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ABSTRACT

In this dissertation, we explore the use of three different analytical techniques for
approximating the finite-sample properties of estimators and test statistics. These techniques
are the saddlepoint approximation, the large-n approximation and the small-disturbance
approximation. The first of these enables us to approximate the complete density or
distribution function for a statistic of interest, while the other two approximations provide
analytical results for the first few moments of the finite-sample distribution. We consider a
range of interesting estimation and testing problems that arise in econometrics and empirical
economics. Saddlepoint approximations are used to determine the distribution of the half-life
estimator that arises in the empirical purchasing power parity literature, and to show that its
moments are undefined. They are also applied to the problem of obtaining accurate critical
points for the Anderson-Darling goodness-of-fit test. The large-n approximation is used to
study the first two moments of the MLE in the binary Logit model. Finally, we use small-
disturbance approximations to examine the bias and mean squared error of some commonly

used price index numbers, when the latter are viewed as point estimators.
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CHAPTER 1:
INTRODUCTION

1. Introduction

Empirical work in economics relies on the use of a large variety of econometric “tools”.
Many different estimators and statistical tests are used to help economists draw inferences
about the parameters of their models, and ultimately about the economy itself. However, in
many situations, the exact characteristics of the sampling distributions of the estimators and
the test statistics that we use are not known when the sample size is finite. The main
justification for many, if not most, of the estimators and test statistics that are used in this
field are their asymptotic properties, based on the hypothetical assumption that the sample
size is infinitely large. For example, under certain “regularity conditions” on the underlying
data density, the Maximum Likelihood estimators (MLE’s) that form the basis for much of
our inferences are “Best Asymptotically Normal”. Similarly, other widely used families such
as the class of Instrumental Variables estimators, and Generalized Method of Moments
estimators, are also chosen for their large-sample features. Notably, they are at least weakly
consistent (if constructed appropriately), and can achieve asymptotic efficiency under some
circumstances. However, there are no guarantees when it comes to the finite-sample

properties of any of these estimators — they may be unbiased or biased, for example.

Similarly, the general testing strategies that we rely on, such as the Wald test, the Likelihood
Ratio test and the Lagrange Multiplier test, also have good asymptotic properties. Moreover,
in many cases, and under appropriate regularity conditions, the forms of the limiting
distributions of the associated test statistics are known. So, appropriate critical regions can be
constructed if the sample size is very large, but their use in the case of finite samples may
involve an unknown degree of distortion in the sizes of the tests, with corresponding

implications for their power.

Of course, there are exceptions to all of this. For example, in the case of the standard linear

multiple regression model with errors that are independent, homoskedastic, and normally



distributed, the MLE for the coefficient vector is the minimum variance unbiased estimator.
Similarly, when testing the validity of exact linear restrictions on this coefficient vector, the
Likelihood Ratio, Wald and Lagrange Multiplier tests are equivalent to the usual uniformly
most powerful F-test that we usually use. However, these familiar examples are the exception
rather than the rule, and it will be recalled that even in this same model, the MLE for the

variance of the error term is biased.

Lack of knowledge about the sampling distributions of our estimators and test statistics in
finite samples places severe limitations on our ability to draw appropriate inferences in many
practical situations. Not only do we often have to work with samples of only modest size, but
we also can’t tell in practice if a particular sample is “large enough” for us to be able to
appeal to the asymptotic properties with any degree of confidence. What is a “large” sample
in some situations is actually very “small” in others. So, it is important to learn more about
the finite sample properties of the estimators and test statistics that we use. In particular, we
are interested in the finite-sample distribution, or at least the first few moments of this
distribution, in the case of estimators. For the tests, we are interested in the full finite-sample
distribution of the test statistic, or at least the tails of this distribution, under the null
hypothesis if we are to be able to construct valid critical regions. The same information,
under the alternative hypothesis, is needed if we want to determine the powers of the tests in

finite samples.

There are several well developed methods that can be used to explore the finite sample
properties of the estimator and test statistics. For example, Monte Carlo and Bootstrap
methods are two which are widely applied throughout the literature. Both of these methods
are based on the use of simulation techniques to generate some specific numerical
approximations to the sampling distribution, in selected cases. However, in this dissertation,
we will focus on applying methods which can generate more general, and analytic, results
relating to the finite sample properties of estimators and tests. These include the saddlepoint
approximations, the large- n approximations and the small- ¢ approximations. These methods
are well developed, but the first of them has not been widely used in econometrics. In this
dissertation, we provide some new analytic results relating to the saddlepoint approximation,
and all three types of approximations are used to determine the performances of various
estimators and an important test. Of course, there are various other methods which can

provide the finite sample analytic results of the type that we are concerned with here, such as



Laplace approximations and Edgeworth approximations. The latter, for example, has been
used widely in analyzing the distributions of many econometric estimators for simultaneous
equations models. We hope that our results will encourage further use of these techniques by
econometricians. Now we turn to a brief introduction of the finite sample methods that we
will be using. In the case of the saddlepoint approximation, the discussion is more detailed as
this technique may be less familiar than the other techniques to readers with an econometrics

background.
2. Saddlepoint Approximations

Saddlepoint approximations can be obtained for any statistic which admits a cumulant
generating function. We know that once we have the cumulant generating function we can
obtain the characteristic function and then use the inversion theorem to obtain the density and
the distribution functions. However in many situations, the complexity of the associated
integration makes it impossible to get an exact analytic result. Or even if we can, the
integration is quite time consuming. Saddlepoint approximations are based on the Fourier
inversion formulae for the density, and apply the steepest descent method to the integration to
derive an approximation for the density function. Of course, alternative approximations are
possible. For example, the Edgeworh expansion provides a very good approximation in the
center of the density. However, in some cases, it generates a poor approximation in the tail
area of the density, even giving rise to negative “probabilities”. Compared to this, the
improvements of the saddlepoint approximation over the Edgeworth expansion include: first,
the saddlepoint approximation always generates positive probabilities; second, the
saddlepoint approximation is very accurate in the tail area where most of the interest lies in
the ease of testing problems; and third, the performance of the saddlepoint approximation is

accurate for small samples, sometime even with only one observation.

The logic behind the saddlepoint approximation for a density function is the following. Let X
be a random variable with a density function f(x). Then the associated characteristic

function is defined as:

.
by (0)= [ " f(x)dx,
Where “/” is the imaginary number satisfying i = -1. The cumulant generating function is

K, (1) =log(¢, (¢)) . By applying the Fourier inversion formula, we can recover the density



function, f(x):

n : —itx
[ = g™ dr, (1)

If we let it =, then we can write (1) as
flx)= . ercxp(K (t)—tx)dt (2)
' 2mi Jr-i= X '

We define the point 7 that satisfies the equaiton
K,.(t)=x.

Expanding the argument of the exponential function in (2) around 7( X), we obtain

K, (1)~ tr = K (F()) ~F()x+ L= ‘(’“” K0y, 6

Then, we substitute (3) into (2) and integrate with respect to ¢ along the path parallel to the
imaginary axis through the point 7(x). This yields the saddlepoint approximation of the

density function f(x)as

1 - 5 %
f(x)= {m} exp{K(Z(x))—#(x)x}.

Saddlepoint approximations have been proved useful for a range of distributional problems.
Therefore, such approximations have attracted a lot of interest, both in theory and in practice,
as is discussed below. The saddlepoint approximation was studied first by Daniels (1954). In
this seminal paper, Daniels derived a saddlepoint approximation for the mean of n
independent identically distributed random variables. Daniels also discussed the application
of the saddlepoint approximation to the case of discrete variables and the distribution of ratios
of sums of random variables. With an appropriate renormalization, to ensure that the
saddlepoint density function integrates to unity over its support, the accuracy of the
approximation can sometimes be improved, and in certain cases it even reproduces the exact
density. Daniels (1980) studied the conditions under which the renormalized saddlepoint
approximation can reproduce the exact density of an estimator. He found that the normal,
gamma and inverse normal are the only three cases for which the renormalized saddlepoint
approximation reproduces the exact density of the estimator in the scalar case. In fact, in the
cases of normal and inverse normal, the saddlepoint approximation can reproduce the exact

density even without renormalization. Goutis and Casella (1999) is a good reference on the



subject of the saddlepoint approximation.

Barndorff-Nielsen & Cox (1979) generalize the saddlepoint approximation of the univariate
case to the bivariate and the multivariate distributions. They also provide two other important
extensions - the single and the double saddlepoint expansions, for the conditional distribution.
Barndorff-Nielsen & Cox illustrate the application of the theoretic results to the conditional
likelihoods and maximum likelihood ratio test statistics. Skovgaard (1987) also derived the
saddlepoint expansions for conditional distributions in bivariate case. Then he generalized
this expansion to the conditioning on a p-1-dimensional linear function of a p-dimensional
variable. Butler and Huzurbazar (1992) applied the conditional saddlepoint approximation to
the Bartlett-Nanda-Pillai trace statistic in multivariate analysis. Jing and Robinson (1994) and
Gatto (1996) examined the saddlepoint technique in approximating the marginal densities of
some variables. Butler and Sutton (1998) applied the saddlepoint approximation to four

multivariate distributions: the multinomial, multivariate hypergeometric, Dirichlet, and

multivariate POlya distributions; and to two tests: outlier discordancy tests and slippage tests.

In many cases, such as hypothesis testing, our primary interest is with one or both tails of the
statistic’s sampling distribution. So it is natural to focus on the application of the saddlepoint
approximation to the tail areas. Lugannini and Rice (1980) produced a very accurate
saddlepoint approximation for the cumulative distributive function for the tail areas, called
the Lugannini-Rice formula or L-R formula. Some other approaches for the tail areas can be
found in Barndorff-Nielsen (1991). Barndorff-Nielsen discussed the relation of the tail area
approximation determined by a modified signed log likelihood ratio to a generalization of the
L-R approximation. Daniels (1987) provided a full discussion of different saddlepoint
approximations for the tail areas. All of the approximations discussed in these works are
normal-based approximations, and these seem to provide good accuracy when the statistics
have normal limiting distributions. It is obvious to ask if a generalization to the non-normal-
based formula may improve the accuracy when the limiting distribution of the variable is
non-normal. Wood, et al. (1993) proposed the generalization of the non-normal-based
saddlepoint approximation, which we will call the WBB formula. They compared the
performance of the normal-based and non-normal-based approximations for two examples: a
linear combination of chi-squared variables, and the first passage time distribution of a

positive persistent random walk. Their results showed that the non-normal-based



approximation can be more accurate than the normal-based approximation.

In some situations, the statistic of interest cannot be expressed in a closed form, but is defined
by a system of equations. It is often interesting to apply the techniques of the saddlepoint
approximation to this situation. Daniels (1983) extended the saddlepoint method to the
probability density of an estimator defined by an estimating equation. He derived two
formulae: one to approximate the density function, the other to approximate the cumulative
distribution function. Spady (1991) extended the saddlepoint approximation from the scalar
estimator to a vector of estimators defined by a system of estimating equations. Spady’s
derivation can be applied to the case where the observations are independently but not
identically distributed. The approximation was applied to the least absolute deviations
regression, and the results showed that the normal-based saddleppoint approximation
provides apparent improvement when the asymptotic normal approximation is very

misleading.

The main requirement of the saddlepoint approximation is the knowledge of either the
cumulant generating function or the moment generating function. However, sometimes, the
cumulant generating function is intractable. Therefore, some statisticians have examined
cases when the true cumulant generating function is unavailable. Feuerverger (1989) derived
the saddlepoint approximation for the case when the cumulant generating function can be
obtained only empirically. Feuerverger gave a full discussion about the properties of the
empirical moment generating funciton and the empirical cumulant generating function and
the derivatives of these functions which are needed for the saddlepoint approximation. Monti
and Ronchetti (1993) investigate the relationship between empirical likelihood and empirical
saddlepoint approximations for multivariate M-estimators by comparing the expansions of
the empirical log-likelihood and the empirical cumulant generating function. This leads to a
nonparametric approximation of the density and the confidence regions of a multivariate M-
estimator. Easton and Ronchetti (1986) derived a general saddlepoint approximation. They
use the first four cumulants to approximate the cumulant generating function, and then
construct the saddlepoint approximation for any statistic. Gatto and Ronchetti (1996)
extended the general saddlepoint approximations to approximate the marginal densities and

tail probabilities of a general nonlinear statistic.

Many other applications of the saddlepoint approximations have been studied. Robinson

(1982) used the saddlpoint approximation to obtain the significance levels and confidence



intervals of the permutation tests in the one and two sample problems. Jensen (1988)

considered the saddlepoint approximation in the case when the limit of the point evaluated

goes to «. Fraser er al. (1991) described a simple numerical procedure to construct the

saddlepoint approximation for a real parameter in an exponential linear model. Jing et al.
(1994) compared the saddlepoint approximation and the bootstrap approximation. Routledge
& Tsao (1997) prove that the derivation of Lugannani and Rice’s asymptotic expansion for
the cumulative distribution function is the same as Daniels’ asymptotic approximation for the
corresponding density function. A comprehensive review of the application of the saddlepoint

approximations can be found in Reid (1988, 1991) and Field and Ronchetti (1990).
3. Large-n Approximations

The large- n approximation, which is defined below, is one of the methods that are used to
approximate the finite sample moments of the econometric estimators and test statistics for
moderately large samples. The results derived from the large-n approximation, usually lie
between the exact sample result and the large sample asymptotic result. One thing that needs
to be clarified is the difference between the large- n approximation and the large sample
asymptotic approximation. Inferences from the large sample asymptotic approximation are
simply those based on the limiting distribution of the statistic in question when » goes to
infinity. On the other hand, the large- n approximation uses an (asymptotic) expansion to
approximate the exact distribution or moments of the statistic. Then it provides inferences
based on some leading terms of the expansion. The accuracy of this approximation increases
as the sample size increase. There are two broad ways of deriving a large-» approximation
that have found popularity in econometrics. These are the Edgeworth approximation and what
is often termed Nagar’s approximation. An Edgeworth approximation is based on an
expansion that gives us an approximation to the exact distribution function. On the other hand,
Nagar’s approximation is based on the expansion that gives us an approximation to the
moments of the exact distribution. The large- n approximation we have used in this
dissertation is Nagar’s approximation, which was introduced first by Nagar (1959). The
approximation is based on a Taylor series expansion to approximate the sampling error (the
difference between the statistic and the parameter), so that the successive terms are in the

descending order of the sample size », in probability. Suppose that we have a random vector

Y whose distribution involves an unknown parameter vector, 8, and let @ be a consistent



estimator of @. Then the sampling error, 6-6 , can be extended in the Taylor Series

expansion:
6-0=¢,,+¢, o g B
where €_,,, =0, (n™'?) . Then the bias to O(n™") is defined as:
Bias(6) = E(e.,,,) + E(€.,)
and the mean square error (MSE) to O(n™%) is

MSE(6) = E(&_,,€ 1,y +€_,,€ 3, +E_3,,€ 1, TEE)

There have been many applications of the Nagar large-n approximation in econometrics. For
example, Srivastava and Giles (1987) applied the large- n approximation to determine the
mean, bias and mean squared errors of various estimators for the seemingly unrelated
regression model. Grubb and Symons (1987) used the large-n approximation for the OLS
estimator of the lagged dependent variable coefficient in the context of a first order stable
autoregressive model with exogenous variables (ARX(1)). Also, Kiviet and Phillips provided
a series of extensions to Grubb and Symons’s works. Kiviet and Phillips (1993, 1994)
extended the analysis to the estimator of the full coefficient vector and the higher order
dynamic regression models, ARX(p). All the works above are in the context of a stable
dynamic model. Kiviet and Phillips (2005) extended the large-n approximation to examine
the bias, variance and mean-squared error of the OLS estimator for the whole coefficient
vector in a linear dynamic regression model with a unit root. Kiviet et al. (1995) also
generalized this large- n approximation analysis to the dynamic seemingly unrelated

regression model.

Other work has been done on the finite-sample properties of various nonlinear estimators,
such as certain MLE’s, which do not have an analytic expression in terms of the known
variables. Rilstone et al. (1996) derived the second-order bias and MSE results for the
nonlinear estimator with i.i.d observation data, when the estimator can be written as the
solution to a set of moment equations. The application of this method is quite wide, including
MLE, OLS, other extremum estimators and method of moment estimators, and of course
some GMM estimators. Some other work involving the nonlinear estimator has been
undertaken for certain nonlinear models, such as Knight and Satchell (1992) examined the

duration models with exponential densities. Bao and Ullah (2006) generalized Rilstone et



al.’s results for time-series models. These results are applicable in both the linear and
nonlinear models and are valid for both the normal and nonnormal distribution. However, the
form of the exact result depends on the model. Bao and Ullah derived the results for four
models: AR(1), ARX(1), VAR(1) and MA(1). Among them, the results for ARX(1) and MA(1)

models are also generalized to the non-normal observations,
4. Small-o Approximations

Another method that is widely used in the finite-sample theory, especially in econometric
analysis, is the so-called small-o (or small disturbance) approximation. This method uses a
Taylor series expansion to expand the expression for the sampling error, so that the successive
terms are in descending order of ¢ in probability, in contrast to a large-n asymptotic
expansion which orders these terms in descending order of the sample size, 7, in probability.
The small- 0 asymptotic approach is a complement to the large-sample asymptotic
approximation. The strength of the small- ¢ approximation is that it does not require a large
sample size or the finiteness of the limiting values of the sample moments. Of course, the
small-disturbance approximation also has some limitations. It requires that the disturbance be
very small and approach zero in the limit, which implies that the econometric model can
explain the variation of the dependent variable very well. In addition, the small-disturbance
approximation usually requires knowledge of the underlying distribution, and the results are
often quite complicated, and this can make it difficult to draw clear conclusions from the

results.

Again, suppose that we have a random vector ¥ whose distribution involves an unknown

parameter vector, &, and let 6 be a consistent estimator of 6. For the small-& approximation,

the expansion of the sampling error in terms of the Taylor series expansion is
6-0=0,+0L,++0C, +{"
where o is the standard deviation of the sample, y,and " =O(c?™), s>0.
Then the bias to O(c™) is defined as:
Bias(9) = oE({,) + 6 E((,)
and MSE to O(c™?) is

MSE(6) = 0*E¢\§) +0°[E(, 5 + BS,E 1+ 0" [EC,, + EC, L+ EC L]
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The small-o approximation was first proposed by Kadane (1971) in the context of the so-
called k-class estimators of the parameters of a single equation in a system of linear
simultaneous stochastic equations with normal disturbances. Another early application of this
approximation was by Raj and Ullah (1981, pp.134-140). They derived a small-
O approximation to the moment matrix of the Hildreth-Houck estimator for the purely
random coefficient model. Ullah, Srivastava, and Roy (1995) generalized the small-

O approximation method to the non-normal but i.i.d case, and provided more explicit
expressions for the bias to O(c”)and MSE to O(c*). Kiviet and Phillips (1993, 1994)

applied the small- 0 approximation in the context of ARX models. Other applications of the
small- o approximation have focused on approximating the exact moments of the ratio of
quadratic forms in normal random vectors, ¢.g., Magnus (1986) and Smith (1989). Also, Inder
(1986) used the small- o asymptotics to approximate the null distribution of the Durbin-
Watson statistic when the model includes a lagged value of the dependent variable. Ullah and
Srivastava (1994) provided more general results for the higher-order moments of the ratio of
quadratic forms. Their results apply to the case of i.i.d non-normal distributions, with the
normal distribution as a special case of this result. They also illustrate the application of the
results to derive the bias of the R? for the multiple regression model, and the bias of the
estimator in the ARX(1) model. More detailed discussions on the use of finite sample

approximations, and particularly small-disturbance approximations, in econometrics can be
found in Ullah (2004).

5. Dissertation Overview

In Chapter 2, we aim to solve the Purchasing Power Parity (PPP) puzzle that the persistence
of the real exchange rate is too high to be reconciled with the PPP theory. The half-life is the
measure which is widely used in this literature to measure the persistence of the real
exchange rate. As is common in this literature, we use the OLS estimator of the coefficient in
the autoregression (AR) model to estimate the half-life. In this chapter, we apply the
saddlepoint approximations to the half-life estimator. We approximate the density and CDF
function of the half-life estimator, based on Lieberman’s (1994b) saddlepoint approximation
for the coefficient in AR(1) models. Based on the density function, we generate numerical
results on the point estimator and confidence interval for the half-life estimator. The

numerical results show that our point estimator of the half-life estimator is very high and the
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confidence interval is very wide, which is consistent with most of the empirical literature on
the PPP puzzle.

Another contribution of the chapter is that we derive some properties of the half-life estimator
based on the density function we derived. We prove that the finite moments of the half-life
estimator do not exist if we construct the half-life estimator based on the coefficient in AR
model. This property provides an explanation for why most of the empirical works find a
wide confidence interval for the half life. This suggests that the PPP puzzle may not really
exist. The possible reason for the PPP puzzle is that we use an inappropriate measure for the
half-life. Therefore, choosing an appropriate measure of the half-life estimator is the way to

solve the PPP puzzle.

In Chapter 3, we apply the different saddlepoint approximations to approximate the CDF for
the Anderson-Darling test. The objective of this chapter is to compare the performances of
different saddlepoint approximations. The saddlepoint approximations we compare in this
chapter include the lower-order and higher-order-normal-based saddlepoint approximations,
and the lower-order and higher-order-non-normal-based saddlepoint approximations. The first
two approximations derived by Daniels (1954, 1987), provide very accurate approximation
when the asymptotic distribution of the statistics is normal. And the third one is from Wood,
Booth and Butler (1993) who expect the non-normal-based saddlepoint approximations can
provide some improvement over the normal-based saddlepoint approximation when the
asymptotic distribution of the statistics is non-normal. The asymptotic CGF of the Anderson-
Darling test is a weighted sum of the chi-square distribution, therefore, we expect the non-
normal based saddlepoint approximation can provide some improvement over the normal-
based saddlepoint approximation. Then we extend the non-normal-based saddlepoint
approximations to include the higher-order terms, with the expectation that such inclusion

may bring some improvement.

The comparison of the performances of the different saddlepoint approximation is based on
the results from Lewis (1961). Lewis simulated some numerical results for the Anderson-
Darling test with the sample size ranging from 1 to infinity. The comparison shows that both
the non-normal-based and the higher-order saddlepoint approximations can provide some
improvement in the central part, but not in the tail areas of the density for the Anderson-

Darling test. This means that the lower-order-normal-based saddlepoint approximation is



enough if we are only interested in the tail areas.

