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1 Introduction

The sensitivity analysis of the value function associated with a perturbed optimiza-
tion problem is important both in theory and practice. It has been studied by many
researchers over the past decade, (e.g. [4, 7, 8, 9, 12, 14, 15, 16]). Among the vari-
ous models of the perturbed problems, the differential inclusion model considered in
Loewen [12] was potentially most general. However, in that paper the perturbation
on the differential inclusion must be additive and belong to L? space. The additivity
assumption on the perturbation is too restrictive in some applications (e.g. in applica-
tions to bilevel dynamic problems). Also, according to the setting of the problem the
natural space for such a perturbation should be L’ instead of L?. Our main objective
in this paper is to consider a perturbation model similar to that of {12] with nonaddi-
tive L! perturbations on the inclusion and derive an estimate of the G-subderivative
of the value function. We then apply this estimate to obtain necessary conditions for
a solution to a bilevel dynamic problem.

The sensitivity analysis of perturbed dynamic problems was initiated in Clarke's
paper [7]. For control problems with smooth data general L? perturbations has been
considered in Ye [16] and L! additive perturbations in Borwein and Zhu [4]. In ex-
tending these results to differential inclusion setting the main difficulty is the intrinsic
nonsmoothness involved.

In dealing with the bilevel dynamic problem discussed in §3, we need a necessary
optimality condition for a nonstandard optimization problem that involves differential
inclusion constraints. This result can be proved by following closely Clarke’s proof of
the standard case [6]. We include the proof in the Appendix for completeness.

The paper is arranged as follows. In §2 we state the problem and our main results.
In §3 we consider an application to a bilevel dynamic problem. §4 contains preliminary
materials and some technical results that will be used in the proofs of the main results
and we prove our main results in §5. Finally in the Appendix we prove a necessary
optimality condition for a nonstandard optimization problem that involves differential

inclusion constraints following Clarke’s proof of the standard case.



2 Statement of the problem and the main resuit.

We consider the following perturbed optimization problem with differential inclusion

constraints:

P(3) minimize  g(z(1))
subject to  Z(s) € F(s,z(s),5(s)) a.e. in [0, 1],
z(0) = 0,

where g : R* — R, F :[0,1] x R* x R™ — 28" and 8 € L'([0,1], R™). We will often
use the following hypotheses.

(H1) The objective function g is Lipschitz of rank L,.

(H2) The multifunction F' has nonempty, compact, convex values, and is £ x B mea-
surable where £ x B denote the o-algebra of subsets of [0, 1] x ™ x R™ generated

by product sets M x N where M is a Lebesgue measurable subset of [0, 1] and
N a Borel subset of R* x R™. '

(H3) There is a nonnegative function k € L*[0, 1] such that, for almost all s € [0, 1],
F(-S,.'Ifl,ﬁl) g }7(371‘2762) + /{:(S)(H Ty — Tg H + H Bl - /32 ”)B
V',Elu‘IQ € Rn?ﬁl:BQ € R"I

where B is the closed unit ball.

(H4) For each 8 € L*([0,1], R™) there exists a nonnegative function ¢z € L'[0, 1] such
that

F(s,z,0(s)) € ¢s(s)B Vze R™
(H5) For any (s,z,p,3) € [0,1] x R* x R* x R™, define
H(s,z,p,03) = sup{(p,y) 1y € F(s,2,3)}.

We assume that

OrpH (s .z, p, 3) and OgH (s, 2. p, 3)

are upper semicontinuous with respeet to (z,p, 3). where 0 (d.) signifies the

Clarke generalized gradient (with respect to z).

3



Remark 2.1. Assumptions (H1)-(H4) are standard. Assumption (15) is required
because we need to take limits from a sequence of “approximate” multipliers. This
assumption is satisfied, for example, when the inclusion has a smooth parametrization,
i.e. there exist a compact metric space V and a function ¢ : [0,1] x R* x V x R™ — R*
such that, for all (s,z,3) € [0,1] x R* x R™,

F(s,x, 8) = {¢(s,2,v,08) : v e V}

and ¢(s,z,v, 3) is measurable in s, continuous in (z,v, ), Lipschitz in (z,3) and C?

in x; or when the perturbation is “separated” from the inclusion, i.e.,
F(s,z,0) = G(s,x) + h(s, ),

where G is a multifunction and h a scalar function, including the additive perturbation
(h(s, 3) = () as a special case.
For problem P(3), we denote its solution set by L. Then the following result is

well known.

