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ABSTRACT

In this thesis, we first review the current development of optimal regression designs
under the second-order least squares estimator in the literature. The criteria include
A- and D-optimality. We then introduce a new formulation of A-optimality criterion
so the result can be extended to c-optimality which has not been studied before.
Following Kiefer’s equivalence results, we derive the optimality conditions for A-, c-
and D-optimal designs under the second-order least squares estimator. In addition,
we study the number of support points for various regression models including Peleg
models, trigonometric models, regular and fractional polynomial models. A general-
ized scale invariance property for D-optimal designs is also explored. Furthermore,
we discuss one computing algorithm to find optimal designs numerically. Several in-
teresting applications are presented and related MATLAB code are provided in the

thesis.
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Chapter 1

Introduction

Design of experiment is a sub-field in statistics that has a long history in its devel-
opments. After Sir Ronald A. Fisher’s pioneering work on the analysis of variance
and fractional factorial design concepts, while working in Rothamsted Experimen-
tal Station in the 1920s and 1930s (Montgomery 2012, p. 21), many statisticians
worked in this research area and made significant contributions. Berger and Wong
(2009) gave many vital examples in the development of optimal design theory over the
years, including Chernoff (1953), Kiefer (1959, 1974), Kiefer and Wolfowitz (1959),
Silvey (1980) and Atkinson and Donev (1992). Their inputs to this field have had
huge impacts towards today’s design framework. One century later, design techniques
have been found to be effective and now are widely used in other disciplines, such as
agriculture, engineering, environmental science, biomedical and pharmaceutical stud-
ies. See examples in Crary et al. (2000), Crary (2002), Haines et al. (2003), Zhou
et al. (2003), Jain and Tiwari (2003), Brosi et al. (2008), and Dette et al. (2017).
Its primary objective is to study the cause and effect between variables under some
systematic approaches and procedures.

Over the decades, many theoretical results and algorithms have been developed to
construct different kinds of optimal designs, which include factorial design, fractional
factorial design, response surface design, and regression design. In this thesis, we will

focus on optimal regression design under a recently proposed statistical estimator,



second-order least squares estimator (SLSE) in Wang and Leblanc (2008).

1.1 Optimal regression design problem

“Regression analysis is a statistical technique for investigating and modeling the re-
lationship between variables“ (Montgomery 2012, p. 1). It is one of the most widely
used statistical methods to explore the relationship between variables based on ob-
served data. Although there are different kinds of regression models, we mainly focus
on one response linear and nonlinear regression models.

Suppose we want to study the relationship between & € RP (a vector of explana-
tory variables) and y (a response variable). Consider a general regression model for
(@i, yi),

yi=g(x;0)+e, i=1,--- n, (1.1)
where 6 € RY is an unknown parameter vector, n is the sample size, g() is a known
linear or nonlinear expectation function depending on 6, and ¢; is a random error of
the regression model. The random error €s are assumed to be independent identically
distributed with zero mean and variance o?. The random error terms are further
assumed to be homoscedastic in this thesis. Since x; and y; are observed data and
g() is also known, the only unknown component is 8. A question naturally comes in
mind is how to estimate 0 efficiently.

Suppose 0 is an estimator of . The design problem aims to get the most
information about @ or g(x;;0) by selecting the best probability distribution on
Tq1,x3, - , &, that maximizes some scalar functions of the Fisher’s information ma-
trix of . The sample points x; and space are called design points and design space,
respectively. It is known that Fisher’s information matrix is proportional to the
inverse of the variance-covariance matrix of 6. Thus, the design problem aims to
minimize some scalar functions of the variance-covariance matrix of é, which are
called objective functions or loss functions. The resulted probability measure & con-

tains two components that are the support points and the corresponding probabilities



associated with these points. The choice of the loss functions is determined based
on the design interest. Various design criteria have been studied in the literature,
such as A- and D-optimality criteria. D-optimality is one of the most widely used
design criterion that minimizes the determinant of the variance-covariance matrix.
The most desired property of D-optimal design is its scale invariant property. A-
optimality minimizes the trace that leads to minimize the sum of the variances of the
estimated parameters. See Fedorov (1972), Silvey (1980), Pukelsheim (1993), Berger
and Wong (2009), and Dean et al. (2015) for other optimality criteria.

Let us consider Gompertz growth model to illustrate a D-optimal design. The

model is given by
Yi = 016_026_63% + €, 1= ]-7 2) LN, 0 = (01702793)T7 T; € 517

where 6, describes the maximum growing capacity, 0y explains the initial status of
the subject, 63 determines the growth rate, y is the overall growth at the current time
point and x is the time. Note that z, #; , 5 and 03 are assumed to be positive in
this context. We want to study how one subject’s total growth associated with time.
The model has broad applications in biological science and cancer studies. See some
examples in Laird (1964) and Kozusko and Bajer (2003). Suppose the design space
S is [0,10] (i.e. = € [0,10]) and the true parameters of 6 is given by 6, = (1,1,1).
For this model, D-optimal design aims to select the probability measure on S that
minimizes det(é), where  is the SLSE. The details of the SLSE will be discussed in
Section 1.2 and Chapter 2. The resulted probability measure under D-optimality is

. 0.000 1.350 10.000
€D = ) (12>
0.333 0.333 0.333

where the top row represents the support points and the second row describes the
corresponding probabilities on the points. The resulted design has three support
points at x = 0.000, 1.350 and 10.000 having equal weight (%) The interpretation

of (1.2) is that we will distribute resources evenly at three points, 0.000, 1.350 and



Figure 1.1: A D-optimal design for Gompertz growth model with 8, = (1,1,1)T and
S = [0, 10], which has three support points and each point has weight %

1.5 T T T

—g(x0)
*  Support points

a(x;0)

05F 7 i

0 1 2 3 4 5 6 4 8 9 10

design space ( S=[0,10])

10.000. For instance, if the maximum number of runs available is fifteen due to the
scarcity of resources, the researcher will make five observations at each of the three
points. In Figure 1.1, the line represents the behavior of expectation function g(x; 0)
in the design space S, and the x represents the support point.

Many studies are conducted by using ordinary least squares estimator (OLSE) as
the estimator (6) in optimal regression design framework. OLSE is the best linear
unbiased estimator (BLUE) in the regression context. However, if the error distribu-
tion is asymmetric, the SLSE is more efficient than OLSE from Wang and Leblanc

(2008), which is reviewed in next section.



1.2 Second-order least squares estimator

We first discuss the relationship between OLSE and SLSE, as well as the advantages
of SLSE over OLSE. OLSE is an estimator to estimate the parameter vector € in

regression model (1.1), which is defined to be

0 := argmin i — g(xi:0))°. 1.3
5 ;(y 9(z:;0)) (1.3)

The assumptions for using OLSE are: the error terms are assumed to be homoscedas-
tic and independently identically distributed with zero mean and finite constant vari-
ance. It has many desired properties such as consistency and it is the BLUE, which
is widely used. In practice, however, other estimators might outperform OLSE in
some scenarios. If the error distribution is asymmetric, Wang and Leblanc (2008)
has shown that SLSE is asymptotically more efficient than OLSE. When the random
errors are symmetrically distributed, SLSE and OLSE have the same asymptotic effi-
ciency. SLSE has caught attentions in optimal regression design context due to these
reasons.

We now review some properties of the SLSE in the regression model (1.1). SLSE

is defined as

A . i ;0 i — ;0
67,647 .= argminz yi — 9(w;; 0) 2 W (as) yi — 9(w3; 0)

00> 3\’ — ¢ (z:;0) — 0o y? — g% (x4;0) — o

(1.4)
Note that W (x;) is a 2 X 2 non-negative semi-definite matrix which may or may
not depend on x; (Wang and Leblanc 2008). It is clear that SLSE is a natural
extension of the OLSE which is defined based on the first-order difference function (i.e.
yi —Ely;] = yi —g(x4;0)). On the other hand, SLSE is defined using not only the fist-
order difference function, but also second-order difference function (i.e. y? — E[y?] =
y? — (g*(x4;0) +0?)). One might think about the downsides of the SLSE after talking
about the advantages of SLSE over OLSE. SLSE does have its disadvantages indeed.

It is not a linear estimator and there is no closed-form solution. It requires more



computational resources compared to the OLSE due to the nonlinearity. However,
numerical results can be easily computed for SLSE nowadays. As the result, SLSE
is a powerful alternative estimator to be considered in research studies and real-life

applications.

1.3 Research problem

As introduced in the previous section, Wang and Leblanc (2008) showed that SLSE
is asymptotically more efficient than OLSE when the error distribution is asymmet-
ric. Optimal designs under the SLSE was proposed in Gao and Zhou (2014). Bose
and Mukerjee (2015), Yin and Zhou (2017), and Gao and Zhou (2017) did further
investigations, including the convexity analysis, numerical methods, transformation
and scale invariance properties for both A- and D-optimality criteria. There are other
commonly used design criteria under the SLSE that have not been studied in the lit-
erature. Our goal is to fill this gap by extending the results to other design criteria, as
well as exploring and deriving more theoretical results for the optimal designs under
the SLSE.

The rest of the thesis is organized as follows. Chapter 2 describes the detailed
formulation of optimal regression designs under SLSE. We derive several analytical
results including equivalence theorem and the number of support points in optimal
designs. Chapter 3 explains how to use numerical algorithms to solve the proposed
optimal regression design problems via convex programming. We also present sev-
eral interesting applications of the optimal designs studied in this thesis. Chapter 4
provides concluding remarks and discusses possible future research topics. MATLAB

code are given in the Appendix.

1.4 Main Contributions

Here is a summary of the main contributions in this thesis.



. We have studied the c-optimality design criterion under the SLSE, which has

not been studied before.

. We have applied Kiefer’s equivalence theorem (1974) to obtain the conditions

for the A-, c- and D-optimal designs under the SLSE.

. We have obtained the number of support points in optimal designs under the

SLSE analytically for various regression models.

. We have studied the generalized scale invariance property of D-optimal designs

under the SLSE.

. We have given one efficient and effective computing algorithm based on the
program in MATLAB for computing optimal designs under the SLSE on discrete

design spaces.



Chapter 2

Optimal Regression Designs Under
SLSE

In this chapter, we first review the results and properties of optimal regression designs
under the SLSE. We then derive several new analytical results for the optimal designs
under the SLSE. We begin with recalling the formulation of the optimal regression
designs under SLSE based on three different criteria, A-, D-, and c-optimality. The
formulation of A-, and D-optimality under the SLSE was first proposed in Gao and
Zhou (2014) while A-optimality was further investigated in Yin and Zhou (2017). We
formulate optimal design problems under A-optimality differently so that the prop-
erties can be extended to c-optimality which has not been studied yet. Equivalence
results for verifying optimal designs are also obtained. In addition, analytical results

are derived for the number of support points for several regression models.

