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Regularized moment equations for binary gas mixtures:
Derivation and linear analysis
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The applicability of the order of magnitude method [H. Struchtrup, “Stable transport
equations for rarefied gases at high orders in the Knudsen number,” Phys. Fluids 16,
3921-3934 (2004)] is extended to binary gas mixtures in order to derive various sets
of equations—having minimum number of moments at a given order of accuracy in
the Knudsen number—for binary mixtures of monatomic-inert-ideal gases interacting
with the Maxwell interaction potential. For simplicity, the equations are derived
in the linear regime up to third order accuracy in the Knudsen number. At zeroth
order, the method produces the Euler equations; at first order, it results into the
Fick, Navier—Stokes, and Fourier equations; at second order, it yields a set of 17
moment equations; and at third order, it leads to the regularized 17-moment equa-
tions. The transport coefficients in the Fick, Navier—Stokes, and Fourier equations
obtained through order of magnitude method are compared with those obtained
through the classical Chapman—Enskog expansion method. It is established that the
different temperatures of different constituents do not play a role up to second order
accurate theories in the Knudsen number, whereas they do contribute to third order
accurate theory in the Knudsen number. Furthermore, it is found empirically that the
zeroth, first, and second order accurate equations are linearly stable for all binary
gas mixtures; however, although the third order accurate regularized 17-moment
equations are linearly stable for most of the mixtures, they are linearly unstable
for mixtures having extreme difference in molecular masses. © 2016 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4945655]

. INTRODUCTION

It is well-established that the Navier—Stokes and Fourier equations break down in describ-
ing non-equilibrium processes in rarefied gases since they typically lie outside the hydrodynamic
regime.!™ The flow regime is, usually, identified by a dimensionless parameter, the Knudsen num-
ber (Kn) which is defined as the ratio of mean free path of gas molecules to a characteristic
length scale pertaining to the problem. Processes in all flow regimes, i.e., for all Knudsen num-
bers, can be well-described by the Boltzmann equation(s);'™ nevertheless, the direct numerical
solutions®’ of the Boltzmann equation(s) or the solutions obtained with direct simulation Monte
Carlo (DSMC) method® are computationally very expensive, particularly in the early transition
regime (0.05 < Kn < 1). Since many processes encountered in practical problems (such as pro-
cesses in microscale flows) beset in this regime, there is a crave for accurate and efficient models
which are capable of computing rarefied processes—particularly in the transition regime—with less
computational cost.

) Author to whom correspondence should be addressed. Electronic mail: vgupta@ds.mpg.de. Present address: Max Planck
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These models, usually, emanate from the Boltzmann equation(s) through approximation tech-
niques in kinetic theory. The two classical and most avowed approximation techniques in kinetic
theory of single gases are the Chapman—Enskog expansion method"*%'! and Grad’s method of
moments.'>'* Both methods can be found in standard textbooks, e.g., Refs. 2,3, 8, 10 and 15-17.

The Chapman—Enskog expansion method is applicable to processes, which are close to equilib-
rium (Kn — 0). The method relies on an asymptotic analysis in powers of the Knudsen number. In
this method, the velocity distribution function of gas molecules is expanded in powers of the Knud-
sen number. This expansion for the velocity distribution function is then inserted into the Boltzmann
equation and the coeflicients of each power of the Knudsen number are compared on both sides of
the equation. The procedure leads to the constitutive relations of different orders for the well-known
conservation laws of fluid dynamics. At zeroth order, the method gives the Euler equations; at first
order, it yields the classical Navier—Stokes and Fourier equations; at second order, it results into
the Burnett equations; at third order, it leads to the so-called super-Burnett equations, and so on.
The super-Burnett equations are already so involved that the full super-Burnett equations do not
seem to exist in the present day literature. Besides complex structure due to the presence of higher
order derivatives, the Burnett equations are known to suffer from inherent (linear) instabilities;'®
consequently, their use is not recommended.

In Grad’s method of moments, the Boltzmann equation is supplanted by a system of first order
partial differential equations, referred to as moment equations. Moment equations form an infinite
set of coupled first order partial differential equations, which is not closed. Grad’s method of mo-
ments truncates this infinite set at a certain level. Moreover, to close the set at this level, it approx-
imates the velocity distribution function by an expansion in orthogonal polynomials—usually,
Hermite polynomials—in (peculiar) velocity, and the coefficients in the expansion are obtained
by satisfying the definition of the moments considered at that level. The moment equations re-
sulting from Grad’s method of moments (in case of single gases) are always linearly stable.'®
Unfortunately, the method does not, a priori, grant the touchstone on which and how many
moments need to be considered for describing a process with a given Knudsen number. How-
ever, it can be stated empirically that the number of moments considered ought to be increased
with increasing Knudsen number.'*!° Furthermore, due to their hyperbolic nature, the well-known
Grad’s 13-moment (G13) equations for a single gas obtained via Grad’s method of moments
manifest non-physical sub-shocks for flows with Mach numbers above 1.65'%?" and do not cap-
ture Knudsen boundary layers.?'>> Nevertheless, by considering more moments, Knudsen bound-
ary layers can be captured’’”® and smooth shock structure can be obtained for higher Mach
numbers.?’

In order to surmount the deficiencies inherent to both Chapman—Enskog expansion method
and Grad’s method of moments, Struchtrup and Torrilhon?*—for single gases—introduced a
new method, often referred to as the regularized moment method, which regularizes the
original G13 equations for a single gas by means of a Chapman—Enskog expansion of Grad’s
26-moment (G26) equations around a pseudo-equilibrium and leads to the regularized 13-moment
(R13) equations. The R13 equations retain the enviable features of both the Chapman—Enskog
expansion method and the Grad’s method of moments while avert their shortcomings. The
R13 equations are always linearly stable and engender smooth shock structures for all Mach
numbers.>**

For single gases, Struchtrup* employed another method, termed as order of magnitude method,
and rederived the R13 equations. The order of magnitude method accounts for the order of magni-
tude of all moments and of each term present in moment equations in powers of the Knudsen
number and was originally developed for studying “consistent order extended thermodynamics
(COET)” by Miiller, Reitebuch, and Weiss;? nonetheless, the approach of applying the order of
magnitude method in Ref. 25 is quite different from that in Ref. 26. The method of Struchtrup?
provides highly accurate equations and, concurrently, resolves the issue of how many moments
need to be considered for describing a process with certain accuracy. The method has been applied
initially to the Bhatnagar-Gross—Krook (BGK) model?’ as well as for the Maxwell interaction
potential in Refs. 3 and 25 and, subsequently, also to the hard-sphere interaction potential in Ref. 28.
For the BGK model and Maxwell and hard-sphere interaction potentials, the equations have been
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derived up to third order accuracy in the Knudsen number by exploiting the order of magnitude
method,?>?® where it yields Euler equations at zeroth order, Navier—Stokes equations at first order,
G13 equations (without a non-linear term) for the BGK model and Maxwell interaction potential
and a variant of G13 equations for the hard-sphere interaction potential at second order, and a
variant of the original R13 equations®* at third order. However, for general interaction potentials,
the method has been employed to derive equations only up to second order accuracy?’ so far. Since
their derivation, the R13 equations have been successfully employed to describe several processes in
rarefied gases, see, e.g., Refs. 30-39.

Unlike single gases, kinetic theory for gaseous mixtures is still not very mature. The Ph.D. the-
ses of Enskog*’ and Kolodner*' can be regarded as the pioneering works on the Chapman-Enskog
expansion method and Grad’s method of moments, respectively, for gas mixtures. Reference 42
describes the detailed derivation of Grad’s moment system (especially, considering 13 moments for
each component) for gas mixtures; nevertheless, the explicit expressions for the right-hand sides of
these equations are computed by employing various approximations. In Refs. 43 and 44, the authors
consider the moment equations for gas mixtures in the context of extended thermodynamics but
use simplified models for computing the collision terms in these equations. Reference 45 studies
Grad’s method of moments in a multi-component approach for plasma models by considering 13
moments for each constituent. Reference 46 discusses the higher order Grad-type moment equa-
tions too, however, it does not include—for example—the third rank tensors. Furthermore, the
Grad-type moment equations in both Refs. 45 and 46, see also Ref. 47, are derived based on line-
arized Boltzmann collision operators. In addition to this, Refs. 43—-47 derive the moment equations
by assuming a single average temperature for the whole mixture; however, a multi-temperature
description of gas mixtures, which considers different temperatures for different constituents in the
mixture, is imperative for many practical problems,*® especially for problems arising in plasma
physics. Although Refs. 43 and 47 discuss the multi-temperature approach, they promptly switch to
the single temperature approach owing to simplicity.

Similar to a single gas case where the derivation of the R13 equations for a single gas requires
G26 equations, the derivation of regularized moment equations for a gaseous mixture also requires
higher order moment equations, and owing to the unavailability of higher order moment equations
for gaseous mixtures until recently,*’ the regularization for gas mixtures has never been attempted
before. In Ref. 49, two authors of the present paper have derived the fully non-linear G26 equations
for each constituent in a mixture of gases interacting with the Maxwell interaction potential based
on multi-temperature approach. Furthermore, the first author of the present paper has also extended
the derivation of the fully non-linear G26 equations for each constituent in a mixture of gases
based on multi-temperature approach to the hard-sphere interaction potential.’® It is worth pointing
out that the computation of Boltzmann collision integrals or production terms appearing in these
equations is quite involved, particularly with the multi-temperature approach, and a detailed compu-
tational strategy for evaluation of the Boltzmann collision integrals associated with these equations
can be found in Refs. 50-52.

In this paper, we exploit the G26 equations for each constituent in a gas mixture as detailed in
Ref. 49 and derive various sets of equations up to third order accuracy in the Knudsen number by
extending the applicability of the order of magnitude method to binary gas mixtures. For simplicity,
in this paper, we focus our attention only to processes in binary mixtures of monatomic-inert-ideal
gases interacting with the Maxwell interaction potential and in the /inear regime. The derivation
of similar systems of moment equations valid in the non-linear regime and, also, their derivation
for other interaction potentials is beyond the scope of the present paper and will be considered
elsewhere in the future. At zeroth order accuracy, the method gives the (linearized) Euler equations
for binary gas-mixtures; at first order accuracy, it yields the (linearized) Fick, Navier—Stokes, and
Fourier equations; at second order accuracy, it leads to the (linearized) 17 moment equations; and at
third order accuracy, it results into the regularized 17-moment (R17) equations in linearized form.
The Fick, Navier—Stokes, and Fourier laws obtained here are compared with those obtained via the
classical Chapman—-Enskog expansion method. Furthermore, the linear stability of the derived sets
of equations is analyzed. However, the shock wave problems, H-theorem, and boundary conditions
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for these equations are also beyond the scope of the present paper and will be considered elsewhere
in the future.