In Chapter 4, we apply the large- n approximation to the maximum likelihood estimator
(MLE) of the Logit model. Based on Rilstone, Srivastava and Ullah’s results (1996) for the
nonlinear estimator, we derive the bias and MSE of MLE in the Logit model. There is an
extensive literature on the asymptotic properties of MLE in the Qualitative Response model.
However, the papers on the finite sample properties of MLE in the Qualitative Response
models are surprisingly few. So our work makes some contributions to this field. After we
derive the analytic expressions for the bias and MSE of MLE in the Logit model, we generate
some numerical results based on the analytic results for the Logit model with one regressor.
We compare the MLE with its bias-corrected counterparts. We derive two bias-corrected
estimators, one based on the true parameter, and another based on an estimator of the

parameter. The results show that there is a gain from bias-correction.

In Chapter 5, we apply the small- ¢ approximation to two price index numbers, which are the
Laspeyres Index and the Paasche Index. A price index is used to measure the price change
over time or across regions, We derive the bias and MSE of the two index numbers based on
Ullah and Srivastava’s (1994) small- ¢ approximation for the bias and MSE of an estimator
which can be expressed as a ratio of quadratic forms. We try to decide on the preference
between these two index numbers based on their MSE. In order to write the index number as
a ratio of quadratic forms, we assume all the price and quantity in the base and current
periods are random. Then we derive the analytic function for the bias and MSE of these two
index numbers. Some numerical results show that it is hard to choose between these two
index numbers. The preference depends on the data set. Different data sets give us different

preferences between these two index numbers.

In Chapter 6 of this dissertation, we provide our conclusions from this research, and we also
suggest some future directions for further research on each topic that is covered in this

dissertation.



CHAPTER 2:
A SADDLEPOINT APPROXIMATION TO THE EXACT
DISTRIBUTION OF THE HALF-LIFE ESTIMATOR IN AN
AUTOREGRESSIVE MODEL: NEW INSIGHTS INTO THE PPP

PUZZLE

1. Introduction

Purchasing power parity (PPP) is a theory about exchange rates between two currencies.
Basically, it means that the price for a given basket of services and goods should be the same
in two countries, if measured in the same currency. PPP is a building block in international
economics. Therefore, the validity of PPP has attracted considerable interest, especially since
the advent of flexible exchange rates in the early 1970’s. As the real exchange rate is the

nominal exchange rate adjusted for the relative price level, the tradition in the literature is to

use the real exchange rate to explore PPP theory.

Essentially, there are two empirical puzzles associated with PPP. The first puzzle is the non-
stationary behavior of the real exchange rate. PPP theory can be simply re-stated as saying
that the real exchange rate is mean reverting. Therefore, the non-stationary behaviour of the
real exchange rate implies that any deviation from PPP cannot disappear as time goes.
Although few economists view PPP as a short-term phenomenon, non-stationarity implies
that the PPP theory does not even hold in the very long run. This poses a problem for
international economics because of the important role that PPP plays. The second empirical
puzzle arises as follows: The observed degree of persistence in real exchange rates is too high
to be reconciled in terms of their short-term velatility. Financial factors, such as monetary or
financial shocks, cause the volatility of the exchange rate, and in the presence of price
stickiness the effect of such shocks can be exaggerated. However, the high persistence of the
deviations from PPP that have been observed in a vast range of empirical studies cannot be
explained simply by price stickiness. In the empirical literature relating to PPP, the half-life is

a commonly-used measure of the persistence of the deviation from PPP. This is defined as the
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amount of time it takes for a unit shock to dissipate by 50%. Empirical studies appear to yield
a consensus of a half-life of three to five years (e.g., Abuaf and Jorion, 1990; Glen 1992;
Cheung and Lai, 1994). This empirical consensus of a half-life of three to five years is well
discussed by Rogoff (1996). Rogoff first constructed the phrase “purchasing power parity
puzzle” to describe the problem that the high persistence of the real exchange rate is
inconsistent with the PPP theory, even considering the stickiness. Only a half-life of no more
than one to two years can be explained by price stickiness alone. So, there remains a puzzle
that continues to attract considerable attention in the literature, and this provides the

motivation for this chapter.

In addition, a number of authors have obtained not just point estimates of the half-life of
deviations from PPP, but have also attempted to provide confidence intervals. In this chapter
we show that such attempts are meaningless as the usual half-life estimator has no finite
moments. This finding also explains why disparate point estimates are obtained in practice.
The chapter is constructed as follows. The next section reviews various PPP convergence
studies that focus on half-life measures. As the main theoretical results of the this paper are
based on the Lieberman’s (1994b) saddlepoint approximation for the density and distribution
function of the OLS estimator of the AR(1) model, in section 3 we provide, a simple
introduction to this approximation. In section 4 we derive the density and distribution
functions for the half-life estimator in the AR(1) model, and explore some of the properties of
this estimator. These results are extended to the case of the AR(p) model in section 5; and the

final section discusses the implications of our results and provides suggestions for future

research.

2. Resolutions of the PPP Puzzle

Given the important role of PPP theory it is natural that economists have shown a lot of
interest in solving the two puzzles described in the first section. The empirical results relating
to the first of these puzzles are mixed. Using standard unit-root tests, most of the studies
cannot reject the unit root hypothesis versus the stationary hypothesis for real exchange rates
under a floating exchange rate regime (e.g., Meese and Rogoff, 1988; Edison and Fisher,
1991; Grilli and Kaminsky, 1991). In particular, Edison and Fisher could not reject the
presence of a unit root in the data even when they allowed for structural breaks. A potential

explanation for this is the low power of the test in relatively small samples, so later researches
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have mainly focused on two directions: the use of long-term historical data (e.g., Diebold et
al., 1991; Lothian and Taylor, 1996) and the application of more powerful tests. The studies
using long-term data show that if the data set covers both fixed and floating rate periods, then
the real exchange rate exhibits mean-reverting behavior. However, the results cannot
determine whether or not the mean-reverting behaviour of the real exchange rate still exists in
the post-Bretton Woods period. Thus, several more powerful unit root tests have been applied

to obtain inferences relating to the post-1973 data set.

Some economists have applied panel unit root tests and have found strong evidence in
support of rejecting the unit root (e.g., Lothian, 1997; Wu, 1996; Papell and Theodoridis,
1998; Pedroni, 2004). Taylor and Sarno (1998) constructed two types of powerful unit root
tests. One is the multivariate augmented Dickey-Fuller test or MADF test, which is a
multivariate analogue of the standard, single-equation augmented Dickey-Fuller (ADF). Like
the usual panel unit root test, the null hypothesis of the MADF test is that all of the series in
the panel data-set are non-stationary, which may result in an over-rejection problem. Another
approach is to apply Johansen’s (1988) likelihood ratio (JLR) test statistic to test the null
hypothesis, that is, at least one of the series have a unit root. So the JLR test can overcome
the over-rejection problem. Taylor, et al. (2001) applied the MADF and JLR tests and their
results support the stationary property of the real exchange rate, at least at the five percent
significance level. However, some economists have argued that the panel studies are sensitive
to the choice of sample (e.g., Papell, 1997). Chuang and Lai (1998) uncover the first puzzle
based on the post-Bretton Woods data by applying two efficient univariate unit root tests: a
modification of the ADF test constructed from generalized least squares (GLS) estimation —
i.e,, the DF-GLS test suggested by Elliot ef ¢l. (1996); and a modification of the ADF test
constructed from weighted symmetric least squares (WSLS) estimation - the DF-WS test
suggested by Park and Fuller (1995). Therefore, by covering longer- term data or exploring
more powerful tests, the first puzzle seems to be solved, which means that PPP theory holds,

at least in long run.

Accordingly, more recent papers in this field focus on the second PPP puzzle by exploring the
possible reasons of over-estimating the persistence of the real exchange rate. From an
empirical viewpoint, the second puzzle can be illustrated for the linear AR(1) model as
follows.

Let
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Y=y Faby y =01 By T (1)
where y, is the real exchange rate series, which is conditional on the initial value, y,, and

u,~iid .N(0,0°) . Often, the normality assumption is not explicitly used in the associated
empirical literature, as it is not needed for the construction of a half-life measure. We initially

retain the normality assumption to establish our main results, but subsequently we show that

these results still hold if this assumption is relaxed to some degree.

Based on the model in (1), an estimator of the half-life for the speed of adjustment can be

obtained as:
h=10g(0.5)/log(@) )

where & is the OLS estimator of @, namely & =(y",y_)"'y’,y . and we require &€ (0,1)

for the model to be dynamically stable, and for the estimated half-life to be positive.

We know that the second puzzle involves observing an estimated half-life that is “too large”,
as it is difficult for this to be reconciled with the PPP theory. Only a half-life of less than two

years can be explained by the stickiness of prices. Therefore, the second puzzle arises if the

estimator # yields a value greater than (about) three years, say. In order to provide a more
complete picture of the puzzle, most studies also report a confidence interval to supplement
the point estimate of the half-life. However, these confidence intervals are usually found to be

far too wide in practice to provide any useful information about the PPP puzzle.

The first possible reason for these uninformative confidence intervals that has been put
forward is the bias of the OLS estimator in (1). As we know, the OLS estimator in the AR(p)
model is biased downward in small samples, and the bias tends to increase with the
persistence of the series. Andrews’ (1993) median-unbiased estimator for AR(p) models
provides a good tool to correct the bias. Unfortunately, though, the studies applying the
median-unbiased estimator do not find any support for the PPP theory (e.g., Murray and
Papell, 2002; Cashin and McDermott, 2003; Caporale ef al., 2005; Lopez, 2005). Actually,
the results based on the median-unbiased estimators are that the estimated half-life is higher
than with the OLS estimator, and the confidence interval is still so wide that no strong
conclusions can be made about the PPP puzzle. Murray and Papell (2005) extended the

median-unbiased estimation method to the panel data context, and argued that the shorter
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half-life of 2-2.5 year based on estimators unadjusted by the median-unbiased estimator from
the previous panel data are the results of the implication of inappropriate estimation method.
Murray and Papell’s results are consistent with Rogoff’s PPP puzzle claim. Choi et al. (2004)
address the bias sources in estimating the half-life of PPP from panel data and found a 5.5
year of half life for 21 OECD countries from 1948-2002. In all, the bias correction seems to

drive us away from PPP theory.

Some other economists have tried to find the solution to the puzzle in the actual estimation
model. We know that PPP theory is based on the assumption of a complete trade arbitrage
world, which means that any deviation from PPP will be eliminated by the trade arbitrage.
But in reality, complete trade arbitrage does not exist due to factors such as transaction costs,
taxation, or some trade restrictions between two countries. Only when the deviation is large
enough to cover the transaction costs will arbitrage occur and drive away the deviation.
Therefore, some economists argue that in the presence of transaction costs, a nonlinear model
is more reasonable to represent the process of the real exchange rate (e.g., Taylor, Peel and
Sarno, 2001; Baum et /., 2001). In the nonlinear models, the mean reversion speed depends
on the deviation size from the long-run equilibrium level: the larger are the deviations, the
lower are the half-life point estimates and the narrower are the confidence intervals, and vice
versa. So it is possible to have high persistence as well as low persistence. It seems that the
nonlinear models provide a hopeful solution to the PPP puzzle. However, El-Gamal and Ryu
(2006) investigate both the autoregression model and nonlinear models such as the Threshold
Autoregression (TAR) and Exponential Smooth Threshold Autoregression (ESTAR). They
found that the nonlinear models exhibit the same classical decay form of the AR model. As
the AR model can capture most of the features of the nonlinear models, their conclusion is
that it is unnecessary to introduce complexity by using nonlinear models. Therefore, even if

all the efforts provide valuable insights into the puzzle, the puzzle is still there.

A later line of literature starts to question the measure of half-life that is used in this literature.
Chortareas and Kapetanios (2004) suggest that the second puzzle may be caused artificially
by the measure of half-life that is adopted. They suggest an alternative measure, which can
reduce the half-life estimate to a level consistent with the predictions of the sticky price
models for the AR(p) model. However, the alternative measure is the same as the traditional
one in the special case of the AR(1) model. Therefore, this alternative measure of the half-life

can not solve the PPP puzzle for the AR(1) model.



This chapter takes a different position from previous studies that have tried to resolve the PPP
puzzle. Essentially, this chapter has two contributions: first, we provide the density and
distribution functions for the usual half-life estimator. All the studies in this field up to now
construct the density function and confidence intervals on the basis of Monte Carlo or
bootstrap simulation methods. No specific density or distribution function of half-life has
been given, except that Kilian and Zha (1999) provide the density function for the half-life
based on a Bayesian method. However, our method is much easier to calculate and it also
overcomes the problem of prior information. Second, based on the density function, this
chapter proves that the moments of the half-life estimator do not exist, and we also extend the
results to the general AR(p) model. This provides an explanation for the wide confidence
intervals in all of the empirical studies, and it also implies that the second puzzle may arise
due to the invalid measure of the half-life, as is suggested by Chortareas and Kapetanios
(2004).

3. Saddlepoint Approximations for the Distribution

As we can see from (2), the basic definition of the half-life is based on the OLS estimator of
the coefficient in an AR(1) model. If we know the density function of & , then we can easily
construct the density function of the half-life. Fortunately, there exist various studies that
explore the properties of & in (1) (e.g., Philips, 1978; Lieberman, 1994a, 1994b). This
section uses Lieberman’s results to explore the properties of the half-life estimator.
Lieberman (1994b) implemented a saddlepoint approximation to obtain the density and
distribution functions for the coefficient estimator in the AR(1) model. Since the seminal
paper by Daniels (1954), many applications have shown that the saddlepoint approximation
can provide a valuable tool in approximating the density and distribution functions.
Lieberman’s results strengthen this conclusion. He illustrated that the saddlepoint
approximation of the density and distribution of & is excellent over the whole interval of &

even for very small samples.

For equation (1), Lieberman expresses the OLS estimator ¢ as:
VR, C,R,v

., v~N(0,0°1), 3
V'R;CQRRV ( ) )

o=
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Then Lieberman derived the saddlepoint approximation for the density of & as

(A R,C,R )

f(@)= - ; 4)
it Dy
where D = D(@) = R.,(C, = 6C,)R,,, A= A(W)=1—20D and W satisfies
tr(A™' D) =0 . (5)

Then he generated the distribution function of & by integrating the density function and

applying the Lugannani-Rice formula, which is:

F@)=P@a< x)=@(é)+¢(é)(l£—é) , ©)

where éz(log|;{|)“%sgn(@) , 2:»@[2#{(21“0)2}]% , D=D(x) ; ® and ¢ are the

standard normal distribution and density functions respectively, and W is defined by (5).

Lieberman compared the approximation of the distribution with the exact values obtained
using Davies’ (1973) algorithm for the CDF of a weighted sum of independent chi-square
variates, as coded into the DAVIES option of the DISTRIB command in the SHAZAM
econometrics package (Whistler ef al., 2001) for different sample sizes and values of ¢ . His

comparison showed that the saddlepoint approximation is excellent over the whole interval of

& (Lieberman, 1994a, Table 1).
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4, Properties of the Half-Life Estimator in the AR(1) Model
4.1 Density and distribution functions of the half-life estimator

If the real exchange rate follows an AR(1) process, then the half-life estimator is defined by
(2). Taking the first puzzle of PPP to be resolved, we can ignore the unit root case and apply

Lieberman’s result. Then, the saddlepoint approximation for the density of the half-life

estimator can be constructed based on the density of & using the transformation:

f(h)y= flahlo<a <1y

ACOY -
Pr(0<a<1)’
where f(G(h)) is the density function obtained by replacing @ with (0.5)1/ " in (4); and

_0.5)""1n2
B

J

is the Jacobian of the transformation.

Pr(0<d&<1)=Pr.(&<1)-Pr.(&<0) can be calculated from (6) by letting x =0 and

x=1.WeletC = Pr.(0 < & < 1), which is a constant number.

So, the approximation to the density function for the half-life estimator is:

o {rr(ﬁ"R;CzRa)}\Zﬁ (0.5)% In2

Sf(h) = TN | = (8)
laz i Dyy)* i
where D = D(hﬁ) =R/ (C, - (0.5)%' C,)R,, A= A(GW)=1-2%D and W satisfies
tr(A'D) =0 .
Similarly, the approximation to the distribution function of the half-life estimator is:
F(hy=P(h<x0< <)
= po80) s I <a <)
log(cx)
=P(@<(0.5/c . )

Again, the distribution function (9) can be calculated easily, using equation (6).
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Based on (8), we generate the numerical values for the density for different choices of ¢ and

different sample sizes. We provide some figures to compare the density of 4 for different
values of & with the same sample size, and for different sample size with the same value of

& . More specifically, Figure 1 shows the density function for @ equal to 0.8, 0.9 and 0.97

and sample sizes of 30. Figure 2 shows the density of f; for sample sizes of 10, 30, and 50
and o equal to 0.95. From the first figure, we can see that the density function is highly
skewed to the right, and the density moves to the right and the tails become fatter as o
increases. From figure 2, we can see that the location of the density also moves to the right

and the tails become fatter as the sample size increases.

Table 1:
Point Estimator and Confidence Intervals of the Half-Life
for Different & Values and Sample Sizes

o T=10 T=230

Point estimator 95% Confidence Point estimator 95% Confidence

(Median) Interval (Median) Interval

0.6 1.20 [027, 7.12] 1.28 [0.47, 3.23]
0.7 1.58 [0.32, 12.15] 1.78 [0.63, 5.02]
0.8 2.19 [0.39, 24.49] 2.72 [0.87, 9.56]
0.9 3.39 [0.49, 60.04] 5.06 [1.27, 33.64)
0.95 4.79 [0.61, 109.52] 8.26 [1.65, 108.48]
0.97 6.07 [0.69, 155.41] 10.95 [1.88, 197.73]

Note: both the median point estimates and the confidence intervals are calculated based on the

distribution function (9) using code written for the SHAZAM econometrics package.

Table 1 shows the (median) point estimate and 95% confidence interval of the half-life
estimator when the true data process is an AR(1) model. Based on this table, we can see: first,
the point estimate increases with the sample size, which is consistent with the figures; second,
when @ is higher than 0.9, which is almost always the case in the empirical studies in this
field, the confidence interval is very wide. Third, when the sample size increases, the
confidence interval becomes somewhat tighter, but it is still quite wide, except for the case
a = 0.97. The actual meaning of the half-life estimate depends on the frequency of the real
data. For yearly data, the results are obviously inconsistent with the PPP theory. However, for
quarterly data, the sample size is usually over 30 and the autocorrelation coefficient is usually

quite high, so we can expect that the PPP puzzle is still there. Therefore our results are
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consistent with most of the other related empirical work.
4.2 Moments of the half-life estimator

Theorem 1:

Let the data follow a stationary AR(1) process: y, =y, , +u,, with u, ~ N(0,0") and

o € (—1,1) . The half-life estimator is defined as /i = log(0.5)/log(¢x), where ¢ is the least

squares estimator of « and suppose & € (0,1) . Then the mean of the half-life estimator does

not exist.

Proof:
MRy =["h f(h)dh,

! log((} 5)
0 log(ex)

fla)da

Let u(@) = {r(A"R.C,R, ')}\Jil " and W@) = (D))}
11log(0.5) u(a)
MY~ Tttt il

=Lim l—sk)_g(ﬁ?l_t@d&
=0 Y Jog(d) w(a)

Since the whole interval of @ is(—oe, o), u(&)and v(&) are continuous functions of & on
the closed interval [0, l] . According to the extreme value theorem, we can assume:
(i) when @ =& , u(®) gets to its minimum value N and N # 0.

(ii) when & =@, W(&) gets to its maximum value M and M # oo.

(The justification for assumptions (i) and (ii) is given in the Appendix.)

Given that f (&)= & forsome ¢ >0 in (0, 1), then:

W yspim | EOLDN .
e=0 e Jog(ar) M

—da

1
=log(0.5 —L

=10g(0.5)—| Lim(———
0g(0.5) [Hn(l @ |°

1 —£ log 1 ~
) + zm_[ '—Ajda
e=0 % [log(a)]
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= 1og(0.5)ﬁ oo — Lim ""'%dd
M| 0 [log(@)]

So, the estimated mean of the half-life estimator does not exist.

Based on the inversion formula, we know that
f(@)=f(@a+..)
Therefore if the estimated mean M ( h ) based on the saddlepoint approximation does not

exist, then the true mean M (4) does not exist, either. We know that one or both of & and &

may possibly take values on the boundary of the [0, 1] interval. In this case, we can set their
value(s) to 1-¢ or & (e—0) appropriately. Then we take the limit, and the proof still holds.

So the theorem is proved.

Corollary I:

Let the data follow a stationary AR(1) process: y, = @y, , +u,, with u,~N(0,07%) and . The

half-life estimator is defined as k= log(0.5)/log(¢) , where & is the least squares

estimator and & € (0,1). Then the integer-order moments of the half-life estimator do not

exist.

Proof:

M(h" )= j:h““' f(h)dh

log(0.5)
j[lo( )} f(@)da

M (h)=Lim [ log(0.5) | u(@ ;5
¢ | log(&r) | v(&)

> Lim [ | LEOS) | WY
e—=0 Ve log(a)
where M and N are defined same as in (i) and (ii) above.
Given that /(&)= for some 0 >0 in (0, 1), then
M (h) >[log(0.5)]" —L j 7%‘;

[log(@)]'
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”
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20 [log(e)]

= (168005 | 0ot # L [ I_E—ln—,ldo“:
M e0 % [log(a)]™

which establishes our result.
5. Properties of the Half-Life Estimator in the AR(p) Model

Often, PPP studies are based on the more general AR(p) model, to take account of more
general features of the data. So, it is of interest to see if our results also hold in the AR(p)
model, even though this situation is considerably more complicated. In order to make the
problem workable, we make some reasonable simplifying assumptions. First, we need to
know the formula used to estimate the half-life in the case of the AR(p) model. Essentially
there are two ways that are used to estimate the half-life for the AR(p) model in this literature.
First, some studies use the impulse response function to estimate the half-life by using some
nonparametric method, such as the bootstrap or Monte Carlo method. Second, other studies
estimate the half-life based on the formula constructed from the coefficient estimator from an
augmented Dickey-Fuller (ADF) regression equation. The empirical work based on both of
these methods has found similar results for the PPP puzzle, namely an implausibly large half-
life estimate and a very wide confidence interval. In order to derive a specific density and
distribution functions for half life, this chapter uses the second method. The basic idea is as

follows.

