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Abstract In this article, we investigate a susceptible-infected (SI) model with the saturated treat-

ment, the non-monotonic incidence rate, the logistic growth, and the homogeneous Neumann

boundary conditions. The global existence and the uniform boundedness of the parabolic system

are performed. After that, we investigate the global stability of the disease free equilibrium

(DFE) and the endemic equilibrium (EE), respectively. In the end, we give a priori estimates, some

propositions of the nonconstant steady states to the elliptic system. Meanwhile, we find that the dif-

fusion rates of the susceptible and the infected population can affect the nonexistence of the non-

constant steady states. An interesting finding is DFE and basic reproduction number do not exist

when the intrinsic growth rate of the susceptible class less than the rate of susceptible individuals

being vaccinated.
� 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Over the past few decades, various diseases models have been

modeled by scholars to characterize propagation dynamics
among population. Such as, the SI model [1,2], the SIR model
[3,4], the COVID-19 model [5,6], the SEIR model [7,8] etc. Of
course, considering that the spread of disease may be affected
by spatial location, some scholars proposed and investigated
the spatial transmission epidemic models. Wang and Zhao
[9] reported basic reproduction number and its computation

formulae for diffusive epidemic models with compartmental
structure. Magal et al. [10] employed a diffusive epidemic
model to study the transmission dynamics of susceptible and

infected populations with spatial heterogeneity environment.
Renardy et al. [11] established a pipeline for structural identi-
fiability analysis of a spatial epidemic model by employing a

differential algebra framework and derive identifiability
results. Qiang et al. [12] investigated the global threshold
dynamics of a epidemic model in almost periodic environments
and shown the diffusion rate could affect disease transmission.
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More dynamical results about epidemic models with spatial
effect, see Refs. [5,13–16] and reference cited therein.

In this paper, we investigate a diffusive SI model as follows.

@S
@t
� dSDS ¼ rS 1� S

K

� �� bSI
1þaI2

� lS; x 2 X; t > 0;

@I
@t
� dIDI ¼ bSI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI
; x 2 X; t > 0;

@S
@m ¼ @I

@m ¼ 0; x 2 @X; t P 0;

S x; 0ð Þ ¼ S0 xð Þ P 0; I x; 0ð Þ ¼ I0 xð Þ P 0; x 2 X;

8>>>><>>>>:
ð1Þ

where S ¼ S x; tð Þ and I ¼ I x; tð Þ are the susceptible humans

and the infected humans at spatial position x and time t,
respectively. Constants dS and dI are diffusion rates of the sus-
ceptible humans and the infected humans, respectively. The

term rS 1� S
K

� �
represents the logistic growth function of the

susceptible humans with the logistic growth rate r and the envi-

ronmental carrying capacity K, see [17]. The nonlinear term
bSI

1þaI2
describes the non-monotonic incidence rate [18,19], and

constants a; b are the parameter that measures the inhibitory
factors and the transmission rate of infection, respectively.
Parameter l denotes by the percentage of susceptible individ-

uals being vaccinated. Moreover, the constants c; d and d
describe the natural recovery rate, the mortality rate of
infected individuals, and the death rate that induced by dis-

ease. The term aeI
1þbeI

describes saturated treatment function

[20,21], where a is cure rate, e is treatment control parameter

and b represents delayed treatment of individuals. Also, denote
D by the Laplacian operator in a bounded domain

X � RN N P 1ð Þ with the smooth boundary @X; m is the out-

ward unit normal vector along the boundary @X. All parame-
ters in diffusive model (1) are non-negative due to its practical
meaning.

It is noticed that if the diffusion is absent, namely

dS
dt
¼ rS 1� S

K

� �� bSI
1þaI2

� lS;
dI
dt
¼ bSI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI
:

(
ð2Þ

We can find that 0; 0ð Þ is a equilibrium of the epidemic model
(2) and it admits a disease free equilibrium (DFE) denote by Ef

and a endemic equilibrium (EE) denote by E�. For such a tem-

poral epidemic model, we need to point out that the stabilities
of DFE/EE and primary bifurcation, including the transcriti-
cal bifurcation, the backward bifurcation, the saddle-node

and Hopf bifurcation, Bogdanov-Takens are reported in [21].
For a epidemic model, the basic reproduction number is an
important index to characterize some threshold dynamics
which describes the average number of newly infected popula-

tions at the beginning of the infectious process [22]. By the
technique of next generation matrix [23–25], the basic repro-
duction number, say R0, can be written as

R0 ¼ b r� lð ÞK
r dþ dþ cþ aeð Þ : ð3Þ

This gives the logistic growth rate r should be greater than the

percentage l of susceptible individuals being vaccinated, i.e.,
r > l always valid for the model (2).

Owing to the diffusion effect being incorporated into the

model, how to guarantee the positivity and boundedness of
the solution S; Ið Þ should be first addressed. Moreover,
whether the diffusion rates dS of the susceptible individual

and dI of the infected individual will affect the existence of
the nonconstant steady states also is an important issue.
Exploring the keys of these two problems will help us theoret-
ically understand the dynamic profiles of the SI model (1) with

diffusion effect. Consequently, the purpose of the present
paper is exploring the dynamical behaviors of the diffusive
SI model (1) as well as its elliptic system, respectively. To be

precise, we first the positivity and uniform boundedness results
of the solution S x; tð Þ; I x; tð Þð Þ of the SI model (1). The mixed
quasi-monotone method, the strong maximum principle, etc.

are used to help us to achieve these goals. We also give the con-
ditions to ensure the global asymptotic stabilities of DFE and
EE by construction some suitable Lyapunov time evolution
functions, respectively. In the sequel, we turn our attention

to the elliptic system of the SI model (1). We main want to
establish some results of the steady state solution
S xð Þ; I xð Þð Þ. For instance, the priori estimates, the nonexis-

tence of the steady state S xð Þ; I xð Þð Þ, and so on. Particularly,
we find that the diffusion coefficients the susceptible humans
dS and the infected humans dI can affect the nonexistence of

the positive steady state S xð Þ; I xð Þð Þ with certain conditions.
We design the remaining sections of the paper as follows. In

Section 2, the positivity and uniform boundedness of the solu-

tion S x; tð Þ; I x; tð Þð Þ of the SI model (1) are established. In Sec-
tion 3, we perform the global asymptotic stabilities of DFE
and EE, respectively. In Section 4, one focuses on some
dynamics phenomena of the steady state of the corresponding

elliptic system. Finally, this paper ends with some conclusions
performed in Section 5.

2. Positivity and uniform boundedness

In this section, the positivity and the uniform boundedness of
the solution S x; tð Þ; I x; tð Þð Þ to the SI model (1) will be

explored.