Theorem 2.1 [6] Assume that g and F' satisfy assumptions (H1)-(H4). Ifx € X5 then
there exists an absolutely continuous mapping p such that
(i)
—p(s) . :
_ € OppH (s,2(s),p(s),8(s)) ae. in [0,1];
(s)
(if)
—p(1) € 9g(x(1)).

We call such p a Hamiltonian multiplier of = corresponding to § and denote by Mg(x)
the set of all Hamiltonian multipliers of x corresponding to perturbation 3. Let V(3) :

L' — RU {+00} be the value function corresponding to problem P(;3) defined by
V(B) := inf{g(x(1)) : (s) € F(s,z(s), 8(s)) a.e. in [0,1],2(0) =0}
where by convention in{{0} = +oo. Then we can state our main result as:

Theorem 2.2 Assume that g and F' salisfy assumptions (H1)-(H5). Then V is a

(locally) Lipschilz function and
=V (3) CH{H L x(),p(),80)) i pe Ms(x),r € Xs}.
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where dg is the G-subdifferential defined in Ioffe [11] (see also [1. 5] and Theorem 4.1

for equivalent definitions) and
OsH (,x().p(),B()) = {g € L' : q(s) € 05H (s,z(s), p(s), A(s)) a.e. in [0,1]}.
Since V is Lipschitzian, cl*codgV = 0V (cf. [1]). Thus, we have
Corollary 2.1 Under the assumptions of Theorem 2.2
—0V(3) C c’co{OsH (-, (), p(-),8()) : p € Mp(z),x € Ls},

where cl*co is the weak star convex closure.
Remark 2.2. When the perturbation is additive, i.e. the multifunction F is of the
form

F(s,z,8) = G(s,x) + 8,

we obtain that dsH (-, z(-), p(+), 8(-)) = p. Thus, Theorem 2.2 and Corollary 2.1 extend
the corresponding results for additive perturbations in [4, 12] when there are no per-
turbations on the endpoints. (Although the multiplier in [4] is defined as a solution of
a relaxed adjoint equation in the sense of Warga [13], under the smoothness assump-
tion of the data in [4], it is actually the same as the Hamiltonian multiplier in this
paper.) We should note that how to handle perturbed problems with both endpoint
perturbations and L' perturbations on the differential inclusion remains open to us.

Remark 2.3. The perturbed control problem with nonadditive perturbations consid-
ered in [16, §2] can be reformulated as a perturbed differential inclusion problem with
convexity assumptions on the velocity set. In [16, Theorem 2.1], by considering the
control problem a result similar to Corollary 2.1 was proved under weaker convexity

assumptions on the velocity set and a set of slightly different assumptions.

3 Application to bilevel dynamic problems
Consider the following bilevel dynamic problem:

(BL) minimize  f(x(1))

subject to A< LY([0,1),R™) ze;c W



where W1 is the Sobolev space of absolutely continuous [unctions with norm
el lwro = (2] + [zl
and ¥ is the solution set of

minimize  g(z(1))
subject to  #(s) € F(s,z(s), B(s)) a.e. in [0,1],

z(0) = 0,

where f is a Lipschitz function of rank L;, and g and F are as in §2. Simple in its
form, (BL) incorporates many different models of bilevel dynamic problems (e.g. see
(15, 16, 17]). In this section we will deduce a necessary condition for a solution to
(BL) and illustrates the key difficulty in handling bilevel problems as well as the role of
Theorem 2.2 in this process. For each 8 € L! define the value function corresponding
to the lower level problem by V(). Then following the discussions in [15, 16, 17]

problem (BL) can be rewritten as the following equivalent single level problem:

(SL) minimize  f(z(1))
subject to  #(s) € F(s,z(s), B(s)) a.e.in [0, 1],
z(0) =0,

V(g)=0 BelL

oy

)

This is a “nonstandard” optimization problem with differential inclusion and endpoint

g(x(

constraints involving parameter 3. However, following closely Clarke’s proof of the
Hamiltonian necessary conditions for a solution to the standard optimization problem
with differential inclusion constraints [6] we can prove the following theorem (We give

the full proof in the Appendix for completeness):