2.1 Design criteria under SLSE

Let us introduce the notations first. Assume o, and 8, are the true parameter values
of o and 8, respectively. Let S C R be the design space for . Let tr() and det() be

the trace and determinant functions of a matrix, respectively. Moreover, let = denote



the class of all probability measures on S. Define, for any £ € =,

dg(x; 0)
— g1(.0,) =& _} 2.1
g1 =91(&,0,) g{ 00 o0—o. (2.1)
and
9g(x; 8) 9g(x; 6)
— 9,) =E ’ . 2.2
G2 G2 (57 ) € |: o0 80T 0—0, ( )
For a discrete probability measure £ € =, we write it as
1 Lo ... Ty
§= ,
pr P2 .- Pm
where @1, 3, - - - , T, are the support points in S, and pq, - - - , p,, are the probabilities

associated with those points. From Gao and Zhou (2014), the asymptotic variance-

covariance matrix of @ under the SLSE is given by
V(6) = 0o(1 —1)(G2 — tgrg1) ", (2.3)

where t = W%, ps = Ele}|x] and py = Ele}|z]. Note that Gao and Zhou (2014)
discussed that ¢ € [0,1) for any error distributions, and ¢t = 0 for symmetric error
distributions. Define a matrix J = J(&,80,,t) = G2 — tg1g}. It is clear that matrix
J is proportional to the inverse of the variance-covariance matrix (2.3). For the rest
of the thesis, we will be working on the design problems using matrix J.

As discussed in Chapter 1, we aim to minimize the loss functions in optimal design
problems, and the loss functions for D-, A- and c-optimality criteria under SLSE can
be expressed as

det(J71(E,0,,1)),
tr(J 1, 0,,1)), (2.4)

¢D(£7 007 t)
(bA(éa 007 t)
Cbc(ga 0,, t) = C{J_l(é“, 0,, If)Cl,

when J is non-singular, and c¢; is a given vector in R?. If J is singular, all the

three loss functions are defined to be +oo. We use £, £ and & to denote for
D-, A- and c-optimal designs, respectively. For two measures & and & € =, define

§a = (1 - Oé)§1 +aé for a € [O, 1].
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Lemma 1. log(¢p(&a,00,1)), 0a(€as00,t) and ¢c(Ea,B0,t) are convez functions of

Q.

The convexity results are discussed in Boyd and Vandenberghe (2004) and Wong
et al. (2017). Similar convexity results are given in Bose and Murkerjee (2015). We
will use log(det(J (£, 0,,t))) for D-optimal design for the rest of the thesis as log()
is a monotonic increasing function which does not change the optimality.

Although we have formulated the loss functions, there are some issues associated
with the formulation in (2.4). The reason is that J is lacking of linearity. From con-
struction of J, J(&,, 0,,1) is not a linear combination of J (&, 0,,t) and J (&2, 0,,1).
Thus, it is difficult to obtain the theoretical results using J. To solve this issue,
Gao and Zhou (2017) proposed an alternative expression for characterizing the loss

functions. The key is to define a matrix

1 Vigf
= > 007 = ) .
B(¢) = B(¢,00,1) Jio, G (2.5)

which plays an important role in the following formulation. Note B(§,) is now an

affine function of «, i.e.,

B(&) = (1 —a)B(&) + aB(&).

This fact ultimately makes B much more useful than J to study optimal designs

under SLSE. The inverse of B is given as

1 —Vt T -1

- - v G

B 1(5) - B 1(6’90’75) = ,\/gG_l Jll 2
2 g1

r

: (2.6)

where » = 1 — tg7G5'g;. Note that if J is invertible, G5 must also be invertible
since Gy = J +tg1g1 and tg;gi is positive semi-definite. Consequently, B~! exists
from (2.6). Now, we are going to present the following lemmas to characterize the
loss functions for A-, ¢- and D-optimal design problems. Lemma 2 is slightly different
from a result in Yin and Zhou (2017), Lemma 3 is a result from Gao and Zhou (2017),

and Lemma 4 is a new result.
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Lemma 2. If J is invertible, then
64(&,00,1) = t2(J 1) = t2(C"B7'C),

where C = 0@ 1,4, I, denotes for the q x q identity matriz, and @& denotes for matriz

direct sum operator.

Proof. From (2.6) and C = 0@ I, we get

T
—Vt 1
CTB—IC — % T : TG2
0 I, J1 0 I,
0 O
0 J!
which implies tr(CTB™'C) = tr(J ). O
Lemma 3. If J is invertible, then
¢p(€,0,,t) = det(J ) = det(B™1).
Proof. From (2.5), we have
det(B) = det(1 — tgl G5'g1) det(G>)
= det(I — tg197 G3") det(G)
= det(G2 — tglgl )
= det(J),
which gives det(J ') = det(B™'). O

Lemma 4. If J is invertible, then

¢c(,00,1) = c1J 'er = ¢ B,

where ¢, is a vector in R? and e = (0,¢l).
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Proof. From (2.6), we obtain

1 —\1 TG—l 0
c'Ble = (O, c{) " . r 912
#QIGE J! c1

=clJ e
[

Thus, by Lemmas 2, 3 and 4, the alternative expressions for the loss functions in

(2.4) are
¢p(§,00,1)) = det(B71(€,8,,1)),
$a(€,0,,1) = tr(CTB7(£,0,,1)C), (2.7)
(&, 00,1) = ¢"B7'(¢,0,,t)c,

where C = 0@ I, ¢; € R? and ¢’ = (0,¢]). If B is singular, all the three loss

functions are defined to be +o0.

2.2 Equivalence theorem for optimal designs un-

der SLSE

In this section we derive the optimality conditions for the optimal designs under the
SLSE which follows from the equivalence theorem in Kiefer and Wolfowitz (1959) and
Kiefer (1974). We also analyze the minimum number of support points in optimal
designs for various regression models, and theoretical results are obtained. Note we
study approximate designs in this thesis. The advantages of working with approxi-

mate designs instead of exact design are well documented in Kiefer (1985).

Define a vector f(x,0,) = % € R? and a matrix
0-6

=Yo

M(z) = M(z,0,,1) = ! Vit (@ 6o) . (@28)
\/¥f(a3 0,) f(z, Oo)fT(m, 0,)

(g+1)x(g+1)
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Then B(,60,,t) = E¢[M (x, 0,,t)]. Define dispersion functions
dp(x,&,t) = tr(B~ ' M(z)) - (¢ + 1),
da(z, &) = tr(M(2)B~'CTCB™) — tr(CB~'C"), (2.9)
d(x,6,t) =c"B'M(z)B 'c — "B 'c,
where B = B(£, 6,,1) is invertible.
Theorem 1. We suppose all the dispersion functions are evaluated at ,. If &}, €4

and & are the optimal probability measures for D-, A- and c- optimality, respectively,

then B is invertible and for any € S,

dD(wa f*D? t) <0, (2103)
da(z, &4, t) <0, (2.10b)

Proof. In this proof, we use B(&) for B(£,60,,t) and M (x) for M (x, 6,,t). Suppose
€* is an optimal design to a criterion. Define &, = (1 — a)&* + af where £ is an
arbitrary probability measure. This proof is based on Kiefer’s general equivalence
theorem (Kiefer, 1974), and the optimal condition can be derived from % ‘a:O >0
for any measure £ € =, where ¢ is a loss function.

We first prove (2.10a). Let &}, be the optimal measure under D-optimality. We

have

dlog(¢p (501))

oo a=0

= —tr(B7 (&) (—B(&p) + B(S)))
= —t2(B7(§5)B(€)) + tr(Lg+1)
—tr(B7H(¢5)B(€)) + (a+ 1))
—tr(B™H(§p)Ee[M (z)] — (¢ + 1))
= —E¢ldp(z, &p, )]

> 0, for any & on S,

which implies dp(x, &, t) <0, for all € S.
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To prove (2.10b), let &% be the optimal measure under A-optimality. We have

8¢A (éa)

80( a=0

— —tr(CTB7Y(¢4)[B(€) — B(¢3)|B~1(¢,)C)

= —tr(C"BTH(€)B(§)B™(£1)C) + tr(C"BT(£4)C)

= —tr(C" B™(&))E¢[M ()] B~ (£4)C) + t2(CTB™'(¢)C)
= —(tr(E¢[M¢(, 0,)) B~ (£4)CCTB(¢)) — tr(C" B~ (&4)0))
= _Ef[dA(mvgjlvt)]

>0, for any £ on S,

which implies da(x, &%, t) <0, for all x € S.
Lastly, to prove (2.10c), let £ be the optimal measure under c-optimality. We

have

9¢c(&a)

804 a=0

= —c"B7I(&)[-B(&) + B(&)|B~(&)c

= —c'B H(&)B()B (&) + " BTHE)B(E)B T (E)e
= —c' BT (&)E[M(z)|B~'(&)c +c"B(g) e

= —E¢lc" B ()M (x) B~ (§)c + ¢ B(&) ']

= —E¢lde(z, &, 1))

>0, for any £ on S,

which implies d.(x, &, t) <0, for all x € S. ]

2.3 Results on the number of support points

Using the results in Theorem 1, we can explore the properties of the optimal designs.
In Yin and Zhou (2017) and Gao and Zhou (2017), there are some discussions about
the number of support points based on computational results. However, there is little
discussion on the number of support points theoretically in Gao and Zhou (2017),

and there is still a large gap to be filled in. Hence we derive several results about the
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number of support points for various models, including polynomial models, fractional
polynomial models, Michaelis-Menton model, Peleg model and trigonometric models.

A polynomial regression model of degree ¢ (¢ > 1) without intercept is given by
Yi = 01 + 027 + -+ 0,20 + 6, ;i €S =[-1,+1], i=1,2,-- ,n. (2.11)

Polynomial regression models are widely used when the response and regressors have
curvilinear relationship. Complex nonlinear relationships can be well approximated
by polynomials over a small range of the explanatory variables (Montgomery et al.
2012, p. 223). There are different kinds of polynomial models such as orthogonal
polynomial models, multi-variable polynomial models, and one variable polynomial
models. Polynomial models are often used in design of experiment for the response
surface methodology, and there are many applications in industry. For example, see
Box and Draper (1987), Box et al. (1978) and Khuri and Cornell (1996).