Theorem 2.1. Suppose that 0 < l < r; 0 < b < 2
ffiffiffi
a

p
r� lð Þ and

S0 xð Þ; I0 xð Þ P 0 in X � RN N P 1ð Þ. Then system (1) has a
unique positive solution u x; tð Þ > 0; v x; tð Þ > 0 for t 2 0;þ1ð Þ
and x 2 X. Moreover,

ið Þlim sup
t!1

max
x2X

S �; tð Þ 6 K; lim sup
t!1

max
x2X

I �; tð Þ 6 bK
2
ffiffi
a

p
cþdþdð Þ ;

iið Þlim inf
t!1

min
x2X

S �; tð Þ P K 2
ffiffi
a

p
r�lð Þ�b½ �

2r
ffiffi
a

p :

Proof. Assume that S x; tð Þ; I x; tð Þð Þ ¼ 0; 0ð Þ and

S x; tð Þ; I x; tð Þ� � ¼ bS tð Þ; bI tð Þ
� �

, where we define bS tð Þ; bI tð Þ
� �

by the unique solution of the following problem

dS
dt
¼ rS 1� S

K

� �� lS;
dv
dt
¼ bSI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI
;

S 0ð Þ ¼ bS; I 0ð Þ ¼ bI;
8><>:
where one claims that bS ¼ supx2XS0 xð Þ and bI ¼ supx2XI0 xð Þ.
We then have

@S x;tð Þ
@t

� dSDS x; tð Þ � rS x; tð Þ 1� S x;tð Þ
K

� �
þ bS x;tð ÞI x;tð Þ

1þaI2 x;tð Þ þ lS x; tð Þ ¼ 0

P 0 ¼ @S x;tð Þ
@t

� dSDS x; tð Þ � rS x; tð Þ 1� S x;tð Þ
K

� �
� bS x;tð ÞI x;tð Þ

1þaI2 x;tð Þ � lS x; tð Þ;

and
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@I x;tð Þ
@t

� dIDI x; tð Þ � bS x;tð ÞI x;tð Þ
1þaI2 x;tð Þ þ cþ dþ dð ÞI x; tð Þ þ aeI x;tð Þ

1þbeI x;tð Þ ¼ 0

P 0 ¼ @I x;tð Þ
@t

� dIDI x; tð Þ � bS x;tð ÞI x;tð Þ
1þaI2 x;tð Þ þ cþ dþ dð ÞI x; tð Þ þ aeI x;tð Þ

1þbeI x;tð Þ :

Hence, we can see that S x; tð Þ; I x; tð Þð Þ ¼ 0; 0ð Þ and

S x; tð Þ; I x; tð Þ� � ¼ bS tð Þ; bI tð Þ
� �

are the lower and the upper

solutions of system (1), respectively, and 0 6 S0 xð Þ 6bS ¼ supx2XS0 xð Þ and 0 6 I0 xð Þ 6 bI ¼ supx2XI0 xð Þ hold.

Denote by

f S; Ið Þ :¼ rS 1� S

K

� �
� bSI

1þ aI2
� lS; g S; Ið Þ :

¼ bSI

1þ aI2
� cþ dþ dð ÞI� aeI

1þ beI
;

and a set P ¼ S; Ið Þ : S P 0; 0 6 I 6 1=
ffiffiffi
a

pf g. Then some sim-
ple computations show that

fI S; Ið Þ ¼ bS aI2 � 1
� �
1þ aI2
� �2 � 0; gS S; Ið Þ ¼ bI

1þ aI2
P 0:

Therefore, we claim that system (1) is a mixed quasi-monotone

system and has a unique globally defined solution
S x; tð Þ; I x; tð Þð Þ, satisfying

0 6 S x; tð Þ 6 bS tð Þ and 0 6 I x; tð Þ 6 bI tð Þ,due to Pao [26]. Then
the strong maximum principle gives S x; tð Þ > 0 and I x; tð Þ > 0

for x 2 X and t 2 0;þ1ð Þ.
Now we turn our attention to the boundedness of solutions

S x; tð Þ and I x; tð Þ of the system (1). Here the main technique to
establish the bouns of the solutions S x; tð Þ and I x; tð Þ is the
comparison principle of parabolic equations. Using the S-
equation of (1), we have

@S
@t
� dSDS 6 rS 1� S

K

� �
; x 2 X; t > 0;

@S
@m ¼ 0; x 2 @X; t P 0;

S x; 0ð Þ ¼ S0 xð Þ P 0; x 2 X:

8><>:
Hence, there are e1 > 0 and T1 > 0, such that S x; tð Þ 6 Kþ e1
for 8x 2 X and t > T1. It then follows I-equation of system (1)
that

@I
@t
� dIDI 6 b Kþe1ð Þ

2
ffiffi
a

p � cþ dþ dð ÞI; x 2 X; t > T1;

@I
@m ¼ 0; x 2 @X; t P T1;

I x; 0ð Þ ¼ I0 xð Þ P 0; x 2 X:

8><>:
We know that I 6 b Kþe1ð Þ

2
ffiffi
a

p
cþdþdð Þ þ e2 for e2 > 0;T2 > 0; 8x 2 X and

t > T2.
By using the S-equation of (1) again, we get

@S
@t
� dSDS P rS 1� S

K

� �� bS
2
ffiffi
a

p � lS; x 2 X; t > T3;

@S
@m ¼ 0; x 2 @X; t P T3;

S x; 0ð Þ ¼ S0 xð Þ P 0; x 2 X:

8><>:
As such, the comparison principle shows that

S P K 2
ffiffi
a

p
r�lð Þ�b½ �

2r
ffiffi
a

p þ e3 for e3 > 0;T3 > 0; 8x 2 X and t > T3.

This ends the proof.

Theorem 2.2. Suppose that dS; dI; > 0, then we have the
uniform boundedness results for any solution S; Ið Þ of system
(1).(i) There is a positive constant C1 depending on the initial
condition satisfying
kS �; tð ÞkL1 Xð Þ þ kI �; tð ÞkL1 Xð Þ 6 C1; 8t P 0: ð4Þ
(ii) There is a positive constant C2 independent of the initial
condition fulfilling

kS �; tð ÞkL1 Xð Þ þ kI �; tð ÞkL1 Xð Þ 6 C2; 8t P T; ð5Þ
for some large T > 0.

