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Chapter 1

Introduction

Graph choosability mvolves the problem of properly colouring the vertices of a graph
from prescribed sets of permissible colours A finite graph G'1s k-choosable 1if for every
assignment of k-sets L(v) to the vertices of (7, there 1s a proper vertex colouring m
of V(G) where m(v) € L(v) for all v € V(G) The choiwce number of G, x,(G), 1s the
mimmum teger k such that G 1s k-choosable Choice numbers were first defined by
Erdos, Rubmn and Taylor [4], and independently by Vizing [16] The former began
this investigation m an attempt to prove the Dinitz conjecture, which was recently
proved by Galvin (see [19])

There 1s a defimte beauty in the purely abstract study of choice numbers, but this
does not preclude 1ts having applications Graph colouring problems often arise where
the choice of colour for each vertex or edge 1s restricted to a particular set, leading

naturally to the notions of choosability and (a  b)-choosability As k-choosable



implies k-colourable, any result on choice number implies a corresponding result on
chromatic number, and working with choosability has sometimes led to more elegant
proofs of classical colouring results For example, Thomassen’s result [13] that all
planar graphs are 5-choosable 1mplies Heawood’s result that all planar graphs are
H-colorable Thomassen’s very elegant induction argument, which does not require
Euler’s Theorem and does not require re-colouring any previously coloured vertices,
1s most hkely the simplest known proof of the five-color theorem

This thesis investigates the problem of determining choice numbers for unions
of graphs, with particular attention being paid to the case where one of the graphs
1s 2-choosable  Chapter 2 provides a summary of the graph theoretic definitions
used 1n this thesis, mcluding formal definitions of k-choosable and (a  b)-choosable
graphs Chapter 3 provides a survey of previous work on choice numbers and (a  b)-
choosability New results are presented in Chapter 4, including the main result that
all 2-choosable graphs are (2k k)-choosable for all positive values of £ Tuza and
Voigt [15] have recently derived this result using different methods New results
on (a b)-choosability of planar graphs, bipartite graphs and Cartesian products of

graphs are also presented



Chapter 2

Preliminaries

This chapter summarizes the graph theoretic defimtions used m this thesis Al
graphs considered are assumed to be finite, simple and, without loss of generality,
connected For further discussion of basic graph theory, the reader 1s referred to
Bondy and Murty [3]

When umions of graphs are considered, 1t 1s assumed, without loss of generality,
that each graph has the same set of vertices Given graph GG and H, vertices u,v €
V(G U H) are said to be G-adjacent if (u,v) € E(G) The average degree J”E—,((%l} of a
graph (i 1s denoted by d(G) A graph 1s called m-degenerate if each of 1ts subgraphs
contains a vertex of degree at most m The core of a graph (7, denoted by core((), 1s
obtained by successively removing vertices of degree 1 until none remain  An example
1s given 1 Figure 2 1

The theta graph, 0, . 1s the graph consisting of three paths of lengths a, b and
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\O core(G)

VAN

Figure 21 The Core of a Graph

¢ respectively, which share a pair of end vertices, but are otherwise vertex disjoint

The 05 3 2, graph 1s shown 1 Figure 2 2

Vom 2
Vom 1
Vom

Figure 2 2 The Theta Graph

The complete s-partite graph consisting of s parts, each of size 1 1s denoted by
K,.s A near-triangulation 1s a planar embedding of a graph consisting of a cycle,
and vertices and edges nside the cycle, such that each bounded face 1s bounded by

a triangle



The Cartesian product GOH of graphs G and H 1s defined by

V(GOH) = V(G) x V(H)
E(GOH) = {((g91: 1), (g2: h2)) 91 = g2 and (h1, hy) € E(H), or

(91,92) € E(G) and hy = hy}

An example 1s given 1n Figure 2 3

O

H GOH

Figure 23 The Cartesian Product of Two Graphs

A proper k-vertez-colouring or proper k-colouring of a graph GG 1s an assignment of
k colours, 1,2, .k, to the vertices of (7, such that no two distinct adjacent vertices
have the same colour A graph 1s k-colourable 1f 1t has a proper k-colouring The
chromatic number x(G) 1s the mmimum £ for which G 1s k-colourable

The concept of vertex colouring can be generalized by imposing restrictions on
the colours allowable for each vertex A graph G 1s k-choosable (k-list-colourable)
if for every assignment of k-sets L(v) to the vertices of G, there 1s a proper vertex
colouring m of V(G) where m(v) € L(v) for each v € V(G) The chowe number
(list-chromatic number) x¢(G) 1s the mimimum integer k such that G 1s k-choosable

For example, y,(Cy) = 2 For any assignment of 2-sets to the vertices of Yy,

there 1s a proper vertex colouring, where the colour on each vertex 1s chosen from



its 2-set Let C'y = wvo,v1,v2,vs,09 Suppose sets L(vg) = {1,2}, L(vn1) = {1,3},
L(vy) = {2,3} and L(vs) = {1,2} are assigned to 1ts vertices Given this assignment,
m(vo) = 2, m(vy) = 3, m(vy) = 2 and m(vs) = 1 1s a proper vertex colouring where
each m(v,) € L(v,)

The notion of choosability can be generalized further as follows Let ¢ and b
be mtegers such that @ > b > 1 A graph G 1s (¢ b)-choosable [4] 1f for every
assignment of a-sets L(v) to the vertices of G, there exist b-subsets M(v) C L(v) for
every v € V(@) such that M(u) N M(v) = @ whenever u and v are adjacent 1 G
Note that a graph which 1s (¢ 1)-choosable 1s a-choosable For a graph G with a
fixed assignment of a-sets, such a choice of b-subsets 1s called an (@ b)-chouce

For example, the 4-cycle 1s (4 2)-choosable For any assignment of 4-sets to the
vertices of (U4, a 2-subset can be chosen from each 4-set so that subsets on adjacent
vertices are disjomnt Let the vertices of Cy be labelled as in the previous exam-
ple Suppose sets L(vo) = {1,3,4,5}, L(v1) = {1,3,4,5}, L(v2) = {2,3,4,5} and
L(vs) = {1,2,3,4} are assigned to 1ts vertices Given this assignment, M (vo) = {4, 5},

M(v1) = {1,3}, M(v2) = {4,5} and M(v3) ={1,2} 1sa (4 2)-choice



Chapter 3

Previous Work

[t 15 the purpose of this chapter to survey previous work on choice numbers Proofs
of known results are given 1f they were not found m the 1eferences The unrefer-
enced results given 1 this section are results which are well-known, despite not being
expheitly stated 1n the references

One possible assignment of sets to vertices of a graph G 1s L(v) = {1,2, ,k} for
each v € V(G) Thus x¢(G) > x(G) [4] There 1s no constant bound on the amount
by which x/(G) can exceed x(G) For any k£ > 1, [((2kkj-l)v(2kk—l) 1s 2-colourable,

but not k-choosable [4] A greedy colouring algorithm shows that any graph G 1s

(A(G) + 1)-choosable, providing a A-dependent upper bound for x,(G)

3.1 Choice Numbers

This section presents known results on choice numbers for certain classes of graphs



Theorem 311 [4] For allm > 1, x¢(022.9m) =2

As Comyz C 0229m, 1t follows that xo(Coymsz) = 2 for all m > 1 [4] The next

theorem characterizes the 2-choosable graphs

Theorem 31 2 [/] A graph G 1s 2-choosable +f and only if core(G) € { K1, Camsa,

92 22m M 2 1}

Gutner has observed that the problem of deciding 1f a given graph 1s 3-choosable
1s NP-hard (see [2], [9]) so that no such characterization 1s hikely for graphs with

choice number three or greater

Theorem 313 [/] For all k > 2, xi(Kai) =k
Theorem 314 [/] Foralln > 1, xs(K,)=n

Proof n=x(K,) < xoK,) <A(K,)+1=n g
Theorem 315 For allm > 1, Cyq1 1 3-choosable
Proof 3 = x(Cam+1) < xe(Comt1) S A(Compr) +1=3 »

The following 1s the choosability version of Brooks” Theorem

Theorem 316 [}/ The chowe number of any connected graph which s neither

complete nor an odd cycle does not exceed its mazimum degree

Theorem 317 [2] The choiwce number of any m-degenerate graph s at most m+1



By Theorem 3 1 7, the 0-degenerate graphs or empty graphs have choice number
at most 1, and the 1-degenerate graphs or forests have choice number at most 2 In
fact, equality holds in these two cases As every planar graph 1s 5-degenerate, Theo-
rem 3 1 7 implies that the choice number of any planar graph does not exceed 6 In
fact, the choice number of a planar graph never exceeds 5 [13] Every bipartite planar
graph 1s 3-degenerate, so by Theorem 3 1 7, every such graph has choice number at

most 4 In fact, the choice number of any bipartite planar graph 1s at most 3 [1]

Theorem 318 [2] If G 1s a graph with d(G) > d, and k s an wnteger such that

d> 4(k}:>10g(2(}”:)), then xo(G) > k

In a private communication to B Toft and D Hanson, N Alon stated the following
corollary which provides a non-A-dependent upper bound for the choice number of

the union of graphs

Corollary 319 If G and H are graphs, where x,(G) = k and xi(H) = j, then

(G U H) <4(5)log(2(5)) +4(7 )leg(2(7)) +1

3.2 (a b)-Choosability

Theorem 3 2 1 For all positwe wntegers n and k, K,, s (nk k)-choosable

Theorem 32 2 Forallm > 1, k>1, Cypnyr s (3k  k)-choosable
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Proof Let Cy,41 = vo,v1, ,Vom,v0 Suppose that 3k-sets L(v,) have been as-
signed to the vertices of Cy,,41 As the path vo,v1, ,v2,-1 15 (2k k)-choosable,
a (3k  k)-choice M(vg), M(vy), ,M(v2—1), can be determined for the path As
| L(v3m) — M(vgm—1) — M(vo)| > 3k — k — k = k, the (3k k)-choice for the path can

be extended to a (34 k)-choice for the cycle g
The following 1s a generalization of Theorem 3 1 6