Theorem 3.1 Assume that g and F satisfy assumptions (H1)-(H4) and f is a Lips-
chilz function of rank L. If (x, B) is an optimal pair for problem (SL) then there exist

*

A e [0,1], an absolutely continuous mapping p and v € (L')* such that

x(s) e OH(s,x(s),p(s),B(s)) ae. in |0, 1],
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=p(l) € Adf(x(1)) + (1 = A)dg(x(1)),
roe (1-MV(B),

where OH signifies the generalized gradient of H with respect to (xz,p, 3).

While given a necessary condition the term 9V(3) in the theorem is very hard
to calculate. Now Theorem 2.2 helps in a crucial way. Combining Theorem 3.1 and

Theorem 2.2 we are able to get the following useful necessary condition:

Theorem 3.2 Assume that g and F satisfy assumptions (H1)-(HS) and f is a Lips-
chitz function of rank Ly. If (z, 3) is an optimal pair for problem (SL) then there exists
A€ [0,1], an absolutely continuous mapping p and r € (LY)* such that

—p(s)
z(s) € OH(s,z(s).p(s),B(s)) a.e. in[0,1],

-p(1) € A9f(z(1)) + (1 — A)dg(z(1)),
=7 & (L= A)c"co{OsH (-, y(-),q(-),8()) : g € Ms(y),y € Tg}-

Remark 3.1. In Theorem 3.1 and Theorem 3.2, A = 0 corresponds to the abnormal
case. Usually for the purposes of applications one is interested in the normal case
(A > 0). For examples that illustrate how to apply these kind of necessary conditions

we refer the reader to Ye [16].

4 Preliminaries and technical results.

4.1 Equivalent definition of G-subdifferential in weak Hadamard
smooth space.

Let X be a Banach space with continuous real dual X*. By a function we always mean

an cxtended-real-valued function, usually lower semicontinuous and proper (that is to

say, not everywhere equal to +oc and nowhere to —o0). Given a function [ on X and

a functional 2 € X, we say that x* is the weak Hadamard derivative of [ at x if

N ) = [() = ) = 0



as & — 0 uniformly in w € U for every weakly compact subset [/ C X. We will denote

the weak Hadamard derivative of f at x by V'V f(2).

Definition 4.1 The weak Hadamard subdifferential of rank k of the function [ at »
is the set 9%, f(x) of vectors z* € X* with the property that there is a function m(-)
(depending on z*) which is weak Hadamard smooth on a neighborhood U of x and

satisfies the following conditions:
(m;) m satisfies a Lipschitz condition with constant k on U;
(mg) mlu) < flu) forall ue U;

(ms) m(z) = f(z);
(mg) z*=VVHm(z).

The following theorem is a special case of {1, Theorem 2] due to J. M. Borwein and
A. loffe.

Theorem 4.1 Let X be a weakly compactly generated Banach space whose norm is
weak Hadamard differentiable away from the origin. Let f be a locally Lipschitz function

on X. Then for any x € X the following formula gives an equivalent definition of the

G -subderivative introduced in [11]

oo
Ocf(x) = U {w* = limp—0ox) : T} € 8{.‘},—Kf(:nn), Ty, — T},
k=1

and

Ocf(x) = c"code f(z).

This theorem in particular applies to the weakly compactly generated Banach space
L' by the weak Hadamard smooth renorming theorem of Borwein and Fitzpartrick [2].
The general form of the sequential limit formula given in Theorem 3.1 can be found in

[1]. We refer the reader to [2. 3, 4, 5] for additional discussions and applications.



4.2 Existence of optimal solutions

The following existence result on the optimal solution of problem P(3) is standard and

can be deduced, for example, directly from [6, Theorem 3.1.7].

Theorem 4.2 For any 3 € L'([0,1}, R™), £3 # 0.

4.3 A stability result about the Hamiltonian

Lemma 4.1 Let f; : [0,1] x [0,1] x R™ — R be a sequence of continuous mappings
such that f; uniformly converges to f and r; o sequence of positive numbers converges
to 0. Let 3 be a fized function. Define, for (x,p) € R™ x R",

Hi(s,z,p) = sup{H(s,z,p,y) + filr.5,y) : y € B(s) +7B,r € [0, 7]}

Then, for any sequence p; of continuous mappings uniformly converges to p and con-

tinuous mapping r we have

limsup Oz p Hi(s, 2(s), pi(s)) C 0z pH (s, 2(s), p(s), 5(s)).

