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Abstract

This thesis explores 2-generated and cubic Cayley graphs. All 2-generated
Cayley graphs with generators from S,,, where n < 9, were generated. Further,
3-generated cubic Cayley graphs, where n < 7, were also generated. Among
these, the cubic Cayley graphs with up to 40320 vertices were tested for various
properties including Hamiltonicity and diameter. These results are available
on the internet in easy to read tables. The motivation for the testing of Cayley
graphs for Hamiltonicity was the conjecture that states that every connected
Cayley graph is Hamiltonian.

New enumeration results are presented for various classes of 2-generated
Cayley graphs. Previously known enumeration results are presented for cubic
Cayley graphs.

Finally, isomorphism and color isomorphism of 2-generated and cubic Cay-
ley graphs is explored. Numerous new results are presented.

All algorithms used in this thesis are explained in full.
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Chapter 1

Introduction

In this research, we generated and tested many Cayley graphs for various
properties such as isomorphism and Hamiltonicity. This data can be found on

the internet at
http : /Jwww.theory.csc.uvic.ca/~cos[cayley/.

The aforementioned website presents tables of cubic and 2-generated Cayley
graphs with various interesting properties. A few well known results pertaining
to the subject are also given online. The production of this website is the main
contribution of this thesis.

The initial motivation of this research was a long standing famous conjec-

ture [40].

Conjecture 1.0.1 (T.D. Parsons and others) All undirected connected Cay-

ley graphs are Hamiltonian.

It is widely believed that a counterexample to this conjecture, if one exists, will
have small degree. Therefore, we set out to generate, enumerate and check all
cubic Cayley graphs with a manageable number of vertices for Hamiltonicity.

This thesis is organized as follows. This chapter contihues with definitions
and an explanation of some applications for which Cayley graphs are used.
Chapter 2 discusses the methods used to generate Cayley graphs and presents
enumeration results. Chapters 3 and 4 present results pertaining to graph
isomorphism and graph color isomorphism respectively. Chapter 5 contains
a discussion of the Hamiltonicity checking that was performed on cubic and

2-generated Cayley graphs.
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1.1 Definitions

A set is a collection of distinct objects with a precise description that provides
a way of deciding whether a given object is in it [39].

Define a graph G as a set V'(G) of vertices and a set E(G) of unordered
pairs of vertices called edges. Further, a directed graph or digraph G is a
set V'(G) of vertices and a set A(G) of ordered pairs of vertices called arcs.
A vertex v € V(G) is incident to edge e € E(G) if e = (1. v) or e = (v, u)
for some u € V(G). The degree of vertex v in graph G. denoted d(v). is the
number of edges incident to v. A graph is cubic if all vertices have degree
3. Further, the in — degree of vertex v in digraph G, denoted d~(v), is the
number of arcs of the form (u,v) where u € V'(G). Similarly, the out — degree
of vertex v in digraph G, denoted d*(v), is the number of arcs of the form
(v,u) where u € V(G). A digraph G is (r.y) — diregular if d”(v) = = and
d*(v) =y, Yv € V(G).

A group G is a set together with a binary operation * that has the following

properties [32].

1. For every a,b€ G,a*xbe G.

[SV]

. For every a,b,c € G we have a x (bxc) = (a *b) *c.
3. There is an identity element [ € Gsuch that Vz € G, I xz =z [ = 1.
4. Vze€ G,z ' €eGsuchthat zxz ' =z vz =1.

An equivalence relation on a set S is a relation R on S such that for all

choices of distinct z,y, z € S three properties hold [39].
1. (z,z) € R (reflexive property).
2. (z.y) € R implies (y,z) € R (symmetric property).

3. (z,y), (y, 2) € R implies (z, z) € R (transitive property).
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Let X be a subset of group G. Then X is a generating set for G if every
element g € G can be written as ¢ = x,x,---x; for some k where z; € X for
1 < i< k. Wecall each z € X a generator. Define a directed Cayley graph
or Cayley digraph, denoted C_ag)/(.\' : G), as a graph whose vertex set is
G and where arcs leaving vertex g € G are of the form (g.gz) for each
z € X [11]. We will say this is the Cayley digraph generated by X. An
undirected Cayley graph or simply a Cayley graph, denoted Cay(\ : G), has
vertex set G and edges incident to g € G have the form (g,gx) and (g.gz™!)
for each z € X [34]. We will say this is the Cayley graph generated by X.
A Cayley graph where |X| = k is called a k-generated Cayley graph. For
example, a Cayley graph where |.X'| = 2, is called a 2-generated Cayley graph.

Vertices u and v in graph G are adjacent if there exists edge (u,v) € E(G).
A path from vertex u to vertex v is a sequence of adjacent vertices
U, Ty, L2, ..., 0. A graph is connected if there exists a path from every vertex
to every other vertex. In this research, we are only concerned with connected
Cayley graphs. Therefore, for each generator set, we only consider the con-
nected component that includes the identity element.

Define a cycle as a sequence of adjacent vertices vy, v, ..., U, such that
(v1,vn) € E(G) and there are no repeated vertices. Notice that we can similarly
define a directed cycle.

A function « from a set A to a set B is one — to — one if a(a) = a(b)
implies @ = b. A function « from a set A to a set B is onto B if Vb €
B,3a € A such that a(a) = b. A permutation w of a set S = {1,2,...,n}
is a function from S to S that is both one-to-one and onto [11]. In other
words, a permutation is an arrangement of the elements of the set in some
order [32]. The one line permutation notation is mm, - - -7, where m; = (i)
for 1 < i < n. The cycle permutation notation is (aas---a,)--+- where
aiy; = a;m for 1 < i < m and a; = a,,m. The dots at the end indicate the

possibility that we may not have exhausted the set in the process, in which



1.2 Ezample 4

case we continue the process with an element not already involved in a cycle.
We call (a;a; - --a,,) an m — cycle. An involution is a permutation that is its
own inverse.

We are mainly concerned with 2-generated and cubic Cayley graphs. Note
that cubic Cayley graphs can be divided into two groups. Class 1 cubic Cayley
graphs consist of 2-generated Cayley graphs where exactly one generator is
an involution. On the other hand, class 2 cubic Cayley graphs are those 3-
gencrated Cayley graphs where all generators are involutions.

In this research, we will only consider Cayley graphs such that group G
is a subgroup of the group of all length n permutations. S, (where the group
operation is permutation multiplication). This simplification can be justified

by Cayley’s Theorem [13].

Theorem 1.1.1 Given any finite group of order m, there exrists a group of

permutations of m elements isommorphic to the given group.

Let ¢ be an isomorphism between the finite group of order m and the group
of permutations. Then, given Cay({o.7....}), Cay({6(0), d(7),...}) is the
corresponding isomorphic Cayley graph where the generators are from Sp.

If the group is not specified in the Cayley graph notation, we assume that
we are dealing with the connected component that includes the identity of the
Cayley graph generated by the given generator set. For example, Cay({(123)})
is the 3-cycle whose vertices are {I,(123), (132)} = A3, the alternating group

on 3 elements.

1.2 Ezample

A simple example will illustrate the somewhat complex definition of a Cayley
graph. Figure 1.1 shows a drawing of the Cayley digraph C_ag)/({ (12),(012)} :
S3). Note that the first generator is represented by blue arcs and the second

generator is represented by red arcs. As a convention, we will draw an edge
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(z,y) if and only if there exists arcs (z,y) and (y, z) of the same color. Also,

we will label vertices with their corresponding one line permutation notation.

(20 et 201

(Sm(S)

=

Figure 1.1: Cag({(12), (012)} : Sa)

Essentially, we are applying the generators recursively to each vertex begin-
ning with the identity until every vertex v satisfies d~(v) = d*(v) = | X|. For

example, from vertex 210 we create arcs to (12)210 = 120 and (012)210 = 021.

1.3 Applications

Although Cayley graphs may seem very abstract, they have many useful ap-

plications.

1.3.1 Routing in a Network

In order for researchers to better understand networks, often they are first
modeled as Cayley graphs. This way, the analysis often becomes more exact
and it is sometimes easier to prove results.

Define an n-vertex graph G as a generalized chordal ring if vertices of
G can be relabeled with integers such that vertex ¢ is adjacent to vertex j if
and only if vertex ¢ + g(mod n) is adjacent to vertex j + g(mod n). Arden
and Tang [3] showed that Cayley graphs can be represented as generalized
chordal rings which have integer labels and are symmetrical. The vertices of a

Cayley graph can thus be labeled with integers (modulo n) which is a tractable



1.3  Applications 6

addressing scheme for computer applications. Therefore, a straightforward
routing algorithm based on table lookup is possible. Further, because these
generalized chordal rings are symmetrical, they show that the routing table at
each node is identical. This means that we need only store this table once,
which saves much space over the naive routing algorithm.

Many other results have been published linking various subsets of Cayley
graphs and networks [1, 2]. It is therefore evident that Cayley graphs help in

the design and implementation of efficient networks.

1.3.2 Eccentric Digraphs

A second application of Cayley graphs is the exploration of the theory of
eccentric digraphs. The distance from vertex u to vertex v in a graph is the
length of the shortest path from u to v. The eccentricity e(u) of vertex u is
the maximum distance from u to any other vertex. We will say that a vertex v
is an eccentric vertex of u if the distance from u to v is equal to e(u). Further,
the eccentric digraph ED(G) of digraph G has the same vertex set as G and
there exists an arc (u, v) if and only if v is an eccentric vertex of u [26].

The following lemma is derived from the definition of Eccentric digraphs.

Lemma 1.3.1 The eccentric digraph of e Cayley digraph is also a Cayley
digraph.

Proof. New arcs in the eccentric digraph of a Cayley digraph correspond to
paths in the original Cayley digraph. Each of these paths is in essence a se-
quence of generators, gi, 92, .., gk, from the original Cayley digraph. This
implies a new generator, g = g1g2- - - gk, for each new arc. Since Cayley di-
graphs are vertex transitive (defined in section 3.3.2), this argument applies in

the same way to each vertex (and creates the same generators for each vertex).

Therefore, the eccentric digraph is also a Cayley digraph. a

Notice that this definition can be repeatedly iterated to yield the eccentric
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digraph of an eccentric digraph and so on. Given a positive integer k > 2,
the kt* iterated eccentric digraph of G is written as ED*(G). Therefore, an
interesting question arises. What are the smallest integers p > 0 and t > 0
such that ED*(G) = EDP**(G)? We call p the period of G and t the tail of
G, denoted p(G) and t(G) respectively.

We calculated the period and the tail of the Cayley digraphs generated
as part of this research and came across some interesting results. First, the
great majority of the Cayley digraphs tested had a period of 2. However, at
publication we had found 15 Cayley digraphs with a period of 4 as well as
numerous Cayley digraphs with different periods. One of the Cayley graphs
with a period of 4 is the undirected version of the Cayley graph pictured in

Figure 1.2.

Figure 1.2: Cay({(56)(78), (01)(23)(4567)})

This is a research topic that is very much in its infancy. A paper of Miller,
Gimbert, Ruskey and Ryan [26] gives a good survey of what is known and what
is interesting in the area of eccentric digraphs. Testing for these properties on

Cayley digraphs could prove to be a useful tool to aid in the understanding of

eccentric digraphs.
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1.8.8 Cellular Automaton

A third application of Cayley graphs is the modeling of cellular automata.
One way to characterize how living cells act is to say that cells do not know
their local situation with respect to their neighbors. Characterizations such as
this one are used in a dissertation of Rocca [31]. This assumption allows us
to model certain types of cellular automata as Cayley graphs and can greatly

simplify the analysis of various properties of these cells.

1.3.4 Graph Restrictions

Sometimes, as every researcher knows, it is necessary to restrict the set we are
working with in order for a stated conjecture to be true. Often, restricting the
set of all graphs to the set of all Cayley graphs can be useful and may lead to
an elegant proof.

As an example, we will consider a result of Babson and Benjamini [4].
Given two vertices u and v, define a (u,v) cut set as a set of edges that has
nonempty intersection with every path from u« to v. A minimal cut set is a
(u,v) cut set that contains no proper set which is also a (u,v) cut set.

They show that various results about cut sets can be easily proved when
the set of graphs is reduced to the set of Cayley graphs. For example. the
quasi-connected minimal cut set property is known to hold for all finite Cayley

graphs but does not hold for all general graphs [4].

1.8.5 Other Applications

Many other applications for Cayley graphs exist, some more important than
others. Cayley graphs can be used to model designs [11], slider puzzles, bell
ringing problems [13], economic theories [11], as well as many other interest-
ing problems. Also, Cayley graphs are used extensively in many branches of

mathematics and theoretical computer science and are interesting because of
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their close correlation to group theory.
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Chapter 2

Generation and Enumeration

A Cayley pair of order n is an unordered pair {o,7} such that o,7 € S,.
Cayley triples and Cayley k-sets are defined analogously. Further, notice that
a Cayley pair is precisely the generating set for a 2-generated Cayley graph.

Cayley pair P, is isomorphic to Cayley pair P, if the symbols of P, can
be relabeled to produce P,. For example, Cayley pairs {(123),(23)} and
{(132), (12)} are isomorphic since if we relabel the first Cayley pair 1 — 3
and 3 — 1 we obtain the second Cayley pair.

For each equivalence class of isomorphic Cayley pairs we define one special
Cayley pair called the canonic representative. If we had a way to determine if
a Cayley pair were a canonic representative of an equivalence class we could
easily discard isomorphic Cayley pairs and generate only the non-isomorphic
Cayley pairs. Note that the idea of canonicity can be applied to any group
with distinct equivalence classes. We will examine how to determine whether

a Cayley pair is canonic in a later section.

