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An n-by-n matnx En 1s called sign nonsingular (sNs) 1£ every matnx with the 

same sign pattern as En 1s nonsmgular A given SNS matrix determmes an eqmv­

alence class (with respect to transposition and multiplication by permutation and 

signature matrices) of SNS matnces, all of which have the same number of zero 

entnes Such a matnx 1s maximal 1f no zero entry can be set nonzero so that the 

resultmg matrix 1s SNS In add1t1on, En 1s fully mdecomposable 1£ 1t does not have 

an (n - k)-by-k zero submatnx for some k, where 1 ::; k:::; n - 1 

Two new mfirnte classes of SNS matnces are identified Hip,q,r,s) and vJr) These 

are defined m terms of the Hessenberg matnx, Hn, which, for fixed n, 1s known to 

determme the urnque eqmvalence class with the mm1mum number of zero entries, 

namely (n;1
) Each member of these new classes 1s a fully mdecomposable maximal 

SNS matnx havmg a specific number of zero entnes 

It 1s proved, for n ~ 5, that the eqmvalence class of fully mdecomposable 

maximal SNS matnces with (n;1
) + 1 zero entries 1s urnque and is represented 

by Hi2,i,o,o) Similarly, for n ~ 7, it is proved that there are exactly two such 

eqmvalence classes with (n;1
) + 2 zero entnes, which are represented by HA3•1•

0
,0) 

and H(2,1,2 ,1) 
n 
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Chapter 1 

Definitions 

1.1 Matrix Definitions 

These defimt10ns come pnmanly from Horn and Johnson [HJ] The notat10n 

Amn [a1J] specifies an m-by-n matnx with entries from the set of real numbers 

If m = n this is abbreviated to An If either m or n equals zero, then the matnx 

is vacuous The notation !Amnl denotes the entry-wise absolute value of Amn and 

A~n denotes the transpose of Arnn The funct10n sgn determmes the sign of a 

matnx entry, specifically, 

sgn(a.J) = -1 if a < 0 • tJ 

0 otherwise 

Let v(Arnn) denote the number of nonzero entries m Amn A matnx Arnn 1s said 
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to be contained m Bmn 1f a,J -=I= 0 1mphes b,J = a,J Note that v(Amn) ::; v(Bmn) 

A matnx Arnn 1s a zero matrix 1f every entry of Arnn 1s zero and a nonzero matrix 

1f some entry of Arnn 1s nonzero 

For mdex sets a ~ M = { 1, , m } and ,B ~ N _ { 1, , n } , the sub matrix of 

Arnn lymg m the rows md1cated by a and the columns md1cated by ,B 1s denoted by 

A[a, ,B] If a= ,B, then A[a, ,B] 1s a principal submatrix of Arnn and the notat10n 1s 

abbreviated to A[a] Prmc1pal submatnces are wntten as A[n1, , nk] rather than 

, nk } ] The complements of a m M and ,B m N are denoted by ac and 

W, respectively and the submatnx A[aC, ,Be] 1s called the complementary submatrix 

of A[a,,B] The notation AnEB Bm specifies a matnx Cn+m where C[l, ,n] = An, 

C[n+l, ,n+m] = Em and C[{l, ,n},{n+l, , n+m}] and C[{n+ 

1, , n + m }, { 1, , n }] are zero submatnces 

In a square matnx, the entnes that occur m positions ( i, i) for i = 1, , n 

define the main diagonal of the matnx and each entry 1s called a diagonal entry 

The entnes that occur m pos1t10ns ( i + 1, i) for i = 1, , n-1 define the subdiagonal 

of the matnx and finally, the entnes that occur m pos1 tions ( i, n - i + l) for 

i = 1, , n define the anti-diagonal of the matnx 

A diagonal matrix, An, 1s a square matnx m which a,J = 0 1f i -=I= J A signature 

matrix 1s a diagonal matnx m which every diagonal entry 1s either +1 or -1 The 

n-by-n diagonal matnx havmg all diagonal entnes equal to 1 1s called an identity 

matrix and 1s denoted by In 

A matnx 1s a permutation matrix 1f exactly one entry m each row and column 1s 
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equal to 1, and all other entnes are O It 1s often convement to specify a permutat10n 

matnx, Pn, by a permutat10n of N Thus, the matnx Pn = (i1, i2 , 'in) IS such 

that p3 ,,
1 

= 1 for J = 1, , n with all other entnes berng O [GVL] For example, 

( 4, 1, 3, 2) denotes the permutat10n matnx 

0 0 0 1 

1 0 0 0 

0 0 1 0 

0 1 0 0 

In some cases, when spec1fyrng a permutat10n matnx with this notation, a segment 

of the permutation may be vacuous For example, 1f p = 1 and q = 0, the 

permutat10nmatnxQp+q+I = (p+l,p+2, ,p+q,p,1,2, ,p-1,p+q+l) = 

(1, 2), as the segments p + 1, p + 2, ,P + q and 1, 2, , p - 1 are both vacuous 

This convention is used, for example, m Theorem 4 2 8 

A matnx An with n 2: 2 is partly decomposable 1f there exist permutat10n 

matnces Pn and Qn such that 

where 1 ::; r ::; n - 1 and On-r,r is a zero matnx If An is not partly decomposable, 

it is fully indecomposable Thus, An is fully rndecomposable if and only 1f it does 

not have an (n - k)-by-k zero subrnatnx for some k, where 1 ::; k ::; n - 1 A 
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matrix An with n > 2 1s reducible 1£ there exists a permutat10n matrix Pn such 

that 

where 1 ::; r ::; n - l and On- r,r IS a zero matrix If An 1s not reducible, 1t 1s irre­

ducible It 1s sometimes possible to permute the rows (or columns) of a reducible 

matrix to obtam an 1rreduc1ble one For example, the matrix 

[ : : j 1s reducible but [ : : j 1s meducrble Notice that reducrble implies 

partly decomposable and fully mdecomposable 1mphes 1rreduc1ble In fact, a ma­

trix An 1s irreducible 1£ and only 1£ IAnl + In 1s fully mdecomposable [BR, Theorem 

4 2 3] 

A matnx with a nonzero mam diagonal 1s said to be k-connected 1£ there exists 

an l-by-m zero submatrix with l + m = n - k but no l'-by-m' zero submatrix with 

l' +m' > n-k[LMl] A matrix that 1s 0-connected 1s partly decomposable whereas 

a matrix that 1s k-connected for k > 0 1s fully mdecomposable 

1.2 Sign Nonsingularity (s s) Definit ions 

The determinant of An 1s defined as 

n 

<let An= I: s(a) IT a,,a(,) 

where the summat10n 1s over all permutations a of { 1, , n} and s( a) 1s -1 1£ 

the permutation 1s odd and + 1 other"W1se Each term m this summat10n, namely 
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s( o-) TI~=l a1,a(i ) , 1s called a signed elementary product from A n If det A n is nonzero , 

then An 1s called nonsingular, otherwise 1t 1s singular 

Defimt10n 1 2 1 A matnx A n 1s szgn nonsingular (SNS ) if every matnx E n 1s 

nonsmgular where sgn(b,i) = sgn(a,i) for all z and J 

That 1s, every matrix with the same sign pat t ern as A n 1s nonsmgular This implies 

that when computmg det An, every signed elementary product 1s weakly the same 

sign (1 e , the same sign or zero) and at least one 1s nonzero Thus , as far as sign 

nonsmgulanty 1s concerned, 1t 1s clear that the magmtude of each entry of A n is 

not important, Just the sign Therefore, without loss of generality, a representative 

for each eqmvalence class of SNS matnces can be chosen so that each matnx entry 

IS Ill {-1,0,+1} 

The permanent of A n 1s defined as 

n 

per A n = I: II a1,a(,) 
a i=l 

where the summation is over all permutat10ns o- of { 1, , n} 

A matnx E n with entnes from { 0, 1} is said to be convertible 1f there exists 

a matnx A n with entnes from { -1 , 0, +l} such that !An! = E n and I det An ! = 

per !An! > 0 It is clear that when A n is a SNS matnx, !An! is convertible, and 

1f En 1s convertible, then the nonzero entnes can be signed so that the resultmg 

matnx 1s SNS 
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Even though determmant and permanent have s1m1lar defimtions, the determi­

nant has a computationally efficient algorithm ( 0( n3
)) whereas permanent does 

not (#P-Complete [Vall) Note that 1f An 1s SNS, then \detAn\ = per\An\ > 0, 

and thus the permanent can be computed efficiently 

A SNS matnx An 1s said to be normalized 1f an = -1 for all z = 1, ,n A 

zero entry, a,1 , m a SNS matnx An 1s called an essential zero 1f when a,1 1s replaced 

by ±1, the matnx An 1s no longer SNS If every zero entry m a SNS matnx 1s an 

essential zero, then the matnx 1s said to be maximal 

Two matnces, An and Bn, are said to be equivalent (or m the same equivalence 

class) if An can be transformed mto En by any combmat1on of the followmg 

• transposition, 

• multiphcat1on by permutation matnces, or 

• multiplication by signature matnces 

By the properties of the determmant, if a matnx En 1s eqmvalent to a SNS matnx 

An, then En is also SNS Thus, a given SNS matnx determmes an eqmvalence class 

of SNS matnces, all of which have the same number of zeros If a matnx An 1s 

not normalized, then there exists a matnx En eqmvalent to An that 1s normalized, 

thus, a representative for each eqmvalence class can be taken as a normalized SNS 

matnx Equivalence classes of maximal SNS matnces are of most mterest because 

non-maximal SNS matnces are obtamed by settmg to 0 one or more entries of a 

maximal SNS matnx For small values of n, the number of eqmvalence classes 
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1s known (see, e g, [DGJOvD, Sh]) For example, when n = 4, there are three 

eqmvalence classes of fully mdecomposable maximal SNS matrices and when n = 5 

there are six ( see Table 6 1) 

1 3 Digraph Definit ions 

These defimtions come mamly from Bondy and Murty [BM] A signed directed 

graph, D = (V, E), hereafter called a digraph, 1s an ordered palf consIStmg of 

a nonempty set of vertices V {v1 , ,vn} and a set of arcs (directed edges) 

E ~ V x V m which each arc ( v,, v3 ) 1s assigned either a + or a - sign An 

arc (v,, v,) 1s allowed but multiple arcs are not The notations V(D) and E(D) 

denote the vertices and the arcs, respectively, of the specified digraph D The 

function sgn 1s used to obtam the sign associated with an arc (Note that the 

context of sgn will d1stmgmsh the two types of values m its range The sgn of 

a matrix entry returns an mteger from { -1, 0, + 1 } , whereas the sgn of an arc 

returns a sign from { -, +}) The vertices can be ordered with a b1Ject1ve funct10n 

a { 1, ,n} -+ V(D), where n = IV(D)I An ordered digraph, denoted D 0 , 1s 

a digraph m which all the vertices are ordered by some b1Ject10n a Applymg a 

b1Ject1on a to the vertices of an unordered digraph produces an ordered digraph 

A digraph D' 1s a subdigraph of a digraph D 1f V(D') ~ V(D), E(D') ~ E(D), 

and for every (u,v) E E(D') the vertices u,v E V(D') 

There 1s an obvious one-to-one correspondence between ordered digraphs on 

n vertices and n-by-n matrices with entries from { -1,0,+1} Given an ordered 



digraph D0 , the n-by-n associated matrix, A(D0 ) = [ai1l, 1s defined by 

+1 1f (i,J) E E(D 0 ) and sgn (i,J) = + 

aiJ = -1 1f (i,J) E E(D 0 ) and sgn (i,J) = -

0 otherwise 

8 

for i,J = 1, , n On the other hand, given any matnx An, the associated digraph, 

D (An), 1s defined as follows Let V ( D (An)) be the vertex set { 1, , n } and let 

E(D(An)) be the arc set with an arc (i,J) from vertex i to vertex J 1f and only 1f 

a,1 =J. 0 The arc ( i, J) 1s labelled w1 th - 1f sgn ( a,1 ) = -1 and + otherwise The 

notation implies that D(An) 1s an ordered digraph Clearly, An = A(D(An)) and 

Do = D(A(Do)) 

A (simple directed) path of length k 2'.'. l , say ((v1,v2),(v2,v3 ), ,(vk,Vk+i)), 1s 

a sequence of k arcs m which all the vertices v, are d1stmct For convemence, a path 

1s represented by its vertex sequence ( v1 , v2 , , Vk+i) rather than its arc sequence 

A (directed) cycle of length k 2'.'. 1, say ((v1,v2),(v2,v3 ), ,(vk-i,vk),(vk,vi)), 1s 

a sequence of k arcs m which all the vertices Vi are d1stmct As with paths, a cycle 

1s represented by its vertex sequence When k = l, the cycle 1s called a self loop 

A Hamilton cycle 1s a cycle contammg all the vertices of the digraph 

The ( directed) path sign of a path 1s a sign ascribed to the entire path and 1s 

defined as ( -1 )m, where m 1s the number of arcs m the path that are negatively 

signed The ( directed) cycle sign 1s defined s1m1larly 

A digraph 1s said to be strongly connected 1f for every pair of d1stmct vertices 
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u and v, there exists a path from u to v It 1s well known that an ordered digraph, 

DOI, 1s strongly connected 1£ and only 1f its associated matnx, A(DOI), 1s 1rreduc1ble 

If a digraph contams a Hamilton cycle, then the digraph 1s strongly connected (but 

the converse 1s not necessanly true) 

The indegree of a vertex v 1s the cardmahty of the set { ( z, v) I ( z, v) E 

E(D) and z -=J- v} and the outdegree of a vertex v 1s the cardmahty of the set 

{ (v, z) I (v, z) E E(D) and z -=J- v} Note that self loops are excluded The total 

degree of vertex v 1s the sum of its mdegree and outdegree [Thl] When exammmg 

A(DOI) for any ordermg a, 1t can be easily seen that the mdegree of vertex z, denoted 

d-( z ), 1s the number of nonzeros m column z ( excludmg the diagonal entry) and the 

outdegree of vertex z, denoted d+(z), 1s the number of nonzeros m row z (excludmg 

the diagonal entry) Thus, for the n-by-n matnx A(DOI ) _ [a11], the total degree of 

vertex z 1s d(z) = I:;=1 ia11 1 + I:;=1 la11 I - 2laul The correspondence between ma­

tnces and digraphs clearly dictates that v(A(DOI)) = ½ I:~=l d( z) + I:~=l laul 
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Chapter 2 

Background and History 

2.1 Motivation 

Samuelson[Sa], m his 1947 book Foundations of Economic Analysis, formulated 

economic problems usmg qualitative reasonmgs and a qualitative calculus This 

work mcludes the analysis of a system of lmear equat10ns where only the signs 

(but not the magmtudes) of the entnes of the coefficient matnx An are known 

The solution of the quantitative problem when det An 1s nonzero, can be given, for 

example, by Cramer's rule Usmg this same method on the qualitative problem 

reqmres det An to be nonzero for all magmtudes of the positive and negative entnes 

of An In the qualitative problem, det An 1s nonzero 1f and only 1f all nonzero signed 

elementary products have the same sign with at least one bemg nonzero Thus, 

some method 1s needed to determme when this 1s true In the 1960's, Lancaster 

and Gorman extended Samuelson's work [Lal, La2, La3, Go] 
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More recently, SNS matrices have also arisen m ecology and b10logy ( see for 

example [J, Se]), and have appeared m the followmg contexts sign solvabil­

ity (see for example, [KL, KLM, Man, May]), sign stability (see for example, 

[JKvDl, JKvD2, MQ]), sign controllability (see for example, [JMO]), qualitative 

Schur complements (see for example, [JM]) , Pfaffian orientations and Pfaffian 

graphs (see for example, [11, LP, VY, LR]) and inverse determined matrices (see 

for example, [Th2, Se, LM2]) 