A- and D-optimal designs for (2.11) under SLSE are symmetric on S (Yin and
Zhou (2017), Gao and Zhou (2017)). In (2.11), we have f(z,0) = (z,2% --- 29T

and
1 Vir Vtx? .. tat
te  x? x3 .. ettt
M(z,0,,t) = \/_ ‘ ' ' . ) (2.12)

tx? ot . x%
\/_ (g+1)x(g+1)

Theorem 2. Let ny and np denote the minimum number of support points in A-

and D-optimal designs under SLSE, respectively. For (2.11), we have
na = qorq+l, (2.13)

and

np = qor q+1. (2.14)

Proof. The proof includes the following three parts.
(). From (2.9) and (2.12), we can see that da(z, &%, t) and dp(z, £}, t) are polynomial

functions of x with highest degree 2¢. By fundamental theorem of algebra, there are
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exactly 2¢ roots for x in equations d4(z,&%,t) = 0 and dp(z, &}, t) = 0. However, we
have at most 2¢ real roots.

(ii). By the construction, the determinant of B matrix is not zero if and only if the
determinant of G'a is not zero. Therefore, there are at least q support points in &.
(iii). Both boundary points are the support points, so the number of support points
are at most 2¢ — 2 in the interval (—1,41). From the equivalence theorem, we know
that the dispersion functions are all less or equal to zero (i.e. da(z,&%,t) < 0 and
dp(z,&5,t) < 0), so all those support points in (—1,+1) have a multiplicity of two.

(29—-2)

In total, we have at most 2 + =~ = ¢ + 1 distinct support points.

Thus, the number of support points in £} and £}, is either g or ¢ + 1. O

Example 1. Consider (2.11) with ¢ = 2 and S = [—1,+1]. Let n,, = E[x™] be the
mth moment of distribution {(x). Gao and Zhou (2014) showed that the D-optimal

design is symmetric in this case (i.e. n =n3 =0), and is given by

-
-1 +1
, fort €0, %),
1 1
« 2 2
=9
-1 0 +1
, forte [%, 1).
1 3t-2 1
| 3t T3t B

We now study the A-optimal design. By taking the advantage of the symmetric result
in Yin and Zhou (2017), we have

Vit

1 0 \/Eﬁg N4 T;TD 0 tﬂ% 1274
B=| 0 n 0 [,edB=| 0 L o0
\/E 2 1

Ve 0 m tnﬁjm 0 na—tn2

From Dette and Sudden (1997), on S = [—1,+1], the even moments of any distribu-
tions must satisfy 0 < n5 < ny < ny < 1. Then our loss function can be expressed

as

1 1
=tr(C"B™'C) = — + ———.
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The optimal design problem can be written as

, 1 1
mimn  — 4+ ———s
n2ms Moo My — N

st 0<m<m<m<l.

In order to minimize the loss function, we first fiz ny. Then it is trivial to see we
should make 1y as big as possible, which leads to ny = 19, its ceiling. Now the question

becomes
) 1 1
min  — + ————s
2 Up) N2 — tn;

s.t. 0<n <1.

It yields to n, = 2_;/5 or 1y, = % where t # 0. Note t € [0,+1) and ny €

[0,4+1], so the latter solution should be excluded as it is not within the feasible region.

Consequently,

min (2542,1), t € (0,1),

e =
1, t=0.

By the symmetric property, the A-optimal design is

. -1 0 +1
A= 02 n2
5 l=m 3
Here we have three cases:
Case 1 Whent =0,
i -1 +1
§a = L
2 2
Case 2 When t € (0,2 — /2),
i} -1 +1
§a= L
2 2
Case 3 Whent € [2—+/2,1),
-1 0 +1

2—/2 1_2—\/5 2—/2
2t t 2t
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In summary, the A-optimal design for (2.11) when q = 2 is

-1 +1

p
) fOT’tE[O,SQ—\/?),

1 1

2 2

-1 0 +1

2—/2  2t+V2-2 2—/2
\ L 2t t 2t

G=1

, forte[2—+/2,1).

From the results above, it is clear to observe that A- and D-optimal designs have either

2 or 3 support points which is consistent with Theorem 2. O

Figure 2.1: Plots of d4(z, &4, t) and dp(z, &Y, t) in (2.10b) and (2.10a) for Example 1.
(a) da(x, &, t) with t = 0.3, (b) da(z, &4, t) with t = 0.7, (¢) dp(z, €5, t) with £ = 0.3,
(d) dp(x, &, t) with ¢t =0.7.

(a) (b)
o i)
(=] ()]
w | o |
@ 7 <7
= B = -
w | w _
o o ]
i T T T T T a T T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 045 00 05 1.0
X X
(c) (d)
o 0
(=] [m]
w | w0
= 27
[=} | o —]
o =]
o | @
w | w
o 7 L

-1.0 -0.5 0.0 0.5 1.0 -1.0 05 0.0 05 1.0

To show the result in Theorem 1, we plot d4(z,&* t) and dp(z,£*,t) in Figure
2.1 using the optimal designs in Example 1. It is clear that d4(x,&*¢) < 0 and
dp(z,&*,t) < 0forall z € S, which is consistent with Theorem 1. Also d4(z, &%, t) =0

at the support points of €% and dp(z,&;,,t) = 0 at the support points of . As ¢
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increases, the origin becomes a support point which changes the number of support
points from 2 to 3. This is again consistent with Theorem 2.

When the design space S is asymmetric, say S = [—1,b], b € (—1, 1), the number
of support points under A- and D-optimality are either ¢ or ¢ + 1 for all ¢ € Z™.
When t = 0, np = ¢ for all ¢ € Z*. The derivation is similar to that of Theorem 2
and is omitted. We will show some computational results in Chapter 3.

Fractional polynomial model (FPM) is given by
y = 012" + 02" + - -+ 0,27 €, ¢, € Q, Vi, (2.15)

which provides more flexible parameterization with wide range of applications in many
disciplines. For instance, Cui et al. (2009) used FPM for longitudinal epidemiological
studies, and Royston and Altman (1994) applied this model to analyze medical data.
This model has also been studied for optimal designs. For example, Torsney and
Alahmadi (1995) used FPM to study the effects of concentration x to viscoty y and

this model is given by
Y =012 + 027 + 052> + ¢, 1 €S = (0.0,0.2]. (2.16)

Let z = 2'/2 then (2.16) becomes a polynomial model of order 4 with the new design
space S’ = (0.0,/0.2]. Now, we can apply the result for the polynomial model (2.11)
and conclude that n4 and np are at most 4 or 5. Moreover, notice that there are only
three parameters in model (2.16). In order to have an invertible matrix Ga(¢,6,)
which is a 3 x 3 matrix, we need at least 3 support points. Thus, the number of
support point for both A- and D-optimal design is at least 3. In summary, the number
of support points in A- and D-optimal designs are either 3, 4, or 5. The purpose of
this example is for illustrating that FPM can be transformed into a polynomial model
so we can use the result for the number of support points in polynomial models.
Michaelis-Menton model is one of the best-known models proposed by Leonor
Michaelis and Maud Menten (Michaelis and Menton, 1913) that studies the enzyme

reactions between the enzyme and the substrate concentration. This model is given
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by

. Oz
N 82 +z;
Here, @ = (01,0,)". Define z = -~—. Then f(z,0) = (;= —01z 7= (1-

Oa+ax B2+ (02+x)>
20y, — 201 + 0,0,2%)T, and

+6.1=1,2,...n, x; € (O,k'o], 01,65 > 0. (217)

%

1 V(1L = 205)  VEH(—012(1 — 26,))
M(z,0,,t) = V(L — 20,) (1 — 26,)? —20,(1—20)2 |. (2.18)
VE(—012(1 — 2605)) —20,(1 — 20)>  (260,(1 — 260,))?

11
01 +ko 01

We can clearly see that, after the transformation, z € S’ = | ], and since
f(z,0,) and M (x,0,t) are polynomial functions of z, ¢p and ¢4 can be described
as polynomial functions with highest degrees 4. Now, similar to the discussion for
model (2.11), we can find the results for ny and np for model (2.17) and they are

presented in the following Lemma.

Lemma 5. For Michaelis-Menton model in (2.17), the number of support points for
D-optimal design and A-optimal design are either 2 or 3 for t € [0,1). Moreover,
there are 2 support points under D-optimality when t = 0.

The proof of Lemma 5 is similar to that of Theorem 2 and is omitted. It is easy to
observe that dp(0,£7),0) < 0, so the boundary point, 0, is not a support point under
D-optimality which leads to the conclusion np = 2. Moreover, n. < 3 for t € [0, 1).

Peleg model is a statistical model used to investigate the relationship of water

absorption for various kinds of food. This model is given by

Z; .
i — Yo i) :1a2a"'7 ) 2.19
4 Y +91+92$i+6 ! " ( )

where vy, represents the initial moisture of the food, y; is the current level of moisture
at current time x;, #; is the Peleg’s moisture rate constant, and 65 is the asymptotic
moisture as time increases. Note that parameters #; and 6, must be positive. Optimal
experimental designs have been studied for this model using OLSE, for example,

2

Paquet-Durand et al. (2015). For (2.19), f(z,0) = ((91;9;1_)2, (01;22@2)@ We let
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z= m. Then for S = [0, d], the new design space after the transformation is S" =

loa:0 2:)- Now, f(z,0) = (72(19;912), *(15212)2)? Since 6; and 6, are parameters, f
2

depends on z only. Hence, M (x,0,t) becomes a polynomial function of z of degree
4. Therefore, the number of support points, n4 and np are also either 2 or 3 for the
Peleg model. In addition, n, is either 1, 2 or 3 for t € [0, 1).

Next we consider trigonometric models without intercept. If the intercept term
is included, it has been proven that optimal designs under SLSE and OLSE are the
same. The kth order trigonometric model is given by

k

yi =Y _[cos(jzi)bh; + sin(ja;)0p;] + €, i = 1,2, |m, (2.:20)
j=1

where x; € Sb = [—bﬂ',bﬂ'], 0<b S 1. Let 6 = (911,912," : ,Qlk,ém,- - ,ng)T. From

(2.8), we get
L Vicos(r) ... isin(k)
M(z,0,,1) = \/ECO'S(CU) cos%(x) ) COS(x)%in(km)
\/Esm(kx) costelsimtka) SmZ(ij) (2k+1)x (2k+1)

(2.21)
We consider two cases of design space, (i) b = 1, full circle and (ii) 0 < b < 1, the
partial circle.

For case (i), the following Lemma is helpful for finding the number of support points

for (2.20).

