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Chapter 1 

Introduction 

Graph choosabil1ty involves the problem of properly colouring the verti ces of a graph 

from prescn bed sets of perm1ss1 ble colours A firnte graph G 1s k- choosable if for every 

a&s1gnment of k-sets L( v) to the vertices of G, there 1s a proper vertex colourmg m 

of V(G) where m(v) E L(v) for all v E V(G) The choice number of G , xc(G), 1s the 

mmnnum mteger k such t ha t G is k- choosable Ch01ce numbers were first defined by 

E rdos, Rubm and Taylor [4], and 111dependently by Vizmg [16] The former began 

t hi s 111 vest1gat10n 111 an attempt to prove the Dmitz conJ ecture, which was recentl y 

proved by Galvrn (see [19]) 

There 1s a defirnt e beauty 111 the purely abstract study of choice numbers, but thi s 

does not preclude ,ts hav111g apphcat10ns Graph colourmg problems often an se where 

t he choice of colour for each vertex or edge 1s res tncted to a particular set, lead111g 

naturally to the not10ns of choosab1hty and ( a b)-choosab tl1 ty As k-choosab le 
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implies k-colourable, any result on choice number implies a correspondrng result on 

chromatic number, and workrng with choosab1hty has sometunes led to more elegant 

proofs of classical colounng results For example, Thomassen 's result [13] that all 

planar graphs are 5-choosable implies Heawood's result that all planar graphs are 

5-colorable Thomassen's very elegant mduct10n argument, which does not require 

Euler 's Theorem and does not reqmre re-colounng any previously coloured vertices, 

1s most h kely the simplest known proof of the five- color theorem 

This thes is rnvestigates the problem of determmmg choi ce numbers for urnons 

of graphs, with particular attent10n bemg paid to the case where one of the graphs 

1s 2-choosable Chapter 2 provides a summary of t he graph theoretic defirnt1ons 

used m this t hesis, mcludrng formal defirnt10ns of k-choosable and ( a b )-choosable 

graphs Chap ter 3 provides a survey of previous work on choice numbers and ( a b )­

choosab1hty New results are presented m Chapter 4, mcludmg the mam resul t t hat 

all 2-choosable graphs are (2k k )-choosable for all pos1t1ve values of k Tuza and 

Voigt [15] have te,ent ly denved this result usmg different methods New resul ts 

on (a b)-choosab1b ty of planar graphs, bipartite graphs and Cartesian products of 

graphs are also presented 



Chapter 2 

Preliminaries 

This chapter summanzes the graph theoretic de:fimt10ns used rn this thesis All 

graphs considered are assumed to be :fimte, simple and, without loss of generality, 

connected For further d1scuss10n of basic graph theory, t he reader is referred to 

Bondy and Murty [3] 

When umom of graphs are considered, 1t 1s assumed, without loss of generali ty, 

that each graph has t he same set of vertices Given graph G an d H , vert ices u, v E 

V(G U H) are said to be G-adJacent if (u, v) E E(G) The a, erage degree l~t~Jl of a 

graph G 1s denoted by d( G) A graph 1s called m-degenerate if each of its subgraphs 

con tarns a vertex of degree at most m The core of a graph C:, denoted by core( G) , 1s 

obtarned by successively removrng vertices of degree 1 until none remarn An example 

1s given m Figure 2 1 

The theta graph , 0a,b,c 1s the graph consJStmg of three paths of lengths a, b and 
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core(G) 

Figure 2 1 The Core of a Graph 

c respect ively, which share a palf of end vertices, but are otherwise vertex d1 sJOlllt 

The 02,2,2 111 graph 1s shown 111 Figure 2 2 

Vz 

Vzm+2 Vzm+l 

Figure 2 2 The Theta Graph 

The complete s-partite graph consIStmg of s parts, each of size 1 1s denoted by 

K r*s A near-triangulation 1s a planar embeddmg of a graph cons1stmg of a cycle, 

and vert ices and edges 111s1de the cycle such that each bounded face 1s bounded by 

a triangle 



The Cartesian product G□H of graphs G and H 1s defined by 

V(G□H ) = V(G) x V(H) 

E(G□H ) = {((91 , h1), (92, h2)) 91 = 92 and (h1, h2) E E(H), or 

(91 , 92) E E( G) and h1 = h2} 

An example is given 111 Figure 2 3 

0-----10>-------,Q 

G I 
H G □ H 

Figure 2 3 The Cartesian Product of Two Graphs 

5 

A proper k-v ertex-colourmg or proper k-colourmg of a graph G 1s an assignment of 

k colours, 1, 2, , k, to the vertices of G, such that no two <l1st111ct adJacent vertices 

have the same colour A graph 1s k-colourable if 1t has a proper k-colourmg The 

chromatic number x( G) 1s the m1111mum k for which G 1s k-colourable 

The concept of vertex colourmg can be generalized by 1mpos111g restnct10ns on 

the colours allowable for each vertex A graph G 1s k -choosable (k-list-colourable) 

1f for every assignment of k-sets L( v) to the vertices of G, there 1s a proper vertex 

colouring m of V(G) where m(v) E L(v) for each v E V(G) The choice number 

(list-chromatic number) xe( G) 1s the mm1mum mteger k such that G 1s k-choosable 

For example, xe( C4 ) = 2 For any assignment of 2-sets to the vertices of C4 , 

there 1s a proper vertex colourmg, where t he colour on ea< h vertex 1s chosen from 
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its 2-set Let C4 = v0 , v1 , v2 ,v3 ,v0 Suppose sets L(v0 ) = {1 , 2}, L(v1 ) = {1,3}, 

L(v2 ) = {2, 3} and L(v3 ) = {l, 2} are assigned to its vertices GJVen this assignment, 

rn( v0 ) = 2, m( v1 ) = 3, m( v2 ) = 2 and m( v3 ) = 1 1s a proper vertex colounng where 

each m( v,) E L( v,) 

The notion of choosab1hty can be generabzed further as fo llows Let a and b 

be mtegers such that a > b ~ l A graph G 1s ( a b )-choosable [4] 1f for every 

assignment of a-sets L(v) to the vertices of G, there exist b-subsets M(v) C L(v) for 

every v E V(G) such that M(u) n M(v) = 0 whenever u and v are adJ acent 111 G 

Tote that a graph which 1s ( a l )-choosable is a-choosable For a graph G with a 

fixed assignment of a-sets, such a choice of b-subsets 1s called an (a b)-choice 

For example, the 4-cycle 1s ( 4 2)-choosable For any as'i1gnment of 4-sets to the 

vertices of C4 , a 2-subset can be chosen from each 4-set so that subsets on adJacent 

vertices are d1sJomt Let the vertices of C4 be labelled a., m the previous exam-

ple Suppose sets L(v0 ) = {1 ,3,4,5}, L(v1 ) = {1 ,3,4,5}, L(v2 ) = {2,3,4,5} and 

L(v3 ) = {1,2, 3, 4}areassignedto1tsvertices Giventhisass1gnment,M(v0 ) = {4,5}, 

M(vi) = {1 ,3}, M(v2 ) = {4,5} and M(v3 ) = {1 ,2} 1s a (4 2)-choice 



Chapter 3 

Previous Work 

It 1s the purpose of this chapter to survey previous work on choice numbers Proofs 

of known resul ts are given 1f they were not found m the 1eferences The unrefer­

enced results given 111 t hi s sect10n are results which are well-known , despite not bemg 

explicitly st ated m the references 

One possible assignment of set s to vertices of a graph G 15 L(v) = {l, 2, , k} for 

each v E V(G) Thus xe(G) 2 x(G) [4] There 1s no constant bound on the amoun t 

by whi ch Xt(G) can exceed x(G) For any k 2 1, Ke\-1),(2\- l) IS 2-colourable, 

bu t not k-choosable [4] A greedy colourmg algorithm shows that any graph G 1s 

(~ (G) + 1)-choosable, prov1dmg a ~-dependent upper bound fo r xe(G) 

3.1 Choice Numbers 

T h1 <; sect10n presents known results on choice numbers for certam classes of graphs 

7 
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Theore m 3 1 1 [4] For all m 2:'. 11 xe( 02 ,2,2m ) = 2 

As C 2m+2 C 02,2,2m, 1t follows that xe( C2m+2) = 2 for all m 2:: 1 [4] The next 

theorem charactenzes the 2-choosable graphs 

Theorem 3 1 2 [4] A graph G is 2-choosable if and only if core( G) E { K1 , C2m+2 , 

Gutner has observed that the problem of dec1dmg 1f a given graph JS 3-choosable 

1s NP-hard (see [2], [9]) so that no such characten zat10n JS likely for graphs with 

choice number three or greater 

Theorem 3 1 4 [4] For all n 2:'. 11 xe(Kn) = n 

Theorem 3 1 5 For all m 2:'. l ) C2m+1 is 3-choosable 

The followmg JS the choosabJhty vers10n of Brooks ' Theorem 

Theorem 3 1 6 [4] Th e choice number of any connected graph which is neither 

complete nor an odd cycle do es not exceed its maximum degree 

Theorem 3 1 7 {2] The choice number of any m -degenernte graph zs at most m + 1 
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By Theorem 3 1 7, the 0-degenerate graphs or empty gr<Lphs have choice number 

at most 1, and the I-degenerate graphs or forests have ch01ce number at most 2 In 

fact , equality holds m these two cases As every planar graph 1s 5-degenerate, Theo­

rem 3 1 7 implies that the choice number of any planar graph does not exceed 6 In 

fact, the choice number of a planar graph never exceeds 5 [13] Every bipartite planar 

graph 1s 3-degenerate, so by Theorem 3 1 7, every such graph bas choice number at 

most 4 In fact, the choice number of any bipartite planar graph is at most 3 [1] 

Theorem 3 1 8 {2} If G is a graph with d( G) 2 d, and k is an integer such that 

d > 4(~)log(2(~
4

)), then xe(G) > k 

In a pnvate commumcat1on to B Toft and D Hanson, N Alon stated the followmg 

corollary wl11ch provides a non-6-dependent upper bound for the choice number of 

t he umon of graphs 

C orollary 3 1 9 If G and H are graphs, where xe( G) k and xi(H ) = J , then 

xe(G U H)~ 4(:
4

)log(2(k:)) + 4(1Jlog(2(3/)) + 1 

3.2 ( a b )-Choosability 

Theorem 3 2 1 Fo r all positive integers n and k , I{ n is ( nk k )-choosable 

Theorem 3 2 2 Fo r all m 2 1, k 2 1, C2m +l is (3k k) -choosable 



Proof Let C2m+1 = Vo, V1, , v2111 , v0 Suppose that 3k-sets L( v,) have been as-

signed to the verti ces of C2m+1 As the path v0 , v1 , , v2111 _1 1s (2k k, )-choosabl e, 

a (3k, k)-cho1 ce M (vo), M( v1 ) , , M ( V2m-d, can be determrned for the path As 

