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KEYWORDS Abstract In this article, we investigate a susceptible-infected (SI) model with the saturated treat-

ment, the non-monotonic incidence rate, the logistic growth, and the homogeneous Neumann
boundary conditions. The global existence and the uniform boundedness of the parabolic system
are performed. After that, we investigate the global stability of the disease free equilibrium
(DFE) and the endemic equilibrium (EE), respectively. In the end, we give a priori estimates, some
propositions of the nonconstant steady states to the elliptic system. Meanwhile, we find that the dif-
fusion rates of the susceptible and the infected population can affect the nonexistence of the non-
constant steady states. An interesting finding is DFE and basic reproduction number do not exist
when the intrinsic growth rate of the susceptible class less than the rate of susceptible individuals

being vaccinated.
© 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
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1. Introduction by spatial location, some scholars proposed and investigated
the spatial transmission epidemic models. Wang and Zhao
[9] reported basic reproduction number and its computation
formulae for diffusive epidemic models with compartmental
structure. Magal et al. [10] employed a diffusive epidemic
model to study the transmission dynamics of susceptible and
infected populations with spatial heterogeneity environment.
Renardy et al. [11] established a pipeline for structural identi-
fiability analysis of a spatial epidemic model by employing a

Over the past few decades, various diseases models have been
modeled by scholars to characterize propagation dynamics
among population. Such as, the SI model [1,2], the SIR model
[3.4], the COVID-19 model [5,6], the SEIR model [7,8] etc. Of
course, considering that the spread of disease may be affected
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differential algebra framework and derive identifiability
results. Qiang et al. [12] investigated the global threshold
dynamics of a epidemic model in almost periodic environments
and shown the diffusion rate could affect disease transmission.
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More dynamical results about epidemic models with spatial
effect, see Refs. [5,13—16] and reference cited therein.
In this paper, we investigate a diffusive SI model as follows.

%8 — dsAS = rS(1 — %) — L5 — uS, x€EQ, >0,
A di A =L — (y+ d + 6)] — 7L, xXeQ1>0,
a=g=0, Xx€ >0,
S(x,0) = So(x) =0, I(x,0) =L(x) =20, xeQ,

(1)

where S = S(x,¢) and I = I(x,t) are the susceptible humans
and the infected humans at spatial position x and time ¢z,
respectively. Constants ds and d; are diffusion rates of the sus-
ceptible humans and the infected humans, respectively. The
term rS(l — %) represents the logistic growth function of the
susceptible humans with the logistic growth rate r and the envi-
ronmental carrying capacity K, see [17]. The nonlinear term

lﬁSI describes the non-monotonic incidence rate [18,19], and

constants o, § are the parameter that measures the inhibitory
factors and the transmission rate of infection, respectively.
Parameter u denotes by the percentage of susceptible individ-
uals being vaccinated. Moreover, the constants y,d and ¢
describe the natural recovery rate, the mortality rate of
infected individuals, and the death rate that induced by dis-
ease. The term Ii[b[e 5 describes saturated treatment function
[20,21], where «a is cure rate, e is treatment control parameter
and b represents delayed treatment of individuals. Also, denote
A by the Laplacian operator in a bounded domain
Q C RY(N = 1) with the smooth boundary 0Q, v is the out-
ward unit normal vector along the boundary 0Q. All parame-
ters in diffusive model (1) are non-negative due to its practical
meaning.
It is noticed that if the diffusion is absent, namely

das A pSI
{t[j ,S(17%)71+a127’us’

4 = Bt (7 +d+ 5)1_ 1fb{1

)

dt — 14al®

We can find that (0,0) is a equilibrium of the epidemic model
(2) and it admits a disease free equilibrium (DFE) denote by E,
and a endemic equilibrium (EE) denote by E.. For such a tem-
poral epidemic model, we need to point out that the stabilities
of DFE/EE and primary bifurcation, including the transcriti-
cal bifurcation, the backward bifurcation, the saddle-node
and Hopf bifurcation, Bogdanov-Takens are reported in [21].
For a epidemic model, the basic reproduction number is an
important index to characterize some threshold dynamics
which describes the average number of newly infected popula-
tions at the beginning of the infectious process [22]. By the
technique of next generation matrix [23-25], the basic repro-
duction number, say #,, can be written as

Blr — WK

Hd+5+yTae) ®

0/0 =
This gives the logistic growth rate r should be greater than the
percentage u of susceptible individuals being vaccinated, i.e.,
r > p always valid for the model (2).