Proof. To obtain the desire results in (4) and (5), we first

verify that

kS �; tð ÞkLk Xð Þ þ kI �; tð ÞkLk Xð Þ 6 C1; 8t P 0; ð6Þ
is valid. Then for k ¼ 1, one has

d
dt

R
X Sþ Ið Þdx

¼ dS
R
X DSdxþ dI

R
X DIdxþ r

R
X S 1� S

K

� �
dx

�l
R
X Sdx� cþ dþ dð Þ RX Idx� ae

R
X

I
1þbeI

dx

¼ r
R
X S 1� S

K

� �
dx� l

R
X Sdx� cþ dþ dð Þ RX Idx

�ae
R
X

I
1þbeI

dx

6 rKjXj
4

�m1

R
X Sþ Ið Þdx;

where we denote by m1 ¼ min l; cþ dþ df g. It follows thatZ
X
Sþ Ið Þdx 6 e�m1t

Z
X
S0 xð Þ þ I0 xð Þð Þdxþ rKjXj

4
1� e�m1tð Þ;

for 8x 2 X; t P 0. As such, we obtain

lim sup
t!1

Z
X
Sþ Ið Þdx 6 rKjXj

4
; 8x 2 X: ð7Þ

Now we assume that (6) is valid for k� 1. Multiply the S-

equation by Sk�1, one yields

1

k

d

dt

Z
X
Skdxþ dS k� 1ð Þ

Z
X
Sk�2jrSj2dx

¼
Z
X

rSk 1� S

K

� �
� bSkI

1þ aI2
� lSk

	 

dx: ð8Þ

By the same fashion, multiply the I-equation by Ik�1, we get

1

k

d

dt

Z
X
Ikdxþ dI k� 1ð Þ

Z
X
Ik�2jrIj2dx

¼
Z
X

bSIk

1þ aI2
� cþ dþ dð ÞIk � aeIk

1þ beI

	 

dx: ð9Þ

Accordingly, on the basis of (8) and (9), one concludes

1

k

d

dt

Z
X
Skdxþ dS k� 1ð Þ

Z
X
Sk�2jrSj2dxþ 1

k

d

dt

Z
X
Ikdxþ dI k� 1ð Þ

Z
X
Ik�2jrIj2dx

¼ r

Z
X
Sk 1� S

K

� �
dx� l

Z
X
Skdx� cþ dþ dð Þ

Z
X
Ikdx� ae

Z
X

Ik

1þ beI
dx

6 rK

4

Z
X
Sk�1dx� l

Z
X
Skdx� cþ dþ lð Þ

Z
X
Ikdx

6 rK

4

Z
X
Sk�1dx�m1

Z
X
Sk þ Ik
� �

dx:

On the other hand, (6) is true for k� 1. Thence there is a pos-

itive constant, say M0, fulfilling
rK
4

R
X S

k�1dx 6 M0. We have

d

dt

Z
X
Sk þ Ik
� �

dx 6 M0 �m1

Z
X
Sk þ Ik
� �

dx;

namelyZ
X
Sk þ Ik
� �

dx 6 e�m1t

Z
X
Sk
0 xð Þ þ Ik0 xð Þ� �

dxþM0

m1

1� e�m1tð Þ;
ð10Þ
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for 8x 2 X; t P 0. Moreover, one can deduce from (10) that

lim sup
t!1

Z
X
Sk þ Ik
� �

dx 6 M0

m1

; 8x 2 X;

for some large T > 0. By virtue of [27], one concludes that the

proof is completed.

3. Global stability

In this section, we will establish the global stability results of
the equilibria to the system (1). To this end, let

rS 1� S

K

� �
� bSI

1þ aI2
� lS ¼ 0; and

bSI

1þ aI2
� cþ dþ dð ÞI

� aeI

1þ beI
¼ 0:

Then we have

Lemma 1. ([21]) Assume that r > l is valid, then(i) system (1)
has always the equilibrium E0 ¼ 0; 0ð Þ;(ii) system (1) has a

disease free equilibrium (DFE) Ef ¼ Sf; 0
� � ¼ r�lð ÞK

r ; 0
� �

;(iii)

system (1) has endemic equilibria (EE) E� ¼ S�; I�ð Þ with

S� ¼ K r�lð ÞaI2��bI�þr�l½ �
r 1þaI2�ð Þ and I� satisfies

a0I
5 þ a1I

4 þ a2I
3 þ a3I

2 þ a4Iþ a5 ¼ 0;

where

a0 ¼ ra2be dþ dþ cð Þ;
a1 ¼ ra2 dþ dþ cð Þ þ aera2;

a2 ¼ bear dþ dþ cþ aeð Þ 1�R0ð Þ þ bea r dþ dþ cð Þ � aeð Þ;
a3 ¼ ra dþ dþ cþ aeð Þ 2�R0ð Þ þ ber2 dþdþcþaeð Þ2R2

0

K r�lð Þ2 ;

a4 ¼ ber dþ dþ cþ aeð Þ 1�R0ð Þ � rabe2 þ r2 dþdþcþaeð Þ2R2
0

K r�lð Þ2 ;

a5 ¼ r dþ dþ cþ aeð Þ 1�R0ð Þ;

and R0 is defined by the basic reproduction number, that is

R0 ¼ b r� lð ÞK
r dþ dþ cþ aeð Þ :

Lemma 2. ([21]) Assume that r > l is valid,(i) if

ber dþ cþ dð Þ þ b2K < bKbe r� lð Þ; r dþ cþ dð Þ > ea; 4a r�ð
lÞ2 > b2 andR0 < 1 hold, then the number of endemic equilib-

ria is 0 or 2;(ii) if 4a r� lð Þ2 > b2 and R0 > 1 hold, then the
number of endemic equilibria is 1 or 3;(iii) if

ber dþ cþ dð Þ þ b2K < bKbe r� lð Þ; r dþ cþ dð Þ > ea;

4a r� lð Þ2 > b2 and R0 ¼ 1 hold, then system has a unique

endemic equilibrium.

Theorem 3.1. Suppose that l < r and
bS2

f

c0
6 cþ dþ dð Þ are

valid, then DFE Ef ¼ Sf; 0
� �

is globally asymptotically stable,

where c0 is a positive constant depending on r; a; b; l and K.

Proof. Define

E tð Þ ¼
Z
X

Z S

Sf

S2 � S2
f

S2
dSþ

Z I

0

IdI

 !
dx:
Then one yields

_E tð Þ ¼
Z
X

@S

@t
1� S2

f

S2

 !
dxþ

Z
X

@I

@t
dx

¼
Z
X
dSDS 1� S2

f

S2

 !
dxþ

Z
X
dIDIdx

þ
Z
X

1� S2
f

S2

 !
rS 1� S

K

� �
� bSI

1þ aI2
� lS

	 

dx

þ
Z
X

bSI

1þ aI2
� cþ dþ dð ÞI� aeI

1þ beI

� �
dx

¼ E1 þ E2;

where

E1 ¼
Z
X
dSDS 1� S2

f

S2

 !
dxþ

Z
X
dIDIdx ¼ �2dSS

2
f

Z
X

jrSj2
S3

dx � 0;

