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ABSTRACT

Motivated by the goal of transition to a zero-carbon-emission-based economy for cli-
mate change mitigation, electrification opportunities are more promising in the transporta-
tion sector. Electric Vehicles (EVs) are at the forefront of the energy transition at an ex-
panded rapid pace in the transportation sector. To enable and enhance the energy efficiency,
advanced control and optimization will play an important role in EV systems and infras-
tructure.

However, there are also some difficulties and limitations subject to the imperfection of
management and control for EVs. Overall, to further the widespread adoption of EVs, the
dissertation mainly includes two parts: 1) Power management for Plug-in Hybrid Electric
Vehicles (PHEVs); 2) Charging control for Plug-in Electric Vehicles (PEVs). Chapter 2
deals with the power management and route planning problems for PHEVs, which aims to
properly design the control algorithm to find the route that leads to the minimum energy
consumption. Chapter 3 pays attention to the high workloads of the PEV in the electric
power grids, which concentrates on studying a control algorithm leading to possible reduc-
tions in both computation and communication. Chapter 4 focuses on the charging control
for PEVs, which explores how to improve the PEV charging efficiency while satisfying
safety concerns. Chapter 5 modifies the results in Chapter 4 by taking battery capacity
degradation into the optimization problem.

This dissertation proceeds with Chapter 1 by reviewing the state-of-the-art control
methods for PEVs and PHEVs. Chapter 2 studies a novel control scheme of route planning
with power management for PHEVs. By considering the power management of PHEVs, we
aim to find the route that leads to the minimum energy consumption. The scheme adopts a
two-loop structure to achieve the control objective. Specifically, in the outer loop, the mini-
mum energy consumption route is obtained by minimizing the difference between the value
function of current round and the best value from all previous rounds. In the inner loop,
the energy consumption index with respect to PHEV power management for each feasible
route is trained with Reinforcement Learning (RL). Under the RL framework, a nonlinear
approximator structure, which consists of an actor approximator and a critic approximator,
is built to approximate control actions and energy consumption. In addition, the conver-
gence of value function for PHEV power management in the inner loop and asymptotical
stability of the closed-loop system are rigorously guaranteed.

Chapter 3 investigates the self-triggered Model Predictive Control (MPC) with Integral
Sliding Mode (ISM) method of a networked nonlinear continuous-time system subject to
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state and input constraints with additive disturbances and uncertainties. Compared with
the standard MPC strategy, the proposed control scheme is designed for PEV charging to
reduce the high communication loads caused by a large-scale population of vehicles under
centralized charging control architecture. In the proposed scheme, the constrained opti-
mization problem is solved aperiodically to generate control signals and the next execution
time, leading to possible reductions in both computation and communication. The motiva-
tion of using ISM approach is to reject matched uncertainties. A self-triggered condition
that involves a comparison between the cost function values with different execution pe-
riods is derived. Besides, the robust MPC with ISM control strategy is rigorously studied
depending on the self-triggered scheme.

Chapter 4 proposes a charging control algorithm for the valley-filling problem, while
it meets individual charging requirements. We study a decentralized framework of PEV
charging problem with a coordination task. An iterative learning-based model predictive
charging control algorithm is developed to achieve the valley-filling performance. The
design of the decentralized MPC meets individual charging requirements. The iterative
learning method approximates the electricity price function and the system state sampled
safe set to improve the accuracy of optimization problem calculations. The decentralized
problem, in which the individual PEV minimizes its own charging cost, is formulated based
on the sum of all power loads.

Chapter 5 studies a modified charging control algorithm based on the previous charging
control algorithm in Chapter 4. We propose a charging control algorithm for PEVs using
a decentralized MPC framework supplemented by the iterative learning method. By con-
sidering the battery aging of PEVs, we aim to find the optimal charging rate that leads to
valley-filling performance. The scheme adopts the iterative learning-based method to solve
the optimal control problem with the battery aging model. Specifically, the sampled safe set
and price function are updated accordingly as the iteration number increases. The battery
aging model involves the cost function to approach the real charging scenario. In addition,
the recursive feasibility of the proposed optimal control problem for PEV charging with
battery aging and asymptotical stability of the closed-loop system are rigorously studied.

Finally, in Chapter 6, the conclusions of the dissertation and some avenues for future
potential research are presented.
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Chapter 1

Introduction

Electric mobility is at the forefront of the energy transition in the transportation sector and
is expanding at a rapid pace. Maintaining the same market value as in 2019, in 2020, the
global Electric Vehicle (EV) fleet exceeded the 10-million mark, with almost 3-million
new-vehicle sales [3, 4]. Despite this, the EV fleet only accounted for only 2.6% of global
new-vehicle sales and about 1% of worldwide vehicle stock during 2019 [5]. Neverthe-
less, there are clear signs that the pace of adoption will continue to grow, with forecasts
indicating that 57% of new-vehicle sales will be EVs by 2040 [6].

The advantages of EVs for global promotion include their benefits in local and global
environmental protection, economic growth and energy security. EVs have zero tailpipe
emissions and high energy efficiency, which are helpful for local air pollution reduction,
especially in urban areas. To reduce the negative impacts of the transportation systems on
global climate change to a greater extent, the electrification of the transportation systems
and the application of new energy sources can be carried out simultaneously. The devel-
opment of the EVs industry can stimulate economic growth, such as the EVs production
supply chain, the charging infrastructure, and the business of operating the EVs. Since Bat-
tery Electric Vehicles (BEVs) and Hybrid Electric Vehicles (HEVs) utilize electric energy
or environmentally friendly new energy sources, gasoline consumption can be reduced,
thereby improving energy security.

According to the types of energy sources, energy carriers and the propulsion devices,
the classification of vehicles can be depicted in Figure 1.1, including Internal Combus-
tion Engine Vehicles (ICEVs), HEVs, BEVs, Fuel-cell Electric Vehicles (FEVs), Range-
extended Electric Vehicles (REVs), and Plug-in Hybrid Electric Vehicles (PHEVs).

The impact of EVs on environmental protection, economic growth, energy security,
or the power grids’ operation can be identified and studied with mathematical models. A



2

Figure 1.1: Classification of vehicles based on energy sources and carriers.

few existing results descriptively analyze the real-world EVs using the data collected from
projects and experiments. These descriptive analyses are helpful for qualitative character-
ization of the use and charging behavior of EVs, but they are essentially a description of
the status quo. The existing analysis is restricted in the context of the rapid development
of transportation electrification. It requires tools that have sufficient flexibility to provide a
basis for making decisions in rapidly changing circumstances.

In addition to the benefits mentioned above, the large-scale deployment of EVs has
brought both challenges and opportunities to the operation of the power grids. On the one
hand, the safety of the power grids will be disrupted by unmanaged EVs loads, especially
at the distribution level where the limitation of the power grids’ capacity is reached. On
the other hand, the flexibility of charging requirements is often achieved by implementing
smart charging strategies that can minimize the cost of upgrading the power grids’ capacity.
Besides, suppose that EV batteries connected to the power grids on a large scale are wisely
managed. In that case, they will not enlarge the loads of power grids, and they will relieve
the loads by utilizing them as energy storage devices.

To reduce CO2 emissions significantly through the large-scale deployment of EVs, one
of the crucial methods is to use new energy sources to charge the batteries of vehicles.
Considering the intermittent nature of the new energy sources, it is necessary to develop
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mechanisms as a part of smart grids to ensure the smooth integration of new energy sources
into the energy systems [7, 8]. EVs can help by storing energy when there is a surplus and
feeding it back to the power grids when there is a demand [9].

Indeed, EVs have the ability to store energy when used for transportation. On the one
hand, vehicles are only driven for a small percentage of the day (around 1 hour - 1.5 hours
in the U.S.). A large portion of the vehicles stays unused in parking lots (90% in the
U.S.) [10]. Because EVs are equipped with large battery packs, they can be used as storage
devices when parked, i.e., as a part of Vehicle-to-Grid (V2G) schemes [9, 11]. Thus, EVs
dramatically increase the storage capacity of the power grids. Ref. [11] shows that replacing
a quarter of the vehicles as EVs in the U.S. would double the current storage capacity of the
power grids. On the other hand, considering that EVs are charged on demand, many EVs
are charged every day. Consequently, the charging power loads of EVs may overload the
power grids. It is highly desirable to design an EV charging management strategy (Grid-
to-Vehicle (G2V)), taking into account the constraints of the distribution systems of power
grids where EVs need to be charged. In addition, the EV route selection system is expected
to maximize the generated energy when braking or driving downhill. In this way, EVs may
reduce the frequency of charging, thereby expanding their cruising range, reducing the cost
of their owners, and minimizing the peak value of EVs on the power grids.

In this chapter, a literature review on PHEVs and Plug-in Electric Vehicles (PEVs) is
presented. Firstly, the modeling and power management of PHEVs are introduced. Sec-
ondly, the model and power management of PHEVs are first introduced. Then, the existing
methodologies and research results on charging control of PEVs are reviewed. In addi-
tion, two problems: Power management method for PHEV and charging control for PEV
are discussed in this dissertation. Finally, the motivation and research objectives of the
dissertation are stated.

1.1 Literature Review on PHEVs and PEVs

This section elaborates the literature review on PHEVs and PEVs, including the back-
ground and the state-of-the-art techniques. The two essential problems of PHEVs and
PEVs, i.e. power management and charging control, are analyzed and reviewed in detail.
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1.1.1 Models of PHEVs

A. Powertrain Configurations

The objective of designing a controller for HEVs is to reduce the energy consumption based
on power management. According to the powertrain configuration, HEVs can be separated
into three categories: Series HEVs, Parallel HEVs and Combination HEVs [12]. The main
difference among the configurations is whether there is a mechanical connection between
the Internal Combustion Engine (ICE) and the drive train part.

• Series hybrid electric vehicles

A typical series HEV has seven parts, including the ICE, generator, battery, rectifier,
capacitors, converters and Electric Motor (EM). Figure 1.2 shows the power flow
of the series HEV. The series HEV is characterized by the absence of a mechanical
connection between the ICE and drive train part. While the vehicle is in motion, the
ICE has two modes: 1) On-mode, i.e., the HEV is powered by fuel; 2) off-mode, i.e.,
the HEV is powered by the battery. In addition, the capacitor is an energy storage
device that is located between the generator and the converter, being used to extend
the cycle life and improve the battery efficiency [12]. When the output power of the
generator is higher than the power requested by EM, the remaining power is used to
charge capacitors and the battery. When the output power of the generator is less than
the power requested by EM, the required energy is supplied from capacitors first.

ICE

Generator Rectifier

Battery

Converter

EM

Transmission
Fuel

PMECH

PMECH

PCONV

PBUS

PBAT

PDC

Drive Train
PMECH

Capacitor

Figure 1.2: The power flow of a series HEV powertrain.

• Parallel hybrid electric vehicles

A parallel HEV generally only has four parts, including the ICE, battery, converters
and EM. As shown in Figure 1.3, the outputs of mechanical and electrical power are
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connected with a parallel structure to drive the vehicle transmission. The distinct
feature of the parallel HEV’s control strategy is that the ICE is always turned on and
operated at the maximum efficiency point. When the output power of ICE is less than
the power requested from the vehicle transmission, the EM is turned on. Then, EM
and ICE supply power to the transmission at the same time. When the output power
of ICE is higher than the power requested by the vehicle transmission, the battery
can be charged by the remaining power.

ICE

Battery Converter

EM

Transmission
Fuel

PMECH

PMECH

PCONV

PBAT

Drive Train
PMECH

Figure 1.3: The power flow of a parallel HEV powertrain.

• Parallel-series hybrid electric vehicles

As shown in Figure 1.4, the essential architecture is a combination of parallel and
series hybrid configurations into a single package [13]. The parallel-series HEV
has properties from configurations of both series HEVs and parallel HEVs. The
complexity of the series HEV and parallel HEV in terms of the configuration is the
main problem in practice.

B. Models of PHEVs

Generally speaking, the modeling of a PHEV can be characterized by five sub-systems [1]:
(1) Vehicle dynamics, (2) Engine fuel consumption model, (3) Electric consumption model
of the EM, (4) Transmission model, and (5) Battery model.

• Vehicle Dynamics

The PHEV dynamics mainly refers to PHEV longitudinal dynamics. The output



6

ICE

Generator Rectifier

Battery

Converter

EM

Transmission

Fuel

PMECH

PMECH

PCONV

PBUS

PBAT

PDC

Drive Train
PMECH

Transmission
PMECH

PMECH Capacitor

Figure 1.4: The combination of parallel and series hybrid configurations.

torque Tw can be obtained by the following equation:

Tw = ηt · iAMT · if (Te + Tm) + TB

= [Mgfr cos θ +
1

2
CDρdAfv

2 +Mg sin θ + σM
dv

dt
] · rw,

(1.1)

where ηt represents the transmission efficiency. Te, Tm and TB are the torque of en-
gine, the torque of EM, and the torque of braking, respectively. iAMT and if denote
the gear ratio of the automatic mechanical transmission (AMT) and the differential
gear ratio, respectively. The parameters, fr, g and θ, describe the operation condition
of the vehicle, and denote the rolling resistance coefficient, gravity acceleration, road
slope angle, respectively. M = Mo+Mp denotes the equivalent vehicle mass includ-
ing the vehicle mass Mo and the passenger load Mp. The parameters of the vehicle,
rw, CD, ρd and Af , represent the wheel radius, air drag coefficient, air density and
frontal area, respectively.

To calculate vehicle speed, according to the kinematic constraints of series-parallel
hybrid powertrain, the wheel speed ωw can be calculated by the engine speed ωe and
EM speed ωm as follows:

ωw =
ωe

iAMT · if
=

ωm

iAMT · if
. (1.2)

• Fuel Consumption Model of Engine

Fuel economy is the most important assessment index of the power management



7

strategy for PHEVs since the engine is the main energy source in PHEV. For fossil
fuel engines, their fuel consumption rate is a nonlinear function of the speed and
power of the engine, which can be obtained by searching the consumption contours
of the engine. Nevertheless, the fuel consumption contours of the engine depend on
the type of fuel and the type of engine. As such, we model the fuel consumption
based on a 1.5 litres gasoline engine, shown in Figure 1.5. The engine is modeled
by the advanced vehicle simulator ADVISOR [14]. Indeed, some other engine fuel
consumption models can also be applied.
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Figure 1.5: Fuel efficiency map of ICE.

• Electric Consumption Model of EM

EM works under two operating modes, the driving mode and braking mode. The
output power of EM can be described as follows:

Pm =

{
Tmωm/ηm, Driving
Tmωmηm, Braking

(1.3)
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The above model shows that the EM output power Pm depends on the EM torque
Tm, the EM speed ωm and the EM efficiency ηm. The EM output power Pm is a
nonlinear function of the EM speed ωm and the EM torque Tm. ηm can be obtained
by searching the EM efficiency map that depends on the type of EM. As an example,
Figure 1.6 shows the EM efficiency of a 30 kW permanent magnet motor, modeled
by the advanced vehicle simulator ADVISOR [14].
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Figure 1.6: Efficiency map of EM.

• Transmission Model

AMT can improve both the adaptability of driving conditions and the fuel economy
for PHEVs through the dynamic coupling with engine and EM. Hence, its automatic
gear-shifting model is needed for the power management of PHEVs. The detailed de-
scription of the gear-shifting strategy can be concluded by a realizable gear-shifting
logic for better adaptability to the changes in the driving cycle and the road condi-
tions [15]. The gear-shifting strategy includes the dynamic gear-shifting strategy and
the economic gear-shifting strategy. Figure 1.7 shows the difference and relationship
between the dynamic and economic gear-shifting schedules. The curve with circles
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Figure 1.7: AMT gear-shifting map in two different strategies.

represents the economic gear-shifting strategy, which indicates upshifting to enlarge
the fuel economy. The curve with triangles represents the dynamic gear-shifting
strategy that keeps the low gear to enlarge the usage rate of the driving torque [16].
According to the accelerator pedal shown in Figure 1.7, the balanced gear-shifting
point V p can be calculated by the point V d on the dynamic gear-shifting curve and
the point V e on the economic gear-shifting curve. Thus, the vehicle speed at the bal-
anced point V p can be calculated by the vehicle speed at the dynamic gear-shifting
point V d and the economic gear-shifting point V e according to the distribution factor
ϵ, as shown in the following:

V p = ϵV d + (1− ϵ)V e (1.4)

The relationship between two torques before and after gear-shifting is T n
ω = T n′

ω ,
where the superscripts n and n′ mean gear n and gear n′, respectively. Hence, in the

dynamic gear-shifting strategy, the speed V d can be calculated by (1.2) and (1.5):{
T n
ω = ηt · Te(ω

n
e ) · inAMT · if

T n′
ω = ηt · Te(ω

n′
e ) · in′

AMT · if ,
(1.5)

where ωn
e and ωn′

e represent the rotation speed at gear n and n′, respectively. Te(ω
n
e )

and Te(ω
n′
e ) represent the engine torque working on n and n′ gear modes with the
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speed ωn
e and ωn′

e , respectively, which can be obtained by searching the outer charac-
teristic curves of the engine. inAMT and in

′
AMT are the gear ratio of the AMT at gear n

and n′, respectively.

Similarly, in the economy gear-shifting strategy, the wheel torques before and af-
ter gear-shifting and the least fuel consumption torque of the engine with the cur-
rent speed are equal, which can be obtained by searching the universal characteristic
curves of the engine. The speed V e can be calculated by (1.2) and (1.5) as well.

As a result, the gear-shifting strategy of six-speed AMT can be described as follows:

gb(k + 1) =


1, gb(k) + s(k) < 1

6, gb(k) + s(k) > 6

gb(k) + s(k), otherwise

(1.6)

where gb(k) represents the gear number. s(k) is the gear-shifting signal, whose value
can be chosen from −1, 0 and +1. The three numbers represent the case of down-
shifting, sustain and upshifting, respectively [17].

• Battery Model

State of Charge (SoC) is the main index to describe the battery capacity. Since battery
SoC is always influenced by the temperature, it is difficult to perfectly model the
transient behaviour of battery SoC. In this dissertation, we adopt a simplified battery
SoC model.

According to Kirchhoff’s voltage law, the voltage of the battery in the equivalent
circuit equation can be described as follows:

Ubatt = Uoc −RIbatt, (1.7)

where Uoc, R, Ubatt and Ibatt are the open-circuit voltage, the internal resistance, the
terminal voltage, and the internal current of battery, respectively.

Then, the charge rate of the SoC can be calculated as follows:

SoC(k + 1) = SoC(k)− Ibatt∆t

Qmax

, (1.8)

where ∆t denotes the sampling time between the sampling time instant k and k + 1,
Qmax is the maximum value of battery capacity. The power of battery Pbatt can be
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described as follows:
Pbatt = UocIbatt − I2battRint. (1.9)

Solving (1.8) and (1.9) for the rate of change of SoC, we have

SoC(k + 1) = SoC(k)−
Uoc −

√
U2
oc − 4PbattRint

2QmaxRint

(1.10)

Note that the solutions of (1.9) for Ibatt may not be unique. However, only the one
with a larger value is admissible for negative power demands and capable of max-
imizing the efficiency for nonnegative power demands. Note that negative power
demands only occur when SoC approaches the minimum values, and the battery has
to recover with the help of the fuel engine.

Due to the difference between two operation modes of battery (i.e., charging and
discharging), the internal resistance Rint can be described as:

Rint =

{
Rdischg, discharging
Rchg, charging

(1.11)

where Rdischg and Rchg represent the internal resistances for the battery being on
discharging or charging mode, respectively.

1.1.2 Charging Control Algorithms of PEVs

Increased societal awareness of environmental issues associated with vehicular emissions
has spurred the development of straightforward solutions for transportation. In this respect,
electrified vehicles are emerging as the defining trend of transportation. EVs are more en-
vironmentally friendly, compared with the vehicles using fossil gas. Recently, a dramatic
increase in the adoption of EVs has additionally been attributed to decreasing battery costs
and cheaper electricity prices compared to escalating fuel prices. Despite the benefits to
the environment, the growing electricity demand, due to the adoption of EVs, shows the
negative impacts on the power grids, reliability and economical operation of power grids,
such as voltage deviations, transformers and lines saturations, increase of electrical losses,
etc. [18, 19]. For example, charging a single EV will potentially double the energy con-
sumption of an average household [20]. In cases where millions of EVs simultaneously
charge across the power grids, new peak load events will arise.
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If the vehicle is in motion without a flexible conventional load, uncontrolled charging
may cause different problems at network levels, such as the larger peak loads of power
grids. In addition to the aforementioned literature, charging coordination strategies have
been studied in a variety of aspects including control architecture, subjects and technolo-
gies [21]. Some main categories and corresponding representative papers are shown in Ta-
ble 1.1.

Table 1.1: Classification and representative papers for charging control problems.

Technology Decentralized Hierarchical Centralized

For EV Users:

Game Theory [22–25] [26, 27]

ADMM [28] [29]

Optimization [19, 30] [31–33] [34, 35]

Programming [36] [32] [37]

Lagrangian Decomposition [38] [39]

For Aggregator:

Game Theory [40–44] [27]

ADMM [45]

Optimization [19, 46–49] [32]

Programming [50] [32, 51] [52–54]

Lagrangian Decomposition [38] [39, 55]

Centralized Charging Control Architecture

Figure 1.8 shows the main architecture of centralized charging control, in which each EV
directly connects to a central aggregator. The central aggregator needs to collect all the
charging information of EVs, solve an optimization problem to schedule the charging pro-
cess of each EV, and send the optimized control command back to all EVs. Obviously, the
advantage of the centralized control schemes is that the central aggregator will generate the
optimal control command based on the complete information of the entire system with all
EVs. Briefly, the control methods can be classified into two perspectives: EV users and
aggregators.

From EV users’ perspectives, the increasing number of PHEVs can have a significant
impact on the electric utility if charging control techniques are not properly designed. The
developed system in [37] can dramatically mitigate the impact of PHEVs on the utility
power grids and reduce the charging cost. Due to the increasing number of PHEVs, it
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Figure 1.8: Centralized charging control architecture.

is critical to develop efficient charging coordination mechanisms that reduce the cost and
impact of vehicle integration to power grids. In [35], Tang et al. provide a Model Predic-
tive Control (MPC)-based algorithm for the optimal vehicle charging schedule, where the
non-causal information about future vehicle arrivals is unknown in advance. However, its
statistical information can be estimated based on the data-driven algorithm. In [52, 53],
a two-step modeling framework is developed to merge and clean the useful EV charging
data. Zhang et al. propose a data-driven model that captures the non-homogeneity and
periodicity of the residential EVs charging behaviour [54].

Another class of charging control methods is designed for aggregators. In most of the
proposed approaches, the aggregator in the closed-loop system can control the EV charg-
ing in a direct or indirect manner and serve as an interface with other entities, such as the
transmission system operator or energy service providers [56]. To minimize the energy
consumption based on EV drivers’ preferences and technical limitations, Di Giorgio et al.

present an event-driven MPC framework for managing charging operations of EVs in power
grids by seeking the tracking of a reference load profile defined by the grid cooperator [34].
The proposed control approach allows random EV users to participate in demand-side man-
agement programs, which will play a crucial role in improving the stability and efficiency
of smart charging control methods for power grids.

Since the charging rates of all EVs are decided by the central aggregator, it may not
be suitable for each EV. What’s more, if any mistake or failure happens at the central
aggregator, there is a high possibility of failure in the entire system due to the centralized
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structure. The centralized schemes also suffer from the high computational complexity
of the optimal control problem and heavy communication loads. For instance, the large-
scale population of vehicles and the growing number of control variables and constraints
increase the size of the optimization problem. Besides, the redundant communication loads,
bandwidth limitations, and expansive supporting infrastructure obstruct the broad adoption
of centralized charging control approaches.

Decentralized Charging Control Architecture

To design the EV charging control algorithm, most existing results consider a centralized
approach, which can not handle the impact of the increasing number of EVs. A distinct
feature of the decentralized charging control method is that each EV will compute its own
control signal locally and share the signal with other EVs or an aggregator to achieve the
control objectives. Figure 1.9 depicts two different architectures of decentralized charging
control, with and without the aggregator. Compared with centralized architecture, the ag-
gregator plays a different role in a decentralized structure. In the decentralized structure,
the aggregator is unnecessary and does not need to solve the optimal control problem. The
decentralized architecture, illustrated in Figure 1.9 (a), reduces the communication loads
by utilizing an indirect aggregator, which does not need to receive the complete information
of the entire system (shown using dash lines). The control inputs will be broadcasted by
the indirect aggregator to all the EVs. Another kind of decentralized architecture without
using the indirect aggregator is shown in Figure 1.9 (b). The advantage of the decentralized
architecture is that each EV solves the optimal control problem locally, which reduces the
possibility of the whole system failures.