Owing to the diffusion effect being incorporated into the
model, how to guarantee the positivity and boundedness of
the solution (S,/) should be first addressed. Moreover,
whether the diffusion rates ds of the susceptible individual
and d; of the infected individual will affect the existence of

the nonconstant steady states also is an important issue.
Exploring the keys of these two problems will help us theoret-
ically understand the dynamic profiles of the SI model (1) with
diffusion effect. Consequently, the purpose of the present
paper is exploring the dynamical behaviors of the diffusive
SI model (1) as well as its elliptic system, respectively. To be
precise, we first the positivity and uniform boundedness results
of the solution (S(x,7),(x,?)) of the SI model (1). The mixed
quasi-monotone method, the strong maximum principle, etc.
are used to help us to achieve these goals. We also give the con-
ditions to ensure the global asymptotic stabilities of DFE and
EE by construction some suitable Lyapunov time evolution
functions, respectively. In the sequel, we turn our attention
to the elliptic system of the SI model (1). We main want to
establish some results of the steady state solution
(S(x),I(x)). For instance, the priori estimates, the nonexis-
tence of the steady state (S(x),(x)), and so on. Particularly,
we find that the diffusion coefficients the susceptible humans
dg and the infected humans d; can affect the nonexistence of
the positive steady state (S(x), I(x)) with certain conditions.

We design the remaining sections of the paper as follows. In
Section 2, the positivity and uniform boundedness of the solu-
tion (S(x, 1), I(x, 1)) of the SI model (1) are established. In Sec-
tion 3, we perform the global asymptotic stabilities of DFE
and EE, respectively. In Section 4, one focuses on some
dynamics phenomena of the steady state of the corresponding
elliptic system. Finally, this paper ends with some conclusions
performed in Section 5.

2. Positivity and uniform boundedness

In this section, the positivity and the uniform boundedness of
the solution (S(x,7),1(x,7)) to the SI model (1) will be
explored.

Theorem 2.1. Suppose that 0 < u < r,0 < f < 2y/a(r — p) and
So(x),Io(x) = 0 in Q C R¥(N > 1). Then system (1) has a
unique positive solution u(x, 7) > 0, v(x,t) > 0 for ¢ € (0, +00)
and x € Q. Moreover,

(i)lim supmaxS(-, 1) < K, lim supmax/(-, 1) < %,
t—oo  xeQ t—oo  xeQ
(if)lim infminS (-, 1) > A2 0A,

Proof. (S(x,1),I(x, 1)) = (0,0)
(S(x,0),1(x,1)) = (§(z),f(z)>, where we define (§ ), 1(1) )

by the unique solution of the following problem

Assume  that and

ds—rS(l f—) — usS,

dt

&= B — (y+d+0)— L

dt 1+al~ 1+bel ?

S(0) = §,1(0) =1,

where one claims that S = sup,_,So(x) and T = sup,.olo(x).
We then have

WO dsAS(x, 1) — rS(x, t)(l f¥> +W+u$ (x,0)=0
>0= "S" — dsAS(x, 1) — rS(x, t)(l 7¥) 7/37&\-,3)7'@) — uS(x, 1),

and
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BS(x.0)I(x,1) +( +d+5)l(v t) (107(:(1) -0

T 1+bel(x,1)
>0 =25 _ g A[(x, 1) —”“"(" + (0 d+ I 0) + gy

at 1+al?(x.1)
(S(x,1),1(x,1)) = (0,0) and
(S(x, 1), 1(x,1)) = (§(z),f(t)> are the lower and the upper

M) gy AT(x, 1) —

Hence, we can see that

solutions of system (1), respectively, and 0 < Sp(x) <
S =sup,oSo(x) and 0 < Iy(x) < T=sup,ol(x) hold.
Denote by
, S pSI
SN =rS(1-2) - 22 us, oS, 1) :
78,0 = rs(1- %) = o uS ¢(5.0
BSI . ael
= —(p+d+ o — 2
1 + ol (r+d+9) 1+ bel’

and aset IT={(S,1): S > 0,0 <
ple computations show that

BS(al* — 1)
(1+aP)’

I< 1/y/o}. Then some sim-

pI

S8, = o 20

S 07 gS(S7 I) =

Therefore, we claim that system (1) is a mixed quasi-monotone
system and has a wunique globally defined solution
(S(x,1),I(x,1)), satisfying
0 < S(x,1) < 8(7) and 0 < I(x, 1) < I(1),due to Pao [26]. Then
the strong maximum principle gives S(x,#) > 0 and I(x,7) > 0
for x € Q and ¢ € (0, +00).

Now we turn our attention to the boundedness of solutions
S(x,t) and I(x, 1) of the system (1). Here the main technique to
establish the bouns of the solutions S(x,?) and I(x,?) is the
comparison principle of parabolic equations. Using the S-
equation of (1), we have

—dsAS<rS(1-2), xeQ,1>0,
8=, xecoQ,t=0
S(x,0) = So(x) = 0, xeQ.

