. One of the most 

obvious disparities in the above results was the substantial decline in recognition rates 

when comparing the development and evaluation spectral feature space results. 

Interesting, this decrease in performance appears to be strongly influenced by the 

evaluation use of different training and testing shoes, because the chapter 7 results for 

single shoe type training and testing subsets proved considerably better. It stands to 

reason that some characteristics specific to shoe type may have negatively influenced the 

selection of principal components during the derivation of the spectral transformation on 

our development dataset. Aside from the spectral results, we observed a general decrease 

in recognition performance between the development and evaluation dataset of 

approximately 100-200%. The decrease in recognition performance between the 

evaluation and development datasets was far greater than those observed in  [3, 4], which 
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also broke data into separate development and evaluation datasets, however our datasets 

contained much more information per sample and overall our results were far stronger 

than the ones acquired in those studies. 

 

Due to the differences in GRF sample characteristics between our data and that of 

previous studies, we were not able to directly compare our results with related research. 

Instead, to gauge our feature space performance in the context of related work, we 

decided to assess our results via examining the relative performance differences found 

when results were acquired for two or more feature spaces in the related studies. With 

regards to the holistic feature space, in our experiment we observed a 10% improvement 

in GRF recognition when we compared our holistic feature space with our geometric 

space (using a SVM classifier). The same configuration led to a 21% improvement in 

recognition results when examined in  [4]. In  [32] more combinations of feature space-

classifier pairs were compared with demonstrated improvements of 35%, 31%, and 27% 

when geometric feature spaces were used over spectral feature spaces for the KNN, MLP, 

and SVM classifiers, respectively; in our evaluation results we discovered improvements 

of 75%, 68%, and 78% for the same respective feature space-classifier pairs. Moreover, 

in  [7] the use of a wavelet feature space led to an improvement in recognition results of 

over 25% when compared against a geometric feature space (via a SVM classifier); this 

result turned out to be similar to our own,  in which case the same configuration led to a 

34% improvement in recognition performance. So, while the results in  [4] and  [32] 

might suggest the holistic or geometric feature spaces were best suited for GRF 
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recognition performance, our comparative performance over the wavelet feature space 

was noticeably stronger than either. 

  

 

Table 8.4: This table compares the classifier-influenced EER percentage results averaged 

across our geometric, holistic, and wavelet feature spaces. The values in the bold square 

brackets represent the same-row percent difference between the two datasets. 

 

In contrast with our feature extraction findings, the results acquired from our classifiers 

demonstrated less variability between one another. These results, shown in table 8.4, 

compare our two datasets averaged across the geometric, holistic, and wavelet feature 

spaces; we deliberately left the spectral feature space out from this analysis as it was 

found to produce outlier results. One interesting finding here was the significant 

difference in classifier rankings between the evaluation and development dataset. For 

instance, the KNN classifier, which was second best over the development data, turned 

out to be the worst performing classifier over the evaluation data. Likewise, the LDA 

classifier, which was second worst in the development data, turned out to be the best by a 

wide margin of about 19% in the evaluation data. When compared with the findings in 

previous multi-classifier GRF recognition studies  [3, 32, 7] our averaged evaluation 
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KNN results were consistent, with KNN performing worse than SVM, MLP, or LDA in 

those studies. However, our findings differed from  [32] and  [7] with respect to SVM 

classifier performance. In  [32] the SVM classifier performed about the same as the MLP 

classifier, while in our findings the SVM was noticeably worse overall (though 

substantially better over the geometric space). Moreover, in  [7], the SVM classifier 

produced similar performance when compared with the LDA classifier, whereas in our 

case the SVM classifier performed far worse than the LDA classifier (about 61% worse 

in the equivalent wavelet feature space). For the purpose of our research we also 

examined a classifier not used in any of the previous GRF recognition studies, the LSPC 

classifier. The evaluation performance acquired from this classifier ended up being 

around the average of the other four classifiers.  