Sign nonsmgular matrices have been studied from many different perspectives 

The first digraph characterizat10n of SNS matrices was given by Bassett et al (see 

Section 2 2 and also [BMQ]) The even digraph characterization of sign nonsm­

gularity (Section 2 3 and also [ST, Thl]) mvolves a specific forbidden sub digraph 

property of the associated digraph of the matrix That 1s, a matrix 1s not SNS 1f 

and only if its associated digraph contams a forbidden subd1graph The convert­

ible matrix characterizat10n (Sect10n 2 4) uses a forbidden submatrix approach 

That 1s, m order that a matrix be SNS, 1t cannot contam a specific submatrix 

under certam matnx operat10ns (see also [11, BR, BS, Sh] for details) Drew et al 

obtamed a characterizat10n of SNS matrices usmg the associated signed b1part1te 

graph[DGJOvD] 

After d1scussmg several of these characterizat10ns, the final two sections (2 5 

and 2 6) of this chapter provide important background necessary for the basis of 

this work Sect10n 2 5 shows that there 1s essentially only one way to affix signs to 

a convertible matrix so that 1t becomes a SNS matnx Section 2 6 shows that the 
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Hessenberg matnx, Hn, 1s (up to eqmvalence) the umque n-by-n SNS matnx with 

exactly (n;1
) zero entnes 

2.2 Digraph Characterization of SNS Matrices 

The digraph charactenzation of SNS matnces was given by Bassett, Maybee and 

Quirk[BMQ] rn 1968 Their charactenzat10n reqmres the examrnat10n of every 

cycle rn the associated digraph to determme if 1 t has the correct cycle sign 

Theorem 2 2 1 ( [BMQ, Lemma 3]) A matnx, An, with every diagonal entry 

equal to - 1 1s SNS 1f and only 1f every cycle rn D(An) has negative cycle sign 

Ex ample 2 2 2 Let A4 be the matnx 

- 1 -1 0 -1 

+1 -1 0 -1 

0 +1 -1 -1 

0 +1 +1 -1 

Then, D(A4 ) 1s pictured rn Figure 2 1 where negatively signed arcs are dashed and 

pos1t1vely signed arcs are solid All cycles m D(A4 ) have negative cycle sign and 

therefore, by Theorem 2 2 1, A4 1s s s 

Usmg this charactenzation, Lady and Maybee [LaMa] proved that each essen­

tial zero m the matnx corresponds to a path condition m the associated digraph 
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\. 

' ' ' ' 
--- -

' ' 
/ - - - - - / 

/ ,, 

-- - - - ---

Figure 2 1 The digraph of the matnx m Example 2 2 2 
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T heorem 2 2 3 ([LaMa, Corollary of Lemma 3]) Let An be a normalized SNS 

matrix Then , a,1 = 0 is an essential zero 1f and only 1f there exist two paths 

m D(An) from vertex J to vertex z havmg opposite path signs 

This result will be used extensively m later chapters 

2.3 Even Digraph Characterization of SNS Matrices 

A digraph 1s called an even digraph if for every reassignment of signs to its arcs 

there exists some cycle with a positive cycle sign Note that this defirnt10n 1s 

slightly different than the one m Thomassen[Thl], but 1s eqmvalent Interpretmg 

Theorem 2 2 1 111 terms of even digraphs gives the followmg 

Corollary 2 3 1 Let Dex be an ordered digraph with a negatively signed self loop 

at each vertex Then, Dex is an even digraph if and only 1f A(Dex) 1s not SNS 
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A double cycle on n 2: 3 vertices, denoted C~, 1s a digraph with vertices 

{ V1, , Vn } and arcs ( Vn, V1), ( V1, Vn), ( v,, v1+ 1) and ( v,+ 1, v1 ) for i = 1, , n - 1 

If each cycle of length 2 1s arb1tranly signed so that each has negative cycle sign, 

then one of the two cycles of length n must have pos1t1ve cycle sign whenever n 1s 

odd Therefore, C~ 1s an even digraph whenever n 1s odd 

An edge subdivision of a digraph D 1s a digraph D' where some arc ( u, v) E 

E ( D) 1s replaced by a path P from u to v ( w1 th arcs signed ar b1 tranly) so that 

V(D) n V(P) = { u, v} A subdivision of D 1s a digraph with some (possibly none) 

edge subd1v1s10ns of D It 1s easy to see that when n 1s odd, any subd1v1s10n of C~ 

1s an even digraph 

The vertex splitting of a vertex x m a digraph D 1s a digraph D' where the 

vertex x 1s deleted ( and all arcs mc1dent with x) and replaced by two vertices x1 

and x2, the arcs (z, x1 ) are added for all (z, x) E E(D) with sgn (z, x1 ) = sgn (z , x ), 

the arcs (x2 , z) are added for all (x, z) E E(D) with sgn (x 2 , z) = sgn (x, z) , and 

the arc (x1, x2 ) 1s added with arbitrary sign The digraph D' 1s called a splitting 

of D It 1s easy to see that when n 1s odd, any sphttmg of C~ 1s an even digraph 

Fmally, a weak odd double cycle 1s a digraph obtamed from a double cycle with 

an odd number of vertices by some (possibly none) sphttmgs and some (possibly 

none) edge subd1v1s1ons With this termmology, Seymour and Thomassen[ST] 

arrived at their charactenzat10n of even digraphs 

T heorem 2 3 2 ([ST, Theorem 4 1]) A digraph 1s an even digraph 1f and only 1f 

1t contams a weak odd double cycle 
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A corollary that will be used extensively m Chapter 5 1s the followmg 

Corollary 2 3 3 Let D 0 be an ordered digraph with a negatively signed self loop 

at each vertex If D0 has some subd1graph that 1s a subd1v1s1on of C3, then A(Da) 

IS not SNS 

Proof Let D0 be as given m the statement of the corollary and suppose Da has a 

subd1graph that 1s a subd1v1s10n of c; By Theorem 2 3 2, D 0 1s an even digraph 

and thus, by Corollary 2 3 1, A(Da) 1s not SNS D 

2.4 Convertible Matrix Characterization of SNS Matrices 

Let An be a matnx with entnes from { 0, 1} with all au = 1 such that for two 

d1stmct rows z1 and z2 and two d1stmct columns Ji and J2, a,1 ,11 = 1, a,1 ,12 = 1, 

a,2 ,11 = 1, a,2 ,12 = 0, a, 1 ,k = 0 1f k ¢ {J1,J2} and ak,11 = 0 1f k ¢ { z1,z2} If An 

1s obtamed from An by replacmg a,2 ,12 by 1, then the matnx A.[z~,Jf] 1s called a 

reductzon[L1] or a contractzon[BS] of An Usmg this defimtion, L1ttle[L1] arnved at 

a charactenzation of convertible matnces (see also [BR, Theorem 7 5 7]) 

T h eorem 2 4 1 (from [11, Corollary l]) A matnx An 1s not convertible 1f and 

only 1f 1t 1s eqmvalent to a matnx A~ that 1s contamed m a matnx of the form 

where O ~ m ~ n - 3, Xm,n-m and Yn- m,m are arbitrary matnces and Bn-m can 

be transformed mto J3 by a senes of reductions, where J3 1s the matnx of all l 's 
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Bruald1 and Shader [BS] note that there 1s a correspondence between Theo­

rem 2 4 1 and Theorem 2 3 2 ( smce they are characterizmg the same matrices) 

and they provide a sketch of the proof Their paper also contams a d1scuss1on of 

the relat10nsh1p between reduction, edge subd1v1s10n and vertex splittmg 

2.5 Uniqueness of Sign Nonsingular Matrices 

Bruald1 and Shader[BS], m their work on convertible matrices, showed that there 1s 

essentially a umque way to sign a given convertible matrix to obtam a SNS matrix 

(see also Bruald1 and Ryser[BR, Theorem 7 5 4]) 

Theorem 2 5 1 (from [BS, Theorem 2 1]) Let En and An be fully mdecompos­

able SNS matrices such that IEn l = IAnl Then, there exist signature matrices Tn 

and Un such that En = TnAnUn 

This concept can be generalized slightly as the followmg corollary shows 

Corollary 2 5 2 Let En and An be fully mdecomposable SNS matrices such that 

IEnl 1s contamed m IAnl Then, there exist signature matrices Tn and Un such that 

En IS contamed Ill TnAnUn If, m addition, En IS maximal, then En = TnAnUn 

Proof Let A~ be contamed m An such that IA~I = IEnl Then, by Theorem 2 5 1, 

there exist signature matrices Tn and Un such that En = TnA~ Un and so En is con­

tamed m TnAnUn Clearly, 1£ En 1s maximal, then there 1s no proper contarnment 

and the result follows D 



2.6 The Hessenberg Class 

Defimt10n 2 6 1 The Hessenberg matrix, Hn, 1s defined by 

Example 2 6 2 

0 for z > J + 1 

h,1 = + 1 for z = J + 1 

-1 for z :SJ 

-1 -1 -1 -1 

+1 -1 -1 -1 
H4 = 

0 +1 -1 -1 

0 0 +1 -1 
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Observat10n 2 6 3 The matrix Hn 1s fully mdecomposable, maximal and has 

(n;1
) zero entries 

G1bson[G1] showed that this 1s the mm1mum number of zero entries m any n­

by-n SNS matrix Furthermore, he proved the followmg, showmg that a SNS matrix 

with (n; 1
) zero entries 1s essentially umque 

Theorem 2 6 4 ([G1 , Corollary 2]) For n ~ 1, En 1s a fully mdecomposable max­

imal SNS matrix with (n;1
) zero entries 1f and only 1f En 1s eqmvalent to Hn 

Related to the result of a mm1mum number of zero entries m a SNS matrix , 

Thomassen [Thl] defined a digraph called an extended caterpillar F1rst, let n ~ 

k ~ 3 and 1 < l < k all be fixed mtegers Then, the extended caterpillar, EC, 1s 



given by 

• E(EC) 1s set of arcs 

(v,,v1 ) for i = 3, ,k and J = 1, ,i - 2, 

-(vi,v1 )fori=k+l, ,nandy=l, , l-l, 

(v.,v3 )fori = l+l, ,kandy=k+l, ,n,and 

(v,,v1 ) or (v1 ,v1 ), but not both, for every d1stmct i, J 

where k + 1 ~ i, J ~ n 
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with each self loop signed negatively, each cycle of length 2 arb1tranly signed 

so that the cycle sign 1s negative, and all other arcs umquely signed so that 

then cycle signs are negative 

An extended caterpillar on n vertices , as defined above, 1s a special case of the 

caterpillar discussed m [LuMa] In that work, they show that the associated SNS 

matnx 1s maximal Furthermore, it 1s clear that an extended caterpillar on n 

vertices has n2 +~n-2 = n2 
- (n; 1

) arcs Thus, the associated matnx of an extended 

caterpillar has (n;1
) zero entnes and by Theorem 2 6 4, it 1s eqmvalent to Hn 
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Chapter 3 

Bordering a Matrix 

One method for obtammg a SNS matrix from another SNS matrix is to border 

it m such a way that the property of bemg SNS is preserved The first result 

presented considers the bordermg of some SNS matrix contammg essential zeros , 

under certam circumstances these essential zeros will cause certam entries m the 

bordermg row or column also to be essential zeros The second result shows that if 

a maximal partly decomposable SNS matrix is bordered to give a normalized SNS 

matrix, then the bordered matrix is partly decomposable The third and most 

important bordermg result mvolves the row/column stretch of a matrix A certam 

row (respectively, column) of a given matrix is replicated and the bordermg column 

(respectively, row) 1s given appropriate entries so as to preserve the property of 

bemg SNS This operation is used m Chapter 4 to determme some properties of 

the two new classes of SNS matrices mtroduced there, and agam m Chapter 5 for 

the umqueness results 
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3.1 Tools for Bordering 

Essential zeros and zero submatnces m normalized SNS matnces are now cons1d-

ered 

Lemma 3 1 1 Let n 2 4 and En be a normalized SNS matnx If, for some fixed 

k 2: 2, b1c-=/ 0 and b,c 1s an essential zero rn E[k, , n], for some z and c sat1sfymg 

k ~ i, c ~ n, then b,1 1s an essential zero rn En S1m1larly, 1f, for some fixed k 2: 2, 

br1 -=/ 0 and brJ 1s an essential zero m E[k, , n], for some r and J satisfymg 

k ~ r, J ~ n, then b1J 1s an essential zero m En 

Proof Assume b,c is an essential zero m E[k, , n] for some z and c where 

k ~ z, c ~ n Then, by Theorem 2 2 3, there exists two paths, ( c, u1 , u2 , , z) and 

(c,v1 ,v2 , ,z) m D(E[k, ,n]), with opposite path signs Smee E[k, ,n] is 

a prmcipal submatnx of En, D(E[k, , n]) is a subd1graph of D(En) and these 

paths exist m D(En) Appendmg (1, c) onto both paths, yields two new paths, 

(l,c,u1 ,u2 , ,z) and (1,c,v1 ,v2 , ,z), with opposite path signs m En Thus, b,1 

is an essential zero m En A similar argument holds usmg br1 and brJ to show that 

b1J is an essential zero m En □ 

Lemma 3 1 2 Let En, n 2:: 2, be a normalized SNS matnx If E[2, , n] is 

maximal and partly decomposable, then En is partly decomposable 

Proof If n = 2, 3 or 4 then the result is vacuously true For n 2 5, assume 

E[2, , n] 1s maximal and partly decomposable Then, there exist permutat10n 
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matnces Pn and Qn such that PnBnQ;. - An IS of the form 

-1 ½ n-1 
' 

Un-1,1 

for O < k < n - 1 and matnces Un-1,1, ½,n-1, wk, xk,n-k-1 and Yn-k-1 Also, 

smce B[2, , n] 1s maximal, every zero entry 1s an essential zero 

If a,1 =f- 0 for some i, where k + 2 :S i :S n, then by Lemma 3 1 1, a11 = 0 

for J = 2, , k + 1 and An 1s partly decomposable If a,1 = 0 for all i, where 

k + 2 :S i :S n, then An 1s reducible and hence, partly decomposable In both 

cases, An partly decomposable 1mphes Bn 1s partly decomposable 

An 1mmed1ate corollary 1s the followmg 

□ 

Corollary 3 1 3 Let Bn, n 2: 2, be a normalized SNS matnx If Bn 1s fully 

mdecomposable, then B[2, , n] 1s either fully mdecomposable or not maximal 

3.2 The Row /Column Stretch of a Matrix 

A row <e::column~ stretch of an n-by-n matnx 1s an (n + 1)-by-(n + 1) matnx 

obtarned by bordermg 1t with one row and column as follows 

Defimt10n 3 2 1 Let An be a matnx with entnes from { -1, 0, +1} and let r be 

any fixed mteger where 1 :S r :S n Then, the row stretch of An on row r 1s the 
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matnx Bn+l defined as follows 