Theorem 3 2 3 [6] Any connected graph G whach s neither complete nor an odd

cycle 1s (KA(G)  k)-choosable for all k> 1
The next lemma 1s useful in determining choice numbers for unions of graphs

Lemma 324 [/]If G and H such that H s (d a)-choosable and G s (a b)-

choosable, then G U H 1s (d b)-choosable

Proof Suppose d-sets L(v) have been assigned to the vertices of G U H Choose an
a-subset M(v) C L(v) for each vertex, such that H-adjacent vertices have disjoint
a-subsets Such a choice can be determined because H 1s (d a)-choosable Now
choose a b-subset M'(v) C M(v) for each vertex, so that G-adjacent vertices have
disjoint b-subsets This choice can be determined because G 1s (@  b)-choosable

The result 1s a (d b)-choice for GUH If u and v are adjacent in GG, then clearly
M'(u) and M'(v) are disjoint b-subsets If u and v are adjacent mm H, then M’(u)
and M'(v) are disjoint as they were chosen, respectively, from the disjoint a-subsets

M(u) and M(v) u
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Conjecture 3 25 [/] If a graph s (a b)-choosable, then it 1s (ak bk)-choosable

for all k > 1

It 1s interesting to note that the converse of Conjecture 325 1s not true For
example, Ky 415 (4 2)-choosable, but not (2 1)-choosable [4]

If Conjecture 325 does hold, then by Lemma 324, x,(G'U H) < x/(G)x/(H)
for all graphs G and H By Theorems 3 2 1 and 3 2 2, the conjecture holds for any
complete graph or odd cycle Gutner [5] partially proved the conjecture by showing
that any (2 1)-choosable graph 1s (4 2)-choosable Gutner and Tarsi [6] have also
shown that any even cycle1s (2k  k)-choosable Recently, Tuza and Voigt [15] proved

that any 2-choosable graph 1s (2k  k)-choosable

3.3 Planar Graphs

Thomassen [13] has proved the conjecture of Erdos, Rubin and Taylor [4], that every
planar graph 1s 5-choosable This 1s a best possible result Erdos, Rubin and Taylor [4]
conjectured that there exist planar graphs which are not 4-choosable, which Voigt [17]
proved by exhibiting a non-4-choosable planar graph on 238 vertices Mirzakham [11]
has since found a graph on 63 vertices which 1s planar and not 4-choosable

Alon and Tarsi [1] have shown that every bipartite planar graph 1s 3-choosable
This 1s a best possible result as there exist bipartite planar graphs which are not

a

2-choosable  If § < 3, then the bipartite planar graph, ]\'2((,)2 1s not (a  b)-

b
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choosable [4] For example, K34 1s not 2-choosable

Every planar graph of girth at least 5 1s 3-choosable, m fact 1t 1s possible to
precolour any 5-cycle in the graph and extend this to a proper colouring of the whole
graph [14] This 1s a best possible result as not every planar graph of girth 4 1s
3-choosable [18]

If every 3-colourable planar graph was 4-choosable (T Jensen, see [14]), then
because every bipartite planar graph 1s 3-choosable, and because every planar graph
1s 5-choosable, this would imply that every k-colourable planar graph 1s (k + 1)-
choosable  Mirzakham has disproved this by finding a 3-colourable planar graph

which 1s not 4-choosable [11]

3.4 Bipartite Graphs

Known results for choice numbers of bipartite graphs are summarized in the following

theorems

Theorem 341 [j/ Ifp>1 and q > p, then K, , 1s p + 1-choosable
Corollary 342 [/ If1 <p<2and q>p, then xo(K,,) <3
Theorem 34 3 [}/ xi(K3,) <3 of and only +f ¢ < 26

Theorem 34 4 [8], [10] x¢(Kay) <3 of and only of ¢ < 18

Theorem 345 [12] xs(K5,) <3 1f and only of ¢ < 12



The result of Theorem 4 11 1s best possible Consider G = Ky — M = Ky,
where M 1s a perfect matching on the vertices of G By Theorem 3 1 3, x,(G) =

X¢(K2k) = k and by Theorem 314, x,(GUM) = xo(Ka2) =k + k =2k

Theorem 4 1 2 If (G s a k-choosable graph, then x,(GUK,) < k+n—1

Proof Suppose (k+ n — 1)-sets have been assigned to the vertices of G U K,, If
(¢ and K, have no common vertex, then y,(G U K,) = max{k,n} < k+n —1
Otherwise there exists a vertex v € V(G) N V(K,) Colour each vertex of K, — {v}
with a distinct arbitrary colour from 1its set, deleting the colour from all other sets
Properly colour the uncoloured vertices of G using colours from their resulting sets

of cardinality at least k g

The result of Theorem 4 1 2 1s best possible Consider G = K41 — K1, = K,

Now, x¢(K1,) =2 and x,(GUK;,) = xe(Kap1) =n+2—-1=n+1

Theorem 4 1 3 [f G s a k-choosable graph, then x,(G U () < 2k + 1

Proof Let C,, = P, U e, where e 1s an edge of C;, By Theorem 3 2 3 and Lemma

324, xo(GUP,) < 2k, and by Theorem 4 1 1, x,((GUP,)Ue) = xo(GUC,) < 2k+1 g

The result of Theorem 4 1 3 1s best possible Consider G = Ky, 41, for some

m >1 x¢(G) =1 and by Theorem 3 15, x¢/(GUCopnt1) = xe(Coms1) =2(1)+1 =3
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4.2 (a b)-Choosability

Lemma 4 2 1 If a and b are positwe integers such that § > 2, and G' 15 a graph

such that core((G) s (a b)-choosable, then G s (a b)-choosable

Proof The proof 1s by induction on the number of vertices of G which are not n
core((G) If G 1s a graph such that core(G) 1s (a  b)-choosable and there are no

vertices which are not 1n core(G), then clearly G 1s (¢ b)-choosable

For some k > 1, let Sy,_y = {G  core(G) 1s (a b)-choosable and G has k — 1
vertices not n core(()} Assume that all graphs in Sy_; are (¢ b)-choosable Let
be a graph such that core(G) 1s (a b)-choosable and G has k vertices not 1 core(()
Let v be a vertex of degree one in G As core(G—{v})1s (¢ b)-choosable and G —{v}
has £ — 1 vertices not m core(G — {v}), G — {v} € S,_1 Thus an (¢ b)-choice can
be determined for G — {v} There are |L(v)|—b > 2b—b = b elements i L(v) which
are not 1n the b-subset of the vertex adjacent to v Thus the (a b)-choice for G — {v}

can be extended to an (a b)-choice for G' g

Theorem 4 2 2 [fG s a graph with x,(G) = 3 > 2, then G 15 ()4 (k—1)(a(G)+1)

k)-choosable for any k > 1, where a(G) =maz{A(core(G)), 1}

Proof The proof 1s by induction on & For k=1, G 1s (j + (1 — 1)(a(G) + 1) 1)-
choosable or () 1)-choosable Suppose that for some k > 2, G'1s (7 + (k —2)(a(G) +
1) (k —1))-choosable, and that sets L(v) of cardinality j + (k — 1)(a(G) 4 1) have

been assigned to the verticesof G Thena (j+(k—1)(a(G)+1) (k—1))-choice can
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be determined for core((G) Now for each vertex v € core(G), delete the elements of
the (k — 1)-subsets of adjacent vertices from L(v) At least j + (k — 1)(a(G) 4+ 1) —

(k — 1)(a(G) + 1) = y unchosen elements remain 1n each set As G 1s j-choosable,

a kth element can be chosen for each vertex in core(G) By Lemma 42 1, since

J+(k—l)]£a(f;)+1) > 2+(k—1)(1+1) - ZTk = 2, the (j + (k— 1)(a(G) + 1)  k)-choice for

core((¢) can be extended to include vertices not 1n core(G) g

If G and H are graphs where o(G) =max{A(core(G)), 1}, x¢o(G) = 7 > 2 and
\¢(H) = k, then by Lemma 3 2 4 and Theorem 4 2 2, y,(GUH) < j+(k—1)(a(G)+1)

The following bounds can be derived from this result

1 If G 1s a forest, core(G) = mK; for some m, so x\,(GUH) <2+ (k—1)(1+1) =

2k
2 If core(G) 1s an odd cycle, then x,(GUH) <3+ (k—1)(2+1) =3k

3 If Gis K, where n > 2, then x,(GUH) <n+(k—=1)((n—1)4+1)=nk

Note that these results are not necessarily best possible Consider the special
case 1 which (G 1s a forest consisting of m copies of K ,,, where m < k By repeated
apphcation of Theorem 4 1 1, x,(GU H) < k+m < 2k 1f G 1s an odd cycle and

k > 1, then by Theorem 4 1 3, x,(GU H) <2k +1 < 3k

Theorem 4 2 3 If G s a graph where core((G) 1s neither complete nor an odd cycle

then G s (kB(G)  k)-choosable for any k > 1, where 3(G) =maz{A(core(G)), 2}
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Proof By Theorem 3 2 3, core(G) 1s (kB(G) k)-choosable As %/3(6') = B(&) = 2,