The remainder of the paper is organized as follows. The conservation laws for a gas mixture
are stated and problem is formulated in Section II. The order of magnitude method is adum-
brated in Section III. Grad-type 26-moment equations for each constituent in a binary mixture of
gases interacting with the Maxwell interaction potential are presented in linear-dimensionless form
in Section IV. The order of magnitude method is employed to determine the magnitude of all
non-equilibrium moments in Section V. The minimum moments to describe a process with a certain
accuracy in the Knudsen number are identified in Section VI. In Section VII, moment equations
with different orders of accuracy are derived, i.e., the Euler equations, Fick, Navier—Stokes, and
Fourier equations, second order accurate equations, and, finally, the R17 equations for binary gas
mixtures are derived. The linear stability of these equations is analyzed in Section VIII. The final
conclusion and discussion are given in Section X.

Il. PROBLEM DESCRIPTION

The conservation laws for a mixture of monatomic-inert-ideal gases in absence of any external

forces read!:10:49
% N % (Pavi + patd®) =0 ¥ a, (1)
L) @)
a(gtvi) + aixj(pv,-vj +oi+p6i;) =0, (3)
% (%p + %pvz) + 6%1' [(%p + %pvz) vi + qi + (0 +p6,-j)v,] =0, )
where

p:me p:anT:kBZnaTa, n:Zna, 0',-]:20'57), and q,-:qu(.”)
a a [e4 (e [e3

are the total mass density, total pressure, total number density, total stress, and total heat flux of the
mixture, respectively, with kp being the Boltzmann constant, T being the average temperature of
the mixture and @ denoting one constituent in the mixture; moreover, p, = Myh, is mass density of
the constituent a with m, being the molecular mass of species « and n, being the number density
of species a, and uﬁ.a) is the diffusion velocity of the a-constituent in the mixture (see Ref. 49
for the definition). Eqs. (1) are the mass balance equations for individual species in the mixture,
and Egs. (2)—(4) are the mass balance, momentum balance, and energy balance equations for the
mixture, respectively. In fact, Eq. (2) is obtained by summing Egs. (1) over all a’s; note that the
diffusion velocities in a gas mixture are not independent and they are related via

S puil® =0, ©
@

Therefore, Eq. (1) for any one a can be dropped from the system of conservation laws (1)—(4) or,
equivalently, Eq. (2) can be dropped from the system when including Eq. (1) for all a’s.
Clearly, the system of conservation laws (1)—(4) is not closed, since it contains the unknowns:

diffusion velocities u(“), stress o, and heat flux g;. Therefore, in order to close the system of

i
conservation laws (1)—(4), one must supply the constitutive equations for diffusion velocities uga),

stress 07;;, and heat flux ¢;. Here, we shall first determine the magnitudes of diffusion velocities

u(f’), stress 0, and heat flux ¢; in powers of the Knudsen number, and then systematically obtain

L
the closed systems of equations in such a way that the unknowns uS"), 0j, and g; in conservation

laws (1)—(4) are known up to a certain order in powers of the Knudsen number. We again emphasize
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that in this paper, we shall focus only on binary mixtures of gases interacting with the Maxwell
interaction potential and only in the linear regime.

lll. OUTLINE OF ORDER OF MAGNITUDE METHOD

The order of magnitude method for finding the proper equations with order of accuracy A in
the Knudsen number comprises of the following three steps.>>

1. Determination of order of magnitude A of the moments:
The goal at this step is to determine the order of magnitude of moments in powers of a
smallness parameter (&) which is usually the Knudsen number. To this end, a (non-conserved)
moment ¢ is expanded in powers of € as

d=do+Ep +E P+

It should be noticed that the above expansion performed on a moment ¢ is somewhat similar
to the classical Chapman—Enskog expansion, which is performed on the velocity distribution
function. However, unlike the approach of the classical Chapman—Enskog expansion which
aims at computing ¢;’s (i = 0,1,2,...), the focus in this method is just to determine the leading
order of ¢. The leading order of ¢ is determined by inserting the above expansion into the
complete set of moment equations. A moment ¢ is said to be of leading order A if ¢; =0
for all i < A and ¢, # 0. The leading order of a moment is the order of magnitude of that
moment.

2. Construction of a system of moment equations having minimum number of moments at a given
order of accuracy A:
At this step, some of the originally chosen moments are combined linearly in order to introduce
new variables in the system. The new variables are constructed in such a way that on replacing
the original moments in the moment equations with the new variables, the number of moments
at a given order A is minimum. This step not only provides an unambiguous set of moments at
order A but also guarantees that the final equations will be independent of the initial choice of
moments.

3. Deletion of all terms in all equations that would lead to contributions of orders A > A in the
conservation laws:
At this step, we adopt the following definition of the order of accuracy Ay.

Definition 1. A set of equations for binary gas mixtures is said to be accurate of order
Ao, when the diffusion velocities (of both the components), total stress, and total heat flux in the
mixture are known up to order O(g0).

The adoption of this definition relies on the fact that all moment equations are strongly coupled.
This connotes that each term in any of the moment equations has some influence on all other
equations, particularly on the conservation laws. The influence of each term can be weighted by
some power in the Knudsen number and is related—but not equal—to the order of magnitude
of the moments present in that term. A theory of order 4( considers only those terms—in all
the equations—whose leading order of influence in the conservation laws is 4 < Ay, and the
terms not fulfilling this condition are simply ignored. In order to apply this condition, it suffices
to start with the conservation laws and adds the relevant terms step-by-step, order-by-order.
We start with order O(&°) equations (Euler), then add the relevant terms to obtain order O(g')
equations (Fick, Navier—Stokes, and Fourier equations), and so on.

IV. LINEAR-DIMENSIONLESS EQUATIONS

Since we shall derive the equations valid in the linear regime, it is more convenient to use the
linear-dimensionless variables. For linearization and non-dimensionalization of the variables, the
reader is referred to Refs. 49 and 50.
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A. Conservation laws

The conservation laws for a binary mixture of gases @ and 3 in linear-dimensionless form read

Ong  O0; aA(a)
e o, 6
((9t +a)e,-)+ o5 ©
ong o0\ 0/
i O, ;
( ot axl) * A% o
a ° 5 oA aA
E(ﬂaxana + ﬂﬁxﬁnﬁ) (,uax +u 'BX'B)a - =0, "
6ﬁi 86’11 a . . 6T
X ot + 9%, + Frs (Xa”a + Xﬂnﬁ) " a_)el 0. o

307 ov, ohy x5 00" xgoal

- — + + + — —+ = 0 10
2 Of 0x; 0x; Ay OX; %p 0x; (10
While writing Egs. (6)—(10), the abbreviations
Vo Uo o o
Ky = Hp = X :xa%§+xﬁ%é (11)

S BT T
w7 e

have been used; here v, is a velocity scale, and 0;, = kgT,/m, and 0;;, = kgT,/mg are the ground
state temperatures of the @- and [S-species in energy units with 7, being the thermodynamic
temperature of the mixture as well as that of the constituents in the ground state. Moreover, in
Egs. (6)~(10),

My

= ——— and = —
Ha my + mg Hp Mo + mg

e (12)

are the mass ratios of the @- and SB-constituents in the mixture, respectively, and these notations for
the mass ratios are adopted following Ref. 9;

o n
x2=-<2 and x%,=-- 13
1e% o ﬁ o ( )

with n, = ng, + n; are the mole fractions of the a- and S-constituents in the ground state, respec-
tively;

T=xTo+x3Tp 0y=x,00 +x50F, and b= %" B h(’” (14)
@ B
are the dimensionless perturbations in average temperature, total stress, and total reduced heat flux
of the mixture from their respective ground state values with

~ . 5. . 5.
B =g =50 and 5P = gF - Zal (15)
being the dimensionless perturbations in the reduced heat fluxes of species @ and 3,%479 respec-
tively; £ and £ denote the dimensionless time and dimensionless space, respectively; and all other

quantities with hats denote the dimensionless perturbations from their respective ground state
values. Here, the total stress (o7;;) and the total reduced heat flux (/;) are scaled as

. Tij - hi
Oij = and hi = —,
k noTo k noToUo

see Ref. 50. It should be noted that Eq. (8) can be obtained from Eqs. (6) and (7), thus Egs. (6)—(8)
are not independent.
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B. Grad-type moment equations

In the light of Definition 1, our goal is to obtain various sets of equations in such a way

A

that ﬁg"), 0j, and /Aqi in conservation laws (6)—(10) are known up to a certain order in powers
of the Knudsen number. To this end, we require the extended Grad-type moment equations in
linear-dimensionless form, which, for the Maxwell interaction potential, have been derived in detail
in Ref. 49 (Egs. (4.3)—(4.10) of Ref. 49 for both the constituents). Here, we shall use them directly
but rename the Knudsen number from Kn to € in them, and instead of the field variables Ta, Tﬁ, é<“),
~(B) Al(a) Al(ﬁ)

g g, we shall write them in the new field variables, T AT h(”) h(ﬁ) 1((’) Rl(ﬁ) where
hﬁ."), hgﬁ) are given by Egs. (15),
R((r) Al((l) —76 (a)’ Iéf) — ﬁllj(ﬁ) 70_(!”)’ (16)
and
AT =T, — T (17)

is the dimensionless perturbation in the temperature difference from its ground state value. Never-
theless, the equations for the new field variables can be obtained from Eqs. (4.3)—-(4.10) of Ref. 49
for both the constituents in a straightforward way by combining them linearly, and therefore,
the details are omitted here for the sake of conciseness. The advantages of using the new field
variables—in case of the Maxwell interaction potential—are as follows: (i) it will be seen below
that although T, Tﬁ, and T are the zeroth order quantities, AT will be a second order quantity;
consequently, it will not play a role for the theories up to second order in the Knudsen number,
(i) the use of fl((’) and fzgﬁ) decouples the right-hand sides of their governing equations from the
diffusion velocities 7 A( ) and ﬁf.ﬁ) (see Egs. (23) and (24) below), and (iii) the use of Iéi.‘;) and Iéf)

T e Ad

ij

(ﬁ ) (see Egs. (27) and (28) below). It is emphasized that even if one does not change q(a), q“’)

ﬁ}j(.”), and u;(.ﬁ) to the new variables at this point, they will automatically be combined linearly at the
second step of the order of magnitude method in order to produce exactly the same results as below.