Decentralized charging control schemes without the aggregator are more efficient for
EV users [40, 41]. Most of the existing methods for EV charging assume that the PEVs
have the same power demands and battery conditions for charging. To avoid these strong
assumptions, the work in [30] presents a decentralized EV charging approach to reduce
customers’ costs while increasing the energy efficiency of power grids. Another challenge
from the charging problem is to minimize the cost of electric consumption. Economic
MPC is very well suited for controlling smart energy systems since the electricity price
and demand forecasts are easily integrated into the MPC optimization problem. In [57],
the economic MPC minimizes the cost of electricity consumption for a single EV. To re-
duce the computation capability, in [58], the authors propose a decentralized algorithm to
optimally schedule EV charging, which only requires each EV to solve its optimal control
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Figure 1.9: (a) Decentralized charging control architecture with an aggregator; (b) Decen-
tralized charging control architecture without an aggregator.The dash lines represent the
connection among stations.

problem locally.
The research on decentralized EV charging control methods for the aggregator shows

the advanced use of communication technology and metering infrastructure that can in-
crease the flexibility of power loads in power grids [59, 60]. Ref. [61] develops a decen-
tralized event-driven EV charging control scheme for handling power demand variations
caused by EVs’ random arrivals and departures. To maximize the efficiency of EV charg-
ing, the authors in [49] develop a decentralized energy management system for regulating
the energy flow among the photovoltaic system based on the MPC algorithm. The decen-
tralized optimal controller can be embedded into local chargers [46, 47]. Due to the nega-
tive impacts on the distribution system of power grids caused by uncontrolled or improperly
controlled EV charging, the control scheme for satisfying heterogeneous individual charg-
ing requirements and the distribution system constraints should be investigated [62]. The
drawback of battery charging in traditional electric vehicles is the use of plug-in charg-
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ing devices. To simultaneously transfer the information, including the battery status or
emergency messages between the power grids and vehicles, the work in [63] proposes a
decentralized wireless battery charging method.

Although the decentralized structure, shown in Figure 1.9 (b), enhances the autonomy
of each EV, it generates a significant communication overhead, especially with the large-
scale population of EVs.

Hierarchical Charging Control Architecture

Due to the aforementioned pros and cons of the centralized and decentralized charging con-
trol architectures, there is an increasing interest in the hierarchical architecture to reduce
computational and communicational overheads. Furthermore, the algorithms based on the
hierarchical charging control architecture retain the complete information of all EVs. Fig-
ure 1.10 depicts two typical structures of hierarchical charging control, with and without the
aggregator, respectively. The architecture, illustrated in Figure 1.10 (a), shows EVs con-
nect to the sub-aggregators under the decentralized structure, where all the sub-aggregators
link to a central aggregator. Compared with a fully centralized structure, it reduces the
communication loads by using sub-aggregators. The sub-aggregators gather certain infor-
mation from EVs and transfer the scheduling information with the central aggregator until
the equilibrium is obtained. Figure 1.10 (b) depicts another case of hierarchical charg-
ing control approaches, where the sub-aggregators act as a central aggregator for a group
of EVs while sharing their scheduling information with each other under decentralized
architecture. The advantages of hierarchical charging control schemes are three-fold: 1)
reducing the communication and computation overheads; 2) decreasing the possibility of
entire system failures; 3) enhancing the automation of each EV.

To meet plug-and-play charging requests of EV users in the distribution system of
power grids, [33] presents a hierarchical control scheme based on MPC for tracking peri-
odic references. To avoid the peak load of power grids, a price-based hierarchical scheme,
using the architecture shown in Figure 1.10 (a), is proposed in [32] to minimize the EV
charging cost with sub-aggregator supply constraints. A penalty price cost is surcharged
for the load excursions.

Refs [26, 64] study the control schemes to minimize the energy cost by utilizing a set
of sub-aggregators under another hierarchical architecture illustrated in Figure 1.10 (b).
A non-cooperative game is designed in [26] to calculate the optimal charge profiles using
the best response strategies for each sub-game among sub-aggregators. A mobility-aware
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Figure 1.10: (a) Hierarchical charging control architecture with central aggregators: Cen-
tralized coordination of aggregators and decentralized charging scheduling of EVs; (b)
Hierarchical charging control architecture without the central aggregator: Decentralized
control architecture among aggregators, while centralized control structure among vehi-
cles.

framework is proposed in [64] allowing the EVs to charge the battery at any location,
based on the route information, average speed, charging conditions, and location of the
charging stations. Since each sub-aggregator controls a set of charging stations to achieve
collaboration among them, the proposed framework can be seen as a dynamic version of
the hierarchical architecture in Figure 1.10 (b) with the EVs connected to multiple sub-
aggregators.

From aggregators’ perspectives, one of the objectives of designing a control scheme
under a hierarchical architecture is to achieve a balance between minimizing the associated
energy cost of EV users and maximizing the revenue of power grids’ operators. Refs. [51,
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65] design a control scheme to minimize the electricity supply cost under a hierarchical
architecture in Figure 1.10 (a). The designed algorithm determines the charging schedule
through three steps comprised of a set of sub-aggregators which manage a set of EVs.
Besides, a hierarchical scheme based on the Stackelberg game is presented in [27] to make
the decision depending on the electricity price that optimizes the EV charging cost and
the revenue of selling energy under the architecture shown in Figure 1.10 (a). A trade-off
between the benefit from EV charging and associated cost is captured, based on a given
amount of energy requested by a set of EVs, to maximize the revenue of the power grids’
operator. According to the proposed algorithm, the electricity price finally converges to an
optimal Stackelberg equilibrium which is the optimal electricity price. Ref. [66] utilizes
a multi-objective optimization-based method, while [48, 67] design a two-level control
scheme for sub-aggregators (upper-level) and for each EV (lower-level), respectively. The
proposed algorithm in [55] includes transformer capacity constraints in the cost function of
the optimization problem by applying Lagrangian relaxation.

In conclusion, compared with traditional fossil fuel vehicles, EVs have potential ben-
efits to the economy and environment due to their energy-efficient, cost-efficient and less
greenhouse gas emissions [68]. The main challenge of the charging control for EVs is how
to mitigate the negative impacts on the power grids, especially the uncontrolled recharging
overlapping with other power loads, which could cause the security issues for power grids.
This subsection surveys the charging control algorithms in the literature, which are cate-
gorized by three main groups based on the control architecture, with a focus on EV users
and aggregator perspectives. From the EVs user’s point of view, a proper recharging-and-
discharging protocol shows more energy costs reductions and the opportunities of generat-
ing profits. From the aggregator or power grids point of view, the coordination of the EV
charging helps to alleviate the negative impacts and enhance the power grids’ capacity.

1.2 Literature Review on Energy Management Problems
for EVs

This section is devoted to the literature review of the advanced control methods, e.g., Re-
inforcement Learning (RL) and MPC supplemented by the iterative learning method, and
their applications to the power management of PHEVs and the charging control of PEVs.
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1.2.1 Reinforcement Learning for HEV power management

RL provides a mathematical framework based on the optimal control problem and dynamic
programming [69]. In an RL problem, there are typically four elements, including the con-
troller, the environment, actions and rewards. In analogy to conventional control systems,
the system state space is usually the observation space of the environment. The control
objective of RL is to maximize the reward value by mapping the situations to actions. The
typical decision-making method of RL is based on Markov Decision Processes (MDP).

The control policy, generated by RL, may not show which action to be taken, but it
would discover which action generates the most rewards by trial and error. Another prob-
lem is that the actions may affect the immediate reward and the next state through all
subsequent rewards.

Learning-based methods can be classified into two groups: Supervised learning and
unsupervised learning. Supervised learning is a kind of learning algorithm that is learn-
ing from labeled training examples. Examples are used to identify different situations to
specific categories. The main objective of supervised learning is that, the generated re-
sponses guarantee the actions that are correct in the situations. In supervised learning, the
one that provides the labeled training examples information is called an external supervisor.
Contrastingly, the main idea of unsupervised learning is to find the structure by using the
collections of unlabeled data. Comparing the training process of supervised and unsuper-
vised learning, RL can be treated as unsupervised learning since it does not depend on the
labeled examples.

Learning-based power management of HEVs can be generally classified into two cat-
egories. One is offline supervised learning using Neural Networks (NNs) [70], the other
is online RL [71–73]. Obviously, the learning-based power management for HEVs is easy
to consider more complex scenarios since it does not require the accurate system model.
In [74], the proposed approach predicts the power demand at the next step based on the
Markov property. The Bellman optimality is derived to generate the control signals in
order to minimize the expected energy cost and converge to the optimal value.

In addition, learning-based power management of HEVs can solve another type of ur-
gent issues that the road types and traffic congestion greatly limit the reduction of en-
ergy consumptions [75]. There are two main categories of solutions using learning-based
schemes. One is to improve the powertrain by training based on regular routes. The con-
trol algorithms are designed for a specific route with known traffic conditions. The control
strategy for different driving behaviors can be customized after training utilizing learning-
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based methods [76]. Typically, these control methods are usually used in hybrid electric
buses [77, 78]. The other is to generate the control policy based on the predicted road types
and traffic congestion levels. In [79, 80], Murphey et al. propose an NN control framework
that can generate the prediction of roads types, traffic congestion levels and driving trends.
Besides, the NN can be modified to improve the training process. Chen et al. propose an
online controller for power management in [81], where the controller consists of two NNs
considering the trip length and three different trip durations.

1.2.2 Model Predictive Control for EV Energy Problems

The feature of a networked control system is that the control and feedback signals are
transmitted among sensors, controllers, and actuators in the form of information packages
through a communication network. Along with advantages provided by Networked Control
System (NCS), for instance, reducing the complexity and overall cost of the whole control
systems, several challenges also lead to an increasing number of relevant research topics,
such as fault-tolerant control strategies, time-delays, packet losses, resource constraints;
see [82] for an example.

The idea of MPC or Receding Horizon Control (RHC) is came up in the 1960s [83].
The first result about the comprehensive exposition of generalized predictive control was
presented in [84, 85]. The name of MPC comes from controlling an explicit model of the
plant, using the prediction of the future output behavior. In MPC, the controller minimizes
the tracking error, between the desired reference and the predicted output, over the future
horizon, subject to state or input constraints. MPC has been proved to be a feasible control
method for the plant with hard constraints on the input and state [86]. MPC solves optimal
control problems by moving predictive windows to generate recurrent online solutions,
which guarantees transient behaviors of closed-loop systems [86, 87]. The basic idea of
MPC is depicted in Figure 1.11. In the MPC strategy, the controller solves an online finite
horizon open-loop optimal control problem to obtain the optimal control sequence at each
sampling time. The first control action is applied to the plant, where the initial state is
the current state. Based on the information of next sampling time, the controller solves
the optimal control problem again and repeats the procedure. At each sampling time, the
desired feedback characteristics are enabled by the receding horizon mechanism when the
plant’s state and output are measured by sensors and sent to the controller.

In the 1990s, several works described and demonstrated the stability and the feasibility
of the online optimization for linear system models [88, 89]. Many practical problems using
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Figure 1.11: The receding horizon control strategy.

MPC strategies still necessitate being further investigated, such as the high complexity of
models, the efficiency of the online optimization computation scheme and the reduction
of communication loads for large-scale systems. Significantly, multiple goals need to be
achieved at the same time with multiple dimensions to solve practical problems using MPC
strategies. Also, it is always impossible to accurately obtain the mathematical models
for the overall systems. We can take the charging control for PEVs as an example. The
high-level objectives are to minimize energy usage and to meet individual requirements.
Energy minimization further includes lower-level purposes, such as reducing the price cost,
mitigating the negative impacts of battery capacity degradation.

Learning-based methods provide new opportunities to improve MPC schemes in indus-
trial application scenarios [90]. Learning-based MPC schemes do not require an accurate
model of the entire practical system. They approximate this knowledge during a training
process. For example, when designing a charging control strategy, RL can be used to fore-
cast the price or the power load [91, 92]. Also, iterative learning control is an effective
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method for improving the transient response of uncertain dynamics that operate repeti-
tively [93]. Typically, the iterative learning method is designed for repetitive operating
systems or periodical processes [94].

The earliest work of iterative learning control combined with MPC was published in
1999 for chemical batch processes [95]. Iterative learning-based MPC has its abilities to
reject disturbances and handle constraints [96, 97]. Based on the existing results, two suf-
ficient conditions need to be guaranteed when the designed control algorithm utilizes the
iterative learning-based MPC framework. One is the convergence to the desired equilib-
rium point, and the other is the constraint satisfaction at all iterations. Besides, MPC with
iterative learning method can be utilized for energy problems. Comparing with traditional
MPC method, MPC with iterative learning method is based on the stored measurement,
input and error data of all previous trials. Despite that the periodicity of charging control
problem is not as exact as in the control of industrial machine, such as autonomous racing
cars, the charging condition of power grids change from day to day, which is an entire trial
under iterative learning framework. The optimal control strategy for power management of
PHEVs can be generated by iterative learning-based MPC, when the powertrain of PHEVs
is treated as a repetitively operated dynamic system [98].

1.3 Motivations and Organization of Ph.D. Dissertation

In the previous sections, the powertrain configurations and models of PHEVs are briefly
reviewed, followed by the development of charging control algorithms for PEVs. Though
a few existing results for controlling and scheduling electric energy for EVs, many urgent
issues in power management and charging control require to be investigated. In this dis-
sertation, optimal energy management problems, including power management for PHEVs
and charging control for PEVs, are discussed using advanced control and learning-based
methods. A visual organization of this dissertation is shown in Figure 1.12.

Chapter 1 provides the literature review on power management for PHEVs and charg-
ing control for PEVs. In Section 1.1, the powertrain configurations and models of PHEVs
are firstly reviewed. Then, the existing charging control algorithms for PEVs are summa-
rized in the following subsection. The existing results on the problems considered in this
dissertation are discussed in Section 1.2, including RL for power management and MPC
supplemented by the iterative learning method. Finally, the motivation and organization of
the Ph.D. dissertation are given in Section 1.3.

According to the daily utilization of PHEVs, a route leading to the minimum energy
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Figure 1.12: Organization of the dissertation.

consumption considered the power management is helpful for PHEVs’ broad adoption.
Route planning is usually separated from the PHEV power management in the existing
literature. Most of the existing results related to route planning are to find routes through
charging stations when the vehicle is in motion with low battery capacity. It would be
more efficient for PHEV users to provide an option in the navigation system that leads
to the lowest energy consumption that is the same as minimum time or distance used in
the navigation system now. However, the current navigation system only provides the
option of routes to the destination for minimum time or distances. An option of routes for
lowest energy consumptions is also desired, especially for PHEVs. To address the problem,
Chapter 2 studies a control scheme of route planning with power management for PHEVs
based on a two-loop structure using RL. Using Toyota Prius as an example and planning
its route in a city with various navigation ranges, we demonstrate the effectiveness of the
proposed control scheme by simulation studies.

Another limitation of impeding the PEVs’ broad adoption is the long charging time
and negative influence for power grids caused by PEV charging. Charging a large-scale
population of PEVs at the same time yields high workloads of power grids, impacting
efficiency and safety. The main difficulties using the centralized architecture for charging a
large-scale population of PEVs come from the complexity of the optimal control problem
and the high communication loads. In addition, there are redundant communication loads
hindering the broad adoption of centralized charging control methods.
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To tackle the difficulties, Chapter 3 investigates a self-triggered MPC scheme inte-
grated with Integral Sliding Mode (ISM) for networked uncertain nonlinear continuous-
time system subject to state and input constraints. In the proposed scheme, both compu-
tation and communication loads can be reduced by aperiodically solving the optimization
problem to generate the control signal and the next sampling instant. The matched uncer-
tainty is suppressed by using the ISM method.

Next, Chapter 4 proposes a decentralized charging control algorithm for the valley-
filling problem to reduce the communication loads while meeting the individual charging
requirements. An iterative learning-based decentralized model predictive charging control
algorithm is developed for achieving the valley-filling performance, and the decentralized
framework is utilized to meet the individual charging requirements.

Aside from the impacts of PEV charging on the power systems, it is also important to
consider the battery’s longevity. The drivers of PEVs have their own charging habits and
driving behaviors. Battery charging and discharging in PEVs cause battery aging problem,
further resulting in severe battery capacity degradation and safety issues. Thus, it is desired
to consider battery aging during driving or charging PEVs. Considering the battery aging
of PEVs, Chapter 5 develops a charging control algorithm based on the previous algo-
rithm presented in Chapter 4. Using the battery aging model enables updating the optimal
charging rate at each iteration that minimizes the cost of PEVs leading to valley-filling
performance.

Chapter 6 concludes the dissertation and provides some promising directions for future
research.
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Chapter 2

Route Planning and Power Management
for PHEVs with Reinforcement
Learning

2.1 Introduction

Continuous endeavor has been devoted to the sustainable development of modern trans-
portation systems. Gasoline-powered vehicles, having extensively served the world for
over a century, have caused serious concerns on air pollutants and greenhouse gas emis-
sions. According to the U.S. Energy Information Administration (EIA), the emission of
CO2 from the U.S. gasoline and diesel motor vehicles in 2016 was 1, 540 million metric
tons, which counted for 30% of total CO2 emissions in the U.S. that year [99]. Modern
society is in dire need of new types of vehicles that are more environmentally friendly.
Answering this urgent call, various electric vehicles have been developed, including EVs
and PHEVs. EVs are subject to the problems of short driving range and long charging
time. To avoid these problems, PHEVs operate with both battery and gasoline. Neverthe-
less, PHEVs generally occur a higher energy cost than EVs. As such, it is much needed to
further reduce the energy cost of PHEVs.

Power management of PHEVs handles the switch between different operating modes
and real-time torque distribution of EMs and gasoline engines. Normally, a PHEV has
five possible operating modes: Motor only, engine only, power-assist (motor and engine),
recharging (engine charges the battery), and regenerative braking. Roughly speaking, ex-
isting solutions to PHEV power management are classified into four categories: rule-based,
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optimization-based, prediction-based, and learning-based schemes.
The rule-based controller [100–102] determines the operating modes of PHEVs and

torque distribution by the logic threshold, fuzzy logic control, or neural networks control.
In practice, rule-based schemes may be impeded by several limitations, e.g., values of logic
threshold parameters need to match the vehicle status and configurations [103], and a large
database of experience and experiments is usually required [104].

In the optimization-based method, the torque distribution is obtained by solving a con-
strained optimization problem subject to vehicle dynamics. The objective function is de-
fined by the energy consumption, and prior and prediction driving cycles are utilized to
distribute the power between different power sources [105, 106]. Existing solutions in-
clude dynamic programming [107, 108], Pontryagin’s minimum principle [109, 110], and
MPC [111–113]. Generally speaking, the methods in this category normally have high
computational overhead and high complexity in changing operating conditions [114].

In the prediction-based schemes, the global road information is needed. Methods in
this category provide the torque distribution with known route and global traffic informa-
tion [115, 116]. The main difficulty of this method is that the information needs to be
obtained in advance from an onboard global positioning system (GPS), geographic infor-
mation system (GIS), or advanced traffic flow modeling techniques.

Among the above three categories, the optimization method is online, while the other
two are offline. The main challenge in the optimization method is on the modeling of
vehicles and their driving conditions. Learning-based methods are thus proposed to tackle
this challenge.

Learning-based methods [79], in particular RL methods [117–119], provide new op-
portunities to improve traditional and most commonly-used methods in industry. Different
from previous approaches, learning-based methods do not require complete a priori infor-
mation of driving cycles and vehicle models for power management. They learn this knowl-
edge during a training process. In the RL framework, there are typically four elements: the
agent, the environment, actions, and rewards. In the power management problem, the ob-
jective of RL agent is to minimize PHEVs’ overall fuel consumption. Q-learning is one
of the basic RL algorithms [69]. One of the main advantages of Q-learning is model-free.
Training the power management policy requires discretization of the generally continuous
state and control actions. The discrete representation allows a straightforward solution to
the integration in power management problem for PHEVs.

All the existing solutions decouple path planning from PHEV power management. Path
planning, which searches for a suitable path to a given destination, is usually considered
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as a separate, high-level problem and thus beyond the scope of PHEV power management.
While this mindset has the root for engineering convenience, we believe that path planning
and PHEV power management are interwoven, and the two problems need to be tackled in
an integrated framework. Suppose that there are two paths of the same length from a source
to a destination in a city. One path is flat but has several traffic lights; the other has several
upper-down slopes but no traffic lights. The shortest path-based path planning would treat
the two paths equally. Path planning considering traffic conditions might select the second
path because of no traffic lights [120, 121]. However, the first path may be the most energy-
saving path if the slopes on the second path lead to more frequent operating mode switches
and a higher energy cost. Clearly, better decisions on path planning rely on the power
management of PHEVs. Motivated by this observation, we propose a hierarchical control
scheme that unifies path planning and power management for PHEVs energy saving. Note
that our solution differs significantly from trip-oriented predictive control [122], where a
path is assumed in advance, and the energy management policy is derived for the given
path without addressing any ad hoc road condition changes along the trip.

Briefly speaking, our solution adopts inner and outer control loops, with the former for
the learning process by considering driving conditions and the latter for energy minimiza-
tion. The inner loop focuses on generating the control policy by using the model-free RL
algorithm for the power management problem of PHEVs. To guarantee the solvability of
uncertain system dynamics, the nonlinear approximator structure is utilized to generate the
control policy for a PHEV with an actor approximator and a critic approximator. The outer
loop is designed for obtaining the minimum energy consumption route by minimizing the
energy consumption overall candidate rounds. Figure 2.1 shows the system configuration
of the inner-outer loop system in this work.

The main contributions of this chapter are as follows.

• An RL-based route planning algorithm, including inner and outer loops, is proposed
for PHEVs by taking into account the road information. In the inner loop, the con-
trol policy is generated under the model-free RL framework with road conditions for
power management problems. In the outer loop, the minimum energy route is ob-
tained by minimizing the difference between the value function of the current round
and the best value from all previous rounds.

• The model-free nonlinear approximator structure for PHEVs is proposed. Under the
proposed structure, the convergence of the value function for power management is
studied. Also, the closed-loop properties of the resulting PHEV power management
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Figure 2.1: The framework of the inner-outer loop system

system are analyzed. In particular, the asymptotic stability of the closed-loop system
is rigorously studied.

The rest of this chapter is organized as follows. In Section 2.2, we formally formu-
late the control problem and provide the algorithm design. Section 2.3 presents the main
theoretical results and proofs, including the convergence of the value function for power
management in the inner loop and asymptotic stability of the closed-loop system. Sec-
tion 2.4 illustrates a simulation example, using Prius as the vehicle model, to verify the
proposed algorithm and theoretical results. We conclude the chapter in Section 2.5.

The notations in this chapter are as follows. The symbol R denotes the real space.
For a matrix X , X⊤ and X−1 denote the transpose and inverse of X (if X is invertible),
respectively. Given a vector x and a matrix P , ∥x∥P =

√
x⊤Px is the P -weighted norm.

For a given matrix P , P > 0 means that P is positive definite. λ̄(P ) and λ(P ) denote the
maximum and minimum eigenvalues of P , respectively. tr(P ) denotes the trace of P .

2.2 Problem Formulation and Algorithm Design

We first introduce our inner-outer loop framework, shown in Figure 2.1. The inner loop
is for power management, and the outer loop is to find the minimum energy consump-
tion route in the road networks. In Section 2.2.1, the constrained optimization problem
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in the inner loop is solved to generate the control policy with a model-free RL algorithm.
Section 2.2.2 studies the route planning problem by minimizing the energy consumption
among the values from all rounds.

2.2.1 Inner Loop: Power Management Using Reinforcement Learn-
ing

To obtain a power management policy with RL, the agent learns from rewards for each
action. The rewards represent interactions between the agent and the environment. The
agent takes a control action based on the current state. The evaluated value for each state
and action is updated by the reward. The map between states and actions is the control
policy.

Power management with geographical information is modeled by the following nonlin-
ear input affine system

x(k + 1) = f(x(k)) + g(x(k))a(k). (2.1)

Here, x(k) denotes the system state vector that consists of position p(k), power demand at
the wheel Pwhl(k), vehicle speed v(k), and SoC of battery SoC(k), i.e.,

x(k) = [p(k) Pwhl(k) v(k) SoC(k)]⊤ ∈ X ⊂ R4,

where X denotes the system state space. a(k) is the action vector, including the desired
output torque from engine Te,des(k), gear shift command of the transmission system s(k),
and direction direc(k), i.e., a(k) = [Te,des(k) s(k) direc(k)]⊤ ∈ A, where A denotes
the action space. k represents the duration of driving cycle. s(k) is the gear-shifting signal,
whose value is chosen from {−1, 0,+1} representing downshifting, maintaining, and up-
shifting, respectively [17]. Functions, f(·) and g(·), do not have explicit forms and their
meanings are explained in Remark 1.

Remark 1. The utilization of the nonlinear input affine model for this work is mainly due to

the following reasons. It is hard to obtain an accurate mathematical model for the overall

system for power management. Also, the interactions between states and actions should

be analyzed. The function f(·) describes the state updated rules, and the function g(·)
represents the mapping between states and actions. Since generating the control policy for

power management does not require complete information of overall system models, the
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nonlinear input affine system only involving related elements is a suitable system model.

The reward function, which describes the vehicle energy recuperation after action a(k)

at state x(k), is given by
r(k) = −(Qf (k) +Qe(k))

2, (2.2)

in which Qf (k) and Qe(k) denote fuel and electric consumption, respectively.
Rewards describe the interactions between the agent and the environment. In an RL

problem, the evaluated value is defined as expected total future rewards. The control policy
is trained to produce optimal actions, which maximizes the evaluated value for the state.
The reward function involves two problems, i.e., power management and route planning,
which will be introduced in detail in Section 2.2.2.

The value function satisfies the following equation

V (x(k + 1)) =α[r(k + 1) + γV (x(k + 1))− V (x(k))] + V (x(k)) , (2.3)

where x(k + 1) is the next state, α ∈ (0, 1) is the learning step size and γ ∈ (0, 1) is
a discount factor. The relationship between the next and current states is discussed in
Remark 3 in Section 2.2.2.