[L(v2m) - M(v2111 - 1) - M(vo)[ 2: 3k, - k- k = k, the (3k k)-cho1ce for the path can 

be extended to a (3k, k )-choice for the cycle ■ 

The followrng 1s a generali zation of Theorem 3 1 6 

Theorem 3 2 3 {6} Any connected graph G which zs neither complete nor an odd 

cycle is (kt:::..(G) k)-choosable for all k 2: 1 

The next lemma 1s useful m determmmg choice numbers for umons of graphs 

Lemma 3 2 4 [4} If G and H such that H is (d a)-choosable and G is (a b)­

choosable, then G U H zs ( d b )-choosable 

Proof Suppose d-sets L( v) have been ass1gned to the vertices of GU H Choose an 

a-subset M(v ) C L(v) for each vertex, such that H-adJacent vertices have d1sJOll1t 

a-subsets Such a choice can be determmed because H 1s ( d a )-choosable Now 

choose a b-subset M' ( v) C M( v) for each vertex, so that G-adJacent verti ces have 

disJomt b-subsets This choice can be determmed because G 1s ( a b )-choosable 

The result 1c; a ( d b )-choice for GU H If u and v are adjacent m G, then clearl y 

M'(u) and M'(v) are d1sjomt b-subsets If u and v are adjacent m H, then M'(u ) 

c1,nd M'( v) are di sJomt as t hey were chosen , respectively, from the d1sjomt a-subsets 

M ( u) c1,nd M ( v) ■ 
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ConJecture 3 2 5 [4} If a graph is (a b)-choosable, then it is (ak bk)-choosable 

for all k ~ 1 

It 1s 111terestmg to note that the converse of ConJecture 3 2 5 1s not true For 

example, K 2 ,4 1s ( 4 2)-choosable, but not (2 1 )-choosable [4] 

If ConJecture J 2 5 does hold , then by Lemma 3 2 4, Xt(G U H ) :S x1. (G)xe( H ) 

for all graphs G a nd H By Theorems 3 2 1 and 3 2 2, the conJecture bolds for any 

complete graph or odd cycle Gutner [5] partially proved the conJecture by showmg 

that any (2 1 )-choosable graph 1s ( 4 2)-choosable Gutner and Tarsi [6] have also 

shown that any even cycle 1s (2k k )-choosable Recently, Tuza and Voigt [15] proved 

that any 2-choo~able graph 1s (2k k )-choosable 

3.3 Planar Graphs 

Thomassen [13] has proved the conJecture of Erdos, Rubm and Taylor [4], that every 

p lanar graph 1s 5-choosable This 1s a best possibl e result Erdos , Rubm and Taylor [4] 

co nJ ectured t hat there exist planar graphs which are not 4-choosable, which Voigt [17] 

proved by exhib1t111g a non-4-choosable planar graph on 238 vertices Mirzakharn [11] 

has smce found a graph on 63 vertices which 1s planar and not 4-choosable 

Alon and Tarsi [1] have shown that every bipartite planar graph 1s 3-choosable 

This 1s a best possible result as there exist bipartite planar graphs wl11ch are not 

2-cboosable If ~ < 3, then the b1 part1te planar graph, !{ (a)2 1s not ( a 
2 , b 

b )-
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cboosabl e [4] For examp le, K2 ,4 1s not 2-choosable 

Evf'ry planc1,r g raph of gir th at least 5 1s 3-choosable, m fact ,t 1s possible to 

p 1 ecolour any 5-cycle 111 the grap h and extend this to a proper colouring of t he whole 

g1apb [14] T im 1s a best possible res ul t as not every pL-1.nar graph of g ir t h 4 1s 

3-choosable [ 18] 

If every 3- co lourable p lana r graph was 4-choosable (T Jensen, see [ 14]), then 

becau~e every b1part1te planar graph 1s 3-choosab le, and be< ause every pl a na r gra ph 

1s :'5-choosable, this would nnply that every k-colourable p lanar graph 1s ( k + 1 )­

choosah le M1rzakharn bas di sproved this by findmg a 3-colourable p lanar graph 

which 1s not 4-choosable [11] 

3.4 Bipartite Graphs 

Known results for choice numbe rs of bipartite graphs are summ anzed 111 th e follow111g 

theorernc; 

Theorem 3 4 1 [4] If p ~ 1 and q ~ p1 then I<p,q is p + 1-choosable 

Corollary 3 4 2 [4] If 1 ::; p ::; 2 and q ~ p1 then Xt(I<p,q) ::; .3 

Theorem 3 4 3 [4] Xt(I<3,q) ::; 3 if and only if q ::; 26 

Theorem 3 4 4 {8}. {10} xe(I<4 ,q ) ::; 3 if and only if q ::; 18 

Theorem 3 4 5 {1 ':J} \ £(1{5,q) ::; 3 1f and only if q ::; l :2 
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The result of T heorem 4 1 1 JS best possibl e Consider G = K 2k - M = K 2*1,,, 

where M 1s a perfect matchmg on t he verti ces of G By T heorem 3 1 3, Xt( G) 

Xt(Ki,.k) = k and b_y Theorem 3 1 4, Xt(G UM)= xe(I<2k) = k + k = 2k 

Theorem 4 1 2 If G is a k-choosable graph, then Xt( GU Kn) ::::; k + n - 1 

Proof Suppose ( k + n - 1 )-sets have been assigned to the verti ces of G U Kn If 

C and Kn have no common vertex, t hen Xt( G U Kn) = max{ k, n} S k + n - l 

Ot herwise t here exists a vertex v E V (G) n V (I<n ) Colour each vertex of Kn - {v} 

wit h a d1 st rn ct Mb1 trary colour from ,ts set, deletmg the colour from all other sets 

Properly colour t he uncoloured vert ices of G usmg colours from t heir resultrng sets 

of cardmahty at least k ■ 

The resul t of Theorem 4 1 2 JS best possible Consider G = Kn+1 - K1 ,n = Kn 

Now, Xt(K, ,,i) = 2 and Xt. (G U K1 ,n) = Xt.( Kn+1 ) = n + 2 - 1 = n + l 

Theorem 4 1 3 If G is a k-choosable graph, then Xt( G U C\) S 2k + 1 

Proof Let Cn = Pn U e, where e 1s an edge of Cn By Theorem 3 2 3 and Lemm a 

J 2 4, Xt. (GU Pn) S 2k, and by Theorem 4 1 1, Xt. ((GUPn)U e) = x e(GUCn) S 2k+l ■ 

The res ult of Theorem 4 1 3 1s best possible Consider C = K2m+l , for some 

m > 1 Xt. (G) = 1 and by T heorem 3 1 5, xe(GUC2m+J) = x e( C2m+i ) = 2(1) + 1 = 3 
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4.2 ( a b )-Choosability 

Lemma 4 2 1 If a and b are positive integers such that % 2 2 J and G i.s a graph 

c;uch that core(G) is (a b)-choosable) then G is (a b)-choosable 

P roof The proof 1s by mduct10n on the number of verti ces of G whi ch are not 111 

core( G) If G 1s a graph such tha t core( G) 1s ( a b )-choosable and there are no 

ver tices whi ch are not 111 core(G), then clearly G 1s (a b)-choosable 

For some k 2 1, let Sk- I = { G core( G) 1s ( a b )-choosable and G has k - 1 

verti ces not 111 core( G) } Assume that all graphs m Sk-I are ( a b )-choosable Let G 

be a graph such that core( G) 1s ( a b )-choosable and G has k ver t ices not m core( G) 

Let v be a vertex of degree one m G As core( G - { v}) 1s ( a b )-choosable and G - { v} 

has k - 1 vertices not m core( G - { v} ) , G - { v} E Sk-I Thus an ( a b )-choice can 

be determmed for G - { v} There are IL( v) I - b 2 2b - b = b elem ents m L( v) w h1 ch 

arP not m the b-subset of the vertex adJacent to v Thus the ( a b )-choice for G - { v} 

can be extended to an ( a b )-choice for G ■ 

Theorem 4 2 2 If G is a graph with xe( G) = J 2 2 J then G is (J + ( k-1 ) ( a( G) + 1) 

k )-choosable fo r any k 2: l J where a(G) = max{6 (core(G)) , l} 

Proof The proof 1s by mduct10n on k Fork = 1, G 1s (J + (1 - l )(a(G) + 1) 1)­

choosable or (J 1 )-choosable Suppose that for some k 2: 2, G 1s (J + ( k - 2) ( a( G) + 

1) ( k - l ) )-choosable, and that sets L( v) of cardmah ty J + ( k - l ) ( a( G) + 1) have 

been assigned to t he ver tices of G Then a (J + ( k - l ) ( a( G) + 1) ( k - l ) )-choice can 
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be detenrn ned fo r core( G) ow for each vertex v E core( G), delete the elements of 

the (k - 1)-subsets of adJacent vertices from L(v) At least J + (k - l )(a(G) + 1) -

(k - l )(a(G) + 1) = J unchosen elements remam 111 each set As G 1s J-choosable, 

a kth element can be chosen for each vertex 111 core(G) By Lemma 4 2 1, smce 

1+( A. - 1 lf<=•(G)+i) ~ 2+(A.-~)(Hl) = 21;,k = 2, the (J + (k - l)(a(G) + 1) k)-cho1 ce for 

core( G) can be extended to mclude vertices not m core( G) 1 

If G and H are graphs where a(G) =max{ti.(core(G)), l}, xe(G) = J ~ 2 and 

\ e(H) = k, then by Lemma 3 2 4 and Theorem4 2 2, xe(GU H) :S J+(k-l)(a(G)+ l ) 

T he followmg bounds can be denved from this result 

1 If G 1s a forest, core(G) = mK1 for some m, so x1(GU H) :S 2+ (k- 1)( 1 + 1) = 

2k 

2 If core(G) 1s an odd cycle, then xe(G U H ) :S 3 + (k - L)(2 + 1) = 3k 

3 If G 1s J{ n where n ~ 2, then Xe( G U H) :S n + ( k - 1) ( ( n - 1) + 1) = nk 

Note that t hese results are not necessan ly best possible Consider the specia l 

case 111 which G 1s a forest consistmg of m copies of Ki ,n, where m < k By repeated 

appli cat10n of Theorem 4 1 1, xe( G U H) :S k + m < 2k 1f G 1s an odd cycle and 

k > l, then by T heorem 4 1 3, xc(G U H ) :S 2k + 1 < 3k 

Theorem 4 2 3 If G is a graph where core( G) is neither complete nor an odd cycle 

then G is (kB(G') k) -choosa ble fo r any k 2: 11 where (J(G) = max{ 6. (core(G)) 1 2} 
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Proof By Theorem 3 2 3, core(G) 1s (k/3(G) k) -choosable As ~/3(G) = /3( G) 2 2, 