100
Proof. By the pointwise maxima formula [6, Theorem 2.8.2] for the generalized gra-
dient,

Or pHi(s,2(3),pi(s)) C co{OrpH(s,z(s),pi(5),0) : B € B(s) +r:B}.
Since r; — 0, pi(s) — p(s), assumption (H5) implies that
limsup 0, p Hi(s,2(s), pi(s)) € limsup co{8,,H(s,z(s),m:(s),3) : 3 € B(s) + r:B}

1— 00 1~ 00

g aI»PH(S7 I(.S),])(S), /6(‘5))

4.4 A relation between subderivative and Hamiltonian mul-
tiplier
Lemma 4.2 Let k be an integer, g € (LY)* and 3 € L' such that
—q € 05, V(3.
Then there exist x € X5 and p € Mg(2) such thal

q(s) € O3H (s,x(s),p(s). B(s)) a.e. in [0,1].



Proof. Define
W= {yeL':y(s) e Bae. in|0,1]}.

Then W is a weakly compact set. Since —q € 9§, 5,V (3), by Definition 4.1, there exists
a weak Hadamard smooth Lipschitz function m of rank k such that V — m attains

minimum 0 at 4. Since W is a weakly compact set, for any integer i, there exists

1

r; < i7" such that

m(B + tw) — m(B) — (—q,tw) > —i"'t VYwe W,t € 0,7
Observing that V(5") > m(3") and V(8) = m(3) we obtain

V(E)-V(B) + (q.8 —B) > ~i""t V3 €B+tW,te0,rl
Let z € ¥3. Then V(3) = g(z(1)) and V(5') < g(y(1)), for any solution y of

y(s) € F(s,y(s),A'(s)) a.e.in [0,1],
y(0)=0, B e B+tW te[0,r). (1)
Therefore, (y,t,5") = (2,0, 3) is a solution to the following optimization problem:
1
minimize  g(y(1)) +/ [q(s), B'(s)) + i~ 't]ds
0
subject to  y(s) € F(s,y(s),4(s)) a.e. in [0,1],

y(0) =0, f'(s) € B(s) +tB t € [0,7].

Define 7 = (y,£) and g(7) = g(y) + & Then Z(s) := (z(s), [y {¢(r), B(r))dr) and
(' = € L' is a solution pair of the following optimization problem:

minimize  g(gy(1))
subject to  (s) € F(s,y(s),F(s)) x {i™'t + (q(s),5(s))} a.e. in [0,1],
7(0) =0, 5(s) € B(s) +tB, i €0,74].

Set CF = {(t,73") : p' € B(s) + rB,t € |0,m;]} and

Gils,9) == U Fls,y,8) x i7"+ {q(s),3)}.
(t.3))eC?
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Then (s) is a solution of
minimize  §(7(1))
subject to  7(s) € Gyi(s,7(s)) a.e. in 0,1},
5(0) = 0.

It is easy to check that G; is Lipschitz in §. By the relaxation theorem (cf. [18]), any

trajectory of the convexified differential inclusion

ii(s) € @0Gi(s, §(s)) ae. in [0,1],
§(0) = 0.

can be approximated uniformly by trajectories of the original inclusion

7(s) € Gi(s,5(s)) a.e.in [0,1],

Ry
(@)
S—
I
(e

Therefore Z(s) is also a solution of the convexified problem:
minimize  g(g(1))

subject to 7]

Applying Clarke’s Hamiltonian necessary condition [6], we obtain that there exists an

arc p; = (p;. ;) such that

( —?i(é) > € ;5 Hi(s,7(s), i (s)) a.e. in (0,1}, (2)
z(s)
~-pi(1) € 9g(z(1)) (3)

where .
Hi(s,Z,5:) := sup{{ps, y) + m(i~ "t + (q(s), 7))

cye F(s,x, 8, (t,3)eCf}
Since H; does not depend on &, inclusion (2) implies that 7:(s) = 0 and

T(s)