 

In addition to the classifiers themselves, we also examined the performance effects 

resulting from changes in the number of training samples. By doubling the number of 

samples in training from 3 to 6 we saw a 37% increase in wavelet space recognition 

performance, while doubling the number of samples in training from 5 to 10 led to a 32% 

increase in performance. The improvements in performance from adding training samples 

became less significant as more samples were added, a finding that was consistent with 

those of  [3], in which performance was found to increase with samples added up to about 

40 samples and leveled off thereafter; this would also imply that our results could be 

improved further by increasing the number of training samples. 
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8.2 Considerations and Implications 

 

The findings presented in the previous section gave us some insight into the behaviour we 

could expect from our biometric system in an experimental environment. However, if we 

were to take our findings and apply them to a real world environment there are a number 

of caveats that must be considered. Moreover, the characteristics of the results backing 

our findings and the methods by which they were acquired have important implications 

for how we would go about selecting an appropriate biometric system configuration for 

deployment. In the subsections that follow we examine these considerations and 

implications as they relate to three different aspects of our biometric system. 

 

8.2.1 Data 

 

The practicality of our findings with regards to a real world system is subject to 

constraints imposed upon it by our chosen dataset. Our dataset differed from any dataset 

used in previous GRF recognition studies, and thus our results were not directly 

comparable with those of related research. Several of the other GRF studies with larger 

datasets used data collected in a more realistic environment with both more subjects and 

subjects that may not have been as cooperative as our examined subjects. Under that 

assumption we expect our biometric system performance would be comparatively weaker 

than the findings might suggest when matched against the results of a study like  [4]. 

Furthermore, our data and analysis had several constraints that may not be realistic in a 

practical setting; namely, we only examined GRF samples that included a full heel-to-toe 

step, we only examined walking samples, we did not include imposter attempts from 



 

 

244 

people not seen during training, and, in our multi-shoe analysis we only examined 

variations of running shoes (ignoring other potential footwear like boots or sandals). 

Moreover, in this thesis we did not consider the actual foot (left or right) used in 

obtaining the samples and further investigation would be needed to assess the 

effectiveness of our techniques when subject to varying feet used in training and testing. 

All of these concerns could potentially result in reduced performance in a practical 

setting; however, when accounting for different aspects of our data, with respect to a real 

world setting, there are other ways in which our application would have a tendency to 

produce better results than those discovered in our findings. 

 

One area in which our chosen data may have led to weaker results than those that could 

be expected in a real world scenario relates to the uniformity in the selected subjects. All 

of our samples were collected from young athletic males, yet in a practical setting we 

would expect a larger demographic of subjects with far more inter-subject variability, 

making it easier, on average, to distinguish different subjects. Additionally, variation in 

footwear between subjects, as opposed to the within subject variations examined in this 

thesis, may be more likely in a real world application. If inter-subject variation in 

footwear turned out to be more common than intra-subject variations then we might 

expect such variation to improve upon our recognition performance with the choice of 

footwear helping to distinguish subjects. Finally, there is also reason to believe that the 

recognition improvement observed in our work with respect to previous GRF studies may 

have come, at least in part, as a result of the more information rich samples captured; in 

our work we examined 8 distinct GRF signals with a dimensionality of approximately 
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12800 points per sample, a larger sample space than any of the previous GRF recognition 

studies. 

 

8.2.2 Preprocessing 

 

After analyzing our findings with respect to our data preprocessors (normalizers and 

feature extractors) we were able to identify several factors that may influence results and 

usability were we to apply our biometric system to a practical setting. One area that we 

chose not to analyze in this thesis was the relative computational efficiency for each of 

our preprocessing techniques; yet, if the system were to be deployed in a practical setting 

we may find that the performance boost gained by performing LLSRDTW normalization 

could, for instance, be offset by the increase computation time due to its inclusion. Still, 

there are other ways in which a more practical setting may introduce recognition 

performance improvements to our findings, particularly with respect to the greater 

number of samples available. Many of our preprocessors were built upon statistical 

analysis-based techniques (i.e. PCA, Fuzzy c-means clustering and regression), which we 

expect would produce more accurate models were more data available for their 

computation. In that respect, our results may also have potentially been weaker than 

might be expected in relation to those GRF recognition studies with more available 

training samples like  [3, 4] or  [7].  