G 1s ( k/3( G) k )-choosable by Lemma 4 2 1 ■ 

If G and H are graphs where core( G) 1s neither complete nor an odd cycle, 

(3(G) =max{ .6. (core(G)), 2} and x1.( H ) = k, then by Lemma3 2 4 and Theorem4 2 3, 

xe( GU H ) :S k/3( G) The follow mg bounds can be den ved from thi s result 

1 If G 1s a forest, core( G) = mK1 for some m Thus x1.( G U H) :S 2k 

2 If core( G) JS an even cycle, then Xt.( G U H) :S 2k 

3 If x1.( G) = 2, then by Theorem 3 1 2, /3( G) :S 3 Thus x1.( GU H ) :S 3k 

Aga111, these bounds are not necessanly best possible 

4.3 2-Choosable Graphs 

This sect10n presents results for 2-choosable graphs, 111clud111g algon thms wluch de­

termrne a (2k k )-choice for the core of any 2-choosable graph, thereby prov mg that 

any 2-choosable graph 1s (2k k )-choosable 

It JS not difficult to determ111e a (31., k)-cho1ce for any 2-choosable graph 

Theorem 4 3 1 If G is 2-choosable1 then G is (3k k )-choosable for any k 2 1 

Proof If G 1s a graph where core(G) 1s (3k k)-choosable, then by Lemma 4 2 1, as 

3
/ = J > 2, G JS (3k k )-choosable Thu 1t suffices to show, usmg the characten za-
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t1on of 2-choosable graphs given by Theorem 3 1 2, that the core of any 2-choosable 

graph is (3k k )-choosable Clearly tlus 1s true for Ki 

For m 2 2, let C2m = Vo, v 1 , , V2m-l , Vo Suppose that Jk-sets L( v,) have been 

assigned to the verti ces of C2m As the path v0 , v1 , , V2m-2 15 (2k k)-choosable, 

a (3k k)-cho1 ce M(vo), M( v1 ) , , M(v2m-2), can be dete1mmed for the path As 

IL(v2m-1) - M(v2m-2) - M(vo)I 2 3k - k - k = k , the (Jk k)-cho,ce for the pat h 

can be extended to a (3k k )-choice for the cycle 

For some m 2 1, let 0 2,2,2m consISt of the paths Vo, V2m+2, V2m and Vo, V2m+1 , V2m 

, V2m Suppose that 3k-sets have been assigned to V ( 0 2,2,2m) By the 

precedmg argument, a (3k k )-choice, M( v0 ), M( v1 ), ,NI (v2m+i) , can be deter-

mrned for the 2m + 2-cycle Vo, V1 , , V2m+1, Vo As IL( V2m + J - M ( Vzm) - M ( vo) I 2 

,3k - k - k = k , t here ex ists a k-subset M( v 2m+2 ) C L( v 2m + 2) which 1s d1 sJomt from 

both M(vo) and M( v2m) Therefore 0 2,2,2m 1s (3k k)-choosable ■ 

In order to prove ConJecture 3 2 5 for 2-choosable graph5, 1t must be shown that 

a ll 2-choosable graph s are (2k k )-choosable, for all k 2 1 A simple proof of this 

fact has not yet been found The foll owmg 1s a proof by mduction on k for the case 

of the 4-cycle 

Theorem 4 3 2 Fo r any positive integer k C4 is (2k k )-choosable 

Proof The proof 1s by 111duct1011 on k Let C4 = v0 , vi, v2 , v I v0 Suppose t hat 2-sets 

L( v,) have been assigned to the vertices of C4 Suppose the1e ex ist adJacent vertices 



20 

v, and vJ such that IL(v,)nL(vJI :s; 1 Choose an elementm (v,) E L(v,) -L(vJ For 

the path C4 - (v,, vJ, {m(v,)} can be extended to a (2 1)-choice As m(v,) (/_ L(vJ, 

m( v,) -=I= m( vJ), and therefore a (2 1 )-choice has been determmed for C4 

Otherwise IL(v,) n L(vJ)I 2 2 for each pair v,, vJ of adJacent vertices Thus 

L(v,) = L(vJ) for each pair of adJacent vertices, and further , L(v,) = L(vJ) for each 

pair of vertices Choose elements m( v0 ) = m( v2 ) E L( v0 ), and m( v1 ) = m( v3 ) = 

L(v0 ) - {m(v0)} , determmmg a (2 l)-cho1ce for C4 

Suppose C4 1s (2(k - 1) (k - 1))-choosable for some k 2 2, and 2k-sets L(v,) 

have been assigned to the vertices of C4 Suppose there exist adJacent vertices v, 

and vJ such that IL(v,) n L(v1 )1 :s; k Choose a k-subset M(v,) C L(v,) such that 

M(v,) n L(v1 ) = 0 For the path C4 - (v,, v1 ), M(v,) can be extended to a (2k k)­

cho1ce As M(v,) n L(vi) = 0, M(v,) n M(vi) = 0, and therefore a (2k k)-cho1ce has 

been determmed for C4 

Otherwise the sets of any two adJacent vertices mtersect m at least k + l elements, 

and 111 particular , IL(v0 ) n L(vi)I 2 k + l and IL(vi) n L(v2)l 2 k + l Now IL(vo) n 

L(vi)I + IL(vi) n L(v2)I - IL(vo) n L(vi) n L(v2) l :s; IL(vi)I = 2k Therefore IL(vo) n 

L(v1) n L(v2) l 2 (k + 1) + (k + 1) - 2k = 2, so certamly IL(vo) n L(v2 )l 2 2 

Snrnlarly, IL(v1) n L(v3)l 2 2 Choose elements m(vo ) = m(v2) E L(v0 ) n £(v2) and 

m( v1 ) = m( v3 ) E ( £( v1 ) n L( v3 )) - { m ( v0 ) } , determmmg a ( 2k 1 )-choice for C4 Set 

L'( v,) = L( v,) - U;=0 { m( v,) } for each v, As I U;=0 { m( v,)} I = 2, IL'( v,) I 2 2k - 2 for 

each v, As C4 is (2(k - 1) k - 1)-choosable, (k - 1)-sub'iets M'(v,) C L'(v,) can 
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be chosen for each v, so that adJacent vertices have d1sJ0111t (k - 1)-subsets Settmg 

M(v,) = M' (v, ) U {m(v,)} for each v, yields a (2k k) -cho1ce for C4 Thus C4 1s 

(2k k )-choosab le for all k ~ l ■ 

Each of Algonthms 2 through 5 which follow acts on a particular class of 2-

choosable graphs If 2k-sets have been assigned to the vertices of the mput graph , 

then the appropnate algonthm can be used to output a (2k k )-ch01ce for that graph 

In Algorithms 2 through 5, an 1terat10n mvolves removmg edges of the mput graph 

to obtam a spannmg tree T with root r, choosmg an element m(r) E L(1 ), and callmg 

Algorithm 1, below Algonthm 1 performs a breadth-first search on T, choosmg and 

deletmg an element from colour set L( v ) when reachmg vertex v If d(r, v) 1s even , the 

chosen element 1s added to its choice set M(v) The data structures for Algorithm 1 

mclude R, which 1s a queue of vertices , and S , which 1s a set of vert ices of T 

Algorithm 1 

Input tree T , root r , element m(r ), sets M( v) and L( v) for each v E V(T) 

Imtiahzat 10n S = 0, i = 0 

BEGIN 

R = queue-1nsert(r, empty_queue), 

M(r) = M(r) U m(r) , 

L(r) = L(r) - m(r) , 
WHILE noLempty(R) DO BEGI 

i = i + 1, 
v = q ueue-1·emove( R) , 
FOR each neighbour u of v DO 

( 1 1) 



END 

IF u 1s not rn R or S THEN BEGIN 
R = queue ... .msert(u,R) , 
IF m(v) E L(u) THEN 

m(u) = m(v) 
ELSE 

Choose m(u) E L(u) - L(v), 
L(u) = L(u) - m(u), 
IF i is even THEN 

M(u) =M(u)Um(u) 
END, 

S =SU{v} 

E D 

Complexity O(IV(T)I) 

( 1 2) 

(1 3) 

(1 4) 
( 1 5) 

(1 6) 
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That the time complexity of this algonthm is O(IV(T) I) 1s clear from its breadth-

first search nature, m which a fixed set of constant time opt>rat10ns 1s performed for 

each vertex of T 

For the proofs which follow, note that after each call to Algonthm 1, the cardi­

nality of each colour set L( v) has decreased by one, and for each vertex v such that 

d(r,v) 1s even, the cardmahty of M(v) has mcreased by one 

Lemma 4 3 3 Suppose there is a call to Algorithm 1 where m( v) = x is added to 

M ( v) Then for any vertex u which is adJacent to v in T, x will not be in L( u) on 

completion of the call, and x will not be added to M ( u) durmg the call 

Proof If v = r, then d(r,v) 1s even Otherwise, m(v) = x and x 1s added to M(v) 

at lrne (1 6), so d(r,v) 1s even 
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Suppose that d(r,v) = d(r,u) -1 Then m(v) 1s chosen before m(u) If rn(v) = 

x E L(u), then m(u ) = x at lme (1 3) Now x 1s deleted from L(u) at lme (1 5), and 

as d(r, u) 1s odd, u 1s not added to M(u) at lme (1 6) 

Suppose t hat d(r,v)- l = d(1,u) Then m(u) is chosen before m(v) Suppose 

that m(u) = y Then y 1s deleted from L(u) at lme (1 5) and y 1s not added to M(u) 

at lrn e (16) Now m(v) = x is chosen either at lme (13) or line (14) If chosen 

at line (1 3), t hen m(v) = m(u), soy = x If chosen at lme (1 4), then y-::/ x and 

m(v)E L(v)-L(u),soxtf. L(u) ■ 

Given an assignment of 2k-sets to the vertices of a tree T, Algorithm 2 determmes 

a (2k k)-choice for T The 1111tiabzation mcludes choosmg an arbitrary root 1 E 

V(T) Algori t hm l 1s called k times by Algorithm 2, resultmg ma choi ce of k elements 

for each vertex at an even distance from r For each vertex at an odd distance from 

1 , the remammg k elements m its colour set provide its choice set 

Algorithm 2 

Input k, T, sets L(v) for each v E V(T ) 

Imt1ahzation Arbitrari ly choose a root vertex, r E V(T), z = 0, M( v) = 0 for 

each v E V(T ) 

BEGIN 

FOR z = 1 TO k DO BEGIN 

Choose rn(r) E L(r ), 
Call Algorithm 1 

END, 

(2 1) 
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FOR all v E V(T) such that d(r·, v) 1s odd DO 

M(v) = L(v) (2 2) 
END 

Output sets M( v) for each v E V(T) 