If the real exchange rate y, follows an autoregressive process of order p, AR(p), then:

Wi = ia;yf—f +U, : (10)
i=1

There is no explicit half-life function for the AR(p) model based on the estimator of the
coefficients in (10). The formula often used in practice involves approximating the half-life
by estimating an ADF equation:

p=1

Ay: =18yr—1 +2¢:‘Ay:—:' +ur’ urni'i'd'N(O"o—Z) ) (“)
i=l

We suppose that the data are stationary, so that S & (—1,1). Then, based on (11), we estimate
the half-life using:
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h=10g(0.5) /log(1+ f), - 1+fe 1) . (12)
In order to express the OLS estimator [;’ simply, we first apply some transformations to the
data. Let,

R =MNy, and R,=MY,,
where M =1-Y(XY)'Y", and Y =(Ay,, Ay, 5, Ay, ;- Ay,_,,,) , and we are
implicitly conditioning on the p initial observations.

Using standard partitioning results,

ﬁ = (Rz Rz)_l Rz R1 s
which can be rewritten as:

R'FR

B = 13
B R (13)
where
s % 0 =
0 0 0 0
0 O0... 0 %
F =
% D 0
0 L 0... 0 0 0
_0 0 0 -é- 0 0_2?30.'!'
L 8. 0 ]
01 0
0 0 1 0
0 O... 0
_0 D 0_2mr

Now, we define the covariance matrix of R tobe Q,,,, and Q™' = P'P.
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Equation (13) can be written as:
B _ Vv'P'FPy
VP'GPy’

We can see that equations (14) and (3) are quite similar, so based on Lieberman’s method, we

v~ N(0,0°1). (14)

can derive the density function of [ as,

for( P’GP)}|N| E

fB)= — . (15)
[47: r{(N'L)? }]2
where L = L(f3) = P'(F — BG)P, N = N(#) = I —2%WL and 1 satisfies
r(N'L)=0 . (16)
Then, applying Lugannani-Rice formula, the distribution function of ﬁ is
F(By=P(B<0=0@+9E)5-) . a7

L= (1og|zi‘r\)5 sgn(W), 2 = WRer (L)) ]
L = L(x) ;as before, @ and ¢ are the standard normal distribution and density functions

respectively, and W is defined by (16).

Let @ =1+ B , and using the fact that the Jacobian is unity, the density function of & is :

i 5
2

{:r(Kr“P’GP)}]ﬁ

f@)= , (18)

laz o (N Ty
where L = L(@) = P(F —(@-1)G)P, N = N(W) = I —2WL and W satisfies
tr(ﬁ'lf) =0

Based on the definition function (12), and allowing for the Jacobian, the density function of
the half-life estimator in the AR(p) model is:
fhy= f@m)o<a<1J
_ S @i -
P(-1< B<0)
where f (&"(};)) is the density function by replacing & with (0.5)’Lﬁ in (18); and the

Jacobian is
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(0.5 1n2

J ~
hz

Pr.(-1< ﬁ @)= Pr.(ﬁ <0)— P(B < —1) can be calculated from (17) by lettingx = 0 and

x=1.WeletK =Pr.(-1< ,@ < 0), which is a constant number.

So, the density function for the half-life estimator is:

_ * 0.5% 2
broyN D) KR

e {r(N PGPV

; (20)

where L = L(ﬁ) = P/(F - ((0.5)% ~1)G)P, N=N(¥)=1—-2WL and W satisfies
tir(N"'L)=0.

Based on the density function (20), we can derive the following theorem.

Theorem 2:

Suppose that the data follow a stationary AR(p) process and satisfy the ADF equation:

g1
Ay, = By, +z¢jAy,_i. +u,, with u, ~ N(0,0%) and fe(~11), and the half-life is

i=1

defined as 4 = log(0.5) /1log(1 +)§') , where ﬁ is the least squares estimator and [3’ € (-1,0).

Then the mean of the half-life estimator does not exist.

Proof:

M( 7 )zj:;}f(fi) dh

_Mog(05) s o
—J.“ilog(&) f(@)da

Let u(&) = {rr(ﬁ-l P’GP)}[N + g W&) = [47: tr{(N'L)? }]‘5

M Gy = [ 10803 u@)
0 log(&x) w(&)

i [ 18094@
el J£ log(a) v(a)

Since the whole interval of @ is(—oo, o), u(&)andv(&) are continuous functions of & on

the closed interval [0, l] . According to the extreme value theorem, we can assume:
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(iil) when @ =@ , u(¥) gets to its minimum value N and N #0.

(iv) when & =@ , v(@) gets to its maximum value M and M # oo.

(The justification for assumptions (iii) and (iv) is similar to that for (i) and (ii) above.)
Given that f(&)= 6 forsome & >0 in (0, 1), then:

M (h)>Lim [ ‘1—‘1‘@ A
0 log(al)

~log(0:5) Lim [°-—L 4@
M e=0 e log(a')

r-J

= S) = | Ld
log(0.5) = 7| ;;:(log( =

l—g = 1-€ l —~
) =} le-[ —N—z-da}
=0 % [log(@)]

= IOg(OS)i co+ Lim J-I_E;Nz-d& .
M| 0% [log@)]

So, our result is established.

Corollary 2:
Suppose that the data follow a stationary AR(p) process and satisfy the ADF equation:

-1
Ay, = By, +i¢,.ay,_, +u, , with u, ~ N(0,0%) and e (-1,1), and the half-life is

i=1
defined as / = log(0.5)/1og(1+ B) , where 13' is the least squares estimator and /3 € (—1,0).

Then none of the integer-order moments of the half-life estimator exist.
Proof:

M(h") =j:' A" f(h)dh
i) j{,[“’gm S)} /(@ aa

i Jl—a‘{log(O.S)} u(@) i

log(@) | w(@)
[0 £
£—0 log(a)

where M and N are defined same as in (1i1) and (iv).



29

Given that f(&)= 0 for some & >0 in (0, 1), then:

N N g ]
M (h7) >[log(0.5)]" = Lim | ————ddi
(h") >[log(0.5)] M e-0 L [log(a))]" {

I-&

= [log(0.5)]" e )+ rLim Jlmd&“}

[Lfm(#
20 Tlog(@)]

| =

’_E - . 1-£ 1 o
=[log(0.5)] M{ +r£,£$1L 7{10&52)]”1 da} .

So the corollary is proved.
6. Robustness of the Properties of the Half-Life Estimator

In the theorems and corollaries above, we assume that the disturbance term follows a normal

distribution. Here, we examine whether our results are robust to a relaxation of this normality

assumption. Let Ff, represent the regular regression model; and Hk_] represent the first-
order autoregressive model. F,(n,X) represents the elliptically symmetric family of

distributions. Then King (1979; p. 121) proves that “when the disturbance vector of }f, and

iy ' takes an E,(n,Z) distribution, any linear unbiased or any well-behaved non-linear

estimator will have very similar properties to those of the same estimator when the
disturbance term is normally distributed.” From King’s result, we would expect that we will
get similar results if we generalize the normality assumption to the assumption that the errors
follow an elliptically symmetric distribution. All that is of concern to us here is determining if
the non-existence of the moments of the half-life estimator still hold under other
distributional assumptions. Here, we apply further results of Lieberman (1997) that relate to
the non-normal case, to prove the robustness of the theorems we presented above to the
distributional assumption. Lieberman derives the saddlepoint approximation for the density
and cumulative distribution function for the estimator & in an AR(1) model with some
exogeneous variables., Applying his result to (3), we can get the saddlepoint approximation to
& in (3). First, we let

S=vR,C,R,v—ov'R,C,R v
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Z = v’R;CERav
B= R;CZJRGr )

Then the saddlepoint approximation to the density of & is:

f(&)= =, 21
27 k,
with the saddlepoint W satisfying
Ki(W) =0, (22)

where K ¢(w) is the cumulant generating function of S and

—~—

Ki =K (w) (23)
kS = K500 (24)
ki, =E(Z) (25)
g = o (O0). (26)

Suppose v has arbitrary cumulants &' =0, k™, k™ ... where the cumulants are defined

as follows:
k™ = cum(v',v')
gk _ { bk
k™" = cum(v', v’ ,v")

Then (24) and (26) can be expressed in terms of v's cumulants &/, k" .-

fcuf = D sy.s,(,k"""“ 27
k= bk . (28)
This specification allows the v's to be correlated. When v is i.i.d., (27) and (28) reduce to
kS =k, DI SN I (29)
ko =k Y, b; (30)

where }?{2 =k "kd = Jchiid

The approximating function in (21) is continuous on a closed interval & € [0,1]. We can use

the same procedure as for Theorem 1 to prove that the moments of the half-life estimator do

not exist.



31

M (k) =j:;2f(f;) dh

I oK
he M Gy = [ 10BO3) fuc™

— = (74
© log(@) oz ks
If v is ii.d. and the second cumulant of v is finite, then ?{}S and ];U are defined by (29) and

(30). And we can also see that both &, and k,, are continuous functions of @ on the closed

interval [0, ]], and they are the sum of a finite number of terms. Therefore, there is a non-zero
minimum and maximum for the numerator and denominator of the expression for the density
function of ¢ in (21). We assume that N is the minimum value of the numerator and M is the

maximum value of the denominator,and N #0, M #0.

Then:

M By s Lim [T BOD N e
£l JE log(a) M

N . pe 1 "
=log(0.5)— Lim —da
M e-0de IOg((X)

= log(0.5) | Lim(—%
M ua—)(} log(a)

-

€y 4 Lim J'H ;dd}
‘ e=0 % [log(d)]*

—1og(0.5) 2| ot Lim [T —L g
M e=0 % [log(er)]”

therefore, the mean of /s does not exist. Similarly, we can prove that none of the integer-order

moments of /i exist either.

Therefore, all of our main results hold as long as v is i.i.d. and the second cumulant of v is
finite. In addition to the normal distribution, there are many distributions with a finite second
cumulant. When we allow the disturbances to be correlated, the situation is more complicated.
However, we can still find quite a large class of distributions which will satisfy the conditions
of the above proof. For the AR(p) model, we can apply (21) to (18). The situation is almost
the same as for the AR(1) model. Therefore, the property that the moments of the half life
estimator do not exist is quite robust to the distributional assumption for the errors of the

fitted model.



32

7. Conclusions

Given the important role of PPP theory in economics, it is natural that the “PPP puzzle” has
attracted a lot of attention. However, although numerous efforts have been made to try to
solve the puzzles by exploring the possible reasons from different perspectives, no one can
give a specific answer. This chapter tries to add some distributions to this literature. It
provides explicit density and distribution functions for the half life estimator, and proves
analytically that the moments of half life estimator actually do not exist, not only for the
AR(1) model but also for AR(p) models. Moreover, this result is quite robust to the
distributional assumptions. These properties explain clearly the existence of the quite wide

confidence intervals in all of the associated empirical studies.

Our results have some implications for future research. First, the poor properties of the half-
life estimator may suggest that the measure used in this chapter is not a good one, which
supports Chortareas and Kapetanios’ (2004) arguments that the puzzle may be caused
artificially by the measure we use. So, future work may be better to focus on constructing
some appropriate methods to measure the persistence, rather than just explore all possible
reasons to improve the accuracy based on the current measure of the half-life. Second, we
have not considered the case of nonlinear models. However, the assumption in the nonlinear
models employed in this literature is that the arbitrage happens only when the deviation is
quite large. So we can imagine that when the deviation is small, the situation for the nonlinear
models would be similar with the case we analyzed here. Therefore, nonlinear models can
never solve the problem for small deviations. If we think the source of the puzzle lies in the
model specification, then we must construct some model which is unrelated to linear models.
For example, we know that the PPP theory is based on the complete trade arbitrage world. We
can perhaps find an appropriate way to put other variables, which do affect the perfect
assumption of the complete trade arbitrage, into the model, rather than just base it on the real
exchange rate to study the validity of PPP theory. Third, some studies found that the key
engine governing the speed of PPP convergence is the nominal exchange rate, not the price
and the slow reversion of PPP is due to the slow reversion of nominal exchange rate (e.g.,
Engel and Morley, 2001; Cheung, et al, 2004). This can also explain why the empirical
consensus is inconsistent with the sticky-price model. Perhaps, we just need to explore more

explanations for the long persistence. The puzzle is not a real one.
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Figure 1: The density of half-life estimator when T=30
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Note: Figure 1 depicts the saddlepoint density function (8), which is the approximate density of A
when the sample size is 30 and the true @ 1s 0.8, 0.9, 0.97 respectively.

Figure 2: The density of half-life estimator when a=0.95
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Note: Figure 2 depicts the saddlepoint density function (8), which is the approximate density of /

when the sample size is 10, 30, 50 respectively and the true & is 0.95.
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Appendix: Proof of Assumptions of N # (0 and M # e

Here we justify assumptions (i) and (ii) used in the proof of Theorem 1.

First, we prove that N # 0

N=u(@) = {rr(ﬁ_'R;CzRa)Hﬁi_% .

So,if N=0, then | 4] * =0 or {r(A"R,C,R,)}=0.

wl-

As the density exists, we can rule out the possibility that ;1| =0.
5 ! f:
For tr(A"R.C,R )=y —L—,
{ ( a2 Q')} ; ] _ zlg)d:

where the d, are the eigenvalues of matrix D and the f, are the eigenvalues of R; C,R,

Since ‘A‘ . =exp<{—52210g(1—21f%d‘.)} exists, _3 must be positive. Also,

1-2Wd,

R!C,R, is a positive definite matrix, so the eigenvalues f, are all positive. Therefore:
(A" R.C,R)}>0 |

andso N # 0 is proved

Second, we prove that M # oo,

. ) %
M =w(@) = [4mr{(/-"r‘p)2 }F = {4;:25 a2 /a - 2»%1,)2]}

(1-2Wd,)

. . 1 . . A
50, if M =oo, it must be the case that —————- is zero. But ‘rrom‘A| # 0, we know

this could not happen. Therefore M # oo is proved.



CHAPTER 3:
DIFFERENT SADDLEPOINT APPROXIMATIONS TO THE
DISTRIBUTION FUNCTION OF THE ANDERSON-DARLING
TEST STATISTIC

1. Introduction

The Anderson-Darling (A-D) test is widely used for testing the hypothesis that a sample of
size n has been drawn from a population with a specified continuous cumulative distribution

function. Anderson and Darling (1952) derived this test based on the discrepancies between

the empirical cumulative distribution function F,(x) and the specified cumulative
distribution function F'(x) with different weight function of () . It is actually a

modification of the Kolmogorov-Smirnov (K-S) test. The Anderson-Darling test gives more
weight to the tails than the K-S test, which makes the Anderson-Darling test more sensitive at

the tail than at the median. Anderson and Darling mainly considered two cases for this test,
when the weight function is chosen to be either W (F(x)) =1f[F(x)(l - F(x))] or
w(F(x))=1. In this literature, we usually call the statistic based on the former weight

function the A-D test.

Anderson and Darling’s main purpose was to find the asymptotic distribution of their test
statistic and the significance points at different probability levels. However, it turns out that
the distribution function is very complicated, even asymptotically. Consequently, Anderson
and Darling (1954) used a numerical method previously applied by Birnbaum (1952) to the
K-S test, to obtain the asymptotic critical points for significance levels of 1%, 5% and 10%
for the A-D test. Lewis (1961) found that the support of the A-D test statistic is essentially
from O to 8. He computed an extensive table for the cumulative distribution function of this
test statistic on the interval from 0.025 to 8, not only for the asymptotic distribution but also
for sample sizes from 1 to 8. The results for the asymptotic case are based on the application
of Hermite-Gauss numerical quadrature to evaluate the integral associated with the c.d.f. in
the asymptotic case, while the results for sample sizes from 2 to 8 are based on Monte Carlo
simulation. When n = 1 the expression for the c.d.f. is especially simple and requires no

integration. For n > 8, the computing time associated with the Monte Carlo method was
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prohibitive due to the CPU speeds and sampling methods available at that time. Lewis found
the convergence speed of this distribution to be very fast as n grows, and the maximum
difference between the points on the distribution for n=8 and for n— o are
approximately 0.006. Therefore, the practical loss from not considering the larger sample
sizes is not great. Recently, by taking advantage of the current CPU speeds and fast sampling
methods, Marsaglia and Marsaglia (2004) gave a method to evaluate the distribution function
to the fourth digit for any sample size n. Lewis also reported the 90%, 95% and 99% critical
points for the sample sizes of n =1 to 8 and # — o= . The results when n =1 are based on an
exact closed-form expression. For the case when 1 — oo the results are “exact” to the extent
of the accuracy of the numerical integration involved. For the sample sizes 2 to 8, the critical
points were obtained by inverse interpolation from the cumulative distribution table, which in
turn is simulation based, so two sources of approximation error are associated with these

values.

Although the c.d.f. derived by Anderson and Darling is very complicated, the characteristic
function is simple and has some interesting properties. For example, the characteristic
function of the A-D test corresponds to an infinite weighted sum of independent chi-squared
random variables. Therefore, many of the research contributions related to this statistic are
based on the characteristic function. Sinclair and Spurr (1988) used the results on limiting
distributions of quadratic forms of Zolotarev (1961) to derive a theoretical function of the
upper tail area for the A-D test. The approximations based on this formula are very good
above the median, especially in the upper tail of the distribution. However, the approximation
is poor in the lower tail, with some areas in excess of unity over a certain range. Sinclair and
Spurr derived the first four cumulants of the A-D test using the characteristic function. Based
on the skewness and the kurtosis, they concluded that the distribution of the A-D test should
lie between the gamma and log-normal distributions. Therefore, Sinclair and Spurr derived an
empirical function by fitting a generalization of the logistic distribution to the values given by
Lewis. The empirical function corrects the problem of overestimating the upper tail areas and

provides a good complement to Lewis’s table.

Another important contribution based on the characteristic function is Giles (2001). Giles
derived a saddlepoint approximation to the asymptotic distribution function of the A-D
statistic by applying the formula proposed by Lugannani and Rice (1980). The numerical

results show that the approximations are excellent in both tails, in good agreement with the



37

approximations given by Lewis. Since the characteristic function of the A-D test is an infinite
weighted sum of independent chi-squared random variables, Giles suggested that a
saddlepoint formula with a chi-square base, not a normal base, might perform better for this
test. Following Giles’ suggestions, this chapter aims to compare the performances of different
types of saddlepoint approximations for the A-D test. These include not only saddlepoint
approximations that use different base distributions, but also higher-order saddlepoint
approximations so that we can check if the higher-order terms can improve the quality of the
approximations. This chapter extends Giles’ work in three directions. First, we extend the
interval of the test from the tail areas to the whole distribution of the A-D test; and second, we
extend the Lugannani-Rice formula to the chi-square base. We then extend it to the higher-
order approximation case. Overall, our objective here is to use the Anderson-Darling test as a
basis for examining what gains may or may not come from considering such extensions of the
usual saddlepoint approximation. Lewis’ numerical results provide a useful benchmark for us

to use in this regard.

The structure of this chapter is as follows: in section 2, we present the Anderson-Darling test
and discuss some of its basic properties. In section 3, we discuss some saddlepoint theory and
Giles’ saddlepoint approximation of the A-D test statistic. We then derive the saddlepoint
approximations of the A-D test statistics with a non-normal base distribution and extend the
approximation to higher-order terms. In section 4, we generate some numerical results based
on the derivation in section 3 and compare the results with Lewis’ numerical results. Some

concluding comments follow in section 5.
2. The Anderson-Darling Test Statistic

Anderson and Darling (1952) considered a general test for the hypothesis that n observations
have been drawn from a population with distribution function F'(x). The associated test

statistic 1s:
4% =n| " [F,(x)- F@)yF(x)1dF (v),

where F (x)is the empirical distribution function based on # observations; /() (= 0) is

some preassigned weight function.

When the weight function isy(7) =1/ [t(] - i.‘)] , the test is:
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4 =n| " [F,0)-F@) [ [F@{l- Fl dF ().
The test can be applied as the following: first, we order the » observations

X Sx, £--<x, and let u, = F'(x,). Then we compute:

T

5 J .
£, == ;2, 2/~ DlinGw,) + 11 -, ,,)].

The asymptotic test statistic is

A® = Lim(A4}).

N—rea

As noted already, Lewis (1961) found that the range of A4’ must be between 0 and 8.
Anderson and Darling gave an explicit expression for the characteristic function of the
limiting distribution 4% , namely:

1i2

o) =[T-2it/i(j+ D)l

—

x

142

[1h-24]

i=1

where /'lj =1/(j(j+1)) and i*=-1

So, the moment generating function is

=1/2

oy =T[l-224 . (1)
J=1
From equation (1), the cumulant generating function (CGF) of A4° is:

K(t) =log[8(1)] = -o.si log[1 - 24,1]. 2)

7=

We know that the essential requirement for a saddlepoint approximation is to know the
cumulant generating function. Therefore, we can derive the saddlepoint approximation for the
A-D test, based on the characteristic function (1). Giles (2001) derives the saddlepoint
approximation for this test by applying the standard Lugannani and Rice saddlepoint formula
and provides some numerical approximations to the tail areas of the asymptotic distribution
of the A-D test. Giles’ approximations compare favorably with Lewis’ numerical results.
However, Giles suggested that a saddlepoint approximation with non-normal base might

provide some improvements to this statistics. There are two reasons for this suggestion. First,
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as we can see, this cumulant generating function is an infinite sum of independent ¥ (1)
variates, with weights ij.. Second, Sinclair and Spurr (1988) show that the coefficients of

skewness and kurtosis are 5.5865 and 12.036 respectively, which are quite different from
those for the normal distribution. Therefore, a saddlepoint approximation with a chi-square
base might be expected to provide some improvement in this case. In addition to pursuin'g
this suggestion, we also test if some improvement can be achieved by extending the
saddlepoint approximations to higher-order terms. In the next part, we will derive different

saddlepoint approximations for the asymptotic distribution of the Anderson-Darling test

statistic.
3. Saddlepoint Approximations
3.1 Giles’ saddlepoint approximation

Before introducing Giles’ results, we first need to introduce the Luganini-Rice (LR)

forumulae. The L-R formula for the distribution of the random variable X at point y is:

a1
Pr(X 2 y) =1-®(W) + ¢(W){7—'£*}, (3)
U w
where @ and ¢ are the c.d.f. and density function of the standard normal distribution, and
=1ty - K@ sen(@) )
a={K>@)]". (5)

Here, K () is the CGF of the variable X , and we let K"’ (-) denote the /" derivative

of K(-) with respect to its argument; # is the solution to the saddlepoint equation:

KO (#)=y (6)
and
+1, ifr>
sgn(f)=4—-1, ifi<0. (7
0, iff=0

Wheny=E(X)=K “)((}), the root  is zero, based on the saddlepoint equation (6). Then

4 and W are zero, from (4) and (5). This leads to the collapse of (3). Therefore, at the mean
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value, we need to take the limit of (3), and by L'Hépital’s rule the formula (3) reduces to:

Pr(X > E(x)) = L 230 ®)

2 6427

where £, (f) = K" (@) /{K? ()},

We now introduce some theorems from Daniels (1954) regarding the existence and properties
of the real root of the saddlepoint equation (6). According to Daniels, suppose that the

moment generating function of the variable X is:
M(T) =" = ["eaF (x), 9)

Daniels proved that if (9) converges for real fe (—¢,, c,), where both ¢, and c, are

nonnegative, and ¢, +¢, >0, and then the saddlepoint approximation for this variable can

be derived. Although in (9), the support of the distribution is the full real line, actually
Daniels’ arguments are also applicable to the case where the support is limited at either or

both ends. The properties of the root of the saddlepoint approximation are provided in the

following theorem.