We need to model the constraints in power management. For this, assume that ωe(k) de-
notes the engine speed, Te(k) represents the engine torque, Tm(k) denotes the electric mo-
tor torque, Treq(k) represents the requested torque of the vehicle. Let ωe,min and ωe,max de-
note the minimum and the maximum engine speeds, respectively. Similarly, we assume that
ωm,min and ωm,max are the minimum and maximum electric motor speeds, respectively. As-
sume that Te,min(ωe(k)) and Te,max(ωe(k)) are the minimum and maximum engine torques
with speed ωe(k), respectively. Similarly, we assume that Tm,min(ωm(k), SoC(k)) and
Tm,max(ωm(k), SoC(k)) are the minimum and maximum electric motor torques with speed
ωm(k) and SoC(k), respectively. Let SoCmin and SoCmax represent the minimum and
maximum values of SoC, respectively.

For safe and smooth operation of the engine, the electric motor and the battery, the
following inequalities should be satisfied.

ωe,min ≤ ωe(k) ≤ ωe,max (2.4a)

ωm,min ≤ ωm(k) ≤ ωm,max (2.4b)

Te,min(ωe(k)) ≤ Te(k) ≤ Te,max(ωe(k)) (2.4c)
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Tm,min(ωm(k), SoC(k)) ≤ Tm(k) ≤ Tm,max(ωm(k), SoC(k)) (2.4d)

SoCmin ≤ SoC(k) ≤ SoCmax. (2.4e)

Constrained by the working principles of the vehicle, the SoC, torques of engine and
motor should satisfy the following equations, respectively.

Tm(k) + Te(k) = Treq(k) (2.5a)

SoC(k + 1) = SoC(k)−
Uoc −

√
U2
oc − 4PmRint

2QmaxRint

(2.5b)

v(k + 1) =
Tw

Mrw
− g(fr cos θ + sin θ)− 1

2M
CDρdAfv(k)

2. (2.5c)

After the constraints are formulated, the action a(k) is calculated by solving the fol-
lowing constrained optimization problem.

Problem 1 (Optimal Control Problem).

a∗(k) = argmax
a(k)

{r(k + 1) + V (x(k + 1))} (2.6)

subject to constraints (2.4a)-(2.4e) and (2.5a)-(2.5c).

The problem of RL-based power management is formulated with the constrained opti-
mization problem. The actions and control policy will be produced by solving the optimal
control problem. The following subsection studies the path planning problem with the goal
of finding the minimum energy consumption route in a road network.

2.2.2 Outer Loop: Route Planning Algorithm

In this subsection, path planning is studied using a Q-learning algorithm to find the min-
imum energy consumption route. Using Q-learning algorithm, the next state x(k + 1)

depends on current state x(k). The action a(k) is uncertain before the agent arrives at the
next state. Then the Q-value is utilized to evaluate the control policy µ. Also, at the current
state x(k), the next state x(k + 1) of the agent is uncertain after taking action a(k). For
this reason, all the possibilities require to be considered. After the agent tries most of the
actions in each state, the map between a given state and a specific action is constructed. At
the end of the algorithm, the agent finds the optimal results by taking the highest value of
action at each state.
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Assume that a city map (e.g., Figure 2.2) with roads and geographic information is
given, including the location of each road intersection, the vehicle speed limited by each
road segment, length and slope of each road segment.

A route linking the source and the destination is decomposed into a series of road seg-
ments connected to each other. In each road segment, the distance, time, fuel consumption
and electricity recuperation are calculated with the road information, such as the length l,
road slope angle θ and vehicle speed v, respectively. The changes in road slope and vehicle
speed affect the fuel consumption and electricity recuperation of the battery. For instance,
the road may change from downhill to uphill; speed may change due to deceleration to stop
signs, traffic lights or traffic jams and acceleration from stop signs or traffic lights.

The SoC of the battery is the core dynamic state in the control system. We assume that
the battery must recover with the help of the engine when the SoC is below the threshold.
SoC(k) and SoCref (k) are the current and reference SoC, respectively. ζ is the coefficient
for SoC, whose value is determined by the empirical model introduced in Section 2.4.1.

The main difference between the proposed route planning algorithm and the shortest
path algorithm is that the reward function (2.2) in the proposed method uses fuel consump-
tion and battery recuperation, while the shortest path algorithm only considers the distance.
The reward function (2.2) in the Q-learning algorithm is designed to evaluate the road for
the route planning problem, including the fuel consumption Qf (k) and electricity recupera-
tion Qe(k). The reward is the same as the one in the previous section. The fuel consumption
Qf (k) and electricity recuperation Qe(k) in the k-th step are calculated based on the road
slope angle θ(k), length l(k), vehicle speed v(k), SoC(k) and SoCref (k) as follows.

Qf (k) = ϕ(θ(k), v(k), l(k)) (2.7a)

Qe(k) = ζ(SoC(k)− SoCref (k)). (2.7b)

To this end, a series of road segments is obtained by solving the following optimization
problem.

Problem 2. Given the values of the current round and the best value from all previous

rounds, find a series of road segments to minimize the fuel consumption.

Remark 2. To reduce the computational overhead, we can define a circular boundary area

that covers the start point and the destination, as shown in Figure 2.2. When the state

approaches the boundary, we can add a large penalty so that the reward of the current

state drops sharply.
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Figure 2.2: The blue circle represents the boundary area to reduce the computational over-
head.

With reward function defined in (2.2), we design the following RL based route planning
algorithm.

Remark 3. The inner loop of the algorithm generates the updated action based on the

estimation of the next state. The next state is estimated from the current state and possible

action. The position p(k + 1) is obtained based on direc(k) of the action a(k) at the

current state. We assume that the power demand Pwhl(k+1) of the next state is post-action

parameters, which are the same as the pair observed in the current state Pwhl(k). The

SoC(k + 1) and velocity v(k + 1) are derived based on the empirical model introduced in

the previous section. The outer loop of the algorithm records the value function from the

inner loop and returns when the value function converges.

In this chapter, we use the Q-learning algorithm to learn the Q-table. The Q-table is the
value of the maximum expected future reward for choosing the optimal strategy in a given
state. Before the learning algorithm begins, the values of the Q-table are randomized. As
we gradually use the algorithm to learn, the Q-table will be updated with increasingly better
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Algorithm 1: Route planning for estimating control policy µ

1 while Ṽ (x(k)) is greater than a given small threshold. do /* outer loop*/
2 while x(k) is not the target do /* inner loop*/
3 Initialize V (x(k)) arbitrarily at k = 0;
4 Observe x(k);
5 Choose a(k) at x(k) using the proposed policy;
6 Take action a(k), observe r(k) and x(k + 1);
7 Update the value at x(k + 1) by (2.3);
8 Set k = k + 1;
9 end

10 /* end of inner loop*/;
11 Calculate Ṽ (x(k)), which is the difference between V (x(k)) of current round

and the best value of V ∗(x(k)) from all previous rounds;
12 end
13 /* end of outer loop */

estimates by continuously applying Bellman’s equation updates.
However, the main limitation of applying the Q-learning algorithm to this work is that

the complicated road networks cause computational overheads and a huge Q-table. Among
these issues, the actor-critic method is incorporated into the inner power management loop.
Generally speaking, the critic estimates the value function, while the actor updates the
action in the direction suggested by the critic. The actor-critic method has two independent
parallel NNs. one is designed for optimizing actions. The other one is used to update
the value function. We take the present state and enter this as input to the actor and the
critic at each time. The critic computes the value of the action performed in that state, and
the actor updates the weights with this Q-value. After updating the parameters, the actor
generates the next state, and the critic uses this state to update its value. In particular, the
power management problem and route planning are incorporated in the proposed algorithm,
so we still need to build the Q-table. The Q-table is used to find the minimized energy
consumption route in the outer loop.

2.3 System Analysis

In this section, the closed-loop properties of the proposed PHEV power management sys-
tem are analyzed. First, the Hamilton-Jacobi-Bellman (HJB) equation for a nonlinear
discrete-time system is derived. In addition, the convergence of the inner loop power man-
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agement policy is discussed. In the end, the asymptotic stability of the closed-loop system
is proved.

2.3.1 Hamilton-Jacobi-Bellman Equation

The value function (2.3) of the Q-learning algorithm is the main evaluation index of the
control policy µ with given actions and system states. To prove the convergence of value
function and stability of the closed-loop system with Q-learning control policy, the exis-
tence of the Hamiltonian function H(x(k), V (x(k)), a(k)) for nonlinear dynamics (2.1)
needs to be proved. First, we introduce a well-known result [123].

Lemma 1 ([123]). Assume that a(k) ∈ A is an admissible action arbitrarily selected for

the nonlinear dynamics (2.1). If there exists a positive, uniformly convex, and continuously

differentiable value function V (x(k)) satisfying the following equations

∥x(k)∥2Q + ∥a(k)∥2R + (x(k + 1)− x(k))⊤ ×∇V (x(k))(x(k + 1)− x(k))

=∥x(k)∥2Q + ∥a(k)∥2R +∆x⊤(k)∇V (x(k))∆x(k)

=0,

(2.8)

where Q and R are two positive definite matrices. ∆x(k) = f(x(k)) + g(x(k))a(k) −
x(k) ∈ X, and ∇V (x(k)) is the gradient vector of V (x(k)), a suitable Hamiltonian func-

tion for the nonlinear system exists

H(x(k), V (x(k)), a(k)) =(x(k + 1)− x(k))⊤∇V (x(k))(x(k + 1)− x(k))

+ ∥x(k)∥2Q + ∥a(k)∥2R
=∥x(k)∥2Q + ∥a(k)∥2R +∆x⊤(k)∇V (x(k))∆x(k).

(2.9)

The Hamiltonian function (2.9) is a nonlinear function of the state, value function and
actions. Thus, by differentiating (2.9) with respect to actions a(k), the updated action is
given by

a∗(k) =− (g⊤(x(k))∇V (x(k))g(x(k)) +R)−1 × g⊤(x(k)) (∇V (x(k))f(x(k))x(k))

=− 1

2
R−1g⊤(x(k))∇V (x(k + 1)).

(2.10)
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Thus, the Hamiltonian function (2.9) for the nonlinear dynamics is expressed as

H(x(k), V (x(k)), a∗(k)) =∥x(k)∥2Q + ∥a∗(k)∥2R +∆x∗⊤(k) · ∇V (x(k))∆x∗(k)

=0,
(2.11)

where ∆x∗(k) = f(x(k)) + g(x(k))a∗(k) − x(k) ∈ X, and the optimal action a∗(k) is
obtained from (2.10).

According to (2.10), the optimal action is calculated based on f(·) and g(·), whose accu-
rate models are normally unknown. Hence we adopt an approximator structure to address
this difficulty. In addition, the stability of the closed-loop system with the approximator
structure and the approximate control policy is discussed in Section 2.3.3.

2.3.2 Convergence

The main objective of the proposed method is to find a series of road segments linking the
source and the destination to minimize fuel consumption. Also, the agent will try most of
the actions and states to generate the action sequence. In the following, we analyze the
convergence of the actions.

To discuss the convergence of the actions, a good result in [124] Theorem 2.2 is re-
called.

Lemma 2. (Convergence [124]) Assume that the admissible action a(k) is obtained it-

eratively by solving (2.8) and updated using (2.10), the sequence of solutions V (x(k))

converges to the optimal HJB solution V ∗(x(k)).

Proof. See Theorem 2.2 in [124].

The control actor and critic approximators are designed to approximate the optimal
control input and Q-value, respectively. Since the approximation error is relatively small,
we do not consider it in this work. Thus, the actual control signal and value function are
defined as

a(k) = W⊤
a σa(x(k)) = a∗(k)

V (x(k)) = W⊤
V σV (x(k)).

In addition, the approximated control input and value function are represented as

â(k) = Ŵ⊤
a (k)σa(x(k))

V̂ (x(k)) = Ŵ⊤
V (k)σV (x(k)),
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where ŴV (k) and Ŵa(k) are the estimated weights of the optimal value function and ac-
tion, respectively. σV (x(k)) and σa(x(k)) denote the activation functions, which satisfy
σV (0) = 0 and σa(0) = 0 when ∥x(k)∥ = 0. The following Bellman equation should be
satisfied to guarantee the optimality.

r(k + 1) + V (x(k + 1))− V (x(k)) = 0. (2.12)

According to the definition of value function, the Bellman equation is rewritten as

eB(k) =r(k + 1) + V̂ (x(k + 1))− V̂ (x(k))

=r(k + 1) + Ŵ⊤
V (k)σV (x(k + 1))− Ŵ⊤

V (k)σV (x(k)).

In addition, we can obtain an error related to the terminal constraint, which is defined as

eT (k) = −Ŵ⊤
V (k)σV (x̂(∞)),

where x̂(∞) denotes the terminal state. Thus, the final error is obtained as

eF (k) =eB(k) + eT (k)

=r(k + 1) + Ŵ⊤
V (k)σV (x(k + 1))− Ŵ⊤

V (k)σV (x(k))− Ŵ⊤
V (k)σV (x̂(∞)).

(2.13)

With gradient descent, the updated estimation weight of value function is represented as

ŴV (k + 1) = ŴV (k)− αV
σ̃V (x(k))eF (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

, (2.14)

where σ̃V (x(k)) = σV (x(k + 1)) − σV (x(k)) − σV (x̂(∞)), and the bound of σ̃V (x(k))

is σ̃V m ≤ ∥σ̃V (x(k))∥ ≤ σ̃VM . In addition, the error between the estimation and actual
weights is defined as

W̃V (k) = WV − ŴV (k)

According to the Bellman equation (2.12), we can obtain that

r(k + 1) + V (x(k + 1))− V (x(k)) =r(k + 1) +W⊤
V σV (x(k + 1))−W⊤

V σV (x(k))

=r(k + 1) +W⊤
V (σV (x(k + 1))− σV (x(k)))

=0.
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Thus, we can obtain r(k + 1) = −W⊤
V (σV (x(k + 1))− σV (x(k))), and rewrite (2.13) as

eF (k) =eB(k) + eT (k)

=−W⊤
V (σV (x(k + 1))− σV (x(k))) + Ŵ⊤

V (k)σV (x(k + 1))

− Ŵ⊤
V (k)σV (x(k))− Ŵ⊤

V (k)σV (x̂(∞))

=− W̃⊤
V (k)(σV (x(k + 1))− σV (x(k)))− Ŵ⊤

V (k)σV (x̂(∞)).

Then, the error of updated estimation weight (2.14) is described as

W̃V (k + 1) =W̃V (k)− αV
σ̃V (x(k))σ̃

⊤
V (x(k))W̃V (k)

1 + σ̃⊤
V (x(k))σ̃V (x(k))

− αV
σ̃V (x(k))(σ

⊤
V (x(∞))− σ⊤

V (x̂(∞)))WV

1 + σ̃⊤
V (x(k))σ̃V (x(k))

.

Next, we define the difference between the approximated control input and optimal control
policy as

ã(k) = â(k)− a∗(k) =
1

2
R−1ĝ⊤(x(k))∇V̂ (x(k + 1)) + Ŵ⊤

a (k)σa(x(k)).

Here, ĝ(·) is an estimated function from neural networks. With gradient descent, the up-
dated estimation weight of action is represented as

Ŵa(k + 1) = Ŵa(k)− αa
σa(x(k))ã

⊤(k)

1 + σ⊤
a (x(k))σa(x(k))

, (2.15)

where αa > 0 is a constant. Then, the error between the actual weight and estimation
weight is defined as

W̃a(k) = Wa − Ŵa(k)

Recall the optimal action, we have

a∗(k) = W⊤
a σa(x(k)) = −1

2
R−1g⊤(x(k))∇σ⊤

V (x(k + 1))WV .

Then we can obtain that

W⊤
a σa(x(k)) +

1

2
R−1g⊤(x(k))∇σ⊤

V (x(k + 1))WV = 0.
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In addition, the error of control policy is rewritten as

ã(k) =− W̃⊤
a (k)σa(x(k))−

1

2
R−1g⊤(x(k))∇σ⊤

V (x(k + 1))WV

+
1

2
R−1ĝ⊤(x(k))∇σ⊤

V (x(k + 1))ŴV (k).
(2.16)

Finally, substituting (2.16) into (2.15), we can rewrite the updated estimation weight of
action as

Ŵa(k + 1) =Ŵa(k)− αa
σa(x(k))ã

⊤(k)

1 + σ⊤
a (x(k))σa(x(k))

=Ŵa(k)− αa
σa(x(k))

1 + σ⊤
a (x(k))σa(x(k))

×
(
−W̃⊤

a (k)σa(x(k))

− 1

2
R−1g⊤(x(k))∇σ⊤

V (x(k + 1))WV

+
1

2
R−1ĝ⊤(x(k))∇σ⊤

V (x(k + 1))W̃V (k)

)
.

Then, the error of updated estimation weight of action is described as

W̃a(k + 1) =W̃a(k) + αa
σa(x(k))ã

⊤(k)

1 + σ⊤
a (x(k))σa(x(k))

=W̃a(k)− αa
σa(x(k))

1 + σ⊤
a (x(k))σa(x(k))

×
(
W̃⊤

a (k)σa(x(k))

+
1

2
R−1g⊤(x(k))∇σ⊤

V (x(k + 1))WV

−1

2
R−1ĝ⊤(x(k))∇σ⊤

V (x(k + 1))W̃V (k)

)
.

Remark 4. The control policy generated by the RL algorithm has an effect on the current

state and updated action. However, convergence is required for all the state-action pairs

while they are updated recursively.

2.3.3 Stability

After the convergence is proved, the stability of the closed-loop system is further inves-
tigated in this subsection. The optimal value function V (x(k)) is taken as the Lyapunov
function. Based on Theorem 1 in [125], the following theorem is derived.

Theorem 1. Given a(k) ∈ A and the initial state x(0) ∈ X, and the value function V (x(k))
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satisfying Equation (2.8) with the condition V (0) = 0, the updated action (2.10) by using

the Hamiltonian results is an admissible action for the nonlinear dynamics (3.1). The

system is asymptotically stable using the control policy µ generated in Algorithm 1.

Proof. In order to prove the stability, a good result is recalled [125]. We start with the
Lyapunov candidate.

L = V (x(k)) +
1

2αV

∥W̃V (k)∥2 +
1

2αa

tr(W̃⊤
a (k)W̃a(k)), (2.17)

where W̃V and W̃a are the weight estimation errors of the dynamics and actions, respec-
tively. αV > 0 and αa > 0 are constants, which denote the convergence speeds of two
approximators. Next, we analyze every term in (2.17). According to the system dynamics,
we can obtain the difference of the value function with the action a(k + 1).

∆V (x(k)) =V (x(k + 1))− V (x(k))

=∇V ⊤(x(k))(f(x(k)) + g(x(k))a(k)− (x(k))) +
1

2
(f(x(k)) + g(x(k))a(k)

− (x(k)))⊤ ×∇2V (x(k))(f(x(k)) + g(x(k))a(k)− (x(k)))

≤∇V ⊤(x(k))(f(x(k)) + g(x(k))a(k + 1)− x(k))

+
1

2
(f(x(k)) + g(x(k))a(k + 1)

− x(k))⊤ ×∇2V (x(k)) (f(x(k)) + g(x(k))a(k + 1)− x(k)) . (2.18)

According to (2.8), rewrite (2.18) as

∆V (x(k)) = −1

2
a⊤(k)(g⊤(x(k))∇V (x(k))g(x(k)) +R)a(k)− ∥x(k)∥2Q

+
(
∇V ⊤(x(k)) + (f(x(k))− x(k))⊤∇2V (x(k))

)
× g(x(k))(a(k + 1)− a(k)) +

1

2
a⊤(k + 1)(g⊤(x(k))∇V (x(k))g(x(k)))a(k + 1).

Since the updated action is obtained by (2.10), the above equation is rewritten as follows.

∆V (x(k)) =− ∥x(k)∥2Q − ∥a(k + 1)∥2R − 1

2
(a(k + 1)− a(k))⊤

× (g⊤(x(k))∇V (x(k))g(x(k)) +R)(a(k + 1)− a(k)).
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Since g⊤(x(k))∇V (x(k))g(x(k)) +R, R and Q are positive definite, we can obtain

∆V (x(k)) ≤ −∥x(k)∥2Q ≤ −λ(Q)∥x(k)∥2 (2.19)

Thus, the closed-loop system with the updated action a(k + 1) is locally asymptotically
stable. According to Lemma 2, due to the convergence of the value function V (x(k)), the
cost function of the system (2.1) with the updated action a(k + 1) is finite. In addition,
V̂ (0) = 0 is guaranteed. We define La(k) = tr(W̃⊤

a (k)W̃a(k)). The first difference is
obtained as

∆La(k) = tr(W̃⊤
a (k + 1)W̃a(k + 1))− tr(W̃⊤

a (k)W̃a(k))

=
−2αaσa(x(k))

1 + σ⊤
a (x(k))σa(x(k))

tr(ã(k)ã⊤(k)) +
αaσ

⊤
a (x(k))σa(x(k))

(1 + σ⊤
a (x(k))σa(x(k))2

tr(ã(k)ã⊤(k)).

(2.20)

Considering the properties of trace operator, we substitute (2.16) and σ⊤
a (x(k))σa(x(k))

1+σ⊤
a (x(k))σa(x(k))

< 1

into (2.20). By applying the upper bounds of matrices, the first difference is rewritten as

∆La(k) ≤ α2
aRgMσVMWVM

(
σ⊤
a (x(k))σa(x(k))

1 + σ⊤
a (x(k))σa(x(k))

)2

+
αa(gMσVMRWVM)2

4 (1 + σ⊤
a (x(k))σa(x(k)))

2

− 2αaσ
⊤
a (x(k))σa(x(k))

1 + σ⊤
a (x(k))σa(x(k))

∥W̃a(k)∥2 + α2
a

(
σ⊤
a (x(k))σa(x(k))

1 + σ⊤
a (x(k))σa(x(k))

)2

∥W̃a(k)∥2

+ α2
a

(
σ⊤
a (x(k))σa(x(k))RgMσVM

1 + σ⊤
a (x(k))σa(x(k))

)2

∥W̃V (k)∥2

− αaσ
⊤
a (x(k))RgMσVMWVM

1 + σ⊤
a (x(k))σa(x(k))

∥W̃a(k)∥2, (2.21)

where gM is the upper bound of function g(·). Since the bound of σa(x(k)) is 0 < σam ≤
∥σa∥ ≤ σaM , (2.21) is rewritten as

∆La(k) ≤α2
aRgMσVMWVM

(
σ2
aM

1 + σ2
am

)2

− 2αaσ
2
aM

1 + σ2
am

∥W̃a(k)∥2 +
αa(gMσVMRWVM)2

4 (1 + σ2
am)

2

+ α2
a

(
σ2
aM

1 + σ2
am

)2

∥W̃a(k)∥2 + α2
a

(
σ2
aMRgMσVM

1 + σ2
am

)2

∥W̃V (k)∥2

− αaσamRgMσVMWVM

1 + σ2
aM

∥W̃a(k)∥2
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=− αa
2σ2

am + σaMRgMσVMWVM

1 + σ2
aM

∥W̃a(k)∥2 (2.22)

+ α2
a

(
σ2
aMRgMσVM

1 + σ2
am

)2

∥W̃V (k)∥2

− α2
a

σ4
am

(1 + σ2
aM)2

∥W̃a(k)∥2. (2.23)

Then, since we have LV (k) = ∥W̃V (k)∥2, we can obtain the first difference as follows

∆LV (k) =∥W̃V (k + 1)∥2 − ∥W̃V (k)∥2

=
(
W̃V (k)− αV

σ̃V (x(k))σ̃V
⊤(x(k))W̃V (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

− αV
σ̃V (x(k))(σ

⊤
V (x(∞))− σ⊤

V (x̂(∞)))ŴV (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

)⊤

×
(
W̃V (k)− αV

σ̃V (x(k))σ̃V
⊤(x(k))W̃V (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

− αV
σ̃V (x(k))(σ

⊤
V (x(∞))− σ⊤

V (x̂(∞)))ŴV (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

)
− ∥W̃V (k)∥2

=− 2αV

( σ̃V
⊤(x(k))σ̃V (x(k))

1 + σ̃V
⊤(x(k))σ̃V (x(k))

∥W̃V (k)∥2

− W̃⊤
V (k)σ̃V (x(k))(σ

⊤
V (x(∞))− σ⊤

V (x̂(∞)))ŴV (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

)
+ α2

V

∥∥∥ σ̃V (x(k))σ̃V
⊤(x(k))

1 + σ̃V
⊤(x(k))σ̃V (x(k))

W̃V (k)

− σ̃V (x(k))(σ
⊤
V (x(∞))− σ⊤

V (x̂(∞)))ŴV (k)

1 + σ̃V
⊤(x(k))σ̃V (x(k))

∥∥∥2

.

Since we have σ̃⊤
V (x(k))σ̃V (x(k))

1+σ̃⊤
V (x(k))σ̃V (x(k))

< 1 and 0 < σ̃V m ≤ ∥σ̃V ∥ ≤ σ̃VM , by applying Cauchy-
Schwartz inequality, the first difference of Lyapunov function is rewritten as

∆LV ≤ −2αV
σ̃2
VM

1 + σ̃2
V m

∥W̃V (k)∥2 + α2
V ∥W̃V (k)∥2

= −αV

(
2σ̃2

VM

1 + σ̃2
V m

− αV

)
∥W̃V (k)∥2.

(2.24)

Combining Equations (2.19) (2.23) and (2.24), we conclude the asymptotic stability.
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Remark 5. This section provides a basic analysis of the system with neural networks. Due

to the complexity of the integrated framework, a multi-layer neural network is adopted

to generate the control policy in this chapter. The discussion for the multi-layer neural

network structure is an extension of the above result by applying the backpropagation (BP)

algorithm [126]. We omit the detail of the BP algorithm since it can be found in exiting

literature [126].