2.1 FEnumeration of Cayley Pairs

Counting the number of Cayley pairs of order n, P,, is trivial. If there were

a small number of these pairs, we could use a brute force method to generate

all of them.

First, the number of different generators is simply the number of permuta-

tions of an n-set. This quantity is n!. Therefore, P, is the number of ways to

P, = (’;’) (2.1)

choose two items from n! items.
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Notice that this formula allows the identity permutation element to be a gen-
erator. Further, notice that the number of Cayley k-sets for a given value of
n is clearly (7).

Values of this quantity are shown in Table 2.1. Notice that the values
become large very quickly, thus, generating all pairs is not feasible. We must

reject isomorphic Cayley pairs.

2.2 Enumeration of Cubic Cayley Triples

Further to counting Cayley pairs, we now count Cayley triples that generate
class 2 cubic Cayley graphs. Again, if there were a small number of these
triples, we could use brute force to generate all of them.

Define I, as the number of permutations of length n that are involutions.
Following Knuth [17], we derive a formula for I;, by noticing that the first
element can either be contained in a 1-cycle or a 2-cycle. If it is involved in
a 1-cycle then there are I,,_; valid ways to complete the permutation. If it is
involved in a 2-cycle, there are n — 1 possible elements to complete the cycle

and for each there are I,,_» valid ways to complete the permutation.

I,.=(n-—1)[,,_2+1_1, Ih=0 5L=1 (

o
N
e

A closed formula is also known, but is not relevant to this research.

The number of Cayley triples of order n where all generators are involutions
(class 2 cubic Cayley graphs) is ([,;‘) Notice that the number of Cayley k-sets
where all generators are involutions is (1,;‘).

We could extend this result to obtain a formula for the number of Cayley
pairs on n symbols with [ involutions and k non-involutions as (',")("!;"').
Using this, the number of Cayley pairs of order n where exactly one generator
. : . . . o (La\(n'=In) _
is an involution (class 1 cubic Cayley graphs) is (‘r)("7™") = L(n! — L,).

Enumerations for n < 8 are shown in Table 2.1.

It is apparent, as it was for Cayley pairs, that there are far too many triples



2.3 Generation 12

(Pairs) (Cubic Pairs) (Cubic Triples)
n P I Linl—1I) (5)
1 0 1 0 0
2 1 1 1 0
3 15 3 9 1
4 276 6 108 20
) 7140 18 1836 816
6 258840 48 32256 17296
T 12698280 156 761904 620620
8 812831040 492 19595376 19728380

Table 2.1: Enumerations of Cayley Pairs and Triples

to generate all of them. We must reject isomorphic Cayley triples.

2.8 Generation

Since there are too many Cayley pairs to store, we will test each possible Cayley
pair to see if it is isomorphic to any other Cayley pair. Before we can do this,
we must generate permutations of an n-set (the Cayley generators). To that
end, Algorithm 4.11 (page 66) of Ruskey [32] was used in this research. This
algorithm runs in constant amortized time [32] per permutation generated,

which is always preferred.

2.8.1 Algorithm

Relative to an ordering of a set of combinatorial objects, the rank of an object
7, written rank(w), is the position that the object occupies in the ordering [32].
To unrank an integer r, written unrank(r), is to produce the object 7 where
rank(m) = r [32]. In this research, we will use lexicographic order (dictionary
ordering) of the one line permutation notation.

We generate all non-isomorphic Cayley pairs by testing for two simple
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conditions.

First, we eliminate all Cayley pairs that have a common fixed point (1-
cycle). These Cayley pairs can be eliminated since there will be an isomorphic
Cayley pair with smaller n.

Second, we eliminate any Cayley pair whose labeling is not canonic. Let
ke = {mon~! 7 € S,} be the conjugacy class of o € S,. As noted in exercise
3 (page 72) in Joseph Gallian’s book [11], conjugation preserves structure. In
other words, k, is the equivalence class of all permutations isomorphic to o.
Now, we define the canonic representative of k, to be the lexicographic smallest
element from k,, when written in one line notation.

Note that we must apply the conjugacy class definition to each generator
separately. Recall that Cayley pairs are unordered and therefore the elements
derived from their corresponding conjugacy classes can be in either order.

Relative to an ordering of a set of combinatorial objects. we say {o'.7'} <
{o,7} (assuming o < 7 and ¢’ < 7') if and only if rank(c’) < rank(c) or,
rank(o') = rank(o) and rank(r’) < rank(r). In our implementation, we
used lexicographic order of the one line permutation notation. Algorithm 2.1

generates all non-isomorphic Cayley pairs.

2.3.2 FEzample

As an example, we will consider generating all non-isomorphic Cayley pairs
for n = 3. First, notice that there are 6 possible generators when n = 3, listed

on elements {0,1,2}.
(0)(12), (02)(1), (01)(2), (012), (021), (0)(1)(2)

Further, there are (J) = 15 Cayley pairs. A subset of these is listed below.

{(12), (01}, {(12), (012)}, {(02). (01)}

Among these, {(12),(01)} and {(12),(012)} will be generated by Algo-



2.3 Generation 14

Given integer n
begin
for each {o,7} where 0,7 €S, and 0 < 7 do
if isCannoc({o,7}) and there is no common fized point then
Output Cayley pair
endif

endfor
end

isCannoc({c, 7}) begin

for each m € S, do

1 l

o =7morn T =wTATY
if {0’,7'} < {o,7} OR {r'.0'} < {o.7} then

return FALSE:
endif
endfor

return TRUE:
end

Algorithm 2.1: Generating Non-Isomorphic Cayley Pairs

rithm 2.1. It turns out that the third Cayley pair listed above will not be
generated by the algorithm. To prove this using the method of Algorithm 2.1,
consider 7 = (021). This implies 7~! = (012).

7(02)r~! = (01) = 102
7(01)r~! = (12) =021

Since {021,102} < {102,210} this pair is not canonic and is therefore not
generated. Notice that in the n = 3 case some pairs are eliminated because
they have a common fixed point with another pair. For example, we eliminate
{(01)(2),(0)(1)(2)} since this pair is isomorphic to {(01),(0)(1)} in n = 2. The

common fixed point is element 2.
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2.3.8 Correctness

A simple argument based on the definition of a conjugacy class proves correct-

ness.

Theorem 2.3.1 Algorithm 2.1 generates all non-isomorphic Cayley pairs for

a given n.

Proof. The algorithm tests each possible Cayley pair for canonicity. For a given
Cayley pair we compute the associated elements from the conjugacy class for
each generator. The lexicographic smallest unordered pair of elements from the
conjugacy classes of each generator is lexicographically less than the original
unordered Cayley pair if and only if the Cayley pair is not canonic. Due to
the fact that conjugation preserves structure (i.e. isomorphism) and only one
pair in each class can be the lexicographic least, this method returns FALSE
for all but one of the Cayley pairs in an equivalence class of isomorphic Cayley

pairs. 0O

2.3.4 Esxtension to Cayley Triples

Algorithm 2.2 was used to generate all cubic Cayley triples. It is an extension
of Algorithm 2.1. We say {¢’,7'.p'} < {o.7.p} (assuming ¢ < 7 < p and
o' < 7 < p') if and only if rank(o’) < rank(o) or, rank(c’) = rank(cs) and
rank(7') < rank(r) or, rank(c’) = rank(c) and rank(r') = rank(r) and

rank(p') < rank(p).

2.4 Adjacency Lists

Converting Cayley pairs into their corresponding adjacency list representation

is straight forward.
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Given integer n
begin
for each {o,7,p} where o, 7,p €S, ando < T < pdo
if isCannoc({o, 1, p}) and there is no common fired point then
Output Cayley triple
endif

endfor
end

isCannoc({o, 7, p}) begin

for each m € S, do

l 1

o =mon~ it =arn~t p = wprl
Reorder {o’, 7, p'} such that o’ < 7" < p/
if {o'.7'.p'} < {0.7,p} then

return FALSE;
endif

endfor

return TRUE;
end

Algorithm 2.2: Generating Non-Isomorphic Cayley Triples

2.4.1 Algorithm

As in the definition of a Cayley graph, we simply apply each generator to
every vertex starting at the identity. Notice that ranking and unranking al-
gorithms are needed. Our method will work with any ranking and unranking
algorithms as long as they both use the same permutation ordering. In our
implementation, we used the linear time ranking and unranking of Myrvold
and Ruskey [28]. Algorithm 2.3 converts Cayley pairs into adjacency lists.

Note that this algorithm will generate |S,|-vertex graphs. We are really
only concerned with a connected component of this graph.

This algorithm could be easily converted to a recursive version. At each
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Given Cayley pair {0, 7}
begin
fori = 0to|S,| —1 do
7 = unrank( ¢ );
o =om1 =TT,

add arcs (¢, rank(c’)) and (i, rank(r'))
endfor
end

Algorithm 2.3: Converting Cayley Pairs to Adjacency Lists

step, add arcs corresponding to the current vertex, then call the function on
new vertices reached by the arcs. We are finished when there are no more arcs

to create (i.e., d(v)* =2, Vv € V(G)).

2.4.2 FEzample

As an illustration, consider C_ag)/({(12), (012)} : S3) as drawn in Figure 1.1. Al-
gorithm 2.3 applies the generators starting from the identity (assume rank(012)
0). For example, let # = unrank(0) = 012. Then, ¢’ = (12)7 = 021 and
7' = (012)7 = 120. Therefore, we add arcs (0, rank(021)) and (0, rank(120)).
This is continued until there are no more arcs to create. Notice that there

should be two arcs leaving each vertex. When this is achieved, we are done.

2.4.3 Extension to Cayley Triples

Converting Cayley triples to adjacency lists is a simple extension of Algo-

rithm 2.3 and is shown as Algorithm 2.4
2.5 Data
We will begin by defining some symbols.

a I, is the number of non-isomorphic Cayley pairs on n symbols. For
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Given Cayley triple {o, 7, p}
begin
fori=0to |S,| -1do
7 = unrank( 7 );
o =om; v =71m; p = pm;
add arcs (i, rank(c")), (i,rank(7’)) and (i,rank(p’))

endfor
end

Algorithm 2.4: Converting Cayley Triples to Adjacency Lists

example, I3 = 5 since the five valid Cayley pairs are {(12), (0)(1)(2)}.

{(12),(01)}, {(012),(021)}, {(12).(012)} and {(012), (0)(1)(2)}

F5 , is the number of non-isomorphic Cayley pairs with no common fixed
point on n symbols. For example, F»3 = 4 since the four valid Cayley

pairs are {(12), (01)}. {(012), (021)}, {(12), (012)} and {(012), (0)(1)(2)}

I} , is the number of non-isomorphic Cayley pairs on n symbols where
exactly one generator is an involution. For example. I3 ; = 2 since the

only two valid Cayley pairs are {(12).(012)} and {(12), (0)(1)(2)}.

Fj ,, is the number of non-isomorphic Cayley pairs with no common fixed
point on n symbols where exactly one generator is an involution. For

example, Fj ; = 1 since the only valid Cayley triple is {(12), (012)}.

I3 , is the number of non-isomorphic Cayley triples on n generator sym-
bols where all generators are involutions. For example, I3; = 1 since the

only valid Cayley triple is {(01), (02), (12)}.

F;,, is the number of non-isomorphic Cayley triples that do not share
a common fixed point on n generator symbols where all generators are

involutions. For example, F3; = 1 since the only valid Cayley triple is

{(01),(02), (12)}.
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The resulting Cayley graphs from I, ,, F; , I3 , and F;, are cubic. We gen-
eralize these definitions to obtain Ii ., Fi ., I} ,, and Fy .

Non-isomorphic Cayley pairs were generated exhaustively for n < 8 and
non-isomorphic Cayley pairs where exactly one generator is an involution were

generated for n = 9. Enumerations are recorded in Table 2.2.

] ' ! '
n I2,n F2Jl [2,71. F?,n 13,71 F3,n
1

0 0 0 0 0 0
2 1 0 1 0 0 0
3 5 4 2 1 1 1
4 23 18 9 7 10 9
d 89 66 26 17 37 27
6 484 395 98 T2 197 160
T 2904 2420 270 172 676 479
8 22002 19098 913 643 3094 2418
9 2645 1732 12022 8928

Table 2.2: Enumerations of Non-Isomorphic Cayley Pairs and Triples From

Data

2.6 Results

Some simple inequalities as well as more difficult results based on Burnside’s

Lemma were derived from this data.

2.6.1 Simple Formulae

Lemma 2.6.1 Fy, < knand Fy , < I}  forn>k2>2.

Proof. Obvious since we are further restricting the set of Cayley k-sets. O

Lemma 2.6.2 [y =Itn_1+ Frnand I, =1L, +F;, forn>k>2.
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Proof. Notice that a Cayley k-set on n symbols can be split into two classes;
those sets that are fixed point free and those that are not. The number of
Cayley k-sets on n symbols that are fixed poini free is by definition Fj ,.
Conversely, the number of Cayley k-sets on n symbols that are not fixed point
free is precisely the number of Cayley k-sets on n — 1 symbols (with a fixed
point appended on the end). This quantity is I} ,—;. Thus, we have our result.

The same argument applies to Cayley k-sets with exactly one involution. O

For example, from our data I,5 + Fo6 = 89 + 395 = 484 = L.

2.6.2 Enumeration of Non-Isomorphic Cayley Pairs

We will use an adaptation of Burnside’s Lemma [7] to develop a formula for

the number of non-isomorphic Cayley pairs with given n.