( *,?)i(ﬁg) ) € JrpHi(8,2(8), pi(s))  ae. in [0, 1. (4)

I



In considering relation (3) 1:(s) = —1 and (4) becomes

“,pi('ﬁ) = (9@,,11-(3,:i'(s),pi(s), —1) a.e. in(0,1]. (5)
z(s)
Thus, using an argument as in page 173 of [6], one has
P ) ¢ o, Hils,a(s),pils)), aein [0,1] ()
z(s)
(7)

—pi(1) € dg(z(1)),

where

= sup{(pi,y) — (7't + {q(s),8)) ry € Fls,x, 8).  (t,8) € C7}

= sup{H(s,z,p;, f') — (i7"t + {q(s), 7)) : (£, 8) € C} }.

Hz‘(S-,?C>Pi)

By relation (3) p:(1) are uniformly bounded. Using (2) and Gronwall’s inequality we
may conclude that p; is uniformly bounded. Thus, we may assume that there exists an
absolutely continuous mapping p such that p; uniformly converges to p and p; weakly

converges to p in L'. Taking limits in (6) and (7) by Lemma 4.1 we have

x(s)

( —p(s) > c ar‘pH(S,l‘(S),P(S)wB(S)) a.e. in [O, 1],
—p(1) € Bg(x(1)).

Also (2) implies that (see [6, Proposition 3.2.4])
(5:(s), 2(s)) = Hi(s,Z(s),B:(s)) a.e. in [0, 1]. (8)

Since z(s) € F(s,z(s),3(s)) a.e. in [0,1], we clearly have, for almost all s € [0, 1],

(Bi(s), 2(s)) = (pi(s),2(s)) = (q(s),B(s))
< H(s,z(s),pi(s), B(s)) — (q(s), B(s))- (9)
Combining (8) and (9) we obtain that
& (1,3 = H(s,x(s), pi(s), ) — (i7"t + (q(s), 7))
restricted to CF attaing a maximum at. (0, 3(s)) for almost all s € [0, 1]. Thus,
0 € —0¢*(0,8(s)) + Ne=(0,8(s)),  a.e. in [0,1], (10)

12



where Nea (0, 3(s)) is the normal cone (in the sense of convex analysis) of C; at (0. 3(s))

and, by direct calculation,
Nes(0,8(s)) = {(r,y) 1y € —=rB,7 < 0}.

Therefore relation (10) implies that, for almost all s € [0,1], there exists an h(s) €
OgH (s,x(s), p:(8), 3(s)) such that

(—i™' h(s) —q(s)) € {(r,y) :y € =rB,r < O},
That is to say
—q(s) € —05H (s,z(s),p:(8),B(s)) +i™'B a.e. in [0, 1].
Upon taking limits we bbtain

q(s) € 0gH (s,2(s),p(s), A(s)) a-e.in [0,1].

5 Proof of the main result.

Proof of Theorem 2.2.

Step 1. Lipschitz continuity of the value function V. The proof of V is Lipschitz
with respect to 3 is in the same spirit of [18, Theorem 4.7]. We include details here
for completeness. We will need the following special case of Filippov’s result on the

relation of approximate solutions and solutions of a differential inclusion (cf. [10, 18]).

Lemma 5.1 Assume that F' satisfies assumptions (H2)-(H4). For any absolutely con-
tinuous mapping x on [0,1] and 3" € L', there exisis a solution y to the differential
wnclusion

y(s) € F(s,y(s),3'(s)) a.e in{0,1],

y(0) = x(0).
such that

1

ly — rllies < ean( [ (s)ds) [ (), Fis,2(s), 3 ()

where d(b, A) := inl{||b - al| : a € A}.