2.4 Simulation Studies

In this section, the performance of the proposed method is demonstrated by an example
with the Prius as the vehicle model. Our discourse begins with an explanation of vehicle
models and simulation setup. In addition, the simulation results are explained, and the
effectiveness of the proposed method is verified.

2.4.1 Toyota Prius Hybrid Vehicle Modeling

Although the complete and accurate mathematical model of the overall system is hard to
obtain, the update rule of agent states should follow the vehicle dynamics and constraints of
subsystems. In this section, the models of the agent are provided in the following. Gener-
ally speaking, a PHEV can be characterized by five sub-systems [1]: (1) Vehicle dynamics;
(2) Engine fuel consumption model; (3) Electric consumption of the EM; (4) Transmission;
and (5) Battery model. Specifically, the Toyota Prius is selected as the studied car. Since
this car is equipped with a series-parallel hybrid system, it is hard to describe the model of
its powertrain exactly and explicitly. In the following, we will briefly introduce the mathe-
matical model of each subsystem. Figure 2.3 illustrates the schematic diagram of the five
sub-systems.

Vehicle Dynamics

The vehicle dynamics for PHEVs mainly focus on PHEVs’ longitudinal dynamics [1],
which is illustrated in Figure 2.4.

The output torque Tw is obtained by the following equation

Tw = ηt · if (Te + Tm) + TB

= [Mgfr cos θ +
1

2
CDρdAfv

2 +Mg sin θ + δM
dv

dt
] · rw,

(2.25)
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ICE
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Final driveline
Counter gear
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Winding of M/G II

Rotor of M/G II

Inverter I Inverter II

Battery
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Planet gear

Rotor of M/G I

Winding of M/G I

Sun gear

Figure 2.3: The schematic diagram of the Prius (series-parallel PHEVs) [2].

where ηt represents the transmission efficiency. Te, Tm and TB are the torque of engine,
the torque of EM, and the torque of braking, respectively. if denotes the basic ratio of
planetary gear in Prius, which is a fixed ratio and equals the ring radius divided by the sun
gear radius.

The v denotes the vehicle speed. The parameters fr, g and θ capture the operation
condition of the vehicle and denote the rolling resistance coefficient, gravity acceleration,
and road slope angle, respectively. M = Mo + Mp denotes the equivalent vehicle mass
including the vehicle mass (i.e., Mo) and the passenger load (i.e., Mp). The parameters of
the vehicle, rw, CD, ρd and Af , represent wheel radius, air drag coefficient, air density and
frontal area, respectively.

Fuel Consumption Model of Engine

Fuel economy is the most important assessment index of the power management strategy
for PHEVs. Using fossil fuel engines, the fuel consumption rate is a nonlinear function
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Figure 2.4: The driving model of the PHEVs.

of the speed and power of the engine. The fuel consumption rate is obtained by searching
the consumption contours of the engine, which depends on the type of fuel and the type of
engine.

The corresponding ICE efficiency is shown by the labeled number of each contour. As
an example, it is a 1.5L S.I. Engine modeled by the advanced vehicle simulator ADVI-
SOR [14], illustrated in Figure 2.5. The engine has a peak power of 43kW and a peak
efficiency of 39%.

Electric Consumption Model of EM

EM works under two operating modes, the driving mode and the braking mode. The output
power of EM is described as follows.

Pm =

{
Tmωm/ηm, Driving
Tmωmηm, Braking

(2.26)

The above model shows that the EM output power Pm depends on the EM torque Tm,
the EM speed ωm, and the EM efficiency ηm. The efficiency ηm is obtained by searching the
EM efficiency map that depends on the type of EM. As an example, the colourful contours
in Figure 2.6 illustrate the EM efficiency of a 15 kW permanent magnet motor.

Toyota Prius employs an Electronically Controlled Continuously Variable Transmission



46

(ECVT) system, which plays a significant role in series-parallel PHEVs [2]. In PHEVs, the
ECVT system is designed for ensuring the optimal operating modes of the engine and the
motor related to the speed variations of the vehicles. In the simulation, the gear-shifting
signal s(k) is considered in the analysis of the energy consumption.

Battery Model

SoC is the main index to describe the battery operation. According to Kirchhoff’s voltage
law, considering the change rate of the SoC and the power of battery for the rate of change
of SoC Pbatt, SoC of next state is calculated as follows.

SoC(k + 1) = SoC(k)−
Uoc −

√
U2
oc − 4PbattRint

2QmaxRint

, (2.27)

where Uoc, Rint and Qmax are the open-circuit voltage, the internal resistance and the max-
imum value of battery capacity, respectively.

Due to the difference between two operation modes of battery (i.e., charging and dis-
charging), the internal resistance Rint can be described as

Rint =

{
Rdischg, Discharging
Rchg, Charging

(2.28)

where Rdischg and Rchg represent the internal resistances of the battery which indicate the
battery is on discharging or charging mode, respectively. Values of the parameters related
to vehicle dynamics are illustrated in Table 2.1.

2.4.2 Reinforcement Learning Simulations

In this subsection, the solution to the integrated problem using RL is proposed to find the
minimal energy consumption route while taking power management into account. Using
the RL algorithm, the environment is assumed to be a given city map with roads and geo-
graphic information, as shown in Figure 2.2. In the environment, the source and the desti-
nation are given, which are linked by a series of road segments. Between the two points, it
is recommended to include various speed limits and road slope angles to demonstrate the
effectiveness of the proposed method.

The action vector a(k) includes the desired output torque from engine Te,des(k), gear
shift command of the transmission system s(k) and the direction direc(k). There are four
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directions for the agent (vehicle) from the current position p(k) to the next position p(k+1)

on the road map. The solution to the integrated problem using the RL algorithm is the
instruction sequence with the form: [p(A), a(1) (from A to 1), p(1)], [p(1), a(2) (from 1

to 2), p(2)], · · · , [p(n), a(n) (from n to B), p(B)].
To control the computational overhead, we reduce the size of system states by only

considering the road intersections in the simulation, i.e., actions are taken at the road in-
tersections. In the training process, the velocity of the vehicle for each road segment is
an average value which is calculated based on the length and height of each road segment.
Since the velocity and slope angle are constants for each road segment, the required power
for each road segment is computed based on (2.25). As a result, the power management
process is simplified, and the computational load is reduced.

In the simulation, the training process is not affected by the battery performance. We
use the SoC of the battery from 90% to 20% in this simulation. The SoC is calculated by
the ratio between the current and total energy. We do not consider battery degradation,
which unnecessarily complicates the simulation and may introduce too much noise in the
simulation results.

The EM may work under two conditions: 1) providing the power to guarantee that
the engine is working with high efficiency; 2) working as a generator to store the electric
energy to the battery with the influence of inertia. The required power of EM is calculated
by (2.26) with different working conditions. The SoC of next state is computed by (2.27)
using Pbatt = Pm.

The neural network is designed as a four-layer structure. The first layer includes the
current state x(k), which is followed by two hidden layers with 10 neurons and 6 neurons,
respectively. σa and σV are two ReLU activation functions with dropout rate 0.25. The last
layer represents the Q-value for each direction of action a(k).

The main idea of power management for PHEVs is to avoid ICE operation points in the
low-efficiency region. The efficiency contours of engine and EM are illustrated in Fig-
ure 2.5 and Figure 2.6, respectively. Also, Figure 2.5 and Figure 2.6 show that most
corresponding operating points fall in the high efficiency region under different driving
conditions and varying speeds.

Figure 2.7 shows the energy usage in different subsystems under power and regenera-
tion modes. Each action is evaluated based on the required energy to travel on each road
segment on the map (Figure 2.8). Based on the vehicle dynamics provided in Section 2.4.1,
the required power is computed for the car to travel on the selected roads (using informa-
tion regarding elevation, the road slope angle θ). The energy consumption is calculated by
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Table 2.1: The values of vehicle dynamics for the simulation setup [1].

Parameters Values
Calculated Mass M 1332kg

Coefficient of rolling resistance fr 0.02
Air density ρd 1.225kg/m3

Frontal area Af 2m2

Air drag coefficient CD 0.5
Range of SoC 90% ∼ 20%

αV 0.9
αa 0.0001
ϵ 0.9
Uoc 144V

Rdischg 0.03
Rchg 0.02
γ 0.9

multiplying the power with the travel time on the corresponding road segment. Figure 2.8
shows the route planning results, where the red route shows the most energy-efficient path
and the green route is the shortest path which has a higher fuel consumption than the red
route. The effectiveness of doing power management and route planning at the same time
is verified.

2.5 Conclusion

In this chapter, we proposed a route planning algorithm using RL with the help of road
geographical information. Our goal is to find the path that minimizes the energy usage of
PHEVs. A two-loop structure is adopted to integrate both path planning and energy man-
agement. To be specific, the route of the minimum energy consumption is obtained in the
outer loop, and the energy consumption index with respect to PHEV power management
for each feasible route is trained by the RL framework in the inner-loop. To handle the
power management for PHEVs using RL, the nonlinear approximator structure is built to
approximate control actions and values by an actor approximator and a critic approxima-
tor, respectively. We also demonstrate the convergence of the value function for power
management in the inner loop and asymptotic stability of the closed-loop system. Finally,
simulation results show that the proposed algorithm provides an effective solution to the
problem of routing PHEVs with the energy-efficient path.

Further investigations are needed in the future to reduce the computational overhead of
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Figure 2.5: Fuel converter efficiency. The colourful contours with numbers illustrate the
consumption contours of engine. The blue points represent the work points. The black
contour shows the maximum value of fuel converter efficiency.

Figure 2.6: Motor controller efficiency. The colourful contours with numbers illustrate the
consumption contours of electric motor. The blue points represent the work points. The
two black contours show the maximum value of motor controller efficiency.
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Figure 2.7: Energy usage under power and regen modes, respectively. The blue bars show
the energy usages in different subsystems.

Figure 2.8: Route planning results. Background colors indicate the elevation ranging from
0m as white to 800m as deep blue. The yellow lines show the road networks. The red line
illustrates the route produced by the proposed method with the fuel consumption of 134263
KJ, while the green line represents the shortest path with the fuel consumption of 215715
KJ. Two paths share the same source A directing eastward and ending at the destination B.
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the RL algorithm. Searching for the optimal solution for the power management problem in
a continuous state and the action spaces is also an interesting direction for future research.
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Chapter 3

Uncertain PEV Charging Control: A
Self-Triggered Robust MPC with ISM
Method

3.1 Introduction

PEVs are strongly promoted and widely used owing to environmental protection and energy-
saving considerations. In this context, the PEV charging strategy becomes an urgent re-
search problem. In the following three chapters, we focus on the PEV charging control
schemes. As discussed in Section 1.1.2, some practical issues need to be considered under
different PEV charging architectures. For instance, the centralized PEV charging strategy
will inevitably be subject to heavy communication loads because of the large-scale vehi-
cle population. Also, there is a high possibility of failure in the entire system caused by
uncertainties during the transmission. Among these issues, the self-triggered robust MPC
with ISM strategy could be considered. This chapter aims to allow a trade-off between
the performance and the reduction of communication for PEV charging under centralized
architecture.

Event-triggered control balances the control performance and the communication re-
source usage [127]. The core idea of the event-triggered control scheme lies in that the
sensor measurement and control signals are only exchanged between actuators, sensors
and controllers when a particular event occurs [128–130]. Events are generally related to
closed-loop system behaviors; for instance, the gap between the actual and predicted sys-
tem state, due to the disturbance, violates a specific bound. The event-triggered condition
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is based on the measurements which are monitored at each time instant. The system states
and control inputs will be updated when the event-triggered condition is violated. There are
several limitations when the event-triggered control applies to practical energy problems.
For example, the uncertainty of PEVs remains high due to their mobility in transporta-
tion sectors. Event-triggered scheduling schemes to address the PEV charging problem
are studied for handling power demand variations caused by PEVs’ random arrivals and
departures [61, 131].

Self-triggered control is a particular type of event-triggered control [132, 133], where
the next execution time is precomputed at the current control execution time by using a
self-triggered control scheme. Also, the next execution time depends on the stored mea-
surements, predicted system states. The self-triggered control scheme naturally leads to a
significant reduction of communication loads, thus making it a suitable candidate for the
PEV charging control problem.

MPC has been proved to be an efficient control method for the plant with the in-
put and state constraints [134]. Compared with other control methods, MPC provides
recurrent online solutions for optimal control problems by moving predictive windows,
which guarantees transient behaviors of closed-loop systems [86, 135]. From the practical
point of view, systems are always influenced by uncertainties due to model mismatches or
noises. Hence, researchers have proposed various approaches for robust MPC in the last
decade [136, 137]. One of the challenges of designing a control algorithm for practical
energy problems is dealing with model uncertainties and satisfying the stability of closed-
loop systems [138, 139]. To tackle the problem, [140] studies a scheduling scheme of
PEV charging under MPC framework, and shows a superior performance with robustness
against uncertainties.

Due to the communication overheads of PEV charging control under centralized ar-
chitecture, the self-triggered MPC strategy for PEV charging problems shows its effi-
ciency for reducing the frequency of transmission [141]. In particular, a self-triggered
MPC allows a trade-off between the closed-loop system performance and communication
loads [142, 143]. Furthermore, a self-triggered MPC algorithm for nonlinear input-affine
systems using adaptive sampling selection is investigated in [144], but the effects of distur-
bances and state constraints are not considered. However, under the centralized architec-
ture, any noise or uncertainty happens during the transmission causing a high possibility
of failure in the entire system since the charging rates of all PEVs is decided by the cen-
tral aggregator. It is an urgent issue for PEV charging under the centralized architecture.
A possible solution to this problem is using MPC integrated with other control methods.
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Compared with different methods, ISM control strategy shows its efficiency for the systems
with unmatched uncertainties [145], especially to address the battery charging problem of
EVs [146].

Based on the aforementioned discussion, we propose a self-triggered MPC scheme
with integrating ISM strategy to address the PEV charging problem with state and input
constraints and uncertainties. The proposed controller solves an online finite horizon opti-
mal control problem to obtain the optimal control sequence for the following time interval
and the next execution time. The next execution time can be denoted as the time when the
triggered condition is satisfied.

The remainder of this chapter is organized as follows. Section 3.2 formulate the prob-
lem of this work mathematically, followed by the objective of the proposed algorithm. In
Section 3.3, the control strategies to achieve the desired objectives are discussed, includ-
ing the setup of MPC framework, the self-triggered scheme and ISM component design.
Section 3.4 contains a numerical example using nonlinear dynamics and an example using
single PEV charging model to verify the theoretical results. The conclusion of this paper is
given in Section 3.5.

3.2 Problem Formulation

Without loss of generality, we consider a nonlinear affine continuous-time system with the
additive disturbance modeled by the following dynamics:

ẋ(t) = f(x(t)) + g(x(t))u(t) + ω(x(t)), t ≥ 0, x(0) = x0, (3.1)

where x(t) ∈ Rn is the system state constrained by x(t) ∈ X ⊂ Rn, u(t) ∈ Rn denotes the
control input constrained by u(t) ∈ U ⊂ Rn, and ω(x(t)) ∈ W ⊂ Rn is the disturbance.
U and W are compact sets, containing the origin as an interior point. f : Rn → Rn

is a Lipschitz continuous function that satisfies f(0) = 0, and the Lipschitz constant is
L ∈ (0,∞). g : Rn → Rn is a continuous function that satisfies g(0) = 0. Note that
ω(x(t)) denotes the perturbation function with for the following expression

ω(x(t)) = g(x(t))ωm(t) + g⊥(x(t))ωu(t), (3.2)

where g⊥(x(t)) is the orthogonal complement matrix of g(x(t)). ωm(t) and ωu(t) denote
the matched and unmatched uncertainties, respectively. To guarantee the stability of the
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closed-loop system, we assume that the function ω(x(t)) is bounded by a known positive
scalar function ρ(x(t))., i.e. |ω(x(t))| ≤ ρ(x(t)).

Remark 6. The dynamics with the input-affine form (3.1) is required to obtain the explicit

control law of the ISM controller and MPC controller, as clarified in Section 3.3.3 and

Section 3.3.1, respectively.

This chapter aims to design a control algorithm for PEV charging control under the
centralized architecture to reduce communication loads and suppress matched uncertain-
ties. We adopt an MPC framework for PEV charging control problem, supplemented by a
self-triggered strategy to reduce the high communicational overheads and an ISM method
to inhibit the matched uncertainties.

3.3 Control Strategies

In order to achieve the desired objectives, we propose a novel integration of MPC and
ISM in this section. In the integrated MPC and ISM scheme, MPC is employed to ful-
fill the robust constraint satisfaction, and ISM is used to handle the uncertainties. The
MPC controller will generate the control input for the nominal system with state and in-
put constraints when receiving the new state measurements. The ISM controller is used to
suppress the matched uncertainties. The compound control input is the sum of two control
inputs from these two controllers. However, one challenge of implementing the compound
controller lies in that the two controllers might be asynchronous. Under the self-triggered
control scheme, the execution time of control inputs from the MPC controller can be cal-
culated. The control input at the calculated execution time can be described as (3.3) and
applied to the system (3.1).

u(t) = uMPC(t) + uISM(t), (3.3)

where uMPC(t) denotes the control input generated by the MPC controller and uISM(t)

represents the control input from the ISM controller. The structure of the closed-loop sys-
tem is shown in Figure 3.1.

3.3.1 MPC Problem Setup

For the system (3.1), take the sequence {tk}, k ∈ N, as the sampling time instants. At
time tk, let x̃(s; tk) denote the predicted state trajectory satisfying the system dynamics
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Figure 3.1: The structure of the closed-loop system.

(3.1), s ∈ [tk, tk + T ], where T > 0 is the prediction horizon. The predicted control input
trajectory ũ(s; tk) calculated by MPC is obtained by solving the finite horizon optimal
control problem at time tk corresponding to the predicted state trajectory x̃(s; tk), s ∈
[tk, tk + T ]. Let ũ∗(s; tk), s ∈ [tk, tk + T ] denote the optimal control input trajectory that
is the minimizer of the optimal control problem. Also, for every initial state, the optimal
control input trajectory is unique. We define T̃k ∈ [0, T ] as a particular time interval that is
a finite prediction horizon. To design the control algorithm for PEV charging problem, T̃k

can be chosen as an integer multiple of the sampling interval of power demand’s baseline.
At time tk + T̃k, the predicted state enters an invariant set Ω(ϵT ), which contains the origin
as an interior point.

To design the optimal control problem, we define a function F(x̃(s; tk), ũ(s; tk)) =

∥x̃(s; tk)∥2Q + ∥ũ(s; tk)∥2R. The finite horizon cost function can be described as

FT (x̃(s; tk), ũ(s; tk), T̃k) =

∫ tk+T̃k

tk

1

β
F(x̃(s; tk), ũ(s; tk))ds

+

∫ tk+T

tk+T̃k

F(x̃(s; tk), ũ(s; tk))ds,

where β ≥ 1 is a fixed constant, and the terminal cost function is defined by

VT (x̃(tk + T ; tk)) = ∥x̃(tk + T ; tk)∥2P .
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The cost function to be minimized in the optimal control problem is described in the fol-
lowing,

J(x̃(s; tk), ũ(s; tk), T̃k) = FT (x̃(s; tk), ũ(s; tk), T̃k) +VT (x̃((tk + T ; tk)), (3.4)

where Q, R and P are symmetric weighting matrices. Using the setup above, the optimal
control problem can be defined as follows.

Problem 3. (Optimal Control Problem)

ũ∗(s; tk) = argminJ(x̃(s; tk), ũ(s; tk), T̃k)

s.t ˙̃x(s; tk) = f(x̃(s; tk)) + g(x̃(s; tk))ũ(s; tk)), x̃(tk; tk) = x(tk)

ũ(s; tk) ∈ U, s ∈ [tk, tk + T ]

x̃(tk + T ; tk) ∈ Ω(ϵ), s ∈ [tk, tk + T ]

x̃(s; tk) ∈ Xs−tk , s ∈ [tk, tk + T ]

(3.5)

where Ω(ϵ) is the terminal set, and Xs−tk is the tightened state constraint. J(x̃(s; tk), ũ(s; tk),

T̃k) denotes the corresponding optimal value function and x̃∗(s; tk) is the optimal state tra-

jectory.

For the given constant ϵ, the terminal set Ω(ϵ) is given by Ω(ϵ) = {x(t) ∈ X|∥x(t)∥2P ≤
ϵ2}. In order to satisfy the system state constraints, the tightened state constraints in [147,
148] can be recalled and applied here. The tightened state constraint is described as
Xs−tk = X ∼ Ts−tk , where Ts−tk = {x(tk) ∈ RN |∥x(t)∥P ≤ ρλ̄(

√
P )(eL(s−tk) − 1)/L}.

We assume that Ω(ϵ) ⫅ Xs−tk . The controller applies optimal control input ũ∗(s; tk),
s ∈ [tk, tk+1] to the plant, where tk+1 denotes the next execution time obtained by the
proposed self-triggered scheduler to be introduced in the following.

Assumption 1. Given f(0) = 0, the nonlinear system can be linearized as:

ẋ(t) = Ax(t) +Bu(t) + ω(t), (3.6)

where A = ∂f
∂x
|(0,0), B = ∂g

∂x
|(0,0), and the pair (A,B) is stabilizable.

Furthermore, the closed-loop system with a state-feedback control law ˙̂x(t) = Âx̂(t)+

ω(t), where Â = A+BK is asymptotically stable. In addition, a well-known result can be
recalled in Lemma 1 of [141, 149].
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Lemma 3. Given two positive-definite matrices Q and R for the nominal system (3.1), with

Assumption 1, there exists a state-feedback control law K, a symmetric matrix P and two

constants ϵT and ξ such that:

• The inequalities V̇L(x) ≤ −1
2
∥x∥2Q∗ and V̇L(x) ≤ −ξVL(x) hold for any x(t) ∈

Ω(ϵT ) and Kx(t) ∈ U, where Q∗ = Q+K⊤RK and VL(x) =
1
2
∥x∥2P . The constant

ξ is chosen to be λ(Q∗)
2λ̄(P )

.

• The set Ω(ϵT ) is an invariant set, which is defined as Ω(ϵT ) = {x ∈ Rn|VL(x) ≤
1
2
ϵ2T} for the nonlinear system under the local state-feedback control law with no

disturbance ẋ(t) = f(x(t)) + g(x(t))Kx(t).

Consequently, Ω(ϵT ) is the region of attraction for both the closed-loop system ˙̂x(t) =

Âx̂(t) + ω(t) and the nonlinear system (3.1). To guarantee the recursive feasibility and
stability of the closed-loop system, the following two inequalities are satisfied. There exist
two κ∞ - functions, α1 and α2, such that

F(x(t),u(t)) ≥ α1(∥x(t)∥),

VT (x(t)) ≤ α2(∥x(t)∥),
(3.7)

for all x(t) ∈ X, u(t) ∈ U and T̃k ∈ [0, T ]. Also, F(x(t),u(t)) and VT (x(t)) are Lipschitz
continuous functions, where F(0,0) = 0 and VT (0) = 0. The Lipschitz constants are
L1 ∈ (0,∞) and L2 ∈ (0,∞), respectively.

To show the relationship between the invariant set Ω(ϵT ) and the terminal constraint set
Ω(ϵ), we further summarize the following result based on Lemma 3 in [149].

Lemma 4. For the given constants ϵT > ϵ and local state-feedback control law ũ(s; tk),

satisfying ũ(s; tk) ∈ U, s ∈ [tk, tk + T̃k], the following inequality holds for all x̃(s; tk) ∈
Ω(ϵT )

J∗(x̃(tk + T̃k; tk), T̃k)− J∗(x̃(tk; tk), T̃k) ≤ −
∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds. (3.8)

Proof. At time tk, we have the optimal cost J∗(x̃(s; tk), T̃k) by solving the optimal control
problem, with the optimal control trajectory ũ∗(s; tk) and the corresponding optimal state
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trajectory x̃∗(s; tk). The optimal cost J∗(x̃(tk; tk), T̃k) can be represented as

J∗(x̃(tk; tk), T̃k) = FT (x̃
∗(s; tk), ũ

∗(s; tk), T̃k) +VT (x̃
∗(tk + T ; tk))

=

∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds+
∫ tk+T

tk+T̃k

F(x̃∗(s; tk), ũ
∗(s; tk))ds

+ ∥x̃∗(tk + T ; tk)∥2P .

(3.9)

In addition, we define a predicted cost Ĵ(x̃(tk+T̃k), T̃k) by applying the feasible control
input trajectory ũ(s; tk) for all [tk + T, tk + T̃k + T ] in the following

Ĵ(x̃(tk + T̃k), T̃k) =

∫ tk+T

tk+T̃k

F(x̃(s; tk), ũ(s; tk))ds+ ∥x̃(tk + T̃k + T ; tk)∥2P

=

∫ tk+T

tk+T̃k

F(x̃∗(s; tk), ũ
∗(s; tk))ds

+

∫ tk+T̃k+T

tk+T

∥x̃(s; tk)∥2Q∗ds+ ∥x̃(tk + T̃k + T ; tk)∥2P .