Theorem 2.6.3 Let G be a subgroup of S,. The number of distinct orbits
associated with G (i.e., the number of non-isomorphic Cayley pairs) is given

by
Fiz(g,) + Fiz(g2) + - - - + Fiz(g,q|)
|G|

where g; € G and Fiz(g;) is the number of elements r € G such that zg; = .

As an example of Theorem 2.6.3 we will compute the number of non-
isomorphic Cayley pairs of order 3.

(0)(1)(2) leaves (3) = 15 Cayley pairs fixed (i.e., all of them). (0)(12)
leaves {(0)(1)(2),(0)(12)}, {(012),(021)} and {(1)(02),(2)(01)} fixed. (1)(02),
(2)(01), (012) and (021) similarly each leave 3 pairs fixed. Therefore, the
number of non-isomorphic Cayley pairs is

15+3+3+3+3+3
6

=5.

A numerical partition of a positive integer n is a sequence A\; > Ay > --- >

Ax > 0 such that A\; + A\, +- - -+ A\x = n. Numerical partitions of n are denoted
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by p(n). If we rewrite the above sum by grouping together all permutations
that have the same cycle structure, it is obvious that these cycle structures are
exactly the numerical partitions of n.

1-15+3-3+2-3
3!

=393

Let, A = A, Ao, ... An, then

s P(A) is the set of permutations of n with \; i-cycles for 1 <¢ < n.
# P (A = |{r €S, :0(x) =nr}| where o € P(A).
8 Poy(A) = |{r €8S,:0%r) =nAo(r) #7}| where o € P(A).

Further, let A? be the cycle structure of the permutation that results from
multiplying a permutation with cycle structure A by itself.

We will now apply Theorem 2.6.3 to Cayley pairs in order to compute [y ,.
Notice that to fix a pair, either both permutations remain fixed, or they map

to each other. We now see a formula arise.
P (A P (A
nthp= Y [|P(,\)| (( "9( )) + —2—9(——))] (2.3)
Aep(n) - -

These quantities have formulae for them that will simplify our equation.

The Cauchy formula {7] is useful.

Lemma 2.6.4 |P(\)] !

S VS VIS STRYT) FYoury vy

A result similar to the Cauchy formula is also necessary.
Lemma 2.6.5 P, (A) = A!Ag!--- A 110222 phn

Proof. We will count the number of permutations 7, such that o(w) = 7.
First, notice that cycles of the same size can be “permuted” so that the entire
permutation remains fixed. This can be done in A{!A;!---A,! ways. Second,

notice that the cycles themselves can be rotated so that the entire permutation
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remains fixed. This can be done in 1*:2*2...n*» ways. These are the only two

possibilities and thus, we have shown the result. O

Finally, results about applying permutations with a certain cycle structure

to themselves are needed.
Lemma 2.6.6 P5,(A) = P ,(A?) - P a(A)

Proof. By definition of Py, (). 0

Lemma 2.6.7 Pl,n((’\la /\'_)_, N /\ ) ) Pl n(/\, /\, vee ey A )
2y if i is even
where X\, =
Ai + 20y 'Lf i is odd
Proof. Applying an odd cycle to itself, results in the same sized odd cycle.
Applying an even cycle of length 2i to itself results in two length ¢ cycles, one
with every second element starting at the first element, and the other with

every second element starting with the second element. The result follows. O

If we apply the above results to (2.3) we obtain the following formula.

b= Y [‘P o ((Pl’nz(x)) * Pz—?(k—))]

A€p(n)
= Z /\ '1/\1 .o An.
AEP(n)
((,\l! RS W E n"") Pin((A)2) = Al A 1M e ophe )
+
2 2
PV I WS LIRS UL IR TR ) L BT
=¥ ( poaldy ~1
+ ‘) ' . s . ' /\ ‘e /\n
Aep(n) 2 -/\1- /\n.l ! n
2)\9; if 7 is even
where ] =

/\i + 2A2i if 7 is odd
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Using (2.4), Lemma 2.6.2 and a numerical partition generation algorithm
from [32] we implemented a C program to construct a table of values for I,

and F5,. Table 2.3 contains these values for n < 12.

n I, Fon
1 0 0
2 1 0
3 ) 4
4 23 18
5} 89 66
6 484 395
T 2904 2420
8 22002 19098
9 190555 168553

10 1876337 1685782
11 20445337 18569000
12 244087420 223642083

Table 2.3: Enumerations of Non-Isomorphic Cayley Pairs From Formula

Notice that the values computed by the formula match those found by

exhaustive computer search as seen in Table 2.2.
2.6.3 Enumeration of Non-Isomorphic Cubic Cayley Pairs and Triples
Given a sequence of numbers S = ag, a,, . .., we define the expression

Z(z) =ag+a,z +azx® +---

to be the generating function of the sequence S [7].
The enumeration formula developed for Cayley pairs cannot be directly
applied to I3, and I3, since these quantities count only pairs that generate

cubic Cayley graphs. In other words, our isomorphism condition is slightly
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different. We instead use an extension of a result by Curtin [9] which uses
generating functions.

Let X, be the set of equivalence classes in S, under the isomorphism equiv-
alence relation. Let G.A denote group G regarded as a permutation group
acting on the elements of X, of cycle structure A. Let PC(a) be the pseudo-

centralizer of permutation element a defined as follows.

PC(a) = C(a) U F(a) (

N
(S]]
~—

where

Cla) = {8 € Sule® = a}
F(a) = {8 € Sala’ =a’'}
Let order(A) be the smallest n > 1 such that A" = A. Further, let [t|Q be

the coefficient of monomial ¢ in polynomial @ and let z(x ) denote a k-cycle

of elements of type A. Also, p(n) is the Maobius function defined as follows.

(—=1)¢ if n is the product of t distinct prime numbers
p(n) = (2.6)
0 otherwise

Now, we state and sketch a proof of Curtin’s main theorem.

Theorem 2.6.8 The generating function for enumerating Cayley sets, Z, is

as follows:

Z(Sn-Xn) = ~ Z |P(A)|m(A, X»)

A€p(n)

—
o
~1

~—

where

mA, Xa) = [[ mX)

A'ep(n)
mAXN) =[] xgg’,‘;,’:;""
k]order(A)
c(A\ kX)) = Z p(k/d)w(rd, )
dik

n!

A X) = 5

Z(PC(XY)
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Now, let F,(z,y) be the polynomial obtained from Z(S,.X,) by replacing
Tk by (1 + z*) if order(X) > 3, (1 + y¥) if order(A) = 2 and 1 otherwise.
When expanded, the z"y* term of this generating function is the number of
non-isomorphic Cayley (2r + s)-sets where s generators are involutions. These
enumerations do not include the identity permutation.
Proof. Here we give a sketch of the proof given by Curtin [9].
Let f(a,A') = |{B € N|p* = 8 or 3~'}|. By some simple algebra, for any
By € N, we get

|P(N)|f(ar, X') = [P(XN)|[A]Z(PC(31)) (2.8)
Let w(a, X') denote the number of elements of X', of cycle type A’ fixed under

conjugation. Substituting into (2.8) results in

n!

wles X) = 5o

[AIZ(PC(X) (2.9)

Now, c¢(A, k, ') is the number of k-cycles of the action of any a of cycle type
X by conjugation on the elements of X, of cycle type A'. Having said this, the

equations of Theorem 2.6.8 can be easily verified. O

Now, we can apply Theorem 2.6.8 to enumerate cubic Cayley pairs and

cubic Cayley triples.

Lemma 2.6.9 The number of non-isomorphic Cayley pairs where ezactly one

generator is an involution, I} ,,, is given by [zy]|Z(S,.Xn) + [y]Z(Srp.Xx).

Proof. [zy]Z(Sp.X,) is the number of Cayley pairs where exactly one generator
is an involution, not including the identity. [y]Z(S,.X,) is the number of
Cayley generators that are involutions. These involutions, when paired with

the identity element, are added to [zy]Z(S,.X,) to obtain the result. m|
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Lemma 2.6.10 The number of non-isomorphic Cayley triples where all gen-

erators are involutions, I3 ., is given by [y*]Z(S,.X,).

Proof. By definition [4*]Z(S,.X},) is the number of Cayley triples where all 3
generators are involutions, not including the identity. Further, notice that if
we were allowed to include the identity, the resulting graph would have degree

2. Therefore, we have our result. a

The enumeration results are due to Curtin [9] and are tabulated in Ta-
ble 2.4.

n (zylZ Wz L, L,
1

0 0 0 0
2 0 0 0 0
3 1 1 2 1
4 T 2 9 10
5 24 2 26 37
6 95 3 98 197
T 267 3 270 676
8 909 4 913 3094
9 2641 4 2645 12022

10 8969 5 8974 55912

Table 2.4: Enumerations of Non-Isomorphic Cubic Cayley Pairs and Triples

From Formula

Notice again that these values are exactly the same as the numbers we

found by exhaustive computer search that are documented in Table 2.2.
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Chapter 3

Graph Isomorphism

An isomorphism from a graph G to a graph H is a one-to-one mapping of the
vertices of G onto the vertices of H that preserves adjacency. If there exists an
isomorphism from G to H we say G and H are isomorphic. In other words,
two graphs are isomorphic if the vertices of one can be relabeled to match
the vertices of the other in a way that preserves adjacency. The definition
of isomorphism can easily be modified for digraphs. For example, the Cayley

digraphs drawn in Figure 3.1 are isomorphic.

(a) Cay({(12),(012)}) (b) Cay({(234), (01)(34)})

Figure 3.1: Isomorphic Cayley Digraphs

Notice that the arc colors are omitted since we are only concerned with
adjacency. Also, notice that there may be more than one non-isomorphic Cay-
ley pair that generates a particular Cayley digraph. For example, the Cayley
digraph drawn in Figure 3.1(b) is generated by Cayley pair {(234), (01)(34)}
and by Cayley pair {(234), (01)(34)(56)}.

Define an automorphism of a graph G as an isomorphism from G to G. In
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other words, it is a permutation of the vertices of G that preserves adjacency.
Further, for Cayley graph G, let [i(G) be the minimum value of n, the number
of generator symbols, where 0,7 € S, and C_a'_l;({a,r}) is isomorphic to G.
This definition can easily be extended to k-generated Cayley graphs for any &

and to undirected Cayley graphs.

3.1 Testing for Isomorphism

Testing for isomorphism is important since it will allow us to reduce the num-
ber of graphs to test for other properties such as Hamiltonicity. This is due
to the fact that if graphs G and H are isomorphic and G is Hamiltonian, then
H is Hamiltonian. Nauty [21] is a program written by Brendan McKay that
generates automorphism groups of graphs and digraphs. It can also produce
canonic labelings. Of greatest relevance to this research is Nauty’s ability to
check isomorphism between large graphs quickly. The algorithm first canon-
ically labels each graph, then checks for isomorphism. The idea is that once
graphs are labeled canonically. it is much easier to test for isomorphism since
we only need to check if the adjacency lists are identical. The finer details of
this process are beyond the scope of this thesis and thus are omitted.

Consider the digraphs given in Figure 3.1. To test these digraphs for iso-
morphism using Nauty we would use the input given in Figure 3.2.

Nauty will return the isomorphism if the graphs are isomorphic and “H
and H' are Different” if the graphs are non-isomorphic. With the input of
Figure 3.2, Nauty will return “0-0 1-5 2-3 3-2 4-4 5-1” which is the isomorphism
that maps the second graph to the first. The algorithm is remarkably fast for
modest graph sizes (i.e., |V(G)| < 1000).

3.2 Data

Pairs of Cayley digraphs generated previously were tested for isomorphism

using Nauty as described in the previous section. A huge amount of data
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c -a-m
n=6g¢g
0: 651;
1: 2 0;
2: 4 3;
3: 0 2;
4: 1 5;
5: 3 4;
x Q

g

0: 51;
1: 4 2;
2: 3 0;
3: 2 4;
4: 1 5;
5: 0 3;
x

##

q

Figure 3.2: Isomorphism Checking Using Nauty

was generated. Easy to read tables that include the lexicographically smallest
Cayley digraph in each equivalence class of isomorphic Cayley digraphs as well
as some properties of these digraphs can be found under the heading “Non-

Isomorphic 2-generated Cayley Digraphs” at
http : | Jwww.theory.csc.uvic.ca/~cos/cayley/.

These tables list all non-isomorphic 2-generated Cayley digraphs G where
n < 9 and |V(G)| < 1000. Enumerations are shown in Table 3.1. Only cubic

Cayley graphs were generated for n = 9.