G s (KB(G)  k)-choosable by Lemma 4 2 1 g

If G and H are graphs where core(G) 1s neither complete nor an odd cycle,
B(G) =max{A(core()), 2} and x4(H) = k, then by Lemma 3 2 4 and Theorem 4 2 3,

x¢(GUH) <kB(G) The following bounds can be derived from this result
1 If G 1s a forest, core(G) = mK; for some m Thus x,(GUH) < 2k
2 If core(() 1s an even cycle, then y,(G' U H) < 2k

3 If xo(G) =2, then by Theorem 3 12, f(G) <3 Thus x,(GUH) < 3k

Again, these bounds are not necessarily best possible

4.3 2-Choosable Graphs

This section presents results for 2-choosable graphs, imncluding algorithms which de-
termine a (2k  k)-choice for the core of any 2-choosable graph, thereby proving that
any 2-choosable graph 1s (2k k)-choosable

It 1s not difficult to determine a (34 k)-choice for any 2-choosable graph
Theorem 4 3 1 If G 1s 2-choosable, then G s (3k  k)-choosable for any k > 1

Proof If G'1s a graph where core(G) 1s (3k  k)-choosable, then by Lemma 4 2 1, as

% =J3>2,G1s (3k k)-choosable Thus 1t suffices to show, using the characteriza-
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tion of 2-choosable graphs given by Theorem 3 1 2, that the core of any 2-choosable
graph 1s (3k k)-choosable Clearly this 1s true for K,

For m > 2, let Cy,, = vo,v1,  ,V2m-1,v9 Suppose that 3k-sets L(v,) have been
assigned to the vertices of Cy,, As the path vo,v1, ,v,-2 15 (2k k)-choosable,
a (3k  k)-choice M(vg), M(v1), ,M(vgm—z), can be detertmined for the path As
| L(v2m—1) — M(vam—2) — M(vo)| > 3k — k — k = k, the (3k k)-choice for the path
can be extended to a (3k k)-choice for the cycle

For some m > 1, let 0,5, consist of the paths v, vam42, V2 and vo, Vam41, Vo
and vg, v1,v2, , V2, Suppose that 3k-sets have been assigned to V(0322,) By the
preceding argument, a (3k  k)-choice, M(vo), M(v1), , M(v2m41), can be deter-
mined for the 2m + 2-cycle vo,v1, ,vamt1,v0 As |L(vamgz) — M(vam) — M(vo)| >
3k — k — k = k, there exists a k-subset M (vy,42) C L(vam42) which 1s disjoint from

both M(vo) and M(vy,,) Therefore ;5 9,, 15 (3k  k)-choosable g

In order to prove Conjecture 3 2 5 for 2-choosable graphs, 1t must be shown that
all 2-choosable graphs are (2k  k)-choosable, for all £ > 1 A simple proof of this
fact has not yet been found The following 1s a proof by induction on k for the case

of the 4-cycle

Theorem 4 3 2 For any positwe wnteger k, Cy 1s (2k  k)-choosable

Proof The proof 1s by induction on k' Let Cy = vg, vy, v9,v5 vg Suppose that 2-sets

L(v,) have been assigned to the vertices of 'y Suppose there exist adjacent vertices
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v, and v, such that |L(v,)N L(v,)| <1 Choose an element m(v,) € L(v,) — L(v,) For
the path Cy— (v,,v,), {m(v,)} can be extended to a (2 1)-choice. As m(v,) & L(v,),
m(v,) # m(v,), and therefore a (2 1)-choice has been determuned for C

Otherwise |L(v,) N L(v,)| > 2 for each pair v,, v, of adjacent vertices Thus
L(v;) = L(v,) for each pair of adjacent vertices, and further, L(v,) = L(v,) for each
pair of vertices Choose elements m(vg) = m(vy) € L(vo), and m(v1) = m(vs) =
L(vg) — {m(vo)}, determimning a (2 1)-choice for Cy

Suppose Cyq 18 (2(k — 1) (k — 1))-choosable for some k > 2, and 2k-sets L(v,)
have been assigned to the vertices of 'y Suppose there exist adjacent vertices v,
and v, such that |L(v,) N L(v,)| < k Choose a k-subset M(v,) C L(v,) such that
M(v,) N L(v,) =@ For the path Cy — (v,,v,), M(v,) can be extended to a (2k k)-
choice As M(v,)N L(v,) =0, M(v,)N M(v,) =0, and therefore a (2k k)-choice has
been determined for (4

Otherwise the sets of any two adjacent vertices intersect in at least £+ 1 elements,
and m particular, |L(vo) N L(vy)| > k+ 1 and |L(v1) N L(vy)| > k41 Now |L(vo) N
L(v1)| 4+ |L(v1) N L(v2)| — |L(vo) N L(v1) N L(vg)| < |L(v1)| =2k Therefore |L(vo) N
L(vi) N L(ve)| > (k4+1)4+ (k+1) — 2k = 2, so certanly |L(vg) N L(vy)| > 2
Smmularly, |L(v1) N L(vs)| > 2 Choose elements m(vy) = m(v2) € L(vo) N L(v2) and
m(v1) = m(vs) € (L(v1)N L(vs)) —{m(vo)}, determiming a (2k 1)-choice for Cy Set
L'(v,) = L(v,) — U2 o{m(v,)} for each v, As|Uo{m(v.)}| =2, |L'(v))| > 2k — 2 for

each v, As Cy1s (2(k —1) k — 1)-choosable, (k — 1)-subsets M'(v,) C L'(v,) can
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be chosen for each v, so that adjacent vertices have disjomnt (k — 1)-subsets Setting
M(v,) = M'(v,) U {m(v,)} for each v, yields a (2k k)-choice for Cy Thus Cy4 1s

(2k  k)-choosable for all k > 1 g

Fach of Algorithms 2 through 5 which follow acts on a particular class of 2-
choosable graphs If 2k-sets have been assigned to the vertices of the mput graph,
then the appropriate algorithm can be used to output a (2k  k)-choice for that graph

In Algorithms 2 through 5, an 1teration involves removing edges of the input graph
to obtamn a spanning tree T with root r, choosing an element m(r) € L(r), and calling
Algorithm 1, below Algorithm 1 performs a breadth-first search on 7', choosing and
deleting an element from colour set L(v) when reaching vertex v If d(r,v) 1s even, the
chosen element 1s added to 1ts choice set M(v) The data structures for Algorithm 1

imclude R, which 1s a queue of vertices, and S, which 1s a set of vertices of T’

Algorithm 1

Input tree 7', root r, element m(r), sets M(v) and L(v) for each v € V(T)

Initiahization S =0,: =0

BEGIN
R = queue_nsert(r, empty_queue),
M(r) = M(r)Um(r), (11)

L(r) = L(r) = m(r),

WHILE not_empty(R) DO BEGIN
1 =1+ 1,
v = queue_remove(R),

FOR each neighbour u of v DO



[F w1s not in R or S THEN BEGIN
R = queueansert(u,R),
[F m(v) € L(u) THEN
m(u) = m(v)
ELSE
Choose m(u) € L(u) — L(v),
L(u) = L(u) — m(u),
[F 2 1s even THEN
END,
S = S {v}
END
END

Complexity O(|V(T)|)

(12)
(13)

(16)

22

That the time complexity of this algorithm 1s O(|V(T')|) 1s clear from 1ts breadth-

first search nature, in which a fixed set of constant time operations 1s performed for

each vertex of 7'

For the proofs which follow, note that after each call to Algorithm 1, the cardi-

nality of each colour set L(v) has decreased by one, and for each vertex v such that

d(r,v) 1s even, the cardinality of M(v) has increased by one

Lemma 4 3 3 Suppose there 1s a call to Algorithm 1| where m(v) = x s added to
M(v) Then for any vertex u which s adjacent to v in T', x will not be wn L(u) on

completion of the call, and x will not be added to M(u) during the call

Proof If v =r, then d(r,v) 1s even Otherwise, m(v) = z and z 1s added to M(v)

at line (1 6), so d(7,v) 1s even



23

Suppose that d(r,v) = d(r,u) —1 Then m(v) 1s chosen before m(u) If m(v) =
x € L(u), then m(u) = z at line (1 3) Now z 1s deleted from L(u) at line (1 5), and
as d(r,u) 1s odd, u 1s not added to M(u) at line (1 6)

Suppose that d(r,v) —1 = d(r,u) Then m(u) 1s chosen before m(v) Suppose
that m(u) =y Then y 1s deleted from L(u) at line (1 5) and y 1s not added to M (u)
at lime (1 6) Now m(v) = z 1s chosen erther at line (1 3) or line (14) If chosen
at line (1 3), then m(v) = m(u), so y = = If chosen at line (14), then y # z and

m(v) € L(v) — L(u),so € L(u) n

Given an assignment of 2k-sets to the vertices of a tree T'. Algorithm 2 determines
a (2k  k)-choice for T' The mitialization includes choosing an arbitrary root 1 €
V(T) Algorithm 1 1s called k£ times by Algorithm 2, resulting in a choice of k elements
for each vertex at an even distance from r For each vertex at an odd distance from

1, the remaming k elements in 1ts colour set provide 1ts choice set

Algorithm 2

Input £, T, sets L(v) for each v € V(T)
Initialization Arbitrarily choose a root vertex, r € V(T), 2 = 0, M(v) = 0 for
each v € V(T)

BEGIN
FOR:=1TO k£ DO BEGIN
Choose m(r) € L(r), (21)
Jall Algorithm 1
END,
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FOR all v € V(T') such that d(r,v) 1s odd DO
M(v) = L(v) ¢

SN
8]
—

END

Output sets M(v) for each v € V(T)

Complexity O(k|V(T)|)