and

E2 ¼
R
X 1� S2

f

S2

� �
rS 1� S

K

� �� bSI
1þaI2

� lS
h i

dx

þ RX bSI
1þaI2

� cþ dþ dð ÞI� aeI
1þbeI

� �
dx

¼ RX rS 1� S
K

� �� lS
� �

dx� RX S2
f

S2 rS 1� S
K

� �� bSI
1þaI2

� lS
h i

dx

� RX cþ dþ dð ÞIþ aeI
1þbeI

� �
dx

¼ RX rS 1� S
K

� �� lS
� �

dx� RX r
S2
f

S
1� S

K

� �� bS2
f
I

S 1þaI2ð Þ �
lS2

f

S

	 

dx

� RX cþ dþ dð ÞIþ aeI
1þbeI

� �
dx

¼ RX rS 1� S
K

� �� r
S2
f

S
1� S

K

� �þ lS2
f

S
� lS

h i
dx

þ RX bS2
f
I

S 1þaI2ð Þ � cþ dþ dð ÞI� aeI
1þbeI

� �
dx

¼ r
R
X S 1� S

K

� �� S2
f

S
1� S

K

� �þ S2
f

S
1� Sf

K

� �
� S 1� Sf

K

� �h i
dx

þ RX bS2
f
I

S 1þaI2ð Þ � cþ dþ dð ÞI� aeI
1þbeI

� �
dx

¼ � r
K

R
X

SþSf

S
S� Sf

� �2
dxþ RX bS2

f
I

S 1þaI2ð Þ � cþ dþ dð ÞI� aeI
1þbeI

� �
dx

6 � r
K

R
X

SþSf
S

S� Sf

� �2
dxþ RX I

bS2
f

S
� cþ dþ dð Þ

� �
dx:

Now due to Theorem 2.1 we know that there is a positive con-

stants, say c0, satisfying S x; tð Þ P c0 for some t > 0 and x 2 X.

Consequently, if condition
bS2

f

c0
6 cþ dþ dð Þ holds, one infers

bS2
f

S
� cþ dþ dð Þ 6 0, namely E2 6 0 is valid. Therefore, DFE

Ef ¼ Sf; 0
� �

is globally asymptotically stable. The proof is

completed.

Theorem 3.2. Suppose that l < r and bSf 6 cþ dþ dð Þ are

valid, then DFE Ef ¼ Sf; 0
� �

is globally asymptotically stable.

Proof. Define

V tð Þ ¼
Z
X

S� Sf � Sf ln
S

Sf

� �
dxþ

Z
X
Idx:

Then one yields

_V tð Þ ¼ RX @S
@t

1� Sf
S

� �
dxþ RX @I

@t
dx

¼ RX dSDS 1� Sf

S

� �
dxþ RX dIDIdx

þ RX 1� Sf
S

� �
rS 1� S

K

� �� bSI
1þaI2

� lS
h i

dx

þ RX bSI
1þaI2

� cþ dþ dð ÞI� aeI
1þbeI

� �
dx

¼ V1 þ V2;
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where

V1 ¼
Z
X
dSDS 1� Sf

S

� �
dxþ

Z
X
dIDIdx ¼ �dSSf

Z
X

jrSj2
S2

dx � 0;

and

V2 ¼
R
X 1� Sf

S

� �
rS 1� S

K

� �� bSI
1þaI2

� lS
h i

dx

þ RX bSI
1þaI2

� cþ dþ dð ÞI� aeI
1þbeI

� �
dx

¼ RX rS 1� S
K

� �� lS
� �

dx� RX Sf
S

rS 1� S
K

� �� bSI
1þaI2

� lS
h i

dx

� RX cþ dþ dð ÞIþ aeI
1þbeI

� �
dx

¼ RX rS 1� S
K

� �� lS
� �

dx� RX rSf 1� S
K

� �� bSfI

1þaI2
� lSf

h i
dx

� RX cþ dþ dð ÞIþ aeI
1þbeI

� �
dx

¼ RX rS 1� S
K

� �� rSf 1� S
K

� �þ lSf � lS
� �

dx

þ RX bSfI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI

� �
dx

¼ r
R
X S 1� S

K

� �� Sf 1� S
K

� �þ Sf 1� Sf
K

� �
� S 1� Sf

K

� �h i
dx

þ RX bSfI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI

� �
dx

¼ � r
K

R
X S� Sf

� �2
dxþ RX bSfI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI

� �
dx

6 � r
K

R
X S� Sf

� �2
dxþ RX I bSf � cþ dþ dð Þ� �

dx:

Thence, we can claim that V2 6 0 if bSf 6 cþ dþ dð Þ is valid,
and DFE Ef ¼ Sf; 0

� �
is globally asymptotically stable. This

ends the proof.

Remark 3.1. Both Theorem 3.1 and Theorem 3.2 show that

the DFE Ef ¼ Sf; 0
� �

is globally asymptotically stable, but we

need to emphasize is that the hypothesis conditions in
Theorem 3.2 are simpler than conditions in Theorem 3.1 due

to the different Lyapunov functions.

Next we suppose that (iii) in Lemma 2 holds such that the
model (1) has a unique endemic equilibrium EE.

Theorem 3.3. Suppose that (iii) in Lemma 2 and hypothesis
rS�
K P abI�C2

0

4 are satisfied, then endemic equilibrium EE is

globally asymptotically stable, where C0 is a positive constants
depends on a; b; d; c; d and K.

Proof. Define

L tð Þ ¼
Z
X

S� S� � S� ln
S

S�

� �
dxþ

Z
X

I� I� � I� ln
I

I�

� �
dx:

Then direct computation gives

_L tð Þ ¼ RX @S
@t

1� S�
S

� �
dxþ RX @I

@t
1� I�

I

� �
dx

¼ RX dSDS 1� S�
S

� �
dxþ RX dIDI 1� I�

I

� �
dx

þ RX 1� S�
S

� �
rS 1� S

K

� �� bSI
1þaI2

� lS
h i

dx

þ RX 1� I�
I

� �
bSI

1þaI2
� cþ dþ dð ÞI� aeI

1þbeI

� �
dx

¼ L1 þ L2 þ L3;

where
L1 ¼
Z
X
dSDS 1� S�

S

� �
dxþ

Z
X
dIDI 1� I�

I

� �
dx

¼ �dS

Z
X
rSd 1� S�

S

� �
� dI

Z
X
rId 1� I�

I

� �
¼ �dSS�

Z
X

jrSj2
S2

dx� dII�

Z
X

jrIj2
I2

dx 6 0;

and

L2 ¼
Z
X

1�S�
S

� �
rS 1� S

K

� �
� bSI

1þ aI2
� lS

	 

dx

¼
Z
X
S�S�ð Þ r 1� S

K

� �
� bI

1þ aI2
� r 1�S�

K

� �
þ bI�
1þ aI2�

	 

dx

¼�
Z
X

r

K
S�S�ð Þ2dx�

Z
X

b aII� � 1ð Þ S�S�ð Þ I� I�ð Þ
1þ aI2�
� �

1þ aI2
� � dx;

and

L3 ¼
R
X I� I�ð Þ bS

1þaI2
� cþ dþ dð Þ � ae

1þbeI

� �
¼ RX I� I�ð Þ bS

1þaI2
� bS�

1þaI2�
þ ae

1þbeI�
� ae

1þbeI

� �
dx

¼ � RX ae I�I�ð Þ2
1þbeI�ð Þ 1þbeIð Þ dx� RX abS� IþI�ð Þ I�I�ð Þ2

1þaI2�ð Þ 1þaI2ð Þ dx

þ RX b 1þaI2�ð Þ S�S�ð Þ I�I�ð Þ
1þaI2�ð Þ 1þaI2ð Þ dx:

As such, one yields

L2 þ L3 ¼ � RX r
K

S� S�ð Þ2dx
� RX ae I�I�ð Þ2

1þbeI�ð Þ 1þbeIð Þ dx� RX abS� IþI�ð Þ I�I�ð Þ2
1þaI2�ð Þ 1þaI2ð Þ dx

� RX b aI� I�I�ð Þ�2½ � S�S�ð Þ I�I�ð Þ
1þaI2�ð Þ 1þaI2ð Þ dx

¼ � RX XTQXdx;

where we define X ¼ S� S�
I� I�

� �
and the matrix

Q ¼
r
K

b aI� I�I�ð Þ�2½ �
2 1þaI2�ð Þ 1þaI2ð Þ

b aI� I�I�ð Þ�2½ �
2 1þaI2�ð Þ 1þaI2ð Þ

ae
1þbeI�ð Þ 1þbeIð Þ þ abS� IþI�ð Þ

1þaI2�ð Þ 1þaI2ð Þ

0B@
1CA:

We can find that TraceQ ¼ r
K
þ ae

1þbeI�ð Þ 1þbeIð Þ þ abS� IþI�ð Þ
1þaI2�ð Þ 1þaI2ð Þ > 0

and

DetQ ¼ aer

K 1þ beI�ð Þ 1þ beIð Þ þ
abrS� Iþ I�ð Þ

K 1þ aI2�
� �

1þ aI2
� �

� b2 aI� I� I�ð Þ � 2½ �2
4 1þ aI2�
� �2

1þ aI2
� �2 :

Now we show that DetQ > 0 with some assumptions.Indeed,

one only need to guarantee abrS� IþI�ð Þ
K

� b2 aI� I�I�ð Þ�2½ �2
4 1þaI2�ð Þ 1þaI2ð Þ P 0 is

valid.Obviously, abrS� IþI�ð Þ
K

> abrS�I�
K

is true.On the other hand,

b2 aI� I�I�ð Þ�2½ �2
4 1þaI2�ð Þ 1þaI2ð Þ <

a2b2I2�I2
4

6 a2b2I2�C2
0

4
, where C0 is a positive constant

depends on a; b; d; c; d and K due to Theorem 2.1.

Consequently, if we restrict abrS�I�
K

P a2b2I2�C2
0

4
, then we can

obtain abrS� IþI�ð Þ
K

> abrS�I�
K

P a2b2I2�C2
0

4
> b2 aI� I�I�ð Þ�2½ �2

4 1þaI2�ð Þ 1þaI2ð Þ, name-

ly abrS� IþI�ð Þ
K 1þaI2�ð Þ 1þaI2ð Þ �

b2 aI� I�I�ð Þ�2½ �2
4 1þaI2�ð Þ2 1þaI2ð Þ2 > 0 is valid. One claims that

DetQ > 0, and the matrix Q is positively definite. It follows
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that V2 þ V3 ¼ � RX XTQXdx < 0, and therefore
_V ¼ V1 þ V2 þ V3 6 0 holds. The endemic equilibrium EE is
globally asymptotically stable. This finishes the proof.

4. Positive steady states

In this section, we consider the problem of the steady states to

the following system

�dSDS xð Þ ¼ rS xð Þ 1� S xð Þ
K

� �
� bS xð ÞI xð Þ

1þaI2 xð Þ � lS xð Þ; x 2 X;

�dIDI xð Þ ¼ bS xð ÞI xð Þ
1þaI2 xð Þ � cþ dþ dð ÞI xð Þ � aeI xð Þ

1þbeI xð Þ ; x 2 X;

@S xð Þ
@m ¼ @I xð Þ

@m ¼ 0; x 2 @X:

8>>><>>>:
ð11Þ
4.1. A priori estimates
Theorem 4.1. Suppose that 0 < l < r; 0 < b < 2
ffiffiffi
a

p
r� lð Þ are

valid, then for any positive solution S xð Þ; I xð Þð Þ of system (11),

one has

K 2
ffiffiffi
a

p
r� lð Þ � b½ �
2r

ffiffiffi
a

p 6 S xð Þ 6 K; 0 < I xð Þ 6 bK

2
ffiffiffi
a

p
cþ dþ dð Þ :

Proof. Suppose that S xð Þ; I xð Þð Þ is a positive solution of sys-
tem (11), and let

S x1ð Þ ¼ max
x2X

S xð Þ; I y1ð Þ ¼ max
x2X

I xð Þ:

Due to the maximum principle (cf. [28–30]) and the S-equation
of (11), we yield

0 6 rS x1ð Þ 1� S x1ð Þ
K

� �
� bS x1ð ÞI x1ð Þ

1þ aI2 x1ð Þ � lS x1ð Þ

6 rS x1ð Þ 1� S x1ð Þ
K

� �
;

so we have S x1ð Þ 6 K. By making use of the maximum princi-
ple and the I-equation of (11), one deduces

0 6 bS y1ð ÞI y1ð Þ
1þ aI2 y1ð Þ � cþ dþ dð ÞI y1ð Þ � aeI y1ð Þ

1þ beI y1ð Þ

6 bK

2
ffiffiffi
a

p � cþ dþ dð ÞI y1ð Þ;

it gives that I y1ð Þ 6 bK
2
ffiffi
a

p
cþdþdð Þ. Now we define

S x0ð Þ ¼ minx2XS xð Þ, then by making use of the S-equation

again, we get

rS x0ð Þ 1� S x0ð Þ
K

� �
� bS x0ð Þ

2
ffiffiffi
a

p � lS x0ð Þ

6 rS x0ð Þ 1� S x0ð Þ
K

� �
� bS x0ð ÞI x0ð Þ

1þ aI2 x0ð Þ � lS x0ð Þ � 0;

this gives S x0ð Þ P K 2
ffiffi
a

p
r�lð Þ�b½ �

2r
ffiffi
a

p . This ends the proof.