The system of linear-dimensionless extended Grad-type moment equations for a mixture of
gases a and B, which is equivalent to the system of Eqgs. (4.3)—(4.10) of Ref. 49 for both the
constituents, in the new field variables includes individual mass balance equations (6) and (7), the

energy balance equation for mixture (10), and the moment equations

R o s@) sB) .
o xj z(a"'ij +‘9”0)_ 2 (973 anﬁ)

decouples the right- hand sides of their governing equations from the individual stresses &

Hog—— + — | X — — — + —
“or x« %, = 0% “\ ax; = 0%
X3 T AAT 1 %
B, 2 2 ° _ o [ Ala) a A(B)
—;(%a - "ﬁ)axi + X"a_;e,- = —61Exﬁ (ui“ - Eui ), (18)
. ~B) . 5 (@)
P e | (20 90 (90 ik
Pooi w7\ Tax, ok | TP\ ax, o
XO ) ) 8T ° (9Af 1 o [ ~(B) %ﬁ (@)
—— (g =%, T Xaa_)ei = n gXe ”Eﬂ - Zuia , (19)

3 9AT L(aﬁ§“>+aa§“>>_i(aﬁ§ﬁ> 6125.3))_ 1 6
K

—— + = ——— AT, 20
2 0t 6)?, 6)2, 621 6)6’\1 eQx, (20

~ t =
ot axj)

A (@) . ~ (@) 7(@) ~(@)
%a(a% 23%) Oty é_laha adt {XQ A<a> (50(“) &@)}, Q1)

0Xy 5 5)?j> 6)?]-) TeQ Y

069 goe\ o) 4oh?  oa
%ﬁ( J ( ) {XBQ/;G'('B) o (736'%8) - 740'(0))} , (22)

ijk
=+ =
ot 6)2j> 6)%k 5 6)(]) 6)6]) SQ
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oI 1 OR . o} 108, sof s oaf
Ho = . - ~ = —X —
af 2 %, 0% 6 20% 2P 0%
__ 12 e 2a) o 1B
= {gxaQ A ﬁ(éshi - o6h)) . (23)
i 1ORD o5l L0k sof s, oaT
FTor T270%, T 9%, 60% 208 2 a%
__ 12 ®) B _ . 7@
=—5 {gxﬁgﬁh + x5, (vsh? - yeh(™) ¢ (24)
aﬁ,l(ﬂ) 3 aR<f1’) ao.(”)
ijk (ij 1 [3 (@) <a> N7
— +3 = ——{2x°Qum' ) + x5 (6, — 5gmP) b 25
e T 8xk> ok | eQ {2"" i + x5 (S, = o) (25)
am(ﬁ) 3 (9R(ﬁ) 60'(ﬁ) 1 3
ijk (ij (ij B) ()
= +3 =—— ¢ =Xx3Q ) 4 ) 26
%xp ofF 7 a)fem axk> 0 {zxﬁ ,Bm X (77m ik ygmzjk)} (26)
AR '@ 28 AR 1 7
tj ijk (i H(a) o p(a) H(B)
P — +2 — =—-——<= QR + 09R: — 610R" s 27
Sy 0% | 5 0% 89{6"“ X (99R57" = 010 u)} @7)
(91’%(@) 61’?1(.1?) 28 6h(ﬁ) 1 7
ij ijk o H(B) p(B) p(a)
i = —— L oxpQRY + RE — y1oRY 28
P60 ax, 5 6x.,) £Q {6Xﬁ pR x5 (1R =110 )} (28)
ohy ORY 1 (2 A
Ko +8 =20 {3 X Quha + x5 (1A4 512Aﬁ)}, (29)
O +88i’§ﬁ) L2 e, +x (yud A,) (30)
Ag— =—-——=1{=X X - .
B at (9)?3, SQ 3 5] LS @ Y B Y1284«

In Egs. (18)-(30), the coefficients 61,05,...,012 and y,¥s,...,¥y12 depend only on the mass ra-
tios u, and pg, and they are given in Appendix A for better readability. Again, the field vari-
ables with hats denote the dimensionless perturbations from their respective ground state values;
Q=x;Qq + x;; Qg, where

2,2) ngﬁ
_ Rfaa
Q, = 2% and Q4= 07 (31)
af af

and Qg.’r) are the standard Omega integrals;'%#-3032 finally,

5
with €= (32)
16+/7 n, (xf’, QE,M) X5 Q(ﬁzﬁz))

is the Knudsen number; here, £ is the mean free path and L is the relevant macroscopic length scale.

e=—
L

C. Assumption about parameters

In linear-dimensionless conservation laws (6)—(10) and in Grad-type moment equations
(18)—(30), we find the parameters: ugq, pg, X XZ%’ Qq, Qp, %4, %, and . The parameters u, and
Hp are the mass ratios of the constituents and are given by Egs. (12); xg, and XZ% are the mole
fractions of the constituents in ground state and are given by Eqs. (13); Q, and Qg are the ratios
of Omega integrals, which are related to collision cross sections, and are given by Egs. (31); %,
and xg are somewhat like inverse Mach numbers for each component in the mixture and are given
by Egs. (11);5; finally, € is the Knudsen number and is given by Eq. (32);. We assume that the
parameters g, Hg, Xg, X ﬁ, Qq, Qg, %4, and xg are of order O(1) in comparison to order of the
Knudsen number, i.e., O(¢), otherwise one would have to consider the influence of these parameters
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in powers of the Knudsen number while performing the order of magnitude method and this would
render the procedure extremely cumbersome. The assumption immediately excludes mixtures hav-
ing large differences in molecular masses. We shall also see in Section VIII that without considering
the influence of these parameters in powers of the Knudsen number (i.e., by assuming that u,, ug,
Xg x°, Qq, Qg, %4, and %z are of order O(1) in comparison with the order of the Knudsen number),
the resulting R17 equations would be linearly unstable for mixtures having extreme differences in
molecular masses.

V. THE ORDER OF MAGNITUDE OF MOMENTS

We shall now determine the orders of magnitude to the moments and then construct new sets of
moments in such a way that we have minimum number of variables at each order.

In order to examine the order of magnitude of moments, we expand the non-conserved quan-
tities (%) in powers of the Knudsen number (g) as

Y =Po+ePy+e¥p+-

where ¥ € {AT, A(“), Agﬁ) 6'57), b f’f) h(“) h(ﬁ) Ag;l,z, Afz,R(a) R(ﬁ) A, Ag}, and the quantities %o,

i, ¥, ... are of order O(£%. We insert these expansions in Egs. (18)—(30) and compare the
coefficients of each power of €.

Comparing coefficients of £~! on both sides of Eqs. (18)—(30), one readily finds that Yo=0
for all ¥ because there are no terms of order O(s") on the left-hand sides of the balance equations
for these quantities. This concludes that the leading orders of all the non-conserved quantities are at

least one.
(@) A(B) ~ (@)

Comparing coefficients of £ on both sides of Egs. (18)—(30), it turns out that 7 i &y O
O fﬁ) s h("), 7%) do not vanish whereas
ij1 il il
PG RN (2 pl@) _ pB) A
ATH tjk\l mljkll RU\I RU\I - Aa’“ - Aﬁ“ =0, (33)

see Appendix B for details. In other words, the leading orders of the diffusion velocities, stresses,
and heat fluxes of the both the constituents are one while the leading orders of temperature differ-
ence and other higher moments for both the constituents are at least two.

Comparing the coefficients of &' on both sides of Egs. (20) and (25)—(30), it turns out that none
of ATy, it f”z‘z, 7 Ef’zlz, Rf;")z, Rl(ﬁ)z, Aap, and Aﬁp vanish, see Appendix B again for details. Therefore,
the leading orders of all these quantltles are two.

We shall not go further as the above is sufficient for obtaining the third order accurate (regular-

ized) moment equations.

VI. MINIMUM NUMBER OF MOMENTS AT A GIVEN ORDER

A. Minimum number of moments of O(¢)

We have established in Section III that A(“), Afﬁ), b (;’), b fﬁ) h(a) h(ﬁ) are the moments of order
O(é). In order to have minimum number of moments of order O(s) 1et us first write down their
leading order contributions (by solving Eqgs. (B2)—(B4) of Appendix B along with relation (5) in

linear-dimensionless form for the binary mixture), which read

@) Q % c’)na 2 6ﬁﬁ Ho x>

oT
2 291 ~(B) _ _"a ta (@)

B = X5, = |7 a%, Megr, e ag, | W=, xs, il G4
F@ _ on 00 where n, = Q{%Q(XEQ,; +x5y3) + %ﬁx;&;}

ijlt ok C(xSQ, + X03)(XpQs + X5 y3) — x;x;),y464’ 35
~(B) ) A N Q{np(x5 Q0 + X5 63) + %o X0 Ya} (33)
o) =— , where ,

iji e 0%}y s = (x6Qq + X303)(X3Qp + X3Y3) — X5 XYa04
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10 {(2x Qp +x5ys) + xgaﬁ}

R = —k _6T where «, =
" aai” o 2,0 o 0 4O 5
i ( X050, +X 65) (§XBQ;3 + xays) - X3X5Y606 6
A 5 o o
A~ oT 2Q —XQQQ + X 65 + X2 Y6
hgﬁ) = _Kﬁa —, where «kg= 2 {(3 B ) }
Xi

(%XZQQ + XZ,55) (%X}}Qﬂ + xg)/s) - x;x;)/@éé.

Egs. (34) are the Fick’s law of diffusion (in linearized form) for the mixture; Eqs. (35) represent
the laws somewhat similar to Navier—Stokes law for each component in the mixture; and Egs. (36)
represent the laws somewhat similar to Fourier’s law for each component in the mixture.

As the diffusion velocities u(“) and ﬁ(.ﬁ) depend on each other, one can use any one of them in

5-(@) 5 (B)
ij

the reduced heat fluxes hf ) and hgﬁ)—are linearly combined as below in order to have minimum
number of moments of order O(&). We introduce

the moment equations. Moreover, the other first order quantities—the stresses 0' and 6, and

iy = 007 + x0l), AGi; = k167 = k0,
. . X5 . . . . (37)
b = Sapo 850, Ah; = k3 = k,hP,
Ha J{B

where &-;; and fzi are the (dimensionless) total stress and the (dimensionless) total reduced heat flux
in the mixture, respectively, and

k1 = %p(XeQa + x263) + %Xy Yas Ky = za(xzﬂﬁ +X,y3) + %ﬁxz&;,

(38)

2 2 o o o
K3 (3 (IQ‘Y + Xﬁés) + X(zyﬁ’ K4 = (EXBQB + Xa’}/S) + Xﬁ66,

so that the leading orders of the total stress &-;; and the total reduced heat flux &; are one while the
leading orders of Ad-;; and Aiz,- are two.

Thus, the minimum moments of order O(g) are any one of the two diffusion velocities of the
constituents, let us say A(“) , the total stress &, and the total reduced heat flux fz,-.