(3.10)

At time tk, the optimal control problem is assumed to be feasible. Using Lemma 3, the
following inequality holds

∥x̃(tk + T̃k + T ; tk)∥2P − ∥x̃∗(tk + T ; tk)∥2P ≤
∫ tk+T̃k+T

tk+T

∥x̃(s; tk)∥2Q∗ds. (3.11)

Consequently, the predicted cost Ĵ(x̃(tk + T̃k), T̃k) can be derived as

Ĵ(x̃(tk + T̃k), T̃k) ≤
∫ tk+T

tk+T̃k

F(x̃∗(s; tk), ũ
∗(s; tk))ds+ ∥x̃∗(tk + T ; tk)∥2P . (3.12)

Considering the difference between the optimal costs at time tk and tk + T̃k, the following
inequalities hold

J∗(x̃(tk + T̃k; tk), T̃k)− J∗(x̃(tk; tk), T̃k)

≤Ĵ(x̃(tk + T̃k), T̃k)− J∗(x̃(tk; tk), T̃k)

≤
∫ tk+T

tk+T̃k

F(x̃∗(s; tk), ũ
∗(s; tk))ds+ ∥x̃∗(tk + T ; tk)∥2P

−
∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds+
∫ tk+T

tk+T̃k

F(x̃∗(s; tk), ũ
∗(s; tk))ds
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+ ∥x̃∗(tk + T ; tk)∥2P

≤−
∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds.

The proof is complete.

According to the definitions of Ω(ϵ) and Ω(ϵT ), the terminal set Ω(ϵ) is smaller than the
set Ω(ϵT ) in Lemma 4, i.e. Ω(ϵ) ⊂ Ω(ϵT ).

Assumption 2. Suppose that the closed-loop system satisfies input and state constraints,

and it is asymptotically stable in Ω(ϵT ). The states need to satisfy the following properties.

• For each initial state x(t0) ∈ Ω(ϵT ), the corresponding state trajectory x(s; tk) ex-

ists, where s ∈ [tk, tk + Tk].

• For any ϵ > 0, there is a δ > 0 such that if the initial state x(t0) ∈ Ω(ϵT ) and

∥x(t0)∥ ≤ δ. Then the corresponding state trajectory x(s; tk), where s ∈ [tk, tk+Tk]

satisfies ∥x(s; tk)∥ ≤ ϵ.

• For any initial state x(t0) ∈ Ω(ϵT ), the corresponding state trajectory x(s; tk), where

s ∈ [tk, tk + Tk] satisfies limtk→∞ x(s; tk) = 0.

3.3.2 Self-Triggered Strategy

In this section, we propose a self-triggered control strategy for the nonlinear system (3.1).
Let x(tk) and x(tk + T̃k) be the actual state at time tk and tk + T̃k, respectively. Assume
that the actual state x(tk) at time tk follows the predicted state trajectory, i.e. x(tk) =

x̃(tk; tk). J∗(x(tk), T̃k) denotes the optimal cost that is obtained by solving the optimal
control problem with the actual state x(tk). The self-triggered strategy can be derived based
on the optimal cost function J∗(x̃(s; tk), T̃k), s ∈ [tk, tk + T̃k]. The self-triggered condition
is used to determine the next transmission time tk+1, which is obtained by checking if the
optimal cost function is decreased, i.e.,

J∗(x̃(tk + T̃k; tk), T̃k)− J∗(x(tk), T̃k) < 0. (3.13)

According to Lemma 4, the following inequality holds

J∗(x̃∗(tk + T̃k; tk), T̃k)− J∗(x(tk), T̃k) ≤ −
∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds. (3.14)
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where J∗(x̃∗(tk + T̃k; tk), T̃k) is the optimal cost by using the optimal state x̃∗(tk + T̃k; tk)

at time tk + T̃k. Hence, if x(tk + T̃k) = x̃∗(tk + T̃k; tk) holds, the Lyapunov candidate
would be guaranteed to decrease. In addition, the following inequality can be obtained

J∗(x̃(tk + T̃k; tk), T̃k)− J∗(x(tk), T̃k) ≤J∗(x̃(tk + T̃k; tk), T̃k)− J∗(x̃∗(tk + T̃k; tk), T̃k)

−
∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds.

(3.15)
F(x̃(s; tk), ũ(s; tk)) is given when the optimal control problem is solved at time tk. Fur-
thermore, after a small time interval δ > 0, the actual state x(tk + δ) and the optimal state
x̃∗(tk + δ; tk) can be described as

x(tk + δ) = x(tk) +

∫ tk+δ

tk

(f(x̃(s; tk)) + g(x̃(s; tk))ũ
∗(s; tk))ds+

∫ tk+δ

tk

ω(s)ds,

x̃∗(tk + δ; tk) = x(tk) +

∫ tk+δ

tk

(f(x̃∗(s; tk)) + g(x̃∗(s; tk))ũ
∗(s; tk))ds.

(3.16)
Using the Lipschitz property of f(x,u) in x, we can obtain

E = ∥x(tk + δ)− x̃∗(tk + δ; tk)∥P ≤ L

∫ tk+δ

tk

∥x(s)− x̃∗(s)∥Pds+ ρλ̄(
√
P )δ. (3.17)

By applying the Gronwall-Bellman inequality, the following inequality holds

E ≤ ρλ̄(
√
P )δ

L
(eLδ − 1). (3.18)

To derive a more detailed expression of (3.15), the following result based on Lemma 1
in [144] can be summarized.

Lemma 5. Suppose the optimal cost J∗(x(t), T̃k) is Lipschitz continuous for all x(t) ∈ X.

The Lipschitz constant can be obtained by

L̂ =
L1λ̄(

√
Q)

βL
(eLT̃k − 1) +

L1λ̄(
√
Q)

L
eL(T−T̃k) +

L2λ̄(
√
P )

L
eLT̃k . (3.19)

Proof. Suppose the current time is tk = 0. By solving the optimal control problem with
two different initial states x(0) = x1(0) and x(0) = x2(0), the optimal state trajecto-
ries x̃∗

1(s; tk), x̃
∗
2(s; tk), control sequences ũ∗

1(s; tk), ũ
∗
2(s; tk) and the optimal cost values

J∗(x̃∗
1(s; tk), T̃k), J∗(x̃∗

2(s; tk), T̃k) can be obtained, where s ∈ [0, T ]. According to the



62

definition of the cost function, the optimal cost values with the optimal state trajectories
are given by

J∗(x̃∗
1(s; tk), T̃k) = FT (x̃

∗
1(s; tk), ũ

∗
1(s; tk), T̃k) +VT (x̃

∗
1((tk + T ; tk)),

J∗(x̃∗
2(s; tk), T̃k) = FT (x̃

∗
2(s; tk), ũ

∗
2(s; tk), T̃k) +VT (x̃

∗
2((tk + T ; tk)).

(3.20)

Given an alternative control input û1(s; tk) = ũ∗
2(s; tk) ∈ U with the initial state x1(0).

The corresponding state x̂1(s; tk) and cost J̄∗(x̂1(s; tk), T̃k) are obtained by applying the
alternative control input û1(s; tk). Since J∗(x̃∗

1(s; tk), T̃k) is the optimal cost value with the
initial state x1(0), J∗(x̃∗

1(s; tk), T̃k) ≤ J̄∗(x̂1(s; tk), T̃k) holds. In addition, the following
inequality holds using Lipschitz property of F(x(t),u(t)) and VT (x(t)) and Gronwall-
Bellman inequality

J∗(x̃∗
1(s; tk), T̃k)− J∗(x̃∗

2(s; tk), T̃k) ≤ J̄∗(x̂1(s; tk), T̃k)− J∗(x̃∗
2(s; tk), T̃k)

≤
∫ T

T̃k

L1∥x̂1(s; tk)− x̃∗
2(s; tk)∥Qds+ L2∥x̂1(s; tk)− x̃∗

2(s; tk)∥P

+

∫ T̃k

0

1

β
L1∥x̂1(s; tk)− x̃∗

2(s; tk)∥Qds

≤∥x̃∗
1(s; tk)− x̃∗

2(s; tk)∥
(
L1ρλ̄(

√
Q)

βL
(eLT̃k − 1) +

L1ρλ̄(
√
Q)

L
eL(T−T̃k)

+
L2ρλ̄(

√
P )

L
eLT̃k

)
.

(3.21)

Therefore, the proof is complete.

From Lemma 5, Equation (3.15) can be rewritten as

J∗(x̃(tk + T̃k; tk), T̃k)− J∗(x(tk), T̃k) ≤ L̂E −
∫ tk+T̃k

tk

1

β
F(x̃∗(s; tk), ũ

∗(s; tk))ds.

(3.22)
Since the optimal cost is guaranteed to decrease, we can obtain that

E <
σ

L̂β

∫ tk+T̃k

tk

F(x̃∗(s; tk), ũ
∗(s; tk))ds, (3.23)

where σ ∈ (0, 1) is a constant. Furthermore, the next execution time can be described as
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tk+1 = tk + T̃ ∗
k , where

T̃ ∗
k = max

T̃k∈[0,T ]
{T̃k|E =

σ

L̂β

∫ tk+T̃k

tk

F(x̃∗(s; tk), ũ
∗(s; tk))ds}. (3.24)

3.3.3 ISM Component

To design the ISM component, a well-known result [150] can be recalled, which guarantees
the system to evolve in the sliding mode. Given the nonlinear system dynamics (3.1), the
nominal closed-loop system can be described as

ẋMPC(t) = f(x(t)) + g(x(t))uMPC(t), (3.25)

where xMPC(t) denotes the system state trajectory of the nominal close-loop system under
control input uMPC(t) = ũ∗(t). Recall the control input described as (3.3), we need to
design the switching function s(t) as follows

s(t) = s0(x(t)) + z(t), (3.26)

where s(t) ∈ Rn. s0(x(t)) ∈ Rn is the sliding variable, which is designed as the linear
combination of system states. z(t) ∈ Rn is the desired transient trajectory that can be uti-
lized to induce the integral term. To derive the sliding mode equation, the derivative of s on
the state trajectory needs to equal zero, i.e., ṡ = 0. The equivalent control uISM

eq (t) needs to
be designed and substituted into the motion equation. Then, based on the equivalent control
uISM
eq (t), we can find the formulation of integral term z(t) to determine the formulation of

s(t).
According to the uISM

eq (t), the derivative of desired transient trajectory z(t) on the state
trajectory can be represented as

ż(t) = −∂s0(x(t))

∂x(t)

(
f(x(t)) + g(x(t))uMPC(t)

)
, (3.27)

with respect to z(0) = −s0(x(0)). Thus, we have the motion equation of the system in
sliding mode that can be described as

ẋ(t) = f(x(t)) + g(x(t))uMPC(t), (3.28)

which is of the same order as the nominal system dynamics (3.25). According to (3.27),
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we assume that the matrix ∂s0(x(t))
∂x(t)

g(x(t)) is non-singular. Then, the discontinuous control
component uISM(t) can be designed [150] as

uISM(t) = −uISM
M (x(t))sign(s(t)), (3.29)

where uISM
M (x(t)) > 0 is a diagonal matrix and chosen to enforce the sliding mode

on a manifold S = {x ∈ X|s(t) = 0}. To alleviate the chatting phenomenon due to
the discontinuity of the control input, we modify the switching function (3.26) by letting
z(0) = −s0(x(0)) and

ż(t) = −∂s0(x(t))

∂x
{f(x(t)) + g(x(t))(uMPC(t)− uISM

eq (t)− uISM(t))}. (3.30)

Remark 7. Due to the uncertain disturbance, the equivalent control is hard to compute

directly. A well-known result [150] can be recalled. In [150], the equivalent value can be

obtained by the average value, i.e., uISM
eq (t) = uISM

av (t), which can be computed based on

the first-order linear filter. Thus, the average value can be defined as

µ ˙uISM
av (t) + uISM

av (t) = uISM(t), (3.31)

where µ is a time constant and small enough to guarantee that the filter does not influence

the switching actions.

Only the unmatched uncertainties are suppressed by the proposed ISM method. The
following lemma shows that the ISM controlled system is invariant concerning the matched
uncertainty.

Lemma 6. For the system dynamics (3.1) with the additive uncertainties bounded by ρ,

given the control law (3.3) with (3.29), the unmatched uncertainties will not be amplified

when the matched uncertainties are completely suppressed,

Proof. Given the nonlinear system dynamics (3.1) and the designed sliding trajectory can
be expressed as (3.27). Thus, the time derivation of the switching function can be deter-
mined as

ṡ(t) =
∂s0(x(t))

∂x(t)
ẋ(t)− ∂s0(x(t))

∂x(t)

(
f(x(t)) + g(x(t))uMPC(t)

)
. (3.32)
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Then, the equivalent control can be computed by using ṡ(t) = 0. Thus, we can obtain

ṡ(t) =
∂s0(x(t))

∂x(t)

(
ẋ(t)− f(x(t))− g(x(t))uMPC(t)

)
=
∂s0(x(t))

∂x(t)

(
f(x(t)) + g(x(t))

(
uMPC(t) + uISM

eq (t)
)
+ g(x(t))ωm(t)

+ g⊥(x(t))ωu(t)− f(x(t)− g(x(t))uMPC(t)
)

=
∂s0(x(t))

∂x(t)

(
g(x(t))uISM

eq (t) + g(x(t))ωm(t) + g⊥(x(t))ωu(t)
)

=0.

Thus, the equivalent control can be obtained as

uISM
eq (t) = −ωm(t)− (

∂s0(x(t))

∂x(t)
g(x(t)))−1∂s0(x(t))

∂x(t)
g⊥(x(t))ωu(t). (3.33)

By applying the equivalent control into the system dynamics (3.1), the ISM controller can
reject the matched uncertainty ωm(t), and the equivalent system dynamics can be repre-
sented as

ẋ(t) =f(x(t)) + g(x(t))uMPC(t)

+
(
I − g(x(t))(

∂s0(x(t))

∂x(t)
g(x(t)))−1∂s0(x(t))

∂x(t)

)
g⊥(x(t))ωu(t).

According to Propositions 2 and 3 in [151], the equivalent system dynamics can be replaced
by

ẋ(t) = f(x(t)) + g(x(t))uMPC(t) + g⊥(x(t))ωu(t). (3.34)

The equivalent system dynamics are invariant concerning the matched uncertainty, and the
proof is complete.

Remark 8. The basic principle of sliding mode control is a decoupling control proce-

dure that splits the original problem into lower dimensional independent problems. The

invariant property of ISM controller means the siding motions that occur on the discon-

tinuous lower dimensional sliding surfaces are always the same [152]. According to the

definition of the decoupled control procedure in [152], we can define a non-singular trans-

formation Σ between the sliding variable s(t) and a new vector ŝ(t), i.e. s(t) = Σ · ŝ(t)
or ŝ(t) = Σ−1s(t). Moreover, according to (3.1), (3.26) and (3.27), if we consider the
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Lyapunov candidate as V (t) = 1
2
s(t)⊤s(t), we can obtain the time derivative of V as

V̇ (t) =s(t)ṡ(t) = (Σ−1ŝ(t))(
d

dt
(s0(x(t)) + z(t)))

=(Σ−1ŝ(t))(
∂s0(x(t))

∂x
ẋ(t) + ż(t))

=(Σ−1ŝ(t))(
∂s0(x(t))

∂x
(f(x(t)) + g(x(t))u(t) + ω(x(t))− f(x(t))

+ g(x(t))uMPC(t)))

=(Σ−1ŝ(t))(
∂s0(x(t))

∂x
g(x(t))uISM(t) + ω(x(t))).

(3.35)

Substitute (3.29) into the above equation (3.35), we can obtain

V̇ (t) = (Σ−1ŝ(t))(
∂s0(x(t))

∂x
g(x(t))(−uISM

M sign(ŝ(t))) + ω(x(t))). (3.36)

According to [152], we choose the transformation matrix candidate as Σ =
(
∂s0(x(t))

∂x
g(x)

)⊤.

Thus, we can obtain that

V̇ (t) = ŝ⊤(t)
(
g(x(t))ω(t)− uISM

M (x(t))sign(ŝ(t))
)
. (3.37)

Since the matrix uISM
M (x(t)) enforces the sliding mode on the sliding manifold, V̇ (t) ≤ 0

can be guaranteed.

In summary, the developed control algorithm is presented in Algorithm 2. Algorithm 2
shows that the optimal control problem is solved when the self-triggered condition is vi-
olated. The control inputs and next execution time are obtained by solving the optimal
control problem. According to the MPC strategy, the first element of the calculated control
inputs applies to the PEV as the MPC component of the total control input. The remaining
elements of the control inputs will be kept as the predicted MPC component. However,
the ISM component of the total control input is calculated at every sampling time instant.
When the self-triggered condition does not violate, the ISM component and the predicted
MPC component at the current time instant are applied to the PEV.
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Algorithm 2: Self-Triggered Robust MPC with ISM
Input: Current system state x(tk)
Output: Control input trajectory u(tk); Next transmission time tk + T̃ ∗

k

1 Set tk = 0;
2 while do
3 At time tk, measure the current state x(tk) of system (3.1);
4 Solve the optimal control problem Problem 3 and obtain the next transmission

time tk + T̃ ∗
k calculated by (3.24) and the optimal control trajectory ũ∗(s; tk)

for this time interval;
5 for tk < tk + T̃ ∗

k do
6 Obtain the control input component from ISM controller uISM(tk) by

(3.29);
7 Calculate the control input u(tk) = ũ∗(tk; tk) + uISM(tk);
8 Apply the control trajectory u(tk);
9 Set tk = tk + 1

10 end
11 At time tk + T̃ ∗

k , set tk = tk + T̃ ∗
k ;

12 end

3.4 Simulation Results

3.4.1 Case A: Nonlinear Dynamics

We consider the following cart-damper-spring system [141].ẋ1(t) = x2(t),

ẋ2(t) = − k

M
e−x1(t)x1(t)−

h

M
x2(t) +

u(t)

M
+

ω(t)

M
.

(3.38)

Here, the state is denoted by x(t) = [x1(t) x2(t)]
⊤, consisting of the displacement of

the cart x1(t), and its velocity x2(t). Also, the initial state satisfies the state constraint
[1,−0.3; 1,−0.3]. u(t) is the control input subject to the constraint ∥u∥ ≤ 1. ω(t) denotes
the additive disturbance, which is the white noise signal bounded by ρ = supω(t)∈W ∥ω(t)∥ =

4.0 × 10−4 in the simulation. The signal ηu(t) is the unmatched uncertain disturbance,
which can be generated as the white noise signal bounded by supηu(t)∈W ∥ηu(t)∥ = 0.2.
M = 1.25kg represents the overall mass of the system, k = 0.9N/m is the constant
factor of the nonlinear spring, and h = 0.42N · s/m is the damper factor. In the sim-
ulation, the weighting matrices are designed as Q = [0.1, 0; 0, 0.1], R = 0.1 and P =

[0.5235,−0.1562;−0.1562, 0.2986]. The initial value of the system state is given by x(t) =
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[1 0.2]⊤. According to (3.26), the sliding surface [148] can be chosen as

s(t) =x1(t) + x2(t)− x1(0)− x2(0)

−
∫ t

0

x2(τ)−
k

M
e−x1(τ)x1(τ)−− h

M
x2(τ) +

u(τ)

M
dτ.

(3.39)

Figure 3.2: Comparison of control input u trajectory.

Figure 3.3 shows the state trajectories of the closed-loop system under Algorithm 2
with three different values of β. Figure 3.2 shows the resulting control input with β = 1,
β = 1.5 and β = 5, respectively. From Figure 3.2, we can see that the proposed self-
triggered MPC algorithm is feasible, and the control input satisfies the input constraints.
The two polygons in Figure 3.3 represent the original state constraints and the terminal
region, respectively. Figure 3.3 shows that the state trajectory starts from the initial point
[1 0.2]⊤ and converges to the terminal region. In addition, the state constraints and ro-
bustness are satisfied. The triggering instants are plotted in Figure 3.4, from which we can
see that the proposed self-triggered MPC algorithm can enlarge the sampling time interval
to achieve the reduction of communication. Furthermore, the numerical comparison be-
tween the proposed method and periodic method is given in Table 3.1. In this table, we
can see that with a larger β, the proposed self-triggered MPC scheme can save more on
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communication resources and have a lower triggering frequency.

Figure 3.3: Convergence and bounds of state trajectories.

Table 3.1: The numerical comparison of the triggering frequency between the proposed
method with different parameters and periodic method.

Frequency Average number of triggering
Periodic 1 0.1
β = 1 25.5% 0.39
β = 1.5 21% 0.47
β = 5 13.5% 0.74

3.4.2 Case B: PEV Charging

We apply the proposed charging control strategy to a single PEV to show the reduction of
communication loads over time horizon K = 19h. For the PEV, the SoC of PEV at the
current time instant k̃ is given by SoC(k̃) ∈ [0, 1]. Define SoCini = 0.2 and SoCdes = 1.0

as the initial SoC and desired SoC for the PEV, respectively. When the vehicle leaves, the
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Figure 3.4: Comparison of triggering times with different value of β.

charged energy for the PEV Er = Ē(SoCdes − SoCini) is obtained. Ē = 20 kWh is the
maximum battery capacity of the PEV. Let x(k̃) = Er − SoC(k̃)Ē denote the energy of
the PEV to be charged at time instant k̃. According to the charging dynamics, the following
system model can be derived,

x(k̃ + 1) = x(k̃) +Bu(k̃) + ω(t), B = −η∆tP̄ . (3.40)

where u(k̃) ∈ R is the charging rate, which is the control input signal to be designed and
satisfies the control input constraint 0 ≤ u(k̃) ≤ 1. η = 0.85, ∆t = 1 and P̄ = 6.6 × 2

kW represent the charging efficiency, sampling time period and maximum charging power,
respectively. Also, we utilize the same setup of uncertainties as the Case A. ω(t) is the white
noise signal bounded by ρ = supω(t)∈W ∥ω(t)∥ = 4.0× 10−4. The signal ηu(t) is generated
as the white noise signal bounded by supηu(t)∈W ∥ηu(t)∥ = 0.2. The triggering instants are
plotted in Figure 3.5, showing that the proposed self-triggered MPC algorithm can enlarge
the sampling time interval to achieve the reduction of communication when the frequency
of updating the baseline of the power load remains the same. The SoC trajectories are
plotted in Figure 3.6, from which we can find that the enlarged sampling time interval
improves the performance of PEV charging and meets the individual requirements.
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Figure 3.5: Comparison of triggering times with different updating frequency of the base-
line of the power load.

Figure 3.6: The SoC is influenced when the PEV charging is under different sampling time
intervals. The blue line with circles, the red line with stars and the solid black line illustrate
when the baseline updates every 10 minutes, 15 minutes and 60 minutes, respectively.
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3.5 Conclusion

In this chapter, we proposed a self-triggered robust MPC with ISM strategy for nonlinear
continuous-time systems subject to state and input constraints in the presence of additive
disturbances. A self-triggering condition that involved comparing the cost function values
with different execution periods was derived. Our proposed self-triggered control scheme
was validated through simulation results. Also, the proposed approach allows a trade-off
between the performance and the reduction of communication loads.
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Chapter 4

Iterative Learning-Based Decentralized
Model Predictive Charging Control for
PEVs

4.1 Introduction

In 2018, the transport sector was reported to be the second-largest greenhouse gas emission
source in Canada, and the emitted CO2 reached 25% (185 megatons) of the total national
emissions [153]. Due to the growing concerns on the high dependence on fossil fuels
and environmental pollution, PEVs are becoming increasingly popular worldwide [154].
However, the massive integration of PEVs into the grid induces many potential problems
such as voltage deviation, increased load variations, and the grid’s power loss. It thus
requires efficient strategies for load shifting, energy trading, and energy storage in the grid.

Smart charging of PEVs needs active control solutions to achieve some practical ob-
jectives, such as minimizing generation costs and shifting the power loads by optimiza-
tion algorithms. In general, the solutions to the PEV charging control can be divided into
two categories: Centralized and decentralized controls with different aggregator functions.
In the centralized control algorithm, the aggregator is designed for directly managing the
charging of all PEVs connected to the aggregator. The objective of charging algorithms
is to minimize the deviation between the power demand required by an aggregator and
PEVs [155] or to minimize generation costs [156]. However, there are several problems in
centralized control algorithms caused by centralized data management schemes. A large
amount of information must be transmitted and processed by the aggregator, producing
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high communication loads. In Chapter 3, we have illustrated a solution of PEV charging
control under the centralized architecture. However, in practice, the PEVs may be reluctant
to share their private information with others. Also, the transmission of complete infor-
mation introduces heavy communication loads, and optimization over a large population
of PEVs yields high computational complexity. Hence, quite a few works propose decen-
tralized control methods [46, 58] for large-scale PEVs, to preserve individual authority and
relieve the computational burden.

In most of the proposed approaches, the aggregator in the closed-loop system can di-
rectly or indirectly control the charging of PEVs and serve as an interface with other entities
such as the transmission system operators or energy service providers [56]. The decentral-
ized charging architecture can be divided into two categories: With aggregators and with-
out aggregators. Under the decentralized scheme without aggregators, the management of
PEVs as a distributed resource can take advantage of the advanced communication technol-
ogy and metering infrastructure to improve load flexibility [60]. However, each PEV keeps
its private information while achieving charging control objective under the decentralized
charging control scheme with the aggregator [40, 41].