Lemma 6. For trigonometric functions, j,u=1,2,---  k, u # j, we have
1. [T cos(ja)de = [T _sin(jz)dz =0,
2. |7 cos?(ju)dx = [T _sin®(ja)de =,
8. |7 cos(jx)cos(ux)dr = [ _sin(jx)sin(ux)de = 0,

4. [" sin(jz)cos(uz)dx = [*_cos(jz)sin(ux)dx = 0. This also holds for u = j.
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Theorem 3. For model (2.20) with design space S = [—m, 7], the uniform distribution
on S is both A- and D-optimal designs.

Proof. For the uniform distribution £*, we have B(£*,0,,t) = 1® %ng by Lemma 6.
From (2.21), we obtain
(M (2,65, 1)B~(",6,,1)) — (g + 1)
=1+ 2c0s*(z) + 2c0s*(2x) + - - - + 2sin®(kz) — (2k + 1)
=1+ 2[cos*(x) + sin*(x)] + - - - + 2[cos®(kx) + sin*(kx)] — (2k + 1)
=142 — (2k+1)
=0, forallzels.
This implies that dp(x,&*,t) = 0 for all z € S. By Theorem 1, £* is a D-optimal
design.
For A-optimality, it is easy to get
tr(M(z,6,,t)B~'(£,0,,t)CTCB™'(&",6,,t)) — tr(CB™(£*,0,,1))
= 4cos*(x) + 4cos*(2x) + - - - + dsin®(kx) — 4k
= 4[cos®(z) + sin*(x)] + - - - + 4[cos®(kx) + sin®(kx)] — 4k
=4k — 4k
=0, forallxzels,

which gives d4(x,&*,t) = 0 for all z € S. Thus, by Theorem 1, £* is an A-optimal

design. ]

For case (ii), 0 < b < 1, the partial circle S = [—bm, +br], let z = cos(z). Now,
instead of using x directly, we study the number of support point of x through z
in S’ = [cos(brm),1]. Note that cosine is an even function, so each point of z € S’
corresponds to two symmetric points around 0, £z € S. Gao and Zhou (2017)
discussed that all the elements in M (z,6,,t) in (2.21) can be written as polynomial
functions of z. Hence, functions d4(z,&,t), dp(x, &, t) and d.(x, £, t) are all polynomial
functions of z with degree 2k. Using the similar arguments for the polynomial models,

A-, D- and c-optimal designs, in terms of z € S’, cannot exceed k + 1 support points.
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2.4 Scale invariance property of D-optimal design

D-optimality is one of the most used design criteria due to its many advantages.
One good property of this criterion is that it is invariant under some scaling of the
independent variables using OLSE (Berger and Wong 2009, p. 40). Recently there
are some discussions about the invariance properties including scale invariance and
shift invariance for the optimal designs under the SLSE. Examples can be found in
Gao and Zhou (2014) and Yin and Zhou (2017). In this section, we focus on finding
a new property of scale invariance of D-optimal designs under the SLSE for nonlinear
regression models.

For linear regression models, D-optimal designs are often scale invariant. On
the other hand, if the model is nonlinear, the scale invariance property is no longer
available. The optimal designs for nonlinear models are called locally optimal, since
they depend on the true parameter vector 8,. Thus, D-optimal designs have to be
constructed for each 6, and for each S. Wong and Zhou (2018) proposed a generalized
scale invariance (GSI) concept for studying scale invariance property of D-optimal
designs for nonlinear models and generalized linear models. The GSI property is also
useful for studying D-optimal designs under the SLSE such that the designs may be
constructed on a scaled design space SV instead of the original design space S.

Denote the D-optimal design for a given model, with true parameter vector 8, on
a design space S by £5,(5,0,). Also, denote the scaled design space from the original
design space S by SV = {Vz|z € S}.

Definition 1 (Scale matrix). The matriz V is called scale matriz which is a diagonal

matriz defined as V' = diag(vy,ve,- - ,v,), where all v; are positive.
Definition 2 (Scale invariant). Transforming x to V& is called scale transformation.

Definition 3 (Genealized scale Invariant). &}, (S, 0,) is said to be scale invariant for a
model if there exists a parameter vector 0, such that the D-optimal design £5,(SV, 9;)

can be obtained from £5,(S,0,) using some scale transformations.
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This property of the design, £5,(S, 8,), is defined as a generalized scale invariance.
Note that HNO and 6, are closed related through the elements vy, - , v, in the scale
matrix V. When the model is linear, GSI of £}, (S, 6,) becomes the traditional scale
invariance since it does not depend on 8,. For many nonlinear regression models, the
GSI property holds for D-optimal designs under both OLSE and SLSE. The following

lemma provides a condition to check for this property.

Lemma 7. For a given model and a scale matriz V', if there exists a parameter
vector 8, and an invertible diagonal matriz K which does not depend on x, such that
f(Ve,0,) = Kf(x,0,) for all € S, then the design £5(5,0,) has the generalized

scale tnvariance property.

Proof. For design space S and parameter vector 6,, £, (S, 8,) minimizes ¢}, (&, 0,) =
det(B71(¢,0,)) where B(&,0,) = E[M(x,0,)] and M(x,8,) is given by (2.8), and
the expectation is taken with respect to &(x) on S.

For design space SV = {Vz|x € S} and parameter vector 8,, we minimize the
following function to find &5(SY, 8,), ¢% (€, 0,) = det(B(€,0,)), where B(&,0,) =
E[M (z,0,)], and the expectation is taken with respect to £(z) on SV. Each z € SV
can be written as V& followed by definition, where & € S. Thus, we have M (z, éo) =
M(Vz,0,).

By the assumption of Lemma 7 and (2.8), we get

MV, 0,) =16 K)M(xz,60,)(1¢K), foralxzes.

Therefore, B(,0,) = (18 K)B(£,0,)(10 K) and ¢p(¢,0,) = 225520 This implies
that we can minimize ¢p(€,8,) to obtain &5(SY,0,), where £5(SY,0,) is the scale

transformation from &5,(.S, 6,). O

Example 2. Consider Peleg regression model in (2.19). In this model, since p = 1,

the scale matriz V = vy > 0 is a scalar and 8, = (a,b)”. Now, let 8, = (a, %)T and



25

we can obtain

vy O AT
(08 e )
02 (a+bx)?2?  (a+bx)?
= Kf(az, 00)'
Hence, Peleg model has GSI property based on Lemma 7 by choosing K = diag(vy,v?})

and Oy = (a, L)7. O

xn
It is worth noting that when matrix B(&, 6,,t) is ill-conditioned (i.e. the condition
number of the matrix is very large), numerical algorithm computing B~1(¢, 8,,t) may
fail as the numerical inverse is inaccurate and imprecise. In these situations, the GSI

property may be helpful. Here we provide one example to demonstrate the usefulness

of the GSI property.

Example 3. Piecewise polynomial regression using knots is frequently used and has
various applications. See Dette et al. (2008) and the references therein. They investi-
gated optimal designs under OLSE for piecewise polynomial regression model with un-
known knots, and obtained results for the number of support points under D-optimality
and various other properties about designs. Here we consider one model they used, a

cubic spline regression model with unknown knots, which is given by
y = 0y + O + O032% + 042° + 05(x — )\)i +e¢e x€]0,b (2.22)

where (x — A\)y = max(0, (x — \)). Model (2.22) is nonlinear with parameter vector
0o = (b1, -+ ,05, N, f(2,0,) = (1,z,2%, 2%, (x—A)3, =305 (x— N\)2)T. We now start

to illustrate GSI property for this model. Consider a scale matriz V.= v; > 0 and let
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0 = (01, 05,1 \)T. Then we have, for all x € [0,b],

f(Va,0,) = f(uiz,6,)
= (1L, vz, (12)?, (12)?, (e — v N3, =305 (viz — vy A)2)T
= (1, vy, z, (12)?, (@), 03 (x — A2, =30503 (x — A)2)"
= d’&CLg(l, U1, U%? ’Uilj)’ ,U:13’ U%)(L xz, 127 xS’ ($ - )‘)j-v _395(37 - )‘)?&-)T
= Kf(z,0,), with K = diag(1,v;,v},v},07,07).

Hence, by Lemma 7, the D-optimal design under SLSE has the GSI property. More-
over, the model is linear in 0!, = (01,04, -+ ,05)T, so the D-optimal designs under both
OLSE and SLSE do not depend on 0. (Yin and Zhou, 2017). Thus, for S = [0, b
and SV = [0,v1}], the D-optimal designs &5(S,0,) and £5(SV,0,) can be obtained
from each other by using the corresponding 6, and 0,. This property can help us dra-
matically for finding the D-optimal designs when matriz B(E, 6,,t) is ill-conditioned.
Numerical results of D-optimal designs are presented in Example 9 after we discuss

about numerical algorithms in Chapter 3. O

We also want to note that in model (2.22), the intercept is included so the D-
optimal designs under both OLSE and SLSE are the same (Gao and Zhou 2014).
Moreover, the result may easily be extended for piecewise regression models with

multiple unknown knots.
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Chapter 3

Numerical Algorithm and

Applications

We have studied the optimality conditions and the number of support points for opti-
mal designs under SLSE in Chapter 2. However, it is still challenging to find optimal
designs analytically, except for simple regression models. Often numerical algorithms
are used to compute optimal designs, and various algorithms have been studied in-
cluding Titterington (1976), Silvey et al. (1978), Dette et al. (2008), and Torsney
and Martin-Martin (2009). For optimal designs under the SLSE, Bose and Murkerjee
(2015) used multiplicative algorithms for finding the optimal designs whereas Gao
and Zhou (2017) used convex programming and semi-definite programming (SDP) in
MATLAB. Here we want to further extend the computational strategies for finding
optimal designs under the SLSE. In this chapter, we discuss an effective algorithm to

compute optimal designs based on CVX programming in MATLAB.

3.1 Optimization problem

We first discretize the design space S C RP, and the discretized space is denoted
as Sy C S, where N is the number of points in Sy. The magnitude of N can

be very large, but often the designs are highly efficient already with moderate V.
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More discussions about the choice of N is given in the examples in this chapter The
discretization can be done in many different ways, but we discretize the design space
using equally spaced gird points for the sake of simplicity. For an one dimensional

design space, say S = [a, b], the design points are a + (i — 1)(1’]_\,“),2' =1,2,...,N. For

higher dimensional design spaces, we use equally spaced grid points for each variable,
and Sy is formed by Cartesian product.