Theorem 4 3 4 Any tree 1s (2k  k)-choosable for all k > 1

Proof It suffices to show that the sets M(v) for each v € V(T') are a (2k k)-choice
for T As the root vertex r 1s fixed during Algorithm 2, there 1s a fixed set of vertices
at an even distance from r, and a fixed set of vertices at an odd distance from r So
if v1s a vertex such that d(r,v) 1s odd, elements of L(v) arc added to M(v) only at
line (2 2)

After Algorithm 1 1s called k times, |L(v)| = k for each v, and |M(v)| = k for
each v such that d(r,v) 1s even By line (22), |[M(v)| = |L(v)| = k for all v such
that d(r,v) 1s odd Therefore M(v) C L(v) and |M(v)| = k for each v € V(T)

There 1s a fixed set of vertices at an odd distance from 7, so if v 1s a vertex such
that d(r,v) 1s odd, elements of L(v) are added to M(v) only at hne (22) Thus if
r & L(v) at any stage of Algorithm 2, then z 1s not in M(v) on completion of the
algorithm By Lemma 4 3 3,1f 2 1s added to M(v) during a call to Algorithm 1, then
for any vertex u which 1s adjacent to v, r will not be mm L(u) on completion of the
call, and z will not be added to M(u) during the call Therefore for each z € M(v),

where d(7,v)1s even, z € M(u) for any u adjacent to v



Thus the sets M(v) are a (2k  k)-choice for T' g

For some m > 2, let Cy,, = vo,v1, ,V2m-1,v0 Given an assignment of 2k-sets
to the vertices of (y,,, Algorithm 3 determines a (2k k)-choice for the cycle The
algorithm searches for a pair u, v of adjacent vertices which have distinct colour sets
If such a pair exists, then 7' = 5, — (u,v) and Algorithm 1 1s called This search
1s 1terated + < k times, while such a pair of vertices exists, resulting in a choice set
of 7 elements for each even-indexed vertex If : = k, then for each vertex at an odd
distance from r, the remaining k elements n 1ts colour set provide 1ts choice set [f
1 < k, then for each vertex at an even distance from r, an additional & — ¢ elements
for 1ts choice set are chosen from L(vy) For each vertex at an odd distance from 7,
the remaiming 2k — 1 elements of 1ts colour set, excluding the £ — 2 elements chosen

above, provide a choice set of k elements

Algorithm 3

Input £, sets L(v) for each v € V(Cy,)
Imitialization ¢ =0, M(v) =0 for each v € V(Cyy,)

BEGIN
WHILE [« < k] AND [there exists an even 3, 0 < j < 2m — 1 such that
either L(v,) # L(v,4+1) OR L(v,) # L(v,—1)] DO BEGIN

[F there exists an even j such that L(v,) # L(v,+1) DO BEGIN
I '=Cm— (ijvj-H)v
P =,
m(r) =z where z € L(v,) — L(v,41) (31)

END
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ELSE IF there exists an even j such that L(v,) # L(v,-1) DO BEGIN
T = sz = (’L’J,’Uj_l),

r o=y
m(r) =z where z € L(v,) — L(v,_1) (32)
END,
Call Algorithm 1, (33)
1 =141
END,
[F : = £k THEN
M(v,) = L(v,) for each odd (34)
ELSE BEGIN
Choose M'(vg) C L(vo) where |M'(vo)| = k — 1, (3.5)
For each even 3, M(v,) = M(v,) U M'(v), :
For each odd j, M(v,) = L(v1) — M'(vo) (37)
END
END

Output sets M(v) for each v € V(Cy,,)

Complexity O(mk)

Algorithm 3 1s 1terated at most k times, where each 1teration consists of a fixed
set of operations, including at most one call to Algorithm 1 As the searches take
time O(|V(T)|) = O(m), the other operations take constant time, and Algorithm 1

always acts on a tree T' where |V(T')| = 2m, the time complexity of Algorithm 3 1s

O(mk)

Theorem 4 35 For all k > 1, Cy,, 1s (2k  k)-choosable

Proof It suffices to show that the sets M(v) for each v € V(Cy,,) are a (2k k)-

choice for Cy,, For any call to Algorithm 1, r = v, where j 1s even, so the vertices at
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an even distance from 7 are v, such that j 1s even, and those at an odd distance from
1 are v, such that j 1s odd Suppose that v, € V(Cy,,) where 7 1s odd Elements of
L(v,) are added to M(v,) only at hne (3 4) or (3 7)

Suppose that Algorithm 3 calls Algorithm 1 exactly 2 times Then |L(v,)| = 2k —2
for all v,, and |M(v,)| = for all even 3 If : = k, then |L(v,)| = k for each v,, and
IM(v,)| = k for each even 3 By lne (34), |[M(v,)| = |L(v,)| = k for each odd
Thus M(v,) C L(v,) and |M(v,)| = k for each v, € V(Csy,)

If » < k, then for all even j, L(v,) = L(v,41) and L(v,) = L(v,—1) Thus all
vertices have the same set At line (3 6), |M(v,)| = |M(v,)U M'(vo)] =1+ (k-1)
= k for each even 3 As M'(vo) C L(vg) = L(v,), M(v,) C L(v,) for each even ; At
line (37), IM(v,)| = |L(vi) — M'(vo)] = 2k —2 — (k — 1) = k for each odd 7 As
L(vi) — M'(vo) € L(v1) = L(v,), M(v,) C L(v,) for all odd )

The vertices at an odd distance from r are v, where 7 1s odd, so if v, € V(C5,,) and
7 18 odd, then elements of L(v,) are added to M(v,) only at hne (3 4) or (3 7) Thus
if at any stage of Algorithm 3, « ¢ L(v,), then z 1s not in M(v,) on completion of
the algorithm Suppose that m(v) = z 1s added to M(v) during a call to Algorithm 1
which acts on 7' Then by Lemma 4 3 3, for any u which 1s adjacent to v in T, z will
not be imm M(u) on completion of Algorithm 3

Consider a call to Algorithm 1 where T' = Cy,,, — (v,,v,41), and ) 1s even Then
by line (3 1), z € L(v,) — L(v,41) At lme (11), z will be added to M(v,) As

&t & L(v,41) and j) + 115 odd, z will not be mn M (v,41) on completion of Algorithm 3
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Similarly if a call 1s made when T' = Cap — (v,,v,-1)

Suppose = € M(v,) was chosen at line (35) Then at line (36), M(v,) =
M(v,) U M'(vo), where z € M'(vo) For each odd j, M(v,) = L(v;) — M'(vo) at line
(37),s0 z ¢ M(v,)

Therefore M(u) N M(v) = 0 for each pair of adjacent vertices, and the sets M (v)

are a (2k k) choice for Cy,, n

Let 0,55 consist of the paths vg, vy, vy and vg, v, vy and v, vy, v, Given an as-
signment of 2k-sets to the vertices of 6322, Algorithm 4 determines a (2k  k)-choice
for the graph The algorithm searches for a pair of vertices, v, v;, adjacent to vy (or
v,) such that L(vg) (or L(vz)) contains an element which 1s not i L(vg) N L(v,) If
such vertices exist, ' = 0292 — (vo,vs) — (vo,v:) (or T = 0222 — (v2,vs) — (v2,v4))
and Algorithm 1 1s called This search 1s 1iterated + < k times, while such a pair of
vertices exists, resulting in choice sets of » elements for vy and vy, If + = £k, then for
each of vy, v3 and vy, the remaining k£ elements in 1ts colour set provide its choice
set. If + < k, then for vy and vy, an additional £ — 1 elements for 1ts choice set are
chosen from L(vg) N L(vz) For each of vy, v3 and vy, the remaining 2k — ¢ elements
of 1ts colour set, excluding the k£ — 1 elements chosen above, provide a choice set of £

elements

Algorithm 4

Input £, sets L(v) for each v € V(035)



Imtialization @« =0, M(v) = for each v € V(652)

BEGIN
WHILE [ < k] AND [there exists ¢ € L(vo) — L(vs) — L(v;) OR there exists
z € L(vy) — L(vs) — L(v;) where s,t € {1,3,4}, s # t] DO BEGIN
IF there exists @ € L(vo) — L(vs) — L(vy), where s,t € {1,3,4},
s #t THEN BEGIN

T = 92,2,2 == (Uo,Us) - (UO»Ut)» (4 1)

r .= o;

i) = (4 2)
END

ELSE IF there exists € L(vy) — L(vs) — L(v;), where s,t € {1,3,4},
s # ¢ THEN BEGIN

T =022 — (vg,v5) — (v, 1),

P S Yy
m(r) =z
END,
Call Algorithm 1, (4 3)
Seb ¥ =341
END,
IF « = k THEN
M(v,) = L(v,) for ) =1,3,4 (44)

ELSE BEGIN
Choose M'(vo) = M'(vg) C L(vo) N L(vy) where |M'(vo)| =k —2, (4 5)
Choose M'(v,) C L(v,) — M'(vo), where |M'(v,)| = k, for y = 1,3,4, (4 6)
M(v,) = M(v,) U M'(v,) for each vertex v, (47)
END
END

Output sets M(v) for each v € V(0,..)
Complexity O(k)
Algorithin 4 1s iterated at most £ times, where each 1teration consists of a fixed

set of operations, mcluding at most one call to Algorithm 1 As the searches take

time O(|V(T)|) = O(1), the other operations take constant time, and Algorithm 1



30

always acts on a tree 7" where |V(T')| = 5, the time complexity of Algorithm 4 1s

O(k)

Theorem 4 3 6 For all k > 1, 035, 1s (2k  k)-choosable

Proof It suffices to show that the sets M(v) for each v € V(0,,,) are a (2k  k)-
chite for By5.5. For any wall to Algorithm 1, 7 = vg 0¥ ¥ = v, 8o the verticss at an
even distance from 1 are vy and v,, and those at an odd distance from r are vy, v3
and vy For y =1, 3 and 4, elements of L(v,) are added to M(v,) only at lne (4 4)
or (47)