From Egs. (37), one can obtain the expressions for the stresses and the reduced heat fluxes of
the individual components in terms of the other variables. These expressions will be required while
obtaining the minimum moments of order O(&?), and read

F@ _ K20jj + XoﬁAa'ij (ﬁ) K10jj — Xo,AG
Tij Xo K2 + XK1 ’ Tij Xg Ky + X5k
N o a s " D n 39)
/:z(.a) _ %(1(K4%Bhi + XﬁAhi) /:z(ﬂ) _ %B(K3%ahi - XQAhi).
i X Karp + XpK3dta ’ i XoKaxp + XpK3ta
B. Minimum number of moments of O(&2)
We have established in Section III that the order 0(82) quantities are AT Ay, Ah,, Aﬁ;’,z,

Af’f,)c, R(”) R(ﬁ), Aa, and A'[g. Notice from the leading order contributions of AT, AGj, and Ahi

(cf. Eqs. (B9), (D8),, and (D9),) that AT, Ad-; 7> and Ah; can neither be linearly combined among
themselves nor with any other moments in order to produce a quantity of order higher than order

O(&?). However, the other moments in the list—. A(a) fi R(“) R(ﬁ) A4, and Ag—can be line-

arly combined to produce some quantities of order 0(63). To thls end, let us first write down the

leading order contributions of A(;Y) fz, R(") R(ﬁ), A4, and Ag (by solving Egs. (B10)~(B12) of

Appendix B and using Egs. (39)), which read
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s _ @96 A8 _ _ »9un
ijk|2 — Cm 3£k> ’ ijk|2 — m a£k> ’
R dh R dh
Ry = e e Ot (40)
ij|2 R 9% ij|2 R ax
7 j>
. ah; Ah;
_ (@Y B) |1
Aa|2 = —CAQ 6_551', Aﬁ|2 = —CA a)(l

For better readability, the coefficients cm s c,(f), cg'), (1%8) c(A”), and c# A ) are given in Appendix C. The

quantities ﬁaﬁj”lz, Z’Z, R(") R(ﬁ), Am and Aﬁ are now linearly combined as below in order to have

minimum number of moments of order O(&?). We introduce

. Xo o Xg .
Mijk = %" 5711 + %_/3 fi, A = Ksm( @) _ K6m5’§2,
Ry = 220+ R0 ARy = 1R — R
VT 0 %2 ij ’ ij = K7iYy; 8i; (41)
a B
" X9, A X5 . o A~ ~
A= —ZAQ, + —Aps AA = koA, — Kl()Aﬁ,
%2 g

where 71; jk, Iéi j»and A are the respective (dimensionless) total higher moments in the mixture, and

3 3 [e] (o] o
K5 = (2 X0 Q0 + xﬁ67) + K2X3Y8s K6 = K2 (Exﬁgﬁ + xay7) + K1Xg0s,
7 o o o
K7 = 3 QQ + xﬁ69 + KaX,, Y10, K8 = Ka gxﬁQﬁ +X,y9] + K3X'3510, 42)
2 2 o o o
K9 = K3 3 QQ + X’[géll + K4X0712’ K10 = K4 EX,BQ.B + X Y11 + K3Xﬁ612,

so that the leading orders of 7; ., R;;: j» and A are two while the leadlng orders of Am; ks, AR;; > and
AA are three. Thus, the minimum moments of order O(&?) are AT, AG; > Ah;, i ks R;; j» and A.
Notice, again, that the total higher order moments (;x, R;;, A) are scaled as
m; . R;; " A

i, ,~j=4, and A= ——.
k nTov, k noT,v2 k noT,v2

From Egs. (41), one can obtain the expressions for the higher moments of the individual
components in terms of the other variables. These expressions will be required later, and read

gk =

A _ xalKexpiiji + X;A”hijk)’ S6) _ xg(Kskallljk — X AR k)
ijk XoKeXp + XpKsHa Miji = X KeXp + XpKsia
A _ %?I(Kg%éléij + X;Aﬁij) A6 _ %é(mxiléij - x5AR;)) @)
iy X;Kg%%, + XGKH2 ’ iy X° Kg%é + XGK7H2 ’
. %(Zl(/qo}céﬁ + X;AA) . B(Kg% A-x AA)
Ba = xgkloxé + XgKox2 ’ A= Xaklo%ﬁ + XgKoH2 '

VIl. MOMENT EQUATIONS WITH A" ORDER ACCURACY
A. New system of equations

In the following, we shall write the conservation laws (Egs. (6)—(10)) and Egs. (18)—(30) in
new variables @\", &, A&j, his Ay, fiije, Aiji, Rij, ARij, A, AA using Egs. (37) and (41).
It is emphasized, however, that this change of variables is required only for deriving the third
order accurate equations, which we are interested in, and it may not be required to change all the
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variables for the derivation of zeroth, first, and second order accurate equations. Additionally, we
shall write each moment by assigning its magnitude in powers of & (“in gray colour”) in the new
equations. These gray coloured &’s are included just for finding the terms of correct order while
comparing the powers of & on both sides (see below) and, of course, the value of gray coloured ¢ is
essentially 1.

The conservation laws (Eqgs. (6)—(10)) in new variables read

0h, 00\  on”
+ + ¢ =0, 44
( of 9% ) T 0% “4)
9 on on 0b;
gf(yaxana + yﬁxﬁnﬁ) (,u(,x + Hﬁxﬁ)ﬁ : =0, 45)
00; 00 0, on aT
— +c ° e =0, 46
*or T8z, Teax, T'eaz, T ez, (46)
3ot oo oh, 6:2@
—— e—— =0. 47
29 T ox Cax " ax, “7)

Note that the mass balance equation for S-constituent (7) is not included in this system as it can be
obtained from Eqs. (44) and (45). The other equations in the new variables read

o™ 861 0y . 9AT
% + + — +X -
" Tor TS ar, T Tar, T R,
1 @) o € Q H Bn(, 2 aﬁﬁ 2 8T
= — _Q_Z {“,Ml. + X ;6 6] %2 /3 ax L ax\l - (%a (48)
3,080 ohy oMk 0&T 16, . )
2" "ot 0% 0 Tox, T 05 T eQua U
00y O 4 Oy oy a8 50)
c—— + &7 2¢1€ = & +2 + ’A s
“Tor Y7 Tane T57ar, e, sQ[ml( i+ 2enges ) @2 ‘T”]
OAG O O 4 6h<, 4 oMk aa
&'+ 78" + gge + =¢ + =Gr08” + :
a7 Tz N Tame 57 as, 50 Tar, " ag,
1 iy .
= ——— |w3|ebij +2en— | + wac" ATy |, (G29)
eQ X
oh; o 00y S0AGy L OR;; L1 , 0A LS. LOAT
E——C E—— E —E& =& b E
oF TS ax, T Tar T2 ax, T ax T 2% Taa,
! hi + o1 + wee Ah; (52)
=—— |ws|ch; + ek— wes Ah; |,
Q| ° 0x; 6
76Al:li 66’,-,» 6A0', 1 761?,'/' 1 ;aARi/’
> + G158 + + =G17E —— + =G13& :
&€ Bf S15€ ax,\j S16€~ a,\] 25‘17(0 8)?1 25‘18F (9)2]
1 ,0A 1 ,0AA 5  OAT 1 . aT -
+=¢19&” + —¢0E” + = hi + + wge Ah;i|, (53
g1 a3, g S20° e FSuE e sQ[ (% SK(?)@-) ws ] (53)
qal’hijk 3 ﬁal/é< 8AO’<,] 1 5 65’(,’,‘ A
ot —— + -&” +3 - =—-—— =Mk + 8meE = | + A, (54
£ PR = %0 138 %0 e wo | e Myjk + € Fa)?m @08 A jk 54)
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A 3 L0Ry; 3 J0ARy; NN
& —— + =¢nE = + ¢ ol
0F 7% Gre 1P Targ 0™ Tang
! 2k + 8L 0041\ 4 e A (55)
=—— oy |eMijr + Elne— w2 A ik |,
£ Q 11 jk ) % 12 jk
LJOR;; O i AR 28 L 0ARg
& — + o + o8 + — >
af T Tame T Tan, TS Y Tax,
1 ) ah R
= T wi3| e R + 8§R83£j + @4 ARy, (56)
IAR;; L0 i LOA 28 Ak
3 ij ) ij 3 2 2 L
> + 2¢age” + 2695 + —¢3ps”
o T Tan TP Tax, TS g,
L Ri;+ el Ok | ook (57)
= — w ETNG 5 E E—= W16E iil»
Q 15 J R 0.Xj) 16 J
N L AAh; 1 oA oh; .
& 57 + 8¢y7e” Fr =20 [wn (e:‘A + s{y;a—&) + wlgh‘}AA] , (58)
AAA ANh; 1 . ah; -
3 2 i 2 i 3
o +8¢316T——— = ——— A+ c— | + s"AA|, 59
&5 $31€ 9%, 0 [@'19( &dps (9)@) @20 ] (59)
where
Q 50 (x5 Xgy o x° Xp
P L L N 0
g @ Xalla T Xgllp - ANC K 2ws\x2 xé %QKY zﬁkﬁ (60)

are the dimensionless viscosity and the dimensionless heat conductivity, respectively, of the mixture,
and all other coefficients are given in Appendix C. The balance equation for diffusion velocity of the
B-constituent (19) is also not included in the above system, since it can be obtained from the balance
equation for diffusion velocity of the a-constituent (18).

Ath order accuracy

Clearly, conservation laws (44)—(47) do not form a closed set of equations for 7, fig, ;, T

because they contain the additional variables ﬁi.a), 0ijs fli. We shall speak of a theory with AN order

accuracy, when 125”), 0j, and fl,- are accurately known up to order O(e?).

B. Zeroth order accuracy: Euler equations

The equations with zeroth order accuracy result by setting the first order quantities to zero, i.e.,
by ignoring the terms with the factor € in conservation laws (44)—(47). This yields the (linearized)
Euler equations for a binary mixture of gases « and S,

am+am_0
of  ax;
] Ab;
_A(IOAQ+ oh + a/0+ o_l:Os
o7 (HaXafla + 11gX5hg) + (HaXo + HpXg) 7 .
o0 | L0h Oy 0T 61
x— +X X =0,
or Yoz, Pox 0%
30T 0,
% o_.