Theorem 1 (Daniels, 1954, p. 638)
Let F(x)=0 for x<a, 0<F(x)<1 for a<x<b, and F(x)=1 for b< x, where

—oo<g<b<oo, Then for every y in ¢ < y<b, there is a unique simple root { of

KY(t)=y. As t increases from —oo to oo, K" (¢) increases continuously from y =a to

y=b.

In the case where one or both of @ and b are infinite, the conditions

LimKV () =b, LmK"(t)=a

1, 1-¢;

are also required for the uniqueness of the root of the saddlepoint equation. Our case is the
simple case as Lewis proved that the support of the A-D test statistic is from 0 to 8. Based on
the L-R formula (3), Giles first calculated the first two derivatives of the CGF of the
Anderson-Darling statistic from (2).

KW () = i[ﬂ»}. [(1-22,0)] (10)
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K3 = 2i[ﬂ,j JA=22,07 . (11)
=l

In addition to the first two derivatives of the CGF, we need further derivatives of the CGF for

some of the following results. Therefore, we note them here.

K9y = gi[zj/(l—uj:)f (12)
K9()=483 [4,/0-24,0]° (13)
KO () =384 [4, /1 -24,07 . (14)

After calculating the derivatives of the CGF, Giles obtained { by solving the saddlepoint
equation (6) for any y value of interest and # and W by substituting # into (4), (5)

respectively. Therefore, the saddlepoint approximation to the c.d.f. of A is:
. 11
Pr(4® 2 y) = ['¢(W)+¢(W){T_T}» (15)
u w

where all the variables are defined as in (3).

When 4* = E(A4%) = KM (0), (15) reduces to

Pr(A’ ZE(AQ))zl—& . (16)

2 6N27m
Giles also discussed some properties of this saddlepoint equation and its root. For any y , the

saddlepoint equation is:
2[ﬂj/(1—2ﬁjr)l—y=0 (17)
=
where A, is defined as in (1).
The solution 7 is well defined, since;
{'E,TMJ /(1 - 2/1J.1.‘)] =0.

From (11), K () > 0, which means that K (¢) is a continuously increasing function in

the whole interval. Therefore, from theorem 1, the root of 7 is unique. So, we can say the

saddlepoint approximation of the A-D test is well defined. The saddlepoint equation (17) can
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be easily solved numerically, for example, by the Newton-Raphson algorithm, or by using a
line-search. Convergence is very rapid. In this chapter, we use the Newton-Raphson

algorithm for our related numerical evaluations.
3.2 Non-normal-based saddlepoint approximation

Wood, Booth and Butler (1993) generalize the LR formula to the non-normal-based
saddlepoint approximation, which we call the WBB formula. To obtain the WBB formula,
first, Wood, Booth and Butler make the following transformation from a normal base to a

non-normal base:
G(w,)—éw; = K(f) - yi (18)
where / is defined as in equation (3), and W; 1s the solution to the saddlepoint equation:

GV(w,)=¢€ . (19)

Again, here we let G () denote the ' derivative of G(-) with respective to its argument.

The WBB formula at point y is:

Pr(X zy)z'l—r(é)+y(é){%—i}, 20)
U

Y
& Vlé‘

where I' and ¥ are the c.d.f. and density function of the base distribution whose CGF is G..
€ and w; are defined by (18) and (19). Clearly, we need to solve the root { before we
calculate € and w, . After finding {, we can express w; as a function of & based on (19),
then we substitute this function into (18) to solve for £ using some numerical method. Now

we can substitute the solution of € into the function of w; to get the solution of w;, . For

equation (18), the left-hand side is the Legendre-Frenchel transformation of G., which is a
concave function of € , and therefore there are at most two solutions for £ , and the choice for
the solution of £ is:
(), ify>K"(0)
é=1e_(y), ify<K(0) (21)
G'(0), if y=K"(0)

and
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id; =a[G? (w)]™"? (22)

where # is defined by (5).

Wheny = E(X)=K""(0), £=G"(0)from (21). Then from (19), w, =0. Also #, =0,

for the same reason as with the LR formula. Therefore, the WBB formula has the same

problem as the LR formula. At the mean value, we should calculate the limit of (20), which is:
1 ’
Pr(X 2 E(x)) = 1-T(G" (0)) + o GPO)HG" (ON7(0) - &5 (0)} (23)

where {7 (w;) =G (w,)/{G® (w;))"*.

Our formula (23) is different from equation (9) in Wood et al. (1993, p.681). We are grateful
to Professor Wood for helpful email correspondence through which we were able to confirm
that there is a type-setting error in equation (9) of their paper. Our formula (23) is the correct

one.

Now based on all these results, we can derive the non-normal-based saddlepoint
approximation for the c¢.d.f. of the Anderson-Darling statistic, which is:
2 % ] 1 1
Pr(4” =2 y)=1-T(&)+ H{E)y——— (24)
U, W
where all the variables are defined as above. I and ¥ could represent any distribution and its

associated density function. If they represent the normal distribution, then (24) is the LR
formula (15). Also when G is the same as the true CGF of the statistic, then the

approximation is exact. When 4’ equals its mean, we use the following formula for its ¢.d.f.:
Pr(4’ 2 E(A)) = 1-T(G" (0)) + %\/ GP ()G ML)~ ¢, (0)}. 25)

The CGF of the Anderson-Darling test is an infinite weighted sum of independent ¥°(1)
variates. Also the skewness and the kurtosis of the Anderson-Darling test suggest that the true
distribution should lie between the gamma and the log-normal distributions. Therefore, in this
paper, we will show some numerical results when I is chosen to be the chi-squared
distribution. We expect that (24) could bring some improvements over (15). The CGF of the

chi-squared distribution with a degrees of freedom is:



G(w,) = —%log(l —2w,). (26)
As before, we need to calculate some derivatives of (26) for the following results:

GV (w,)=0af(1-2w,) (27)

G (w,) =2af/(1-2w;, ) (28)

G (w,) =8a/(1-2w,)’ (29)

G (w,) =48a/(1-2w,)* (30)

G® (w,) =384a/(1-2w,)’ . (31)

The process for calculating (25) is as follows: first, solve the root 7 using Giles’
approximation. Then, we substitute (27) into (19) to solve w; in terms of £

af(1-2w;) =€,
so that

|
.. 3 _ 32
e =5 g (32)

Then we substitute (32) into (18) to solve for the root € :

o £ E O — . - w
Z1ogE) -L+Z=-05Y log[l - 24 7] yi 33
S log() ==+ ; gll-24,7]-y (33)

and substitute £ back into (32) to get w;.

After solving for f, € and w;, we can get #; based on (22). Now we can calculate (24).

There is still another problem we need to solve: the choice of the degrees of freedom for the

chi-squared distribution, & . Here we follow Wood et al.’s suggestion to choose ¢ . The
choice of @ made by Wood et al. is based on matching the derivatives of K () and G(w,),
which means

[KPOF _[GP )T

[KYOP  [GP(w,) Gy
s0 that
(KO

Evaluating (34) at f =0 and w, =0, then (35) reduces to
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K" ©OF

We know the support of the A-D test statistic is 0 < 4> < 8. Here we also consider the case
of & =2, because the support for the chi-squared distribution with two degrees of freedom is
close to that of the A-D test statistic. Of course there are lots of other choices for ¢, but in

this chapter we consider only these three cases.
33 Higher-order saddlepoint approximations

In addition to the non-normal-based saddlepoint approximation, another main contribution of
this paper is to see if the saddlepoint approximations (15) and (24) can achieve some
improvement by including the higher-order terms. In this part, we will extend (15) and (24) to

allow for higher order terms.

A. Higher-order Lugannani-Rice formula
Daniels (1987) extended the Lugannani-Rice formula to higher-order terms for the mean of

n independent identically distributed random variables in (4.5) (Daniels, 1987, p. 42):

P(X > %) =1-®(in'"?)+d(wn'"? { If‘jz + f{,z +o+ (ffn —+o0(n -"‘3"2)} 37)
n n
where
boZln—l” P Ei~i 3 g” 1 —.1‘ (38)
U w u w

and for brevity, we write K" (7), G(”(wé), () and {ly(w;) as KV, G\, Giers

and {,,.

Daniels’ results can be easily generalized from the mean to a single random variable X :
P(X>y)xl—¢>(ﬁx)+¢(®){bﬂ+b,+...+bk+...} : (39)

Then we apply (39) to the Anderson-Darling test statistic to get a higher-order approximation

for its CDF by retaining both the by and b, terms in (39):

Pr(A® 2 ) = 1— B(R) + (i ){(—-—) Q-i n—i—ﬁlﬁi} (40)

~3
w

When 4” = E(A4%) = K" (0), (40) reduces to
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2 1 X D gy 33 s
Pt 2 B -5 bl 2 - 2 @

where W and # are defined as in (15) and ¢, is defined as in (16).

B. Higher-order-WBB approximation

In this part, we derive the higher-order-WBB formula based on some results from Daniels
and Wood, Booth and Butler. The proof is provided in the appendix, and here we just state the
results.

The higher-order-WBB formula is:

LG Lk B 5 0F o

() S a A e L e
Pr(4® 2 y) = 1-T(g)+ L Mo Me e Ve i W -
O |1 _bs &, 1,1 1,
2./G? L“j ws G Yy *'i 1:{?3
where
S, =1+1¢, -3¢

and all of the other variables are defined as in (24) and (25).

When 4 = E(4%) = K" (0), it can be shown that (41) reduces to

Pr(4’ > E(4*)) = 1-T( GV (0) +T,T,,

where
_ JGP0) y(G‘”(on
gl L0 =5¢7(0)
and
=£[83(0) = &5 (0)]+45[45(0) = £ (0)]
+35[£(0)5(0) ~ S (0) (0] + 5[5 (0) = £37 (0] (43)
4, Numerical Evaluations

In this section, we provide some numerical results to compare the accuracies of all the
saddlepoint approximations discussed in section 3. The programs which generate the
numerical results were written in double precision FORTRAN code using the Lahey (1992)

F77 compiler. The programs incorporate the “error function” routines from Press et al. (1992)
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to evaluate the standard normal c.d.f. ®(:) and the “gammp” routine to evaluate the gamma

function needed for the Chi-Squared distribution, I'(-) above.

Table 1 provides a detailed comparison of all the saddlepoint approximations with Lewis’
results for the asymptotic CDF of the Anderson-Darling statistics. This table includes the
normal-based distribution and Chi-Squared-based distribution with three different choices of
€ . Chi-Squared (1) is the chi-squared distribution with @ defined by (35); Chi-Squared (2)
is the chi-squared distribution with & defined by (36); Chi-Squared (3) is the chi-squared
distribution with two degrees of freedom. Giles illustrates the great accuracy of the normal-
based-saddlepoint approximation for the tail areas. Here we extend the numerical results to
the whole support of the test statistic. From Table 1, we can see Giles’ approximation is
excellent not only in the tail areas but also over the whole support. The maximum difference
between Lewis’s and the normal-based approximation is 0.0169, when the value for the A-D
test statistic is 0.75 or 0.8. One thing we note here is that the performance of the higher-order
formulae for the mean is really poor except for the case of chi-squared (1). The reason for this

is not transparent and warrants further investigation.

Next we consider whether the chi-squared-based approximation and the higher-order
approximation can improve the accuracy of Giles” normal-based approximation, especially in
the middle part of the support. In order to show the comparisons more clearly, we calculate
the absolute difference between each saddlepoint approximation and Lewis’ results. Then we
illustrate these error curves with some graphs. Not surprisingly, the performances of all the
approximations except for the case of chi-squared (1) are extremely bad at the mean value, so

we delete the point at the mean for each approximation to make the graph more visible.

Figures 1 - 3 provide the comparisons between the normal-based approximation with three
types of chi-squared approximations. From the graphs, we can see that the three types of chi-
squared-based saddlepoint approximations are strictly better than the normal-based
saddlepoint approximation in the middle part of the distribution. However, the normal-based

approximation performs better in the tail area, especially in the right tail area.

Figures 4-7 compare each approximation with its corresponding higher-order approximations.
The results are similar to those noted already. Each approximation’s higher-order

correspondence performs strictly better in the middle part of the support. For the first chi-
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squared distribution, the higher-order approximation improves the approximation almost in
the whole interval. However for the other cases, the higher-order approximations perform
better in the middle part of the distribution, but they are strictly worse in the right tail areas.
Therefore, we conclude that the chi-squared-based saddlepoint approximations do not provide
improvement over the whole support compared with the normal-based saddlepoint
approximation, even though chi-squared-based saddlepoint approximation seems more close
fo the true distribution. One possible explanation is that the true distribution is closer to the

chi-squared distribution in the center of the support, but not in the tail areas.

More generally, it should be kept in mind that using a higher-order saddlepoint approximation
in any context does not necessarily guarantee an improvement for any particular fixed finite
sample size. Sometime, the corrections from the extra terms worsen the approximation. The
improvement from the extra terms can only be guaranteed beyond a certain sample size, but
we do not know the exact value of the sample size that is needed for this to occur in practice,

as it will vary according to the characteristics of the problem at hand.

5. Concluding Remarks

In this chapter, we examine if the non-normal-based and higher-order saddlepoint
approximations can improve Giles’ approximation for the asymptotic distribution of the
Anderson-Darling distribution, The numerical results show that the chi-squared-based and
higher-order approximations perform better than the normal-based saddlepoint approximation
in the middle part of the distribution, but not in the tail areas. Therefore, we can conclude that
Giles’ results are very robust in the tail areas. The accuracy is enough for the interest of the
critical point in the tail areas. The approximations we derived are not limited to this case. The
distribution function in the non-normal-based formulas could represent any distribution, not
just limited to chi-squared distribution. We can apply them to any other interesting problems.
For the asymptotic distribution of the Anderson-Darling statistics, the normal-based
approximations are very robust. The non-normal-based and higher-order saddlepoint
approximations do not bring much improvement. However, this does not mean that they
could not achieve better performance in other applications. In future work, we will try to find
some interesting cases that benefit from the non-normal-based and higher-order saddlepoint

approximations.



A*  Lewis Normal

0.100  0.0000  0.0000 0.0000
0.125 0.0003  0.0003 0.0003
0.150  0.0014  0.0014 0.0014
0.175 0.0042  0.0043 0.0042
0.200 0.0096  0.0099 0.0095
0.225 0.0180 0.0185 0.0178
0.250 0.0296  0.0306 0.0293
0.275 0.0443  0.0459 0.0439
0.300 0.6180  0.6410 0.6110
0,325 0.0817 0.0849 0.0807
0.350 0.1036  0.1077 0.1021
0.375 0.1269  0.1320 0.1250
(1.400 0.1513  0.1576 0.1489
0.425 0.1764  0.1838 0.1736
0.450 0.2019  0.2105 0.1987
0.475 0.2276  0.2374 0.2241
0.500 0.2532  0.2641 0.2494
0.525 0.2786 0.2905 0.2747
0.550 0.3036  0.3165 0.2997
0.575 0.3281 0.3419 0.3244
0.600  0.3520 0.30666 0.3486
0.625 0.3753 03906 0.3723
0.675 0.4199 04362 04180
0.700 0.4412  0.4577 0.4400
0.750 04815 0.4984 0.4818
0.800 0.5190  0.5359 0.5208
0.850 0.5537  0.5703 0.5569
0.900 0.5858 0.6018 0.5903
0.950 0.6154 0.6307 0.6210
1.000 0.6427  0.6571 0.8952
1.050  0.6680  0.6814 (.6743
1.100 0.6912 07037 0.6982
1.150 0.7127  0.7242 0.7202
1.200 0.7324  0.7430 0.7401
1.250 0.7580  0.7603 0.7584
1.300 07677  0.7763  0.7751
1.350 0.7833  0.7911  0.7906

Table 1: Values of F(AE)

Chi-Square (1) Chi-Square (2) Chi-Square (3)
Low High Tow High Tow High ILow__High

0.0000
0.0003
0.0014
0.0043
0.0098
0.0185
0.0305
0.0457
0.0639
0.0845
0.1072
0.1314
0.1568
0.1829
0.2094
0.2361
0.2626
0.2889
0.3147
0.3399
0.3645
0.3884
0.4338
0.4553
0.4959
0.5333
0.5677
0.5993
0.6283
0.6549
0.6794
0.7018
0.7225
0.7415
0.7590
0.7752
0.7901

(.0000
0.0003
0.0014
0.0042
0.0095
0.0178
0.0293
0.0438
0.0611

0.0806
0.1020
0.1248
0.1487
0.1733
0.1984
0.2236
0.2489
0.2740
0.2989
0.3234
0.3475
0.3711

0.4164
0.4382
0.4796
0.5182
0.5541
0.5871
0.6176
0.6455
0.6712
0.6948
0.7164
0.7362
0.7545
0.7713
0.7868

0.0000
0.0003
0.0014
0.0043
0.0098
0.0184
0.0304
0.0456
0.0638
0.0844
0.1071
0.1314
0.1567
0.1829
(.2094
0.2361
0.2627
0.2889
0.3148
0.3400
0.3646
0.3885
0.4339
0.4554
0.4959
0.5333
0.5676
0.5991
0.6279
0.6544
0.6787
0.7011
0.7216
0.7405
0.7579
0.7740
0.7889

0.0000
0.0003
0.0014
0.0042
0.0095
0.0178
0.0292
0.0437
0.0609
0.0805
0.1019
0.1247
0.1486
0.1733
0.1984
0.2237
0.2491
0.2743
(1.2993
0.3239
0.3482
0.3719
0.4176
0.4395
0.4814
0.5204
0.5565
0.5899
0.6206
0.8560
0.6746
0.6982
0.7199
0.7398
0.7581
0.7749
0.7903

0.0000
0.0003
0.0014
0.0042
0.0096
0.0182
0.0301
0.0453
0.0635
0.0841
0.1068
0.1311
0.1565
0.1826
0.2092
0.2359
0.2625
0.2888
0.3146
0.3399
0.3645
0.3884
0.4338
0.4553
0.4958
0.5332
0.5675
0.5990
0.6279
0.6544
0.6787
0.7011
0.7216
0.7405
0.7580
0.7741
0.7889

0.0000
0.0003
0.0014
0.0042
0.0094
0.0177
0.0290
0.0434
0.0605
0.0799
0.1011

0.1239
0.1477
0.1722
0.1972
0.2225
0.2478
0.2730
0.2979
0.3226
0.3468
0.3705
0.4162
0.4162
0.4800
0.5190
0.5552
0.5886
0.6194
0.7651

0.6735
0.6972
0.7189
0.7389
0.7572
0.7740
0.7895
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Table 1: Continued

A Lewis Normal  Chi-Squared (1) Chi-Squared(2) Chi-Squared(3)
Low High Low High Low Hish Low High
1.400 0.7978  0.8048 0.8048 0.8039 0.8011 0.8026 0.8045 0.8027 0.8038
1.450 0.8111 0.8174 0.8179 0.8167 0.8143 0.8153 0.8177 0.8155 0.8169
1.500 0.8235  0.8292 0.8300 0.8286 0.8265 0.8272 0.8298 0.8273 (.8291
1.550 0.8350  0.8401 0.8412 0.8396 0.8378  0.8381 0.8410 0.8383 0.8403
1.600  (.8457  0.8502 0.8515 0.8498 0.8482 0.8483 0.8513 0.8485 0.8507
1.650 0.8556  0.8596 0.8611 0.8593 0.8579 0.8578 0.8609 0.8580 0.8603
1.700 0.8648  0.8683 0.8700 0.8681 0.8670 0.8666 0.8698 0.8668 0.8693
1.750 0.8734 0.8765 0.8783 0.8764 0.8753 0.8749 0.8781 0.8750 0.8776
1.800 0.8814  0.8840 0.8860 0.8840 0.8831 0.8825 0.8858 0.8827 (.8853
1,850  0.8888  0.8911 0.8931 0.8912 0.8904 0.8897 0.8929 0.8899 0.8925
1.900 0.8957  0.8977 0.8997 0.8978 0.8972 0.8964 0.8996 0.8965 0.8992
1.950 0.9021  0.9039 0.9059 0.9041 0.9035 0.9026 0.9058 0.9028 0.9054
2.000 0.9082  0.9097 0.9117 0.9099 0.9094 09084 09116 0.9086 09112
2.050 0.9138  0.9151 09171 09153 09149 09139 09170 09141 0.9166
2.100 09190  0.9201 0.9221 09204 09200 09190 09220 0.9192 09217
2,150 0.9239  0.9249 09268 09252 0.9248 0.9238 0.9267 0.9240 0.9264
2.200 0.9285 09293 09312 0929 09293 09283 09311  0.9285 0.9308
2.250 0.9328  0.9334 09353 09338 09335 09325 09352 0.9327 0.9349
2.300 0.9368 09373 09392 (.9377 09374 09364 09391 09366 0.9388
2350 09405  0.9410 09428 09413 09411 09401 09427 09403 0.9424
2.400 0.9441  0.9444 0.9462 09448 09446 09436 0.9461 09438 (.94358
2.450 0.9474  0.9476 0.9493 0.9480 09478 09468 0.9493 09470 0.9490
2.500 0.9504 0.9506 09523 09510 0.9509 09499 009522 095001 0.9520
2.550 0.9534 09535 09551 09539 09537 0.9528 09550 09529 0.9548
2,600  0.9561 09561 09577 0.9565 0.9564 0.9555 0.9576 0.9556 0.9574
2.650 0.9586 0.9586 0.9601 09590 09589 0.9580 0.9601 0.9582 0.9599
2700 09610 09610 09624 09614 09613 09604 09624 0.9606 0.9622
2.750 0.9633 09632 0.9646 0.9636 09635 09627 09645 09628 0.9644
2.800 0.9654 0.9653 0.9666 09657 0.9656 0.9648 09666 0.9649 0.9664
2.850 09674  0.9673 0.9685 0.9676 0.9676 0.9668 0.9685 0.9669 0.9683
2.900 09692 0.9691 0.9703 09695 0.9694 0.9686 09703 0.9688 0.9701
2.950 0.9710 09708 09720 09712 09711 09704 09720 0.9705 0.9718
3.000 0.9726  0.9725 09736 09728 09728 09720 09736 09722 0.9734
3.050 0.9742 09740 09751 09744 0.9743 0.9736 09751 09737 0.9749
3.100 0.9756  0.9755 0.9765 09758 0.9758 0.9751 0.9765 0.9752 0.9764
3.150 09770 0.9768 09778 09772 0.9771 09765 09778 0.9766 0.9777
3.200 09783 09781 09791 09784 09784 09778 0.9790 0.9779 0.9789
3.250 0.9795  0.9793 09803 0979 09796 09790 0.9802 0.9791 0.9801
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Table 1: Continued