 

Looking further into our preprocessor findings we were able to arrive at several 

additional considerations and conclusions. First and foremost we proved that normalizing 
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for stepping speed could in fact be done to boost recognition performance and we suspect 

an even greater improvement could be accomplished with the development of stronger 

stepping speed-GRF signature models. Looking back at our findings, we can also see that 

the choice of feature extraction technique had more of an impact on performance than the 

choice of classifier or normalizer, suggesting further research into feature extraction 

techniques might lead to greater improvements in GRF recognition than research focused 

on either of the other biometric system components. It should also be noted that many of 

our preprocessing techniques varied slightly when compared directly with the same 

techniques in related studies, making direct comparisons with previous research difficult; 

for instance, in our WP feature extractor we performed wavelet decomposition using the 

Legendre 04 wavelet function, which we found produced better performance than the 

Coiflet 06 wavelet function used in  [7]. One final interesting implication related to the 

domain upon which feature extraction was performed. When acquiring our spectral 

feature space, extraction was done completely within the frequency domain and we found 

that results suffered when analysis was extended to include multiple shoe types. By 

comparison the holistic and wavelet feature spaces, computed over a time and time-

frequency domain, respectively, resulted in relatively small decreases in performance 

when extended to multiple shoe types, suggesting a possible weakness in the use of 

frequency domain analysis when subject to environment variations during GRF 

acquisition. 
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8.2.3 Classification 

 

The factors affecting our classification findings were similar to those affecting our 

preprocessor findings. In a practical setting computational efficiency would likely 

become more important and classifiers such as the LDA classifier, which involved large 

matrix transformations, might not overcome the efficiency-performance trade-off. Yet, 

once again, when analyzed over a larger more realistic dataset we may be able to achieve 

improved recognition performance; in this case, by performing classifier parameter 

optimizations over a larger dataset we expect we would be able to derive parameters that 

better generalize subject classification boundaries. Taking this into account, it again 

seems that our results could have been weaker with respect to those of previous studies 

than might be expected in a practical setting. Moreover, some of our classifiers refer to 

algorithm variants that differ from those studied in related work (i.e. our use of weighted 

KNN vs. non-weighted KNN in other studies); however, in this case it is hard to tell 

whether or not these variations improved or decreased our results relative those of the 

previous GRF recognition studies. 

 

In addition to analyzing classifier performance, this thesis categorized classifiers as being 

either generative or discriminative, and either eager learning-based or instance-based; we 

examined classifiers belonging to each of these categories. Further analysis reveals that 

the category a classifier belongs to may have important implications with respect to how 

it might perform in a practical setting. Instance-based classifiers, like the KNN classifier, 

retain all training data in memory and often need to access the entire set of training 

samples every time a classification is required; consequently, such classifiers may suffer 
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in terms of both efficiency and memory usage as datasets grow. The use of a generative 

classifier, like the LDA classifier, may also adversely affect performance. In this category 

of classifier there is an expectation that some knowledge of class (subject) distribution in 

the dataset is known a priori, while in a practical setting it may be unfeasible to get a 

good estimate of the class distribution. Consequently, looking at the classification 

techniques strictly at a high level, there is reason to believe that eager learning-based 

discriminative classifiers may be best suited for application to the GRF recognition 

problem in a practical setting. 
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8.3 Potential Improvements 

 

In this thesis we presented a comprehensive experimental analysis of footstep GRF-based 

person recognition using four different feature extractors, seven different normalizers, 

and five different classifiers. Our findings, though subject to the caveats in the previous 

section, demonstrated that with an appropriate choice of feature extractor, normalizer and 

classifier strong recognition performance can be achieved. That being said, we believe 

further improvements could be gained by both expanding the optimization of the 

recognition techniques studied in this thesis and testing promising alternative recognition 

techniques. In the following subsections we examine such potential improvements as they 

pertain to each of our biometric system components. 