Complexity O(klV(T)I) 

Theorem 4 3 4 Any tree is (2k k )-choosable f or all k ;::: 1 

Proof It sufficf's to show that the sets M( v) fo r each v E V(T) are a (2k k )-choice 

for T As the root vertex r 1s fixed dunng Algonthm 2, there 1s a fixed set of vertices 

at an even distance from r, and a fixed set of vertices at an odd distance from r So 

1f v 1s a ver tex such that d(r, v) 1s odd, elements of L( v) arc added to M( v) only at 

l111e (2 2) 

After Algorithm 1 1s called k times, IL(v)I = k for each v, and IM(v)I = k for 

each v such that d(r,v) 1s even By lme (2 2), IM(v)I = IL(v)I = k fo r all v such 

that d(r,v) 1s odd Therefore M(v) C L(v) and IM(v)I = k fo r each v E V(T) 

T here 1s a fixed set of vertices at an odd distance from 1 , so 1f v 1s a ver tex such 

that d(r,v) 1s odd, elements of L(v) are added to M(v) only at !me (2 2) Thus 1f 

:r (/_ L( v) at any stage of Algon thm 2, then x 1s not 111 M( v) on complet1011 of the 

a lgori t hm By Lemma 4 3 3, 1f x 1s added to M( v) dur111g a call to Algon thm 1, then 

fo r any ver tex u which 1s adjacent to v x will not be 111 L ( u) on complet ion of the 

call , and x \.\Ill not be added to M(u ) dunng the call Therefore for each x E M(v) , 

where d(r ,v) 1s even, x (j_ M(u) for any u adjacent to v 
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Thus the sets M( v) are a (2k k)-cho1ce for T ■ 

For some m 2:: 2, let C2m = vo, V1 , , Vzm- 1 , Vo Given an assignment of 2k-sets 

to the verti ces of C2m, Algorithm 3 determmes a (2k k )-choice for the cycle The 

algorithm searches for a pair u, v of adJacent vertices which have distmct colour sets 

If such a pair exists .. then T = C2m - ( u, v) and Algorithm 1 1s call ed Tlus search 

1s iterated z :S k t imes, while such a pair of vertices exist s, res ultmg 1n a choice set 

of z elements for each even-mdexed vertex If i = k, then for each vertex at an odd 

distance from r, the remammg k elements m its colour set provide its choice set If 

i < k, then for each vertex at an even distance from r, an addit10nal k - i elements 

for its choice set are chosen from L( v0 ) For each vertex at an odd distance from 1 , 

the remammg 2k - i elements of its colour set, excludmg the k - i elements chosen 

above, provide a choice set of k elements 

Algorithm 3 

Input k, sets L( v) for each v E V( C2m) 

Imtiahzation i = 0, M( v) = 0 for each v E V( C2m) 

BEG IN 

WHILE [i < k] AND [there exists an even J , 0 :SJ < 2m - 1 such that 

either L(v1) -::J L(v1+t) OR L(v1) -::J L(v1-1)] DO BEG IN 

IF there exists an even J such that L( v1 ) -::J L( v1+1 ) DO BEGIN 

T = C 2m - ( V 1 , V 1 + 1 ) , 

1 = v1 , 

rn(1) = x where x E L(v1) - L(v1+1) 
El\D 

(3 1) 



END 

ELSE IF there exists an even J such that L(v1) =J L(v1_1) DO BEGIN 

T =C2m-(v1,V1-1 ), 
r = v1 , 

m(1) = x where x E L(v1) - L(v1- 1) 
END, 

Call A lgon thm 1, 

z = z + 1 
EN D, 

IF z = k THEN 

M( v1 ) = L( vJ for each odd J 

ELSE BEGIN 

E D 

Choose M'(v0 ) C L(v0 ) where IM' (vo)I = k - z, 

For each even J, M(v1 ) = M(v1 ) U M'(v0 ), 

For each odd J, M(vJ = L(v1 ) - M'(vo) 

(3 2) 

( J 3) 

( .3 4) 

(3 5) 
(3 6) 
(3 7) 

Output sets M( v) for each v E V( C2m) 

Complexity O(mk) 
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Algori thm 3 1s iterated at most k times, where each iteration consists of a fixed 

set of operatwns, mcludmg at most one call to Algonthm 1 As the searches take 

t ,me O(IV(T)I) = O(m), the other operatwns take constant time, and Algonthrn 1 

always acts on a tree T where IV(T)I = 2m, the time complexity of Algorithm 3 1s 

O(mk) 

Theorem 4 3 5 For all k 2'. 11 C2m zs (2k k) -choosable 

Proof It suffices to show that the sets M(v) for each v E V(C2m) are a (2k k)-

choice fo r C2m For any call to Algorithm 1, r = v1 where J 1s even, so the vert ices at 
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an even distance from 1 are vJ such that J 1s even, and those at an odd distance from 

1 are vJ such that J 1s odd Suppose that vJ E V ( C2m) where J 1s odd Elements of 

L(vJ) are added to M (vJ) only at lme (3 4) or (3 7) 

Suppose that Algorithm 3 calls Algorithm 1 exactly i times Then IL(vJ)I = 2k- i 

for all vJ, and IM(vJ)I = i for a ll even J Ifi = k, then IL(v;)I = k for each vJ, and 

IM(vJI = k for each even J By hne (34), IM(vJ)I = IL(vJ)I = k for each odd J 

Thus M(vJ C L(vJ) and IM(vJ)I = k for each vJ E V(C2m) 

If i < k, then for all even J, L(vJ = L(vJ+l) and L(v1 ) = L(vJ- t ) Thus a ll 

vertices have the same set At lme (3 6), IM(vJ)I = IM(vJ) U M'(vo)I = 1 + (k - 1) 

= k for each even J As M'(v0 ) C L(v0 ) = L(vJ), M(vJ C L(vJ) for each even J At 

lrn e (3 7), IM(vJI = IL(v1 ) - M'(vo)I = 2/.,, - i - (k - i) = k for each odd J As 

L(v1 ) - M'(v0 ) ~ L(vi) = L(vJ), M(vJ) C L(vJ) for all odd J 

The vertices at an odd distance from rare vJ where J 1s odd, so 1f vJ E V( C2m) and 

J 1s odd, then e lements of L(vJ) are added to M(vJ) only at line (3 4) or (3 7) Thus 

1f at any stage of Algorithm 3, x fj. L( vJ, then x 1s not 111 M ( vJ on complet10n of 

the algorithm Suppose that m( v) = x 1s added to M( v) durmg a call to Algorithm 1 

which acts on T Then by Lemma 4 3 3, for any u which 1s adJacent to v 111 T, x will 

not be 111 M (u) on completion of Algori thm 3 

Consider a cdll to Algorithm 1 where T = C2m - (vJ, vJ+1), and J 1s even Then 

by lme (31), x E L(v1 ) - L(vJ+l) At line ( 11) , x will be added to M(vJ) As 

.r: ft. L(vJ +1 ) and J + l 1s odd, x will not be m M(vJ+i) on compl et ion of Algorithm 3 
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Similarly 1f a call is made when T = C2m - ( v1 , v1 _i) 

Suppose x E M(v1 ) was chosen at hne ( 3 5) Then at hne ( 3 6), M (v1 ) = 

M (v1 ) U M' (v0 ), where x E M' (v0 ) For each odd J , M (vi) = L(v 1 ) - M' (v0 ) at lme 

(3 7), so x (/_ M(v1 ) 

Therefore M(u) n M(v) = 0 for each pan of adj acent ve1t1ces, and the sets M (v) 

are a (2k k) choice fo r C2m ■ 

Let 0 2,2,2 consJSt of the paths Vo , V4, v2 and vo, v3, v 2 and v0 , v 1 , v2 GIVen an as-

s1gnment of 2k-sets to the verti ces of 0 2 ,2,2 , Algonthm 4 detenmnes a (2k k )-ch01ce 

for the graph The algonthm searches for a pair of vertices, Vs, Vt, adj acent to v0 ( or 

v2 ) such th at L(v 0 ) (or L(v2)) contams an element which 1s not m L(vs ) n L(vt) If 

such vertices exist , T = 0 2,2,2 - (vo,v5 ) - (vo,vt ) (or T = 0 2,2,2 - (v2,vs ) - (v2,vt)) 

and Algori thm 1 1s called This search 1s iterated i :S k ti mes, whi le such a pair of 

vert ices exists, resultmg 111 choice sets of i elem ents for v0 and v2 If i = k, then for 

each of v1 , v3 aud v4 , the rem ammg k elements 111 its colour set provide its choice 

set If i < k, t hen fo r v0 and v2 , an add1t10nal k - t elem ents for its choi ce set are 

chosen from L( v0 ) n £( v2 ) For each of v1 , v3 and v4, the remammg 2k - i elem ents 

of its colour set, excludmg t he k - t elements chosen above, prov ide a choi ce set of k 

elements 

Algorithm 4 

Input k, sets L(v) for each v E V (02,2 ,2 ) 
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lmtiahzat10n z = 0, M(v) = 0 for each v E V(02 ,2,2 ) 

BEGIN 

END 

WHILE [z < k] AND [there exists x E L( v0 ) - L( vs) - L( v1) OR there exists 
x E L(v2)- L(vs) - L(vt) where s,t E {1,3,4}, s-/- t] DO BEGI N 

IF there exists x E L(v0 )- L(vs)- L(v1), where s,t E {1 ,3,4}, 
s-/- t THEN BEGIN 

T = 02,2,2 - (vo,vs) - (vo,vt), 
r = v0 , 

m(1) = X 
END 

( 4 1) 

( 4 2) 

ELSE IF there exists x E L(v2 )-L(vs)-L(v1), where s,t E {1 , 3, 4} , 
s-/- t THEN BEGIN 

T = 02,2 ,2 - (v2, vs) - (v2, Vt), 
1 = V2 , 

m(-1) = X 

END, 
Call Algonthm 1, 

Set i = i + 1 

( 4 3) 

END , 

IF i = k THEN 

M(v1 ) =L(v1 )forJ=l ,3,4 ( 4 4) 
ELSE BEGIN 

END 

Choose M 1(v0 ) = M'(v 2 ) C L(v0 ) n L(v2) where IM'(vo)I = k - i, (4 5) 
Choose M'(v1 ) ~ L(vi) - M'(v0 ), where IM'(v1 )1 = k, for J = 1,3,4, (4 6) 
M(v1 ) = M(v1 ) U M'(v1 ) for each vertex v1 (4 7) 

Output sets M( v ) for each v E V(02,2,2) 

Complexity 0( k) 

Algorithm 4 1s iterated at most k times, where each iteration consists of a fixed 

set of operat10ns , rn cludmg at most one call to Algorithm ] As the searches take 

t ime O(IV(T)I) = 0 (1), the other operat10ns take constant t ime, and Algonthm 1 
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always acts on a tree T where IV(T)I = 5, t he time complexity of Algorithm 4 1s 