V(G) liG)=3 4 5 6 7 8 9* total
3 1 0 0 0 O 0 0 1
4 O 2 0 0 0 0 0 2
5 O 0 2 0 0 0 0 2
6 2 0 4 0 0 0 0 6

Table 3.1: Enumerations of Non-Isomorphic 2-Generated
Cayley Digraphs

* Only those pairs where exactly one generator is an involution
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IV(G)| li(G)=3 4 5 6 7 8 9* total
7 0 0 0 3 0 0 3
8 2 0 2 0 4 0 8
9 0 0 1 0 0 0 1
10 0 2 0 70 0 9
12 3 2 0 15 0 0 20
14 0 0 0 2 0 2 4
15 0 0 0 0 12 0 12
16 0 0 0 0 12 0 12
18 0 0 7 0 0 2 9
20 0 6 0 2 0 2 10
21 0 0 0 3 0 0 5
24 5 0 6 14 10 1 36
28 0 0 0 0 1 1
30 0 0 0 18 0 18
32 0 0 0 11 0 11
36 0 5 3 7 0 15
40 0 0 6 0 7 13
42 0 0 13 0 0 13
48 0 5 0 33 0 38
54 0 0 0 0 6 6
56 0 0 0 9 0 9
60 12 0 0 33 1 46
64 0 0 0 10 0 10
72 0 6 25 4 2 37
80 0 0 0 0 2 2
84 0 0 0 0 4 4

Table 3.1: Enumerations of Non-Isomorphic 2-Generated

Cayley Digraphs

* Only those pairs where exactly one generator is an involution
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IV(G) lL(G)=3 4 5 6 7 8 9* total
96 0 0 0 39 0 39
108 0 0 0 0 3 3
120 19 0 17 G) b) 46
144 0 9 4 8 21
162 0 0 0 4 4
168 0 35 56 0 91
180 0 0 43 0 43
192 0 0 49 0 49
216 0 0 0 8 8
240 0 16 0 17 33
288 0 0 30 0 a0
324 0 0 0 6 6
336 0 0 68 10 78
360 0 20 99 0 119
384 0 0 18 0 18
432 0 0 0 8 8
480 0 0 0 28 28
504 0 0 0 14 14
576 0 0 127 0 127
648 0 0 0 16 16
720 84 0 140 3 227
total 3 12 47 116 192 861 160 1391

Table 3.1: Enumerations of Non-Isomorphic 2-Generated
Cayley Digraphs

* Only those pairs where exactly one generator is an involution

Notice that there are many values of |V (G)| for which Cayley graphs do

not occur. By definition, Cayley graphs can only occur if |V(G)| is a divisor
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of n!. However, this is not to say that if |V (G)| is a divisor of n! that there
is always a Cayley graph of that description. For example, when n = 4, there
are no 2-generated Cayley graphs where |V(G)| = 6, even though 6 is a divisor
of 4! = 24.

Unfortunately, as we will show later, we can only prove that this data
contains all 2-generated Cayley digraphs G where |V'(G)| < 8. Drawings of all
non-isomorphic 2-generated Cayley digraphs G where [V (G)| < 5 are shown
in Figure 3.3.

The same isomorphism analysis was completed on the set of class 1 cubic

Cayley graphs where n < 9. Enumerations are given in Table 3.2.

V(G)| li(G)=3 4 5 6 7 8 9 total
4 o1 0 0 0 0 O 1
6 10 1 0 0 0 0 2
8 1 0 0 0 1 0 2
10 O 1 0 1 0 0 2
12 1 1 0 1 0 0 3
14 o 0 0 1 0 1 2
16 O 0 0 0 3 0 3
18 0o 0 2 0 0 1 3
20 o 1 0 1 0 1 3
24 2 0 2 3 0 0 7
28 0 0 0 0 1 1
30 0 0 0 4 0 4
32 0 0 0 2 0 2
36 0 2 0 1 0 3
40 0 0 1 0 4 5
42 0 0 2 0 0 2
48 0 2 0 6 0 8

Table 3.2: Enumerations of Non-Isomorphic Class 1 Cu-

bic Cayley Graphs
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Data

3.2

9 total

8

I~

60

(]

64

72

80

[aY}

84

96
108

[

120

(]

144

162

168

180

192
216

10

240
288

324

336
360

384
432
480

14

14

204

14

14

648

Table 3.2: Enumerations of Non-Isomorphic Class 1 Cu-

bic Cayley Graphs
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V(G) liG)=3 4 5 6 7 8 9 total
720 4 0 18 3 25
1080 o 0 3 3
1152 0 14 0 14
1296 0o 0 8 8
1344 0 5 0 5
1440 0 3 15 18
1512 0 0 14 14
2160 o o0 11 11
2520 5 0 0 15
2880 0 0 9 9
4320 0 0 6 6
total 1 5 13 17 47 131 187 401

Table 3.2: Enumerations of Non-Isomorphic Class 1 Cu-

bic Cayley Graphs

Similarly, isomorphism analysis was completed on the set of class 2 cubic

Cayley graphs where n < 7. Enumerations are given in Table 3.3.

IV(G)| li(G)=4 5 6 7 total
8 0 0 1 0 1
10 0 0 1 0 1
12 0 1 0 1 2
14 0 0 0 2 2
20 0 0 0 2 2
24 1 0 3 5 9
36 0 4 0 4
48 0 8 4 12

Table 3.3: Enumerations of Non-Isomorphic Class 2 Cu-

bic Cayley Graphs
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IV(G)| li{G)=4 5 6 7 total
60 4 2 0 6

72 0 4 2 6

120 7T 4 22 33
144 0 10 10
168 0 3 3
240 0 26 26
360 T 0 7
720 10 0 10

[N}
Qt
o
o
(1]
ot

total 1 12 44 82 139

Table 3.3: Enumerations of Non-Isomorphic Class 2 Cu-

bic Cayley Graphs

The results from Tables 3.2 and 3.3 were compared to enumerations of
non-isomorphic cubic Cayley graphs computed by Brendan McKay and Gor-
don Royle [24]. There are two important observations to note. First, it is
possible that a graph listed among the non-isomorphic class 1 cubic Cayley
graphs is isomorphic to a graph listed among the non-isomorphic class 2 cubic
Cayley graphs (since we have only tested graphs from each class for isomor-
phism). For example, Cay({(01)(23), (0123)}) is isomorphic to
Cay({(13)(45), (01)(23)(45), (02)(45) }) but both are listed among non-isomorphic
cubic Cayley graphs for |V(G)| = 8 of their respective class. Thus, for
[V(G)| = 8 there are only two non-isomorphic cubic Cayley graphs even
though there are two non-isomorphic class 1 cubic Cayley graphs and one non-
isomorphic class 2 cubic Cayley graph. Second, the data computed by McKay
and Royle includes all non-isomorphic cubic Cayley graphs where [i(G) is unre-

stricted. However, our data includes only non-isomorphic cubic Cayley graphs
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(a) (012),(021)

O<P

(b) (23),(01) (c) (01)(23),(0213)
(d) (01234),(04321) (e) (01234),(02413)

Figure 3.3: Non-Isomorphic 2-Generated Cayley Digraphs
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where li(G) < 9. Therefore, some of McKay and Royle’s enumerations are
larger than our enumerations for a specific value of |V(G)|. For example, for
[V (G)| = 16, McKay and Royle enumerated four non-isomorphic cubic Cayley
graphs, whereas we only generated three non-isomorphic cubic Cayley graphs.
The missing graph is Cay({(01234567), (89)}). Given these two observations,
for |V (G)| < 16, our data is consistent with the data of McKay and Royle.

3.8 Results

Results that characterize when Cayley graphs are isomorphic are given in
Chapter 4 within a context of color isomorphism which is a stronger condition

than isomorphism. Some graph theoretic and enumeration results follow.

3.3.1 Graph Theoretic Results

Define the greatest common divisor of positive integers r and ¢, written
ged(r,t), as the largest positive integer z such that zk, = r and zk; =t
where k; and k, are positive integers. Similarly, the least common multiple
of positive integers r and ¢, written lem(r, t), is the smallest positive integer x
such that rk, = tk, = r where k; and k, are positive integers.

First, we establish that all 2-generated Cayley digraphs are diregular.
Lemma 3.3.1 All 2-generated Cayley digraphs are (2,2)-diregular.

Proof. Our algorithm for constructing adjacency lists creates one outgoing arc
from each vertex for each generator. Similarly, there is one incoming arc to
each vertex for each generator. This can be seen by considering generators
-1 d -1 d . . h . b . . d .
o' and 77°, and noticing that outgolng arcs become 1ncoming arcs, and vise

versa. a

We can easily extend this result to general Cayley digraphs.

Theorem 3.3.2 All k-generated Cayley digraphs are (k.k)-diregular.
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Proof. The proof of Lemma 3.3.1 can be easily generalized to k-generated

Cayley digraphs. i

Next, we will construct an upper bound for the number of vertices a Cayley

digraph on n symbols can have.
Theorem 3.3.3 For all Cayley digraphs G, li(G) < |V (G)|.

Proof. We know that the order of a generator is equal to the least com-
mon multiple of the cycle lengths of the generator. Also. the fewest num-
ber of vertices a Cayley digraph G can have is the least common multiple of
the orders of the generators. call this £(G). We have now established that
z(G) < |V(G)|. It remains to show that li(G) < z(G). Suppose li(G) > x(G).
This is only possible if part of the cycle structure of the generators is re-
peated. For example, C'_ag>/({(01)(23)(45)(67), (0123)(4567)}) is isomorphic to

—
Cay({(01)(23), (0123)}). However, this is a contradiction, so we are done. O

This result is interesting because now we can be sure that we have produced
all 2-generated Cayley digraphs with fewer than 9 vertices. Theorem 3.3.3 is
tight since for instance Cayley pairs that generate the cycle graph, C,, have
n-vertices. For example, CTa?/({(OH), (021)}) has 3 vertices. An interesting
extension to this question is what is this maximum if these pairs of disjoint
n-cycles are not considered? As it turns out, this omission does not better the
result. For example, some circulant graphs also have directed n-cycles using
n-generator symbols. Therefore, we must consider all generators with up to n
symbols to generate all Cayley digraphs with at most n vertices. Therefore,
we know that our data is complete for |V (G)| < 8 since we have produced all

2-generated Cayley digraphs on n < 8.

3.3.2 Vertex Transitivity Results

A graph is said to be vertex transitive if for every pair of vertices, u and v,

there is an automorphism that maps u to v. Intuitively, a vertex transitive
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graph “looks the same” from every vertex. The following lemma is obvious

from the definition of Cayley digraphs [13].
Lemma 3.3.4 All Cayley digraphs are verter transitive.

Notice, however, that the converse is not necessarily true.
Lemma 3.3.5 Not all vertex transitive graphs are Cayley graphs.

Proof. It is well known that the Petersen graph is vertex transitive [39]. Fur-
ther, we know that the Petersen graph is non-Hamiltonian {39]. From our
data (see Chapter 5), we know that all cubic Cayley graphs with 10 vertices
are Hamiltonian. Therefore, the Petersen graph cannot be a Cayley graph

even though it is vertex transitive. O

3.3.83 Enumeration of Non-Isomorphic Cayley Digraphs

The purpose of this section is to gain an understanding of relatively how many
graphs are Cayley graphs. To this end, we will present Pélya theory (general-
ization of Burnside’s Lemma) formulae for enumerating various collections of
graphs and digraphs.

As an introduction, the equation for the number of unlabeled digraphs [14]
can be used to provide an upper bound for the number of non-isomorphic
Cayley digraphs. This well known enumeration is stated below. We will use
p to denote the number of vertices instead of |V (G)| to reduce the number of

subscripts in our formulae.

Theorem 3.3.6 Let d,(z) be the generating function for the enumeration of

unlabeled digraphs with p vertices, then,

dp(z) = Z(S¥),1 + z)
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where,

P
zsh == % p! T s ek T s2asdcrd

! kx5 lem(r,t)
p J1+2j2+-+pip=p n Jk: k=1 r<t

From this, we can easily determine the number of unlabeled digraphs with
p vertices, d,, by summing the coefficients in d,(z). Enumerations for small
values of p are given in Table 3.4.

This enumeration leads to an upper bound on the number of non-isomorphic

Cayley digraphs with a given number of vertices.

Lemma 3.3.7 The number of non-isomorphic Cayley digraphs with p vertices

is no more than d,.

Proof. The number of non-isomorphic Cayley digraphs with p vertices is ob-

viously a subset of the number of unlabeled digraphs with p vertices. O

This result can be improved by counting only the connected digraphs, c,,
since all Cayley digraphs are connected by definition. This is done using a
method of Harary and Palmer [14] for counting connected graphs and con-

nected digraphs.

Theorem 3.3.8 The generating functions d,(z) and cp(z) for graphs and con-

nected digraphs satisfy

1 +dy(z) = expf: cp(z*) /k.

k=1
Note that c, is the sum of all coefficients in c,(z). Enumerations are given

in Table 3.4 and an improved resuit follows.

Lemma 3.3.9 The number of non-isomorphic Cayley digraphs with p vertices

is no more than c,.
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Proof. All Cayley digraphs are connected because by definition a Cayley di-
graph is a connected component of the digraph generated by Algorithm 2.3.
The number of non-isomorphic Cayley digraphs with p vertices is obviously a

subset of the number of connected graphs with p vertices. a

Note that this is an enumeration of all non-isomorphic Cayley digraphs, not
just the 2-generated or 3-generated ones. This bound could be tightened if we
enumerate only vertex transitive digraphs. A paper of McKay and Royle [23]
gives insight into how to count all vertex transitive digraphs. However, no
formula is given. Further, a result of McKay and Praeger [22] gives resuits
pertaining to the number of vertex transitive digraphs that are not Cayley

digraphs. A conjecture given in this work is useful.

Conjecture 3.3.10 The great majority of vertez transitive digraphs are Cay-

ley digraphs.

If this conjecture were true, we would know that the number of vertex tran-
sitive digraphs gives a good upper bound to the number of Cayley digraphs.
However, the problem of counting vertex transitive digraphs is currently un-

solved.

3.8.4 Enumeration of Non-Isomorphic 2-Generated Cayley Digraphs

The bound of Lemma 3.3.9 gives no insight into how many non-isomorphic
2-generated Cayley digraphs there are except to say they are a subset of all
non-isomorphic Cayley digraphs. A result of Ramanath and Walsh [29] can be
extended and applied to this problem. Integers r and t are relatively prime
if gcd(r,t) = 1. Define the Euler totient function, ¢(n), as the number of

positive integers less than n which are relatively prime to n.