A*  Lewis Normal Chi-Squared (1) Chi-Squared(2) Chi-Squared(3)

Low High TLow High FLow High Low High
3.300 09807 09805 0.9814 09808 0.9808 0.9802 0.9813  0.9803 0.9812

3350 09818 09816 0.9824 0.9819 009818 09813 0.9824 0.9814 0.9823
3400 09828 0.9826 09834 09829 09828 09823 0.9834 0.9824 (.9833
3450 09837 0.9835 09843 09838 09838 0.9833 0.9843 0.9834 0.9842
3500 09846  0.9844 0.9852 09847 09847 0.9842 0.9852 (.9843 (.9851
3550 09855 0.9853 09860 0.9856 0.9855 0.9851 0.9860 0.9852 (.9859
3.600 09863 0.9861 0.9868 0.9864 09863 09859 0.9867 0.9860 0.9867
3.650 09870 0.9869 0.9875 0.9871 09871 09867 0.9875 0.9867 0.9874
3.700 09878 093876 0.9882  0.9878 09878 09874 09882 0.9875 0.9881
3750  0.9884 0.9883 0.9888 0.9885 0.9885 (0.9881 0.9883 0.9881 0.9888
3800  0.9891 09889 0.9895 09891 0.9891 09887 0.9894 0.9888 0.9894
3850 09897 09895 0.9900 0.9897 0.9897 (0.9893 0.9900 0.9894 0.9900
3.900 09902 0.9901 09906 0.9903 0.9903 0.9899 09906 0.9900 0.9905
3.950 09908  0.9906 0.9911 09908 0.9908 0.9905 09911 0.9905 0.9910
4.000  0.9913 09911 09916 0.9913 09913 09910 0.9916 0.9910 0.9915
4,050 09917 09916 0.9920 0.9918 0.9918 09915 09920 09915 0.9920
4.100 09922 0.9921 0.9925  (.9922 0.9922 09919 09925 09920 0.9924
4.150  0.9926  0.9925 0.9929 0.9926 09926 09924 09929 0.9924 0.9928
4200 09930 0.9929 09933 0.9930 0.9930 0.9928 0.9933 09928 0.9932
4250 09934 0.9933 09936 09934 09934 09932 0.9936 0.9932 0.9936
4300 09938 09936 0.9940 0.9938 09938 0.9935 0.9940 0.9936 0.9939
4350 09941 09940 0.9943  0.9941 0.9941 09939 0.9943 0.9939 0.9943
4400 09944 09943 09946 0.9944 0.9944 09942 0.9946 0.9943 0.9946
4,500 09950 09949 0.9952 0.9950 0.9950 0.9948 09952 0.9949 0.9951
4,600 09955 09954 09957 0.9955 0.9955 09954 09957 0.9954 0.9957
4,700 0.9960 09959 0.9961 0.9960 0.9960 0.9958 0.9961 0.9959 0.9961
4,800  0.9964 09963 0.9965 0.9964 0.9964 09963 0.9965 0.9963 0.9965
4900 09968 0.9967 0.9969 0.9968 0.9968 0.9967 0.9969 09967 0.9969
5000 09971 09970 09972 09971 09971 09970 09972 09970 0.9972
5500 09983  (0.9983 0.9984 09983 0.9983 0.9983 0.9984 0.9983 0.9984
6.000  0.9990  (.9990 0.9991  0.9990 0.9990 0.9990 0.9991  0.9990 0.9991
7.000 09997 09997 09997 09997 0.9997 09997 0.9997  0.9997 0.9997
8.000 09999 0.9999 0.9999 09999 (.9999 0.9999 0.9999 0.9999 (.9999

Note: “Low” represent the lower-order saddlepoint approximation; *“High™ represent the higher-order
saddlepoint approximation.
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Comparison of the Normal-Based and Chi-Squared-Based Saddlepoint

Approximation
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Figure 3
“normal
chi-squared(3)
4 5 6 7 8

Figures 1-3 compare the normal-based and chi-squared-based distribution. The horizontal axis
represents the value of the Anderson-Darling test statistic; the vertical axis represents the absolute error
of these two distributions compared with Lewis’ results. Chi-squared (1) is the chi-squared distribution
with & defined by (34); chi-squared (2) is the chi-squared distribution with & defined by (35); chi-

squared (3) is the chi-squared distribution with degrees of freedom of 2.
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Comparison of the Lower-Order and Higher-Order Saddlepoint Approximations
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0.0160
Figure 6
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Figures 4 -7 compare the lower-order and higher-order saddlepoint approximations. The horizontal

axis represents the value of the Anderson-Darling test statistic; the vertical axis represents the absolute
error of these two distributions compared with Lewis’ results. Chi-squared (1) is the chi-squared

distribution with @ defined by (34); chi-squared (2) is the chi-squared distribution with & defined by
(35); chi-squared (3) is the chi-squared distribution with degrees of freedom of 2.
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Appendix: Proof of higher-order WBB saddlepoint approximation

From the Inversion Formula for the tail probability:

P(Xzy)= _1— Hime-’\'(f)—n-' ﬂ

44
27 St t Ga
let
G(w,)—éw, =K(t)—ty (45)
) 1 Ein o 8 dt
P(X = = e TR =N, dw ,
( ») 2w L’-f’“’ (m'w F ) ¢
1 pevie i yew 1 t
=_’ ‘+ eﬂ(“r) Ews(__l_ d __.L)dwc
275 <6 w, tdw, w,
1 perioo gy 1 1 pivie oo s t 1
=L (oo Ly, o 1 (" otmen B 11 a6
27m Jé-i= W, 270 JE-ie tdw, w,
Again, from the Inversion Formula, the first part of (46) is:
17 pétion .. <o 1 <
— [Tl gy =1-T(&)
2ot w,
then the second part of (46) can be written as:
1 pevie oy t 1
— [ gOtmren (—"d ——)dw,
274 Je-ie tdw, w,
L[ B (e B
27 veies tdw, 27 Vi w,
Let
|
I, =— [ gommran @ 4,
27 JE-i= tdw,
7 =L éﬂ‘met?(wg)—éwt. dw,
Poom dee w

£

from (45), /, can be written as:

f.= 1 .‘:‘1-{'9‘:8!\,(”_0} ﬁ -
b2 e t
Daniels used a routine application of the saddlepoint method to the inversion formula (44) to

get the higher-order saddlepoint approximation. Using Daniels’ result (3.3) (1987), we can
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get:

K-ty 1 .
f.=—e—(1+—§4—~5—§5- - 1)

ok @ 8 zf(K(Z))HZ )

Glwa -y ’
geRareh L, 8 4o & 1

£l - .

Here, we need to use some results from Daniels. Daniels’ saddlepoint approximation to the

I, =

density function at any specified point y up to b, term is:

SO =g+ L8,D -5 20 +..) @7)
we let:

G wg )—Ew;

?(é)—f/ﬂ{H O e () ] (48)

Now we can rewrite /, and /, as:

; =eG(wz-}—éw£- {1_{_%;;_3:5 ] } ,‘ (2) ( o X g Migz_ 4‘3 B 1 )
Va5 o ® T 87 247 ik ®)? K@

G[‘) 1 5 2 g‘; ]'
1+— et -. 2 a2 2
:«/T{H i T8 TS TRy PR
_'EG(W*'_:)—E‘W;- F]+ gd _}'4 3} l 7 5 ] g; l
L= (= =0 = Nz T ag®)
T A 2aG@ W§{1+§§4_% 3 S 8 2477 2w (GT)T w.G
1 (e 5 2 g’; 1
O it -2 8% U o™ W™
Let

i, = iNKD[GOT2

8, =141, -5 A2,
Then,
P(X 2y) =1—1—'(£'\)+1'1 =1,

5 A 1
si= — (= /1 T —
(8)+‘,V(8)u 55( 3 UK KD

y 24 -
(- , A 1

“/14 __/1’.2_ n {3‘7 12 e )
8 24 7 2wm(G")"* W g™

)

_n&——q
7(8)@§é(+
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(__._L l(_{l_‘i_ ’ 5 ;{- ;{ﬂ

7é) we 8 i, Wf: _

=1-T(@)+ L% ) . (49)
€+, R /13_5.3_)_1(L_1)

WG a; wit GPal W

When X = E(X), w; =0 and #, = 0. Therefore, we need to take the limit of (49).

First, (49) can be written as:

Pr(Xzy):ler% G?(S,-8,+5S,) (50)
where
S, =1-T(&)+ (8)(—~—)
S - é’d 5?3 4’1 = 1 L l
CUsK®  24iVk® 2°K® PEPYT 26K -K@F”
S —_ él-’l _ Sé’ g’z 1 + 1
T gwGD 24w 6P 2wiGP WGP [2(w,GV —G(w)
S, = 1 1

2w, G - Gw )T 26K -K@F*

We can see S, is the same as the WBB forumula. Therefore the limit of S, is (24). Then we
need to calculate the limit of the remaining parts of (50).

S, and §, are the same with b, in (38). Therefore, taking Daniels’ result, we can get the

limit of §, and S, as:
L””S =505 ~%6:lu vl

L‘mS :wgs ® 3?4"‘437 ”'

Then we apply L’Hépital’s rule to get the limit of S,
K'Y — K] W, GV -G W, P
i, = Lip JK KO (0G0~ G
50 050 242[w,GY - G(w I IEK Y — K (F)]
Differentiating both denominator and numerator of (50):

LimS,

i—0

(51)

1 DKM — K —3iKD Jw,G" -G
=Lim 2 2 - rre(2 feeil 32
=0 2_\/5 3tK( }W[wéG(n_G]Lu_l_%rK( FW[IK(}_K] 2




m el
g ViKY —K - |w,G" -G

=0 2~/_1er“) K[w,G" =GP +4/w,G" —G[iK " - K]¥?

Differentiating again and applying L'Hépital’s rule a second time :

Jw:GP -G iKY — K

LimS, = Lim a _
s 2 (5,67 ~G)’ +6GK" — K)(w:G" —G) + (K" —K)’
4 -
LimS, = Lim— 6 1)1 T = l 5 | = Lim—64S,
F-0 -0 22| (w,G"M - G)* (tK“ —K)¥ Taa
so that LIP?]'IS =0.
=1t

Thus, when X = E(X), we obtain the formula in (43).

59



60

CHAPTER 4:
THE FINITE-SAMPLE MOMENTS OF THE MLE FOR
THE BINARY LOGIT MODEL

1. Introduction

Qualitative Response (QR) models are very widely used in empirical economics, and in many
other areas of application. There are many different settings for the QR models, but the
common feature for all the QR models is that the dependent variable is qualitative, rather than
quantitative. Then to make the model estimable, these qualitative attributes are “coded”
numerically so as to partition the sample data appropriately. For example, the decision of
whether or not to pursue a Ph.D. degree involves a qualitative, “yes — no” choice, as does
deciding whether or not to accept a job offer. A further example would be the decision over
the mode of transport to use to get to school — perhaps, walking, taking the bus, or using a
bicycle. In this case there are three qualitative choices, and we have a multinomial situation.
There is a vast and readily accessible literature relating to inference in the context of
qualitative response models and it is not our intention to survey this literature here. For
example, see Maddala (1983), Wooldridge (2002), Hensher et al. (2005) and Cameron and
Trivedi (2005).

The binary choice model is the most widely used of the QR models. In the binary choice
model, the dependent variable is coded as unity or zero if a certain event occurs or not. In this
case, it is well known that the conventional (linear) regression methods are inappropriate. For
mstance, the predicted probabilities that are generated by the linear probability model can be
negative, or exceed unity. In addition, the error must be heteroskedastic, and standard
inferences are confounded by the fact that the error term clearly cannot follow a normal
distribution. These problems can be overcome by making the probability of the event of
interest occurring (i.e., the probability that the dependent variable is assigned the value of
unity) a non-linear, rather than a linear function of the covariates. In particular, if this function
is taken to be a cumulative distribution function, it will be monotonically non-decreasing, and
bounded between zero and unity. This then prevents nonsensical predicted probabilities from
arising. Usually, the distribution that is chosen for this purpose is the normal distribution

(which gives rise to the so-called Probit model), the logistic distribution (which gives us the
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Logit model), the Weibull distribution, or the extreme wvalue distribution. Different
distributions lead to different non-linear models with somewhat different features. The Logit
and Probit models are the two that are encountered most frequently in practice, and they
generally yield similar estimates. The former has a computational advantage over the latter -
the distribution function can be written in closed form, rather than having to be expressed as

an integral.

For both the Probit and Logit models the likelihood function can be shown to be strictly
concave, so it has a unique maximum, The asymptotic properties of the Maximum Likelihood
Estimators (MLE) of the parameters in the QR models are standard. The likelihood functions
satisfy the usual regularity conditions, so these MLE’s are weakly consistent and “Best
Asymptotically Normal”. However, it is surprising that there have been very few studies of
the finite sample properties of the MLE in the QR models. In this chapter, we derive analytic
expressions for some of the finite sample properties of the MLE of the parameter vector in
the Logit model. The approach that we use could also be used to extend our results to other
QR models.

As we stated above, little work has been done in this field. One known work is Amemiya
(1980). He derived the n*-order mean squared error (MSE) of MLE and the minimum chi-
square estimators (MCS) of the dichotomous Logit model and provided some numerical
results on the relative quality of these two estimators, based on their MSE’s. The MCS
estimator was first introduced by Berkson (1944) for the dichotomous logit model, which is
the model in which there are a number of observations of the dependent variable for each
value of the independent variables. Taylor (1953) showed that the MCS estimator and the
MLE have the same asymptotic normal distribution when the number of the observations of
the dependent variable for each value of the independent variables goes to infinity. Berkson
(1955) approximate the finite-sample bias and MSE of the MLE and the MCS estimator for
four simple models, and showed that the MCS is preferred to the MLE in terms of MSE in all
four of these cases. Following Amemiya’s work, several studies made some further advances
on Berkson and Amemiya’s results. For example, Ghosh and Sinha (1981) provided the
theory to give necessary and sufficient conditions for improving the MSE of the MLE, and
applied this to Berkson’s dichotomous Logit model. They also showed the preference
between the MLE and the MCS estimator in terms of MSE actually depends on the models

selected.
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Davis (1984) found some examples in which the MLE has smaller MSE than the MCS
estimator, and Hughes and Savin (1994) provided further results indicating that the choice
between these two estimators is not straightforward. Another somewhat related study is that
of Mackinnon and Smith (1998). They discussed methods for reducing the bias of consistent
estimators that are biased in finite samples, and applied their methods to the parameter
estimator in the AR(1) model and the Logit model. Finally, Li (2005) used a Monte Carlo
experiment to examine the small sample properties of the MLE for three different models -
the Probit model, the Logit model and the binary choice model where the underlying
distribution is the Extreme Value distribution. From the results of her Monte Carlo
experiment, Li reached two main conclusions regarding the root mean squared percentage
error of each estimator. She found that the Probit MLE ranks first, while the Logit MLE is the
least preferred one, on this basis. She also found that if the underlying distributional process

is mis-specified, this increases the MSE for each of the estimators.

In this chapter, we will apply Rilstone ef al.’s (1996) results to derive analytic expressions for
the bias and MSE functions for the MLE in the Logit model. This approach was also used by
Rilstone and Ullah (2002) in the context of Heckman’s sample selection estimator. Based on
the analytic bias and MSE expressions, we can derive a bias-corrected estimator and the
standard error associated with the bias-corrected estimator. We also provide some numerical
results based on these analytic results, The numerical results show that the bias correction
works very well even based on the estimated results, instead of the exact results. In order to
apply Rilstone et al.’s results, we need to assume that both the dependent and independent
variables are random and the observations are i.i.d., which makes our results incomparable
with Amemiya’s and Davis’s results. Because all of the observations are i.i.d random, the
expectations of the random variables or any function of the random variables are the same for
all of the observations, which simplifies the derivation of Rilstone et a/’s results. On the other
hand, if the independent variables are fixed, then the expectations of the independent
variables or any function involving the independent variables are different for different
observations, which complicates the derivations to the extent that they are sample specific.
Although in one sense the case of random independent variables includes the case of fixed
independent variables as a special case, it also gives rise to some practical issues of

implementation. In future work, we plan to consider this issue further.
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The next section introduces the Logit model. Then, in section 3 we introduce Rilstone ef al.’s
results and derive the analytic results for the bias and MSE of the MLE in the Logit model.
Some numerical results follow in section 4. The final section provides our conclusions and

suggestions for further research.
2. The Logit Model and the Maximum Likelihood Estimator

In a binary choice model, if the response to an event is “yes”, we assign a value of “1” to the
dependent variable; while if the response is “no”, we assign “0” to the dependent variable.
We use a latent dependent variable to represent the total effect from a series of factors (or

covariates) that affect the decision. The latent regression is:

* ra
y,=Xp+e , (1
where y* is the latent dependent variable, and the row vector, X : represents the i

observation on all of the factors (covariates) which affect the person’s choice.

Then, the dependent variable can be defined as,

v =1 itXB+e>a

y,=0; ifXf+e<a )
where @ is the threshold. As is well understood, as long as an intercept is included among the
regressors, the threshold value for determining the dependent variable is actually irrelevant,
and may be set to zero. Then, (1) and (2) can be simplified to

¥ : =X/B +¢
and W=l iy 20 3)

w=0y iy, =0
The values of *“17and “0” that are assigned to y; have no quantitative meaning — they are
simply categorical scores that enable us to partition the sample into two parts. What is of

interest is the probability of the person ending up with one choice or the other. So the basic

model can be structured as follows:

P =Pr(y, =1X) = F(X]B)

1- B =Pr(y, =0|X) =1~ F(X/B).
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The form of the cumulative distribution function, F'(X;f3), will determine which particular

model we end up with. In this chapter, we focus on the Logit model. Therefore, the model we

study is as follows:

P =Pr(y, =1X)=F(X/f)=A, (4)
where
X!
= M (5)
1+exp(X;B)

is the c.d.f. for the Logistic distribution.

The MLE for the parameter vector in (4) is derived as follows. The (conditional) joint data

density function for the sample is:

Pr(Y, = y,,Y, = p,., Y, = 3,8, X) =[] AT -A),

¥i=1 »;=0

so the (conditional) likelihood function is:
LA =T A - A,
i=l
and the (conditional) log-likelihood function is:
logL=3y,logA, +(1- y)logl-A,).
i=l

The log-likelihood equations are:

dlogl
=3 (y,—-A)X, =0 . (6)
35 Z,y )

The MLE of £ is the solution to (6). Since the log-likelihood function is strictly concave, the

MLE is unique, but as (6) is highly non-linear in the parameters, it must be solved
numerically. That is, the MLE cannot be written as closed-form expression, and this

substantially complicates the task of evaluating the characteristics of its sampling distribution.

3. Analytic Results

Before we derive the analytic results for the Bias and MSE of the MLE in the Logit model,
we first introduce Rilstone et al.’s results. The class of estimators considered by Rilstone et al.
(RSU) includes those which can only be expressed implicitly as a function of the data.

Suppose we have a regression model of the form
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yi=fXi;:B)+e,.
The regressor vector, X, could include the lagged values of the dependent variable, or any

other endogenous and exogenous variables. In order to make the derivation simple, RSU

assume that all of the variables are random. Let Z, = (y,, X,) and letZ,, Z,, Z,,... be a

sequence of m dimensional i.i.d. random vectors. &, represents the true parameter vector,

which could include only [, or any other parameters of interest. The estimator 6 could be

written in the following form.
" 1 "
v,@)=—3g6)=0, @

where g,(0)=g,(z,,60) is a kX1 vector involving the known variables and the parameters,
and E[g,;(€)]=0 only for the true value €, . Preceding the derivation of the proposition

below, RSU made some assumptions about the function g,(0) .

Assumption 1 (Ullah, 2004, p.31)

The sth order derivatives of g,(6) exist in a neighborhood of 8 and E “VS g, (15‘)”~ < oo

where ”A|

, for a matrix A4, denotes the usual norm, trace [44]"?, and V*A(6) is the

matrix of s" - order partial derivations of a matrix A(@) with respect to 6 and obtained

recursively.

Assumption 2 (Ullah, 2004, p.31)
For some neighborhood of 6, (Vi (8))™' = 0,().

Assumption 3 (Ullah, 2004, p.31)

condiiionE]M,.' SC=es,i=12,..