Another challenge from the charging problem is to minimize the cost of energy con-
sumption. One of the suitable solutions to control smart energy systems is economic MPC
which integrates the electricity prices and forecasts the future vehicle arrival information.
In [57], the economic MPC minimizes the cost of energy consumption for an individual
PEV. With the increasing adoption of PEVs, efficient charging control schemes need to be
developed to reduce the impact of vehicle integration to the power grids. In [35], Tang et

al. provide an MPC-based algorithm for the optimal vehicle charging scheduling, based
on the statistical information of the future vehicle arrivals. Processing the statistical infor-
mation of the future vehicle arrivals naturally leads to adoption of data-driven approaches.
In [52, 53], a two-step modeling framework is developed to merge and clean the useful
information of PEV charging data. Zhang et al. propose a data-driven model that captures
the non-homogeneity and the periodicity of the residential PEV charging behaviour [54].
To maximize the efficiency of PEV charging, [49] develops a decentralized energy man-
agement system for regulating the energy flow among the photovoltaic systems based on
the MPC algorithm. However, in aforementioned results, there is a challenge in applying
MPC for PEV charging when the price cost is not involved into the optimal control prob-
lem. The accurate price cost is important for designing the cost function under the MPC
framework, but it is difficult to obtain in commercial applications. Iterative learning control
can improve the transient response of uncertain dynamics operated repetitively or under the
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periodical process [157]. Since the charging condition of power grids change from day to
day can be taken as an entire trial under iterative learning framework, the price cost of PEV
charging using an MPC method can be approximated iteratively.

Based on the above discussions, we tackle the PEV charging problem using a decen-
tralized MPC framework, supplemented by an iterative learning method, to address the
valley-filling control problem in the power grids subject to the individual charging con-
straints. Due to the complexity of the electricity price cost, this work applies an iterative
learning method to approximate the price function and update system state constraints. The
presented decentralized framework with the aggregator is designed to protect private infor-
mation while meeting the individual charging requirements. Each PEV has its own charg-
ing scenarios, such as different charging power demands and charging periods. The pro-
posed decentralized algorithm allows that each PEV solves its own optimal control problem
to minimize the charging cost individually. Also, the proposed algorithm is designed for
solving the valley-filling problem by managing all the charging rates and charging time of
PEVs.

The remainder of this chapter is organized as follows. Section 4.2 formulates valley-
filling problem under the decentralized charging architecture using an MPC framework,
followed by the sampled safe set and control algorithm design under the iterative learning
framework. Section 4.3 studies the Nash equilibrium for the valley-filling problem under a
decentralized charging architecture. An example to verify the theoretical results is shown
in Section 4.4. The conclusion of this chapter is given in Section 4.5.

4.2 Problem Formulation and Algorithm Design

In order to achieve valley-filling performance, the controller to be designed and imple-
mented should: (1) fill the overnight power load valley by the charging power of PEVs;
(2) minimize the electricity price and the deviation of power demands while each PEV is
charged to its desired SoC; (3) guarantee the profiles of power loads under the limitation.

In the rest of this section, we first introduce the system dynamics based on the PEV
charging model and the cost function in Section 4.2.1 using the optimization method. To
improve the performance of iterations, the sampled safe set is studied in Section 4.2.2. The
decentralized MPC scheme, supplemented by an iterative learning method, is proposed in
Section 4.2.3.
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4.2.1 Valley-Filling Using Optimization Method

We consider a decentralized charging control strategy for the valley-filling problem with
PEVs’ population size n over time horizon K. For the i-th individual PEV (i ∈ N :=

{1, 2, · · · , n}), the obtained SoC of PEV at the current time instant k̃ is given by SoCi(k̃) ∈
[0, 1]. Define SoCi,ini and SoCi,des as the initial SoC and desired SoC for the i-th PEV, re-
spectively. When the vehicle arrives, the charged energy for the i-th PEV Ei,r = Ēi(SoCi,des−
SoCi,ini) would be known. Ēi is the maximum battery capacity of the i-th PEV. Let
xi(k̃) = Ei,r − SoCi(k̃)Ēi denote the energy of the i-th PEV to be charged at time instant
k̃. According to the battery charging dynamics SoCi(k̃ + 1) = SoCi(k̃) +

ηi∆tP̄i

Ēi
ui(k̃), the

following system model can be derived,

xi(k̃ + 1) = xi(k̃) +Biui(k̃), Bi = −ηi∆tP̄i. (4.1)

where ui(k̃) ∈ R is the charging rate of the i-th PEV, and it is the control input signal to be
designed and needs to satisfy the physical constraint 0 ≤ ui(k̃) ≤ 1 and

∑ki+Ki

k̃=ki
ui(k̃) = γi,

where γi = −xi(ki)
Bi

. ηi, ∆t and P̄i represent the charging efficiency, sampling time period
and maximum charging power, respectively.

The valley-filling charging control algorithm will start at time k and stop at time k+K.
Similarly, ki and ki + Ki are the start and end time of the i-th PEV charging process,
respectively. The i-th PEV charging process does not exceed the valley-filling charging
control time period, i.e., k̃ ∈ [k, k +K],

⋃n
i=1[ki, ki +Ki] ⊆ [k, k +K]. We assume that

the control input signal is zero when the vehicle is not charging. Especially, we assume that
the i-th PEV will not be charged outside the known charging time interval, i.e., ui(k̃) = 0

when k̃ ∈ [k, ki] or k̃ ∈ [ki +Ki, k +K]. As a result, the system state can be denoted as
xi(k̃) = Ei,r when k̃ ∈ [k, ki], and xi(k̃) = 0 when k̃ ∈ [ki + Ki, k + K]. Furthermore,
xi(ki +Ki) = 0 definitely guarantees that the i-th PEV is fully charged.

Based on the PEV charging dynamics presented above, we focus on the design of the
decentralized charging controller, aiming to minimize the variance of the total power load
profile by concerning the baseline of power demand. The calculated charging control input
sequence for the i-th PEV at time k̃ will be calculated, as ui(s; k̃) = [ui(k̃; k̃), ui(k̃ +

1; k̃), · · · , ui(ki +Ki; k̃)], s ∈ [k̃, ki +Ki]. ui(k̃; k̃) stands for the control input that will be
applied to the i-th PEV at time k̃. ui(s; k̃), s ∈ [k̃+1, ki+Ki], denote the predicted control
inputs of the i-th PEV obtained at time k̃. The cost function of the optimization problem is
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constructed as

Ji(ui(s; k̃); Û−i(k̃)) =

ki+Ki∑
s=k̃

p(ui(s; k̃); Û−i(k̃))Dk̃ + δ(ui(k̃; k̃)− ū(k̃))2, (4.2)

where δ is an adjustable parameter. ui(s; k̃), s ∈ [k̃, ki + Ki] will be sent to the ag-
gregator as the predicted control input to calculate the average value ū(k̃) used in the
optimization problem of the next time instant, i.e., ûi(k̃) = ui(k̃; k̃ − 1). Û−i(k̃) de-
notes the collection of predicted control inputs ûi(k̃) of each PEV, at time k̃ except the
i-th PEV, i.e., Û−i(k̃) = {ûĩ(k̃)|̃i ∈ N/i}. ū(k̃) = 1

n

∑n
i=1 ûi(k̃) denotes the average

value of predicted control inputs, which will be calculated and broadcast by the aggre-
gator. p(ui(s; k̃); Û−i(k̃)) represents the electricity price function that is the derivative of
the generation cost function. In this work, we formulate the generation cost function as
c(Dk̃) = 1

2
aD2

k̃
+ bDk̃, i.e., p(ui(s; k̃); Û−i(k̃)) = aDk̃ + b, where a and b are constants;

Dk̃ = D(k̃) +
∑

ĩ∈N/i ûĩ(k̃) + ui(s; k̃), where D(k̃) represents the power load baseline at
time k̃. The profile of power load baseline comes from the power demand of appliances
other than PEVs.

Remark 9. The cost function consists of two terms. The first term denotes the electricity

price function, representing the derivative of the generation cost function. The form of

the price function has been utilized for the charging problem in [158]. The second term

is designed for penalizing the deviation between the charging control input and the aver-

age control input to overcome the oscillating problem. All PEVs solve their optimization

problems and update their control inputs, which could result in an oscillation between the

current and the next charging interval. The oscillation will influence the convergence of the

proposed algorithm negatively. As aforementioned, we can obtain that the cost function is

convex with respect to the admissible charging control input.

4.2.2 Sampled Safe Set of Charging Problem

The iterative learning control features the following properties: (1) The sampled safe set
in the optimal control problem is updated with the iterations; (2) The robustness and accu-
racy are guaranteed as the iteration number increases; (3) The price function in the optimal
control problem is also updated by solving the optimization problem iteratively to approxi-
mate the accurate price cost. Based on the stored measurements under the iterative learning
framework, the sampled safe set increases the speed of solving the optimal control prob-
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lem. In this subsection, we reformulate the cost function and design the sampled safe set
based on the iterative learning method.

In the design phase, PEVs need to be fully charged with variant charging rates and time
at every iteration. The sum of all power loads needs to be optimized under a decentralized
architecture to satisfy the valley-filling performance. A suitable solution can be obtained
after the convergence of the algorithm updated for price function and sampled safe set by
the iterative learning method, which may actually result in a suboptimal charging control
input for each PEV. A sampled safe set keeps all the possible solutions to each optimal
control problem for each PEV. The set can be utilized to increase the speed to satisfy the
valley-filling performance when solving the optimization problem.

The sampled safe set for each PEV is a collection of system states by applying the
control input sequences. The set includes system state trajectories of successful iterations
that are helpful to the recursive feasibility of the optimization problem. Inspired by [159],
we define the sampled safe set for the charging problem in this work at the j-th iteration as

SSj
i =

{ ⋃
m∈Mj

i

ki+Ki⋃
k̃=ki

xm
i (k̃)

}
, (4.3)

where M j
i = {m ∈ [0, j]|xm

i (ki + Ki) = 0}. M j
i stands for the collection of indices

associated with successful iterations m of the i-th PEV. xm
i (k̃) is the system state at the

m-th iteration of the i-th PEV at time k̃. SSj
i is the collection of all state trajectories at

iteration m ∈ M j
i . Thus, when m ≤ j, we have Mm

i ⊂ M j
i . When j = 0, we assume that

SS0
i =

{⋃ki+Ki

k̃=ki
x0
i (k̃)

}
.

Based on the cost function (4.2), we define the iterative cost at the j-th iteration at time
k̃. The cost function is rewritten as

J j
i (u

j
i (s; k̃); Û−i(k̃)) =

ki+Ki∑
s=k̃

pj(uj
i (s; k̃); Û−i(k̃))D

j

k̃
+ δ(uj

i (k̃; k̃)− ū(k̃))2, (4.4)

where uj
i (s; k̃) = [uj

i (k̃; k̃), u
j
i (k̃+ 1; k̃), · · · , uj

i (ki +Ki; k̃)], s ∈ [k̃, ki +Ki] is the calcu-
lated control input sequence at iteration j of the i-th PEV at time k̃. uj

i (s; k̃) stands for the
calculated control input of the i-th PEV at time k̃ for each sampling time instant at the j-th
iteration. The price function is updated as

pj+1(uj
i (k̃; k̃); Û−i(k̃)) = pj(uj

i (k̃; k̃); Û−i(k̃)) + λ(c(Dk̃)− pj(uj
i (k̃; k̃); Û−i(k̃))), (4.5)
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where λ ∈ [0, 1] is the learning parameter.

4.2.3 Iterative Learning-Based Decentralized Model Predictive Con-
trol Algorithm Design

The following constrained optimal control problem is formulated using the model and the
sampled safe set which are discussed in Section 4.2.1 and Section 4.2.2, respectively.

Problem 4. (Optimal Control Problem (OCP))

min
ui

J j
i (u

j
i (s; k̃); Û−i(k̃)) =

ki+Ki∑
s=k̃

(
pj(uj

i (s; k̃); Û−i(k̃))D
j

k̃
+ δ(uj

i (s; k̃)− ū(k̃))2
)

(4.6)

s.t. xj
i (k̃ + 1) = xj

i (k̃) +Biu
j
i (k̃; k̃), (4.7)

pj+1(uj
i (k̃; k̃); Û−i(k̃)) = pj(uj

i (k̃; k̃); Û−i(k̃)) + λ(c(Dk̃)− pj(uj
i (k̃; k̃); Û−i(k̃)))

(4.8)

uj
i (s; k̃) ∈ [0, 1], xj

i (k̃ + 1) ∈ SSj−1
i , (4.9)

xj
i (ki +Ki) = 0, (4.10)

where s ∈ [k̃, ki +Ki], Bi = −ηi∆tP̄i and Dk̃ = D(k̃) +
∑

ĩ∈N/i ûĩ(k̃) + ui(k̃; k̃).

Due to the coordination of local controllers to optimize the sum of all power loads,
the optimal control input sequence u∗

i (s; k̃) = [u∗
i (k̃; k̃), u

∗
i (k̃ + 1; k̃), · · · , u∗

i (ki +Ki; k̃)],
s ∈ [k̃, ki + Ki], of the i-th PEV can be obtained after the convergence of the algorithm.
u∗
i (k̃; k̃) stands for the control input applied to the i-th PEV at time k̃ that obtains after the

convergence of the algorithm. The optimal control input of the above optimal control prob-
lem can minimize the deviation of the sum of all power loads to realize the valley-filling
performance and reduce the price cost. The decentralized control algorithm is presented in
Algorithm 3.

4.3 Systems Analysis

In this section, the properties of the closed-loop system are analyzed. The sum of all power
loads needs to be optimized under a decentralized architecture to satisfy the valley-filling
performance with multiple local controllers. A suitable solution can be obtained after the
convergence of the algorithm updated by the iterative learning method, which may actually
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Algorithm 3: Iterative Learning-Based Decentralized Model Predictive Charging
Control for PEVs

Input: Scheduling horizon [k, k +K]; Base load profile D; Number of PEVs n;
Maximum iteration lmax; Tolerance ϵstop

Output: Charging control input for each PEV ui(k̃), i ∈ N
1 Set k̃ = k;
2 while k̃ ̸= k +K do
3 The operator generates D(k̃);
4 The operator broadcasts D(k̃) and ū(k̃) to all PEVs;
5 for Each PEV i do
6 if k̃ /∈ [ki, ki +Ki] then
7 ui(k̃; k̃) = 0
8 end
9 else

10 Set j = 0;
11 Set ϵ = 0;
12 while ϵ ≥ ϵstop and j ≤ lmax do
13 if Problem 4 is feasible then
14 Compute u∗

i (s; k̃);
15 Update pj+1(ui(k̃; k̃); Û−i(k̃));
16 Compute ϵ = pj+1(ui(k̃; k̃); Û−i(k̃))− pj(ui(k̃; k̃); Û−i(k̃));

17 Update SSj
i =

{⋃
m∈Mj

i

⋃ki+Ki

k̃=ki
xm
i (k̃)

}
18 end
19 Set j = j + 1;
20 end
21 end
22 end
23 The operator collects u∗

i (s; k̃) and updates ū(k̃ + 1);
24 for Each PEV i do
25 Implement the charging control at time k̃;
26 Update the state xi(k̃ + 1) according to (4.1);
27 end
28 Set k̃ = k̃ + 1;
29 end

result in a suboptimal charging control input for each PEV. The Nash equilibrium of the
valley-filling problem needs to be considered.

Definition 1. A collection of control inputs U∗(k̃) = {u∗
i (k̃; k̃)|i ∈ N} is Nash equilibrium

if it satisfies that the cost of each PEV can be minimized by the corresponding individual
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control input u∗
i (k̃; k̃), i.e.,

Ji(u
∗
i (s; k̃);U

∗
−i(k̃)) ≤ Ji(ui(s; k̃);U

∗
−i(k̃)), (4.11)

for all u∗
i (s; k̃), s ∈ [k̃, ki +Ki], i ∈ N. Ji(u∗

i (s; k̃);U
∗
−i(k̃)) stands for the optimal cost of

u∗
i (s; k̃) with U∗

−i(k̃) which denotes the collection of the optimal control inputs except the

i-th PEV.

Then, we need to show that the collection of optimal control inputs, obtained after the
convergence of Algorithm 3, satisfies the above definition of the Nash equilibrium.

Lemma 7. A collection of optimal control inputs U∗(k̃) = {u∗
i (k̃; k̃)|i ∈ N} for all PEVs,

obtained after the convergence of Algorithm 3, is a Nash equilibrium, if u∗
i (k̃; k̃), i ∈ N

minimizes the corresponding cost function

Ji(u
∗
i (s; k̃);U

∗
−i(k̃)) =

ki+Ki∑
s=k̃

p(u∗
i (s; k̃);U

∗
−i(k̃))Dk̃ + δ(u∗

i (s; k̃)− ū∗(k̃))2,

with respect to the collection of the optimal control inputs except the i-th PEV U∗
−i(k̃) and

a calculated optimal average value ū∗(k̃) of all individual control inputs.

Proof. Consider the collection of optimal control inputs U∗(k̃) = {u∗
i (k̃; k̃)|i ∈ N}, where

u∗
i (k̃; k̃) is the optimal solution at the time instant k̃. Then, we have

1

n

(
ui(k̃; k̃) +

∑
ĩ∈N/i

ûĩ(k̃)
)
≥ 1

n

∑
i∈N

u∗
i (k̃; k̃) = ū∗(k̃).

Consequently, we obtain that

Ji(u
∗
i (s; k̃);U

∗
−i(k̃)) ≤

ki+Ki∑
s=k̃

p(u∗
i (s; k̃);U

∗
−i(k̃))Dk̃ + δ

(
ui(k̃; k̃)−

1

n

(
ui(k̃; k̃)

+
∑
ĩ∈N/i

ûĩ(k̃)
))2

=Ji(ui(s; k̃);U
∗
−i(k̃)).

Thus, we obtain that u∗
i (k̃; k̃) for each PEV is the optimal solution of the Problem 4. Ac-

cording to the definition of Nash equilibrium, the collection of optimal control inputs U∗(k̃)

is the Nash equilibrium of the proposed optimization problem. The proof is completed.
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If the Nash equilibrium exists, we need to prove that u∗
i (k̃; k̃) is unique for the optimal

control problem of the i-th individual PEV when it is subject to a fixed ū(k̃).

Lemma 8. Given the average value ū(k̃) and control input ui(s; k̃), the following u∗
i (k̃; k̃)

based on Dk̃,

u∗
i (k̃; k̃) =

1

2δ
max{0, Dk̃ − p(ui(s; k̃); Û−i(k̃)) + 2δū(k̃)}, (4.12)

is the unique optimal control input.

Proof. Define a Lagrangian

Li(ui(k̃; k̃), A) = Ji(ui(s; k̃); Û−i(k̃)) + A(γi −
ki+Ki∑
s=k̃

(ui(s; k̃))), (4.13)

where A is the Lagrange multiplier. Based on the cost function Ji(ui(s; k̃); Û−i(k̃)), we
have two conditions, ∂Li

∂A
= 0 and ∂Li

∂ui(k̃;k̃)
≤ 0, where ui(k̃; k̃) ∈ [0, 1]. Obviously, the

condition ∂Li

∂A
= 0 recalls

∑ki+Ki

k̃=ki
ui(k̃) = γi. Then, we have

Ji(ui(s; k̃); Û−i(k̃)) =

ki+Ki∑
s=k̃

p(ui(s; k̃); Û−i(k̃))Dk̃ + δ(ui(s; k̃)− ū(k̃))2 (4.14)

and

∂Li

∂ui(k̃; k̃)
= p(ui(s; k̃); Û−i(k̃)) + 2δ(ui(k̃; k̃)− ū(k̃))− A

{
= 0, ui(k̃; k̃) > 0,

< 0, ui(k̃; k̃) = 0.

(4.15)

Then, the control inputs can be represented based on ū(k̃) and Lagrange multiplier A.

u∗
i (k̃; k̃) =

1

2δ
max{0, A− p(ui(s; k̃); Û−i(k̃)) + 2δū(k̃)}.

Besides, we use the unique value Dk̃ for each given ū(k̃), where Dk̃ ensures
∑ki+Ki

k̃=ki
ui(k̃)

= γi. Thus, we have Dk̃ and ui(k̃; k̃) = u∗
i (k̃; k̃). Since Ji(ui(s; k̃); Û−i(k̃)) is convex,

u∗
i (k̃; k̃) is unique. The proof is completed.

Remark 10. The Lagrangian function consists of two terms. The first term denotes the cost

function. The second term represents the constraints with a Lagrange multiplier. In this
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work, there is only one decision variable to minimize the cost function. Inspired by [46],

we replace the constraints related to the charging dynamics (4.7) and the terminal state

constraint (4.10) by
∑ki+Ki

k̃=ki
ui(k̃) = γi where γi = −xi(ki)

Bi
. The replacement is designed

to show the KKT conditions [160]. We assume that ui(k̃) = 0 holds when k̃ ∈ [k, ki] or

k̃ ∈ [ki +Ki, k +K]. According to the system model (4.1) for each vehicle, we list all the

equations at each sampling time and sum the equations together. Since Bi is a constant,

we can obtain that
∑ki+Ki

k̃=ki
ui(k̃) = γi if xi(ki +Kk) = 0 holds.

Finally, based on the above discussions, we need to show that the Nash equilibrium is
the solution to the valley-filling problem.

Theorem 2. Given p(ui(s; k̃); Û−i(k̃)) and the collection of charging control inputs U∗(k̃)

= {u∗
i (k̃; k̃)|i ∈ N} for PEVs, obtained after the convergence of the algorithm, is a Nash

equilibrium. Then the following valley-filling properties are satisfied,

ū∗(ki) ≥ ū∗(ki +Ki), if D(ki) ≤ D(ki +Ki),

D(ki) + ū∗(ki) ≤ D(ki +Ki) + ū∗(ki +Ki),

D(ki) + ū∗(ki) = Pi,

(4.16)

where Pi is a constant.

Proof. For the i-th PEV [ki, ki + Ki], the control input sequence is denoted by ui =

[ui(ki), ui(ki + 1), · · · , ui(ki + Ki)]. Each control input satisfies the control constraint
and ui(ki) + ui(ki +Ki) ≤ γi. We define αi =

ui(ki+Ki)−ui(ki)
2

, βi =
ui(ki+Ki)+ui(ki)

2
, so we

can obtain ui(ki) = βi − αi, ui(ki + Ki) = βi + αi. We define the minimum of the cost
function as a Bellman equation. Then, we have

Vi =min

(
2δαi −

1

2
(ū(ki +Ki)− ū(ki))

)
+ g(βi)

+
1

4δ

(
p(ui(s; ki +Ki); Û−i(ki +Ki)) −p(ui(s; ki); Û−i(ki))

)2

,

where g(βi) represents a term that is not related to αi. Then we obtain the optimal solution
of αi based on the optimal value of βi as α∗

i (β
∗
i ) = argminαi∈[−βi,βi]

(αi − ζ)2, where

ζ = 1
2
(ū(ki+Ki)− ū(ki))− 1

4δ

(
p(ui(s; ki +Ki); Û−i(ki +Ki))− p(ui(s; ki); Û−i(ki))

)
.
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Besides, we can obtain that 
0 < α∗

i ≤ ζ, if ζ > 0,

α∗
i = ζ = 0, if ζ = 0,

ζ ≤ α∗
i < 0, if ζ < 0.

(4.17)

To prove these properties, we can construct the contradiction. In the valley-filling problem
considered in this work, the suitable start charging time should be in the valley of the
baseline, if possible. Thus, if there exist ki and Ki satisfying D(ki) < D(ki+Ki), ū∗(ki) <

ū∗(ki + Ki) and D(ki) + ū∗(ki) > D(ki + Ki) + ū∗(ki + Ki). Then, we have ū∗(ki) <

ū∗(ki +Ki) and ζ < 1
2
(ū∗(ki +Ki)− ū∗(ki)).

Furthermore, we obtain that α∗
i < 1

2
(ū∗(ki +Ki) − ū∗(ki)) due to (4.17). Then, since

p(ui(s; k̃); Û−i(k̃)) is strictly increasing, we can obtain that

p(ui(s; ki +Ki); Û−i(ki +Ki)) > p(ui(s; ki); Û−i(ki)).

Thus, we have

u∗
i (ki +Ki)− u∗

i (ki) = 2α∗
i < ū∗(ki +Ki)− ū∗(ki).

In addition, we have ū∗(ki + Ki) − ū∗(ki) < ū(ki + Ki) − ū(ki). However, U∗(k̃) is
the Nash equilibrium and satisfies ū∗(k̃) = ū(k̃). There is a contradiction. Thus, we have
ū∗(ki) ≥ ū∗(ki+Ki) and D(ki)+ū∗(ki) ≤ D(ki+Ki)+ū∗(ki+Ki), if D(ki) ≤ D(ki+Ki).
The conditions are satisfied. The proof is complete.

4.4 Simulation Results

In this section, the performance of the proposed method is demonstrated by a numerical
example. Values of the parameters related to vehicle dynamics are illustrated in Table 4.1.
The information of PEVs, utilized in the charging control problem, is shown in Figure 4.1-
4.4. Figure 4.1 and Figure 4.2 show that the number of PEVs arrival and departure during
the charging time, respectively. Figure 4.3 represents the total number of vehicles that are
connected to the grid during the charging time. Figure 4.4 illustrates the desired SoC of
each vehicle for charging at the initial time instant. Thus, the control inputs at the sampling
time k̃ can be calculated.

We use the residential power load profiles [161] as the baseline for the charging prob-
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Table 4.1: The values of parameters related to vehicle dynamics and charging control prob-
lems.