__/\+
20t 0%



042003-14 Gupta, Struchtrup, and Torrilhon Phys. Fluids 28, 042003 (2016)

C. First order accuracy: Fick, Navier-Stokes, and Fourier equations

For first order accuracy, one needs to include all the terms with factors £° and &'. That means
all the terms in conservation laws (44)—(47) are retained, and therefore the conservation laws at this
order (on setting gray coloured ¢ to 1) read

(6ﬁa aai) aay”
— |+

~ + =0,

ot 0x; 0x;

a oA oA o o 8ﬁl
—A(,uaxana + ﬂﬂxﬁnﬁ) + (,UQXQ + #ﬂxﬁ)—A =0,

o 0% (62)

61)1 + 86'1']' I (9?1(, +x° 6ﬁﬁ + 6? 0
X Xp—— — =0,

8t )Qj @ 0x; B 0x; 0x;

301 o0, oh, on
+¢1 =0,

5 or axl " a_t 0%;

where we need to find u(") 0ij, and hi accurately up to first order, i.e., to their leading orders. For

the leading orders of these quantities, only the terms up to order 0(80) in the balance equations
for these quantities (Egs. (48), (50), and (52)) need to be considered and, obviously, there are no
terms of order O(&”) on the left-hand sides of Egs. (48), (50), and (52). Thus, we readily obtain the
first order accurate u( @) , 0jj, and h;, which—on setting gray coloured & to 1—are the laws of Fick,
Navier—Stokes, and Fourler

) _ eQ % c?n(, 2 6ﬁ'3 2 6T
@ = x5 x2 ﬁaA THagz, T Ve
iy,
Oij = —2en———, (63)
! 9%
o 0
P
i EK a3,

Egs. (62) along with constitutive relations (63) form the system of (linearized) Fick,
Navier—Stokes, and Fourier equations for a binary mixture of gases @ and 8, where n and « are
the dimensionless viscosity and dimensionless heat conductivity, respectively, and they are given by
Egs. (60).

We have also compared the transport coefficients obtained here with those obtained through the
classical Chapman—Enskog expansion method in Ref. 8 and found that the dimensionless viscosity
obtained here matches with that obtained via the classical Chapman—Enskog expansion method
in Ref. 8. In order to have more insight into the other transport coefficients, let us compare the
expression for diffusion velocity and (reduced) heat flux obtained here with those obtained through
the classical Chapman—Enskog expansion method in Ref. 8. The diffusion velocity of component «
given by Eq. (63); is the linear-dimensionless form of the diffusion velocity of component a,%'°

5 olnT
u(.”) = n—mﬁDaﬁ d('b)) DT

64
! e Pa ¢ Ox; e

when the underlined term in Eq. (64) vanishes, and the (reduced) heat flux given by Eq. (63); is the
linear-dimensionless form of the total heat flux®
kg p* 1 DID, ) oT 5

—+ = kBT(n(,u( )+ nﬁugﬁ)) — nkgT ——
n pappMamp Dap ) Ox;

o)
PaPp

D, d (65)

qi = —(/1* +

when the underlined terms in Eq. (65) vanish. Here, D,g, Dg, and D/, are the diffusion, thermal
diffusion, and diffusion-thermal coefficients, respectively;

d" = i(&) + (& _ &) dlnp (66)
! ox;\ n n o) 0x;

is the so-called generalized diffusion force'? of the constituent y € {@, 8}; and A* is the thermal
conductivity of the mixture.
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Comparing the dimensionless form of Eq. (64) with Eq. (63);, the (ground state) diffusion
coefficient turns out to be

b _eQLVE, 3 sQL 1 kTo 67)
“» 81 2V2 a1 \Haflg \ Mo +ms P

and the thermal diffusion coefficient D vanishes at this order both in our computation as well as
in Ref. 8. Similarly, on comparing the dimensionless form of Eq. (65) with Eq. (63)3, it turns out
that the diffusion-thermal coefficient D/, also vanishes at this order and the thermal conductivity of
the binary gas mixture is A* = (eLkgn.v,) k. Notice that the zero thermal diffusion coefficient—at
first order in the Chapman—Enskog expansion—in binary gas mixtures of Maxwell molecules is
also attributed to Maxwell interaction potential, see Eqs. (8.142), (8.147), and (8.155) of Ref. 10.
Thus, diffusion in the binary gas mixtures of Maxwell molecules occurs due to molar concentration
gradients and pressure gradient but not explicitly due to the temperature gradient at first order, even
though the temperature gradient does appear through the pressure gradient term. This means that
the cross-effects of thermal diffusion and diffusion-thermal are not present in binary gas mixtures
of Maxwell molecules at first order. Nevertheless, our results do satisfy the Onsager’s reciprocity
relations:>** D7 o = Dg and D}, = D, = 0.

D. Second order accuracy: 17 moment equations

At this order, we need to find 125.”), 0ij, and fzi, appearing in the conservation laws, with second
order accuracy. Therefore, one needs to consider all terms having factors £° and &! in the balance
equations of these quantities (i.e., in Eqs. (48), (50), and (52)), we have (on setting gray coloured &
tol)

oi™ 9oy 1 Qg (00 on of
i i @) | o B(,200a 2008 2 _ .2

ket S - 5 — 2 | £27s 222 68
Ao ER Y] 6)2,- ISQ%'% i Xg 51 2 (%ﬁ a%; o 9%, Ko %ﬂ)afi) > (68)
06y | 40hq o A W )

+ = + = —— i+ ]+ il

9 508, Vo, e |T\THWT Mg, ) T TR0
ah; 00; 1 A ar A

— + = —— ]’l[ + — | + Al’l, s 70
o7 ton o%, -0 [Ws( SKaAi) @6 ] (70)

where Ad;; and Afz[ are needed to be second order accurate. The second order accurate Ad-;; and
Ah; follow from their respective balance equations (Egs. (51) and (53)) on considering terms up to
order O(¢g), we have (on setting gray coloured & to 1)

A (@)
i\ eQ(4 Ohg di,
Ao~ Ao = 23 o 4 2ep ) - 8222 +2 : 71
Ty =T \ T T s ) T m \5%0%,, T ek, 7
. . . aT Q 96y
Ay~ AR = “Z0 h 4 e T ) - B2 2 (72)
! w3y 0x; w3 0%;

where the superscript “(2)” denotes the second order accurate contributions. Thus, we deduce that
even though the temperature difference AT is a quantity of leading order two, it is not a relevant
quantity for a second order accurate theory.

In this way, the system of (linearized) second order accurate equations consists of conservation
laws (62) and the governing equations for ﬁi.”), 0j, and hy (Egs. (68)—(70))—a total of 17 equations
in three dimensions (3D)—and it is closed with the second order accurate contributions of Ad;; and
Ah;, given by Eqgs. (71) and (72). The (linearized) second order accurate equations in the closed
form read
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(aﬁa ab; ) o™
+

al—Q7= Tt N = =0,
ot 0x; 0x;
0 oA oA av,
a_f(,uaxuna + upXphg) + (HaXg + #ﬂxﬁ)a/\' =0,
b A 73
8vl+80'1-j+ oaﬁa+ 03n3+6T 0 (73)
X X — =0,
at 6ﬁj v 355\1‘ B Gﬁi 3ﬁ,
37T L 00, oh;,  o0a” o
26F "ok T ax  ex
'™ oo 1 o) x , O , 0h of
! 2 ((Y) (3 B 2 2
a7t =—— + X _ _ 2. (4
% at 08.56\'] X9 ! ﬂ(‘)‘ %2 ﬁa" %Cra/\‘ ( a %ﬁ)ai,) ( )
Gy  dhg aa@ | ( o ) o
,\‘ + a 2 = ——a4 0—1 + gn
ot 0%}y 8xj> eQ J 9%;)
afzi (90'” 1 o1
R = 5% | hi+eko—]. 76
ot c')xj gQ%( 8Ka)2i) (76)
The coeflicients agp,ay,...,a¢ are given in Appendix C. Notice that even the second order accu-

rate equations (Egs. (73)—(76)) cannot explain the cross-effects of thermal diffusion and diffusion-
thermal since there is still no explicit temperature gradient term in the governing equation for u( @)
and no explicit pressure or number density gradient terms in the governing equations for hi.

E. Third order accuracy: Regularized moment equations
1. Intermediate result: 25 equations
At this order, we need to find & A(“) , 0ij, and h;, appearing in the conservatlon laws with third
order accuracy. Therefore, one needs to consider all terms having factors £°, !, and £ in the balance
equations of these quantities (i.e., in Egs. (48), (50), and (52)), we get (on setting gray coloured ¢ to 1)

oa™ 86y MGy AT

«— + — + — + —
feTor Tax, T9Tax, Pz,
1 % | Q¥ ( L 0h,  ,0R |, 0T
- 18__2[”1' XS 2 ( TR T T | R 77
96 A ~ aA(ﬂ’) N
Uif_,.%.,.iahﬁ.,. b wi |6 +2¢e BL + W AT (78)
0F | a%c | 50% ax,> T eq | T\ T g, ) TR
dh; . 06, . NG . 1 0R;; L LoA 5 oAT
o %oax, T %Tax, T 20%;  60% 27" a%
. ot .
= —— i + A/’ll . 79
Q ’LUS( 6)?,-) w5 ] (79)

Now, we have the additional variables AT, AGij, Ale-, Miji, Iéi > and A in the system. The variables
A&;j and Ah; not only appear on the left-hand sides of Eqs. (77)—(79) where only their leading
order contributions are required but also on the right-hand sides of Eqgs. (78) and (79) where they are
required up to order O(e?). Therefore, we need to include the terms up to order O(?) in the balance
equations for them (Egs. (51) and (53)), which gives (on setting gray coloured ¢ to 1)

0AG; O 4 3h<t 4 9Ahg 2 6‘125?)
4 < 3 *
gi " Tex T5%6x,  57ax, g,
1 90

A Ui A
:_g_Q |:1D'3 (O'ij+2877 = )+1D'4A0'ij:|, (80)
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OAh, Lo 00y ATy 1 IR;; i1 A 5 QAT
Hf S15 6)2] S16 6)2] §17 6,\. §196A §21 0,\
1 A ar N
= —E |:1D'7 (hl + SKa—)ei) + ’lD'gAl’li:| . (81)

Fortunately, all other additional variables—AT", 7; ks R; j and A—appear only on the left-hand sides
of Egs. (77)—(81). Therefore, for the third order accurate ﬁﬁ."), Tijs fz,», A& ;j, and Afl,-, only the
second order accurate contributions of AT, Miji, I@i 7, and A are needed and these follow from their
respective balance equations (Egs. (49), (54), (56) and (58), respectively) by considering only the
terms up to order O(g), we have (on setting gray coloured & to 1)

A()
- Ha ahl aui
AT = —eQ— ,
£ 55 (§‘4a 2 S6 0%, ) )
o 4 ohy . oh;
At —eCm—jL~ Rij=- ~ A=- ~
Miji = =& ¢ FT j=—€lr 9%, &€ ani

Thus, the system of third order accurate equations consists of conservation laws (62) and the
governing equations for 125‘”, 0ijs hiy NG j» and Ah; (Egs. (77)—(81))—a total of 25 equations in
3D—and the system is closed with the second order accurate contributions of AT, M jk, R;j, and A
given by Egs. (82).

ijs

2. Further reduction

As one can notice, Egs. (80) and (81) have been included in the system of third order accurate
equations just because Ad;; and Ah; are present on the right-hand sides of Egs. (78) and (79).
Nevertheless, the explicit third order accurate expressions for Ad;; and Ah; can be obtained by
using ideas somewhat similar to the Chapman—Enskog expansion, also used in Ref. 28, so that we
shall only have 17 equations in 3D and the third order accurate values of Ad;; and Ah; can be
included in the closures.