O(k) 

Theorem 4 3 6 For all k 2'. 1) 02,2 ,2 is (2k k )-choosable 

Proof It suffices to show that the sets M(v) for each v E V(02 ,2 ,2) a re a (2k k)-

choice for 02,2,2 For any call to Algorithm 1, r = v0 or r = v2 , so the vert ices at an 

even distance from 1 are v0 and v2 , and those at an odd dist ance from r are v1 , v3 

and v4 For J = 1, 3 and 4, elements of L( vJ) are added to M ( vJ) only at h ne ( 4 4) 

or (4 7) 

Suppose that Algorithm 4 calls Algonthm 1 exactly z times Then IL(vJ)I = z for 

all vJ, and IM(vJI = z for J = 0 and J = 2 Ifz = k, then IL(vJI = k for each vJ, 

and IM(vJ)I = k fo r J = 0 and J = 2 At hne (4 4), IM(vJ)I = IL(vJ)I = k fo r J = l , 

'3 and 4 Thus M(vJ) C L(vJ) a nd IM(vJ)I = k for each vJ E V(02,2,2 ) 

If z < k 1t must be shown that at hne ( 4 5), IL(v0 ) n L(v2 )1 2: k - z Each 

element of L(v0 ) occurs 111 at least two of L(v1 ), L(v3 ), L(v4 ) and each element of 

L(vi) occurs 111 at least two of L(v1 ), L(v3 ), L(v4 ) Therefore 2fL(vo)I + 2IL(v2)1-

2fL(vo) n L(v2)I :S IL(v,)I + IL(v3)f + IL(v4)\ As \L(vJ)\ = 2k - z for each vJ, 

2(2k - z) + 2(2k - z) - 2IL(v0) n L(v2 ) \ :S (2k - z) + (2k - z) + (2k - z) Therefore 

IL(vo) n L(v2)I 2 k - ½ > k - z 

At I 111 e ( 4 7) , \ M ( v J) \ = \ M ( v 1 ) U M' ( v 1 ) \ = z + ( k - z) = k for J = 0 and J = 2 

As M'(v1 ) C L(vo) n L(v2), M(v1 ) C L(v1 ) for each even J At lme (4 7), \M(v1 )1 = 



IM(vJ) U M' (vJ)I = IM'(vJ)I 

M(vJ) C L(vJ) for J = 1,3,4 

k for J 
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1,3,4 As M'( vy) C L(vJ) - M'(v0 ), 

The vertices at an odd distance from r are v1, v3 and v4 For J = l, 3 or 4, 

elements of L(vy) are added to M(vJ) only at lme (4 4) or (4 7) Thus 1f at any stage 

of Algorithm 4, x ff. L(vy), then x is not m M(vJ) on complet10n of the algorithm 

Suppose that m( v) = x is added to M( v) during a call to Algorithm 1 Then by 

Lemma 4 3 3, for any u which 1s adJacent to v m T, x 'will not be 111 M(u) on 

complet1011 of Algonthm 4 

Consider a call to Algonthm 1 where T = 0 2,2 ,2 - ( v0 , vs) - ( v0 , Vt) By lme ( 4 2), 

m(v0 ) = x, and x will be added to M (vo) at !me (1 1) As x E L(vo) - L(vs) - L(vt), 

x ff. L(vs) and x ff. L(vt), so x will not be m M(vs) or rn M(vt) on completion of 

Algonthm 4 Snmlarly 1f a call is made when T = 02 ,2,2 - ( v2, vs) - ( v2, Vt) 

Suppose x E M(v0 ) was chosen at lme (4 5) Then at line (4 7), M(v0 ) = M(vo)U 

M'(v0 ), where x E M'(v0 ) For J = 1, 3 and 4, M(vJ) = M(v1 ) U M'(vi) = M'(vJ), 

where M'(vy) ~ L(v1 ) - M'(v0 ) Thus x ff. M'(v1 ), so x ff. M(v1 ) 

Thus M(v) n M(u ) = 0 for each pair of adJacent vertices, and the sets M( v) are 

a (2k k) choice for 02 ,2,2 ■ 

For some m 2 1, let 02 ,2,2111 consist of the paths Vo, V2m+2, V2m and Vo, V2m+1, V2111 

and Vo, v1, v2, , V2m Given an assignment of 2k-sets to the vertices of 02 ,2,2m, A Igo-

nthm 5 determmes a (2k k )-choice for the graph For each 1terat10n, a rooted subtree 

T of 02 ,2 ,2111 1s chosen and Algorithm 1 1s called If the root 1 1s such that d(1, v0 ) 1s 
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even , then z 1s m cremented after the call Otherwise, z' 1s m cremented This 1terat10n 

occurs z + z' times, while z ::; k, z' ::; k, and certam other condi t10ns are satisfied, re-

sultmg m choice sets of z elements for vertices vJ such that J = 0, 2, , 2m and choi ce 

sets of z' elements for vJ such that J = l , 3, , 2m+ 1, 2m+ 2 If z = k, then for each of 

, v2111 +1, v2m+2, the remammg k- i ' elements m its colour set provide the re-

rnarnder of its choi ce set If z' = k, then for each of v0 , v2, , V2m, the remammg k- i 

elem ents 111 its colour set provide the rest of 1ts choice set If z < k and z' < k, then 

formed, reducmg the remamder of the (2k k )-ch01ce for 02,2,2m to a (2k k )-choi ce 

Algorithm 5 

Input k, m , sets L ( v) for each v E V ( 02,2,2m) 

Imtiahzat10n z = 0, z' = 0, M(v ) = 0 for each v E V(02 ,2,2m), L'(v2m+1) = 0 

BEGIN 
WHILE [z < k] AND [z ' < k] AND [there exists x E L(vo ) - L(vs) - L(vt) 

such thats, t E {l, 2m + 1, 2m + 2} , s -1- t OR there exists x E L(v2m) ­

L(vs) - L(vt) such thats, t E {2m - 1, 2m + 1, 2m + 2}, s -1- t OR there 

exists an elem ent x which 1s con tamed m exact ly three of L( v0 ) , L( v2111 ), 

L (v2m+1), L(v2m+2)] DO BEGI 
IF t here exists x E L(vo)-L(vs) -L(vt), s,t E {l,2m+ l ,2m+ 2} , 
s -I- t THEN BEGIN 

T = 02,2,2m - ( Vo, Vs) - ( Vo, Vt), 
7 = Vo, 
m(r) = x 

END 
ELSE IF there exists x E L( V2m) - L( Vs) - L( Vt), v..here s, t E 

( 5 1) 

( 5 2) 



{2m - l ,2m + 1,2m + 2}, s-/- t THEN BEGIN 
T = 02,2,2m - (v2m,vs) - (v2m,Vt), 

m(r) = x 

END 
ELSE IF there exists x E (L(vo) n L(v2m+i ) n L(v2m+2)) - L(v2m) 
THEN BEGIN 
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(5 3) 

(5 4) 

m('1) = X (5 5) 
END 
ELSE IF there exists x E (L(v2m) n L(v2m+i) n L(v2m+2)) - L(vo) 
THEN BEGIN 

T =022,2m-(vo,V2m+1)-(vo,V2m+2) (56) 
1 = V2m+1, 
m(r) = x 

END 
ELSE IF there exists x E (L(vo) n L(v2m) n L(v2m+1)) - L(v2m+2) 
THEN BEGIN 

Fmd the mm1mum t ~ 0 such that x E L( vJ) for J = t, 
t + 1, , 2m ( 5 7) 

IF tis even THEN BEGI 

T = 02,2,2m - (vt,Vt-1)- (v2m,V2m+2 ) (5 8) 

m(r) = x 

END 
ELSE BEGI 

m( V2m+2) = Y E L( V2m+2) - L( vo), 
C = 02,2 ,2m - ( V2m, V2m+2) - (Vo, V2m+2), 
IF y (/. L( v2m) THEN BEGIN 

T = C - (vt, Vt-1) , 
7' = Vt, 
m(r) = x 

M( V2m+2) = M( V2m+2 ) U {y} 
END 

END 
ELSE BEGIN 

Fmd the mmnnum u > 0 so that y E L( vJ) for J = u, 

( 5 9) 

(5 10) 

(5 11) 



u + 1, , 2m 

T = C - (vu, Vu- 1) 
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( 5 12) 
(5 13) 

m(1·) = y (5 14) 
IF u 1s odd THEN 

M(v2m+2) = M(v2m+2) U {y} (5 15) 
END, 
L(v2m+2) =L(v2m+2) -{y} , (516) 

END , 
ELSE IF there exists x E (L(v0 ) n L(v2m) n L(v2m+2)) - L(v2m+1) 
THEN BEGIN 

Fmd the mm1mum t ~ 0 such that x E L(v1 ) for J = t , 
t + 1, , 2m 

IF t 1s even THEN BEGIN 
T = 02 ,2,2m - (vt,Vt-1)- (v2m,V2m+1 ) 

m(r) = x 

END 
ELSE BEGIN 

m(v2m+1) =YE L(v2m+i) - L(vo), 
C = 02,2,2m - (v2m,V2m+1)-(vo,V2m+1), 
IF y (j. L( v2m) THEN BEGIN 

T = C - (vt, Vt-i), 
1' = Vt, 
m(r) = x 
M( V2m+1) = M( V2m+1) U {y} 

END 
END 
ELSE BEGIN 

Fmd the m1111mum u > 0 so that y E L( v1 ) for J = u, 

u + l , , 2m 

T = C - (vu, Vu-1) 
7 = Vu, 
m(r) = y 

IF u 1s odd THEN 

M(v2m+1) = M(v2m+1) U {y} 
END , 

L(v2m+i) = L(v2m+1) - {y} , 

( 5 17) 

( 5 18) 

( 5 19) 

(5 20) 



END 

END, 
Call A lgon thm 1, 

IF 7 E { Vo, V2, , V2m} THEN 
z = z + 1 

ELSE 
z' =z ' +l, 
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( 5 21) 

(5 22) 

IF z = k THEN 
M(v;) = M(v3 ) U L(v;) for J = 2m + 2 and each odd J (5 23) 

ELSE IF z' = k THEN 
M(v3 ) = M(v3 ) U L(v3 ) for each even J, 0 :S: J :S: 2m (5 24) 

ELSE BEGIN {pamng} 

END 

FOR all x E L(v2m+1) DO 
IF x E L(v2m+2) THEN BEGIN 

L'(v2m+1) = L'(v2m+1) U {(x,x)} (5 25) 
L(v2m+1) = L(v2m+1) - {x} 
L( V2m+2) = L( V2m+2) - { X} 