Suppose £* is the optimal probability measure in =y, where =y includes all the
distributions on Sy. We denote Sy = {uy, U, ...,uny} C S. Any probability measure

¢ € =y can be express as

u; U2 ... UN
§= )

w, Wy ... WN

where w; is the weight at w;, which is non-negative and Zf\il w; = 1. The optimal

regression design problem can be expressed as

min )
W1y, WN 0

N
s.t. w; = 1,
> o

—w; <0, fori=1,2,...,N,

¢ <9,

where ¢ is a loss function, which can be ¢4, log(¢p) or ¢. defined in (2.7). Notice
that for any & € Zy, B(E,00,t) = E[M(x,0,,1)] = S, M (u;,8,,t)w;, where
M (u;,60,,t) is defined in (2.8). We also note that a design point is selected if its
weight is greater than a very small number d; (a small positive number, say 107°) in
practice. Lastly, we report the d5* = max{dp|xz € S} (d3*, d*) for D-optimality
(A-, c-optimality), where dp,ds and d,. are defined in (2.10). If d* < 5 (a small
positive number, say 107%), then the numerical solution to the above optimization
problem is a D-optimal design by Theorem 1. Similarly we can check for A- and
c-optimal designs. Problem (3.1) is a convex optimization problem. We will discuss

an algorithm to solve (3.1) in the next section.
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3.2 Computational Algorithm

There are some numerical algorithms which have been studied under the SLSE. Bose
and Mukerjee (2015) applied multiplicative algorithms for finding the optimal designs
to binary design points. Gao and Zhou (2017) computed D-optimal designs using the
moments of distribution £ € Z. Yin and Zhou (2017) formulated the design problems
as convex optimization problem and applied convex optimization programs CVX and
SeDuMi in MATLAB to find D- and A-optimal designs, respectively. In their work,
the A-optimal design problems are solved by SeDuMi which is hard to write the code in
MATLAB. In our newly proposed formulation in (3.1), we are able to use CVX to find
A-optimal designs, which is much easier to code. Moreover, the CVX programming
can be also applied to find c-optimal designs, which the previous algorithms were not
applied before.

Figure 3.1 illustrates a simple algorithm with six steps to apply CVX for finding
optimal designs. Users input the variables, partition the design space into N grid
points, and compute the M matrix in the first three steps. Steps (i), (ii) and (iii)
depend on the regression model and the design space. Step (iv) solves the optimal
design problem by CVX program, which depends on the optimality criterion. The de-
tails of using CVX and MATLAB code can be found in Appendix A and Appendix B.
We present several examples using this algorithm to show optimal designs in Section

3.3.

3.3 Applications

We compute A-, D- and c-optimal designs for various regression models. Notice that
when the intercept term presents, the resulting optimal designs under the OLSE and
the SLSE are the same (Gao and Zhou, 2014). Since there are many studies in
optimal regression designs under the OLSE in the literature already, we only consider

the models without the intercept. All the examples are computed via CVX package



30

(i) Input parameters

0,, t, N

(ii) Form grid points
by partitioning S
to N grid points

(iii) Compute
M(u;,00,t), fori=1,--- N
(iv) Use CVX

to solve convex

optimal design problem

(v) Return output

for optimal designs

(vi) Use Theorem 1

to verify the

optimal conditions

Figure 3.1: Flow chart for computing optimal designs through CVX programming.

in MATLAB. We provide the results with different values of ¢, where ¢ is related to
a measure of skewness of the error distribution. The related MATLAB code can be
found in Appendix B.

All the examples in this thesis are computed on a PC with Intel Core I5 6500 4
cores CPU, 3.20 GHz. The MATLAB version is R2018a academic student version
with CVX version 2.1 and build number 1123. The RAM and the platform for this

particular machine are 16 Gigabyte and Windows 10 Professional version, respectively.

Example 4. This example is for Gompertz growth model which was briefly described
in Chapter 1 to showcase the output. Here, we use this model to show the effects of

N on the D-optimal designs under SLSE with 8, = (1,1,1)T, S = [0.0,10.0] and t = 0.

Table 3.1 gives D-optimal designs for various values of N. Note that the D-optimal
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Table 3.1: D-optimal designs for Gompertz growth model with ¢ = 0.0, S = [0.0, 10.0],

0, = (1,1,1)" and various values of N.

N Support point (weight) log(¢p) | d™

o1 0.000(0.333), 1.400(0.333), 10.00(0.333) 7.9183 | 2.4e-7
101 0.000(0.333), 1.300(0.169), 1.400(0.165), 10.000(0.333) | 7.9175 | 6.6e-10
501 0.000(0.333), 1.340(0.201), 1.360(0.132), 10.000(0.333) | 7.9163 | 8.7e-08
1001 | 0.000(0.333), 1.350(0.333), 10.000(0.333) 7.9162 | 5.9e-9
2001 | 0.000(0.333), 1.350(0.333), 10.000(0.333) 7.0162 | 1.2e-7
5001 | 0.000(0.333), 1.348(0.047), 1.350(0.287), 10.000(0.333) | 7.9162 | 6.3¢-9
10001 | 0.000(0.333), 1.349(0.333), 10.000(0.333) 7.0162 | 2.2¢-8
20001 | 0.000(0.333), 1.349(0.163), 1.350(0.170), 10.000(0.333) | 7.9162 | 4.8e-8

design in Figure 1.1 in Chapter 1 is for N = 2001. We can see that the optimal design
changes when N increases. However, when N > 1001, the optimal designs do not
change much and converge to a distribution having three support points with equal
weights. We also show the change of the loss function as N changes in Figure 3.2.
As N — +00, the loss function converges too. In this example, moderate N already
gwes a highly efficient design as shown in Figure 3.2. Similar results are obtained
for A- and c-optimal designs, and representative results are given in Table 3.2, where
c1 = (2,0.5,1)T is used for c-optimal designs, and t = 0.0,0.3,0.5,0.7 and 0.9.

It is clear that d}™ = mgx(dA(x, Et) (ord.(x, & t)) is small, which satisfies the
optimality conditions in Theorem 1. We should also point out that for some situations
when two numerical support points are very close to each other, they are probably
representing only one theoretical support point which is between the two numerical
support points. For instance, when t = 0.0, the two support points 1.315 and 1.320
are very close to each other in A-optimal design. If we discretize the design space to

more points (i.e. choose larger N ), we can find this particular point. For instance,
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Figure 3.2: Loss function (log(¢p)) for D-optimal design versus the number of points

(N) for Gompertz growth model.

the A-optimal design with N = 9001 is

0.000 1.318 10.000
0.354 0.385 0.261

which only has three support points and 1.318 is indeed in between 1.315 and 1.320.
The computational time changes from 1.65 seconds to 86.16 seconds for N = 51 to
N = 20001, which increases quite a bit but the computational time is still less than
two minutes.

|

Example 5. We consider the polynomial regression model in (2.11) with ¢ = 5. Here
f(2;:0) = (z, 2%, ....2)T which does not depend on 6. The A- and D-optimal designs
are shown in Figure 3.3. With N = 2001, we can see that the number of support
points is always siz for this model. When q is even, the number of support points for
D- and A-optimal designs equals to q for small t, and equals to q + 1 for larger t.

This is consistent with Theorem 2.
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Table 3.2: A- and c-optimal design for Gompertz growth model with 6, = (1,1,1)7,
c1 = (2,0.5,1)T, N = 2001 and various values of .

t Support points (weights) ) dmax
c- | 0.000(0.444), 1.615(0.135), 1.620(0.421) 47.025 | 3.0e-4
PN 0.000(0.354), 1.315(0.118), 1.320(0.267), 10.000 (0.261) | 92.832 | 2.9¢-6
c- | 0.000(0.444), 1.615(0.135), 1.620(0.421) 47.025 | 3.0e-4
PN 0.000(0.354), 1.320(0.385), 10.000(0.261) 04.606 | 5.4¢-5
c- | 0.000(0.444), 1.615(0.135), 1.620(0.421) 47.358 | 4.8¢-6
" A-10.000(0.354), 1.320(0.385), 10.000(0.261) 96.972 | 7.3e-7
c- | 0.000(0.444), 1.615(0.135), 1.620(0.421) 48.133 | 9.20-4
07 A- | 0.000(0.354), 1.320(0.385) 10.000(0.261) 102.493 | 1.8e-5
c- | 0.000(0.444), 1.615(0.135), 1.620(0.421) 52.010 | 2.1e-4
PN 0.000(0.353), 1.33(0.3847), 10.000(0.262) 130.087 | 6.3¢-7
O

Example 6. One fractional polynomial model is given in (2.16). Here, we compute
A- and D-optimal designs for this model, and Figure 3./ shows representative results.
When N = 1001, the number of support points for both A- and D-optimal designs is
equal to 3 when t is small, and is equal to 4 when t is large. This is consistent with

the results in Section 2.35. O

Example 7. We now turn our attention to Michealis-Menton model (2.17). Let the
parameters 0; = 0, = 1, the design space S = [0,4], and ¢; = (1,1)T. The results
for both A- and D-optimal designs are given in Yin and Zhou (2017) while c-optimal
designs are not studied before. In Table 3.3, the designs under A-optimality match
those in Yin and Zhou (2017). For smallt, there are two support points for both c- and
A-optimal designs whereas for large t, there are three support points as the boundary

point zero becomes a support point. This is true for D-optimal designs as well and
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Figure 3.3: Plots of D- and A-optimal designs for polynomial model of order 5 without

intercept under the SLSE with different values of ¢ and N = 2001. (a) D-optimal

design with ¢ = 0.00, (b) D-optimal design with ¢ = 0.70, (c) A-optimal design with

t =0.00, (d) A-optimal design with ¢ = 0.70.

the results are omitted. The result on the number of support points is consistent with

Lemma 5 in Section 2.5.

O

Example 8. We now study the number of support points for model (2.19), the Peleg

model. The true parameter vector is 8, = (01,0,)"7 = (0.5,0.05)7.

The results for

D-, A- and c-optimal designs are presented in Tables 3.4, 3.5 and 3.6, respectively.



35

() (b)
0.5 T 0.5
0.45 0.45
0.4 0.4
0.35 0.35
w 03r W 03r
& &
e e
o5t S p.25
<5} <5}
g 0.2 g 02
0.15 0.15
0.1 0.1
0.05 0.05
s—
0 0.02 . K K . . . . 0.2 . K . . .
Design space Design space
(c) (d)
0.5 T 0.5
0.45 0.45
04 04
0.35 0.35
4= 03 — 03
= =]
T T
S 025 S 0251
g 0.2 g 02r
0.15 0.15
0.1 0.1
0.05 0.05
o SRR . o e A

0 D. 0.04 0.06 0.08 0.1 012 0.14 016 0.18 2
Design space Design space

Figure 3.4: Plots of the distribution of the weights for D- and A-optimal designs
for fractional polynomial model (2.15) with various values of ¢ and N = 1001: (a)
D-optimal design with t = 0.00, (b) D-optimal design with t = 0.90, (¢) A-optimal
design with t = 0.00, (d) A-optimal design with t = 0.90.