For finding the third order accurate Ad;; and Afzi, it suffices to consider their second order
accurate contributions on the left-hand sides of Eqgs. (80) and (81). In other words, Egs. (80) and
(81) can be rewritten as

a2 o, w4 b 4 O , aig;)
+ +z +
ar " are 3%, 556z, Moz,
1 . D R
:_g_Q w3 U','j+287765€j) +W4A0—ij > (83)

OARY ooy aAa-§2)+1 oR; 1 oA 5 9AT
ot S15 6)2] S16 (9)’5] 2§l7aA 6g19(9A 2§2]6A

A

1 . or A
= _S_Q [W7 (I’li+8Ka—)2i) +1D'8Ahi:| . (84)

From Egs. (71) and (72), we have

aAa-g) 3 _@2 e 00 SQ 4 0 a/:lg i 4] aA(Q)
af @ ot \"V T ox,) T \5%0x, ot oMoz, af
AR A (®
i @70 f1-+3/<0T _sQ 9 00
or wy or ! 6)?1‘ 6x, ot ’
————— _—
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As we want to evaluate the time derivatives of the second order accurate Ad;; and Ale-, it is natural
to use the second order accurate balance equations for 125“), 0, and fz,- (Egs. (68), (75), and (76))
for replacing the time derivatives in the underlined terms in Eqgs. (85). Moreover, the underbraced
terms in Eqs. (85) are order O(g?) contributions to the total stress and the total reduced heat flux,
and it suffices to use only the precise values of order O(g?) contributions of these quantities in
Egs. (85). The precise values of order O(&?) contributions to the total stress and the total reduced
heat flux can be obtained by performing Chapman—Enskog like expansion either on the second or-
der accurate balance equations (Egs. (68), (75), and (76)) or on the full system of moment equations
(Egs. (48)—(59)) and we get (cf. Eqs. (D12) and (D14))

b , &
6-”. + 257] — = —& —(b]na + bznﬁ + b3T) + 0(8 )
6)Cj) 6x<,x]> (86)
T Q (2 0%
0 — 2 vi 2n 9 0(83)

e— |z« as
ox i g 3 6551'6)? j (9 6 Xy
The values of the coefficients b, by, by are given in Appendix D. For the second order accurate

underbraced terms in Eqgs. (85), we can use 0;; = 2577 m the right-hand side of Eq. (86), and it
will not affect the accuracy. Thus, we have

al)<, 2 62

0'” + 287]6 X~ =& m(blfla + bzﬁlg + b3T),
(irj ) R (87)
(9T Q (2 2 0 Uj +a 6O—ij
X —— | TKE & .
0% ag\3  ox0%; O 0%

Now, we apply the time derivative and immediately replace the time derivative of the total stress
with its second order accurate balance equation (69) and the time derivatives of number densities,
velocity, and temperature using the conservation laws with u(“) A(ﬁ)
Euler equations (61)) to get

=& = hi = 0 (i.e., using

0% by
0%k 0%c

0 0 +2e 00 ~ [b;+D +gb &
27 \7i n6x1> AT TR

3 06% 0%;0%; 0%;

a(ﬂ aT) 20k , 0>

PR + &k a5, (X0 + Xpiig + T) (88)

Q o | ok 8ﬁ§§” e
+=—a +—ay |+ .
a5, 2oz, T P ar, e\ 70t 25

The temperature gradient in Eq. (88), is replaced by the reduced heat flux by using h; ~ —e« ng ;

again, this change will not affect the accuracy. However, the elimination of gradients of the number
densities requires the following argument. Similar to above, without affecting the accuracy, we use

A

T . oT
2 P~ =
6)?[) and A EK 9%,

ﬁ(,a) 89% 2 6ﬁa > ﬁﬁﬁ

2
% - —x, -
'B (S] %2 36)2[ @ Bﬁt ( @

in order to get

A(@) ~
a0t w2 =)t 2 e o O (89)
XOB Q ;{é 6)?(,) @ B K 6)?” ﬁaanfﬁ 8x<16x,>
Moreover, we again use f; ~ —8K3— in Eq. (87); to obtain
00; 0? b3 ail(i
i+ 2 —&2 (b1 + bafig) + 6— ——. 90
(G] o 3x1>) ° a)e<,-)2j>( o + ) + 5 %)) e
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On solving Eq. (89) with Eq. (90), one obtains

A(@)
8% 1 162 Oi 10h
2 a o1 (i (i
~ —Db, +&1b % —Dbo(x, — x
0%u0%jy  (bixg, +bz%§)[ X Qa 0% e ol B)}K a%j)
> al)<l
—ng |0+ 2en , ©n
ax Xj)
A(@)
8% 1 1 6,2 On 10h
2 B 1 (i (i
~ e———D + &b, —x5) + bax
0%0%)) (bw?ﬁbzﬂé)[ X Qg Lok {Bilea = 5)+ 03 ﬁ} K 0%
60(
_%/3 Gij +2877(9 % . 92)
The relation
0 02 2 0? 0 )
0% 0%u%jy 3 0%0%; 0%,

is also used for replacing the gradients of number densities and temperature in Eqs. (88). Further-
more, the right-hand side of Eq. (88); is simplified by using an expression obtained by taking the
deviatoric gradient of Eq. (87),. After all replacements and some algebra, we finally get

| 00 as1 (.n sn\ 0 00k
at ((T’+ ‘S"ax,>) T Uk T dx 0%))
1 a |, T
_%_(sz_azﬁﬁ)f(h(- ~ ) (93)
ax \ K k ] A% 0X
X . A(a)
d |- oT a K\ 0 dhi a3 k\ o 9d
— | h; — | xeQ—= - Q— T 5 A%,
af( +8Ka)e[) Ny (“5 ) 9%, 0%, ag\ 9%, ax,>
a4 K 0 ~ av(
e X)) 2 (o, , 94
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where the coefficient ¢3; is also given in Appendix C. Therefore, Egs. (85) on using Egs. (68), (75),
(76), (93), and (94) yield
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On using Egs. (71), (72), (95), and (96), Eqs. (83) and (84) provide the third order accurate
expressions for Ag-;; and Afz,-,
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Now, inserting the second order accurate value of Ad;; from Eq. (71) into Eq. (77), we obtain the
third order accurate balance equation for the diffusion velocity of the @-constituent
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The coeflicients a7, ag, and ag are given in Appendix C. Inserting the second order accurate value
of Ad;; from Eq. (71) and the third order accurate values of Ad;; and Ah; from Eqgs. (97) and (98),

respectively, into Egs. (78) and (79), we obtain the third order accurate balance equations for the
total stress and the total reduced heat flux,
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3. Regularized 17-moment equations

The system of regularized 17-moment (R17) equations for binary gas mixtures consists of
conservation laws (62) and the governing equations for ﬁg"), 0ijs fz,- (Egs. (99)-(101))— a total of
17 equations in 3D—and the system is closed with the second order accurate contributions of AT,
Mijks R; 7, and A, given by Eqs. (82). We write the system of R17 equations in the closed form

8 9%uj _ 2.9 06 (i ]5) 264
9%y 5 9% 0% +3 R . It reads

below—using Egs. (82) for the unknowns and the relation =% a5
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The coefficients ag,ay,. . .,ay in the R17 equations are also given in Appendix C. The underlining

in Eqgs. (103)—(105) is used for distinguishing terms of different order in &, the single underline
denotes the terms of order O(¢), and the double underlines denote the terms of order O(&?). For
zeroth order accuracy, obviously, conservation laws (102) are closed by setting 125“), 0j, and ﬁi
to zero, which leads to the Euler equations for binary gas mixtures (61). For first order accuracy
in the Knudsen number, it suffices to consider the non-underlined terms in Egs. (103)—(105), i.e.,
the terms on the left-hand sides of these equations are set to zero, which leads to the laws of
Fick, Navier—Stokes, and Fourier (63). For second order accuracy, one also needs to consider the
single-underlined terms along with right-hand sides in Egs. (103)—(105), which indeed leads to
second order accurate equations (73)—(76). For third order accuracy, the double underlined terms
should also be considered, and then the third order accurate equations are the full R17 equations.
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Thus, the zeroth, first, and second order accurate equations for the binary gas mixtures are inher-
ently contained in the third order accurate R17 equations for binary gas mixtures. Notice that the
R17 equations (Egs. (102)-(105)) do contain the cross-coupling through double underlined terms,
for instance, the temperature gradient in the governing equation for 125”) appears through the reduced
heat flux terms on the left-hand side of Eq. (103), and—similarly—the pressure or number den-
sity gradients in the governing equation for &; appear through the diffusion velocity terms on the
left-hand side of Eq. (105). Thus, in contrast to first and second order accurate equations, the R17
equations can be expected to explain the cross-effects of thermal diffusion and diffusion-thermal in
the binary gas mixtures of Maxwell molecules.

Interestingly, in the limiting case when the binary mixture reduces to just a single gas, the
R17 equations for binary gas mixtures (Eqgs. (102)-(105)) reduce to the well-known R13 equations
(in linear form) of Struchtrup and Torrilhon’* and of Struchtrup® for Maxwell molecules. The
limiting case arises when either the mole fraction of any component in the mixture is zero (i.e.,
xg, =0 or x;, = 0) or when one component is replaced with the other (i.e., 8 — @ or @« — ). In
all the possible four cases, it suffices to consider the mass balance equation for the mixture (102),
and, therefore, one can ignore Eq. (102),. Moreover, the coefficient ¢; in Eq. (102)4 vanishes that
means we do not need the balance equation for diffusion velocity (103) in the system any more, this
agrees with the fact that there should not be any term/equation of the diffusion velocity in the single
gas case because there is no diffusion in single gases. Furthermore, owing to the same reason, the
reduced heat flux /; in the mixture changes to the usual heat flux §; in single gas case. In all these
limiting cases, all the coefficients except a;g and ao in Egs. (104) and (105) immediately reduce to
the coefficients in R13 equations for Maxwell molecules, i.e., they reduce to

o o 2 12
5 az=ap=a3=06=0, ag=as=1, G =a5=73, Q7=

For x;, =0 or 8 — @ or @ — f cases, one immediately gets a;3 = ayy = 0. Although, for the case

Ay = a4 = ap =2.

of x; =0, both a;3 and ayy themselves are non-zero, but together with 12&") they let the whole

terms vanish, i.e., algﬁga) = azoﬁﬁa) = 0, since the diffusion velocities for both the components in the

mixture vanish.