Consider 3,3 € L'. Let x € £3. Then V(3) = f(x(1)). By Lemma 5.1 there

exists a solution y to the differential inclusion

y(s) € F(s,y(s),(s)) a.e. in [0,1],

such that

1 1
() = (V)] < eap( [ k(s)ds)- [ dla(s), Fls,a(s), B(s)))at

Observing that (s) € F(s,z(s), 8(s)) almost everywhere and using assumption (H3),

we obtain
[} e (s). Fs,a(), 8 sk < [ bIB(5) ~ Als)lds < Kl 18" — Bl
Thus,

V(g - V(B)

IN

9(y(1)) — g(z(1))
< Lyl - 3]
< Ly eop( [ K(s)ds) - 1kl - 18 = Bl

Since we can interchange the positions of 4 and 4’ in the above arguments V' is Lipschitz

with respect to 5.
Step 2. Let —g € OgV (). Then, by the sequential limit formula stated in Theorem
4.1, there exist integer k, g, € (L')* and 8, € L' such that

~n € By V (Bn),

where 3, — fin L' and g, = ¢ in (L))* .
Step 3. By Lemma 4.2, for each n, there exist z,, € £, and an absolutely continuous

function p, satisfies, for almost all s € [0, 1],

( “hnls) ) € OupH (5, 20(5), pa(5), () an
5n(s)
—pu(L) € Bglan(1) (12)

Gn(8) € IpH (8,Tn(8). Pu(s), Bals))- (13)

14



Since g is Lipschitz with rank L,, p,(1) are uniformly bounded by relation (12). Using
(11) and the Gronwall's inequality we conclude that p, is uniformly bounded. Thus,
we may assume without loss of generality that p, uniformly converges to an absolutely
continuous mapping p. Similarly we may assume that z, converges uniformly to an
absolutely continuous mapping z. Taking limits in (11), (12) and (13) yields, for almost
all s € [0,1],

( ——p(S) ) € Br,p]J<S’"I"('S)’p<8)’ﬂ(s))

x(s)
—p(1) € dg(x(1))
q(s) € DgH (s, x(s), p(s), B(s)).
It is easy to see that x is a solution of the differential inclusion
x(s) € F(s,z(s),[) a.e.in [0,1],
z(0) = 0.

Since V' is Lipschitz, z € £3. Thus, p € Ms(z) and the proof is completed.

6 Appendix

In this appendix we give a proof of Theorem 3.1 following Clarke’s proof of Theorem
2.1 (cf. [6, page 123-130]). We will keep the notation and exposition close to that of
6].

Proof of Theorem 3.1 To keep notation simple we will omit the variable s when

this does not cause confusion. For any @ > 0 and p € R™ define
Fa(yf\f) = F(y”” + Q.B,

py,v.y) = d(v, Fy.v)),
Pa(y.v.y) = d(v, Faly, ),
and
Ha(y,p.7) = sup{(p,v) s v € Fuly, 7).

We denote by S, () the solution set of
y € Faly,v). y(0) =0,

5



and define
Ao = {7 1y € Salv).[lv = Bl <a}.
Then the metric
Ay, ), (z,0)) = ly = 2|l + ||y = allr:

turns A, into a complete metric space.

Let (x, 3) be a solution pair to (SL).

Step 1. Define

¢<(y,v) == max{g(y(1)) = V(v), f(y(1)) = f(z(1)) + £}

Lemma 6.1 Given ¢ > 0, then for all a > 0 sufficiently small and for all (y.a) € A,

one has ¢ (y,a) > 0.

If this were false, there would exist a sequence a; — 0 and (y;, ;) € Aq, with

®e(yi, ;) < 0. Without loss of generality we may assume that y; uniformly converges
to y € Sp(0). It follows that

ey, 8) <0
so that g(y(1)) — V(8) <0 and also f(y(1)) < f(x(1)) — €*. contradicts the fact that

(z, /) is an optimal pair.
Step 2. Choose a as in the statement of Lemma 6.1 with a < ¢, and we note that

oe(z,3) = 2. By Lemma 6.1 it follows that
be(z,8) < i}rllaf e + €%
By Ekeland’s variational principle, there exist (z,7) € A, minimizes
Py, a) + eA((y,a), (z,7))
over (y,a) € A, and such that
Az, 8), (2,7) < €,e(z,7) < %

Lemma 6.2 For some n > 0, the patr (z,7) minimizes

1
b:-(y.a) + eA((y.a), (z,7)) + K /O pa(y. 4. a)ds

over all pairs (y, ) satisfying
Ay a), (z.9)) <,

where K = [max(L,. L;) + clexp(fy k(s)ds).