Hence, there are ¢ > 0 and T > 0, such that S(x,7) < K+ ¢

for Vx € Q and ¢ > T). It then follows I-equation of system (1)
that

dAI<ﬁ(K\751,(/+d+(S) XGQ,Z>T1,
%‘{:07 xe€eoQ,t =T,
1(x,0) = Ih(x) > 0, x€Q.

Weknowthdt[é%—o—sz fore, > 0,7, > 0,Vx € Q and
t>T,.
By using the S-equation of (1) again, we get

deASZrS(lf%)fzf%qu, xeQ, > T,
gf—O x€0Q,t = Ts,
S(x,0) = So(x) = 0, xeQ.

As such, the comparison principle shows that

S > MECWM 4 gy for & >0,Ty>0,Yx€Q and > Ts.
This ends the proof.

Theorem 2.2. Suppose that ds,d;, >0, then we have the
uniform boundedness results for any solution (S, ) of system
(1).(i) There is a positive constant C; depending on the initial
condition satisfying

1SCs Dl + G Dl (o

(ii) There is a positive constant C, independent of the initial
condition fulfilling

1SCs Dl oy + I1C Dl v

for some large T > 0.

< CyL V> 0. (4)

<GV T, (5)

Proof. To obtain the desire results in (4) and (5), we first
verify that

ISCy Ol x ) + HC Dl gy
is valid. Then for k = 1, one has
4 [(S+ Ddx
=ds [, ASdx +dy [, Aldx +r [, S(1 — 2)dx
—t Jo Sdx — (y +d +0) [o Idx — ae [, T;ddx
=r [y S(1 —%)dx — p [, Sdx — (y +d +9) [, Idx
—ae [, h=dx

SIK‘Q‘ mlf S+Id

< G,V =0, (6)

where we denote by m; = min{y,y +d + o6}. It follows that

s+ nav< e (5100 + nnas+ H2 1 - e,

for Vx € Q,7 > 0. As such, we obtain

K|Q _
lim sup/(S+ Ddx < "TH, Vx € Q. (7)
Q

1—00

Now we assume that (6) is valid for £ — 1. Multiply the S-
equation by S~', one yields

Ld
k di

k
= /Q {rSk(l - %) - 1[f“[12 - ,uSk} dx. (8)

By the same fashion, multiply the I-equation by I*~!, we get

Ld /I’Cderd,(k— 1)/1’"2|VI|2dx
dr Jo Q

B BSIF . ael’
_/g;{l—i-otlz_(y—i_d—i_é)l _1+bel}dx' 9)

S¥dx + ds(k — 1) / S|V S| dx
Q Q

Accordingly, on the basis of (8) and (9), one concludes

/1% S"dx+c/s(/c71)/S’ 2|vs)? dv+——/idv+d, (k—1) /i 2|V dx
A2 Q
1/<

" S
=r Sk(lff)dxf /de7 y+d+9o I{"dxfae/idx
./!2 K H. Q g ) o Ja 1+ bel

K 1 .
gr—/S"'dx—,u/S‘dx—(y+d+;¢)/1‘dx
4 Q Q Q

< i(/ S dx — my /(S/‘ + Ik)dx
4 Jo Ja

On the other hand, (6) is true for kK — 1. Thence there is a pos-

itive constant, say M,, fulfilling =& f, S dx < M,. We have
d ' .
— [ (8 + I")dx < My —m, /(Sk + IF)dx
dt Jq a
namely
ke ¢ —myt ' M, —myt

/(S +1)dx < e ™ /(So(x) + I (x))dx +— (1 —e™™"),

Q Q ny

(10)
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forVx e Q,t >

limsup/(Sk + IF)dx <
o

1—00

0. Moreover, one can deduce from (10) that

0 vxeq,

n

for some large 7' > 0. By virtue of [27], one concludes that the
proof is completed.

3. Global stability

In this section, we will establish the global stability results of
the equilibria to the system (1). To this end, let

S BSI
s(1-2) -0
g ( K> 1 + ol

—(y+d+0)I
B ael _
1+ bel

Then we have

Lemma 1. ([21]) Assume that r > pu is valid, then(i) system (1)
has always the equilibrium Ey = (0,0);(ii) system (1) has a
disease free equilibrium (DFE) Ef = (S;,0) = (M,O);(iii)
system (1) has endemic equilibria (EE) E. = (S,,[.) with

S, = K[(r—u)oclz—ﬂlx +r—u]

r(1+ar?)

al +a ' + P +as P +ad +as =0,

and 7, satisfies

where
ay = roa*be(d + 5 +7),
ay = ro*(d+ 6 +y) + aerd?,
ay = bear(d+ 0+ y + ae)(1 — Ro) + bea(r(d+ 6 +7) — ae),

ber? (d+5+y+ae)’ }?(ZJ
KoaP

ay = ber(d+ 6 + 7 + ae)(1 — Ry) — rabe’ +d+a(%:;“)l,
as=r(d+0+y+ae)(l — %),

a = ro(d+ 0+ 7+ ae) (2 — o) +

and Z, is defined by the basic reproduction number, that is

Blr — WK

Ry =—1 2
T Hd+ 0+ 7+ ae)