Suppose that Algorithm 4 calls Algorithm 1 exactly + times Then [L(v,)| = for
all v,, and |M(v,)| =2 for ) =0and y =2 If: =k, then |L(v,)| = k for each v,,
and |M(v,)| =k for gy =0 and 3y =2 At line (44), [M(v,)| =|L(v,)| =k for y =1,
3 and 4 Thus M(v,) C L(v,) and |M(v,)| = k for each v, € V(0;)

If 2+ < k 1t must be shown that at line (4 5), |L(vo) N L(vz)] > k —2 Each
element of L(vg) occurs m at least two of L(vy), L(vs), L(vs) and each element of
L(v,) occurs m at least two of L(vq), L(vs), L(vsg) Therefore 2|L(vo)| + 2|L(v2)| —
2 L(vo) 1 L(wa)] < |L(w)] + [E(vs)] + [L(oa)]  As [L(1,)] = 2k — s for each v,,
2(2k — 1) + 2(2k — 1) — 2|L(vo) N L(v2)| < (2k —¢) + (2k — 1) + (2k — @) Therefore
|L(vo) N L(va)| > k— 5 >k —2

At line (4 7), [M(v,)| = [M(v,)UM'(v))| =2+ (k—2)=kfory=0and =2

As M'(v,) C L(vo) N L(v2), M(v,) C L(v,) for each even 3 At line (4 7), |M(v,)| =
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IM(v,) U M'(v,)] = [M'(v,)| = k for 3 = 1,3,4 As M'(v,) C L(v,) — M'(vo),
M(uv,) C L(v,) for j = 1,3,4

The vertices at an odd distance from r are vy, vz and vy For j = 1,3 or 4,
elements of L(v,) are added to M(v,) only at line (4 4) or (4 7) Thus if at any stage
of Algorithm 4, z ¢ L(v,), then z 1s not in M(v,) on completion of the algorithm
Suppose that mlv) = & is added te M{w) during a call to Algorithm 1. Then by
Lemma 4 3 3, for any u which 1s adjacent to v in 7', z will not be m M(u) on
completion of Algorithm 4

Consider a call to Algorithm 1 where T' = 055 5 — (vg, vs) — (vo,v;) By lne (4 2),
m(vg) = z, and = will be added to M(vo) at lme (1 1) As z € L(vo) — L(vs) — L(vy),
r ¢ L(vs) and = & L(v:), so z will not be m M(v,) or in M(v;) on completion of
Algorithm 4 Simularly 1if a call 1s made when T' = 0555 — (v, v5) — (v2,v4)

Suppose © € M(vg) was chosen at line (4 5) Then at line (4 7), M(vo) = M(vo)U
M'(vo), where z € M'(vo) For y =1, 3 and 4, M(v,) = M(v,) U M'(v,) = M'(v,),
where M'(v,) C L(v,) — M'(vg) Thus z &€ M'(v,), so x & M(v,)

Thus M(v) N M(u) = 0 for each pair of adjacent vertices, and the sets M(v) are

a (2k k) chowce for 055 n

For some m > 1, let 0534, consist of the paths v, vom42, V2 and vo, V241, Vo
and vg,v1,v2, V2, Given an assignment of 2k-sets to the vertices of 05 5 5, Algo-
rithm 5 determines a (2k  k)-choice for the graph For each 1teration, a rooted subtree

T of 0339, 15 chosen and Algorithm 1 1s called If the root r 1s such that d(r,vg) 1s
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even, then 2 1s incremented after the call Otherwise, ' 1s incremented This 1teration
occurs ¢ + 2’ times, while 2 < k, +/ < k, and certain other conditions are satisfied, re-
sulting 1n choice sets of ¢ elements for vertices v, such that 7 = 0,2, ,2m and choice
sets of «/ elements for v, such that ) = 1,3, ,2m+1,2m+2 If: = k, then for each of
V1,03,  U2mils Vamaz, the remaiming k — ' elements in 1ts colour set provide the re-
mainder of 1ts choice set  If o/ = &, then for each of vy, vy,  ,va,,, the remaining k—:
elements 1n 1ts colour set provide the rest of its choice set If ¢ < k and ' < k, then
ordered pairs of elements {(z2m+41, Zam+2) ZTams1 € L(Vam+1), Tams2 € L(Vams2)} are
formed, reducing the remainder of the (2k  k)-choice for 05, to a (2k  k)-choice

for (—"V‘Zm+‘2

Algorithm 5

Input k, m, sets L(v) for each v € V(032 2m)
Initialization @« =0, =0, M(v) =0 for each v € V(0,22:m), L'(Vam41) =10

BEGIN
WHILE [» < k] AND [ < k] AND [there exists ¢ € L(vo) — L(vs) — L(v¢)
such that s,t € {1,2m + 1,2m + 2}, s # ¢ OR there exists © € L(vyy,)—
L(vs) — L(v;) such that s,t € {2m — 1,2m + 1,2m + 2}, s # ¢t OR there
exists an element z which 1s contained m exactly three of L(vy), L(vapn),
L(vam+1)s L(v2ms2)] DO BEGIN
IF there exists ¢ € L(vo) — L(vs) — L(vy), s,t € {1,2m + 1,2m + 2},
s #t THEN BEGIN

T =853 9m — (Uo, Us) . (1’0- l‘t)~ (5 1)

T = Yo,

m(r) =z (52)
END

ELSE IF there exists € L(van) — L(vs) — L(v:), where s,t €



{2m —=1,2m + 1,2m + 2}, s # t THEN BEGIN
T = 0222m — (vam,vs) — (V2m, V1),
r = VUmnm,
mir) =z
END
ELSE IF there exists 2 € (L(vo) N L(vamt1) N L(vam+2)) — L(vam)
THEN BEGIN

L = 02,2,2771 e (U2m; v'27n+1) = ('U?my U'2m+2),

I = Vam+1,
m(r) =2
END

ELSE IF there exists ¢ € (L(vay) N L(v2m41) N L(v2m+2)) — L(vo)
THEN BEGIN

T =0, 2,2m — (Uo, Uzm+1) - (U(), Uzm+2)

= U‘2m+1;
mlr) =&
END

ELSE IF there exists € (L(vo) N L(vam) N L(vamt1)) — L(vamst2)
THEN BEGIN
Find the mmimum ¢ > 0 such that = € L(v,) for y = ¢,
t+1, ,2m
IF t 1s even THEN BEGIN

T = 92,2,2m = (Ut, Ut—l) - (Uzm, U2m+2)

T = VU2m,
mr) =&
END

ELSE BEGIN
m(vamt2) =Y € L(vams2) — L(wo),
C =0y29m— (Uzvn,‘v2m+2) - (Uo,vzm+2),
IF y ¢ L(vy,) THEN BEGIN
T =C — (v4,v4-1),
P e
mir) =g
M (v2ms2) = M(v2m42) U{y}
END
END
ELSE BEGIN
Find the mmimum u > 0 so that y € L(v,) for j = u,
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u+1, ,2m
T =C — (vy,v41)
i Wi
f(f) =4
IF u1s odd THEN
M (vzmy2) = M(vami2) U {y}
END,
L(vam+2) = L(vam+2) — {y},
END,
ELSE IF there exists ¢ € (L(vo) N L(vam) N L(vam42)) — L(vams1)
THEN BEGIN
Find the minmmum ¢ > 0 such that « € L(v,) for j = ¢,
t+1, ,2m
IF t 1s even THEN BEGIN
I .= 92,2,2771 - (Uz, Ui—l) = (Uzm,v2m+1)
P = s
m(r) = w
END
ELSE BEGIN
m(vamt1) =y € L(vams1) — L(vo),
= 92,2,2m - (Uzm,U2m+1) - ('007 U27n+1)7
IF y & L(vy,) THEN BEGIN
T =C — (v,ve-1),
P o=
m(r) =z
M(vami1) = M(vomsr) U {y}
END
END
ELSE BEGIN

Find the mmimum u > 0 so that y € L(v,) for j = u,

u+1, ,2m
T =C — (VuyVu-1)
B =
m(r) =y

IF u1s odd THEN
M(/Ulm-‘H) = M(U2m+1) U {y}
END,
L('Uzm.+_1) = L(v?m%—l) . {y}‘



END,
Call Algorithm 1,
IF r € {vo,v2, ,v2m} THEN
1 =14+ 1
ELSE
AR
IF : = k THEN
M(v,) = M(v,)U L(v,) for 3 =2m + 2 and each odd
ELSE IF '/ = £k THEN
M(v,) = M(v,)U L(v,) for each even 3,0 < j < 2m
ELSE BEGIN {pairing}
FOR all z € L(vg41) DO
IF z € L(vam42) THEN BEGIN
L/(v‘27n+1) = L,(v2m+1) U {($, .”C)}
L(vamt1) = L(vam4) — {z}
L(vamt2) = L(vamy2) — {2}
END
ELSE IF z € L(vo) THEN BEGIN
L'(vam1) = L'(vams1) U{(z,y)}, where y € L(vams2)—
L(vo)
L(v‘2m+1) = L(U2m+1) - {:I:}
L(vam42) = L(vams2) — {y}
END
ELSE BEGIN
L/(U'ZWH-I) = L'(vgm41) U {(‘Evy)}v where y € L(vapi2)—
L(vam)
L(vamt1) = L(vamsr) — {2}
L(U2m+2) = L(U2m+‘2) - {y}
END;
Jall Algorithm 6,
FOR each (z,y) € M(vz;,41) DO BEGIN
M (vam41) = M(vamy1) U {z},
M (vamt2) = M(vzmt2) U {y}
END
END
END