16



Suppose the assertion Lo be false. Then there is a sequence (y;, ;) of pairs such
that y; uniformly converges to z and a; — 7 in L' for which the expression in the

lemma is less than its value at (z,7). It follows that

1
/ pa(?ji,?)i,ai)dS b 0
0

We are now able to apply Filippov’s result (Lemma 5.1) to deduce the existence of a

t
trajectory z; € Sy(a;) such that z;(0) = y;(0) and

1 1
I = wilt < exp( | K()ds) [ pulysr e a)ds,
Therefore we have
Pe(z0, ) + £0((30,29), (2,7)
B:(ys, o) + eA (g, 2), (2,7)) + (max(Ly, Ly) + e)lfz: — 3l

1
< bultn i) + 20 (g0, (5 M) + K [ oyt )ds
Pe(z,77)-

IA

A

The upshot is that the element (z;,a;) € A, assigns a lower value to

@5('7 ) + EA((" '>7 (%7))

than does (z,7). This contradiction of the optimality of (z,v) completes the proof of
the Lemma 6.2.
Step 3. Define, for (y,a) € Wil x L1

1
hly.0) = K | paly, 3, @)ds.
By Lemma 6.2.
0 € O¢e(z,7) + 9eA((2,7), (z,7)) + Fh(z,7).
Now we turn to the calculation of these generalized gradients.

a. By the integral formula of the generalized gradients. for any £ € dh(z,~) there

~y
exists
(g,p.7)(s) € K pa(=z, 2,7)(s)

such that for any (y.u) € W x LY
.

Ew) = [ {lap) + o)+ (rou)Jds.
JA)
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b. Similarly, any element € € dsA((2,7), (z,7)) corresponding to a pair of functions
(0, 0,) with (0,,05)(s) € e(Brn x Bgn) such that for any (y,u) € Wh! x LY,

£y, u) = ./gl{<01,y> + (B2, u) }ds.

c. Now we turn to d¢.(z,v). If € lies in the generalized gradient of (y, o) — f(y(1))
at (z,7v) then

(y.u) = (&,y(1)

for some element & € Of(z(1)). If € lies in the generalized gradient of (y,a) —
g(y(1)) — V(a) at (z,7) then there exist & € dg(z(1)) and & € 9V (y) such that for
any (y,u) € Wt x L,

€)= (€y(1) - [ (€ u)ds

Then by the pointwise maxima formula (cf. [6, Theorem 2.8.2}) generally there exists
a A € [0, 1] such that

(o) = Mer u(D) + (1 = V(& (1) - [ {6 u)ds)

for some & € Of(2(1)),& € Ag(z(1)) and &5 € OV (7). In summary we have

Lemma 6.3 There ezists a A € [0,1], elements &,& and & of 0f(=(1)),0g(=(1))
and AV () respectively, a selection (q,p,7) of 0K pa(z,%,7) and a selection (61,02) of
c(Bpn x Bpgn) such that, for any pair (y,u) € Wh! x L, one has

0 = Mgy + (- Ny - [ (1)
+ / {(61,y) + (f2, ) }ds+/ {q,y) + (p,y) + (r,u)}ds. (14)

Separating y and u and using standard variational arguments the identity of the lemma
vields

7‘+02 = (1—/\)63

p(s) = [ (alr) + br(m))dr

p(1) = =A& = (1 = A&



Thus,
T+ 6s € (1 —A)0OV(y)
(p=01,p,7)(s) € Kdpa(z, 2,7)(s)
p(1) € =A0f(=(1)) = (1 = A)dg(=(1)).
Step 4. We now wish to bring in the Hamiltonian A.
Lemma 6.4 The relations (g, p,7) € 0K pa(y.v,7y) and po(y,v,y) = 0 tmply
(—g,v,—7) € 0Ha(y,p,7)-

This lemma is the same as Lemma 4 in Clarke’s proof except for the extra variable
pair r and . Observing that r and « behave in the same way as g and y do, respectively,
the proof of Lemma 4 in [6] applies here with obvious notational change.

Using this last lemma we can rewrite the (approximate) necessary condition as
re(l—A\oV(y)+eB
(=p. 2, —r)(s) € OH(s,2(s),p(s),7(s)) + (1 + [p(s)
=p(1) € A0f(z(1)) + (1 = AN)dg(z(1)).

)B

Now we can take limits (as (z,v) — (z,3)) as in Clarke’s proof to complete the proof.
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