Vig,(6)-Vig, (90)”5 HG—SOHMF for some neighborhood of €,, where M; satisfies the

In the following, we will ignore the argument part for any function of # when there is no

confusion. So, g,(6) will be written as g,. Then, RSU derived the following Lemma.
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Lemma 1 (RSU, 1996; Ullah, 2004, p.32)

Let assumptions 1-3 hold for some s > 2 . Then the bias of 6 to order O(n™) is

B(é)=lg{ﬁ—§ffz[d1 ®d.]} . ®)

n
where ﬁj =V"'g,., 0= [Vgi]'l , ¥V, =[Vg, —Vgi] ,and d, = Qg,. A bar over a function
indicates its expectation, so that Vg‘. = E[Vg,]. Further, if Assumptions 1-3 hold for some

s >3, then the MSE of 6 to order o(n™) is

MSE(é)le],+L,(H2+H;)+—1;(H3+H4+H;) )
1 - n

where

dd;
ob-7ad +1H,d, ®4,1d}

I,
IT,
I,

OVd,dV; +Vd,dV; +Vidyd V10

+1OM,{[d, ®4,d; ®d;1+[d, ©d,][d, ® d;]+[d, ® 4, 1[d] ® d, 1} ;0

~10{Vdd; ® &, +V,d,1d, ® &3]+ V,d,[d, @ ]| H;0

~10H,{d, ©4,d;V; +[d, ©d,14}V; +[d, ®d,1d}7;}0

11, = Q{V,0V,d,d; + V,0V,d,d, + V,QV,dyd] }

—10|V,0M, 14, © 4,1} + V,0H,[d, ® d,1d; + 7,0, [d, ®d, 1.}

+10{W[d, ®d,1d, +W,[d, ®d,1d, + W,[d, ©d,1d. |

~ 1O, \[d, ® OV,d, 0} +d, ® 0V, d,\d; +[d, ®OV,d, 1d;}

+LOM, {4, ® OH,[d, ®d,1d, +d, ® OH,[d, ®d,1d, +d, ® OH,[d, ®d,1d. |

~107,{[0V,d, ®4,1d, +[0V,d, ®d, 1A, +[0V,d, ®d, 1.}

+ 1O, [0, [d, ® 4,18 d,1d, +[0H,[d, ®d,19d,1d, +[0H,[d, ®d,]1®d,1d.}

~LOH,\[d, ®d, ®d,]d, +[d, ®d, ®d,)d; +|d, ®d, ®d2]dl'} (10)
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Now we apply the above Lemma to derive the bias and MSE of the MLE in the Logit model.
First, we assume that both the dependent and independent variable in the Logit model are
random, and the observations are i.i.d. Comparing (6) and (7), we can see that for the Logit
model, we should set g, =(y;, —A,;)X,, and we know that E(g; | X;) = 0, then according to
the law of iterated expectations, E(g;) = 0.

Now we have the following results:

Vg, =-A"X . X/; H =Vg, =-E(AVYX . X))

Vig, =-APX (X' ®X)); H,=V’g,=—E[A?X,(X/® X))]
Vig,=-AVX,(X/® X ® X)): H,=V'g, =—EAPX (X @ X, ®X))]
0=(Vg)" ="{EN X X)]; d,=0g, =—{EAPX, X" (v, - A)X,

V,=Vg,—Vg, =-AVX X+ EAX X))
W, =Vig —Vig, =-APX (X/® X))+ E[APX (X' ®X])] , (11)

where A’ is the s" order derivative of A, with respect to the argument of X7/ and

A(.” — exp(X:IB)
© [+exp(X/ AT

AQ = SXPX B - exp(X;B)]
: [1+exp(X;B)I

AD = exp(X;B){1 - 4exp(X;B)+[exp(X )]’} (02
’ [1+exp(X7B))’ )

Then we can derive the following theorem and corollary.

Theorem 1

If assumptions 1-3 hold for some s 2 2. Then the bias of the MLE in the Logit model, to the
order of O(n™") is

Bias(f3) = 51; OH ,vecQ (13)

Further if Assumptions 1-3 hold for some s = 3, then the MSE of MLE in the Logit model to
order O(n™?) is
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MSE(ﬁ):ln, +i,(n2 +n;)+i3(n3+r14+n;) (14)
F i n- n
where
HI == _Q
I, = -Q{EAY,0X, X[0) - L H, E{A? [vec(0X, X/0)1 X 0]}
I1, = QEV,0(AY X, X)OV1J0 +40H, {(vecQ)(vecQ) + (0 ® Q)
+(0 ® OWEL(vee A" X, X )(veeAD X, XY T(O ® Q)0

[1, = -QE(V,07,0) ++0H, (Q ® Q)E{AY A (X, ® H,)[vec(QX, X[0) X}
+vec(OX X;0) X, + Vec(QXgX‘_’JQ)X]’]}Q

+ L O, E{AY AV [(OF ,vee(0X, X 10) ® OX,) X
+(OH,vec(0X, X/0) ® OX,).X; +(QH vec(0X, X|0) ® 0X,) X{ |0

~ LOH, E{A)' A} [(vec(QX X[0) ® QX ,) X, + (vee(QX, X[0) ® OX ) X;
+(vec(0X, X10) ® 0X,) X/ l0 (15)

Now we consider a simple case of (4) with only one regressor, which implies that the
constant term & in the latent regression model (1) equals the true threshold a in (2). For this

simple model, we derive the following corollary.

Corollary 1
If assumptions 1-3 hold for some s = 2. Then the bias of the MLE of f in the Logit model
with only one regressor, to the order of O(n™") is

1 EAPx))
2n [B(AYxD)]

Bias(f3) = (16)

Further if Assumptions 1-3 hold for some s = 3, then the MSE of the MLE of f in the Logit

model with only one regressor, to order O(n™?) is

a1 1 ’ 1 ’
MSE(ﬂ)=;I‘I,+?(H2+H2)+H—S(H3+l—[4+ﬂ4) (17)

where

]
EA XD
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1 22 [EAP X))

T, =—————3 E(AVX])’ -[E(AD X})T L
2 [E(A(lan)P { ( ) —LE( )N+ ZE(A(,”X,Z)
= 1 (1)X2 . (1) v 2472 3[E(A(;2)1Y13 )]2
3 [EAD X2 {E(Al ) —EAY X)) +___—4E(A([”X[2)

1

[EAXDT

2E(AV X

,= {};‘(A‘,”Xf)2 —[E(AV XD + -1EAM X} ]} (18)

The proofs of Theorem 1 and Corollary 1 are given in the Appendix.
4, Numerical Results

In this section, we will derive some numerical results based on Corollary 1. These evaluations
are conducted for the one-regressor Logit model with different distributional assumptions for
the covariates, and different sample sizes. We choose values for the parameters which ensure
a sensible signal/moise ratio for the model. The latter is determined by considering the
goodness-of-fit for the model. There are many goodness-of-fit measures suggested for the

Logit models, and we have used the one suggested by Efron (1978):

-P
Ry =1- 2’ (/i . (19)

> -7

Here, we replace the predicted probability 13, with the P, calculated from y,.‘ . Usually, with

the cross-section data, only modest goodness-of-fit values are achieved. Therefore, we choose
the parameters which generate values for this goodness-of-fit measure between about 0.7 and

0.8 for each model.

The distributions from which the regressor values are generated include the standard normal
distribution, the uniform distribution in the range from -2 to 2, and the Chi-Square
distribution with 3 degrees of freedom. So, we include both symmetric and asymmetric

distributions for the processes that generate the covariate. In Tables 1 to 3 the first two
columns give the true value for the parameter and the sample size. The third column, 3, is

the average MLE of /8 based on 2,000 replications of a separate Monte Carlo experiment.

More specifically, the steps associated with the Monte Carlo experiment are as follows:
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(i) Set a value for the parameter.

(i1) Generate an (nx1) vector of observations for the random regressor X,
with values drawn from the distribution we choose.

(i11) Generate (nx1) vectors of observations for y* and y based on (3) with a
logistic-distributed disturbance term.

(iv) Estimate a logit model based on y and X without a constant term, and
record the MLE for the f# and the asymptotic standard error of the MLE
of 5.

(v) Repeat steps (i)-(iv) 2,000 times.

(vi) Calculate the averages of the 2,000 MLE’s of # and of its asymptotic

standard error to get the values referred to as ,5’ in column (1) and
ASE( B) in column (6) of the tables.
Two bias-adjusted estimators, B s and ,E sc » are then defined as follows:
JBBC = JB -B (ﬁ Ji
and BB{.' = 6 = 3(,@),
where B(B) is the bias based on (16) and the true parameter J, and é(ﬁ) is the bias based on
(16) and the estimator B . In practice, .Bn(' is an infeasible estimator since it involves the true

parameter, whose value we do not know. However, 3, is the feasible estimator which can

be easily obtained, based on the estimator of the parameter. The sixth column in the tables

gives the asymptotic standard error from the maximum likelihood estimation across the 2,000

repetitions. The standard deviation, SD( ﬁm-.) and the standard error, SE( B "
corresponding to the bias-adjusted estimators ﬁ sc» are provided in the following columns. As

the bias of BBC is zero, it follows that SD( BBC) and SE( BW_) are defined as follows:

SD( B, )= MSE(B) - B(B)B' (D) . 20)
and SE( By )= MSE(B) -~ B(B)B'(B) . @1

From (20) and (21), we can also see that SD(,BBF) and SE( [;’B(.) are also the second order
approximations to the standard deviation and the standard error of B . In the last two columns,

we report the MSE of B and ,BBC. MSE( ﬁ) is based on equation (17) and the true
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parameter value. MSE( BB(.) is the square of SD( Bs{‘ ), because f)’B( is unbiased.

For example, the first line in Table 1 tells us the following. For the model with the standard

normal regressor, the true parameter of 1.4 and sample size of 100, the MLE of ,3 has an

asymptotic standard error of 0.3262, a finite-sample standard error of 0.3053, a finite-sample
standard deviation of 0.2974 and a mean squared error of 0.0903. So, although both the
asymptotic and finite-sample standard errors over-state the true finite-sample standard

deviation, in this case the finite-sample standard error is more accurate than its asymptotic
counterpart. Further, the bias-corrected estimator, [3’3(- , has a standard deviation of 0.2974, a
standard error of 0.3053 and a mean squared error of 0.0884. So, again, the standard error

overstates the true standard deviation. In addition, comparing the MSE for B gc With that for

-

[ given above, there is a gain in efficiency by correcting for bias.

The Monte Carlo experiment was conducted with code written for the SHAZAM package
(Whistler, ef al., 2001). In principle, equations (20) and (21) would be inapplicable if the bias
term exceeded the MSE term. This situation did not arise, however, for the range of
parameter values that we considered. The results of the Monte Carlo experiment were found
to be somewhat sensitive to the choice of the seed for the random number generator. A similar
situation arose when the experiment was replicated with code written for the EViews package
(see Quantitative Micro Software, 2004). However, this sensitivity was not serious enough to
affect our main conclusions, or our evaluations based on the analytic results in Theorem 1 and
Corollary 1. In practice, we just need to obtain an estimate by applying the MLE to the actual
data set, and substitute this estimate into the bias and MSE formulae from Theorem 1 and
Corollary 1 to obtain the estimated bias and estimated MSE. As we showed above, the
estimated bias is closer to the exact analytic result as the sample size increases. Then we can

use the estimated bias to correct the estimator.

We have chosen the same sample sizes and the same range of parameters when the regressor
follows a standard normal distribution and a uniform distribution. However, the range of the
parameter values and the sample sizes are different for the chi-square regressor. This was a
practical necessity. To obtain the MLE for the Logit model by simulation, there is always a

chance that problems will be encountered. For example, the MLE is not defined if the
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dependent variables can be perfectly predicted by the model. Another possibility is that the
algorithm being used to solve the non-linear likelihood equations may fail to converge. With
artificial data and many, many repetitions of the experiment these issues can be important.
The parameter values and sample sizes for the case of the chi-square regressor were chosen to
avoid such problems. Tables 1, 2, and 3 report the results for cases where the regressor
follows the standard normal distribution, the uniform distribution on (-2, 2) and the chi-
square distribution with three degrees of freedom, respectively. In order to show the

performance of the bias correction more clearly, Figures | to 6 show the absolute difference

between the different estimators B " B _— E sc and the true parameter f3.

From the information in the tables and the graphs, we can see that the bias-corrected
estimators are closer to the true parameter than is the MLE, no matter if it is corrected by the
true analytic bias or the estimated analytic bias. For each model, the two bias-corrected
estimators generally become closer to the true parameter as the sample size increases. These
results are consistent with the argument that the results derived from the large-
n approximations lie between the true value and the asymptotic approximations, and the
accuracy increases as the sample size increase. The comparison between the true analytic
result and estimated analytic results depends on the parameter value, the regressor data, and
the sample size. However, we can find that for each choice of data, when the sample size

increases, the estimated analytical results become closer to the true analytic results.

Further, from the columns for ASE( 5’ ), SE( ﬁ ) and SI)( ﬁ ), we can see that both the

asymptotic standard error and the finite-sample standard error tend to overestimate the finite-

sample standard deviation of the MLE, and the asymptotic standard error tends to worse in

this respect than the finite-sample standard error of the MLE. From the columns for SD( ,5' sc)

and SE( 53(_- ), we can see that for the bias-corrected estimator, its standard error tends to

overestimate its standard deviation. In terms of MSE, the bias-corrected estimator obtains

some efficiency gains over the uncorrected MLE.
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5. Conclusions

In this chapter, we apply RSU’s result to examine the finite sample properties of the MLE in
the Logit model. We derive the second order bias and MSE function for the MLE in the Logit
model and undertake some numerical evaluations to illustrate the analytic results. From these
numerical results, we can reach the following conclusions. First, the bias correction we
provide in the Corollary 1 can bring the MLE closer to the true parameter, and the bias-
corrected estimator is more efficient than the uncorrected MLE. Second, the accuracy of the
corrected estimator generally increases as the sample size increase. All of this is consistent
with the argument that the large- # approximation provides a result between the true value and
the asymptotic value, and the accuracy of the approximation increase as the sample size
increases. Third, the estimated analytical results are closer to the analytical results as the
sample size increases. Fourth, the asymptotic standard error overestimates the finite-sample
standard deviation of the MLE. In the future, we expect to generalize the results to the case

where the independent variables are fixed and make the results comparable with other works.



Table 1:

Parameter Estimator and Standard Error Estimates

With Standard Normal Regressor

ﬁﬂ('

Bic

ASE(f) SD() SE(f) MSE(S)MSE(f,.)
(SD( B50)) (SE( By )

1.4

1.6

1.8

1.9

2.0

2.1

22

100
200

100
200

100
200

100
200

100
200

100
200

100
200

100
200

100
200

100
200

1.4655
1.4210

1.5770
1.5185

1.6785
1.6208

1.7708
1.7205

1.8633
1.8195

1.9722
1.9304

2.0835
2.0285

2.1928
2.1235

2.2663
2.2282

2.3675
2.3375

1.4222
1.3993

1.5298
1.4948

1.6273
1.5952

1.7154
1.6928

1.8034
1.7895

1.9078
1.8982

2.0143
1.9939

2.1186
2.0864

2.1869
2.1885

2.2828
2.2952

1.4197
1.3989

1.5267
1.4945

1.6240
1.5947

1.7123
1.6923

1.8006
1.7891

1.9044
1.8974

2.0102
1.9932

2.1138
2.0858

2.1834
2.1878

2.2789
2.2941

0.3262
0.2247

0.3425
0.2347

0.3587
0.2455

0.3731
0.2564

0.3888
0.2677

0.4069
0.2807

0.4263
0.2928

0.4457
0.3046

0.4593
0.3179

0.4788
0.3322

0.2974
0.2159

0.3096
0.2252

0.3222
0.2348

0.3352
0.2448

0.3485
0.2551

0.3622
0.2657

0.3761
0.2765

0.3904
0.2877

0.4049
0.2991

0.4197
0.3108

0.3053
0.2178

0.3192
0.2269

0.3323
0.2369

0.3446
0.2469

0.3571
0.2571

0.3722
0.2689

0.3880
0.2797

0.4038
0.2904

0.4147
0.3024

0.4299
0.3152

0.0903
0.0471

0.0981
0.0513

0.1064
0.0558

0.1154
0.0607

0.1250
0.0660

0.1353
0.0716

0.1463
0.0777

0.1579
0.0841

0.1702
0.0910

0.1833
0.0984

0.0884
0.0466

0.0958
0.0507

0.1038
0.0551

0.1123
0.0599

0.1215
0.0651

0.1312
0.0706

0.1415
0.0765

0.1524
0.0828

0.1640
0.0895

0.1761
0.0966




Table 2: Parameter Estimator and Standard Error Estimates

With Uniform Distribution (-2, 2) Regressor
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p

BB("

Prc

ASE(f) SD(f) SE(S) MSE(S)MSE(B,.)
(SD(B5e)) (SE( B0 )

1.4

1.5

1.6

1.7

1.8

1.9

2.1

2.3

100
200

100
200

100
200

100
200

100
200

100
200

100
200

100
200

100
200

100
200

1.4807
1.4126

1.5843
1.5194

1.6582
1.6267

1.7619
1.7286

1.8639
1.8265

1.9751
1.9343

2.0665
2.0313

2.1790
2.1396

23119
22355

2.4312
2.3412

1.4437
1.3941]

1.5428
1.4986

1.6119
1.6035

1.7104
1.7028

1.8069
1.7980

1.9122
1.9028

1.9972
1.9966

2.1028
2.1015

2.2286
2.1938

2.3402
2.2957

1.4401
1.3939

1.5388
1.4982

1.6089
1.6028

1.7070
1.7020

1.8031
1.7973

1.9074
1.9017

1.9927
1.9956

2.0972
2.1001

2.2200
2.1925

2.3295
2.2940

0.2874
0.1946

0.3032
0.2055

0.3145
0.2172

0.3317
0.2288

0.3504
0.2406

0.3716
0.2543

0.3888
0.2672

0.4113
0.2823

0.4393
0.2963

0.4668
0.3122

0.2584
0.1872

0.2701
0.1963

0.2824
0.2059

0.2952
0.2161

0.3084
0.2266

0.3221
0.2377

0.3361
0.2492

0.3505
0.2610

0.3652
0.2733

0.3801
0.2860

0.2678
0.1883

0.2804
0.1981

0.2898
0.2086

0.3033
0.2190

0.3171
0.2295

0.3326
0.2416

0.3457
0.2528

0.3621
0.2659

0.3819
0.2778

0.3999
0.2913

0.0681
0.0354

0.0747
0.0390

0.0819
0.0429

0.0898
0.0473

0.0984
0.0522

0.1077
0.0575

0.1178
0.0633

0.1287
0.0696

0.1403
0.0764

0.1527
0.0839

0.0668
0.0350

0.0730
0.0385

0.0797
0.0424

0.0871
0.0467

0.0951
0.0514

0.1038
0.0565

0.1130
0.0621

0.1229
0.0681

0.1334
0.0747

0.1445
0.0818




Table 3: Parameter Estimator and Standard Error Estimates
With Chi-Square (3) Regressor
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B

N

p

~

Bac

Bac

ASE(f) SD(f) SE(S) MSE(S)MSE(fB,.)
(SD( B ) (SE(Bye))

1.7

1.8

1.9

2.0

2.1

2.2

23

2.4

2.6

200
500

200
500

200
500

200
500

200
500

200
500

200
500

200
500

200
500

200
500

1.8024
1.7455

1.9066
1.8502

1.9962
1.9521]

2.0917
2.0557

2.2114
2.1622

2.3383
2.2645

2.4645
2.3656

2.5582
2.4628

2.6745
2.5643

2.7732
2.6750

1.7204
1.7127

1.8130
1.8127

1.8901
1.9097

1.9720
2.0078

2.0769
2.1085

2.1879
2.2044

2.2970
2.2987

23723
2.3885

2.4690
24821

2.5467
2.5844

1.7086
1.7107

1.7996
1.8103

1.8770
1.9069

1.9585
2.0046

2.0591
2.1046

2.1640
2.2000

2.2661
2.2939

2.3406
2.3836

2.4314
2.4767

2.5070
2.5777

0.3651
0.2206

0.3898
0.2361

0.4113
0.2512

0.4346
0.2667

0.4641
0.2832

0.4962
0.2989

0.5281
0.3148

0.5519
0.3302

0.5822
0.3465

0.6082
0.3644

0.2421
0.1772

0.2570
0.1918

0.2711
0.2067

0.2841
0.2219

0.2956
0.2374

0.3052
0.2531

0.3127
0.2689

0.3173
0.2849

0.3183
0.3009

0.3149
0.3169

0.2574
0.1838

0.2720
0.1992

0.2836
0.2146

0.2947
0.2305

0.3063
0.2471

0.3148
0.2633

0.3184
0.2794

0.3169
0.2949

0.3087
0.3112

0.2943
0.3288

0.0653
0.0325

0.0748
0.0382

0.0848
0.0445

0.0950
0.0515

0.1055
0.0592

0.1158
0.0677

0.1258
0.0768

0.1352
0.0867

0.1436
0.0973

0.1504
0.1086

0.0586
0.0314

0.0661
0.0368

0.0735
0.0427

0.0807
0.0492

0.0874
0.0563

0.0932
0.0640

0.0978
0.0723

0.1007
0.0812

0.1013
0.0905

0.0991
0.1004
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Figure 1: Bias of MLE for N(0,1) Regressor and N=100
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Figure 2: Bias of MLE for N(0,1) Regressor and N=200
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Figure 3: Bias of MLE for Uniform(-2,2) Regressor and N=100
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Figure 4: Bias of MLE for Uniform(-2,2) Regressor and N=200
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Figure 5: Bias of MLE for Chi-Square(3) Regressor and N=200
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Figure 6: Bias of MLE for Chi-Square(3) Regressor and N=500
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Note: in all the graphs above, the series “B” is the difference between [ and [3; the series “BBC” is

the difference between B 4 and [ ; the series “EBBC” is the difference between [, and .
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Appendix: Proof of Theorem 1 and Corollary 1

Proof of Theorem 1
First, for the Logit model in (4), we know the following propositions.

E(y!|X)= A, (22)

By applying (11) and the law of iterated expectations, we can derive the following results.