Lemma 2. ([21]) Assume that r>pu is valid,(i) if
ber(d+7y+0)+ fPK < PKbe(r — p),r(d+ 7+ 9) > ea,da(r—
,u)2 > f* and %, < 1 hold, then the number of endemic equilib-
ria is 0 or 2;(ii) if 4a(r — p)> > f* and %, > 1 hold, then the
number of endemic equilibria is 1 or 3;3ii) if
ber(d+ 7+ 9) + f*K < BKbe(r — w), rd+7y+9) > ea,
4o(r — p)* > * and %, = 1 hold, then system has a unique
endemic equilibrium.

Theorem 3.1. Suppose that p < r and % < (y+d+9) are
valid, then DFE E; = (S/,0) is globally asymptotically stable,
where ¢ is a positive constant depending on r, o, §, 1 and K.

Proof. Define

E(z):/ﬂ (/: S2S Sde+/11d1)dx.

Then one yields

: as(. S ol
2

s
= / dsAS| 1 — L |dx + / diAldx
Q S Q
RY: S BSI
1—=L||rs(1-2) - —uS|d
+/ﬂ< SZNI( K> 4ol “}x

pSI ael
PR - \a
+/g<1+a12 O dt o)l =g )
=E + E,

where

E, :/ dSAS<1
Q

and

E=[(1 7;’) [rS(1 =) = 25 — s

o (- G+ d+ o)1 - 1:“,',)dv

= Jo [S(1 =) — nSldx — fo 2 [rS(1 = 3) — L% — pus]ax
—Jo (G+d+ o)+ ) ax

BS2I s2
— I S = ) Sl = o [0 -) - 2 -
— Jo (G d+ 8)1+ L) dx
42

[0 -9 -+

2
S—Q) dx + / diAIdx = —2dsS / WS i dx <0,

A B
=rfo[s0-9-T0-9+L(1-%) - s(1-%)]ax

+ (s(fiilz)* () +d+ ) - lf/l)dx

=2 fo 5SS =8 dx + [y (5 fi',) (y+d+ o) — Ii‘kﬁl)d«*

<2y A (S —8)dx + f, (—7 G+d+ o))dx.
Now due to Theorem 2.1 we know that there is a positive con-
stants, say ¢, satisfying S(x, t) > ¢o for some 1 > 0 and x € Q.
Consequently, if condition —* 5 < (y +d+ 0) holds, one infers
s L -(+d+9) < 0 is valid. Therefore, DFE

(S_/, 0) is globally asymptotically stable. The proof is
completed.

0, namely E, <

Theorem 3.2. Suppose that u <r and Sy < (y+d+9) are
valid, then DFE E; = (Sy,0) is globally asymptotically stable.

Proof. Define

V(l) / (S Sf* Sfln )dx+ / Idx.
Q o
Then one yields
o) = fo % (1-
— JodsAS(1 =) dx + [, diAldx
+ [y <1 7%) [rS(l f%) f%f uS}dx

+ Jo (% —(+d+o)l— 117;14)1>dx
= Vl + VZa

)dx+ Jo Zdx
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where

2
V, = /dgAS(l — ﬂ>dX+ /d/A[d’C = *dSS// |v§| dx < 07
Ja N Ja Jo S°

and
E (1 *%) [I’S(l %) — i - ,uS}dx
+ Ja (l‘ji’,z —(y+d+ o) lfbll)dx

= Jolr

—fn( y+d+9) +li$il)dx
= [o[rS(1 = %) — uS]dx — [, [rSf( —%)—%—,qu]dx

[
—f9< (y+d+ )+ %L )dx
[

S(1—2) — uSldx — [, %[rS(l—ﬁ)—ﬁ‘—wz—,uS}dx
Y

it
S(1—%) —rSi(1 = %) + Sy —
+ Jo (£ -
=rfa[SO= =80 -9 +s(1
+ Jo (B2 - (
=~ % Ja (S= S dx+ fy (£ = (0 d+ 0)1 = 5k) dx

< _ﬁ fn (S_ Sf)zdx"' fQ I(ﬁSf -

Thence, we can claim that 7, < 0if S, <
and DFE E; =
ends the proof.

,uS} dx

(5 d+ 0)1 — 4L, ) dx

—%) - s(l —%)]dx

1+bel

(5 d+ )1 — 25 ) dx

(y +d+9))dx.

(y +d+ 0) is valid,
(S;,O) is globally asymptotically stable. This

Remark 3.1. Both Theorem 3.1 and Theorem 3.2 show that
the DFE E; = (Sf,0) is globally asymptotically stable, but we
need to emphasize is that the hypothesis conditions in
Theorem 3.2 are simpler than conditions in Theorem 3.1 due
to the different Lyapunov functions.