 

8.3.1 Feature Extraction 

 

In section 8.2.2 we identified the choice of feature extractor as perhaps the most 

important factor in achieving strong GRF recognition results. For the purpose of this 

thesis all feature extractors were optimized using the KNN classifier and, as a result of 

our optimization, we may have formed a bias toward expectations of that classifier. It 

then stands to reason that we may be able to improve upon our recognition performance 

by simply re-running the feature space optimization for each of our different classifiers to 

obtain results unaffected from the KNN bias. Alternatively, shifting our focus toward 

other feature extraction techniques, there are several other techniques that have the 

potential to offer improved recognition results including: Partial Least Squares (PLS)  

[104], Kernel Principal Component Analysis (KPCA)  [105], and Generalized Principal 
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Component Analysis (GPCA)  [5]. Each of these techniques have roots in PCA, though 

two of them (PLS and GPCA) take a supervised extraction approach, applying a 

weighting based on class membership to derive their dimensionality reducing 

transformations, while the KPCA technique is simply the application of PCA over the 

kernel space, just as was demonstrated for our LDA classification technique in going 

from ULDA to KUDA.  

 

8.3.2 Normalization 

 

The options available to improve upon recognition performance via normalization 

improvements were more limited when compared with those available to feature 

extraction. Our work covered most of the normalizers recommended in statistics 

literature, and of all our examined normalizers only the LLSRDTW involved any 

parameter optimization, with the Sakeo-Chiba Band as a single optimization parameter. 

In our work this optimization was done using the KNN, again creating a bias for that 

particular classifier, therefore it is possible that redoing this optimization over other 

classifiers could potentially lead to an improvement in GRF recognition performance. 

Alternatively, though not quite normalization by definition, we may be able to achieve an 

improvement in our GRF recognition results by dropping the regression aspect of 

LLSRDTW and using the technique’s sample alignment procedure as a standalone 

preprocessor; in this case we would be performing feature extraction directly on the 

center star aligned spaces rather than via derived warping functions. Another possibility 

might include using DTW and the center star algorithm to generate separate alignments 



 

 

251 

for each subject to capture inherent characteristics that might otherwise be missed in a 

more general modeling; again this would involve passing the aligned spaces directly into 

the feature extractor. 

 

8.3.3 Classification 

 

Classification offers far more choices for potentially improving upon recognition results 

than were available for the two preceding biometric system components. There are 

numerous classification techniques available for all sorts of specialized purposes; 

moreover, classifiers tend to have massive optimization spaces meaning whatever 

parameters are discovered in a standard parameter optimization are unlikely to be in their 

most optimal state. Classifier optimization in nearly all our classifiers was accomplished 

using brute force searches of arbitrarily chosen numeric intervals. Consequently, we 

believe improved performance could be achieved over most of the classifiers examined in 

this thesis via the incorporation of smarter parameter space optimization techniques. 

Another approach to improve upon current recognition performance might be to include a 

training sample rejection strategy, as was proposed in  [32], or perhaps a fusing of 

different feature spaces for classification (also proposed in that same study). 

Alternatively, there are several other classification techniques that could potentially lead 

to improved recognition performance: the Hidden Markov Model (HMM) classifier  [30], 

the Regularized Linear Discriminant Analysis (RLDA) classifier  [92], and the Max-

Margin Markov Network (M
3
-net) classifier  [106]. The HMM is a generative 

classification technique which was previously used for GRF recognition in  [30] and is 
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often credited for its strength in recognizing temporal patterns. The RLDA classifier is an 

LDA variant that might be expected to achieve similar results when compared to our 

LDA classifier, but is said to be less prone to the overfitting problems that impacted our 

tested LDA variant. Finally, the M
3
-net classifier is a leading edge classifier, which 

incorporates concepts from both the HMM and SVM classifiers to derive classification 

models; it is unlikely to have ever been tested for the purpose of GRF recognition, but, if 

it truly benefits from the properties of both SVM and HMM, it could potentially lead to a 

substantial improvement in recognition results. 
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8.4 Summary 

 

In this chapter we performed a thorough analysis of the results obtained in the previous 

chapter. We began the chapter with a detailed look at the recognition performance 

achieved in chapter 7 and compared our findings with those of related GRF recognition 

studies. We continued on to discuss the feasibility of a deployment of our biometric 

system to a practical setting, identifying issues that were not within the scope of this 

thesis, yet would need to be addressed before attempting such a deployment. Finally, the 

chapter concluded with a look into some promising alternative recognition techniques 

together with ways in which we may be able to optimize our current recognition 

techniques for better performance going forward. 