END 
ELSE IF x E L( v0 ) THEN BEGIN 

L'(v2m+1) = L'(v2m+1) U {(x, y)}, where y E L(v2m+2)-
L(vo) (526) 

L(v2m+1) = L(v2m+1 ) - {x} 
L( V2m+2) = L( V2m+2 ) - {y} 

END 
ELSE BEGIN 

L'(v2m+1) = L'(v2m+1) U {(x, y)}, where y E L(v2m+2)-
L( V2m) ( 5 27) 

L(v2m+1) = L(v2m+1) - {x} 
L(v2m+2) = L(v2m+2 ) - {y} 

END, 
Call Algorithm 6, 

FOR each (x, y) E M(v2m+1 ) DO BEGIN 
M(v2m+1) = M(v2m+1) U {x}, 
M( V2m+2) = M( V2m+2) U {y} 

El\D 

Output set<; M(v) for each v E V(02 2 2m) 
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Complexity O(mk) 

Algon thm 5 1s iterated at m ost 2k times, where each 1terat1on consists of a fixed 

set of operations, mcludmg at most one call to Algonthm 1, eit her d!fectly from 

Algon t hm 5, or md!fect ly via Algon t hm 6 As t he searches take t ime O(IV(T)I) = 

O(m) , t he other operat10ns take constant time, and Algonthm 1 always acts on a 

t ree T where IV(T) I = 2m + 2, the time complexity of Algon thm 5 1s O(mk) 

A lgorit hm 6 

Input 1.,, set s L( v) fo r each v E V( C2m+2) 

BE GI N 

WHILE [z < k] AND [there exists an even J, 0 ::; J < 2m + 1 such that 

either L(vJ) =/- L(vJ+1 ) OR L(vJ) =/- L(vJ-1 )] DO BEGIN 

IF there exists an even J such that L( vJ ) =/- L( vJ+l ) DO BEGI N 

T = C2m+2 - ( VJ, VJ+l ), 
r = vJ, 
m(r) = x where x E L(vJ) - L(vJ+l ) 

EN D 

(6 1) 

ELSE IF there exists an even J such that L( vJ) =/- L( vJ -l ) DO BEG IN 

r = VJ, 
m( r ) = x where x E L(vi) - L(vJ -l) 

El\ D, 

Call Algon thm 1, 

z = z + 1 
EN D, 

IF z = k T HEN BEG IN 

M(vJ) = M (vJ ) U L(vJ) for each odd J < 2m + 1, 

M (v2m+1) = L(v2m+1) 
ELSE BEGIN 

Choose M'( v0 ) C L( v0 ) where IM'( v0 ) I = k - z, 

M ' (v1) = L(v1) - M'(vo) , 

(6 2) 

(6 3) 

(6 4) 

(6 5) 
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For each even J, M (vi) = M (v1 ) U M' (v0 ) , (6 6) 
For each odd J < 2m + 1, M( vJ = M (v 1 ) - M' (v i) , (6 7) 
M ( V2m+1) ~ L( V2m+1) - M' ( va) , where IM ( V2m+1 I = I,, - z' (6 8) 

END 

END 

Note that Algori th m 6 1s almost 1dent1cal to Algori t hm J Algori thm 6 acts on a 

2m + 2-cycle, rather tha n a 2m -cycle, and no 1111 t iab zat10n 1s reqmred for Algon t hrn 6 

As the elements of all other sets are smgletons, while t he elem ents of L( v2m+1) a re 

ordered pairs, some defimt10ns are reqmred Define L( v1 ) = L( v2m+J) 1f and only ,f 

for each x E L(v1 ), there exists (y , z ) E L (v2m+i) such t ha t eithe r y = x or z = x (or 

x and z f x } Define L (v2m+1 ) - M ' (vo) = {(y ,z) (y, z ) E L(v2m+1), y (/_ 

M'(v0 ) and z (/_ M ' (v0 ) } In Algori t hm 1, defin e m(v2m+i) E L(u) 1f and only 1f 

m (v2m+1 ) = (y, z ), where y E L(u) or z E L(u) (or bot h ) 

Lemma 4 3 7 If the elements of L(v2m+i ) and L(v2m+2) are paired in Algorithm 5! 

then every x E L(vo) U L (v2m) U L (v2m+i ) U L(v2m+2) zs contained in exactly two or 

Proof If the elem ents of L (v2m+i) and L(v2m+2) are paired 111 Algorithm 5, then t he 

followmg con d1t10ns are sati sfied 

1 If x E L(vo) t hen x 1s 111 a t least two of L(v1), L(v2m+d , L (v2m+2), 

2 If x E L(v2m) t hen x 1s 111 at least t \\o of L(v2m-d , L(u2m+1), L (v2m+2) , 
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By cond1t10ns 3 through 6, 1f x 1s 1n any three of L(vo), L(v2m), L(v2m+1), L(v2m+2), 

then :r 1s 111 all four of them By cond1t10ns 1 and 2, 1f x E L( v0 ) or x E £( v2,,i), 

then x E L(v2m+i) or x E L(v2m+2) Thus 1t suffices to show that 1f x E L(v2m+d or 

x E L( V2m+2), then x E L( vo), or x E L( V2m) 

IL( vo) I = IL(vo) n L(v2m+1 )I + IL(vo) n L(v2m+2)I-

IL(vo) n L(v2m+1) n L(v2m+2) n L(v2m) I 

IL(v2m)I = IL(v2m) n L(v2m+1)I + IL(v2m) n L(v2m+2 )I-

IL(v2,,i) n L(v2m+1) n L(v2m+2 ) n L(vo)I 

IL(v2m+1)I - IL(v2m+1) - L(vo) - L(vzm) I + IL(v2m+1) n L(vo)I + 

L(v2m+1) n L(v2m)I - IL(v2m+1) n L(vo) n L(v2m) n L(v2m+2)I 

IL(v2m+2)I = IL(v2m+2) - L(vo) - L(v2m)I + IL(v2m+2) n L(vo)I+ 

As IL(vo)I = IL(v2m) I = IL(v2m+1 )I = IL(v2m+2)I , 0 = IL(v2m+1)I + IL(v2m+2)I -

IL(vo)I - IL(v2m) I = IL(v2m+1) - L(vo) - L(v2m) I + IL(v2m+2) - L(vo) - L(v2m)I 
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Therefore JL(v2m+1) - L(vo) - L(v2m )I = 0 and JL (v2m+2) - L(vo) - L(v2m )I = 0, 

so any x E L(vo) U L(v2m) U L(v2m+d U L(v2m+2) is contarned 111 exactly two or Ill 

exactly four of L(vo), L(v2m), L(v2m+1), L(v2m+2) ■ 

Lemma 4 3 8 If the elem ents of L( V2m+i ) and L( v2m+2) are paired in Algorithm 5) 

then IL(vo) n L(v2m+i )I = JL( v2m ) n L(v2m+2) I and IL (vo) n L(v2m+2)l = JL(v2m) n 

L( V2m+l ) I 

Proof O = JL(v.hn+i)I + JL(vo)I - JL (v2m+2) I - JL (v2m)I = 2J L(vo) n L(v2m+dl -

2J L(v2m) n L(v2m+2)I Thus JL (vo) n L(v2m+i) I = JL(v2m) n L(v2m+2)J S11rn larly for 

JL(vo) n L(v2m+2) l = JL(v2m) n L(v2m+i )I I 

Lemma 4 3 9 Th e elements of L(v2m+i) can be paired with elements of L(v2m+2) in 

Algorithm 5 

Proof Suppose the elements of L( v2m+i ) and L( v2m+2) are pan ed Ill Algorithm 5 If 

.r E L(v2m+i ) n L(v2m+2) then (x, x) 1s paired at lme (5 25) Otherwise x E L(v2m+1) 

and x rl. L( V2m+2) If x E L( V2m+l ) n L( v0 ) then by Lemm a 4 3 8, there exists 

y E L(v2m+2) - L(vo) and (x, y) 1s paired at lme (5 26) Otherwise x E L(v2111+1), 

.r tt- L(v2m+2) and x rl. L(vo), so x E L(v2m+1) n L(v2m) By Lemm a 4 3 8, t here 

exists y E L(v2m+2) - L(v 2m) and (x,y) 1s paired at li ne (5 27) Thus the elements of 

L(v2111+1 ) can be pan ed with the elements of L(v2m+2) ■ 
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Lemma 4 3 10 Suppose there is a call to Algorithm 1 where m(1) = x If there 

exists a path r = u 1, u 2 , , ue m T where x E u, for z = l to £, then m( ue) = x 

during the call to Algorithm 1 

P ro of The proof 1s by 111duct10n on £ Suppose that a call 1s made to Algorithm 1 

wh ere m(1) = x If £ = 1, then m(r) = m(u1 ) = x durmg the call to Algorithm 1 

Suppose that 1f there exists a path r = u 1 , u 2 , , ue m T where x E u , for z = 1 

to£, then m(ue-i) = x during the call to Algorithm l Now m(ue-i) = x E L(ue), so 

m(ue) = x at lme (1 3) ■ 

Theorem 4 3 11 For all m 2'. 1, k 2'. 1, 02 ,2,2m is (2k k )-choosable 

Proof It will be shown that the sets M(v ) for each v E \/(02,2 ,2111 ) are a (2k k)­

cho1ce for 02 ,2 ,2m After Algorithm l 1s called z+i' times, IL(v1 )1 = 2k-i-i' for all v1 

For J = 0, 2, , 2m, IM(v1 )1 = i, and for J = l , 3, , 2m + 1, 2m + 2, IM(v1 )1 = i ' 

If i = k, then IL(vJ)I = k - i' for each v1 , and for J = 0, 2, , 2m, IM(v1 )1 = k 

Therefore IM(v.1) 1 = IM(v1 )UL(vi)I = (i'+k) - i' = kfor J = 1, 3, ,2m +l ,2m +2 

If i' = k, then IL(vJ)I = k-doreach v1 , and for J = 1,3, ,2m+l,2m+2, IM(vJ)I = 

k Therefore, IM(v1 )1 = IM(v1 ) U L(v1 )1 = (i + k) - i = k for J = 0, 2, , 2m If 

i = k or i' = k, then M(vi) C L(v1 ) and IM (vi)I = k for each vJ If i < k and i' < k, 

then the elements of L( V2m+l) and L( V2m +2) are paired 

By Lemma 4 3 3, 1f m( v) = x 1s added to M( v) durmg a call to Algorithm 1, then 

foi any 1l which 1s adJacent to v m T , x will not be 111 L( 1l) after the call , and x will 
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not be added to M (u) dunng the call Thus 1t suffices to consider choices for ve rti ces 

which a re adjacent m 02,2,2rn, but which are not adjacent 111 T 

Suppose the re 1s a call to Algonthm 1 where T = 02,2,2rn - (vo, vs) - (vo, Vt) 