Next we suppose that (iii) in Lemma 2 holds such that the
model (1) has a unique endemic equilibrium EE.

Theorem 3.3. Suppose that (iii) in Lemma 2 and hypothesis

rS. xil(‘

= = —* are satisfied, then endemic equilibrium EE is

globally asymptotlcally stable, where Cj is a positive constants
depends on «, 8, d,y,0 and K.

Proof. Define

I
L(z):/ S—S*—S*lni dx+/ I—1I, — I In—)dx.
Q S* Q I*

Then direct computation gives

L) = Jo 5 (1= %)dx+ [o G (1 —F)dx
)

= [ dsAS(1 —%)dx + [, diAI(1 — %)dx
o (=) [rS(1 = ) — 5 — pus]ax

o (1=5) (152 = (4 d+ )1 = 325 )
=L+ L, + L3,

where

Q S Q 1
S, I,
—de/QVSd<lf§) fd[/QVId(177>
2 2
1]
o S o I

and
e [0 3)ls(1-5) -
S ﬁ[ S* ﬁl*
/(S S>{< _ﬁ) I +of r(l__)+1+oc1f}dx

(odl, — 1)(S =S,
/ (S—S.)2dx— ’“‘ (S—S)I-L) ;.
K (1+ol2)(1+ar)
and
fQ (I-1) (1+o<[2 —(r+d+90) - 1+b¢1>
S BS.
= JoI-1) (1+a1~ e T Thbel. 1+m>dx
ae [—[* afS, (I+1,)(I— 1)
—Ja kel )(14bel) (1+be1) — o mdx
B(1+aP ) (S-S.) (1)
fQ (1+a22) (1+22) dx.
As such, one yields
Ly+Ly=— [, £(S— S.)%dx
e(I-1,) BS. (I+1)(I=1,)
fQ (l+{[lyel*)(l+bel) fﬂ mdh
o BlaL(=1)=2)(S=S)(I-L)
Jo PE TR ()
= — |, X 0Xdx,
S-S, .
where we define X = 11 and the matrix
r _pld(I=1)=2]
2(14ar2) (1+22)
Q=1 juru-ry ae 4 oBSh)
2(1ar?) (14a2)  (bel)(Utbel) T (14ar2) (1422
. , _r ae aBS. (I+1.)
We can find that TraceQ = £+ (Bl )(T¥5e) T (1) (142F) >0
and
DetQ — aer afrS.(I+1.)

K(1 4 bel,)(1 + bel)
_ PLu-1) -2
4(1+al)’(1+al)’

K(1+al?) (1 +al)

Now we show that DetQ > 0 with some assumptions.Indeed,
aprS.(I+1)  BPladi(I-1) -2 .
K 4(1+a1§)(1+o¢12) >0 is

“M*’* is true.On the other hand,

one only need to guarantee

valid.Obviously, M

Pl (-1)-22 _ & /12121- o 1321' a
4(1+11£) (1+a12) 7 < , where C is a positive constant
depends on «,f,d,y,0 and K due to Theorem 2.1.

. 2pARCE
% > %, then we can

Bk (I-1) =2
4(14ar2) (14a8)’

> > 0 is valid. One claims that

Consequently, if we restrict

. afrS. (I+1,) Az/erx I - PFLEC
obtain e > = —3

name-

ly ofrS.(I+1.) _ Bled. (1-1,) =2
K(4a2)(142)  a(14a2)’ (15222)’
DetQ > 0, and the matrix Q is positively definite. It follows
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that Va+ Vs =— [, X"QXdx <0, and therefore
V=V, +V,+ V3 <0 holds. The endemic equilibrium EE is

globally asymptotically stable. This finishes the proof.

4. Positive steady states

In this section, we consider the problem of the steady states to
the following system

—dsAS(x) = rS(x) ( - %) — B is(x), xeQ
—diAI(x )_’jj*}; —(+d+)l(x) -5, xeQ,
Bly) — M) _ (), x € 0Q.

v 0\
(11)
4.1. A priori estimates

Theorem 4.1. Suppose that 0 < u < r,0 < < 2y/a(r — p) are
valid, then for any positive solution (S(x), I(x)) of system (11),

one has
K2\/a(r — p) — f] K
T e WSROI STy

Proof. Suppose that (S(x), I(x)) is a positive solution of sys-
tem (11), and let

S(x1) = maxS(x), I(y,) = maxl(x).

xeQ xeQ

Due to the maximum principle (cf. [28-30]) and the S-equation
of (11), we yield
S(x
0< rS(x1)<l - (K1)> -
S(x
< rS(xy) (1 - (Tl)>,

so we have S(x;) < K. By making use of the maximum princi-
ple and the I-equation of (11), one deduces