Parameters Values
SoCi,des 0.8 - 1.0
SoCi,ini 0.1 - 0.3
ϵstop 0.06

the i-th PEV battery capacity Ei 20 kWh
maximum charging power P i 6.6× 2 kW

charging efficiency η 85%

generation cost function of electric energy price c(Dk̃) c(Dk̃) = 5.8× 10−7D2
k̃
+ 0.06Dk̃

price function p(Dk̃) p(Dk̃) = 11.6× 10−7Dk̃ + 0.06

begin time of charging k k is the time instant at 3 : 00 PM
time period under the proposed control algorithm K K = 18h
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Figure 4.1: The number of PEVs plug-in to the power grids. The count starts at 3:00 PM
and lasts for 9 hours.

lem. Since the charging controller of residential areas considered in this work is to fill
the overnight valley, the simulation time (18 hours) is from 3:00 PM to the following day
at 9:00 AM. Figure 4.5 shows the power load profiles of the charging problem. The red
dashed line represents the limitation of the power grids’ loads. The green dashed line illus-
trates the baseline of the power load, which demonstrates the profile without PEV charging
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Figure 4.2: The number of PEVs plug-out of the power grids. The count starts at 3:00 AM
in the following morning and lasts 9 hours.
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Figure 4.3: The number of PEVs can be used for charging control. The count for the
simulation starts at 3:00 PM and lasts for 18 hours.
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Figure 4.4: The desired state of charge of each PEV for charging control.

requirements. The blue dashed line represents the power load profile without achieving
the PEV charging objective. The two yellow lines denote the PEVs charging power load
profiles before (dashed line) and after (solid line) applying the charging control rates, re-
spectively. One of the main objectives of the charging control problem is to avoid overload
of the grid by managing the charging time of each PEV. The power load of PEV charging
significantly impacts the grid, which causes safety problems for the grid, as shown using
the orange line. As shown in Figure 4.5, the proposed method provides a possible solution
to the valley-filling objective and can meet the charging requirements of each PEV.

4.5 Conclusion

In this work, we studied a decentralized model predictive charging control algorithm, sup-
plemented by the iterative learning method for the PEV charging problem. To improve the
safety of the power grids and meet individual charging requirements, the sampled safe set
of charging was involved in the optimal control problem. The proposed framework gener-
ated the optimal control inputs with the updating price function iteratively to estimate the
electricity price cost. There were several limitations of this work. For example, the battery
needed to be replaced regularly since the battery aging problem appeared in any battery.
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Figure 4.5: The power load profiles of the charging control

The cost of power spikes, voltage drop and battery aging model would be left for future
work.
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Chapter 5

Decentralized MPC for PEV Charging
Control with Battery Aging: An
Iterative Learning-Based Method

5.1 Introduction

In Chapter 4, we have investigated iterative learning-based decentralized model predictive
charging control to address the valley-filling problem. Yet, there are some practical issues
that need to be considered. As a simple example, batteries need to be replaced periodically
due to battery aging problems. The capacity of a battery usually degrades gradually over
time during charging and discharging. Among these issues, the battery aging factor should
be incorporated into the design of the charging control scheme. Following the discussion
in Chapter 4, we further improve the formulated optimal control problem by involving the
battery capacity degradation function. In this chapter, we focus on the recursive feasibility
of the modified optimal control problem, the stability of the closed-loop system and the
convergence of the proposed algorithm, based on the same charging dynamics and sampled
safe set as ones in Chapter 4.

Looking into control methods for the charging processes of PEVs in power grids [162,
163], one goal is to reduce negative effects on power systems. Aside from impacts of PEV
charging on power systems, it is also important to consider the battery’s longevity. The
determinants of batteries’ longevity is their charging range and lifetime. The demand for
output and input power makes the battery discharge and charge, which causes battery aging
problems, resulting in severe capacity degradation of batteries in PEVs [164]. For example,
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a four-year 60 kWh battery is as effective as a 54 kWh battery. The maximum driving range
of the PEV with a 60 kWh battery is around 420 km, while the one with a 54 kWh battery
is only about 350 km [165].

Battery aging problem is always complex [166–168] since it is a result of ages, cycle
counts, charging speeds, charging levels and temperatures [169]. All these effects may oc-
cur simultaneously, and some of them dominate the aging mechanism and lead to a faster
battery capacity degradation [170]. Theoretically, a full charge and full discharge cycle
maximizes the energy efficiency. However, at this point, batteries work under high pres-
sures, and their capacities accelerate abate, which reduces the driving range and lifespan of
batteries. Recently, the favored solution to battery charging problems is only utilizing 60%
of the battery capacity. The battery is charged to 80% and stops discharging at 20%. As
the capacity decreases, the battery management service will require a higher charge bound
and a lower discharge one to approach the driving range until the driving range shrinks,
obviously.

Briefly speaking, there are two solutions to the battery aging problem. The first one
is applying a hybrid energy storage system for compensating the cost of battery aging.
Ref. [171] proposes a topology and power management of the multi-mode hybrid energy
storage system for EVs based on the rule-based control strategy and the power-balancing
strategy. Besides, [172] provides a novel battery hybrid energy storage system to extend
the driving range of EVs, in which the battery is not used to collect energy from the regen-
erative braking directly.

However, the vehicle needs to carry more battery cells using a hybrid energy storage
system and applying a co-design control method. Another method is to integrate the battery
capacity degradation cost into the cost function and constraints of the optimal control prob-
lem [173, 174]. In addition, [175] sets up an optimization-based smart charging scheme in a
microgrid, which aims to minimize energy costs, battery aging effects and CO2 emissions,
and to maximize power grids’ efficiency. To adequately combine with the perspectives of
all stakeholders, multi-objective decision processes are required. Although a 28.1% reduc-
tion of battery aging is reported for some cases, the applied battery model neither considers
calendar aging nor the batteries’ thermal behavior. In [176], a smart charging application
using an empirical battery aging model is set up, which considers electro-thermal influ-
ences. The case study for validation, however, neglects important factors from an EV user
perspective, such as energy and battery aging costs. For PHEVs, the bidirectional charg-
ing can be considered to further reduce the operating cost of PHEVs considering dynamic
energy tariffs and battery aging cost [177]. Also, Bai et al., in [178], propose a two-level
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optimization energy management strategy to suppress the battery aging for PHEVs, with
one for the power distribution by a variable-threshold Dynamic Programming (DP) algo-
rithm and the other for adaptive power allocation based on the low-pass filtering algorithm
and power management module.

Another challenge from the PEV charging is how to minimize energy consumptions,
electricity price costs, etc., while meeting individual requirements. MPC is a promising
solution to this problem since it allows to integrate the energy consumptions and forecast
the future charging scenarios. In [57], an economic MPC scheme is developed to minimize
the cost of energy consumption for an individual PEV. In [35], Tang et al. present an MPC-
based algorithm for the optimal vehicle charging scheduling, based on the prediction of the
future vehicle arrivals.

Several approaches using the MPC framework show their efficiency for PEV charging
problem, such as Lagrangian Decomposition [179, 180], Alternating Direction Method
of Multipliers (ADMM) [181], Monte Carlo Markov chain [182]. Ref. [183] proposes a
hierarchical control algorithm for regenerative braking problem considering battery aging
using MPC and pneumatic pressure control methods. Ref. [184] presents an MPC method
using the DP algorithm for a simple battery aging model in the formulations, which studies
the effects of combined driving and V2G safe usage on the lifetime performance of relevant
commercial Li-ion batteries. Due to the complexity of the electricity price cost and battery
aging model, a possible solution to overcome the difficulty is to estimate and update the
price function and battery capacity degradation, involved in the optimal control problem,
under an iterative learning framework. Inspired by the work [159], the iterative learning
method can be utilized to approximate the price and battery capacity degradation function
under the MPC framework for PEV charging.

The main idea of the valley-filling performance is to use all possible PEVs charging
inputs to compensate for lower power load conditions. In fact, the battery aging problem
of PEVs limits the actual charging rate. However, based on existing results on the valley-
filling problem, the battery aging effects are usually ignored because they are influenced by
different operating conditions, such as charging level, usage frequency, operating temper-
ature, life cycle, driving conditions, etc. Although this is for engineering convenience, an
algorithm integrating battery degradation and price functions in the optimization problem is
desired for practice. Motivated by this observation, we propose an iterative learning-based
decentralized model predictive charging control algorithm to solve the valley-filling prob-
lem while considering battery capacity degradation. All PEVs’ conditions are assumed to
be the same even when the battery degradation is taken into account.
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The control objective is to guarantee valley-filling performance while meeting individ-
ual charging requirements. Generally speaking, the proposed solution consists of two steps:
(1) updating the battery capacity degradation cost and price function, and (2) optimizing
the charging rates. The first step focuses on approximating the battery capacity degradation
cost and price function that is then utilized to update the cost function and constraints of
the optimization problem in the second step. The second step is to generate optimal charg-
ing inputs by solving the optimization problem individually under a decentralized MPC
structure.

The main contributions of this work are as follows:

• A charging control algorithm is proposed for PEVs to address the valley-filling prob-
lem, where the battery capacity degradation is taken into account. The proposed algo-
rithm, which includes the calculation of sampled safe set, price function and battery
capacity degradation function, can generate the control inputs for the PEV charging
problem. The sampled safe set, the price function and battery capacity degradation
function are updated after solving the optimal control problem iteratively.

• This work is constructed based on a decentralized charging architecture within mul-
tiple local controllers using MPC method. The studies on the recursive feasibility of
the proposed optimal control problem and the stability of the closed-loop system are
investigated based on the Nash equilibrium.

The remainder of this chapter is organized as follows. Section 5.2 formulates the valley-
filling problem using MPC framework, supplemented by the iterative learning method con-
sidering battery capacity degradation. Section 5.3 presents the main theoretical results,
including the recursive feasibility of the proposed optimal control problem and the stability
of the closed-loop system. Section 5.4 gives an example to verify the theoretical results.
The conclusion of this chapter is given in Section 5.5.

5.2 Problem Formulation and Algorithm Design

The main objectives of integrating the battery aging characteristics into the charging control
scheme design are four-fold: (1) to achieve the valley-filling performance; (2) to minimize
the energy cost and the deviation of power demands; (3) to reduce the negative impacts
caused by battery aging problem; (4) to meet the safety and security requirements of the
power grids.
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5.2.1 PEV Charging Control Using Optimization Method

We consider a decentralized charging control strategy for the valley-filling problem with
the population size of PEVs n over time horizon K. For the i-th individual PEV (i ∈ N :=

{1, 2, · · · , n}), the obtained SoC of PEV at the time instant k̃ is given by SoCi(k̃) ∈ [0, 1].
Define SoCi,ini and SoCi,des as the initial SoC and desired SoC for the i-th PEV, respec-
tively. When the vehicle arrives, the charged energy for the i-th PEV Ei,r = Ēi(SoCi,des −
SoCi,ini) can be obtained. Ēi is the maximum battery capacity of the i-th PEV. Let
xi(k̃) = Ei,r − SoCi(k̃)Ēi denote the energy of the i-th PEV to be charged at time in-
stant k̃. According to the charging dynamics, the following system model can be derived,

xi(k̃ + 1) = xi(k̃) +Biui(k̃), Bi = −ηi∆tP̄i, (5.1)

where ui(k̃) ∈ R is the charging rate of the i-th PEV, and it is the control input signal to be
designed and needs to satisfy the physical constraint −1 ≤ ui(k̃) ≤ 1 and

∑ki+Ki

k̃=ki
ui(k̃) =

γi, where γi = −xi(ki)
Bi

. ηi, ∆t and P̄i represent the charging efficiency, sampling time
period and maximum charging power, respectively.

The valley-filling charging control algorithm will start at time k and stop at time k+K.
Similarly, ki and ki + Ki are the start and end time of the i-th PEV charging process,
respectively. The i-th PEV charging process does not exceed the valley-filling charging
control time period, i.e., k̃ ∈ [k, k +K],

⋃n
i=1[ki, ki +Ki] ⊆ [k, k +K]. We assume that

the control input signal is zero when the vehicle is not charging. As a result, the system state
can be denoted as xi(k̃) = Ei,r when k̃ ∈ [k, ki], and xi(k̃) = 0 when k̃ ∈ [ki+Ki, k+K].
Furthermore, xi(ki +Ki) = 0 definitely guarantees that the i-th PEV is fully charged.

Based on the PEV charging dynamics presented above, we focus on the design of the
decentralized charging controller, aiming to minimize the variance of the total power load
profile by concerning the baseline of power demand. The calculated charging control input
sequence for the i-th PEV at time k̃ will be calculated, as ui(s; k̃) = [ui(k̃; k̃), ui(k̃ +

1; k̃), · · · , ui(ki + Ki; k̃)], s ∈ [k̃, ki + Ki]. ui(k̃; k̃) stands for the control input that will
be applied to the i-th PEV at time k̃. The cost function of the optimization problem is
constructed as

Ji(ui(s; k̃); Û−i(k̃);xi(k̃)) =

k̃+Ki∑
s=k̃

(∑
i∈N

(
p(ui(s; k̃); Û−i(k̃))Dk̃ + fi(ui(s; k̃))

)
+ δ(ui(k̃; k̃)− ū(k̃))2

)
+ xi(k̃)

2 +Qi(x̂i(k̃ +Ki|k̃)),
(5.2)
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where δ is an adjustable parameter. ui(s; k̃), s ∈ [k̃, ki +Ki] will send to the aggregator as
the predicted control input to calculate the average value for the optimization problem of the
next time instant, i.e., ûi(k̃) = ui(k̃; k̃−1). In this work, we formulate c(Dk̃) =

1
2
aD2

k̃
+bDk̃

and p(ui(s; k̃); Û−i(k̃)) = aDk̃ + b, as well; Dk̃ = D(k̃) +
∑

ĩ∈N/i ûĩ(k̃) + ui(s; k̃), where
D(k̃) represents the power load baseline at time k̃. The battery degradation function is
formulated by fi(ui(s; k̃)) = aiu

2
i (s; k̃) + biui(s; k̃) + ci. ai, bi and ci are constants, but

they are different among each PEV.

5.2.2 Sampled Safe Set for Battery SoC

According to the sampled safe set defined in 4.2.2, we define the sampled safe set for the
charging problem in this work at the j-th iteration as

SSj
i =

{ ⋃
m∈Mj

i

ki+Ki⋃
k̃=ki

x̂m
i (k̃)

}
, (5.3)

where M j
i = {m ∈ [0, j] | x̂m

i (ki + Ki) = 0}. M j
i stands for the collection of indices

associated with successful iterations m of the i-th PEV. x̂m
i (k̃) is the predicted system state

at iteration m of the i-th PEV at time k̃. SSj
i is the collection of all state trajectories at

iteration m ∈ M j
i . Thus, when m ≤ j, we have Mm

i ⊂ M j
i . When j = 0, we assume that

SS0
i =

{⋃ki+Ki

k̃=ki
x0
i (k̃)

}
.

Based on the cost function (5.2), we define the iterative cost at iteration j at time k̃. The
cost function is rewritten as

J j
i (u

j
i (s; k̃); Û−i(k̃);x

j
i (k̃)) =

k̃+Ki∑
s=k̃

(∑
i∈N

(
pj(uj

i (s; k̃); Û−i(k̃))D
j

k̃
+ f j

i (u
j
i (s; k̃))

)
+ δ(uj

i (k̃; k̃)− ū(k̃))2
)
+ xj

i (k̃)
2 +Qj−1

i (x̂j−1
i (k̃ +Ki|k̃)),

(5.4)

where uj
i (s; k̃) = {uj

i (k̃; k̃), u
j
i (k̃ + 1; k̃), · · · , uj

i (ki + Ki; k̃)}, s ∈ [k̃, ki + Ki] is the
calculated control input sequence at iteration j of the i-th PEV at time k̃. uj

i (s; k̃) stands
for the calculated control input of the i-th PEV at time k̃ for each sampling time instant at
iteration j. The price function is updated as

pj+1(uj
i (k̃; k̃); Û−i(k̃)) = pj(uj

i (k̃; k̃); Û−i(k̃)) + λ(c(Dk̃)− pj(uj
i (k̃; k̃); Û−i(k̃))), (5.5)
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where λ ∈ [0, 1] is the learning parameter.

5.2.3 Decentralized Model Predictive Charging Control Algorithm De-
sign

The following constrained optimal control problem is formulated using the model and the
sampled safe set which are discussed in Section 5.2.1 and Section 5.2.2, respectively.

Problem 5. (Optimal Control Problem (OCP))

min
ui

J j
i (u

j
i (s; k̃); Û−i(k̃);x

j
i (k̃)) =

k̃+Ki∑
s=k̃

(∑
i∈N

(
pj(uj

i (s; k̃); Û−i(k̃))D
j

k̃
+ f j

i (u
j
i (s; k̃))

)
+ δ(uj

i (k̃; k̃)− ū(k̃))2
)
+ xj

i (k̃)
2

+Qj−1
i (x̂j−1

i (k̃ +Ki|k̃)) (5.6)

s.t. x̂j
i (k̃ + 1) =x̂j

i (k̃) +Biu
j
i (k̃; k̃), (5.7)

pj+1(uj
i (k̃; k̃); Û−i(k̃)) =pj(uj

i (k̃; k̃); Û−i(k̃)) + λ(c(Dk̃)− pj(uj
i (k̃; k̃); Û−i(k̃)))

(5.8)

uj
i (s; k̃) ∈[−1, 1], x̃j

i (k̃ + 1) ∈ SSj−1
i , (5.9)

xj
i (ki +Ki) =0, (5.10)

where s ∈ [k̃, ki +Ki], Bi = −ηi∆tP̄i and Dk̃ = D(k̃) +
∑

ĩ∈N/i ûĩ(k̃) + ui(k̃; k̃).

Due to the coordination of several local controllers to optimize the sum of all power
loads, the optimal control input sequence u∗

i (s; k̃) = {u∗
i (k̃; k̃), u

∗
i (k̃ + 1; k̃), · · · , u∗

i (ki +

Ki; k̃)}, s ∈ [k̃, ki +Ki], of the i-th PEV obtained after the convergence of the algorithm.
u∗
i (s; k̃), s ∈ [k̃, ki + Ki] stands for the control input of the i-th PEV at time k̃ obtained

after the convergence of the algorithm. x̂j−1
i (k̃+Ki|k̃) denotes the corresponding predicted

terminal system state at (j − 1)-th iteration. Qj−1
i (x̂j−1

i (k̃ + Ki|k̃)) is the terminal cost.
The optimal control input of the above optimal control problem can minimize the deviation
of the sum of all power loads to realize the valley-filling performance and reduce the price
cost. The decentralized control algorithm is presented in Algorithm 4.
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Algorithm 4: Iterative Learning-Based Decentralized MPC for the Valley-Filling
Problem with Battery Aging

Input: Scheduling horizon [k, k +K]; Base load profile D; Number of PEVs n;
Maximum iteration jmax; Tolerance ϵstop

Output: Charging control input for each PEV ui(k̃), i ∈ N
1 Set k̃ = k;
2 while k̃ ̸= k +K do
3 The operator generates D(k̃);
4 The operator broadcasts D(k̃) and ū(k̃) to all PEVs;
5 for Each PEV i do
6 if k̃ /∈ [ki, ki +Ki] then
7 ui(k̃; k̃) = 0;
8 else
9 Set j = 0;

10 Set ϵ = 0;
11 while ϵ ≥ ϵstop and j ≤ jmax do
12 if Problem 5 is feasible then
13 Compute u∗

i (s; k̃);
14 Update pj+1(ui(k̃; k̃); Û−i(k̃));
15 Compute ϵ = pj+1(ui(k̃; k̃); Û−i(k̃))− pj(ui(k̃; k̃); Û−i(k̃));

16 Update SSj
i =

{⋃
m∈Mj

i

⋃ki+Ki

k̃=ki
xm
i (k̃)

}
;

17 end
18 Set j = j + 1;
19 end
20 end
21 end
22 The operator collects u∗

i (s; k̃) and updates ū(k̃ + 1);
23 for Each PEV i do
24 Implement the charging control at time k̃;
25 Update the state xi(k̃ + 1) according to (5.1);
26 end
27 Set k̃ = k̃ + 1;
28 end

5.3 System Analysis

We discuss the existence and uniqueness of the Nash equilibrium in Section 4.3 for the
valley-filling problem under iterative learning-based decentralized MPC framework. In this
section, we will study the convergence of the proposed algorithm, the recursive feasibility
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of the optimal control problem and the stability of the closed-loop systems.

5.3.1 Convergence

In this subsection, the optimal control inputs, generated by the proposed controller, and
corresponding state converges to the steady-state trajectory. Thus, we need to show: (1) the
cost function of j-th iteration is non-creasing as the index j increases; (2) the steady-state
trajectory is a locally optimal solution to the approximation of the optimal control problem.

Theorem 3. Given the charging system (5.1) with the proposed controller and the sampling

safe set SSj at the j-th iteration. Suppose that the assumptions hold. The optimal value of

the cost function is non-increasing with the iteration index j.

Proof. To simplify the representation of the equations, we use J j
i (x

j
i (ki)) as the cost func-

tion J j
i (u

j
i (s; k̃); Û−i(k̃);x

j
i (k̃)) for short when we discuss the system states of the cost

function. Firstly, we need to find the lower bound of the cost value of the j-th iteration.

J j−1
i (xj−1

i (ki))

=

ki+Ki∑
s=ki

(
pj−1(u∗,j−1

i (s; ki); Û−i(ki))D
∗,j−1
ki

+ δ(u∗,j−1
i (ki)− ūj−1(ki))

2

+ f j−1
i (u∗,j−1

i (s; ki))
)
+

k+K∑
s=ki+Ki+1

(
pj−1(u∗,j−1

i (s; ki); Û−i(ki))D
∗,j−1
ki

+ δ(uj−1
i (ki)− ūj−1(ki))

2 + f j−1
i (u∗,j−1

i (s; ki))
)
+ xj−1

i (ki)
2

≥
ki+Ki∑
s=ki

pj−1(u∗,j−1
i (s; ki); Û−i(ki))D

∗,j−1
ki

+ δ(uj−1
i (ki)− ūj−1(ki))

2 + f j−1
i (u∗,j−1

i (s; ki))

+ xj−1
i (ki)

2 +Qj−1
i (x̂∗,j−1

i (ki +Ki|ki))

≥min
ui

[ ki+Ki∑
s=ki

pj(u∗,j
i (s; ki); Û−i(ki))D

∗,j
ki

+ δ(uj
i (ki)− ūj(ki))

2 + f j−1
i (u∗,j−1

i (s; ki))

+ xj
i (ki)

2 +Qj−1
i (x̂∗,j−1

i (ki +Ki|ki))
]

=J j
i (x

j
i (ki))

where

Qj−1
i (x̂∗,j−1

i (ki +Ki|ki)) =
k+K∑

s=ki+Ki+1

(
pj−1(u∗,j−1

i (s; ki); Û−i(ki))D
∗,j−1
ki
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+ f j−1
i (u∗,j−1

i (s; ki)) + δ(uj−1
i (ki)− ūj−1(ki))

2
)
.

Then, we realize that J j
i (x

j
i (ki)) also is upper bounded the trajectory.

J j
i (x

j
i (ki))

≥pj(u∗,j
i (s; ki); Û−i(ki))D

∗,j
ki

+ δ(uj
i (ki)− ūj(ki))

2 + f j
i (u

j
i (s; ki)) + J j

i (x
j
i (ki + 1))

≥pj(u∗,j
i (s; ki); Û−i(ki))D

∗,j
ki

+ δ(uj
i (ki)− ūj(ki))

2 + f j
i (u

j
i (s; ki))

+ pj(u∗,j
i (s; ki + 1); Û−i(ki + 1))D∗,j

ki+1 + δ(uj
i (ki + 1)− ūj(ki + 1))2

+ f j
i (u

j
i (s; ki + 1)) + J j

i (x
j
i (ki + 2))

≥ lim
k̃→k+K

[ ki+Ki∑
s=ki

(
pj(u∗,j

i (s; k̃); Û−i(k̃))D
∗,j
k̃

+ δ(uj
i (k̃)− ūj(k̃))2 + f j

i (u
j
i (s; k̃))

)
+ J j

i (x
j
i (k̃))

]
Since the Nash equilibrium is asymptotically stable for the closed-loop system and the
pj(uj

i (s; k̃); Û−i(k̃))D
j

k̃
+ δ(uj

i (k̃)− ūj(k̃))2+f j
i (u

j
i (s; k̃)) is continue, the following equa-

tion holds.
lim

k̃→k+K
J j
i (x

j
i (ki)) = J j

i (x
j
i (ki +Ki)) = 0 (5.11)

Then, we can obtain that

J j
i (x

j
i (ki)) ≥

ki+Ki∑
s=ki

(
pj(u∗,j

i (s; k̃); Û−i(k̃))D
∗,j
k̃

+ δ(u∗,j
i (k̃)− ūj(k̃))2 + f j

i (u
∗,j
i (s; k̃))

)
+ xj

i (k̃)
2 +Qj

i (x̂
∗,j
i (ki +Ki|ki))

=J j+1
i (xj+1

i (ki))
(5.12)

Consequently, the iteration cost is decreasing as the j increasing.

J j−1
i (xj−1

i (ki)) ≥ J j
i (x

j
i (ki)) ≥ J j+1

i (xj+1
i (ki)) (5.13)

The proof is completed.

Then, we will show that the optimal control inputs, generated by the proposed con-
troller, and corresponding state converges to the steady-state trajectory. Due to the defini-
tion of the terminal set and ki, Ki, k, K, the terminal set of solving the optimal control
problem in [ki, Ki] is a subset of the one in [k,K].
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Theorem 4. Given the charging system (5.1) with the proposed controller and the sampled

safe set SSj at the jth iteration. Suppose that the assumptions hold. Also, assume that the

optimal control inputs and the corresponding states converge to the steady-state trajecto-

ries xjmax

i = limj→jmax x
j
i and ujmax

i = limj→jmax u
j
i as the iteration j increases. If the

terminal states in the sampled safe set, the optimal control inputs and the corresponding

states are the optimizer of the optimal control problem (Problem 5).