We can see from those tables that D-, A- and c-optimal designs have either 2 or 3
support points which is consistent with the discussions in the previous chapter. Note
that when t = 0, the design under the OLSE and SLSE are the same, and we obtain
the same result as in Paquet-Durand et al. (2015) for the D-optimal design when
t = 0. Moreover, the computation times under all the three criteria are around 2-3

seconds which is really fast.
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Table 3.3: A- and c-optimal design for Michaelis-Menton model with S = [0,4],
1= (1,1)7 and N = 100L.

t Support points (weights) ) dmex
A- | 0.504 (0.670), 4.000 (0.330) 95.550 | 1.4166e-5
YO o096 (0.634), 4.000 (0.366) 148.311 | 1.1725¢-5
A- | 0.536 (0.662), 4.000 (0.338) 101.391 | 2.9874e-6
e Tos (0.629), 4.000 (0.371) 152.718 | 7.2097¢-6
A- | 0.568 (0.655), 4.000 (0.345) 108.611 | 5.8928e-5
" o5 (0.623), 4.000 (0.377) 158.008 | 7.1312e-5
A- | 0.632 (0.642), 4.000 (0.358) 123.810 | 6.2421¢-6
o7 c- | 0.596 (0.613), 4.000 (0.388) 169.144 | 2.0653e-6
A- | 0.000 (0.158), 0.664 (0.536), 4.000 (0.306) | 156.933 | 1.0962¢-5
S To000 (0.074), 0.668 (0.556), 4.000 (0.371) | 202.501 | 4.4967¢-5

Table 3.4: Loss functions and D-optimal designs for Peleg model with 6, =
(0.5,0.05)7, S =[0,180] and N = 1001 for ¢ = 0.0, 0.3, 0.5, 0.7 and 0.9.

t Support points (weights) log(¢pp) | dp™

0.0 | 9.000 (0.500), 180.00 (0.500) -14.8774 | 8.4365e-7
0.3 | 9.000 (0.500), 180.00 (0.500) 114.5207 | 1.2224e-6
0.5 | 9.000 (0.500), 180.00 (0.500) ~14.1843 | 3.7681e-6
0.7 | 0.000 (0.048), 9.000 (0.476), 180.00 (0.476) | -13.6812 | 5.2797¢-6
0.9 | 0.000 (0.259), 9.000 (0.370), 180.00 (0.370) | -13.1786 | 1.6091e-5

|

Example 9. For the spline regression model in (2.22), we now apply our numerical

algorithm to confirm the GSI result. First of all, we compute the D-optimal design

on S = [0,10] with A\ = 8. Using CVX with N = 1001, we have the results in Table

3.7 that matriz B(&, 0,,1) is ill-conditioned. Hence, the D-optimal design &5, (S, 0,)
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Table 3.5: Loss functions and A-optimal designs for Peleg model with 6, =
(0.5,0.05)7, S =[0,180] and N = 1001 for ¢ = 0.0, 0.3, 0.5, 0.7 and 0.9.

t Support points (weights) da dye*

0.0 | 6.48 (0.852), 180.00 (0.148) 0.0163 | 9.4385e-08
0.3 | 7.38 (0.831), 180.00 (0.169) 0.0196 | 1.2534e-08
0.5 | 8.10 (0.815), 180.00 (0.184) 0.0236 | 1.0637e-08
0.7 | 0.00 (0.107), 9.00 (0.714), 180.00 (0.180) | 0.0313 | 7.7097¢-08
0.9 | 0.00 (0.305), 9.00 (0.555), 180.00 (0.138) | 0.0402 | 2.9918e-07

Table 3.6: Loss functions and c-optimal designs for Peleg model with 6, =
(0.5,0.05), S = [0,180], ¢; = (1,1)T and N = 1001 for t = 0.0, 0.3, 0.5, 0.7
and 0.9.

t Support points (weights) o dmex

0.0 | 6.480 (0.872), 180.000 (0.128) 0.0154 | 1.7182¢-8
0.3 | 7.380 (0.8513), 180.000 (0.1487) 0.0188 | 1.2665¢-7
0.5 | 8.280 (0.832), 180.00 (0.168) 0.0230 | 1.8582¢-7
0.7 | 0.000 (0.126), 9.000 (0.714), 180.000 (0.160) | 0.0309 | 3.8118e-7
0.9 | 0.000 (0.320), 9.000 (0.556), 180.000 (0.124) | 0.0397 | 5.6527e-8

cannot be obtained precisely using the numerical algorithm. However, we may find

the optimal design on the scaled design space SV = [0,1] with X = 0.8 and obtain

.oV 0.000 0.2250 0.5900 0.8200 0.9350 1.0000
gD(S 790>:

1 1 1 1 1 1
6 6 6 6 6 6
This result is consistent with that in Dette et al. (2008). Then we may use the GSI

property to obtain the D-optimal design on S which gives

. 0.000 2.2500 5.9000 8.2000 9.3500 10.0000
€p(5,60) =

1 1 1 1 1 1
6 6 6 6 6 6
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Table 3.7: D-optimal designs for the spline regression models in (2.22) on both scaled

design space SV = [0, 1] and the original design space S = [0, 10] with N = 1001.

S =1[0,10], A =38 SV =10,1], A=0.8
Support points | Weights Support points | Weights
0.000 0.1667 0.000 0.1664
2.230 0.0002 0.2250 0.1664
2.240 0.0012 0.5900 0.1665
2.250 0.1413 0.8200 0.1669
2.260 0.0220 0.9350 0.1673
5.920 0.0003 1.0000 0.1666
5.930 0.0001

8.200 0.1635

8.210 0.0030

9.340 0.0002

9.350 0.1663

10.000 0.1667

log(¢p) -11.6064 Loss function | 39.0607
Solved? Inaccurate/Solved | Solved? Solved

Example 10. The algorithm in Section 3.2 can be also applied to higher dimensional

design space. Here we consider a mizture regression model, which studies the yield

(y) of an experiment by mixing three solutions xi, xo and xs. The linear model is

given by

y = 0121 + Oy + O323 + 94@% + 95$§ + 96$§ + 072129 + Og1203 + €,

where (x1, T2, x3) € S = {(x1, x2, x3)|r1+22+23 < 1,2, > 0,0 =1,2,3}. It is clear

that S C R®. The model does not contain the interaction term wox3 so new designs

are obtained. We discretize the design space S by three dimensional grid points, say

N; points in x;, i = 1,2,3. We use Ny = Ny = N3 = 51 points for each x; € [0,1].
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Notice that not all combinations of x1, xo and x3 are in S. The total number of
point is N = 23424 points in S. With a small t, the 9 support points are given in
Table 3.8 whereas for large t, the design is slightly different as the first and third design
points change to (0.00,0.00,0.48) and (0.00,0.48,0.00), and the corresponding weights
remain the same. We also compute the D-optimal design for Ny = Ny = N3 = 21,
and the computation time is less than 10 seconds. There are only 1771 design points
i Sn, and the support points are the exactly the same as in Table 3.8 for 0 <t < 1.

For Ny = Ny = N3 = 51, the computation time is around 8 minutes. O

Table 3.8: D-optimal design for mixture model with 23424 grid points for ¢ = 0.0 and
0.7.

Support points Weights

(21, T2, x3) t=0.0 t =0.7
(0.00, 0.00, 0.50) | 0.083 0.085
(0.00, 0.00, 1.00) | 0.125 0.124
(0.00, 0.50, 0.00) | 0.083 0.085
(0.00, 0.50, 0.50) | 0.083 0.085
(1.00, 0.00, 0.00) | 0.125 0.124
(0.50, 0.00, 0.00) | 0.125 0.124
(0.50, 0.50, 0.00) | 0.125 0.124
(0.50, 0.00, 0.50) | 0.125 0.124
(1.00,0.00, 0.00) | 0.125 0.124
log(ép) 30211 | 31.350
Jme 4.2927¢-7 | 1.256¢-6

Example 11. We may wonder how the computational time changes in terms of
the number of design points in Sy. We use one example to show the computation

time. Emax model is a commonly used model in microhydrodynamical studies that is
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reviewed in Derendorf and Meibohm (1999) and also discussed in Berger and Wong
(2009) for optimal designs. The model is given by
03

i .
:—034-61', 221,2,...,71,
02""1‘1'

0,z

Yi

where y; is the effects at drug concentration x;, 0y is the mazimum effect, 0y = CL,

1s the concentration of the drug that produces half of the maximal effect and 03 is a

shape factor. We use the true parameter vector 8, = (1,2,1)" and design space is
S =10,10] from Berger and Wong (2009).

In Figure 3.5, we can see that the computational time of D-optimal design increases
exponentially as N increases. A- and c-optimal designs behave similarly as well. We
also consider the changes of computation time in terms of the value of t. In Figure 3.6,
we can clearly see that the computation time is approzimately the same for 0 <t < 1.
The computation time for c-optimal designs behaves similarly ast changes. Therefore,
we are confident to conclude that the value of t, a measure related to skewness, does
not affect the computation time whereas the number of grid points has a huge effect

towards the computation time.

3.4 Remarks

As we have shown in Section 3.3, the computation time for finding optimal designs
increases as N increases. In practice, how to choose N becomes an interesting and
important question to us. We know that as N — 400, the optimal designs on Sy
converge to those on S. From our numerical results, N does not have to be very large
to achieve highly efficient designs.