BS(xi)I(x:)
14 al(x))

— puS(x1)

BS()I(r) ael(y,)
<l (4 d+ 0)I(yy) —

e Sl MOD = T ety

pK

<2 10n),
it gives that I(y;) < m Now we define

S(x9) = min 5S(x), then by making use of the S-equation
again, we get

S(x S(x
rsoo (1= 5) = ) - s
S(x0)> BS(x0)1(xo)
<rS(xo) (1 - - — uS(xo) <0,
" (XO)( K 14 al(xo) #S(xo) <
this gives S(xp) = 2‘/_('4;‘)/3 This ends the proof.
In what follows, let us denote
0=A <A << <4< -+ and lim;_ 4 =00 by the

complete set of eigenvalues of the operator —A with no-flux
boundary conditions in Q, and

_:ﬁ/ﬂS(x)dxj:ﬁ/gl(x)d\

by their averages over domain Q. Then we have

/Q(S(x) — 8)dx =0, /Q(I(x) —T)dx =0.

Denote by ¢ = S(x) —S and = I(x)
Jo ddx =0 and [, ydx =0 are true.

— 1. We thus have

4.2. Some propositions

Proposition 1. Suppose that ds,d; > 0, then for any solution
(S(x),(x)) of system (11), we have

rZ 2 !
Ja$dx + [y |V§Pdx < 00,

202 2
JowPdx + [, |V dx < %

where 4, is the first non-zero eigenvalue of —A on Q about
zero-flux boundary conditions.

Proof. Multiply ¢ to the S-equation of (11) and note that
the Cauchy—Schwarz inequality, one obtains

dSL|V¢|2dx:[)¢{rS(x)<1_%> _BS()Ix)

1+ ol (x)
K
<5 [1olax

rK ‘Q(/|¢|d)

By a similar way, multiply ¥ to the I-equation of (11) and use
Cauchy—Schwarz inequality

dy fﬂ |V¢|2dx = fg <qi;1>21< J

—uS(x)|dx

o=

— (5 d+ O)I(x) — 5 ) dx
<47 Jo Wldx

< /“W (Ju )

Note the Poincaré’s inequality, they are

/ Fdr <L [ woras, [ Vdx < [ wfas,
Q )vl Q Q ;'1 Q

we can yield

/B (1 1oRax)’ <% B (), Vo dx)%,
Wﬁ (fatwPas) <52 90 ax)
These two inequalities show that

2
[ v <t S [ Ivutas <

1(,61'21l
Consequently, one yields
Jo #dx + [ [Vl dx < 20,
Ja Wldx + Ja |V1,b|2dx < KZﬂzEEJ‘;/‘]ﬁHl) :

The proof is completed.

ds [, [Vl dx <™

rol—

d [, |V dx <

BKIQ|
dods )y

Proposition 2. Suppose that r > 2u,0 < 8 < /a(r — 2u) and
KB

10rdio) < 1, then one has
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160(3d)71 — 4BK)(y + d + 0)°d)
KB +4ﬂ1<(;+d+5)}

4B2K2
380

fQ |V¢\ dx <
fQ |Vl//\ dx

and

160(3d;0y — 4BK)(y + d + 0)°d, 12 fg (IV¢| +¢ )
(1+ )[R + 4pK G +d + 07 “ (IVyP +y?)ax

4/3 KX (14 A)
3dgi]

\ )

where 4, is the first positive eigenvalue of —A on Q about zero-
flux boundary conditions.

Proof. Multiply the S-equation of (11) by ¢, we get

0= fo [dsAS(x) + () (1= 52) — B — ()] gl

= s Jo IV9Pdx + 1 J S0x) (1= 32 b —  f S gt — [, S(x) bl
2 S(x)+S l(\ 1 aP )¢

=—ds [o|Vo[dx+r [, (1 7M)¢'2d\ B Jo (1P } I+)'xl )

S(1-ali(x)) pw

s |+112 @) (1P (x )dv*ﬂjﬂq5 dx.

It is noticed that 1 — S()+S <0 is valid as r>2u and
0 < B < v/a(r—2u). As such, one can obtain

1 all(v) oY
Bl )

lJrocl2 (|+alz(x))

= —dgfg |V¢\ dx + er (1 —S(XTHE)([)ZCIX
1(x) (140 ) ¢? 5
B s mdx —u [, ¢dx.