B[l, ,n] An 

bn+l,J br1 for J = 1, ,n 

bn+l,n+l -1 

br,n+l +1 

b,,n+l 0 for i = 1, , n and z =fr 

The column stretch of An on column r 1s s1m1larly defined 

B[l, ,n] An 

b,,n+i b,r for z = 1, ,n 

bn+l,n+l -1 

bn+l ,r +1 

bn+l,J 0 for J = 1, , n and J =fr 

In Defimt10n 3 2 1 the bordermg row and column 1s mserted as row and column 

n + 1 m Bn+l This can be generalized to allow the bordermg row and column to 

be mserted as a new row and column k m Bn+l 

Defimt10n 3 2 2 Let Bn+l be the row <column> stretch of An on row <column> 

, k - 1, n + 1, k, k + 1, , n) for some k, 1 S k S n + 1, 

Pn+1Bn+1 P[+l 1s called the row «.column> stretch of An on row <column-:» r wzth 

the new row and column labelled as k 



Example 3 2 3 

-1 -1 -1 

+1 -1 -1 

0 +1 -1 

-1 -1 -1 0 

+1 -1 -1 0 

0 +1 -1 +1 

0 +1 -1 -1 

-1 -1 0 -1 

+1 -1 0 -1 

0 +1 -1 -1 

0 +1 +1 -1 

An The row stretch of An The row stretch of An on row 

on row 3 as m Defim- 3 with the new row and col-

tion 3 2 1 umn labelled as 3 as m Defi­

mt10n 3 2 2 
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The row stretch of A n on row r with the new row and column labelled as k 

1s 1dent1cal to the transpose of the column stretch of A~ on column r with the 

new row and column labelled as k The row <column> stretch 1s a special case 

of the 1-lmkmg of two matrices as presented by Lundy, Maybee, and Van Buskirk 

[LMl, LM2, LMVB] In terms of convertible matrices, \Bn+l \ 1s called an extension 

of \An\ (see [BS, Sh]) 

Let An and A~ be two matrices that are eqmvalent under multiplication by 

permutation and signature matrices The followmg observation shows that for any 

row stretch, Bn+i , of An, there 1s a row stretch, B~+l, of A~ that 1s eqmvalent to 

Bn+i 

Observation 3 2 4 Let 1 ~ r, t ~ n and Pn = (z1 , z2, , in) where Zt = r (so that 

row t of PnAn 1s row r of An) Then, the row stretch of An on row r 1s eqmvalent 

to the row stretch on row t of PnAn (or mdeed of SnPnAnQ;Tn, where Qn 1s an 
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arbitrary permutation matrix and Sn and Tn are arbitrary signature matrices) 

Furthermore, when dealmg with SNS matrices, Qn, Sn and Tn can be chosen so 

A s1m1lar observat10n can be made for the column stretch 

Theorem 3 2 5 Let Bn+i be the row <e:column> stretch of An on an arbitrary row 

<column> Then, An 1s a fully mdecomposable maximal SNS matnx 1£ and only 1£ 

Bn+l is a fully mdecomposable maximal SNS matrix 

Proof From Observation 3 2 4, without loss of generality assume that An is SNS 

and normalized and Bn+I is the row stretch of An on row 1 with the new row and 

column labelled as 1 Thus, 

-1 WT -1 WT 

+1 +1 WT 

Bn+i = 0 0 (3 1) 
An 

Xn-i n 
' 

0 0 

The Laplace determmant expansion of Bn+i on column 1 results m 

(3 2) 

Then, as An is SNS, (3 2) implies that Bn+I 1s SNS 
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Assume further that An 1s maximal and fully mdecomposable The zeros m the 

last n columns of Bn+l are all essential m Bn+l because An 1s a maximal SNS matnx 

As for the zeros m column 1 of Bn+l, suppose bu1 1s such a zero, where 3 ::; u ::; n+ 1 

Smee B[2, , n + 1] = An 1s fully mdecomposable, D(B[2, , n + 1]) 1s strongly 

connected and there exists some path m D(Bn+i) from vertex 2 to vertex u, say 

(2, u1 , u2, , u) Smee Bn+l 1s the row stretch of An on row 1, sgn (1, 2) = - and 

the arc (l,u1) exists m D(Bn+I) with sgn(l,u1 ) = sgn(2,u1 ) Thus, D(Bn+i) 

contams two paths, (l,u1,u2 , , u), which have opposite 

path signs and hence, bu1 1s an essential zero m Bn+l 

Smee D(B[2, , n + 1]) 1s strongly connected and the arcs (1, 2) and (2, 1) 

exist, D(Bn+1) 1s strongly connected and hence, Bn+l 1s irreducible Smee Bn+l 1s 

also normalized, 1t 1s fully mdecomposable 

For the converse, without loss of generality assume that Bn+l 1s the row stretch 

of An on row 1 with the new row and column labelled as 1 Smee Bn+l 1s SNS, 

without loss of generality 1t may be assumed also to be normalized and thus, has 

form (3 1) Then, (3 2) implies that An 1s SNS and normalized 

Assume further that Bn+l 1s maximal and fully mdecomposable Then, ev­

ery zero entry m Bn+l 1s an essential zero Suppose buv 1s one such zero where 

u, v -/- 1 Therefore, there exist two paths of lengths at least 1 m D( Bn+l), say 

, u ), havmg opposite path signs If vertex 1 1s not 

m either of these paths, clearly buv 1s also an essential zero m B[2, , n + 1] If 

either ( or both) of these paths does con tam vertex 1, then the path must con tam 
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the path (2, 1, i ), where 3 :::; i :::; n By usmg the arc (2, i) mstead of the path 

(2, 1, i) m the path(s ), two new paths havmg opposite path signs are ob tamed that 

do not con tam vertex 1 ( as the sign of the paths (2, 1, i) and (2, i) are the same) 

Thus, the zero is essential rn B[2, , n + 1] Smee B[2, , n + 1] = An, 1t follows 

that An is maximal 

Smee Bn+I is fully mdecomposable, D(Bn+i) is strongly connected Thus, there 

exists a path between any two vertices, u, v E V(D (Bn+i)), where u, v -f. 1 If this 

path does not contam vertex 1, then there is nothmg further to show If this path 

does contam vertex 1, then the path must contam the path (2, 1, i) By usmg the 

arc (2, i) mstead of the path (2, 1, i) m the path, a new path is obtamed that does 

not contam vertex 1 In both cases, D(B[2, , n + 1]) is strongly connected and 

hence, B[2, , n + 1] is irreducible Smee B[2, , n + 1] = An is also normalized, 

it is fully mdecomposable 

The column stretch result follows similarly □ 

Remark Note, however, that 1f An is a maximal SNS matnx but is not fully 

mdecomposable, then the row stretch of An may not be a maximal SNS matnx 

For example, let A4 be the partly decomposable maximal SNS matnx 

0 0 -1 -1 

0 0 +1 -1 

-1 -1 -1 -1 

+1 -1 -1 +1 
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and B5 be the row stretch of A4 on row 1 The matnx B5 has 9 zero entnes 

but all 5-by-5 partly decomposable maximal SNS matnces have 7 or 8 zero entnes 

[DGJOvD] Therefore, B5 is not maximal 

Extensive research on the k-connectedness of SNS matnces has been done by 

Lundy and Maybee [LMl, LM2] They showed that the row <column> stretch 

Bn+l ( of An on row <column> r) is 1-connected, which is clear smce if row and 

column r of Bn+l are deleted, then the matnx is partly decomposable Recently, 

Thomassen [Th3] showed that all fully mdecomposable maximal normalized SNS 

matnces are either 1-connected or 2-connected 
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Chapter 4 

New Classes of SNS Matrices 

In this chapter, two new classes of n-by-n SNS matrices are identified Both classes 

are defined m terms of Hn and dependmg on the parameters given, specific entnes 

of Hn are changed These classes are used rn the next chapter to prove the umque­

ness results concernmg SNS matnces havmg a specified number of zeros, but are 

also of mdependent mterest 
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4.1 The y(r) Class n 

Defimt10n 4 1 1 Let n and r be mtegers where 1 ::; r ::; n - 3 and Hn be the SNS 

Hessenberg matnx as defined m Defimt10n 2 6 1 Then, Vjr) [vt)J 1s defined by 

(r) 
Vr+2,r +1 

(r) 
Vr+3,r+l +1 

(r) 
vi,r+l 0 for i = 1, ,r 

( r) 
Vr+l,r+2 0 

( r) 
Vr+2,J 0 for J = r + 3, ,n 

(r) 
viJ h i1 otherwise 

Remark The matnx Vjr) is obtamed from Hn by replacmg the zeros m posit10ns 

(r + 2, r) and (r + 3, r + l) by + 1 and, m addition, replacmg certam negative entnes 

of Hn by O so that the resultmg matnx is SNS Here, the parameter r represents 

the column m which to place the leftmost of the two new + 1 entnes 

Example 4 1 2 The followmg two matnces are ½P) and v;P), respectively 

-1 0 -1 -1 -1 

+1 -1 0 -1 -1 

+1 +1 - 1 0 0 

0 +1 +1 -1 -1 

0 0 0 +1 -1 

-1 -1 0 -1 -1 

+1 -1 0 -1 -1 

0 +1 -1 0 -1 

0 +1 +1 -1 0 

0 0 +1 +1 -1 
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Observat10n 4 1 3 Each matnx vJr), as defined above, 1s fully mdecomposable 

Smee all of the diagonal entries are nonzero, the existence of a Hamilton cycle 

m D(Vtl ) 1s sufficient to show this Such a cycle exists smce every entry on the 

sub diagonal 1s nonzero and the entry m the ( 1, n) pos1 t1on 1s nonzero 

Observat10n 4 1 4 Each matnx Vjr) has exactly (n;1) + (n - 3) zeros 

Theorem 4 1 5 Let vjr) be a matnx as defined m Defimtion 4 11 Then, vti IS 

a fully mdecomposable maximal SNS matnx 

Proof By mspect10n, the matnx 

-1 0 -1 -1 

v(l) -
+1 -1 0 -1 

4 -

+1 +1 -1 0 

0 +1 +1 -1 

1s fully mdecomposable, maximal and SNS Performmg a row stretch on row 1 

of vP) with the new row and column labelled as 1 gives ½(2
) Repeatmg this 

operation r - 2 times gives v;.~~ Performmg a column stretch on the last column 

of v;.~~ with the new row and column labelled as r + 4 gives v;.~~ Repeatmg this 

operat10n n - r - 4 times gives Vjr) Thus, Vjr) 1s fully mdecomposable, maximal 

and SNS by Theorem 3 2 5 D 

It 1s mterestmg to note that the matnx vP) 1s 2-connected whereas every other 

matnx m the VJr) class 1s 1-connected This 1s because every matnx m the Vjr) 
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class (except vPl) can be obtamed by a senes of row st retches and/or column 

stretches 

The eqmvalence of different matnces w1thm the vJr) class 1s now mvestigated 

The followmg theorem shows that vjr) IS eqmvalent to vJn-r- 2) 

Theorem 4 1 6 Let Pn be the permutat10n matnx with each anti-diagonal entry 

equal to 1 Then p v(r)T pT = v(n-r-2) , n n n n 

Proof If W: = P y(r)T pT then n n n n, 

( 4 1) 

for k, l = 1, ,n Applymg (41) to the entnes of the matnx VJrl as specified m 

Defimt1on 4 1 1 results m 

Wn-r+l,n-r-1 +1 

Wn-r,n-r-2 +1 

Wn-r,n-i+l 0 for i = 1, ,r 

Wn-r-1,n-r 0 

Wn-J+l,n-r-1 0 for J = r + 3, ,n 

Wn-J+l,n-•+l h ,J otherwise, 
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or equivalently, 

Wn-r,n-r-2 +1 

Wn-r+ 1,n-r-1 +1 

W3 1,n-r-l 0 for J' = 1, ,n-r-2 

Wn-r-1,n-r 0 

Wn-r,i' 0 for i' = n - r + 1, ,n 

W13 hi3 otherwise ( usmg ( 4 1)) 

From Defimtion 4 11, 1t can be seen that Wn = vJn-r-2) □ 

With respect to this eqmvalence, 1£ r -=/= s and 1 ~ r, s ~ l n;2 J, then Vjr) and 

vJs) are not eqmvalent Thus, the followmg can be seen 

Observat10n 4 1 7 For a given n, there are l n;2 J noneqmvalent matrices vJr) 

and each has the same number of zeros 
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42 The H (p ,q,r,s) Class 
n 

D efimt10n 4 2 1 Let n > 0 and p, q, r, s 2 0 all be mtegers such that p+q+r+s ~ 

n - 1 Let Hn denote the SNS Hessenberg matnx as defined m Defimt10n 2 6 1 

Then H(p,q,r,s) = [h(p,q ,r,s)] 1s defined as follows 
' n - •J 

4 2 1 1 1£ p > 0 and q > 0, then for z = 1, 'q 

h (p,q,r,s) 
p+i+l,p +l 

h (p ,q,r,s ) 
J,P+• 0 for J = 1, ,P, 

4 2 1 2 1£ r > 0 and s > 0, then for i = 1, 's 

h (p,q,r,s) 
n-r+l,n-r-, +1 

h (p,q,r,s) 
n-r-i+l,n-r+J 0 for J = 1, 'r, 

4 2 1 3 otherwise 

h (p,q,r,s) 
•J h,1 

Remark For p > 0 and r > 0, the matnx HAp,q,r,s) 1s obtamed from Hn by 

replacmg q zeros m column p by + 1 and s zeros m row n - r + 1 by + 1 In 

addition, certam negative entries of Hn are replaced by 0 so that Hip,q,r,s) 1s a SNS 

matnx ( see Theorem 4 2 6) If p or q 1s 0, then no replacements as rn ( 4 2 1 1) 

are made S1m1larly, 1£ r or s 1s 0, then no replacements as rn ( 4 2 1 2) are made 

Thus for example H(p,O,r,o) = H(o,q,O ,s) = H(o,o,o ,o) = H for any p and r satisfyrng 
' ' n n n n 

p + r S n - 1 and any q and s sat1sfymg q + s ::; n - 1 
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Example 4 2 2 The followmg two matrices are Ht0
•
3

•
2

) and Hf 1'
2

'
1

), respec­

tively 

-1 -1 -1 -1 -1 -1 

+1 -1 -1 0 

0 +1 -1 0 

0 

0 

0 

0 

+1 +1 +l -1 -1 -1 

0 

0 

0 

0 

0 +l -1 -1 

0 0 +1 -1 

(2 1 0 0) See also Example 2 2 2 for H4 ' ' ' 

-1 -1 0 -1 -1 -1 -1 

+1 -1 0 -1 -1 -1 -1 

0 +1 -1 -1 -1 -1 -1 

0 +1 +1 -1 -1 -1 -1 

0 

0 

0 

0 

0 

0 

0 +1 -1 0 0 

0 +1 +1 -1 -1 

0 0 0 +1 -1 

0 bservat10n 4 2 3 Each matnx Hyi,q,r,s), as defined above, 1s fully mdecompos­

able Smee all of the diagonal entnes are nonzero, the existence of a Hamilton 

cycle m D(H;t•q ,r,s)) 1s sufficient to show this Such a cycle exists smce every entry 

on the subdiagonal 1s nonzero and the entry m the (1, n) pos1t10n 1s nonzero 

Observation 4 2 4 The number of zeros m H(p,q,r,s) 1s 
n 

(n;1) + q(p - 1) + s(r - 1) 1f p > 0 and r > 0 

(n;l) + q(p - 1) 1f p > 0 and r = 0 

(n;1)+s(r-l) 1fp=Oandr>O 
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Observation 4 2 5 When cons1dermg the row or column stretch of the matnx 