Vid, =0

d, ®d, =—vecQ

Vid,d; = E(A"V,0X,X;0)

[d, ®d,1d] = E{A? [vec(QX, X[0)1X/0}
Vidd;V; =0

Vd,dV; =0

VldzdgVi’ = E[V, Q(A(;)Xng )QVE’]

[d, ®d,]ld; ®d;] = (vecQ)(vecQ)’

[d, ®d,]ld/®d;]=0®Q

[d, ®d,|[d, ®d]]= (0 ® O)E[(vecA X, X )(veeAD X X110 ® 0)
Vdd, ®d] =0

Vd,[d ®d;]=0

V,d,[d; ®d}]1=0
d,®d,d;V; =0

[d, ®d,1dV; =0

[d, ®d,)d;=0
V,0V,d,d; =—EV,QV,Q
V,0V,dd; =0

V,0V,dyd! =0

ViQ[—]?z[dl ®d2]d; =0



V\OH,|d, ®d, 1d; =0

V,0H,[d, ®d,)d; =0
W\ld, ®d,]d, =0
W,id, ©d,}d; =0

Wld, ®d,1d; =0

[, ®0V,d,1d; =0

[d, ® QV,d,1d; =0

[dl ®QV2d2]d1, =0

dl ®Qﬁz[d; ®d2]d; = EA‘:‘A‘?(Q@Q)(Xi ®Hz)[veC(QX2X1’Q)]X£Q

d, ® OH,[d, ®d,1d} = EAP A (Q ® Q)(X, ® H,)[vec(OX, X;0)1X;0

d, ® OH,[d, ® d,]d| = EAT AT (0 ® Q)(X, ® H,)[vec(QX, X;0)1X|0

[OV\d, ®d2]d£ =0

[OVd, ®d, ]d; =0

[QV1d2 ®dz]d|r =0

[OH,[d, ®d,1®d,]d; = EA) A [QOH ,vec(QX, X[Q) ® 0X,1X,0

[Q‘Ez [d1 ® dg 1® d1 ]d; = EA{ll)A(zl}[QHQ‘JEC(QXEXI’Q) ® 0X, ]X‘_:Q

[Qﬁz [d, ®d,]®d, ]d|’ = EA‘,“AL;)[QEEVQC(QXEX]’Q) ®0X, ]X:Q

[d, ®d, ®d,]d; = EA A} [vec(OX , X|0) ® 0X,]1X;0

[d, ®d, ®d,]d; = EAY A [vec(QX, X[0) ® OX,1X;0

[d, ®d, ®d,Jd] = EAY A [vec(OX, X,0) ® 0X,1X0

Therefore, based on Lemma 1 and (23), Theorem 1 is proved.

Proof of Corollary 1

When the Logit model only include one regressor, (23) reduces to

Vid, =0
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(23)



‘ﬁ®d1=‘—‘%*?—
E(A(l))fI )
e AGD) 1232
I/!d[d; =1- ZZ(A(]”X‘?) 2
[E(AY X))
- A(2) 373
[E(A} X))
VddV =0

V.d,dV, =0

= E(A(I”XIZ )2 ~ [E(A(:)Xl2 )]2

Vd,dy vy

: E(A)XT)
7 7 1
d ®d1d, ®d,|=—+—
G BRI T
7 5 1
[d, ®d,][d ®d;]=—————
CE AR AN EDT
1
[d, ®d,][d, ®d|]= ————
1 Y EW X
Vdd,®d, =0
Vid,ld ®d;]1=0
V,d,ld; ®d]]1=0
d, ®ddV.=0
[dl ®d2 ]d{Vz’ =0
[d, ®d,]d; V=0
e A (D) 122
FOVdd; =1- )
T B x D)

V,.QV,d,d} =0

VlQVzdzd;:O

VlQﬁz[d| ®d2]d; =0

V,OH,[d, ®d,]d; =0
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V\OH,[d, ®d,]d] =0
Wld, ®d,1d; =0
W[d,®d,Jd; =0
W\ld, ®d,1d =0

[d, ® QV,d,1d; =0

[d,®QV,d ]d; =0

[d, ® QV,d,d =0

— 2) y3
d, ® QH,[d, ®d,)d; =—‘—E(A“‘)—,‘)3
[E(AY X )]
— (2) 3
d, ® O, [d, ®d1d; = — oL A1)
’ [EAV X))
EAP XD

d ®OH,[d, ®d,|d =——L 17
1 Q _[ 2 -] 1 [E(A(lt)Xlz)]z.

[OVid, ®d,])d; =0

[QV\d, ®d,]d; =0

[OVd, ®d2]d1’ =0

- - E(A?X?)
H,[d, ®d,1®d,Jd, =—1 21)_
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Based on (24) and Lemma 1, Corollary 1 is proved.
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CHAPTER 5:
FINITE-SAMPLE MOMENTS FOR STOCHASTIC INDEX
NUMBERS

1. Introduction

Index numbers measure the aggregate change in any collection of variables of interest over
some time period, or across countries or regions. Therefore, index numbers can be used to
assist in making both intertemporal and multilateral spatial comparisons. Some widely used
index number series include the consumer price index (CPI), the producer price index (PPI),
stock market price indices, the national health index, efc. The concept of an index number is
widely used in many disciplines, especially economics. Due to their important role, index
numbers have attracted the attention of many economists and statisticians over the past
hundred years. There are many formulae that have been proposed for calculating index
numbers — these include Laspeyres Index, Paasche Index, the Edgeworth-Marshall Index, the
Drobisch Index, efc. Several other index numbers are based on Laspeyres index and Paasche
index, such as Fisher’s “ideal” index and the Stuvel index. Different index formulae are
motivated by different objectives. For intertemporal comparisons, Laspeyres index, Paasche
index and Fisher’s index are widely used. For multilateral comparisons, the CCD index
derived by Caves et al. (1982) and the generalized CCD are well-known. Another well-
known index is the Divisia index proposed by Divisia (1925). One property of the Divisia

index is that its growth rate is a weighted average of the growth rates of the components.

In this chapter, we focus on two widely used indices: Laspeyres index and the Paasche index.

Let p,,and p, represent the price of the i commodity in periodsO and f. g;,and g, are

the quantities corresponding to p,;and p, . All of the prices and quantities are non-negative

and the number of goods is more than one. Then Laspeyres’ price index for period ¢, with

base value of unity in period 0, is defined as:

zpir‘?m
I, ==—r M

L

zpmga'o

and the corresponding Paasche index is defined as:
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Zpa'r‘?a'r
Iy, =Lt—— - )

2 pa‘l}%

i=1
Laspeyres’ index, proposed by Laspeyres (1871), measures the change in the price level, if
we assume that the consumption levels in the current period are the same as those in the base
period. Paasche index, proposed by Paasche (1874), measures the change in the price level, if
we assume that the base period consumption levels are the same as the current period ones.
When the base period is fixed, we call it a fixed base index. However, when the current

period is far away from the base period, the chain index approach is strongly recommended.
A chain index is defined as:

I{;—,-‘ =H‘{s—l,s (3)
w=1

where / is defined as any index number, such as those in (1) or (2). If we interchange the
role of prices and quantities in the formulae above, then the indices measure the aggregate

movement in quantities.

Essentially, there are two ways to motivate these indexes. One method, called the functional
approach, constructs the index number by maximizing agents’ utility or minimizing their cost.
The advantages of this method stem from its strong micro-foundations, but its disadvantage is
that the form of the utility function must be known or must be assumed. Frisch (1936)
initiated the functional method, and Fisher and Shell (1972), Samuelson and Swamy (1974)
and Diewert (1976, 1978) made significant contributions to this approach.

Another method, called the axiomatic approach, identifies certain ideal axioms that the index
number formulae should obey, and then assesses the index on the basis of these axioms.
Fisher (1922) suggested some tests to narrow down the choice among different index number
formulae, such as the time reversal test (which means that if we interchange the base period
and the current period, then the index number derived should be the reciprocal of the original
index number) , and the circularity test (which means that if the periods cover three or more
periods, then the chain index from the first to the last periods should be equal to the fixed
base index between these two periods). A more comprehensive summary of the tests that are
available to assist in narrowing down the index number formulae can be found in Eichorn and

Voeller (1983) and Diewert (1992). Different index formulae can satisfy certain of the tests
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suggested by Fisher. However, none of them satisfy all of the tests. For example, even

Fisher’s “ideal” index satisfies all of the tests except the circularity test.

Price index numbers are essentially a weighted average of the relative price between two
periods that we want to compare. Different indices can be constructed by choosing different
weights for the arithmetic or geometric mean of the relative prices of the n component goods.
The fact that different formulae generate different numbers for an index leads to a problem,
since all the indices supposedly measure the same price change. So which one should we use?
Which one is more reliable (in some sense)? Based on the index number formulae themselves,
we cannot answer these questions. Fisher’s tests can only reduce the range of choices, but it
does not provide a definitive answer. In response to this, there is a body of research that
studies the properties of these indices, with a view to determining the choice of the index
number formula. Some studies focus on the distortions that arise when a price index is used
as a measure of the true “cost of living”. A “cost of living” index is defined as the ratio of the
(minimum) costs of a given level of living in two price situations (Samuelson and Swamy,
1974). However, the true cost of living index cannot be calculated because the quantities of
the commodities purchased in at least one situation are not observable — they are
“hypothetical”. It is well-known that Laspeyres index is distorted upwards, and the Paasche
index is distorted downwards, relative to a true (hypothetical) cost-of-living index, when
prices are rising, and vice versa when they are falling. See Diewert (1981), Lloyd (1975) and
Koop (1986). On the other hand, some studies examine the distortion in the index numbers
that is induced by the use of only a subset of the commodities, and the randomness of the data.
Allen (1975) and Banerjee (1975) first suggested considering the sampling aspects of the
problem in order to examine the properties of price relatives. Kott (1984) applied the super-
population theory of Godambe (1955) to study the sampling bias of Laspeyres’ price index
from the sampling and estimation viewpoints. Braithwait (1980) studied the bias of
Laspeyres” price index by taking account of the substitution effects among the different

commodities from the changes in the relative prices.

In this chapter, we aim to provide an alternative way to narrow down the choice of the index
numbers. The method we take is to examine the stochastic properties of the indices from the
point of view of the randomness of the variables. Specifically, we derive analytic results for
the first two moments for Laspeyres and Paasche indices under suitable assumptions about

the randomness of the data, and then derive some specific numerical results for their bias and
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Mean Square Error (MSE) using some illustrative data sets. It is hoped that these analytic and
numerical results can provide us with some guidance in the choice between these two types of
indices, and our methodology can also be applied to other price index number formulae.
Essentially, the approach we introduce has some connections with another method that has
been used to interpret certain index numbers, namely the “stochastic approach”. Therefore,

we introduce the stochastic before we go to discuss our own methodology.

Edgeworth (1925) proposed a method of index number construction called the ‘‘stochastic
approach”™. The stochastic approach contributes to the index number literature in two ways.
First, the stochastic approach introduces a new way to construct the index number. The
stochastic method shifts the emphasis from the descriptive construction of an index number
formula to the inferential features of the index number formula. Second, the stochastic
method provides a way to study the statistical properties of index numbers from the
randomness of the underlying variables. This view of index number construction has been
discussed widely in the literature since its introduction, as discussed below. For the stochastic
method, we construct a suitable regression model, and then the index is the estimator for the
coefficient of the regression model. Therefore, the stochastic approach allows us to find the
standard error of the index at each point in the sample; construct confidence intervals; and
even determine its full distribution. So, it is possible to test some interesting properties of the

index by adopting this approach.

These advantages of the stochastic view of index number construction have attracted
considerable interest. Clements and Izan (1987) used the stochastic approach to index theory
to estimate the inflation rate and its standard error under the assumption that each commodity
price change is independent on the underlying rate of inflation. Selvanathan (1988, 1989,
1991, 1993) undertook a series of studies based on the stochastic approach. For example,
Selvanathan (1988) applied the stochastic method to the prices of groups of goods and the
prices within groups. Selvanathan (1989) applied the within-group results to alcoholic
beverage data and his simulation results showed that the estimates are unbiased, but the
asymptotic standard errors underestimate the true sampling variability. Selvanathan (1991)
used the stochastic approach to derive the standard errors of Laspeyres and Paasche indices,
and he showed that the standard errors increase as the variability of relative prices increases.
Finally, Selvanathan (1993) extended these results by allowing for systematic changes in

relative prices.
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The stochastic approach has also been extended to multilateral price comparisons. Diewert
undertook a series of studies on the Country Product Dummy (CPD) method for making
international comparisons. The CPD method can actually be viewed as an example of
stochastic index number construction. Diewert (2004) used the information on the
expenditure weights to derive the weighted generalization of the CPD method. Diewert (2005)
applied the unweighted CPD and weighted CPD with expenditure weight or quantity weight
to two countries or two period data sets. He also showed that with different weights and
different regression variables, the estimator of the regression could be a different index, such
as the Walsh price index, the Jevons index and the Dutot index. Coondoo, ef al. (2004) also
proposed a method for estimating multilateral regional price index numbers, which is quite
similar to the CPD methods. In addition, there are several theoretical developments and
applications relating to multilateral price comparison methods, such as those of Balk (1996),
Hill (1997) and Prasada Rao (1997).

Giles and McCann (1994) suggested using the Seemingly Unrelated Regression (SUR) model
to account for the underlying correlation between the prices of different commodities. They
showed that the SUR method can provide more efficient estimation of the index numbers; it
improves the precision of the interval estimates of the price index; and it allows us to test
various interesting hypotheses, such as whether or not the change in the index from one
period to the next is statistically significant. Crompton (2000) proposed a new estimator of
the error variance by using the share of the expenditure to weight the relative price
movements. This is robust to the unknown forms of heteroskedasticity in the errors of the
underlying regression model. Selvanathan and Prasada Rao (1994) and Clements ef al. (2006)

provide a detailed discussion of the stochastic index number methodology.

Let us illustrate how to use the stochastic approach to construct the index numbers. Following
Selvanathan and Prasada Rao (1994), if we can make the (rather strong) assumption that the
changes in relative prices across commodities have an expected value of zero, are
uncorrelated over commodities, and have a common variance, then we can construct the
following regression model:

py=v+¢,, i=1 -+ n
where

Py =(p;/ i) isthe i relative price,
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and
Elg,1=0; Varle,1=0}; Covie,,& #1=0,d% j (4)

Then the OLS estimator of ¥, is

which is just a simple un-weighted average of all of the price relatives.

Now, if we replace the assumption in (4) with the following:
Elg,]=0; Varlg, =07 /W;U ; Covig,,e,]=0,i#j

where

Wip = pm?m/z,-:lpmqa'o »
then the GLS estimator of ¥, is

i

) Z P

9, ==l ’
ZP;'U%
=1

which is Laspeyres’ price index at time 7, with a base value of unity in period 0.

Further, if we replace the assumption in (4) with the following:

Elg,1=0; Varle,1=0] /W, Covle,,e,]=0,i# ]
where

W = pm%/ o Piodie »

then the GLS estimator of ¥, is

i P4y
j}f — r:t ,
z Py

i=1

which is Paasche price index in period ¢, with a base value of unity in period 0..

In a similar manner, we can derive certain other common index numbers. In addition, these

index numbers can be obtained by alternative regression estimators, such as Instrumental
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Variables (IV) estimation. Suppose the regression model is the following:
Py =7, Pw +E, i=1, ..,n
If both of the p, and p, are endogenous, then we can suggest ¢, as an instrumental

variable for p,, , and the IV estimator for 7, is

n
pﬁ'qm

s in

Y=t

- "
Z Piolo
i=]
Alternatively, if we suggest g, as the instrumental variable for p,, , then the IV estimator for

Y, 1s

Py
7 = ;':1
zpmqf‘:

i=l

Therefore, Laspeyres and Paasche price indices can be constructed as IV estimators, period
by period. In addition, if the instruments are asymptotically uncorrelated with the errors in the
underlying equations, these estimators will be weakly consistent, although this is not of
primary interest here. Within this framework it is also easy to derive the standard errors and
confidence intervals for the index, period by period. In this case all of the price and quantity
data are random in the model, and this is also the position that we take in our own subsequent
analysis in this paper. One difference between our framework and the simple IV framework,
however, is that all of the price and quantity variables are assumed to be correlated across the
goods and across time in our analysis. This introduces a significant generalization. One way

of approaching this, in principle is to adopt a GLS/TV framework.

However, in sections 2 and 3 we do not formulate the indices explicitly as regression
coefficient estimators because of some technical complications that then arise with the
theoretical results that we draw on. More specifically, idempotency requirements for certain
of the matrices that arise in the associated quadratic forms are not satisfied for this problem.
This precludes making use of certain established results on ratios of quadratic forms as a
basis for setting up small-o or large-n approximations. None the less, the above discussion

on obtaining standard price indices from a regression environment portrays the basic idea of
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the values of the indices being point estimates at each point in time, with the sample being

taken across the quantities and prices of the different goods.

Ullah and Srivastava (1994) apply the small- & approximation method to derive analytic
results for the finite sample moments of statistics that can be written as ratios of quadratic
forms of quite general random vectors. In this chapter, we apply Ullah and Srivastava’s
results to derive the analytic expression for the first two moments of Laspeyres and Paasche
price indices. Given the assumption that all the price and quantity variables are random, we
can express each index as a ratio of quadratic forms. Then we can apply Ullah and
Srivastava’s results to obtain some of the finite sample properties of these two indices. We
illustrate these analytic results by applying them to two real data sets. In this chapter we
essentially make two contributions to the index number literature. First, we provide a new
way to examine the statistical properties of certain index numbers. Although we take a
position that is similar to that associated with the stochastic approach, our method has some
advantages over the stochastic approach. One is that we overcome the need to specify a
regression model that involves some very strong, and unrealistic, assumptions. Second, we
relax the assumption that the data are uncorrelated across the commodities included in the

“basket” of goods that is used to construct the index.

The plan of the rest of this chapter is as follows: section 2 focuses on the theory for
approximating the exact finite-sample moments of the ratio of quadratic forms provided by
Ullah and Srivastava (1994) and presents our theoretical results for the Laspeyres and
Paasche indices based on Ullah and Srivastava’s results. Section 3 includes some empirical
results that illustrate the theoretical results from section 2. Section 4 contains some

conclusions and final comments.
2, Moments of the Indices
In this section, we apply Ullah and Srivastava’s (1994) theory to approximate the finite-

sample moments of Laspeyres and Paasche indices. First, we introduce Ullah and

Srivastava’s results. Consider a general ratio of quadratic forms:

g™ =(YNY)' (YN,Y)™", (5)

where
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Y ~Nwu,Q), (6)
N, and N, are non-stochastic symmetric matrices, and # and #, are nonnegative real

numbers. First, we standardize, by defining

Yy=Q7Y, m=Q7u, M, =QN,Q} and M, =QN,QF | )

So, y ~ N(m,I) . Before we state the theory, we introduce the following notation:
6, =m'M,m, 6, =mM,m,
c; =[n(n=1)...(n —j+D1/6/,
A, =M, +2¢, M\ mm'M | +2¢,e, M mm'M, , (®)
A, =5, M +Leie M, +2¢,M mm’M, +2¢,¢,Mymm'M, +4c¢,c,M mm'M, ,
Ay =2e, M mm'M, +2¢c,c,M,mm'M, +%¢,c,M,mm'M, .
¢ is the same as ¢, with 1, replaced by -7, and 6 by 6,. ¢, is defined for 1< j <7,
otherwise ¢, =0 for j>r. But ¢, is defined for all j. Furthermore, A, in the theory

below is A, with ¢, interchanged with ¢, and M, interchanged with M, . Another
restriction we need for the following theory is
0, #0. (9)

Then we will apply the following result:

Lemma 1 (Ullah and Srivastava, 1994, p.133)
If the random vector follows (6), and (9) holds, the expectation of (5) to O(c™*) is:
EYNY)Y'(YN,Y)™" =676, [1+ A4, + A,], (10)
where
Ay =tr(A, + 4,),
Ay = (M) trd,) + (trM, ) trA,) + 2r(M A, + M, A,)

+ (M Em)trd}) + (m M Em)(tr A,) + 2m’ (M AM, + M, AM ) )ym

We apply Lemma 1 to Laspeyres’ and Paasche’s price indices, and determine the analytical
expressions to approximate the exact first two moments of these two indices. Although we do

not follow the stochastic method to construct the index number based on the regression model,
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we do follow the spirit of the stochastic approach and assume that all of the price and quantity
variables are random. Then, the index number can be written as a ratio of quadratic forms and

Lemma 1 can be applied. Here, we define the random vector as
Y=/ F O Q).
We assume that the random vector ¥ follows (6) - that is, ¥ ~ N(u, Q).
Here, P, =(pygs P+ P,o) represents the price vector of 7 goods in the base period
P =(p,, Py, - Dp,) represents the price vector of n goods in the current period
O, =(q16,2+"""q,,) Tepresents the quantity vector of 7 goods in the base period
O, =(4,,:95-""q,,) represents the quantity vector of 7 goods in the current period.

From the above definition, we know that the dimension of Y is 4nx1. Therefore, u is
4nx1 and Q is 4nx4n . We also know that ¥ is time-dependent, so a more appropriate
representation would be

Y, ~N(u,,Q,).
Clearly, any variable which is of a function of ¥, is also time-dependent. However, in this

chapter, to simplify the notation, we drop the “#” subscript that is being used to signify the

time-dependence of certain variables.

The Paasche index can be written as

YNY
1" =—= (11
YN'Y
where
0 nEN 0 n¥R 0 = 0 =R 0 nEn OHKJ'I' 0 e Irrxﬂ
NP = 1 Onxu Ouxu Onxn [uku NP - 1 Onxu Ou‘x:.l Onxu Onxn
b e,y ’ 2 T
2 Ouxu Ouxn Onxn Onxu 2 Onxu OHKH OHXJ: L 0;r><u
Onxn Inxu Onxn Onxn dnxdn ‘ruxn Ouxn Onxu Ouxu daieda
and /., isan (nXn ) identity matrix. We apply the same transformation as in (7), and then

we can apply Lemma 1 to approximate the exact moments of Paasche index.

For the mean of the Paasche index, 1, =, =1. Then, according to equation (8):



6, =u'Nfu,

— NP
&, =uN,u,

¢ =1/6,, ¢, =0, j=2,3, 4, -,

¢, =-1/6;, e;=2/62,

¢; ==6/6], ¢, =24/6; .

P P
}\ Ny .1
4, =0 (N (U ors
6, 6,6,
1 NP N."’ INP ?P_ [N o i
4, =0t _y4 zuz: 5 +2NkuuN, Qb
. 6, o, 6,0,
1+ NF NPuwu'NP 1
A e Dy 'zm?N_ 1QF
26,0, 6,0,
I i P rarP P
L N, N N, 5
44:QE(N; M 2mi}\f’_ 3 Njuu'N
6, 26,6, 6, 0,6,
A, =0
. 1 qu : !NP N N.f’
4, =16Q7 (= 0
6, 6,6,

E(I")=

9 *
5 4 +4)

Substituting the expressions above into (10), we get

Similarly, for the second raw moment of the Paasche index, », =

I)Q

-, =2, according to (8),

6, =u'Nlu, 0, =u'Nlu,
&0, =G 8y S5, =T e,
¢ =-2/6,, ¢, =6/922:93 =_24/9§,§4 :120/924-
. NP NPuuw/NF P .
Ay = f L o N N g
’ 6, 6, 6,0,
P NP NP NP
47:—29( gy MW et
) 2 82 9]9
« N NS Juu'N; Puu'N, 1
A, =0 o2 o NouNy ( Niwily yors
6 6,6, 6,6: 6.0,
L = i NP NPwu'NP NP NP
4, =tEoe g2 —48N”‘j e ST L Lt T £
6 6,6, 6; 6.0, 6,6;
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(12)
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A =04 Q%N;uu’N;Q%

‘1 oo,

P P P I P £ tarP

‘ 1 Suu'N N N !