In what follows, let us denote
0 ¼ k0 < k1 6 k2 6 � � � 6 ki 6 � � � and limi!1ki ¼ 1 by the
complete set of eigenvalues of the operator �D with no-flux

boundary conditions in X, and

S ¼ 1

jXj
Z
X
S xð Þdx; I ¼ 1

jXj
Z
X
I xð Þdx
by their averages over domain X. Then we haveZ
X
S xð Þ � S
� �

dx ¼ 0;

Z
X
I xð Þ � I
� �

dx ¼ 0:

Denote by / ¼ S xð Þ � S and w ¼ I xð Þ � I. We thus haveR
X /dx ¼ 0 and

R
X wdx ¼ 0 are true.

4.2. Some propositions
Proposition 1. Suppose that dS; dI > 0, then for any solution
S xð Þ; I xð Þð Þ of system (11), we have

R
X /

2dxþ RX jr/j2dx 6 r2K2 jXj 1þk1ð Þ
16d2Sk

2
1

;R
X w

2dxþ RX jrwj2dx 6 K2b2 jXj 1þk1ð Þ
4ad2I k

2
1

:

where k1 is the first non-zero eigenvalue of �D on X about

zero-flux boundary conditions.

Proof. Multiply / to the S-equation of (11) and note that

the Cauchy–Schwarz inequality, one obtains

dS

Z
X
jr/j2dx¼

Z
X
/ rS xð Þ 1�S xð Þ

K

� �
�bS xð ÞI xð Þ
1þaI2 xð Þ�lS xð Þ

	 

dx

6 rK

4

Z
X
j/jdx

6 rK
ffiffiffiffiffiffiffijXjp

4

Z
X
j/j2dx

� �1
2

:

By a similar way, multiply w to the I-equation of (11) and use
Cauchy–Schwarz inequality

dA
R
X jrwj2dx ¼ RX w bS xð ÞI xð Þ

1þaI2 xð Þ � cþ dþ dð ÞI xð Þ � aeI xð Þ
1þbeI xð Þ

� �
dx

6 bK
2
ffiffi
a

p
R
X jwjdx

6 bK
ffiffiffiffi
jXj

p
2
ffiffi
a

p
R
X jwj2dx

� �1
2

:

Note the Poincar�e’s inequality, they areZ
X
/2dx 6 1

k1

Z
X
jr/j2dx;

Z
X
w2dx 6 1

k1

Z
X
jrwj2dx;

we can yield

dS
R
X jr/j2dx 6 rK

ffiffiffiffi
jXj

p
4

R
X j/j2dx

� �1
2 6 rK

4

ffiffiffiffi
jXj
k1

q R
X jr/j2dx

� �1
2

;

dI
R
X jrwj2dx 6 bK

ffiffiffiffi
jXj

p
2
ffiffi
a

p
R
X jwj2dx

� �1
2 6 bK

2
ffiffi
a

p
ffiffiffiffi
jXj
k1

q R
X jrwj2dx

� �1
2

:

These two inequalities show thatZ
X
jr/j2dx 6 r2K2jXj

16d2Sk1
;

Z
X
jrwj2dx 6 b2K2jXj

4ad2Ik1
:

Consequently, one yieldsR
X /

2dxþ RX jr/j2dx 6 r2K2 jXj 1þk1ð Þ
16d2Sk

2
1

;R
X w

2dxþ RX jrwj2dx 6 K2b2 jXj 1þk1ð Þ
4ad2I k

2
1

:

The proof is completed.

Proposition 2. Suppose that r > 2l; 0 < b 6
ffiffiffi
a

p
r� 2lð Þ and

K2b2

4 cþdþdð Þ2 < 1, then one has
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16a 3dIk1 � 4bKð Þ cþ dþ dð Þ6dIk1
K3b3 þ 4bK cþ dþ dð Þ2
h i2 6

R
X jr/j2dxR
X jrwj2dx 6 4b2K2

3d2Sk
2
1

;

and

16a 3dIk1 � 4bKð Þ cþ dþ dð Þ6dIk21
1þ k1ð Þ K3b3 þ 4bK cþ dþ dð Þ2

h i2 6
R
X jr/j2 þ /2
� �

dxR
X jrwj2 þ w2
� �

dx

6 4b2K2 1þ k1ð Þ
3d2Sk

3
1

;

where k1 is the first positive eigenvalue of �D on X about zero-
flux boundary conditions.

Proof. Multiply the S-equation of (11) by /, we get

0 ¼ RX dSDS xð Þ þ rS xð Þ 1� S xð Þ
K

� �
� bS xð ÞI xð Þ

1þaI2 xð Þ � lS xð Þ
h i

/dx

¼ �dS
R
X jr/j2dxþ r

R
X S xð Þ 1� S xð Þ

K

� �
/dx� b

R
X

S xð ÞI xð Þ
1þaI2 xð Þ/dx� l

R
X S xð Þ/dx

¼ �dS
R
X jr/j2dxþ r

R
X 1� S xð ÞþS

K

� �
/2dx� b

R
X

I xð Þ 1þaI2ð Þ/2

1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx

�b
R
X

S 1�aII xð Þð Þ/w
1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx� l

R
X /2dx:

It is noticed that 1� S xð ÞþS

K
6 0 is valid as r > 2l and

0 < b 6 ffiffiffi
a

p
r� 2lð Þ. As such, one can obtain

b
R
X

S 1�aII xð Þð Þ/w
1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx

¼ �dS
R
X jr/j2dxþ r

R
X 1� S xð ÞþS

K

� �
/2dx

�b
R
X

I xð Þ 1þaI2ð Þ/2

1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx� l
R
X /

2dx:

We claim
R
X /wdx < 0 since K2b2

4 cþdþdð Þ2 < 1. This implies

dS
R
X jr/j2dx ¼ r

R
X 1� S xð ÞþS

K

� �
/2dx

�b
R
X

I xð Þ 1þaI2ð Þ/2

1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx

�b
R
X

S 1�aII xð Þð Þ/w
1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx� l

R
X /

2dx

6 bK
R
X j/wjdx;

it follows that

dS
R
X jr/j2dx 6 bK

R
X j/wjdx

6 dSk1
4

R
X /

2dxþ b2K2

dSk1

R
X w

2dx

6 dS
4

R
X jr/j2dxþ b2K2

dSk
2
1

R
X jrwj2dx:

As a result, one has

3dS
4

Z
X
jr/j2dx 6 b2K2

dSk
2
1

Z
X
jrwj2dx: ð12Þ

Similarly, multiply the I-equation of (11) by w, we can deduce
0 ¼ RX dIDI xð Þ þ bS xð ÞI xð Þ
1þaI2 xð Þ � cþ dþ dð ÞI xð Þ � aeI xð Þ