Theorem 3.3.11 Let d2?(z) be the generating function for the enumeration
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of unlabeled (2,2)-diregular digraphs with p vertices, then,

d§'2(x) = H Z(Sk,)Z(Dn;)

u=1

where

2(D,) = o= | R+ 30 (5) vistr

9
=n rin
B nylzlyén_l)/gzr(_)"-lw if n is odd
B(y2zy + 22y)ys" D2 I otherwise
Z(Sk) = 1 k! gz
TR 171272 « o« ik gy Vol - - - ! ) k-

T ji+2jatetkie=k
The number of unlabeled (2,2)-diregular digraphs with p vertices, d2?, is

the sum of the coefficients of df,'Q(x). Enumerations are given in Table 3.4 and

an upper bound results.

Lemma 3.3.12 The number of non-isomorphic 2-generated Cayley digraphs

with p vertices is no more than d?.

Proof. The number of non-isomorphic 2-generated Cayley digraphs with p ver-
tices is obviously a subset of the number of unlabeled (2,2)-diregular digraphs

with p vertices. O

This result can be improved by only counting the connected (2,2)-diregular

digraphs, cf;z. We apply Theorem 3.3.8 to obtain the following result.

Lemma 3.3.13 The number of non-isomorphic 2-generated Cayley digraphs

with p vertices is no more than c2?

Proof. Non-isomorphic 2-generated Cayley digraphs are obviously a subset of

the set of all unlabeled (2,2)-diregular connected digraphs. )

Table 3.4 contains enumerations based on these formulae.
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p dp Cp a’;’,’z 012),2
1 1 1 0 0
2 3 2 1 1
3 16 13 3 3
4 218 199 8 7
G) 9608 9364 27 24
6 1540944 1530843 131 117
7 882033440 880471142 711 663
8 1793359192848 1792473955306 5055 4824

Table 3.4: Enumerations of Digraphs

Note that this result does not extend to general (k. k)-diregular digraphs. In
fact, the result is dependent on the special structure of (2.2)-diregular digraphs.
Further, the problem of enumerating vertex transitive (2,2)-diregular digraphs

is currently unsolved.

2.3.5 Enumeration of Non-Isomorphic Cubic Cayley Graphs

We now consider enumerating non-isomorphic cubic Cayley graphs using a
result of Parthasarathy [14]. Define §(W(f)) as the monomial that results
from reordering of the exponents in W(f) in non-increasing order while stating

the variables in increasing order.

Theorem 3.3.14 The generating function that enumerates graphs with degree

sequence Ti,Ia,...,Tp, N(zl,:zrg,...,xp), is
1 .
N(@, T2 Z) == > 0 D W() (3.1)
"o \f=y
Sp

yeE,
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where

(r\s)
Zwm=HO+wangm)

F=yf 2r,2s ez, jezs

I O+HQ>0+nﬁyww

zp, e€Uen iezr 1€z,

II (1 + H:L?) o

20,7 odd iezy

We can apply this result to count cubic graphs, and give an upper bound

on the number of cubic Cayley graphs.

Lemma 3.3.15 The number of non-isomorphic cubic graphs with p vertices

is given by N(3,3,...,3). This gives an upper bound of the number of non-

p
isomorphic cubic Cayley graphs.

Proof. Trivial by the formula above. This is obviously an upper bound since
the set of all non-isomorphic cubic Cayley graphs is a subset of the set of all

non-isomorphic cubic graphs. a

It is evident that counting non-isomorphic Cayley graphs, even in restricted
cases, is difficult. Perhaps the best chance for a useful formula would be

to attempt to count the number of vertex transitive graphs, or a restriction

thereof.
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Chapter 4
Graph Color Isomorphism

In this chapter, we will consider 2-generated Cayley digraphs in which arcs are
colored based upon which of the two generators created them. The resulting
graph is a 2-colored (2,2)-diregular digraph.

A color isomorphism from a colored graph G to a colored graph H is a
one-to-one mapping of the vertices of G onto the vertices of H that preserves
adjacency and color. Note that this is the same as the definition of isomorphism
except that corresponding edges from G and H must be of the same color (i.e.,
they must have been generated from the same generator). If there exists a
color isomorphism from G to H we say G and H are color isomorphic. More
simply, two colored graphs are color isomorphic if the vertices of one can be
relabeled to match the vertices of the other in a way that preserves adjacency
and color. This definition can be easily extended to colored digraphs. For
example, the Cayley digraphs drawn in Figure 4.1 are not color isomorphic
since colors cannot be preserved. Note, however, that these Cayley digraphs
are isomorphic.

As a second example, consider the Cayley digraphs of Figure 4.2. These
Cayley digraphs are not isomorphic, and therefore, they are not color isomor-
phic.

For Cayley graph G, let lci(G) be the minimum value of n, the number of
generator symbols, where 0,7 € S,, and C_a;l);({a, 7}) is color isomorphic to G.
This definition can easily be extended to k-generated Cayley digraphs for any
k and to undirected Cayley graphs.

Define the order of generator o, written order(c), to be the smallest n > 1

such that ¢" = o (note that order(I) = 1). This is the least common multiple
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LD

a) Cay({(012345), (054321)} b) Cay({(23)(45), (02)(14))}

Figure 4.1: Non-Color Isomorphic Cayley Digraphs

A A

(a) (b)
Cay({(23)(45), (023)(145)}) Cay({(01)(23)(45), ((024)(135)})

Figure 4.2: Non-Color Isomorphic Cayley Digraphs

of all the cycle lengths in ¢ (recall that all generators are permutations).

In a depth first search (DFS) we explore vertices adjacent to the most
recently discovered vertex that has unexplored edges {39]. That is, extremes are
searched first. A depth first search numbering results from labeling vertices
in the order they are visited in a depth first search. In this research, we will

always start the depth first search at the identity permutation.
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4.1 Testing for Color Isomorphism

Although we have tested Cayley digraphs for isomorphism, it is also useful to
check for color isomorphism since Cayley digraphs are inherently colored. An

algorithm for determining color isomorphism between Cayley digraphs follows.

4.1.1 Algorithm

A fast algorithm for determining whether or not two Cayley digraphs are
color isomorphic is needed. In this case, a canonic labeling is achieved by
relabeling based on a depth first search numbering. Here we will assume that
the i*" column of the adjacency list corresponds to the arcs created by the
it* generator, for 1 < i < |.X|. Now, the adjacency lists of the resulting
canonic digraphs are identical (possibly with the columns of the adjacency
lists swapped) if and only if they are color isomorphic. Algorithm 1.1 tests for

color isomorphism.

Given Cayley digraphs G and H
begin
Relabel the vertices of G using a DFS numbering
Relabel the vertices of H using a DFS numbering
H' = H with adjacency columns reversed
if G=H or G =H' then
return YES:

else

return NO;

endif
end

Algorithm 4.1: Determining Color Isomorphism of Cayley Digraphs
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4.1.2 FEzample

Consider the digraphs of Figure 4.1. We relabel the vertices using a depth first
search numbering starting at any vertex, say the top one in the picture. Both
graphs turn out to be labeled in a clockwise fashion starting at the top vertex.

Obviously, G # H and G # H' so the digraphs are not color isomorphic.

4.1.8 Correctness

A proof of correctness of the color isomorphism algorithm is simple given the

above discussion.

Theorem 4.1.1 Given 2-generated Cayley digraphs G and H, Algorithm 4.1

determines whether or not G and H are color isomorphic in linear time.

Proof. It is obvious that relabeling based upon a depth first search numbering
identifies the canonic representative of a Cayley digraph. This is due to the
fact that a depth first search of two color isomorphic Cayley digraphs, starting
at the identity, will result in the same unlabeled spanning tree. Now, G and
H (after relabeling) belong to the same color isomorphism equivalence class if
and only if the adjacency lists of the relabeled graphs are identical (possibly
with the columns reversed). Further, since the depth first search algorithm for
graphs with fixed degree runs in linear time, and testing to see if two graphs

are identical takes linear time, Algorithm 4.1 runs in linear time. O

This algorithm can be easily extended to test for color isomorphism between
Cayley digraphs generated by more than two generators. After relabeling
the digraphs based upon a DFS numbering, the Cayley digraphs are color
isomorphic if and only if the adjacency lists are identical (possibly with the
columns permuted). This modified algorithm runs in linear time for a fixed

number of generators.
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4.2 Data

Pairs of Cayley digraphs generated previously were tested for color isomor-
phism using Algorithm 4.1. A huge amount of data was generated. Easy to
read tables that include the lexicographically smallest Cayley digraph in each
equivalence class of color isomorphic graphs as well as some properties of these
graphs can be found under the heading “Non-Color Isomorphic 2-generated

Cayley Digraphs” at
http : | /www.theory.csc.uvic.ca/~cos/cayley/.

These tables list all non-color isomorphic 2-generated Cayley digraphs G
where n < 9 (only cubic Cayley graphs {or n = 9) and |[V(G)| < 1000. Enu-

merations are shown in Table 4.1.

V(@) lciG)=3 4 5 6 7T 8 9 total
3 1 0 0 0 O 0 0 1
4 0 3 0 0 0 0 0 3
5 00 2 0 0 0 0 p
6 20 53 0 0 0o 0 7
7 o 0 0 3 0 0 3
8 2. 0 2 0 7 0 11
9 00 1 0 0 0 1
10 0o 2 0 8 0 0 10
12 3 2 0 19 0 0 24
14 0 0 0 2 0 2 1
15 o0 0 o0 12 0 12
16 O 0 0 0 14 0 14
18 0o 0 7 0 2 1 10
20 0o 7 0 2 0 2 1
21 0o 0 0 5 0 0 5

Table 4.1: Enumerations of Non-Color Isomorphic 2-

Generated Cayley Digraphs



4.2

Data

50

IV(G)| lci(G)=3 4 5 6 7T 8 9 total
24 5 0 7 15 10 1 38
28 0o 0 0 0 1 1
30 o 0 0 19 0 19
32 o 0 o0 12 0 12
36 o 6 3 7 0 16
40 0o 0 7 0 7 14
42 0o 0 13 0o 0 13
48 0O 5 0 37 0 42
54 0O 0 0 0 6 6
56 0 0 0 9 0 9
60 12 0 0 36 1 49
64 0O 0o ©0 10 0 10
72 0 6 26 4 2 38
80 0o 0 0 0 2 2
84 0O 0 0 0 4 4
96 O 0 0 39 0 39
108 0o 0 0 0o 3 3
120 31 0 31 12 6 80
144 0 9 4 8 21
162 0 0 0 4 4
168 0 3 5 0 91
180 0 0 43 0 43
192 0o 0 51 0 51
216 0 0 0o 8 8
240 0 31 0 19 50
288 0O 0 51 0 51

Table 4.1: Enumerations of Non-Color Isomorphic 2-

Generated Cayley Digraphs
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V(G)| lei(G)=3 4 5 6 7 8 9 total
324 0 0 0 6 6
336 0 0 111 15 126
360 32 0 181 0 213
384 0 0 27 0 27
432 0 0 0 8 8
480 0 0 0 28 28
504 0 0 0 14 14
376 0 0 139 0 139
648 0 0 0 16 16
720 85 0 142 3 230

total 3 13 61 1531 209 1035 167 1639

Table 4.1: Enumerations of Non-Color Isomorphic 2-

Generated Cayley Digraphs

4.3 Results

Using our tables of non-color isomorphic Cayley graphs as a basis, we were
able to develop many interesting results. They are documented in this section.
4.3.1 Basic Results

First, we link graph color isomorphism with graph isomorphism.

Lemma 4.3.1 If two Cayley graphs are color isomorphic, then they are iso-

morphic.

Proof. If we ignore colors then any pair of color isomorphic graphs are also

isomorphic. a

Corollary 4.3.2 There are at least as many non-color isomorphic Cayley
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graphs as there are non-isomorphic Cayley graphs.
Proof. Obvious by Lemma 4.3.1. O

Notice that due to Lemma 4.3.1 many results pertaining to color isomor-
phism also apply to isomorphism.
Next, we explore results based upon the order of the generators and the

number of vertices in the resulting graphs.

Lemma 4.3.3 CTa'_g)/({a, T}) is not color isomorphic to a?/({a', '}) if

{order(c), order(r)} # {order(c’), order(7')}.

Proof. Without loss of generality, assume order(c) < order(c’) < order(r').
Therefore, the first graph contains a o-colored cycle of length order(o). How-
ever, the size of the smallest cycle colored by a single color that the second
graph can contain is order(c’). Since order(c) < order(c’), these graphs can-

not be color isomorphic. O

For example, 551)/({(0123)(4567), (0321)(4765) }) is not color isomorphic to
Cay({(01)(23)(45)(67), (0213)(4657)}) since {4,4} # {2.4}.

Lemma 4.3.4 The Cayley digraph G generated by {o,T} is not (color) iso-
morphic to the Cayley digraph H generated by {o’. 7'} if V(G)| # |V (H))]

Proof. Graphs with a different number of vertices cannot be color isomorphic,

nor can they be isomorphic. a

For example, the Cayley digraph G generated by {(23),(01)} is not (color)
isomorphic to the Cayley digraph H generated by {(01)(23)(45),(02)(14)(35)}
since |V(G)| =4 # 6 = |V(H)|.

Finally, we explore results based on the structure of the generators them-

selves.
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Lemma 4.3.5 m({a, T}) is (color) isomorphic to C'_agj({a',r’}) if Cayley

pair (o,7) is isomorphic to Cayley pair (o', 7').

Proof. Since the Cayley pairs are isomorphic, the graphs will be color isomor-
phic and therefore also isomorphic. This is because it does not matter how we
label the generator symbols, as long as the labels are consistent between the

generators. O

For example, 55?/({(012), (021)}) is (color) isomorphic to C_ag-)/({(l?.O), (120)})

on relabeling0 — 1.1 +— 0 and 2 — 2.