 

Key findings presented in this chapter supported our problem statement assertions. We 

discovered an approximately 50% decrease in recognition performance as a result of 

footwear variations between biometric system training and testing. Moreover, a 14-15% 

increase in recognition performance was observed with the use of LLSRDTW to 

normalize for stepping speed over our best performing holistic and wavelet feature 

spaces. Additionally, when comparing different feature spaces, our wavelet space 

produced the best results with an EER of about 2.6% averaged across all classifiers. And, 

when comparing different classifiers, we found the LDA classifier achieved the best 

overall performance, about 19% better than the next best classifier. Yet, to deploy this 

biometric system to a practical setting, there are issues that must be addressed, and, as 

discussed throughout section 8.2, we believe some of our recognition techniques may be 

undesirable options when computational efficiency is considered.  
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Chapter 9  

 

Conclusion 

 

The study of behavioural biometrics has revealed a number of powerful new person-

distinguishing characteristics, some with the potential to be both less intrusive and more 

fraud-resistant when compared with other security mechanisms like physical biometrics. 

However, the complicated data samples that often accompany behavioural biometrics 

present the need for a new generation of processing and classification techniques; 

techniques able to identify key traits while not being significantly influenced by intra-

person variability. In this thesis we performed a comprehensive analysis of such 

techniques and sources of variability with the intended purpose of performing person 

recognition via the behavioural biometric known as the footstep Ground Reaction Force 

(GRF), which is a form of Gait Biometric. Through our work we demonstrated two novel 

machine learning-based normalization techniques, supported two assertions relating to 

the effects of shoe type and stepping speed on GRF recognition performance, and 

compared a number of feature extractor, normalizer, and classifier configurations that had 

never before been cross examined with respect to GRF person recognition. 

 

9.1 Contributions 

 

This thesis made several significant contributions to both the study of footstep GRF-

based person recognition and the wider field of machine learning. With respect to GRF-

based person recognition the work presented here backed the assertions that intra-person 
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shoe type variations have a negative impact on recognition performance and that 

normalizing for stepping speed will have a positive impact on recognition performance. 

And with respect to machine learning, we presented a detailed theoretical overview of 

many existing machine learning techniques as well as two novel data preprocessing 

techniques that we developed for the purpose of our research, the Localized Least 

Squares Regression (LLSR) normalizer and the Localized Least Squares Regression with 

Dynamic Time Warping (LLSRDTW) normalizer. 

 

Regarding our first GRF recognition assertion, to our knowledge no previous GRF-

recognition study has performed a thorough analysis of the effect of shoe type on 

recognition performance. To address this research gap we divided our evaluation dataset 

into three different testing sets: one containing samples that always had the same shoe 

type as the training set, one containing only samples with a different shoe type from the 

training set, and one containing a mix of samples among which some were from the same 

shoe type as the training set while others differed. After applying five different classifiers 

to evaluate these subsets we discovered an average decrease in recognition performance 

of about 50% when the shoes that were tested differed from those on which the classifier 

was trained.  

 

When evaluating our second assertion once again we could not find any previous 

supporting GRF-recognition studies; nor could we find much information in the general 

statistical/machine learning literature demonstrating effective preprocessing techniques to 

account for temporal variation between data samples. In our work we postulated that 
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models could be derived to map the relationship between step duration and amplitude at 

various localities within the GRF signature. To prove this we developed a new 

normalization technique (LLSR); this technique generated its models via first aligning the 

training data at each data point in relation to the total step duration and then acquiring the 

resulting least squares regression relationships. We later used the Dynamic Time 

Warping (DTW) technique to better align samples prior to acquiring the regression 

models, giving us another normalization technique, which we refer to as LLSRDTW. To 

perform the actual normalization on our dataset we then assigned each sample a common 

step duration and used the derived models to adjust the sample GRF signatures 

accordingly. In our evaluation experiments we compared the non-normalized GRF 

recognition performance with the performance achieved using our two new normalization 

techniques as well as a third technique known as Linear Time Normalization (LTN). 