(lme ( 5 1) ) By lme ( 5 2), m(v0 ) = x and x 1s added to M(v0 ) at hne ( 1 1) As 

:r E L( vo) - L( vs) - L( Vt), x (/_ L( vs) and x (/_ L( vt) S1m1larly 1f there IS a call to 

Algorithm 1 where T = 02 ,2,2111 -(v2rn ,vs)-(v2rn ,vt) (hne (5 3)) 

Suppose there 1s a call made to Algorithm 1 where T = 02,2 2m-(v2m, V2rn+1)- (v2m, 

V2m+2) (lme (5 4)) By lme (5 5), m(v2m+1) = x and x IS added to M (v2rn+1) at hne 

(1 1) As x E ( L(vo) n L(v2m+1) n L(v2m+2)) - L(v2m), x (/_ L(v2m), but x E L(vo) 

and x E L( v2111+2) The next choice will be m( v0), and the choice aft er that will 

be m(v2m+2) As m (v2m+1 ) = x E L(vo), m(vo) = x at lme ( 1 3) As m(vo) = 

x E L(v2m+2), m(v2m+2) = x at hne (13) As d(v2111 +1 ,V2m+2) JS even, x will be 

added to M( v2111 +2) at hne ( 1 6) S1m1larly 1f there 1s a call to Algonthm 1 where 

T = 02 ,2,2rn - (vo, V2m +1 ) - (vo, V2m+2) (lme (5 6)) 

Suppose there 1s a call to Algorithm 1 where T = 02,2,2111 - (vt, Vt- 1) - (v2m, V2m+2) 

(hne (5 8) ) By lme (5 9) , m(v2111 ) = x and x 1s added to M(v 2111 ) at hne (1 1) As 

X E (L(vo) n L(v2m) n L(v2m+1)) - L(v2m+2), X (/_ L( v2m+2) There exists a path 

1 = V2m, V2rn- I , , Vt- i , Vt 111 T where x 1s m L( Vi) for each Vi 111 the path So by 

Lemma 4 3 10 , m( Vt) = x durmg the call to Algorithm 1 As d( v2111 , Vt) 1s even, x 1s 

added to M( vt) at lme (1 6) As the mm1mum t as chosen at hn e (5 7), x (j_ L(vt -i ) 

Snrnlarly 1f there 1s a call to Algorithm 1 \vhere T = 02,2,2m - (vt, Vt -1 ) - (v2111 , V2m+1) 
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(lrne (5 17)) 

Suppose there 1s a call made to Algorithm 1 where T = 02,2 ,2m - ( V2m, V2m+2) -

(vo, V2 m+2) -(vt , Vt- 1) (lme (5 10)) By lme (5 11) , m(vt) = x and x 1s added to M(vt) 

at lme ( 1 1) A~ t he mmmrnm t was chosen at lme ( 5 7), x rt L( Vt - l) There exists 

a path r = Vt,Vt+t, ,v2m,V2m+1,Vo Ill T where x is m L(v,) for each v, II1 the path 

So by Lemma 4 .3 10, m( v2m) = x and m( v0 ) = x dunng t he call to Algorithm 1 As 

x E (L(vo)nL(v2m)nL(v2m+1))-L(v2m+2),x rt L(v2m+2) S1milarly1fthere1sacall 

to Algorithm 1 where T = 02,2,2m - (v2m, V2m+1)- (vo, V2m+1)- (vi, Vt -1 ) (lrne (5 18)) 

Suppose t here 1s a call made to Algorithm 1 where T = 02,2,2m - ( V2m, V2rn+2) -

(vo, V2m+2)-(vu, Vu-1) (line (5 13)) By line (5 14) , m(vu) = y and y IS added to M(vu) 

at line (1 1) As t he mnumum u was chosen at line (5 12), y (/_ L(vu _1) There exists 

a path 1 = Vu, Vu+1, , V2m m T where y 1s rn L(v,) for each v, 111 the path So by 

Lemma 4 3 10, m(v2rn) = y durrng the call to Algorithm 1 As y E L(v2m+2) n L(vo), 

y rt L(vo) Suppose that u is even Then srnce d(vu, v2m) IS even , y IS added to 

M( Vzm) at !me ( 1 6) As y rt L( vo), some m( v0 ) = z E L( v0) 1s added to M( v0 ) at 

lrne (1 6) As u 1s even, y is not added to M(v2rn+2) at lme (5 15), and y 1s deleted 

from L (v2rn+2) at lme (5 16) Suppose that u 1s odd Then y is added to M(v 2m+i) 

at lme ( 5 15) At lme ( 1 5), y IS deleted from L( V2m), and as d( Vu, V2m) 1s odd, y is 

not added to M( Vim) at line ( 1 6) Snrnlarly if there 1s a call to Algorithm 1 where 

T = 02 ,2,2m -(v2m,V2m+1) - (vo,V2m+I ) - (vu, Vu- 1) (lrne (5 19)) I 

An example demon stratrng the apphcat10n of Algorithm 5 to a 02 ,2 ,4 graph fol-
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lows Suppose sets L(v0 ) = {1 ,2, 3,4}, L(v1 ) = {1 , 2,5,6}, L(v 2 ) = {1 , 3,4,5}, 

L(v3) = {4,5,6, 7}, L(v4 ) = {5, 6, 7, 8}, L(v5 ) = {1 , 2,4,8} and L(v6 ) = {3, 5, 6, 7} 

are assigned to t he verti ces of 02 ,2,4 

The algonthm begms with a search for an element of L( v0 ) which 1s not m the 

colour sets of at least two of the vertices adJacent to v0 Elements 1, 2 E L(v0 ) do 

not satisfy this cntenon , but element 3 E L( v0 ) does It 1s con tamed 111 neither L( vl) 

nor L( v5 ) At lme ( 5 1), tree T is ob tamed by removmg edges ( v0 , v1 ) and ( v0 , v5 ) 

Vertex v0 1s chosen as the root of T, and at lme (5 2) , m(v0 ) = 3 1s chosen from its 

colour set At line (5 21), Algonthm 1 1s called, begmnmg a breadth-first search on 

T, where an element will be chosen from each colour set 

Algonthm 1 begms by addmg m(v0 ) = 3 to choice set M(v0 ) , and deletmg 1t from 

set L( v0 ) Then the neighbour v6 of v0 1s considered Because m( v0 ) = 3 E L( v6 ), 

m( v6 ) = 3 1s chosen at lme (1 3) Element 3 1s deleted from L( v6 ) at lme (1 5) Th e 

neighbour v4 of v6 1s considered next As m(v6 ) = 3 t/. L(v4 ), an element of L(v4 ) 

which 1s not 111 L(v6 ) must be chosen at lme (1 4) Element m(v4 ) = 8 satisfies thi s 

cntenon It 1s deleted from L(v4 ) at line (1 5) , and because v4 1s at an even distance 

from the root v0 , element 8 1s added to ch01ce set M(v4 ) at l111e (1 6) Contmumg m 

tlns fash10n , m(v5 ) = 8 and m(v3 ) = 4 are chosen, and are deleted from sets L(v5 ) 

and L(v3 ), respectively Next, m(v2 ) = 4 1s chosen, deleted from L(v2 ) and added to 

M(v2 ) Fmally, m(v1) = 2 1s chosen and deleted from L(v1 ), completmg this call to 

Algorithm 1 
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As root v0 was chosen, z 1s mcremented at lme (5 22) Be< ause z < 2, thi s 1terat1on 

of Algonthrn 5 1s completed, and there is a return to the begmrnng of the loop 

Agam , there 1s a search for an element m L( v0 ) which 1s not m the sets of at least 

two of its adJ acent vert ices As element 2 was deleted from L( v 1 ) , this element 1s m 

neither L(v1 ) nor L(v6 ), thus sat1sfymg the cntenon At lme (5 1), tree T 1s obtamed 

by removmg edges (v0 , v1 ) and (v0 , v6 ) from the 02 ,2 ,4 graph Th e root of T becomes 

vertex v0 , m ( v0 ) = 2 1s chosen, and Algorithm 1 is called 

First, m(v0 ) = 2 is added to M( v0 ) and 1s deleted from L(v0 ) Now m(v5 ) = 2 1s 

chosen and deleted from L(v5 ) Then, m (v4 ) = 5 is chosen, deleted from L(v4) and 

added to M( v4 ) Next, m( v6 ) = 5 and m( v3 ) = 5 are chosen, and are deleted from 

set s L(v6 ) and L(v3 ) , respectively Then , m (v2 ) = 5 1s chosen, deleted from L(v2) and 

added to M ( v2 ) Fmall y, m( v1 ) = 5 1s chosen and deleted from L( v1 ) , completmg 

thi s call to Algonthm 1 

Once agam , z 1s mcrem ented at lme ( 5 22) Now z = 2, which means th at the 

choice sets for the ver tices at an even distance from v0 have been completed They 

are M(v0 ) = {2, 3} , M (v 2 ) = {4,5} and M(v4 ) = {5 ,8} At lme (5 23) , the choi ce 

sets for the rem ammg verti ces are completed by addmg their remammg elements to 

their respective choi ce sets Set L( v1 ) had elements 2 and 5 deleted, and has elements 

1 and 6 remammg, so ch01 ce set M (v1 ) becomes {1 ,6} S1m1l a rly, M(v3 ) = {6 , 7} , 

M( v5 ) = {1 ,4} and M(v6 ) = {6 , 7} This completes the choi ces, and Algonthm 5 

Theorem 4 3 12 Any 2-choosable graph is (2k k )-choosable for any k 2 1 
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P roof By Theorems 4 3 4 through 4 3 11, and the charactenzat1011 of 2-choosable 

graphs given by Theorem 3 1 2, the core of any graph which 1s 2-choosable 1s (2k k )­

choosable for all k 2 1 By Lemma 4 2 1, any graph whose core 1s (2k k )-choosable 

1s (2k k )-cboosc1,b]e ■ 

If G 1s a k-choosable graph and H 1s a 2-choosable graph, by Theorem 4 3 12 and 

Lemma 3 2 4, xc(G UH)::;; 2k 

4.4 Planar Graphs 

The proof of Theorem 4 4 1 1s based on Thomassen's proof [13] that any planar graph 

1s .S-choosable 

Theorem 4 4 1 Fo r any positive integer k and any planar graph G, G is (.Sk k )­

choosable 

Proof Let G be a near-tnangulat10n with outer cycle C = v0 , v1 , , Vp-l, v0 As­

sume that v0 and v1 have k-subsets M(v0 ) = {1,2, ,k} and M(v1 ) = {k + l ,k + 

2, ,2k }, and that L(v) 1s a set of at least 3k colours 1f v E V(C)- {v0 ,v,} and at 

least .Sk colours 1f v E V( G - C) It suffices to show that the k-subsets of v0 and v1 

can be extended to a collection of subsets {M(v) v E V(G)} where M(v) C L(v) 

and M(v,) n M(v1 ) = 0 whenever v, and v1 are adJacent The proof 1s by rnduct1on 

on IV(G)I 
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If p - l = 3 and G = C then IL(v2)I 2". 3k and IL(v2) - M(vo) - M(v1)I 2". 