Output sets M(v) for each v € V(35 2,,)

(5 26)

(5 27)
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Complexity O(mk)

Algorithm 5 1s 1terated at most 2k times, where each 1teration consists of a fixed
set of operations, mcluding at most one call to Algorithm 1, either directly from
Algorithm 5, or indirectly via Algorithm 6 As the searches take time O(|V(T')]) =
O(m), the other operations take constant time, and Algorithm 1 always acts on a

tree T where [V(T')| = 2m + 2, the time complexity of Algorithm 5 1s O(mk)

Algorithm 6

Input A, sets L(v) for each v € V(Copy2)

BEGIN
WHILE [« < k] AND [there exists an even 3, 0 < j < 2m + 1 such that
either L(v,) # L(v,4+1) OR L(v,) # L(v,-1)] DO BEGIN

[F there exists an even j such that L(v,) # L(v,+;) DO BEGIN
I = sz+2 . (U],UJH),
P =g
m(r) =z where z € L(v,) — L(v,41) (61)

END

ELSE IF there exists an even j such that L(v,) # L(v,—;) DO BEGIN
T = Com+2 — (v5,v;-1),

P =
m(r) =a where 2 € L(v,) — L(v,-1) (62)
END,
Call Algorithm 1, (6 3)
=441
END,
IF : = k THEN BEGIN
M(v,) = M(v,)U L(v,) for each odd j < 2m + 1, (64)

M(U‘2m+l) = L(U‘2m+l)

ELSE BEGIN
Choose M'(vy) C L(vg) where |M'(vo)| = k — 1, (65)
M'(v1) = L(v1) — M'(wvo),
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For each even j, M(v,) = M(v,) U M’'(v), (66)

For each odd j < 2m + 1, M(v,) = M(vy) — M'(vy), (67)

M (v2ms1) C L(vams1) — M'(vo), where | M (vapmqr| = A =2/ (6 8)
END

END

Note that Algorithm 6 1s almost 1dentical to Algorithm 3 Algorithm 6 acts on a
2m+2-cycle, rather than a 2m-cycle, and no mitiahization 1s required for Algorithm 6

As the elements of all other sets are singletons, while the elements of L(vy,,41) are
ordered pairs, some definitions are required Define L(v,) = L(vay41) 1f and only 1f
for each z € L(v,), there exists (y, z) € L(vam41) such that either y = z or z = z (or
both) Define L(v,) — L(vams1) = {z 2 € L(v,) and for all (y,2) € L(vyms1), y #
zand z # z}  Define L(vymir) — M'(vo) = {(y,2) (y,2) € L(vams1), y &
M'(vg) and z € M'(ve)} In Algorithm 1, define m(vy,,41) € L(u) 1f and only 1f

m(vymt1) = (y, 2), where y € L(u) or z € L(u) (or both)

Lemma 4 3 7 If the elements of L(vyms1) and L(vy,42) are pawred in Algorithm 5,
then every x € L(vg) U L(van) U L(vams1) U L(vams2) s contained in ezxactly two or

i exactly four of L(vo), L(vam), L(vam+1), L(vam2)

Proof If the elements of L(vq,,41) and L(vgp42) are paired in Algorithm 5, then the

following conditions are satisfied

1 If 2 € L(vo) then x 15 10 at least two of L(vq), L(vamt1), L(vamaa),

2 If x € L(vy,) then x 15 m at least two of L(vap—1), L(vamt1), L(vams2),



3 If z € L(vo) N L(vamy1) N L(voms2), then z € L(vyy),

4 If € L(vam) N L(vamt1) N L(vamy2), then z € L(vy),

If £ € L(vo) N L(vam) N L(v2m41), then z € L(vamt2),

(&7

6 If 2 € L(vo) N L(vam) N L(vamy2), then 2 € L(vamy1)

By conditions 3 through 6, 1f  1s 1n any three of L(vo), L(v2m), L(v2m+1), L(vams2),
then z 1s 1 all four of them By conditions 1 and 2, 1f 2 € L(vg) or z € L(vam),
then € L(vam41) or & € L(vams2) Thus 1t suffices to show that 1f 2 € L(vypy1) or

T € L(vymt2), then 2 € L(vg), or € L(vay,)

[L(vo)l = [L(vo) N L(vam41)| + |L(vo) N L(vzms2)|=
[L(vo) N L(vzm41) N L(vamt2) N Llvam)|
[L(vam)| = [L(vam) N L(vam41)| + | L(vam) N L(vamsa)|—
| L(vam) N L(vam41) N L{vzms2) N L(vo)
| L(vamr)| = [L(vam41) = L(vo) — L(vam)| + [ L(vam41) N L(vo)[+
Lvams1) O L(vam)| = [L(v2m41) N L(vo) N L(vam) N L(vams2)]
| L(vams2)| = [L(vam42) — L(vo) — L(vam)| + [L(vam42) N L(vo)|+

IL(v27n+2) n L(U'2m)| - |L(v2m+2) N L(UO) N L(”Zm) N L(U'Zm-f—l)l

As |L(vo)| = |L(vam)| = |L(vams1)| = |L(vams2)|s 0 = |L(vam41)| + |L(vame2)| —

|L(vo)| = [L(vam)| = |L(vams1) — L(vo) — L(vam)| + [L(vams2) — L(vo) — L(vam )|
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Therefore |L(v2mt1) — L(vo) — L{vem)| = 0 and |L(vamt2) — L(vo) — L(v2m)| = 0,
so any @ € L(vg) U L(v21,) U L(v2m41) U L(v2142) 18 contained 1n exactly two or

exactly four of L(vo), L(vam), L(vam+1), L(v2ms2) n

]9

Lemma 4 3 8 [f the elements of L(vay41) and L(vgpy2) are paired in Algorithm 5,
then |L(vo) N L(vams1)| = |L(vam) N L(vams2)| and |L(ve) N L(vamtz)| = |L(vem) N

L(U‘Zm—{—] ) |

Proof 0 = [L(vams1)| + |L(vo)| — [L(vame2)| = |L(vam)| = 2[L(vo) N L(vams1)| —
2|L(v3) N L(vams2)| Thus |L(ve) N L(vamt1)| = |L(vam) N L(vams2)| Similarly for

|L(vo) N L(vam42)| = |L(vam) N L(vams1)| w

Lemma 4 39 The elements of L(vy41) can be pawred with elements of L(vap42) in

Algorithm 5

Proof Suppose the elements of L(vay41) and L(vgp42) are paired in Algorithm 5 If
& € L(vymt1) N L(vamqt2) then (z,2) 1s paired at line (5 25) Otherwise 2 € L(vy,41)
and z & L(vyng2) If 2 € L(vams1) N L(ve) then by Lemma 4 3 8, there exists
y € L(vymi2) — L(vg) and (z,y) 1s paired at hne (526) Otherwise z € L(van41),
r & L(vamyr) and o &€ L(vg), so & € L(vamy1) N L{vay,) By Lemma 4 3 8, there
exists y € L(vamy2) — L(vay) and (z,y) 1s paired at line (5 27) Thus the elements of

L(vgm41) can be paired with the elements of L(vy,42)
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Lemma 4 3 10 Suppose there s a call to Algorithm 1 where m(r) = x  If there
exists a path r = wy,uy,  ,up i T where x € u, for v =1 to {, then m(us) = «

during the call to Algorithm 1

Proof The proof 1s by induction on ¢ Suppose that a call 1s made to Algorithm 1

where m(r) =« If { =1, then m(r) = m(u1) = & during the call to Algorithm 1
Suppose that if there exists a path r = uy,us, ,up, 1n T where z € u, for 2 = 1

to ¢, then m(us—;) = = during the call to Algorithm 1 Now m(us_1) = 2 € L(uy), so

m(us) =z at line (13) g

Theorem 4 3 11 For allm > 1, k> 1, 0352, 15 (2k  k)-choosable

Proof It will be shown that the sets M(v) for each v € V(022.9,,) are a (2k  k)-
choice for 0,3 2,, After Algorithm 1 1s called ¢ +2' times, |L(v,)| = 2k—¢—2' for all v,
For y =0,2, .2m, |M(v,)| =1, and for y =1,3, ,2m+1,2m+2, |M(v,)| ="
If « = k, then |L(v,)| = k — ¢ for each v,, and for y = 0,2, ,2m, |M(v,)| =k
Therefore |M(v,)| = |M(v,)UL(v,)| = (/'+k)—2' = kfor ) =1,3, ,2m+1,2m+2
If/ = k, then |L(v,)| = k—1for each v,, and for y = 1,3, ,2m+1,2m+2, |M(v,)| =
k  Therefore, |M(v,)| = |M(v,) U L(v,)| = (2t + k) —2 =k for y = 0,2, ,2m If
v = k or o' =k, then M(v,) C L(v,) and |[M(v,)| = k for each v, If 2 < k and ' < &,
then the elements of L(vy,41) and L(vy,,42) are paired

By Lemma 4 3 3,1f m(v) = z 1s added to M(v) during a call to Algorithm 1, then

for any u which 1s adjacent to v in T', = will not be in L(u) after the call, and z will
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not be added to M(u) during the call Thus 1t suffices to consider choices for vertices
which are adjacent 1 03 5 9, but which are not adjacent in T'

Suppose there 1s a call to Algorithm 1 where T' = 60359, — (vo,vs) — (vo,v¢)
(lme (5 1)) By lne (52), m(vg) = = and z 1s added to M(vg) at line (1 1) As
r € L(vg) — L(vs) — L(vy), € L(vs) and « € L(v;) Simlarly 1f there 1s a call to
Algorithm 1 where T' = 05 5 5, — (Vam, Vs) — (V2m, v¢) (line (5 3))