What we found was that each step duration normalizer resulted in an improvement in 

recognition performance for almost every feature space (with the exception of the 

geometric feature space). The largest improvement came from our new LLSRDTW 

normalizer, with a 14-15% increase in GRF recognition performance compared with its 

non-normalized equivalent over our two best feature spaces (the holistic and wavelet 

spaces). 

 

Aside from supporting the two aforementioned assertions, this thesis also made several 

other contributions to the study of GRF recognition. To our knowledge our examined 

sample space was larger than the sample spaces of all previous GRF recognition research, 

with about 12800 points per sample covering 8 different GRF signals. Furthermore, this 
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research, for the first time, performed GRF recognition using the Least Square 

Probabilistic Classification (LSPC) classifier. It was also the first to compare the wavelet 

packet feature extraction technique to the spectral and holistic techniques, the holistic 

feature extraction technique to the spectral, and the Multi-layer Perceptron (MLP) 

classifier to the Linear Discriminant Analysis (LDA) classifier. Through this work we 

were able to demonstrate the wavelet packet feature extractor as being superior to all 

other tested feature extractors with an average EER of about 2.6% and best EER of about 

1.6% in our evaluation experiments. Moreover, we found the LDA classifier performed 

the best in our evaluation tests, about 19% better than the next best classifier on average; 

however, performance concerns were raised with regards to its applicability in a practical 

setting. 

 

9.2 Future Work 

 

The work presented in this thesis tied together the analysis of a number of powerful 

preprocessing and classification techniques, providing a foundation upon which future 

work can be built. While the objectives of this thesis were achievable over a relatively 

limited dataset of only 10 different subjects, future work would benefit greatly from the 

use of a more realistic dataset. Ideally the future dataset would contain over 100 different 

subjects with varying footwear and with steps collected at varying walking speeds; during 

testing, this dataset should then be divided into enrolled subjects and previously unseen 

imposter subjects. In analyzing such a dataset we would expect to get a more accurate 

measure of performance that could be expected in a real world setting. We also expect 
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that many of our machine learning technique preprocessors and classifiers would benefit 

from the inclusion of more samples during training. However, a larger dataset may 

expose some of the potential flaws in our better performing biometric system 

configurations, namely computational inefficiencies. In future work we would like to 

perform a thorough analysis of the computational growth rate introduced by each 

configuration to achieve a greater understanding of the underlying performance-

efficiency trade-offs. We also believe the study of footstep GRF recognition would 

benefit greatly from a similar assessment of the impact of training/testing feet (left vs 

right) on recognition performance. 

 

In terms of improving the recognition performance established in this thesis, our 

experimental analysis made several suggestions. Many of our existing classifiers likely 

have room for improvement through their direct use in the optimization of our 

preprocessors; in our work all preprocessors were optimized exclusively using K Nearest 

Neighbour (KNN) classifier. Additionally, we believe any future analysis would benefit 

from the inclusion of alternative feature extractors and classifiers. New classifiers to be 

tested might include the Hidden Markov Model (HMM) classifier, the Max-Margin 

Markov Network (M
3
-net) classifier, and/or different variants of the classifiers examined 

in this thesis, such as regularized-LDA (RLDA). New feature extractors to be tested 

might include the Partial Least Squares (PLS) feature extractor, the Kernel Principal 

Component Analysis (KPCA) feature extractor and/or the Generalized PCA (GPCA) 

feature extractor. Another interesting idea introduced in our experimental analysis 

involves using DTW and the center star approximation algorithm as a stand-alone data 
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preprocessor to be run prior to any feature extraction. Furthermore, we believe that our 

GRF recognition performance could be further improved by using strategies to both reject 

undesirable samples from training and to fuse results obtained over multiple different 

feature spaces.  

 

Finally, in addition to building upon the research presented here for the purpose of 

furthering future understanding of the footstep GRF recognition domain, much of the 

work presented here also could be applicable to a far wider field of classification 

problems. This is particularly true for the machine learning-based techniques that were 

used, which we feel could be applied to a number of other domains with little-to-no 

domain knowledge required. In future work we would like to take the technologies 

presented here, together with some of the suggested potential improvements, and apply 

them to other domains such as speech recognition. It is our hope that this thesis can 

become something of a template when faced with a classification problem in an 

unfamiliar domain. 
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