H(p,q ,r,s) the followmg observations can be made 
n ' 

Ongmal Transformed See 

Matnx Transformat10n Matnx Note 

4 2 5 1 H(0,0 ,r,s) 
n row stretch on row 1 H(0 ,0,r,s) 

n +l 1 

4252 H( p,q,r,s) 
n row stretch on row 1 H( p+l,q,r,s) 

n+I 1 

4253 H(p,q,r,s) 
n row stretch on row p + 1 H(p,q+I,r, s ) 

n+I 1 

4254 H(p,q,o,o) 
n column stretch on column n H(p,q,o ,o) 

n+I 2 

4255 H(p,q, r, s) 
n column stretch on column n H(p ,q,r+l, s) 

n+I 2 

4256 H(p,q, r, s) 
n column stretch on column n - r H(p ,q,r,s+I) 

n+I 2 

Note 1 The row stretch of a matnx on row x reqmres the new row and column to 

be labelled as x 

Note 2 The column stretch of a matnx on column x reqmres the new column and 

row to be labelled as x + 1 

Theorem 4 2 6 Let Hn(p,q,r,s) be as defined m Defimt10n 4 2 1 Then H(p,q ,r,s) 1s , n 

a fully mdecomposable maximal SNS matnx 

Proof The proof is based extensively upon repeated applications of Observa­

tion 4 2 5 until the matnx Hip,q,r,s) has been constructed from the mitial matnx 

Hi°'o,o,o) = [-1] The construction 1s 

(0 0 0 0) 
• begm with H 1 ' ' ' 
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• apply Observation 4 2 5 1 n - q - s - 1 times to obtam the matnx H~°..:.~~~o) 

Note that this matnx can also be identrfied by H~P__:_~,:_~o) 

• apply Observation 4 2 5 3 q times to obtam the matnx H?.:.~·r,o) 

• apply Observation 4 2 5 6 s times to obtam the matnx H;!•q,r,s) 

Clearly, Hio,o,o,o) is a maximal SNS matnx and each subsequent matnx m the con­

truction is SNS and maximal by Theorem 3 2 5 Thus, H~p,q,r,s) is maximal and SNS 

The matnx H~p,q,r,s) is fully mdecomposable as established by Observation 4 2 3 D 

From the above proof, every matnx m the H~p,q,r,s) class is obtamed by a senes 

of row and/or column stretches Consequently, by [LM2], every matnx m the 

H(p,q,r,s) class is 1-connected 
n 

The eqmvalence of drfferent matnces withm the H~p,q,r,s) class is now mvesti­

gated It is conJectured that two matnces H~p,q,r,s) and HiP',q',r',a') are eqmvalent 

if and only if the equivalence follows from either of the followmg two theorems In 

Theorem 4 2 7, the upper left block of the matnx and the lower nght block are 

mterchanged, whereas m Theorem 4 2 8 the eqmvalence m the upper left block of 

the matnx is obtamed 

The followmg result shows that H~p ,q,r,s) is eqmvalent to Ht,s,p,q) 

Theorem 4 2 7 Let Pn be the permutation matnx with each anti-diagonal entry 

equal to 1 Then P H(p ,q,r,s)T pT = H(r ,s,p,q) 
, n n n n 



Proof If W: = P H( p,q,r,s)T pT then 
n n n n, 

h(p,q,r,s ) 
W n -1+1 ,n-k+l = kl 
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( 4 2) 

for k, l = 1, , n Applymg ( 4 2) to the entries of the matrix HAp,q,r ,s) as specified 

m Defimt10n 4 2 1 results m 

4 2 1 1 1f r > 0 and s > 0, then for i = 1, ' s 

Wr+ i+l,r +1 

W r - J+l ,r+i 0 for J = 1, 

4 2 1 2 1£ p > 0 and q > 0, then for i = 1, , q 

W n - p+l ,n- p- i +1 

Wn-p-i+l ,n-J+l 0 for J = l , 

4 213 otherwise 

Wn- J +l ,n- i+l h,1 , 

or eqmvalently, 

4 2 1 1 1f r > 0 and s > 0, then for i = 1, , s 

+ 1 

0 for J' = 1, 

4 2 1 2 1£ p > 0 and q > 0, then for i = 1, , q 

W n - p+l ,n- p- i +1 

' r , 

,P, 

' r, 
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0 for/= 1, ,P, 

4 2 1 3 otherwise 

(usmg ( 4 2)) 

From Defimhon 4 2 1, it can be seen that Wn = HAr,s,p,q) D 

The followmg result shows that Hip,q ,r,s) is eqmvalent to HAq+l ,p-l ,r,s) 

Theorem 4 2 8 If p > 0, then there exist permutat10n matrices Pn and Qn and 

a signature matrix S such that P H(p,q,r,s) QT S = H(q+l,p-l,r,s) n n n n n n 

Proof Let Sn be the signature matrix with Sq+I,q+i = -1 and s .. = + 1, otherwise 

Let the permutation matrices and be defined as 

(p + l,p + 2, ,P + q + 1,1,2, 

,p+q,p,1,2, 

Hip,q,r,s) can be partit10ned as 

,P - l,p + q + 1) EB In-(p+q+I) The matrix 

or alternatively, 

H(o,o,o,o) 
p 

Wp ,p-1 Mp,l 

I Yn-p-q-1,l Zn-p-q-1,n-p-q-l 

O p,q Mp,l Mp+q+l ,n-p-q-1 

Oq+l,p-1 Rq+l,l Xq+l ,q Mq+l,l 

O n-p-q-1 ,p+q Y n- p-q-1,l Z n-p-q-1,n-p-q-l 
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where the matrices W, X, Y and Z have entries from { -1 , 0, +1 }, which are known 

but unspecified The matnces M, 0 and R are matnces with every entry -1 , 0 

and +1, respectively 

Thus P H(p,q,r,s) has the form 
' n n 

Oq+i,p-1 Rq+i ,1 Xg+i ,q Mq+l,1 Mp+q+l,n-p-q-1 

wp,p-1 Mp,1 O p,q Mp,1 

O n-p-q-1,p+q Yn-p-q-1,1 Z n -p-q-1 ,n- p-q-1 

P H(p,q,r,s)QT has the form 
n n n 

Xq+i,q R q+i,1 Oq+l,p-1 Mq+i,1 Mp+q+ l ,n- p-q-1 

O p,q Mp,l Wp,p-1 Mp,l 

On-p-q-1,p+q Yn-p-q-1,1 Zn-p-q-1,n-p-q-1 

and finally P H(p,q,r,s)QT S has the form n n n n 

Xq+i,q Mq+l,1 Oq+1 ,p-1 Mq+l,1 Mp+q+l,n-p-q-1 

O p,q Rp,1 Wp,p-1 Mp,1 

On-p-q-1,p+q Yn-p-q-1,1 Zn-p-q-1,n-p-q-1 



or eqmvalently, 

H (0,0,0 ,0) 0 
q+l q+l,p-1 

H(o,o,o,o) 
p 

Yn-p-q-1 ,1 Z n-p-q-1,n-p-q-1 

This final matrix is clearly HAq+l,p-l,r,s) 

Takmg p = 1 m the above gives the equivalence of HAl,q,r,s) and HAo,o,r,s) 
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□ 

Corollary 4 2 9 There exist permutation matrices Pn and Qn and a signature 

matrix Sn such that PnHAl,q,r,s)Q~ Sn = HAo,o,r,s) when n 2". 2 and q + r + s ::; n - 2 

Proof By Theorem 4 2 8, there exist matrices Pn, Qn and Sn so that HAl ,q,r,s) 

is eqmvalent to H ~q+l ,O,r,s) By the remark followmg Defimt10n 4 2 1, HAq+l ,O,r,s) 

defines the same matrix as H(o,o,r,s) 
n □ 

Note that Observation 4 2 4, when applied to the matrix HAl,q ,o,o), gives the 

value (n;1
) for the number of zeros Smee Theorem 2 6 4 implies that any matrix 

with (n;1
) zeros must be equivalent to Hn, this confirms Corollary 4 2 9 for r = 

s = 0 
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Chapter 5 

Uniqueness 

The results of this chapter are motivated by the data given m Table 6 1, which was 

determmed from the results of a computer search [LMVB] The evidence suggests 

that for each n beyond some threshold and for small positive mteger values of k, 

there are Just a few noneqmvalent SNS matrices with exactly (n;1
) + k zero entnes 

Specifically, the evidence from the table suggests that for n ~ 5 there 1s only one 

matnx with exactly (n;l) + 1 zero entnes In Section 5 1 it 1s proved that this 1s 

mdeed correct Also, the evidence from the table suggests that for n ~ 5 there are 

only two matnces with exactly (n;1
) + 2 zero entnes For n ~ 6, this 1s proved m 

Sect10n 5 2 

Regardmg the proofs of Theorem 5 1 2 and Theorem 5 2 3, one d1rect10n 1s 

tnvial and the other follows the followmg general framework This framework uses 

a combmation of properties of submatnces of SNS matnces , umqueness of other 

SNS matnces and simple countmg, and can be summanzed as follows 
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• Begm with a normalized fully mdecomposable, maximal, SNS matnx 

• Symmetncally permute the matnx so that the total degree of vertex 1 is 

mm1mal 

• By properties of submatnces of SNS matnces, the total degree is bounded 

and can assume only a few values 

• For each of these values, determme the number of nonzero entnes m the rest 

of the matnx ( excludmg row and column 1) This number either 1s used to 

show that the matnx 1s eqmvalent to a known matnx ( which 1s umque by 

some prev10us argument) or leads to a contrad1ct10n and this case can be 

discarded 

This framework is used m provmg both Theorem 5 1 2 and Theorem 5 2 3 

This chapter makes extensive use of the row/ column stretch operat10n In 

particular, given a matnx Bn with specified properties (e g, B[2, , n] = Hn-i), 

1t 1s reqmred to show that B n 1s contamed m a certam row <column> stretch of 

B[2, , n] The followmg convention with regard to mdexmg 1s used throughout 

this chapter entnes of the submatnx B[2, , n] mhent the mdexmg of Bn That 

1s, row z <e::column J ;)> of B[2, , n] refers to the entnes of row z <column J> of Bn 

5.1 Uniqueness of H~2,l,o,o) 

The first theorem m this sect10n (Theorem 5 1 1) identifies all the n-by-n normal­

ized fully mdecomposable SNS matnces that have exactly Hn-i m rows and columns 
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2 through n The second theorem (Theorem 5 1 2) gives the desired umqueness 

result (1 e, for n ~ 5, any n-by-n fully mdecomposable maximal SNS matrix with 

exactly (n;1
) + 1 zero entries must be eqmvalent to H~2,i ,o,o)) 

Theorem 5 1 1 Let En, n ~ 2, be a normalized fully mdecomposable SNS matrix 

with B[2, , n] = Hn-l Let J ~ 2 be the smallest mteger such that b11 # 0 and 

z ~ 2 be the largest mteger such that b,1 # 0 Then, z S J + 1 and there exist 

signature matrices Tn and Un such that with B~ - TnBnUn, 

1 1f z = J + 1, then B~ 1s contamed m some matnx An that 1s either 

(a) the row stretch of Hn-l on row z, or 

(b) the column stretch of Hn-l on column J 

Furthermore, B~ 1s maximal 1f and only 1f B~ = An 

2 1f z S J, then B~ 1s contamed m some matnx An that 1s eqmvalent to Hn 

Furthermore, B~ 1s maximal 1f and only 1f B~ = An (m which case z = J) 

Note In every part of this theorem, the new row and column that results from 

either a row stretch or column stretch of a matnx 1s labelled as 1 

Proof If z > J + 1, then m D(Bn) the paths 

( z, 1, J ) , (J, z), (J, J + 1), (J + 1, J), (J + 1, z), ( z, z - 1, ,J + 1) 

form a subdiv1s1on of c; and by Corollary 2 3 3, En 1s not SNS Therefore, z ::; J + 1 

and the remamder of the proof consists of the two parts z = J + 1 and z 5 J 
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Part 1 Assume i = J + 1 

As b11 -=I- 0 and b,1 -=I- 0 imply d-(1) ~ 1 and d+ (1) ~ 1, assume further that 

d- (1) 2: 2 and d+ ( 1) ~ 2 by considermg the existence of the two arcs ( 1, v) 

and (u, 1) for n 2: v > J and 2 :Su< i This assumpt10n, however, mduces 

the followmg subdivis10n of C3 m D(En) 

( 1, V, V - 1, , Z) 1 ( Z, 1), ( 1, J) 1 (J, J - 1, 1 U, 1), ( 21 J), (J 1 2) 

and Bn is not SNS by Corollary 2 3 3 Therefore, vertex 1 cannot have both 

mdegree and outdegree at least two, and thus either d-(1) = 1 or d+(l) = 1 

If d-(1) = 1, then let An be the row stretch of H n-I on row i It is eas­

ily verified that IBnl is contamed m IAnl By Corollary 2 5 2, there exist 

signature matrices Tn and Un such that Bn 1s contamed m TnAnUn, then, 

B~ - TnBnUn is contamed m An If d+(l) = 1, the above argument can be 

repeated with An equal to the column stretch of Hn-I on column J, thereby 

completmg the proof of part 1 In addition, B~ is maximal 1f and only 1f 

E~ = An, which 1s maximal by Theorem 3 2 5 

Part 2 Assume i :SJ 

Let Pn = (J,1,2, ,J - l,J + l,J + 2, ,n), Qn = (J - 1,1,2, ,J -

2,J,J + 1, ,n) and Sn= -11 EB ln-i Then, with An_ PnHnQ~Sn, it IS 

easily venfi.ed that I En I 1s con tamed m I An I By Corollary 2 5 2, there exist 

signature matnces Tn and Un such that En is contamed m TnAnUn, then, 
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E~ = TnEnUn 1s contamed m An Furthermore, E~ 1s maximal 1f and only 1f 

E~ = An, which 1s maximal smce 1t 1s eqmvalent to Hn Equality 1s possible 

only when z = J as b~1 = 0 for k = z + 1, , n and ak1 = + 1 for k = 2, ,J 

□ 

For n :S 3, there are no fully mdecomposable maximal SNS matrices with 

(n;1
) + 1 zero entries However, for n = 4, there are two such matrices, namely 

Hf1
•
0 

o) and v;pl ( see Table 6 1) The case n ~ 5 1s now considered 

Theorem 5 1 2 For n ~ 5, En 1s a fully mdecomposable maximal SNS matrix 

with (n;1
) + 1 zero entries 1f and only 1f En 1s eqmvalent to Hi2,i,o,o) 

Proof Theorem 4 2 6 and Observation 4 2 4 show that HA2•1 ,o,o) 1s a fully mde­

composable maximal SNS matrix havmg (n;1
) + 1 zero entnes 

For the converse, assume En 1s a fully mdecomposable maximal SNS matrix 

havmg (n;1
) + 1 zero entries Also, without loss of generality, assume En 1s 

normahzedand d(l) = mm d(z) 
i<,<n 

Then, d(l) 2:: n -1, otherwise E[2, , n] contams at least (n -1)2 
- (n;2

) + 1 

nonzero entries and 1s therefore not SNS Also, d( 1) :S n by Thomassen [Thl , 

Proposition 2 3], so d(l) =nor n - 1 

By assummg d(l) = n, Thomassen [Thl , Theorem 2 7] 1mphes (smce n ~ 5) 

that D(En) is a subdigraph of an extended caterpillar on n vertices, EC But 

EC has the same number of arcs as D(Hn) and by Theorem 2 6 4, the associated 

matnx of EC is equivalent to Hn Without loss of generality, EC = D(Hn) and 

D(En) IS a subd1graph of D(Hn) Smee v(En) = v(Hn)-1, En cannot be maximal 
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Therefore, the assumpt10n d(l) = n is false and d(l) = n - 1 