Lemma 4.3.6 m({a,‘r}) is (color) isomorphic to C—'ZZZJ({U’, '}) if o’ = a(n)

and 7' = 1(n).

In a slight abuse of notation, note that o(n) means append a l-cycle onto o.

Proof. Adding 1-cycles will not change the graph structure. O

For example, Ea—z)/({(OIQ), (021)}) is (color) isomorphic to
6'73)/({(012)(3), (021)(3)}) since we simply added a 1-cycle to each generator.
Notice that Lemma 4.3.5 and Lemma 4.3.6 can be combined so that if we
add a l-cycle on any symbol and update the other symbols appropriately we

will have a Cayley graph that is (color) isomorphic to the original.
Lemma 4.3.7 C—'_a—g)/({a, 7}) is (color) isomorphic to 5;{/({00’,7‘}) where

o= (aaz---)(bibp---)--
o =(a+n,a+n,.. )b +nb+n,..) -

Proof. Since o and ¢’ have the same structure, they will create the same graph.

Therefore, concatenating these together will not change the graph structure.
a

For example, C_)ay({(012), (021)}) is (color) isomorphic to
Cay({(012)(345), (021)})-
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4.8.2 Involution Results

Recall that a non-identity generator o is an involution if order(c) = 2. Define
a 2 — color alternating cycle graph as a graph induced by a cycle where edges
are colored with one of two colors such that incident edges have different colors.
For example, the Cayley graph of Figure 4.1(b) is a 2-color alternating cycle
graph with six vertices. Notice that all such cycles must be of even length.

Results concerning Cayley graphs where the generators are involutions follow.

Lemma 4.3.8 The Cayley digraph G generated by {o, 7} is (color) isomorphic
to the Cayley digraph H generated by {o',7'} if:

o [V(G)| = |V(H)|
m order(c) = order(r) = order(o’) = order(r') =2

so#rtando #7.

Proof. Since involutions have the property zo? = z. we have a 2-regular
undirected graph. Because Cayley graphs are connected, and we ensure o # 7.
all such graphs will be 2-color alternating cycle graphs with [V(G)| = |V/(H)]
vertices. Because of this, G and H are color isomorphic and are therefore also

isomorphic. a

For example, m({(01)(23)(45), (02)(14)(33)}) is (color) isomorphic to
5(?3)/({(23)(45), (02)(14)}) since both are 2-color alternating cycle graphs with

six vertices.

Lemma 4.3.9 EE’ZJ({C/’, 7}) is (color) isomorphic to 5&?}({0', '}) where o' =

g(n,n+1) and 7' =1(n,n + 1) if order(o) = order(r) = 2.

—

Proof. As in the proof of Lemma 4.3.8, we know that Cay({o, T}) is a 2-color
alternating cycle graph. If we add a 2-cycle on new symbols to each generator,
these symbols will flip at each step, resulting in a 2-color alternating cycle

graph. a
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For example, C—’a_g;({(())(l)(23), (01)(2)(3)}) is (color) isomorphic to
C—%Z;({(O)(l)(%) (45), (01)(2)(3)(45)}) since both graphs are 2-color alternating
cycle graphs on four vertices.

For these results to be useful in any application, we need to have a way to
quickly compute |V (G)|. When G is a 2-generated Cayley graph where both
generators are involutions there is a very simple way to do this. Starting from
the identity, we apply the generators alternatively until the identity results.

In other words, I = I(o7)"2. The process is shown in Algorithm 4.2

Given {o, 7} where order(c) = order(r) =2
begin
n=0v=1I:
repeat
v = o(Tv);
n=n+ 2;
until v = I;

return n;
end

Algorithm 4.2: Computing |V (G)| of Cayley Graph G Generated by {0, 7}

Where order(c) = order(r) =2
This simple algorithm runs in linear time, O(|V(G)]|).

4.3.3 Higher Order Results

A more complicated result can be derived by generalizing previous results.

Lemma 4.3.10 C—';g)/({aﬂ,"/é}) is (color) isomorphic to az?/({aﬁﬁ', v80'}) if:
s 3 disjoint from af, §' disjoint from 6

e 3 and B have same cycle structure, 6 and &' have same cycle structure

s 3 and § are permutations of the same elements.
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Proof. Since 8 and § are permutations of the same elements and 8 has the
same cycle structure as ' (similarly for §) the new portion of the generators, 5’
and &', simply mimic the portion of the graph that 3 and § created. Therefore,

the graphs will be identical and therefore are (color) isomorphic. a

For example, @({(01)(234), (01)(243)}) is (color) isomorphic to
@({(01)(234)(567), (01)(243)(576)}) since 8 = (234), 3’ = (5367), 6 = (243)
and &' = (576).

Notice that this result is a generalization of Lemma 4.3.7. Also, the restric-
tion that the two Cayley graphs have the same number of vertices (as with
involutions) is automatically implied by the construction of the second graph
from the first. Therefore, we do not need to calculate IV(E'EZ/({QH,"/(S D in

each Cayley graph as we did for graphs where all generators are involutions.

4.3.4 Transitivity of [somorphism and Color Isomorphism

By definition, all equivalence classes are transitive. For example, isomorphism
is transitive since G, is isomorphic to G3 whenever G, is isomorphic to G2 and
G, is isomorphic to G3. Therefore, we can repeatedly apply the results of this
chapter to prove that a graph G is (color) isomorphic to a graph H.

For example, 5'?1,_1),/({(012), (01)}) is (color) isomorphic to C—'a—g)/({(OQI), (onh
by first applying Lemma 4.3.6 then Lemma 4.3.5.

4.3.5 Isomorphism Classes

At this point, we have looked at three types of isomorphism: isomorphic Cayley
pairs, isomorphic Cayley graphs and color isomorphic Cayley graphs. There
is a nice correspondence that pulls together these three concepts. Notice that
if two Cayley pairs are isomorphic, then their associated graphs are also color
isomorphic and isomorphic. Also, by Lemma 4.3.1 we know that if two Cay-

ley graphs are color isomorphic then they are isomorphic. These two facts
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alone allow us to picture the relationship between these properties much like

complexity classes. This relationship is shown in Figure 4.3.

Isomorphism

co.or isomorph:s
Cayiey pary rcayley pair
(SOMOrPRS \ somorphis
Cay.ey pa.r
.somaorph.sm,

{"Cay.ey pax Cay.ey pa:r
Jomorplsm/ \ . somorph:s
Cay.ey paur
somorph.ar
Cay.ey pa.r
.somorphism,

Figure 4.3: Relationship Between Isomorphism Classes

Now. if we wanted to test for the often tough property of graph isomorphism
we could first test Cayley pair isomorphism and color isomorphism. If we
receive a positive answer the graphs are isomorphic, otherwise, we must test

for isomorphism.

4.3.6 Enumeration Results

Counting non-color isomorphic Cayley digraphs is a difficult problem. maybe
more difficult than counting non-isomorphic Cayley digraphs. Only trivial
bounds are known.

Define C} ;. as the number of non-isomorphic 2-generated Cayley digraphs
with k vertices. Similarly, define C.gfk as the number of non-color isomorphic
2-generated Cayley digraphs with & vertices.

Each non-isomorphic Cayley digraph can be colored in many ways. At each
vertex, we must choose the arc to be colored with the first generator, and the
arc to be colored with the second generator. This can be done in 2 ways.
However, every coloring obtained in this way is by no means going to translate

into a Cayley digraph. Therefore, this is only an upper bound on the number
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of non-color isomorphic Cayley digraphs. If we choose the color for each edge

to be colored we trivially have the following inequality.
Cs <25-C3y (4.1)

Unfortunately, at this time, tighter results are not known.
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Chapter 5

Hamiltonicity

A (directed) Hamilton cycle is a cycle that visits every vertex in the (directed)
graph. We compiled a list of all class 1 cubic Cayley graphs for n < 9 from
our lists of 2-generated Cayley graphs by testing whether or not exactly one
of the generators was an involution. Further, we generated all class 2 cubic
Cayley graphs for n < 7 from scratch by generating all non-isomorphic Cayley
triples where all three generators are involutions.

All 2-generated Cayley digraphs where n < 8 were tested for directed
Hamiltonicity. Also, all class 1 cubic Cayley graphs where n < 9 and all class

2 cubic Cayley graphs where n < 7 were tested for undirected Hamiltonicity.

5.1 Motivation

The Hamiltonicity of Cayley graphs is an interesting problem because although
these graphs are easy to describe, their Hamiltonicity in general is still a mys-
terv. We initially began researching the Hamiltonicity of Cayley graphs be-

cause of a long standing famous conjecture [40].

Conjecture 5.1.1 (T.D. Parsons and others) All undirected connected Cay-

ley graphs are Hamiltonian.

We set out on a journey to find a counterexample to this conjecture. We
decided to search through cubic Cayley graphs first since fast algorithms for
finding Hamilton cycles in cubic graphs are already known. We did not find a

counterexample, however, the results gathered along the way were interesting

just the same!
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A similar search called the Foster Census [6] was conducted on symmetric
cubic graphs. They found only five non-Hamiltonian symmetric cubic graphs
G where |V(G)| < 1000. They are the complete graph on two vertices, the
Petersen graph, the Coxeter graph and two graphs derived from the Petersen
and Coxeter graphs by replacing each vertex with a triangle. We verified
through computer search that none of the above graphs are Cayley graphs.
They also conjecture that all symmetric graphs except those listed above are
Hamiltonian.

From the Foster Census, we know that all cubic Cayley graphs with fewer
than one thousand vertices are Hamiltonian. Therefore. we set out first to find
Hamilton cycles for as many cubic Cayley graphs G, where {V7(G)| > 1000, as

possible.

5.2 Complexity of Hamiltonicity Testing

It is well known that the problem of finding a Hamilton cycle in a general graph
or digraph is NP-complete [12]. More simply, this means that it is unlikely
that there exists a polynomial time algorithm that can solve this problem in
all cases. Further, it is known that finding a Hamilton cycle in a cubic graph
is also NP-complete [12]. Does this mean that we have no hope? Absolutely
not. In fact, not much is known about the complexity of finding Hamilton
cycles in cubic Cayley graphs. It turns out that cubic Cayley graphs have
nice properties that allow us to eliminate some possible cycles and thus cut
down computation time. As an example, consider the partial Cayley graph
of Figure 5.1. If edges (U, V) and (V, W) are in a Hamilton cycle, then edge
(V,Y) cannot be in the cycle. Further, this forces edges (., Y) and (Y’ Z) to
be in the Hamilton cycle. Edges that are in the cycle are drawn blue and the
edge that cannot be in the cycle is drawn red.

Observations such as this one lead to remarkably quick backtracking algo-

rithms for finding Hamilton cycles in cubic graphs most of the time. Similar
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Figure 5.1: Hamiltonicity of Cubic Graphs

tricks are used in algorithms for directed Hamiltonicity.

5.8 Directed Hamiltonicity

Notice that Conjecture 5.1.1 does not apply to directed Cayley graphs. There
exist many non-Hamiltonian directed Cayley graphs. To this end, we were
interested in determining directed Hamiltonicity for the Cayley digraphs gen-
erated earlier.

Many algorithms have been developed for finding Hamilton cycles in di-
rected graphs [38]. A brief survey of these algorithms follows.

DHC by Algluin and Valiant builds up a cycle by adding arcs. If the algo-
rithm is forced to stop before a Hamilton cycle is found, it does a directional
rotational transformation. This process continues until a Hamilton cycle is
found, or all possibilities have been searched.

DB2A by Brunacci converts a digraph into an undirected graph as in the
proof of NP-completeness. Then, we use an undirected Hamiltonian cycle
algorithm to find a cycle in this undirected graph. Finally, we convert the
cycle back to the form of the original directed graph.

595Ham by Martello is a backtracking algorithm that uses several basic
pruning techniques to reduce its running time.

In this research, we used a theorem of Rankin (see Section 5.3.1) to tell
us that some of the Cayley digraphs were non-Hamiltonian. Then, we used

DigHam (see Section 5.3.2) by Brendan McKay to determine the Hamiltonicity
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of the Cayley digraphs where Rankin’s theorem does not apply.

5.8.1 Rankin’s Theorem

2-generated Cayley digraphs were tested to determine their directed Hamil-
tonicity. A theorem of Rankin [30] was used to characterize many of these
digraphs as non-Hamiltonian. The index of generator o, index(o), is the size

of the group generated by o.

Theorem 5.3.1 Cﬁ({a,r} : G) is non-Hamiltonian if order(c™'r) is odd

and index (o) or indez(r) is even.

We give a proof of this theorem, similar to that of Swan [36]. but in the

language of Cayley graphs.

Proof. (of Theorem 5.3.1)

We will prove a more general theorem, and link it to our specific theorem.

Theorem 5.3.2 Let E={a,3} where a and 3 are permutations of a finite set

X having k and | cycles, respectively. Suppose X contains an E-cycle. If v =

B~ 'a has odd order, then k and | are odd.

Proof. (of Theorem 5.3.2)
We need the following fact for this proof.

Lemma 5.3.3 Let © be a permutation of n elements having r cycles. Then

sign(w) = (—=1)"*".