Suppose there1s a call made to Algorithm 1 where T' = 03 3 2,,— (V2 V2m+1) — (V2m,
Vams2) (Ime (54)) By line (5 5), m(vamy1) = z and z 1s added to M(vg,,41) at line
(11) Asz € (L(vo) N L(vamy1) N L(vama2)) — L(vam), @ € L(vay), but @ € L(vp)
and r € L(vzm42) The next choice will be m(vg), and the choice after that will
be m(vamy2) As m(vymt1) = @ € L(vg), m(vg) = z at lme (13) As m(vg) =
t € L(vamsz), m(vamsz) = x at lime (13)  As d(vamir, Vamsz2) 18 even, z will be
added to M(vy42) at line (16) Similarly 1f there 1s a call to Algorithm 1 where
T =0522m — (vo, Vam41) — (Uo,v'zm+2) (line (5 6))

Suppose there 1s a call to Algorithm 1 where T' = 05 3 2., — (v1, ve—1) — (V2m, Vam+2)
(hne (5 8)) By hne (59), m(vz,) = z and z 1s added to M(vy,,) at hne (1 1) As
z € (L(vo) N L(vam) N L(vam+41)) — L(vams2), © € L(vamy2) There exists a path
1 = U, V2m-1, ,Ui—1,0; 10 T where z 1s m L(v,) for each v, in the path So by
Lemma 4 3 10, m(v;) = @ during the call to Algorithm 1 As d(va,,, v¢) 15 even, z 18
added to M(v;) at lime (1 6) As the mimimum ¢ as chosen at line (57), 2 & L(v;_)

Similarly 1f there 1s a call to Algorithm 1 where T' = 65 52, — (v4, v1—1) — (V20ms V2ms1)
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(line (5 17))

Suppose there 1s a call made to Algorithm 1 where T' = 055 9,0 — (V2m, Vam42) —
(v0, V2mt2) — (v, v4—1) (line (5 10)) By hne (5 11), m(v;) =  and x 1s added to M (v;)
at lime (1 1) As the mmimmum ¢ was chosen at line (57), z & L(vi—;) There exists
a path r = v, vi01,  ,V2m, V241,00 1m0 T where 2 1s 1n L(v,) for each v, in the path
So by Lemma 4 3 10, m(vy,,) = @ and m(vg) =  during the call to Algorithm 1 As
& € (L(vo) M L(v3) N L(v2mm41)) — L(vams2), T & L(vamyz) Similarly if there 1s a call
to Algorithm 1 where 7' = 055 21, — (Vam, Vam+1) — (Vo, Vams1) — (v, vi—1) (hine (5 18))

Suppose there 1s a call made to Algorithm 1 where T' = 633 2, — (Vam, Vamt2) —
(v0, Vamt2) —(Vuy uo1) (line (5 13)) By line (5 14), m(v,) = y and y 1s added to M (v,)
at lme (1 1) As the mmimum u was chosen at line (512), y € L(v,—;) There exists
a path 1 = vy, v441, ,v2, in T where y 1s 1n L(v,) for each v, m the path So by
Lemma 4 3 10, m(vy,,) = y during the call to Algorithm 1 As y € L(vap42) N L(vo),
y & L(vg) Suppose that u 1s even Then since d(vy,va,,) 1s even, y 15 added to
M(vyy,) at lme (16) Asy & L(vg), some m(vg) = z € L(vg) 15 added to M(vy) at
line (1 6) As ui1s even, y 1s not added to M(vqp42) at line (5 15), and y 1s deleted
from L(vzm42) at line (5 16) Suppose that u1s odd Then y 1s added to M (vy,,4,)
at hme (515) At line (15), y 1s deleted from L(vy,,), and as d(vy, v2m) 15 odd, y 1s

not added to M(v,,,) at hne (1 6) Similarly if there 1s a call to Algorithm 1 where

I'= 92,2,2m - (va? U27n+l) = (7-)07 U2m+1) il (vu'vu—l) (1]1]6 (5 19)) | |

An example demonstrating the application of Algorithm 5 to a 65,4 graph fol-
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lows Suppose sets L(vg) = {1,2,3,4}, L(v1) = {1,2,5,6}, L(vy) = {1,3,4,5},
L(vs) = {4,5,6,7}, L(va) = {5,6,7,8}, L(vs) = {1,2,4,8} and L(vs) = {3,5,6,7}
are assigned to the vertices of 055 4

The algorithm begins with a search for an element of L(vg) which 1s not m the
colour sets of at least two of the vertices adjacent to vy Elements 1,2 € L(vg) do
not satisfy this criterion, but element 3 € L(vg) does It 1s contained n neither L(vy)
nor L(vs) At line (5 1), tree T' 1s obtained by removing edges (vo,v1) and (vg, vs)
Vertex vy 15 chosen as the root of 7', and at line (5 2), m(vy) = 3 1s chosen from 1ts
colour set At hne (5 21), Algorithm 1 1s called, beginning a breadth-first search on
T, where an element will be chosen from each colour set

Algorithm 1 begins by adding m(vg) = 3 to choice set M(vg), and deleting 1t from
set L(vg) Then the neighbour vg of vy 1s considered Because m(vg) = 3 € L(vg),
m(vg) = 3 1s chosen at lime (1 3) Element 3 1s deleted from L(vg) at line (1 5) The
neighbour vy of vg 1s considered next As m(vs) = 3 € L(v4), an element of L(vy)
which 1s not m L(ve) must be chosen at line (14) Element m(vy) = 8 satisfies this
criterion It 1s deleted from L(v4) at hine (1 5), and because vy 15 at an even distance
from the root vg, element 8 1s added to choice set M(v4) at line (1 6) Continuing n
this fashion, m(vs) = 8 and m(v3) = 4 are chosen, and are deleted from sets L(vs)
and L(vs), respectively Next, m(vy) = 4 1s chosen, deleted from L(v) and added to
M(v;) Fmally, m(vi) = 2 1s chosen and deleted from L(v), completing this call to

Algorithm 1
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As root vy was chosen, 2 1s incremented at line (5 22) Because » < 2, this iteration
of Algorithm 5 1s completed, and there 1s a return to the beginning of the loop

Again, there 1s a search for an element in L(vg) which 1s not 1 the sets of at least
two of 1ts adjacent vertices As element 2 was deleted from L(v;), this element 1s
netther L(v) nor L(vg), thus satisfymg the criterion At hine (5 1), tree T"1s obtained
by removing edges (vo,v1) and (vo, vs) from the 6,54 graph The root of T' becomes
vertex vg, m(vg) = 2 1s chosen, and Algorithm 1 1s called

First, m(vo) = 2 15 added to M(vo) and 1s deleted from L(vg) Now m(vs) = 2 1s
chosen and deleted from L(vs) Then, m(vs) = 5 1s chosen, deleted from L(v4) and
added to M(vq) Next, m(vs) = 5 and m(vs) = 5 are chosen, and are deleted from
sets L(vg) and L(v3), respectively Then, m(vy) = 5 1s chosen, deleted from L(v;) and
added to M(vy) Fmally, m(v1) = 5 1s chosen and deleted from L(vy), completing
this call to Algorithm 1

Once again, @ 1s mcremented at line (522) Now 2 = 2, which means that the
choice sets for the vertices at an even distance from vy have been completed They
are M(vo) = {2,3}, M(v2) = {4,5} and M(vq) = {5,8} At hne (5 23), the choice
sets for the remaining vertices are completed by adding their remaining elements to
their respective choice sets Set L(v) had elements 2 and 5 deleted, and has elements
1 and 6 remaining, so choice set M(v;) becomes {1,6} Similarly, M(v3) = {6,7},

M(vs) = {1,4} and M(v¢) = {6,7} This completes the choices, and Algorithm 5

Theorem 4 3 12 Any 2-choosable graph s (2k  k)-choosable for any k > 1
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Proof By Theorems 4 3 4 through 4 3 11, and the characterization of 2-choosable
graphs given by Theorem 3 1 2, the core of any graph which 1s 2-choosable 1s (2k  k)-
choosable for all £ > 1 By Lemma 4 2 1, any graph whose core 1s (2k  k)-choosable

15 (2k  k)-choosable g

If G 1s a k-choosable graph and H 1s a 2-choosable graph, by Theorem 4 3 12 and

Lemma 324, x,(GUH) < 2k

4.4 Planar Graphs

The proof of Theorem 4 4 1 1s based on Thomassen’s proof [13] that any planar graph

15 H-choosable

Theorem 4 41 For any positwe wnteger k and any planar graph G, G s (5 k)-

choosable

Proof Let (G be a near-triangulation with outer cycle C' = vo, vy, ,v,-1,v0 As-
sume that vy and vy have k-subsets M(vo) = {1,2, ,k} and M(vy) = {k + 1,k +
2, ,2k}, and that L(v)1s a set of at least 3k colours 1f v € V(C') — {vg, v, } and at
least 5k colours 1f v € V(G — ') It suffices to show that the k-subsets of vy and v,
can be extended to a collection of subsets {M(v) v € V(G)} where M(v) C L(v)
and M(v,) N M(v,) = 0 whenever v, and v, are adjacent The proof 1s by induction

on |V(G)]
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If p—1=3and G = C then |L(vy)| > 3k and |L(vy) — M(vo) — M(vy)| >
3k —k—k =4k Thus M(vy) C L(vs) can be chosen such that M(v;) 1s disjomnt from
both M(vg) and M (vy)