Viil. LINEAR STABILITY OF THE EQUATIONS

In order to scrutinize the linear stability of the above sets of equations, we consider them in one
dimension and assume plane wave solutions of the form

U = Uyexpi(s — &F). (106)

In Eq. (106), U is the vector containing all field variables in a set of equations; U, contains the
complex amplitudes of the corresponding field variables; i is the imaginary unit; @ = w/(k v,) is the
dimensionless frequency of the wave with k being the wavenumber, w being the complex frequency

of the wave, and the velocity scale v, is taken as v, = kg To/(MoXS, + mﬁx"}),). The length scale L

is taken as the inverse of wavenumber, i.e., L = 1/k so that the Knudsen number is € = £ k. Owing
to this length scale, the Knudsen number now enacts as a dimensionless wavenumber. Insertion of
plane wave solution (106) into each system of moment equations yields algebraic equation of the
form

A(D, &, has X Qs ) U = 0. (107)

For non-trivial solutions of Eq. (107), the determinant of matrix A(®,&, ta,X,,Q0,2z) must
vanish. This condition det{A(®, ¢, tq, X, Q0 Qp)} = 0 gives the dispersion relation—a relation
between w and k (@ and & here). For temporal stability analysis, it is customary to assume
a perturbation with real wavenumber k and solve the dispersion relation for complex modes
wi(k) = R(wj) +i J(w;), where j = 1,2,...,N with N being the number of equations in the sys-
tem considered. Here, we assume @;(g) = R(®;) +i I(&d;). The growth rate of the amplitude of
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perturbation is determined by the signs of the imaginary part of @; for all j. From Eq. (106), it is
clear that for linearly stable solutions, the imaginary part of &; must be non-positive for all j.

It is trivial to check that for the zeroth order accurate equations, i.e., for the Euler equa-
tions (61), J(d) = 0 as long as the wavenumber is real. Thus, Euler equations (61) are always
linearly stable for all gas mixtures. However, for the other sets of equations, owing to the large
number of parameters, it is not easy to check the stability for all gas mixtures. Nevertheless,
we have analyzed the linear stability by considering several different permissible values of the
parameters; in particular, we have analyzed the linear stability for three binary mixtures of noble
gases: neon—argon (Ne—Ar), helium—argon (He—Ar), and helium—xenon (He—Xe). The molecular
masses and diameters (for hard spheres) of these gases are listed in Table 1. The diameters of
these gases (for hard spheres) are calculated using the exact expression of viscosity for a single
gas given in Ref. 55 and the experimental data on the viscosities of single gases at temperature
300 K given in Ref. 56. It can be noted that the computation of parameters Q, and Qg for the
Maxwell interaction potential is not so straightforward, since their computation requires explicit
viscosity formulas for a single gas as well as for a binary gas mixture and viscosity data from
experiments. Although the viscosity formulas for single gases and binary gas mixtures can be ob-
tained by performing Chapman—Enskog expansion either on the respective Boltzmann equation(s)
or on the respective Grad’s moment equations, only limited viscosity data from experiments are
available in the literature (only for mole fractions 0.25, 0.5, and 0.75 in Ref. 56). Therefore, we
compute Q, and Qg through the values of Omega integrals for hard spheres, i.e., through the
relation Qg,z) =(d;+d ,-)2/4, where i,j € {@, B} and d; is the molecular diameter of gas i so that
they can be used for any value of mole fraction, not necessarily 0.25, 0.5, and 0.75. Indeed, Gupta50
has also computed Q, and Qg for the Maxwell interaction potential and for mole fractions 0.25,
0.5, 0.75, and found that the values of Q, and g for the Maxwell interaction potential are not very
different from those for the hard-sphere interaction potential (or for hard spheres), see Table 5.1 of
Ref. 50.

After scrutinizing the linear stability by considering several different permissible values of
the parameters, we have found empirically that the first order accurate equations (Egs. (62) and
(63))—i.e., Fick, Navier—Stokes, and Fourier equations—as well as the second order accurate
equations (Egs. (73)—(76)) are linearly stable for all binary gas mixtures. As an example, we plot
the imaginary part of dimensionless frequency, Im(®), over the Knudsen number, &, for He-Xe
mixture with x7;, = 0.75 in Figure 1, in which Figure 1(a) illustrates the dispersion modes obtained
with the first order accurate (Fick, Navier—Stokes, and Fourier) equations (Egs. (62) and (63))
while Figure 1(b) depicts the dispersion modes obtained with the second order accurate equations
(Egs. (73)—(76)). Figure 1(a) delineates four modes where two modes coincide with each other for
small Knudsen numbers (for £ < 0.323), while they split into two distinct modes for large Knudsen
numbers. Similarly, Figure 1(b) displays seven modes where some of the modes coincide with each
other. It can be seen from Figure 1 that the imaginary part of the dimensionless frequency remains
always non-positive resulting into stability for both first and second order accurate equations.

The R17 equations (Egs. (102)-(105)), on the other hand, turn out to be stable for the mixtures
with small or moderate mass differences but, unfortunately, unstable for the mixtures with large
mass differences. We have analyzed the linear stability for three mixtures: Ne—Ar, He—Ar, and
He—Xe and found that the R17 equations are linearly stable for Ne—Ar and He—Ar mixtures with
any mole fraction of the components while they are unstable for He—Xe mixture. As an example,

TABLE 1. Mass and diameters of some noble gases.

Gas Mass (in atomic units) Diameter (in nanometres)
He 4.0026 0.2166
Ne 20.1791 0.2564
Ar 39.948 0.3606

Xe 131.293 0.4821
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FIG. 1. Dispersion modes in He—Xe mixture with xf{e =0.75 obtained with (a) first order accurate (Fick, Navier—Stokes, and

Fourier) equations (Egs. (62) and (63)), and (b) second order accurate equations (Egs. (73)—(76)).
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(X} =0.5), (b) He-Ar (x};,=0.5), and (c) He-Xe (x{}, =0.5).
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FIG. 3. Zero contours of maximum (dimensionless) damping for different mole fractions (xg,) and different mass ratios (¢ )
with fixed values of Q, and Qg: (a) Qo =1, Qg =1 and (b) Q, =0.5, Qg =1.5. The Knudsen number (&) varies from 0.001
to 5000. The white color represents the regions in which the R17 equations are stable while the gray color portrays the regions
in which they are unstable.

Figure 2 illustrates the dispersion modes from the R17 equations for the three mixtures (a) Ne—Ar,
(b) He—Ar, and (c) He—Xe with mole fraction of each gas in each mixture being 0.5. Each of
Figures 2(a)-2(c) displays seven modes, where some of the modes coincide with each other. It is
also clear from Figure 2 that the R17 equations are not stable for He—Xe mixture since it is the
mixture with large mass difference but they are stable for the other two mixtures. In order to have
more insight into region of instability, we plot the zero contours of maximum value of Im(®) in
Figure 3 which illustrates them in (X}, ) plane for fixed values of Q, and Qg: (a) Q, =1, Qg =1
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and (b) Q, = 0.5, Qg = 1.5. The Knudsen number (&) varies from 0.001 to 5000. The white color
represents the regions in which the R17 equations are stable while the gray color portrays the
regions in which they are unstable. Of course, in the limiting cases of y, =~ 0 and y, = 1, the R17
equations reduce to the linearized R13 equations for a single gas and become linearly stable.

It can be stated from Figure 3 that for plausible values of Q, and Qg, the R17 equations seem to
be stable for the mixtures with mass ratios 0.1 < 1, < 0.9 for any mole fractions.

IX. ONE-DIMENSIONAL APPLICATION OF THE R17 EQUATIONS

In order to solve boundary value problems with the moment equations derived in Section VII,
these equations must be supplemented with proper boundary conditions. However, as mentioned
before, the derivation of proper boundary conditions for the R17 equations is beyond the scope
of the present paper and will be considered elsewhere in the future. Therefore, in this section, we
consider a very simple one-dimensional flow problem of binary gas mixture in steady state, which
we can study with the R17 equations analytically without boundary conditions. The R17 equations
(considering the flow in x-direction) for this problem simplify to
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Egs. (108)—(111) form a system of first order ordinary differential equations, whose solution turns
out to be

i@ =c B = b =c Fu®) = aet roe
5 e g, (s—a)Q,
T(X)=ce— —% — ———— (%),
K Qg K
2
2N ap—a % %, | . R 112
L R (e LA PGS 12
Q %2 ap %2 %
B B
Ap(8) = es = — [%5, 7(2) + T(2) + 6x(£)]
B
where ci,cs,. .. ,cg are the integration constants—and can be computed through boundary condi-

tions—and

1
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Notice that solution (112) is a combination of bulk solution and Knudsen boundary layers—which
are given by the superposition of exponential functions and are well-known rarefaction effect.
The bulk solution follows from the first order accurate equations (i.e., when single and double
underlined terms in Egs. (109)—(111) are zero) and reads

BO@) = 0@ =0 (B =c3 Fun(®) =0, T(R)=co— —

%,
ﬁa(f)=C7—C6+ i_cliél}%)ﬁ» (114)
A 1, o S RN SO I
ig(X) = cg x; [Xaﬁ +X5C6 (xﬁgk + xaclggélzé)x} .
Thus, in the bulk of the problem domain, the number densities of the constituents and the temperature
of mixture have linear profiles, the stress vanishes, and the diffusion velocities of the constituents, the
mean flow velocity, and the (reduced) heat flux are constants. Needless to say, the first order accurate
equations cannot capture the well-known Knudsen boundary layers (which are typically superposition
of exponential functions). Furthermore, it may be noted that—for this problem—the Knudsen bound-
ary layers in the solution appear only through the stress (see Egs. (112)), whose governing equation
does not contain single underlined terms (see Eq. (110)). This means that the second order accurate
equations also lead to same solution as that obtained with the first order accurate equations for this
simple problem. In other words, for this simple problem, even the second order accurate equations
cannot capture the Knudsen boundary layers. Nevertheless, the—third order accurate—R 17 equations

do capture the Knudsen boundary layers (see Egs. (112)).