With d(l) = n - 1 and b11 = -1, E[2, , n] must be SNS and have exactly 

( n - 1 )2 
- ( n;2

) nonzero entnes But this submatnx must be eqmvalent to Hn-1, 

as it is the umque matnx with this many zero entnes, and thus, without loss of 

generality, E[2, , n] = Hn-i Thus far, the form of En has been deduced as 

and the remamder of the proof will determme the correct posit10ns and sigmng for 

the n - 1 nonzero entnes m u and w 

Let J 2 2 be the smallest mteger such that b11 -=/= 0 and i 2:: 2 be the largest 

mteger such that b1i -=/= 0 Clearly such mdices exist, otherwise En is partly decom­

posable Now, each part of Theorem 5 1 1 can be applied with the proviso that 

En is maximal There exist signature matnces Tn and Un such that E~ TnEnUn 

satisfies the specified condit10ns m the followmg two cases 

If i ~ J, then E~ is eqmvalent to Hn However, this is impossible as v(E~) = 

v(Hn) - 1, therefore, i = J + 1 and either of two cases follows 

Case 1 The matnx E~ is the row stretch of Hn-l on row i with the new row 

and column labelled as 1 In this case, the only choice of i that results m 

d(l) = n - 1 is i = 4 With this P. E' pT = H(2 ,i,o,o) by Defimt10n 4 2 1 , n n n n ' 

where Pn = (2,3,1,4,5, ,n) 
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Case 2 The matnx B: 1s the column stretch of Hn-l on column J with the 

new row and column labelled as 1 In this case, the only choice of J that 

results m d(l) = n - 1 1s J = n - 2 With this PB' pT = H(o,o,2 ,1) by , n n n n 

Defimt10n 4 2 1, where Pn = (2, 3, , n - 2, 1, n - 1, n) By Theorem 4 2 7, 

H(o,o,2 ,1) 1s eqmvalent to H(2,i,o,o) 
n n 

Therefore, any fully mdecomposable maximal SNS matnx with (n;1
) + 1 zero 

entries 1s eqmvalent to Hi2•1,o,o) □ 

5.2 Uniqueness of H (3,i,o,o) and H (2,1,2,1) 
n n 

The first theorem m this section (Theorem 5 2 1) 1dent1fies all the n-by-n normal­

ized fully mdecomposable SNS matnces that contam a matnx that 1s permutat10n 

s1m1lar to H~~i,o,o) m rows and columns 2 through n The second theorem (The­

orem 5 2 2) 1dent1fies all those n-by-n matnces that have rows and columns 2 

through n identical to that of Hn-l except for one nonzero that has been changed 

to zero The third theorem (Theorem 5 2 3) gives the des1red umqueness result 

(1 e, for n ~ 7, any n-by-n fully mdecomposable maximal SNS matnx with exactly 

(n;1
) + 2 zero entries must be eqmvalent to either Hi3,i ,o,o) or Hi2•1•2•1l) 

Theorem 5 2 1 Let n ~ 5, Rn-l = (3, 1, 2, 4, 5, , n - 1 ), and En be a normal-

ized fully mdecomposable SNS matnx with B[2, , n] = Wn-l, where Wn-1 = 

Rn_1H~:~,o,o) R~_1 Let Js,Jl ~ 2 be the smallest and largest mtegers, respectively, 

such that b1,1, -/- 0 and b1 ,11 -/- 0 and let i s , i1 ~ 2 be the smallest and largest 
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mtegers, respectively, such that b,.,1 # 0 and b,1,1 # 0 Then, there exist signature 

matrices Tn and Un such that with B~ = TnBnUn, 

1 1f z1 = 2, then B~ 1s contamed m some matnx An that 1s the row stretch of 

Wn-l on row z1 Furthermore, B~ 1s maximal 1f and only 1f B~ = An 

2 1f z1 2: 3 and Js = 2, then z1 = 5 and either 

(a) i1 =Zs= 5, m which case B~ 1s contamed m some matnx An that 1s the 

row stretch of Wn-l on row z1, or 

(b) Js = JI = 2, m which case B~ 1s contamed m some matnx An that 1s 

the column stretch of Wn-l on column Js 

Furthermore, B~ 1s maximal 1f and only 1f B~ = An 

3 1f z1 2: 3 and ]s = 3, then z1 :S 4 and either 

(a) i1 = Zs, m which case B~ 1s contamed m some matnx An that 1s the row 

stretch of Wn-I on row z1, or 

(b) ]s = ]I = 3, m which case B~ 1s contamed m some matnx An that 1s 

the column stretch of Wn-I on column ]s 

Furthermore, B~ 1s maximal 1f and only 1f B~ = An 

4 1f z1 2: 3 and ]s = 4, then z1 :S 5 and either 

(a) z1 = Zs, m which case B~ 1s contamed m some matnx An that 1s the row 

stretch of Wn-I on row z1 and B~ 1s never maximal 
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(b) Js = JI = 4, m which case B~ 1s contamed m some matrix An that 1s 

the column stretch of Wn-l on column ]s Furthermore, B~ 1s maximal 

if and only if B~ = An 

( c) i1 = 4 and Zs = 3, m which case B~ 1s con tamed m some matrix PnAnPJ 

where Pn = (3, 2, 1, 4, 5, , n) and An 1s the row stretch of Wn-l on 

row i1 Furthermore, B~ 1s maximal 1f and only 1f B~ = PnAnPJ 

( d) i1 = 5 and is = 2, m which case B~ 1s contamed m some matnx PnAnP[ 

where Pn = (2, 1, 3, 4, , n) and An 1s the row stretch of Wn-l on row 

i1 Furthermore, B~ 1s maximal 1f and only if B~ = PnAnPJ 

5 1f i1 ~ 3 and )s ~ 5, then either 

(a) i1 = )s + 1, m which case B: 1s contamed m some matnx An that 1s 

either 

1 the row stretch of Wn-l on row i1, or 

11 the column stretch of Wn-l on column )s 

Furthermore, B~ 1s maximal 1f and only 1f B~ = An 

(b) i1 ~ Js, m which case B: 1s contamed m some matrix An that 1s eqmv­

alent to Hi2 ,i,o,o) Furthermore, B: 1s maximal if and only 1f B~ = An 

(m which case i1 = Js) 

Note In every part of this theorem, the new row and column that results from 

either a row stretch or column stretch of a matrix are labelled as 1 
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Proof The proof consists of five parts correspondmg to the five statements above 

The followmg note imposes an important restnct1on on the md1ces i1 and Js and 

applies to all but the first two parts of the proof 

Note With )s 2: 3, 1f i1 > )s + 1 then the paths 

form a subd1v1s10n of C3 and Bn is not SNS by Corollary 2 3 3 Therefore, 

(5 1) 

Part 1 Assume i1 = 2 

Then, b2,1 =/ 0 and smce b2,3 1s an essential zero, Lemma 3 1 1 implies b1,3 

1s an essential zero Let An be the row stretch of Wn-l on row i1 It 1s 

easily venfied that IBnl 1s contamed m IAnl By Corollary 2 5 2, there exist 

signature matnces Tn and Un such that Bn 1s contamed m TnAnUn, then, 

B: = TnBnUn is contamed m An Furthermore, B: 1s maximal 1f and only 1f 

B: = An, which 1s maximal by Theorem 3 2 5 

Part 2 Assume i1 2: 3 and Js = 2 

As b1,2 =/ 0 and bk2 1s an essential zero for k = 3, k = 4 or k 2: 6, Lemma 3 1 1 

1mphes that bk1 1s an essential zero Therefore, i1 = 5 Smee bs 3 1s an 
' 

essential zero and b5,1 =/ 0, Lemma 3 1 1 1mphes b1,3 1s an essential zero 

Now, as b1,J, =/ 0 and bi1,1 =/ 0 imply d-(1) 2: 1 and d+(l) 2: 1, assume 
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further that d-(1) 2:: 2 and d+ (1) 2:: 2 by cons1dermg the existence of the 

two other arcs (l,J1) and (is, 1) for n 2:: J1 2:: 4 and is= 2 This assumpt10n, 

however, leads to the followmg contradict10ns For J1 = 4, the paths 

(1, 4, 5), (5, 1), (1, 2), (2, 1), (2, 5), (5, 2) 

and for J1 2:: 5, the paths 

(l,J1,J1 - 1, , 5), (5, 1), (1, 2), (2, 1), (2, 5), (5, 2) 

form subdiv1s10ns of c; implymg that En is not SNS by Corollary 2 3 3 

Therefore, vertex 1 cannot have both mdegree and outdegree at least two, 

and thus either d-(1) = 1 (i1 = is) or d+(l) = 1 (Js = J1) 

If d-(1) = 1, then let An be the row stretch of Wn-l on row i1 It 1s eas­

ily venfi.ed that IEnl 1s contamed m IAnl By Corollary 2 5 2, there exist 

signature matnces Tn and Un such that En 1s contamed m TnAnUn, then, 

E~ - TnEnUn is contamed m An If d+(l) = 1, then the above argument 

can be repeated with An equal to the column stretch of Wn-l on column Js, 

thereby completmg the proof of part 2 In addition, E~ 1s maximal if and 

only 1f E~ = An, which 1s maximal by Theorem 3 2 5 

Part 3 Assume i1 2:: 3 and Js = 3 

Smee b1 ,3 -=f. 0 and b2 ,3 1s an essential zero, Lemma 3 1 1 implies b2 ,1 = 0 

Therefore, 3 :Sis :S i1 and 3 :S i1 :S 4 by (5 1) Smee b,1,1 -=f. 0 and b,1,2 1s an 
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essential zero, Lemma 3 1 1 implies b1 ,2 is an essential zero 

If d-(1) = 1 ( i1 = is), then let An be the row stretch of Wn-1 on row i1 It is 

easily verified that JBnJ is contamed m JAnJ By Corollary 2 5 2, there exist 

signature matrices Tn and Un such that En is contamed m TnAnUn, then, 

B~ = TnBnUn is contamed m An If d+(l) = 1, then the above argument 

can be repeated with An equal to the column stretch of Wn - i on column )s 

In addition, B: is maximal if and only if B: = An, which is maximal by 

Theorem 3 2 5 

Now, as b1,3 -=/ 0 and b,1,l-=/ 0 imply that d-(1) 2: 1 and d+(l) 2: 1, assume 

further that d-(1) 2: 2 and d+ (1) 2: 2 by cons1dermg the existence of the two 

other arcs (l,J1) and (is, 1) for n 2: JI > Js and 3 ~ 28 < i1 Then, i1 = 4, 

Zs = 3 and the subdivision of c; 

(1,3),(3,1),(3,4),(4,3),(4,1),(1,J1,J1-l, ,4) 

1s mduced, which, by Corollary 2 3 3, implies Bn is not SNS Therefore, vertex 

1 cannot have both the mdegree and outdegree at least two and thus, either 

d- ( 1) = 1 or d+ ( 1) = 1 as previous displayed 

Part 4 Assume i1 2: 3 and )s = 4 

By (51), i1 = 3,4 or 5 If d-(1) = 1 (21 = is), then let An be the row stretch 

of Wn-I on row i1 It is easily verified that JBnJ is contamed m JAnJ By 

Corollary 2 5 2, there exist signature matrices Tn and Un such that Bn is 
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contamed m TnAnUn, then, B~ = TnBnUn is contamed m An In this case, 

B~ is never maximal as either a1 ,2 or a1 ,3 is nonzero but b1 ,2 and b1 ,3 are both 

zero 

If d+(l) = 1 (Js = J1), then let An be the column stretch of W n-I on column 

Js It is easily verified that IBnl 1s contamed m IAnl By Corollary 2 5 2, there 

exist signature matnces Tn and Un such that Bn is contamed m TnAnUn, 

then, B~ - TnBnUn is contamed m An Furthermore, B~ is maximal 1f and 

only 1£ B~ = An, which is maximal by Theorem 3 2 5 

Now, as b1 ,J, =J O and b11 ,1 f=- 0 imply d-(1 ) 2 1 and d+(l) 2 1, assume 

further that d- (1) 2 2 and d+ ( 1) 2 2 by considermg the existence of the two 

other arcs (l,J1) and (is, 1) for n 2 JI> )s and 2 :S Zs< z1 

For z1 = 3 ( and thus Zs = 2), this assumpt10n mduces a subdivision of c;, 

namely, 

(1,4),(4,3,1),(1,J1,J1 - l, ,5),(5,2,1),(4,5),(5,4) 

and by Corollary 2 3 3, Bn is not SNS 

For z1 = 4 and Zs = 2, the paths 

(1, 4), (4, 1), (l,J1,J1 - 1, , 5), (5, 2, 1), (4, 5), (5, 4) 
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form a subd1v1s1on of c; and Bn 1s not SNS (Corollary 2 3 3) For z1 = 4 

and Zs = 3, let Pn = (3, 2, 1, 4, 5, , n) and let An be the row stretch of 

Wn-l on row z1 = 4 It IS easily venfied that IBnl IS contamed m IPnAnP[j 

By Corollary 2 5 2, there exist signature matnces Tn and Un such that B n 

IS contamed m TnPnAnP[Un, then, B~ = TnBnUn IS contamed m PnAnP[ 

Furthermore, B~ 1s maximal 1f and only 1f B~ = PnAnP[ where An 1s maxi­

mal by Theorem 3 2 5 

For z1 = 5, the followmg two subd1v1s1ons of c; imply that b4 ,1 and b3 ,1 , 

respectively, are essential zeros 

(1,4),(4,1),(4,5),(5,4),(1,J1,J1- l, , 5), (5, 1) 

and 

(1,4),(4,3,1),(4,5),(5,4),(1,J1,J1- l, ,5),(5,1) 

Thus, Zs= 2 Let Pn = (2, 1, 3, 4, , n) and An be the row stretch of Wn-l 

on row z1 = 5 It IS easily venfied that jBnl 1s contamed m IPnAnP[I By 

Corollary 2 5 2, there exist signature matnces Tn and Un such that Bn 1s 

contamed m TnPnAnP[Un, then, B~ = TnBnUn IS contamed m PnAnP[ 

Furthermore, B~ IS maximal 1£ and only if B~ = PnAnP[ where An 1s maxi­

mal by Theorem 3 2 5 
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Part 5 Assume i1 ~ 3 and ]s ~ 5 

By (5 1), i1 S Js + 1, so consider the two cases mdependently i1 = ]s + 1 and 

Z/ S ]s 

Case (a) Assume i1 = Js + 1 

As b1 ,1, =/- 0 and bi1,1 =/- 0 imply d-(1) ~ 1 and d+(l) ~ 1, assume 

further that d-(1) ~ 2 and d+(l) ~ 2 by considermg the existence of 

the two other arcs (l,J1) and (is, 1) for n ~ JI > Js and 2 S is < i1 

This assumption, however, mduces the subd1v1sion of c; 

for is= 2 and 

for is ~ 3 and by Corollary 2 3 3, Bn 1s not SNS Therefore, vertex 

1 cannot have both the mdegree and outdegree at least two and thus, 

either d-(1) = 1 (i1 = is) or d+(l) = 1 (Js = J1) 