We use previous Examples to illustrate D-efficiency for N; = 51 and Ny = 20001.
The D-efficiency is defined by

Desr(€h(N1), €5 (V) = (?
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Figure 3.5: Plot of computation time versus the number of design points (V) for

finding D-optimal design for Emax model with 8, = (1,2, 1).

where ¢ is the dimension of the parameter vector 8,. The optimal designs &,(N;)
and &}, (V) are D-optimal designs on Sy, and Sy,. In fact, they share the same
value of parameter vector 6,, design space S and regression model. The results are
given in Table 3.9. We can clear see that with very small N, the D-efficiencies are
really high for Gompertz growth model, Peleg model and Michaelis-Menton model.
Therefore, we can conclude that in practice, we can obtain good designs with small
to moderate N. This is consistent with the results in Wong and Zhou (2018). We
should also note that the D-optimal designs for all three models include the boundary
points. Therefore, with a very small N, the designs are highly efficient already. For
the designs that do not include the boundary point, moderate N may be needed.
For nonlinear models, optimal designs often depend on the the true value of pa-
rameter vector . For instance, Peleg model (2.19) with parameters 8, = (0;,6,)" =

(1,1)T, N = 1001 and ¢ = 0 , the D-optimal design on the same design space is

0.9000 1.0800 180.0000
0.1811 0.3192  0.4998
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Figure 3.6: Plots of the change of computation time versus the level of asymmetry
of finding designs for Emax model with § = (1,2,1)7. (a) A-optimal design with
N = 1001, (b) A-optimal design with N = 5001, (c¢) D-optimal design with N = 1001,
(d) D-optimal design with N = 5001.

We can clearly see that this is different from D-optimal designs in (3.4) with parameter
vector 8, = (0.5,0.05)7 and ¢t = 0. It demonstrates that the parameter values can
have inferences to the resulting designs. In practice, the values of the parameters are
usually chosen based on the pilot studies, or educational guesses from experienced

investigators.
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Table 3.9: D-efficiency for Gompertz growth model, Peleg model and Michaelis-

Menton model.

Model t ¢p on Sy1 | ¢p on Sya | Desy
0.0 | 2.7471e4+03 | 2.7413e+03 | 0.9993
Gompertz
0.5 | 5.4939¢+03 | 5.4830e+03 | 0.9993
0.0 | 3.4580e-07 | 3.4580e-07 | 1.0000
Peleg
0.5 | 6.9157e-07 | 6.9157e-07 | 1.0000
0.0 | 246.0661 244.1298 0.9961
Michaelis-Menton
0.5 | 492.1089 488.2854 0.9961
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Chapter 4

Discussions

We have reviewed the current development of optimal regression designs under the
SLSE and derived more theoretical properties for the optimal designs. We can char-
acterize the loss function for the A-optimal design in convex optimization framework
differently, so that the result can be extended to c-optimality criterion under the
SLSE. We have also derived the optimality conditions based on the equivalence re-
sults for A-; D- and c-optimality criteria. Furthermore We have studied and obtained
the number of support points for several regression models under the SLSE analyti-
cally.

For nonlinear models, the optimal designs often depend on the value of parameter
vector O,, and it is difficult to solve the optimal regression design problems analyt-
ically. We have investigated a CVX based numerical algorithm to compute for the
optimal designs using the properties we obtained. Using the approximate design ap-
proach by discretizing the design space into a user-specified number of gird points,
we can find optimal designs efficiently and effectively with the CVX based algorithm.
Several applications are given in the thesis for showcasing the effectiveness of the
algorithm.

Generalized scale invariance property for D-optimality is a very useful property
that is also studied in this thesis. It can be applied to both linear and nonlinear

regression models. This property can be helpful in many situations. For instance,
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if matrix B is ill-conditioned, our numerical algorithm may fail. We may be able
to use this property to rescale the design space and find the D-optimal design on
the scaled design space. This scaling is helpful to avoid computing issues related to
ill-conditioned matrix.

Although our algorithm is effective and efficient for the models presented in this
thesis, there are still challenges to construct optimal designs for complicated models.
We discuss a few of them here.

When the dimension of the design space S is high (i.e. having many design
variables), for instance, 10 z’s in the mixture experiment, the algorithm may be
unstable. Sometimes, since we keep the point when its weight is more than 10~* by
using the numerical algorithm, there can be many points having very small positive
weights. Such points may not be significant in the optimal designs. Also, it is difficult
to partition the high dimensional space into tiny gird points, as the computation time
increases exponentially as N increases.

When matrix B is ill-conditioned, the numerical algorithm will fail as it cannot
find optimal designs precisely. For D-optimal designs, we have discussed that for
some models, we may use the generalized scale invariant properties to rescale the
ill-conditioned matrix and obtain the optimal designs. However, not all the models
under D-optimality have such property. Furthermore, other design criteria, such as
A- and c-, generally do not have such property. Therefore, further investigations are
required to address this issue in the future.

Although we have extended the theoretical properties under the SLSE to c-
optimality criterion which has not been studied before, there are still many other
design criteria under the SLSE, such as E-, G- and minimax criteria that have not

been studied.
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Appendix A

Guidance of using CVX

CVX is a powerful tool which is MATLAB-based modeling system for convex opti-
mization. It is developed to solve convex optimization problems (Boyd and Vanden-
beghe, 2004). The installation guide can be found at http://cvxr.com/cvx/ and the
user guide is at http://web.cvxr.com/cvx/doc/.

In the thesis, we have presented one computing algorithm in Section 3.2. Here
we give more detailed MATLAB algorithms for computing various optimal designs
under the SLSE. Algorithms 1 and 2 show step by step in the flow charts for D- and
A-optimal designs. The only difference between them is the loss function ¢ which
was described in (2.7). The algorithm to compute c-optimal is very similar and is

omitted here.



D-optimality

Input: S, Ni, Ny, ..., N,, 6,1
Result: The optimal design &7,
initialization;
N < Ny * Ny x ... x N,
divide S into the N gird points
CVX begins
Minimize ¢
for 7 in 1:N do

28,

g1 <= g1+ w(i) * f;

Gy < Gy +w(i) * f + fT;

end

1 tgT
B« \/_91 :
\/1_591 G,
—logdet(B) < 0;
for i in 1:N do
| —w(i) <0
end

d.(w) =1

CVX ends, ) ) ) ]
Algorithm 1: Algorithm for computing D-optimal design

47




A-optimality

Input: S, Ni, Ny, ..., N,, 6,1
Result: The optimal design £
initialization;
C=101,
N <= NiyxNy*...x N,
divide S into the N gird points
CVX begins
Minimize ¢
for 7 in 1:N do

f < 250,

g1 <= g1 +w(i) * f;

Gz < Gy +w(i) x f = f;

end

1 tgl
B« \/_91;

\/¥gl G,
tr(CTB™'C) < 6;
for i in 1:N do

| —w(i) <0;

end

d(w) =1

CVX ends,
Algorithm 2: Algorithm for computing A-optimal design
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Appendix B

MATLAB Code

Here we provide the MATLAB code used to compute the optimal designs in the
thesis. Users have to provide the arguments including the number of points (N),
level of skewness (t), parameter vector (theta), design space (range), and partial
derivative (fun) in the main function. For each different model, the function for
the partial derivative is different, so it should be coded accordingly. Three main
functions for A-, ¢- and D-optimality are coded, respectively. The detailed outputs
and required arguments for the main functions are given in B.1, while B.2 provides the
main functions and B.3 - B.8 present specific partial derivative functions for various

models in the examples in Chapter 3.

B.1 Main function description

1. Outputs

e del - the value of the loss function ¢4 (¢p, ¢.) under A- (D-, c-) optimality.
e ANS - supporting points and their weights for the optimal designs

e error - maximum value (d™**) of the functions da, dp and d. described
(2.10a), (2.10b) and (2.10c) with respect to D-, A- and c-optimality, re-

spectively.
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2. Arguments

B.2

e N - number of points in Sy

t - level of skewness

theta - parameter values

e range - design space

Main functions

D-optimal design, main function

20

fun - function that calculates the partial derivative of the selected model.

funct

VA%

ion [del , ANS, error| = D_opt(N,t,theta ,range,fun)

initialization

% discretized equally spaced space

u =
w =

one

sqt

[0y4¢

CVX
C

\%

range (1)+(range(2)—range (1)) *((1:N)—1)
zeros (N,;1); n = length(theta); del = 0

_vec = ones(N,1);zero_vec =
)

; G2 = zeros(n)

7% cvx part

_begin quiet
vx_precision best

ariables w(N,1) del(1)

minimize del(1)

subject to

%0

constructing the B matrix
for i = 1:N
f = fun(u(i),theta);

7

zeros (N,1);

/(N=1);

)
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G2

end

B = [1 sqtxgl’

% constrains

—log_det (B) <=
—w <= zero._vec;
one_vec

cvx_end
%% manage the outputs
kk = find (w>le—4); %

ANS = [u(kk);w(kk) "];

% prepare the variables

phi_D zeros (N,1);
for i

f = fun(u(i),theta);

I = [1 sqtxf’

phi_D (1) trace (B\I);
end

q = (n+1)*xones(N,1);

error = max(phi.D — q)

%% plotting

gl 4+ w(i)x*f;
G2 + w(i)sf=f’;

; sqtxgl G2];

new_range [0;0]; add_dist (range (2)—range (1)) /20;

new_range (1) = range (1) — add_dist;

new_range (2) = range(2) + add_dist;
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% first plot, plot out the design points
figure
stem ( u,w, 'kd’);
xlim (new_range) ;
ylim ([0, 1]) ;
xlabel (design space’,’FontSize’, 16) % x—axis label
ylabel (’weights’, ’FontSize’, 16) % y—axis label

title ('’ Discretized weight distribution’, FontSize’, 20)

% directional derivative plot

fx = @Q(x) fun(x,theta);

ff = @(x) trace(B\[1 sqt.xfx(x)’ ; sqt.xfx(x) fx(x)*xfx(x)’] )
— (n+1);

mini = min(phi-D—q);

figure
hl = plot (u,phi_D—q, "+7);
xlim (new_range) ;

ylim ([ mini+mini /10,1]) ;

hold on
y = zeros(size(u));
for i = 1:length(u)
y(i) = ff(u(i));
end

h2 = plot(u,y, '—');
hold on

line (new_range ,[0,0], Color’, blue’, LineStyle’, —");
hold on

h3 = plot (u(kk),zeros(1,length(kk)), pg’);

legend ([h1 h2 h3], ’Discretized’,’d(x,\theta)’, Supporting

point ’);
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xlabel ("design space’, FontSize’, 16)
ylabel (’Directional Derivative’, FontSize’, 16)
hold off

end

A-optimal design, main function

function [del , ANS, error] = A_opt(N,t,theta range,fun)