X. CONCLUSION AND DISCUSSION

In this paper, the applicability of order of magnitude method has been extended to binary gas
mixtures in order to derive various sets of equations for binary mixtures of monatomic-inert-ideal
gases interacting with the Maxwell interaction potential up to third order accuracy in the Knudsen
number. For simplicity, the equations have been derived only in linear regime. To zeroth order
accuracy, the method has resulted into the Euler equations; to first order accuracy, it has led to
the Fick, Navier-Stokes, and Fourier equations; at second order, it has yielded the 17 moment
equations; and at third order, it has ensued the R17 equations. The transport coefficients in Fick,
Navier—Stokes, and Fourier equations obtained through the order of magnitude method have been
compared and matched with those obtained through the classical Chapman—Enskog expansion. It
has been established that the temperature difference does not play any role up to second order accu-
rate theories in the Knudsen number; however, it does become important for a third order theory in
the Knudsen number. Furthermore, it has also been found that the cross-effects of thermal diffusion
and diffusion-thermal in binary gas mixtures of Maxwell molecules cannot be captured by the first
and second order accurate equations; nonetheless, the R17 equations can be expected to capture
these effects due to cross-coupling terms present in the respective equations. The linear stability of
the derived equations has been analyzed and it has been found empirically that the Euler equations,
Fick, Navier—Stokes, and Fourier equations, and second order accurate 17 moment equations are
linearly stable for any binary gas mixture whereas the R17 equations are unstable for mixtures hav-
ing extreme differences in molecular masses, although they are linearly stable for other mixtures.
Finally, a one-dimensional steady state flow problem of binary gas mixtures of Maxwell molecules
has been investigated through the various sets of derived equations, and it has been shown that
the first and second order accurate equations cannot describe the Knudsen boundary layers for this
simple problem but the R17 equations do so.

Indeed, on investigating closely, we have found that the third order accurate 25 equations (Egs. (62)
and (77)—(82)) at intermediate step themselves are not stable for any of the three mixtures above but
the R17 equations have, luckily, turned out to be linearly stable for mixtures with small and moderate
mass differences. We have noticed that if we include the equation for temperature difference with these
25 equations at intermediate step, the resulting 26 equations become linearly stable, at least for the
three mixtures considered above. However, the R17 equations supplemented with the equation for the
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temperature difference are still unstable for these mixtures. Thus, the linear stability of equations also
depends on the choice of moments. We have also scrutinized the case of single temperature theory. In
this case, the third order accurate 25 equations (Egs. (62) and (77)—(82)) are linearly stable, at least
for the three mixtures considered above. However, the R17 equations are again unstable for He—Xe
mixture, although they are linearly stable for Ne—Ar and He—Ar mixtures.

It is worth pointing out that for mixtures with extreme differences in molecular masses, one
of the two mass ratios is obviously very small, and in fact, it can well be of the order of Knudsen
number or even smaller. Therefore, while applying the order of magnitude method for mixtures
with extreme differences in molecular masses, one has to take care of mass ratios since one of
them would contribute to some power of the Knudsen number in each term wherever it appears. At
this point, it is very complicated to deal with this issue and one would need to rederive the R17
equations for mixtures with extreme mass differences separately by considering this issue.
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APPENDIX A: COEFFICIENTS IN LINEAR-DIMENSIONLESS MOMENT EQUATIONS
OF SECTION IV

2V2
o1= Tal\/,u ,

62=2V2 a1 poHip

V2
03= T(4alﬂa +3up) Vg,

V2
04= T(4al - 3)/411/ VHB,

2V2

§s= =3~ Qaugty + 2tatip + arupip,
42

06= T(zal = DappVias

V2
67= 7{6a1u§ + Otaptp + (5as — 3ar)up |\ ip,

V2
Og= T(SaS +3a; - 9):”(1/43 VHas
V2
Sg= 3 [3;13 + Zpa{4a1p(2, +4ugup + (3az +a; - 3);125}]\/,115,
2V2
O10= 7(3613 +5ay — T\ s\ g,

8v2
o= Tﬂa(alﬂ(zz + Holp + al/{%})\/ﬂﬁ,

8V2
0= T(zal — Dy up\Hp:

2V2
Yi= Tan/m,

y,=2V2 arppV tas

V2
Y3= 7(40111/{ + 3ua)VHas
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Ya= 2(401 =3Vt
Ys= 232(301% + 2papha + a1 o)\ Has
Y6 = 43£(2al = Duptav g,
y1= g {6611#2 +Ouppiq + (Saz — 3d1),u(2¥}\/m,
Y= ?(503 +3a1 = Dugta g,
Yo = ? [3#a + 2#3{401#2 +4pppa + (Baz + ar — 3)#(21}] VHas
Yi0= 23£(3a3 +5a1 = Dippta\Has
Y= 8321113(611/1%; + Upla + A1)V Ha
V2= 832(2611 ~ Dt Ha-
APPENDIX B: LEADING ORDERS OF HIGHER MOMENTS

Comparing coefficients of €2 on both sides of Egs. (18)—(30), one obtains

AT} =0,

L ;00 » Oig — (2 — a2 ot _ 01 4@ _ Ha 6
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) _XﬁQﬁRJII +Xg (ngull YIORUII)

X0 QaAap + Xg (511Aa|1 - 512Aﬁ|1)

5QpAg)1 +x, (711Aﬁ|1 - 712Aa|1)
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“als
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Eqgs. (B1)=(B7) on using the relation pou, + pgttg = 0 in dimensionless form imply that ﬁgﬁ), ﬁgﬁ),
&9 5B HO 1B 46 not vanish, whereas
ij|l ij|1? Vil il
po_ oa@) _ 2B _pl@) _ pB) _ A A

AT = M = M = Rl.j|1 = Rl.j‘1 = Aq1 = Mg = 0. (BY)
Thus, the leading orders of the diffusion velocities, stresses, and heat fluxes of both the constituents
are one while the leading orders of temperature difference and other higher moments for both the

constituents are at least two.
Comparing the coefficients of ' on both sides of Egs. (20) and (25)—(30), one obtains

7 (@) ~(@) 2(B) ~(B)
i 6hm . (9ui|1 _i ahill . 8ui“ ~ —lﬁAT (B9)
Ha (9)?, B)?l %g Bﬁl (9)2, Q Ha 2>
o\ |
i L3 00 @) | o(sa@ _ (B
o, T 0 {ZX"Q“mijklz + x5 (S = Swijp) ¢
oo (B10)
ag,..
it _ L3 o0 ) o (0B (@)
3 o%e s {Exﬁgﬁmijkn * Xa (77mijk\2 - ngijk\z) )
7 (@)
28 Ohy L7 o0 5@ | o A(@) 5(8)
5 0% 7o EXQQ"Rmz +Xg (59Rij|2 - 610Ri.i|2) ’
28005 (7 ®1y
[ o H(B) o 5(B) p(a@)
5 0%, Q {EXﬁQﬁRim + Xa (79Rij|2 - 710Rij|2)} ;
R 1 [
ill o A o A N
e = 0 {gx(,QaAap +Xg (511Aa|2 - 512Aﬁ|2>} ,
~(8) (B12)
6hill 1 2 o A o N N
% - o gxﬁQﬁAB\Z +Xq (711Aﬁ\2 - 712Aa|2) .

From Egs. (B10)—(B12), it is clear that mg}’;lz, mﬁf,ilz, 1%5;.";, Iéjffz, Aapp, and Agp do not vanish and

therefore the leading orders of these quantities are two. Also, one can verify from Eq. (B9)—by
inserting the values of 125“’1), ﬁgﬁ), fzgﬁ), and fzgﬁ) from Egs. (34) and (36)—that Af]z is also non-zero.

Therefore, the leading order of Af]z is two as well.

APPENDIX C: COEFFICIENTS IN OTHER EQUATIONS

The coefficients in Eqgs. (40) are as follows:

(@) 30 K2 (%X;Qﬁ + Xfl)/7) + le"ﬁég
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(xika +x00) | (3390 + x307) (3330 + x477) = xex30s7s )
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7 o o o
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R o °
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C(a) _ %a%ﬁ
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The coefficients w;’s are as follows:
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APPENDIX D: BURNETT EQUATIONS: SECOND ORDER CONTRIBUTIONS TO 6;; AND h;

To obtain the precise values of second order contributions to &;; and h;, let us perform the
Chapman-Enskog like expansion on the new system of moment equations (48)—(59). We again

expand the non-conserved quantities (¥') in powers of the Knudsen number (&) as

Y’ZSU|0+8?/|1+825U|2+'--,

where ¥ € {2\, AT, 671, AGij, e, Ay, it jio, At i, Rijy AR;j, A, AA} and the quantities %o, )1, P,
. are of order O(&"). Now, we insert these expansions in the new system of moment equations

(48)—(59) and compare the coeflicients of each power of €.

Comparing coefficients of ™! on both sides of Egs. (48)—(59), it immediately follows that

Yo = 0 forall ¥ € {a\, AT, 6711, Adij, hiy Ay, ti i, At i, Rijo AR:j, A, ARY.
Comparing coefficients of £” on both sides of Eqs. (48)—(59), it follows that
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Comparing coefficients of &' on both sides of Eqs. (48)—(59), it follows that
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From Egs. (D4) and (D5), we have
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From Eqgs. (D1),,3 on using momentum and energy balance equations (Eqs. (46) and (47)) with

(. @ - = 0; = §; = 0 (i.e., on using the Euler equations), we have

(96'[]“ 6 60<, 77 (92

—L -2 — =2 (X3 + X5 + T), D10
o7 Tox, of % 0x0%) (o0 + x5 + ) (10)
Ah; 8 af 2 9%
LU A S (DI11)
ot 0x; Of 3 axiaxj
Therefore, Egs. (D8) and (D9) on using Egs. (D1) yield
2
Tijp2 m(blna + bznﬁ + b3T) (D12)
2
Abijp = W(bm(, + bsig + b6T) (D13)
. 3%, 0 i
hip = Db I _2 D14
R T T A T T (D14)
Ahip = b 0 2y 90 (D15)
2= 96AlaAJ n 106@ 62”,
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Therefore, if the conservation laws for mixture are closed with up to second order accurate diffusion
velocity (of one constituent), total stress, and total reduced heat flux, i.e., with

125.0) = Sﬁg.(lll) + 82125(‘12), 6’,'1- = Sa'ij“ + 826'17\2, ili = Sili|1 + 82j’\Li|2, (D16)
where 12571), Fijns b, 125.?2), ijj2» and hypp are given by Egs. (D1)123, (D2), (D12), and (D14), we
essentially get the (linear) Burnett order equations for a binary gas mixture made up of Maxwell
molecules.
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