If d-(1) = 1, then let An be the row stretch of Wn-I on row i1 It is 

easily verified that IBnl is contamed m IAnl By Corollary 2 5 2, there 

exist signature matrices Tn and Un such that Bn IS contamed m TnAnUn, 

then, B~ = TnBnUn is contamed m An If d+(l) = 1, then the above 

argument can be repeated with An equal to the column stretch of Wn-I 
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on column Js, thereby completmg the proof of case 1 In addition, E~ 

is maximal if and only 1f E~ = An, which is maximal by Theorem 3 2 5 

Case (b) Assume i1 ~ Js 

Let Pn = (Js, 1, 2, 

2,Js,Js + 1, ,n), Sn= -Ii EB In-i and Rn = (1,4,2,3,5 , 6, 'n) 

Note that Rn = Ii EB Rn-i Then with A = R P H(z ,i ,o,o)QT S .kT , n - n n n n n n, 

it is easily venfied that IEnl 1s contamed m IAnl By Corollary 2 5 2, 

there exist signature matnces Tn and Un such that En 1s contamed m 

maximal 1f and only if E~ = An, which 1s maximal by Theorem 4 2 6 

Equality 1s possible only when i1 = Js as b~1 = 0 for k = i1 + 1, , n 

and akl = +1 fork= 2, ,Js 

□ 

In the followmg theorem, a path from J to i passmg through vertex 1 1s 

represented by a vertex sequence (J, v' , v, 1, u, u', i) where J ~ v' ~ v ~ n and 

2 ~ u ~ u' ~ i With this notation, 1f equality of two adJacent parameters occurs , 

these are coalesced and specified only once For example, (J , J, J, 1, i, i, i) denotes 

the path (J, 1, i ), and (J, v', v, 1, u, u , i ) denotes the path (J, v' , v , 1, u, i) 

Theorem 5 2 2 Let En, n 2: 5, be a fully mdecomposable maximals s matnx, 

bi ,i = -1, and B[2, , n] contamed m Hn-i where 11(B[2, 

Then, En 1s eqmvalent to either Hn or Vjr) for some mteger r where 1 ~ r ~ n - 3 
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Proof As B[2, , n] is contamed m Hn-l, let B[2, , n] be Hn-1 with the 

b,1 entry replaced by zero Clearly, b,1 is not an essential zero m B[2, , n] and 

i :S J + 1 The proof consists of four parts based on the location of this zero 

i = J + 1, i = J, i = J - 1 and i :SJ - 2 

Part 1 Assume i = J + 1 

Each zero entry, bk1, where k = 4, , n and l = 2, , k - 2, is an essential 

zero m E[2, , n] due to the existence of two paths havmg opposmg path 

signs m D(E[2, , n]), namely ( l, k) with a negative path sign and ( l, l + 1, k) 

with a positive path sign Thus, every zero entry m E[2, , n] 1s essential 

except for b,1 

Smee En is fully mdecomposable but E[2, , n] is not, there exists some 

path m En of the form ( v, 1, u) for i ::; v ::; n and 2 ::; u ::; J = i - 1 

If v ~ i + 1, then as each bvk 1s an essential zero m E[2, , n] for k = 

2, , v - 2, Lemma 3 1 1 1mphes bu = 0 This contradicts the necessity 

that b1u =J. 0 and therefore, v = i Smee b,1 =J. 0 and b,k is an essential zero m 

B[2, , n] fork= 2, ,J - 1, Lemma 3 11 implies bu is an essential zero 

Thus, u = J For 2 ::; J ::; n - 2, smce b11 =J. 0 and bk3 is an essential zero m 

E[2, , n] fork = J + 2, , n, Lemma 3 1 1 1mphes bkl is an essential zero 

Let Pn = (J, 1, 2, ,J -1,J + 1,J + 2, , n) Then, 1t 1s easily verified that 

IEn l is contamed m IPnHnP[I By Corollary 2 5 2 and smce En 1s maximal, 

there exist signature matrices Tn and Un such that En = TnPnHnP[Un 

Therefore, En is eqmvalent to Hn 
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Part 2 Assume i = J 

When i = n, the matrix En is eqmvalent to a matrix En with i = 2 under 

the transformat10n En= RnE~R~, where Rn= (1,n,n-1, , 2) Thus, 

the case i = n 1s covered by Case 2a below By permutmg En to remove 

the zero from the diagonal, the classical digraph characterization theorem 

(Theorem 2 2 1) can be used Without loss of generality, assume that En 1s 

, n - 1) and Sn = 12 EB -Jn-2 Thus, the 

zero that is not essential is m position ( i', i' + 1) for some i' = 2, 3, ,n-1 

Smee b1,,1 ,+1 1s not an essential zero m E[2, , n], all paths from i' + 1 to 

i ' m D(E[2, , n]) have the same path sign From the path ( i' + 1, 2, i') 1f 

i' -/=- 2 or ( i' + 1, 2) 1f i ' = 2, the path sign is negative However, smce b1,,1,+1 1s 

an essential zero m En, without loss of generality, there exists a path havmg 

one of the followmg forms and a positive path sign 

(i' + 1,v,1,u,i') for i' + 1 S VS n and 3 Su Si' (5 2) 

(i ' + 1, 2, v, 1, u, i') for 2 S VS Z
1 

- 1 and 3 Su Si' (5 3) 

(i' + 1, v , 1, u, 2, i') for i' + 1 S VS n and i' + 2 Su Sn (5 4) 
or u = 2 

For i' = 2, b1 , ,1,+1 = 0 implies that E[2, , n] is partly decomposable and 

will be considered as Case 2a below The other values of i' are considered as 

Case 26 below 



59 

Case (a) Assume z' = 2 

Each zero entry, bk1, where k = 4, , n and l = 3, , k - 1, 1s an 

essential zero m E[2, , n] due to the existence of two paths havmg 

opposmg path signs m D(E[2, , n]) , namely (l, k) with a pos1t1ve 

path sign and (I, 2, k) with a negative path sign Thus, every zero entry 

m E[2, , n] 1s essential except for b2,3 

With z' = 2, paths of the form (5 2) or (5 3) do not exist and (5 4) 

becomes (3, v, 1, u, 2) for 3 ::; v ::; n and 4 ::; u ::; n or u = 2 Smee 

b1 ,3 # 0 ( otherwise En 1s partly decomposable) and bk3 1s an essential 

zero for k = 4, 5, , n, Lemma 3 1 l 1mpbes that bk1 1s an essential zero 

Thus, v = 3 and (5 4) reduces further to Just (3, 1, u, 2) for 4 ::; u ::; nor 

u = 2 with sgn (3, 1) = - sgn (1, 3) Smee En 1s fully mdecomposable, 

b2,1 -::JO with sgn(2,1) = -sgn(l,3,2) Let Pn = (2,3,1,4,5, ,n) , 

Qn = (2, n,1 , 3,4, ,n -1) and Sn= ]3 EB -In- 3 Then, 1t IS easily 

ven:fied that IEnl 1s contamed m IPnHnQ~Snl By Corollary 2 5 2 and 

smce En 1s maximal, there exist signature matnces Tn and Un such that 

En = TnPnHnQ~SnUn Therefore, En IS eqmvalent to Hn 

Case (b) Assume z' = 3, 4, , n - 1 

For each z', each zero entry, bk1, where k = 4, , n and l = 3, ,k-1, 

1s an essential zero m E[2, , n] ( except when k = z' + 1 and l = z' 

simultaneously) due to the existence of two paths havmg opposmg path 

signs m D(E[2, , n]), namely (l, k) with a positive path sign and 
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(l, 2, k) with a negative path sign Thus, every zero entry m E[2, , n] 

1s essential except for b,,,,,+1 and b,,+1 ,,, 

Paths of the form (5 3) and (5 4) mduce the pos1t1vely signed cycles 

( v, 1, u, i', 2, v) and ( v, 1, u, 2, i' + 1, v ), respectively, resultmg m En not 

bemg SNS Therefore, only paths of the form (5 2) need be considered 

With (5 2), 1f u -=f. i' or v -=f. i' + 1, then the subd1v1s10n of c; 1s formed 

(v, 2), (2, v), (u, 2), (2, u), (v, 1, u), (u, v) 

1mplymg, by Corollary 2 3 3, that En 1s not SNS This leaves path (5 2) 

as (i' + 1, 1, i') with a positive path sign 

On the other hand, smce b,,+1,,' 1s an essential zero m En but not m 

E[2, , n], some path exists m D(En) from vertex i' to vertex i'+l pass­

mg through vertex 1 and havmg path sign equal to - sgn ( i' , 2, i' + 1) , 

which 1s always pos1t1ve Without loss of generality, this path has one 

of the followmg forms 

, , i' + 1 < w S n 3 :S x < z' (i ,w,l,x,i + 1) for and (5 5) 
or w = 1 or x = 1 

3 :S w < z' 3 :S x < z' (z',2,w,1,x,z'+l) for and (56) 
or w = 1 or x = 1 

I I Z
1 + 1 < W s n (z ,w,1,x,2,z + 1) for 

or w = 1 
and z' + 1 < x Sn 

or x = 1 

(5 7) 
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Paths of the form (5 6) and (5 7) mduce the positively signed cycles 

(i' + 1, 2, w, 1, x, i' + 1) and (i', w, 1, x, 2, i'), respectively, and En is not 

SNS Therefore, only paths of the form (5 5) need be considered With 

(5 5), the followmg two cycles exist and have positive cycle sign (i' + 

1, w, 1, x, i'+l) for w =J 1 and (i', 1, x, i') for w = 1 and x =J 1 Therefore, 

both wand x are restricted to bemg 1 without v10latmg the SNS property 

of En and (5 5) becomes (z', 1, z' + 1) with a positive path sign Smee 

(i', 1) and (1, i') must be oppositely signed, sgn (i', 1) = sgn (1, z' + 1) = 

- sgn (z' + 1, 1) = - sgn (1, z') 

Let Pn = (i',2, 1,3,4, , z' - 1, z' + 1, z' + 2, , n) When z' = 3, let 

Qn = (3,n,1,2,4,5, ,n -1) and Sn= ] 3 EB -In-3, otherwise, let 

Qn = (i'-1,n,1,2,3,4, ,z' -2,z',i' + 1, ,n -1) and Sn= -11 EB 

I2 EB -In-3 Then, it is easily verified that IPn vJi'- 2)Q~Snl is contamed 

lil IEnl By Corollary 2 5 2 and smce Pn v,V-2 )Q~Sn is maximal, there 

exist signature matrices Tn and Un such that Pn vf-2)Q~Sn = TnEnUn 

Therefore, Bn IS eqmvalent to vf-2
) 

In the one case, Bn is eqmvalent to Hn and m the other case, En 1s eqmvalent 

to vJr) for some mteger r, where 1 ~ r ~ n - 3 

Part 3 Assume i = J - 1 

When i = n-1, the matrix En 1s eqmvalent to a matrix En with z = 2 under 

the transformat10n En = RnE'f: R~ where Rn = (1, n, n - 1, 

the case z = n - 1 1s covered by Case 3a below 

, 2) Thus, 
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Smee b13 1s not an essential zero m B[2, , n], all paths from J to i m 

D(B[2, , n]) have the same path sign From the path (J, i) this sign is 

positive However, smce b13 1s an essential zero m En, there exists a negatively 

signed path from vertex J to i passmg through vertex 1 Without loss of 

generality, the path has the followmg form 

(;,v',v, 1,u,u',i) for 2 :'.Su :'.Su' :'.Si and J :'.S v' :'.S v::; n (5 8) 

With (5 8), nme forms of paths can be generated as summarized by the 

followmg table where each row represents the three d1stmct variat10ns on 

2 :'.S u :'.S u' :'.S i and each column represents the three d1stmct variations 

on J :'.S v' :'.S v :'.S n Thus, for example, (5 8 8) denotes a path of the form 

(J, v, 1, u, u', i) for 2 :'.S u < u' < i and J < v < n As a consequence, 

sgn ( v, 1, u) = + as 1s stated m the table 

J = v' = v :'.Sn J < v' = v :'.Sn J < v' < v :'.Sn 

2 :'.Su= u' = i 
(5 8 1) (5 8 2) (5 8 3) 

sgn (J, 1, i) = - sgn (v, 1,i) = + sgn (v, 1,i) = -

2::; u = u' < i (5 8 4) (5 8 5) (5 8 6) 
sgn (J, 1, u) = + sgn (v, 1,u) = - S gn ( V, 1, U) = + 

2 ::; u < u' < i (5 8 7) (5 8 8) (5 8 9) 
sgn(;,1,u)=- sgn (v, 1,u) = + S gn ( V, 1, U) = -

(Note the case 2 :'.S u < u' = i 1s identical to the case 2 :'.S u = u' < i 

m the table S1m1larly, J = v' < v ::; n 1s identical to J < v' = v ::; n ) 

For paths of the forms (5 8 3), (5 5), (5 8 7) or (5 8 9), sgn (v, 1, u) = -
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and the cycle (v, 1,u,v) exists havmg positive cycle sign For a path of 

the form (581), either the cycle (J,1,z,J + 1,J) for J =/:.nor the cycle 

(J, 1, z, z -1 , J) for z =J. 2 exists havmg positive cycle sign The s1tuat10n z = 2 

and J = n simultaneously is not possible as i = J - 1 and n 2: 5 For paths 

of the forms (5 8 6) or (5 8 8), sgn (v, 1, u) =+and the cycles (v, 1, u, u', v) 

and (v, 1, u, i, v), respectively, exist havmg positive cycle sign The status 

of (5 8 2) or (5 8 4) is unknown at this pomt The remamder of this part 

considers these two paths and consists of two cases based upon the value of z 

Case (a) Assume z = 2 

Each zero entry, bk1, where k = 5, ,n and l = 2, , k - 2, is an 

essential zero m B[2, , n] due to the existence of two paths havmg 

opposmg path signs m D(B[2, , n]), namely (l, k) with a negative 

path sign and (l, k - 1, k) with a positive path sign Thus , every zero 

entry m B[2, , n] is essential except for the entries b4 ,2 and b2,3 

Smee b4 ,2 is an essential zero m Bn but not m B[2, , n], some path 

exists m D(Bn) from vertex 2 to vertex 4 passmg through vertex 1 and 

havmg path sign equal to - sgn (2, 4), which is always positive Without 

loss of generality, the path has one of the followmg three forms 

( 2, 1, x, x - 1, , 4) for 4 ::; x ::; n, (5 9) 
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(2,w',w, l,x,x -1 , ,4) for 5::; w'::; w::; n and 4::; x < w' 

(5 10) 

or 

(2,1,3,4) (5 11) 

With paths of the forms (5 9) and (5 10), the pos1t1vely signed cycles 

(2,1,x,x - 1, ,2) and (w,l,x,w',w) exist, respectively, and thus, 

(5 11) must be the path 

On the other hand, with z = 2, path (5 8 4) does not exist and path 

(5 8 2) becomes (3, v, 1, 2) for 3 < v ::; n As bk2 1s an essential zero 

for 5 ::; k ::; n, Lemma 3 1 1 implies bk1 = 0 Thus, v = 4 Therefore, 

the two paths that cause b2,3 and b4 ,2 to be essential zeros m Bn are 

(3, 4, 1, 2) and (2, 1, 3, 4), respectively 

Let Pn = (3,1,2,4,5, ,n) Then, 1t 1s easily venfi.ed that IPnVJ 1)PJI 

IS contained m IBnl By Corollary 2 5 2 and smce Pn Vj1) PJ 1s maximal 

(Theorem 4 1 5), there exist signature matnces Tn and Un such that 

Pn vj 1
) P; = TnBnUn Therefore, Bn IS eqmvalent to Vjil 

Case (b) Assume z = 3, 4, , n - 2 

For each z, each zero entry, bk1, where k = 4, , n and l = 2, , k-2, 1s 

an essential zero m B[2, , n] due to the existence of two paths havmg 

opposmg path signs m D(B[2, , n]), namely (l, k) with a negative 

path sign and one of (l, k - 1, k), (l, l + 1, k + 1, k), or (l , 1- 1, k - 1, k) 