If C" has a chord (v,,v,), where 1 < ¢ < ) —2 < p—2 (v, = vg), then the
induction hypothesis can be apphed to the cycle vo,v1, ,v,,v;,0,41, ,0p-1,00
and 1ts mtertor Then by making the assumption that M(v,) and M(v,) are the
k-subsets chosen for the former cycle, the mmduction hypothesis can be apphed to
V), Uy, Vi1, 5 V;-1,v, and 1ts imterior

So assume that C' has no chord Let vg,uo,u1, U, v,—2 be the neighbours of
vp—1 10 that clockwise order around v,_; As the mterior of €' 1s triangulated, ¢
contains the path P = vg, ug,u1, ,Um,vp—2 As C 1s chordless, PU (C' — v,_1) 15 a
cycle C' Let S be a 2k-subset m L(v,—1) — {1,2, ,k} Define L'(u,) = L(u,) — 5
for 0 <¢ <mand L'(v) = L(v) if v € V(G) = {uo,u1, ,un} Apply the induction
hypothesis to C” and 1ts mterior and the new sets L' As |S— M(v,—2)| > 2k—k =k
and S and any of M(vg), M(ug), M(u1), ,M(un) are disjont, the (5k k)-choice

can be completed by letting M(v,_1) be a k-set n S — M(v,_2) n

Thomassen’s result that all planar graphs are 5-choosable [13] follows directly
from Theorem 4 4 1 It follows from Theorem 4 4 1 and Lemma 3 2 4 that 1f G 1s

k-choosable and H 1s planar, then x,(GU H) < 5k



4.5 Bipartite Graphs

Theorem 451 Forallk>1,p>1andq>p, K,, 1s((p+ 1)k k)-choosable

Proof Assign (p+ 1)k-sets to V(K,,) Arbitrarily choose k-subsets M(v) C L(v)
for all vertices of degree ¢ For each vertex v of degree p, set L'(v) = L(v) — M(z1) —
M(z,)—  — M(z,) where 21,22, ,z, are the vertices adjacent to v As |L'(v)| >

(p+ 1)k — pk =k, a k-subset M(v) C L'(v) can be chosen tor each vertex of degree

P n

Theorem 3 4 1 follows directly from Theorem 4 5 1

In the proofs of Theorems 4 5 2 and 4 5 3, U denotes the union of disjoint sets
Theorem 452 [f§ <p+1 then K (o) 18 not (a b)-choosable
b

Proof It suffices to give an assignment of a-sets to V(K (a)p) for which no (a b)-
b

choice 1s possible Let vy,v,, ,v, be the vertices of degree (Z)p and uq, uy,  U(ay?
the vertices of degree p Assign a-sets L(v,) to vy,v2, ,v, such that the sets are
pairwise disjoint  If § < p, let L' = @ Otherwise let L’ be an (a — bp)-set where
L'NL(v,) =0 for each 2, 1 <12 <p Assign to each vertex u,, 1 <1 < (Z)p, a distinct
set L(u,) = L,(v1) UL,(v2) U ULy(v,) UL, where |L,(v,)| = b and L,(v,) C L(v,)

for 1 < 7 < p, and each of the (Z)p possible sets that can be constructed n this

way 1s assigned to some vertex u, If § < p, then |L(u,)| = pb > a Otherwise

|L(w)| = pb+ (a—bp)=a
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To show that this assignment does not admit an (¢ b)-choice, arbitrarily choose
b-subsets M(v,) C L(v,) for 2 = 1,2, ,p As the sets L(v,) are pairwise disjoint,
P 1M(v,) = pb There exists j, 1 < 3 < (Z)p such that L(u,) = U M(v,) U
L' It § < p, L(u,) = U'_;M(v,) and no b-subset M(u,) C L(u,) can be chosen
which 1s disjoint from each M(v,) Otherwise, L(u,) = U?_; M(v,) UL’ contamns only

a — bp < b elements which are not mm any M(v,) Again, no b-subset M(u,) C L(u,)

can be chosen which 1s disjoint from each M(v,) »

Fora=2b=1,set p=2 By Theorem 452, K;41snot (2 1)-choosable This
1s a best possible result 1n the sense that K3 = 032515 (2 1)-choosable For a = 3,
b=1,set p=23 By Theorem 4 52, K557 1s not (3 1)-choosable This 1s a best

possible result 1 the sense that, by Theorem 3 4 3, K346 15 (3 1)-choosable

Theorem 4 53 [f 5 <p+1 then Kp+1 ()= (470" @ not (a b)-choosable

b b

Proof It suffices to give an assignment of a-sets to V(Kp+1 (a)P__(a—b)P) for which no
b b

(a b)-choice 1s possible Let vy,v2, ,v,41 be the vertices of degree (Z)p — (";b)p

and let uy, uy, U (a)P - (a7 be the vertices of degree p+ 1 Assign a-sets L(v,) to

v1,v2, v, such that the sets are pairwise disjomt If § < p, let L” =@ Otherwise

let L"” be a set of cardinality a — bp where L" N L(v,) = @ for each ¢, 1 <12 < p

Let L(vp41) = UP_1L'(v,) U L" where |L'(v,)| = b and L'(v,) C L(v,) for each v,
= \s

Assign to each vertex u,, 1 < 1 < (a)p - (“;b)p, a distinct set L(u,) = L,(vq) U

L(v;) U UL,(vp) UL", where |L,(v,)] = b, L,(v,) C L(v,) for 1 < 3 < p and
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L,(v,) € L(v,) — L'(v,) for at least one j, and each of the (Z)p - (“;b)p possible sets
that can be constructed in this way 1s assigned to some vertex u, If § < p, then
|L(u,)] = pb > a Otherwise |L(u,)| = pb+ (a —bp)=a

To show that this assignment does not admit an (a  b)-choice, arbitrarily choose b-
subsets M(v,) C L(v,) fora =1,2, ,p+1 Suppose there exists j such that M(v,) €
L(v,) — L'(v,) Then U, M(v,) UL" = L(u,) for some t, 1 <t < (Z)p - (“;b>p
Suppose that § < p Then L(u;) = Ul-, M(v,) and no b-subset M(u;) C L(u;) can
be chosen which 1s disjoint from each M(v,) Otherwise, L(u;) = U?_{M(v,) UL"
contains at most a — bp < b elements which are not n any M(v,) Again, no b-subset
M (u;) C L(u;) can be chosen which 1s disjomnt from each M(v,)

Otherwise M(v,) C L(v,) — L'(v,) for each v,, 1 <) < p Now M(vp41) consists
of b elements from L(v,41) = Ul—L/(v,) UL" Let © € M(vp41) — L"” For some ¢,
z € L'(ve) Let y € M(vs), and consider (U?_; M (v,)) U{z} — {y} Asz € M(vpt1),
r cannot be m the choice set of u,, so no element of (UJI_; M(v,)) U{z} — {y} can be
i the choice set of any v, Now for some 7, (Ul_;M(v,)) U{z} — {y} UL" = L(u,)
If ¢ < p, then L(u,) = (U_;M(v,)) U{z} = {y} and no b-subset M(u,) C L(u,)
can be chosen which 1s disjoint from each M(v,) Otherwise L(u,) = (U, M(v,)) U

{x} —{y} UL" contains at most a — bp < b elements which are not mn any M (v,)

Again, no b-subset M(u,) C L(u,) can be chosen which 1s disjoint from each M(v,) g

Fora=2,b=1,set p=2 By Theorem 45 3, K33 1s not (2 1)-choosable This

1s a best possible result in the sense that K35 = 05,4515 (2 1)-choosable For a = 3,



b=1,set p=3 By Theorem 4 53, K419 1s not (3 1)-choosable This 1s a best

possible result in the sense that, by Theorem 3 4 4, K435 15 (3 1)-choosable

4.6 Cartesian Graph Products

Lemma4 6 1 [f H s a(d a)-choosable graph and G 1s an (a b)-choosable graph,

then GOH s (d b)-choosable

Proof Let V(G) = {v1,v2, ,v,} and V(H) = {u1,u2, ,u,} Suppose d-sets
have been assigned to V(GOH) For ¢« =1 to n, let H, be the copy of H mduced
by {(v.,u,) wuw, € H} For each H,, choose an a-subset from each vertex, such that
H,-adjacent vertices have disjoint a-subsets Such a choice can be determined because
each H, 1s (d a)-choosable For 3 =1 to m, let G, be the copy of GG induced by
{(v;,u;) v, € G} For each G, choose a b-subset from the a-subset of each vertex,
so that (¢,-adjacent vertices have disjoint b-subsets This choice can be determined
because each (7, 1s (a  b)-choosable The resulting choice makes the b-subsets disjoint
on adjacent vertices of GOH

Suppose (v,,u,) and (vg,uy) are adjacent m GOH Then 1f v, = vy, and (u,,u,) €
E(H), then m particular, (u,,u,) € E(H,) = E(Hr) So (v,u,) and (vg,us) have
disjoint b-subsets, as their b-subsets were chosen from disjoint a-subsets

Otherwise u, = uy and (v,,vx) € E(G), and 1 particular, (v,,vx) € FE(G,) =

E(Gy) So (v,,u,) and (vg,us) have disjoint b-subsets, as they were chosen so that



(7,-adjacent vertices would have disjoint b-subsets Thus GOH 1s (d b)-choosable g

If G'1s a k-choosable graph and H 1s a 2-choosable graph, then by Theorem 4 3 12
and Lemma 46 1, v,(GOH) < 2k By Theorem 441 and Lemma 46 1, 1f G 1s
k-choosable and H 1s planar, then x,(GOH) < 5k

If Conjecture 3 2 5 holds, then by Lemma 4 6 1, x,(GOH) < x,(G)xe(H) for all

graphs GG and H
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