Let P = {all elements of E-cycle from a(z)} and Q = {all elements of E-
cycle from 3(z)}. Let § = 8~ 'x. So §| P = ¥|P and 6|Q = 1. Therefore, because
order(y) is odd, § will have some odd cycles in common with v (since §{P =
v|P) and also some 1-cycles (since §|@ = 1). Clearly, this causes order(d) to be
odd as well, so sign(8) = 1. Therefore, sign(w) = sign(8) and by Lemma 5.3.3
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n+r = n+ l(mod 2). Set r = 1 because we only have one E-cycle and we

have, 1 = I(mod 2). Similarly, 1 = k(mod 2), so, k and ! are both odd. a

Theorem 5.3.1 is an immediate consequence of Theorem 5.3.2. Let X =G
and define a(z) = z7 and B(z) = ro. Then y(z) = z(o~'7) so v has the same
order as 0~ !'7 and k = index(r) and [ = index(o). We have now established
that if G is Hamiltonian and order(c~'7) is odd, then indez(o) and index(r)

are odd. Theorem 5.3.1 is the contrapositive of this. m|

We used this theorem to classify a subset of our Cayley digraphs as non-

Hamiltonian. Graphs for which this result did not apply were examined ex-

haustively.

5.3.2 DigHam

DigHam [20] is an algorithm developed by Brendan McKay to test for directed
Hamiltonicity in (2,2)-diregular digraphs.

5.3.2.1 Algorithm

This algorithm maintains a data structure called cycle that classifies each arc
as IN or OUT of the Hamilton cycle (initially cycle[a] = DUNNO, Va € A).
The method continues classifying arcs and propagating until either a Hamilton
cycle is found or all possibilities have been checked. Propagation is explained

with an example in Section 5.3.2.2. A full explanation is given as Algorithm 3.1.

5.3.2.2 Example

The propagation process is best explained with an example. Consider the
digraph of Figure 5.2.

Assume we start at vertex X and set cycle[(X, Z)] = OUT. This forces
cycle[(X,Y)] to be IN. Further, since every vertex must have exactly one

incoming arc in a Hamilton cycle, cycle[(B,Z)] must be IN. Conversely,
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Given (2,2)-diregular digraph G
begin
for each a € A(G) do
cyclela) = DUNNO;

endfor

repeat
Find z € V(G) where cycle[(z, y)] = cycle[(z, z)] = DUNNO;
cycle[(z,y)] = OUT; Propagate;

cycle[(z, z)] = OUT; Propagate;
until Hamilton cycle found or all possibilities are checked,
end

Algorithm 5.1: Finding Hamilton Cycles in (2,2)-regular digraphs

Figure 5.2: DigHam Algorithm Example

cycle[(A,Y)] is forced OUT. This process is continued as long as possible.
Arcs that are to be included in the cycle are drawn blue and arcs that are not
included in the cycle are drawn red.

Notice that by using this propagation process we are still checking every
possible Hamilton cycle. Therefore, the algorithm correctly determines Hamil-

tonicity of (2,2)-diregular digraphs.
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5.3.83 Data

Directed Hamiltonicity characterization are part of the “non-isomorphic” and

“non-color isomorphic” tables at
http : / Jwww.theory.csc.uvic.ca/~cos/cayley/.

This data will be very useful when we test for Hamiltonicity in cubic graphs

in the next section.

5.4 Undirected Hamiltonicity

Many algorithms and heuristics have also been developed to find Hamilton
cycles in undirected graphs [38]. A survey of these algorithms follows.

Pésa’s algorithm attempts to extend the length of a partial path until
a Hamilton cycle results. Note that no backtracking is ever done. If the
algorithm cannot progress any further, a rotational transformation is done
that allows for further extension of the path. The UHC algorithm of Angluin
and Valiant is a slight modification of the Pdsa technique. Instead of leaving
edges in the graph once they have been used we remove them.

SparceHam is an algorithm that finds Hamilton cycles in sparse graphs in
O(n3logn) time. Frieze’s SparceHam method works by building up a cycle one
edge at a time. If at any step there are no more valid edges to choose, we will
rotate the built up cycle uatil there is a valid edge to choose. The Ham and
HideHam algorithms use the same idea, with minor modifications.

Other algorithms such as DB2 by Brunacci, LongPath by Kocay and Li,
FPGA-Ham [18] by Echo Liang, Ham by Donald Knuth and LinearHam by
Thomason employ other techniques designed to find Hamilton cycles quickly
for certain classes of graphs. We will describe the three algorithms we used
to find the Hamilton cycles in this research in detail. They are CubHam by
Brendan McKay, the Stone Carver’s algorithm by Alex and Philipp Hertel,
and Ian Shields’ Pdsa-like algorithm.
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5.4.1 CubHam

Brendan McKay's CubHam program was used to test cubic Cayley graphs for
Hamiltonicity. It takes advantage of the structure of cubic graphs to propagate
decisions as far as possible in order to speed up the process of finding a Hamil-
ton cycle. Note that if a graph is non-Hamiltonian cubham will have to search

through all possibilities before it can classify the graph as non-Hamiltonian.

5.4.1.1 Algorithm

We maintain a data structure cycle. as in the DigHam algorithm, that contains
classifications of edges as IN or OUT. The algorithm does a continuous process
of propagation and classifying edges as OUT until it either finds a Hamilton

cycle or has tried all possibilities. The process is listed in Algorithm 5.2.

5.4.1.2 Example

An example of the propagation process will make this algorithm more un-
derstandable. We will show the result of the algorithm on the 4-vertex com-
plete graph, K, as shown in Figure 5.3(a). The process will start by calling
hamNode(0). For each of edges (0,1), (0,2) and (0,3) the algorithm will clas-
sify the edge as OUT and see if a cycle results from the propagation process.
Consider setting cycle[(0,1)] to OUT as shown in Figure 5.3(b) in red. This
forces the other edges incident to vertices 0 and 1 (in blue) to be in the cycle.
In this case, the 4 edges classified as being in the cycle make up a Hamilton
cycle, so we are done.

Notice that edge (2,3) could also be classified as OUT since there are two

edges incident to each of vertices 2 and 3 that are classified /.V.
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Given cubic graph G
begin
for each e € E(G) do
cyclele] = DUNNO;

endfor

hamNode(0);
end

hamNode(v) begin
Propagate; ey, e;,e3 € E(G) are incident to v;
if < 1 of cyclee;] are NO for 1 <i <3 then
for each e; where cyclele] = NO or DUNNO do
cyclele] = NO; return hamNode(v + 1):

endfor
else
return FALSE;

endif
end

Algorithm 5.2: Finding Hamilton Cycles in Cubic Graphs

5.4.2 Stone Carver’s Algorithm

A second method used to determine Hamiltonicity of cubic Cayley graphs

was developed by Alex and Philipp Hertel [15], undergraduate students at the

University of Victoria. Their algorithm is loosely based on the SparceHam

technique introduced by Frieze. However, the Stone Carver’'s Algorithm works

in the opposite way of SparceHam, it deletes edges from the graph until all

that is left is a Hamilton cycle. Also, the algorithm is randomized, so, if it

does not find a Hamilton cycle in a specified amount of time we cannot be sure

that the graph is non-Hamiltonian.



5.4 Undirected Hamiltonicity 68

(a) Original Graph (b) Hamilton Cycle
Figure 5.3: Cubham Algorithm Example
5.4.2.1 Algorithm

The basic method is documented as Algorithm 5.3.

Given graph G
begin
while |E(G)| > |V(G)| do
Remove an edge at random from G;
Prune G using lightning and headhunter;
if G is a cycle of length |V (G)| then
return TRUFE;
endif
endwhile

return UNKNOWN,
end

Algorithm 5.3: Stone Carver’s Algorithm

There are two pruning operations. The first of these is similar to the
propagation used by Brendan McKay’s Cubham algorithm. If there is a length
4 path that is forced to be in the Hamilton cycle, say abcde, then all other edges

adjacent to vertex c cannot be in the cycle. This operation is called lightning
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(see Figure 5.4(a)) and can be done in constant time. The second pruning
operation is called headhunter (see Figure 5.4(b)). Define a chain to be a
longest path currently in the Hamilton cycle. A head is an endpoint of a
chain (each chain has exactly two heads). We can then be sure that the edge
between the heads of a chain is not in the cycle (unless there is only one chain

in the graph and it has length n-1). The headhunter operation can also be

accomplished in constant time.

(a) Lightning (b) Headhunter

Figure 5.4: Stone Carver’s Algorithm Pruning Techniques

At the first step (when no edges have been cut), we will choose a random
edge from the set of all edges. However, at subsequent calls, we will choose
a random edge to cut from the set of edges adjacent to a head. This will
obviously increase the chance of finding a Hamilton cycle.

This heuristic will not find a Hamilton cycle in all Hamiltonian graphs,
however, a second version was developed to solve this problem. The algorithm
above is modified so that possibilities of cut edges are never tried more than
once. If all sets of cut edges have been tried to no avail, we can be sure the

graph is non-Hamiltonian.
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5.4.2.2 Complexity

Through empirical tests on random regular graphs, this algorithm appears to
run in @(nm) time where n is the number of vertices and m is the number of

edges in the original graph. No proof of this bound is known.

5.4.3 Ian Shields’ Pdsa-Like Algorithm

A third algorithm used to find Hamilton cycles in cubic Cayley graphs is based
on PhD research by Ian Shields [35] and a method by Basil Vandegriend [38].
The algorithm builds upon the Pésa algorithm described earlier. The details

are currently unpublished.

5.4.4 Data

Data can be found under the heading “Cubic Cayley Graphs” at
http : / /www.theory.csc.uvic.ca/~cos/cayley/.

Of greatest importance is the column labeled “Hamiltonian?” as this charac-
terizes each cubic Cayley graph as Hamiltonian or non-Hamiltonian and gives
a cycle if one has been found. All but one of the class 1 cubic Cayley graphs G
where |V (G)| < 40320 and n < 9 have had a Hamilton cycle found for them.
A Hamilton cycle has been found for each class 2 cubic Cayley graph G where

IV(G)| <2520 and n < 7.

5.5 Measures of Difficulty

To better understand why some graphs give Hamilton cycle algorithms prob-
lems, we studied some measures of difficulty. This way, we can try to predict

how long it may take to find a cycle using a certain algorithm.
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5.5.1 Diameter

The diameter of a graph G is defined as the maximum length of all shortest
paths between pairs of vertices in G. The diameter is often involved in running
time bounds of an algorithm. For this reason, we computed the diameter of all
Cayley graphs generated in order to produce an informal measure of how hard
the graph is. In most cases, the graphs in which CubHam, the Stone Carver’s
algorithm and other backtracking programs had difficulty with were the ones

with relatively high diameter.

5.5.1.1 Algorithm

For Cayley graphs, computing diameter is fairly trivial. Simply compute the
shortest path between the first vertex (the identity) and every other vertex.
In a breadth first search (BFS) we explore vertices adjacent to the least
recently discovered vertex that has unexplored edges. That is, extremes are
searched last. A breadth first search numbering results from labeling the
vertices in the order they are visited in the breadth first search. Notice that
the shortest path between two vertices can be computed using a breadth first

search. Recall that the diameter is the length of the longest shortest path.

Given Cayley graph G
begin
Relabel the vertices of G using a BFS numbering;
return( length of the shortest path from the first vertex to the

[V(G)|* vertex in G);
end

Algorithm 5.4: Computing the Diameter of a Cayley Graph



5.5 Measures of Difficulty 72

5.5.1.2 Example

As an illustration, for |V(G)| = 2520, the two graphs CubHam had problems
with were Cay({(0123)(45), (34)(56)}) and Cay({(03)(1425), (34)(56)}). Cub-
Ham was of no help in classifying these graphs and therefore we eventually
used Ian Shields’ heuristic to find their Hamilton cycles. Both graphs have
diameter of 17, which is significantly higher than the other 2520-vertex cubic
Cayley graphs. Intuitively, it will take the backtracking structure of the Cub-
Ham algorithm longer to detect an impossibility since there is a relatively long
shortest path. Of course, this is not a perfect measure, but it gives an idea of
the difficulty that CubHam and other backtracking algorithms will have with

the graph.

5.5.1.3 Correctness and Complexity

We can easily prove correctness of the diameter algorithm using some facts

about Cayley graphs.

Theorem 5.5.1 Given Cayley graph G, Algorithm 5.4 computes the diameter
of G in O(|V(G)]) time.

Proof. Since Cayley graphs are vertex transitive it therefore suffices to check
paths starting at any vertex. Further, the distance to the vertex last visited
by a breadth first search is by definition the diameter. This algorithm runs in
O(|V(G)|) time since the breadth first search visits each node exactly once and

the length of the path to the vertex visited last can be maintained dynamically.
d

5.5.2 Shortest Odd Cycle

An odd cycle is a cycle that contains an odd number of vertices. A graph

is bipartite if its vertices can be given one of two colors such that adjacent
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vertices receive different colors. Another indicator of the difficulty of a graph
is the length of its shortest odd cycle. Notice that if there are no odd cycles,

then the graph is bipartite.

5.5.2.1 Algorithm

The length of the shortest odd cycle can be computed using a modified breadth
first search at each vertex. For Cayley graphs, this can be simplified to per-
forming a BFS at the first vertex (the identity) since the graphs are vertex

transitive. The process is outlined in Algorithm 5.5.

Given Cayley graph G
begin
for each verter of G traversed in BFS order do
if a verter is repeated and the cycle through the repeated vertex
has odd length,  then
return I
endif
endfor

return NONE (i.e., bipartite);
end

Algorithm 5.5: Finding the Length of the Shortest Odd Cycle

5.5.2.2 Example

As for graphs with relatively large diameter, cubic Cayley graphs with a rel-
atively large shortest odd cycle length were often the most difficult to find
Hamilton cycles for. As an example, consider Cay({(34)(56), (03)(1425)}).
This graph has a shortest odd cycle length of 27; the longest among the 2520-
vertex cubic Cayley graphs. As explained in the section on diameter CubHam

has trouble finding a Hamilton cycle for this graph.
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5.5.2.3 Correctness

The proof of correctness of this algorithm was first documented by Horton [27].