V\iith a positive path sign The path (l, k - 1, k) determmes 1f bk/ is 
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an essential zero for all k and l specified except for the entries b13 for 

appropriate land b3+i,i The path (l, l + l, k + l, k) resolves the entries 

b13 and both paths (l, l + l, k + l, k) and (l, l - 1, k - l, k) are needed to 

resolve the entry b3+1 ,i Thus, every zero entry m B[2, 

except for bi3 

, n] is essential 

For paths of the form (5 8 2), smce b1i "I O and bk2 is an essential zero 

for k = i + 2, , n, Lemma 3 1 1 implies bk1 is an essential zero But 

as i = J - 1, the arc ( v, l) cannot exist for the mterval specified For 

paths of the form (5 8 4), smce b31 -/ 0 and b3k is an essential zero for 

k = 2, , J - 2, Lemma 3 1 1 implies bu is an essential zero But as 

i = J - 1, the arc ( 1, u) cannot exist for the mterval specified 

In the one case, En 1s eqmvalent to Vjil and m the other, a contrad1ct10n 

results 

Part 4 Assume i s; J - 2 

Smee bi3 is not an essential zero m E[2, , n], all paths from J to i m 

D(E[2, ,n]) have the same path sign From the path (J,J -1, ,i) the 

sign is positive However, smce bi3 is an essential zero m En, there exists a 

negatively signed path from vertex J to i passmg through vertex 1 Without 

loss of generality, the path has one of the four followmg forms 

(y,v',v , l,u,u',i) for 2 s; us; u' s; i and J s; v' s; vs; n (5 12) 



(J,v',v,1,u,u-1, , z) for z + 1 ::; u < J ::; v' ::; v ::; n 

(J,J - 1, ,v, 1,u,u',z) for 2::; u::; u'::; z < v::; J -1 

(J, J - 1, ,v,l,u,u-1, , Z) for Z + 1 ::; U < V ::; J - 1 
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(5 13) 

(5 14) 

(5 15) 

A path of the form (J, ,v, 1,u, ,z) for 2::; v::; z or J ::; u::; n cannot 

exist as the path would not be simple, that 1s, either z or J would appear 

twice m the path 

Assume the path 1s of the form (5 12) Suppose sgn (v, 1, u) = + Then, the 

positively signed cycle ( v, 1, u, z + 1, v) is formed On the other hand, suppose 

sgn ( v, 1, u) = - Then, for u -=/- z or v -=/- J, the cycle ( v, 1, u, v) has positive 

cycle sign For u = z -=/- 2, the cycle ( v, 1, u, u - 1, v) has positive cycle sign 

For v = J -=/- n, the cycle ( v, 1, u, v + 1, v) has positive cycle sign Fmally, for 

u = z = 2 and v = J = n and smce n ~ 5, the cycle (v,l,u,u+ 1,v-1,v) 

exists and has positive cycle sign On the other hand, by assummg the path 

is of the form (5 13), the cycle ( v, 1, u,J, v', v) exists and has positive cycle 

sign S1m1larly, a path of the form (5 14) mduces the positively signed cycle 

(v,l,u,u',z,v) Fmally, with a path of the form (515), the cycle (v,l,u,v) 

exists and has pos1t1ve cycle sign Therefore, none of these paths exist, b1J 1s 

not an essential zero 1mplymg that Bn 1s not maximal 

The conclus10ns for each part of the theorem clearly dictate the result of the 

theorem □ 
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It is mterestmg to examme the pattern of those positions m B[2, ,n] that 

result m fully mdecomposable maximal SNS matrices as determmed by Theo­

rem 5 2 2 Let E n be as specified m the theorem Then, the pos1t10ns md1cated 

by* below mark all those locations m Hn-i where a nonzero entry can be set to 

0 g1vmg such a matrix En 

* * 
* * 

* 
B[2, ,n]= 

* * 

* * 
* * 

The specific SNS matrix that is eqmvalent to En when any one of the above * 

entries 1s set to O 1s given schematically by the followmg 

H V:(r) 
n n 

v(n-3) V:(ll 
n n 
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For example, 1f pos1t1on (3,2) of En ( and hence E[2, , n]) 1s set to O and the rest 

of the cond1t10ns of the theorem are satisfied, then En must be eqmvalent to Hn 

Note that the entries m the lower left of E[2, , n] are already zero and cannot 

be used to satisfy the conditions of the theorem and the entries m the upper right 

corner of the matnx result m contradictions when set to 0 

Theorem 4 1 6 1mphes that vJn-3) 1s eqmvalent to VJ!) ( and similar eqmvalences 

for the other members of the class VJr) specified here) This results ma schematic 

pattern that 1s symmetnc about its anti-diagonal 

In order to state the next theorem, an anomalous SNS matnx, M~3
), must be 

defined It appears to be a degenerate form of the H;,2•1 •2 •1) class of matrices as 1t 

has all the properties of the class ( such as the number of zero entnes, maximality, 

fully mdecomposab1hty, etc ) but 1t cannot be transformed mto any member of 

the class Let 

-1 -1 -1 0 -1 -1 

+1 -1 -1 0 -1 -1 

M(3) _ 
0 +1 -1 0 0 0 

6 -

0 +1 +1 -1 -1 -1 

0 +1 +1 +1 -1 -1 

0 0 0 0 +1 -1 

For n ::; 4, there are no fully mdecomposable maximal SNS matnces with 

(n;1) + 2 zero entnes However, for n = 5, there are two such matnces, namely 

H?1
•
0

•
0

) and vP) (see Table 6 1) The case n 2: 6 1s now considered 



69 

Theorem 5 2 3 For n 2: 6, En 1s a fully mdecomposable maximal SNS matrix 

with (n;1
) + 2 zero entries 1f and only 1f 

1 for n = 6 E 1s equivalent to H(3 ,i,o,o) or M(3
) , n 6 6 , 

2 for n 2: 7, En 1s equivalent to HA3
•
1

•
0

,
0

) or HA2
•
1

•
2

•
1

) 

Proof Theorem 4 2 6 and Observation 4 2 4 show that both HA3•1•0•0 ) for n 2 6 

and H~2
•
1

•
2

•
1

) for n 2: 7 are fully mdecomposable maximal SNS matrices havmg 

(nt) + 2 zero entries By mspect10n, M~3
) 1s also a fully mdecomposable maximal 

SNS matrix havmg (n;1
) + 2 zero entries 

For the converse, assume En 1s a fully mdecomposable maximal SNS matrix 

havmg (n;1
) + 2 zero entries Also, without loss of generality, assume En 1s 

normalized and d(l) = mm d(i) 
1<1<n 

Then, d(l) 2: n- 2, otherwise E[2, , n] contams at least (n -1) 2 
- (n;2

) + 1 

nonzeros and 1s therefore not SNS Also, d(l) :S n by Thomassen [Thl, Propos1-

t10n 2 3], so d(l) = n - 2, n - 1, or n 

As m Theorem 5 1 2, 1f d(l) = n, then by Thomassen [Thl, Theorem 2 7], 

without loss of generality D(En) 1s a subd1graph of D(Hn) Smee v(En) = v(Hn)-

2, this contradicts the fact that En 1s maximal Therefore, the assumpt10n that 

d(l) = n 1s false 

With d(l) = n - 2 and b11 = -1 , E[2, , n] must be SNS and have exactly 

( n - 1 )2 
- (n;2

) nonzero entries But this submatrix must be equivalent to Hn-1 , 

as 1t 1s the umque matrix with this many zero entnes, and thus, without loss of 
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generality, E[2, , n] = Hn-l Thus far, the form of En has been deduced as 

and the remamder of the proof will determme the correct positions and signmg for 

the n - 2 nonzero entries m u and w 

Let J 2: 2 be the smallest mteger such that b1J -=/- 0 and i 2: 2 be the largest 

mteger such that b11 -=/- 0 Clearly such mdices exist, otherwise Bn is partly decom­

posable Now, each part of Theorem 5 1 1 can be applied with the proviso that 

En is maximal There exist signature matrices Tn and Un such that E~ - TnEnUn 

satisfies the specified condit10ns m the followmg two cases 

If i ::; J, then E~ is eqmvalent to Hn However, this is impossible as v(E~) = 

v(Hn) - 2, therefore, i = J + 1 and either of two cases follows 

Case 1 The matrix E: is the row stretch of Hn-l on row i with the new row 

and column labelled as 1 In this case, the only ch01ce of i that results m 

d(l) = n - 2 is i = 5 With this P E' pT = H(3 ,i,o,o) by Defimt10n 4 2 1 , n n n n ' 

where Pn = (2, 3, 4, 1, 5, 6, , n) 

Case 2 The matnx E: is the column stretch of Hn-l on column J with the new 

row and column labelled as 1 In this case, the only ch01ce of J that results m 

d(l) = n -2 is J = n -3 With this PB' pT = H(o,o ,3,l) by Defimtion 4 2 1 , n n n n ' 

where Pn = (2, 3, , n - 3, 1, n - 2, n - l, n) By Theorem 4 2 7, H;.0,0 ,3 ,i) is 

eqmvalent to H;.3•1•0 ,0 ) 
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This completes the possibility d(l) = n - 2 

Fmally, with d(l) = n - l, E[2, , n] has exactly (n -1) 2 
- (n;2

) -1 nonzero 

entnes Smee En is fully mdecomposable, Corollary 3 1 3 states that E[2, , n] 

is either not maximal or fully mdecomposable 

First, assume B[2, , n] is not maximal Then, settmg some zero entry nonzero 

gives a SNS matnx with (n - 1)2 
- (n; 2

) nonzero entries and by Theorem 2 6 4, 

this must be eqmvalent to Hn-I Therefore, the only way for E[2, , n] to be 

not maximal is to assume E[2, , n] is contamed m Hn-I, where v(E[2, , n]) = 

v(Hn-1) - 1 Smee En is maximal, Theorem 5 2 2 states that En is eqmvalent to 

either Hn or Vjr) for some mteger r where 1 ~ r ~ n - 3 However, v(En) = 

v(Hn) - 2 and for n 2 6, v(En) > v(Vn(r)) Thus, En cannot be eqmvalent to 

either Hn or vJr), and E[2, , n] must be maximal 

Second, assume E[2, , n] = Wn-I is fully mdecomposable and maximal 

As this submatnx has (n;2
) + 1 zeros, by Theorem 5 1 2, Wn-I is eqmvalent 

t H(2 ,i,o,o) w th t 1 f 1 t w R H(2•1•0 •0)RT h R 0 n-1 i OU oss O genera i Y, n-1 = n-1 n-1 n-1 l W ere n-1 = 

(3, 1, 2, 4, 5, , n - l) Let Js, JI 2 2 be the smallest and largest mtegers, respec-

tively, such that b1,J, -=I- 0 and b1,J1 -=I- 0 and is, i1 2 2 be the smallest and largest m­

tegers, respectively, such that b,,,1 -=I- 0 and b,1,1 -=I- 0 Clearly such mdices exist, oth­

erwise En is partly decomposable Now, each part of Theorem 5 2 1 can be applied 

with the proviso that En is maximal There exist signature matrices Tn and Un such 

that B~ = TnBnUn satisfies the specified conditions m each of the followmg parts 

Note also that the new row and column is labelled as 1 m each of the followmg 
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Part 1 If z1 = 2, then B~ is the row stretch of Wn-l on row z1 Thus, with 

Pn = (3, 4, 1, 2, 5, 6, n) P B' pT = H(2 ,2,o,o) by Defimt10n 4 2 1 and by , , n n n n 

Theorem 4 2 8 H(2,2 ,o ,o) is eqmvalent to H(3 ,i,o,o) 
' n n 

Part 2 If z1 ~ 3 and Js = 2, then z1 = 5 and either of two cases follows 

Case (a) The matnx B~ is the row stretch of Wn-l on row z1 

H~3 ,i,o 0) by Defimt10n 4 2 1, where Pn 

(5,1,2,3,4,6, 7, ,n), Qn = (1,2,4,3,5,6, 

Case (b) The matnx B~ 1s the column stretch of Wn-l on column Js But 

then, d(l) -/= n - 1 as column Js has only two nonzero entnes 

Part 3 If z1 ~ 3 and Js = 3, then z1 ~ 4 and either of two cases follows 

Case (a) The matnx B~ is the row stretch of Wn-I on row z1 Then, for 

3 PB' pT = H(3,i,o,o) by Defimtion 4 2 1 where Pn = 
, n n n n ' 

(1, 3, 4, 2, 5, 6, , n) and for i1 H(3,1 ,o,o) 
n 

by Defimtion 4 2 1, where Pn (1,4,3,2,5,6, 

(1, 3, 4, 2, 5, 6, 

Case (b) The matnx B~ is the column stretch of Wn-l on column ]s But 

then, d(l) -/= n - 1 as column Js has only two nonzero entnes 

Part 4 If z1 ~ 3 and Js = 4, then z1 ~ 5 and either of four cases follows 

Case (a) When z1 = is, B~ cannot be maximal, so this case cannot apply 
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Case (b) The matrix B~ 1s the column stretch of Wn-l on column )s when 

)s = )/ = 4 For n ~ 7, d(l) -/- n - 1 but, for n = 6, 

-1 0 0 +1 0 0 

+1 -1 0 +1 - 1 -1 

-1 0 -1 -1 - 1 -1 
B' = n 

-1 0 +1 -1 - 1 - 1 

+ 1 +1 0 +1 - 1 - 1 

0 0 0 0 +1 -1 

and with P6 = (3, 4, 1, 2, 5, 6), P6B~Pl = M~3
) 

Case ( c) The matrix B~ = RnAnR~ where Rn = (3,2,1,4,5, , n) and 

An 1s the row stretch of Wn-I on row z1 when z1 = 4 and Zs = 3 With 

P Q and S as m Part 3a above P. A QTS = H(3 ,i,o,o) and thus n, n n , n n n n n , 

B' 1s eqmvalent to H(3 ,i,o,o) 
n n 

Case (d) The matrix B~ = RnAnR~ where Rn = (2, 1,3,4, , n) and An 

1s the row stretch of Wn-l on row z1 when z1 = 5 and Zs = 2 With Pn, 

equivalent to Hi3•1•0 ,0 ) 

Part 5 If z1 2:: 3 and Js 2:: 5, then 1f z, ::; ]s also, then B~ 1s equivalent to 

Hi2,1,o,o) However, this contradicts the number of nonzeros m B~ as v(B~) = 

v(Hi2
•
1

•
0

,
0l) - 1 Therefore, i1 = ]s + 1 and either of two cases follows 



74 

Case (a) The matrix B~ is the ro'h stretch of Wn- I on row i1 Smee z1 2: 6, 

every such row con tams at least three zeros and thus, d( 1) =J n - 1 

Case (b) The matrix B~ is the column stretch of Wn-I on column Js In 

this case, the only ch01ce of Js that results m d(l) = n - 1 is Js = n - 2 

and hence, n 2: 7 With this, PnB~P; = Hi2
,
1

,
2

,
1

) by Defimtion 4 2 1, 

where Pn = (3, 4, 2, 5, 6, ,n - 2,1,n -1,n) 