1þbeI xð Þ

� �
wdx

¼ �dI
R
X jrwj2dxþ b

R
X

S xð ÞI xð Þ
1þaI2 xð Þ � SI

1þaI2

� �
wdx� cþ dþ dð Þ RX w2dx

þ RX aeI

1þbeI
� aeI xð Þ

1þbeI xð Þ

� �
wdx

¼ �dI
R
X jrwj2dxþ b

R
X

I xð Þ 1þaI2ð Þ/w
1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dxþ b

R
X

S 1�aII xð Þð Þw2

1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx

� cþ dþ dð Þ RX w2dx� ae
R
X

w2

1þbeI xð Þð Þ 1þbeIð Þ
6 �dI

R
X jrwj2dxþ b

R
X

I xð Þ 1þaI2ð Þ/w
1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dxþ b

R
X

S 1�aII xð Þð Þw2

1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx:

It then follows that

dI
R
X jrwj2dx 6 b

R
X

I xð Þ 1þaI2ð Þ/w
1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dxþ b

R
X

S 1�aII xð Þð Þw2

1þaI2 xð Þð Þ 1þaI2 xð Þð Þ dx

6 K3b3þ4bK cþdþdð Þ2
8
ffiffi
a

p
cþdþdð Þ3

R
X j/wjdxþ bK

R
X w

2dx

6 K3b3þ4bK cþdþdð Þ2
8
ffiffi
a

p
cþdþdð Þ3

R
X j/wjdxþ bK

k1

R
X jrwj2dx:

Consequently, if 0 < 4bK < 3k1dI is valid, one has

dIk1�bK
k1

R
X jrwj2dx 6 K3b3þ4bK cþdþdð Þ2

8
ffiffi
a

p
cþdþdð Þ3

R
X j/wjdx

6 dIk1
4

R
X w

2dxþ K3b3þ4bK cþdþdð Þ2½ �2
64a cþdþdð Þ6dIk1

R
X j/j2dx

6 dI
4

R
X jrwj2dxþ K3b3þ4bK cþdþdð Þ2½ �2

64a cþdþdð Þ6dIk21

R
X jr/j2dx:

Henceforth

3dIk1 � 4bK
4k1

Z
X
jrwj2dx 6

K3b3 þ 4bK cþ dþ dð Þ2
h i2

64a cþ dþ dð Þ6dIk21
�
Z
X
jr/j2dx: ð13Þ

As a result, benefitting from (12) and (13), we have

16a 3dIk1 � 4bKð Þ cþ dþ dð Þ6dIk1
K3b3 þ 4bK cþ dþ dð Þ2
h i2 6

R
X jr/j2dxR
X jrwj2dx 6 4b2K2

3d2Sk
2
1

:

Furthermore, we note thatZ
X

jr/j2 þ /2
� �

dx 6 1þ k1
k1

Z
X
rj/j2x;

Z
X

jrwj2 þ w2
� �

dx

6 1þ k1
k1

Z
X
rjwj2x:

We, therefore, obtainR
X jr/j2 þ /2
� �

dxR
X jrwj2 þ w2
� �

dx
6 1þ k1ð Þ RX jr/j2dx

k1
R
X jrwj2 þ w2
� �

dx

6 1þ k1ð Þ RX jr/j2dx
k1
R
X jrwj2dx 6 4b2K2 1þ k1ð Þ

3d2Sk
3
1

;

andR
X

jr/j2þ/2ð ÞdxR
X

jrwj2þw2ð Þdx P
k1
R
X

jr/j2þ/2ð Þdx
1þk1ð Þ

R
X
jrwj2dx P

k1
R
X
jr/j2dx

1þk1ð Þ
R
X
jrwj2dx

P 16a 3dIk1�4bKð Þ cþdþdð Þ6dIk21
1þk1ð Þ K3b3þ4bK cþdþdð Þ2½ �2 :

The proof is finished.
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4.3. Nonexistence of the positive steady states

Theorem 4.2. Suppose that dS; dI > 0 hold, then system (11)

has no nonconstant steady state as dS > d�S and dI > d�I , where

d�S ¼ 1

k1

K3b3 þ 8r cþ dþ dð Þ2
8 cþ dþ dð Þ2 þ b

4
ffiffiffi
a

p
 !

;

d�I ¼
1

k1

K3b3

8 cþ dþ dð Þ2 þ
b 1þ 4K

ffiffiffi
a

pð Þ
4
ffiffiffi
a

p
 !

;

and k1 is the first non-zero eigenvalue of �D on X with respect
to no-flux boundary conditions.

Proof. Multiply the S-equation of (11) by /, we have

dS
R
X jr/j2dx ¼ RX rS xð Þ 1� S xð Þ

K

� �
� bS xð ÞI xð Þ

1þaI2 xð Þ � lS xð Þ
h i

/dx

¼ RX rS xð Þ 1� S xð Þ
K

� �
� bS xð ÞI xð Þ

1þaI2 xð Þ � lS xð Þ
h i

/dx

� RX rS 1� S
K

� �
� bSI

1þaI2
� lS

h i
/dx

¼ r
R
X S xð Þ 1� S xð Þ

K

� �
/dx� RX bS xð ÞI xð Þ

1þaI2 xð Þ /dx� l
R
X S xð Þ/dx

¼ S1 þ S2 þ S3;

where

S1 ¼ r

Z
X
S xð Þ 1� S xð Þ

K

� �
/dx; S2 ¼ �

Z
X

bS xð ÞI xð Þ
1þ aI2 xð Þ/dx; S3

¼ �l
Z
X
S xð Þ/dx:

Then we have

S1 �
R
X rS 1� S

K

� �
/dx

¼ r
R
X S xð Þ 1� S xð Þ

K

� �
� S 1� S

K

� �h i
/dx;

¼ r
R
X 1� S xð ÞþS

K

� �
/2dx

6 r
R
X /

2dx;

S2 þ
R
X

bSI
1þaI2

/dx

¼ b
R
X

SI

1þaI2
� S xð ÞI xð Þ

1þaI2 xð Þ

� �
/dx

¼ RX b aIIS�S xð Þð Þ/w
1þaI2ð Þ 1þaI2ð Þ dx� RX bI 1þaIIð Þ

1þaI2ð Þ 1þaI2ð Þ/
2dx

6 K3b3

8 cþdþdð Þ2
R
X /

2dxþ K3b3

8 cþdþdð Þ2
R
X w

2dx;

and

S3 þ l
Z
X
S/dx ¼ �l

Z
X
/2dx:

Hence
dS
R
X jr/j2dx 6 K3b3

8 cþdþdð Þ2
R
X /

2dx

þ K3b3

8 cþdþdð Þ2
R
X w

2dxþ r
R
X /

2dx� l
R
X /

2dx

6 K3b3þ8r cþdþdð Þ2
8 cþdþdð Þ2

R
X /

2dxþ K3b3

8 cþdþdð Þ2
R
X w

2dx:

ð14Þ

In what follows, multiply the I-equation of (11) by w, we have

dI
R
X jrwj2dx ¼ RX bS xð ÞI xð Þ

1þaI2 xð Þ � cþ dþ dð ÞI xð Þ � aeI xð Þ
1þbeI xð Þ

� �
wdx

¼ RX bS xð ÞI xð Þ
1þaI2 xð Þ � cþ dþ dð ÞI xð Þ � aeI xð Þ

1þbeI xð Þ

� �
wdx

� RX bSI
1þaI2

� cþ dþ dð ÞI� aeI

1þbeI

� �
wdx

¼ RX bS xð ÞI xð Þ
1þaI2 xð Þ wdx� RX cþ dþ dð ÞI xð Þwdx

� RX aeI xð Þ
1þbeI xð Þwdx

¼ I1 þ I2 þ I3;

where

I1 ¼
Z
X

bS xð ÞI xð Þ
1þ aI2 xð Þwdx; I2 ¼ �

Z
X
cþ dþ dð ÞI xð Þwdx I3

¼ �
Z
X

aeI xð Þ
1þ beI xð Þwdx:

Henceforth, one yields

I1 �
R
X

bSI
1þaI2

wdx

¼ b
R
X

S xð ÞI xð Þ
1þaI2 xð Þ � SI

1þaI2

� �
wdx

¼ RX bI xð Þ/w
1þaI2 xð Þ dxþ RX bS 1�aI xð ÞIð Þ

1þaI2ð Þ 1þaI2ð Þw
2dx

6 b
2
ffiffi
a

p
R
X j/wjdxþ bK

R
X w

2dx

6 b
4
ffiffi
a

p
R
X /

2dxþ b 1þ4K
ffiffi
a

pð Þ
4
ffiffi
a

p
R
X w

2dx;

I2 þ
Z
X
cþ dþ dð ÞIwdx ¼ � cþ dþ dð Þ

Z
X
w2dx;

and

I3 þ
Z
X

aeI

1þ beI
wdx ¼ �

Z
X

ae

1þ beI
� �

1þ beI xð Þð Þw
2dx:

Therefore, one can obtain

dI

Z
X
jrwj2dx 6 b

4
ffiffiffi
a

p
Z
X
/2dxþ b 1þ 4K

ffiffiffi
a

pð Þ
4
ffiffiffi
a

p
Z
X
w2dx: ð15Þ

Combine (14) with (15), one yields

dS
R
X jr/j2dxþ dI

R
X jrwj2dx

6 K3b3þ8r cþdþdð Þ2
8 cþdþdð Þ2 þ b

4
ffiffi
a

p
� � R

X /
2dx

þ K3b3

8 cþdþdð Þ2 þ
b 1þ4K

ffiffi
a

pð Þ
4
ffiffi
a

p
� � R

X w
2dx

6 1
k1

K3b3þ8r cþdþdð Þ2
8 cþdþdð Þ2 þ b

4
ffiffi
a

p
� � R

X jr/j2dx

þ 1
k1

K3b3

8 cþdþdð Þ2 þ
b 1þ4K

ffiffi
a

pð Þ
4
ffiffi
a

p
� � R

X jrwj2dx:

Let



Fig. 1 The influence of the diffusion rates dS and dI on the nonconstant steady state of the SI model (1). Other parameters are

b ¼ 0:31; l ¼ 0:2; d ¼ 0:1; d ¼ 0:3; c ¼ 0:3; e ¼ 0:4; a ¼ 4; b ¼ 6:3;K ¼ 5:8; a ¼ 0:25; r ¼ 1:53.
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d�S ¼ 1

k1

K3b3 þ 8r cþ dþ dð Þ2
8 cþ dþ dð Þ2 þ b

4
ffiffiffi
a

p
 !

;

d�I ¼
1

k1

K3b3

8 cþ dþ dð Þ2 þ
b 1þ 4K

ffiffiffi
a

pð Þ
4
ffiffiffi
a

p
 !

:

Consequently, if hypothesises dS > d�S and dI > d�I are valid,

then r/ ¼ rw ¼ 0.This implies the solution S xð Þ; I xð Þð Þ must
be a constant solution of system (11). We end the proof.

To perform the effect of the diffusion rates dS and dI on the

nonconstant steady states, we give the following example to
verify this aspect. The bounded region we take here is
X ¼ 0; 200½ � � 0; 200½ � in 2D space.

Example We take the parameters b ¼ 0:31; l ¼ 0:2;
d ¼ 0:1; d ¼ 0:3; c ¼ 0:3; e ¼ 0:4; a ¼ 4; b ¼ 6:3;K ¼ 5:8;
a ¼ 0:25; r ¼ 1:53. For the diffusion rates of the susceptible
and infected individuals, one chooses dS ¼ 2:5 and dI ¼ 0:2.
Then our numerical experiments illustrate that there is no non-
constant steady state in the model (1), see Fig. 1(a). However,
when one takes dS ¼ 0:04 and dI ¼ 1:25, we can observe that

the diffusive SI model (1) possesses the nonconstant steady
state, see Fig. 1(b). Obviously, the diffusion rates dS and dI
of the susceptible and infected individuals will affect the exis-
tence of the nonconstant steady states.

5. Conclusions

This paper investigates a diffusive susceptible-infected model
with the saturated treatment, the non-monotonic incidence

rate, and the logistic growth under the homogeneous Neu-
mann boundary conditions. Firstly, the global existence and
the uniform boundedness of the solution S x; tð Þ; I x; tð Þð Þ are

given, see Theorem 2.1 and Theorem 2.2, respectively. The
obtained results illustrate that the susceptible and infected
individuals will long-term coexist in a bounded domain. Then,

by using some Lyapunov functions, we establish the global sta-
bility of the disease-free equilibrium and the endemic equilib-
rium, see Theorems 3.1–3.3, respectively. To explore the
dynamics of the steady states of the spatiotemporal SI model

(1), we consider its elliptic form system, i.e., the system (11).
By virtue of the maximum principle, the Poincar�e’s inequality
and the Cauchy–Schwarz inequality, one gives a priori esti-

mates, some properties and the nonexistence of the positive
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steady states, see Theorem 4.1, Proposition 1, Proposition 2
and Theorem 4.2 for details. Especially, the theoretical result
performed in Theorem 4.2 shows that the elliptic system (11)

has no nonconstant steady states when the diffusion rates dS
and dI of the susceptible individuals and infected individuals
exceed their critical thresholds, respectively. This implies that

diseases will not perform spatial transmission characteristics
under certain conditions from the point of view of disease
transmission. These results may help us understand the

dynamic behaviors of the diffusive SI model (1) in a bounded
interval.
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