44:492(20N~”I’j BV et —32’?\’(2”“;?‘{1 Q.
92 9I“92 9I92
Substituting above expressions into (10), we get
2y _ O -

E[(I") ]=9—'2(1+/1; +44) (13)

Similarly, we can use the same method to find the mean and variance of Laspeyres’ index. To

write Laspeyres’ index as the ratio of quadratic forms, we define

0.-»<n 0 i 0 e 0 nXt -Ouxn 0 e ! nxn 0 1
NIJ. s l Ouxn Onxn 1 ] Onxu , N ;L == l Onxn Onxu Onxn Onxn
210, 1 Ouu O, - 214, 0., 0., 0.,

Ouxn Onxn Onxu Onxu dnsedn Ouxn Onxrr ON)(H quu dnedn

Then the mean and variance of Laspeyres’ index are obtained from (12) and (13), just
replacing N and N with N} and N 1. Of course, we can also obtain the higher-order

moments for the Paasche and Laspeyres indices in the same manner, if these are of interest.

The analytic results above depend on the normality assumption. The normality assumption is
quite restrictive here in the sense that both the prices and quantities are non-negative.
Therefore, strictly, the random vector Y we defined cannot be drawn from a normal
distribution. Relaxing the normality assumption could make the results more attractive and
applicable. Allowing the random vector to be both non-normal and non-i.i.d will make the
problem quite complicated. Since the random vector Y includes both prices and quantities,
and given the interaction of prices and quantities in the market, we keep the non-i.i.d

assumption, but we have retained the normality assumption.
3. Some Numerical Evaluations

The theoretical results that have been derived above are now illustrated by applying them to

some real data sets. The first set of data that we consider relates to Australian prices and
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expenditure for alcoholic beverages, and is reported by Clements and Daryal (1999). The
second data set is the well-known food consumption data for Sweden, from Wold and Jureen
(1953, pp.278-279). Obviously, in practice we will not know the true mean and covariance
matrix of the stochastic data, therefore, we will just use the sample mean and covariance
matrix to estimate the moments of the index based on (12) and (13). Of course, based on the
first and second moments, we can then calculate the bias and mean squared error. We need to
note here is that the notion of “bias” that we have in mind here is different from the standard
definition of bias. Since we don’t know the true value of the index, the bias is defined here as
the difference between the mean value of the index and the value of the index calculated from
the sample. Therefore, we calculated the bias as the mean in (12) minus the index calculated
from (1) or (2) depending on which index we are using. We also calculate the percentage bias
by dividing the bias by the estimator from (1) or (2). Similar comments apply to the so-called

“mean squared error” values that we report.

The main practical difficulty that is encountered in providing numerical illustrations is that of
estimating the mean and covariance matrix of the stochastic vector with only one observation
for each year. We have considered different methods to estimate the mean and covariance
matrix for the stochastic vector by using different samples. First, we just use the information
from the base period and the current period to construct an estimator. With this method, the

estimated mean vector @ is:

N 2. 5 ~oN
u:(ul’uz’l“”m:) (14)
where
A o TP, .
M‘JZID;U—&—’ for ]=].523“.3n;
2
A P T D R ) .
1*-',-+,,=~—‘-”2—", for 1=1,2,---,n;
- 90 T 4; _ '
f+2n=_”-,- for ]:1,2,---,11,
2
A o T . )
Uiv3n :9’.072%, for i=1,2,---,n;

-

Then, the estimated covariance matrix €2 is constructed as follows:

Q, =y, —-a)y,-4,), for 1, j=1,2,---,4n. (15)
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where €2 is the element in the /" row and the / column of Q.

We also consider a “rolling method”, which means that as time goes by, we include all
available information to undertake the estimation. With this method, the mean vector # is

constructed as follows:

i, =Zpij, for 1=1,2,---,n;
=0
!
Uiy, =Zp;j= for 121,2,"',[1;
J=0
{
uH-Qu :Zq!j': for 1:1125."5n;
=0
!
Uiz, =Zq!}" for 1:1:25'")“; (16)
=0

and Q is constructed the same way as (15), just replacing the mean vector (14) with (16).

Of course, other similar methods can also be considered. For example, we can use three-
period information to estimate the mean vector. However, in practice, for all of these similar
methods, when the current period is far away from the base period, the estimated covariance
matrix can be negative-definite. This seems to suggest that it is not advisable to base the
estimator on information which covers a long time-span. One possible explanation for this
problem is that the prices tend to rise over time. Therefore, more stable results can be
obtained by limiting the time-span over which the information is drawn. This point is
consistent with the argument that when the current period is far from the base period, we
should use a chain index number as in (3), instead of a fixed-base index number. Another
possibility when it comes to estimating the mean vector is to use a quantity-weighted average
across time periods, rather than a simple arithmetic average. Hopefully, further research into

these matters will help to determine a preferred way of dealing with this empirical issue.

Therefore, we also consider another strategy to estimate the mean vector and the covariance
matrix. We use the base period and just the following period to represent the information for
the base period. Similarly, we use the current period and the previous one period to represent
the information for the current period. This approach means that we have two observations
for the base and current period, not only one. Then we can use this information to estimate

the mean and the covariance matrix. We call this method the “two-matrix method”. Based on



97

this method, the random vector Y is defined as follows:
Y,=(F, B @, @), forj=12 (17)
where
B = Pigys Pagrys =5 Paiy)s
By =(Pijamys Paamys **s Pagezen)'s
Q(U :(qU—n Gojoys s g;;_j—l)’;

— ’
Q:;' = (G241 Gagj-zetys "> Dugiczen) -

Therefore, we can easily estimate the mean vector and covariance matrix based on these two

observations for the random vector Y . The estimated mean vector 71 is:

2
uizzpw—ns for =12 sl
=

Kl

2
Uiy = pr{j—?.ﬂ)’ for 1=1,2,-,m;
1=l

2
ui+2n :ZQEU-—I)’ for 1:132?”"11;
=1
2
Uiz = EQE(_;'—IHJ'J for i :]a 2-: Ty I (18)
J=1

-

The estimated covariance matrix, €2, is constructed as follows:
2
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Q== = , for i, j=1,2,--,4n. (19)

For this method, if we set the first period as the base period, then the mean for the index in
the second period will be unity. Therefore, it is better to ignore the inference derived for the
second year. We also try another way to estimate the covariance matrix for the base period
and the current period. After we get the mean in (18), we combine the estimated mean vector
(18) and the construction of the covariance matrix in (15) to estimate the covariance matrix,
which means we ignore the information from another period for the covariance matrix. And
we also expand these two methods to include three or more periods for the base and the

current period. Among all of the methods, the two-matrix method turns out to be the best one,
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in the sense that all of the other methods give some unstable results for certain periods or

certain data sets.

Table 1 provides the empirical results for the mean, bias, and MSE and the percentage bias of
the Paasche index and Laspeyres index for the Australian alcoholic beverages data set. Table
2 gives the corresponding results for the food consumption data set for Sweden. For the
alcoholic beverages data set, we set 1988 as the base year. The results show that for both the
Paasche and Laspeyres indices, the bias is negative and the percentage bias ranges from 3%
to 6%. The Laspeyres index has smaller MSE than the Paasche index, but the difference is not
very significant. All of this suggests that there is very little difference between the Paasche
and Laspeyres indices for the alcoholic beverage data set. For the food consumption data set,
1921 is set as the base year. The results show that both of the indices exhibit a positive bias.
The Paasche index has a percentage bias between 10% and 30%, and Laspeyres index has a
percentage bias between 15% and 30%. A comparison of MSE shows that the Paasche index
is preferred to Laspeyres index, which is the opposite result from that for the alcoholic
beverage data set. The economic implications of the numerical results are also different for
these two data sets. For the first data set, the bias is relatively small, so the effects of ignoring
the bias in practice are not likely to be big. In particular, if the usual calculated values of the
price indices are used to measure inflation over time, and to influence economic policy, this
should not be problematic. However, for the second data set, ignoring the bias may have
some important economic implications. In this case more care would need to be taken if the

usual calculated values of the indices were used as the basis for policy analysis.

Comparing the results from these two tables, we reach the following conclusions. First, the
signs of the biases of the Paasche and Laspeyres indices are the same, and the magnitudes are
very similar, for a fixed data set. Second, these signs and magnitudes depend on the data set.
For example, for the alcoholic beverages data set, both of the indices have a negative bias,
and the percentage biases are very similar. However, for the food consumption data set, the
biases are positive and the magnitude of the percentage biases suggest that we definitely
should pay attention to them when we construct these two indices from these data. Third, any
comparison of the MSE’s of these two indices also depends on the data set. For the first data
set, Laspeyres’ index has a smaller MSE than the Paasche index, but for the second data set,
the converse is true. Basically, no definitive conclusions can be drawn. The biases and MSEs

depend on the data set in question and so do the economic implication of these numerical
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results. In addition, of course, the quality of our numerical results depends on how well we

can estimate the mean vector and the covariance matrix.

It is important to recognize that our analytical results are based on quite strong assumptions
about the underlying data. In particular, the normality assumption and the methods that we
have used to estimate the mean vector and the covariance matrix assume that the data are
stationary. From the tables, we can see the indices for the alcoholic beverages data set
increase over time, so we might expect that the stationary assumption may cause more serious
problem for this data set than for the Swedish consumption data set. Some basic unit root
testing suggests that all of the price indices are non-stationary. Of course, in these examples
the sample sizes are rather small and the usual unit root tests will have very low power. None
the less, this rather tenuous evidence might lead us to question the related assumption that the
individual price and quantity data are drawn from a stationary distribution. This is an issue

that warrants further study.

4. Conclusions

In this chapter we have derived analytic results to approximate the exact moments of the
Paasche and Laspeyres index number series. However, the analytical results are too
complicated to enable us to draw any general conclusions. We illustrate the results by means
of some numerical applications based on two real sets of data. These numerical calculations
enable us to get a feel for the signs and orders of magnitudes of the biases associated with
these index numbers, when they are viewed as statistics. In the same way, we are able to

explore the relative efficiencies of the Paasche and Laspeyres indices in specific contexts.

There are three aspects of our analytical and numerical results that deserve further
consideration in future research. The first is the assumed normality of the price and quantity
data. This rather strong assumption deserves to be relaxed, as does the assumption of i.i.d.
data. In this regard the general results provided by Lieberman (1997) and by Bao and Ullah
(2007) are likely to be helpful. The second feature of our work that needs further
development is the methodology for evaluating the biases and mean squared errors of the
indices in practice. Alternative methods for estimating the mean and the covariance matrix of
the data need to be considered in order to make our results more useful in practical situations.

Finally, as the numerical results that we have provided here are clearly sensitive in various
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ways to the choice of data, some Monte Carlo analysis would be warranted in order to

explore which particular characteristics of the data are important to the nature of the results.



Table 1: Price Indices for Alcohol Expenditure in Australia
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Paasche Index

Laspeyres Index

Year Index Mean “Bias” “MSE” Percentage Index Mean “Bias” “MSE” Percentage
“Bias™ (%) “Bias” (%)
1989 1.0544 1.0000 -0.0544 0.0030 -5.1616 1.0545 1.0000 -0.0545 0.0030 -5.1709
1990 1.1205 1.0588 -0.0617 0.0039 -5.5070 1.1202  1.0590 -0.0612 0.0039 -5.4647
1991 1.1699 1.1155 -0.0544 0.0033 -4.6539 11700 1.1183 -0.0517 0.0030 -4.4218
1992 1.2039 1.1594 -0.0444 0.0053 -3.6904 1.2039 1.1628 -0.0411 0.0048 -3.4149
1993 1.2467 1.1927 -0.0540 0.0038 -4.3281 1.2441 1.1946 -0.0494 0.0034 -3.9743
1994 1.2891 1.2344 -0.0548 0.0036 -4.2480 1.2853 1.2328 -0.0524 0.0033 -4.0795
1995 1.3399 1.2798 -0.0602 0.0040 -4.4913 1.3363 1.2773 -0.0590 0.0038 -4.4125
1996 1.3948 1.3309 -0.0639 0.0044 -4.5789 1.3917 1.3292 -0.0625 0.0041 -4.4907
1997 1.4291 1.3749 -0.0541 0.0044 -3.7888 1.4260 13736 -0.0524 0.0040 -3.6722
1998 1.4476 1.4007 -0.0469 0.0046 -3.2418 1.4437 1.3992 -0.0446 0.0042 -3.0868
Table 2: Price Indices for Food Consumption in Sweden
Paasche Index Laspeyres Index
Year Index Mean “Bias” “MSE” Percentage Index “Mean” “Bias” “MSE” Percentage
“Bias” (%) “Bias” (%)
1922 0.7731 1.0000 0.2269 0.0515 29.3430 0.7733 1.0000 0.2267 0.0514 293177
1923 0.6667 0.8446 0.1779 0.0403 26.6871 0.6696 0.8441 0.1745 0.0439  26.0591
1924 0.6448 0.7679 0.1231 0.0327 19.0924 0.6501 0.7764 0.1263 0.0406 19.4299
1925 0.6732 0.8160 0.1427 0.1106 21.2019 0.6878 0.8681 0.1803 0.1648  26.2196
1926 0.6356 0.7475 0.1119 0.0270 17.6100 0.6488 0.7792 0.1304 0.0346  20.0930
1927 0.5995 0.7065 0.1071 0.0288 17.8601 0.6151 0.7600 0.1449 0.0526  23.5624
1928 0.5921 0.6922 0.1001 0.0443 16.9063 0.6127 0.7434 0.1307 0.0597  21.3306
1929 0.5760 0.6783 0.1023 0.0402 17.7632 0.6028 0.7323 0.1295 0.0539  21.4903
1930 0.5352 0.6470 0.1118 0.0351 20.8960 0.5590 0.7144 0.1554 0.0574 27.7964
1931 04716 0.5592 0.0876 0.0119 18.5630 0.4936 0.6251 0.1315 0.0284  26.6348
1932 0.4530 05180 0.0650 0.0137 14.3552 0.4683 0.5656 0.0972 0.0210 20.7644
1933 0.4424 0.5183 0.0760 0.0256 17.1793 0.4607 0.5751 0.1144 0.0437 24.8210
1934 0.4517 0.5040 0.0523 0.0160 11.5757 0.4703 0.5502 0.0799 0.0229 16.9793
1935 0.4912 0.5602 0.0691 0.0466 14.0582 0.5170 0.6213 0.1044 0.0712  20.1899
1936 0.5125 05705 0.0580 0.0214 11.3217 0.5424 0.6267 0.0843 0.0318 15.5349
1937 0.5368 0.6108 0.0740 0.0371 13.7898 0.5661 0.6725 0.1065 0.0526  18.8059
1938 0.5656 0.6352 0.0696 0.0345 12.3126 0.5968 0.6979 0.1010 0.0500 16.9313
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CHAPTER 6:
SUMMARY, CONCLUSIONS AND FUTURE RESEARCH

i Overview

Many of the principal results that we draw on in econometrics rely on the use of the
asymptotic distributions of our estimators and test statistics. However, in many situations we
have only limited knowledge of their finite sample properties. Moreover, very often what
knowledge we do have is based on rather limited Monte Carlo evidence that may lack
generality. Inferences that are based on the asymptotic properties of an estimator or a test
statistic may be very unreliable for small or even moderately large samples. Therefore, it is
important to broaden our knowledge of the finite-sample properties of such econometric
estimators and tests, and it is especially important to do this by deriving further analytical
results that are general and will help us to get a more complete understanding of the quality of
the inferences that we draw in practice. So, the objective of this dissertation is to develop

several new analytical finite-sample results that will be of direct benefit to econometricians.

Specifically, we have explored the use of several finite-sample methods, including the
saddlepoint approximation, the large-# approximation, and the small- & approximation. We
have developed some new analytic results relating to the saddlepoint approximation, and we
have used these to study the finite-sample properties of an interesting estimator that arises in
the empirical macroeconomics literature, and a goodness-of-fit test that is very widely used
throughout the statistics literature. Our use of the large - n (Nagar) approximation allows us
to extend the surprisingly limited literature relating to the small-sample properties of the
Maximum Likelihood estimator for binary choice models. We are also able to provide new
insights into the properties of some standard price indices by viewing them as estimators of
the true underlying prices, and applying small- o approximations to assess their bias and

mean squart ed error.

The objective of Chapter 2 is to provide a resolution to the so-called Purchasing Power Parity
(PPP) puzzle. Essentially, we make two contributions to the assessment of the PPP puzzle.
First, we apply Lieberman’s (1994a, 1994b) results in order to derive saddlepoint

approximations to the density and distribution functions of the convergent half-life estimator.
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As far as is known, these are the first such analytic results that have been derived, although
Kilian and Zha (1999) provide some related Bayesian results. Second, we prove that none of
the integer-order moments of this estimator exist. This suggests that the popular use of the
half-life based on an AR model may not be an appropriate way to measure convergence to
PPP. It also explains why, in practice, various authors have reported unrealistically wide

“confidence intervals” for their half-life estimates.

In Chapter 3, we compare the accuracy of four different saddlepoint approximations when

they are applied to the distribution of the Anderson-Darling (A-D) test statistic. These include

the normal-based and non-normal-based saddlepoint approximations to order O(n™') and

o(n™) respectively. The contributions of this chapter include both theoretical and empirical
results. Our derivation of the non-normal based saddllepoint approximation to order

O(n™") is apparently quite novel, and this can be used in a range of other applications.

The numerical results in this chapter show the following. Improvements in the approximation
to the middle part of the distribution can be obtained in two directions: by moving from the
normal-based saddlepoint approximation to the non-normal-based one; and by moving from
the lower-order saddlepoint approximation to the higher-order one. The preference of the
non-normal-based saddlepoint approximation over the normal-based one in the middle of the
density is due to the fact that the A-D test statistic is non-normally distributed asymptotically.
We might expect that a normal-based saddlepoint approximation will perform well when the
asymptotic distribution of the statistic is normal; and the non-normal-based saddlepoint
approximation might perform well when the asymptotic distribution of the statistic is non-
normal. However, these improvements that come from the non-normal-based and higher-
order saddlepoint approximation are limited to the middle of the density, and do not apply to
the tail areas, at least in the case that we studied. Therefore, given that we are interested

primarily in the tail areas, for construction of accurate critical regions for the test, the normal-

based saddlepoint approximation to order O(n™') appears to be adequate.

In chapter 4, we apply the large- n approximation to derive an analytic expression for the
mean and MSE of the MLE of the coefficients in the binary Logit model. We also illustrate
the analytic results by applying them to a simple model with only one regressor. Since there

are very few results on the finite-sample properties of estimators for qualitative response
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models, we have very little basis for comparing our results with other previous work. Our
results are more general than any others relating to this topic as we allow the covariates in the

model to be random, rather than fixed in repeated samples.

Based on the analytic results, we report some numerical results for the MLE, its bias-
corrected counterpart, and the associated actual and estimated standard deviations. We also
report the estimated bias-corrected estimator. We find that incorporating the (estimated) bias
correction can improve the MLE, not only in terms of bias reduction, but also in terms of

reduced variability.

In Chapter 5, we use a small- 0 approximation for the ratio of quadratic forms in a random
vector to derive analytic expressions for the biases and MSE of two price index numbers,
namely the Laspeyres Index and the Paasche Index. Then we generate some illustrative
numerical results based on our analytic results. We report the mean, bias and MSE and the
percentage bias of these two index numbers for two data sets. One is an Australian alcoholic

beverages data set, and the other one is a food consumption data set for Sweden.

Our numerical results show that for a particular data set, the difference between these two
index numbers is very small. It is difficult to make a choice between these two index numbers
based on a comparison of their mean squared errors. The signs and magnitudes of the biases
of these two index numbers depend on the data set. For one of the data sets that we consider,
the biases of both of the prices indices are small. For the second data set, the biases are much
larger, which would be of some consequence in practice. Certainly, one can conclude that
care should be taken when constructing these price indices and then using the results as point

estimates of the underlying population price changes.

2. Future Research

In this dissertation we have derived some encouraging analytic and numerical results based
on finite-sample theory. However, there is still a lot of potential for further research into each
of the topics that we have examined.

In chapter 2, our results suggest the convergence half-life is not the appropriate measure to
use when considering PPP convergence. Therefore, finding a more appropriate measure, and

in particular one whose estimator has finite moments, is an important problem that needs to
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be resolved in future research into the PPP puzzle.

In chapter 3, we derived a new higher-order, non-normal-based saddlepoint approximation,
which can be applied to quite a large number of distributional problems. In the future, we
expect to apply the higher-order saddlepoint approximation to some other statistics to

illustrate its performance.

In chapter 4, we only illustrate our new analytic results by applying them to the Logit model
with only a single regressor. In future work, we expect to extend the numerical results to the
binary Logit model with multiple regressors. In addition, the analytic results could potentially
be extended to the multinomial Logit model. Taking the same approach in the case of the
widely used Probit model could be problematic, given the integrals involved, but this is

certainly worthy of further consideration.

In relation to chapter 5, we expect to extend the results in at least three directions. First, we
assumed that the random vector which includes the prices and quantities in the base and
current periods is normal distributed, and it would be useful to relax this rather strong
assumption. Second, as there is only one observation for each time period, in the future, we
expect to consider alternative ways of constructing the sample moments when putting our
analytic results into practice. Finally, the small-o approximation that we used to evaluate the
Laspeyres and the Paasche price indices in this chapter could also be applied to other related
indices, such as Fisher’s ideal index and the Divisia index. There is considerable potential for

further research into this stochastic approach to index number construction.

Overall, we feel that this research has provided some interesting results, which in turn have
important implications for economists undertaking empirical work. In order to make our
conclusions more comprehensive and robust, there is scope for further research into these

topics.
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