The original proof has been modified here for vertex transitive digraphs and

therefore applies to Cayley graphs.
Theorem 5.5.2 Algorithm 5.5 finds the shortest odd cycle of a Cayley graph.

Proof. The minimum weight cycle basis of a vertex transitive digraph is a
subset of the cycles created by adding each non-tree edge to the BFS tree at
any vertex (because the graph is vertex transitive). There must be at least
one odd cycle, since the sum of two even cycles is even. The first cycle that
is found is independent of the other cycles chosen, so it must be part of the
basis. Therefore, the minimum weight cycle basis must contain at least one

minimum weight odd cycle. O

5.5.2.4 Complexity

The running time of the algorithm to find the shortest odd cycle was first
documented by Monien [19]. A corollary has been added for the running time

of the Cayley graph version of Algorithm 5.5.

Theorem 5.5.3 The shortest odd cycle in an undirected, un-weighted graph
G can be computed in time O(|V(G)| - |E(G)|)-

Proof. From each vertex we can traverse each edge at most once and the work
done at each edge is constant. m
Corollary 5.5.4 The shortest odd cycle in an undirected, un-weighted Cayley

graph G can be computed in time O(|E(G)]).

Proof. We need only check one vertex since Cayley graphs are vertex transitive.
a
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5.6 Resolving Difficult Graphs

Often, instead of tackling an entire problem, we break the problem intov smaller
parts. In the case of Cayley graphs this can allow us to take advantage of
symmetries, thus reducing the total amount of computation needed. This
is exactly what was done with Cay({(0123)(45), (34)(56)}) for which it was
difficult to find a Hamilton cycle using CubHam alone.

We broke this graph down into two cases of possible Hamilton cycles. Case
1 includes all edges of the 1-factor (spanning l-regular subgraph) induced by
the involution 7 = (34)(56). It turns out that the Hamilton cycle we eventually
found resulted from this case. If there is no Hamilton cycle that passes through
this 1-factor, then, somewhere on a Hamilton cycle there must be a ToooT

sequence as shown in Figure 5.5 (o edges are red).

Figure 5.5: No Case 1 Hamilton Cycles in Cay({(0123)(45), (34)(56)})

This induces two edges on two distinct 4-cycles as in Figure 5.6(a) (green
edges). There are 4 ways to choose one edge from each side. These corre-
spond to the 4 sub-cases which were tested. One such sub-case is shown in
Figure 5.6(b).

A Hamilton cycle for this graph was first found by Ian Shields using his
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(a) Overall {b) Subcase
Figure 5.6: Case 2 of Cay({(0123)(45), (34)(56)})

Pésa-like algorithm, and later confirmed using Brendan McKay’s CubHam

algorithm.

5.7 Results

A survey by Witte and Gallian [40] as well as a survey of Curran and Gallian (8]
given nice overviews of the known Hamiltonicity results for Cayley graphs.
There are many classes of Cayley graphs that are provably Hamiltonian. Some
interesting results were derived from our exploration of the Hamiltonicity of
Cayley graphs. These include general properties of Cayley graphs as well as

some classes of Cayley graphs that are provably Hamiltonian.

5.7.1 General Properties

From our data, we were able to derive some general classifications that shed

light on which Cayley graphs are Hamiltonian.

Lemma 5.7.1 Cubic Cayley graphs must have an even number of vertices.
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Proof. This result is true in general for k-regular graphs where k is odd. There

are %" edges in a k-regular graph. Since this number must be an integer and

k is odd, n must be even. O

5.7.2 Classes of Hamiltonian Graphs

It is possible to prove that some classes of Cayley graphs are Hamiltonian. As
a simple example, consider the Cayley graph Cay({(12),(23),(34),....(n —
1,n)} : S;). The well known permutation generation algorithm of Steinhaus,
Johnson and Trotter defines a Hamilton cycle for this Cayley graph since we
are dealing with pairs of generator elements [34]. Therefore, this Cayley graph
is Hamiltonian. This result however, is not very useful in our context since
we are interested in 2-generated and cubic Cayley graphs only. For some 2-
generated Cayley graphs we can construct a Hamilton cvcle, thereby proving

that these graphs are Hamiltonian.

5.7.2.1 Cycle Graphs

Some classes of Cayley generators produce the graph that is itself a cycle, Cy.
These Cayley graphs are trivially Hamiltonian since the graphs themselves are

Hamilton cycles.
Lemma 5.7.2 Cay({(12---n),(n---21)}) is Hamiltonian.

Proof. This is an n-vertex 2-regular connected graph. Obviously, it is Hamil-

tonian. O

Lemma 5.7.3 E(?:l;({d, 7}) where 0 # 7 and order(c) = order(r) = 2 is

Hamiltonian.



5.7 Results 78

Proof. These generators obviously force a 2-regular connected graph, which

trivially has a Hamilton cycle. m]

5.7.2.2 General Graphs

Often, it is difficult to prove Hamiltonicity of general Cayley graphs. Below is a
sample of results that were derived from our data and then proved mathemat-
ically. We noticed many classes of Cayley graphs that appear to be directed

Hamiltonian, but realized that only a fraction of these appear to be provable.

Lemma 5.7.4 Cay({(12:--(n—1)),(23---n)}) is Hamiltonian.

Proof. It can be easily verified that the cycle is (¢"~27)"~2. O
The following results deal with generators that are distinct from each other.

Theorem 5.7.5 C_Tg)/({(l? coom),(m+1,m+2,...,m+n)}) is Hamiltonian

if m|(m — 1)n or nj(n — 1)m.

Proof. It can be easily verified that the Hamilton cycle is (c™ 'r)". Thisis a

consequence of a result of Erdés and Trotter [37]. a

Corollary 5.7.6 Cay({(12---m),(m+1,m+2,...,m+n)}) is Hamiltonian.

Proof. Similar to the cycle of the proof of Theorem 5.7.5 with cycle traversals
going backwards if necessary. This Cayley graph is the Cartesian product of
two Cayley graphs that are themselves cycles. It is well known [37] that the
Cartesian product of two graphs that are Hamiltonian is also Hamiltonian,

therefore, this Cayley graph is Hamiltonian. ]
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5.7.3 FEmpirical Results

From our data, it looks as though Conjecture 5.1.1 is true. However, all we

can say for sure is the following.

Theorem 5.7.7 All class 1 cubic Cayley graphs G wheren <9 and |V(G)| <
40320 are Hamiltonian (except Cay({(12)(34)(56)(78), (013)(245)(78)}) which

currently has unknown Hamiltonicity).

Proof. By exhaustive computer search using Brendan McKay's cubham pro-
gram, Ian Shields’ Pésa-like algorithm and Alex and Phillip Hertel’'s Stone

Carver’s heuristic. a

Theorem 5.7.8 All class 2 cubic Cayley graphs G where n < 7 are Hamilto-

nian.

Proof. By exhaustive computer search. i
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Chapter 6

Conclusion

6.1 OQverview

Overall, it can be said that although Cayley graphs are easy to describe, it
can be very difficult to enumerate and test them for various graph properties.
We have found that among these properties, Hamiltonicity seems to be the
most difficult and therefore the most interesting. Even if a graph is suspected
as being non-Hamiltonian, it can be very difficult to prove it. Therefore,
although there are a few graphs that we cannot find cycles for, we cannot
be sure that they are non-Hamiltonian. In order to classify these graphs as
non-Hamiltonian we must dissect them to find out why the graph cannot be
Hamiltonian. As yet, we have not been able to do this for any of the graphs

for which the Hamiltonicity is unknown.

6.2 Future Work

The future work in this area can be divided into two main categories: empirical

and mathematical.

6.2.1 Future Empirical Work

It would be beneficial to generate Cayley graphs where n > 9 and |.X| > 2
(and 2-generated cubic Cayley graphs for n=9). We stopped generating Cayley
graphs where we did since the number of such graphs increases at an alarming
rate.

As for isomorphism and color isomorphism, these results could be easily ex-

tended with enough computing power beyond the current vertex limit of 1000.
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Along the way, we tested many pairs of Cayley graphs where [V(G)| > 1000
for isomorphism in order to cut down the number of graphs that needed to be
tested for Hamiltonicity. However, a comprehensive test was never completed.

To date, we have tested almost all the cubic Cayley graphs that have been
generated for directed and undirected Hamiltonicity. However, a few holes do
exist, especially for directed Hamiltonicity. Also, initially we started testing for
undirected Hamiltonicity on only cubic Cayley graphs since we wanted to use
the CubHam Algorithm. However, more recently, we have been using the Stone
Carver’s Algorithm which handles any undirected graph. Therefore, we could

test the 2-regular and 4-regular 2-generated Cayley graphs for Hamiltonicity

using this algorithm.

6.2.2 Future Mathematical Work

Our formulae for the enumeration of 2-generated Cayley pairs and cubic Cayley
sets have been simplified greatly. However, there remains a possibility that
these formulae can be further simplified.

Not much is known about the enumeration of non-isomorphic and non-
color isomorphic Cayley graphs. Results in this area are mostly simple upper
bounds based on general graph enumeration. Also, further results about when
two Cayley graphs are isomorphic and color isomorphic would be interesting.

With respect to the Hamiltonicity of Cayley graphs, more results pertaining
to classes of Cayley graphs that are Hamiltonian would be interesting. Further

to this, a proof to Conjecture 5.1.1 would be a remarkable innovation in this
field.
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Appendix A
List of Symbols

Below is a list of all standard mathematical symbols used in this thesis, in

order of appearance.

V(G)

E(G):
A(G):

d(v):

d* (v):
d=(v):

1SI:

X:

n:

Cay(X : G):
Cay(X : G):
e(u):
ED(G):
p(n):

p(n):
PC(a):
h(a):

o:

ged(r, t):

: Vertex set of graph (digraph) G
Edge set of graph G

Arc set of digraph G

Degree of vertex v
Out-degree of vertex v
In-degree of vertex v

Size of set S

Generating set

Number of generator symbols
Cayley Digraph

Cayley Graph

Eccentricity of vertex u
Eccentric digraph of G
Numerical partitions of n
The Mébius function

The pseudo-centralizer of a

Euler Phi function

Number of permutations with cycle structure a

Greatest common divisor of integers r and ¢
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lem(r,t):
rank(m):
unrank(r):

indez(o) :

Below is a list

of appearance.

(]

'
2,n

II

.
I

P()\):
li(G):

Least common multiple of integers r and ¢
Rank of 7
Element with rank r

Index of o

of all non-standard symbols defined in this thesis, in order

: Number of generator pairs
: Number of length n involutions

: Number of non-isomorphic Cayley generator pairs on n

symbols

. Number of non-isomorphic Cayley generator pairs with no

common fixed point on n symbols

2n: Number of non-isomorphic Cayley generator pairs on n

symbols where exactly one generator is an involution

. Number of non-isomorphic Cayley generator pairs with no

common fixed point on n symbols where exactly one gen-

erator is an involution

3n: Number of non-isomorphic Cayley generator triples on n

symbols where all generators are involutions

Number of non-isomorphic Cayley generator triples with no
common fixed point on n symbols where all generators are
involutions

Number of permutations with cycle structure A

Minimum number of generator symbols needed to generate

any Cayley graph isomorphic to G

: Number of digraphs with p vertices

: Number of connected digraphs with p vertices
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i
Cox:

ci .
Cs:

: Number of (2,2)-diregular digraphs with p vertices

: Number of (2,2)-diregular connected digraphs with p ver-

tices

: Minimum number of generator symbols needed to generate

any Cayley graph color isomorphic to G

Number of non-isomorphic 2-generated Cayley graphs on k

vertices

Number of non-color isomorphic 2-generated Cayley graphs

on k vertices
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Appendix B

List of Programs

Below is a list of all programs used to generate and test Cayley graphs for

various properties in this thesis.

genall:

3genall:

gengroup:

3gengroup:

Nauty:

checkColorlso:

digham:

cubham:

diameter:

oddCycle:

Generates all non-isomorphic Cayley generator pairs
Developed by Frank Ruskey

Generates all non-isomorphic Cayley generator triples
Developed by Scott Effler (based on genall program)
Converts a generator pair into an adjacency list
Developed by Frank Ruskey

Converts a generator triple into an adjacency list
Developed by Scott Effler (based on gengroup program)
Tests graph isomorphism

Developed by Brendan McKay

Tests Cayley graphs for graph color isomorphism
Developed by Scott Effler

Finds directed Hamilton cycles in (2,2)-diregular digraphs
Developed by Brendan McKay

Finds Hamilton cycles in 3-regular graphs

Developed by Brendan McKay

Determines the diameter of a Cayley graph

Developed by Scott Effier

Determines the length of the shortest odd cycle in a Cayley

graph and subsequently determines whether or not a Cayley
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graph is bipartite
Developed by Scott Effler
Shields’ Program: Finds Hamilton cycles in Cayley graphs

Developed by Ian Shields’ (extension of an algorithm by
Basil Vandegriend)

Stone Carver’s Algorithm: Finds Hamilton cycles in undirected graphs
Developed by Alex and Philipp Hertel

EccCubic: Finds the length of the shortest eccentric cycle in a cubic

graph
Developed by Scott Effler and Frank Ruskey

In addition, many simple perl scripts and C and Java programs were used
to obtain intermediate results and to generate the tables of data seen in this

paper and on the data website.