Thus, any fully mdecomposable maximal SNS matrix with (n;1
) +2 zero entnes 

must be eqmvalent to 

1 H (3,l ,0,0) M(3) f 6 
6 or 6 or n = , 

2 H(3,1 ,o,o) or H(2,1,2,1) for n > 7 
n n -

D 
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Chapter 6 

Summary and Future Work 

6.1 Summary 

This work was mit1ated m response to the generat10n of all the fully mdecompos­

able maximal SNS matrices of dimensions 1 through 9 by Lundy, Maybee and Van 

Buskuk[LMVB] The results of an analysis of this data with regard to the number 

of equivalence classes contammg a specified number of zero entries are given m 

Table 6 1 For fixed n, the known lower bound of (n/) for the number of zero 

entries is tight by Gibson[G1] but a tight upper bound is not known As proven by 

Gibson (Theorem 2 6 4), Hn determmes the umque eqmvalence class of fully mde­

composable maximal SNS matrices with (n;i) zero entries The data m Table 6 1 

shows that there is exactly one eqmvalence class of fully mdecomposable maximal 

SNS matrices with (n;i) + 1 zero entries for 5 Sn S 9 In Theorem 5 1 2, this is 

proven for all n 2 5, and moreover this class 1s represented by HA2,i,o,o) Similarly, 
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the data m Table 6 1 shows that there are exactly two eqmvalence classes of fully 

mdecomposable maximal SNS matrices with (n;1
) + 2 zeros for 5 ~ n ~ 9 In 

Theorem ,5 2 3, this 1s proven for all n 2: 6, and moreover H~3 ,i,o,o) and H~2
•
1

•
2

•
1

) 

are the representatives for these classes for all n 2: 7 

In Chapter 3, the row (respectively, column) stretch Bn+i of a matrix An 1s 

defined, and 1t 1s proven m Theorem 3 2 5 that Bn+l 1s a fully mdecomposable 

maximal SNS matrix 1f and only 1f An 1s a fully mdecomposable maximal SNS 

matrix In Chapter 4, two classes of SNS matrices, Vjr) and Hip,q,r,s), are defined, 

prov1dmg a convement categonzat10n of some of the SNS matrices found by Lundy 

et al [LMVB] 

Chapter 5 contams the charactenzations of all fully mdecomposable SNS matri­

ces obtamed by bordermg Hn - l or a matnx that 1s permutation s1m1lar to H~~i,o,o) 

(Theorem 5 1 1 and Theorem 5 2 1, respectively) These theorems are used to 

prove the mam results of this thesis (Theorems 5 1 2 and 5 2 3), but they are also 

of mdependent mterest 
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Table 6 1 The categonzat10n of all fully mdecomposable maximal SNS matrices of 
dimensions 1 through 9 by dimension and number of zero entries 

The numbers of eqmvalence classes were obtamed from the raw data produced 
by Lundy et al [LMVB] The matrices denoted M ~) are listed m the Appendix, 
they are related to the conJectures of Table 6 2, but are not members of either of 
the classes Vt) or Hip,q,r,s) The matrices M ~) are not identified as a class , the 
parameter J 1s used only as a label 

Number Number of Eqmvalence 
Matrix of Zero Eqmvalence Class 

Dimens10n Entries Classes Membership 

1 0 1 H1 

2 0 1 H2 

3 1 1 H 3 

4 3 1 H4 

4 2 H(2,1,o,o) vYl 
4 , 4 

5 6 1 H s 

7 1 H~ 2,1,o,o) 

8 2 H(3,1,0,0) v;(l) 
5 , 5 

9 2 M(l) M(2) 
5 , 5 

6 10 1 H6 

11 1 H(2,1 ,o,o) 
6 

12 2 H(3,1,o,o) M (3) 
6 , 6 

13 3 H(4,l ,0,0) v,(l) v,(2) 
6 , 6 , 6 

14 6 H(3,2,o,o) M (4) M(s) M(6) M(1) M(s) 
6 , 6, 6, 6, 6, 6 

15 4 
16 4 
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Number Number of Eqmvalence 
Matrix of Zero Eqmvalence Class 

D1mens1on Entnes Classes Membership 

7 15 1 H7 
16 1 H?·l,0,0) 

17 2 H(3,l,0,0) H(2,l,2,l) 
7 , 7 

18 2 H(4,l,0,0) M(9) 
7 , 7 

19 5 H(s,1,0,0) H(3,2,o,o) v(1) v(2) M (10) 
7 ,7 ,7,7, 7 

20 6 
21 11 H+4,2,o,o) 

22 12 
23 15 
24 8 
25 8 
26 0 
27 0 
28 1 
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Number Number of Eqmvalence 
Matnx of Zero Eqmvalence Class 

D1mens1on Entries Classes Membership 

8 21 1 Hs 

22 1 H~2,l ,O,O) 

23 2 H(3,l,O,O) H(2,l,2,l) 
8 , 8 

24 2 H(4,l,O,O) H(3,l,2 ,l) 
8 , 8 

25 5 H(S,1,0,0) H(3,2,0,0) M(ll) M(l2) M(l3) 
8 ,8, s, s, 8 

26 7 H(6,l,O,O) v.(l) v.(2) v.(3) 
8 , 8 , 8 , 8 

27 9 H~4,2,o,o) 

28 13 
29 20 H(S,2,0,0) 

8 

30 32 H~4 ,3,o,o) 

31 29 
32 50 
33 45 
34 53 
35 34 
36 37 
37 0 
38 1 
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Number Number of Eqmvalence 
Matnx of Zero Eqmvalence Class 

D1mens10n Entries Classes Membership 

9 28 1 H9 
29 1 H~2,1 ,o,o) 

30 2 H(3,1,o,o) H(2,1 ,2,1) 
9 , 9 

31 2 H(4 ,1,o,o) H(3,1,2,1) 
9 , 9 

32 5 H(S ,1,0,0) H(3,2 ,0 ,0) H(4 ,1,2,1) H(3,1,3,1) M (14) 
9 , 9 , g , 9, 9 

33 6 H(6,1,o,o) H(3,2,2,1) 
9 , 9 

34 10 H(1,1,o,o) H(4,2,o,o) v(1) v(2) v(3) 
9 , 9 ,9,9 , 9 

35 13 
36 17 H ~S,2,0,0) 

37 26 Ht,3,o,o) 

38 41 H t,2,0,0) 

39 49 
40 67 H~4,4,o,o) 

41 85 
42 118 
43 149 
44 181 
45 225 
46 244 
47 252 
48 218 
49 192 
50 2 
51 1 
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6.2 Future Work 

The two classes of matnces, HAp,q,r,s) and Vjr), defined m this work classify only 

a small subset of the SNS matnces known from the data of Lundy et al [LMVB] 

Other mfimte classes of s s matnces could be identified and their properties m­

vestigated 

The current status regardmg the number of noneqmvalent fully mdecomposable 

maximal n-by-n SNS matrices with (n;1
) + k zero entries for O ~ k ~ 4 1s as given 

m Table 6 2 Thus, for example, we conJecture that for each n ~ 7, there are 5 such 

matnces havmg (n;1
) +4 zero entnes The method of proof used m Theorems 5 1 2 

and 5 2 3 does not easily extend to values of k ~ 3 and thus, other methods need 

to be devised m order to show the correctness of these two conJectures For n ~ 5, 

it can be seen by usmg Observat10n 4 2 5 that Hi3 •1•0 •0 ) can be obtamed by two 

successive row and/or column stretches of Hn_2 The first row (or column) stretch 

of Hn_ 2 produces a matnx eqmvalent to H~~i,o,o) and the second produces a matnx 

eqmvalent to H(3 ,i,o,o) For n > 7 a similar observation can be made for H(2 ,1 ,2,1) n - , n 

This suggests that the conJectures of Table 6 2 might be proved by domg several 

row and/or column stretches of Hn_ 3 or Hn_ 4 Ho\\-ever, this appears to lead to a 

large number of cases to be considered Also, all matnces generated m this manner 

are 1-connected, and thus other bordermg techmques leadmg to 2-connected S S 

matrices should be mvestigated 
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Table 6 2 The known or conJectured number of noneqmvalent fully mdecompos­
able maximal SNS matnces with (n;1

) + k zero entnes, where O :S k :S 4 

Number of Number of Status 
zeros Distmct 

(n;l) + k Matnces 
where k is (Eqmvalence 

Classes) 

0 1 Known for n 2 1 (Theorem 2 6 4) 
1 1 Known for n 2 5 (Theorem 5 1 2) 
2 2 Known for n 2 6 (Theorem 5 2 3) 
3 2 ConJectured for n 2 7 
4 5 ConJectured for n 2 7 
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Appendix A 

The SNS Matrices M ~) 

The follov.mg fully mdecomposable maximal SNS matnces represent the eqmva­

lence classes m Table 6 1 that are not members of H~p,q,r,s) or Vjr) but that have 

(n;1
) + k zero entnes, where 2 ~ k ~ 4 They are related to the conJectures m 

Table 6 2 The matnces M~l are not 1dentified as a class, the parameter J IS used 

only as a label 

The matnx MP) has already been defined m Section 5 2 but IS restated here 

for completeness 

-1 -1 -1 0 0 

+1 -1 -1 0 0 

M(l) -
5 - 0 +1 -1 -1 -1 

0 -1 +1 -1 - 1 

0 0 0 +1 -1 



1- 1+ 0 0 0 0 

1- 1- 1+ 0 1- 0 

1- 1- 1- 1+ 1+ 0 

1- 1- 1- T- 1+ 0 
= (t,)w 

0 0 1- 0 1- 1+ 

0 0 1- 0 1- 1-

1- 1+ 0 0 0 0 

1- 1- 1+ 1+ 1+ 0 

1- 1- 1- 1+ 1+ 0 
- 9w 

0 0 0 1- 1+ 0 
- (£) 

1- 1- 0 1- 1- 1+ 

1- 1- 0 1- 1- 1-

1- 1+ 0 0 1-

1- 1- 1+ 0 0 

' 1- 0 1- 1+ 0 - gw 
- (z ) 

1- 0 0 1- 1+ 

0 1- 1- 1- 1-

88 



89 

-1 -1 0 0 0 -1 

+1 -1 0 0 0 -1 

M (S ) _ 
0 +1 -1 -1 0 -1 

6 -

0 +1 +1 -1 0 -1 

0 +1 0 +1 -1 -1 

0 +1 0 +1 +1 -1 

-1 -1 -1 -1 0 0 

+1 -1 -1 -1 0 0 

M i6l = 
0 +1 -1 0 -1 -1 

0 0 +1 -1 -1 -1 

0 -1 0 +1 -1 -1 

0 0 0 0 +1 -1 

-1 -1 0 0 -1 -1 

+1 -1 0 0 -1 -1 

M(1) _ 
0 +1 -1 -1 0 -1 

6 -

0 +1 +1 -1 0 -1 

0 +1 0 +1 -1 0 

0 0 0 +1 +1 -1 
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-1 -1 -1 -1 0 0 

+1 -1 0 0 -1 -1 

M (B) -
0 +1 -1 0 -1 -1 

6 -

0 0 +1 -1 - 1 -1 

-1 0 0 +1 -1 -1 

0 0 0 0 +1 -1 

-1 -1 - 1 0 0 -1 -1 

+1 -1 -1 0 0 -1 -1 

0 +1 -1 0 0 0 0 

M ~9 ) = 0 +1 +1 -1 -1 -1 -1 ' 
0 +1 +1 +1 -1 -1 -1 

0 +1 +1 0 +1 -1 -1 

0 0 0 0 0 +1 -1 

-1 -1 0 0 0 -1 -1 

+1 -1 0 0 0 -1 -1 

0 +1 -1 -1 0 -1 -1 

M(lO) -
7 - 0 +1 +1 -1 0 -1 -1 , 

0 +1 0 +1 -1 -1 -1 

0 +1 0 +1 +1 -1 -1 

0 0 0 0 0 +1 -1 



1- 1+ 0 0 0 0 0 0 

1- 1- 1+ 0 0 0 0 0 

1- 1- 1- 1+ 0 1+ 1+ 0 

1- 1- 1- 1- 1+ 1+ 1+ 0 
- 8w 

1- 1- 1- 1- 1- 1+ 1+ 0 
- (1':I) 

0 0 0 0 0 1- 1+ 0 

1- 1- 1- 0 0 1- 1- 1+ 

1- 1- 1- 0 0 1- 1- 1-

1- 1+ 0 0 0 0 0 0 

1- 1- 1+ 0 0 0 0 0 

1- 1- 1- 1+ 1+ 0 1+ 0 

1- 1- 1- 1- 1+ 0 1+ 0 
- 8w 

1- 1- 1- 0 1- 1+ 1+ 0 
- (11) 

1- 1- 1- 0 1- 1- 1+ 0 

1- 1- 1- 0 0 0 1- 1+ 

1- 1- 1- 0 0 0 1- 1-

16 
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-1 -1 -1 0 0 0 -1 -1 

+1 -1 -1 0 0 0 -1 -1 

0 +1 -1 0 0 0 0 0 

M(l3) _ 
0 +1 +1 -1 -1 -1 -1 -1 

8 -

0 +1 +1 +1 -1 -1 -1 -1 

0 +1 +1 0 +1 -1 -1 -1 

0 +l +l 0 0 +l -1 -1 

0 0 0 0 0 0 +1 -1 

-1 -1 0 0 0 -1 -1 -1 -1 

+1 -1 0 0 0 -1 -1 -1 -1 

0 +1 -1 -1 0 -1 -1 -1 -1 

0 +l +1 -1 0 -1 -1 -1 -1 

M(l4) _ 
9 - 0 +l 0 +l -1 -1 -1 -1 -1 

0 +1 0 +1 +1 -1 -1 -1 -1 

0 0 0 0 0 +1 -1 -1 -1 

0 0 0 0 0 0 +l -1 -1 

0 0 0 0 0 0 0 +l -1 



Index of Definitions and 
Notation 

v(Amn), l 
EB, 2 
IAmnl, 1 

A[a, ,B], see submatnx 
A[a], see prmcipal submatnx 
Amn, l 
A~n, l 
An, l 
A(Da), 8 
anti-diagonal, 2 
associated digraph, 8 
associated matnx, 8 

c~, 14 
column stretch, 22 
complementary submatnx, 2 
contamed, 2 
contraction, 15 
convert! ble, 5 
cycle, 8 
cycle sign, 8 

Da, 7 
d( z ), 9 
d-( z ), 9 
d+( z ), 9 
D(An), 8 
determmant , 4 
diagonal entry, 2 
diagonal matnx, 2 
digraph, 7 

double cycle, 14 

E(D) , 7 
edge subdivision, 14 
eqmvalence class , 6 
eqmvalent, 6 
essential zero, 6 
even digraph, 13 
extended caterpillar, 17 
extens10n, 23 

fully mdecomposable, 3 

Hn, 17 
JJ(p,q,r ,s ) 33 

n , 

Hamilton cycle, 8 

In, 2 
identity matnx, 2 
mdegree, 9 
irreducible, 4 

k-connected, 4 

mam diagonal, 2 
maximal, 6 

nonsmgular , 5 
nonzero matrix , 2 
normalized, 6 

ordered digraph , 7 
outdegree, 9 
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