Proof. We assume that the optimal control inputs and the corresponding states converge to
the steady-state trajectories as the iteration j increases. Thus, we can obtain that

Ji(x
jmax

i (k̃))

≥pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

+ J jmax

i (xjmax

i (k̃ + 1))

≥pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

+ pjmax(ujmax

i (s; k̃ + 1); Û−i(k̃ + 1))Djmax

k̃+1
+ δ(ujmax

i (k̃ + 1)− ūjmax(k̃ + 1))2

+ f jmax

i (ujmax

i (s; k̃ + 1)) + J jmax

i (xjmax

i (k̃ + 2))

≥
Ki∑
h=0

pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h
+ f jmax

i (ujmax

i (s; k̃ + h))

+ δ(ujmax

i (k̃ + h)− ūjmax(k̃ + h))2 + J jmax

i (xjmax

i (k̃ +Ki))
(5.14)

Besides, the terminal cost converges at a steady-state J jmax

i (xjmax

i (k̃ + Ki)) = xjmax

i (ki+

Ki)
2. According to Eq. (5.14), we have

J jmax

i (xjmax

i (k̃)) ≥
Ki∑
h=0

pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h

+ δ(ujmax

i (k̃ + h)− ūjmax(k̃ + h))2 + f jmax

i (ujmax

i (s; k̃ + h)) + xjmax

i (ki +Ki)
2

(5.15)
Consequently, the cost associated with feasible input and state trajectories xjmax

i (k̃ + Ki)

and ujmax

i (k̃ + Ki) are the lower bound of the optimal cost J jmax

i (xjmax

i (k̃)). Thus, xjmax

i

and ujmax

i is the optimizer of the optimal control problem (Problem 5) as the iteration index
j increases.

Then, we need to prove that xjmax

i (k̃ + Ki + 1) and ujmax

i (k̃ + Ki + 1) also are the
optimal solution to the optimal control problem (Problem 5) with the initial state xi(k̃) =

xjmax

i (k̃). The corresponding optimal cost is J jmax

i (xjmax

i (k̃)). Due to the time invariance
of the optimal control problem, we begin with the initial condition xi(ki) = xjmax

i (ki) at
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time k̃ = ki.
By contradiction, we assume that the optimal solution to Problem 5 is x̃jmax

i (Ki + 1)

and ũjmax

i (Ki + 1) are different from xjmax

i (Ki + 1) and ujmax

i (Ki + 1).
If we have multiple feasible trajectories, for µ ∈ (0, 1), x̂jmax

i (Ki) = {xjmax

i (ki), · · · ,
xjmax

i (ki), µx
jmax

i (k̃)+(1−µ)xjmax

i (k̃), xjmax

i (k̃+1), · · · , xjmax

i (Ki+1)} The corresponding
inputs are feasible for the Problem 5.

Then we define that

J jmax

i (xjmax

i (Ki + 1)) =

Ki∑
h=0

(
pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h

+f jmax

i (ujmax

i (s; k̃ + h)) + δ(ujmax

i (k̃ + h)− ūjmax(k̃ + h))2
)
+ xjmax

i (Ki + 1)2

(5.16)
Since xjmax

i (k̃ + Ki) and ujmax

i (k̃ + Ki) are the optimal solution to Problem 5, we obtain
that

J jmax

i (x̂jmax

i (Ki)) > J jmax

i (xjmax

i (Ki))

J jmax

i (x̂jmax

i (Ki + 1)) > J jmax

i (xjmax

i (Ki + 1))
(5.17)

Then we have

Ki∑
h=0

pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h
+ δ(ûjmax

i (k̃ + h)− ūjmax(k̃ + h))2

+ f jmax

i (ujmax

i (s; k̃ + h)) + x̂jmax

i (Ki)
2

>

Ki∑
h=0

pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h
+ δ(ujmax

i (k̃ + h)− ūjmax(k̃ + h))2

+ f jmax

i (ujmax

i (s; k̃ + h)) + xjmax

i (Ki)
2

(5.18)
Thus, we have ûjmax

i (k̃+h) = ujmax

i (k̃+h) and x̂jmax

i (k̃) = xjmax

i (k̃). Then we can obtain

Ki+1∑
h=0

pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h
+ δ(ûjmax

i (k̃ + h)− ūjmax(k̃ + h))2

+ f jmax

i (ujmax

i (s; k̃ + h)) + x̂jmax

i (Ki + 1)2

>

Ki+1∑
h=0

pjmax(ujmax

i (s; k̃ + h); Û−i(k̃ + h))Djmax

k̃+h
+ δ(ujmax

i (k̃ + h)− ūjmax(k̃ + h))2

+ f jmax

i (ujmax

i (s; k̃ + h)) + xjmax

i (Ki + 1)2



101

which implies
J jmax

i (x̂jmax

i (Ki + 1)) > J jmax

i (xjmax

i (Ki + 1)) (5.19)

Since ûjmax

i (k̃ + h) = ujmax

i (k̃ + h) and x̂jmax

i (k̃) = xjmax

i (k̃), we have

pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ûjmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

+ (x̂jmax

i (Ki + 1)− x(Ki + 1))2 + J jmax

i (x̂jmax

i (Ki + 1))

>pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

+ (xjmax

i (Ki + 1)− x(Ki + 1))2 + J jmax

i (xjmax

i (Ki + 1))

Thus, we have

J jmax

i (x̂jmax

i (Ki + 1)) > J jmax

i (xjmax

i (Ki + 1)) (5.20)

Assume that x̄jmax

i (Ki + 1) is a convex combination of xjmax

i (Ki + 1), i.e.,

x̄jmax

i (Ki + 1) =

ki+Ki∑
s=ki+1

1

ki +Ki

(1
2
x̂jmax

i (s) +
1

2
xjmax

i (Ki + 1)
)

(5.21)

Also, x̄jmax

i (Ki + 1) can be expressed as based on x̃jmax

i (Ki + 1) and xjmax

i (Ki + 1).

x̄jmax

i (Ki + 1) =
µ

2Ki

x̃jmax

i (Ki + 1) +
2Ki − µ

2Ki

xjmax

i (Ki + 1) (5.22)

Then, we can obtain that

J jmax

i (xjmax

i (Ki + 1)) < J jmax

i (x̄jmax

i (Ki + 1)) < J jmax

i (x̂jmax

i (Ki + 1)) (5.23)

where the value of J jmax

i (x̂jmax

i (ki)) is maximum at k̃.
Thus, we have

J jmax

i (x̃jmax

i (Ki + 1)) < J jmax

i (x̄jmax

i (Ki + 1)) < J jmax

i (xjmax

i (Ki + 1)) (5.24)

Consequently, we have a contradiction and xjmax

i (k̃ + Ki) and ujmax

i (k̃ + Ki) are the
optimal solution to Problem 5. The proof is completed.
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5.3.2 Recursive Feasibility and Stability

As mentioned in Section 4.3, there is an optimal solution to the optimization control prob-
lem for driving the system state to the Nash equilibrium when the point is in the sampling
safe set SSj

i . The properties of SSj
i and Qj

i in Section 5.2.2 are provided for recursive
feasibility and stability analysis.

Theorem 5. (Recursive feasibility) For the charging system (5.1) controlled by the pro-

posed control method (Problem 5), with the given sampling safe set of i-th PEV SSj
i at j-th

iteration in Section 5.2.2. Suppose the assumptions hold, the optimization control problem

is feasible for all k̃ ∈ [ki, ki +Ki] at every iteration j ≥ 1.

Proof. We assume that the sampling safe set at iteration 0, SS0
i is not empty. According

to the definition in Section 5.2.2, we have that SS0
i ⊂ SSj−1

i for all j ≥ 1. Hence, the
sampling safe set at (j − 1)-th iteration SSj−1

i is also nonempty. Particularly, we already
know that one of the feasible trajectory xi,0 ∈ SS0

i ⊂ SSj−1
i , where xi,0 denotes the initial

state trajectory of i-th PEV.
At time k̃ = ki of j-th iteration, the predictive state trajectory

x̂j
i,0(ki|ki) = {x̂i,0(ki|ki), · · · , x̂i,0(ki +Ki|ki)} ∈ SSj−1

and the related input sequence û0
i = {û0

i,0, · · · , û0
i,N−1}, which satisfies the input and state

constraints in the optimal control problem (Problem 5). Hence, x̂j
i,0(ki) and û0

i are the
feasible solution at time k̃ = ki of the j-th iteration.

At time k̃ of j-th iteration, we suppose that the optimal control problem (Problem 5) is
feasible, and x∗,j

i and u∗,j
i are the optimal state trajectory and input sequence, respectively.

The terminal constraint enforces x̂∗,j−1
i (k̃ +Ki|k̃) ∈ SSj−1 and Qj−1

i (x̂∗,j−1
i (k̃ +Ki|k̃)).

By the definition of Qj−1
i (x̂∗,j−1

i (k̃+Ki|k̃)), we have x̂m
i (k̃) = x̂∗,j−1

i (k̃+1|k̃). Due to the
state update method, we have that

xj
i (k̃ + 1) = x̂∗,j−1

i (k̃ + 1|k̃). (5.25)

Thus, we have the input sequence at time k̃ of the j-th iteration {u∗,j
i (k̃+1|k̃), · · · , u∗,j

i (k̃+

Ki|k̃)} and the related feasible state trajectory {x∗,j
i (k̃ + 1|k̃), · · · , x∗,j

i (k̃ + Ki + 1|k̃)},
which satisfies the input and state constraints in Problem 5. Hence, {u∗,j

i (k̃ + 1|k̃), · · · ,
u∗,j
i (k̃+Ki|k̃)} and {x∗,j

i (k̃+1|k̃), · · · , x∗,j
i (k̃+Ki+1|k̃)} is the feasible solution for the

Problem 5 at time k̃ + 1. The proof is completed.
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Thus, the recursive feasibility of the optimal control problem is studied. Then, we need
to show that the Nash equilibrium is asymptotically stable.

Theorem 6. (Stability) For the charging system (5.1) controlled by the proposed control

method (Problem 5), with the given sampling safe set of i-th PEV SSjmax

i at jmax-th itera-

tion in Section 4.2.2. Suppose the assumptions hold, the Nash equilibrium is asymptotically

stable for the closed-loop system.

Proof. We need to show that the optimal cost J jmax

i (xjmax

i (k̃)) is a Lyapunov candidate
for the Nash equilibrium. When xjmax

i (k̃) ∈ R\{xF}, we have that J jmax

i (xjmax

i (k̃)) > 0.
When xjmax

i (k̃) = xF , we have that J jmax

i (xjmax

i (k̃)) = 0. With these assumptions, we need
to show that J jmax

i (xjmax

i (k̃)) is non-increasing. Firstly, we know that

x̂∗,jmax−1
i (k̃ + 1|k̃) = xjmax

i (k̃ + 1). (5.26)

Hence, we have that

J jmax

i (x̂∗,jmax−1
i (k̃ + 1|k̃)) = J jmax

i (xjmax

i (k̃ + 1)). (5.27)

Then, we need to show the the cost function is non-increasing with the iteration index jmax.
Eq. (5.26) implies that

J jmax

i (x̂∗,jmax

i (k̃ + 1|k̃)) = J jmax

i (xjmax

i (k̃ + 1)) (5.28)

Based on the optimal inputs and the corresponding optimal trajectory, the optimal cost is
obtained as follows.

J jmax

i (xjmax

i (k̃))

=min
ui

[ ki+Ki∑
s=ki

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ f jmax

i (ujmax

i (s; k̃))

+ δ(ujmax

i (k̃)− ūjmax(k̃))2
)
+ xjmax

i (k̃)2 +Qjmax−1
i (x̂jmax−1

i (k̃ +Ki|k̃))
]

=

ki+Ki∑
s=k̃+1

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ f jmax

i (ujmax

i (s; k̃)) + δ(ujmax

i (k̃)− ūjmax(k̃))2
)

+
k̃∑

s=ki

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2
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+ f jmax

i (ujmax

i (s; k̃))
)
+ xjmax

i (k̃)2 +Qjmax−1
i (x̂jmax−1

i (k̃ +Ki|k̃))

=
k̃∑

s=ki

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))
)

+ J jmax

i (x̂jmax−1
i (k̃ + 1|k̃))

=

ki+Ki∑
s=k̃+1

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))
)

+
k̃∑

s=ki

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))
)

+
k+K∑

s=ki+Ki+1

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2

+ f jmax

i (ujmax

i (s; k̃))
)

≥
ki+Ki∑
s=k̃+1

(
pjmax(ujmax

i (s; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))
)

+ pjmax(ujmax

i (k̃; k̃); Û−i(k̃))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

+ (xjmax

i (ki +Ki)− xjmax

i (k̃))2 + pjmax(ujmax

i (ki +Ki; k̃); Û−i(ki +Ki))D
jmax

ki+Ki

+ δ(ujmax

i (ki +Ki)− ūjmax(ki +Ki))
2 + f jmax

i (ujmax

i (s; k̃))

≥pjmax(ujmax

i (k̃; k̃); Û−i(ki))D
jmax

k̃
+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

+ J jmax

i (xjmax

i (k̃ + 1)) (5.29)

Thus, we can conclude that the optimal cost is non-creasing.

J jmax

i (xjmax

i (k̃ + 1))− J jmax

i (xjmax

i (k̃)) ≤− pjmax(ujmax

i (k̃; k̃); Û−i(ki))D
jmax

k̃

+ δ(ujmax

i (k̃)− ūjmax(k̃))2 + f jmax

i (ujmax

i (s; k̃))

<0
(5.30)

We have Eq. (5.30) holds and the cost function (5.2) is continue. The equilibrium is asymp-
totically stable. The proof is completed.
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5.4 Simulation Results

In this section, the performance of the proposed method is demonstrated by a numerical ex-
ample. Our discourse begins with an explanation of the battery capacity degradation model
involved in the optimal control problem and simulation setup. In addition, the simulation
results are explained, and the effectiveness of the proposed method is verified.

The lithium-ion type of battery is widely used in the PEVs. In this section, we use the
LiFePO4 battery in Nissan Leaf as an example. Figure 5.1 shows the State of Health (SoH)
degradation under different conditions and the approximate function of battery degradation
using the data from [165]. The SoH is a kind of battery condition. The new batteries have
100% SoH which deteriorates over time. For instance, a 20 kWh battery under 90% SoH
is performed like an 18 kWh battery. In this Chapter, we combine the SoH scenario with
the SoC. If the battery under 90% SoH, it would stop charging at 90% SoC. In Figure 5.1,
the dash lines illustrate different batteries capacity degradation in Nissan Leaf model 2019,
2015 and 2014, respectively. The lines with circles show the PEVs under varying use level,
use over 20000 km per year (high use) and under 8000 km per year (low use). The two
lines with stars illustrate charging with 120 Volt and 240 Volt, respectively. The lines with
squares show if charging use Direct Current Fast Charger (DCFC), never use DCFC (Never
Use) or frequently use DCFC (Use over three times per month). Finally, we calculate and
approximate the average value of battery capacity degradation under different scenarios
over time, shown as the blue line in Figure 5.1. Values of the parameters related to vehicle
dynamics are illustrated in Table 5.1.

Table 5.1: The values of parameters related to vehicle dynamics and setup for charging
control problems.

Parameters Values
SoCi,des 0.8 - 1.0
SoCi,ini 0.1 - 0.3
ϵstop 0.06

the i-th PEV battery capacity Ei 20 kWh
maximum charging power P i 6.6× 2 kW

charging efficiency η 85%

generation cost function of electric energy price c(Dk̃) c(Dk̃) = 5.8× 10−7D2
k̃
+ 0.06Dk̃

price function p(Dk̃) p(Dk̃) = 11.6× 10−7Dk̃ + 0.06

begin time of charging k k is the time instant at 15 : 00

time period under the proposed control algorithm K K = 18h
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Figure 5.1: Battery capacity degradation under different conditions

Figure 5.2(a) and Figure 5.2(b) show that the number of PEVs arrival and departure
during the charging time, respectively. Figure 5.3(a) represents the total number of vehicles
that are connected to the grid during the charging time. Figure 5.3(b) illustrates the desired
SoC of each vehicle for charging at the initial time instant. Figure 5.4 represents the SoH
of each vehicle for charging at the initial time instant. We assume that the SoH of each
vehicle remains unchanged during the charging time period. Thus, the control inputs at the
sampling time k̃ can be calculated.

We use the residential power load profiles [161] as the baseline for the charging prob-
lem. Since the charging controller of residential areas considered in this work is to fill
the overnight valley, the simulation time (18 hours) is from 15:00 in the afternoon to the
following day at 9:00.

Figure 5.5 and Figure 5.6 show the charge rate and SoC profiles during the simulation
time, respectively. As shown, each PEV meets its own individual requirement. Figure 5.7
shows the power load profiles of the charging problem. The red dash line represents the
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(a) The number of PEVs plug-in to the power grids. The count starts at
15:00 and lasts for 9 hours.

(b) The number of PEVs plug-out of the power grids. The count starts at
3:00 in the following morning and lasts 9 hours.

Figure 5.2: Arrival and departure time of PEVs for charging control

limitation of the power grids’ loads. The green dash line illustrates the baseline of the power
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(a) The number of PEVs can be used for charging control. The count for
the simulation starts at 15:00 and lasts for 18 hours.

(b) The desired state of charge of each PEV for charging control.

Figure 5.3: Information of PEVs for charging control

load, which demonstrates the profile without PEV charging requirements. The blue dash
line represents the power load profile without achieving the PEV charging objective. The
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Figure 5.4: The State of Health (SoH) of each PEV for charging control.

Figure 5.5: The charging rates calculate by solving the optimal control problem.

yellow lines denote the PEV charging power load profiles applying the charging control
rates. One of the main objectives of the charging control problem is to avoid overload of
the grid by managing the charging time of each PEV, which can be achieved by using the
proposed method. The power load of PEV charging significantly impacts the grid, which
causes safety problems for the grid, as shown using the orange line. As shown in Figure 5.7,
the proposed method provides a possible solution to the valley-filling objective and can
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Figure 5.6: The State of Charge (SoC) by applying the charging control inputs.

meet the charging requirements of each PEV.

Figure 5.7: The power load profiles of the charging control
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5.5 Conclusion

In this chapter, we studied a charging control algorithm using iterative learning-based de-
centralized MPC for PEVs with battery aging problems. Our goal was to find the optimal
charging rate that minimizes the price cost of PEVs leading to valley-filling performance.
The proposed scheme adopted the iterative learning-based method to improve the optimal
control problem involving the battery capacity degradation model. Specifically, the sam-
pled safe set and price function were updated accordingly as the iteration number increased.
We also demonstrated the recursive feasibility of the proposed optimal control problem for
PEV charging and asymptotical stability of the closed-loop system. Finally, simulation
results showed that the proposed algorithm provided an effective solution to the problem
of PEV charging with the battery aging model. Further investigations were needed in the
future to reduce the computational overhead of the MPC algorithm.
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Chapter 6

Conclusion and Future Work

This Ph.D. dissertation concerns two problems in the field of utilizing control strategies for
EVs: Power management for PHEVs and charging control for PEVs plugged in the power
grids. We have designed appropriate control methods for practical problems integrated with
power management for PHEVs or PEVs charging, including route planning, communica-
tion loads reduction under centralized charging architecture, overnight valley-filling and
battery aging under decentralized charging architecture. This chapter summarizes the main
results of the dissertation, followed by a brief introduction of several potential topics for
future research.

6.1 Conclusion

Chapter 2 studied a novel control scheme of route planning with power management for
PHEVs. We found the route that leads to the minimum energy consumption, integrated
the power management of PHEVs with route planning problems. The proposed scheme
adopted a two-loop structure to achieve the control objective. In the inner loop, a nonlinear
approximator structure was built to approximate control actions and energy consumption,
which consisted of an actor approximator and a critic approximator under the RL frame-
work. Finally, the optimized route was obtained by the minimum energy consumption
converged in the outer loop.

Another limitation of impeding the PEVs’ broad adoption was the long charging time
and negative influence for grids caused by PEV charging. A large-scale amount of PEVs
yielded high workloads of the electrical power grids, impacting efficiency and safety. The
influence of charging PEVs on the electrical power grids required further research. Chap-
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ter 3 investigated the self-triggered MPC with ISM to address the PEV charging problem
subject to state and input constraints with additive disturbances and uncertainties. The mo-
tivation of using the ISM approach was to reject matched uncertainties. The constrained
optimization problem has been solved aperiodically to generate control signals and the
next execution time in the proposed scheme utilizing the self-triggered method, leading to
reductions in both computation and communication. Consequently, the proposed method
reduced the communication loads due to a large-scale amount of vehicles connected to the
grids. Chapter 4 presented a PEV charging control algorithm to address the valley-filling
problem of power grids, which satisfied the individual charging requirements. An iterative
learning-based model predictive charging control algorithm has been developed. The de-
sign of the decentralized MPC met the individual charging requirements. Compared with
the uncontrolled power of grids, the proposed method avoid overload of the grids.

The drivers of PEVs had their own charging habits and driving behaviors, which af-
fected the lifespan of the batteries of PEVs. For safety concerns, battery aging has been a
problem that needs to be considered during driving or charging PEVs. Chapter 5 studied
a modified charging control algorithm based on the previous charging control algorithm
studied in Chapter 4. Our goal was to find the optimal charging rate that minimized the
price cost of PEVs leading to valley-filling performance. The cost function of the opti-
mal control problem involved battery capacity degradation. The proposed scheme adopted
the iterative learning-based method to improve the optimal control problem involving the
battery capacity degradation. Specifically, the sampled safe set and price function were
updated accordingly as the iteration number increased. As a result, the proposed scheme
addressed the charging problem while the battery capacity degradation was considered.

6.2 Future Work

This dissertation focuses on the design of controllers to solve the power management for
PHEVs and PEV charging problem. Furthermore, due to the environmental protection
issues, there are a lot of interesting problems that deserve further research. We briefly
provide some future study topics in the following.

• RL Based Power Management for PHEVs with Auxiliary Systems
Since the power management problem of PHEVs is designed for the main power
chain in the propulsion systems [164], some auxiliary systems require the amount of
power. For instance, the air-conditioning systems may cost up to 25% or more of the
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total fuel consumption. In the existing results, the auxiliary power consumption or
loads are often ignored or treated as a constant since they are difficult to be measured.
Due to the simplified power loads of auxiliary systems, the prediction of SoC and the
control policy may be inaccurate. It is helpful for power management of PHEVs to
involve the power loads of auxiliary systems in obtaining accurate prediction of states
and designing the control policy. However, it is hard to build the accurate model for
the power management of PHEVs with auxiliary systems. To tackle this challenge,
RL shows its efficiency for dealing with uncertain systems, especially for the power
management of PHEVs.

• Multi-Mode Power Management for PHEVs Using An Iterative Learning-Based
MPC
Generally speaking, a PHEV has five possible operating modes: Motor only, engine
only, power-assist (motor and engine), recharging (engine charges the battery), and
regenerative braking. In recent research results on PHEVs, these operating modes of
PHEVs are independent for designing the optimal control policy. Also, the driving
range is still an obstacle to the broad adoption of PHEVs. A multi-objective opti-
mal control problem, including reducing energy consumption and negative impacts
caused by battery capacity degradation, shows its efficiency for practice [185]. It is
necessary to further reduce energy consumption by designing a multi-mode control
method that solves multi-objective optimal control problems. For example, when the
SoC of the battery is at an urgent low point, two operating modes (power-assist and
recharging) can be used simultaneously to extend the driving range of the PHEV. The
advantage of applying MPC for power management in PHEVs is allowing the multi-
variable controller with the specified constraints on system states and inputs. How-
ever, MPC relies on the available accurate system model. Iterative learning-based
MPC can devise the models by measured data when certain system dynamics models
are not available. An MPC control algorithm for power management of PHEVs, cou-
pled with an iterative learning method, can be utilized to solve the optimal control
problem for multi objectives when the accurate system model is not available.
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Appendix A

Publications

The following is a list of publications during Ph.D. studies.

• Journal Papers

J1 Q. Zhang, K. Wu, and Y. Shi, “Route Planning and Power Management for
PHEVs with Reinforcement Learning,” IEEE Transactions on Vehicular Tech-

nology, vol. 69, no. 5, pp. 4751-4762, 2020.

J2 Q. Zhang, Y. Shi, and K. Wu, “Iterative Learning-based Decentralized Model
Predictive Charging Control for PEVs with Battery Aging Model,” under prepa-
ration.

J3 Q. Zhang, Y. Shi, and K. Wu, “Model Predictive Control Application for Electric
Vehicles: A Survey,” under preparation.

• Conference Papers

C1 Q. Zhang, Y. Shi, and K. Wu, “Self-Triggered Robust MPC with ISM for Con-
strained Nonlinear Input-Affine Systems,” in Proceedings of the 28th IEEE In-

ternational Symposium on Industrial Electronics (ISIE). Vancouver, Canada:
IEEE, June 2019.

C2 Q. Zhang, Y. Shi, and K. Wu, “Iterative Learning-Based Decentralized Model
Predictive Charging Control for Plugin Electric Vehicles,” in Proceedings of

the 4th IEEE International Conference on Industrial Cyber-Physical Systems

(ICPS). Victoria, Canada: IEEE, May 2021. (Winning the ICPS 2021 Best
Student Paper Award)
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