%% initialization

% discretized equally spaced space
u = range (1) + (range(2)—range(1l))=*((1:N)—1)/(N—-1);
w = zeros(N,1); n = length(theta); del = 0;
C = [zeros(n,l) eye(n)]’;
gl = zeros(n,1) ; G2 = zeros(n) ; obj_val = 0;
one_vec = ones(N,1);zero_.vec = zeros(N,1);
sqt = sqrt(t);
%% cvx part
cvx_begin quiet
cvx_precision best
variables w(N,1) del(1)
minimize del (1)
subject to
% constructing the B matrix
for i = 1:N
f = fun(u(i),theta);
gl = gl + w(i)x*f;
G2 = G2 + w(i)*fxf";
end
B = [1,sqrt*gl’;sqtxgl,G2];
% constaints

for k = 1:n
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obj_val = obj_val + matrix_frac(C(:,k),B) ;
end
obj_val <= del;
—wW <= ZzZero.vec,

one_vec’ *x w =— 1;

cvx_end

%% manage the outputs
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kk = find(w > le—4); % because the computer does not have exact

Z€ro

ANS = [u(kk) ; w(kk) ’];

%% checking condition

% prepare the variables

BI = inv(B);

phi_ A = zeros(N,1);

C = blkdiag( 0,eye(n));

for i = 1:
f = fun(u(i),theta);
I = [1 sqtxf’ ; sqtxf fxf’];
phi_A (i) = trace (I«BI«C’ *CxBI) ;

end

trac = trace (C«BI«C’) ;

error = max(phi_A — trac );

%plotting

new_range = [0;0]; add_-dist = (range(2)—range(1))/20;
new_range (1) = range (1) — add_dist;

new_range (2) = range(2) + add_dist;

% first plot, plot out the design points
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figure
stem ( u,w, 'kd’);
xlim (new_range) ;
ylim ([0,1]);
xlabel ("design space’, FontSize’, 16)
ylabel (’weight ’, "FontSize ', 16)

title (’Discretized weight distribution’,’FontSize’, 20)

%directional derivative plot

fx = @Q(x) fun(x,theta);

ft = @(x) trace([1 sqt*fx(x)’ ; sqtxfx(x) fx(x)*fx(x)’] *BI«C
'«CxBI) — trac;

mini = min(phi_A — tracs*ones(N,1));
figure
hl = plot (u,phi_A—tracxones(N,1), +");
xlim (new_range) ;

ylim ([ mini+mini /10 ,1]) ;

hold on
y = zeros(size(u));
for i = 1:length(u)
y(i) = ££(u(i));
end

h2 = plot (u,y, —);
hold on
line (new_range ,[0,0], Color’, "blue’, 'LineStyle ,’—");
hold on
h3 = plot (u(kk),zeros(1,length(kk)), pg’);
legend ([hl h2 h3], ’Discretized’, d(x,\ theta)’, Supporting
point ) ;

xlabel (’design space’,’FontSize’, 16);
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ylabel (’Directional Derivative’,’FontSize’, 16);
hold off

end

c-optimal design, main function

26

function [del , ANS, error] = c_opt(N,t,theta,range,fun,c)
%% initialization
u = range (1) + (range(2)—range(1))x*((1:N)—1)/(N-1); %
discretized equally spaced space
w = zeros(N,1); del = 0; n = length(theta);
gl = zeros(n,1);G2 = zeros(n); C=[0,c];
one_vec = ones(N,1);zero_vec = zeros(N,1);
sqt = sqrt(t);
%% cvx part
cvx_begin
cvx_precision best
variables w(N,1) del(1)
minimize del(1)
subject to
% constructing the B matrix
for i = 1:N
f = fun(u(i),theta);
gl = gl+ w(i)=f;
G2 = G2 + w(i)*fxf’;
end
B = [1, sqtxgl’;sqtxgl, G2];
% the three constrains
matrix_frac (C’,B) <= del;
—Ww <= zZero.-vec,

one_vec’ % w — 1;



25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

51

52

53

54

55

cvx_end

%% checking condition

BI = inv(B);

phi_C = zeros(N,1);

for i = 1:N
f = fun(u(i),theta);
I = [1, sqtxf’;sqt*f, fxf’];
phi_C(i) = trace (I*BIxC’xCxBI) ;

end

term = CxBIxC’;

error = max(phi_.C — term );
%% manage the outputs
kk = find (w>le—4);

ANS = [u(kk);w(kk) '];

%% plotting

new_range = [0;0]; add_dist = (range(2)—range(1))/20;

new_range (1) = range(l) — add._dist;
new_range (2) = range(2) + add_dist;

% first plot, plot out the design points
figure
stem ( u,w, kd ")
xlim (new_range) ;
xlabel ("design space’, ’FontSize’, 16)
ylabel ("weight ’, "FontSize ’, 16)

title (’Discretized weight distribution’,’FontSize

", 20)
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% directional derivative plot

fx = @(x) fun(x,theta);

ff = @(x) trace ([l sqtxfx(x)’ ; sqtxfx(x) fx(x)*fx(x)’] *BI%C
"xCx ...
BI)—term;

figure
hl=plot (u,phi_C—term=ones (N,1), '+ ); %discretized
hold on
h2=fplot (ff ,[range (1) range(2)], —"); %function
hold on
line ([range (1) ,range(2)],[0,0], Color’, 'red’);
hold on
h3 = plot (u(kk),zeros(1,length(kk)), pg’); %supporting points
legend ([h1l h2 h3], ’Discretized’,’d(x,\theta)’, Supporting
point ) ;
xlabel(’design space’,’FontSize’, 16); % x—axis label
ylabel (’Directional Derivative’, FontSize’, 16); % y—axis
label
hold off

end

B.3 Gompertz Growth model (Example 4)

The main command:

[d,a,e]=D_opt(10001,0,[1,1,1]",[0;10],@Qgompertz)

The function for partial derivative:
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function ANS = gompertz(xi,theta)
po = exp(—theta (2)xexp(—theta (3)xxi)—theta (3)xxi);
ANS = [exp(—theta (2)*exp(—theta (3)xxi)) ;...
—theta (1)*po;...
theta (1)xtheta (2)*xi*po];

end

B.4 Fractional polynomial (Example 6)

The main command:

[d,a,e]=D_opt (10001,0,[1,2,3]",[0;5],@frac)

The function for partial derivative:

function ANS =frac_poly_ex(xi,theta)
ANS = [xi,sqrt(xi),xi"2]7;

end

B.5 Michaelis-menton model example (Example 7)

The main command:

[d,a,e]=D_opt (1001,0,[0.05,0.5]",[0;4] ,Qum)

The function for partial derivative:

function ANS = mm(xi,theta)
ANS = [xi/(theta(2)+xi); —(theta(1l)*xi)/(theta(2)+xi)."2];

end
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B.6 Peleg model (Example 8)

D-optimal design for Peleg model with 101 design points (N = 101), ¢t = 0, § =
0,180]. 8, = (0.05,0.5)T:

The main command:

[d,a,e]=D_opt(101,0,[0.05,0.5]",[0;180],@peleg)

The function for partial derivative:

function ANS = peleg(xi,theta)
deno = (theta(1l)+xixtheta(2))"2;
ANS = [—xi/deno ; —xi"2/deno];

end

B.7 Spline model (Example 9)

[d,a,e]=D_opt(1001,0,[1,1,1,1,1,1,8]’,[1;10],@spline)

The function for partial derivative:

function ANS = spline (xi,theta)
knot = max(0,(xi—theta (6)));
ANS = [1,xi,xi"2,xi"3,knot "3 ,...
—3xtheta (5)+knot “2]7;

end
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B.8 Mixture model (Example 10)

D-optimal design for mixture model with 1001 design points (N = 101), ¢t = 0,
S =10,180]. 8, = (0.05,0.5)T:

The main command:

[d,a,e]=D_opt_mixture (21,21,21,0,[1,1,1]°,[0;1],@mix_3)

The main function:

9% function itself
function [del , ANS, error ,pt] = D_opt_mixture_3(N1,N2,N3,t,theta
,range , fun)

%% initialization

counter = 0;
% these ones are used in solving the question
ul = range(1l)+(range(2)—range(1))=*((1:N1)—-1)/(N1-1); %
discretized equally spaced space
u2 = range(1l)+(range(2)—range (1)) =*((1:N2)—-1)/(N2-1); %
discretized equally spaced space
u3 = range(1l)+(range(2)—range (1)) =*((1:N3)—-1)/(N3-1); %
discretized equally spaced space
for i = 1:N1
for j = 1:N2
for k = 1:N3
if (ul(i)4+u2(j)+ud(k)<=1)
x(counter+1,:) = [ul(i);u2(j);ud(k)];
counter = counter + 1;
end

end
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end
end
pt = length(x);
n = 8;%length (theta);
w = zeros(length(x),1); del = 0 ; one_vec = ones(length(x),1);
zero_vec = zeros (length(x),1);
gl = zeros(n,1); G2 = zeros(n);
sqt = sqrt(t);
%% cvx part
cvx_begin quiet
cvx_precision best
variables w(length(x),1) del(1)%design variable and upper
bound
minimize del(1)
subject to
constructing the B matrix
for i = 1:length(x)
f = fun(x(i,:) ,theta);
gl = gl + w(i)=f;
G2 = G2 + w(i)xfxf’;
end
B = [1 sqtxgl’ ; sqtxgl G2];
% constrains
—log_det (B) <= del;
%w <= zeros(length(w) ,1);
—w <= zero.vec;
one_vec’ *x w=— 1;

cvx_end

%% propose the outputs
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kk = find (w>le—4); % because the computer does not have exact
zero

ANS = [x(kk,:) ";w(kk) ’]; % return the answer

% prepare the variables
phi_.D = zeros(length(x),1);
for i = 1:length(x)
f = fun(x(i,:),theta);%[x(i, 1) x(i.2) x(i.3):x(i 1) 2:x(i,2)
2:x(i,3) "2:x(i,1)#x(i,2) ;x(i,1)*x(i,3)];
I = [1 sqtxf’ ; sqtxf fxf’];
%phi_D (i) = trace( BIxI)
phi_D (i) = trace(B\I);
end

q = (n+1)*ones(length(x),1);

% update the error
error = max(phi.D — q) ;

end

The function:

function ANS = mix_3(xi,theta)
ANS = [xi(1);xi(2);xi(3);xi(1)"2;x1(2)"2;xi(3) " "2;xi(1)*xi(2);xi
(1) xxi(3)];

end

B.9 Emax model (Example 11)

[d,a,e]=D_opt (1001,0,[1,2,1]",[1;10],@Qemax)



The function for partial derivative:
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function ANS = emax(xi,theta)
deno = theta (2)+xi"theta(3);
x_.pow = xi " theta(3);
par_1 = x_pow/deno;
par_2 = —theta (1)*x_pow/deno " 2;
par_3 = theta(1)*theta (2)*x_powxlog(xi)/deno"2;
ANS = [par_1 ; par_2;par_3];

end
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