We claim [, ¢pdx < 0 since Ky

Tordror < 1. This implies

s Jo Voldy =r Ja (1 — S(\—I)(ﬁ> P*dx
\) 1+al? )45
—p f!z de

l oll(x) )y
ﬁfﬂ Haclzi(br)xl?()dx — ’qu ¢2dx

< BK [, |dldx,

it follows that

dS fg ‘V¢| dx ﬁKfQ |¢l//‘dx
< dm ¢ dv+/jlsl;(l‘ fg‘// dx

<L [ |Veldx + L5 [ vy dx.

dsiy

As a result, one has
3d ﬁ ’ K>
2 [ woras / Vyfds. (12)

Similarly, multiply the I-equation of (11) by ¥, we can deduce

0= Jo, (@) + 250
= —d; [o IVYPax+ B (S~
o+ Jo (e = v v

= —d; [,|Vy[dx+ B [, (1+11 I;Eflz (V)‘h +8Ja 1+i121(\;)”((11)52 )
—(y+d+0) [y¥dx —ae [, m

—d, ]QW‘//‘ dr+ﬁjg ; 1) (1492 ) gy

+al? ( ) (1422 (x)

— (7 d+ O)I(x) = 2 )y

I+bel(x

)u//dx—(y+d+b [y WPdx

lJra(IZ

dx

(1-a11(x))¥?
’”Lﬁfsz H»a(l () (14 (v) )dx.

It then follows that

1(x)(14aF S 1—all(x) )y
dy [, |VyPdx < B, de+ﬁjg )

() (1422(x))
3 p3 4
KLARGAIT [ il + BK Jo 07dx

3 d+0
< ELAKLALT [ |l + 2 [, [Ty d.

N

Consequently, if 0 < 48K < 34,d; is valid, one has

P 303 ‘
51,/.121 BK j‘g \Vl//|2dx KB +4K(y+ /+o) fg |¢l//|d’€

8/a(y+d+6)°
< din [k‘/f +4BK( ~,+d+6)
< f ‘pd + 64a(y+d+06)° d,/, f9|¢| dx
< d [KB+4BK(+d+0)’]
4 Jo [V dx + 64y 11 0)°dr 12 f9|v¢| dx.
Henceforth

[K3ﬁ3 +4BK(y +d+ o)
64a(y +d+0)°d2?

x /Q|V¢|2dx. (13)

3, —4[31(/ R
ikt S i <
vl [ vyl <

As a result, benefitting from (12) and (13) we have
[1@/3 FABK(y +d + 5)} an'/" dx

4 [))2 KZ
S 3di?

Furthermore, we note that

[ (1908 +07)av < 2 [ wigPa, [ (190 +92)ax

<! T“ [ v
Al Q

We, therefore, obtain

Ja (1991 + ¢7)dx _ (4 4) [o|VgPax
Ja(IVoP +92)dx iy Jo(IV9P + 9 ) dx

(Lt 4) Jo [Vl*dx _ 457K (1 + )
At o IV dx 3dy

and
Jo (1991 +4%)dx S A (1991442 )dx 5 o Jovolrax
Jo (vl ev?)ax = (i) [LIvuPds = () [ IVoPds
160(3d171 —4BK) (y+d+9)°dy 73
> pER
(1+0) [ P +4BK (+d+0)?

The proof is finished.
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4.3. Nonexistence of the positive steady states 3
ds [ |V dx < ot Jo 97dx
3p3
+8(,>§d/io)2 fQ lp dx + er ¢ dx — nqu (rb dx (14)

Theorem 4.2. Suppose that ds,d; > 0 hold, then system (11)
has no nonconstant steady state as dy > d and d; > d;, where

303 (n 2
f_;<K[5 +8r(+d+0) P )
Ll

8(y+d+0) 4y/a)
RYER i (1 + 4K /3)
T \8(y+d+6) 4y/a '

and 4, is the first non-zero eigenvalue of —A on Q with respect
to no-flux boundary conditions.

Proof. Multiply the S-equation of (11) by ¢, we have
2 g S(x S (x)I(x

ds Jo |V = [y [rs(x)(1 - 252) — B — s

_r . S0 _ BSI)

= Jo [rS(0) (1= %) — st

o [5(1=3) B S| g

(x)] et

— uS(x)| pax

=1 Jo SO (1=52) gx — [ B g — o S(x) el
=5 +8 + 537
where
S(ox) BS(x)1(x)
S =r/[S 1— dx, S, = — dx, S
1 ’/Q (X)( K>¢ X, 92 Ql+oc12(x)¢ X, 03
= —,u/S(x)(i)dx.
Q
Then we have
Si = JorS(1-5)gax
=r, [S(x)(l —%) —3(1 —%)]qﬁdx,
_ er (1 _ S(x[)(+§> d)de
<r [y ddx,
S+ [y 5L pdx
=6 (.f:ﬁ - fi:li )wx
B(aT5—S(x $1(1+ail)
= fﬂ |+a12) l+oc[2 fﬂ l+a[2 l+xl)¢ dx
K}ﬂ? K3ﬂ3
(y+d+5)? fQ (y+d+0)* fﬂw dx,

and

S3+,u/§¢)dx: —u/(j)zdx.
Q Q

Hence

KB +8r(y+d+5)*
S~ o
8(y+d+0)

K3 3
Jo &dx + s(y+dﬂ+a)2 JoWldx.