Jk - k - k = k Thus M( v2 ) C L( v2 ) can be chosen such thdt M( v2 ) 1s d1sJ0111t from 

both M(vo) and M(v1 ) 

If C has a chord (vi, v1 ), where 1 S i S J - 2 S p - 2 (vp = v0 ), then t he 

111duct10n hypothesis can be applied to the cycle va,v1 , ,v,,v1 ,v1+1 , ,vp-1 ,vo 

and its mtenor Then by makmg the assumption that M ( v,) and M( vJ are the 

k-subsets chosen for the former cycle, the mduct10n hypothesis can be applied to 

So assume that C has no chord Let v0, u0, u1, , um, vP_ 2 be the neighbours of 

Vp-I m that clockwise order around Vp-l As the mtenor of C 1s tnangulated, G 

contams the path P = v0 ,u0 ,u1 , Jum,Vp_ 2 As C 1s chordless, PU (C-vp_ 1 ) 1s a 

cycle C' Let S be a 2k-subset m L(vp_1 ) - {1,2, ,k} Define L'(ui) = L(u,) - S 

for OS i Sm and L'(v) = L(v) 1f v E V(G)-{u 0 ,u1 , ,um} Apply the mduct1on 

hypothesis to C' and its mtenor and the new sets L' As IS-M(vp_ 2 )1 2". 2k- k = k 

and Sand any of M( v0 ), M(u0 ),M(u1 ), ,M(um) are d1sJ0111t, the (5k k)-cho1ce 

can be completed by lettmg M(vp_ 1 ) beak-set 111 S - M(vp_ 2 ) 1 

Thomassen's result that all planar graphs are 5-choosable [13] follows directly 

from Theorem 4 4 1 It follows from Theorem 4 4 1 and Lemma 3 2 4 that 1f G 1s 

k-choosable and H 1s planar, then Xt(G U H) S 5k 
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4.5 Bipartite Graphs 

Theorem 4 5 1 For all k ~ 1, p ~ 1 and q ~ p, I<p,q is ((p + l )k k) -choosable 

Proof Assign (p + l)k-sets to V(Kp ,q) Arbitran ly choose k-subsets M(v) C L(v) 

for a ll verti ces of degree q For each vertex v of degree p, set L' ( v) = L( v) - M ( x 1 ) -

(p + l)k - pk= k, a k-subset M(v) C L' (v) can be chosen ±or each vertex of degree 

p • 

Theorem 3 4 1 follows duectly from Theorem 4 5 1 

In the proofs of Theorems 4 5 2 and 4 5 3, U denotes the umon of disJomt sets 

Theorem 4 5 2 If % < p + 1 then J{ (a)P is not ( a b )-choosable 
P, b 

Proof It suffices to give an assignment of a-sets to V(I{ (")P) for which no (a b)-
P, b 

choice is possible Let Vi , V2, , Vp be the vertices of degree (:rand U1, U2 , , u(~t 

the verti ces of degree p Assign a-sets L( vi) to v1 , v2, , vp such that the sets are 

pauw1se dis Jorn t If % < p, let L' = 0 Otherwise let L' be an ( a - bp )-set where 

L' n L( Vi) = 0 for each i, 1 ::; i ::; p Assign to each vertex Ui, 1 ::; i ::; (:r' a d1stmct 

for 1 ::; J ::; p, and each of the (:Y possible sets that can be constructed m tlus 

way 1s assigned to some vertex Ui If % < p, then IL( ui ) I = pb > a Otherwise 

IL(ui)I = pb + (a - bp) = a 
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To show that this assignment does not adm1 t an ( a b )-< ho1ce, arb1 t ranly choose 

b-subsets M (v,) C L(v,) for z = 1, 2, ,P As the sets L(t,) a re pairwise d1 sJomt , 

U;=1 M(v,) = pb There exists J , 1 :S J '.S (:r such that L(u1 ) = U;=1 M (v,) u 

L' If ! < p, L(u1 ) = U;=1 M(v,) an d nob-subset M(u1 ) C L(u1 ) can be chosen 

wh ich 1s d1 sJ01nt from each M(v,) Ot herwise, L(u1 ) = LJ ;=1 M (v,) UL' contams only 

a - bp < b elements wh ich are not 111 any M (v,) Agarn , nob-subset M(u1 ) C L(uJ) 

can be chosen which 1s disJomt from each M( v,) 1 

For a = 2, b = 1, set p = 2 By Theorem 4 5 2, I<2,4 1s not (2 1 )-choosable This 

1s a best poss1 ble result m the sense that I<2,3 = 02,2,2 1s (2 1 )-choosable For a = 3, 

b = 1, set p = J By T heorem 4 5 2, K 3,27 1s not (3 1 )-choosable This is a best 

poss1 ble res ul t m the sense that, by Theorem 3 4 3, K3,26 1s ( 3 1 )-choosable 

Theorem 4 5 3 If f < p + 1 then J{p+l,(~Y-(abby zs not (a b) -choosable 

Proof It suffices to give an assignment of a-sets to V(I<p+l ,(~Y-(abby) for whi ch no 

(a b)-cho1 ce JS possible Let V 1 , V2, , Vp+ 1 be the verti ces of degree (:r - (";br 

and let u 1 ,u2 , ,u(~Y-(a/Y be the vertices of degree p+ 1 Assign a-sets L(v,) to 

v1 , v 2 , , Vp such that the sets are pa1rw1se d1sJ0111t If ! < p, let L" = 0 Otherwise 

let L" be a set of cardmabty a - bp where L" n L( v,) = 0 for each z, l :S z :S p 
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L,(vi) CZ L(vJ) - L'(vJ) for at least one J, and each of the (~r - (a~br possible sets 

that can be constructed 111 this way 1s assigned to some VC'rtex u, If i < p, then 

IL(u,)I = pb > a Otherwi se IL(u,)I = pb + (a - bp) = a 

To show that tlus assignment does not admit an (a b)-cho1ce, arbitrarily choose b­

subsets M(v,) C L(1,,) for i = 1, 2, , p+l Suppose there exists J such that M(v1 ) CZ 

L(v1) - L'(v1) Then U;=1 M(v1 ) UL"= L(ut) for some t , l::; t::; (:r - (a;br 

Suppose that ! < p Then L(ut) = U;=1 M(v,) and nob-subset M(ut) C L(ut) can 

be chosen which 1s d1sJomt from each M(v,) Otherwise, L(ut) = U;=1M(v,) UL" 

con tams at most a - bp < b elements which are not m any M ( v,) Aga111, no b-subset 

M(ut) C L(ut) can be chosen which 1s d1sJomt from each M(v,) 

Otherwise M ( vJ) ~ L( vJ) - L' ( vJ) for each vJ, l ::; J ::; Ji ow M ( Vp+l) consists 

of b elements from L(vp+i ) = U;=1 L'(v1 ) UL" Let x E J\1(vp+ 1 ) - L" For some R., 

.r: E L'(v£) Let 'lJ E M(ve), and consider (U;=1M(v1 ) ) U{x} - {y} As x E M( vP+i), 

.r: cannot be m the choice set of uJ, so no element of (U;=1 M ( v,)) U { x} - {y} can be 

Ill the choice set of any uJ Now for some;, (U;=1M (v,)) U{x}-{y} UL"= L(uJ) 

If i < p, then L(uJ) = (U;=1 M(v1 )) U{x}- {y} and nob-subset M(u1 ) C L(uJ) 

can be chosen which 1s d1sJ0111t from each M(v,) Otherwise L(u1 ) = (U;=1 M(v,)) U 

{x } - {y} UL" contams at most a- bp < b elements which are not 111 any M(v,) 

Aga111 , nob-subset M(u1 ) C L(u1 ) can be chosen which 1s d15Jomt from each M(v,) ■ 

For a = 2, b = l, set p = 2 By Theorem 4 5 3, /(3,3 1s not (2 1 )-choosable This 

1s a best poss1 ble resul t 111 the sense that J<3 ,2 = 02,2,2 1s (2 1 )-choosable For a = 3, 
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b = l, set p = '3 By Theorem 4 5 3, K4 ,19 1s not (3 1 )-choosable Th1s 1s a best 

possible result 111 the sense that, by Theorem 3 4 4, K4 ,18 1s (3 1 )-choosable 

4.6 Cartesian Graph Products 

Lemma 4 6 1 If H zs a ( d a )-choosable graph and G zs an ( a b )-choosable graph) 

then G□H 1s (d b)-choosable 

Proof Let V(G) = {v1,v2, ,vn} and V(H) = {u1,u2, ,um } Supposed-sets 

have been assigned to V( G□H) For i = 1 to n, let Hi be the copy of H mduced 

by {(vi, u1 ) u1 E H} For each Hi, choose an a-subset from each vertex, such that 

Hi-adJacent vertices have d1sJ0111t a-subsets Such a ch01ce can be determ111ed because 

each Hi 1s ( d a )-choosable For J = 1 to m, let G1 be the copy of G 111duced by 

{(vi, u1 ) vi E G} For each G1 , choose ab-subset from the a-subset of each vertex, 

so that G1 -adJacent vert ices have d1sJomt b-subsets This choice can be determmed 

because each G1 1s ( a b )-choosable The resultmg choice makes the b-subsets d1sJ0111t 

on adJacent vertices of G□H 

Suppose (vi, u1 ) and (vk, uc) are adJacent 111 G□H Then 1f Vi = Vk and (u1 , ue) E 

E(H), then m parti cular, (u1 ,ue) E E(Hi) = E(Hk) So (vi,u1 ) and (vk,ue) have 

d1sJomt b-subsets, as their b-subsets were chosen from d1sJ0111 t a-subsets 

Oth erwise u1 = ue and (vi,vk) E E(G), and m particular , (vi,v.ic) E E(G1 ) = 

E( Ge) So ( v1 , uJ and ( vk, ue) have d1sJomt b-subsets, as they were chosen so that 
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G1 -adJacent verh ces would have d1s1omt b-subsets Thus GO H 1s ( d b )-cboosable ■ 

If G 1s a k-choosable graph and H 1s a 2-choosable graph , then by Tbeorem 4 3 12 

and Lemma 4 6 1, Y.e(G□H) S 2k By Theorem 4 4 1 and Lemma 4 6 1, 1f G JS 

k- choosable and H JS planar, t ben xe( G□ H) S 5k 

If ConJecture 3 2 5 holds, then by Lemma 4 6 1, xe(G□ H) S xc(G)xc(H) for a ll 

graph s G a nd H 
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