In what follows, multiply the /-equation of (11) by , we have

i Jo [P = i (50— -+ d + 0)1(9) — 585,
= Jo <1+1121((:) (y+d+0)I(x)— li(bld )l//dv
—Ja (155;, (7 +d+ )T — 4L )
= 91+11 ‘//dx fg(V+d+5)I(x)l//dx
Q 11371(»(1) Wdx
= Il +12 +I37
where
BS(x)1(x) /
dx, I = +d+ 8)I(x)pdx I
ol+ IZ(J\)IP 2= (r+a M(xX)pdx I
ael(x)

- /1+be1( j .

Henceforth, one yields

BSI
11 — Ja Itol? 1//dx
S(x)(x)
- ﬁfﬂ <1+11 T el >!//dx
_ BI(x)py /fS l 11(x)[)
—Jo 1ta(x d + fQ l+zlz)(1+71 ) l// dx

gz—ﬁfg\q&l//\dx+ﬁl(fgl// dx
g%ﬁfgd)zd +/”+4K‘/_)fgl//dx

Iz+/(y+d+6)7lpdx:—(y+d+5)/lpzdx,
Q Q

and

1+/ ael lj/dx——/ ae
P Jatwbel T T Jo (14 bel)(1 + bel(x))

Therefore, one can obtain

C_ B [ 1+4K\/_
d,/Q|le|dx<4\/&/g¢dx+ /wd

Combine (14) with (15), one yields
ds [, |V dx +d; [, |V dx

Wldx.

< (% 4f> Jo @2dx
+(8<,izlfo>2 +2 MK[) JoWldx
< (ROl 1 ) [ Vg dx
+i (8(7ilﬁ+30)2 + " 1+4K\/—> fn |le| dx.

Let

) Wdx
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The influence of the diffusion rates ds and d; on the nonconstant steady state of the SI model (1). Other parameters are

B=031,u=02,d=01,0=03,9=03,e=04,a=4b=63K=>580=025r=153.

1 K3ﬂ3+8r(y+d+5)2+i
Sk 8(y+d+5) 4y )’

_U( KRB B aKYE)
a\Bo+dre AvE )

Consequently, if hypothesises ds > dg and d; > d; are valid,
then V¢ = Vi = 0.This implies the solution (S(x), 7(x)) must
be a constant solution of system (11). We end the proof.

To perform the effect of the diffusion rates ds and d; on the
nonconstant steady states, we give the following example to
verify this aspect. The bounded region we take here is
Q = [0,200] x [0,200] in 2D space.

Example We take the parameters f=0.31,u=0.2,
d=0.1,0=03,y=0.3,e=04, a=4,b=63,K=5238,
o =0.25, r = 1.53. For the diffusion rates of the susceptible
and infected individuals, one chooses dg = 2.5 and d; = 0.2.
Then our numerical experiments illustrate that there is no non-
constant steady state in the model (1), see Fig. 1(a). However,
when one takes dg = 0.04 and d; = 1.25, we can observe that
the diffusive SI model (1) possesses the nonconstant steady
state, see Fig. 1(b). Obviously, the diffusion rates ds and d;

of the susceptible and infected individuals will affect the exis-
tence of the nonconstant steady states.

5. Conclusions

This paper investigates a diffusive susceptible-infected model
with the saturated treatment, the non-monotonic incidence
rate, and the logistic growth under the homogeneous Neu-
mann boundary conditions. Firstly, the global existence and
the uniform boundedness of the solution (S(x,?),(x,1)) are
given, see Theorem 2.1 and Theorem 2.2, respectively. The
obtained results illustrate that the susceptible and infected
individuals will long-term coexist in a bounded domain. Then,
by using some Lyapunov functions, we establish the global sta-
bility of the disease-free equilibrium and the endemic equilib-
rium, see Theorems 3.1-3.3, respectively. To explore the
dynamics of the steady states of the spatiotemporal SI model
(1), we consider its elliptic form system, i.e., the system (11).
By virtue of the maximum principle, the Poincaré’s inequality
and the Cauchy—-Schwarz inequality, one gives a priori esti-
mates, some properties and the nonexistence of the positive
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steady states, see Theorem 4.1, Proposition 1, Proposition 2
and Theorem 4.2 for details. Especially, the theoretical result
performed in Theorem 4.2 shows that the elliptic system (11)
has no nonconstant steady states when the diffusion rates ds
and d; of the susceptible individuals and infected individuals
exceed their critical thresholds, respectively. This implies that
diseases will not perform spatial transmission characteristics
under certain conditions from the point of view of disease
transmission. These results may help us understand the
dynamic behaviors of the diffusive SI model (1) in a bounded
interval.
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